CHAPTER - 111

Large deflection of a square plate of variable
thickness under uniform load.*

PAPER -1

Nomenelature s

The following nomenclature are used in this paper.

= ﬁnifbrm 1oad, ‘ _
W= lateral displacement,v ‘
4A—w-— components in the middle plane of the plate,
k= thlckness of the plate,
" :';DT flexural rigidity of the plate = I'Z%f';) ,
G = Poiseonjs‘ratio,

E= Xoung's‘modulus?

:Introdaction :
o Fbr the large deflection of a plate we usually get non-

linear equations which cannot be exactly solved. Fbr a

'e‘unxformly thin plete,Berger (1955) has shown that 1£ in

’deriving the differential equation from strain energy, the
"strain energy due to the second strain invariant 1n the mmmﬂle
ﬁplane of the plate is neglected, a simple fourth order |

'differential equation together with a nonplinear second order

*Aceepted for publication in the Journal of
Revue Roumanlie Des Sciences Techniquee ,
Mecanique Appliquee, Romaniae
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equation is obtained. ollowing Bepger, the corresponding
‘egquation for a. sguare plate of variable tnieimaga has beon
‘deduceds Basuli (1961) solved the problem of an anmular
plate of variable thickness with linearly V&ii’ying
thicknoss, .

In thig paper an attempt has been made to investigate
the large deflection of 2 square plate 6f. uni-directionally
variable thiclness and an mfmm strz.p whase tﬁial—meas
varies along the brsadth, |

Analysis 1 |

| Lot ua consider & square plate of s‘iﬁe 2¢ « Lot tﬁa
gentre of the plate be taken as origine o _ _
Total straln energy of the plate .with the present approximation
is given by '

el g _
2(-9) [%}i'%z_ - ?)xb)) ]} olxdy ——Jh/wdxdy "."( ‘2

whare
€= €&y, €= -g::‘ 2-(3:) 63 = %(%;/ .. | esel2)

Using Enler's differential ‘equamf{ga of variation we have
{ Ir F(OY) correapond to minimua value of v, )

QE_EBF O ”F _ ses(3)
Dl OX Dy Dy auy = © ’
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g@—‘a‘ﬁx—ﬁ'g’@y ;O o ood(4>

BE 2 B BB L ¥ O F  or 3 ¥F

_ (5
BW T oK oW T By oy ¥ B By K8 Dy T B Dy = © sea 5
Let us asgume that
oy *,’ho_x% " where D= Do X el 6)

(’:@:abin,.mg 81l the @s%ua‘&mn@ ( [ },i 2 ),(3 34 2t 5} sm
(6)

We héw,,

F l ' B ' L)
Tazs e get the following diffevent dal @q&aﬁﬁ,am. |
. ) du M _L Jw , ";.
STy SRR ) m\ e 7))
v = XY = X o “ | o»:c 3
V(=)W = L eea(8)

For the mmplemantary‘ fanetion of aguation () let us
put W = w, = Wa '

56 m:ai; for the esguau@n , . , .
VL()(VL— 0()'/410) W = .0
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We have,
) 2
VZ\/\/‘ = 0O sses{ S ) and ')V(V\/\/ZF o—;r W, = o sunf 10)

To solve eguation (9 )

let us put

= | Ay (1)
. i @ne
V\/" = Z W"’\ QL)SW —EC
. nN=s43 . .
voundary eondibions being
o= . o
. see(12)
— alw — . - = Q.OL
B-W:ESL;O @th~t0k‘,b‘
Putting €1 ) in equation {9 ) and solving wo gét
- Wp = Me” 4 oae & |
Again %o solve equation (10)
let us put
- esa( 13)

Wy = Z W“’ QL) SW@% :
=43, - o
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On subsi::&.ﬁubmn we get,

Aw!
XT

. . O‘D{(4J
L _> ~ o ool
0 solve equatioxi {14) let us put wn’ = v/x
The trensforzed egquation is

“XI—X” -+ Zm‘

oon(léj

OLL\/ 1 01\\/, ﬂLWL)L"_ -—>

The solution of tho above equation can be put in the fora

MNANA '
! T Tal MAY

B MV
3>m——-o AT ) M=0 mA
+ KZ/“W\ (229 T‘(L) ﬂ es( 16)

