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LABGJ DEI-'tt~!CWS OX' BLMIC p~, i.Wf.fal,ltfG . 

ttme'!ILL'IBAn· ORiliOfMPl' _. 

~reatmcu ~:r the l..arse defl~ctiont ot orthQtJ10plc ctll1pt1c platoa 

placed on elaat~c foundations ar• ~t toun4 iQ. 11ton:tur•• OrllV a 'fiN 

treafilUents of the luge aotl$ction2J ot uotfOp.t.c eU1p·t1C plataiS are 

tountt 1n literat.tU-o and they a~e due to Perry L-19So j, WttU an4 

M'awn&ark £.-l.qSG J ·and Na;h and ·eooleJ l.,-lSfB j. bse · tnve$t1gawra 

GmP107ed var1QU$ n•or1eal .mo~~ds to&? ao1.ut10ll ot th& pJ'Obla vitbout 

asoeZ'tatntni thG e.ppropr.ta te atresc fUnction •. 

·lb!e paper tl!Qals. with tho 1ar£6-&mpl1tuo.e detlecttons and lndU.CM 

~tr~sees tn a clampd edge thin orthotreplo ellip.tic pl•te una•r tmlfol'ia 

load a.nd placed .on an elastic roundat1on ~r th~; _ Winkler t1P•h the 

tn.vee·t1gat1on 1c bas(ld on Von mlrmana ~ttat1ona cene&iaed to ~ 

rectU1n-.t:tl1 orthot~p!c eu~~. Arter- postul•tlng the shape ot the 

d"tl~ctioQ surtaoa, the s t~ss funct-.oll 1a toMcl f'ront the oompa:t1bWty 

equa.UoQ~ fbe tinai solution tor ~ef'leation 1s obtained bt appl:rin& 
, . ' I ~ 

•Ace•pte4 tor publication 1n the Joarnal ot -tppll<ht Mec~lca, 
.A• S.M.B.,. tr.S.Jt, · · · 

( PuL~h£J_ J vo-e. 43, No.4~ 1Cf 76) 



I _._ 
O.lvkin•s method~ ResUlts for 1sotroplo Glllpt1c antl c1r.eUlar plates 

. have betm deduced f'%'011) tt»ae obtained tor ortbatropie eUlptto plata. 
. . 

~ese NSUlta are presonted 111 the fom o~ g~pb8 and compared with · 

ot~r bow raUlts. file results obtrdned ~or the isowopte case are 
. . 

more accurat@ tban the othe~ known resUlts and •" m ex~elltnt 
aar.ement with the preotteal values g~:ven by Hash ~4. Cooler L~S j. 

. . 

'lhe results ob1:&1ned for the ortbotroplc case coUld not be cmopal'ed -

absGnce or any· known reS:ult• 

AD'~YS!t ...... , - .. · I' 

Consider a t1a.t elliptic. reotU!nearly o~thotropic etastlc plate 

with ~~aJor ana a. and minor axias 2b. Let ~":to origin 0 ot a ~artea·.tan 
j • • ' 

rectan~ar .o-erdin,ate 17$tG x, 1t z b.e. loc~ted at the ·c.~tre o~ tU 
. . 

. plat.., O!ms1de.r tl'$t the plate ~s cl~ped along tbe botmdarf ~d · 
. . 

st.tb3eote4. to a unifom load or intonsit;y q. . ~e. plate 1~ placed ou, 

an -elut-lc totlld4t1on ot the Winkler type h!\Ving the towu1at1on . 

. · roact:ton k1 p.-r un.tt area por unit fief'leotlon.. 'lt't\nsv~rso detlect:lone 

ot the plat& a,e eon$1«'!eted to ?;)e larBt'f•· that !s ct the ardar ot 
. . •' . . . 

ugalitwltt of the pla.·t• ~'lietmess, b. L.-t the tlaural' &.'let torsional 

rigid! ties of' th$ plate be ~tmQted by D1, Da :7 and »a. re8p.~ot1vely, 

I 

h3 . '• 
whera. I = 1a t ~ = Cl.ta 1, BJ. 'antl Jia 4eno-te the Youns ·~ modall 

1n the x and y directions ~-p~tlvelt~. Gu 4enntu the sh~aJt mo4ul.lhr, 
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lJ, ~r••enta the. (t!)rttraction .ln the 7. ~lrec~lon . il'I~'Oerlctd b~ tb• 

ta.loa 1n tb.e. x dlr•etton and ))2... · ~a· g1Vtfl b7 t.u. tadlialt'. tttlaUon 
' • • ' ' I ' ,•, • ' '• 

~· 11 "'Vl-_ • ~- ~, • •"• Zrl wll&' tollows th• foUowlns aJabollaa v111 b• 

u•nts.c, 
''· 

J ~. • • . 

