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MOVING PUNCH ON A VISCOELASTIC SEMI -I NFI NIT~ )I(E;DI U)l( · 

1 • INTRODUCTION 

P r .o b 1 ems i n v o 1 v i n g the mot i on of a punch on the sur f ace o t an 

elastic half-space or on the free bounde.ries of long strips are 

extremely important in view of their application in road 

construction techno 1 ogy and a 1 so in geophysical research. P1,..1nch 

problems within the classical theory of elasticity have been 

studied extensively by Galin (1961) and by Gladwell (1980) in 

their books. The motiom of a rough punch on an elastic half-space 

has been treated in detail by Suhub i ( 1972). Recently prob 1 ems 

involving antiplane motion due to punches moving along the 

surfaces of an elastic strip have been solved by complex variable 

methods by Tait and Moodie (1981>. An analytical solution to the 

problem of a long rigid punch moving rapidly on a strip of a 

highly orthotfopic elastic layer has been solved b~ Georgiadis 

< 1987 > using integral trans farms . and the Wiener -Hopf techniques 

( 1958) . 

However, natutal or artificial materials have generally 

dissipative behaviour which often can be taken into acco4r)t by 

viscoelastic models. Adcordingly, proble~s involving the motiqn of 

a punch on a viscoelastic medium h~ve drawn the attention of ~any 
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scientists. The problem of a rigid cylinder rolling on the s4rface 

of a viscoelastic half space has been solved by Hunter (1961>. The 

contact problem of rigid cylinder rolling slowly on a thin 

viscoelastic layer has been treated by Alblas and Kt.Hpers <1970) 

assuming that the layer thickne!;ls is sm~ll compared to the ~idtn 

of the contact region of the cyl irtder. The problem of a plane 

punch sliding without· fr.iction on a viscoelastic half spaoe has 

been considered by Golden <1977>. 

In the present paper, we have examined the stress and displacement 

field produced by a long punch moving on the boundary of a semi-

infinite viscoelastic medium and producing Horizontal Shear waves. 

Two types of viscoelastic models viz. Ma)(well Solid and Standard 

Linear s·olid have been considere~ and loading is assumed to be 

such that Mode I I I conditions prev~i 1. The mathematical technique 

which is employed here consists. bf the application of integral 

transforms and the solution bf the resulting Wiener--Hopf equations 

for the transformed unknown variables. Both the steady and 

nonsteady solutions of the ptoblem have been derived. Displace~ent 

and stress on the free surface and at points below the punch have 

been derived analytica~ly and the nature of their variat~~na Witn 

the ve 1 oci ty of the IJidV i ng pur\ch has been shown by meal'l!;! of 

graphs. 

2. FORMULATION OF THE PROaLEM AND its SC>i..UTION FOR s'fEJ.bt Srf't~ 
MOTION • 
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Fig.l .. The Geo~et:ry of the problem. 



into motion by semi-infinite rigid punch moving with a constant 

velocity v in the direction of the x-axis. The y-axis is taken 

vertically downwards into the medi~m <Fig.1). 

For horizontal shear w~ves, the displaceme~ts along X •ri~ Y 

directions are zero and only the displacement W = W<X,Y,t> along 

Z-direction exists. The stresses ~nder the punch are 

o = o CX~Y,t> 
J.3 J.3 

and o = o, <X,Y,t> 
23 23 

(1) 

The non-vanishing strains are 

1 aw 
e = 

J.3 2 ax and 
1 aw 

e = 
23 2 iJY 

( 2) 

Considering a 'Standard Linear Solid' as the viscoelp.stic model, 

the stress strain relations are 

000 
\.3 

~ + {3oi.3 

a eo 
= 2 ( 0 ~.a + ote 

1-.1. ~ \.3 ) 0 , 

i=1,2° (3) 

where a,~ are positive constants and 1-.1. is the inst~nt~h~pus 

elastic modulus of rigidity of the material. 

The equation of motion is 

00 
t3 ao2~. 8

2 w 
~ + T p -- ~ 4) 

I c1t2 i!X O.Y 

where p is the .density of the mat.~rial. 

The boundary conditions of the problem are 



W<X,O,t) = w 
0 

W <X, oo, t > . = 0 

o <X,O,t> '* d 
23 

249 

X-vt<O 

-oo<X<oo ( 5 ) 

X-vt>O 

Since we are going to inve~tig~te the st~ad¥ state prqp~gatio~ ~t 

a punch, it is convenient tl:l ~etin~ a moving oo--orchnat¢ ~yEjt!;!jn 

<x,y> whose origin coincids~ ~ith the tip of the punbh ah~ ~hose 

a·xes are parallel to the fi>eiad <Xt Y> a~es respectively (Fi~~ 1>. 

Hence putting x = X-vt, r - y equ~tions (1) 

respectively 

0' = o <x,y> ahd a = a <x,y> 
·j.3 j.3 ·~a 23 

1 iJ and 1 iJ . 
e = 2 iJxW<x,y) e = 2 DyW<x,y> 

13 '23 
(7) 

Do 

( iJ;£ w iJW ) 13 + (3oj.3 v - v = J.,l - -' -·-' + 0( 
iJx iJx ijx 2 

( 8) 

iJo 

( iJZ IJ iJW ) 23 + (30'23. - v -- = I..J - v 
iJxiJy + 0( ay 

iJx 

and 

00' iJ& iJZ W 13 ' 23 2 
(9} + = pv 

iJx iJy iJx~ 

The boundary conditions <S>, now becmme 



W<x,O> = w x<O 
0 

W<x,oo) = 0 -!X><x<oo 

o <x,O> = 0 x>O 
2:9 

Now introduce Fourier transform 

t<e,y> 1 J_: f<x,y>exp<iex>dx = --
-l2rr 

so that f(x,y> = -.-~- I_: f"<t,y>exp<-iex>de 
-{2rr 

Taking Fourier transform of <8> a~d (9) we get 

<1e v + rna - 1-l<e~v - ieot>w 
~:9 

<lev + ~~0 ~-J<iev + ot) 
dW 

::; 
dy ~a 

1::!-nd 

do .. 
ie"O 

23 ~ ·Z-'-+ dY - -pv·z;·w 
~3 

Eliminating o~ 3 , o from <12), 
23 

(1~) and <14)) we obt~~h, 

where 

2 r = (e - i~) ~)] 
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<iO> 

pi) 

<13> 
I 

(16) 



The branches of y are so chosen that 

Re<y>>O for -a<~~<t><O 

where 

Now the solution of equatipp (15) bounded as y ~ ~ is 

Let us consider 

W<x,O> wo &x x<O, €>0 ari<:i = w = ~ 
0 

~e maQe t6 tend td ~~rd 

~ W p<x> <s~y> p ' 

o <x,O) = 0 x>O 
23 

= w t<x> 
0 

(say) 

x>O 

)((0 

where p<x> and t<x> are unknown f~notian~ such that 

- 0 ( 
..,.Jc :K 

) p<x> 
j_ 

e 

- o( +k x 
) t( X) 

2 
e 

Taking Fourier transform of (~9) 

w 
W<{,O> = 0 

-I<27IT ( .t + i lf ) 

where 

a~ x -t oo t 

as x ~ - oo , 

k >O 
~ 

k >O. 
2 

+ 
w 

0 p (~) 
+ 

251 

<i7> 

<Hb I, 

& w i l 1 

f ~ n!=d J y 

(19) 

t2d> 

( 21> 
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In <21> the fi~st te~rn on th$ f~ght hand side i~ ~n~Jytic ~~ the 

lowe~ half plane Im<~> = t < E; anq p t~> ~s l;l,naiytiq ~11 the upper 
+ I I 

half plane r>-k (k <a, say). s s . 

Again taking Fou~ie~ tran~to~~~ df (20> 

w.here 

c; <{,0) = 
23 

\J 
,____o.....:..,-, T ( { ) 
-l"f2iiT 

T <e > = J 0 

t<x>e?cp,<i{x>dx 
-Q) 

(~3) 

T_<~> is analytic in the ldwer h~J~ p.l~ne T<k. ther~for., V<f,O> 
2 

is analytic for -k <r<& and o. <e,o> is analytic in the. low$r ha•f 
s ~3 

p 1 ane T <k . 
2 

From (13>, 

[ <tev + (1>'0 
. 23 

dW 
1-l ( i{ v t 0!) -::!"":":' ay 

Using <18>, (21) and (23) ttjis peoornes 

T (~ ) H <K > [ f\ <~ > 
i ] = {- i& 

where 

~e (e - ~~]i/.2 

[ (1 -
2 ){ )r· H <{ > 

v 
i ( 

v(1 Ot = + -(e ~~) c~ ·c2 v 

] -"=o 
~ ' ' 

<-26) 

It may be noted that the prdp 1 em has been reduc$q to a f qtm 

suitable for the application of the Wiener-Hopf technique. 



