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I N T R 0 D U C T I 0 N 

The study of wave and vibration phenomena has a distinguished 

history of hundred years. The first mathematician to describe the 

vibrations of pendulums, ·the resonance phenomenon and the 

vibrations of st:dngs was Gal i Leo. Some pioneer workers in the 

field of ·wave propagation are Cauchy, Poisson, Ostrogradsky, 

Green, Lame, Stokes, Navier, Clebsch and Christoffel. 

Some of the major developments in the area of wave propagation are 

giveh below· in chronological order : 

1678 

1821 

1822 

1828 

Rcibert Hooke formulated the law of proportionality between 

stress and strain for el.astic bodies. This law forms the 

basis for the static and dynamic theory of elasticity. 

Navier investlgated the general equations of equilibrium 

and vibration of elastic solids. Although not all of the 

develop~ents of the work met with complete acceptance, it 

represented one of the most important developments in 

mechanics. 

Cau6hy developed most of the aspects of the pure theor~ of 

elasticity including the dynamical equations of motion for 

a solid. 

Poisson 

elastic 

investigated 

solid. He 

the propagation of 

t ound · that the 

longitudinal and transverse, could exist. 

waves through an 

two wave types, 



1862 

1872 

1883 

1887 

1904 

1911 

1949 

1955 

Clebsch founded the·· general theory for the free vibration 

of solid bodies using norma 1· 
I modes. 

J. Hopkinson performed the first experiments on pla~tic 

waves propagation in wires .. I 

Saint Venant summarized the work on impact of earlier 

investig~tors and presented! his results on transverse 

tmpact. l · 
Rayleigh investig. ated the pro1 agation of surface waves on a 

I , 
J 

solid. 

'Lamb made the first investigation of pulse propagatio.n in a 

semi-infinite soiid. 
I 

I 
Love developed the theor~ of waves in a thin l•yer 

overlying a solid and showed that such waves accounted for 

certain anomalies in seismog~am records. 
I 

Davies published an extensivr theoritica~ 

study on waves in bars. , 

and ex per imenta 1 

I 

Pekeris presented the soluti~n to Lamb's probl~m 

propagation in a semi-infinite solid. 

I 

of pUlse 

i 

I 
During the first three decades of ~ris century 

giv~n so much importance by Mathematicians or 

the subject was not 

PhysicHsts. But in 
I . 

the later part of the 19th cen:tury 1 nteres t in the study of 

waves in elastic so 1 1 ds attracted the researchers because of 

applications in the field 
I 
I 

of geophysics. Since that time in 

seismology the wave propagation ha;s remained ,an inter~stirig area 

. I 
because of the need for details 

I 

information o~ earthquake 
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pheno!llena, prospecting techniques and the detection of nuclear 

explosions. Bullen <1963), Ewing et a.l <1957), Cagniard <1962) and 

Pilant <1979) have discussed about seismic wav~s in their books. 

During last 30-40 years the developement of .theory of wave 

propagation in e 1 as tic i ty has been characterized by a deta i 1 ed 

investigation of the classical methods of mathematical analysis 

and the. trends to obtain specific results. 

The solutions of many of the problems in elastodynamics, which 

are frequent I y encounte-red in practice, have made a significant 

contribution to the development of the theory of wave ~ropagation 

as· a whole. While earlier i n vest i gat f. on s in the theory of 

e_lasticity were essentially reduced to the con$truction of 

. 
particular solutions, the invention ol computer technology has led 

to the deve l opement of genera J and quite uni versa J methods of 

s o 1 v i n g the p r o b J em s o f t h i s the o r y , name ly , the boundary v a 1 u e 

problems and initial boundary value problems for systems of 

differ-ential equations having partial derivatives of a definite 

structure. 

In an unbounded isotropic solid, two types of elastic waves may 

be propagated. These are dilatational wave and distortional wave. 

When a .solid' . mediu.m is deformed, both distortional and 

d i 1 a tat i ona 1 waves wi 1 1 norma 1 1 y be produced, and when a wave of 

either type impinges on a boundary of 'the solid, waves of both 

types are generated. In addition to these two types of wave which 
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can travel through an extended solid medium, elastic waves may be 

propagated along the surface of a solid; these are known as 

Rayleigh waves, and the disturbances associated with them d~cay 

exponentially with depth. Since these waves spread only in two 

dimensions, they fall off more slowly with distance than the other 

types of elastic wave. They are of importance in seismic 

phenomena. 

The propaga~ion of waves in solids may' be divided roughly into 

t h r e e cat e go r i e s • The f i r s t i s · e 1 a.s t i c waves , w her e the s .t r esse s 

in the material obey Hooke's law. The two other main categories, 

visco-elastic waves, where viscous as well . as elastic stresses 

act, and plastic waves in which the yield .stress of the material 

is ex6eeaed. 

With regard to other works specially dealing with the propagation 

of waves in elastic solids we mention the books by Kolsky (1963), 

Brekhovskikh <1960), Achenbach (1975), Graff. <1973) and Hudson 

(1980). 

In recent years problems of diffract·ion of elastic wavs are of 

considereable importance in view of their application in 

Seismology and Geop~ysics. These type~ of problems can mainly be 

classifed into two categories. Firsty, di'ffraction of waves by 

s em i - i n f i n i t e p 1 an e bar r i e r s o r cracks t h a t a r e· p r e 9 en t i n the 

medium and secondly, the diffraction in" the presence of inclusions 

like wedges . rigid strips, cones, cylinders, spheres, spheroids, 

ellipsoids or obstacle of any arbitrary shape. In bonding two 

materials with differerit mechanical elastic properties, very often 
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it is not possible to obtain•a homogeneous perfect bond dUe to the 

existence of entraped imperfections, for example, .in the joints 

involving ceramics and metals used in manufacturing electronic 

devices and variety of reinforced composites. In nature the 

stratif !cation - of 

consisting of 

stratifications, 

the 

layered 

faults 

earth is 

strucure. 

occur at 

another example 

Indeed in 

the interface 

of bodies 

geophysical 

while in 

manufactured laminates imperfections occur at the interface of the 

adjoining layers. 

The study of diffraction problems are associated ~ith mixed 

boundary value problems. 

We describe briefly the background of mixed boundary value 

J?roblems below : 

We consider a deformed elastic body occupying an open region D, 

whose boundary surface is S. It is assumed that S is piecewise 

smooth and the closure of Dis D = D + S. The surfaceS is usually 

considered to be closed and bounded, having the region D ·internal 

o r e x t e rna I to i t . A 1 s o S may be taken as open and e x tended to 

infinity or lyin~ entirely at infinity. 

The deformation and the state of stress wit~in D and on S 

characterise the solution of the statical problem of elasticity. 

we·can obtain an elasticity field E = Cu,e,T) where the elements 

in the parenthesis are the displancement field, the strain field 

and the stress field respectively. To ensure the uniqueness of the 

solution, we have to prescribe on the surface S one from each 
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group. of tne following 

n n n 

<u ,T) , (u ,T ) , (u ,T ) 
j, j, . 2 2 3 . 3 

n 

where •J (i=1-,2,3,> are components of the displacement u, T.<i = 
i ~ 

n 
;,_ 

1,2,-3) ·are the components of the stress vectar T and n is the 

outward unit normal at an elementa·ry area of the surfaceS. Thus 

we have a class of problems called boundary value problems in the 

.theory of elasticity' <Knops ~hd Payne ,1971>. 

The bounda~y value problems generally can be classified into three 

types • 

A. Tiaction boundary value problems~ 

Values of the stress components are prescribed on the 

boundary surface S. 

B. Displacement boundary value~problems. · 

values of the displacement components are prescribed on the 

b~undary suface S 

c. r:xed boundary_ value problems. 

va.rious types of mixed boundary cond(tions may be specifsd on 

S or on different parts of S. Some possible combinations of 

these conditions are as follows.: 

<1> Targential component of the stress and the· normal 

·of the displacement are prescribed on S. 

<ii) 111-splacement field is prescribed on a portion 

component 

s 
i 

of the 

sJrface S and the stress is prescribed on the remaining part 

S... · of S where S US = S. 
~ j, 2 
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(iii) Tangential component of displacement and the normal 

co.mponent of the. stress are prescx:ibed on s. 

( 1 v ) The linear combination T .. n. + .(3u. . is prescribed on s, where 
\.J J \. 

T .. are the components of the 
LJ 

stress tensor and (3 is a 

non-nagative function prescribed on s. This is the .case of 

so-called ela~tic support con~ition. 

