CHAPTER ~ I1

INTERVAL DIGRAPHS

2.1. Introduction,

The concepts of intersection graprh and interval graph have
been well studied for undirected graphs. Given a family of
sets, each 1is assigned to a vertex, and the intersection
graph of the family of sets has an edge between two of these
vertices if and only if the corresponding sets intersect. A

graph is an interval gragh if it is the intersection graph

of a family of intervals on the real line.

In this chapter, we introduce and study a natural analogue
of these concepts for directed graphs D(V,E). We consider a
family # of ordered pairs of sets, and to each ordered pair
we assign a vertex v. The first set assigned to v is called
its source set Sv’ and the second is its termipal set (or
sink- set) Tv' The intersection digravh of a ‘family of
ordered palrs of sets is the digraph such that uv « B if and
only if ST, = ¢. Note that loops are aliowed, but there
are no multiple edges. By analogy with interval graphs, we
define an interval digraph to be an intersection digraph of

a family of ordered pairs of intervals on the real line.

Several characterizations are known for interval graphs; our

~

The major part of this chapter has been published in J. Gr.
Th. 13 (1989) 189-202
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Qec. 2.1

aim in this chapter is to give analogous characterizations
for interval digravhs. In section 2.3, we obtain a
charaoterization for interval digraphs similar to Fulkerson
and Gross {19651 characterization for interval graphs, using
a simultaneous consecutive ones property for the rows of two

incidence matrices,

A class of intersection digraphs was introduced and studied
by Maehara [1984]. He defined a pointed set to be & set S
with a distinguished ‘base point’ b « 3. Phrased in our
terminology, he defined the catch digravh of a family of
pointed sets {(Sv,bv)} to be the intersection digraph in
which the source set for v is Sv and the sink set is bv;
i.e. uwv = B iff bv = Su‘ When the source sets are reguired
to be intervals, this 1s a class of Interval digraphs. Note
that bV & SV forces a loop at each vertex. Dropping the
reguirement we get an intermediate family between the catch

digraphs of intervals and the general Iinterval digravhs

which we call interval-point digraph.

Recall that the adfacency mmtrix A(D) of a digraph D with
vertices numbered Vyseeos¥, is the 0,l-matrix with a& 1 in
position ij if and only if vaj is an edge. Maehara
charécterized the catch digraphs of families of pointed

intervals as those whose adjacency matrix  has the
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consecutivé ones propertyAfor rows (without allowing column
permutations). In section 2.3; we characterize - the
intervalfpointA digraphs; dropping the requirement b e SV
corresponds to allowing column permutations in testing for

the consecutive ones property of the adjacency matrix. In
this connectlion we have to mentiqn the paper by Frisner

[1888] in which he also characterized interval  catch
digraphs. This characterization 15 quite analogous +o
Lekkerkerker- Boland ([1962] characterization of interval

graphs.

In section 2.4, we obtain more difficult characterizations
of interval digraphs. We show that D is an interval digraph
iff A(D) has (independent) row and columm permutations so
that every 0 can be replaced by one of {C,E} in such a way
that R has all.R’s to its right and every C has all O’'s
below it. At the same +time, we characterize interval

digraphs in terms of a special class of digraphs.

Recall that Ferrers digraephs are those whose successor sets
are linearly ordered by inclusion. It is easy to see that
the successor sets are linearly ordered by inclusion iff the
predecessor sets are linearly ordered by inclusion, and that
both are eguivalent to the transformability of the adjacency

matrix by independent row and column permutations to a
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Sec. 2.1

0,1-matrix in which the 1's are clustered in the lower left
in the shape of a Ferrers diagram. We prove that D is an
interval digraph if and only if it is the intersection of

two Ferrers dig:aphs whose union is complete.

Intersections of Ferrers digraphs have been studied
.previously, but without the regquirement that the union be
complete. Recall that the Ferrers dimension of D is defined
to be the minimum number of Ferrers digraphs whose
intersection is D. By our characterization, the Ferrers
dimension of an interval digraph is ét most 2. The digrarhs
with Ferrers dimension 2 have Tbeen characterized,
independently by Cogis [1978] and Doignon, Ducamp and
Falmagne [1984] in different contexts. In section 2.5, we
translate Cogis’ condition to an adjacency matrix condition
for Ferrers dimension 2 that 1s analegous to our adjacency
matrix condition for interval digraphs. We then construct an
example to show that not every digraph of Ferrers dimension

2 is an interval digraph.