Now H<~> can be written as 

H<~> 

where 

and 

H ( ~ > = 

= H <{>H <~> 
-t 

v: )' ~ + i ( v~ 
C' I C' 

H <~> is -analytic in th~ ~PP~f h~i!:if plan~ T>-a· 
+ 

analytic in the lower half plane T(Q. 

l$'3 

~27) 

<29> 

H <{ > is ., 

Introducing <27> . in eqU~tton (~5~, w~ dbtai~ · ~f~·r ~ tittl-

algebraic simplification, 

T- (~) 

R- <e > - R- <t > = k <e > P <e > - R <1{ > + + + . 
(30) 

where 

i [ H <~ > - H ( i&) ] 
+ t R (~ ) = 

+ 1{ - i&. 
I 

i H ( i&) 
and R (~ ) 

+ = - ~ ~ i& <32> 

The functions R <~> and R <~> are such that each is ~nalytib ~nq 
+ -

non-z~ro in some upper and lower h~lf planes respectiVely. 

The functions on the R.H.S. df (30) are analytic and non-zero in 

the upper half plane T>-a anq the functions on th~ L.H.S. ~re 

analytic and non-z~ro in the lower h~lf plane T<O. 
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Since, both the functions are analytic in the strip -a<T<O, .the 

principle of analytic continuation states that each r~present~ a~ 

entire function M<~> in the whole ~~plane. 

Now near the tip of the punch, 

0 
(

- xl)t/2 a <x,O> - as 
23 . 

and R _ < ~ ) - o ( ~ -t) as I ~ I -+ ll' • 

Thus the L. H. S. of <30> approaches zero as I~ I -+ oo. It maY be 

concluded by Liouville's theorem that M<~> = 0 and ther~fore 

and 

Now, 

T (~ ) = -

So from <23> 

(i (~ , 0) = 
23 

T 

p 
+ 

i~H 

w 
0 

Therefore for x<O 

( ~) 

( ~) 

v(3 
2 

c 

.. , I - ft.. ~~Hl <e> <33> 
I 

= 
~+ (~ ~ 
H' (~) 

;+- . 

I ' 

~34> 

~ )r~ 
v 

<35> 



Considering a branch aJqn~:t the posit~ve 

starting from e ia 
= - and chan~ i ng the Hath of v 

2$5 

imaginary axis . ; 

int~~:ratioh from 

real ~-axis to the path around tp¢ branch cut a$ shqwn i~ Fig.2; 

it can easily be shown that ~he int~gral 

can be converted to th~ fdllb~Jn. ~ptegr~J 

rri 

e 
4 ... 

where x has been rep 1 ac~d b)( 

value of the integral. 

For ~-a large values of --· x 
v ~ 

= mx , 
' j, 

(36) can be evaluated in the fdt~ 

rri a 

-l.lx 
' j, 

e 

(~ - ~) 

whete m 

qu 

= ~-a 
v 

-
= -2 e • e [ )( 

r<31~> r<&12> t<71?? v j, 
(X .)-V'ji! + + 

t " ' 
2, 2 

mx m X' 
I t t 

and for smal 1 values of mx it can be shown·that 
j, 

rri 

~><a m , 
+ 

t .... ; . ] 

(~7) 

(3~) 

The details of the evalu~tion of the ~ntegral I ha~ Qeen sro~n in 

the Append 1 x -1. 



fP - plane 

Im & 

~=-- i,; 
'f- u 

Re f9 

F'1g. 2. Path of Integration to evaluate I . 

'2.56 
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Therefore using (35) and <36) we obtain for x<O, 

Also with the help of <39) and (37>, for large values of mx <x<O> 
1 

·we have, 

o <x,O> = 
23 

J.lW 
0 

rrmx 

. [ 
1 

r<312> 

mx 
1 

+ 

Now, ·from <28>, <31> and· (39) 

~ l]"'" ~ -: · .• 

rcs12> 
2 2 m x 

1 

r<712> 
+ 

3 3 m x 
1 

+ 0 0 0 0 0 0] 

i p (~) = 
+ f 

~ [( 1 - ~: J~ + i ( :~ - ~ )]1/2 

Using this result in <21) we get 

W<~,O> = a = 

( 41) 

& -+ o. 



258 

Taking inverse Fourier transform 

CD- i. d 

W<x,O> = I 1 
e x p ( - i ~ x > d~ , x>O <O<d<a> 

~-l<~+ia> 
-CD- i. d 

<42) 

Transforming the integral in <42) to an integral along the ~ontour 

around the branch cut from -ia to -ioo, ~t can be shown that 

W<x,O> = 
iW 

0 

1f 

which can be written as 

w 

-C1X 
e e 

ni. 

• -u - i/2 e U 
U+ax dU <x>O> 

W<x,O> = 0 -C1X/Z 
e ( a x ) -s./ • W ( a x ) <x>O> (43) 

-:1/4,-:1/. 

where W is the Whittaker function (1969). 
lc,m 

Using the results that 

w ( z) -
Jc,m 

and 

r<-2m> z 

:1 
- + m 
2 

r <~ - m - ·k > 
2 

w ( z) -
Jc,m 

-z/Z 
e 

e 
-z/2 

+ r<2m> 

r<~ + m - k) 
2 

for large z, 

in (43> we obtain for small values of ax <x>O> 

W<x,O> = w 
0 

-C1X 
e 

2W 
0 e -C1X -{(aX) 

and for large values of ax <x>O> 

:1 

2 z 
- m -z/2 

e 

for small z, 

(44) 



w 
WCx,O) = 0 

- a.x e x -+ oo <x>O> 

3. SfEADY SfATE SOLUTION FOR MAXWELL SOLID 

2.59 

(45) 

For 'Maxweil Solid' the stress·strain relations obtained from (3) 

putting a = 0 are 

iJo. iJe. 
'1.3 '1.3 

+ {10, = 2~-J ~ '1.3 ~ 
i=1,2 (46) 

The stress can be found by putting a = 0 in (39> as (for x<O, y=O> 

- 1-JWo ( [ 
-ux 

v(1 )t/2 rue t 
o <x,O> = du 

23 ·IT 2 f!_ c u -
v 

For sma 1 1 values of 11 
X x<O putting a = 0 in (40) v , 

1JW 
('v~ )t/2 

o <x,O> 0 o+ <x =-x) = , )( ... 
23 -rnx t t c 

t 

Again for large values of (1x/v , '<x<O>, from '(41> 

o <x,O> = 
23 

[" (:!.) + 
2 

["(~) + 
2 

<47) 

we get 

(48) 

+ •••• ] 

(49> 

Putting a = 0 the displacement on the free surface Cy=O, x>O> is 



obtained from <43) as 

W<x,O) = 

where 

w 
0 -kx/2 

e ( k X ) -j./4. W ( k X ) - <x>O> 
-j./4,-j./4 

which for small values of kx>O becomes by help of (44) 

w 
0 

-kx 
e 

2W 
0 e-kx -{'('10(') 

and for large values of kx>O, using <45>. we obtain 

W<x,O> = 
w 

0 
-kx e 

X -+ 00 (x>O> 

4. SOLUTION OF THE PROBLEM FOR NON STEADY STATE MOTION 

260 

' (50) 

(51) 

<52) 

In this case it is.assumed that at time t=O a s~mi-infinite punch 

~tarts to move with a constant velocity v at X=Y=O on the surface 

of the semi-infinite viscoelastic medium. 

The 'Standard Linear Solid' is taken as the viscoelastic model. 

Shifting the origin at X=vt and putting X-vt=x and Y=y so that 

a a = ax ax ' and time derivative equal to -v a 
+ at 

stress displacement relations given by <8> become in this case 

the 
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iJo iJo ( - iJ2 w iJ2 w iJW ) ~3 ~3 
+ (30' - v + = J.l v + iJtiJx + 01 iJx iJx at ~3 ax2 

(53) 

iJo iJo ( - iJ2 w a2 W aw ) 23 23 
+ (30' - v + = 1-l v axay + atay + 01 ay 

iJx at 23 

Both these equations can be reduced to ordinary differential 

equations by the application of the Laplace transform over t and 

the Fourier transform over x. 