Cv) A mixed-mixed type boundary value problem may be formulated 

under the conditions : 

the shear stress component and the normal displacement 

component being prescribed on , S and 
1 

the · nol'mal stx-ess 

component and the shear stress componen~ being pl'escrib~d on 

s . 
2 

0 

For problems ·on the half spaces, besides the conditions <1> - (v> 

one has to imprise the conditions at infinity as follows 

<a> that the difference of any two stress distributions is 

bounded therein, together with the condition - <i> 

<b> that the difference of any two displacement fields ·is bounded 

therein, together with the conditions Cii>-<v>. 

The boundary· value problems stated above correspond to the 

elastostatic case. ln ·elastodynamics it is also required to 
·s . . . 

specify the diplacement and the velocity of th~ points throughout 
A . 

0 
i.e.; at the commencement of the regi9n D at time t = t 

straining. This additional requirement together . with the 

conditions A,B or C constitute initial boundary value probl~ms. 
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Boundary value problems are intimately connected with the theory 

of ex~stence and uniqueness of solutions consistent with the laws 

of elasticity and geometrical configuration of the region D. 

We now discuss a 'Certain type of ~mixed boundary va I u·e prob 1 ems 

which· are known as co~tact problems in the ·theory of elasticity. 

T·he contact problem is formulated as a.problem about the influence 

of a rigid body or an. elastic body._ As a rule, the initial contact 

takes place at one point and a contact surface is formed only when 

contacting bodies become nearer to each other. Generally, this 

contact surface increases- in size. Therefore, 

introdu6e a restriction havirig .a physical meaning 

we naturally 

the stresses 

along the contour encircling the contact surfac"e are finite. 

L·et us assume that a su:..~face bounding a rigid or an elastic body 

is piecewise s~ooth. ln this case, the siz~ of the contact surface 

may !~crease only within the limits of the smooth region, right up 

to its edges. Consequently, for a sufficiently large· value of 

compressive force, we can find the contact surface and this leads 

to the mixed· boundary value problem. Naturally, the values of 

stress at such pints of the contact surface lying on the edge may 

be unbounded.· In.all cases with the sole exception of the cas~ of 

complete coupling, it should be remembered that the contact 

pressure must be compressive. Otherwise; a cavity is formed 

between an elastic and a rigid body, 1 ead i ng to quite apparent 

modificatiorts in the formuiation of the problem. 
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There are two dis~inct class's of problems relating to indentation 

bY: a frictionless punch. In, the first kind of indentation, called 

complete penetration, there is complete contact between the punch 

and the half-plane over a specified contact r.egion, in the sense 

t.hat the normal displacement of the half-plane at .the boundary 
<> 

matches the profile of the punch. Such problems are charaterised 

by a contact pressure which has a . sl ngu 1 ar i ty <square root>. at the 

ends of the contact region·. In the second kJnd, called incomplete 

penetration, the extent of the co_ntact region, i.e. the extent of 

the region over which the normal displacement of the half plane 

matches the profi 1~ of the punch, is initially unknown. Cases of 

i ncomp 1 ete penetration are characterized . by a contact pressure 

which is'zero ~t the ends of the contact regidn. 

Contact _problems for the. elastic half-plane, i.e. problems in 

which one body. is a punch and 'the other an elastic half-plane, 

fall into the cl~ss of ~roblems· treat~d by the classical theory of 
0 

elasticity. This theory was rargely . developed in -the 19th 

centuryand is fu 1 1 y described with, hi star 1 ca 1 references -1 n Love's 

~1944> treatise. 

The literature on contact problems has been reviewed by a number 

of authors. Shtaerman < 1949 >, Ga 1 in < 1961), Uf liand < 1965 >, 

Rvachev <1967> and Abramian <1971> are concerned mostly with the 

Soviet lfterature. Muskhelishvili's treatise <1953> is the ba$a1s 

of much of the Ru~sian work. particularly ~hat using complex 

variable methods. 
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There are number of areas of research which fall within.~: the 

general scope of- 'classical' ·contact pro~lems. Some of these are 

listed below briefly. 

1. Problems associated ~ith l?ading over aoregion of the surface 

of the half-space which is neither circular nor elliptic. 

Foremost here is the work of Kalker <1972>, < 1977> on 

"elastic line" contact. This relates to loading over a long 
,, 

slender region, and has practical importance for rolling 

contact. Panek and Kalker q977>, in particular, present a 

simple approximate solution for the deformation produced by a 

narrow rectangular punch with rounded ends. 

This problem is related to those for a strip-shaped punch 

disc~~~~d by Borcidachev <~62> and Protsenko <1974>. 

2. The contact problem for a f 1 at -faced .punch of rectangu 1 ar 

cross-section, with particular- ref~rence to the nature of the 

singularities on the edges and at the. corners, ha·s been 

studied by Borodachev <1976>. Extensive analytical and 

numerical results for .both frict_ionless and adhesive cases 

may be found in Brothers, Sinclair an~ Segedin (1977>. 

3. Contact prob 1 ems tor an e 1 ast ic rectang 1 e have been treated 
4 

by Abramlan <1957>, Prasad and Chatterjee <1913>, Dundurs, 

Kiattlkomol and Kee~ <1974>, Prasad and D~sgupta <1975>. 

4. Problems associated with the compression of a rigid or 
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elastic ~ody b~tween two half-planes, strips, half-spaces or 
. 

slabs have been considered by Okubo <1951>, Alblas <1974>. 

5. Contact problems for a sphere or a sph~rical shell. This is 

the subject of many research papers, among which we mention 

following.· Abramian, Arutiunian and Babloian <1964>, Goodman 

and Keer <1965). 

6. Problems associated with a block or cylinder embedded in a 

semi-infinite elastic medium, for which the references are 

Poulos and Davis <1968>, Dhaliwal, singh. and Snedd~n <1979>. 

Another ~~pe of contact pr~blems that is encountered in practice 

is the study of the dynamic respons;~e of· an elastic solid to moving 

~cads or to oscillatio~ of rigid punch a~d inclusions. The moving 

load or moving punch problems which have been studied may be put 

into three categories : 

Ci) Steady wave motion due to a load or punch ~oving ~ith 

constant velocity for all time. 

<ii> Transient ·wave m.otion due to .a ·load or pun,ch which begins to 

act at certain instant and then moves with constant velocity. 

(iii) Transient wave motion due to a- load or pu~ch which begin~ to 

act at certain instant and then moves in some direction with 

nonunifom speed. 

The steady motion of a line load on the surface of an elastic 

half-space was studied by Sneddon (1952), Cole and Huth (1958), 
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Adams <1978), J.M.Golden (1982), Sve and Keer <1969), Alblas and 

Kuipers (1971,1971>, Suhubi (1972). 

The transient problem of a 1 ine load, which suddenly· appears on 

the surface and then moves with co·nstant velocity is of type <11> 

and has been studied by Ang < 1960) •· 

As a representative of the thitd kind of problem we refer to the 

study of Freund (19.72>. An analytic technique was developed by 

Freund <1972) which made it possible to" obtain an exact solution 

of ·a particular problem in category <iii>. 

Vibratory motion of a body on an eiastic half-plane was treated by 

Karasudhi, Keer and Lee ( 1968) • They considered the vertical, 

horizontal and·· rocking vibrations of a body on the surface of an 
' 

otherwise unloaded half-plane. The. ·prob 1 ems were formulated so 

that shearing stress vanishes over the entire surf ace, and on ,, 

o·scillating displacement is prescribed· in the loaded region. The 

problems were mixed with respect to. the prescribed displacement 

and the. remaining stress. Each case led to a mixed boundary value 

problem represented by dual integral equations which were reduced 

to a single Fr~dholm integral equation. 

Wickham <1977> studied the problem of the forced two dimensional 

oscillations of a rigid strip in smooth contact with a 

s em i - i n f i n i t e e 1 a,s t i c so 1 i d • He r educed the m i xed bound a :r_y v a J u e 

problem with the help of Green's function to Fredholm integ~al 

·equation of the first kind involving displacement boundary 

condi~ions. Using Noble's C1962> method, this equation was reduced 
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to Fredholm integral equat.ion of the second kind with a kernel 

which was small in the low frequency 1 imit. Then applying the 

method of iteration, . .a simple explicit .'long-wave asymptotic 

f~rmula for the normal stress in terms of the prescribed 

displacement: and dimensionless wave number K was rigorously 

derived. 

Rocking motion of a rigid strip on a semi-infinite elastic medium 

has been studied by Ghosh and Ghosh (1985> by using a. different 

t~chnique. The forced rocking of the ·strip about the horizontal 

axis has been reduced to a solution of a dual integral equation. 

Following Tranter's <1968) method the·dual integral equation was 

solved fa~ low frequency oscillations by reducing the equation to 

a system'of liriear algebraic equations. 

In case of low frequency oscillations Noble's <1963) method of 

solving dual integral equations, Tranter's <1968> technique for 

solving dual integral equations, Matched Asymptotic Expassion, and 

variational principle are found to be very"useful techni·ques. . . 

