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TUlS fliRStS CONTAINS SOLUtiONS ·of' SOME NEW ·pnOBLE~i.ls 'oF 

LAMINAR t'LOW OF VISCOUS llNCOMPRKSSlDLU FLUID, DIFk""lZRENT 

TYPES OF TllliSE PIWBLEMS 'IlilVE B.l\E~ SPLI'J' UP 'll~~o SU. CJiAPTE!tS, 

·c..~~~-1 ' 
3ke.. Firat olsapte.r d(lals wi.tb PI·Qblo;m ot la.m1ns:r t:tuw of 

viscous inoo.mpl'Qsaible flu1d of finite aeptb resting on 

tl> rigid plane· b~~e. -~ltroo l)J:Ob).ems ~ve been inclUd'-ld in 
~-=-~I 

this obaptor., 
/ 

:In the :f:l~~t pApe.t)ne stud)" tbe la.mina.r· motion o:r 

viscous inoomp.re~siblc tl.uitt standing on a .tig:l.d plane 

base ~nd.er the action of tim~..;.'Vatying p.n~ssu.re g.radiont~ 

When tbe flow 1» unsteady, pl'ef;lsure gradient is e. function 

time. Lamina.r flow <it V:lacoue fluid through tube$ ot ci,.... 

oula.t aeeti,Qn under t~mc-aetlendent pr~asure g.Nt(tlcnt ha.a 
~~ · B~ · u~ 

·· been t~catea by Sexl( .:1.930); Pn!( i~G5) and .riJJ;tbal(1t:l60) .• 
[io] 

Satya P"talca.sh(1967) bas 't.U.scu~sed tbe non•steaqy parallel 

flow tltrollgb a straight cbnnnol. aue to the action of 

p.reesu.re ~adient decaying exponen'tially ,w.ltb time• 

In the present problem, 'tbe fluid is of, .f1ni te 1\e::igbt 
.. 

an.d bas a. .fl'ee stuitaee. 1-'bl'eo types ot presstu•e graatente 

V12h~ (i) .impUlsive (fi) defined by Iieaviside turu:rtio11 o:.t· 

time (~11) periodic tot a finite, time a,tte t:hoe()111! . 

~be naturo·ot th~ ve~ocity distribution for th~ latter 

case bas been grapbical):y .r:t)presentcd and it lm.s. been found 



th~;.t the velocity attains its ma::id.mun value trbon t ::: 2• 18 Sec. 
w 

npproximately ana nftox this tirue it dec1·easos c:xpon-

etrtial.ly. 

'rhc Second paper ~s concerned with ttu> p·ulsating flow 

of viscous i~comp.resslblo fluid of finite depth .resting on 

2 

u ri~id base due to a oo.rtain periodic shearing fo.rce sup;.. 

erpoacd on a Constant torco ap11lictl on the t:reo au:rfucG. '11UO 

problem of pulsating !low of viscous fluid un<ler 't;irne-dependent 

:function 'mpe.rposf)d on a. conat(;lnt p:ressul'e grn.uieut has .received 
2.9 

tho attention of aeve.ral. 1nveatigat;fona. Uchida(195u) han 

oon~i(ler.od the pulsating flow superposed on steil\ly lUtllinar 

motion in tl pipe of. ci.rculal' c.rose-sect1on. Adopting the saoo 
. \! 

l}.focedure B!1at"taoharyya(1968) s.olvcd tbe pi'oblem ot :tlou of two 

incom}Jreseible 1mteisc1blo :fluids between two ·parallel plates 
3'0 . 

V~.rma(1960) considered the flow ot vtsoou& liquid under e%ponen-

t1al pxessure gradient $UpG.t:po$ed on steady laminar flow between 

Coaxial ~)rlind~rs. 