= n (7\) 2NN

{ Murphy, George Mo ¢ Ordinary
Gifferential squations and

thelr soluti.onn FPPs 331

K—M

T
N = aK
m 2.9, . (2+m~( | ‘) 7\—~ [+ —

| [ (AT) o Tt ,
S m = m!Qn+|>>_l TR § :Zi'
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Henca

Tl?l'K

Wy = re & {Azx cﬂ“& - A, ZX Tﬁ%@@

! X/Am (mn) r Q\) o ﬂ

= A3¢n®+ Aq 0O | seel17)
Particuler integral of eguaition (8 ) can be taken as
ah
2D,

How 9/ ean be expanded by Fourier serles in the foim

e
_ 49 i , o 18)
Y) = - A S, MEY sei
Q) = T ) hswm ,
n=13
Hencs.
oc. tm»_x __\717[")(
W = Z [:A|€a+ A& +A47(7L)+ALP7\@
h.":‘)gj‘ ]
«ED,mN % ,
is deterained.

Longldering boundary conditions on W and scdving for

the comstants we get,
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T detsraine « ¢ wo know from (7 3

W D ow N\ SWNL A
SRR ) IR g %

Lat us agsume
¢ . €20}
/LL: m@ 00_9(2
ZO%KLX) "
@: Z L_KC)L) SWE_S% o . ono(?.l)
K=\

Comblning sguations({ 7 )y {19 3y (20} and (21}, we gots

< oC
oy gl KAy K. K
| KZO 30 @ =25 }K L) & e 7Y
A\ ~— B =‘

oc ‘ ' urs 2.
1 comAyY (e, RS wr
+ 2 [Z %w.z—a—— (TA\Q& - = 47}7— 0k+ A3¢%L*)+A4%QQ _ 4°VK{)'\0

=3 KD A
o max _ 7K
2 (et A ™ amg 2k )18 o]
+ Al ™ Ak AP () + A Y, () — ZV Mo \mr (o, Tiny
l[nz ‘)g 2 -+ -SCPT\( )+ 4L\)'h ) XL:DOYU‘ o CF} Y
2
&, /3
l"i ' / 0ss{22)

Bgunting the terms independent of Y , end integrating
with respect to X betwesn the limits b and ¢, we
got the following biguadratic equation for the

determination of o«
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If the plate i1s infinite in Y direction only, then the
ditferenticl equation (8 ) will take the form

wWoi= 28 L X =
Ob(4 0\){3 ’?\o d-ll Do

Solution of the ébwa equation cen bs put sa
;) ‘

W = & ’i\o [A|‘Tl (L‘O“O(’L‘ID + ALY, (?"‘OQ*XVL)]

X

_nC
2d5 D,

N 2, .
Vhers — 2%%) 1z talken a3 the particular selvtion of{23)

+ A+, — ess29)

amd dy= ok, ,J, and Y boing the Bossel functions of
1st and 2nd kind.

Doundary conditions are

dw
an*

Consldering boundary cenéitions on w and sciving for the

= O _;@j:xzb,?’('-:Q

} q-&{QS)

aonstants wo gety

A\ - Y l: Xg">\6 A _ 9 K7—-7\s-
, A3 D, 7\5_7\8-—7(77\6 > TaT Jzy, 7&77\6-7\57\8

C. = Ylb+c) A\U\\"AB)’*A?_U\[?M)

\7 2 AED, b-c

b
245D,

C—Z: Al7\\ - AL’XLH CIE
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Whore,
Yo 'GQO Yy " ‘ Y,
X = ° J‘S;L ©) X, - b y,i{ob’)
7&3% JE{OAO ) A= <y, i )

? dy
Yo | 't g/~ \
7\5= b7, (= ds lo() , X = f ¥, (2 GL)\O/L)

"3, @‘OL’C‘VL)) Ag = & % (21doc®)

To determine o , we know thag

B“ L2 BW oW cee(26)
B)’ 2_ N 7_('3)) 12‘31
I:a this case equation (2¢) reduces to
Ot'u (OLW) ?‘«k\ )L/B bow(Q-])
It W= U we nave,
! ("
Ve sle g Z{oe i) + A i )}]
P ey
T

Integrating the above eguation between the limits b and
we got the following equation to determine X
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Ruamerieal caleulations ¢

(a)

(b)

Square platae
Let us take o = \0, b:VBO)C_:\O,o(L: o, ’?'\o:‘\
Putting these values in the biquadratic equation for

the determination ofx » we have the load fumection in

the form

-4

X~ 0827 %10
o, .

