
CHAPTER • lii 

Large deflection or a square plate of. variable 

thickness under unito~ load.• 

PAPER -I 

Nomenclatura : 
' :I . The ·following nomenc'lature 'are used in this pap<3ri. 

.. ; ', 

\V= lateral displacement, 
• • : ••• 14 • ' • 

-u., ~ ::::: components fu the middle plane of the plate, 

-h.;, thicme.ss of' the. pl~te, 

.D::::: flexural rigidity of the plate ::;­

u= .Poisson's ratio; . . . 

· : E:: Young 's · modulus, 

. E -f,3 . 

l2(r-o~)'. 

: Int'roduct:ion : 
• 'I ' 

For the large t{eflec'tion of a plate tote usually g~t non­

linear equations' t.fMCh cannot be exactly solved. Fo'r ~ 
., . ' .. ' . . . . . 

un~.ror~y thin plate, Berger ( i95s.> ~s .shown ~ha~ .1:f. in 

deriving the differential-equation :t'rom.strain energy, the 
. ~ ' . .. . . . . . . .· .... ~ . . . . . -. 

str~in energy' due 'to' th~ se~o~d ·~tra.ih invariant in 'the middle 
. . . - . . ' 

. plane. 6r the p~ate is neglected, a simple fourth 'order. 

differential ~quation together with a non-linear second order 
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equation la obtalned. li'Qllowing Berge~, the qo~esp_ondtng 

' equation tor a. square plate ot V!lriable tbtokneeus baa b$021 

. d-'ucO«t. 24\aUU . (1961) aolvoetl th.- probl4m ot an mmula.r 

plate ot variable th1ekne~a wi tb linearly var'ying 

thletcnesu;. 
In this paper an attempt has been made to investigatt 

th• large deflection ot-a square plate of un1-directionally 

variable thiclmess and. "'n infinite strip whOse ·;~fd.elmees 

var1ee along the breadth. 

!n&lte1s, ,.t 

Let us eons1cer a square plate o:r side ZCL • · Let the 

centre of the plate be taltm as ol:igm. 

77 

fatal atratn enoa1gy of the plate ... wit~ .the: present approximation 

1~ given by 

. vL ~ ~ J Jnl [(v\-vy-_;- ~~ e_i . 
-2 (1-<>') [ ~ ~~~ - (0~~)'"]} o!xd~ -JJcywdxd) ••• ( t ) 

wbare 

••• ( 2) 

Uair~ Euler•s difte»ential equation of var1at1onwe bave . ' 

( Xt F(X)".:l) correspond to mlntr.aum value ot v2.. · ) 

···< 3 ) 



72> 

= 0 ••• ( Lj ) 

. . . ». '/3 

. ~ = --vto· X. 

·, ' 

CQ!tlbining 4lll the ~quat1on1 ( 1 ) 1 ( 2 ), ( 3 >t ( 1 ), ( s) and · 

( 6) 

. . 

!r®:s ,.~e g.(tt. the following d1ffelr$nt1al · equa.tionsi! · 

For the complementary function· of $quatton ( ~) let us 

pttt w =: w 1 +- w:L. 

.••• ( 7 ) 

••• ( 8) 
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1.. 
2 \1 w·1 ~ o 

. 2. ' D( ••••< 9 > ·and x v w2_ ~ T w2.- = o · ••• ( \o > 
T\o 

latus put 

oc 

w1_- L w11 lll) s~.u 11i ... ( ,, ) 

'Y)=1.,'3_.···· 

••• c 12.) 

Ptatti.ng ( 11 ) in equat1cm: ( 9 -) and solv1ns ve get 
1170( 'i17r)( 
~ --

Ale... -\- ALe.. ~-

let u~ put 

oc 

w2.. = [ w~' (_x) Sw 
11¥ ••• ( 13) 

l'\ = t} 3 .I. ' •. 