Incidentally, in chapter-IV, we will obtain still another
characterization of an interval digraph in terms of the

partition of the adjacency matrix into two sectors.
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2.2, Intersection digraphs

Itbis well-known that every finite undireoted graph is an
intersection graph of finite sets.(The simplest construction"
is to use a set whose elements correspond to the edges of G
and assign to sach vertex the elements corresponding to its
incident edges. Since vertices are adjacent 1if and only if
they share an incident edge, G is the intersection graph of
fhese finite sets. The analogous construction works for
directed graéhs. It Sv consgsists of the edges with v as

source and consists of the edges with v as terminus, then

ll‘v
SN, = ¢ if and only if uv = E.

For undirected graph, it 1is easy To obtain a more
.”efficient“ representation by using cligues larger than
single edges to cover the edges. Indeed, the intergection
number i # (G) of an uqdireéted graph G is defined to be the
minimum size of a set U such that G is the intersection
graph of subsets of U, and Erdds, Goodman, and FPosa [1866]
showed that the intersection number of G equals the minimum
nunmber of complete subgraphs needed to cover its edges. They

also proved that i#(G) = |n°/4] for n-vertex graphs,

achieved by G = Kl_ﬁ/zj I-n/‘?'-‘
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Sec. 2.2

To develop analogous results for digraphs, we define a
generalized complete bipartite subdigraph (abbreviated GBS)
to be a subdigraph generated by vertex sets X,Y, whosé edges
are all zy such that x €« X, v € Y. We say'“generalized“
because X;Y need not be disjoint,; which means that loops may
arise. Let the intersection number i#(D} of a digraph be the
minimum size of U suéh that G is the intersection digraph of
ordered pairs of subsets of U. The analogue of the Erdds,

N

Goodman, Posa results is as follows

Theorem 2.1. The intersection of o dJdigroph eguols the
minimun number of GBSs reqguired lo cowver iLts edges, ond the

best possible wpper bound on this is n for n—vertex groph.

Proof. Suppose {(Xwﬁﬂ}} with k members i1is a ninimum
collection of GBSs whose union 1s D. Let 5= fiiv = X{} and
let T, = {i : v = Y} Then 80 T, = ¢ if 'and only if uv =

E, aund 1#{D) = k.

Conversely, 1f D is the intersection digraph of ordered
pairs of subsets of U, where U has i#{D) elements, define
i#(D) GBSs by u = X, v = Y, for some i, and k £ i#(D).For
the bound on i#(D), note that the set of edges with v as
source is a GBS, so n disjoint GB3s can provide all the

edges. This bound is achieved by the (directed} cycle of
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length n, in which there is no GBS with mnmore %haﬂ one’

edge . W

To see the importance of loops, -note that the complete
directed graph (with loops) is a GBS and haé interseétion
number 1, but when the loops are forbiddén the resulting
digraph has intersection number Zlogé]V]. Also of interest
are intersection graphs where the sets are required to be
convex sets in BEuclidean space. For undirectéd agraphs,
one-dimensional convex sets yield the interval graphs and
three-dimenéional convex sebts allow all graphs to be
represented. With two dimensional convex sets, all planar
graphs and some others can be represented, but not all
graphs. For example, Wegner [1967] showed that the graph
obtained by subdividing each edge of K. 1is not an

=

intersection graph of convex sets in the plane.

For digraphs, it 1is not clear whether the situation is
analogous. ﬁttempts to mimic Wegner's example fail. For
examples, consider the digraph obtained from Ks by replacing
sach edge VY by a path AT ‘replacing ecach of the
resulting 20 edges by a pair of oprositely orisnted directed

adges and adding a loop in each of the 15 vertices. This

digraph is the intersection digraph of ordered pairs of
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convex sets in the plane; in fact, the source and sink sets

can be segments for the Qj’s'and disks for the v,'s.

Therefore, we pose the guestion of whether avery digraph is
the intersection digraph of ordered paifs of convex sets in
the prlane. We devete the réhainder of +this chapter ¢to
representations using one-dimensional convex sets — 1i.e.,

intervals on the real line.