Let us denote the Laplace transform by a single bar 

f(x,y,p) = I: f(x,y,t>exp<-pt>dt 

and Fourier transform by two bars 

1 _ T<{,y,p) = f_: f<x,y,p>exp<i~x>dx 
Applying these transforms to (53) we get 

<i{v + p + (3>'0 
23 

dCT = J.l ( i{ v + p + Ol) dy 

Now the equation-of motion given by (4) becomes 

ax 

iJo 
23 

iJy 

(54) 

(55) 

(56) 

(57) 
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which after taking Laplace and Fourier transforms takes the form 

(58) 

Substituting for 0' 
i-3 

and o from <56) and (57> in (58> we have 
23 

where 

2 
r = 1 

[ t 2 
<vi{+p+od +. ~<vi{+p> 2 (vi{+p+~>] <vi{+p+Ot) ,... 

The branches of y are defined by Re<r>>O. 

(59) 

(60> 

Since the stresses are bounded as y ~ oo , W<~,y,t) and hence ~lso 

~<{,y,p> must remain bounded as ·y ~ oo. 

Hence, the solution of .the equation (59) is given by 

"' . -yy w({,y,p> = A<{,p> _e • 

Now the boundary conditions are 

W<x,O,t> = W H<t> 
0 

W (X, oo, t) = 0 

o <x,O,t> = o. 
23 

. ' 

x<O 

-oo<x<oo 

Taking Laplace transform with respect to t, 

conditions become 

(61) 

these boundary 
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w 
W<x,O,p> 0 x<O = p 

(62) 

Ci <x,O,p) = 0 x>O 
23 

Let us consider 

W<x,O,p> = w p<x> <say) , x>O 
0 

(63) 

and Ci ( x , 0 , p > = J.J W
0

. t< x > 
23 

<say) x<O 

The functions p<x> and t<x> are such that 

'o ( -k X 

) p<x> - t. k >O e ~s X -+ ~ , 
t. 

o( 
+k X 

) t<x> - 2 k >o., e as X .. - 00 , 
2 

Taking Fourier transform of (63> and (64> we obtain 

'C'<~,O,p> (64) 

where <~=a+ 1 T > 

and (; <{,O,p> = J.JW T <~> 
23 0 -

(65) 

where T_ <~) = I_: . 
t<x>exp<i{x>dx 

The integral of t1<~,0,p) over <-oo,O> converges if and only if 

lm<~> = T < 0 and integral over <O,oo> converges if T>-k . a is 
i 23 



analytic over (-:-oo,O) if T<k. 
2 

Now (57) becomes with the help of (61>, (64) and (q5) 

<vi{+p+f3> T_ <e > 

( v i e + p +a) r 

.264 

<66> 

In this form of equation Wiener-Hopf techniqu~ ca~ ·~asily be 

applied. 

5. NON STEADY' STATE SOLUTION FOR MAXWELL SOLID 

For general 01 and (3, y does not readily factorize. Expre~sion~ for 

the roots of y = 0 can be obtained but these- are difficult to 

h~ndle.· We discuss here the case of the Maxw~ll S~lid, where 01~0. 

Iri this case y
2 reduces to· 

e + vc
2

2 ) [ ~ 2 + y2 = ( 1 - .. 
vi<2p+(3> 

(67) 

The quadratic within the second bracket equated to zero has the 

complex roots 

viC2p+(3> 

2 c 
±~ 

c 

one positive and one negative for v<c. 

Hence 
2 :1./2 

r = ( 1 - v 
2

) < e + i x :1. > :1. / 
2 < e - i x 

2 
> :1./

2 

c 

(68) 

(69) 



where 

X 
j, 

= 

X = 
2 

v<2p+/1) 

2 c 
+ 2 

c 
p<p+/1) + ~ 2 ·2 ] 

0 462 

~ ;) [ _ v(::tM + ~ 
c 

2 ' ] . + y /1~ 
p < p+/1> 4'c* 

Branches are chosen so that r ~ +~ as ~ ~ ±~. 

265' 

(70) 

Thus for a Maxwell Solid; <66> can l:le written 19.fter S!h'lplicat~6n 

as 

= 

T- <~ > < i X > 1'~ •• 
i~p 

< ~ + i X > j,/ 2 
- < i X > 1'

2 

j, j, + ( ~ + i X ) U2 p ( { ) 
j, ' + 

i~ p 
<71> 

The function on the left hand side bf (71> is ·~a,ytt¢ t~r T<O a~d 

the function on the right hand $ide of <71> i• $n•i~ti~ fQr T)~k •• 

As · they ar.e both equal for -k <T<O the principle of analytic • 
cant i nuation gives tha·t either side represents the same entire 

function M<~>, say. Further we had previously noted that 

T_<~> ~ 0 

p (~) ~ 0 
+ 

Liouville's theorem gives that M<~> = 0 and thus 



p (~) = 
+ 

and 

T- <~ > 

<iX >~/2 
~ 

i ~ p ( ~ + 1 X ) vz 
~ 

i~p 

<72> 

(73) 

Therefore, t:T<~,O,p> given in (64>, with the help af <72>, takes 

the form 

t1c~,o,p> = 

Taking inverse transforms one get, 

c'+i.OO 

W<x,O, t> 
IJ 

= i
0 2!1 I 

c' -i.oo 

< iX >~/z 
. ~ 

p 
'pt. e . dp 1 

211' 

oo-i.d 

I 
-oo-i.d 

O<d<k , x>O 
i. 

<74) 

(75) 

Taking the path of integration aro~rtd the brahq~ cut ~lbn~ 

negative imaginary axis from -iki -~6 -i~ th~ int~gr~~ 

oo-i.d 
-i.{x 

= ~r ~ de 
I )~/2 

~ c~ + i X~ 
-oo-i.d 

can be converted to the integral 



which is finally evaluated as 

= 2-fn ni./• e e 
-X X/2 

~ _r.:x < xX >-:a/• W < X > l'X X I • 

~ -~/·,-~/· ~ 

Putting this value of the integral in (75> we obtain 

c' +i. 00 

W<x,O,t> 
w pl 

-xx /~ 
.1 I 

t. 
0 e e = 2ni rn p 

c'-i.oo 

x>~ 

Now .. fo~ small p, 

X ( v(3 ) I (1 v-z. ) k (say> = - = 
t. 2 0?-c 

and for large p, 

X = p 
t. c - v 

, 

therefore for large px 
c - v , 

267 

<76> 

<77> 

(78) 

So in equation <76> putting the value of X for small p· given by 
t. 

(77>, we obtain for large time t, 

W<x,O,t> = <79> 



w~ich is same as ' I case 
'I 

fbr ali ¥>0 

given by <SO>. 

For large p, i.e·. for small titne t and for all finite!! x such th~t 

px/(c-v> is large, using <78) we obtain from <76> 

2W 

n
o J c-xv (t. w·< x, o, t > = 

~ow, using <73), (65) becomes 

; <{, o, P > 
23 

)( . 

)

:1./2 ( 

c-v . H t. 

After taking inverse transforms it converts to 

c' +i.OO 

~-JW (1 - v:):L/2 1 I 
pt 

o <x,O,t> 
0 e = -i- 2ni 23 p c 

c' -i.oo 

a>-i.d 

c~v) 

< i X >s....-2 d :1. p 

·x 
1 

2rr I 
I, 

e X p ( - i ~ X ) de 

-a>-i.d 

Reversing the order of integration 

o <x,O,tJ = 
23 

where 

1-JWio (1 - v22):L/2 1 
2ft c 

co-id 

·I 
-arid 

(80> 

X 

(8~) 



c' +i.OO 

1 I F <{ > = 2rri 

c' -i.oo 

For large {, <83) becomes 

where 

B.= 
1 

2rr i 

c; +i.OO 

I 
c, .... ta:> 

pl 
< i X )~/~dp e 

p ' ~ 

Putting the value of F({) from CS4> in (82) we ~et 

a <x,O,t> = 
23 

(for all t>O> 
i ' 'I 

<e3> 

(8EJ) 

The -evaluation of B for all t <t>O> has been dQne in the 

Appendix-2. 

~or small p i.e., for large t, uS~ing from <77) that 

we have 

Substituting the value of B given by <87) in (86> we obtain 

a <x,O,t) = 
23 

( v~ )v2 
c 

<87) 

which is same as the result for the steady state case given by 

(48). 



