CHAPTER - III

MIXED BOUNDARY VALUE PROBLEMS IN VISCOELASTIC MEDIA

P

Paper - 7 : Moving punch on a viscoelastic semi-

infinite mediumn.

Paper - 8 : Antiplane dynamic crack propagation in

an inhomogeneous viscoelastice solid.




MOVING PUNCH ON A VISCOELASTIC SEMI-INFINITE MEDIUM

1. INTRODUCTION

Problems involving the motion of a punch on the surface of an
elastic half-space or on the free boundaries of long sirips are
extremely important in view of their application in road
cbnstruction technology and also in geophysical research. Punch
problems within the classical theory of elasticity have been
studied extensively by Galin (1961) and by Gladwell (1980) 1in
their books. The motiom of a rough punch on an elastic half-space
has been treated in detail by Suhubi (1972). Recently préblems
involving antiplane motion due to” punches moving along the
surfaces of an elastic strip have been solved by complex variable
methods by Tait and Moodie (1981). An analytical solution to the
ﬁroblem of a long rigid punch moyiﬁg  rapidly on a strip of a
highly otthot;oﬁic_ elastic layer has been solved by Géorgiadis
(1987) wusing integral iransforms,and‘the Wiener-Hopf techniques
(1958). |

However, natural or artificial:‘fmaterials have generéily
dissipative behaviour which often can be taken into account by
viscoelastic modejs. Accordingly, problems involving the motion of

a punch on a viscoelastic medium have drawn the attention of many
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gscientists. The problem of a rigid cylinder rolling on the surface
of a viscoelastic half space has been solved by hunter (1961). The
contact problem of rigid cylindér rolling slowly on a thin
viscoelastic layer has been treated by Alblas and Kuipers (1970)
assuming that the layer thickness is small compared to the width
of the contact region of the eylinder, The problem of a ﬁlane
punch slidihg without'friction on a viscﬁglastic half space has
been considered by Golden (1977). |

In the present paper, we have examined the stress and displacement
field produced by a long punch moving on the boﬁndary of a semi-
infinite viscoelastic medium and producing Horizontal Shear waves.
Two types of viscoelastic models viz. Maxwell Solid and Standard
Linear Solid have been considefed and loading is asdssumed to be
such fhat Mode 11l conditions prevail. The mathematical téchnique'
which 1s employed here consists o6f the applicatibnAof integral
transforms and the solution of the resulting Wiener-Hopf equﬁtions
for the transformed unknown variables. Both the sfeady and
nonsteady solqtions of the problem have-been derived. Disﬁlacéﬁent
and stress on the free QUrface and at ﬁoints below the purich have
been Qerived analytically and the nature of their variatipns with
the velocity of the maving punch ‘has been shown by ~meang of

graphs.

2. FORMULATION OF THE PROBLEM AND ITS SOLUTION. FOR STEADY STATE
MOTION .

Let us consider a semi-infinite viscoeladtic medium which uwas set
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Fig.1. The Geometry of the problem .
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into motion by semi-infinite rigid punch moving with a constant
velocity v in the direction of the x-axis. The y-axlis is taken
vertically downwards into the medipm (Fig.1).

For horizontal shear waves, the. displacements along X and Y

directions are zero and only the displacement W = W(X,Y,t) along

Z-direction exists. The stresses under the punch are

o = o (X,Y,t) and o = o  (X,Y,t) (1)
13 13 23 23 ) ,

The non-vanishing strains are

Q

_ W
and e = 37

(2)
23

QJlQ:
==
o] ==

N -

13

Considering a ‘Standard Linear Solid®' as the viscoelastic model,

the stress strain relations are

aota ae_a
- L 3 =
Ef_'+ Po. = 2u [ 3t + oae, ]‘ ’ i=1,2. . (3

13

where o,f3 are poéitive constants and ux is the instantaneous
elastic modulus of rigidity of the material.

The equation of motion is

9  9%g . &%u

Ix ay a2

(4)

where p is the .density of the material.

The boundary conditions of the problem are
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W(X,0,t) w ’ X-vt<o

o

W(X,m,t) = O , -00<X < (%)

o (X,0,t) =0 , X-vt>0

23
Since we are going to investigate the steady state prqpagatioﬁ af
a punch, it is convenient tp define a moving co-ordinate gystef
(x,y) whose origin coincides with the tip of the punegh ahd whose
axes are parallel to the fixed (X, Y axes respectively (Fig,;).
Hence putting x = X-vt, ¥y = Y pequations (1) to (4) hétome

respectively

P o1a(x,y) and ng = aza(x,y) (8)
_ 129 . ) _ 1 a oS :
€ s 3 E;W(x,y) and €2 ° 35 5;W(x,y) (7)
F: >4 ' 2 -
-V 13+Bo:3=y[-vag+ag_:']‘
ax \ ax
. (8)
oo 2
23 aw ov
- . + L o= - B
v o = H [ Vawoy ' 3y ]
ax
and
oo oo 2
13 23 _ pvz a : (9)

ax ay ax

The boundary conditions (5), now become



W(x,0) = w ' x<0
o
W(x,mw) = 0O ’ -w<x <o
o (x,0) =0 ’ x>0
23
Now introduce Fourier transform
— 1T ®
f(E,y) = — J f(x,y)exp(ifx)dx
Y2 J-o
1 ® _
so that o flx,y) = —— J f(¢§,y)exp(-1Ex)dF
Y2r J-® .

Taking Fourier transform of

(v + BT p(E3y - 1E0)W

. - 1]
(ifv + B)o'za s u(ify + o) Iy
and
do, >, 2
125+ —2 = ~py?®y

13 dy

Eliminating o

where

R
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e i
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| —
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lcanmn
<
oS
|
<|Q

(8) arnd (9) we get

i’ 323 from (12), (13) and (14)) we obtain,

250.

(10)

(11)

(15)

(16)
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The branches of y are so chosen that

Re(p)>0 for -a<dIm(§)<O0

. 2 ' '
a = [ vi oo ] / [1 - ] (17
CZ v 2

Q.

where

Now the solution of equatiop (15) bounded as y » o is
Weg,y) & Blgre™Y (i8)
Let us consider

Wix,0) = w =W e , x<0, £>0 and & will

Beé made to tend té zéro finally

H wbp(x) (sgy) ; x>0 (18)
o (x,0) =0 ; x>0
23
= W _too (say) , x<0 (20)

where p(x) and t(x) are unknown functionsg such that

—.k’f( N
pix)y ~ 0[ e ] as x % o , k>0
1

+k2i
t(x)y ~ 0[ e ) as. X +» - o , k2>0.

Taking Fourier transform of (19)

W W,
WE,0) = ‘ d + . P () (21)
Y2my (e+if) Y2y T

where
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P (£) = | p(xdexplizxddx , (F=o+ir) (223
. l .
(o] .

In (21) the first term on the right hand side is anéiytic in the
lower half plane Im(f) = T < & and P+(E) is anaiyiiq in the uppér
half plane r>—k’ (k1<a, say).

Again taking Fourier tranaforms df (20)

W
0,,(810) = = 2 T (F) , (23)
Y(2r) ,
. o |
where T (&) = j t(x)exp(iEx)dx : (24)
-0 . -

T;(E) is analytic in the lower half plane T<kz. Ther&tfore, W(£,0)
is analytic for -k‘<1<5 and 3;3(8.0) is analytic in the lowér half -
plane T<k2.

From (13),

[ (1&v + (3)323 ]y:‘o = [y(ifv + a) -d: ]Y=ﬁ0

Using (18), (21) and (23) this becomes

T (¢) = - H(&)[ P (E) - ET%Z ] - (25) -
where
: _ -1_—1/2 | | |
o S [ Spzes)]T e
v

It may be noted that the prdgblem has been reducéd to a fdrm

suitable for the application of the Wiener-Hopf ﬁechniqUe.




