
CHAPTER - I 

SEMI-INFINITE CRACKS· PROPAGATING IN AN ELASTIC MEDIUM 

PAPER 1 : S~eady s~a~e propaga~ion of a series of parallel cracks 

in an~iplane s~ate of s~rain in an inhomogeneous elas~ic 

medium. 

PAPER 2 : Sca~tering of an~iplane shear wave by a propaga~ing 

crack a~ ~he interface of two dissimilar elastic media. 
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med1a when the crack moves in the direction of the modulus 

variation. Steady state crack propagation due to shear waves in a 

medium of monoclinic type has recently been studied by 

Chattopadhyay and Bandyopadhyay <1988). 

In our paper, we have considered the steady'state propagation of a 

series of semi-infinite, rectilinear parallel and uniformly spaced 

cracks in an infinite inhomogeneous medium. Cracks are assumed to 

move steadily in the direction of modulus var.iation, it being 

assumed that the moduli vary exponentially. We further assume that 

the medium possesses constant elastic wave speeds. These 

assumptions are necessary for the steady state solution to exist. 

We assume that the loading is such that Mode Ill conditions 

prevail. Mode Ill is the simplest mode to analyze mathematically. 

Nevertheless, it can be expected that the results for 

i n tens i t y tact o r o b t a i ned he r e w i I I be qua 1 i tat i v e 1 y 

other modes,- even though the specific structure of 

variation near the crack tip will differ in each case. 

Atkinson and List <1978), we have also assumed in our 

the edges of the cracks are loaded on their entire 

constant strain. 

2. FORMULATION OF THE PROBLEM 

the .stress 

similar to 

the stress 

Following 

paper that 

length by 

Consider an infinite elastic medium with spatially varying density 

and elastic moduli divided partially by an infinite number of 



so 

semi-infinite, rectilinear, para! lei and uniformly spaced cracks. 

The semi-infinite cracks are situated pa,rallel to the negative. 

x -axis at 2h distances apart and move along positive x -direction 
~ 1 

at a constant velocity c < c . 
2 

Th~ cracks are assumed to propagate steadily in the dir~ction of 

modulus variation. We assume that the elastic moduli and density 

both vary exponentially in the same manner; so that the medium may 

have constant elastic wave speeds. 

Owing to the symmetry of the problem, it is reduced to the problem 

of an infinite elastic strip of thickness 2h weakened in the 

middle plane x =0 by a semi-infinite crack x <0, the surfaces x = 
. 2 1 2 

± h of the strip being rigidly clamped . 
.... 

The displacement U in the anti-plane state of strain in a 

rectangular co-ordinate system <x , x , x > is in the form 
1 2 a 

.... 
U = [O,O,w<x ,x ,t>J 

1 2 
(1) 

The non-vanishing components of thi• state of strain are gtven by 

the following relations:-

e. iJw iJw = iJx ' e = 
iJx 13 23 

1 2 

iJw iJw 
Cl - 1-l 0' = 1-l (2) 

19 
iJx 23 

iJx 
1 2 

= 2otK iJw 2otX iJw 
1-lo e 1 = 1-lo e 1 

iJx ax 
1 2 

where the shear modulous ~(x >== 1-l e 2
otx1 ,1-J and ot are constants. 

1 0 0 
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Fig. 1. Geometr~ of the problem 
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Using relation <2>, the equation of motion of SH-waves is 

a [ ~ < x ) aw ] + 
Dx ,.. ax 

:i :i 

or, + 

where 
. 2otX 

P < x > =p e :s. • 
:l 0 ' 

so 

wave velocity. 

c = 
2 

= is the 

( 3) 

shear-

The fixed co-ordinate system may be repalced by the conventional 

system Cx,y,z) moving with the crack tip, 

)( = X + ct, )( = y, X = z 
:l 2 3 

( 4 ) 

Using relation ( 4 ) equation (3) becomes 

2 lJzw {}2 w lJw (1- E. ) + -- + 2ot = 0 
.2 2 2 
c aK ay iJK 

2 

( 5) 

Applying compl~x Fourier transform in x, equation <5> becomes 

( 6) 

2 

where 112 = (1- .<?.2)(2 + 2101.{ ( 7. 1) 

c. 
2 

and 
00 

W<(,y> <2n>-t/2 J w ( )(f. y) 1( X 
dx ·- e <7.2> 

-oo 

The solution of equation (6) becomes 

W<(,y> =A sinhC~y) + B cosh<{1y> 
l ( 8) ·' 

where the constants A and B are to be determined. 
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3. SOLUTiON OF THE PROBLEM FOR CONSTANT STRA 1 N 
i1w - P OF THE 
i1y 

CRACK EDGES x<O 

We now consider the problem when the constant strain given by 

i1w = p (9) 
iJy 

is applied to the crack face~ y = 0, x < 0. 

We shall therefore considel' the steady state crack propagation 

under the boundary conditions 

aw p for x<O, y=O (10.1) = 
" . 

i1y 

W (X, y) = 0, for x>O,"y=O (10.2) 

wlx,y)= 0, for I x I <oo, y=h. (10.3) 

Now we can write 

aw 
= P, x<O ,y=O 

iJy 

= elx) for x>O, y=O 

where elx) i~ the unknown function which is to be determined. 