•·•• (•.a> 
. . . . t ' 

·wttb t~e atK)v• notattone, tb.~ t&mUU~t von taman equa.t1ona &tru.tr&l.iaed. 

to rectUiruwtrl.r ortbotJ:Dpic oase tak• the tollowma zoa t 

.••• (4.3) 

I . 
where v :1s t.'be. transverse detlect1on of th.e :n1ddle plana of the 

»law, cp $e t1la sues&. fuuotlon b7 m~s ot wbi.ch the memb~attG toroe• 

are r•presented in the customary 1\:Jrm : 

o~q> · ·• : 0 aq,·. • · 0a~ 
lx 'lll= b 

0 
. t w..,. b .· ;1 , l'.v • b . . . . 

)?2 . ., . 0 .· .,.,.., . ox 07 
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L•t the detle~tlon fUnction v (~, J) be taken ln the tollov!ns tons 

aatufllrtg tne elamptld. e4&• boundarY con41Uons 

••• (4.6) 

• • • (4.G) 

A$ a sol~tioD. ot_ Eq.(4.6), the stress rmet1on, ¢ (x~yl 1s ·.,ten in · 

tho toUoving tom . 



. fbe 14 co-ef't1~1enta, AJ_, "a' Aa etc. in Bq.(4o?) are to 1). 4etarmln•d 

from Eq, ( 4.6) and. the presel'1bed boundai,7 con<l1t1ats. Dr .vi~tu• ot 

lq•(4.6) the tollol11lii six relations e:ist. t 

whers 



for the iaMnrabl·• edges, the iftplane t11aplao&vmte u. and y vanub 

on the boundai'J' 1 ••• 
. ~ 1 . . 

· x 2> ¢ "o¢ 1 

~= J3L\~~:~~~~~]- ~(t) }Jx = o 
')(.1... ') '1..... 

()K- -r- -=-I 
Ol'L- b..._ 

't --::..'l. 'I d <? . ,, 0 (.\J 

1 { [ E1Qi1.- E ~LJ I (~W)L.} J . 
V =. E

1
E.l.-(E')l- .- 2... \..o~ ~ = O 

0 ~ '1..... 

X ';J 
~--r-=1 

. G\. 'L- b'\.--

Bq.(4.9) wlll yield the following eight addit~onal conditions : 



... 

••• (.4.104.) 



e Atl1 ... a st. b2 4 •ff a ·As!\ . 11 b• a rl' 
....... -+»11. .· · .... - J+ ~ +·StL-- ...., • J + 
525 ' - 31& •a 16?6 4fi a.s a2 • .. 

tlJ 
...... :; 0 .,e 

0 .... (4.101) 
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t'bAJ tquattona ~ (4.9) and (4.10) ar~, 14 1ft nQlb•~· Mt•JI 

••lviftc thea• touhcl s!r.wltanet.W eqtt&tioris ene set= the toUoviq 
nlun et the toutec Ul'lk.Qew ooutant, t 

;=. 

vhere 

-I ••• .(4.11) 

A [(~,13, +c(,_f3s) (_P,-t 'P~P)- ( ~~ +bo<,_p~0~h+f',p~J 
[(fib +£;1:~-r) (!-33f6 +P4Ps)- (_fo,Pb+P~P.V~,Kl_-t b}~ r)J 

•• • (4.12) 

E" b4 Bl , b6 - a" e'l.. bG 
(33 • ....... ................ - + ............. .....,...._ .......... 

84 a4 1000 a6 1260 }c2 a$ 



J.45 

s a• 
o( 1 I c ·. + 1.1-. 

. 810 •• 210 

••• (4.13) 

·+ 
••• (4.14.)' 