Suppose that a mixed boundary value problem is formulated by 

suitable integral transform so as to be toverned by a set of dual 

dntegral equations of the form 

[ X- t. [ 1 + K ( X ) ] S ( ·x ) J v ( r X ) d X = f ( r ) , O~r<a 

[s<x>Jv<rx·)dx = g<r> r>a 



where the function-s K<x>, f(r) and g(r)" are known. 

According .to Noble (1963>, when v>- j_ 
2 

where e<t> satisfies the Fredholm integral equation 

e < t > + ! [ M < T , t > e < T > dT = t-v F < t > - H < t > (Q::St<a> 

in which = n-fi"f r X K ( X ) J ( T X ) J ( t X ) d X 
V-j./2 V-j./2 

F<t> 
d = dt 

.G <e > 

14 

(1) 

The integral equation <1> can be solved for e<t> and consequently 

S<x> can be determined. 

The problem of diffraction of normall.Y incident· plane acoustic 

wave by two coplanar, infinite, parallel, perfectly soft or rigid 

strips was considered by Jain and Kanwal <1972>. The probl_em was 

so 1 ved by integra 1 equation methods. The prob 1 em for the soft 

strips led to a Fredholm integral equation of first kind while 
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that of rigid strips gave an integra-differential equation. Those 

equations were solved by the regular perturbation technique 

<Kanwal, 1971>. 

At the same time Jain and Kanwal (1972> solved the problem of 

diffraction of normally incident longitudinal and antiplane shear 

elastic waves by two parallel and coplanar rigid strips of fini~e 

width embedded in an infinite, isotropic and homogeneous elas;tic 

medium. The m1 xed boundary va 1 ue prob 1 em was reduced to a set of 

dual integral equations wlfh trlgonometrlcal kernel. The solutions 

were obtained by using an integral equation perturbation techni~ue 

( Kanwa 1, 1971 > and Hi 1 bert transform < Sr 1 vas tava and Lowen grub, 

1968). Using the theorem <Tricomi, 1951>, 

if peL (apb>r then the equaticin 
2 

~ s: 
has the solution 

·h (X) d X = 
X - y 

p(y) , ' y e <a,b). 

h (X) = ! (~=:) 1/2 Jba.. (~=~J i/2 y p ~ y ~ dy + c 
-i<x-a) <b-x> 

wher~ C is an arbitrary constant and the fl~st term belongs to the 

class L <a,b>., Srivastava and Lowengrub <1968> found that the 
2 . 

solution of the integral equation 

y e <a,b> 



<provided that p satisfies the conditions of the above theorem> 

is given by 

where D is an arbitrary constant. 

Tait and Moodie (1981) have studied the problem of dynamjc 

response of an elastic strip and that of pair of punches moving 

a 1 eng the 1 a t~ra 1 boundar.i es of the strip and opening a crack 

along the mid surface. The problems were slaved in clpsed form by 

complex variable methods •. 

Diffraction of elastic waves by a rigid circular disc was 

considered bi Mal, Ang and Knapoff (1968>. 

Low frequency. diffraction by a elliptic disc have been studied by 

Sleeman <1967) and Roy and Sabina (1983>. 

Stallybra_ss and Scherer. (1976> considered the pr~blem of forced 
. 

vertical vibration of a rigid frictionl•ss elliptica) disc on t~e 

surface of an elastic half-space. The mixed boundary value problem· 

was reduced to a <~wo-dimensiona1> itegral equation and an 

approximation was obtained for the displacement of the disc by 

using variational procedure. 

Arobinda Roy <1968) studied the dynamic response of an elliptical 

footing in frictionless contact with a hQmogeneous elastic 
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half-space. Both vertical and horizont•l vibrations were treated. 

Now we discuss the contact between ~lgld axisymmetric punch and an 

elastic half-space. Such contact problems may be classifed 

according· to the type of punch, i.e. whether it is circular or 

annulur- and whether its face is flat or curved; the type of 

indentation, i.e., whether it is a rotation or a translation aboUt 

~ne or ather of the axes, 

fi'ictionless, adhesive, 

the type of contact, 

or in limiting 

i.e., whether it is 

friction, and if 

frictionle.ss whether the contact is complete or ·incomplete. 

Following Gladwell <1968) it may be assumed that the type of 

indent~tion, sp~cified bythe displ~cement of the punch, is either 

1. a rot~tion ~bout Z-axis 

2. a translation in the Z-direction 

3. a rotation about the Y-axis 

4. a translation in the X-direction. 

Each of cases (2)-(4) gives rise to two distinct extreme problems 

in which the contact is assumed to be eit~er completely adhesive 

or completely frictionless. The frictionless version of (1) is 

trivial in the sense that the half-space is not deformed at all. 

England (1961) considered the axially symmetric indentation c:Jf a 

transversely isotropic layer resting on a rigid foundation. The 

problem of oscillations of a sem,i-infinite elastic solid by a 

smooth rigid circular disc on the free surface, performing small 
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os_clllations normal to its plane, w·ithout loosing contact with the 

surface of the solid has been studied by S. K. Bose < 1967). The 

method of ·solution consists in introducing Hankel transforms and 

reduction to dua 1 . i ntegr~ 1 equations which have been so.l ved by 

Trant:er's method. Using Noble's· <1963> method, GJadwell <1968) 

solved the pro'blem of tangential and rotatory vibration of a 

rigid circular disc on a semi-infi~ite soli~. 

A 11 the axisymmetric contact problems may be solved by using 

Hankel transforms and they then reduce to the solution of a number 

of sets <or pairs> of dual iritegral equations. To solve these dual 

integral equations there are va~ious methods one of .which is 

Tranter's method. Here we discuss briefly the ~ethod of Tranter 

<1986) method. 

The solution 91' certain physical problem!? involving axisymmetric· 

contact can be reduced to the det~rmlnation of F<p> from so called 

dual integral equations of the form 

O<r<l 

( 2) 

[ pF<p>Jv(rp>dp = 0 . l<r<oo 

where G<p> and f(r) are known functions. 

A solution F<p> of the above integral equations as a series of 

Bessel functions can be found by setting 

F<p> 
- k (X) = P E a J (p> . m V+2m+k 

(3) 
m=O 
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where k is at present an arbitrary parameter, and proceeding as 

follows., 

Substituting from <3> an~ changing the order of integration and 

~ummation, one gets 

pF(p)J <rp)dp = 
v 

CD 

Ea m 
m=o. 

Provided v>-1 and k>O, the formula 

I<v,fJ,x.,a,b) -.[ 
J <at>J <bt> 

v J.J 

X F·( 2-j, 

dt = 

J.J-X.-v+1 
2 

(4) 

~ + ~) 
2 2 

J.J+1 

shows that all the integrals on the right of· (4) vanish when r>1 

(because of the factor r<-m> in the denominator of the term 

multiplying the hypergeometric functioD> and hence the series in 

<3> automatica)ly s~tisfies the second of the dual equations (2). 

The coefficients a have now to be chosen so tha~ the series in 
m 

<3> .sati:~sfies the first of the dual equations <2>. For this 

purpose we need the result 

-k 
p J V+ 2 n + k ( p) = 

r<v+n+1) J: 
where n is a posit~ve integer or zero and 

x J <pr>dr 
v 

{ 5) 



F <a,r, x> = 
n 

is Jacobi's polynomial. 

F <-n Ot+n·r·x> 2 ~ , , , 

Substituting from <3> in the first of <2>, multiplication by 

V+~ 2 k-~ . 2 
r <1-r ) F <k+v,v+1,r >, 

n 

zo 

(6) 

integration witn respect to r between 0 and 1, interchange of the 

order of integrations and use of (5) give 

00 

E a 
m 

-~o G(p)p-2lc J < )J < )d 
Jo V+2m+k p V+2n+k p p = E<v,n,k> 

m=o 

where 

E<v,n, k) = r<v+n+1) J: 
(8) 

Equat.ion <7> with n=0,1,2,3, ••••••• gives a·set of simultaneous 

equations for the determination of the coefficients a . These 
m 

simultaneous equations ~an. be rewritten in a more convenient form 

by making use of the formula 

-i. 
p J (p)J (p)dp 

V+2m+k V+2n+k 
= { 0 

-i. (2v+4n+2k) , 

this bei n·g the. form taken by equa ti an 

J <at>J (at> 
v J..l 

t 
dt = 

2r(1 + ~ 
2 

1 . 