', '· 

on subatitut1o~ we get, 

£-' X w}') - w r (x "VJL7\L rx:L ) - o 
C(')t'- 'r) o._"~- -t -ho 

~ •• ( r4 > 

To solve equation ( 14 ) let us put 
( ( 

WI"\= v.x 

fL I. I. . L 
Qt. V C7L.V

1 
( !\~L 0( ) · I 

.... 'X. Clx"L-- + 2. ~ - ~ ~ L )(__ -t ~o V = o 
••• (IS) 

~· solution of tho above equation can be put in the to~ 

T f-~ (~nn~\' -t ~ . ~ ~] B, ~ \ ct ) .. r 0) 2l'l7\A ) 
···< l6) 

r (i\+rrt) · H~ 
m! 0t+1).1 r(!-) ) 

L-,..~by, George M.c Ordinary 
diftel.~:ntial $quat1ons and 
the1r soluttona PP. 331· J 

J 



w' 
'r'\ 

P~rtioubtv inte~-;ral o:r oquntion. ( ~ ) can btt taken as 

'1r'XL{o 
2_o(L.D 

0 

Consider-in" oou.."'ldaey eond.itions on. w and aolv1ng tor 

tne constants we get, 

..... ( 17) 

. • •• ( 18) 

••• ( 1.3) 



. r f . f ' 

i\.3 1\.s - x~ 7\2.. 

. x.', 7\.~ -:- i\~ ~ ) ' 

:A 3 = 't',.,l b)-A~ -,/<; 't'~l <:) ' A = /": <P, (~) y: 1W> 
cf>"'llb)cptl(e)-lfl'llb)~~) 1 ~(b)'tJ'rJC~) -'tl~(b)<{'J~(~). 

'Yl7\b ~ '11.71"6 
---r - 2cyb'L{o 

. /' 'C\. 

: I = A,e. ;- A'2..e_ ~ 

1:( 2. .:Do 'Yl 7\ . 
' . 

'Yl?\'C. yt~~ ---o:-. 1'r~~o ,A~ - A€._· -t- A~e_T I . -
o( 2. .D" 'f) 7\ 

. ' 'Yll\b . 'Yl71"~ . . . 

· · . "-1 = [ { e_ q ty
11 

l"-) - ~ tp'l(h) J(~''(b) 't'~ (c) -'I'~"( b)<\'~'(~} 

_} Y~'ri'- e_ "~b ,~" l"-) _ ,.,'7;'- e_ 'fl~ if" (b)\} <p, (b)tp, (e:) _ <K (b)~ (c)l \.ll..2. . ,., a..~ . 't\ J\..., . '11 .,. 't\ lj 

~~b . ~~~ . . 

.,.._~ =- { { e_ ~ 'f'l (e-)- e_ ~ ll'"(l,) )(<t>~'(_b)~~· (<")- cv~· (b) 4': (!!)} 

-~ e: "t].i:b ~~ Le)- Yl~"'t. i ""~ 'f; (•)}{ "'" lbJo/"(t)- cr., (.b) <P,(CJE 



' i1 n-b . 117\b 
'X_ [! <A_ If "Yj'L'ifL - ~ 

4 "" l e_ · lf" l 6) -. G1'- e_ ct ~(b)) { '1;, (<;) 'f; (e) - 'f'~1 l<:) o/, (c)} 

"rt il<: '1..... 'Yl. 7fC.. 

-~e._"'- lf~ le) - :~'--e_..,_.- ty~ (c:)J{ '1\(b)lr'~(b)- 'i'n"(b)tp"~)~ 
_ 't1 7\b 'Yl.nb 

~ = [{._e._"-. 'I'~ (b)-
11
; i. ~ lJ!,(b)JtC\',(c)'f~ (c)- cp.,\c)Cjl"(c)J 

-\ = ~~0~071 [ { b'l'~ (b) - :z_ lp" (b)}{ cp,le)lp~(c)- cp~ (_") lp~ (c)J 

-t e.'--~~ (c) - L o/"1 (c)} { cf'~ (b) 'f~ (b)- cp; (b) 'f" {):,) J J 



1'b determine o( 11 we know from ( 7 ) 

oc . 