Now H(&) cah be written as

H(E) = H_(ZIH_()

where

| 2 J ) 1/2
o e bR (23]
1.2
H (2) = I? - i?]h |

[t - =)

v

and

H (£) 1s -analytic in the upper half plane v>-a- and
analytic in the lower half plane t<@.
Introducing (27) .in equation (25), we obtain -after

algebraic simplification,

T (&)

R (£) - el H ()P _(Z) - R _(§)

where .
R ) - 1[ H+(E)‘—.H?(is) ]
e . F - e o

i H*(is)

and R_(E) = f_‘—iT

253

(27)

- (28)

(29)

H (£) is

a little

(30)

(31) -

(32)

The functions R _(Z) and R _(§) are such thaﬁ each is énalyti& and

non-zero in some upper and lower half planes respectively.

The functions on the R.H.S. of (30) are analytic and non-zero in

the upper half plane t>-a and the functions on the L.H.S5. are

analytic and non-zeroc in the lower Half plane ©<O.
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Since, both the functions are analytic in the strip -a<t<0, thé
principle of analytic continuation states that each represents an
entire function M(¥) In the whole F-plane.

Now near the tip of the punch,

172

o (x,0) =~ o[- i]
23 : X

as x » 0, so T () ~ 0[&'—1/2] , as €]+
and R (£) ~ o[f“] as |£] + o .

Thus the L.H.S. of (30) approaches zero as || + wo. It may be

concluded by Liouville’s theorem that M(¥) = 0 and therefore

T (£) = R.(£IH_(&) | @Ee
and
R, (%) y
P = gl (34>
Now, '

| 3 172

_ 142 Bf- 1o .
T (£) = ip[i[ vi3 . %]:I vi] aa £ 4 0.

So from (23)

Therefore for x<O

12 0 iy *72 :

1w , . < £ - __]

oza(x,O) = 2ﬂ°[i[ !g - % ] : 'Viﬁ‘ exp(-1¥x)d¢
¢ . -0 E{ B _VJ

(35)
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Considering a branch <cut along the positive imaginary axié

ia

starting from ¢ = —— and changing the path of integration from
v INg el

real ¥-axis to the path around the branch cut as shdwn ih Fig.2,
it can easily be shown that phé integral
i 12
o ot '
[E - i!l

= - a-"’:m, exp(-1Z x)ag (assuriing @>o)
w F -

can be converted to the following iptegral

- du (36)
3]

where x has been replacéd by SR }? denotes the prihcipél
. (o)

value of the integral.

For lYarge values of o X

1
(36) can be evaluated in the form

= mx, where m = B%"‘ , the integral

, i a
. — = —_—X “‘ -'
[ = =2 e* o V-1 (g yr? [ FQS/Z) + C¢872) F(T/g? b
1 0 2.2 ]
mx m X m X,
(IR § 1 *
(37)
and for small values aof m)'(1 it can be shown that
T o .
— - — X, -
1 =2e * e "‘-I’;—» (38)

1

The detalls of the evaluation of the integral [ has bheen shown in

the Appendix-1.
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Therefore using (35) and (36) we obtain for x<O,

[ 3 -ux
12 - - x . 1
v

Using the value of the integral arising in (39) by (38),

for small values of mx?

e 1,2 B .
o (x,0) = - ° m[ vE o_ @ ] e . x a0
23 —p— X c32 v 4
 §

Also with the help of (39)

"we have,

e 12 _a
o _(x,0) = 2 [m[ AER ]] e Vot
3 2 v
ny/mx c
4 .
[ ress2y (ress2)  raes2y o ]

2 2 3 3

mx m X m X

1 1 1

Now, ‘from (28), (31) and (39)

I
P+(E)—E vz ‘ - ﬁ 1/2, 5"0-
f(e-5) (23]
Using this result in (21) we get
iw ' 2
VE,0 = - == ¥Ia 1 ., a-= [ !g -2 ] / [1 v
n EY/(E+1a) c 2

257

x<O0.

(39)

we get

(40)

(41)
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Taking inverse Fourier transform

oo—-1id
v L .
Wix,0) = - = ¥Yia J —_—  exp(-iFx)d¥ , x>0 (0<d<a)
EY(E+ia)
-00-1d

(42)
Transforming the integral iIn (42) to an integral along tﬂe contour

around the branch cut from -ia to -iw, it can be shown that:

' iUo K _ - oY 172
W(x,0) = - —2 YTax e ™ e r — du (x>0)
T U+ax
which can be written as
wO - 72 -1/4
W(x,0) = — ™% (ax) v o (ax) , (x>0) (43)
ﬁ -1/4,-4/4

where wk is the Whittaker function (1968).

»m

Using the results that

1 1
_ - + m -2/2 - -m -2/2
wkm(Z) ~ 1l"(‘2m) 22 e + 1I‘(2m) 22 e
’ r~<-m - k) . <+ m - k)
2 ‘ 2
for'small z,
and w o (z) ~ e *% (¥ for large z,

in (43) we obtain for small values of ax (x>0)

2u
W(x,0) = W_ e - 2 ™ yaxy , x -+ 0 (44)
- n

and for large values of ax (x>0)
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W -ax
e

Wix,0) = 28 | % 4 o (x>0 ~ (45)
+t Y (ax)

3. STEADY STATE SOLUTiON FOR MAXWELL SOLID |

For ‘Maxwell Scolid’ the stress strain relations obtained from (3)

putting o« = 0 are

aa_m . aeia
3T + ﬁo,ta = 2u 3t ’ i=1,2 : (46)

The stress can be found by putting a = 0 in (39) as (for x<0, y=0)

x

-Jd
_ . uW 1/2 1 :
o (x,00 = - 2 ¥B ru e du (47)
23 T 2 3 . :
[ u - - .
o v

For small values of g X , x<O0 , putting a = 0 in (40) we get

. pwo 'v(? 1,2
0,, (6,0 = - [—2] y X o' y o (x ==x) (48)
an‘ e '

Again for large values of f3x/v y (x<0), from (41)

“wo v3 172 v 3 v2 | v? |
o, (x,0) = [——] Lr@ + Zord + Lo s,
Bx, B Xy . 3 X

(49)

Putting a = 0 the displacement on the free surface (ny, x>0) is
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obtained from (43) as

W
=2 W o L k0, (x>0) * (50)
43 e

where

Wix,0) = W ™ - 2 ykxy ', x » 0 . (51)

and for large values of kx>0, using (45) we obtain

W -kx
e

(o]
Y Y (kx)

.

W(x,0) = , X =+ 0 (x>0) (52)

4. SOLUTION OF THE PROBLEM FOR NON STEADY STATE MOTION

In this case it is assumed that at time t=0 a semi-infinite punch
starts to move with a consfant velocity v at X§Y=O on the sgurface
of the gsemi-infinite viscoelastic medium.

fﬁe ‘Standard Linear Solid’ is taken as the viscoelastic model.

Shifting thé origin at X=vt and putting X-vt=x and Y=y so that

)
o
@

+ = the

Q1®
%
Q

and time derivative equal to -v

Yo
<

-1

@Im
x

ax

stress displacement relations given by (8) become in this case



7 lo4 do 2 2
ax at 13 8x2
ao oo 2 2 ;
23 23 _ C au au v
v * t o, T H [ vV oxay ' Btay ' % ay

ax ot
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(53)

Both these equations can  be reduced to ordinary differential

equations by the application of the Laplace transform over t and

the Fourier transform over x.

Let us denote the Laplace transform by a single bar
f=fx,y,p) = r f(x,y,t)exp(-pt)dt
o]

and Fourier transform by two bars

a
T=T¢&,y,p) = I T(x,y,plexp(ifx)dx

-0 Ll

Applying these transforms to (53) we get

(1Ev + p + BT _ ucg?v - 1€p - €)W

dW
HCIEV + p + o) ay

(ifv + p + B)oz3

Now the equation of motion given by (4) becomes

oo Ie Jod 2
+ =
ax ay

2v + >
ax? axat  at

13 23 [ 2 3 a2 v ]
el v - :

(54)

(55)

(56)

(57)
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which after taking Laplace.and Fourier transforms takes the form

K]

do
23

2.2 2y
- - -_— +
s 3y pl -v7E” + 2vifFp p° VU _ ) (58)

Substituting for 313 -and E;a from (56) and (57) in (58) we have

2 . B
d E -y T=0 (59)
dy o
where
2 _ . 1 2 fo3 . L2 -
v WiZ+pta) [f (vif+pt+a) f~p<v1E+P> <vif+p+ﬁ>]v | (60)

The branches of p are defined by Re(y)>0.
Since the stresses are bounded as y + ® , W(x,y,t) and hence also
W(E,y,p) must remain bounded as 'y + w.