= 2 . s i n2 < J..l-v > n 

n 2 2 
J..l - v 

r<~ + t!..> 
2 2 

m=n 

v + t!..) 
2 2 

(9) 

(10) 



when 1-J and ·v are replaced respectively by v+2n+k, v+2m+k and when 

'at' is replaced by p. We find in this way 

where 

a 
n 

00 

+ E L a m,n m 
m=o 

= <2v+4n+2k>E<v,n,k> 

m,n = <2v+4n+2k>r (G<p>p.t-zk -·1)p-.t J .<p>J <p>dp l V+~m+k V+2n+k 
L 

The iterativ~ solution of the simultaneous equations <11> is 

where 

and so on. 

, 
a = E - E + E 

n n n n 

E = <2v+4n+2k>E<v,n,k>. 
n 

, 00 , 
E = E L E 

n m,n m 
m=o 

E = n 

CD , 
E L m,n 

m=o 
E 

m 

( 11> 

(12) 

(13> 

<14) 

Equations ( 3) , ( 13), ( 14) , (12> and <8> provide a theoretical 

solution of the du~l integral equations. For a practical solution 

it is necessary to be able to choose the parameter k so that the 

. (,G<p>p:t.-2k .- 1) express1on l which occurs in the formula (12> for 

L m,n is fairly small. 

Now we consider another axisymmetric contact problem involving 

annular punch and torsion of an elastic half-space. These type of 

problems are three part boundary value problems. Triple i.ntegral 

equation method may be used to solve these problems. Some 
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references are Tranter < 1960). Cooke ( 1963), W. E·. Wi 11 lams < 1963) 

arid sneddon < 1966). Gubenko and Mossakovsk 11 < 1960) so 1 ved the 

annular punch problem by using different techni-que. Olesiak (1965) 

attempted to solve the punch problem by reducing it to a series of 

dual integral equations and solved by successive approximations~ 

B.M. Singh, T.B. Moodie and J.B. Haddow (1980> considered also the 

px-oblem of torsion by an annular ·disk of an-, elastic cylin~,~r 

embedded in and bonded to an e 1 as tic ha 1 f -spce. The prob 1 em was 

ieduced to the solution of a Fredholm integral eq~ation which-was 

then ana 1 yzed by the method of, W i 1 1 iams < 1963 >. D.P. Thomas < 1965) 

discussed the probl~m of diffraction of a general acoustic wave by 

a soft annular disc. Torsional oscillations of an elastic 

half-spce due to an annular disk has been studied by Jain and 

Kanwal (1970). Following Williams (1963) the problem was converted 

to a set of integral equations which were solved by iterative 

schemes when the out~r radius of the dis~ is much larger than the 

inner radius. 

A general formulation was given for the first time to the 

nonaxisymmetric annular punch probl_em. by V.I. Fabrikant (1991). 

The prob 1 em was I' educed to a two dimensional Fredholm integral 

equatl~n with an elementary kernel which was solved numerically. 

We describe here briefly the solution of a general class of 

boundary value problem by Williams'• (196~) method. 



Consider the general type of integral equation 

[ f Ct) [ K<p, t> + Kj, <p, t> ) .dt ·- rJ><p>. 
b 

23 

b<p<a <15) 

Integral equations of the general f~rm of equation <15> occur in 

boundary va 1 u·e prob 1 ems which can in some sense be regarded as 

perturbations on the electrostatic problem for the annulus. 

Examples of such problems are the diffraction of an acoustic wave 

~Y a soft annulus a~d the electrostatic probl~m for an annulus in 

a circular cylinder. 

CD 

Assuming rt><p> = E n 
a P 
.n 

we can write 

The integral 

equations 

4> (p) = 
1 

equation 

. 

[ f < t) K <,6, t) d t = j, 

[ f <t>K<p,t>dt = 
2 

where 

n=-oo 

CD 
n 

E a P 
n 

n=o 

(15) is 

¢ (p) 
1 -[ 

4> <p> 
2 

-oo 
= 't"' ·w 

n=-j, 

thus equivalent to 

f <t>K <p, t>dt j, j, 

¢ (p) 
2 -·[ f

2 
<t>K

1 
<p, :t>dt 

b<p<a 

and f + f = 0 ., O<p<b p>a j, 2 

n 
a P ,.., 

the 

O<p<a 

p>b 

pair of 

(16) 

( 17) 

<18) 
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Further the integral equations (16) and <17> can be reduced to 

2n s (p) g (p) 1 I: S <t>M <p,t>dt O<p<a p = - 4 ~ ~ ~ ~ 
0 

(19) 

-2n s (p) g (p) ·1 
[· S <t>M <p, t>dt p)b p = - 4 2 2 2 . 2 . , 

0 

<20> 

where s and s are defined by 
~ 2 

r t-n f (t)dt 
s (p) ~ = 
~ ( t2 -p2) ~/2 

O<p<a 

= J: t n f (t)dt 
s (p) 2 

2 (p2-t2)~/2 
p)b 

The functions M and M are defined by the relationships 
~ 2 ~ 

1 s:s: M <u,v)dudv 
I< <p, t) 

~ . 
= 

~ Cpt>n Cp2-u2) ~/2 < t2 -v2 >£/2 
( 21) 

Cpt>n fJ. 
M Cu,v>dudv 

K <p, t> 
2 

= 
2 ( u2-p2) ~/2 ( vz -t2 )~/2 

(22) 

Next, assuming two new functions h (p) and h (p) as 
t. 2 

r t-n f ( t>dt 
h (p) 2 = 1 ( t2-p2) ~/2 

p>a 

s: t n f ( t>dt 
h (p) 

~ 
= 2 (p2-t2 )1/2. 

O<p<b 



zs 

and using <18> the equations <19) and (20) finaUy can be written 

as 

zn 
p s ( ) = :t. p 1[ S <t>M Cp,t>dt + -4 h <ttM Cp,t>dt 

:t. :t. a :t. :t. 

O<p<a (23) 

·-zn 
p s (p) 

2 1r 4 S <t>M <p,t>dt 
2 2 

b 

' p>b 

It can be shown that h and h will satisfy the equations 
1 2 

h (p) 
:t. 

and 

n! - ------
-Iii r ( n+!) 

2 

+ d 
dp 

h (p) = 
2 

n !pzn+:t. 

-Iii r ( n+!)" 
2 

wg < w> 
2 

wh < w > 
2 

2 2 
(p -w > 

1 
2 ' 

n+1 n 
~ , 2+1 , 

[ r h <w> 

a.. -,-w-:-_P_z_> ' n ' 

2n 
w g <w > 

:t. n+1 
---r n+1 

2 

n ' 

4 
2 2 

p w 

p>a 

2 

P
2 

) dw -
w 

4 2 2 
p w 

O<p<b 

<24> 

(25) 

) dw}] 

<26) 

respectively provided g:t. and. g
2 

in these equations are now 

replaced by s 
:t. 

and s 
2 

respectively. These equations togj:!ther 

with equations <23> and <24) thus give a set of four Fredholm 

integra] equations for the functions h , h , S , S . 
:t. 2 :t. 2 
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Now we pass on to the mast interesting branch of E 1 as todynam i cs 

i.e. the diffraction of elastic waves by cracks which is of recent 

interest. Cracks are present in essentially all structural 

materials, either as natural defects or· as a result of fabrication 

processes. In many. cases, the cracks are sufficiently small so 

that their presence does not significantly reduce the strength of 

the material. In other cases, however, the cracks are large 

enough, or theymay become large enough through fatigue, stress 

corrosion cracking, etc., so that they must be taken into account 

in determining the strength. The body of knowledge which has been 

developed for the analysi~ of stresses .in cracked solids is known 

generally as fracture mechanics. In recent years problems of 

diffraction of. elastic waves by cracks are of considerable 

importance in view of their application in seismology and 

geophysics. Indeed in geophisical stratifications, faults occur at 

the interfaces while in m~nufactured laminates imperfections o~cur 

at· the interface of t~e adjoining layers. This.stress singuiarity 

near the edge of finite crack at the bimaterial· interface is 

important in view of its practical application. Also the results 

of research on dynamic crack propagation are relevant in numerous 

applications. For ex•mple, a primary objective in engineering 

structures is to avoid a running fracture, or at •east to arrest a 

r~nning crack once ~t is initiated. Indeed there are several kinds 

of large engineering structures in which rcl'pid crack growth is a 

definite possibility. In earth science, study of the elastic field 

near about the ptopagating fault is also important from the stand 
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point of earthquake engineering. 

Within the framework o.f a co.ntinuum mc;>de 1, such as the 

homogeneous, isotropic linearly elastic continuum, the classic 

analytical problem of fracture· mechanics consists of the 

computation of the fields of stress and deformation in the 

vicinity of the tip of a crack, together with the application of a 

fracture criterion. In a conventional analysis inertiq.:·., (or 

dynamic) effects are ·neglected and the analytical work is 

quasi-static in nature. 