The variation of the nondimensional values of B given by 

2)j./2 
- ~ B 

2 
c 

a1o 

has been plotted against nondifilen!;ional tim~ t =~t fox- various 
l 

values of v/c = 0.5, 0.7 and 0.9 ~nd has ~e~~ show~ ~y means· qf 

graphs in Fig.3. 

Now for all values of X i.e., for general value df e the integ~al 

1 
2n i 

a>-id 

I 
-oo-id 

appea~ing in equation <a1> c~p be eonverted to the int~gral 

I j. = e [ 
~ince 

<u+x j 
2 

p+~ > X 
v 2 

. ( ~8) 

considering the path of 1nt~gra1:ion al'ounq the bran¢h cut ~~brt$ 

positive imaginary axis from iX to ioo as shown in Fig.4. 
~ ''1. 

So using (88>, (81> becomes 

a <x,O, t>· = -
23 

f..J"W 
0 

n: (
1 - v_ zz)j./2 ~, 

~n:i c 

X [ <u+X > (u+X ~ 
. 2 z 

c' +iOO 

I· 
c' -ico 

~) 
p+~] 

v . 

pt X X 
e <X >j./2 e z 

p ~ 
dp 

du + ( v~Jt/2 
f...IIJ 1 - -

0 2 
<:: 

X 
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c' +.i.~ 

X + I 2rr i . · 

c' -too 

For large t (i.e.,for sma~J p u~ipg X~=k, X2=0) an~ for ail x(~<O> 

we obtain from (89) 

where 

a <x,O,t> = 
zg 

k = ( :~ ) ) ( 1 -
~2 ) 

:i c 

ux e 

u -

rud 
12 

u 

v 

which is· same as the solution for the steady state bas~ fpr ~11 

values of x>O given by <47). 

6. RESULTS AND DISCU~ON 

The stress o Cx,O> 
23 

just below the punch <x<b> and the 

displacement UCx,O) on the· free surface Cy=O, x>O> have been 

computed numerically from equations C39) and C43) fpr different 

values of parameters v/c and o./(3;, The case a/(3=0 cprresponds to 

Max we 1 1 So 11 d. ln Fig.S non dimensional stress 

• 

• T 

CT. ( X r 0) 
23 = 

been plotted against nondimension~l distance x = (3x /c for values . .. 

of the parameter v/c = 0.5, O.Q and for v~l~e~ of th~ parameter 

o./(3 = 0 and 0.2. 



For the same sets of the parameter values n6ndir~~ensional 

displacement w* ::: W/W has been plotted versu!:! pdMi i ~ens ton a 1 
0 

distance • (3x/c in Fig.q. w;,. vari~!:i from i to zetq • X ::: 13-$ X 

changes gradually from zero to~-

It may be noted from the gt~Phs t~~t vati~tiort of t~~ y~lues 9~ ~· 

with x* is rapid with th~ indf··~~ in the v.lues of th• para+et~r 

v/c. Further it is found that t~e ~raphs becom~ ~teep$r with th~ 

decrease in the values of the p~rameter a/(3. From Fi'g.S it i!!'l 

found that nondimensional 
' I 

str~s~ •• T with the 

.decrease in the values oi ~/c ~het~ as for a ti~¢d v~lue of v/c 

graphs become flat with t~~ incr~a~~ in the ~-lues of ~((3. 
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Evaluation of the integral 

I = L: (e - ~) ~/2 
(e - ~~) 

eX ):> ( - i { X ) d{ 

The contour of integration is ~hown in Fig.2. 

ia 
Putting { = -- + iu v 

O<u<oo , the integral can be written as 

-ux 
-Yue ~-

du x=-x ,. x<O 
~ 

where J means the principal value of the integral. 

Now, for large ((!_ - ~)X 
v v j, 

becomes 

2e = 

Tri./4 OIX/V 

2e e [r = 

<x<O> putting ux = z the integral. 
j, 

-z 

-fZe dz 

-:; 
e -r -z 

e 

+ 
2 z· 

((3-cxx )2 
l v . ~ 

dz { 1 + 
2 

((3-a.. ) 
l---v-~ ~ 

+ 

+ ••••••• } ] 



Tri./4 
e Otx/v [ 

-IX 
1 

2e = v 

<{3-o.) )( 
1 

+ 
3 

v 
3 9 <{3-o.) )( 

1 

+ 

r <~) 
2 

Again for small (@_ - ~) )( Lv v 1 
pt.itting 

converted to the integral 
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2 

v rc:i) + 
- 2 2 2 

< {3 -cA.) x 
1 

+ •••••••• ] 

u = (~ - ~) z can be 

rri. 

e [ z -:zl exp(-z<(l~">x,) dz 

rri. 

= 2 e 
4 

e 

rri. CA 
X 

2 
4 v 1 = e e 

So, 

rri. CA 
X 

2 • v 1 = e e 

X 

R+ 
1 

.R 
1 

rri. 

e 
X 

v 1 r~o.J 1/2 X 

1 exp(-t2 <{3-o.)x) dt 
t2- 1 v 1 

0 ( <{3~o.) x
1

) 
J where t~ z ::t: 

as (<{3~ot)xt) -+ 0. 



APPENOI X - 2 
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EVALUATION OF THE INTEGRAL B. 

The integral in <85) 

c 1 +i.OO 

!._(1 v:J-vz 1 ·J pl 

~(p ~) 
2,2 

8 ~ + + p(p+/3) + '!..___[!__ dp. = -
2n i p 2 -IC c 4c 

c, -i.j:l:> 

has a simple pole at p = 0 and br8rnch points at p = -~, 

p = 01 = {1 
( -1 + RJ 1 2 . 

and p = 01 = {1 
( -1 - RJ 2 2 

Taking the branch cut along the negative real axis fro~ 01 to -oo 
. ~ 

the integral can be considered as a contour integral around the 

path as shown in F~g.7. 

Let, 

c' +i.OO 

1 I = 2n i 

c' -i.oo 

which can be written as 

I 
1 

pl 

J v(' e c p, p 

where 

integral from pole at p = 0~ 

+ ~) + ~ (p-Oi1) <p-q2 f dp 

is tne oqntribution to t})e 
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ANTI PLANE DYNAMIC CRACK PROPAGATION IN AN INHOMOGENEOUS 

VISCOELASTIC SOLID 

1. INTRODUCTION 

282. 

Until now many authors, Baker <1962), Cherepanov and Afanasev 

<1974) and others have investigated the dynamic crack propagation 

in a homogeneous elastic medium. This problem presents an interest 

for a better understanding of the brittle behaviour. of the 

material. However, natural or artificial materials are usually 

i n homogeneous . The :r e e x i s t v e r y f e w s o I u t i on s to the p. rob 1 em o f 

dynamic crack propagation in inhom6geneous elastic media. Atkinson 

and List (1978) a~d Atkinson (1977) 6onsidered steady-state crack 

propagation in different types of inhomogeneous elastic media. In 

addition, if the m"aterials are dissipative, that effect can be 

taken into account by considering the material to be viscoelastic. 

Crack propagation in viscoelastic medium has been studied by 

Willis (1972>, Atkinson and List (1972), Coussy <1987) and others. 

WU 1 is < 1972) considered steady-state Mode Ill crack propagation 

for a standard linear solid under. general type of loading on the 

crack surfaces. Atkinson and List (1972) studied nonsteady SH-wave 
. . 

type crack propagation starting_at t=O and moving with a constant 

velocity in the "Maxwell Solid" or using the vi.scoelastic model 

_suggested by Achenbach and Chao. F ina 1 1 y, Sills and Benveniste 

PUBLISHED XN "'JOURNAL OF TECHNICAL. PHYSICS"' p VOL 3:1 , NO. 3-4. , 

PP. 373 - 392 , :1990. 

I 
I 



Let I. = I +I. where I is the value of the integral I around 
t. 2 3 2 t. 

the branch cut from a to a and I is its value round the branch 

cut from a to -oo. 
2 

t. 2 a 

Now it can be shown that 

• l <a -r> 

In the interval (a ,-co) 
2 

• (a -r) 
i 

t. t. 