In out case 

00 

<2rr)-:t/zJ.aw ei(x "dx 
iJy -oo .. 

aw <c, o) _ 
- -

0 

C2rr>-
112J P 

-oo 

0 

= C2rr) -:t/zJ" aw ei(x dx 
i1y -oo 

00 

"00 

+ c 2rr > -JJzl aw e i( x d x 

oay 

ei(x dx +(2rr>-112J e(x)" ei(x dx 

0 
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00 

Therefore ·usin~ CB> and writing C2n)-t/zJ elx> 

0 

(3A = l 2n > -t I 2 p + E + < ( ) 
1( for -k < lm ( < 0 

it' x. 
e " dx = E t( >, 

+· 

l 12) 

-kx · 
if e C x > - O< e ) as x - oo. 

Us~ng the conditions <10.2> andC10.3>, it can be easily shown that 

w (( '0) 
A = ( 13) 

tanhC(3h> 

where iJ C(.O> -s./2f · i( x = t2n> . w<x,O> e dx is analytic in the I ower 

-oo 

half-plane lm(<k, 
1 

if we assume w<x,O> 

Eliminating A by equations <12) and <13> 

w_ cc, o.> 
- (3 = iP 1 

+ E < () 
tanhC(3h) 

+ . 

Let K<(> = (3 cothC(3h) 1 coshC(3h) 1 = (3h = h sinhC(3h) h 

as x - -oo. 

(14) 

z 

{ 
. ( i(3h ) . 

00 1
- • rr<n-1~2> } n 

n=:l 1- ( i(3h ) 
nn · 

<15) 
[cf. Noble (1958) eqns C3.96a) and C3.96b>, p.123 J 

Now consider 

i($h 2 nh 2 

1 - ( nn ) ::: 1 + ( 
1~n ) = ( nn 

h 2 

) 

2 

) 
{16) ~ 

So equati~n <16> can be written as 



where 

Similarly, 
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2 2 

1 - ( i~~ . ) = ( ~~ ) < ( + ir/ > < t:: + in > n n 

+ Ol 

I?~ = 2 ± 
v 

[ 

ot
2 

4 
v 

2 

( 
nn: ) 

+ vh 

( 
if1h ) 

2
_ _ v h 

2 
i + ) (Y 1 - <n-1/2)n: - ( nn:) <( + f?n-:t./2 " + inn-:1/2) 

·, 
It may be noted t'hat T1 and n are negative real quantities. 

n n-:1/2 

So equation (15) becomes 

(( in > <( i + ) 
2 

00 + + n 
1 n-:1/2 f?n-:1/2 

K<() = h n 
n=:t (( + i T1 ) (( + i +) <n-1/2) 2 

n nn 

00 <( + in · .:> 00 C( + i + ) 
.1 - n:-:t/?; n f?n-:l/2 n = h n . n <n-112> (n-1/2) 

n=:t {( in ) 
n=:t (( + i +) + 

- f?n n 

= K-<(LK+<(> (say) (17) 

where K <() is analytic in the lower half-plane given by 

I m ( < -n 
1 

whereas 
:f. 2 

+ given by 1m ( > -n 
1 

• 
:t 2 

Now 

00 

n 
n=:l 

K+<(> is analytic in the upper half plane 

(( + i + ) 
f?n-:f./2 ( n-0) 

<n-1/2) 
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[( 
2 2 2 1/2 ] 

+ i (~2 + (~ + (n-1/2) n ) ) tn-0) 
00 4 2 2 ' 

v v v h 
:: n 

n=1 2. 2 1/2 

[( ( 
2 

)]<n-1/2) i 
Ot + (~ + ~) + - 2 4 2-'2 h2 2-' 2-' 

[ ('z->h i(~ e2h2 
'1/.2 . : 

(n-1/2)
2

} J](n~O> + + + 
00 n 2 2 

2-'Tl Tl 
:: n 

n=1 
1/2] [ ('z->h ( eth 

+{ 
612 h2 

+ n
2
)) · tn-1/2> + i 

n 2. 2 
VTl 2-' Tl 

Now elastic .moduli and density are assumed to be varying .slowly 

~ith x so that ah may be assumed to be small. 
1 

' 2 2 
So neglecting Ot h we get 

[ (z->h 
+ i ( eth + tn-1/2·> J] ( n-0) 

00 Tl 
+ _z->n 

K { ( ) ::: n 
n=1 

[ (z->h 
i ( eth 

n ) ] tn-1/2) + + 
n 

z->n 

[ ( 1 + 
i('z->h ~~)] (n-O> n - 2 00 n 

= n 
n=1 

[ n ( i('vh eth 
J]tn-1/2> n vn 

Next using the for mula 

oo { ( n- a ) • • • • • • • • • • • • • • • • • • • • • ( n -.ak ) 
1' . } ~ k ·re1- b > 

n . 
n=1 (n-b ) .....•..•.........•... (n-b') 

1 k 

Ill n 
m= 1 r ( 1 - a 

m) 

( 18) 

which express~s the general infinite product in term~ of the ~a~ma: 

function tcf.. Whittaker and Watson ,1969, p.239) we obtain 'from' 
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( 18°> 

r (~) r [ 1 - ( i(vh - ah ) ] 
2· · n vn 

~ ( il''vh ah >] r < 1 > r c- " z n vn 

Similarly, for small values of ah, 
2 2 

neglectit:tg a h , 

easilY shown that 

r [ 1 + 
i(vh Oth ] 

-Iii - -- n· . vn 
K ( ( ) = h [~ i(vh Oth r + 

2 n vn 

( 1!9) 0 

it . can ° be 

(20) 

Now writing~ cothC~h) = KC() = K+<(>K-<(>, equation (14> becomes 

so, 

K <{> W <(,0> = 

There·fore, 

K <{ > W <( , 0) + 

iP 1. [ 

~2n ( 

iP 1 

J 2n { 

1 

+ 

10 

= 

i P 1 + E <{ > 

~ 2n C + 

E <( > 
+ 

E <( > 
+ 

iP 1 

Jzn { 

iP 1 [ 

Jzn C 

1 
+ 

E <( ); 
+ 

1 

<2U 

The expression on the left hand side of equation <21>. is regular 

in the half7plane lm (< 0 whereas R.H.S. is regular in Im ( > K 
·o ;t. -
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where 
+ . 