Aa 
)\ p'L.. Ba (4.1&) i'l -&a - .... 

k~ b4 
.. 
~· K2 t3 . 

••• (4.i6) 
~ <1'4 - cp2- cp3 

~ ( o<4 4', - o(3 <f>2.) - ( N <P, - M ct'2.) . -·. . . 
••• (4.17) 



!a a6 a 'OJ ·4 ... p'l..ao £a ..a2 
/Jr.., ¢ = a B -+- - ··- - ...... 

I . 60 tlS . l(J ~· 60. ·'],6 GO 1.(9 ,a 

a• k2 &' ba ·sa a2 E.tt K2. p'2. 

cp3 . D ....... ........ -- ---.-.. ......._ 
60 ~ 10 ba 60 60 k2 

a . 11 
A illo4 · · •" a2 . . . _ .. Eft a ll -.E ... ,. a 

+ Dft t:. . ....: ~· ... ......... . J- a3 L- ......:: · -
Q 493 b~ 1050 . . . 35 Vi"'~ 70 '"bi .J 



~ 

'As 

6 2. ... - BJ. 1) +BeL-- ·~ 4m a6 lOS 

b4 . 
4j- Bat..-• 

p'L 
+ ~-=-) 

k• 

lP<P8 - ~¢7) -ts(o<b¢7-o(s_<:Pg) 
'l>s 'l>s - ¢(; <P7 

···~· I;~ .. 
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gft ba 4Ja b4 
j ..... :r•- -?0 .. 35 a4 

. .. , .... ) 
. • •• (4.10) 

.... (4.8)) 
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!his eompletes the deteN11:latton et the stnss tunotlon cp ('C,y). 

We MY &pplJ' the procedun of Galerkin tQ ebtain tb.• dfJfteotien 

hnction w (Xf7)• AtJ a final result of • leDcttw ~eulatlen w• 
obtain the tollov:ln& cubic equation 4eteaintns the "entral 

detleQtion w0 

~ 9 (131 aSJ. + Ba ®S) + 70 (Bl &~ + lfa ab6 l • 1$.7 Ba&~3 + 

.+ 29G. B4 a:Jb3 • 415· (Pl f +!'a #>j, * ·cy 



~Z~me•~1 ~•st4tB· &M p:r:esented fol' · two ~-1 notten: ~a~.te14&1s 

(pl~ and •letta product) bavtns J'Cttllbl7 the· teUow!ns el.aatio 

picpert~es t,.,_!Qwwld. (1963) .]. and tald.ns a= a b tor .the 4t11tpse. 
0 

, 1 • • • ) ' 

1 1 1 X 10° 
' 2 .• 1 X 10f5 
' 3 ' B , 

l - ·I f. · l . . . t . 2 I · ,'L . l t.,'l-

J 'Sa • f.b.g 11 '))' * "l)2.. 5 k • L , r 
f J 1 I Jt t' I It 1 . - 1! =r· • ·.r !d ., ;j. . ! 1 . . r ft 8 ~ . 'i .• l .. it 'f' 

t 0.Sz;a.()6 I o.J%10$ t ().Ql). 0e025 t o.s '0.223 t 6 
,. f . f • f ' t ' 

• o.o1x1oS•· o.osx1oS' o.a • o.-01 • ~os•o.lOS' 1 
t t · 1 t ·•· o· t 

' E ' G. • o.a ... o.a . · . • 1 '· . 1 · : •·· a 
.• f . ' • . • • • 

' ' 1 • t . • f 

4 
( A -AI!! A 0., '/#' ) (. W0 ) A ( llo )3 c·· o/ lJ ) vt·£59 -+ va> u,: S"~.F - ·.. + v•O'l'/ ..,...;. . ~ ;:_ • ••:.1 

h . ·. ·b. -.~. " 
••• (4.26) 

· where f;be nond1llieit!!lional toundat;ion ;.,dulu. Kp = ~ ~4 •. 

