CHAPTER -1

SEMI-INFINITE CRACKS PROPAGATING IN AN ELASTIC MEDIUM

PAPER 1 : Steady state propégatidn of a series of parallel cracks
in antiplane state of strain in an inhomogeneous elastic

medi um.

PAPER 2 : Scattering of antiplane shear wave by a propagating

crack at the interface of two dissimilar elastic media.
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media when the jcrack moves in the direction of the modulus
~variation. Steady s£ate crack prohagétion due to shear waves in a
médium of monoclinic type ‘has recently been studied by
Chattopadhyay and Bandyopadhyay (1988).

In our paper, we have considered the steady‘state_propagatiqn of a
series of gseml-infinite, rectilinear parallel and uniformly spaced'
"cracks in an infinite inhomogeneous medium. Cracks are assumed to
move steadilyilin the direction of modulus variation, 1t being
agaumed that the modulli vary exponentially. We further assume thatg’
the medium possesseé constant elastic wave speeds. Thesé
aggumptions are necessary for the steady‘state solution.to exist.
We assume that the 1loading is such that Mode IIl conditlions
prevail. Mode IIl is the simplest mode to analyze mathematically{
Nevertheless, it can be expected that the results for the stress
inténsity faCtdr obtained here will_be qualitétively'similar‘to
other modes,~ even though the specific structure of the strés#
variation near the crack tip will differ in each case.kFollowing

Atkinson and List (1978), we have also assumed in our paper that

the edges of the cracks are loaded on their entire length by

constant strain.

2. FORMULATION OF THE PROBLEM

Consider an Infinite elastic medium with gpatially varying density

and elasgic moduli divided partially by an infinite number of
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semi-infinite, rectilinear, parailel and uniformly spéced cracks.
The_ semi-infinite cracks are situated parallel to the negative
xi-axis at 2h distances apart and move along positive xi-directiop
ét a constant veloclty c < c,- _ ’ |
The cracks are assumed to propagate steadily in the direction of
modulus variation. We assume that the elastic moduli and density
both vary exponentially in the same manner; =0 that the medium may
have constant elastic wave speeds.
Owing to the gymmetry of the problemn, it.is reduced to the problém
of an infinite elastic strip of thickness 2h weakened in the
middle pléne x2=O by a semi-infinite crack x1<0, the surfaces X, =
* h of the strip being rigidly clamped.

s .

-The displacement U in the anti-plane state of gtrain in a.

rectangular co-ordinate system (xi,xz,xg) ig in the form

-+ : '
u = [0,0,w(xi,xz,t)] . . _(1)

The non-vanishing components of this state of strain are given by

the following relations:-

=] = a_‘i e = aw
13 ax '’ 23 Ix
1 2
. ow a
G - H — ’ O, T H a 2)
ax ax )
4 .
zax: 9w
ax1 axz
. 2axX
where the shear modulous y(x‘)== K e 1,1 and a are constants.
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Fig. :
g.1. Geometiry of the problem
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Fig. 2. Crack propagating in the sirip .
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Using relation (2), the equation of motion of SH-waves is

- 2
a aw a aw - - 9w
aIx [ p(xi) ax ] Y ax [ “(xx) ax ] - p(x1) 2
1 1 2 2 at
2 2
or, 3w 9w 2 aw . -2 3 : (3)
ax’ ax® ax 2 at
1 2 1
where p(x )=p e®%; so0 c_ = J (xVY/p(x ) = / is the sheér-
PLX =P, ; 2 prixX I/plx ) H, P, ear-

wave veloclity.
The fixed co-ordinate system may be repalced by the conventional
system (x,y;z) moving with the crack tip,

x1 = x + ct, xz = vy, X, =z (4)

Using relation (4) , equation (3) becomes

. a =—= =0 : (5)
- 9x ay2 ax

e 2 2. 2 -
~(1_:c2)_8-w-+ a w + 2 ow

z.__
dV _ 27 -0 (8)
. 2
dy
2 %, .2 '
where f o= (1- = )7+ 21 - : (7.1
C:2 :
. .
and
. m .
Ve, y) = (271).1/2-[ Wix,y) e X a4y (7.2)
. o .

