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PREFACE

This thesis which contains five chapters ig concerned with
some linear and non-linear problems of thin elastic plates.
The first ehapter contains two l&ﬁear problems on
unifornly compressed thin plates of variable thickness .
Basic simplifying assumptions for the development of the
theory remain the same as in the case of a plate of uniform
thicknesse. In the first paper of this chapter the sy@metri-
eal bending of an annular plate whose thickness varies
ihversly as the distance from the centre has been investi-
gated. The same problem was solved by Basull ( 1961 ) wiﬁh
‘1inearly varying thickness. At the .outer boundary both the
deflection and slope are zero while at the inner boundary
only the slope vanishes. It is assumed that the normal load
is either ‘éis tributed unifomily ‘round the hole with the |
‘remaining part of the surface free or that the load is
distributed uniformly oﬁer_the plate surface. In the absence
of any force in the miaaieAplane of theé plate, the symmetrie
‘¢al bending of'ciwéulai plates of variable thickness was
first diseussed by Holzer (Iéié).-Sihéé:tﬁéh, man&fauthbré
have inveétigated the problem, the outsﬁanding inVestiga-
tion amongst them being those of Pitehler (1928) and Olsson
(1837). The lést.naméa author (lQé@)-has also solved the
problem of unsymmetrical bending of circular plates. The
seeond papor of this chapter is deveted to the bending of



)

'1ny01ving Bessel's function which is convergent. In the
seconﬁ papar of thls ehapter the large defleetion of a
eircular plate subjeeted to a conecentrated load st a dis—
‘tanee from the contre has been investigated. The correge
ponding result (Basuli, 1961) for the prvblem with the
load at the centre has also bean deduced. The third paper .
of this chapter deals with the large daflaction of an
orthatrapic circular pl&te under a cnncentrated lcad at
the centres The ea?rasponding problen on the applicatian
of this teehnique of Berger to the ¢age of orthotropie
platea under unir@rm load was given>hy Iwinski and
 Nowinski (1957)e @he fourth paper of this chapter is
coneernad with the 1arqe defleatlan of a.asmi—cixeular

- plate, simply»supyorﬁaﬁ along ﬁhe‘bcunﬁary. The deflee=-
tion is5 obtained in torms of Bessel functions and Lommel
functions. Tho Fifth paper of this chapter is devoted to
the large dsfleetion of an elliptic plate wiih“elamped |
- edges. The defiectioa is abtaiggé,in t@:ms gg Mathiau
functions. The sixthx paper qf this ahag&er deals with the
large deflection af'én iqoceiéa r1ght-ang1eéAtriangular'
plate under uniform loads The deflection of an orthotropie
plate hag been investigated firsts Then the deflection in
the case of isotropic plate has also been doduced.

The third chapter contains two non-linear plate

problems of variable thickness based on the approximate



‘method of Berger (1955), The first paper of this chapter
consists of the large deflection of a square plate whose

fthickness varies'uni-direetibnally-as the-cubé‘root of
vthe distance of the parallel strip fram tne origin and
n infinite strip plate whose thickness varies along the

breadth, The second peaper of ‘this chapter deals;w@th-tho

‘large deflection of & circular plate with thickness vary-

ing as the éﬁbe root of'the distaﬁca from the centre.The
_correspondiﬁgiprbblem with linearly varying thickness is
due to Basull (1961)s B

"~ The fourth chapter consists of only one prdblem
on time»harﬁening and time-softening elastic plates. The
free vibrations.of different'élaétic plates ﬁave~beén~
eonsiaereﬁ, Young's modulus being assumed to be a func -
tion of time of the asymptotic type. The - dei‘lecticns of
rectangular and triangular platea of such- materials ars
obtained 1n terms of Bessel's funntions of purely
1mag1nary ordera. '

The fifth and the last chapter eonsists of only
one préblem.on large amplitude frea vibrations of §i£fo—
rent elastic plateés. Applying the teéhniQue offebéd‘ by.
Bérger (1985 ), Nash and Modeer (1960) 1n&est1gated the -
1arge amplitude frae vibrationsg of rectangumar and circu~
lar plates. In this paper the large amplitude free vibra-
tions of triangular, elliptic and semi-eircular plates
have been considered on applying the same tgchniqqa

offered by Berger.

D)
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CHAPTER -~ I.
Bonding of uniformly compressed circular plates of
variable thickness.*

PAPER «_I.

Nemenelature s
The following nnmsnalatur@ are used in this paper.
Ol = radius of the plate,
kD = pading of the inner boundary,

41 thickness of the plate st a distancewl
from the centre,
| E¥1

D = flexural rigidity of the plate = 20-67)
E = Young's modulus, | |

G = Polsson's ratioe.

Introduction : .

H&lzar-( 1918 ) diag&ssed first the problem of symmetrical
beonding of circ&lar plates of variable thicknesse. Sinece then, mény
authors have iﬁnestigaﬁsﬁ the problem, outstanding of which are
the investigations of Pichler ( 1928 ) and Olsson ( 1937 ). The
last named author { 1939 ) has also solved the problem of
unsymmetrical bending of eircular plates. Comway ( 1948 )
invesﬁigatéd the problem of symmetrically loaded elrcular plates
of variablé thickness with various btypeés of thichkness variations.

*Published in Indian Journal of HMechanics and Mathematies,
VOlo Ve Noe le



Basuli { 1961 ) solved the problem of bending of"
unifornly compressed anmular plates, thickness of which
varies linearly from the centra, '

» In this paper an attempt has been made to solve the
 same problen with the thickness varying inversely as the
‘distance from the centre. |

. Theoxy &

| Iet T = uniform pressura per unit length and

- thickness ‘of the section of the deflection surface bounded
by two concentric eylindrical surfaces of radii T and

n +ol.n and two radial planes imludi'ng & small angle As at
the centrs of the plate, ai a ﬁismca N5 My,Mg = bending
moments per unit length of the secilon perpendicular to
radius and tangent; Q= shearing fovees per unit length,

acting normally to the middle plane, CP = | slope ‘ét a
distance = - %L—\;i , W being the corresponding

L
displacenent. :

Considering the eqilibrium of the element and taking

noments we have the following differential eguation,

DA ) R o) Thp - g D)

where the flexural rigidity D 1= a variable quantity.
| L Basull. 8 ( 1% )7



Problem 3
{a) Quber boundarx elamped and gugportzed, mneg boundary
clamped. Iine load along the inner boundarx..

Let us consider an annuiar plate whose thickness at a

dist uance N 1is given by A

h=h N ese{2)

snbaectea to & total normal load [ distributed uniformly
round tne radiuns of the hole.
Then the differential aquation C1) will take the form

?_O‘_CP 4 — TﬁP ooc(B)
e~ G (°<“ A St~ S
where o = E%" 2 G= oz5

The 'complemenmry function for the equation (3 ) can be put

SELPACHRIDACT)

where /3: '3T6\2€ > A, B being constants and ], (”m) %E )
belng the Bessel functlions of 1ist and 2nd kind of order dJe.
[ Forsyth, A.R.(/923) 7

in the form

4 2P o
PO( S/‘})/t( 2.)
AT, 27

A2

The particular integral 1s

whare AN t>m (@)
h Sl/ /“( ) z 2\(/4-0/“} .{(}%»H«—Z\n)z—/q’j

£ EBraelyi, A. ([(952) 7

"1s the Lommel's fanction.



Hence the general solution is

. N , 3/4;_" .. . A .
b= A% on) - P BB L

274 K T,
If the outer boundary be clamped and supported and the
inner boundary be clamped | | ,
o boundary‘conditions are ¢=0 when M= a,n-= b,w=0at

_ . =& - ese (&)
Considering equations (4 ) and (5 ) .and solving for. the |

constants, we get

- 1 b |
A = —F;/i;( - [ S‘/4’/“(o(q (O( ) S‘A’/"‘(o{ ) ("(o‘) eve (6)
2T P Y )- 28E) (&)

2 v, 1=
_ P 9'/4’/46“)3 () - $n2) (L)
B T YA RTh KT’h (c(a'l K- oL pmz eee (72
2) (&) -TulEE) % (3
Using equations (4 ), (6) and (7) we get P in the form
az 3/4 N g, (m)y (O(L:) q (o(’b) oo™
= — o(‘ﬂ 4’/"‘ m by M ( )
CF /4 T,Q.\ /"\L ) 3'(0(0«) Z“(KbL) XM(ML ;v\(db)
) S G
2
HE)RED - D) 26D

*SA/A( )] ....'%8)

COnsidéi;ing equétion (4 )A we get
— Okb‘ '/z o
M= D[ SE } 27,4Kw :D[ San 3. ()
+n - Jﬂﬁ’m)}JV B{ n’lyﬁ(““)Jv‘n o - X«(ﬂ)}
« SN + BUE) - 8y C))

ﬂo(nsk"/\c%})] oo (9)



The same. aquation also determines

MO = :D[%% + 6‘%] - ‘ ‘ | soe {-10)
To get the deflection we know that Q = _%G"*{ | .'.§ AL n)

On 1n*e.egrai;ing equation (H ) we get, .
2L
- -’ EW DRSO )

/u~| C(h ) Sl /Q(KNZ)}Lh
ot Bi(/““e‘/‘*) X‘*(ﬁzl ) S~3/4’/““ C—(l—ll)

= Yot 6 Sy () o

S +2m

P0(3/4 o ”'1 §+4“1_ ) }]

" AL, A

+ K, ( constant )

ses (12)
The boundary condition is w=02a%t T = Q ese (13D
Henge
K = (2/“) [Aa{/‘ 3/4);‘*( a) —3/4’/“4(%231)
3 ) S (D) B U)o )
~Yor E8)- 85D} |

S/q'*' 2m

N P S i), ofu"m\ %) ] |
275 Th, [ (sram) 2\(3/4)7‘ 23 {@4&“)1./“

Therefore W is determined.

ens (14)



g 1am'géé, Toad uniform.

For the samo plate if the load be uniformly distributed

with intensity </ then
‘ T w

= mw)omd = K69

een {15)

With this value of Qn the differential equation (1| ) takes

the form

Lo | - | 2 -
712;@— _ 251%;% 4 (0(2314__ 26— \)CP = j{%—b(@w}_hﬁ

Solution of equatlon (l16) ean be put in the form

S EACOREACS

‘ : 2.
0(?’/‘-f b, Sy p CK%) Y
24 T,

¥ 85,0() l

Bcaunﬁéxéy conditions are <& = o when N = q, ﬁz b
Conaidering equations (\7) and ((2) and solving for the

constants, we gel

‘ 2. Y L
ﬁ\é) a4 V%'ﬂ(‘%) % 58, (58)

o) S708) 08,8
>}1‘ (T T‘e\o 13/{ 0{1/4 - 27/4 -

;‘@_&L)%@—’EL)—%@(’%L)-}«(&E)
o) oD R
( Tho

e 2 /A N .
O(BL Y S5/47/u 0—(,%7_) 0(3/4bl- qu)/« ﬁg‘)
L) [SlR) ST

o T‘v’lo ?_/40( /4 9 4

;“(K’%>>}“(5§> f)}a (@;) ;«@}3’)

LEX (16)

L XX ] ( l7)

cee {18)

eee (19)

Sew (20) .



 Combining equations. (17 ), (19) and (20), ¢ is determined in
the form ' " | |

oo PR R )
() cintd)
[{BED %) - %) 3.69)]
R (5 N ))
I/«G%} WOC%' e %/Z,/.(",_))}

/ {%@?)-M’%’) D) 5.)]

1 T*hg

_ oo (0%7)}

274 A T, N eeel20)
To get the deflection \v/ we know that q: = - ég{
Hence -
3/4 2. 0("11
dw 3/ z " & ocb“‘oSy;/hi“i_:‘_)
d = T "le3.6) + o) W)

%
A S%w(o%)} wee(22)



Integrating equation (22) we get

W= = ) ) Sy 2D
=3 (&) 8, W) o .
oDt Y8 8 0 ()
) 6, L () A

Gyt oM

M & (&) ST
0 74 T4 ' }: m\\\a,_“__
° W=o (s ){L/‘i) i(%—r 'LWD /‘j
- ™ K%er 7+ 4m
vt SE®) o

L Th fizo Gram) Ao O T |
% oes (23)

Beundary condition 18 w= 0 at L=
Therefore the constant K, is given by

)" [Q {3, (.8, e ("%“—L)
= Juny (9% ' S‘ 4 M @%L)}LQL
+ D{((“ */4) Yo S-3/:0 )

- >}u~a L/\ g'/ ’/“G%)} Lq



5/, -\—‘l‘")

3/4%,0 i e (l> oo tam

T b, @A Y

AT iqm

z " (%) goN |
+ 54 ‘/4 T’h W ese (29)

Substituting the value of K, from equation (24) in (23)
W 1is determined.

{¢) guter boundsry elamped, inner boundary clampad
and supported, JToad uniform.

For the same plate 1if the inner boundary be elamped
and supported and the outer boundary be clamped,
boundary conditions are P=0 ok =0, N=b
and W=o0 ot N=b.