Hence, the solution of .the equatfon (59) is given by
Wz,y,p) = AZ,p) e,

Now the boundary conditions are

W(x,0,t) WOH(t) Yy x<0

W(x,wo,t) =

!
(o]

-w<x <o (61)

o _(x,0,t) = 0.
23

Taking Laplace t;ansfcrm with respect to t, these boundary

conditions bécome
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W
Wi(x,0,p) = = , x<0
P ,
(62)
E;S(X,O,p),= 0 , x>0
Let us consider
Wi(x,0,p) = W_p(x) (gsay) , x>0
(63)
and Ega(x,o,p),= pwot(X) (say) , . X<0
The functions p(x) and t(x) are such that
: —kix
p(x) ~ 0[ e ] as X » o , k1>0
+k x
t(x) ~ 0[ e ] as X -+ - o , k2>04
Taking Fourier transform of (63) and (64) we obtain
v : : | L
W¢,0,p) = 7 p + W P (Z) : (64)
where P+(E) = Jm p(xdexp(ifx)dx , (F=o+iT)
’ o
and o,,(€,0,p) = pW T (&) (65)
- o )
where T () = J t(x)exp(i&x)dx .
) - ., )

The 1ntegrai of W(,0,p) over (-®,0) converges if and only if

Im(¥> = v < 0 and integral over (0,w) converges |if r>-k1. 3;3 is

2
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analytic over (-w,0) if T<ké.

Now (57) becomes with the help of (61), (64) and (65)

(viZ+p+B) T_(£) ' ‘
. = + P_(&) (66)

(VI€+ptay iIfp

In this form of equation Wiener-Hopf technique can ‘easily be

applied.
5. NON STEADY STATE SOLUTION FOR MAXWELL SOLID

For general a and 3, » does not readily factorize. Expressions for
the roots of y = 0 can be obtained but thesd are difficult to
handle. We discuss here the case of the Maxweil Selid, where a=0.

In this casé'yz reduces to-

- 2

2 v 2 2_ o
= {1 - — +  —— c = =
= IR — ¢ _ , 4

. c 2 v 2 v

c |1 - — c ]! - —

2 2

c c

(67)

The quadratic~within the second bracket equated to zero has the

. complex roots

vi(2p+s3) _ 2_2
— ] - 2L |pm ¥ LB (68)
vZ c? e. 4c° :
2[1 - _] | »
2
c
one positive and one negative for v<ec.
Hence
v 172 12 12 -
Yy = [1 - —;] (E+1X1) (f—ixz) » Re Xi’ X2>0 (69)

(o]
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" where
v(2p+3) ' 2 2
Co_ 1 2 v 3
X1 = > [ = + 3 Jp(p+@) + 4¢2
2[1 - "—]
2
c
(70)

v(2p+s3) . Z_ 2
X = ! - — ¢ 2 p(p+p) + Y ﬁ,
2 vZ c? ¢ 4c?

Branches are chosen so that »y » +0 as £ + .

Thus for a Maxwell Solid, (66) can be written after gimplicat;dnA.

‘as :
2 -z (g - HPHEDY 1 oy, (1x 7%
[1 - !{] v - - 1
2 _ip) 4 12 '
c/_ [f _v] €4 ixz) ' i¢p
(Z+1X )% - (1)’(1)"2 sy |
= — + Ee1x )Y p () (71

ifp

Tge function on the lefg hand side of (71) is ahalyti¢ for 7<0 apd
£h§ function on the right hand side of (71) is analyti¢ for r>*k1.'
As' they are bgth équal' for —k1<7<0 the principle of analytic
cqntinﬁation gives that either side represents the same entire

function M(E),'say. Further we had previously noted that
T (¢ » O ’ |E| » o , T<O0
P (£) + 0 v 8] 2o, Tk

Liouville's theorem gives that M(Z) = 0 and thus
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(ix )72 .
P(Z) = . s - TF (72)
* 1:p(z+1x1>" P .
and

2z (X )72 [E - f’_P] (g-1X )7 |
T (¢) = -[1 - _—] (73)
- z T p)

e i£p [z ——V—]

Therefore, W(£,0,p) given in (64), with the help of (72), takes

2

the form
woux‘)"z
W,0,p) = e (74)
ifp(fﬂx‘)‘
Taking Iinverse transforms one get,
c’'+i o-id L
v,y ax = ) S
Wix,0,t) = — ~—- I —_— et dp == J- N qg
i i p 2n £E+1X ﬁ/z
e’ -i —o-id - :
' 0<d<k‘, x>0 o (75)

Taking the path of integration around. the branch. cut blbhg

negative imaginary axis from ;1Xi'f6 {0 the 1ntEgrél

o-id _fo

1 = fJ- , e — — dE
(E+iX )
. ~-id )

can be converted to the integral
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rz/4 X | i U_‘/z
t N 1
1 = 2e e Yx . ___UTYXI_ du

which is finally evaluated as

-X X772

1 = 2/7 ™ o 1 /X (xX )ty (xX,).
: 1 -1/4,-2/4 1

Putting this value of the integral in (75) we obtain

e’ +i00

-XX /2
wo 1 ef' e * -1/4 ;
Wix,0,t) = — fﬁT J —_— (xXi). uﬂ/‘_1/4<xx ) dp
s | P. ‘1 1
¢’ -iw
y X20 (76)
Now. fer small p,
| v : v ' »
X = ( — ] / [1 - — ] = k (say) (77)
1 2 2
c c
and for large p,
x = -2 _,
1 c - v
therefore for‘largé pX ’
c - v
. —1se :
v [p" ] ~ exp[- i Bx ][ B ] - (78)
-1/4,~2/4C ~ V 2c¢c -vjle - v) : )

So in equation (76) putting the value of X‘ for small p-given by

(77), we obtain for large time t,

=

Wix,0,t) = -2 &2 ()% y (kx) (79)
~ —1/4,~1/4
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which is same as the result fdor the steady state cage for all x>0
given by (50).
For large p, i.e. for small time t and for all finite x such that
px/(c-v) is large, using (78) we obtain from (76)

2u 1-2

W(x,0,t) = —2 |8V [t - X ]
P X .

H[t_ . ] (80)
c-v
Now, using (73), (65) becomes

2,102 (iX )72 [z - 1—"](5—1){ )42
1 v 2

R

After taking inverse transforms it converts to

c’ +im
N 2.1-/2 _ pt
o (x,0,t) = - =2 |1 - ¥ L € _ (1x)H)*3dp x
23 i o2 2nd P 1
C'-_-'Lm
o-id 3 : >
) e - i—p] (z-ixz)‘/z | |
R j "”f(p+ﬁ) ' exp(-igxyd¥ (81)
Cogfe - R |
~oo-id -
Reversing the order of integration
- id
uW 2,12 ‘
o (x,0,t) = - —2 [1 - L L F(¥lexp(-i¥x)dE (82)
23 "' i o2 2r ' '
--id

where
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<’ +io ip : 12
F(E) = [E i ‘_’—] CTIT e (1x )*%4p (83)
2ni 1(p+3) P "
gle - —E=
c’ -iw g
- For large &, (83) becomes
1., ] e
F(¥) = |+ B (84)
4 ,
where
c! +im )
pt ,
B. = i g (ix)H**a (88)
2ni 1
c’ ~iw

Putting the value of F(f) from (84) in (82) we get

2,372 .
o, (x,0,t) = - —2 [1-_"_2] B, as -x=x0" (for all £>0)  (86)
vnxi C

The .evaluation of B for all t (t>0) has been done 1Iin the
Appendix—2.