--\3 = L Lk_l?l) s. iM_ K~ 
K=\ 

. Combining Gq.uattons( 7 }, ( 19 >, ( 2.0) and ( 21 ),. ,.ye set, 

oc 

. · [ ';!~ l"-) ·.C., ~y + t LK__ l~ ~' 1;.,n K~ 
K:::::::O _. K,.., 

2. 
0( ~0 -1(3 

:::::: ~·1<-

!~qooti.ng the t4!!u~ma irmapen.clent or 'y , and 1nteg~t1n~ 

w1 th t-ospect to ·'X.. betveen tne l1m1 ts b and c:. , w• 
get the followirlg biquadratic equation 1"'ot~ the 

deternnna t1on Qf' 0(. " 

.... (22.) 



2Wl+2. 
(-t) -~2 

+ (-~ )2rvt+2 
2Yl7\" 

'2. \IY1+2. 
(-1) . . I 2. wt +2. 

-+ } 

2~ 2n~b 

-t (-1) . ~ )} _ --o:-{~ ('2.\"\~)2.m+\ 
G\. )2"' e L- ~ . 

(-w '\'\1=0 

lYYI+I 
(2 Y\1+2.) b 

(- 2~7i) 

gs 

+ ····· 

+ ... -- -. 

2.'h'\ -I 
'2.. 2. ( 2"1'1'l 2m. b 

('\"f)+\) .7\_ b - -+ •.. 
\ .\"rt. (-~ \ 

2Y\Ti) 



. 2'rY\-t I 
(2vn1-2..) c._ 

(:- ·~\,~) 

21TJ+I 
(_2-TI'I-+?) b 

(:- :,7\) 

.... T 

-T . . . • . 



- 'YI1+2. 
(Yl1+3)C 

.:{ + 
(-~) 

(-1). ~ 'ln-+3 J 
+ (- ~7'iJ"m+3 

Wl-t3 

(-1) . l!!t!} } 
. - - : + C:- .1_,\"r11-t3 

'YJ11_) 
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Y1 ;rb Yli'\(' J r (1\-t) . ~ {be ct- c_ e ----cc- ~ --t-- - ..... 
-t r Cf0 2Yl7f . . J 

.. -+ C:-0 . ~ + .... :rlHI .)) J 
r_ Cl ::\'l'Y\-tl 
\.: 2..YJr;J 



It the pla~ .io J.ntinlte ln y direction only, then the 

d1ftarant1al equation ( 8 ) will take the tom 

Solutton of the above tnqu.ation can b~ :vu.t aa 
. . 

'h . 

'W = x«:~· [A, ;y,l2-l cl, ~~ -t A2 Y, l2-lclo ..'
1
':) J 

' 9( 'l-. 

. iiJb.e:re - 2.A'Do 1! taken c~s ths part1cula:r solu.tion of( 2.3) 

and. d.!= O(f~o 7 J"1 ana >f bain~ the Beessl functions of 

1st an.q artd kind 41 

-Ct. == w = 0 

c:E-w 
d.1l'l... - 0 

., •• (2S) 

Co~tdering boundary conditions on vv and solving tor the 

conat.ants we get, 

. A I = cv [ Xs- AG l A - ~ r (\_7 - "-s- l 
cl}])o i\s-A.s- ~;X-c;J J .L- ol;-:Do l 'X..

7
Ab -As"s J 

~ _ 'Y(._6-tc.) A, 0-,-/\3)+A2.. (]\2..-t'A) 
'-\- L_ - • 

2..~ ])0 b- c.. 

c:v-62.. 
C.2 = 

2
d;-"D - A1 A., - Al..A"l- ~ c, b 

0 
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"-1= 
b12--;r, ( z.ido 61[9 

J.o,_ 
1\_ = bh/'1 ('Lido b'_j 

2_ c:!o'l_ ' 

'X_,:,~ 
d_h~ (~do 29 

ctL_ J 

l(2_ I 

X: = e_ Y, (~do~~ 
"1 doL 

A.5 = 6'12_:r, (~do br)} Xb ~ br/2-X (~~ b"~ 

1( D ~~L\ -1/L 0 I(~ 
A.l ~ C 2--J1 (~cLo C. J, i\.~ = C:.. Yt (2.1 CJ..oe_j 

••• ( 26) 

In this case equatton ( 2f.) redue.es to 

Xt -tL = u ( ?t)- we have• 

U'(Jt) -t- i_ [.:, + ;;~0 -t- it A1;>o lc.iol,~} + A,_Yo (_4cl~~ BL 
0(~ x._t/3 

- .0 

. 12. 