If the load be uniformly distributed with intensity o
equation (23) reduces to |

W = —(2/o<) l:i(m DEACSE STV =)
";‘*—\ C%L)' gyc,’/« @?jj Ly —_D<Q“’3/ ‘9 Y @L)' g»a/qv“" @z)

"Y/"ﬂ (@3'3\4%@1} IT_\L
3/ 4 9 lo o= Q—()m (_o%) ?15’1‘4'"‘
7 TR, =, (s»rqh){(s/) _/,g-} ..{(%»rzm)%/u“j

‘ z L D (?L) q+ YY‘ 7‘(’ 4m
24 o 4 T“c‘\ (7+4 ‘M) (9/4 /ox?j i(?/q—v z*v\)l =




\0

+ (2 °<> E\o {(’“—3/4) 3/‘&_‘) E;3/4/** \(db) \t"i’%' S‘/q’/" QX’E)&

DAl i ) Ve AEE) 8,468

574'”‘” 54+4m

LAl i ) - (%) b
7/4 T, Z0 (s+ 41”\) }L(g@?— } {(/ 2 @7_/}}

| . o>
oc m 7+4m
s Zu) &) -b X

3 \

o o Gram){ - eard
whish 1s the doflection under uniforum lcad at a
distance TL «» _

Daflection will be maxinun at the outer woundsary m=oL.

ess (25)

Thus we get,

(W = ) [E{ ) Sy )
;/r“ ‘C(b) g‘/‘}/‘“G(b)} De {(/u /4))’ (ZL) S%,u—\@ )

-525). w@b)j
& *t-l'W‘l
—_ 0(7/4‘1% [OL \) ("(z) . g+4m
2 .T’f’lo M=o (5-\-47Y1)i(/4 } {(%—rzm)/u}

% DEON
T AT
0¥ A Th zo (7+4Yn){(9/4) /“} {(9/4*”") H }}

- G/K)l/é] E‘é‘i(’“ﬁ/ 4)3/‘« '2%“) 'S__g /471 @f
~ 3t D) 8, D)+ DE e vn) £ D)
= Y @)‘S‘A‘/“kz)j

7+4vn




\

TN sam

) 3/4 Z (\) ) A
74 TJﬂo L5+4m){(541)2/“1} ﬁ(f/‘ﬁzm) /“j

B %TEN gpam
. ,___Cl/____ g ) ( ) QA
BRENZ Toh, (7+ 4mm) {(9/4) /“j {U‘%ﬂm) Ve j

LN ¥ ] (26)

In particular, 1f 0 = 0'2$ , the deflection and the
maximun deflection can be obtained from equations (25) and
- {26) as given below. o |

N 2 ™ )
W o= - (2/«)/4 [sz{%a‘ T(E) Sy o) £l ) Sy &) }

+J)h}LLy(°<“) 34,0 Q"Z‘b—l—%@%}%n@)ﬁ
_ Ak S @)
T 2o ( EE ) ()

" (& ) h7+4'm |
o L, e e

7
+ (%K) 4%@{@5‘(2)'3-3/4'0@) 43,8 xwv@}
. 3 oI
+ D, { y'(o(b) «3/4’0(0%)"'15%@;)3‘/4”(%)}
o xs/‘?qwlo SC: o (3)574’\‘9—"7 gﬁm
274 T, = (§+4M){(/)—t} {(S/wg 1}

| lv})(g)dl LT
AT L | Fram)eaf-} gy ~'}]

s+47m
n

. (27)



V2

wvhers . - s%”(x_ﬁ}) 0(3/‘4 2 )(&g)
T—{".X(Qg—)[m %ﬁs v @b
¢ = ‘/(K“> [Si/;[.g/q) e 7/3"(71]
j(m) &) - &3, &h’)
FA[SE - Lot
D= - @) [Bh)  Hs )]

MEE)AEE) - E) 5 (&) .
W\O\x“ (Z/"()M[Cb{ j‘(xb’) S—B/>0L2b) 53l L)g%‘@_f)}
+ DB %) 8 ‘%,o@%—iy(«‘u-sy‘,,‘@é)}
0(3/.%10 ocz e () ™

RN @W

S e @ e
/ o/ T, z (7+4m){(/) =1} {(%—tm) \A

”’(2/’<)/4[CQ{LJ C(q) 93/ >o€< ) LS @“) S) ”QQL)}
+Da {g |(§) 8~3/4r>o xz) 9_%( ) Sy s)@*)}

Y4 o, = o< St &
- L7 b Z ( )'W\ (%:) - Q +4m
ATy

o< St
+ L‘ Z C‘Dm- (12—)/4 ?—”l q7+4w)
B/QOCV‘}T“BI \ ~1 one (2%)

(7+4M){(9/4) lk {(94—\439 |3 J

Humerical calcu tion 3

" Lot us sssume X = |, b=¢5, @ = lo

Putting the above values of «, b ana & in ¢(29)

- X .
we have, (W), = REIER)
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Stresses and moments on an element bounded by two

adjacent cylindrical surfaces and radial planes,
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-Note on -’tha deflection of a square piéte ef' variable
‘thickness under a variable load and uniform
tension in the middle plane of the plate.*

7

PAPER - II

Hemqng' lature : ; _
. The following nomenclature are used in this paper.

QA = side of the plate, 4 SR

R |
D = flexural rigidity of the plate = Ti‘(T—'o-T);L ,
h = thickness at a distance - o¢ .. = o€

. where )\ is a paramcter, small in magnitude
E' = Young's mednlua)
= load
‘= Uniform tension in the middle plane of the plate
d = Polisson's ratio, |

W = datiection, normal to the plate.

Introduction 3 .

Stirqml problems of bending of rectang_uiar: plates of
_uniform thickness urder ého vcombined actmn_-orl lateral loads
and forces in the middie plane of the plate have been |
dzv!.acuss‘ed by Timoshenko and Woinowsky « Krisger ( 1959 ),
Convay H.D-(IMQ),' Chang —c‘.i-:‘. and Conway H.D,.(igﬁjg)- The

*Acccpted Tor publication in the Journal or _
- Theoretical Physics, Calcutta(Published in
-Vol. 15, No.. 1, 1967)0
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object of this paper is te solve the problem of a square
plato of variablo thicknass under tho combined aetion of a
variable 1oad and un:lform tension 1n the middle planc of
the plate, thickness varying axponentially. It may be
mentioned that the same problem without any compressive

. forcc was discussed by Favre H. and Glig.B. (1952). The
corresponding problenm with linearly varying thickness
~was due to Basuli (1961).

- Theory 3 _ _

: The, figure ( | ) represents an element of the plate.
Prej ect;pg ‘normal and shqaﬁring forgqs on the z-axis and
congidering the equation of eguilibrium we obtain the " _
following ‘dif’feretit'ial equétmm( Timoshenko and Wohowsky-
-Krieger, Theory of plates and shells. Page - 379):..

| 2 2. 2
o o o0 28 = il

dx O .

ess( 1)

Problem :
. ‘Let us consider a plate stretehed in the direction

of ¥~ 8X18 .

: .Hence Nx= T, Ny ~:'Nx‘\j'— Ny = ‘d .\IE.‘et us -éés.t.mxgvléa,dl v to be
hvdrostatic,represented by = % = , o

I;at \ W=.Z:Wm . wWhere A\ :ls a parameter deﬂned
earlier. | 'm=°\ ' | ‘ .
ISubstituting this 1n ( ; ) and equating the coeffieionts of

successgsivs powers o ' we have the following ‘sequence of
&%3?'iﬁﬁ‘ ;

15 JANIS?SD

4>
¢4
%

LIBRARY °

@ ¥ wa\a‘*
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7
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aifferential lqu,_atibns |

:DOVVWO TQ\OBX'L - —" O . . : no~o(_2'0)
Dy 3—~vvwo+:Do\7vW.+ alf"ngwo ‘?\oz%‘f& %{aav;'mﬁ, T eee(21)
\ 2 .
2Dy vV Wt DT, + 6:Do'ngvv. + 18D% ngw !
9 X T T W, | .
DO{VWO 0 G);a\J & ‘glo 2&2_ B'X.IL " “-gl‘)%_x_j_ - CV-:." O .0‘(2 2)

and s0 one. _
For a simply supported plate using. the ‘method of
" Me Lavy we take the solution in the form

W, = Zx sw“w

=13, 0ee{3°0)
ZX\ “nry o eesl31)
< nmy '
WW\ = ZXWH’) SW ‘.‘(8'1"’)}
. n=1,3,
{m=0,1,2 .-- Jxmnbeing sonme functions of X onli
We can finally represent the load 9 by '
0.00'(4).‘

49/)( OCZL Qi
=13,



Considering cqua‘&ibns €20) €30)and (4) we have the
following differsntial eguations of 4th arder for X, .

&4XOY] O‘.XO“ (:llo + z 7‘) ‘ﬂ47r4 — 4%
Xon a? 7.am. '_D

:Bolving we gtt

"

fmx

Xon = Ao\e_ T Aoze " Aozﬁ % Ao4e +

Ms 7> Do

where A, , Ao Asas ‘AO'L} are arbitrary constants.
Using boundary conditions
. and W = A
Xow =0 akx=o W& K=

one gets

A ___'0\ 4% - ‘ P+®)+R |
O T TRED, | Pl RS _\_Q(mso( m,) NE "mqq_m‘oD

Ao = — 43P
- o2 2D, | P(™2 o™ “)

e
A ':b ‘f%&&[ o
- ;;'..03 N WA D P(e zﬂ 'mq &@ 5% m‘?—\-R(W}q "\.q)}

49 R’

SKSZDOE "““ m9+a( 54 m‘D—kKCﬁ“q ND\J

Aoqé -

4%exa’ .

t_-‘o( 5)

ssal6)

sael71)
veef72)
.o.(73)

0.0(74)



where
. T‘h, 2N7 +m
’ C : Do Da Do
w, — '
{ * 2

Iilg_t;‘?“—v':“l— 410 ‘Hm Tho
DO ﬂz DO ql ‘DO

W\L: “+- 2

T#xa ?.hn \[T%, 41«”%0
0

- _;;—JrTW ’

P = i) ) - o) (%)
= i (L ) - S,
o= e DIE E0) - et (= )

Witk these values of Ao‘ > Aoz > Aoz, Aoqnna combining nqmtion;
(6) and {30) W, is obtained.

‘ Gansmnmg squations (2'{ »{31) azid (4) wé have

cl4xm d'Xyn (\‘-‘310 20" '

4
T T e Do TR )T Mg

ﬂ

- __[ X T%{AO( L&y AgyMie o Aoy’ mie™ L A }

kB

. my 3 nATY WX/ 3 “r
T T Lt R G
o Ce.

MaX [ 3 e \
4 Ay € Q*\a*ma’gg >+

Ao € (- ”“*Ef)ﬂ

ssef 3)

R3S
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Solution of equation (8 ) cun be put in the form

Xin = Ay "« A\ze + Al T 4 ‘\\4‘31’\,\4
™My
@ emiay
—27\. 2 4mi-2Am,

YV\LK 2. 2
+ Apx a8 = [y e — A X
4g=2A7 = 4Mi” 27\? My

] W\3
) Aogm3 e
AT —2AT

X )
Aog™4 (% emg- A x)?

— e ——— e v

4m:-27\|7- 2 4wﬁ~17\,w\4

_\. 2
-,Do 7\57\5 ql Y\4 7(4

“uad
129 ol {x" (ZT:\ 4an1>0“} Aoye— QML— ﬁ)x

"X MaX L 2
Acr € 2 N Anr € 2 MA
02 W‘Z . nn X — 5 'YV\3 - — X
PRIERYS

= Au —\-AD_E —\-ABE’- +A|4& + F-(X)

where
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Using boundary conditions and solving for the constants,

¥s have

= £) //@) ~m F() w:‘_ ) Q )
o mk _"m 5, [_7_[\{
( LM, -
‘h’\ m\ Q_H‘ L H>

F1(0) ~mi Fo) = (ry—m KLRLES § Qn“ Xtﬁ” ~ht S

Alg_:’l
mL~m(
LMy —~L -
Ay = __,L__L})_t L A = SR
LIHJ"" LH| LD\H(—L‘HZ,
where

L= F'(@) - mi F@) - FO < e ™ e (©
B F”L&) Lm.,;~m:_>_ém,a mL 1_)[:/:@) m (e_ L £"(e)

L _ Qm;_/'m\>LWI5K e"/“qﬁ)
_ ;"Qn,/ M>L"m3q YT\(O\) MQ/QWI o >( “mLa ‘m@\)

‘YY\ ﬁ ?_q
7, 4
m,a ™A
LL, Lm‘&q maN W\?; mi——mD _be_e 1)
W, = ™

ijs determined completelYe
elure ve can nave W, , Wy, oo
,.3)_04 against % of the

% 0 R
. an. o
6— f= O 25.,;, ———‘Dob - : R

Thus Wi
By similar proc
A graph is plot
section %—vﬁ'ﬁh K=oty

- wm'HenceN-'LS obtained.

ted showing
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Ny
dx
. —/
{
‘ : 1 k424 Ay
dy| |
|
|
. Ne=T ! Noc + 2x. of
! ,
I N
. ‘ xy + Nxy
/}h —————————— - ?x 4
S /

Stresses on an element of the plate.



CHAPTER - II

Note on the large deflection of a circular plate

with clamped edge under symmetrical load*

PAPER - I

meenclature z

The following nomenclature are used in this paper.

)

it

m 9 3 9 P< s g
n

]

defleéﬁion,xnnfmai to.the middle_plane,
radial displacement, |
radius of the plate, 4 ‘ \
flexural rigidity of the plate = Tg%éi?ﬁ )
thickness of the plate, ‘
Poisson's ratio,

Young's modulus.

Introduction %

- An approximate method for investigating the 1arge defleetion ~
of initially flat isptropig plates has been propgsed by -Berger
( 1955 ). Essentiallj3”the method is based upon
second invariant of the middle surface strains in the expression

qf the total potential energy of the systeme. The application -

of variational technique ‘ohgthe_simplified energy

yields approximate equations of equilibrium of the plate. For

*Accepted for publication in the Bulletin of the

Calcutta Mathematical Society.

~negleceting the

expression
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 ‘the several cases of static loading of‘ﬁinitially'flat plates
investigated by Berger;'the approximate equilibrium equations
are in an uncoupled forms. Although no complete explanation of
Athis method is set forth, the stresses and deflections obtaie
ned for both rectangular and circular plates agree well with
jfthose found from more precise analyeis.“ An application of-
thie technique to the case of orthotropic plates has been
considered by Iwinski and Nowinski ( 1957 ) and~further boun-
dary value problems‘qssoéiated-with circular and rectangular
' plates have been investigated by Nowinski (1958). Basﬁu(ieez)
nes.shOWn that the lange deflection of a cylindfical' shell
panel can also be obtained quite elegantly following Berger.
' Nash and’ Modeer (1959) have shown that the method will

be accurate for the problems for' which there is a symmetry
about the axis and fon_wh;gh_radial'membrane stress is appro-
ximately uniformg_ﬂbnever problems without symmetry have also
been treated by Berger_(1955),sﬁnsn and Modeer (1957)lfend -
Sinha (léeé);’.They are found €0'be'in'good-agreement:‘ with
the results known earlier. o » | | |

, The present author's endeavour 13 to find ﬁhe large
detleotiqn of a clamped circula: plate_under symmetr;eal load. -
The corresponding linear'pioblem'wos due'to.Sen>(1935);

nAnalzsis
" Following Berger's ( 1955 ) method, the diﬁ‘erential

equation for doflection takes the forn

Y (V o<)w <f>(h) - §() (say ) ee(1)

Where (V) is the load function,
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® 1is a constant given by the equation

ZLCA —T'rf +.LQJL ) 0(4\2 ' ' 000(-2)
n : A
Let us assume W = ZL;'AA %o(gm)ﬁjo(gﬂ)] ' | eee( 2)

b, A being the ~th root of J(pa) = O

It 1s evident that the following boundary conditions are
satisfied by the above equations. |

W—-%[“i cdch a .