For small p i.e., for large t, uging from (775 that X‘ ~ ky

we have
Vi3 vz
B = vk = [—]/[1—_] (87)
. 2 2 .
c c
Substituting the value of B given by (87) in (86) we obtain
' N 1,2
0, (x,0,t) = - 2 [Y_f-] , x_» 0"
w’rzx1 c

which is same as the result for the steady state case given by

48).
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The variation of the nondimensional values of B given by

B¥ = J—% [1 - l;]uz B

(o]

>

has been plotted against nondimensional time t‘=ﬁt for various

values of v/c = 0.5, 0.7 and 0.8 and has been shown by means qf

graphs in Fig.3.

Now for all values of x i.e., for general valueé of £ the integral

oo-1id i i2
: ¢ - “Plr-1x
—i— [ Vv . 2 exp(-1¥x)d¥
2ni ‘ i(p+p3) » BT
. f[g _ ..p,vﬁ]
-oo-id

appearing in equation (81) can Be converted to the integral

3NTi e p 2 ,éﬂi/f" e&z* ] "X 'y’G[U"*xz- l_:_] _
o 2 2 J'J
since P8 5 x - (88)
v 2 '

. o : [
considering the path of integration around the branéh cut é}oﬁg
positive imaginary axis from 1x2 to i as shown in Fig.4.

z o

So using (88), (81) becomes

: uW 2. 12 pt ’ X
o, (%, 0,t) = - -—° [1 - -"—] L. I E_ (x)»*?% e ?

e'™ fﬁ[u¥X2— %]
du + uW [1 - _] x
(u+Xz)[u+X2* E:QJ ° cz
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'Fi-'g-.“:l‘. variation of B' vs t, in the non steady state case of the Maxwell Solid
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Fig 4. Path of Infegration to evaluate I, -
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For large t (i.e.,for small]l p uﬁihg X;=k, x2=0) and for all xk*§0)

we obtain from (89)

CuW . N1s2 ux
o, (%,0,t) = - ° [ XE.] Jw e u du
] o U .

where

which is same as the solution for the steady state case for all

values of x>0 given by (47).

6. RESULTS AND DISCUSSION

The stress oﬁﬁx,O) just below the punch (x<0) and the
displacement W(x,0) on the free surface (y=0, x>0) have been
coﬁputed numerically from equationg (38) and (43) fpr different
values of parameters v/c and a/f3. The.case a/f3=0 cprrespondsg to

o _(x,0)
23

. * = ) . .
Maxwell Solid. In Fig.5 non dimensional stress = —Ev;ﬁ73? Has
been plotted against nondimensional distance x: = Bx‘/c for values

of the parameter v/c = 0.5, 0.9 and for valueg of thp parajeter

a/f = 0 and 0.2,
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For the same sets of the parameter valueés néndiménsional
displacement U* = W)Uo has been plotted aversﬁs hdﬁdiwensional
distance x = = px/c in Fig.s. w* Qaries from 1 to zero as X"
changés gradually from zero to .

It may be noted from the graphs tﬁqt variation of thé ydlues of U*
with x" is rapid with the indréase in the values of the para+eter
v/c. Further it is found that the graphs become steeper with the
decrease iIin the values of the paraméter of/f3. From ng.s it isr
found that nondimensional stresg T* changes rapidly with the

. decrease in the values of V/c yhere as for a fixed value aof v/c

graphs become flat with the increage in the values of a/f3.



0T _ BEJQLJ

------- MAXWELL SOLID (=</#=0)
STANDARD LINEAR SOLID (=¢3-=0-2)

Xy = BXyfe —

Fig 5. Nondimentional stress 7* vs. nondimentional distance x’;(x<o). just below the punch
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APPENDIX - 1

Evaluation of the integral

00 o) *7?
) _
1 B [g 3 -1_@] exp(-i¢¥x)d¥

The contour of integration is ghown in Fig.2.

_Putting ¥ = i% + iu , O<u<ew , the integral can be written as
mooa -ux,
1 =2¢e * eV Yu e du

X=~X x<0
s 1 ?.

where { means the principal value of the integral.

Now, for large Eg - %-]x1 (x<0) , putting ux = 2 the intégral‘l

becomes

i /4 OxX/V -z
= 2e e Vﬁ e _ dz
%y o %7 EV - t}x4
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v/ 4 Ot*/v
2e e \Y 3 v? 5
= - r(;) + — s 32 re +
X (3-0l) x ? (3-o)%x 2
1 1 1
v? ?
+ 3 C(X) + ..., .
(3-o)?x 2
1
A . = [B _ ¢
Again for small [V 1%, , putting u v vl K I can he
converted to the integral
E - g X 1/2
1 =2e* e vV 1 [ﬁ ] ' —ﬁ— exp[—z(ﬁ_q)x] dz
v z - 1 1
o]
T (23 T (=}
= — - = 1-2
v 4 v

Mmoo, »
=2e* e vV ! %+0[(ri;g)x] * where =z = t?
8
So,
oo«
- v

% ' -
]l =2¢e * e Rl S as [( )x]-»O.
X v 1
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APPENDIX - 2

EVALUATION OF THE INTEGRAL B.

The integral in (85)

) ¢’ +io i
2, -1-2 pt 2.2
B = i_[1 - _;] Q%T J e %[p + g] + lp(p+ﬁ) + V0 dp
Yc c P 4c
c’ =i
has a simple pole at p = O and brdnch points at p = -3,
2
- =08 (. -y
P 011 é‘ [ 1 + 1 -—-2— ]
. c
‘ 2
X i B y
and P=o, =35 [ 1 1 - ] .
- c

- Taking the branch cut along the negative real axis from o to -ow
the ihtegral can be considered as a contour integral around the
path as shown in Fig.7.

Let,

- 1 ePt v{_ | 3 ) — : —
i | TIE[P*E] PP e, dp

1 = AZER I - where IX% is tHe contribution to- the

integral from pole at p = O,
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ANTIPLANE DYNAMIC CRACK PROPAGATION IN AN INHOMOGENEOUS
VISCOELASTIC SOLID

1. INTRODUCTION

Until now many authors,. Baker (1962), Cherepanov and Afanasev
(1974) and others have investigated the dynamié crack propagation
in a homogeneous elastic medium. This problém presents an interést
for a better understanding of the brittle behaviour. of the
material. However, natural or artificial materials are wusually

<

inhomogeneous. There exist very few solutions to the problem of

dynamric crack propagatlon in inhomdgeneous elastic media. Atkinson

Aand List (1978) and Atkinson (1877) considered stead;—state érack
propagation in different fypes og inhomogeneous elastic media. In
addition, if the materials are dissipative, that effect can be
taken into account by considering thé material to be viscoelastic.
Crack propagation in viscoelastic medium has been étudied by
Willis (1972), Atkinson and List (1972), Coussy (1987) and others.
Willie (1972) caonsidered steady-state Mode 111 crack propagatioﬁ
for a standard Linéar solid under. general type of loading on the
crack surfaces. Atkinson and List (1972) stuéied nonsteady SH-wave
type crack propagétion starting at t=0 and moving with a constant
velocity in the "Maxwell Solid" of using the viscoelastiq'model

suggested by Achenbach and Chao. Finally, Sills and Benveniste

PUBLISHED IN “"JOURNAL OF TECHNICAL PHYSICS" » VOL 31 , NO. 3-4 ,
PP. 373 - 392 , 1990,
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Let 1. = 1_+1. where I 1s. the value of the integral |1 around
1 2 3 2 b 8

the branch cut from a to o and Ia igs its value round the branch
cut from o, to -oo.

Now it can be shown that

*
t (Ol -r>
I— J J ) e q

(a -r)
1

r

In the interval (az,—m)

L
t (o -

e. 1 1 :
I Im , dr
a -r)

Finally, we obtain

R M

(a -r)

| -»
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(1969) and Coussy (1987) studiéd steady state crack propagation of
SH-type at the interface between two viscoelastic media.