K.- min.\ k,.,.., ). The eq11ation <21>. 
1 .• , :l /2 

holds in the strip 

-K <. Im ( < 0 and therefore using analytic continuation and 
1. 

LioUVille• s theorem we can write 

w t( • 0) 
iP 1 1 

= 

Jzn ( K+ t 0 > K- C ( > 

iP 1 [ K+ u: ) ] and E t() = 1 ,_ 
+ 

J2n ( 
K+ (Q) 

Therefore, by help of (11) and <23), we obtain 

So, 

oo-i.s 
iP I· 

Jzn · -oo- ie 

awu:. o > = 
ay 

1 
K+ <( > 

( K+ < 0 > 

iP 1 

e -i( x · d( where 

(22) 

C23) 

-K < e < 0. .,.. (24,) 

For x<.O, considering a semi-circul~r contour in the upper 

half (-plane it can easily be verified that 

aw = p 
ay 

Now for x>O, 
+ + 

s u b s t it u t i n g t he v a I u e s o f K < ( > and K ( 0 ) t rom ( 19 ) 

and t24J we obtain 

r [~ + 
oth 

] 
oo-ie r o·w iP 2 vn J 1 

oy = 
2n r [ 1 + oth '] 

( r vn -oo-ie 
[~ _ i(vh + oth ) 

2 n vn 

- i( X : 
e d( 

<x>O> 



t ' ah r [- + - J iP 2 vn 
= 

2rr r [ 1 
oth + 
vn 

1 ah 
iP r [- + - l 

2 vn 
= e 

2n: eth r [1 + 
vn 

[..!.. 6th r + - ] ,_, vn L-= - p e 
r [ 1 oth 

) + 
vrt 

[ c f. Erdelyi et 

p r 
= -

-Iii r 

where 

[ 1 
2 + 

[ 1 + 

F (-'-
2 j. 

function. 

ah 
J -vn: 

ah J 1 vn 

ah 
VTl 
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n>< c! Olh ioo +s 
vh 

+ 

J 1 2 vn 
e ah X 

1 
(2 p + ) 

- ioo +s vn 

rc 1. nx 
p + 2) vh 

p 
X e dp 

rep> 

where 
1 Olh vhe 

s = 2 + -vn n 

n.>< (! ah ioo +s 
r<p 

1 eth) 
vh 

+ 

J 2 2 vn vn 
X 

rep 
1 ah 

+ 2 - ioo +s vn 

r< ..!..) IT)( 
p + 

vh 
p 

2 
X e dp 

T < p> 

.1 eth) 
j. 

nx nx 
nx 1 ah 

vh (2 + ( 1 vh 
z 

vh <-· + vn - e 
2 vn e 

r<~>-
2 

rrx 

F<-
j. ah j. 

1 
vh 

X 2; Vtl; 
-, - e 

2 :l 2 

a 1 • <1954) formula no. 7 . p.262l 

n ><; 

vh 1 
F 

:l oth :l 
1 (- :z; im'; :z; - e z 1 

exp<-rrx/vh> 

; 1 e z ~ 

n:x 
vh 

is the hyper geomet'r;i c 

It i~ kno~n that the Hypergeometric series 

F ta,b,c,z) 
2 1 

1 + a. b "' r:c ~ + 
a(a+t> bC.b+l) 

1.2.c<c+1) 
.2 
z + 
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+ 
a<a+1Ha+2) b(b+1}(b+2> 3 

z 1.2.3.c(c+1)(c+2> + I I • I • • • • I • • I I • 

ah 
therefore neglecting ( vn 

' F t-
2
-; 

2 1 

och vr;: 

where z = 1 - e 

IT)( 

vh 
1 - e 

2 ah 
and higher powers of vn 

2 
= 1 + och l~ + z 

vn 1 2.3 

3 4 z z 
+ 3.4 + 4.7 + • I I • I I ) 

After a little algebraic simplification it can be shown that for 

ah 
small 

vn 

F t- ~; 
2 :1. 2 

Therefore 

ow p 
= 

iJy -m 

Oth :1 

vrr; 2 

r [ 1 
2 

r [ 1 

z 

ah 
] + -vn 1 

X 

+ 
Oth 

~ 1 vn exp<-rrx/vh) 

<x>O> (25) 

Next in order to determine the crack opening displacement consider 

equation <22) viz. 