‘ Substituting equation (3 ) in equation (| ) we
have Z AHE (0(Z+ H') 70 (B n) = '}(‘n)

If i1t is possible to expand JC (‘n) in a series of .
Bessel functions,ws get jZAA () 37 (pn)no(n jfrm) Jo(p-n)néln

on integretion which leads to

Ao b CBM) f‘i—) = JH@T"W@“& - |
Jv‘(,n)jo(bﬂ)n&ﬂ )

Hencg A/5= at;f P ) 20%00

. As an example let us sunpose that the load varﬂ.e:saw(‘o2 ‘n) "

w3 over 3 concentrice circular area of radius bl Q.
In this case ﬁ(h)*C(bz ‘n)/z when ‘TLLb(Ck
: = 0 when b £ °YL.( A

where C 1s a constant.
’ l Y S 2C 2 o o\h
Now equation (4 ) becomes A, = 3@’“) b “) n
A 4 PR «)TQ@J (
Putting 9. = bS8 we have :

: & (™ ay 2g. S0 A8
- Bjotgﬂ(bl—"lf‘)lnolh_ = bjo \ToQ%'bng@) Cos G‘V w _
0 .
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Using the expansion for Jo (\93- bSine) © and integrating
term by term we have the right hand side as bBP(ab)

o | e pag :

wers P9 - (- B )

Hence - 2bcP(Bb) | ;;.(5)
T 069 | -

cgmbihing equations (3 ) and (5) we have .

W = 2 As [jo(g'n) ;3*0 (ga)}

-5 fﬁ%r—— - :fow]

Con BEOREs | e(6)
: which 1s convergent. o
To determins the displacement U we have from (2)
and (3) .
dac o Ml,(otwf*
dn T °fL T Tz T 2\dn
0<Z 2. l o o o |
R L SR GRS DI CTEN S SEICYS 3, (B)
A= A=l m=l, A7é|m
Integrating with respect to T, one gets
OS,'%_TL LS IR
'z AZ‘AA b [ {(\ p'zn'). 2(t:,gﬁ) +7, (P‘h)ﬂ
“‘ﬂ: 2 A A bk ‘n{‘% (B 3 (k) = B, 3 (B 7, (BN
AEL ML, A a =
+ K o
eee(7)

kK belng the constant of integration.
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Using 4= a)t n=a

A5 & "< - inee T ({ka)=0
K 4/2;‘#\,3. 3‘(‘?) sine \()

To determine o we know that as 70, L-—>0 from symmetry,
and then equation (7 ) leads to

Lo g -

ha _ %%Afig&%ﬁ@@' o s 8)
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Putting &= O the dii‘ferential equaﬁion {\ }
corresponds to tmt of small defleetion equation. Now as X
tends to zero, equation (6 ) leads to

’ z\nc P(eo) e - %, ()] o
W = Z W | ees(9) -

as obtaine_d‘by Sen (1235),
where Q“ is the 4t root of I,(Pa)z@

The deflectio,n will be maximum at the centre of
the plate. From equation (. 6 ) maximum deflection can be

obtalned by putiing N=0 as

D}%’_&gbjﬁ)ﬂ UOQ"D} eee(10)

A=

whereas for small deflection wo will be given by '

e 2 () ;
Wo:' ar /5 ‘ g4 2(9_,@ D jo(b;)]

from either equation (9 ) or equation (10).
In j‘iéuré' (4 ) Wy/h has been plotted against‘&/ﬁ

eee 1)

for both large and small deflection assuming A = 2b.
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| mgcussicm

Small deflection theory ef a plato which assumes
the deflections small as compared with the thiclmass of .
~ the plate 1s based on the neglect of middle surface strains.
In cases in which the defl‘o;etions‘ are no lqnggzj_ small in
comparison with the thickness of the plate but are.still
small as compared with t’h‘é other dimensions, the. arialysih
ef the problem must be extended to include the str#in "of
'the middle plma of the plate. For such problems, strain

‘ d:l.splacemont relations are nen-l:!.near. In the present

problem the latter theery 1s investigated. .

 The graph-is plotted against cb/h for central
dei‘lection wo/h. In caleculating the deflection o_ne I}as to
start from eduation (% ) with an assumed value ofé(a 1&«_11:’13
to a particular value for the load function cb/h

Thege values of Xa and cb/h detemine W,hfrom

equation {l0), Here oA has been assumed |, 2,3, ates ;

It is clear that as «a increases, the load
increases, also the central dsflection. | ‘

~ For small deflection, \w,/h has been calculated
from equat:lon (1) for different values of cb/h and has
been plotted side by side‘ for con;yarison. - o
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Fote on the lérge\deflecfian of a clrcular
plate under concentrated load

PAPER-II

Homenclature 3

L

The following nomenclature are used in this paper.

. # radius of the plate

o
W lateral displacement
U

: N

radial and cross-radial displacementé,
thickness of the plate, |

flexural rigidity of the plate = E’h / 2,( 0")
!bung 8 modulus

]

]

| Poisson's ratio

h
D
E
-
p

i

concentrated load at a distance b from the eentre,

Intrcduction 3

Following Berger (1955),many ﬁroblemé 6n_tha large deflec-
‘tion of initially flat 1sotiop1c plates have been investigated.
In this paper éh@llargeAdefieeticn‘af a ‘clamped. circular plate
under a cohcentrated load at a distance from the cehtre has |
~ been investigated. '

. The corresponding problem with the load at the centre
'wés obtained by Basuli (1961). '

‘ .« Published 1
: Indian Journal of Meehanies and Mathsmatics
VDlo IV, KOQ 19 1966 “

—
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Fundamental Equations and Solution of the;Pi'oblem £

Following Berger /Tss557, the deflection \w of the
~ plate (except at the load) satisfies.the equa\tion

W(W-ew=0 D
where .J%{" - bQ | LDV ‘\ aw?“' ee (2)
: o( U OV A Y '
Q ) ST Y *zﬁ(ﬁg}

U,V being vradiél and‘éros;:radial di'splacemenilzs and «
being supposed to be constant. |
Let the concentrated load P be placed at a digtance b

from the centre of Ithe plate and let the radius of the
plate be O « To solve the problem -let us divide the plate
by a conéentric, eylindrical surface of radiue b passing
through the load. Taking the line joining the centre of
vtha plate and the load as the initial line and centre of

the plate as pole, the equation (1 ) can bs written as

A S WL BW et (5
Bt ‘311 d6% (aw— eyt q{;—a@~ @—0... (3)

As golutiong of (3 ) we assﬂrﬁe
W;W(=Ro+u%;RmCOSMS, C for MBb e (4)

, ' ’ | | |
W= Wy = K’o* %;’ &W\COSMQ ; | for N<Cb oo (5)

Rim K’m are functions of 9 only.

, ’
where Ro s Kg

A
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' Now subst:l.tuting ¢4)1n ¢ ) and considering the contri-
butions of Ro and R only, we sse ‘that they satisfy tho
equation of the form

d* v d 'dZR-: O olR L2y
3{2*{3?1) cln2+‘n'o'ﬁ.—°<R):O wee (6)

The solutions of ( 6 ) may be put in the form

R=Ro = AT M)+ Bk« + G+ Dolog M, for M >b ees (7)
R= R3=A'010(0<79+C; , | for W <b cee (R)
where 1 (a(79 » Ko(xn) @are the Modified Bes’sol. fqnctioni
of the lst and 2nd kind of order zero. | -

. If the boundary be clamped,

DW, . ' ese (9)
= —— = QO , on M=
T DM - o

As the deflections, slope and bending moment will be -
continuous on the dividing circle, we get,

W

AW AW, | TW, W,

Wi BT s o ST e OF TE P e ()

These continuity conditions ensure the same oC
for W, and W, « The equations (7 ) and ( 8) contain

altogether six constants and relations in ( 9 ) and
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(10 ) are five in number. To get the sixth relation we
shall have to- éc;nsidor the shearing force on the dividing
cirele, and this is continuous at every point of that
circle: cxcepﬁ at the ‘coneentrated load.

Representing the load in the form of an infinite

- series

.wb{ Z CosMGj

,tho discontinuity in the shearing force is g:lvon by
1D 1LY _2 S
ED?’“ 1(6“1 o T B “JW']M b

Rl LF el
| - [Da‘n{a*n”‘n on +,772561 X}Wﬂ%:b

:%—B—{ia— + :\é‘ Cos wej ’ _< ()

where D 1s flexural rigidity of the plate and
:Eh}{z@—d)ﬁ iz Poisson's ratio, E is Young's modulus,

I 13 thickness of the plate, Substituting quuat.tons
(7)and (R) 4n (9), (i0) and (\\‘) and solving for

AO)BQ)CO)DO) ;,AIO ‘ ve get,

Ro= [1 €)= L L«@Logoyn

2R DY OLI (&)
~1 Ko@l A w)m 10@@ -1 <°<«> Ko(«mo(«b)a@
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R @(«n)do(ocb) T, (o) ~xa], @“)Loa b

0" 97D 0@@1‘ @)

o 0(410(0(791\@‘9[(0 Q’(b) - Ib@(n)o(a_foé’(b) Kl(a(@]

Now taking the equations (3 ), (4 ) and (5 ) and
contributions of R, , R, only we ses that they
satisfy the equation of the i‘om

d* ol GIZR ol 2
A " ‘h an ni)EErF LE“%R““2R)=O

This equation is satisfied if

K: Rm-: AM'IM'@(TI)"_ B"lk‘”‘l@(p *Cmnh-\-:l)mﬁml ‘)—L > b eee (12)

R = Ry = A Ly @) Gt ~ m<b | e (13)

where I, («7) ;Kn(An) are Modified Bessel functions
of order Im Considering the equations (9 ),(t0),(1l)

(12) and €13) and solving for the constants A, ,Bm,

/ - we get
CW\):DW\)A/MIC"\’. ¢

m l o], (Ab) K +((”(0‘>I (”(’9
@ () 1) - O €Ki €
Ty (X6 K@) K@ Ty () + () {Lr&d’) RGAMCE
+ ()" ";;‘; Ty (Y]

s bYL L @k, @bl (@)

Rm_. 7I‘D0(30LI me| )[I (Cm)( ) ) "
AL, ()
2m

-1 wt)lmecb) @@+ (%) {I CON(S
p<0\ 23 T ‘(o(a)ﬂ



Therefore _
leRO"'i%lRmCosW\@ > . ‘T\'>b
Wa= R+ T Ry (osd, TMLb

are determined. |

To find the constant « , we have the following
equation for «
292 ' %
o DU L bw) U L QV L1 (AawN
oo a\en) T W T gs TR *aﬁ)
Let U, , V be the radial, cross-radial
displacements when T\ >b and U,,Vv, be those
displacements for < b. )

Let

U = G+ 22, Um0 Cos
L nob
Vi = V() + 57 a0 S m
m=1

’ o<
U, = o) + 2::_‘ U (M) Cos MO
n<b
. o
Vy= Vo) + 2 Vin (1) St 18
As we have no interegt in the radial and cross-radial

displacements U \/ we eliminate them by multiplying
the last equation by NdQdn and integrating between

the limits b to A and O to 2N« For the outer portion

35
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we have,
2% a 9R g

%‘fé J‘nolmol@ = j J —Q@holnote +ZT_ i Jj”:f"mco swmodnd o

=
7‘Jq

U-o(h)olnqls + D}Cj 5 Ju;n(h) CosMOdnde

o\h,,-h;,

+
b T %
24 o -
+|75 J e nalm[e+ S o\m&s
0 ‘b ° b
< 2R o
+ ) W‘J Jvm () Cos M6 dnds
m=l o % :
which léads to
)2 > _ B . ,
@—7—‘*&—“) = 2N ELUO(OL) - on(bﬂ

2A Q&

X H b“’)mlnie oL j 5 (&Ydnde  n. 14
Similarly for the ionner portion we have,

2’?3 S Jmt dn = l‘m}— 2R on(b)—k ZJ } awz)ﬁwlnole

Q

2R b

+J?:J J_L. awljobwle e ()

, o "D
Now, on T=b, Uy(@)=0, Uy(b)= Ug(b) « Using these in
equations (\4) and (($) and adding together we get on
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substitution the expressions for W, and w, }

“,L'}f ‘fl =72 A’a (<= {ihey - L&) + <L, @1,
{1 ®b) - 10@5)J ~«bT, b1, Q(h)]
S+ 28 ["‘"‘ {K (@) - K2 («a)j Kak (K@) )
- E2LREEb) - K @(b)} + o(bK&@Ko(o(b)]

+ 2D Loa—- ~ 44,38, E {I (&) I, @) + T(®9) Ko(‘m)j
-5 (o(o\){l (xa) Ky o(ap 1 (o(a) K, xa)J
Lo LGOI +To@b) Ko} +Jz°<5{1g ) Ko@‘?’)_‘ |
SRk + 44D [T &)
F 43D, [ &) - K, & b

+2a2 [EE {Iz(e{b) - T8} 4 £ <, (45)10@5)]
+ZZW\A Cm[&l @a) - bl («b)]
m_ R \

[

*ZZW\A mCin B " )

T °}<: 2m B, Con [& K.,,(m) b km(o(b)]

=1

+5 2mB, D, E«m B K@)
i | |
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) {

~ % 2w AMDV% I &)™ —1,, (xb) E”‘]

m=\

X

N %—l Am E—O( g LW\-H *a) + (WHDKOL-[ (KO‘)IM_H("(“)

K

o ) B T - (Db T D + 5T 5)
+v%|3 o(loa-Kﬂ v(a)——(""‘*D"(“Km@(@'_Kmﬂ@(@~‘z°(10e“Kt,‘(’<a‘)

(€8)+ (D K€ Koy )+ B )

- %“’"e .
<""H'\

=1

* g [Zdzbzim () YT B, -4 BT D)

-\-:Z:_‘MA E (0(«) ' @b)] ZMA’Z"ZQAB)
j | W\B [Km @) - &, @cb)]

!

+Z 2mA, B, [1 ®) K, @) ~ I,,\(odgkm@ib)]

AT [ /Gmﬂ(a( W, (&8) + M««)Km@@}
«m) {1,,1“@(«) Ky () = T D) Ky (‘4‘*)}
—53 KB Ty €0) Ky (28) + Ton(45) K&
+ f'mﬂ) %{1,%\ («b) Kem (45) - Im@E)Km\W’)ﬂ

=< 2 : oC
+5 mD | Bm am 2 zm o em
m=y " e r J al % mCy [OL ~-b ]

(

{
1o '
+Z W\C Zm"'z—mzcmDmLO‘a%]

ees (16)
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where
P
o= SAD <AL, E@d) (“ — Lo &b) (o(a)o(a_-\
B, = PL, (< b)
°T 7 Tea D %
- «b) - 1, ®a) + KL, @CQ)LO o
G rpatE® %P ]
= P
Do= - D
AL = _,,,E/ [\ ASZCLI‘(OCQ) Ko(od,) - o(alo@(q) K'@@]
0" 27Dclal,®)

WP Ty - I, —aaled
o= szmaql() Lo - ) d ‘)

wi
e i L Bl

— PL,«b)
B= - ﬂDo@
Cm = X}("d’) ()Lrl\@)?—a
" aDeg? MHI
W’H—I

M7 ADa2vn

M - S LSRR

T ADaCAT g, @A)

= Ty (&) Ky (”(q)om}
Co = i [1 () + b) AT, @9

DS, @)
Lb) T~ ((o(ok)]

M
Now the large deflection of the plate under a concentra-
ted load at the cenire can be obtained from w, by
making b tend to zero everywhere in the form [Basuli (o))
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p
" 2rbedal, ()

E"“{K‘ (%) L, M) + Ko@) T, (1) j
L CONELY Log% ~ Io(é(‘?'l) + L@ “\j] ;

Also the value of the constant « under a concentrated
load at the centre can also be obtained from (16)

taking limit as b .o 1in the form

6
Paz 2 569
(ﬂ Dh) B .
Y+ logaa LDk | [T (F
& ol (<) 2\ T, |
where Y = Euler's constant.

The deflection is obtained for a plate with J-=2
’ W,
. for various loads. The figure ghows the deflection (Tz)hzb

Pal
~Dh

has to start from equation (\6) with assumed values

‘against . In caleulating the deflection one

of «a and «b leading to the particular value for
. %
the load fumction 7%;,_ . These values of «a and «b

together with Pa? deteraine corresponding (ﬂ>
rDh hn=b-
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Note on the large deflection of an orthotropic

cireular plate unﬁer a concentrated load.-

- _PAPER - III

bemenclature H
o The following nemenclature are used 1n this paper.