In tile p.reeent p.a.por, the method is arJp'J.iod t.o ue.to.rmine 

the unstea.dy i!low ot viscous liquid set up by a periodic 

&bear ins fo~~e ·t:JUporposed. on a (;ot)at~.mt su.r.ruce force .~.:hen tt1e 

pulsa.t1on ceaaes i#Q act. the solution a,greos with that laJ.own 

.to.r steady l<:latina.v flo\"J' due to the action o£ a constant shea-



CGnstant pRf'H~aul'e gJta(li.(n~t. Fo~ simple pulsation, ·tne 1low 

I:Jatt~.tm t.s ahown graphJ,callY and tJ'-O~o pil)"&ica1 1catu~es o.f 

motiou AJ!O :p,oint~d out. 1fbo t{)ttt.l flux and f!kin f~1cttqn, on 

tbe bounda~y bav~ al~o beon nu~rioally evaluated. 

file probl~.na oi unsteady f'lQw ot. o Vit,Jc\Jtta incomp~esf.lt;ble 

tluid. due t;J;) a .moving boun®.tcy hils bsen solved ·1n the tlri:Jtl 

pap~.r. ~he tlow near :tnl inf11liW wall ea:ecuti:ng na.r~onic 

oscill~tion~ pa_.tallel to itaelf wa,f fil'st t.rcu:ted by o. 
2.7 

Stoke a( 185:!) • Tbe same p•obl~JU 11as b~on d1$cussed .in (leta:i.l 
17 11 . 

in the classical t.rea.tises ot Lamb( 1959), Sohlieb:ting and 
13 

?.aJ.. I:f the volocity cf the oscillnting wal~·ia. assumed to 

be 0
0 

Qcs-nk .. ·.· ct'·. the velocity pro~ile bas tbe to'm o:t a d~pocl 
. -~frY,_,; . . 

oscillation ot amplitude u
0 

e ~n wbicb a :fltd.d layel! at 

a diQto.nce y f:to~ the w~ll ltU.s a pi~'l.Se l~g ~ ~ ld. tb 

.respect to :(}he motion ot the wall •. 

ln th:ia pl!nblom we bave assumed tbt-r.t tbe fltd.d is at Jtest 

on a Jt.i.gid ·oounaary. 1'llw bounu~.r.y is made. to mo.vtl -by applying · 

attfe;rent type~ of f.o.rcoa vi~ (t) impulaive (ii) force t1etlned 

by aintuioiu~•l :tn.net.io.n ot tit~e t~nd Acting toz a t:i.nJ.te period 

( .t/1) - . . . fell. I } ·1.-; · GO'tUltant :fo.ro-e· acting ~a sb~.rt inte.rva.l . , iv a ;force 

~:s;pQllJHltially d~.cay.tng \?:itb time upto a t·inita l>erioa t-eepee .. 

:tivt!ly~ neta.rding to¥co o.n the Obounda.t•y per unit c:u.•ea .J:lna 

been c&leulat,ea._ 
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'J.lhe second cbapte.r J.s devoted to the sol•rtion of the 

proble.m of :flow of viscot.u; inco~pressiblc fluid tbl'ougb tube$ 

wltose o.ross-soctions a.rc eiz-Qlc$ and anctoJ«s of ci-rcles, dt.tc 

to tho net ion ot p:ressu,r,e g,t:adiont. This Cltapte.r contain& 

tb.ree papex_s. 

In the ti.rst pape-.r-, uQ bave etuu:i.ed tbe p,fo'blent 

o:f .flow o.i viscmu:; ·inoQmp.ressi.ble fluid tbraugb tbo annulus 

of tvuJ co.ncent;::i~ c::irc"l.ar cyltnde.rti duo to the p.reeence of 

_pressure g.racliq.nt. f£he p,ressure gradient i.a assumed to be a. 

suitable tunotion of time. _ 

- 'ibe flow of- viscous fluid tbrougb the tubes of. (!~r­

cula.r cros~se<.r~ions ~s be~m trcat.ed by many 1nvcstigat.ors~ 

Oro.ce 7 (1928) has studif:c;t tho oscillatory motion ot vtseot;uJ 

liqllid. -in a lous st.raight eiRculu.r tube an'l discussed the 

velocity tli~t:tibution QVar a· .right section of tbe tube. !Ie 

bas pointed o.ut. th~ tUtte.rence in tbe velocity dist.r ibntton 

in the ~n.ae ot oscill.utol'y motta:u o:f a viacous fluid &fi com.._ 

pa.red with tttat wbicll occults wben the liquid is in ateaay 
tt . 

motion. Sen (1930) h<.1>s :tnvesttgate(} tbe motion ot a vi_scous . 

liqUi.d tll~ougb a ci.rc~ltu~ tube tu~de.r tbo intlueno(;: of a. 

pe~iodic pressua·e g.raatent. The unsteady flow- of v.:i.sc-<n.t$ 

l:tquiu tlu:ough a eitc~~lal! tub<t und~t the ru!tH:aence of a 

time-varying pt,ss~u:e g~atlient. ba.s been invQstig_ated by 
1_t . 