2. 3. Characterizations by consecutive ones

We begin this section with the primary observation that an
interval digravh property 1is hereditary in the sense that
any induced subgravh of an interval digraph 1is alse an

interval digraph.

Theorem 2.2. A sufficient condition for a digraph to be an
interuval digrapgh 18 that the adjacsncy mairix has the

cansecut tve ones progerity For rows.

Proof. Let D(V,E) be a digraph with n vertices whose
adjacency matrix A has the consecutive ones property for
rows. Then reordering the vertices of D, we may assume that

the ones in each row of A = (au) occur consecubively.

Let x = min{ J / a, = 1},
v, = max { J / a; = 1}, (t = 1,...,n).
So considering S, =[ x,y, ] and T, = [+ 1, (¢ =1,...,n),
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the digraph I can be seen to be represented by the family

(ERAN

But‘ the converse 1s not true. This follows from the

following counter-example

Example 2.1. Consider the digraph on four vertices with
loops at Vs Vgr Y, and edges from these vertices to v, i.e.

the digraph given in Fig. 2.1.

Its adjacency matrix is

v, a 0 0 0
v, i 1 0 O
v, 1 0 1 0
v, 1 0 0 1

This matrix does not have the consecutive ones property for

rows ; but still it has the following interval
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[

representation :
' 7 | 1 2 3 4
s, $ (11 [21  [3]

T b 1,81 [1] (2] £3]
The above example leads us to characterize interval digraphs
using singleton terminal sets; these are the interval-point

digraphs.

Theorem 2.2. D is an inaerualoninﬁ digraph {f and only if
iits adjacency matrix has the consascutive ones property for
rows,

Prooi. D has an interval-point represeatation if and only if
there are sets S(v)=[a(v),b(v}] and T(v)={c(v)} such that uv
e E if and only if o(v) = S(u), where we may assume the’
c(v)’s are distinct. This is true if and only if numbering
the vertices in increasing order of c¢(v) exhibits the
consecutive ones property for rows of A(D). Furthermore, if
there is a numbering‘j“...,vh that exhibits this, we may
take o(v,) = k, a(v) = miu{iz vv, = E} to obtain an

interval-point representation of D.

NHote that the digraph given in Ex.2.1. is an intérval

digraph which is not an interval-peint digraph.

Example 2.8, The smallest digraphs which are not interval
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It is to be noted that adjacency matrices of all the three
digraphs above are equivalent in the sense that one can be
obtained from the other by & suitable permubtation of rows

(or columns).

We can alse characterize intervall digraphs using the
consecutive ones property, but for this more general oclass
we nust considef incidence matrices involving vertices and
GBSs. This is analogous to the Fulkerson, Gross
characterization of interval graphs. Leﬁ,B = {(X,Y, )} be &
collection of GBSs whose wunion 1is D. We define the
yertex-source incidence matrix for B(abbreviated V,X-matrix)
to be the incidence matrix bebween the vertices and the
source sets {X }. Similarly, the yertex-terminus incidence
matrix for B (abbreviated V,Y-matrix) is +the incidence

matrix between the vertices and the terminal sets {Y . Our

=

first characterization of interval digraphs is the following :
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Theorem 2. 4. D is an interwal digraph ©1f and oniy i{f there
ig o numbering of the GBSs in some couvering B of D such that
the ones in rows aoppear consecuiively for both the

V. X-matrix aond V,Y-matrix of D,

Proof. For sufficiency, chsider such & B whose union is D,
and let (X .Y )} be a common numbering if the columns of the
V,X and V,Y-matrices that exhibit the -consecutive ones
property for both. Assign SV= [av,bv] and TV= [cv,dv], where
‘ av,bv,bv,dV are defined by wv= Xk if and only if a, = k = bv

and v = Y? if and only if c, < k = dv. Then Sun TV #'¢ if

and only if u e Xk and v = Y} for some kK.