Because of loading conditions and material characteristics, 

however, there are many fracture me.chani cs prob 1 ems which cannot 

~e viewed as being quasi-static and fqr whio~ the inertia of the 

rna ter i a l · must· be taken into account. A 1 so . i ner.t ia effects become 

of importance if the propagation of ~he crack ~s. so fast, as for 

example in essentially brittle fracture, that rapid motions are 

generated in the medium. The label "dynamic loading" is attached 

to the effects of inertia on fracture due to repidly applied 

loads. 

There are two broad classes. of fracture mechanics problems that 

have to be treated as dynamic problems. These are concerned with 

1~ cracked bodies subjected to.rapidly varyin~ loads, 

2. bodies containing rapidly propagating cracks. 
0 

1 n both cases the crack tip is an environment disturbed by wave 

motions. 

lnpact and vibration problems fall into the first class of dynamic 

problems. In the analysis of such problems it is often found that 
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at inhomogeneities in a body the dynamic stresses are higher than 

the stresses computed from the corresponding problem of static 

equilibrium. This effect occurs 

disturbance strikes a cavity. The 

when a propagating mechanical 

dynamic stress "overshoot" is 

e-speci a 1 1 y pronounced if the cavity contains a sharp edge. For a 

crack the intensity of the stress field in the vicinity of- the 

crack tip can be significantly affected by. dynamic effects. In 

view of the dynamic amplification, it is conceivable that there 

are cases f6r wh~ch fracture_at a crack tip does not occu~ under a 

gradually applied system of loads, but where a crack does indeed 

propagate when the same system of 1 oads is rapid 1 y applied, and 

gives rise to waves which strike the crack tip. 

The second class of prot;llems is equally important. Indeed, there 

are severa 1 kinds of 1 ar ge engineering structures in which ·rap 1 d 

crack growth is a definite possibility. Examples are gas 

transmission pipelines, ship hulls, aircraft fuselages and nuclear 

reactor components. Dynamic effects affect the stress fields near 

rapidly propagating cracks, and hence the conditions f-or tur·ther 

linstab 1 e crack propagation or for crack arrest. Another area to 

which the ana 1 ys is of rapid 1 y propagating cracks is rfa 1 evant 1 s 

the study of earthquake mechanisms. 

There have been a number of comprehensive review articles in the 

general area of elastodynamic fracture mechanics. Some references 

are Achenbach <1972>, Freund <1975>, Achenbach (1976>, Freund 

<1976) and Kanninen (1978>~ 
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At P!esent, dynamic fracture mechanics solutions are largely 

confined to conditions where linear elastic fracture mechanics . 
<LEFM) is va 1 i d. These are appropriate when the plastic 

deformation attending the crack tip is small enough to be 

dominated by the elastic field surrounding "it. Problems of cr~ck 

growth initiation under impact loads and of rapid unstable crack 

propagation and arrest can be treated with LEFM by ti~ing 

dynamically computed fields of stress and defo~mation. Engineering 

structures requiring protection against the pos.sibi 1 ity of 

~arge-scale catastrophic crack propagation are, however, generally 

constructed of duct i 1 e, tough materials. For the ·ini.tiation of 

crack growth, LEFM procedures can give only approximately correct 

predictions for such materials. The ~lastic-plastic treatments 

~equired to give precise results have not yet been developed in a 

completely apceptable manner, even under static conditions. 

The shapes of the cracks which have been studied uptil now are as 

follows : 

(i) Semi-infinite plane cracks. 

<ii) Finite Griffith cracks. 

(iii) Penny shaped and annular cracks. 

<iv) Non-planar crack.s. · 

transient problem involving the · sudden ~ppearance a 

semi-infinite crack in a stretched elastic plate was considered by 

Maue (1954}. Baker <1962) studied the problem of a semi-infinite 

crack suddenly appearing and growing at constant velocity in a 



stretched elastic body. Th~ mixed boundary value problem is solved 

by transform methods including the Weiner-Hopf and Cagniard 

techniques. Atkinson and List (1978) considered the steady state 

semi-infinite crack propagation into media wi~h spatially varying 

elastic properties. The quasi-static problem of an infinite 

e 1 as t i c me d i u m , weakened by an i n f i n i t e number o f s em i ~ i n f i n i.c,t e , 

x·ect i linear, parallel and •~uatly spaced cracks which are 

subjected to identic loads satisfying the conditions of antiplane 

s±ate of strain was solved by Matczynskl (1973). Sarkar, Ghosh· and 

Manda 1 < 19 9 U s t u d i e d the pro b 1 em 6 f scatter in g of h o r i z on t a 1 1 y 

-
polarized shear wave by a semi-infinite crack running with uniform 

velocity along the interface of two dissimilar semi-infinite 

elastic media. 

The powerful technique to solve the diffraction problem ·of 

aemi-infinite crack is the Wiener-Hopf-(1958) .technique • 
. • 

The in-pl-ane problem of finite Griffith crack propaga-ting at a 

constant velocity under a uniform· load was first solved by Yaffe 

<1951). Sih (1968) has als~ pro~ided a Riemann-Hilbert formulation 

of the same problem where both in-plane extensional and antiplane 

shear loads were considered. 

Other reference treating elastodynamic problem involving a sin~le 

finite Griffith crack are Loeber and Sih (1967>, Ang and Knopoff 

<1964>, Mal (1970, 1972> Chang. (1971>, Kassir and Bandyopadhyay 

(1983), Kassir and Tse (1983), Loeber and Sih ( 1967) so 1 v.ed the 
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problem of diffraction of antiplane shear waves by a finite crack 

by using integral transform method. Kassir and Bandyopadhyay 

<1983) considered the pro.blem of impact response of a cracked 

orthotropic medium. Laplace and Fourier transforms were employed 

to reduce the transient problem to ·the solution of standard 

integral equation in the Laplace transfo~m plane and was solved by 

Laplace inversion technique CKrylov et all 1957>; Miller and Gyuy, 

1966). 

The problems of finite Griffith crack lying at the interface of 

two dissimilar elastic media have been studied by Srivastava, 

P~laiya and Karaulia .<1980>, Nishida, Shindo and Atsumi <1984) and 

Bostrom '(1987>. Bostrom (1987> used the method of Krenk and 
~ 

s·chmidt (1982) to solve the two-dimensional· scalar problem of 

scattering of elastic waves under antiplane strain from an 

interface crack between two elastic half-spaces. Sih and 'Chen 

(1980) analyzed the dynamic response of a layered composite 

con~aining a Griffith crack under normal and shear impact. 

The Problems of diffraction of elastic . waves become more 

complicated when boundaries are present in the medium. Chen (1978> 

considered. the problem of dynamic response of a central crack in a 

finite elastic strip. The crack was assumed to" appear suddely when. 

the strip is being stretched at its two ends. The· problem was. 

so 1 ved by Lap lace and Fourier trans farm technique. Some other 

:references are Srivastava, Gupta and Palaiya (1981>, Srivastava, 
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Palaya and Karaulia <1983), Shindo, Noiaki and Higaki {1986), De 

and Patra (1990). 

Different techniques have been applied by many authors to tackle 

these type of crack problems. From .these stand point, these 

problems may b~ divided into two categories one for 1 ow 

frequency oscillation of the source or long wave scattering or 

transmission and the other for high frequency· oscillation or short 

wave seat ter i ng or transmission in the med i urn. The term 1 ong and 

short are used in comparis~n to the region of the source cif 

disturbance or the size of the crack or strip etc. inside the 
' 

m·edium to the wave length of disturbance. The useful techniques 

for low frequency_ scattering-due to.Nobl~ (1963) at Tranter <1968) 

have been discussed· earlier. In case of high frequency 

oscillations Wiener-Hopf. <Noble,· 1958) technique and Keller's 

<1958) geometrical theory are found to be most suitable. Here we 

briefly discuss the methods. 

Wiener-Hopf' Me'thod ·: 

The typical problem obtained by applying Fourier transforms to 

partial differential equations is the following. One shall have to 

find unknown-functions~ (a), ~(a) satisfying 
+ 

A(o!)~ (a) + B{a)'l' {a) + C(a) = 0 <27) 
+ 

Where this equation holds in a strip -oo < o < oo 

of the complex a-plane, is regular in the half-plane T )T 
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~<a> is regular in T < T , and certain information which will be 
+ 

specified later is available regardin~ the behaviour of these 

functions as a tends to infinity in appropriate half-planes. The 

functions A<~>, B<a>, C(a) are given function of. a, regular_in the 

~trip. For simplicity l~t us as~um~ that A, 8 ~re ~lso non-zero in 

the strip. 