w <(,0) :: iP 1 1 ------
+ -

,-:- ( K < 0 > K <( > -t 2n 

which by help at ~quations (19> and <20l becomes 

W_((,Ol = 
iP h r [ 

1 i(vh Oth [ 1 ah 
?) + -- ] r + -.... n vn 2 vn 

[ 1 + i(vh ah 
) r [t ah 

+ ) rr vn vn 

-
~ 2rr n r 

Therefore 

) 
1 
( 



oo- ic: 
f' [ 

1 f(vh ah 
] r [ 1 Cil.h 

] 
ihP J 2 + - - + -

1 Tl vn 2 Vi'l 1 - 1( X 
d( W (X, 0) = -- 2rr i(vh ah cilh ( e 

rc 
f' [ 1 ) r [ 1 + -·- + 

-oo-ic.· Tl VTl vrr 

Obviously tor x> 0, w(x,Ol = 0. In order to find w(x,O) for x < 0, 

we firstly evaluate 
dwlx,O) 

which is given by 

dW' 
dX 

=: 

so, 

hP -rc 

dw 
dX 

1 
r (~ 

2 
+ 

2rc r [ 1 + 

rr x (~ 
p evh 2 

where 

dX 

oth 
] -vrr 

oth 
vrr 

oth 
vrr 

oo- ic: r [ 
1 

+ 
i(vh oth 

] 

I 2 Tl 

i(vh r [ 1 + -oo-ie n 

ah r [ 1 + J 

oth 
vn and 

vn 

1 
s = 2 

--vn 
oth 
vrr 

s+ ioo 

s- ioo 

e 
- i( X 

1 rep+-) 
2 

oth vhe 
+ 

vrr rr 

d( 

rex 
vh p 

dp 

Usi~g the table of inverse Laplace transform (1954), ~e find 

rrx (~ oth 
[~ oth vh 

+ 
2 vrr r + - ) 

dw p e 2 vrr 1 = dX ah v-IIT r u + Jl vn expCrrx/vh) 

Integrating w. r. t. X we obtain 

OIX nx 
1 Oth 

)( 
2vh r 

J 
2 

•. [2 + - ) v p vrr e w·( x. 0> =--
oth e dx (for x<O> 

v-Iti r [ 1 + J 
l1 vn exp<rtx/vhl 

0 

Making )( _____.. - oo, it can easily be shown that 
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r t.!. + 
Ph 2 W(X,O) -+-

~h ) r (.!. ~h ) 
vn 2 vn 

---------~-.h---- ---------a~h----

r [1 + r [1 
n 

vn vn 

Putting ~ = 0 in t25) and C26l i for. owlx,O> 
express ons 

ay 

(26) 

and wtx.O> 

for homogeneous medium can be derived and they are found to be 

identical with the results given by Matczynski <1973). 

Crack opening displacement is obviously Aw = 2wlx,0) ~here Wlx,Q) 

i s g 1 v en by ( 26 ) . I n F 1 g s . 3- 5 d i mens i on I e s s v a 1 u e s o f t he crack 

nAw 
= 

2ph 
h~ve been plotted against opening displacement given by Y 

the dimensionless distance ><' = 
)( 

~ along the length of the cTack 

tor different values of 
~h 

~ = andc = c/ c . 
1 vn 1 2 

It is interesting to note that for a fixed value of c • 
t' 

crack 

opening displacement inbreases with the .increase in the values of 

/ 
the inhomogeneity parameter a. for large values of ><' whereas for 

1 

small values of x'<x' ;Ill Q), the result is just the opposite. 

Further it may be noted 

inhomogeneity parameter ~. 
1 

that 

crack 

for any given value of the 

opening displacement Y at any 

point x' increases with the increase in the value of the crack 

propagation velocity. 
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SCATTERING OF ANTIPLANE SHEAR WAVE BV A PROPAGATING CRACK AT THE 

INTERFACE OF TWO DISSIMILAR ELASTIC MEDIA 

1 • INTRODUCTION 

It is well known that the problems of diffraction ot elastic wave 

by cracks or i~blusions are of considerable importance in view of 

their application in seismology and geophysics. lf the cracks or 

i n c 1 us i on s are 1 ocate d at the in t.e r t' ace of 1 aye red me d i a, the 

~tudy becomes more relevant. The extensive use of composite 

materials in modern technology has also evoked interest in the 

wave propagation problems in layered media with interfacial 

d 1 s con t i n u i t i e s • 0 n de r e t a 1 • ( 19 7 5 ) s t u d 1 e d t he d if f ra c t i on o t' 

monochromatic pl~ne SH-wave~ obliquely incident on a rigid half~ 

plane between the two different semi-infinite media. 

In this paper we have considered the problem of the diffraction of 

a plane harmonic SH-wave by a semi-infinite crack running 

uniformly .along the interface of two dissimilar semi-infi.niti 

elastic media. The problem of scattering of plane harm'onid 

polarized shear wave by a halt-plane crack in an infinite 

; 

isotropic medium extending under antiplane strain was studieq 

PUBLXSHED XN PROC. INDIAN ACAD. SCI. <MATH. SCI.>. VOL. :1.0:1, NO.3, 

PP. :I.Ba-:I.P4. <:LPP:I.>. 
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earlie~ by Jahanshahi <1967>. Chen and Sih <1973, 1975> also 

solved the in-plane problem of the diffraction ot stress waves by 

a running·crack in an incident wave field in an infinite elastic 

medium. We have applied Fourier transform and Wiener-Hopf 

technique <1958>' to solve the mixed boundary value problem. The 

resulting integrals· have been evaluated asymptotically to obtain 

the displacement and stress field near about the crack tip. Jt is 

found that the stress intensity factor depends sensitively upon 

the speed of crack propagation, the angIe of 1 nci dence . of the 

incoming wave and on the material properties of the elastic media. 