For necessity, consider a representation of D by a family

{(SV,TV)} of ordered pair of intgrvals. We may assume they

are closed and have integer endpoints, with SV = [av,bv] and
‘I'V = [cv,dV]. For each integer k belonging to any of these
intervals, define a GBS Ei = (Xk,Yk) of +the intersection

digraph of the interval pairs by setting sz{v:hs Sv}land
Y, ={vikeT, }. Then 8N T = ¢ if and only if u e X and v =
Y, for some k, so the intersection digraph of the interval
pairs 1is in . faect +the wunion of the specified GBSs.
Furthermore, by construction the resulting V,X and
V,Y-matrioes have the simulteneous consecutive ones property

for rows. =
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The Fulkerson-Gross characterization of interval graphs.
considers only a single mabrix, whose columns correspond to
éll maximal cliques. Here we may not be able to iﬁclude all
maximal GBSs. qu interval graphs, the Helly property of the
real line gnarantees that the intervals for vertices of any
maximal clique must have a common intersection in any
interval representation. For GBSs, this doss not hold. In
particular, the following example is an interval digraph for
which the collection of all ma#imal tBSs does not exhibit

the simulteneocus cousecutive ones property :

Example 2.3, v, v, V3 Vv,
v, 1 1 1 1
v, 14 0 0 1
Vg 0 1 0 1
v, 0 0 i1

The maximal GBSS of this digraph are (v,v,/v,v, ),

(v;vg/v2v4), SANAAIOE (v, /v, v,v v, . The first three

cover the edges of D, and the resulting V,X and V,Y-matrices

are
X, X, X, Y, ¥, Y,
v, 1 1 1 v, 1 0 ©
v, 1 ¢ 0O v, 0 1 0
Vg 0O 1 ¢ -V, 0 0 1
v, 0 ¢ 1 v, 1 1 1

Note that columns cannot be added for the other maximal GBSs

without destroying the consecutive ones property.
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2. 4 Characterization of interval digraph in terms of '

adjacency matrix

In this section, we prove two eguivalent characterizations

of interval digraphs; i.e. necessary and sufficient
conditions for the existence of an intersection
repfesentation using ordered pairs of intervals. Both

conditions are intimately connected with Ferrers digraphs.

As illustrated below, there are two natural partitions of
the vertices associated with & Ferrers digraph, givén by the
differences of successive predecessor sets: and the
differences of +the successive successor sets in  their
respective inclusion orderings. The source partition places

v in the kth set (called A, below) if v belongs to the kth

k
largest predecessor sebt and no larger one, with the 0th set
containing +the vertices with no successors (i.e., in no
predecessor set). Similarly, the terminal partition places v

in the kth set (called D, below) if v belongs to the kth

k
smallest nohempty suocessor.set and no smaller one, with the
last set containing the vertices with no predecessors
(i.e.,in no successor set). Note that the 0Oth source set
and/or last terminal set may be empty. In terms of the
partitiohs, the condition for adjacency is uv = B if and

only if iz j, where u 1is in the ith =ource set and ? is in

the jth terminal set. -
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D, b, D, D,
% 1o 0o 0 0 0 0 O O
11 1 0 0 0 0 O
A, 11 10 0 0 0 0O
1110 0 0 0 0
1 11 1 0 0 0 O
A1 1110 0 0 0
111 1060 0 0
11 1 1 1 1 1 1 0

For undirected graphs, the analogous condition is that the
adjacency sets form a chain by inclusion. This condition
characterizes the graphs Lknown as threshold graphs,
introduced by Chvatal and Hammer. The relevance of Ferrers
digraphs to interval digraphs 1s analogous to that between
threshold graphs and interval graphs : G is a threshold
graph if and only if both @ and G are interval graphs. We
also note that some of our reasonings in the proof below
parallel works of Fishburn [1985] and Mirkin [1884] on
interval orders.

We now prove the characterizations. We say that the union of
two digraphs is complete if every ordered palr of vertices
{including u=v) forms an edge in at least one of them. The
difficult part of this result is to obtain an interval
representation from the intersection of two Ferrers digraphs

whose union is a complete digraph.
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Theorem 2.5. The following conditions are eguivalent

(A D is an interval Jdigraph. |

(BY The rows and columns of the ACDY can be Cindependentlyd
permuted so that each O can bs replaced by one of 1R, CH
in such o way that every R has only R’s to its right
and every C has oniy C’s below 1t.