In'our case we have considereé steady and nonsteady cases of Mode
Il crack propagation in an inﬁomogeneous visdbelastic medium. Two
types of viscoelastic models, namely Maxwell Solid and Standard
Linear Solid have been considered. Material properties have beén
assumed to wvary exponentially in the direc£ion perpendicular to
the direction of c¢crack propagation. We have studied how the
material inhomogeneity affects the stress intensity factor and
also the crack opening displacement whén.a Mode 1111 type crack

propagates through the inhomogeneous viscoelastic medium.

2. FORMULATION OF THE PROBLEM AND ITS SOLUTION FOR NONSTEADY CASE
IN MAXWELL SOLID

Let us consider an inhomogéneous viscoelastic medium which was set
in motion by a semi-infinite crack suddenly appearing at t=0 and
moving‘with a constant velocity V in.the direction‘of the X-axis.
The Y-axis is taken pefpen@icular to the X-axis(fig.1). For SH-
waves, the displacements along X and Y direétions are zero and
oﬁly the'displacement W = WX,Y,t) along the Z-direction exists.

The shear modulus is
(Y)Y = yoexp(2ﬁY) and density etY) = poexp(ZBY),

where 3, and are constants.
Ho Po

The non-zero stresses are

o = o (X,Y,t) and o= o  (X,Y,t) (1)
YZ Yz XZ X2



F1G. |. The crack geometry.
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and nonvanishing strains are

e = lﬂ e = 1 .a_w (2)
Xz 2 83X "’ Yz 2 a8y
Considering a Maxwell Solid as the viscoelastic model, the stress-
strain relations are
aoYz Beyz
gt " PO T ) 3
. (3)
aaxz aexz
7t — ¢ ﬁxoxz-= 2uY) 3t
where Bi is a positive constant.
The equation of motion has the form
8o oo 2
XZ Yz au
+ = p(Y) (4)
aX ay at?
and the boundary conditions of the problem are
Wx,o0,t)y = 0, X-Vt>0, t>0
oYZ(X,O;t) = -oH(t) , X-Vt<O0 , t>0 (5)

o (X,Y,t) + 0 as X*+Y%® 4+ »
YZ - .

It is convenient to shift the origin of co-ordinates to the tip of
the crack at X=Vt. New co-ardinate axes (x,y) are parallel to the

respective fixed ones (X,Y).

. _ . o _ 0 a _ @2
Hence, putting x=X-Vt, y=Y, we obtain 3% % ! v - 3y and the
. a3 8
time derivative transforms to -V £ 17 + 3T ¢ Equations (1), (2),

(3) and (4) become

o = o (x,y, t) and o = o (x,y, t) (6)
Yz Xz

Y=z Xz
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(7)

(8)

and

2 2 2 '
xZ yz _ 2 W _ a W a
+ = p(y)[V 2V ¥ L3 + > ] (9)

The boundary conditions (5) now assume the form
W(x,0,t) = 0, x>0

-oH(t) , x<0 (10)

o (x,0,t)
Yz

o (x,y,t) » 0 as x2+y2 + o
Yz .

Let us denote the Laplace transform by a single bar

f =f(x,y,p) = Jm f(x,y,t)exp(-pt)dt

o

and the Fourier transform by two bars

(¢ o]
T =Tw¢,y,p) = 1 J T(x,y,plexp(ifx)dx
¥Y2n J-0 - '

Applying these transforms to equations (8) and (9), we get

(iEV+p+Bt)3;z p(y)(ViE+p)gg (11>

p(y) (V2 -1gpO U (12)

(iEV+p+ﬁ1)3;z

o = ply)(-VigZ+2vigp+pH) T (13)

and -ifo +
Yz

x

N
Q1Q
<
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Eliminating Exz, 3‘y from equations (11), (12) and (13) we obtain
2
dw+2ng_w.—yzw=o (14)
dyz 4
where .
(Vi€ +p) (ViE +p+3 )
2 _ 1
¥y =&  + - 5
. c
(15)
Ho
Cc = —
pO
The branches of » are chosen so that Re(y)>0.
Since W must remain bounded as y » o , so solutions of (14) are
T = A1 expL—[ 3+ ﬁz+yz‘]y y ¥20 (16)
N
and
w2 = A, exp [ -5+ |p% +2 ]y *,  y<o (17)
~

(1>
where W

and W* denote the displacement in the wupper and

lower half-plane respectively.

Let us consider on y=0
vt - U = hix,p), x<0
=0, x0 (18)
where h(x,p) is an unknown function such that
h(x,p) ~ o[exp(kix)] as X -+ - , k1>0.
Applying the Fourier transform to equation (18), we get
(1) 2) 1 @
") - W2 = A -A = -—-J h(x,p)exp(ifx)dx
¥Y2n J-w
= H (g, p) (19)
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where H (f,p) is an analytic function in the lower half-plane -r<k1
and ¥=o+tiT.

Now from equations (11), (i6) and (17) we obtain

-C1) _ (Vi¥F+p) @ EH)
Oy - MY (Vig+p+3 ) By )
. 2 2 _ 2 2 | (V1£+p);
= currn [pe]® o? Jexo[- [ a+]e 7 )y Sh e
) | (20)
-(2) _ _ 2, 2 _ 2, 2 (Vi€ +p)
5 u(y)Az[ B+|ﬁ +y ]exp[[ B+|ﬁ ry ]y] VIETRE T YO
. (1) {22
where oyz and oyz are the stresses on the- upper and lower
surfaces of the crack.
Since the stresses are continuaus on y=0,
=(41) _ ==(2)
(24 = o
Yz vz
Using equations (20) we obtaliln
. > 2 -
A = - gl A, (21)
gl (P4
Using equation (21), (19) becomes
2 2
H (¢,p) = - _Zlié_iz_l A (22)

2
p+d (0P

Again let us assume that on y=0

o exp(Aix)
— —{ 1) —(2) o
o = ¢ = o -
yz Y=z Yz P

y x<0

e(x) , x>0 (23)



Here e(x)\is an unknown function such that
e(x) ~ o[exp(—kzx)] as X + o, , k2>0.

Taking Fourier transforms of equation (23) we get

-2 _ _ I 22 ) (Vi€ +p)
O’yz MOAZ[ B+ B +?’ ] (Vif'*P*'ﬁi)

o
=1 Jw o'® exp(ifx)dx + ! J' o® exp(ifx)dx
) - Y*

¥Y2n v v2n
o
= E_(£,p) - °
Y2 (N+i€)p
where
E (£,p) = L Jw o'? exp(ifx)dx
vYZ2r Jo Y* :

and is an analytic function in the upper~half—plane'1—>—k2 and

o
(o]

ivZn (£-iX)p

is analytic in the lower half-plane T<\.

From equationg (22) and (24) we get

pu (Vig+p)p®H (£, p) o
o] . - (o)
- = E (Z,p) -
2(Vif+p+ﬁi)|(ﬁz+yz) Y2n (A+i&)p

It may be noted that the problem has been reduced -to

suitable for application of the Wiener-Hopf technique.