Quantitative assessment of the effect of the aforementioned 

parameters on the stress intensity factor has been made by 

displaying .the numerical results graphically for two pairs of 

different materials. 

2. FORMULATION OF THE PROBLEM AND ITS SOLUTION 

Let a plane crack move at a consta~t velocity Von the interfac~. 

of two bonded dissimilar elastic semi-infinite medium due to the! 

incidence of the plane harmonic SH-wave 

0 
v = V exp[-i{A <Xcose + Ysln9 > + OT}J 

1 1 :l 1 :l 
(1) 

i'n the medium where the co-efficient of rigidity, density iand: 

shear wave velocity respectively are given by ~:t' p:t and C . 
:l 

The: 

crack lies on the bimaterial interface along Y=O with respect to 

the fixed rectangular co-ordinate system <X,Y,Z>. 
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We assume that the displacement and stress due to the scattered 

field are 

and ( r ) = 1..1. 
><Z . J 

J 

v 

av 
j 

ax 

v .<X,Y,T> 
J 

av 
= j 

1-lj aY 

. ' 
( 2) 

t 3) 

wher·e the subscript j=l, 2 refers to the upper and lower half-

planes and T, the time. 

The equations of SH-wave motion in either elastic half-space _are 

given by 

(}2 v a2 
v. 

1 
a2 

v 
j 

+ J = 
j 

( j=1,2J t 4) 

ax2 iJY2 c2 iJT2 
j 

where c = 
J 

1./2 
t 1-1 .1 p . > i s t he she a r -wave v e 1 o c i ty • Without any 

J J 

loss or generality, we further assume that C >C . 
1 2 

Due t b -the incident wave given in ( 1 ) ' the reflected and 

transmitted waves in the absence of the crack may be written.· in 

the form 

and 

where 

and 

with 

v r (X , Y , T ) = V r e X p [ - i {A ( X c 0 s/3 
1 . 1 1 1 Y s i n/3 > + OT} J 

1 

vT(X,Y,T> = VT exp[-i{A CXcos/3 + Ysine > + OTH 
2 ~ . 2 2 2 

1..1 A sine - 1..1 A sine 
vr . :1. 1 1 2 2 2 v AR v = = tsay> 

1 1..1 A sine + 1..1 A sine :1 :1 :1 
1 :1 :1 2 2 2 

VT 
21-1 A sine 

= 1 1 1 v AT v = tsay) 2 1-J. A sine + 1..1 A sine 1 2 1 
1 1 :1 2 2 2 

(5) 

( 6) 
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A cose = A cose 
1 1 2 2 

V , Vr and VT are the incident, reflected and transmitted· wave 
t t 2 

amplitude respectively, A. the wave number, 0 = A.C. the circular 
~ J J 

rrequency and e
1
,e

2 
the angles of 

respectively. 

incidence and refraction 

Assume that the crack has been moving in the horizontal direction 

along t~e interface tor a sufficiently long time and that a steady 

state has been reached in the neighbourhood of the crack. 

A set of moving co-ordinate systems <x,y,z,t) attached to the 

crack tip moving -at a constant velocity V is introduced in 

accordance with 

x = X-Vt , y.=s.Y, 
J J 

z = z , t = T ( 7) 

where s :: 
j 

and M. = V/C. is the Mach number. 
' J J 

ln terms of the moving co-ordinate system (x,y,t>, <4> becomes 

8 2 v 8
2 

v 
1 j 

+ 
__ j 

+ 
ax 2 a 2 c~ Y. 

a (2M C 
8 

v j - : vtj) = 0. t. a· > 
2 at j j ax u 

s. 
J J J 

lt is convenient to define an apparent ~ircular frequency w = a 0 

and the angles of reflection ¢
1 

and retraction ¢
2 

are given by 

cos¢. = M +<A I~ >cose-
J j j j j 

s i n¢ . = < s . I a > s i ne. 
J J J 

where (9J 

01 "' ( 1 + M co se . > 
j J 

and A.. = <A./s~>a. 
J J J 

Using these relations in a moving system, <1> and <5> take the 

form 



'71 

y IJ 

\ · ·vt--

Figure t. Geometry of the propagating crack. 



72 

0 w tx,y ) 
:1. :1. 

wr t X, y ) 
:1. :1. 

(10) 

T w tx,y > 
2 2 

wher-e 

w
0

tx,y > = V exp{-i~ txcos¢ +y sin¢ >} 
:1. :1. :1. :1. :1. :1. i 

wrtx,y > = ARV exp{-iA txcos¢ -y sin¢ >} 
:1. :1. t :1. :1. i i - i 

. ---·: . -

wTtx,y > = ATV exp[-i{<~ +A cos¢ )x+~ y sin¢}] <11> 
- 2 2 2 :1. 2 2 2 2 2 2 

and 

0 

n ::: M ~ (1 - A2 C1
] < 0 

"z :1. :1. )... C 
t 2 

since C >C • 
t 2 

Using C10>, we assume the solution of the governing equation (8) 

as 

v . ( x , y . , t > = w . ( x , y . > e x p [ i ( M . >.. . x -w t ) ) ~ 
J .J J _J J J --

Substitution of (12> in <8> yields the Helmhotz equatio~ 

{J
z 

w. __ J 

8 2 
yj 

= 0 (j=1,2). 