(C) D ig the interssection of twe Ferrers digraphe wvhose -
union IS compléte.

Proof.

A impliies B. Consider an interval representation of'D,

with vertex v to which is assigned the source set [a{v}),b(v)]

and the sink set [c(v),d(v)]. Define two vertex numberings

Woseoesll and w,...,w by w=v if al{v) is the kth smallest
value among the. a’s, and w, = v if c(v) is the kth smallest
value among the c;s, with ties broken arbitrarily. Order
the rows and columns of A(D) as LIERRI - and WosaoasW o

If entry ¢.,J of the resulting matrix is 0, then a(ui) >d(ﬁ9
or c(qﬂ » b{u), but alv) = b(v) and ec(v} = d(v) implies
these inequalities can not simultaneously hold. Relabel this
position by C if a(w) > d(wj) and by B 1if c(wj) > bu).
Since the a’s and <¢'s increase with index, the first
(second) ineguality will continue to hold below (to the

right of) this entry, so the condition of B holds.

63



o
.

Sec.

B implies €. Consider such a permutation M of A(D); let Ql,
QZ denote the set of edgesAof D correspoﬁding to positions
F

of M labelled R,C respectively. Let F o be digraphs

13
defined by E(Fi) = B U Qi' Then Fl"FZ are Ferrers digraphs
(F, by a column permutation and ¥, by & row permutation)

whose intersection is D and whose union is complete.

L implies A. Let Fl’ Fz be two Ferrers digraphs whose union
is complete and whose intersection is D; we obtain an
intersection representation of - D by ordered pair of
intervals. We will work with the complements of F,, F,,
which we cail Hl,Hz; their union is D and their intersection
is empty. The complement of a Ferrers digraph is also a
Ferrers digraph, as is appérent from the adjacency matrix.
We could stick to Fl,Fz by usingA‘a slightly different
indexing of the source and terminal partitions, in which

adjacency corresponds to strict inequality.

Let Ao"f"qu.'be the source partition for Hl’ and let
Iﬁ""’Db be its terminal partition, where A, and/or Dp nay
be empty. The adjacency matrix of the converse (also called
tnverse) of a digraph is the transpose of the adjacency
matrizx of the original digraph; +thus +the converse of a
Ferrers digraph is a Eerreré digraph. Let Co,...,Cq__:l be tha
source partition and Bip”,,Bh-the terminal partition for
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the converse of Hz, where Bq and/or Co may be empty. Thus
adjacency in H2 is characterized by uv = Hz if and only if
J = k, where u = Bj and v = C, and as usual uv € Hl if and
only if ¥ = 1, where u = AL and v = DL.
We will construct an interval represenfation of D by
assigning numbers to the sets in these partitions

a .b,c,d respectivelj te A,B,C,D. We want to assign
to vertex v the intervals S5, = [a(v).b(v)], and T, =
[e(v),d(v)l, where (a(v), b{(v), c(v), da{v)) = (ai',bj,c:k,dl)

if v = A,’BJ"C;:’DU there are +two requirements . these

numberings must satisfy.

First, SV, TV must be intervals, which requires a, = bj and
¢, £d if ve An.B and v & G n D. Next, given that {8}
and {TV} are intervals, we have uv « B in the intersection
digraph if and only if a(u) = d(v) and b{u) £ c(v). On the
other hand, uv is a nonedge in H1 and in H2 ‘if and only if
we A,B, and v = G,D, where ¢ < 1 and J > k. Thus,Hp B,
will have +the same edges as the intersection digraph of
{(SV,TV)} if a, 4 satisiy & < cll if and only if 7 < 1 and

b,c satisfy bjz c, for 5 » k. To achieve this, it suffices

k
that a,b,c,d be strictly increasing sequences with a, = di+1
and e, =‘bi+ 1 for 311 1 = 1. To summarize, it suffices to

construct sequences a,b,c.,d such that
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(1) aii:bjifAi’nBjéci}andckﬁdlikanDl;ﬂtb.
(ii) a, b, ¢, d are strictly increasing sequences.

(iii) a =d +1andc =b +1 fortzl1

To construect these sequences, we flrst form a directed graph

M on vertices corresponding to the sets of the parti’cions.