Mitha.l(19GO). Sucb a tl.ow under e:;Lpon.ent.io.lly inc;reasing 
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Qr decreasing pressurE} gradient was analysed by StlllY"l ( 1955). 

In the fitst papett t we ~ave chos~n the p.ressur.e gra• 

d.ient as {1) an exponential ;function of time and (it) a 

damped ba.rl!!onic force .reeJ,cctlvely. 'l1be gene.ral solution fo.r 

tllc problem \'l'hicb has he<m derive<l ~Y using the method of 

Lnpli..'lce t.to.nafo:rzllt :involves Desael .funct.ion of :tst antt 2n.d 

kind of ze.ro order .• r-u~ld.ng the xadius ()f the' inno.r cylinde!t 

ge.ro in the ge.nel'al eJ(pl•easion for .velocity distribution,. 

we can di.rcc'tly obtai.n tbe flo'-' o;t viscous liqu:ii! tbroUgb 

a circular tube and. 1t ia founa that the tliatl'ibutif>n ot 

· velocity agre.el' to the .result already ae.rivea by ,GracJ(1928) 
c: e"wt · 

·when tbe pr.easu.re g.re.di~nt is ta1£.en of tlle-to.rm...,a.nd in ca~e 

o:t,:,tinw~ecaying pressure gradient, the distribution o'l 

velocity coincides with that of the viscous liqtd.d througb 
12. 

a long circular tube ana this tw$. been tleriv~d by Mithal( t9~). 

1~o.r v~.ry slow osqillatory motion .of n viBCQUa liquid: 

tb.rougb the annular xegion batwoen. t\lO concentric ci.rcula.t­

cylinaers, tile amplitUdf;t o:f the v~locity distribution .r.eaem• 

blee the solutio!! :tor the steady moti<ln o1 tbe '\1iscoQs liquid 

. through tbe annulus o:r t1vo conccntJ:ic ci.rcular cyl:!ndQ.l's, the 

velocity boin.g in the same phase witb that of the disturbing 
-..n..t 

force. tihen the prc(\fsuru-g.radiant is ta!Unl to be e. -e. 
> 

g.rauuul dce.rqase in tbe fl.uitl$ velocity is observerJ as t 



inc~eaaes and ul ti.mately vanishes wben t app~:oaclula to 

infinity. Assuming ...(2. ~o in th(!J gcneMal oxprension .to.r 

velocity uistxibution 11 \7tJ h~1Vc tbo unsteady :flow ot 

viscous liquid tbroueh ·the annulu$ of two concentric 

qircul~"l,.r cylinders with QOllstant p.res~u.re grt':lt\ieut a}:ld 

elapsed, the :tlQW ooincid~s .with 'the wall known po:lsueilli 

flow between two cylind~l).·e·. £L~t:z~"L P-5s6J 

'l'be Second papr:.r of this olw.pte.r is concc.t:J1Cd with tbe 

:flO\J ot viscous liquid tb.rougn the annular region between 

two coaxial c1.rculru! cylinders u.nde.r tho p.restHlCU of 
~ott-

pressure AJ:Hd1ent P( 1- e. ) \Vbich aeana tb&t proasu~o 

g~<::·uliel:rt inc.reases with time anti ultimately it bocoruos can • 

$·f.an"t when t app.rQaeh~s 1nt'i.ni ty. The ~ethod that has been 

adopted beze .1s exactly s1milru~ to that used in t~& t!.rst 

pa1>el' o£ this chapter. In case of high visoous :flu1ti the 

:i.nczrea15e in the pre~JsUJ. .. e gradient <:lauscs the iucrause in 

· the velo~i ty tti&tl":ibution .and fo.r f.iUfiicien~ la.rge va1u0 of 

t, the tlnid velocity coincide:;; with tlmt o! the fluid th,t.' ... 
. . 

ough two coaxial ci.rcul.a.r cylinders dUe to a conatunt pre-
fill _,. 