Integrating the above fr1lquation betw"n the lim1 ts b and ~ 

•• gat the .following equation to determine D\.· 



9\ 

. · 't ~A~,_[,+{r.l<t)YoCZt) -t 1,(z•}Y,(zyj- z~{:•("~Y.(~-t J,(~X~~D . 
' . 

. 't 

- D(_ ;0 (b'L('- e_'-13) 

wtleM 



Numerical calculations • 

(a) Square plate. 

Let us take 0\.::::: \O, b = 2>o, c:::::: \o ~ o('L to ~o::::: \ 
' J 

Putting these values in the biquadratic equation tor 
.. 

the determination of(( , we ~ve the load function in 

the form 

If "'>fjo.... =- 2., y(o... = o ·so , than from equation ( 19 ). 

I: WJL0, W = 2.'71 

(b) Plate of infinite strip. 

Let us take b== 30-' C.::; IO, 1~:::; t·s) ~0 = 1 

Putting these values in equation ( 2.9 )',, we get, 

cv -.3 
;-.. - '67'15 'X IO 
..JJo 

If X.. ~ 2.0 , then from equation (2~). 

w - \'703 
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Large deflection of a ci~cular plate of 

variable thickness under unitor.m load.* 

PAPER- II 

Nomenclature · : 
., 

The following nomenclature are used in this paper. 

cv 
it,W 

~ 

.D 

·a 
E 

e.'h."fl 

e~~ 

e 

= uniform lateral load, 

= radial and lateral displacements, 

=thickness of the plate at a distance~ from 
the "centre, 

E-h~ = flexural ri'gidi ty of the plate = 
12 (l-o2

) ) 

= Poisson's ratio, 

~ Young's modulus, 

= du' + J__ rJw)1
' 

~ ~ ~· 

= ..u. 
'h.' 

= e't\.'tt. + eee 
oc: ' 

Yl1 X+1+2.WJ 

S)t,'Jl"Z) = Lommel •s function =I (-r} · Z 

11'1'='0 

Introduction • 

Following Be~ger ( lQ55 ), the corresponding equation tor 

a plate ot variable thickness bas been ded.uc~~:e Basuli (1961) 
. 

s.olved the above problem with linearlY varying thickness. In 
•{ . - ... '-

this paper an attempt has been made to solve 

*Accepted for publication in the Bulletin of the 
Calcutta Mathematical soeiety. 



this problem with thickness varying as the cube root or the 

d~stance trom the origin. 

Allalys1~ .: 

Lat us consider an annular plate ot outer radius b . 
Let the centre o£ the plate be taken as origin. Strain energr 

due to pure bending and stretching of the middle plane ot the 

plate on combination gives 

v~ -fjD[('iw)\ 1{~'-- '-t~). ~ · ~ ]1eckch 
- jcywn_chct& 

If r. be an extremum or V, Euler•s variational 

equations are 

oF 

Considering ( I ) and ( 2-. ) we can write ths differential 

equation 1n the form 

~2.. o( 0 

12... 
~~;:::: . constant -

so that 
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• • • ( I ) 

••• ( 2.) 

••• ( 3 ) 



••• ( .5) 

From ( l ) and ( 3 ) we have 

Where A= l-to, 

Sett1n; ~ _ z ) 
VG ~)ave 

••• ( b ) 

Oleal'ly z ::::; - '!' (A--t B ~ is a. paniculsr solution o t ( (; ) 
2. B "Do ' 

~~ the equation 

••• ( 7) 

••• ( g ) 

Where K is a constant. 



!he solution or the above equation ( g ) ean be put 1n the 

rom 

2.... 

· (Forsyth,. A.R; A: treatis• 
on d1tferent1al equation 
PP• 002). 