The solution of equation (6) becomes

W,y) = A sinh(By> + B cosh(gy) 1(8) -

where the constants A and B are to be determined.
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3. ‘SOLUTION OF THE PROBLEM FOR CONSTANT ‘STRAIN v - P QF THE
CRACK EDGES x<0©0
We now consider the problem when the oonstantvstrain given by
ay '
is appliied to the crack faces,y = 0, x < 0.
We shall"therefore consider the sgteady state crack propagation
under the boundary conditions
v - p, for x<0, y=0 (10.1)
ay
Wwix,y)= 0, for x>0, y=0 (10.2)
Wwix,y)= 0, for |x](m, y=h, (10.3) .
Now we can write
AL P, for x<0O y Y=0
oy
= e(xX) for x>0, y=0
where e(x) id the uhknohn function which i{s to be determined.
In our case
@ o 0 , -0
(2rt)_1/z .Qﬂ eitx dx = (2n)_1/ZJA2E e?(x dx +(2n)—1/2"2£ ei(x dx
12y ] Oy 02 '
_ o o _
aw, oo N V4 : ~1/2 '
-_— = (2n) ¢ ZJ P ei(x dx +(2nr) 1/2J_ e(x) ei(x dx - (11
8y ’

s o}

0
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@
. o -1/ 1 x ,
‘Therefore ‘using (8) and writing (Zn) * ZJ e({x) e { dx = E+}(),
0
pA = zm P v EL@) for sk < Im L <O (123

-kx

if e(x) ~ OCe ) as X — 0.

- Using the conditions (10.2) and(10.3>, it can bebeasily shown that

V&,

_— (13)
tanh(s3h) : .

where’ﬁ;((,O) = (Qn)ki/?Jow(x,O) ei(x dx is analytic in the lower

half-plane lmC<k1. 1f we assume wix,0) _O(ek1x) as x —  -m.

Eliminating A by equations (12)

and (13)

W o«,n S
_,?_',___v_=_.__“°1_+e(c) _ (14)

~ tanh(gh) P T

| 3 | P LN 5
. o om . _ 1 cosh{(hy _ 1 nin-1/2) »
Let K (? COth(Bh) = Eﬁh m = F n Py :
v n=r L, o mh :
(=) |
: (15
[ctf. Noble (1958) eqns (3.96a) and (3.86b), p.123 ] ‘
Now consider |
. ] ' _ 2 2 . 2
_ ifth - sh _ h B 2.2 . nrz
LR s () () [ e (Y ]
: _ ¢ vh S 2 2ial] . . N1t R
: ( nw J [ oo 2 +( vh ) ] (16 ¢
where 1~ = 1 : . '

2 2
- c/c_.
2

So equation (16) can be written as
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2 R 2
iﬁh - »h + . -
t- ()= (x) < +in DO+ in D

where
1/2

2)(C ¥ 1nn—1/ )

nr 2

' : ‘2 2
) igh . wh +
Slmilarly, 1 - [Tﬁ:T7ETE] = (= &+ in__

1t may be nnted t%at n; and n;ﬂ/ are negative real quantities.

2

So equation (15) becomes

- + 2
K(ry = 1 w, Lo inn-a./z)(( * iwn—i/;z) n
£r = ¢ U — — N
nEL o+ in )+ in)) (n-1/2)%
- K ) +
= l o (L + jfnnri/z"') . n w (L o+ inn-i/z) n
R M R m-172> - I . m-172)
(¢ + in) € + g
= KT(2Y. K () (say) (17)

where K—(() iz analytic 1in the lower half-plane given by

Im £ < —n;/z whereas K+(() is analytic in the upper half plane

+

given by Im £ > N, yat

Now

+
o dn 2 (-0
hoi72)

K'(ry = -
0= n
n=41

o+ in;)
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' ‘ 2 7 2 2 172,
A[L’ + i[ﬁ v (@, N/ 21/3) % ]](n—O)
- ; . v »* v h
n=t 2 2.z 42 :
[C + 1 [ 2 (2 s 2”2) ]](n—i/‘z)
v? p* v h
- - 2. 2 T il o
Ewh oy, i[ ah {zh + (n—1/2>?} ]](nTO)
) [0 0] L n v . an - : . ) r
= n :
n=1 _ : ) 2 2 o2 L
R SAUY [ ah +{ o h nz]] : ](h—1/2)‘_
L n B v v?ﬂz : o

"Now elastic moduli aﬁd density are assumed to be'varyihg:slow\y
with X, so that ah may be assumed to be small.

So neglecting o°h’® we get

'[ e, i[ 2Dy (n-1/2) ]](n~d)

‘ @ 7 o
K W) = n -
n=1 . ’ ' .
[ tvh o, 1'[ ah , h ] ](n—1/2)
i V1
[ n —'[ 1, iwh 93)](n—oi
@ 2 m v ‘
n=1 o

[ n - { ifvh _ ah ]](n¥1/2>
3 v

Next using the formula
© (N=8 Juviuan. e et (n-a_ ) kK (1 - b .
1 . . k - m !
T . . B | S
n=q (n—bl). the v e s e e e e saee s (n-b ) m=1 [(1 - a .

which expresses the general infinite product in terms of thE'GaMma

© function (cf. Whittaker and Watson . 15969, p.239) we obtain ‘from
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(18)
Fyr 1 - 8vh ah S
ryy r [% -« ‘ |