(12> 

(13) 

Applying Fourier transform, <13> can be solved and the result is 

w ( X' y ) = 1 [ A (to' ) { • " (" 2 ... 2 ) t /2 } dfl' 
1 1 2rr 

1 
c., exp -1 ... x- .., -""t y

1 
.., , 

-00 

and 

{y )Q) 
t 

<y <O> 
2 

(14) 

Where A t~J and A ·(f~.are ~he unknown functions to be dete~mined. 
1. 2 
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-- ~ . -- -

From ( 12) and ( 14) we obtain the displacement components due to 

seat tered tie l.d .. as 

and 

where 

v = exp[iCM ~ x-wt>J~ [ A tu>exp[-iux-y y Jdu 
t t .l ""Tl .l . .l .l 

-00 

v = exp[ i CM ~ x-wtJ ]..;..-[ A Cu>exp(-iux+y y Jdu , 
2 t t .... n. 2 2 2 

-00 

r 
i 

and y = [ ( u-~ ) 2 - ~ 2 ] 1/2 • 
2 2 2 

(y )0) 
• .l 

(y (0) 
'2 

( 15) 

t16) 

Therefore, the expressions tor the str~sses are 

= -i,u exp[ i CM ~ x-wt> 1.!.__
2 

[ <u-M A >A <u>exp[-iux-y y Jdu 
1 1 1 1l .l 1 _i . . . :l i 

-00 . . .. - .. ' . -

-

= -i,u exp[i<M A x-wt)J.!_
2 
r <u-M A. >A tu>exp[-iux+y y Jdu 

2 · 1 1 n :t 1 2 2 2 
-00 

and 

= -1-l s exp[i <M A x-wt> l-
2
1 r· y A tu>exp[-iux-y y ldu 

1 :t 1 1 n :t 1 :t' :t 
-(I) 

- 1-l s exp[itM A x-wt)J.!_
2 

[ y A (u)exp[-iux+y y ldu. 
z z 1 :t n 2 2 · 2 2 

. -oo 

(17) 

The unknown t unctions A < u) and A < u > are to be determined t rom 
1 2 

the following boundary conditions at the interface y=O 

( i ) 

( ii) 

and 

v tx,O> = 
i 

v tx,O> 
2 

x>O 

-oo< x <:oo 
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iJv • iJy = 0 
• 

x<O, y .... 0+ • 

From the boundary condition tii> we obtain 

- 1-J s y A (u) + 1-J.S y A (u) = 0 
• t -• :1. .• · · ··:2 -~--z·_2._· 

and from other two bouridary conditions, we get 

and 

[ 
B tu>expt-iux>du = 0 

f. • 
00 

tx>O> 

~r Mtu>B tu>expt-iux>du = N exp<-i~ xcos¢ ) 
2n 1 • t 

-Cl) 

where 

and 

B < u) = .. 

M < u > = ri. l 1-J s y +J-l s· y· -) 
tt_t ·222 

N = 
iA v sine 

:f. t :f. 

s 
:l 

(18) 

tx<O> 

<19) 

( 2.0). 

The solution of the dual ,integral equation may be obtained by a 

me tho d b ~sed o i1 t he W i en e r -Hop t tech n i que • The t i r s t p·a r t o t ( 1 9 > 

can be satisfied if we choose 

8 <u> = L <u> 
:l 

(21) 

where L tu> is a. function of u, analytic in the. lower half of the 

complex u-plane. The second part is satisfied if we take 
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M<u>B tu> = 
:t. 

N 
u ( u} 

+ <22> 
iCu-a) U (a > 

:t. + :t. 

I 
where a =A. cos¢ ·and U <u> is a function free from zeros and 

1 :t. :t. + 

singularities in the upper half of the complex u-plane. Thus <22> 

is a solution of the second part of <19> can easily be shown by 

completing the path from -oo t.o oo by a semi-circle of infinite 

radius in the upper u-plane and then applying the residue theorem 

and Jordan's Lemma. The path of integration is chosen to avoid 

possible branch-·poi~ts and .is_i.nd .. e_~~~d-below the pole 

El iminiting B tu> from (21> and <22> we obtain 
1 

and 

where 

and 

L t u) 

= u t u) . + 

Mtu> = 

F < u > = 

N 1 
itu-Ot >Mtu> u (01. ) 

:t. + :t. 

s l-l2 2 2 -;\..2)1./2 lu 
1-l s +J..J s 

i :t. 2 2 

r <J..J s +J..J s > 
2 :t. i 2 2 

i 

li-J s y +J:J s y ) 
:t. i :t. 2 2 2 

Ftu) -+ 1 as lui -+ oo . 

F<u> 

u =a • 
:t. 

<23} 

l24> 

The function Flu> can be expressed as the product of two functions 

such that 

Flu> = F (u > F <. u > 
+ 

<.25) 

where F+lu> and F tu> are analytic in the upper and lower half of 

the complex u-plane respectively. The eKpressions for F (u) and 
+ 

F luJ have been derived in the appendix. 