The fundamental step in the Wiener-Hopf procedure for solution of 

this equaion is to· find K (a) regular and non-zero in T > T , w 

+ 

K <a> regular and non-zero in T < T. , such that 
+ 

A(a)/8(a) = K (a)/K "(a) 
+ 

Use <28> to rearrange <27> as 

K (a)i» (od + K (a)~ (a) + K (a)C(a)/B(a) = 0 
+ + '' 

Decompose K (a)C(a)/8(a) in the form 

K (a)C(a)/B(a) = C (a) + C (a) 
+ 

where C <a > i s r e g u 1 a r i n T >T 
+ 

C (a) is regular in T<T • 
. "': 

(28) 

( 29). 

<30) 

With the help ·of <30> rearrange. <29> so as to define a function· 

J (a) by 

J(a) ·= K (a)~ (a) + C (a) = - K (a)lll (a) - C (a) 
+ + + 

So far this equation ·defines J<a> only in the strip T 

( 31> 

( T ( T • 
+ 

But the second. part ot" the equation is defined and is regular in 

T ) T and the third part is defined and is regular in T ( T. • 
+ 

Hence by analytic continuation J(a) must be regular in the whole 

a-plane. Then by the extended form of Liouville's theorem J(a) is 

a polynomial p(a) 
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K (ol)~ (ot) + C (ot) 
+ + 

= p Cod 

(32) 

K (a)~ (d) + C (a) = - p(a) 

These equations determine ~ (a) 
+ 

'It (a) to within the arbitrary 

polynomial p<a>, i.e. to within a finite number of. arbit~ary 

constants which must be determined otherwise. 

Keller•s geometrical method : 

Keller's theory of geometrical diffraction applied to 

~lastodynamics states that the two conical surfaces qf diffracted 

rays are _generated whem an incident ray strikes an edge. The 

surface of the inner cone consists of rays of 'longitudinal motion, 

while. the surface of the outer cone is composed of rays of 

transverse motion. The half-angles of the cones are related ·by 

Snell's law. Fig.1 shows the cones generated by an incident 

longitudinal ray. For this case the· diffra-cted longitudinal rays 

make the same ang·l e ¢>· with 
L 

the tangent- to the edge as the 

i n c i dent :ray , and the d i f f :r acted .rays of trans v e r s e mot i on a r e 

under an angle ¢> with the edge, where C cos¢ = C cos¢ . 
T L T T L 

For a straight diffracting edge, and- an incident longitudinal :ray, 

the diffracted displacement fields are related quantitatively to 

the incident field by 

i.WS /C 

= e · t. L ( S ( 1 + S I R. ) ] -u2 D 
. i. t. L L 

i.c...xs /C -l> 
0 L 



FIG. 1. Cones of di!fracted longitudinal and transverse rays 
!or an 1ncident longitudinal ray. 
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iws /C 

= e 
2 

T [ s ( 1 + s i R ) ] -f./2 D 
2 2 d .T 

iW<S /C -l> 
0 L 
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Here Aexp [ iw<S /C -t>] 
o L 

defines the a!Jlp 1 i tude and the phase of 

the incident field at the point of diffraction, and D and D are 
L T 

diffraction coefficents which relate the diffracted field to th~ 

1 n c i dent f i e 1 d . A 1 so S and S are the s·m a 1 1 e r of the p r i n c i p a 1 
f. 2 

r.adii of curvature of the diffracted wave front, or· equivalently 

the distances along the diffracted rays from the points of 

diffraction to the observation point. 
"'d "'d 

The unit vectors i and i 
L T 

relate ~he directions of displacement of the diffracted field to 

the direction of displacement of the incident field. For a 

straight. diffracti.ng edge R. is the radius of curvature at the 
\. 

point of diffraction of the curve formed by the intersection of 

the incident wave front and the plane which contains the incident 

ray and the edge, and 

sin ¢T tan ¢T 

Rd = Ri sin ¢L tan ¢L. 

Papers involving the diffraction of elastic waves by two coplanar 

Griffith cracks are very few. Researches have been restricted to 

those of a single crack, because of the severe mathematical 

complexity encountered in finding solutions for two or more 

cracks. At first Jain and Kanwal <1972> overcame the difficulty 

and presented.the solution for the diffraction problem of normally 
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incident longitudinal and antiplane shear waves by two symmetrical 

coplanar Griffith. cracks located in an infinite, isotropic and 

homogeneous elastic medium. However, they presented an 

approximate solution which is valid for low-frequency. Itou <1978) 

also studied the dynamic problem for an infinite elastic medium 

weakened by two coplanar Griffith cracks in which a 

self-equ! 1 ibrated system of pressure is varied harmonically with 

time. To solve this problem, the author has ~xpanded the surface 

displacement in a series of functions which is automati~ally zero 

outside the cracks and has used the Schmidt method. ltou 

<1980,1980) also solved two different problems involving two 

finite cracks. The prcib 1 em of de term 1 ni ng_ the transient stress 

distributi6n in an infinite elastic medium weakened by two 

coplanar Griffith cracks has been reduced to the following 

integral equation 

00 

E 
n=1 

with 

(
a+b 

g<s,.l;)sin ~ 

g<s,.l;) = 

= - Pc Cbs)' 
·L 

a<x<b (33) 

(34) 

where locations of. the cracks a~e a:SI xi:Sb, I Yl <oo , z = O, 

CL = r;2J-l)U2 

unknown coefficients. 

k = c /c and 
L T 

c (s) are the 
n 
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To determine the coefficients c ( s ) by Schmid-,t' s method (1958) 
n 

equation (33) can be rewr i t.ten as 

co '· 
E c <s>E <s, x> = - ti(s,x> a<lxl<b (35) 

n n n::; ._ 

where E <s,x> and u<s,x) are known functions and the coefficients 
n 

c (s) are unknown. 
n 

A set of functions P Cs,x> which satisfy the orthogonality 
n 

condition 

P <s,x>P <s,x>dx = 
m · n 

N 6 
n mn 

N 
n =( 2 ·p <s,x>dx 

n 

can be constructed from the function' E <s,x>, such that 
n 

P (s,x> = 
n 

Q) 

I: 
n=._ · nn 

where M. is the cofactor of the e 1 ement d. of D 
'Ln 'Ln n 

defined as 

l;i. 
'Ln 

D = 
n 

= ( 

d· 
nn 

E. <s,xYE <s,x> dx • 
'L ~ n 

'· 

(36) 

. ( ~7) 

which is 

(38) 



Using equations <35> and (36) one can obtain 

00 M 
nj 

c ( s ) = E qj n 
j =n 

~ 
JJ 

(39) 

with -1 s: uCs, x>P. <s, x> dx qj - N-:- J 
J 

(40) 

Recently~ Verma and Jain <1990> have studied the problem of 

diffraction of obliquely in6ident longitudinal waves by two equal, 

parallel, and coplanar Griffith cracks loc.ated in an infinite, 

isotropic and homogeneous elastic meditim •. Using Green's functions 

~he solution of this p,oblem was first reduce~ to that of a pair 

of similar Fredholm integral equations of the first kind. When the 

wavelengths are large compared to the distance between the two 

outer edges of the two cracks, each integral equation of this pair 

was transf armed to a set of Fredho 1m integra 1 equations of the 

first kind with a simple kernel, which was solv~d by the inversion 

formula (Lowengrub and Srivastava, <19~8>. 

Problems involving more than two finite cracks i.e. periodic array 

of coplanar finite cracks have been studied by Angel and Achenbach 

<1985>, De Sarkar (1983>, Garg <1981>, Parihar and Lalitha <1987>, 

Parton and Morozov (1978>. 

Another type ot crack called cruciform crack has been studied by 

Brock and Deng <1985), Ong and Srivastava<1985>. 
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Now we discuss the diffraction prob 1 em due to penny- shaped or 

annular cracks. 

The transient stress and displacement fields around an -embedded 

crack in the shape of a circle were first investigated by Embley 

and Sih (1971) for extensional impact and by Sih and Embley (1971) 

for torsional ·impact. Their method of solution involves isolating 

the singular portion of the dynamic ~tresses in the Laplace 

transform domain such that the dynamic stress intensity factor can 

be obtained by direct application of the Laplace inversion 

theorem. A penny shaped crack with its plane normal to the 

stretched direction of the elastic solid expanding at a constant 

velocity was consider~d by a number of investigators, namely 

Craggs <1~6~j, Kostrov <1964) and Atkinson <1968>. Sih and Loeber 

<1969) solved the problem of normal compr-ession and radial shear 

waves impinging on a penny shaped crack. Other references are Mal . 

<1970>, Krenk and Shmidt (1982>, Arin and Erdogan <1971>, Ueda, 

Shindo and Atsumi <1983>. 