Similafly, for small values of ah, neglecting a?hz, '1t -can ‘be

easily shown that

‘ ilvh ah
rfti+ - ]
= vYrn T vr : .
K (L) = — . : - (209
h r it 4+ ifyrh  ah ] B .
2 K 3 v

Now writing 8 coth(gh) = K = K'({)K (), equation (14) becomes

—KNOK W) W, = — + E ()

AP 1
r— L
S0,

1, E,({)
K"« K"

NI
]
,J‘\lp—-

- K ) W_«,0

L1 P 1 B
Ky ko I’ r Koy k'@

:1|
AN

Therefore,

iP 1 1 E, (O

_ K—'(c) W_((,O) + . el ~ = + _ 1P i i _ 1 1.
|—2n' r Koo KY () I'_2n e K'«) « Ko

(21)

The expression on the left hand side of equation (21) is regularf

o

in the half-plane Im [< O whereas R.H.S. is regular in Im r > ; K
» . e A
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where K = min ( k,ni/25. The eqnation (21). holds in . the stpip'”
. . 1 . )
K ¢ Im 'L < O and therefore using analytic continuation and
PR - -

LiouVille’s theorem we can write

W, = B 1 1 | BN
' I r KoK () :
) \ K g o
and . E (() = — — 1 - " (23) .
l 1 K (0)
Theretfore, by-hélp of (11) and (23), we obtain
‘ . ' + .
oweg, 00 _ _ ip 1 O
ay ’ +
|2n { K (0)
So,
pe 1% - 4P »-m_is 1 KT -1C % ' - N
3y = - - - " e ‘d where -K1< e < 0.~ 24)
IZW Y - ie r K O ' S
For x<0, considering a semi-circular contour in “the vupﬁer

half [-plane it can easily be verified that
au
ay

Now for x>0, substituting the values of K+(() and K+(O)-from'(19) .

and (24) we obtain

‘ 1 ah o-ie ' i(vh ah B
a T T Zm o " 1 ' &
Y oo+ 2R ¢ r (Lo xh  ah
vt b 2 n

vn

(x>0)
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1 ah . X

v 1 ah fo +s
' = hakdd - 22 (= v —= )
pp U lz v 57 d o ‘3 ' on 1
R —h e ' 1 anh >~
2 , . S~ P o+ — ).
T2 —iw +s 'Z P v
1. X
L ™
x - e dp
rop)
heri _ 1 ah  vhe
where S--E = ——ft
1 ah | - x 1 ah | ‘io +s b ah
_ iP r [2 Y oon ) vh (2 v ) rep 2 ve_
T Z2n oh o ' 1 ah
kbl + = -
L v ) -iw +s rop 2 - vn
r(p+l) ™ b
vh
x e dp
T(p) :
ax 1 . ah X — =
rty gy o dyah s RS YE 4T oh ) ®
_ P 2 v vrh 2 13374 e :
roy o+ 20 r
vri
- _mx
x (—i,“ﬂ;icl‘e.vh)
2 1 v 2
- lcf. Erdelyi et al. (1954) formula no. 7 . p.2621
1 ah X
e Py 52 1 1. ah 1 oh
ST ~ah 2T Tl gt e )
+
RN vn ! Il — exp(—nx/vh) s
_nx -
. 1 ah 1 vh ) : L
where F (=~ .= = — =3 1 - e ) is the hypergeometiric
2 1 2 v 2" =& o
function.
It i known that the Hypérgeometric series
JF laib,c,zy = 1 4 2:B atarl) blbrt) 2

l.c 1.2.cl(c+1)
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a(at1)(a+2) b(b+1)(b+2) 23
1.2.3.c(c*+1)(ct2)

i ah h werg of ah
therefore neglecting (_;; ) and higher po =4 vl

X
1 ah, 4, . vh _ ahz , =z | =z .z .
2Tt Tzt TRt zb t m e A S va- S ver S v AR
X
~ vh
where =z = 1 - e H

After a little algebraic simplification it can be shown that for

ah
small —
v
F(~ %, — gﬁ, iz =1+ gﬁ[(1+ Yz)log(i+ ¥YZ)+(1i— ¥Z)log(1l— V~)]
2 1 2 v’ 2
Therefore
, 1 ah
ow _ p It om 1 y
ay = ah
YR oL+ rrl Ji — exp(—mx/vh)

1 0+ ﬂﬁ[(1+ Yz)log(1+ YZ)+(1— ¥/Z)log(1i— v_)]} (x>0) (25)

r-"—\

Next in order to determine the crack opening displacement consider

equation (22) viz.