* 
= -l1i I 

1T J b 

l <a ·-r> 
I ** . t. t .., ,< -x > ~-

where a = 
i 

* X = 

R* = 

v 

I 
a 

(1a • 
i 

- (~ c 

~<x*>2 

a 

r) 

+ 

* = (1a 
2 2 

• y 

. ' ( y )2 

•• <a. -r > 
i . 

t, = 
i 

(1t , 

' ll"r<b-rJ 

•• X = ~ (r - ~) - -lrO'-b) 

Finally, we obtain 

1 ( _ v2 )-t/2 
[ ~· v,3 1 B = -- 1 -- -- + rc c2 c 1T 

• t <a -r> 
~ <- x ·~ > e • • 

• (a -r) 
t. 

dr 

dr 

b R = , 
2 c 

• x > e 
• t .<a' "'-i'> 

i i . 1 

• <a -r) 
i 

dr + 
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(1969) and Coussy <1987) studied steady state crack propagation of 

SH-type at the interface between two viscoelastic media. 

In our case we have considered steady and nonsteady cases of Mode 

Ill crack propagation in an inhomogeneous viscoelastic medium. Two 

types of viscoelastic models, namely Maxwell Solid and Standard 

Linear Solid have been considered. Material properties have been 

assumed to vary exponentially in the direction perpendicular to 

the direction of crack propagation. We ~ave studied how the 

material inhomogeneity affects the stress intensity factor and 

a 1 so the crack opening d i sp 1 a cement when a Mode I II type crack 

propagates through the inhomogeneous viscoelastic medium. 

2. FORMULATION OF THE. PROBLEM AND ITS SOLUTION FOR NONSTEADY CASE 

IN·MAXWELL SOLID 

Let us consider an inhomogeneous viscoelastic medium which was set 

in motion by a semi-infinite crack suddenly appearing at t=O and 

moving with a constant velocity V in the direction of the X-axis. 

The Y-axis is taken perpendicular to the X-axis<fig.ll. For SH-

waves, the displacements along X and Y directions are zero and 

only the displacement W = W<X,Y,t) along the Z-direction exists. 

The shear modulus is 

~(Y) = ~ exp(2~Y) 
0 

and density 

where ~, ~ and p are constants. 
0 0 

The non-zero stresses are 

o = o <X,Y,tl 
YZ YZ 

and 

p( y) = p exp<2~Y>, 
0 

o = o <X,Y,tl 
xz· xz 

(1) 



2.84 

X . X 

Fro. I. The crack geometry. 



and nonvanishing strains are 

1 aw 
e = 
xz 2 ax e 

yz 

1 aw 
2 av 

Considering a Max we 1 1 So 1 id as the viscoelastic 

strain relations are 

00' 
YZ 

+ /3~0'YZ 2~-L<Y> at-" = 

00' 
xz 

at-" + (3 ~ Cl xz . = 2~-L<Y> 

where (3 is a positive constant. 
~ 

The equation of motion has the form 

00' 
xz 

+ 
00' 

YZ 

~ = 

oe 
YZ 

en--

oe 
xz 

en--

and the boundary conditions of the problem are 

WCX,O,t) = 0 X-Vt>O, 

o <X,O,t> = -oH<t> 
YZ 

t>O 

X-Vt<O 

(X Y t) 0 X2 + y2 ~ 00 o , , -+ · as ~ 
yz· . 

2.85 

( 2) 

mode 1, the stress-

( 3) 

( 4 ) 

t>O ( 5) 

It is convenient to shift the origin of co-ordinates to the tip of 

the cr~ck at X=Vt. New co-ordinate axes· <x,y) are parallel to the 

respective fixed ones CX,Y). 

Hence, putting x=X-Vt, y=Y, 

time derivative transforms 

C3) and (4) become 

o = o <x,y,t) 
y:z y:z 

we obtain a a = ax ax ' 
a 
av 

a 
= oy and the 

to -v a 
ax 

0 
+ Equations ( 1 ) ' ( 2) ' 

and o = o <x,y,t) ( 6) 
)(:Z )(:Z 



1 iJ W<x,y,t) 1 iJ w (X I y ,· t) e = 2 iJx 
e = 2 iJy xz yz 

iJo iJo 
J.J<Y> (-v iJ2 W iJ2W ) -v yz yz 

(31°yz ~ 
+ 
~ 

+ = iJxoy 
+ a toy 

and 

iJo iJo 
xz yz 
~ + ay-

The boundary conditions (5) now assume the form 

W<x,O,t> = 0 x>O 

o <x,O,t) = -oH<t> 
yz 

o <x,y,t> ~ 0 as 
yz ' 

x<O 

2 2 
X +y ~ 00 

Let us denote the Laplace transform by a single bar 

T = f<x,y,p> =I: f<x,y,t>exp<-pt)dt 

and the Fourier transform by two bars 

f = T<{;y,p> = 1 

-{2Ti J_: f<x,y,p>exp<i{x>dx 

Applying these transforms to equations (8) and (9), we get 

and 

< i{V+p+f3 >a 
1 yz 

<i{V+p+f3 >o 
1 xz 

dCT = IJCy) <Vi{+p)dy 

- d 2 2 2 " -i{o + o = p(y) <-V { +2Vi{p+p )w 
xz dy yz 
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( 7) 

( 8) 

( 9) 

(10) 

( 11) 

<12) 

(13) 
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Eliminating C1 , C1 
yz 

from equations (11>, <12> and <13) we obtain 

where 

The branches 

MZ 

2 
y 

2 
c 

of y 

<Vi{ +p) <Vi{ +p+/3 > 
= e 2 .. + . j_ 

2 
c 

1-lo 
= 

Po 

are chosen so that ReCy>>O. 

( 14) 

( 15) 

Since U must remain bounded as y ~ ±oo , so solutions of (14> are 

t1m = A exp [- ( {3+ J/32 +y2 ) Y l , y>O 
j_ 

(16) 

and 

tf2) = A exp [( ~ ) ~] , ' y<O 
2 

-{3+ <17) 

where w(j_) and W<
2

> denote th d i 1 t e sp acemen in the upper and 

lower half-plane respectively. 

Let us consider on y=O 

- .,...,(w 
2 > h < > = X' p ' x<O 

= 0 , x>O 

where h<x,p> is an unknown function such that 

h ( X , p ) - 0 [eX p ( k j_ X >] as x ~ -oo , k >O. 
j_ 

Applying the Fourier transform to equation <18>, we get 

t1' j_ ) - tf2) = A -A = 
j_ 2 

1 

-I2Ti J_: 
= H C{,p> 

h<x,p)exp<i{x>dx 

(18) 

(19> 
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where H <{,p) is an analytic function in the lower half-plane T<k 
j_ 

and {=o+iT. 

Now from equations <11), (16) and <17) we obtain 

-<~> J..d y) <Vi{+p> iJ trj_) 
0' = 

yz <Vi{ +p+(3 > iJy 
.1 

= -J.J ( y) A.t (tH j (32 +y2 ) ex P [- ( (3 + J (32 +y2 ] Y] <Vi{.+pL 
<Vi{+p+(3 ) , 

i 

-<2> J.J(y)A2(-(3+Jf32+y2 )exp[( -(3+Jf32+y2 )Y] <Vi{+p) 
0' = <Vi{+p+(3 ) , 

yz 
~ 

where 
( ~ ) 

0' 
yz 

and 
( 2) 

o are 
yz 

the stresses on the·· upper and 

surfaces of the crack. 

Since the stresses are continuous on y=O, 

=< ~) 
0' 

yz 
-=<Z> = 0' 

yz 

Using equations (20) we obtain 

A = 
j_ 

-(3+J<(3z+yz) A 

(3+4<(32+y2) z 

Using equation (21), (19) becomes 

H<{,p> = 

Again let us assume that on y=O 

-( i) 
0' = 0' 

yz yz 

-( 2) = 0' 
yz 

= 
o exp <A.x) 

0 

p 

= e(x) , x>O 

x<O 

y>O 

(20) 

y<O 

lower 

( 21) 

(22) 

(23) 



Here e(x) is an unknown function such that 

e(x) - o[exp<-k
2

x>] as x -+ co, , k >O. 
2 

Taking Fourier transforms of equation (23) we get 

where 

= [ -(2) 
0' 

y:z 

CVi~+p> 

<Vi~ +p+(3 > 
j, 

exp(i~>:()dx + 1 

-{2Ti 

0' 
0 = E (~,p> -

+ -{2Ti (A.+i~)p 

E<~,p) = 
+ 

1 [ 0'-(2) 

-{2Ti 0 y:z 

-<2> 
0' 

y:z 
exp(i~x>dx 

exp(i~x)dx 

and is an analytic function in the uppe~ half-plane T)-k and 
2 

0' 
0 

is analytic in th~ lower half-plane T<A.. 
i-f2Ti (~-iA.)p 

From equations <22> and (24) we get 

. 2 . 
~ <Vi~+p)y H <~,p) 

0 -
0' 

0 
= E (~, p > -

+ -{2Ti <A.+i~)p 
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(.24) 

(25) 

<26) 

It may be noted that the problem has been reduced. to a form 

suitable for application of the Wiener-Hopf technique. 