Now :

2 Vz .

2 = [1- — ](E+1X1)(E—1X2)

C
where
(2p+3 )V (2p+3 )2V?  4p(p+p ) (1-VZ/c®)
1 1 1 1

X = + +
Y o201-v3/eH o2 ct c?
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(24)

(25)

(28)

form

(27)

(28)
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" (2p+B3 IV (2p+3 Y3V%  4p(p+p ) (1-VZ/c®)
X = 1 _ 1 N 1 . 1
2 201-v¥/eH c® c* | c®
(29)
and ](f;z+y2) = (z+1\(1>“2(f—i\(z)“’z(1—v2/c2')‘/2 (30)
where '
- . ‘ 2,,2 .
1 (29+31)V (2p+ﬁ1) Vv p(p+Bi) 2 2
Y, = — 2 + rad— 2 452 b1-v2 /%)
2(1-V7/c™) c c* c?
(31)
f 2,2
1 (2p+ﬁi)v (2p+ﬁi) \ p(p+f3 ) 2
‘Yz = — |- > + " +4 s +3 (1-v%3,c%)
2(1-V7/7c) . c ‘ c c?
(32)
Using equations (27) and (30), (26) becomes
uo(i—vz/c2>“2(z—1p/V)(g—ixz)H_<f,p) oo(i)ini)‘/z
- R .
2[f—i(p+ﬁ1)/V](E-in)1/2 Y27 110 (IA+1iX )p
1/2 . 1/2 /2
_ (F+iY ) E (&P o, (Z+1Y ) ALY )
(E+1X) 1v3m (£-12)p (Z+ix) CIa+ix)
- (33)

The functions'on £he R.H.S. of (33) are analytfc and non-zero in
the upper half-plane T>‘k2 s, and functions on the L.H.S. are
analytic and non-zero in the lower half-plane T\ (x<k1). Sin&e
botﬁA the functions are analytic in the strip —k2<7<x, the
principle of an gnalytic continuation states that each of them

represents an entire function M(¥) in the whole f-plane.
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Now, the L.H.S. of (33) approaches zero as |E| + o. It may then be
concluded by Liouville’s theorem that M(¥) = 0 and therefore
1/2 ;1/2 '
200(ix+1Y1) 04 in) [E,i(p+ﬁi)/VJ

H (Z,p) = — — (34)
: H V2R 1P(E-IN) (IA+1X D (£-1X ) (E-1p/V) (1-V¥/c i

©

and

o o (IN+1Y )72 (g+1X )
E (¢,p) = d - 2 : 1 (35)
. ' P 172
. 1/2r (£-100p  1Y2R (E-IPUINHIX ) (E+IY)) _

From equation (34) it follows that

20 (iIN+1Y H*7%
H (Z,p) = ° ———5 7%, s o
uOVZn ip(ix+iX1)(1-V /¢

Application of the Inverse Fourier transform yields

4o = ' (>\+Y1)1/2
h(x,p) = — |- =

p 2 X -» O_ -
Ho (1-V3/¢

2.1-2 (X+X1)p' !

)

Again, taking the Inverse Lap)ace transform, the displacement jump

across the surface of the érack near the crack tip'is

c’ +io i 2
4o . (A+Y )
Wit - y® - o |- X 1 1 J 1 ePt dp
Mo n (1-V?/c2f/2 2nd (X+X1)p
¢’ -i
(36)
From (35)
172

o (IN+1Y ) NP
E (¢,p) = - 3 St S I
" 1¥Z7 pUIA+1X )

Taking the Inverse Fourier transform we obtain
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o -()\+Y")‘/z .
e{x,p) = gpe== p(K+X1) ,y X f o .
Again, taking the inverse Laplace transform
c’+i
o,y a4y ot
ayz = g 5T I —BTX:?IT- e dp (37)
c’'-im

It AW is the displacement Jump, then the crack opening

displacement near the crack tip ia given by

1

H AW = 4o |- ;‘—t ————— A, (1«x<0) (38)
(1-v3/c5HY* ‘ '
ahd the stress near the crack tip is ‘
Oo )
o = A,  (0<x«1) (39)
B vz Y x
where
c’+im P c’+i a2
' , ()\+Y1)‘ 2 ot ' (¥Y) d ot
A?mjvwe dP:mj —px, & P A0
‘ c’-io c’-im
(40)

Evaluation of. the_ integral A given by (40) corresponding ta
constanf stress ~To, on the crack surfaces 1s presented in- the

appendix. °

In the fracture mechanics, it {s customary to write oyz = (0+,0,£)
in the form K/v(2rx) , where K 1Is stress intensity factor.

In our case i
K = v2 o A (41)

Putting #=0 in the expression for A, we obtain the stress
intensity factor in a homogeneous viscoelastic medium as

K = Y2 o A
o1
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where
_ 1 y2,.2
Ai-mfz(].V/C)X
c’+i00

o pt
y J . eF" dp

- 2 2,2 , 4 2, 2 2
e’ 1o p[ (2p+ﬁi)V/c +I(2p+ﬁ‘) V'/c +4p(p+ﬁ£)(1-V /¢ ) /¢ ]

whiéh agrees with the results of Atkinson and List (1972),

3. STEADY STATE CASE FOR MAXWELL SOLID

Steady state solutions are the results_of>Sec,2 corresponding to )
the case of t approaching infinity. So for the steady state case,
passing to the limit p + O and using the Tauberian theorem we

obtain from equation (34)

2

20 (1x+1vi)"z<f-1vz)" (Z-1p8,/V)

H <&,p) = - 2 2, 2. 1-/2
- p012n LE-10) IN+IX 02T (1-VT /e

Applying the Inverse Fourier transform we obtain

20 (ia+iy (7%
(o] 4

x
po(ik+iX1)(1-V2/cz)*/2

©=LE -1y Y 2 (E-1p /W)
1 2 1
x T I p exp(-1¥x) d¥
n _ (F-10)E
-0—=1& B v

20 (in+iy 72
(o) -4

= — | (42)
2nipo<1x+ix1)(1—v2/c )

where
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e S I R XSV WAR
l = J‘ 2 1
(& -1ng?

-~iL

exp(-1fx) d¥¢

For x<0, the above integral can"be »replaced ‘with the integral
taken along the positiJe imaginary ¥-axis round the branch point.
at E=1Y2 ’ gogether with the contribution from the polés at £=0
and £=ix as shown{invFig.Z.

Thus it can be shown that

3 0 U zeip(-ux )
_ _ai ' 2 1 1
1= exp[-(= + "1”2’][ = xv 1]Io Y, o Y

t Ve - 1/

23 u'Zexp(-ux ) 3 u 2exp(—ux y L1
+ = t qu-2[ - — L dul +
AV AL AV u+(Y_-A)
o - (o] ‘ 2 _

(u+y )2
2

B,
- -f - -
[ X—v 1] Cix in) exp( )\x’.);

2D

_ 1 _ . - n -4/4 _ S
=< exp( n1/4)[[ 5V 1]|;: (xin) exp x1Y2/2) x

Bi -a.%
X Y ) + — ¥lax )Y (x Y exp(-x Y /2) x
-3/44-4 4 2 Vv 1 1 2 1 2
-1/4

X (Y2+k)
]Iﬁ—[x (Y -x)] 1
X 1 2 )

exp[— —_7?———Jx
1

x W ' [x Yy -A)]] +
-a/44/4 2 2

>’|?)
1S

x W (x Y_ ) + [1—
-S5/4,~4/4 4 2
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J{:’);
§=1A

r¢=0

Vo o Vo WY aummnl
pw 4

Fi1G. 2. The path of integration of the integral /.
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. 2_*'5[[ gﬁ_._ _*1] v _Qi[ixﬂ/:—ry; . 2-/——:_“1T] )
2

Ie] °
1
- - p- - :
[ SV 1]V(ik in) exp( kxi) (43)

where wk iz the Whittaker function (1968).

™

Therefore the displacement jump AW across the surface of the crack

(x<0) is given by

o Aty )72
(o) 1

yko = - ' Pa——r exp(ni/za) 1 (44)
n(k+X1)(1—V /c™)
where 1 is given by equation (43).
Using the result that
wk (z)=—;£i:gml— (z)*72m expl-z/2) + ——]—-‘-—(-EE—)-——(2)1/2"m exp(-2/2)
- rti -m-k) r(§ +m+k)

for small =z,

we find that for small (x Y, equation (43) yields

1 = -hy(nx1> exp(-ni/4) (45)

Substituting the value of I from equation (45) in to equation (44)

we get
4o . (k+a1)1/2
H AW = - I— - —_—_—_——, -1« x<0 (46)
o (1—V2/c2)1/2 21 (}+a2) |
where
' 2..2
[t 3V _
a = 1 ~_ o+ L v apf-vireh (47)
o o21-VRsS | &2 c*
gV
and a = - - - (48) |

2 (1-v2/c5Hc?
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Again, letting p +» O and using the Tauberian theorem we find from

equations (35) and (24) that in the steady state case

o = -

o (Un+1Y )72 (g +1X )
(o] 1 1
Yz

, (49)
127 (Z-10) (AN+1X ) (f+iY‘)1/2
Taking the inverse Fourier transform we obtain

o (ia+iy (7% o€
o 4

(F+1iX dexp(-1ifx)
a _ J’ 1 dE -
vz 2R (INFIX ) o E-in (EHLY )12
~00—iE . 1 :
Lo Cintiy )2
= Znl (INFIX ) hy =
A P (EHiX Dexp(-iEx) -
where 11 = J 12 %
‘ e ETDOEHIY )
exp (=Y x) (A+X )Vx
= 2vn exp(-ni/4)[ - a3
‘ /% [x x+Y )]

~x(k—Y1)
x exp[ —_—

- ]w ' [x(k+Y )]] (61)
2 “1/4,~1/4 1

Thus the stress at y=0 for all x (x>0) isvgiven by (50).