ssu.re gJradient £wmb • 1)-aso_/• 

6 

· IJI the tbi.rd _papo.r, we bavo discussed the un1d1rQe­

tional flow of viscous fluta between two infinite ~oncenttic · 



tubes witb sectors of eii'cles as, cross sections, unde.r 

tbe p.res~nce ot p.rEn:tsui'~ gradient. 
17 

In u .reof)nt papa.rt Hawat{1970) lms· obtained the 

e.olution o:l the. problem of tlni-dit€H;:tional tiow ~long the 

·l~ngtb Of the tube whose crose.,.fitlOtion iS. a sectot: Of a 

circle. 'Tlle $Olution of ou.r probleta has beest deiived in 

exact :fo,rm by applying :finite Hankel tr.a.nsto.r•. It has 

been. sno\1n that same solution tollows .t.rom onr p.roblem 

if ttle radius of the innf)~ cylinder be mr:ul$ to approach 

Zc.ro. 

7 



Tbe thiltd ~Jlapte%-·deals w~tb the p.roblem of :flow 

o:Z viscous incomp.roasible ·fluid. ·tJurougb th-e ~oo.lus of 

two po.rou~ concentric oitcilliUt oylindetts .• 'J.'wo papers 

c.tJ."e inolud.ed in this: c~1~1pte~ • 
:l3 

Siugh, :o .• s.-(1967) solved ~ile v.tobler.t ·o:f 1low of 

vtsco-elastic .Maxwell fluid ib~ough two po.roua concon"!""· 

trio oyl.indeJ.•s. Ue aa.sum~d ·tlltLflow to be ca1,u3ed by 
. ...i.2..1: J- . . ~4 

p.re·$sn:ro .gJHM.liont. o:t t'be tol!nt Ke Gnf,(,. • Dov1 :.;ingb 

·( 1904) <H)Dsiua.rcu the f:W.li!e-· problem unde.r ~he act<! on of 
16 

· OXI>one.ntial pressure grauient. Su.rja. i).rakaeh Rao(1961) 

t.roa.tcd the pe.riodio :tlow 'tb.rough an annulus of two 

po.rou• concent»1~ cylinders :loJt ortlina.ry via(JOU$ flui.u •. 

Tho fi~.st paper ot t-his chapter is conc~.rnE3d witb 

the solution ot th.~ pr()blem of unsteady :tlow o~ vie.coua 

incomp;t•asaible :flui;d 't~ough the region bqu~uea by two 

p<>.rous etati.ona,ry concent.rio- .cylindcl's~ The gen.o.ral 

s(Jlntion ot tbc problem has been obtained in an integral 

fo.rm by using tho method o! Laplace T.r~mtfo.rlUe• ln the. 

cases of tmpulsi:va and periodic p.ressnre g.rad:tant; the 

solution 1-ms been tleuuc&!.d: · in exact f:init~ for.ma. It is 

found trkt't uu putting the suction pa.ramcte.r equal to Zero, 

~be .reaulta "of same flow problem betwe~n two impe.rv~ous 

cylinders tollow. When the 1>rossu.re gradient is taken 

8 



-<X t- . 
P( 1 ~ e ) -which means that p~eeStlte g~.adient increases 

witb. time and ultimately it becomes con$to.nt when t ~ex;, • 

Th~ V~.tlooitr tot: la.rgo viscous liquid is increasing with 

tJte inotcase :tn time 3:Ud att&ins the· steady atrttt) eoluti.Qn 

~ben t at•r;~Qache$ in:fiuity. 

'l)be second pape.r o;t this chupte . .l! iail rJeun·t tor study 

ot the tlaw of viscous incon:pxessible fluid ae~ up by .t:ota­

t.ion ot a po-rous cylinde.r within a· tix~d porous cylimler. 

:llhe analogous problem toM ·t11e case o;t -no,n....potous cylinders 
.2.6 

has be~n t.teatod by Sneduon(l'-305) • Tho general solution 

tor tho p,roblcttt ia obta.ined in terms of Bessel function of 

o~de.r n by applying :finite Hankel T.ransfo.t·m. rrbe couples 

exertea on tbe in.ne.r cylinder are- calculated for particular 

types ot angulaM vclocit.ios i~pa.rted. 