Krenk and Schmidt (1982) solved the problem of scattering of waves 

by a circular crack in an elastic medium by a- direct integral 

equa t 1 on method. The so 1 uti on method was based on expansion of 

stresses and displacements on the crack surface in terms of 

trigonometric functions and orthogonal polynomials. 

The general problem o~ two semi-infinite elast{~ media with 

different properties bonded to each other along a plane and 

containing a series of concentric ring shaped flat cavities was 
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considered by Erdogan <1965>, Using Green's functions for the 

semi-infinite plane,. the problem was formulated as a system of 

simultaneous singular integral equations having cauychy type 

singularities. Shindo (1979,1981,1981) has studied different types 

of p~'oblem in elastodynamics involving flat annular crack. The 

problem of diffraction of normally incident torsional waves by a 

flat annular crack embedded in an infinite, isotropic, and 

homogeneous elastic medium wa.s studie"d by Shindo <1979). The 

problem wa~ reduced to that of sol~ing the following triple 

integral equation : 

[ 

[ aA(a)J (ar)da = 0 
i 

a<r<b 

O~r~a , bSr (41) 

Where g(a) = a ·-y(a) in which the function g(a) ~as the orde~ -.1 
a 

for large a. It is ~onvenient to write the integral transform A(a) 

in berms of the finite integral given b~ 

a A Cat> = t¢ ( t) J (at t) d t 
2 

(42) 

where J is the second-order Bessel function of the first kind. On 
2 

substitution of (42) in (41) yields the . following singular 

i.ntegral equation of the first kind : 



3b I 2<t-r> I J 
2 r 1 o g ( 1 _ a 

0 

> b + m
0 

( r, t ) + mi. ( r, t) d t 

= - p IJ.l 
30 

a<r<b (43) 

in which the Fredholm Kernels m Cr,t> and m Cr,t) are bounded in 
0 . j, 

closed interval a ~ r, t ~ b and are given by : 

[(
Cr/t) 2) (r/t)E(t/r·> - 1 4KCt/r) 

mo<r,t> = b r+t - r E<tlr> + t-r + r + 

m <r,t) = 
j, . 

3 
+ 2r 

+ 23r 1 o g I 2 ( r- t> I ] ( 1-a
0 

)b 
t < r 

ECr/t) - 1 
+ + 

2tK(t/r) 
+ t-r 

1 o I 2 ( r - t > 1· ] g (1-a >b 
0 

2 
r 

t > r (44) 

(45> 

Here K and E are the complete elliptic integrals of the first and 

second kind respectively, and a = a/b is the radius ratio of the 
0 

annular crack. From the second equation of <41) and the definition 

(42) it is clear that the integral equation must be solved under 

the following single valuedness condition : 

J: i ¢<t>dt = 0 (46) 
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Substituting 

R r/b 1 < 1-a ) s + 1 ( 1 + 
... ~ 

) = = - - a 
2 0 2 0 

T t/b = ~<1-a >r + ~(1 + a )· 
2 0 2 0 

(47) 

P = bp/cT 

the revised singular integral equation to the first kind <43) and 

single valuedness condition <46) are shown as 

3<1-a ) .. 0 

4R 

(48) 

(49) 

in which the Fredholm Kernels M <s,T} and M <s,T) are obtain by 
0 1 

substituting (~7) in (4~) and <45> respectively. Thus the problem 

was reduced to the solution of the singular integral equation <48> 

under additional condition <49}. 

Following Erdogan (1973, 1963) the ·equations (48} and <49> has 

been solved by assuming 

~ (T) : 
1 

Q) 

E A T (T) ] 
n n 

<50) 
n=t 

where T (T) are Cheby~hev polynomial of the first kind and A Cn=O, 
n n 
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1., 2, ... ) are unknown constants .. 

Bostrom and Olsson <1987) treated the problem of scattering of 

elastic waves . by non-planar cracks. The method employed was a 

modification of the null field app~oach <T matrix method) where a 

fictitious surface was added to the surface of the crack so as to 

obtain a closed surface that should preferably be as· sphere-like 

as possible. 

Like elastic waves, diffraction of viscoelastic waves by crack or 

by inclusions are of considerable import?nce in view of their 

application of Seismology and Geophysics. Also the probl~ms 

involving 'the motion of a punch on the surface of a viscoelastic 

half-space or on the free boundaries of long strips are 

extremely important in· view of their application in road 

construction tec~nology. Considerable studies had been made in·the 

case of homogeneous media. But natural or artificial materieals 

are generally inhomogeneous. 

dissipative, that effect can 

In addition, if 

well be taken 

considering the material to be viscoelastic. 

Interest in 

viscoelastic 

the propagation of mechanical 

media is comparatively recent 

the ~:~~aterials 

into account 

disturbances 

in origin. 

be 

by 

in 

The 

behaviour of extended ane last i c structures under conditions of 

dynamic stressing is a- development of the last fifty years. This 

situation contrasts with that obtained in the related field of 

1 inear elasticity in which technological :requirements <e. g. the 
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behaviou~ of bfigdes under moving loads, the stresses involved in 

reciprocating mechanisms and the response of metals to shock 

loadingl has stimulated. much re~earch into. dynamical problems 

throughout the last hundred years. Perhaps the most important 

reason for th~· failure of a formal mathematical theory of 

v i s c.o e l as t i c i t y to . de v e 1 ope stems · f rom the 1 a c k of jus t . such a 

practical stimulus. Traditionally, engineering d~sign has made use 

of m~te~ials whose properties are adequately descr~bed in the 
0 

working range by the laws of classical elasticity. However, with 

the gradual ~ntroduction of .engineering comp~ents fabricated from 
.! ·.:--/\ 

the new synthetic plastic materials, it seems probable that the 

study of dynamic viscoelasticity will b~come a subject of 

incr~asirig im~6rtance. 

Other pertinent reasons. 'contributing to the lack of a formal 
. 

theory of dynamic viscoelasticity· are the relative complexity of 

the equations describing the fundamental ~echanical properties of 

anelastic sol~ds a_nd at lack of knowledge of these properties for 

many of the commori materials. Fortunately, with the introduction 

of integral transform techniques by Gross (1947>, a major 

simplification has been· effected in handling the mathematical 

~spects of the subject. At the same time much experimental work, 

mostly dating from the publication of a paper~ by Alexandrov and 

Lazurkin <1940) on the mechanical properties' of r.ubber, has been 

.devoted to elucidating and. classifying the behaviour of man_Y of 

the rubber and polymer type materials. Here we give some 
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references of papers on experimental investigation of some solids. 

Nolle (1949) <work on rubbers>, Zener <1948) <metals), Sherby and 

Darn <·.1958> <perpex> and Leadermann C1943>Csilk, rayon, nylon>. A 

generalized viscoelastic solid is specified by. the existence of a 

f\,mctiuonal equation of state connecting stress <o > ,, strain (&), 
0 

time <t> and temperature <T>. 

F<o,&,t,T> = o .. 

Presupposition of the existence of such a relation which may 

include t~me differential .and integral operators of arbitrary 

order, immediately excludes problems associated with the plastic 

deformation of metals and the f·racture of solids. 

The simplest examples of linear viscoelastic solids ' are we 1 1 

knowl\, e.g. Vofgt solid, Maxwell solid, standard linear solid, 
. . 

Burgers solid,· Newtonian fluid, etc. Diagrams of some models are 

shown in figure 2. 

Recently and e~ten~ive study on boundary value problems·in linear 
.· 

viscoelasticity has beep made by Golden and Graham _<1988> in their 

book. The problem of a ri~id cylinder rolling ·on the surface of a 

vi scoe 1 as tic ha 1 f- space has been so 1 ved by Hunter < 1961 >. The 

contact p~oblem of rigid cylinder rolling slowly on a thin 

v1scoelastic layer has been treated by Alblas and Kuipers <1970> 

assuming that the layer thickness i~ small compared to the width 

~f the contact region of the cylinde~. some ccintac~ punch problems 

in viscoelastic medium have been studied by Go 1 den < 1977, 1979, 



(a) (b) ~) 
Fw. !.? • J\lo,h•IH of viHc'O·I•InRlie solid11. (a) Voigt solid; 

·(b) :\lnxwl•ll solid; (c) muro gmiorul solid. 

47 
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19821. Crack propagation in viscoelastic medium has been studied 

by Willis <1,972>, Atkinson and L·ist <1972>, cbussy <1987> and 

others. Willis (1972) ~considered steady-state Mode Ill crack 

propagation for a standatd 1 inear solid under g"enera·l type of 

loading on the crack surfaces. Atkinson and List <1972) studied 

nonsteady SH-wave type crack propagation st~rting at t = 0 and 

moving with a constant velocity in the 'Maxwell solid' or using 
i 

--~ 

the viscoelastic model suggested by Achenbach and Chao. Sills and 

Benveniste (1981> and Coussy <1987> st,udied steady state crack 

~ropagation of SH-type at t~e inter~ace between t~o visco-ela~tic 

media. 