Now 

where 

X = 
j, 

1 
+ 

4 
c 

+ 
4p<p+(3j_)(1-V /c) 2 2 ] 

2 
c 

<27) 

(28) 



X = 
2 

and 

1 

where 

1 [C2p+(3lV 
y = 

2<1-V2 /c2 > c/ i. 
+ 

+ 
• c 

<2p+f\ )2V2 

• c 
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(29> 

(30) 

r(p+(3 , 
+d' }c 1-V2 

/c
2 

> ] + 4 i. 
2 

c 

( 31> 

2C1-:2 /c2 l[-
<2p+(3 >V ( 2p+(3 )2V2 "+4r( p+=·, +(32

} c 1-V2 
1 c

2 
> ] y i. i. = + 

2 2 • c· c C. 

Using equations <27) and (30), (26) becomes 

2 2 i./2 
1-l <1-V /c > <~-ip/V)(~-iX >H <e,p> 

0 2 -

<,e-+iY >i./Z E <~;p> 0 [ i. + 0 = 
<~+iX > i -{21l (~-iA.)p 

.t 

+ 
o CiA.+iY >.t/ 2 

0 i. 

-{21l 1 <e- iA. > c i:>-. + 1 x > P 
i. 

(~ + i y ).t/2 CiA.+iY ).t/2 
i. .t 

<~ + i X ) <iA.+iX > 
.t ~ 

(32) 

] 
(33) 

The functions on the R.H.S. of (33) are analytic and non-zero in 

the upper half-plane T)-k 
2 

and functions on the L.H.S. 

analytic and non-zero in the lower half-plane T<A. <A.<k ) • 
i. 

both the functions are analytic in the strip - k (T.(A, 
2 

are 

Since 

the 

principle of an analytic continuation states that each of them 

represents an entire function M<,e-> in the whole ~-plane. 
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Now, the L.H.S. of (33>' approaches zero as I~ I ~ oo. It may then be 

concluded by Liouville's theorem that MC~) = 0 and therefore 

H_C{,p> = 

and 

E <~' p > = + 

-~ 2 2 £/2 J..l -r £rr i p ( { - i A. ) ( i A. + i X ) ( { - i X ) ( { - i p I V ) ( 1 - V I c ) 
0 £ - 2 . 

0 
0 

i-12rr" <{-iA.>p 

o CiA.+iY >£/ 2 <~+iX > 
0 ~ £ 

i -12fT < { - i A. ) p ( i A. + i X ) ( { + i Y > u 2 

.t - ~ 

From equation (34) it follows that 

2o (iA.+iY )~/2 

H_<{,p> = 0 £ ~-3/2' , 

J..l -{2ri i p < iA. + i X > < 1-V2 
I c2 > u 2 

. 0 ~ 

Application of the Inverse Fourier transform yields 

h<x,p> = 
1 

<A.+Y >~/2 
£ 

CA.+X > p· 
£ 

( 34) " 

(35) 

Again, taking the Inverse Laplace transform, the displacement jump 

across the surface of the c~ack near the crack tip is 

w' £ > - w'2 > -

From <35) 

E<{,p) = 
- + 

c' +i.OO 

1 
1 I 2n i 

c' -i.oo 

o <iA.+iY >1
_,

2 

0 - " {-~/2 

i-l2ii p<iA.+iX > -
~ 

<A.+Y >~/2 
£ 

CA.+X > p 
~ 

Taking the Inverse Fourier tiansform we obtain 

(36) 



e<x,p) = 
0' 

0 
.(A_+Y )S/2 

s 
p CA.+X > 

s 

A~ain, taking the inverse Laplace transform 

c' +i.OO 

O'yz = ~ 2!i ' I 
c'-i.oo 

If is the displacement 

pCA.+X ) 
s 

jump, then 

displacement near the crack tip ia given by 

and the str~ss near the crack tip is 

c'+i.OO 

1 
A = 2rrT I 

c' -i.oo 

0' 
yz 

= 
0' 

0 

p<A.+X > 
s 

A ' < O<x<<1 > 

1 = 2rr i 

c' +i.co 

I 
c'-i.OO 

the crack 

(1«x<O> 

pX 
·s 

(37) 

opening 

(38} 

(39} 

(40) 

Evaluation of. the .. integral A given by C40} corresponding to 

constant stress -o- on the crack surfaces is presented in· the 
0 

appendix. 

In the fracture· mechanics, it is customary to write o- = 
yz 

in the form K/~(2rrx> , where K is stress intensity factor. 

In our case 

K=-12o-A 
0 

+ . 
CO ,O,t> 

(41) 

Putting ~=0 in the expression for A, we obtain the stress 

intensity factor in a homogeneous viscoelastic medium as 

K=-f2o-A 
0 s 



293 

where 

c'+i.OO 

c'-i.oo [
. 2 I 2 2 4 2 2 2 ] p C2p+~ >VIc +~(2p+~) V /c +4p<p+~ )(1-V /c )/c 

~ ~ ~ 

which agrees with the results of Atkinson and List (1972>. 

3. STEADY STATE CASE FOR MAXWELL SOLID 

S~eady state solutions arB the results of Sec.2 corresponding to 

the case of t approaching infinity. So for the steady state case, 

p·assing to the 1 imit p -+ 0 and using the Tauberian theorem we 

obtain from equation <34) 

H_C{,p> = 

Applying the Inverse Fourier transform we obt•in 

20' ( iA.+ i y )~/ 2 

w' ~ > 0 £ 
X 

00-i.& 

X 2!1 I exp<-l{x> d{ 

-oo-i.& 

20' ( iA.+ i y )~/ 2 
0 ~ (42) = 

where 



= 
CX>-i& 

I 
<~-iY >j./ 2 <~-i(3 IV> 

2 j. 
eX p ( - i ~ X ) d~ 

-oo-ie 

For x<O, the above integral can· be replaced with the integral 

taken along the positi~e imaginary {-axis round the branch point 

at {=iY , together with the contribution from the poles at {=0 
2 

and {=i~ as sho~n 'in Fig.2. 

Thus it can be shown that 

j./2 . 

[ 

(3 [ u exp<-ux ) 
= ex p [- < n! + x t. y 2 >] . ~ ( ~ ~ - 1) o u + y 2 1 . d u + 

j./2 

[ 

u exp < -ux
1

) 

2 
o <u+Y > 

2 

2n [( 
(31 

1)-f-iY
2 

(31 ( i ) + 
~ ~v 

+ V xj.-f-iY2 + -
2-Fi.\' 

2 

( (31 
- 1)-f<i~-iY2 > exp <-~xi>] - 'i:V 

(3" 

= ~ ex p ( -n i I 4 > [ ( ~ ~ ( X Y ) - 1
/" eX p { -X Y I 2) X 

1 2 1 2 

(31 -a~• 
x U <x Y > + -v -f<nx. > <x Y > exp<-x Y /2) x 

-3/o6,1/4 1 2 ,.. .1 2 l 2 

x .IJ . (x ( Y -~))] + 
-9/ .. ,1/4 l 2 

du]. + 
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;.:: 

f :0 

FIG. 2. The path of integration of the integral 1.-
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2rr [( 
~i. 

1)-l-iY
2 

+ 
i~ 1 ) + 

~ A.V -f(ix.t-l-iY2 
+. -

2-FTY 
2 

~.f. 
, 

( - 1)-l<iA.-iY
2

> exp<-A.x1>] - A.V 
(43) 

where W is the Whittaker function <1969>. 
k,m 

Therefore the displacement jump 6W across the surface of the crack 

<x<O> is given by 

J-l 6W = 
0 

0 CA.+Y >1/2 
0 1 

where I is given by equation <43>. 