= concentrated load at; the centre,,

= radial displacement,

P
/U“ . .
W deflection, normal to the plane, '
A = _raﬁius of the plate,
h = thickness of the nlate,
. Pn = average flexural rigidity of the plate,
O G = ,Poissonfg ratios ¢orrespon@ing to radlal

~ and cross - radial directions.

| Introduction 3

Fbllowing Berger's (1955) apbroximafé methéﬁ,numérous
problems have been solved with remarkable gase and satisfac~
tory results. ' _

| Iwinski and wainski (1957) generalized the procedure

}of Berger to orthotropic plates and found out the deflec -
tions of eircular and rectangular plates under
uniform - load with different boundary conditions. In this

* Published in Bulletin De L'Academlc Polonaise Des
Sciences Serie des Sciences techniques’ -

vol. XV, no. 12, 1967
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paper the abové method has been applied in the cage of
an orthotropic circular plate under & concentrated load

at the centre.

‘Analxsis 3 , ,

In the case of circular symmetry if . is the
thickness of the plate, W the displacenment pe'rpenﬂiclilar
to the middle piahe, AL the radial displacement in the
middle plane under a concentrated load at the centre,

" then the differential equation for w &nd 4 will be
( Iwinskl and Nowingki, 1957 )

dow 2 dw e (dw i dw) e d (Fpdy
ot T AR T e W"ﬂaﬁ“%ﬁﬁ@m’aﬁ

= O eee( 1)
except at the load.

and

de : _
d‘nl _\_._.‘_:,K—«Qa: = O . (2.)

dw \- |
where e’: = % + K—%— +—‘£Qa%> ese(3)
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Again considering the radial stress and shearing stress
on a concentric ciréular ring of radius %, the concen-

trated load P at the centre, and since « and ‘i_‘;i are

both zero at the centre, we have,

2
D Lu...L X w tdw  Gdw dw
n -0 N Cln'b + N dn 2 AN 7\1 er'ﬁ

\ | ' - L oo.( 4 )
Solviﬁg‘ (2) we have
€ = Cn , ()

Hence we hava the following differential equation for w

3 4w zoﬂ.w K1 2 v wry dw
“dn‘* zng—a ‘nQ( At > Qg—?&\@\ )a;\
- 0 ees( 6)
2 12C
where 7&’: _%_2:

After changing the variables the equation takes the form

3 2
‘;—% +9.°rf‘%~% :rEZQ&x ot ‘JZ (KKK )z
= 0O eee(7)

The above equation can be put in the form

(%L+‘*(ﬁ>[%%+ = Qucl Xn ‘)] =0  ---€'8‘).



This equation can be rspresented by a system of two

differential equations,

%%%f-k P! = o

Solving (10) we get

Hence squation (9 ) is equivalent to

‘L%L—Z“—\rﬁa_/ (K 7& K+\>Z _ C_'J)ch

‘Solving (12 ) the deflection v can be put in the

form
S (2t s x\%#
W = Cchz —— 2 ln
P86 [ 1y ) -
K =K
—_ Q N
/Q{T—‘K— T =K }:I"‘ C3
whers L " “K \TK
é‘— = P \'\~K>(7\) (‘\—‘&>

AS

eae{2)

a0 o'( \O)

eoef 1))

eee(12)

sse( 13)

~

and ] and K represent Phdified



Begsel functions of first and second kind,

Boundary condiﬁions on W are |

: dw’ .
W_—I{,_o N=a

Considering eqguations (4 ) and (\3) we have

" .lP

C = - |
2 /4‘27§7\ZD<31

Combining equations(13), (14} and (15) we have

-

K 2N
: A K.(Z_KK(T?T) e
C\ = (, -——-—-t”“.&g(_”
A A OCKIzK GA& )
26 LK

\-K o
1 = 2AR
Kl2 2AR T > KA
AN

To determine the displacement 1. we have from

equation (2 )

- | ) K-t (i\/\/

46

...( 4)

.o .((5)
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. Substituting the expression for W from ((3) amd
- golving for ‘i one gets,

A = Xh fK_%ST@[QT;%I% \}z\)
- *

; I + 2{7\ KZK( ‘) 2&’\2 - 27\/"\ Kak (2>31 }

K R

;\'ZC-\QL%(“?\% I?-K (2‘) KILK (= 0 KzK (2 } O%‘L

l—\-K " K _ Ttk
wh ' ZAn =
e Z., =
| ( Y kK

After evaluating the integrals -wg have,

% b K 1k
W = m-{*_ L l-\-K {[ ii.g'):l [\+ o J

BT }] -



- (R Lo @] 15 D]

_ izz Q[{—k [
ERA - RANT R, @) -G pT (2)

et werd

+ C CZ \+ v [IZK @) KzK (z) + IZK - (ZO KZA_ - (Z'>
K

1+K

-

=K

+ -‘11 Koy ) 11\( (2‘) - 12K @) KZK - (ZO}]

K
+ K,

Using the boundary condition N—->a, W—0 the

integration constant K, can be evaluated as

A2

ees(16)
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K

2 : ‘
2 Q. 1+K 2 _ : 2
G [xa Ji —~{-K _ /
+50 {lag e MRS

[
2 A= X
+ % g——\‘{/A -\—/{*C Q K\,:(_:‘(ZQ + C\C—Z/L“GL Il»\(;l-\( 2)
-G 7}-%\& 12K (27) KZ\‘iK(ZZ) +. 1?-K - (z2) sz (7—2)

TR

4 ”‘;( a {V\%‘%K(Zz) 1y_<_ &) =T @)Ky (ZL) ﬁ

=K KT

"‘(17)

-
where Z, = g\%‘%

To determine the constant A we shall use the

condition that U — o as n>p » Thus we have

K-t Lkt
A ST C Tkl
C.'C?_K A CICZ (T;i{) /A‘ 2 A \"\‘K

o (HK) " ZS“(K*‘R}P( )

2

. QK»L
_ Grxn@) Ee™ | L o vee(18)
gowln) | 0(+%E) | |
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4s K-s | o equation ([|3) reduces to the corresponding
deflection for isotropic plate under a concantrated load

at the centre as obtained by Basuli (1961) in the form

- P
W " T DAt {o@x %\ (el ;0 &) + Ko (W) 1\@@}

+ OCQI\@(CQLOEY% ~ T &) + T, - ‘}

!

Teplaclng A -by %

Also in the above case, equation ([§) to determine «
reduces to (Basuli 1961)

6
P> z: . 3+ &)
nbh ) Y4 Lo £& _ LUD+AKED)-2 | (T ) )
373 O(QI\@@‘) 2\ 1, &%)

)g = Bulepr's canstént.

Numeriecal caleulation :

Let us take A= U5, A=10, K=Y

Putting all these valus in ([g) we get the load

funetion in the form

P 1o

g /€

For this value of the load funetion the maximum
deflection (deflection at the centre) is given
from ((3) in the form,

Wo

=

214



Large deflection of a semle-circular plate
under a uniform load.*

PAPER IV

Nomenclature 3

. The following nomenclature are used throught this
paper 3
uniform lateral load,
radial and cross-radial displacementsg,
-thickness of the plate,

& L

~

<
i

>
E
flexural rigidity of the plate = Ti(Fi%?j’

Young's modulus,

Poigson's ratio,

radius of the plate,

£ 9 gmy
i

lateral displacement.

Introductiqn :

Approximate equations governing the non-linear
behaviour of the plétes ( flat ) have been given first by .
Berger (1955). Following Berger, a large number of non-
linear problems have been sblved by diffafont authorse.

The present author'é_attempt is to apply fhis methéa to a
semi-circular plate, simply-supported along the bounding

diameter.

*Published in Bulletin De L' Academie Polonaige Des
Sclences Serie des selencés techniques volume XV,
‘Nos 3 - 1967, -
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Analysis 1

Iet us consider a plate in the form of a semicircle,
simply-supported along the boundary. - o | |

. Let us take the centre as pole arai the bounding dia-
meter as initial line. Following Berger, the differential
aquatﬂ.on satisfying ‘the lateral diaplacement W 1s

AY '—'-"ofv?‘w = X | R S
‘ s D , .
where o 18 a constant given by
JS,*__ ﬁ(?J) M 120 o (WY ee(2)
iz on AT NS 2‘711(66 -

Expending the load into the appropriate Fourisr serias

we have

— AT — Swmg. o
JCV-"‘ T ;;:‘SW\ | | ’ ‘ -lot(sv)

Now, assuming
W = z RTY] Slmb : ; eee(4)
wvhere R, 1s & function of N only and substituting the

expressions for 9 and W ( Equations (3 ) and (4 ) ) into
Bquation (| ) we get

'Otl |, \&R W 3 zR _ ﬂ cealS)
e TR T 'n") BT A i |



&3

The solution of the above equation can be written in the

' form

' m -~ . . ‘ ' \
R = At BT 4 G dda0) 4 Dy, () 4 AV Sal, (6
meom ™ Il ')+Dy’"‘(_ >+mwm“(z’m§( )
b where Im gnd' Ym are the Bessel funetions of 1st and
2n§ kind of order m and ‘ |
| I 3+\+2n

e a6 )
S.S,m QLOCTL)‘ :l; {(3-07‘ m’j {(3“-&2797‘ M)

is the Lommel funetion.

The solution satisfying the boundary condition along the

diameter is

o " o) A% Sa,m ) oo
Rm" Amt +C’“JW‘.W(,)-+ mADRH (2%-m) 7

Hence,

‘o

W= [Am‘n +cm3mw°f9 4T85 0D | g1 +eC8) |

™ rADR A (2> =mt) |
m=1,3,.

In:thé case of a simply-supported plate, boundary conditions

are as follows :

Q@%@qz(MOnéa 2.9' o (D)

‘ cr(‘ ow L bw)} - 0O cee(10)
'2_ 71_ ‘
ah ‘o"n 56" _
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Combining equations (8 )y (9) and (10) and solving for the

gonstants, wo gob

4% T (%?) [od Sy 'y in(1%9)

wabD (@=-m) L ax3 x> .
ﬂq/gglm (i.ocﬂ\) m.“l )\0(0\ ~0(_LJ” (\‘_Kq
A” ' mAD4 (2%-m) L % m () 1 3 )] cnal 1)
m = . R . - Y
o[ EC g1d) = o3 1)) - Bl o (rFmm)
43/93,m@7(09 [ m- ?‘Qm m—\—\rr\crﬂ
mWDaﬁ(zZ—m) )
axa . [oiSymlea) <%y MQD@]
- o =Fran | aw3
CW\= . mMmAD(2=mY) c\oc ..‘('2)
EW( Tl ~a T (<D | -3, () (“l =m-em oY)
To determine  , let us agsume : -
W= 5 U0 Cesmo orel 13)

@z‘Zv(n)-smv\w@’ o cee(14)



1

 Multiplying equation (2) by NdOMLand integrating within
m limits O to ‘& and O to A we have,

ﬂ

.+ j jzm \/(n) coswt@cisc{n + 4 S S @”{)hdedn

TLZU (n)cosms&sdn J SZu(n)usme&@dh.

+"zﬂ:'t 6»_9 d@_dﬁ' — __ﬁ_‘ j shdedh

0 0 4 00

After evaluating the :.nwgmls, we obtain the z'cncswine
equatmn datemming X

A mo&erCVZn e Jm@m)m:r QU(O\)— Jmﬂ(&oca)_‘_
i (M) Ty, 059 jrv&"’@] + 2MAp Con & Ty -+

BAMY X S, (Lx9) gt
A D (2°-m) e e (2 mz)

(40() (4+2_v9 a 47‘
X\: Z {(Mn)(:@»—m) {@Hﬂ) m} 2 ¢
s |
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62N+24 F+2N+12A

AR (e (4r2)-a ﬂ
* e T @ ) (]

6a? ( ¢ @s—mn g+4v\
B L e \E e[l Jlqeay]

NA24
8—\-2_“—\-2/3 8'\‘

(‘5—\—2'11—%2/:)&4——77\) {(4 +27) = Y@JK —m) {(ar28)= m"&] B
% D) (qran). |
DA (2 m 3[ i@ =) {L4+zv92 ) ()
G I ) o 95 95,5
L‘{l 'mL { G + 2_71) -m). }]

oL Ll) (AKK)[(2+ZY\ -\-"m):)‘h @o(q) SZ—th M- ( Kq)
N RCm YV { ~ T (dxa) - Sy m@o@)]
mADL Q— ’”\) (4= “mq‘) {(4 -\—')-*9 ”ml ]

L | ’e‘\ ’
. | (19
As (—> 0 equation (g ) reduces to

. W\ ’W\—\-é‘%c;
; 3[“" e R i e B

7{“'\'2‘ M+3+ 6
— Sl MB.

AL mx @—rm)@ n?—)(m+L+ :,-)

" as obtained by . Timoshenko and Wolnowsky-Krieger (1959)

for the corresponding problem of small deflections.
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The deflsction is obtained for a plate with Qa =10, 6= 0"2¢

at 0=Z,n=3 for various lcads.

The figure chows the deflection W/ against %lo‘*/ﬂ)?\,
In caleulating the deflection one has to start from
equation (15) with an assumed value of (X leading to a
partieular value for the load function %161 /ADh.

These values of X and ‘Vloq/ﬂDh determine the correspon;
ding w/Jh from equation (8 ). Here the values of X

have be2en assumed to be equaltoo’i 02, eic.
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Grapfl showing deflections for various' values of the

load function = _¥.1of
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Note on the large deflection of elliptic plates.