Where ~ -= ~ - o -t 1 - . and ]A l '2-i P->' 1~ 0) J Yt« l u e."~'nY) 
are the Bessel tunctiona of the first and second k1nd.­

Hence the complete solution ot ( 6 ) is 

where 

Integrating equation ( 9 ) with respect to 7L we get the 

deflection 1n tho form 

W - 2C1 ~[0-•) }:..(P} ~1¥"_ 1 (P)- J.-, (.\>) So,/' (P) J 
-\- ic, ~yt&<--0 )).(P) 'i,0_, (P) - ~-~ (P) . So0 (_!.) J 
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For an annular plate clamped at the inner boundary' il= c 
and at the outer boundary 

boundary conditions a~e 

4= w = 0 

d.w Ji::: 0_, 

ol '1\. = b' '>L~ c: \ 

a;t 'L==- b) n_ = c_ j 

Solving tor the constants we get, 
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• ••< II ) 



Where 



' /f( 

?\.' = .I 

(I( . 1\4.:_ 

99 

~v'l.. 
c: . ~~z.) ' 

__: cy {£t -+ Bi:-) 
2 Gl..:Do 



Multiplying the above equation by il and integrating wltb 

respect to h.) we get 

M~ = <(~~' ~ :~ [t~~~)r-+ l~';r':) t~J] 

~ ~~ [{r_t(t>)f- lP'-~)i (PJ] 

\00 



\ () \ 

••• (12.) 

b <") : o'h 1f2-.. Where ~s-is the constant of integration and r ::::- '-'I r:J 'L .. 

But as n_ --7 \o} ~ ~ 0 • Hence 

Ls "' - o<~~ b/3 - ~~ [ t "• ~ (z;')) \- ( z (- T) t ("-0 J 



\0 2. 

- ~ L 1\.,_ ·; 1 :.---- .. ,+\,_A-r ?-4-J '/ 2l'Yl.-r-2-l~' YJ c c [~ z f_j'l'h'); (2.."rf\.+1-J;M-)ffi (z.l). s2..... (-zl)- v ('z:;). s {z,lt l 
2 B hl=o \/'-~) - - ·_ · { lt-t<-\NI y-_/'J 

-:Vs:~J~r t~-~ (z,} £20 (z)- 0+ _0}.(z,). sly«-/z) j 

-1- ~ {(3-vc) ~(_z) sv_J"0- J..-lz9 s<1~("0 Jj 
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••• ( [3) 

Also as }L --7 c: , -u_ ~ 0 • Hence the equa tton to 

determine o( leads to 

~ ri/3 

~ 2°0 
c_ -r ~~ [ { 2L ~ l9 J'--r (z;-;-) t; (9 J 

-t- ~~ [ t~,_~ («0 J L T (z~,.-j ~'(-"0 J 
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·~ c~~ [~ f:r.Jz:)}l"0- J..-~lz0 0+1(L0- ~+I (-z0 0-~(:0 J] 
-+ C.! y [t l:: 0"' z, (:m-+t ?"} J. (.z '} s, M-+1 ,?<-1 t'0 -:j,.,)~c) \,+' ,_,.. {!-L)} l 
. 

2 
B hl==O . lt~1-) · · · · t l \-t- ~L. ~ 'L} 

"1 _ L_ r 1 2.»'\-ti 1,_A-r / ,?t--1 1 2.n?-tL.1/"' \.: / J <: 2 ~ c~(_-l):z:2{(z~-t'"tA)Y;.Lz0.s; (z2.1_v (-z;>_\.s, rz.0~ l 
2_B h'J:o (_r~) . . . . t lt + 2-:) "- / LJ 

· eve, fA(!_2_t 
+ 2 P,'-])

0 
l LB ~-I (z:) S.,JA (z';) - 0+_0 J..("'-L} \,A-/'0 J 

-+ ~~,_~~Y)J.-("0 s-Y_ 1 (~-~-1 (z0 S4Y("-0lJ 

1fC2.. rA ~_f~ , C 
-+ 2P,L])0 l2-r, 0"-1 "+ \,.Jz•) -0+_9t,(-z.0. Sly"-,(~) 