9 
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In the ;fourth chtt.pte.r which consists of three 

papers, wo study the motion of viscous hQte!'ogencoua 

fluid duo to time - varying body forces ot dif.fc.ront 

types. Some simple casea of Continuous variation of 

density and viscosity are studied. 

In tbe :fi.rst paper, we consider the motion of 

a viscous incompressible hoterogcn-eous fluid set up by 

a l}Ol'iodic body force. 1:>1·cviously Bhattacha.tyya
2

(1965) 

obtaineu solution· !QJ.' ·the motion -o:t viscous hote.rogenoous 

.fluid caused by transient sbaur ing !o.rce t~pplicO on the 

surfucc. 

ln the second pt.\pe.r, ,.,..~ have considered the :flow 

of viscous hote.t·ogenoous fluid tlu:ough a circular tube 

uua to body .to.rce acting along the t4Xis of the tube. 

Two types o:r such :forces a.re a.sstuncd viz ( 1) periodic 

and ( ii) decaying ~xpone-ntiully with time. \'ihen the 

body to.rce is "tilken to be a pe.riodi.c function o:r time 
' . 

anct density va.1~ies inversely as squ.a.re o:r distance, 

viscosity remaining constttnt, the fluid veloc:i.ty is 

found.to be pQ,riodic with the pho.ae angle t!i.f:£o.rent 

from that of tbo tU.stul~hing fo~ce. Fo.r very small 

oao1llnt:1.on, it has been :found that the phase of the 

fluid velocity doc.rcases as the .raE.liua o.f the cylinder 

10 



increases f.rom 0 to its uu.tural value and at the cent:al 

portion of the tube the phase diff'c.t•once attains the 

roa.ximr.u:.4 value Jj 1 ahead of tbrt.t of tbe disturbing to.rce, 

,~,.hile fo.t• a lt.o;_nomoneot.ls fluid, the fluid velocity ts 

periodic and bas the se~e pllaso as that of the disturbing 

fotcQ,. ~~be natute of tho fluid velocity fo:r (1) heteroge­

neous aud (ii) homogeneous tluid bas boon r-cx.phically 
ovaluatod in f~( 1) lllld (2) ref3pcctjvely. ~H;en the time 

. _n,.f: 
duQayi.ng body foJ:c~ e ~ is conside.rcdt tlamped oscill.:::.-

tory ~tlotitJ'll is .generated in the :flt.tid, the amplitude of the 
-n. f: 

fluid velocity i$ tlt!caying with the :factor e • 

The third pupex is devoted to the solution of the 

p.roblem ot lamtna.r flow of viacofls bet.oxogeneous fluid 

due to the body JI'9.rce acting ou it in the direct.ion of t1u.! 

common axis of the cylisulo.rs. When the den.sit.y vo..ries 
. 2 invexecly (tS r .f r denoting distance from axis, keeping 

viscosi·ty const~:Hlt, tbo tU.stributioll of the velocity is 

.found to be harmonic, but bas fJho.se dif:fe:rant f.rom that 

of the dJ.etu.rbing force which is taken to be of the. form 
1"\ r!llt 

"C. ' ,., When tbe radius of the .inncl! 9Ylindc.r tenus to 

~~ero, tHe 'fluid volooity .resembles tllat o:t thQ hcto.ro '!110 

geneous fluid t:lll"<.mgh a ci1•culf~ tubo tmtior th~ action of 

11 



c..'P-.t 
same body torce .e. ,- { cj "'" papo.r II of tbia chapte.r) • 

When both tbe density and viscosity va~y inversely U.$ .r· , 

the distribution of velocity hus been calculated unde.l!' 

the action ~f same body fo.roc. It is :round tlmt tbe 

velocity diStribution is pe.riod1e and has phase d1tfcrent 

:£.rom tbo.t of the d1stu.rbiug force. 

