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LARGE DEFLECTIONS OF ELLIPTIC PLATES BEHIBIZING
RECTILINEAR ORTHOTROPY *

Treatuents of ths large defliections of arthetrople giliptic plates
placed on clastic foundations are not found in litoraturs, (nly & Sew
trestuents of the large dofisetions of isotrzopic elliptic plates are
found in literature and they are aue to Perry /1950 7, Weil ana
 Newasrk /1956 7 and Nash and Cooley 41950 7. These investigators
eaployed 'wzﬁans numericsl methods for golution of &.ﬁe problex witheut
aseprtaining the gppropriate stress Humations |

fhis peper deals with the large emplituds deflections and induced
strosses n ¢ clevped edge thin orthotrople alliptic plats mder saniforn
load and placed on aa slastic foundation of the Winklor type. The
E invez-tigation iz bpsed on Von Xdrmans equations generalissd to the
reet&linaﬁﬂzy m’ﬁwtmpic’ cagas After pestuieting the shape of the
gelloctlon surface; the stress function iz found from the compatibility
eguation. The final solution for diefleetian is cbtained by applying
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mlwkin ‘s methods Results for 1soﬁrapi¢ elliptie and clreviay plates
‘have been ﬁédueeﬁ from thosd obiained for orthotrople eiliptic plates.
z‘hése rosulis are pmséﬁtm in the fmfm of gmﬁhs anit compared with
other lmown results. The resulte obtained for the isotropie caso are
more ascurate than the other known results and sre in sxﬁallmt
Agreensnt with he practicsl values given by Hash andé Cooley 4_“:.959 T
The results obtrined for the artmtmpm case eould not be eompared in
absence of any known resulds | |

Consider a flat elliptic vectilinearly opthotropie elastic plate
withk major axia 2 and mimz' axis 2b. Let tho origin 0 EE‘ a 'eartcs-ﬁan
regtangular ea-erémate eystem x, ¥, 2 be wcsma &t the conire ef‘ the

platys Conslder shat the plate is clamgeé amng the boundery and
subjected to a mi—i‘am load of intonsity gq. The plate is placed on |
an elestic fomdation of the Winkler type having the faundation

. rezaetiaﬁ -'3;:1 per unit area por uéit defleotion. Trangverse deflsetions
of the plate are emg‘;g!ereﬁ i;a; ;bé large, that is of the order of _

magnitude of the plate thicimess, h. Lot the flexural and torsional
ﬁ‘giéiﬂu of the plate be aégmeﬁed by D4y Dyy and Dy respectively,
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vhere I = ~a * Bk Go I, E; and By dencte the Young's moduld

in the x am% ¥ ﬁima&iom rvaspectively, em denotes the sheapy mdnlns,
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WV mrasams thu eon&meﬁm in the y direc%ﬂen iaﬁ.nme«! b; the
tmien in the = ﬂlraetim angd ), ia givw by tha taaiimz rol&mn
' ﬁl BBy = z « In mmt: mllm ﬂm i‘enewing synholiam win tm
t;g:}liuﬁ -

- D ] ' ) .. - . ) ’ ) - '_  R. F
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N B, BT T T - Gy |
| ese (4a2)
with the above notations, tho femiliar von Karoin squations gencralised
to rectilinexrly er%hetmyie case taks the following form

B‘ . v 2 I'L 34 kg Bfﬂ_ . klw . “h Bzy 58

ax 5 y a‘:By 'b;ﬁ e}

" odes (4-3)
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where W lv'.‘.a; the transvarse deflection of the middls plane of the
platie, p 1z the stress funetion by means of which the membrang forces
| aré representad in the customery form :

32¢ | aﬁ¢ -2
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Let the deflaction function w (x,y) be taken in the following fom
- satisfying the clumped edge bamﬂkw conditions

| 2 2 2 ~ |
V(xﬁ) m Wo( 1= _alﬁ'!' - - ha ) , | aew {4.8)

\

gubstitution Gf Eﬁ-(%) into m'*§44)ﬁﬁldﬁ

. . P
54(15 2 ‘54 'a‘lqg l&ﬁzw‘? *&Y 3%
- R "'a"‘x'a‘ay'“"s g w e £ ..3 PR
oyt ey L
R 'ﬂ'*ga- W - 5 J soe ‘4'5)

As @ solutlon of Eq.(4.6), the,- stress f:mc:i:ion, ¢ (?.'gy} is thken in
tha following fomm .

b 6
cP(x,:r) = So.88 (,Alx * &zys) * 3@ uaa . &4bay ) *
L 380

44 1 o 62
""5;“5 by)a wzax + P, by }«r—-—-z:

X(B:Lx:r*ﬁgxzyaﬂ' (ﬂl %*HQBWFJ%;Q =

X By £y + ‘ 2. By a7 b2 2 33 | ves (87)



The 14 comsfficients, Apy Ay, Ay Otce in Eq(4:7) are to be determined
from Ege(446) and the praseribed baunﬂary conditicis. By viriue of

Eqe(4+6) tue following six relations exist 2
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For the imovable edges, the implane displacements u end v vanish
oxn the b&@ﬁaﬁ Lo |
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Kqe{4.2) will yleld the following eight adaitionsl eonditions
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- The equations in (4.8) and (4.10) are 14 in nwmber. After
solving these fourtssn simultensous aquations one gets the following
values of the Tourtesn unimewn donstants &

B v '—‘ . 7\[ (%L+ ) Bape +/; ik ‘) ~(xfe+ %) (2 K?'+€F4 PL)] _ |
.! [Pt ) @ofictaf ;) - (8 CetPuly) (ﬂc K™+ 6/ )]

oru {4¢11)

N 2P 2
- 7\[@, Perdy o) (Be ép%b) - (Efg,_—t-@(l\’ )(ﬁ,/ﬁﬁﬁz/%)]
(et (e hs) - (AR B 63)

3 ‘ see (4013)
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This completss the datermination of the stress functfon D (%,¥)s
We now apply the procadure of Galerkin to obtain the deflection
function w (x,y)« 45 a Tinal result of & lengdhy cslculation we
obtsin the following cudie equation dotermining the central
dsﬂeg«tiqn g

24, 1612 24 %2 kg -4 Yeh

o b s # Fo883E e ) W) +» 84 % 107 i

(, a'z % b4 ) i Bl ) ﬂﬁl ab
a? u? a? g a? b7

L 3(&1b * g = )ﬁwmab#%g 3 ?agasb *‘ﬁa )
= 9 (By 85 + Bp abS) + 70 (my adb + Hy abB) - 5.7 Baa®®

+ 250 By a3 » 415 (P g’.? + P %’3) g =9 sse (4,25)

Thils the deflection function is completaly determined.
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Numerical results sve presented for two Feal wooden materiels
{pliwocd and delta product) having roughly the following slastic
properties / Howinski (1963) / and taking & =8b for ‘che allipse,

Cse , E1 , Ep ., G . 4 Y , KT, s
R ¥ 2 [} N [] ) 2 ) [} [
1 'ix 105 : (282107 : 0.1210% 1 0.05! 0,025 ' 05 °e.se:3' 5
2 !1x2108 ¢ 0,08x10%" @.05:3.05’ 02 ¢ ' 0.01 ! ..as;a,ma: 2
8 * g, ' B ' g ta,s .‘,egs,. 1t 31ve
LI ' L3 ) 3 A I ' |
1 s ' I L A

m» & stmng mmmpy { Ha e 33_ = -% 3 Eqa(@:fasj reduces o |

g7 p3

al h ) | .afa‘(‘j@szﬁ)

(D26 + 0,087 KF) { “.g 3 ¢ 0,027 ( o )3 - ‘

. | b“
where the nondimens fonal foundati.m mdulus KF = -3‘3? »

Fora umker aniaatmpy {8 2 21 = -é«) Rq;(d.zs) reduces to

' gyt s
- 3 et = [ET R S 1]
(13&09&@)(« )«» asts?‘ﬂ) (xﬁ\ o § (4.37)

andG far i1sotrepy,

‘2971 % @qﬂ@ K}?}( +\ } 4 1155 { o 4’\6 } = q/‘;: ,} cpes (4&%)
qumtiana (4.%) am& (e.aﬂ are presented in 5‘5.3.4.1-; Byuation (4.28)
iz slso pmsensaa in the sameé figure for compariaon. The stress functier
and the deflection function being known, membrane and bending stresses



@t any point in the plate can be esasily computed. The peal stress
oceurs in the outer fibers a% the ends of the minor axis of the
¢1lipss In the direction af’ that axis, and the sum of the dimensionless
membrane snd bending stresses &t that point by the theory of the |
presant writer iz shown in 2?13;4.2. |

4=z » check'on the accuracy of the daie i‘ar aaflwmms and
atr%sos for the euip ti¢ plate, the defl eﬁtimns ané the total
'mndimeasienal m&abrano and banding si:resses, (mﬁ-ﬁ--) obmimﬁ for
uaﬁmpic case are presented in Pig.4.3 and 4.4 respesctively far
comparison with the corresponding results obtained by £ Weil and
Nevmark (1956) and Nash snd Cocley (1980) ./ » It is obnerved that the
deflections obiained by %;ha presant ux‘lﬁer &rg in mmllmt agxmmt
with the experimental values, But the s%mas@s Bro at varaam with
thoge obiained by £~ ¥ash and cooley e | ' |