Begin with directed paths Ao, . ,Ap_i, . Bﬂ, NN ,Bq,
Cor+osCyys Dyvvv,B . Add edges AB, when An B, = ¢, C.D,

when Cpn D™ ¢, BC for 1= i2 g-1, and DA for 1= ¢ = p-1.
We claim M is acyclic, and will use this fact to construct
the sequences. Suppose M has a cycle; it must pass through
some A’s, then some B's, then some C's and then some D’s. It

uses one edge Ai.Bj and one edge these correspond to

Kk ?
vertices u = Af Bj and v « C, D, in D. Because the indices
do not decrease on any other kind of edge, the existence of
ALEt and CkDL in a cycle of M reguires J = k and ¢ = i, This

vields a contradiction, because it implies uv is an edge in

both Hiand'ﬂz, which by hypothesis are disjoint.

Since M 1s acyclic, there exists an integer numbering
Fi V(M) —= M (called a "topological ordering”) such that
F(Y) > f{X) when XY = E(M). it remains only to show that we
can choose f so that f(Ai) = J’(DL) + 1 and f(C.L)z f'(B.L) + 1;
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the desired sequences a,b,c,d then appear in the wvalues of
f. Note that this algorithm actually jproduces a, < bj when

An B = ¢ and c

, < 4 when Cn D # ¢, rather than just <

and = . As a result, all intervals have length at least one;
single- point intervéls are not generated. It is usually
possible to arrange the numbering to be less “spread out"” by
allowing equalities on these edges. We use this method of

topological ordering here because the proof is short.

The natural algorithm for assigning the numbers is to assign
to vertex X the number t if the longest path ending at X has
t vertices (these numbers are easily computed by iteratively
stripping off the vertices without  predecessors). We claim
that this numberings put F(C) = f(§)+1; the same argument
works to show f(Ai) = f(I{).+ 1 also. For any C.L with ¢ = 1,

the predecessors are C_, and B . Since any path ending at

4
B, can be extended to C, we have Ff(C) 2 f(B) + 1. For the
oppoéite inequalit?, consider a longest path ending at C ..
I¥ it originates at Co, then 1t visits only C's and the path
from B, to B, 1is shorter by one. Otherwise, it crosses from
Bj to C_j for some J = ¢; now replacing the vertex sequence
Cj,.;.;q_ at the end of the path by Bﬁ{...gq’ yields' &

path ending at Bi that is shorter by one. In either case, we

obtain f(B) % F(C) - 1.
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It is to be noted that in order to obtain the sequencés
a,b,c,d , construction of the directed graph M is only an
aid to finding them out and we can very well obtain them

without constructing M. n

Example 2.4. To illustrate these results, consider the

adjacency matrix given below :

<

Va V4 Yo V5 V3 Yy Vg V2 Vo
v, 11 1 1 1 0 0 0 O
v, i1 1 1 1 1 1 O 0O
vy i1 1 0 1 1 1 1 0 O
v, i1 0 1 0 1 1 1 0©
Ve i 0 0 0o 0 0 0 0 O
Vs i1 1 0 1 0 0 0 0 O
v, i 0 0 1 0 1 1 0 O
Va 1 6 0 1 0 0 1 1 O
v, i 0 0 1 0 0 1 1 O

By further row and column permutations, we obtain the
partition of 0’s into R's and C's that is condition (B). This
immediately gives the Ferrers digraphs H, and H, whose union
is D. This partition is not unigue, and other partitions may |

lead to other interval representations.
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H = . Hz'- .
vﬂvavdviLVZVSvdv‘?vQ VZVB\’-SVSvSVivGV?vQ
v|]ooooooo0o0 v/ O0RRRRERR
v, 000000000 vi0OODDOORRRR
v,lcooooonoo0o0 v 000OO0DO0ORRRR
A v,]CO0O0D00D0000D B v,] 000000ORR
v,] CC0DO000D0D v, 0000000RR
vl]ccoooo0000 v,OODODOOORR
v,] CCCO0ODOGDODOD v,] 90 GD00000R
v]ccccooooo v{00000D00OR
v]cceccooooo vooooooooR