iP 1 i

+ —
r2n ¢ K (OKT W)

which by help of equations (19) and (20) becomes

W_(Z,0> =

1
_ ippnlC L5 ivh abh 1, ah
o r o1 o+ 25% _ ah 1 I 1 + ah ] 4
P n v

Therefore
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wo-ie 1 i{rh ah 1 oth .
,W(XO)_ihP;J‘ Plezgr = -z 10 L+ 57 1ot 4
. - T 5= n - - f— R
oL r oy o+ ph ab rory o+ &b 8
-o0-1i n v v
Obviously for x» O, w(x,0) = 0., In order to find w(x,Oi for x < O,
we firstly evaluate §¥kx,0) which is given by
1 ah o-ie 1 iZvh ah
: = — = + - 2
dw _ hP 1 r [2 v ) J rt 2 4 W e—i(x ar
dx mo2m ooy, @b rory o+ &¥hah,
. v ~w-ig 24 v
nx 1 ah
— ( ) 1 oth g+im 1
1 = — (=) (p) — —
dw P ?h 2 vn 1 r [2 d v ! r 2 r'tp oh P
50 Fx T Znl —ah —— 1. ° ap
; - —_ ¥+
v¥n Ftt o+ == 1 J__, = T(p+s)
! o1 ivfh ah 1 ah vhe
where p = = + - - — and § = = - — —_—
: 2 n v 2 LT 13
Using the table of inverse Laplace transform (1854), we find
ax 1 oth
— (5 + — ) 1 ah
dw _p vt 2 vt Dz oo 1
’ dx ah
vvR rts = IL — expl(rx/vh)
Integrating w.r.t. x we obtaln
) " _OlX .ﬁx
w(x.0)=_ —ah e ’ - - dx (for x<O)
»Ya © 1 + — ) I : .
. YR 1 — exp(nx/vh)
0

Making x — -, it can easily be shown that
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1 ah 1 ah
rif=+ — 1T~ {5 - — 1 . .
) Ph 2 v 2 v .
wix,0) —> —~ — . (26)
oah ah

r ft1T + — 1 r 01 - =— 1
2244 vn

Putting a = 0 in (25) and (26) expressions forvgz(x'O) and w(x.,0)
oy

for homogéneous medium can be derived and they are found to be

identical with the results given by Matczynski (1873).

Crack openihgfdisplacement is obviously Aw = 2w(x,0) where wix,0)"
is given by (26). In Figs. 3-5 dimensionless values of the crack
. Qs . AW . .
opening displacement given by Y = Sph have been plotted against
the dimensionless distance x’' = — % along the length of the crack

. . ah
tfor different values of a = — andec = c/c_.
1 vt 1 2

It is*intéresiing to'note that for a fixed value of c, crack
opeﬁing displacement increases with the .increase in the values of
the inhomégeneity parameter o& fbr'large values of «x’ whepeas‘for
small wvalues of x’(x’ # 0), the result is just the opposite.
Furthery it wmay be, noted that for any given value of the
1nhomogéﬁeity parameter di, crack opening displacement Y at any

point x’ increaseg with the increase in the value of the crack

propagation velocity.
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SCATTERING OF ANTIPLANE SHEAR WAVE BY A PROPAGATING CRACK AT THE
INTERFACE OF TWO DISSIMILAR ELASTIC MEDIA '

1. INTRODUCTION

1t is well known that the problems of ditfraction ot élastic~wévé
by cracks or inclusions are of considerable importance in view of 
their application in seismology and geophysics. If the cracks or
inclusions are located at the interface of ‘layered media, the
study becomes more relevant. The extensive use of composité
materials in modern technology has alsoc evoked interest in the
wave propagétion problems {in layered media with -interfaqial
digscontinuities. Onder et al. (19755 studied the d¥ffraction‘ o{
monochromatic plane SH-waves obliquely inéident on a rigid ﬁalf;
plane between the two different semi-infinite media.

In this paper we have éonSidered the problem of the diffraction.of
a plane harmonic SH-wave by a semi-infinite crack rhﬁning
uniformly .along ﬁhe interface of t@o dissimilar semi—infinifé
elastic media.- The ©problem of scattering of plane harm?ni%.
polarized shéar wave by a half-plane crack in éﬁ inf{nit;

isotropic medium extending under antiplane strain was studied

PUBLISHED IN PROC. INDIAN ACAD. SCI. (MATH. SCI.), VOL. 101, NO. 3,

PP. 183-104 (1001).
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earlier b? Jahanshahi (1867). Chen gnd Sih (1973, 1975) also
solved the in-plane problem of the diffractidn of stress waveé by
a running crack in an incident Qave field in an infinité elasfic
medium. We have apblied Fourier transform ana Wiener-Hopt
technique (1358) to solve the mixed boundagy vélue probiem. The
resulting integrals have been eva\uated asymptotically to obtain
the displacement and stress field near about the crack tip. It is
tound that the stress intensity factor depends sensitively upon
the speed of crack propagation, the angle of incidence of the
incoming wave and on thelmaterial properties of the elastic media.
Quantitative aggessment of the effect of the aforementioned
paraméters on. the stress 1intensity factor has been made by
displaying the numerical results graphically for two pairs of

different materials.