Using the result that 

(44) 

W <z>= .rc-2m> 
lc,m rc.!:.. -m-k) 

( Z) .t/2 +m eX p ( - z I 2) + r ( Zm) ( Z) .t/2 -m eX p ( - Z I 2) 

rc.!:.. +m+k> 
2 2 

for small z, 

we find that for small Cx Y ) , equation (43> yields 
1 2 

I = -4/<nx ) expC-nil4) 
1 

(45) 

Substituting the value of I from equation <45) in to equation (44) 

we get 

where 

and 

01 
.f. 

= 1 

01 = 
2 

40' 
0 

~ v 
.f. 

(A. +01 > 
2 

-1« x<O (46) 

<47) 

(48) 
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Again, letting p ~ 0 and using the Tauberian theorem we find from 

equations <35) and <24> that in the steady state case 

a <iA.+iY >i./ 2 <e+1X > 
0 j, j, 

C1 = 
yz 

Taking the inverse Fourier transform we abtain 

C1 ( iA. + 1 y ) i./Z 
0 . t 

CX>-i.& 

I 
<e+iX >exp<-iex> 

t 

where 

C1 
yz 

= 

= 

I 
t 

= 

2rr i < i A. + i X > 
t 

a CiA.+iY >1
/

2 

0 t 

2rr i < i A. + i X > 
t 

oo-i.& 

-CX>-i.& 

I . 
j, 

I 
-00-i.£ 

<e+iX
1 

>exp<-iex> 
de 

<e-iA.> <e+iY >1
/

2 

t 

exp<-Y x> 
= 2-lii .ex p ( -rr i I 4 ) [ 

1 

rx 

. 

<A.+X >fi 
i. 

[x (A.+Y t. >]3/4 

Thus the stress at y=O for all x <x>O> is given by (50). 

Now for small <A.+Y)x 
t 

I
1 

= 2~ exp<-ni/4) 

so from (50) it follows that 

C1 
yz 

= 
C1 

0 
<A. +01 )t/2 

i. 

(A. +0( ) 
2 

Stress intensity factor K is given by 

O<x« 1 , y=O 

(49) 

(50) 

X 

(51> 

(52) 

(53) 



where B = 

K=floB 
0 

CA. +a )j,/2 
j, 

<A. +a > 
2 

'2.98 

(54) 

Now put~ing ~ =0 in the expression for 01 and 01 we get from <441 
J. 1 2 

~nd <53) the displacement jump and stress in~ensity factor in an 

i~homogeneous elastic medium as 

and 

1J AW = 
0 

0 
y:z 

= 

4o 
0 

0 
O· 

]J./2 

which agree with the results derived by Atkinson <1977). 

4. STEADY ,STATE SOLUTION FOR STANDARD LINEAR SOLID 

In this case the stress strain relations are 

ito 
YZ 
~ + (3J. 0 Yz 

where ~'and a are constants. 
J. 

Equation of motion has the form 

ito 
xz + 

ax-
ito 

vz 
av-- = 

Now, putting x=X-Vt and y=Y so that 

+ ate ] xz 

and it = -v it 
itt itx ' 

(55) 

(56) 

(57) 

(58) 



equations <57> and <58> become 

and 

ilo 
xz -v ~x + r:J o u tJ ~ xz 

ilo iJo 
XZ + yz : ax-: ay-

2 p<y>V 

+ ot 

Introducing the Fo~rier transform denoted by 

T _ To;,y> = 1 

-ffri 

aw ) 
ily 

equations (59> and (60) can be transformed to 

and 

c i{ V+f? >a· 
s. yz 

< i{V+f? >a · 
~ xz 

dW = ~<y> <Vi{+ot)dy 

d -+- 0 = dy yz 

Z99 

(59) 

(60) 

(61) 

(62) 

(63) 

(64) 

Eliminating 0' ' xz 
o from equations (11), 

yz 
<12> and <13) we obtain 

where 

2 
y = 

{
2

(<1-V
2
/c

2
>{ + i<V(3s./c

2
- otiV>) 

<{ - iot/V > 

Branches of y are chosen so that Re<y>>O. 

(65) 

(66) 

Since W must remain bounded as y + ±oo , so solutions of <65) are 



w<~> = A exp[-( ~+J~z+yz )y] 
~ 

and 

w-<2) = A exp[( -~+Jf1z+y2 )Y] , 
2 

where W < j. > and w<z> denote the displacement 

lower half-plane r~spectively. 

Let us consider on y=O 

w~2> = h < x > , x<O 

= 0 , x>O 

where h<x> is an unknown function such that 

h < x ) - o [ e x p < k ~ x > ] as x -+ -oo , 

and 

o = -o eX p (A X ) X ( 0 
y:z 0 

= e(x) x>O 

y>O 

y<O 

·in 

k )0 
~ 

the 
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(67) 

upper and 

(68) 

(69) 

where e(x) is an unknown function ~atisfying the condition 

as x -+ ro , k >O. 
2 

In this case equation (26~ becomes 

2 
~ <Vi{+a)y H <{> 0 

0 - E <e > 
0 = -

2<Vi{+{1 >!<{12 +y2 > 
+ -l2ri i <e-i>-.> 

. ~ 

This equation holds in the region of regularity of 

appearing in equation (71). 

(70) 

the functions 

Owing to our former assumptions regarding the behaviour of e(x) 

and h(x) at infinity, this region is represented by the inequality 

-k (T(A(k where e=o+iT. 
2 ~ 

I 
• I 

I 
·1. 
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N~w equation (71) is suitable for the application of the Wiener-

Hopf technique. Again, 

where 

and 

2 = ~ 2 <1-V2 /c2 )(~+ia) 
r <~- iaJV> 

a = 

(~ 3 ( 1-V
2
/c

2
) + i <V(1

1
/c

2
- a/V)~ 2 + (12 <~-ia/V)] 

(~ - ia/V) 

<71> 

(72> 

Since it is difficult to factorise f<r 2
+(1

2 >•, i.e. to represent it 

as a product of two functions, one analytic in- the upper half 

plane and other analytic in the lower half plane, we follow the 

approximate method of Keiter (1954) of solving· Wiener-Hopf type 

equations. Accordingly, we write 

in the form P<~> = P<~>P <~>, 
1 

where the function P<~) is required to behave at ~~I -+ oo and at 

1~1 -+ 0 in the same manner as P<~>. The auxi 1 iary function P <~) 
1 

should be non-zero and should have no singularity within the strip 

-k <-T <T<T <A.· it has to be suitably- chosen such that P<l;) is 
2 1 2 , 

non-zero and possesses no singularity within the strip -T (T(T • 
1 2 

Now we note that 

and as ~~I -+ 0. 

Therfore we choose PC~) in the form 

. ' 
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(73) 

which behaves in the same manner as P<~ l for ll; 1--. oo and ~~I -. 0. 

Now P<~> can be written as 

(74) 

where 

1 [( 
V(3 

- v· J 1 ( 
V(3 

01 
)2 + ] i i 

4(32 
< 1 - V 2 

I c 
2 > a = + v i 2<1-V2 /c2 > 2 2 

c c 

t 75-) 

and 

1 [- ( 
V(3 

) + 1 ( V(3 2 

] 1 01 1 01 
) + 4(32 <1-V2 /c~> a = v v 2 2 < 1-v2 ;62 .> 2 2 c c 

<76) 

It consequently follows that the assumptions concerning P <{> are 
i 

satisfied and in view of the fact that P <{ > -. 1 in the strip 
1 

-T <T<T for l; -. oo, the function may be represented in the form 
i 2 . 

where 

p- <{) 
1 

where -T <d <d 
1 1 2 

= exp[ -
1 

2rr 1 

= 1 

OO+i.d 
2 

J 
-00+ i. d 

2 

00+ i. d 

exp[ -
2rr i J 

-00+ i. d 

1 nP 
1 

en> 

:f. lnP <n > 
1 

n-t; 
i 

+ 
<T and the functions p- ( t; ) 

2 1 

respective half planes T)-T and T<T • 
i 2 

(77) 

(78) 

dn ] 

are regular in the 
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It follows from <79) and from the fact P <O> = P (oo) = 1 that 
i i 

- . + 
these functions satisfy the additional condition p-(0) 

i 

with the help of (71), (74>, <77> and the relation 

equation <69> becomes 

P < e > = ? < e > P < e > ·, 
i 

+ 
-{"("2TTT i < e - f'A. > < i A.+ i a > 

0' 
0 

X 

::: 

P+ < iA. > < iA.+a )t/
2 

i i ] 
<~+ia> <iA.+ia) 

Using the same arguments as in eqUatibn (33) we get 

H <~ > = 

= 

and 

E <~ > = 
0' 

0 

+ YT21T) i < ~ - LX. ) -{"("2TTT i < ~ - iA.) < i A.+ i a) P + < ~ > ( ~ + i a ) t/2 

i i 

= ~-i/2 as e ... oo 

-{"("2TTT i < iA.+ i a) 

(79) 

(80) 

( 81) w 

Now taking the Inverse Fourier transform we get from (80> and <81> 
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4a P+ ( iA. > <A.+a )1/Z 

h<x> 0 1 1 (_X )1/Z -1« x<O = (82) 
-lil 1-lo <A.+ a> < 1- V 2 I c 2 ) 

1
/

2 

and 

a p+ < iA. > <A.+a )1/Z 

e(x) 0 1 1 (X) -1/2 O<x« 1 = (83) 
-lil <A.+a> 

The corresponding result~ for the case of constant loading 

a = -a <x<O> on the crack surface are obtained by putting A.=O in 
yz o 

the above equation. If f).'vJ is the displacement jump then the crack 

opening displacement in this case is given by 

1-l l:!.W = 0 . 