Given [-l1 and Hz, we move to the proof of (G} implies (A) to

obtain the interval representation. The four vertex

partitions are given by

Z 0 i 2 3 4 5

Ai. VirVa V3iVg Ver Vg Ve Va1 Yo

Bi, Ve ViiVs VarVa Vo ViV Vg

CL VaiVg VerVgaVgq ViV, Va Ve

DL Va Va Va Yy ACEACEAPY ACEALS

From the intersection A B, and Cn D the crucial edges

of the implication digraph are AJ% for ¢ =1,2,3,4, CﬁQHi

for * = 0,1,4, and CZD4. The resulting topological ordering

vields the following segquences
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i o 1 2 3 4 5
a, i1 3 7 8 11
b, & 8 9 iz
c, 1 .5 9 10 13
4, 2 8 7 10 14

1
Picking out the a(v),b(v),c{v),d{v) for each vertex v
vields the interval representation for D.

i 1 o 3 4 5 8 7 3 9

8, {f1,81 [1,81 (3,91 [7,12] [3,4] (7,81 ([8,8] ([11,12] [11,12]
T, (9,107 [1,14] [5,8) [5,71 [5,14] [9,14] [10,14] [1,2] [13,14]

As mentioned earlier, there are less spread out
representations than that generated by the algoritlhm in the

proof. One such representation is

il 1 2 3 4 5 8 7 3 3
S, | [1.,41 [1,68] [3,6] [4,8 1 [11  [4] (6] tal [8]
T | 05,77 [1,8] [2,3] [2,5] [2,9] [5,9] L7.91 [21 [9]

2.5. Interval digraphs and Ferrers dimension

As mentioned in the introduction, the Ferrers dimension of D
is the minimum number of Ferrers digraphs whose intersection
is D. Theorem 2.5 implies that Ferrers dimension at most 2

is a necessary condition for an interval digraph. In this
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section, we show that it 1s not a sufficient condition.

Riguet [1951] originally defined Ferrers digraph by an
algebraic condition. He showed it equivalent to the
adjacency conditions we have described by obtaining a
forbidden submatrix characterization of the adjacency matrix
D is a Ferrers digraph if and only if A(D) has no 2 by 2
submatrix that is a permutation matrix. This is equivalent
to the inclusion condition on ‘the successor or predecessor
sets. Let us call such a forbidden submatrix aﬁ obstruction.
Cogis [1979] defined a graph H(D) whose vertices correspond
to the 0’s of the adjacency matrix, with two such vertices
joined by an edge 1f the correspoﬂding 0’s belong to an
obstruction. He proved that D has Ferrers dimension at most
2 if and only 1if B(D) is bipartite. This equivalence yields
a short proof of the permutation characterization of Ferrers
dimension 2, because we can omit the more difficult step of

showing that H(D) bipartite implies the other conditions.

Theorem 2.6. The following cdnditions are equivalent

(A)Y D has Ferrers dimension aif most 2.

(B) The rows and columns of A(D) can be Cindependeﬁly)
pérmuted so that no 0 has a 1 both below 1t and to
its right.

(C) The graoph H{(D) of couples in D is biportite.
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Proof. The part (C) ifnplies (A) is proved by Cogis [10878]
and by Doignon, Ducamp and Falmagne [1984]. So we prove
below only the other two parts.

(A) implies (B). Let F ,F, be two Ferrers digraphs whose
intersection 1is D, with adjacency matrices A ,A,. Let

u cou be the row ordering of A1 that, with some column

T
ordering, put the 0’3 of A in the lower left and its 1i’s
in the upper right. Let w,,...,w be the column ordering of
A, that, with some row ordering, put the 0's of A, in the
upper right and its 1’s in the lower left. Put the rows of
A{(D) in the order Ueoovn sl and its columns in the order

W Co W We denote the matrix position corresponding to

R
vertex pair ui‘wj as M(utwj), where M is any.of Ai,Az,A(D).
If A(D)(ui_wi) = D, then D = F.iﬂ Fz implies Ai(u.twj) = 0 or
Ay(uw) = 0. If A (uw) = 0, then A (uw) = 0 for all
r » i , and hence A(D)(urwj) = 0 for all r > i, even though
this column may be in a different position in A and A(D).

Similarly, if Az(uiwj-) =0, then the remainder of the row in

A(D) is O.