PAPER - V

Houenelature 3

The following nomenglaturs are used in this paper.
2 '67" B?“
v'—'—‘ rax?. 5‘;)7" > th
D= flexural rigldity of the plate = _ 5_61) ,
h= thickness of the plate, '

E= Young's wmodulus,

0= Poisson'a ratio,
uniform load, normal to the plane,

S

deflectiony normal to the plane,

uUp=-displacements corresponding to X and Y axes.

Following Eergor;s {1955) approximate method for large
'deflectian, an attempt haé'bean made to investigate the large
deflection of elliptie plates with clamped edges. The general
solution is obtained in terms of Mathieu functions of zero and even
orders. Hetaining only zero order, the deflection is obtained
and with usual limiting process the known results for corres-
ponding circular plates have 8lsé been deducad.

*&coepted for publication in the Journal of Physical
Soclaty of Japen. _
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1 ig ¢

\

Following Berger (1955) the deflection W of an elaatic
plate saﬁisfies the differential equation

§7‘Z(V|L”~"<Z)W= % . sesl 1)

wmre '« is a constent given by

- oh B@ e oW _\_\?_WL,_ H (2)
xRy o) T T\&y) T g e
A particular integral W, of (| ) is given by
W, = | . ¢
B T 4Dx? Q\Jrj | ..¢(3?
Transferring to elliptic co-ordinates ( € ,T]A ) defined by
Nty = OQQM\(HL»D 3 where ch is the interfocal distance
of the allipee,
the partﬁ.gul&r integral becomes
o oaqdr o . |
Wo-— —‘SD(X?"(CG&%ZE—\—CGZ’,‘D - ooa(é} )

For ‘the complementary function let us assume W = W +W,

. 5“0;3 that (7‘7-\/\/I = O aMOL mlwz—-o(.lw?_: O ' 9-t< 5)
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Chenging to elliptic co-ordinates we have

| BL".BL . i ' ‘ ' oee 6
l,-a——{*:,_—\-,a'ﬁ“?’)\/\f‘ = O ‘, | \ (6)
e -a "aL . O(QLA.PL ‘ ' X I
.am F( Tl,_ WL_T(%ZEﬁ%ZTI)WZ:.O 4 . 000(7)

Periedie solutions of ( 6) and (/) which are symmetric |

about the céntz'e ean be represented by

W Z sz Cﬂ”’\'t’-”hi 062"1"‘ | | ese( 8) |
m=0 : ‘ : :
- = l o o ol | | | ‘ NN % )
vh= 2 CnCem(e-9) Cemle) B
where  (Cym (n-7)  and Ceam(E-9) are Hathieu |

,funeticn and Pfodii‘ied Mathﬂ.au functien of the first kind
of order a'LW\ and :
9= L&

4
Combining eéuat:tans( 42 & 8 ) and ( 9), the general solution
~ can be written as.

W= Z Com Cosham . leww‘
m=0

m::

Oi—_ﬁ" Cezm("é GI/)CQ,,,Q\, @ 8])0( M2z+c@ ees( 10)
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While sblving a problem of.bending o: a plate with elliptic
hole, instead of taking Mathieu function of all orders,

taking a single Mathieu fuﬁction of second order, Naghdi (1955)
has shown that the resultsbobtaineq are satlsfactory for 1afger
elliptic hole. In our present problem we also make similar
approximation by taking a single Mathieu function of order zZero.

Hence on this appreximation equation (lO) reduces to

W= Clca)({,"‘v') cé, Q‘)"‘Vl> 8D0(L(C2WQ12{+ Ce@'l‘r( + Cy eeef t1)

If the outer boundary of the plate £= €  be clamped,

we have 2%\% -0 ,  when f-¢, | ees( 12)

Using the above boundary conditions, the equations to determine
the contstants will be

C‘ceO@o,—ﬂ{D\ceo@ - (Cﬂfb'?r\ f +%9—T\ +C9—"O oo-( '3)

8DK

(’2 wceo(q W) 430(1_ 25 = O. " | eee( 14)

Multiplying these equations by <:eo@, 7) and 1ntegrating
WLt n from o to sx and using the orthogonality
- relations and normalization (Melachlan, 1947, P-24),

we get

= Y a)sih2t, S
\ — Do certgo Q/) . >

= — WQQL[SMZECQ@ ) _ lwzioJrLAz@)] (15

DL\ €e)(2,,-2) %



63

_ Ao(0) and A,(0) being the first two Fourier co-
efficients in the expression of (g, (n,~) ¢« Hence
deflection is given by

» = Cj—/fliz QAO(O)S'WM*{ / {
W‘ 4Do? [m" Ceo(f;cy) ceo(q,-qf)

_ E“*h?fétﬁ%(?ofxﬁ> ‘ .
.cg$(ﬁé’ﬁwc> , -+ jzcﬁd\zio_.

L AL
4 Al "2 (coheg +"-"32’D] :
oeo(lé)
To determine o< ~ we know that
"bh+_~+ Sw\E, | (owWNE oCh
oKX oY \ox )t 7 gg) = o
In elliptic co-ordinates, the above eciuaticm reduces
to o By . | .
D (e 2 [ | [ AWNE | W
—5{(4\,’) '\‘ﬁ(j\?)]"‘z’e\fe’lz Dt ~+ :a)
= oCh | ees(17).

. |
!
where 4§ -4 =
. > . OLV S‘-“J\-i -+ Sw M
Beundary conditions for Wy and 'bw\ ~are Uy =0= h,,

-
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Let us assume that

'ooo( (@)

/{LE_':OEC: PC‘E)%ZY\T‘
'{'L = ZQ—@)SWZ\]?‘ }

- subject %o the conditions 9(@0) G(&) - o o

: Integrating aquation (l7) over the surface of tbe plate :

ehave _ o “
NEE w e ottty

OR,

0

| %—("S”Tce (f W)Ceo@, ‘V)ﬂ—Cﬁo@ —a/)ce’ @ Q/J oigob]

. ?o-?,

. A ? 4 4 |
Q/oQ 4\9_5 At Sy d 0L
45 S S o dgdny + jogﬁz_ﬁzlp 3 7\

- g,
S \c.e.a@ a/)ceo(v\ w)m sih2t 0@@’(1

0 ‘o
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: & om |
-\—CJ SCQ (‘E )Ce 4])2 i
zlllc(zj S (s(“ﬁsﬂni)o&ij | o S e

After evaluating Athe integrals, we get the equations to
determine « in the form |

od” . ‘
e [0 sesen - AP sangaten )

Lc“d‘
o) —1
-vA)VLch

(459, + A, )suq ng. _ A O O, ﬂ

L {A (0)}315.“4,4,13 +Z Z & (*1) A G)Agg) 405
N=1 A=) AE
?'LT/:A

% {‘h Sihang coshasg — 4 Si‘%%i%&z’lﬁ}

P 2
4 thz(ﬂz’%o)) i (”‘27(10)) Qg S, 471? )
| =1 - =)

42005 (i et S S TS
| % TR “'ZZ

=1 A=
AAp A
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X (R sichosg cohont, — 5 sid, 2“{4&"’“‘ 24%.) ﬂ

Yd'subat,
64D 4

+

_ RS wheg, | | -
T TR ‘ | eeel20)
In the iimit;ing cagse, when an elliptic plate of semi-major

éx:l’s ‘a_ tends to a circnlate plate of radius q') € oc, d-so.

Hénce _ o
ceo( L8 Y) | I.@w ceo €2 (£-9) T, (%
€ ) 7wtk Cer(t) m)

and
& (1‘ GV)—%'_— AO@"h’r ) A0 o, O[SUJ\‘Z{O——) QOL
AP0 aumd Coshagds —s 22
Then the equation ({¢) reduces to

(N

W _—_—_ ma) [I (0(71) I (o(aj} -+ :sz a_n?.) T 000(2|)

‘which gives the large dsflection of a uniformly loaded
eircular plate of rddius o |



Also the equation to determine X reduces to in the iimiting

case
q/la II (Ka) Io@(a) . q/l l:'\ Io (a(h) &71 N CV'LO\?_
2D I} () 2 D11 (@) 8D
2 @ 6,2
— Y S LA = <R
AD, () 6
Lp2 9 2 9 2 9
OR, (o™ _ Yol \l@{z o }
24 7 D) - LD~ Lol aal ey 1.(0(&)]
N Va1, (4)
T AT aes
32D 4DA° T, ()

which 1s the equation for £ 1n the case of uniformly loaded
cirecular plate,

Numerieal Calculation 3

Putting d=3, = 2/7,¢€,=3, £=22 and n = n/4

in equation (20), the value of the load function is

found in the form
4

09 _ :
Dh = H1or12

Putting this value of the load function in ( \¢) we get the
deflection in the form

\_A_/— = 23
.h

67/



lLarge deflection of an isoceles right~adgled

triangnlar plate, *
PAPER - VI

Nomenclature 3

The following nomenclature are used in this paper.

9 = uniformlload, '

U, = disp;acémentgélong‘ X and Yy vaxes,

‘W = deflection, normal to the middle plahe,
A = edual sides of the plate,

E\ By = Young's modulus corresponding to the
- direections of X and Vv,

)
S)
]

Poisson's ratios corresponding to the
directions of x and Y,

’ 41 = thickness of the plate,'

Dy = average flexural'rigidity.:: (€D, |
I- 6,03

D, = average flexural rigidity - _(ED>
-6

- Ds = J;:'(OT-])z—t-G;ZD,)JrzDK;
Dy = average torsional rigidity,
1> = —DB/D) )
K™ = D/ .
Introduction 2

Following Berger's approximate method for large

deflection, a good number of problems have been solved .

#ccepted for publication in Indian Journal of
Mechanics and Mathematies.
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Iwinski and Nowinski ( 1957 ) extended this method to the
ease of orthotropie plates and arrived at the satisfactory

pesultss The present author's attempt is to apply

this

method to the case of orthotrople isoceles right - angled

triangular plate,.

The corresponding deflection of isotroe

ple triangular plate hag also been deduced.

Anaizs is

ist us consider an :lsoeeles right « angled tr:langular

plate of equal sides

a

The eguaticn govemmg

deflec‘cim of an orthowopic plate in eartesian eo-ordinates

can be written as ( Iwinski and Nowinski, 1957 )

-a‘\w LBA
w2l s
e oy

*

e
V4

,Ey =

_ M
o} 8

+K

_ e Bw o Fw
.9_\2_ =+ ‘bSL

oxt

2y T2 \&x

aoo(‘)

B‘\S 1 [ow Kawl_cvc-CZ)
;G 23 -

Let the boundary beé simply - supported with the following

adge conditions.

b= W

fl

A= W =

o,

K-
W
Fo ) ko

-

0O

’ T
/(A-\-@’:W':é_v\_/.

where

©

2

(@)

-—
—

& w=o
<t Y=
o &t Ay = a

2 _L (o 2
'av—ﬁ_(ax*';g

LN (3)
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Assuming the deflection in the form

W o= ZAMCS{M ELULL S I CLLERP mzx>

@)
where m 1is an odd integer, A, being constant, the
boundary conditions on w can be satisfied identically.
Substituting (4 ) in (1) we have,

ZAM(CMQW%E%)—(-SW'YH—ZE& + Din S Z7 . sl mg"): %7 o ()

where

4 .4 2 A\
m'A 2 12C
C,. — 3 (K+8a+16)+

©

Dy = "’“47‘4 <6K +8E"‘+)+ s m—“—(éﬂﬁ )

Now the load can be expanded in the form

— L 2MAK o ommy - C2mAY . MAKY
vV }:‘VM(CMS\M = SW..GL 4+ D Sim a S 0:() Ce (7)

Multiplying both sides of equation (7)) by [C, S 2K g 3, T

“ Dmngmm i wmx] and integrating over the

surface of the plate

we have

oo 229 Ene D) (3
Vo= 3m"7rl@:;+33§.) ®



Substituting (8 ) and (7) in (%) we have

A 32 (Gt D)
" 3”“L(CM+LD”‘>:D

Hence W:ZAMGWM—O\M'S‘.“W%Z + Sie 2m7ry < 'm?()

15 known.

To determine the constent < we know from (2 )

M, 2u | [ow K {ow\>_
S T Ky M)* w)’t

The boundary conditions M=0 at =0 4, 9 =0
at Y=o and MU+V =0 &bt ALY =
‘ara satisfied by the funetions

& | N . WA VA
AU = Y Bpowll (a4 s’ — 7
n=1,3,5,..-.

o =B o o 5T )
1,35,

VR

where E,\ 1s a constant.

7\

nee (9)

ey (lo)

see (”)

ey ((9-.)
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Integrating (2 ) with respect to X and Y over the

surface of the plate we have

a a “J S ' -
o} o - '
' a G-y o | : n 1 d
: | . max MY g, 2NTY MR WO x
+ K\g &:B“’K#fhlii"on & S v Qﬂ A J
o 70 : | o

a A

. ,‘; j . l ’
' mﬂ‘y z_wm 'Wﬂ(', . lmwy WRYX OQ %
*-%l\ S X?EGMQ?3%TEK.S s S Co3 :j} dy
Jo o . S

a &)

i X}ol_)t
2mm( Mﬂy MN 2mR zmwygwwm Jj
Coy —~ +
-+jsg & Am(fw' a
2.
o]

C‘gixa—ilxob o | boe (13)'.

> O

After evaluating the integrals we have

L | v
5 A (e = 262 cee (14)
' If the plate be isotropic, we have
K= L::‘ ) 1% :iD? - s j);gﬂL
6_\1:6;:6} Ev‘zEZ: E C:
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In that case the aifferential equation (| ) reduces o

T L1, v 22

ey s A ey

Corresponding defleetion is given by

L', . . 2wz LA
W:ZBmkgu ;X,gmﬁ¥+gw_—az.3w7>

27N W\?I')’ QW\?\‘}/ ™MK
. 32‘1/&9_ (S‘“ Sim + Sw St Ta eos (16)
= 7] >
where
2.
CYRSgey

The corresponding equation tr:» determine X reducaes to

EB:; ,W\Lﬂl . 0(7;2\LOKL | vee (\7)

If X—>09 We get the corresponding small defliection for
igotropie right - angled isoceles triangular plete with
simply - supported edges in the form,

3‘2_°Va 2maAx .ZVMV mTx veo 3
G S

~ 75DA®

Which is numerically equal to that obtalned by Timoshenko. S
and Se Wolnowsky-Krieger (19$9) in the form

. AN '\'\71")’
\6‘1/0\ [oc OC 'ng‘“"'“ ST
n=1,3,-

i )Q s L +
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x < mAX g, A

vy S W

m=24,..« m=\3.. " @1—_1})@1

The deflection is obtaf.ined for a plate at the point

A a -

§

The graph 1= ploted showing the deflection - of the
. o

DR

deflection one has to start from equation (17 ) with an

isotropie plate against « In calculating the

assumed value of AA leading to a particular value for
zt .
the load funetion — i< » These values of X4 and

Waﬂ' . A1 Ph .
FADR determine corresponding 3’; from equation

(16). Here a has been assumed 1,3, 5,7 9 ete.
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CHAPTER - 111

Large deflection of a square plate of variable
thickness under uniform load.*

PAPER -1

Nomenclature :
o .The'fdllowing‘homehciature”are7used in this paper.
= ﬁnifbrm 1oad, _ |
W= lateral displacement,v ‘
4A—w-— components in the middle plane of the plate,
k= thlckness of the plate,
" :';DT flexural rigidity of the plate = I'Z%f';) ,
G = Poiseonjs‘ratio,

E= Xoung's‘modulus?