12 
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Tbts chapter consists of two pape.rs. In tbe first 

pape.r we 11ave considered the problem of slow steady flow 

:of viscous incomprtwsible :fluid o:t finite deJlth stnndil'lg 
~ 

ove.r a Col'.rj;lgated bod. 1'be equc~·tion ·of the bed is given 

by the equation 

\l'hcre h is n constaut and € is tbe .t•oughneas pa.rnceta.t 

and 1 t 'bas been assumed tbo.t € tv ('?I..) ~ < ~ 

'llho mErthod. o£ solution is the same as t!mt u.sed 
6 

by Cit.ron (1962) who baa investig,ltt)d tbe p.robletn· of alow 

steady :flow o.£ \l'iscous fluid bet.tveon two .rotating conccnt.rio 

cylinuc.rs \'fben the .radii ot tbe cylinders va.ry axially, the 

rougbnes$ pa.ramete.r € i;befing small compa..reu \Yi th tlle .radii 
a 

of tho cylinde.rs. Kham.rui (1963) has t.reated the flow of 

viscous :fluid tiJJ'{.mgh a cil'cular tube with axial .fQugbness. 

The problem of slow steady flow o:f viscous liquid between 

two walls at alighty va.riable distance ftom each other 11as 
I 14 

been solved by Bha.ttu.charyya (1965). Pan<lcy (1969) has 

studied tile slow t:Jteuay motion of a. viscous incompressible 

fluid. between two porous walls at slightly variable distance 

f.rom each othc.r witll disturbed section. . 

When € = o, the present problem redtH!es to tbat of 

13 
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two dimGnsionnl tlow .of viscous 1ncomp.ressi,ble flttid of 

finite deptb.standing over a tigid plane base ana leads 

to a kno}:v:n solution. The ·jlOl'ttU?bntion in t.be velocity 

compone~ts tl.l'ld. p,ressur.c atu~ ·t;;o variution tu depth ot tbe 

fluid are :then obta.tnau frt>m tt~~ No.vio.r ~ stokest oqu~ti9n 
. . 

toJJ alow and steuay motion by the ttpp:l:i.ca.t,ion ·ot tlle 

method .of I;'ou.J{ie1" t.rnnstol!'m wi ttl ap£l.JJOprintc · boundu:»Y 

condit1Qne ... tssruni~ € /lr('1t) . e E ~ 2~-x. 1 cUI<.. exact 

. aobt•tion br~s been obtu.1n~a· by making tho use ot a p~Gpe.r~y 

oi: the Dirac· Delt~t. tum::tion.· 

ln tbc second paper ·of thiS cbapte.r, \:~~ h£.4-VC Obtained. 

solution to tbe t>tOble:t!l o~ flow ti:f viecou• i~compr~saible 

flui<l through the ~nnulua o.f two. ooncontric c:ircula.r . · 

cyl1nde.r$ due to tile p.resence o:f pressu.re graaicnt,. when 

the rri.t111 ot tbe cylinde.rs vary_a;xiti.lly1 . tbe .roug!ineas 

pa;fameto.l! € being small. compti.rcd with the .rnuii of the 

cylinders. 

14 
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<.l'he sixth und tho last chapter has be:eu devoted to tl?.c 

solution of two dirncnsiom:tl problems oi wa:vca g~nc.r~ted 

by sul.'fttoe load actitlg on the f.reo surfuce of a semi :1n:finit.e 

viscous incompressible fluid. Snec.ldon
26 (1951) bas solved tho 

problem o:f flow of semi infinite vi~cous incomru·ess:i.hle fluid 

undor tho act:ion of I:uuially symuetJ:ic pressu.1'C distribution. 

Paramanik15( 1072) hn>s considered the two climension.:tl problem 

of wavea· gcnoJ:ated by n moving oscill<lltoxy p.rr.msure llist.t'i .. 

bution which is applied on the free surface of' an infinitely· 

deep viscous iucompxcssiblc fluid. 

the two U.i.ruensionul motion of wavos gtHl<Sl'Lt.'tcd by two types 

of p~·ossa.u.·o diat:ributions ~ viz. (1) iJeoillato.ry ( ll) 

calculated. Conuidcring tbe effect of large v1soo~ity, the 

have been calcitlatca and .it is seen th.:lt in the c.:~se of 

dS]';lping force decayin.g expoucntially with time the motion 

becomes a toady a:fte.r a su:t:f ic}iently long time. 

ln the second paper. of tbis clmptel' we have s-tudied 

the .motion of a viscous incompressible .fluid due to the 

actions of l'il'lg loads and .•lisa' loc:uis ft.JJplied on the au.r:tace. 
ryt, . 

'!"hose louds act ytormally to the ourfnce and expand .radially 

at a constant ra:te ovor. the Stl!':face. fxp.l"e s.sion fo.r 
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