(B) implies (C). Permute the rows and columns of A(D) so
that no 0 has a 1 both to 1ts right and below. Let R be the

set of O0’s having a 1 somewhere below them, and let C be the
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set of 0’s having a 1 somewhere to the right. For any 2 by 2

submatrix forming & couple, the 0’s must be an R in the
upper right and a C in the lower left; These are the only
edges in H(D). Therefore H is bipartite, with the 0's having

no 1 to the right or below generating isolated points..

Example 2.5. (Gonsider the dlgraph with the adjacency mabrix
below. By this theorem, this digraph has Ferrers dimension
at most 2. However, this matrix does not satisfy the
condition of Theorem 2.5 for being an interval digraph. This

is the subject of our final theoren.

Vi1 V2 VS V4 V5 VG V7
v, 1 i 1 0 0 0 0
Vo 1 1 1 1 1 0 0
Vg 1 1 1 1 i 1 0
v, Q 1 1 1 1 1 1
Ve 9] 1 1 1 1 0 1
v, 0 ) 1 1 0 0 0
v, 0 0 0 1 1 0 1

Theorem 2.7. The interwval digrophs ars properiy

contained in the set of digraphs with Ferrers dimension ot

most 2,
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Proof. Any permutation of A(D) that satisfy condition (B)
of Theoesrem 2.5. also satisfy condition (B) of Théorem 2.6,
so inclusion holds. For proper containment, we show that the

digraph D of Example 2.5 is not an interval digfaph.

We claim there is no way to permute the rows and columns of
A(D) so as to satisfy condition (B) of Theorem 2.5. First,
note that the 0's of any obsfruction’must receive different
labels; i.e., they cannot be both B or both C. Therefore,
when we consider the bipartite H(D), the partite sets of
each component must be all R's or all C’s. For this D, H(D)
consists of one nontrivial component and one isolated vertex
corresponding to (v, v.). Leaving the assignment of +this
label unspecified, the two possibilities we must congider

for the nontrivial component yield the assignments below.

11 1 1 1 R R 111 1 1 ¢ ¢C
i1 11 1 1R 11 1 1 1 1 ¢
¢c 1 1 1 1 11 R 1 1 1 1 1 1
¢c 11 1 1 C 1 R 1 1 1 1 R 1
¢C ¢ 1 1 R 0O R R R 1 1 C 0 C
 C ¢ Cc 1 1 C 1 R B R 1 1 R 1 ]

Next, we obtain a forbidden configuration that appears in
each of thesgse assignments. Let a,b,c,d be rows and A,B,C,D

be columns satisfying +the following properties:
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(1) R appeﬁrs in positions (a,D),(b,D),(b,C), and the rest
of rows a,b is 1.

(2) C appears in positions (d,A), (4,B), (c,B), and the rest
of columns A,B is 1.

(3) Row ¢ has at least twoe R's, and column C has at least

two C’s.

We claim that no ordering of the rows and columns of a
labeled matrix containing rows a,b,c,d and columns 4,B,C,D
as specified can have only R’'s to the right of each R and
only C's below each C. Buppose there is such an ordering.
Row é forces column D to be right-most, and then row b
forces column C to be next to it. Similarly, column A& forces
row d at +the bottom, and then column 'B forces row c
immediately abové it. But now the next to last diagonal
position must be both R and C, since row ¢ has at least two

R's and colunmn C has at least two C's.

Consider the two potential assignments of R and C in A(D).
For the assignment on the left, choose a,b,c,d t§ be rows
3,1,6,7, respectively, and A,B,C,D to be columns 3,1,6,7,
respectiyely. For +the assignment on +the right, choose
a,b,c,d to be rows 4,5,8,1, respectively, and A,B,C,D to be

columns 4,5,8,1, respectively. In each case, these choices
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satisfy the requirements for the forbidden configuration.

We note that the above example contains a submatrix of the

1 C1 1R1
ROR CoC
1 C1 . 1 R1

and the presence of such configuration does not allow the O

form

in the v v, position to become either an R or & C, and
consequently it does not permit the given digraph to be an

interval digraph. This poses the following guestions

Are the above conditions necessary for a digraph D to be a
non interval digraph ? Are they sufficient 7
These are the moot points of our discussion in the next

Chapter.
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