2. FORMULATION OF THE PROBLEM AND ITS SOLUTION

Let a plane crack mave at a constant velocity V on the 1nterface

of two bonded dissimilar elastic semi-infinite medium due to thef

incidence of the plane harmonic SH-~wave

o ~ |
v, = V,expl-i{A (Xcos® + Ysin® ) + QT}] NED

1

in the medium where the co-efficient of rigidity, densitylgand

shear wave velocity respectively are given by pu P, and Ci.'Thé

crack lies on the bimaterial interface along Y¥=0 with reapect to

the tixed rectangular co-ordinate system (X,Y,2).
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We assume that the displacement and stress due to the scattered

field are

v o= v (X,Y.,T) ' (2)
J N

where the subscript ji=1,2 refers to the uppef and lower half-
planes and T, the time.
The equations of SH-wave motion in either elastic half-space are

given by

v v, " a v,
4 3 = — 3 (jJ=1,2) Ca)
ax ay? c? ar?
J
where c . = (p_/pi)ijz is' the shear-wave velocity. Without any
: J J J . '

loss ot generality, we fufther assume that Ci>C2.
Dbe to the incident . wave giVen in (1), the reflected aﬁd,:
transmitted waves in the absence of the crack may be-writteh:in

the form
VX,Y,T) = V' expl-i{A (Xcos® - Ysin® ) + QT}]
1 1 1 1 1 ) .
and . ¢5)

VI(XaY,T) = VT expl-if{A (Xcos® + Ysin® ) + QT})
2 ) 2 . 2 2 2

where
H1Aisin® - yzAzsinG :
vho= - : - 2y = AR V (say)
1 A sin® + gy A sin® 1 1
11 1 2 2 2 )

and . : (G)

¥ ZuiAtsin®1 T

A = : \Y = AV (say)

2 u‘AisinG1 + yzAzsin®2 1 2 1

with
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A cos® = A cos®
1 1 2 2 ‘
V., V: and V: are the incident, reflected and transmitted wave
amplituﬁe respectively, Aj'the wave’number, Q = AjCj the circular

f requency’ and @1,62 the "angles of 1incidence and -fefraction
respectibely.

Assuﬁe thaf £he crack has been moving in tﬁe horizontal direction
éiong tbe interface for a sufficiently long time and that a steady
state has been reached in the neighbourhood of the crack.

A set of mo?ing co-ordinate systems (g,y,z,t) attached to the

crack tip moving -at a constant velocity V 1g 1introduced in

accordance with

x = X-Vt , yj = sjY ’ z =2, t =T (7))
A TP ' ; »
where s. = (1-M and Mj = V/Cj is the Mach number.
J J : I

In terms of the ﬁoving co-ordinate system (x,y,t), (4) becomes

& vj J v, 1 P avj av, .
+ 14 —[2M,c, -3 - -——J] = 0. (8)
ax? ayj Cz.; Sj at i §i ax at |

It is convenient to define an apparent circular frequency w = a

and the angles of reflection ¢1 and refraction ¢z are given by
cosg = M +(A /N )cos® sing, = (s /o00)sin®, ,
J J J i J J J 3

where (9)

a = (i+M,cos®,) and A= (A,/s?)a.
J J J . J J

Using these relations in a moving system, (1) and (5) take the

form
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Figure 1. Geometry of the propagating crack.
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o}

o)

v, wi(x,yi)
* = i : (M A x-wt) (10)
v, wicx,yi) exp{i M1 JXw } 4
T T
vz w2 (x,y2>
where
o . _
witx,yi) = V1exp{ iki(xcos¢i+yisin¢1)}
r _ R 3 _ ) .
witx,yi) = A1V1eXp{ 1K1(xcos¢1.f%sin¢1)} ] -
T A _ ., T s
yztx,yz? = sziexp[ i{(Bz+x2cos¢z)x+kzyzsin¢2}]V_ (11
and
chx
ﬁz = M‘k‘ 1 - *102 < O‘ since C‘>Cz.

Using (16), we assume the solution of the governing equation (8)
as

V. (X,y. ,t) = w (x,y dexpli(M X x-wt)]. (12)
J J J J 33 . .

Substitution of (12) in (&) yields the Helmhotz equation

o, kjwj-= 0 (j=1,2). O (13)

Applying Fourier transform, (13) can be solved and the result is

. QD
_ 1 . (g2 2. 42
wt(x,y1) 5n _m_Ai(E)exp{ i¥ x- (& K‘) y;} d¢, (y‘>0)
and
1 < 2 2.1/
= _ - - 2 \
wz(x,yz)_-:iﬁL-w Az(f)?xp{ ifx (E. Kz) yz} d¥¢, (y2<0)