For a wttaker an1sct!.'DpJ (BJ .t 11 = i-> Bq.(4~25) redttows tea 

. . 4 
< 1.2 • o.om 1fp > < 4~ > + o.os. c. •i• )3. = ( ..'r., bl , . > 

·n n BJ. -h4 . · 

ii1,ll$tlonc c.•••> an4 (4.27) are p~onted m W.g.~l· Bquat1on (4.aJ) 

ts aloo prasented in the sam• f1p~ tor: .comp4\r1aoQ. ~· stceta ti.Ulcttot-
. ' 

an4 the dofl~t!Gn fwlctton be~g knc~ !l«<lbt'ane and· ~fllding atnss•c 
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at &nJ _pojnt in the plate can be easily compUted. !rb.e peak at~eaa 

0ccurs ln. tb.e out•r tibeg at the &ds of tile mtiMr a'tla ot the 

•11lP$•· 1n tu direction ot that axts,. and the sum •t the d!m.ms:tonleas 
' ' 

!l'ltmbftlte and bending stl:'esses at that point bJ the the.o17 of the 
.· I . 

p:resent writer is sl»Wn !n 11ig•4~8• 

. Aa a, check·on. the accuracy or the· data tor- .def'lect1ons and 
' . '. ' . . . ' . . 

streas•s tor ·the •lllptte p.lat•• the aetleet1ontt and the tatal· 
' ' . . . 6' . 2 
no~eru.d.onal .m~l;tr4)lru; and bending stresses, . ( · . ; ~2 .. ) obtaitlat;t. ~Qlt · 
1sotrop1c case are presented in rs, • .a.a. and 4.4 r•spectlvely for 

COJl!P,.a:l.'1~~~. wit}) the eorr•pontttng resui ta obtained b,. ,,~11 and 
. ' - . . . 

lff!WS!ark ( JSUSG > e.nd N'SJJh and Ololey ( 1960) J.; Xt 1s observed tbi& t the 

detlfJetlona obtalnsd b7 the prttent wnter . are 1n aaell:t~Ut as•eeaent . 
. ' I ~ 

witb th.e elq)erimental values. But tho ·a,rasau are at varlanc• with 

those ·olrtatnaa 1>7 L- Mash and COOlf.J7 :;·. · 

:b a tu:rtbb;r check on the accurat)J of the data tbr deflection 
. . ' . I 

with founila'\rion. gq.(4.a5) :l.s re6ucmt r.l* cireul&l' ~undal"J' and 1$ot¥Gpr 

to the following. $(l\7ati9n 

. . .. ·. . Wo . - · W. . 8 o/ &4 cs.ae + o.oss Kp) ( ~) • 2 .• ?8 (.......a-) = (CO!IPB.rlllill) 
. - ~- -~. -~ ••• 

Bquat~on (4,ZJ) is presented !n F1g .. 4.5 .tor eomparisen vith the 

eorreapon(l.1n·g rssultn· obta·ined by wav (.DMJ and Bolton I..,"Bl?a.]. Jt -11 

.obf)erved t'l'()m J'tg.4.5 that the detl~tlo.ns obtained tor ltp = o to» 

' circUlar boundar,y. are 1n excellent ag:reement with an --.ct solution 

, obtaltut4 by wa,- '"BJ34j and A£"$ VU1/ veU w1th those. restdta ob•:f.ned 

b7 Sol~n (..~?aj aven to11 blghGz:r valu•a of load tunction. Fer Kr ~ o 
. . . . 

the results ot na:.4.s asree v•ry weli with those obtatn8d bJ Bolton 
. ' 
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anct Sinha 1,)963.] .• lbnd!m~s!ond ••bran• stresses, .~:~)!2·) tor 
CiNUl&r ·bounda!'J an •1• ordctll•te4 and they are pHaented 1n ftg •. 4.G •. 

It is obsewoti tba't. the •treen;ea obt•.tn.ed a~• in uc•llent asream.nt 
wtth the exact solution obtained b7 vay L.,D34j . ., 

I . . . • 

h re•u.tta obtained to"Z 1sotttoi)1fl elliptic and cii'C\tlar plat.~ 

are more aoct12:ate than the ~eaUlts obtained bJ' ott.r mveaticatora. 

!h!s. 1s du.a ·to tbe tact that the. streaa function• tor the .:l11pt1c 

plate have b~Jen dete•.tn.ed ••r.v accurately. aut the reaUlta obtain•« 

·~· et11l approximate because 'the. def'leotion. fUnctions bave 'been 

d•t•rminri witll tn• b..tp Clalerkin'• prooedllr•• 
< • 

1•7. 
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