As & further check on the accaraezy of the ﬂaﬁa fopr defleation

with foundation Eq.( 4.25) 1s reduced ftw eireuiar mmﬁary and isotropy
to the folmwing eqmt.i.ma '

, 9 o4 oy
‘5;36 L OQGSS KF) ( +\ ) » 2;73 ( +\ ) { ﬁ4 } | L X X (%’%)

ﬁu&éion ‘64,@} is presented in Fige4.5 for mgamm with the
corresponding results obtained by Way (D34 /and Bolton [DB727. It As
obgerved from Fl&i}éis that the deflactions cbtained for Xp = 0 for

- girenlar boundsry are in exceii&% ag&mam: with an sxaet solution
obtained by Way 219347 eang agree very well with those results obtained
by Boliton [_T@‘?aj even for hé&heﬁ' values of load rmet&em For Kg-> 0
the results of Fm.i%gﬁ aga-as vary well with those ebmmw by Belten
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and Sinha @63,{. mnﬂixaonsﬁenﬁ nenbrans streaus, € 2- ) for
aiz'oular boundary ars slee ealr:ulated and they are ymm&oﬁ in Plg.4.6.
It i observed that the siresses ebtaincd are in emollmt agresaent
vith the exact solution obtained by Way 41'@34]. |

ﬁag xeeaulta cbﬁsinea for isatrapie elliptic and circular plates
are zﬁore ageurate than the results cbiained by other invegtigators.
This 15 due to tha :t‘act that t‘hb stress functionu for the eliiptic
piate have beon datemtmd very a.wummly. But the reaults cbtained
are ptill appmxmaea bscauze the deﬂection ﬁmezians have Deen
determined with the help Galerkin's procedure.



E a,
L.
2.0 . —
’ . . / ’ s
Jinear . //' / linedr”
] ,\, y
/
1S +
LO |
s L
0.5 +
S WEAKER >
/7 ISOTROPY .
/I il
/%
O 1 ] | | 1
‘ V4 , 4
qb4
E, !

FIG.41 CENTRAL DEFLECTIONS ‘N ORTHOTROPIC ELLIPTIC

PLATES, a=2b.

(54



20 t /
/ {i
K =O / p r Weace
F
6 | / | ’
7
, ’ — K= 80
/ d \( g
/ g ”
, -~
/ g g
12 / ’ al
/ g ’ - K
e , e P
= - 4 l
ol gt / // /// iy
, / /s e
/ ‘ Z .
7 ”~
/ / ~ - KF:
a4ty / // ~
1/ 2 ———— STRON :
, /;/ \ ONG ANISOTROPY,
| -~ WEAKER >
. ‘ . —_— . ISOTROPY .
2 ] 1 ]
4 € 8 o
WbA 12 14
E, h?

F aTpR -
1G.4.9 STRESSES IN ORTHOTROPIC ELLIPTIC PLATES,a=2b
! ,a=

gS\



2.0
1.6t
Fle
8
—:—; . .
=2 0.8+ . —— DATTA
] = | INEAR
§ —o-o-oEXPERIMENTAL
£ 04b —~—~-NASH & COOLEY 1
2 ——.-WEIL & NEWMARK.
E
S
0..0 i L 1 L !
o 2 4 6 4 & 10 12

dimensionless load = EF

FIG 43 CENTRAL DEFLECTION CURVE FOR !%OTROPIC
ELLIPTIC PLATE  a=2b. '

156



157

20
o0 - —~———LINEAR
18 el = —weiL & NewMARK J
rN:;-w ——~=NASH & COOLEY
i —— DATTA. . , ./'/
@ 12 + " - - ﬂ
_E'_), /. - - g :Q
5 . e K_=25
g | - -
—g 8 ‘ o/// — 7
3 ' Kg=50
Q ' //'
£ s
5 4l y
: 7
g | ,
~= ::
0 2 2 & 8 10 12 x
' qb4 Y4 6

dimensionless load
En?

FIG. 44 STRESSES IN ISOTROPIC ELLIPTIC PLATES, Ol=2b.



) N EoY

- Dh

FiG.4.5 CENTRAL DEFLECTIONS IN CIRCULAR
ISOTROPIC PLATES.



Eh?

159

—s—e—nu-Membrane Stressat centre , PATTA .
| °o» »  » boundary,
————— ’ ITHREY » BQLTON.
7
WA Pid
. . f 1 1 ! L
O 0.8 L& Wo 2.4 3.2

fla. 46 MEMBRANE STR?:'ES—E'S INCIRCULAR
PLATE. '