:Introdaction :
o Fbr the large deflection of a plate we usually get non-

linear equations which cannot be exaotly solved. Fbr a

'e‘unxformly thin plate,Berger (1955) has shown that 1£ in

’deriving the differential equation from strain energy, the
"strain energy due to the second strain invariant 1n the mmmﬂle
ﬁplane of the plate is neglected, a simple fourth order |

'differential equation together with a nonplinear second order

*Aceepted for publication in the Journal of
Revue Roumanlie Des Sciences Techniquee ,
Mecanique Appliquee, Romaniae’
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equation is obtained. Following Bepger, the curresponding
‘egquation for a. sguare plate of variable tnieimaga has beon
‘deduceds Basuli (1961) solved the problem of an anmular
plate of variable thickness with linearly V&ii’ying
thicknoss, .

In thig paper an attempt has been made to investigate
the large deflection of 2 square plate 6f. uni-directionally
variable thiclness and an mfmm strz.p whase tﬁial—meas
varies along the brsadth, |

Analysis 1 |

| Lot us consider & gquare plate of s‘iﬁe 2¢ o Lot tﬁa
gentre of the plate be taken as origine |

Total straln BnavYgy Qf the plate -with the’ present approximation
is given by '

el g _
2(-9) [%}i'%z_ - ?)xb)) ]} olxdy ——Jh/wdxdy "."( ‘2

whare
€= €&y, €= -g::‘ 2-(3:) 63 = %(%;/ .. | esel2)

Using Enler's differential ‘equamf{ga of variation we have
( If F(X,Y) eorrespond to minimua value of V. )

% 2% _ o o B SNER

Bl Ox dly oy auy - ©
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°F 2 B2 L L
o0 T 2x OBy T 3y ovy o eeel4)

OF 2 BF _ B BF P SF T O>F ’
= - 2en - 2% 3 o (5
Bw T oK W By Wy T B S ¥ X oW, iy S By = © sesl 5)

Tet us assumo that

J

/h /hox'/e} ' o whersd D = Do X ‘ svel 6 )

(’:@:abin,.mg 81l the @s%uaf:,mn@ ( [ },i 2 ),(3 34 2t 5} sm
(¢)

We héw,,

' : 1)L
3 _ _ o Kk
S (he)=0, 55 H\ e) o Hence he = constent —
‘il’mxs we pet the following asfrevent dal ‘aq&at:!,am, '
- _ U BU | aw _Law ’ .':.
<= x ° ) ( ) [1{\ el 7))
v (xv x/&)w - £ |

For th@ cmzalemantary funetion of aquati.an () let us
puﬁ W = w, +Wo '

So that for the gquaumz . o '
V(- <) w = o
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We hava,

’2_
VZ\/\/‘ = O mum(9) and XV\/\/ — {\ = 0 eusfl0)
O
To solve eguation (9 )
let us put
A eea 11)
'E: V“n(¥)53 Nz ¢
. L3, :
voundary eondibions being
= w= 2% o ok x=b, k=2, brc>o0.
o= . o
: see(12)
— alw — . - = Q.OL
pewoggme FymEa, b
Putting (11 ) 4n equation {9 ) and solving we geb
| S mA nrK -
Wp = ret o oae
Again %o solve equation (10)
let us put
= ha )y . aeef 13)

e @Y

=1, 3,
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On subsi::&.ﬁubmn we get,

)'( OLZWY]/ W { ( vl O('L el 14)
To solve equatiozi {14) let us put

The trensforzed eguation is

oon(léﬂ
X GE TR A T

Yhe golution of tho above equation can be put in the fomm

, LTS & Mﬁi ™ x wl
_ o ~ 2NAX Ay
e SR [ S adl e )
m=0 M=0
=<
N Z/K (znn (7\-') a ve sl 16)
M & P(?\) 2N
™=\ .
“Murphy, George M,:Ordinary
£ 63.&’&*&1*%:‘&5.&1 squ;.t fons and
thelr soclutiong PP. 331.
Whare.,

L
SN = ax
m 9.9, . (2+m~( | K 7\—~ [+ ———

| M (Ar) - Him s
//4*m = V“!Qﬁ*é; F09 ; Hy= 22; K}
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Henca

Tl?l'K

Wy = re & {Azx cﬂ“& - A, ZX Tﬁ%@@

e )

= A, canQ + AL 00 seel17)
Particuler integral of eguaition (8 ) can be taken as
_ th
2D,

How 9/ ean be expanded by Fourier serles in the foim

e
Ay -  eesfI8)
\/ = e \ ' nx [ X X 1
T = T s ey ,
Y1=\)5/.. .
Hencs.
oc. tm»_x __\717[")(
W = Z [:A|€a+ A& +A47(7L)+ALP7\@
h.":‘)gj‘ ]
«ED,mN % ,
is deternined.

Longldering boundary conditions on W and scdving for

the constants we get,
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KsRg — Rgy
. , -
7&\7_\19 . 7\7,_7\:\

A~ NG
4NM~MM

A\'= )‘}._Azz

A _ ('Vh("’) 21.—'/{*: "l)y\(c) ) A @) —'/L‘zCP (lo)
T RWRO-¢BRO 1T W@

where,
‘ . nnb - N7Tb -
ot a - & , o
s : 2D ,MA.
S v TI—?LE - _YEE q .
; /(42,_ = A_‘Q o+ ALC * _ ?-Qrc-’?\o
X" D NA

nb' 'YM'Q ‘

A= [{etge-e wn(b)}{qv"(bw(@ TS @)}

b \ ,
iz Q“" o - n%s o GO 0O - T (c)}] -
'ymb - mrc , -
= [{e Tq@-e %@}{@"@)W"@> LHOLACI I
2 2 .ﬂﬁb ‘.ll- Nt \
et - e TR HRORO- U”)CP@H
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/

n - 2k Hw © = SHWH AL O w0}

-2{ 4O - RO O - 7,0 w)}]

nab

4 = [iﬁ P () ~ .en
IC R P{HORO - FO o}

b |
BB} {%0%E -7 o, ©}

C

Mx
{e,
Ymb

X; = PL ENOR R

a.'L

RO RICLACREACTIE)

WNC . hﬂC
2\ ENOSLINS 4O} {cp B -3 %]
A= i?;f;; [{Wﬁ (& ~2¢,0)) {CP,,, @@ - Pr (W, (c)}

N0 - 2O {601 O - 50 4]
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T detsraine « ¢ wo know from (7 3

oW o L (w2 WA\ 2y
o oy TS &) - ok

Lat us agsume
/LL = Coy @ 00_9(2
R
@: Z LKC)L)QWE_S% o . ono(?.l)
K=\

Comblning sguations({ 7 )y {19 3y (20} and (21}, we gots

< oC
oy gl KAy K. K
| KZO 30 @ =25 }K L) & e 7Y
A\ ~— B =‘

o ‘ ' A 9.
IR comay (. PR wn
+3 [Z St 73 (X*\@ T R e M A @)+ A0 () - A‘Wg"]

=3 KD A
o max _ 7K
2 (et A ™ amg 2k )18 o]
+ Al ™ Ak AP () + A Y, () — ZV Mo \mr (o, Tiny
l[nz ‘)g 2 -+ -SCPT\( )+ 4L\)'h ) XL:DOYU‘ o CF} Y
2
&, /3
l"i ' / 0ss{22)

Bgunting the terms independent of Y , end integrating
with respect to X bstween the limits b and ¢ , we
got the following biguadratic equation for the

determination of o«
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2 h?i K - — o
+ Ay oo [Z 7\m (o\) e & {Czwwz (2m+2) ¢ m+‘+ o

(— %’R)

2M+2, oc -
- ) 2 - N
Q) {2m+2 B 2 (._21]} ma 2m+9_ (2vn+z)b
(__C’L_ 2mM-+2 "\ a {
2NA m=0 : ( 2n7:)
2VN+2.
N ey 2mt
( QL ')_Yﬁ—\—z
. 2nR
2nAc ,
mab47 2200
2n
+ Z_x A 7‘ e [} {CWHAH— (*YI+/:>+2) M4+
. + . . . s e
()
M+A+2. .
N ) L m+sa2
T A \MtA+2
INR

WA+ 2vmb

— ZK Ag (21075) x {l;mmﬂ (rsan) o
/.') o (— nn
W\=11=/.s
Y s j

—\-.

'W\+/5+2
=)

, [~ o om
+ Ay [e - {Z (%‘L-?S) (W‘*\) 7\vn (zm_ i C'

= 5
(_‘)17*" |2m -nmb = —
-+ 7: ZW\ 2m. b
=5 )| R O B P G e
- 2m lam :
+ z o ?_W'\)}
_m)
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If the plate is infinite in Y direction only, then the
differontisl equation (2 ) will take the fornm

dw L dw o dw g eas(23)

Selution of the ébwa gquation can be put as
. Y2 ‘

W= Xhe [ 5 Edl®) + Ay, (i)

X

_nC
2d5 D,

e \ . .
Whers — 2%%) 1 taken @z ihe particular gselvticn of{23)

+ A+, — ess29)

ang d = /b, 3T, and Y, belng the Bessel functions of
ist snd 2nd kind.

Dovndary conditions arae

2z
diw = O ,:aj: X: b) K_':
an>

Considering boundary conditions on w and sciving for the

ﬂ:W:O?&Xzb)’}L—_—_Q
' } q-&{QS)

aonstants wo gety

A\ = CV. [ Xg-‘>\@ A - CV K7"7\S'
' ASDo | ARg-%7Ao| > 27 dzD, KR ~Rghg

C | = %btc) Ay (A|—A3)+AQ_ (7\2“}4)

2d5 D, b-c

el |
C‘Z: mo hand A'7\‘ - AL’XLH CIE
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Whore,
Yo 'OQo Vs ‘ Yy
X = ° :\S;L ) X, - b y,(gg%ob’)
7&3= J(L'd" ) >\ - Q )/, @10\ ‘{9
L £l 4 dr

7\5: g‘/L:Y\CZ;CLobl,(L)) x - l/l ( OQ_O‘O‘/L)
X = &g, e C’l(j’ A= &y (idoc®)

To determine « , we know that

> 3 3 )
é“& !a’\; L aX) 7_(’3;\/) 12_?,1 veel26)

In this case egquation (2¢) reduces to

m dw\> -« o_‘/B .
R ) o A

If U= U(x) we have,

U'()—rL ¢,

2.
+ O\ZTD A3, (uclok) + AV Q*OQO“{L)E |

~|/3 S
Je‘l ses{2])
12 <

Integrating the above eguation between the limits b and
wa get the following equation to determine X
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| 2B +-T.?(29} - Z’:J\T"z@'h) + ‘Tf@ﬂ |
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.n’,LAAz {3‘(()%(21)’\‘_5(2)%(2)} {o(z)y@)jgj@?_)x(z)g .

_*—‘0*9*@@1(- PSS
isd:e[z (@)@ 5 [t - 6]
AV

4 odlD, & S,Ql) zz Jl 2) - zLy'(zL)Jrzz 3‘7_(2)-]

: ::CLZD Z' M (z‘) —2¢ thz') Z?_ Y (ZL)"’ZZ’— Y2 (2 )]

OC/Q\ (7-/3 ?—/3
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Ceeef29)
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) &2 = boloCL
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Ruamerieal caleulations ¢

(a)

(b)

Square platae
Let us take o= 10, b=30, =10, = to, h =
Putting these values in the biquadratic equation for

the determination ofx » we have the load fumection in

the form

_i = 10827 X 04

o

If %/a=2,Y/a =050, then from equation (15).
\Ve-gx*, W= 27|
Plate of infinite strip.
Let us take b=30,C= (0,1 = 1’5, ’ﬁo: |
Putting these values in eqﬁa‘cion (29). we got,

Y _ -3
D, 3715 X 10

If % =920 4 then from equation (24).

W= |"703

92



Large deflection of a circuiar plate of
variable thickness under uniform load.*

PAPER - II

Nomenclature s

The following nomenclature are used in this paper.

9 = uniform lateral load,

W.W = radial and lateral displacements,

h = thickness of the plate at a distanceﬁl from

the centre,

D = flexural rigidity of the plate = - ‘52_‘62) :
6 = Poisson's ratio,

E = Young's modulus,

Chy = §%$7+—%Q§%)2;

Cpg = %%,

e = Eqqt See

m X+1+2mM
- Z

| - )
Sx3(#) = Lommel's function = Zo {(H‘)if}“'{(m\mﬁT'

Introduction : AA>

Following Benger ( 1955 ), the corresponding equation for
a plate of variable thickness has been deduced, Basull (1961)
,solved the above prdblem with linearly varying thickness. In

this paper an attempt has been made 0 solve

*Accepted for publication in the Bulletin of‘the
, Calcutta Mathematical SOeiety.
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this problem with thickness varying as the cube root of the

distance from the origin.

Analygis 2
Lot us consider an annular plate of outer radius b .
Let the centre of the plate be taken as origin. Strain energy
dus to pure bending and stretching of the middle plane of the
plate on ccmbination glves
2 7 4
\ 2 26" 2(-6) dw dw dods
= = - . . T
v ZJD[(V"V)JF 7t ST U OO
| —chw'n_ohols A

If T be an extremum of \/, Euler's variational

egquations are

—aF B BF “ o - 0-0(2)

— oy —_—
¢ —

oF 3 °F _? BF _ 4 eee(3)
oW .o Sy T am Dwn, T

Congidering (| ) and (2. ) we can write the differential
equation in the form |

S%_- G/'le) =.O) %&é; cons%ant = 25 .

go that Qa w \(&W)Z- 0&2\3 | eesl(4)
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Let h=4h, Uhew D= Do INES
From (| )and(z)?‘ehavar
OL“ | Jw
L
A )
© Do
N xl
Where A= \xG, B= Ey
Sattm Aw we have
g a}:‘ = 2 5 L
".( 6)

Lz Az de N '_'q/h;
A R e Sl Gl il »

Clearly =z = — % (A+B79 is a partieuiar solution of (6 )
X ,

Now the equation

OLZ J,Z. ..( 7)
= Rz = O .o
s v A TS gx@ Bn) ~
is an exact equation which on integration gives

ess{ Q)

2 1 | . |
e oo (e
Where K_4s & congtante
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The solution of the above equation (23 ) can be put in the

form
7 = Whe 3, (iEm) + oy, (msta) |
CEET N s 2 Y

+ Cgi\/ SO ” (?/I Bl V")
) | (Porsyth, A.R} A treatise .
on diri‘erential equation
PP 202).
/"‘L‘ | | '’ l
wh - 1. - - Vo o Yo o W
Where o= -0+ and J G«Blh) Xu(urs )
are the Bessel functions of the first and second kind.