(14)

where Ai(f) and Azxé}mare the unknown functions to be determined.
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From (12) and (14) we obtain the &{Eplacement components due to

scattered field .as

o0 o o
_ . N 1 T A e
v, * exp[l(Mixix wt)]iﬁJ-w Ai(u)exp; iux yiyildu , (y1>0)
and
v o= expli(M X x~wt)]—1——rco A (wexpl-iux+y y Ildu (y <o)
2 171 2m. o 2 272 ! V2
(15)
‘ L 2 _.2.1/2 = _ 2_ 242
where - T (u Ki) and v, {(u ﬁz) kzl . (16)

Therefore, the expressions for the stresses are

—
~N
x
N
| —
'S
]

—ipiexp[i(Mikix-wt)]%EJm (u—M‘ki)At(u)exp[-iux:y{yl]du
-~ | e ’

—~
~
N
[
N
1]

‘—ipzexppi(nik1x-wt)iéﬁjm (u—Mlkt)Az(u)exp[-iux+y2y2]du
: -0

_ _ 1 [° L
[ry12]1 yisiexp[i(Mixix wt)liﬁjém ytAitu)exp[ iux y1y1]du

o

1 ; ‘
[TYZZ]Z = pzszexpti(ﬂikix wt)]EHJTm yzAz(u)gxp[~1ux+yzyz]du.

(17

The unknown functions A1(U) and Az(u) are to be determined from

the following boundary conditions at the interface y=0

(i) vt(x,O) = vz(x,O) ’ x>0
avt av
cii) s = - —0<
iS4 6y1 Hz S 6y2 ! <X <0

and
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avf 6v: av1
= < o+ .
(111 ayl + ay1 + 3y O,’ x<0, Yy -+

From the boundary condition (ii) we obtain

, + (u) = 0O : (18)
#1S1t1A1(u)ff~Hzggzzﬁz»u .

and from other two bouhdafy cbnditions, we get

[D 81(U)expt-iux)du = 0 (x>0)
- '

and
Fl M(U)Bi(u)exp<—iux)du = N exp(-ik1xcos¢1) , (x<0)
LTt —®
(19)
where '
n S ¥ tu sy :
B(u) = ~2*2 2% 222 5 (u
t H, 8,7, :
Hy SV R
MW = ¥ e 2 % zs___f,‘_,_ - (20)
o Hy 1?; Ha®¥5 ’
and _
iAiv sin@1 R
N = - 212 o1-a®).
8 1

1

The solution of the dual integral equation may be obtained by‘a'_
method based oh the Wiener-Hopt technique. The first part of (19)
can be satigfied if we choose

B (u) = L (u) : (21)

where L _tu) is a function of u, analytic in the. lower half of the

complex u-plane, The second part is satisfied if we take
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N U+(u)
_ (22)
MWB (W = 505y T @
i 1 + 1

. \
where o =X cos¢‘ 'and U (u) 1is a function free from 2zeros and
1 1 + .

singularities in the upper half of the complex u-plane. Thus (22)
is a solution of the second part of (19) can easily be shown by
completing the path from -o to o by a semi-circle of infinite
radius in the upper u-plane and then applying the residue theorem
and Jordan;s Lemma. The path of integration is chosen teo avoid
possible bfanch:poipts an@uiS_L?QEPEfd'below,the pole u=a_ .

Eliminiting B1tu) trom (21) and (22) we obtain

L_(u) i} N 1 (23)
U (u) iCu-aa YM(W) U (a ) -
T 1 + 1
and
H, 5, 2 . 2.4-2
M(u) = -T—+_§_ (u _Ki) F(U) (24)
H S TH,S,
where
+
F(u) = Yz(yzs1 “252) . '
(“1S4Y1+“zszyz)
and
F(u) » 1 as |u| +> o

The function F(u) can be expressed as the product of twd functions
such that B S . T

F () = F*<u5F_£Q) | (285)
where F+(u) and.F_(u) are analytic in the upper and lower half of

the complex u-plane respectively. The expressions for F (u) and

F_(u) have been derived in the appendix.

In view wof (25), (24) assumes the faorm
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+ -

= ' reyRar (26)
' i S
(u+K1)1/zF+(u) N “1 1 “z 2
iv (o) o ~ 20 ()
+ 1 pzsztu ai)(u K1) _(u
where
‘ U (w) = (utn )72 F (w. (27)
+ 1 +
So
N %42 % (28)
L (u) =
- i (ot #A I2?F (@) p.s (u-a ) (u-x OY3F (w)
: ai E S + -1_ “2 2 1 4 -
Hence the functions Ax(U) and Az(u) are
. N Y2(u151+p252)
Aitu) = o2 =3
. R _ _
i(a1+}1) F+(a1) (F231y1 pzszyz)(u ai)(u xi) F_(w)
and
) + .
. - N ”1s1y1(“151'u252)
Az(U) = - —— - ———— s =
1(a1+x1) F*(at) pzsz(uISJafyzszyz)(u—a‘)(u-xﬁ) F_(u)
(29)