.Now for small (A+Y1)x

1 = 2IE exp(-ni/4)
1 X

(52)
so from (50) it follows that
o, (K+a1)1/2
o = , O<Kx« 1 , y=0 (53)
yz m O\+a2)

Stress intensity factor K is given by



K = v2 o B
0

(At 72
1

A+ )
2

where B

Now putting B‘=0 in the expression for o,
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(54)

and o, we get from (44)

and (53) the displacement jump and stress intensity factor in an

inhomogeneous elastic medium as

>

Lo : 1/2
porR S el
2,12 n (1-V3/c2) 272

H AW = -
© A(L1-VZ/¢
(24 ’ 172
and A - [ At 2 ﬁz 1,2 ]
Y2 \vYmx (1-V</¢e5)

which agree with the results derived by Atkinson (1977).

4. STEADY .STATE SOLUTION FOR STANDARD LINEAR SOLID

In this case the stress strain relations are

aayz - 6eyz -
ot ¥ 6zoyz N 2“(Y)_ ot ¥ o(ewz i
adxz ) aexz ]
ot * B % T 2#(Y)L at vt ]

where B“and a are constants.

Equation of motion has the form

Now,

oo do 2
Xz YZ o(Y) a

aXx ayY at2

putting x=X-Vt and y=Y so that

Q@
o

Q1®
x| .

X '8y

(55)

(56)

(57)

(58)




equations (57) and (58) become

ao 2
- Yz - gy oW )
Viax  * P.%2 “‘V’[ "575;*"‘37]
8o 2
_ Xz - gy 9V aou
: ax
and
oo oo 2
Xz yz _ p(y)Vz - W
ax ay ax2

Introducing the Fourier transform denoted by

[0 0]
T =T,y = J £(x,y)ekp(ifx)dx
_ Y2 J -0

equations (59) and (60) can be transformed to

aW

(iEV+81)5;z

ply) (VEZ-1800W

(12V+3 o

and ifo + %7 o = - p(y)V%E?W

Xz Yz

hY
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(59)

(60)

(61)

(62)

(63)

(64)

Eliminating Exz, 5;2 from equations (11), (12) and (13) we obtain

2

<|

- d
dy

+2p %% -y =0

N

where _ ) _
2 2 2 2
2 g [1-virehHe + tvp /e - a/V)]
vo- (F - 1a/V)

Branches of y are chosén so that Re(y)>0.

Since W must remain bounded as y +» *o , so solutions of (65)

(65)

(66)

are
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r -
W = exp-( o+ [ 42 ol » w0
L .
and (67)
W = 4, exp| -+ (5% 4 )]+ veo
(1) 2) 5 N
where W and W denote the displacement -in the upper and
lower half-plane respectively.
Let us consider on y=0
W't - w® = hixy, %<0
= 0 , x>0 (68)
where h(x) is an unknown function such that
h(x) ~ o[exp(kix)] as x =+ —mo, k, >0
and
o = ~o _exp(Ax) , x<0 ,
vz o
= e(x) ’ x>0 (69)
where e(x) is an unknown function satisfying the condition
e(x) ~ o[exp(-kzx)] as X + o , k2>0.
In this case equation (26) becomes
2
pu (ViE+o)y H (E) o :
b - b (70)

- = E, () -

_ 2(V1E+ﬁ1)l(ﬁz+72) ¥Y2rn 1(¥F-iX\)

regularity of the functions

This equation holds in the region of

appearing in equation (71).

Owing to our former assumptions regarding the behaviour of e(x)

and h(x) at infinity, this region is represented by the inequality

—k2<-r<>\<k1 where EF=otiT.
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Now equation (71) is suitable for the application of the Wiener-

Hopf technique. Again,

2 2 2
z _ £2(1-vi/c®) g +ia)d
¥ T = Ta/V) | . S
where
'(Vﬁi/cz - a/V)
a = 2
(1-v¥/c%)
and
. [£%c1-vire®) + i(Vﬂ1/cz— arVg® + gAE-1asV)]
r- v = F = Ta7V : (72)

Since it is difficult té factorise J(yz+ﬁz)a, i.e. to represent it

as a product of two functions, one analytic in- the upper half
plane and other analytic in the lower half plane, we follow the

‘approximate method of Koiter (1954) of solving Wiener-Hopf +type

equationg. Accordingly, we write

P(F)Y = ]<y2+ﬁz) in the form P() = PP (&) ,

where the function P(f) is required to behave at |[Z]| =+ m and at
|£| + O in the same manner as P(£). The auxiliary function P1(E)
should be non-zero and should have no singularity within the strip
—k2<-r1<r<rz<x; i£ has to be suitably -chosen such that P() is

non-zero and possesses no singularity within the strip -Ti<r<rz}

Now we note that

P(g) = ](72+ﬁ’) x [(a-vire®rz? 4 1(Vﬁ1/cz —‘a/V)E]i/z' as  |£] » o

and J(Tz+ﬁz) x B as |£] » O.

Therfore we choose ?(E) in the form
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1/2

Py = [1-v3/e3)e% + 1up 7% - arnde + 32 (73)
.

which behaves in the same manner as P(f) for || + o and |E| + 0.

Now P(Ff) can be written as

Py = (1—V2/cz)1/2(E-i32)1/2(f+ia‘)1/2 (74)
where
Vi VA 2 '
(et (G 5] [ 5 ) e ]
2(1-V7/c™) c c
(759
and
V3 AE] 2
‘8, = __-_3;_f;_ [-( __% -3 ] + J[ = - 7 ] + 45”2 (1-v2/6%) ]
2(1-V7/¢c™) c c
(76)

It consequently follows that the assumptions concerning Pl(f) are
satisfied and in view of the fact that P‘(f) + 1 in the strip

‘T1<T<T2 for ¥ + o, the function may be represented in the form

¢ _ . _
P (£) = PI(EIP (L) | (77)
where
. m+idz
PY(¥) = ex ! lnpi(n) d
&) 7 exPl ooy o "
-+t d n
(78)
’m+i.d1 i
_ "y lnP1(n) ‘
P’.(z) = exp - m J -—?— dn
. ~o+id "
1 A
+
where —71<d1<d2<12 and the functions P:(E) are regular in the

respective half planes -r>—'r1 and T(Tz.
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It follows from (79) and from the fact P (0) = P ()
these funétions satisfy the additional condition Pf(O) = Pf(m)'= 1
with the help'of (71),_(74), (77) and the relation
P(E) = ﬁ(f)P1 (),
equation (68) becomes
pou-vz/cz)“zH_(f)gz aoP:(i)\)(i)wia‘)‘/z

+ =

2(g-1B /) (z'-iaz)‘/’P: (£)  YT2m) 1(Z-10) (in+ia)

. + . 1/2 .
FL() (Ee1a )YFE @) o,
(f+ia) Yoy 1(E-iN)

x

(79)

PYgy(g+ia Y% PY(IN) (in+a )P
1 1 _ E S 1
x [ (Z+ia) (Ix+ia) ]

Using the same arguments as In equation (33) we get

+ 12 172~
20°P1(iX)(ik+ia1) 14 iaz) Pi(f)(f 161/V)

H(¢) = -
- u Y(2rY (E-1n) (A+a) (1-VZ/c®)*7%g2
o]

'200_13:( IX) (ineia )7 s
= - - 4 ag & + o (80)

p YTZ7) (A+a) (8 VL5 hide

and

o : o PPNy (in+ia 2 2 (g +1a)
E (¢) = o _ o 1 1
* YZr) i(F-in) Y (Zm) i(f-i)x)(i)wia)P:(f)(E+ia1)1/2

o PYCiIN)Y (in+ia )72
0o 4 1

Loy i(ir+ia)d

£*2% as ¢ + ' (81) .