4a :{ (- xa > 
0 1 -1« x<O 

and also the stress near the ~rack tip is 

0' = 
yz 

ah 
0 1 O< x«1 (since P+<0>=1) 

1 

Therefore the stress i~tensity factor is equal to 

K=,t2a B 
0 1 

where B 
1 

ra 
t 

= --a 

(84) 

(85) 

(86> 

Now, putting oi=O in equations <84> and (86) we get the crack 

opening displacement ~nd str~ss intensity fa~tor ~or the Max~ell 

So I id 

1-l ~w = 
0 

40' -{ ( - XOl . ) 
0 1 -l«x <O {87) 

• I 
i 
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and K=-12o B where B = (88) 
0 

which agree wi.th. the results given by (53) and (54) in the Maxwell 

Solid corresponding to A=O. 

5. RESULTS AND DISCUSSION 

5.1. The Maxwell Solid. 

In this case time variation of the stress intensity factor is 

given by K = i2 o A where A is given by 
0 

equation (40) and has 

been evaluated in the Appendix. 

The dimensionless stress intensity factor = 

has been plotted against t = ~ t for the range of values of V/c = 
i. i. 

0.1, 0.3, 0.5, 0.7 and 0.9 for different values of the 

It is interesting to note by inspecting the graphs given in Fig.3, 

Fig.4 and Ftg.S that the effect of inhomogeneity of the medium . •· introduced through the factor ~ in the stress intensity factor K · 

becomes more significant for small values of VIc, whereas for 

values of V/c differing slightly f~om unit¥, the effect of 

inhomogeneity of the medium on the stress intensity factor is 

n e·g 1 i g i b 1 e . 
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Fr<i. :t. K· vs. ,I for the Maxwell solid in non-steady state case. tt• ~ 0 (homogeneous medium). 
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P1a. 4. K• vs. t 1 for the Maxwell solid in non-steady state case. fJ• = 0.1. 
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FJG. S. K• vs. 11 for the Maxwell solid in non-steady state case. p• = 0.2. 
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5.2. Standard Linear Solid. 

In this case the stress intensity factor for the steadily 

propagating crack is given by K = -12 o B , wh~re B is given by 
0 ~ ~ 

equation <86). 

We have plotted also the stress intensity factor K* = 

<Kio ) ( (1 I c > s./z against (1. for various val"ues of VIc, Vlc=O.S, 
0 ~ 

0.6, 0.7, 0.8 and 0.9, and for different values of CA.I{3 = 0, 0. 1, 
~ 

0.2. The case CA.I{1=0 corresponds to the steady state values of K* 
~ 

for the Maxwell solid. It is evident from the graphs given in 

Fig~S, Fig.7 and Fig.S that at large values of CA./{1, values· of K* 
s. 

• increase rapidly with the increase in values of (1 if VIc is very 

small. But for values of VIc. close to unity the variation of K* 

with the change in the value of (3• is small showing that the 

inhomogeneity effect i·s negligible in this case. This· is also 

evident from the expressions (87> and (75). 

·' 
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F:G. 6. K• vs. p• for the standard linear solid in steady state case. rt./{11 = 0 (Maxwell solid). 
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. FIG. 7, K• vs. fJ• for the standard linear solid in steady state case. rt./fJ1 = 0.1. 
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FIG. 8. K• vs. p• for the standard li~car solid in steady state case. a./P. = 0.2. 



APPENDIX 

EVALUATION OF THE INTEGRAL A IN EQUATION <40>. 

The integral 

A = 
1 

2ni 

c'+i.OO 

I 
c' -i.oo 

( y ):l/2 

:l 

pX 
:l 

pt 
e 

, 
dp 
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The integrand ha~ poles at p=O and ~lso at p= -~ which correspond 
:l 

to the zero of X . 
:l 

Further the integrand has branch points at 

6 
:l 

6 
3 

6 .. 

= 

= 

= 

~:l 
2 [ -1.+ ~<1-V2 /c2 ><1-4z)] 

~ ( 1-V
2 ic2

) ( 1-4z) ] 

~:l [ -1 4<1-4z> ] 2 -

~:l, [ 

2 ' 
-1 + 4 ( 1-V

2 
I c 2

) ] 

~:~. [ · r 2 2 ] 6
5 

= 2 -1- ~(1-V /c > 

where z = (32 c
2 /(3= which is assumed to be less than 1/4. 

Evidently, 6 >6 >6 >6 >6 . 
4 :l 2 5 3 

Now taking the branch cut along the negative real axis from 6 .. to 
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-oo, the integra 1 can be considered as a contour integra 1 around 

the path shown in Fig.9. 

~ Now, 

1 
x 2rr i 

c +i.OO 

I 
c' -i.oo 

x· 

[ 
2 . ]:i/2 <2p+~ >VIc +(2/c)7(p-6 )(p-6) 

j, j, 2 

p(<2p+~ >VIc
2 

+(2/c)-(<p-6 ·) <p-6 ) ] 
i "' 5 

lt can be shown that 

A= I2<1-V
2

/c
2

) [ ~ V J~ .. J~ + J~: + 4z(1-V
2
/c

2
) ] + 

where 

y 

• • (6 -r)R 
. "' :i 

• 
:i . . 

ex p [ ( 6"'- r) \] dr 

•• • 3 •• 2 • • • •• 
[ R - ( X _) + ( y ) X - 2 X y y ] I 2 

2 2 2 2 222 

• • <6 - r > R 
:i 2 

~x: 
• • <6 - r) R 
i 3 
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fiG. 9. The integration contour to evaluate A for the Maltwell solid. 



0:*> 
* * <6 -r>x 

* e x p [ ( 6 
1 

- r ) \] d r 

1 "' 

where 6 :n 6* 
1 I"' 1 1' 

• 6 =(1 6 , 
2 1 2 

* 6 :n 6 
3 I"' 1 3' 

[ 1 - -1< 1-4z) ] 

b.= !c1-V
2

/c
2 ><1-4z> 

2 

1 ! < 1-V
2 /c2

) [ 1 b = 2 3 
+ -l<1-4z) 

J < 1-V
2 
/c

2 
> ** [ - 2r J v 

X = - + 2 
1 c 

2 
- r 

] 

I 

x: = .[ ~<1-V2 /c2 )(1-4z)- 2r] * 
2 

- r 

2 r -

* 6 :n 6 
4 I"' 1 o6' 

rJ < 1-V-
2 
/c2

) 
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t =(1 t 
1 1 , 

+ <1-V /c )z 2 2 ] 
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•• j 2 rJ<1-V 2 1c2 )(1-4z) z(1-V 2 1c2 ) y· = 2 -r + + 
2 

R** 
2 

[ <x*>2+ ( ** )2 = 
2 y2 

* 2 ' ** 2 = (x ) + (y ) 
' 2 2 

] [ • 2 ( * )2 ] i./2 ( X ) + 
2 y2 

X: = [ J ( 1 - V
2 

I c 
2 ) ( 1 - 4 z ) - 2 r ] * 

J ~ 2 r 2 2 . = 2 z<1-V lc) + r ~<1-V lc ><1-4z) 

x: = [ J < 1 - V
2 

I c 
2 

> < 1 - 4 z > - 2 r ] * 
- r 

2 
- r 

r~ < 1-V2 lc2 ) < 1-4z) 

J 2 2 <1-V /c ><1-4z) 

I 
. I 

I 
I 

I . I 
I 