In view ..at t2S>, l24> assumes the form 



u ( u) 
+ = 
:t/2 F.( . 

tu+A. > u> 
:l + 

where 

u ( u) 
+ 

So 

L < u > = 
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N 
iU <01. > 

+ :l 

L t u > 

1-l s +f.J s 
:l :l 2 2 

1/2 = <u+).. > F (u). 
:l + 

N 
JJ S +u S 
,... :l :l ,...2 2 

i t01. +A. > :t/2 F C01. > 
1/2 

f.-1 s < u -01. > < u-A. > F < u > 
2 2 :l :1. -:l :l + .:l 

Hence the functions A lu> and A tu) are 
1 2 

A l u) = 
:l 

and 

A t u > = 
2 

N 

-:- N 

y t f.J s +f.J s ) 
2 1 :l 2 2 

1/2 
< f.-1 s y + f.-1 s y > < u -a > < u-A. > F < u > 

:l:l:l 222 i i -

II S Y (ll $ +JI S ) 
,...1 1 1 r:l :l ,...2 2 

(26> 

<27> 

<28> 

(29) 

The singular behaviour of the stress components tor the scattered 

waves at the crack-tip is due to the divergence of the integrals 

around )( =y =0 . j in ( 17). Making use of (29) and asymptotic 

expressions of the integrands of <17) for large values of u, we 

obtain near about the crack-tip, 
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= B(~+i)roo u-~/2 exp(-s~uYJ(cosux-sinux>du 
~ Jo 

= _ BC~+i>[ u-1
/

2 exp[-s
2

u\Y\ ]tcosux-sinux>du 
2 0 

= _ B ( 1 + i ) r _ u -:l/2 exp[-s uYJ<cosux+sinux>du 
:l 

= -Bll+i>[ expt-s
2

u!Y\ Jlcosux+sinux>du 

B = y. =s .Y 
J J 

lj=1,2>. 
. 1/2F < ) 2n lot +A. ) 01. :l i + :l 

Using the results 

[ n [ ( 5 2y2 +x2 > :l/2+ 
s~y r· -:l/2 dx 

:l 
u exp[:-S uYJcosux = 

I :l· 2 2 2 s y +x 
i ! 

[ 
( 2 2 2) :1/2 r/Z r [; 

s y +x - s y 
-1/2 exp[-s uYlsinux dx :1 ~ 

U. = 1 
5 zy2+x2 
~ 

the stresses near about the cr-ack ti_p given by (30) 

(30) 

(31) 

can be 

evaluated. The displacement near about the crack tip can be 

obtained from-the c~ack tip~s~r~ss~~ ~Y integration. 

Now introducing the factor e x p [ i ( M A X -w t) ] . :l ~ 
and taking the real 

part, the str-esse·s-~·--a-nd disp-lacements near about the ·moving 

crack-tip are to~nd to be equal to 



( T' ) . 
yz J 

( <: ) . 
. )( 2 J 

V, 
.) 

where 

= Re 
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[ 

2 y2 2 ) :l/2 ] :l/2 K ts +x -x 
:l j 

S :1. 5 2 yZ + X2 
j 

<3:?> 

~ ~ A A V sine sine 
:12:1.2:1. :l 2 

tot +A. > :t/
2 

F (ot > <~ A sine +~ A sine > 
:11 + 1 11 122 2 

ln the case of crack propagation in an isotropic elastic medium 

using the result ~ =~ , p =p and F Cot >=1,· we obtain 
:l .·2 :l 2 . + :l 

(34> 

2 2 :1/2 r=lx +y > , Putting tan¢= I Y I 1 x, the expression of displacements 

and stresses ~i.ven by t32> near about the moving crack-tip is 

found to be equal to 

2K 
:l 

1/2 

r :t,... 2 ·{ ( 1 - M, 21 s .i nz A. > 1 / z A.} < t n 0 ( 9 / 2 ) ~ - cos~ cos w +4 > + r 

v = 
2 

1/2 

} 
n 9/2 - cos~ cos(wt+4 ) + O<r > 
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}

:1./2 1l. 

cos <wt+.,-> 

}

:1./2 1l. 

cos (wt+:;> 

- K 
:1. 

:1./2 
s r 

:1. 

2 2 . :1./2 

{ 

t1-M:I.sin ¢> +cos¢ 

2 2 
1-M sin¢ 

:1. 

K 
:1. 

:l/2 
s r 

2 

2 • 2 :1./2 . 

{ 

t 1 - M 
2 

s 1 n ¢ > +cos¢ 

2 2 
1-M sin¢ 

2 

value of K 
:1. 

given by <34), 

:1./2 

} cos <wt+~l 

}

:1./2 . 1l 

cos (wt+.,-> 

the results 

+ D<r:l./2 > 

(35) 

given by (35> 

agree with the results of the crack pr~F?agat_ion in a:n--isotrop.ic 

elastic medium as given by Jahanshahi <1967>. 

When the crack is stationary, the correspondin~ results of 

stresses 'and displacements near about the crack-tip can be derived 

by making M and M approach zero and are given by 
:1. 2 

( T yz) :1. 
K* (2/r> 1

/
2 1 1l O<rt/2 > = cos¥ cos <Ot+--:-> + 

:1. 4 

(T yz)2 
K*<21r> 1

/
2 1 cos (Qt+~) O<r:l./2 > = cos~ + 

:1. 4 

(T xz] :1. 
.:..K*<21r> 1

/
2 ·~ . 1l O<r:l./ 2 > = s1n

2 
cos <Ot+->· + 

:1. 4 

(T xz)2 
K*<2tr> 1

/
2 1 cos (0t+1l) 

I 
O<ri./2> = sin¥ + <3·6) :1. 4 
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and 

• 2-IZl< 1 . cos tOt+~) 0 t r 3
/

2 
) :l 1/2 + v = r sin~ 

1 l-l1 4 

2-fZK* 
1 cos COt+~> 0 ( r3/2) :l :l/2 

v = r sin~ + 
:z i-l2 4 

(37> 

where 

~-~A A V ·sine sine 
... :l . 2 .. 1.. ,2 '.·. ·:l . ·. . :l 2 

:l/2 * tAcos¢ +A) F tAcos¢)(~ A sin¢+~ A sin¢> 
1 1. :l' ·+ 1 :l :l :l :l 2 2 2 

<38) 

and 

• F tA cos¢ > 
+ :l :l s + A cos¢ 

:l :l 

ds 

<39) 