Now taking the Inverse Fourler transform we get from (80) and (81)




4o P (iN) (n+a )72
o 1 1
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h(x) = ——— -x)*% , -1« x<0 (82)
¥n M (A¥a) (1-VT/c™) ‘
and
o Pl (IN) (nva )72 s :
e(x) = - (x) , O(x«_l (83)
Y (A+a)

The corresponding results for the case of constant loading
o= "o, (x<0) on the crack surface are obtained by putting A=0 in

Yz

the above equation. If AW is the displacement jump then the crack

opening displacement in this case is given by

4adV(—xa;7
o AW = > 2 , -1« x<0
° v7 a(1-v3/cH*® ]

and also the stress neér the crack tip is

o = 2 2 0<x«! (since P:(O)=1)

Now, putting a=0 in equations (84) and (88) we get the crack

(84)

(85)

(86)

opening displacement and stress intensity factor for the Maxwel!

Solid

» 4a°¥(—xa;)
yko = =2 2 ' -1«x<0
2413 a (1-V/c™)

(87)
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and K = y2 o, B where B = —1% (88)

which agree witﬁ,the results given by (53) and (54) in the Maxwell

Solid corresponding to A=0.: 5

5. RESULTS AND DISCUSSION

5.1. The Maxwell Solid.

In this case time variation of the stress intensity factor‘is
given by K = 2 aoA where A is given by equation (40) and has
been evaluated in the Appendix.‘

The dimensionless stress intensity factor K = (K/e:r'o)(f?1/c)1/2
has been plotted against t1= B1t for the range of values of V/Q =
0.1, 0.3, 0.5, 0.7 and 0.9 fﬁr different values of the
1ﬁhomogeheity factor B*f= ABzczlﬁf . |

It is interesting to noté by inspecting the graphs given in Fig.3,

Fig.4 and Fig.5 that the effect of-inhomogeneity of the medium

introduced through the factor ﬁ* in the stress intensity factor K*'

becomes more significant for small values of V/c, whereas for
values of' y/c differing slightly from unity, the effect of
inhomogeneity of the medium on the stress intensity factor 1is

negligible.
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0 0 20 30 0

FiG. 3. K* vs. 1, for the Maxwell solid in non-steady state case. f* —= 0 (homogencous medium)

k' .
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Fia, 4. K*® vs. 1, for the Maxwell solid in non-steady state case. §* = 0.1.
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Fi1G. 5. K* vs. 1, for the Maxwell solid in non-steady state case, §* = 0.2.
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5.2. Standard Linear Solid.

In this case the stress 1intensity factor for the stéad&ly
propagating crack is given by K = ¥2 ooB‘, where Bi.is given by
equation (86).

We héve plotted also the stress intensity factor K* =
(‘K/cr'o)((?"/c.)vz against ﬁ* for wvarious yérues of V/e, V/¢=0.5,
0.6, 0.7, 0.8 and 0.9, and for different values of a/fs1 = 0, 0O.1%,
0.2. The case a/ﬁ;=0 corrésponds to the steady state valuesrof K*
for the Maxwell solid. [t is evident from the graphs given in
Fig.6, Fig.7 and Fig.8 that at large values aof a/ﬁl, valugé‘of K*
increase rapidly with the increase in'values of B* if Vv/e¢ is very
small. But for values of V/c close.to unity the variation of K*
with theA change in the wvalue of ﬁ* is small showing ‘that the
fnhomogeneity effect 1is negligible in thés case. This -is also

evident from the expressions (87) and (75).
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F:G. 6. K® vs. 8* for fhe standard linear solid in steady state case. a/8; = 0 (Maxwell solid).

Qg

09

A

S8z "7 05 03

-F16. 7. K*® vs. B° for the standard linear solid in steady state case. a/f; = 0.i.
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FiG. 8. K* vs. f* for the standard linear solid in steady state case. a/f, = 0.2.
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APPENDIX
EVALUATION OF THE INTEGRAL A IN EQUATION (40).

The integral

The integrand has poles at p=0 and also at p= —61 which correspond

to the zero of X1'

Further the integrand has branch points.at

nq;m

[ -1+ la1-v3/e®) (1-42) ]

(4
it
rq;m
1
i
[
I

da1-v?/c®)(1-42) ]

3 .
. [ -1 {ct-a2> ]

B, -

& = 2 [ -1 + 1(1-v2/c2)
4 2 . i
IES ' -
& = 2 [ -1 - J(1-V2/c2)'
5 2 ]

where =z Bzczlﬁf which is assumed to be less than 1/4.
Evidently, & > >& >85 >& .
: <+ 1 2 S a

Now taking the branch cut along the negative real axis from 64 to
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-, the integral can be considered as a contour integral around

the path shown in Fig.9.

Now,
A = d201-V3/%)  x
c'+'u:o ) 2 ' 2
Lt I [(2p+.l?1)V/c: +(2/0)¥(p-& Y (p-6) ] o ap
i : : 2 .
R p[(2p+(31)V/c +(2/c)¥(p-8 T(p-5) 1

1t can be shown that

o 2
A = J201-v3 /%) %% lg— ]% + Jl’-z_ + 4z(1-v3/7e%) | o+
2 1 c

-2 ‘2 1 c . '
+ 12(1 Vo/¢e7) = |ﬁ_ [ ]?+]2 I3 I‘)

1

where

1+ J(x )
B 1

ot (8" -r)R
do e .

exp[(ét—r)t‘]dr

"
n ¥ <
'y

2 I[ R**—(xf)3+(y**)2x* - 2x*y*y** ]/2 .
2 -2 2 2 2 2 2 »*
1, = - - exp[(éi-r)t]dr
(& -r)R _ *

o : 1 2

exp[(éj—r)tildr
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p-plane

F1G. 9. The integration contour to evaluate 4 for the Maxwell solid.
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1
b, =5

™
(x

)
1 = 32 exp[(éj-r)ti]dr

+ ' (8™ -r)x
1 P

](1—v2/c2) [ 1 - ¥(I-az) ]

b, = 1(1-v3/c%) (1-42)

(o
w
"

»
X =
1

*—
Y’:"

x
n

<
n

N|

J(1-V2/cz) [ 1 + Y(i-42) ]

314

[ J(i—vz/cz) - 2r ] % + 2 I>r2— rJ(i—v?/cz) + (1-V%2/6%)2 ]

ol<

[ J(x-vz/cz) - 2r ]

2J r](l—Vz/cz) -

[ 1ai-v@/e®) (1-42) - 2r ]

ol<

2 J rIk1~v2/c2)(1—42> - r

2
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= 2 I r2 4 o(1-vE/e?) (1-42) + z(1-VZ/c?)
_ * 2 * ¥ 2 * 2 * 2 ~1/2
= [ (x )%+ (y_ ) ][ (x )7+ (y ) ]

»* 2 - %Nk 2 . B
ﬂxz) + (y2 )

= —[ lc1-v3/e®)(1-42) - 2r ] % + 2 J r2 - rJ<1—v2/c2>(1—4z)

o<

[ f(1—v2/c2)(1-4z> - 2r ]

2

2 J'z(i—vz/c2> ¢ r J1-VE3/c®y (1-82) - 1

* 2 *'2
(Xa) + (ya)

nl<

= [ I<1—v2/c2)(1—42> - 2r ]

-2 I r2 - 2(1-V%/6%) - r {(1-Vv3/c®) (1-42)