-+ ~{(>;--,..)~l~j s30 _,(z9- '/r-1 ~·). s<~rl20~ 
'h-) , ff.L 'l..)'l\-t-1 'n\--\- 2._, 

cyc.3 ['t \_- t) . ( 2-1 L> j . c. 
-+ 2B'-bo "'=0 ("-+'j [C1'7~ · '--~1+2-~'-/"'j 

oc (.::: t) ~ l2--l r.,' ;3'1-'n\ -+I . c. 11-t -t 3 J 
-+ B f;o l »!+3) [c.1'--f'-) .. { (lnM)'-yL]j 





. In ·p~tioular, tr · CY ......: o · 2 5-. t the co:rreapon41ns detleetton. 

ot the plate is given by 

W = 2 c: ~IL [I,_ (_t>} S_" I(~) -;- J, (_P} '>o,2. (P J] 

-t 2.< 'tl"{Y,(I>) · ~.,, (~) - Y, (-"J. so,:>_(!') J 
-t s' [t (;:_•)"\ (,_.B''~r"~' . ~+I . ]. 

nt=o ( >vt-+) [ci:. . .,_j--- {_ (tH;) ":: :t~ J 

( 06 

•••( {S) 



( 

c, = 

Where 

. . 

[ ~Ai -)<; ~~J [ 0.-!<~)(A;-1<:')- 0,Y.:i)( A~-)<;j] 

- ~~~<;'-/',/<~] [~-~<4)0%-;~<;)- 0r~<l)(AZ-rW 

'~~~''-/<~~J [0,-;A:)~~)t{j-03-;<j)l At~'-~:'')] ... 

. · - (t,;/4;' /~·"] [0~-.Ai)(!<; ;r;) - (<~r/'<J) 0~7"'0l 

[

II Ill II "i1Q{J. -AHf'·''-A1~11\_{J._..t.!){_k~--h 111\l 
..,403 -/.y"•j ~4 /:'Yt'3 / "J/ ~J r·y~ ~ F'4/j 

. . 

- ~0;'~;/~J [(_A,-/<:)0;~;)- 0JtAl)(A;';4~')] 

~~;' -~0~] [(Ar-;A/)~;-~~ ~, (AJ~jtj )~< -Jt,tJ] 
- ~~;'-~SJ<'J [0~ri)~;-~t;)- 0JjtjJ0~-~DJ 

, A.'' /'3 

' . 

/'• = 2~"-[ 1Jz.) s_,)9- 1, tz-•Po,'l.(-z.,)j 

\07 
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- cy . I _::___ b -t- B b'l._ \ 
2 B "L _D

0 
L 1 "2-- J 

2c.'h[12.lz.0. s_,), cz2-)- J,lz2-). <;0}2. (-z::t-)1 

,, . 
~4 ~ 

,, 
/<4 = 
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. -T ~~; L ~ tn,Lz•) .-)~ (z.)- J,(z,_) y3 (z,_)- :J;(i.)Y, (_z,)J] 

-\- c.:(~ [[oc (.:!)~ Zz {l2rrt-t3)J2.~;) ·~~+t,l ~V-~ (z:t-) S2.»1-t2/l.lz0}) 
2. B · { .2. -

¥1'\=-0 . ~-2..~. ·-{_(l+2wt_)~'LJ -

· + cicd [f: t-•flz2 t(2.W!+~Yl~>) s"'l+r}9- Y, ("';) s""~',_(z~J l 
-_ . 2..~ WJ=O _ - _ u'2._ 2)- . .. { (1+2~~2'2_} 

. I :- . . 

eye/ [s-c:_h-~ . . 
-\- 2B2D

0 
95 B l:S' (z~) S2,2.l-z9 - 3 J2.(z:)S,} 1 (z.2-) J 

+ ~; { S:)._ (-z0- S3 , 1 ("•) - 3,(<,_) ~4,,_(z>) J] 



I -

'' 0 



\ \ \ 

0 ••• ( 16) 



Numerical calculations : 

Let us take LO( = 1'5, b= 2.0, C= 10, ~0 -::: \
1 

'Tt.= 15 

q, -.3 
Putting all these values 1n ( 16 ) we get , :Do = l l8 · o x l o 

Substituting this value ot 'V in ( 1 s ) we get, w =f ~3 2 
])0 

\\ ~ 