Henee the complete solution of (¢ ) is

Z = 3}—‘? ‘_‘ (\D)—\-CZ\;“(P)—k% o, p ()] QHB@ eee(9)

where t> = 2iptR-

Integrating equation {9 ) with respect to n. we get the
deflection in the form |

= 2¢, N [G“ ) 7. (") () = T ) S @]

._‘/q..

4 2c n’{@ )m) SPNCES MRS /q@)]

&—-l) . CMB'/L) ﬂ. o
[Z (m+) i(ll m) {(H—l’m)—ju}

ese( (0]}

h
23_})()(&*[’)) + ¢
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For an annular plate clamped &t the inner boundary M = C
and at the outer bomndary Y = b,

boundary eonditions are

s

AL = '=o;ﬁai ‘I\=b,‘rx=c
| Z‘G\g: . aj: TL:L) hzc'} eee( 1l )

Solving for the eonstants we get,

)

.- Lo [ ()7 - 02 )

R N[ (DN - () x')] |
[0 8D - () (D)

A 7\'J [(7\ ) (R ) (rs- 7\3)(4 4)]
| [ =R [0 K) - (1) - )
AR [0 )057) - () (U -X) ] B
[ - [ )~ (%) (i\";lﬂij

p
)




- [CJ\I\’ +Cz7\[:’_ —+ )\:\’:]

G =
3 /4
7\3
C= - b 4 O~ GG g;,\}]
Whore

o= zg/z[@—o.;@ S, @) -3, _,(zg.g%(zﬂ

A 2D R s, - OENS)

| 2mM-x| .
. G 9%\- (24 BVL) B
x B .
’ ‘mz—: 0 QTWD{'L“/“L} S )L(hkzn)’\m/&) |

— q/ A GEL
Ny= - o [Am TJ

o8
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y

Ee
1

- . ‘/ w

./(Zz)) A, =C 7(2) 7\
Ny = TRtBY

Ve

)

. mv
-

ZZ.:‘ ZIB[?“ o

o detormine A, we kmw that

Z

E T
o‘-h__b:ft“lzﬁ )

S (2)



Multiplying the above equation by N and integrating with
respect to N, we get

= Cha®
"0

2= [{F0] (59 1)

- (Ptvﬁzf(b)]
2. [Z (a2 L(\l /k) tu“@:\?&}]L

o ARG 2+ M4 |

(D" 6 (i) N
el AN ) |
m7A

it .

I R B S -3 AT ¥ Y
geipy | 2 T T 'BJ

e, [TF ). |
OO - OL,0 1,0y, 0

m=0 .l (& /4) JL([ + M')Lh/‘\Lj

+ E?{ZLD {GMW)F (® Zm%‘l/« - b;‘*-'@ ' Szwwz/« (D}]
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le/ {(37*/“)% () 53,00 0= 500 5,0 ﬂ

Y, Vo
e, [Ah }U« A SR AT IO}

- '/z
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Nunmerleal ezloulations :

Let us take XK= I's, b=20,Cc=10, hy= |, =I5

Putting all these values in (ic) we get, %f— = gOX16°
(% .

Substituting this value of %’ in (15) we get, W =332

o



CHAPTER - IV

Time - hardening and time - softening elastic plateg.*

Hggenglature H

The following nomenclature are used in this paper.

]

deflection, normal to the middle plane,
3
flaxural rigldity of the plate = Fi%é?b >

i

il

density, supposed constant,
thickness of the plate,
= Young's modulus,

o m AU g
i

3]

Polssonts ratio.

Introduction s
- Earlier periocds in the dsvelopment of the theory of
Elastieity were mainly concerned wlth materials of homogeneous
-elastic propertieg. After then, the generalization was done
from isotropy to anisotropy especially in problems on crysta;
Blasticity. |

A recent generalization has been made from homogenety
to nonwhonogenety of the material in whieh elastle propertles
vary from point to pcint.‘This has nelped mueh in the improve-

mant of the design of structures,

*Accepted for publication 1in the Bulletin of the
Polish Acadeny of Scilences.



A still another generalization of the elastic
properties has been made by Paria (1966). The Young's modulus’
has been assumed to be funetion of time but independent of
co~-ordinates. If the Young's modulus increases as time
inereases, the material will be saild to be time-hardening. In
the time-goftening material, Young's modulus is assumed to
decrease with inereasing tigea The physical justification for
such assumption may be'found in conerete, for example, in
which the elastic properties vary during 1its aging periods.
The elastic properties of a material nay vaiy from season 0 -
geason during the year due to variationé in temperature,
molsture contents and similar other varying factors. To
illustrate his assumption Paria (1966) has solved the problem
of free vibration of elastic rod with Young's modulug as the
functlon of timee

In this paper the auther has attempted to introduce
this new idea to the ease of different elastic plates.

Theogy »
Let us consider the transverse vibration of elastic

plates. The differential equation for such free vibration

is
[/ Love, A.E.H. (1927),PP.464 [

e ()

4 dw _
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If the ¥oung's modulus depends on time, the above equation

reduces to
4 A Dwo
vw—\—ﬁ) 'a{’“: © ese (2))
where .
A = 28— _ constant
T =
Let
—t
E({) - EO (l“&'O(Q /ito) [ X ¥ ) (3)

Where E, and 1, are constanﬁs, « being a parameter.

E(t) varies from Eo U—\—o() | at t=o0 .to Eo
ks —E_;o; « If X 1s negative, i;he material is time-~
hardening and if X 1s positive, 1t is time - softening.
Putting (3 ) in (2) we have,

Eo l+0<Q/)VW+7\atL: | ’ ooo(l!)

Let

“w @@@_‘9&)@ | e (S

Substituting (5) in (4 ) we have,

A v4w w}_,)?§ cee (6)

chL
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Le Free vibration of a rectangular plate.

We consider the transverse vibration of & rectangular

plate having its boundary simply-supported.
Let the centre of the plate be taken as the origin.

Let us assume w(x,\d)in the form

LS (X,H) : A COS(Z._V,Y‘———;\?}{ . COS (2n—;|b7r3 eee (7)

It 1s evident that this form of 13 (x,y) satisfies the

following boundary conditions for the simply-supported

edges,
_ oW _ -c& ¥ =t Q
v = a)&"o ' .
: . . ’ "ooo(Z>
LS:aw:O a:t \j:ib
oY*

Substituting (7) in (6 ) we have,
eee (9)

RSN

Lg o ¢ (i
d’g + <7\ ‘_EO(HO(J?QO)?; O

Kz _® (2m+|)l (’m-H)L
mn = o T =



Hy

Po solve ( 9 ), let us put

' —tfot . ' ' . y
1= ¢ / o | eee (10)
Substituting (10 ) in (9 ), we have

ng‘z A %@_‘_MELLQ(—\— >¢~O T eme (”)

If o 4is positive, we write « = x~ . The aquation
- 1)) reduces to

ol‘ L d vee (12)
aé + CVWIV\ (0( >¢
where
2.
Y 4Kmp B
WVY\YI - V7,\

If & is negative, we write « = _«. . Then the
squation (f§J) reduces to

L 1 dé a2 N cee (13)

de T aC ~ Hon (o) P = O .

Wa shall conslder the case only when o 1is positive., The
:case when ¢ is nega_tive ean be treated in the similar
manner by replacing Bessel functions by Modified Bessel

functions.
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The solution of (12) can be put in the form

¢ = A;—\Licvmﬂtzl) -t-. A23——=?‘Vm,,(zl> ces (IL’)

where

bt |
6( CKHhI‘ = L{ %@U\ / ° Y (15‘)

Hence

1

\/\/ Z. %Z:C%M( Q@@Y\*)Wy%mh 4% (Z)’men A%, (ZD] eee (16)

=0 W=Q

Let the initial conditions be

w(9,9) = £ €y, M G, eI

PP ¢ 17)
b’E W (\x)\g)o) — E ’DWM Cm@”‘ﬂ)m CA“M*Q?W

where (,, and D, are known constants.

Combining equations (§6) and (!7) and solving for the

constants we have,

Ah’\‘-‘\ 2 Dwm'to 3o Q( Vo ) A th —S (0< q/'mfh
aC 4, Vorn —Aqy |

2 Dnte
Bron = ‘QTJ : Vo = *‘vm(”( p) + K\ Cnn T iqc,, (4 %”ﬂ

where 4, = - %ﬁn
mn !
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Hence

w (%9, 49 S5 c@(“‘*)” Css GUORY
=

m=0 M=0 2b

' Y \ 2 Dyrbo (
mn W\"\ S ZO _ '2‘
X 21 Sk ﬂ%m iL ) J v k )

- Si_ovmé\\z‘) - i;vmv%%) } t OC\ C‘”W\ ijiq/mv\tzp Lﬂ/m (Zo)

&%%FOSAW(FQS) see (18)

-t
where = &, Yo 2o

Now for numerical computation it will be convenient to
replace the products of Bessel functions of imaginary:

orders by the equivalent series involving Hypergeome-

tric functions as followse.

{[zt

)

3- Lq/vn LD( ran, SLV @(OV'M,\

~dpn

<%
Z U (St
e 2 R ey (7‘> F (9, \gg, T +\‘—t/9... (19)
T T ) S0 2 T Z‘Q’%‘"‘ Tt &




Similarly

Jigy,, %) Tiqe (4%me
L’L%n

_t[z{

P,

GO

FQ o nom

(i ’*TL>

_'t £,
% oF (‘N"L‘VM;%5 “L‘ﬂ/mh* bt € [ >

Also

3 ' ; / ~
Tigg,, 0 T, B - T (@) T, ()

[{lw_or (Z) jL"r (2

{EI“LOV (2") 4 S

But
1~|~L°]/ (d‘quvb' ILCV @‘Ot/:mne /
ii%n
2 o
- (=) (e
IQth P(‘+L%n Z L'p“ F("l—lﬂzﬂ)
_‘L\-\-LOV (lol/;rm 4 LGV (o( '""\
. g
2e o ) ) (3 )

X F o (\~LCVW) M=o - (n—u%""

H”‘V () —Lﬁf (Z>J

I+La/~ (Z°> Iuv ( )ﬂ

R \ oot © L ¥ )
% ,_F, (m, L A /e eﬁ)

120

[ X X (10)

ees (2))
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)

. o YA
%oF, (M, =g g eV)--- (24)

~§&£

)
’ ."'F% 2h ' )
— ch ) (d‘%n . ‘ _—t—/ﬁ; .

H—Lﬂ/ ( mn JLCV (O( W\y\

It o(—>0 4 equation (/8) reduces to ( setting w = o0
in the equivalent Hypergeometﬁc saries )

o o<

W= Z Z Cos(2m+l>_gl(d.(’_n(zn+l)% *
M=0 =0
2D gt Yt eee (26)
x[_’% SM_‘R—O t G Cos mzt ]

which 18 the elassical result.

If the parameter & in the assumed law is assumed to be
small, the perturbed deflection of various orders my be
obtained by collecting the different powers of o¢ d4n the
given Hypergeometric series as follows.

The first pert:urbation is obtained by putting (-

in (19), (20), (22) and (23) and T = o in (24) and (25),
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Thus the first perturbed éeflection is found to be

2 o ox
w(6yt) = - T 2 2 oy Cox (o DX Con(an+) T

x| Pwn A °V “t/o Yot
[ﬂf:n(lw,an) JL(‘ el s - (heT ey j

(ann mn Yt Q/"m‘t
%n {CVW\ (Sw JﬂL ‘ 2'*:0 >
_t/to q/mn't
(C_ Wmn %V\ 2’{.0 }] ' ees ( 2'7)

Collecting terms of higher order of &« 1in like manner,

the'higher perturbations may be obtalined.

B, Froe-vibration of isoceles right-angled
triangular Plate.

Let us consider the transverse vibration of an
isoceles right-angled triangular plate having its boundary
simply-supported. The equal sides of the plate are
considered to be of lengths o in the directions of X and Y.
Lot us assume tﬁ(xgg in the form

. . 2MAY . Ay »om
w_C[SwTSw_a—_\.Sw-—a?—_‘-—y-S ‘?n?[)(] ese (28)

where 1w is an odd integer.
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It is ovident that this form of (O satisfies the following

boundary conditions for the simply=-supported edges.

Substituting (28) in equation ( ¢ ) and proceeding as

2
bw:o <t W= o0

‘Blw_—:o.&\j:

oy
Fe _ 5 et ny=o
(519‘7— ' co N
o _ \ [9 3
Ghow D5 = ?577*%3)

before 526 is determined in the form,

wvhere

X
<
iy

Sﬁ = C, ]"‘UVMCZQQ —~+ QZ_T_;_CVM (7-9 §

1
F

2. 22
b Eo ) lol-___ 49 A mt

‘?/ —t/zt

><[3%W:R%QCQQ -+ ijlkwxzéi}

eee (29)

ees (30)

A
7"1

M 2 MY G, 2MAY o,
g YT *SWT'QW o )X

Y (3[)
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Let the initial conditions be

/

W (09,0) = T ey (55 20 50 M0 L 0,2 i, e

LXK (32,)

% WCK,\J,9\: Z])m(gmh&m( _Sm_m__zz _\_Sw?,_mg‘_‘?l Sh%}

where ¢, and D, are known constants.

Putting (3)) in (32) and solving for the constants,

we have

0(49_

A = P_EIWQ’(%,JVKC Ttor(qu/)j

B = dqi[bm{o I (0( %n) + X, CJ L‘?/M(pﬁq/>]

where
4 = — 24 Siuh 9,
* R Von %

Hence \y (’)(,\j, {) s Lnown.

To obtain the classical result as well as the numerical
oomputation together with different perturbed defléctions,
it will be convenient to replace the products of Bessel
'runctions of imaginary orders by the equivalent seorles
involving Hypergeometriec functlons as shown in the case

of rectangular plate,



- CHAPTER -V

Largo amplitude free vibrations of elastic plates.

Nomenelature
The following nomenclature are uged throughout this

paper.