The singular behaviour of the stress components"fér the scattered
waves at'the crack-tip is due to the divergence of the integrals

around x=y =0 in (17). Making wuse of (29)

j and asymptotic

expressions of the integrands of (17) for large values of u, we

obtain near about the crack-tip,
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(- = B+ 7% oxpl-s uYl(cosux-sinuxldu
xz )1 o 1

S
1

T - - BU*D 2 oxpl-s u| Y| 1(cosux-sinux)du
Xz )2 S2 ° 2

-B(1+1)JOo u exp[ s uY](cosux+sinux)du
Q

N e
~ ~
<& £
N N
e/ [N
N o
" n

—B(1+i)[go w2 exp[—szu|Y|](cpsux+sinux)du
o A

(30)
where
N u s,
B = - : ~— i y.=s.Y (j=1,2).
2o O73F (o) S :
1 4 + F 8
Using the results
. _ (szy2+xz)1/z+ sy 11/2
172 ypl-s uYlcosux dx = | 2 L
u Explt=s, 2 2 2, 2
o s y *X
17 J
(s yz+xz)1/2 sy 172
-1,2 . n 1
Jm u. expl-s uYlsinux dx = I: -
1 2 2
o s y +x
1 -
(31)

the stresses near about the crack tip given by (30) can be
evaluated. The displacement near about the crack tip can be

obtained from_the crack tip stresses by integration.

Now introducing the factor . exp[i(M k x-wt)] and taking the real

part, the stressesand displacements near about the 'moving

crack-tip are found to be equal to
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In the case~6f crack propagation

'usihg the result H =R, P P,

- L ir2
K1 (1/7) y1

; 2 2
Putting r=(x" +y 2,

and F (a0 )=1,
. + 4
"zv (1-M )
4

tang=|Y|/x,

T (52Y2+x2)1(2+ 12 1
(r ) K
vz * s2v% +x®
J
K1 y2 442172 1,2 A .
(z .| = Re|l (-1 = exp[i(M A X-wt- ~)]
CXRZ ) S’. S_Y2+Xz ) 1 1 4
. 2K 1.2
v, (-1t ——% [(x +sjY2 12 x]
L b] L #d i
(32)
where
“ oA A V sin@ sin@
K = Ig t 2z ¢ . (33)
1 T N )
(al+K1) F+(a‘)(p1Aisin®1 pzAzsinez)

in an isotropic elastic medium

-we obtain

1/zsin(®1/2){

the expression of displacements

and stresses given by (32) near about the moving crack-tip is
found to be equai to 1
2K1 12 L2 2 1-2 1r2 n a2z,
v = r {(1—M sin ¢) - cos¢} cos(wt+=) + 0(r?”
1 M S 1 4
1 1
2K£ 12 2 2 ;./2 1r2 T 8/2
v, = - o r {Ll—Mzsin @) - qos¢} cos(wt+:) + 0(r” )
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1.2
} cos(wt+§) + O(ri/z)

. 2 1/2
K { (1—Mis1n @) -cosg
1
i/ 2
r

o)
~
~
N
| S
"
. u

1—Misinz¢

- : 12 .-
K _ﬁ}:Mzs}n?¢)f/z-COS¢ n 12
- - % -2 i cos(wt+—) + 0(r )
vz j2 <

pt72 1-Mzsin2¢

——
~
X
N
[N
"
]

- K (1—Mzsinz¢)1/2+cos¢ 1,2 i o
: 1 cos(wt+:) + 0O(r )

s rt7? 1—Mzsin2¢
1 1
K (1-Mzsinz¢)1/z+cos¢ 172 o 2
[r ] = ! 2 p COs(wt+:) + O(r )
xz |2 Szr1/2 1-Mzsin &

(35)
Taking the value of.K; given by (34), the results given by (35)
agree with the results of the crack propagation in an “isotropic

elastic medium as giveﬁ by Jahanshahi (1967).

When the «crack 1s stationary, the corresponding results of
stresses and displacements near about the crack-tip can be derived

by making M‘ and Mz approach zero and are given by

——
~
S
N
| W4
"
It

. , A
K1(2/r)1/2 cos%¢ cos(Qt+§) + 0(r?’2)

—
~
<
N
L
N
n

E 3
Kzt ® cos%¢ cos@t+D) + 0(r*7®)

—
~
X
N
e/
[
"

» .
4K‘(2/r)1/z sin%¢ coscnt+§>-+ 0(ct %)