If the corresponding results of the 

stationary crack in an isotropic elastic medium are found to be 

2 

( ) 
1 1 fl [ 2t\ 1-l:l ] :l / 2 

Tyz ,._,
2 

= V 1 sin~1 cos~ cos<Ot+-;) nr · . + Otr
1

/
2

> 

and 

· 8A r :t./2 

v ~,2 = ± V 1 s i ri~ 
1 

s i n~ o o s tOt+~> [ + ] . + o ( r 9 / 
2 > t40) 

which ar~ same as given by Jahanshahi <1967). 
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3. RESULTS AND DISCUSSION 

K given by C33> is the dynamic stress intensity factor at the 
i 

moving crack-tip and given by t38) is the value of the 

corre~ponding quantity when the crack is stationary. The variation 

• ot K /K with the values of VIC where V is the crack speed has 
i 1 2 

been dRpicted graphically tor the following two sets of materials. 

First set : 

7.8g/cm 3 11 2 
p = 1-l = 7.7x10 dyn/cm 

i 1 
Wrought iron 

3 11 z 
p = 8.96g/cn'l ' 1-l = 4.5x10 dyn/cm 

2 2 
Copper 

Second set : 

7.6g/cm 3 :l:l 2 
p = ' 1-l = 8.33x10 dyn/cm 

:l 1 
Steel 

Aluminium 2.7g/cm 3 :l :l 2 
p = 1-l = 2.63x10 dyn/cm 

2 2 

It is found that in both the cases the stress intensity factor 

gradually decreases with an increase in the value of VIC 
2 

approaches zero as VIC .... 1· the decrease in the value of K IK• 
2 ' :l :l 

the second. _set being more rapid than tor the first set. We 
-~ -. -

find _that in both the cases tor any fixed value of C IC , 
:l 2 

decreases w i t.h __ t;iecr.e.a~~- in the. va 1 ue of e. 

and 

for 

also 
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1 

o·s 
.. 

0·7 

0'6 

1 0"5 .· 

.. - -::s: 0'4 
"::::,; 
~ 

o·J 
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o·1· 

00 o·t o·s- o·6 a·1 o·g o·s 1 

¥- --~ '-.a. . 

Fi~url' J. Sl rc~s mtcnsily factor \'S dimcnsmnicss crack ~flt."Cd~ lstcd/aluminium). 
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APPENDIX 

FACTORIZATION OF Ft<> INTO F l~ ) AND F << J 

Consider 

Ft~ J :: 

+ 

y (!J s +1-1 s ) 
2 1 1 2 2 

(" s y +•• s y ) 
,....1 1 1 ,....2 2 2 

t A1 J 

The br-anch points of F<~) are at ~=A. , ~A. , A. +(3 , -(A. -(3 > wher·e 
1 1 2 2 2. . 2 

-()... -(3 ){-A. <A. <A. +(3 
2 2 1 1 2 2 

since 'C (C . 
2 1 

Since Ft<>-+1 as 1<"1-+oo, Ft<> possesses no singularity within the 

rectangular contour <shown in fig.4J, by Cauchy's residue theorem 

we can write 

I o g F ( ~ J = 2~ i J c 
+c 

+ 

I ogF < s J ds . 
s-~ 

= . d~ l J c 1 o: ~{s > as + 2~ i J c 

+ 

logFC!;> = logF <!;> + LogF <!;>, 
+ 

logF<s> 
--:--:ff;;-- d s . 

s - ... 

<A2> 

tA3> 

where F t<l and F. <<> ate analytic in the upper and lower half of 
+ 

the complex <-plane respectively and can be expressed as 

and 

F' << > 
-1-

logFts) 
s-t; 

F 
[ 

1 I logF<s> d·s]• - < < J = ex P 2rr i c _ s -<; . 

In order to evaluate F_t~) the path of integration. c 

tA4J 

can be 



ss 

deformed to the path C round the branch cut through ~ and ~ +~ 
1 1 2 2 

as shown in fig.5. 

After a little algebraic manipulation it can ~e shown that 

F t~ ) 

which after simplification becomes 

['f' +p2 1 r F u;) -1 1 = exp rr A s -P, tan m
2 

1 

where 

I-J1 
s 

1 
and m = 

1 1-1 s +1-J 5 
1 1 2 2 

Similarly it can be shown that 

F (.!; ) 
+ 

m 
1 

m 
2 

t 52 -A 2 ) 1/2 } 

[A 2 _ ( ~· ~ 5 ) 2 ] 1/2 
2 2 

( 8 2 ->.. 2 J </2 } 

[A 2 _ t ~ ~ 5 ) 2 ] 1/2 
2 2 

ds] 

/-12 s 
2 

m = 
2 1-1 s ·~-~ 5 

1 1 2 2 

ds -

tA5) 

tA6l 

CA7) 

tA8) 
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lm1, 

l£- o(. c-1~---------Az+~z 
i~ +oc 

Re1 
- i€.+oc. 

Figure 4. Rec\ahgular contour in the complex {·plane. 

ltn~ 

~--------+-------------- Re :l 

Figutt ·!t Palh of integration C 1 round the branch cut. 