W= deflection, normal to the middle plane,

W= gigplacements corresponding to the directions of
co=-ordinate axes,

h= thickness of the plate,
D= flexural.rigiﬂity of the plate. — Ti%ﬁgﬁ
E = Young 's modulus,
0= Poisson's ratio,
= dengity of the plate material,
l@.&&%&g_t.&%.s
Berger's (1955).épproximate‘plata theory for the
large deflection of isotropic plates has been oxtended to
orthotropic plate problems by Iwinski and Nowinski (1957 )
Nowinski (1958) has also solved some boundary value problems
assoclated with circular and rectangular plates undergoing
large deflections., Nash and Modeer (1960) found the large
| amplitude free vibrations of rectangular and ecireular plates
applying the technique exhibited by Berger.
In this paper an attempt has been made to investigate.
the large amplitude free vibrations of triangular, elliptic
and semie-circular plates.
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Theory 3

Let us éonsidef the free ﬁibratiens of flat elastic
plates with hinged, immovable edges. The deflections are
consldered to have the order of magnitude of the plate
thickness.

' The sum of the membrane and bending energies in a
- thin plate undergoing large deflections can be written in
the form, |

=%HKW@+%ﬂ

2(‘ 0)[4‘2 eZ 'ax?- oy2 - Bx’ag)]ﬁfixiﬂ eee (1)

The kinetic energy of ths plate is

T= B[ (g oo ) dacly ree (2)

It is now possible to form the Lagrangian function

T~V  eee (3)
. t,
" According to Hamilton's principle b'j Ldt = o cer (4)
If we et A= (& | .
. ‘JLOU:, Thew A = o cee ()

t



127

Kaglecting Qz and applying Buler's variational equations
we get the following squations

vw W}({)Vb@—\-‘w\_i '%Ltf’.; = 0

Bk b\? +_L blﬂ) _L _ 7:% &({) ase (7)

Vi ﬁash a.nd Hedeer (1960)7 .

‘whers X =  constant,

(2D

It is to be noted that the terms éérresponding to inertia
effects in the plane of the plate have been negiected for
the eguatiens (¢ ) and (7 )

Problen 3

1. Large amplitude free-vibration of an isoceles

right~angled triangular plate.*

Let us consider the free vibration of a flat isoceles
right—angled triangular plate with hinged, immovable sdges.
The equal sides of the plats are considered to be of lengths
a in the directions of X and y . -

*Accepted for publication in the Journal of Science
and Engineering Research, Kharagpur.

Published in vol. XII, part I, 1968,
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For the simplye-gupported edges, the boundary conditions
~are

i

YV = v aaz\fz:o Q:k N o=

’t,L—\—\}:w:'_bl_k?:o Oj()(’\‘azok 0.-(8)
(Y%

ora O = L[(D .9
where >y = ﬁ(’é—k+ -‘a—y)

The boundary conditions are gatisfied by the configura-
tions of the fom ‘

Mb( v, {) ZBKS‘M KA Q.os KAY o Qi KAX _ %} H({)} vee( 9}

a Qa
1,3,5, - -

. ’x . '
. K CKA K
’\5(7(,\},":): ZBKSLM K?Ly Cos NX ——SW%—Z +_75 G() e 30)
K=1,3,5,- -

\@(X\J'g ZA &swl"mk Swm“)+s 2___2 Sw—ﬂ>F@) eeel 1)
| n=1,3,...

!

The equations (9 )y (10) and (| ) may now be substituted
in equation (7 ) to yleld ’

Fz@) = G(Jc) = H@®) = &({) eesf 12)
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!
Let us 1nveatiga*e the fundamental mode of vibmtion by
putting wm=, in equation ST

| Substituting equations( 9 ), (IO) and (u)in (7 ),
econsidering equation ( |2 ) and mtegrating over the surface
of the plate wa have, | "

T ‘(sAf'ﬂ"

ﬂv_‘jf—»‘z. eeel 13)

If we now substitute equations (« ), (i) and (i3) in (¢ )

with - wm= )| , we obtailn,

)

. Yy : o
12 F49pt L) . 7SATAY
,HZC;; At + od F ( ) + -—az‘.‘_z__. F3(‘t) g essl14)

This equation is of the form
, F + A\F +/LL,F'3 =0 ' : ess{ 15)
which is to be solved subject to the initial conditions

Solution of (|5) can be puﬁ in the form

Fib) = C’n(w* w - eeeli7)
/ Nash and Modeer (1960) 7
where W, = 7\_\. W — P 7?44' - . ses 18)
S Ay BN (49475 A %)
| N | | .
'K?':: A —_ 75 Ay . 0!|(.l9)

20wy T 2#.2(4%75—‘@
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Here 9, and K  are positive constants and C, 1s
Jacobi's elliptic function.

The period T’/ 1is given by T'= f%g | ess (20)
, t

where K is the camplete elliptic integral of the first
“kind.

Hence =/ _ 4 QLJT_‘Z : ees (21)
Phn*(49 475 %Q)VL-
The usual linear period T= 2A | eee (22)
19,

is Pound from the squation

4 121 '
e
with — s 2AU &s K A . | ene (23)
y Ww = A, SWT'SW%—*-SW%X.SW"%{!C%WZ{'
in the form T' — omaJTE ees (24)
7\%90-7
2 2

Hencs j"_': —K _ ’K ees (25)

T 75 A 2

D+49 {,»]L L 9/"’|]L
where /3‘ = f‘_’, : TR (26)

The ratio 7'/t glven by (25) is plotted against various
values of 5 in (26)s The graph is shown in the figure.No.g



{3/

(o -\

70 ' | <

<o
o 2. Yy . 3 " oo
f—
- rFfeg

. Graph showing ;r"_'againlst': /g,
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2. Large amplitude free-vibratians of elliptic plates.*

Let us consider the free vibration of an elliptic plate
having its bounﬁary elastically restrained against rotation.

For this case, let us assume 9 in the form

W= W(xY). Fl) e

Substituting equation (27) in ( ¢ ) we have

. -
| V‘}W F("'-‘) — FSG) Vzw + %‘121 %_E W =0 ses(28)
h R S dl b L L
where NV = (ﬁ“’*ﬁ) an L) _}()

A solution of equation (23) is possible if

w4 , VW _ | eee(29)
W W
From (29)
V'w KW = O 0e2(30)
Changing into elliptic éo—ordinates ( %)q )y we have
b?_ al ) | . oo( 3!)
:D_{” + 'a,lz, ZF (CO’J\'L& CUHD W = 0O
whore - E;T[ , 2d. being the interfocal distance of

the ellipse.

Publishe& in the Journal of Physical Society or Japan,
Vol. 23, No. 8, 1967. .
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-Bnlution of (31) can be written as

_ | | .
— oee (32)
- Z QZW\ g’ezm (%,W) CCm QIJOV)
m=0
Whepe, \_(/m (&,9) and  Cen, () are the Modified
Meftnten finction and Mathieu function of the first kind

of order 2m and oy =b = l<_;14L,

While solving a2 problem of bhending of a plate with elliptie
hole, instead of taking Mathlieu functions of all orders,
t&king a single Mathieu function of 2nd order, Naghdi (1955)
has shown that the results obtained are satisfactory for
larger elliptic hole., In our present problem also we can
make similar approximation by taking a single Mathieu
function of Zero order. '

Hence (32) reduces to

eee (33
W = cQe, (%, ‘V)CE ) ()
Combining equations (28) and (29) we have the following
aifferential equation for determining F ().
O‘.lF 7.. 7;{_[ E N .
;(-E?— A F(‘t) ——v'§~—- 3(‘&) = O ese (34)
The equation is of the form
E4+AF +uf? = 0 Cees (35)

which 1s to be solved subjeet to initial conditions

FO =1, Fl) = o eer (36)
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Solution of (35) can be put in the form -

o F({:) — Cn(wjt)fkv_) : ees (37)
e (o = B (1 50)
o 4 Qco.(gg)
N
2 2([-1— o(l)

- Here 3; and A, are positive contants and (, is Jacobi's
elliptic function.

The period T‘ - is given by T, = ﬂ‘:’!é eee (39)
: 3

K being the complete élliptic integral of the fi_r’st
kind. |

) . e e (40)
- Hence (3=C,C€q (g;q/)ceo(?bcla Cn (“Dyt)kz) 18 known
For \9 to vanish on the boundary §- ¢
9/ must be root of Qeo@o,ﬂ/> =0 eee (4))

To determine , we know that

ok v 1 (o 20 o
L= 5w +r3y *% 'b“)* Y :”\TS’&)

Changing into elliptic co=-ordinates, the above eguation

reduces  to

Wb %k%)*—%@‘#)] ”{ £ @*\)]

o« R
jrend -—T-i———_‘»({) eee (49_)
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where

L=, = ‘
| pa &B\A}j‘\i‘\‘ S'wLV\

Boundary conditions for {xg and {*ﬂ are

eee (43)
hi: {Ayl:: O Q& €= go ‘
Let és assume that
We =5 P(8) Cos2nn P& | |
£ Z;O (€) Cos 1 F® o )

Un=7_6(®) Swany FP)
| n=| }] |
.. Subject to the conditions P(%) = G(%&) =

Combining equations (37), (40), (42) and (44)
and integrating squation (42) over the surface of the

plate we have

2N, ¢

15[ (mﬂ&%n

2 (P . | |
- Hd f 5 (gw“gﬁ)oh% coe (45

o 0O
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After evéluaising the integrals we get the following equation
to determine « . '

MN=1 A=y
NFEA

. AP 4 s
{z i;\u R Suh ARE, +z Z nL younll
xt’r\%mzmom&«ug,/b Smﬁn‘lﬁiwlmoj

E TS 08 (6 5509)

a A 3sw1127fi0 = A A0
+2A()Z o i ZE A
n={ A=)
nFA

X QLS‘UJ\ 1A% Coshan®, — /s»%wk NG, Cm,%z/sg)ﬂ |

_ o(L«K‘oLLS wuh 1€,

(2.

OR, ' -
LLA_LQU.J—\2 ’ .
C F@) _ ’Q" 2— i » oco(Ll'(?)

where A2§f7 are the Fourier coefficients in the
expansion of ce, L%)@




Cansidering equations -(38 )y (39) and (4¢) we geot

T = 4K

2 12¢7 Ry OV
%Q/;K Q+ Kz ZO\ZSQJ/\'Z%DL

- The usual linear period is given by

2K
T, = —-
2 w4

W

4 being found out from the

following equation

V4\f3 ’\‘_g’l-\;-;; \'& =. 0
in the form
> M

W, =
4 12

Hence
2K
T "o
TL— ]zc'?— R (&) V.
T Az Qe 28, |
W dso, §— ‘the ellipse degenerates to

a circle of radius R ( %o4)e In that case

C eo (%;GV) — Po/ jo (kn>

2, (0,%) CRN\Y Y,
mora 7, = ST
: ®

‘and Ce; (M, Y) — A — Tf’i
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ess{H7)

eeo(hg)

vea(l42)

see{50)

ese51)
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Henee in the limiting -casé, equation {Y40) reduces to
W= ¢RI = cn(ue’f&,@

= AT, ¢ @".Jc,.vg ', cee(s52)

Also equation (Yys) can be writien asg

o [{Ceé (8,9) oo (£, %) }%°+ 2‘1/(;2@0 &) ica«ykzg - @03 ol%

_ o(lde\?—ot)‘nggo ...(53>
l2. . :
' A@ < |
¢ ) o
where 0, = AM. A_Z@ + %’_o QB WOE
since Ce&o(%,,9) = O; d'chot 5 98" 9.0, A s o
and  Cosh2gds —sondh/d  an £ o<, d— o,
aquation (53} reduces to, in the limiting case,
R : . 292, 2.
f [en [nle oq _ «hR
o 6
o 2 |
OR, = AT T3, (KR) | e s (SH)

stnce T, (kR) = o
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Henece

. S | e (55)
| Q+ 6 KT (kD) /sz)/ =

Equations(52), (5Y) and (55) are the corresponding results
for a circular plate as obtained by willam A. Nash and
James Re Modeer (1960).

Numerical results s
S:ane ceo (@o, C@ G = 64

when' £ = 29 and@ d = 2

Let 24

1

2y

Putting all these values in (46}
C(
- = 74
h

Corresponding T‘[QL is found from equation (55)

in the form

3e Large amplitude free~vibrations of seni-cireular

plates. - ' _
‘Let us consider a plate in the form. of a;semi -

cirele having its boundary elastiecally restrained against
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rotation, Let us take the centre as pole and the bounding
diameter as initial line. "

For the above case, let us assume w in the form

S = WQ\,Q). F®) - eee (5€)

Substituting (5¢) in ( £ ) we have

4 2 2 O[QF eee (5
VW R - P VW s Th W o » (57)
, : 2
. where ®=F"(Y and 2.9 .12 1 &
) Vs St hE,
A solution of (57) is possible if
R 2
YW_ gt amd Yo eee (55)
W
From (58,) vzw +sz_ = O | soe (.59)
To solve ( 59) let us put
, = - | ' ese (€0)
W =5 RySwme | - ~
M=1,%,- - :
Rn, Peing the function of 1 only.
Substituting (60) in (s59) and solving we get
Rw\ - Am a—m(KTL) ’ ) ‘ AL (GI)

where A, is a constant and J,, is the Bessel function

of order wm.
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. Prom (Sa7) equation to determine F(i) reduces to

H2F &%C Kt dﬂ¥ i-l \
e 2 F *'% F> = o ess(b2)

Solution of (£2) iz given in the form as in the previous

,Cagsey
FO = ¢ (9st, A) S eeelE3)
' where _
4
0E = occ;ok (l . Kz) )
2 Vo
N = —
2({—5}0%_
| ' < o= anallS
Thus = }: A T (K) smm@,cn(w;z,x) AL )
=13 ... .
v® is known. -
For the fundamental mode,
8 = AT () siwo n (W5t 1) o eee(66)

® to vanish on the boundary n-= a o
- K must be root of 3, (K = 0O o | g coel67)
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To determine X 1let us consider the equation' ( 7 ) which

in polar - co-ordinates takes the form

202
<h L)
= S G Rt RE) e
Let us asgume
W= S 0M) Gzma, FLY)
=S V) Swws. FY) | | e (€9)

Combining equations ((g), (¢9)y (¢s) and (€3), multiplying
(€g) by ndandp and _integrating u.%.t. 7L between the
limits O to O and W.h i O between the limits 0 to T
we get the fc;lléwing equation to determine . «

A [ [ LKOL) + M7, (KQ) + TM-HQKQ)

T KGYWD T (1) T*“ﬂQ(C‘)]

= X%Ellql . ' LEX] (76)

For fundamental mode of vibration,

e BKL:Y,_L(KQ),,AT-. ees (71)
Ve\L

using '3"‘ Q(Q) - O




Considering équatiens (¢3)y (<y) and (71) we mave

T, = 4akm
R (1 SR

As in the pfevio.us case,

2K l A2 .0
= =0 when Whe

i
Hence aY /T - —NK
4 (\ 3Rk \ Vo
. -+ 1‘?_

Numerieal calculation.

Since k) =0 , Ka = 38}
From table  J,(ko) = J,(381) = ‘409
Let m: \O, O(:‘)

Phtting all these valuas in (7/)
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000(71)

veel73)

'0’00(71')
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