If %/a=2,Y/a =050, then from equation (15).
we gd , W= 27

Plate of infinite strip.

Let us take b=230,C= 0, 1x =15, h =

Putting these values in equation (29). we get,

Y _ -3
D, 3715 X0

If % =920 4 then from equation (24).

W= |"703



Large deflection of a circuiar plate of
variable thickness under uniform load.*

PAPER - II

Nomenclature s

The following nomenclature are used in this paper.

9 = uniform lateral load,

W.W = radial and lateral displacements,

h = thickness of the plate at a distanceﬁl from

the centre,

D = flexural rigidity of the plate = - ‘52_‘62) :
6 = Poisson's ratio,

E = Young's modulus,

Chy = §%$7+—%Q§%)2;

Cpg = %%,

4 = Eqqt Sao

m X+1+2mM
- Z

| | = @
8xy(®) = Lommel's function = Zo Jer= 5 ---{(mmﬁﬁi}‘ ’

Introduction : AA>

Following Benger ( 1955 ), the corresponding equation for
a plate of variable thickness has been deduced, Basull (1961)
,solved the above prdblem with linearly varying thickness. In

this paper an attempt has been made 0 solve

*Accepted for publication in the Bulletin of‘the
, Calcutta Mathematical SOeiety.
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this problem with thickness varying as the cube root of the

distance from the origin.

Analygis 2

Lot us consider an annular plate of outer radius b .
Let the centre of the plate be taken as origin. Strain energy
dus to pure bending and stretching of the middle plane of the

plate on combination glves
1 2 gt 2(-6) dw A w
V*?jb[(‘”)* F U TRt nohds
| —Sq/wr;&nols eel 1)

If T be an extremum of \/, Euler's variational

egquations are

—aF B BF _§ . 0-0(2)

du T on B, T °
°F > 2k P dE _ TES

Congidering (| ) and (2. ) we can write the differential
equation in the form |

% G’lﬁ) =.O) %&é; cons%ant = e

go that Qa w \(&W)Z- 0&2\3 | eesl(4)
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2 diw
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Do
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Where A= \t0, B=—J;1—

ot Aw ,

Setting T = Z wo have

oLBZ 2z dz (A_BYD'_ Bz = | Yn

z.m*““zﬁ*gz o
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ees( 57)

see( 6)

Clearly =z = — % (A+B79 is a partieuiar solution of (6 )

Now the equation

OLZ OLZ —_ O
‘7%M+4hdht+a;@ Bn)~ 82 =

is an exact 'equation which on integration gives

B

--.o( 7)

eesl{ 8

Where K_4s & congtante
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The solution of the above equation (23 ) can be put in the

form

o Z: e [ (zus“ ‘() N cl\éu(ws’%@]

+Cgh So/u(u B ">

(Forsyth, 4.R; A treatise
on differential equation
PP 202).

L‘ . 7
: ' /’A - . L /'L ‘1_
th{ore —4—=—i‘*—o”+| . and Ju (2B ) Xu(urs ’)
are the Bessel functionsg of the first and second kind.

Henee the complete solution of (¢ ) is

lQO( 9 )

dw - )

where t> = 2iptR-

Integrating equation {9 ) with respect to n. we get the
deflection in the form |

= 2¢, N [G“ ) 7. (") () = T ) S @]

._‘/q..

4 2c n’{@ )m) SPNCES MRS /q@)]

&—-l) . CMB'/L) ﬂ. o
[Z (m+) i(ll m) {(H—l’m)—ju}

esel (0]

h
23_})()(&*[’)) —\—C



For an annuler plate clamped &t the inner boundary M = C
and at the outer boundary M = b,

boundary eonditions are

s

AL = '=o;ﬁai N=Db, n=2C
Ao o neb )uck

Solving for the constants we get,
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[ AR5 - (o)1)

S7

eesl 1l )

!'/ 1;/ _7&37\WJ [(7\2 7\) 7\_;, ”,) ()\3 ——7&) (ﬂ” ”’);)

RN ”J[(" X ) (- ) (a2 (- /3)]
MR [ )5-15) - (2 )
N [ARI0SS) - () (R “D]
[N - 7\,:\ [(7\2- )N —7\3) —~ (7&3—)&3) (i\'i:ﬂj
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Multiplying the above equation by N and integrating with
respect to N, we get

un = o
- 20
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