™A 12 1 ) w. ! ) .
(ﬂm]z = K (2/1) singg cos(Qt+) + 0(r*7%) (36)
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and :
| 2VZK’ :
v = Lot sinl¢ cos(Qt+Z) + 0(r?7%)
1 M 2 <4
"
2v2K
v o= - — 2 %72 ginly coses®) + 0?7 (37)
z ¥ 2z 4 )
2
where
K* ;'If - . -Hf“zA;éz¥@?}p®1Sinez
1 dn 12 _*
, +
(Aicos¢1fA£) F+(Aicos¢1)(ytAisin¢1.yzAzsin¢z)
""""" - (38)
and
A2 y (g2-AZ)172
* A @ ) = expl= tan *{-% : ds
F+‘ 1COS¢1 P ' 2 21,2 s + A cosg
(A" -s™) 1 1
A1 2

(39)
If we put K ZH s P TP, the corresponding résulté of the

stationary crack in an isotropic elastic medium are found to be’

1 1 4 2A1“: 12 1/2
P&a]xz = Visin§Q1cos§¢ cos(Qt+:)[ e ]‘ + O«(r )
PQz]gz = +V131n§®13055¢_cos§Qt+:)[ ——— '] + O(r )
and
v: o= ;V Sini® sinig cos(nt+l) T + 0(r?7%,)
1,2 "4 2 1 §¢ ) Py P ' r (40)

which are same as given by Jahanshahi (1967),
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3. RESULTS AND DISCUSSION

K1 given by (33> is the d&namic stress intensity factor at the
moving crack-tip‘ and K: given by (38) 1is the value of the
corresponding quantity when the crack is gstationary. The variation
ot Ki/K: with the values of V/C2 where V is the crack speed has

°

been depicted graphically for the following two sets of materials.

First set :
a 11 2
Wrought iron P, = 7.8g/cm M = 7.7%x10" "dyn/cm
v 11 2
Copper P,= 8.96g/cma ’ M= 4.5%10 "dyn/cm
Second set :
Steel o P, = 7.6g/cm° , P, = 8.33x10**dyn/cn?

Aluminium p2= 2.7g/cm® M, = 2.63%x10**dyn/cn®

1t is found that in both the cases the stress intensity factor
gradually decreases with an increase {n the value of V/C2 'and
approaches zero as V/C2+1; the decrease in the value of K1/K: for
the second. set peipg more Fapid than_for the first set. We also
find that>in both ghe éa#gétfé:lgB}:fixed value of Cl/Cz, Ki/K*

decreases with decrease in the. value of ©.
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} Figare 2. Stross intensity factorva.dimensionless crack Spaed (Wroughit iron/coppen).
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Figure 3. Stress intensity factor vs dimenstoniess crack speed (steel/aluminium).
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APPENDI X

FACTOR1ZATION OF F(Z) INTD F_(Z) AND F_(£) :

Consider
Yy (u s tu s )
Fig) = =22 (A1)
H:l. 1}/1 yz 2}/2

The branch points of F(£) are at E=X1, *Xl, k2+ﬁz. —(Xz-ﬂz) where
(A =2 )<-N AN AN since C_<C .
2 "2 1 12 2 T2 2 1
Since F(£)+1 as [£|+0, F(f) possesses no singularity within the
rectangular contour (shown In fig.4), by Cauchy’s residue theorem

we can write

~

- .1 logF(s) ;

.ot [ legFesy ., 1 logF(s)
T Zall T e _ds, * 2n1j =-g — 98

logF () = logF (£) + logF_(£), (A3) -

where F*(f) and F (Z) are analytic in the upper and lower half of

the complex f-plane respectively and can be expressed as

F;(E) exp L [ 105595) ds
c | d
- +

and (AG)

i

Fw<f) - exp Z;ij longS) ds
c )

X

In order to evaluate F () 'the path of integration C can be
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deformed to the path C1 round the branch cut through Ki and k2+ﬂz
as shown in fig.5.

After a little algebraic manipulation it can be shown that

1 Az+ﬁz 1 m (sz—xf)*/z
F_(E) = B’Xp E—T—I—T -S__"‘f— log 1+4 "m— )2]1/2 ds -

2 . '
A, 2 [N, -(3,-s

+ : :
1 2 Bz 1 m1 (sz-kf)i/z _
T Tl s eyttt 5 = zz| OF (AS)
= 2 IAT-(3 -7
_ 11 2 2

which after simplification becomes

A+

2 .2 1.2
112z . m1 (s —Ki) :
F . = -— - _ 3
& exp |- =% tan n [XZ_(ﬁ RRTIP ds (AB)
A . 2 2
1
where
H. S “_ S
moo=— : 15 and  m_ = —— i 2 (A7)
HiS4TH2%, HySTH, 5,
Similarly it can be shown that
- ,
' 1| 2 ﬁz 1 m, cgz-k:)*/z
F (87 = expl= tan {— — : ds (AB)
+ : L4 s+ .
N £ " [K:—(f32+s)2]1/2
1
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Figuie 5. Path of integration C, rotnd the branch cut.