Recently, the transient elastodynamic stress intensity factor was 

determined for a cracked linearly viscoelastic body under impact 

by Georgiadis, Theocaris and Mouskos ( 1991>. The body was 

considered to be infinite containing a finite crack. The solution 

was obtained by correspondence principle and the use of the 

Dubner-Abate-Crump Laplace-transform invefsion technique. 

In the thesis presented here we h~ve studfed some mixed boundary 

value problems in elastodynamics i~volving punches, inclusions and 

cracks. Jhe work has been presented in three chapters. The first 

two chapters I and II deals with diffraction problems in elastic 

medium and the third chapter deals with diffraction pro.blems in 

viscoelastic medium. Here we give the summeryof the thesis chapter 

wise. 
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ll') chapter- I, problem-1 contains vertipal vibration of two rigid 

strips ~n smooth contact with a semi-infinite ~la·stic medium. It 

is assumed that motion is forced by prescribed displacement 

distribution 
-i.wt. 

v e normal to the 
0 

region --a .:5 -b, b s x S a, y 

two strips located 

= o, IZI <oo, ·where 

in 

v 
0 

the 

is 

constant. The resultinl.~ixed boundary value problem is reduced to 

the solution of a triple ~ntegral equation which has further been 

r.educed to the solution .of an integra-differential equation. 

Finall·y iterative 510lution valid for low frequenc.y has been 

obtained. The integral equation was solved 1n.a manner similar to 

that employed by Lowengrub and Srivastave (1968> in solving static 
0 

problems for t~o caplanar ·cracks in an infinite elastic medium. 

From the so 1 uti on of the integral equation, we have found out 

stresses just below the strips and also th~ vertical displ~cement 

at point quts ide the strips on the .free ·surf ace. Low frequency 

solution due to antiplane motion of two strips on a semi-infinite 

elastic medium has also been derived. 

In paper-2, we have considered the probiem of diffraction of 

elastic wave·s by a apair of coplanar. rigid strips between two 

homogeneous elastic half sp~ces for the ca~e of antiplane strain. 

The resulting triple integral equation has been reduced to the 

solution of an integra differential ~quation and approximate 

so 1 ut'i on has been qbtai ned. Thes~ so·l uti ons have been used to 

obtain approximate vaJues of the displacement field and also the 

stress intensity factors ~t the edges of the strips. 
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Making the distance between the inner edges of the ·strips tend to 

zero, the diffraction problem for a· single rigid strip has been 

obtained. Even this result of the limiting case appears to have 

been presented here for the ftrst time. 

In third paper of this chapter we have studied the two dimensional 

problems of diffraction of elastic waves by four coplanar parallel 

rigid strips moving steadily on the free surface of a 

s·e m i - i n f in i t e i sot r o p i c e 1 as t i c me d i u m • By Four i e r trans f or m the 

five part mixed boundary va 1 ue prob 1 em ·has been reduced to the 

solution of a set of four integral equations. Following the 

technique, developed by Sriva$tava and Lowengrub <1970), the 

quadrup 1 e ·integra 1 equa t i ens have ·been so 1 ved. The norma 1 stress 

under the strips and displacement outside the strips are derived 

< 

in closed form. The effect of_ stress intensity. factors at the 

edges of the strips is shown by means of graphs. Also. letting 'the 

strip velocity tend to zero the results for statical problem have 

been presented. in this paper as a part_i cu 1 ar case. 

In the last problem, Le~, paper-4 of chapter-1, we lnves.tigated 

.the diffraction of torsional wave ~~ a rigid annular disc at the 

interface of two bonded dissimilar elastic media. Here we have 
i. k <z-c l> 

assumed that an antiplane shear wave given by 0 re 2 2 

2 

where 0 is··a constant, k =w/c and c =-./(J.J lp >, the shear wave 
2 2 2 2 2•2 

velocity in medium 2, be. incident normally on the annular rigid 

disc of . inner and outer· radii b and a respective 1 y. App 1 y i ng the 



51 

method developed by Williams <1963) and used subsequently by 

Thomas (1965) and Jain et al <1970), the three pa~t mixed boundary 

value problem has been reduced to the 'elution of a set of 
... 

integral equations. The solutions of thes~ integral equations are 

obtained iteratively for low frequency and small values of the 

ratio of the inner and outer rad 11 of the disc. These so 1 uti ens 

are used to determine the jump in stresses across the annular disc 

and stress intensity factors at both the edges of the disc. Torque 

and far field amplitudes in both the medi~ have also been deduced. 

~he effect of normalized frequency, material properties and 

geometric parameters in stress intensity factors and far f ieJ d 

amplitude are shown graphJcally. 

First problem of chapter-11 deals with the interaction of normally . . 
incident time harmonic elastic waves with a periodic array of 

coplanar Grifjith cracks in an infinite orthotropic medium. Due to 

geometrical symmetry the problem has been reduced to the solution 

of the problem of a single crack in a strip whose boundaries are 

shear free and cons trai.ned · in a way not to permit norma 1 

displacement. Fourier transform has been used to reduce the 

problem· to the solution of dual integral . . 
equations. By the 

application of Abel's integral the dual int~gtal equations finally 

has been converted to a Fredholm ·integral equation. Stress 

intensity factor at ~he tip of the crack and crack opening_ 

displacement have been derived in closed form. To display the 

influence of the material orthotropy numberical values of stress 



intensity factor and crack opening displacement have been derived 

in closed form. To display the 1 nf 1 ue'nce of the material 

orthotropy numerical values of stress intensity factor and crack 

opening displacement have been found out after solving the 

Fredholm integral equation numerically and plotted against 

dimensionale-ss frequency, distance respectively for three ·sets of 

orthotropic materials. 

In the second paper of chapter II we hav~ studied the diffraction 

of normally incident SH-waves by a Griffith cra6k situated· in an 

infinitely long inhomogeneous elastic strip. The- shear moduLus 

<~> and the density (p) of the material have been assumed to vary 

both in horizontal and vertical directiens. Applying Fourier 

transform the mixed boundaly value problems has been converted to 

the solution of dual integral equations. The dual integral 

equations fi~ally has been ruduced to a Fredholm integral equation 

of second kind by applying Abel transform. Expressi~ns for stress 

intensity factor and crack opening .displacement have been.derived. 

The numerical ·valuss of stress' intensity factor and crack -opening 

displacement have been depicted by means of graphs to show the 

effect of mateiial _inhomogeneity • 

. 
ln chapter-Ill, first paper deals with the analysis of the stress 

and d isp 1 a cement fie 1 d produced by a 1 ong I?i.Jnch .moving -on the 

boundary of a semi-infintie viscoelastic m-edium and producing 

Horizontal Shear waves. Two types of viscoelastic models viz. 

Maxwell Solid and Standard Linear Solid have been ponsidered and 
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loading in assumed to be such that Mode I I I conditions prevail. 

The mathematical technique which is employed here consists of the 

application of integral transforms and the solution of the 

resulting Wierier-Hopf equa·t i ens for the transformed unknpwn 

variables. Both the steady and nonsteady solutions of the p~oblem 

have been derived. Displacement and stress on the free surface and 

at points below the punch have been derived analytically and the 

natur~ of their variations wilh the velocity of ·the moving punch 

has been shown by means of graphs. 

The last paper of the this chapter contains the analysis of 

s-teady and . nonsteady cases of Mode I I I crack propagation in an 

inhomogeneous viscoelastic medium. Two types of viscoelastic 

mode~s, namely Maxwell •olid and Standard Linear solid have been 

considered. Ma t.er i a 1 properties have been assumed to vary 

exp9nentially in the direction perpendicular to the direction of 

crack propagation. The problem 

Wiener-Hopf technique. We have 

has been 

studied 

solved 

how 
~ 

the 

by using 

material 

i-n homogeneity affects the stress intensity factor and also the 

crack opening displacement when a Mode Ill type crack propagates 

through the inhomogeneous viscoelastic medium. 

With this much of introduction, we now present the thesis 

chapterwise. References given in the thesis do not include all the 

previous workers in this line. But attempt has been made to 

include most of them. 



C H A P T E R I 

SOME CONTACT PROBLEMS IN ELASTODYNAMICS 

Paper- - 1 Forced vertical vibration of two rigid 

strips on a semi-infinite elastic solid. 

·Paper - 2 ~ Diffraction of antiplane .shear wave by 

a pair of parallel rigid stFips at the 

interface ·of 

elastic media. 

two · bonded' d i s s i m 1 1 a r 

Paper - 3.: On steady motion of four rigid strips on 

the surface of a semi-infinite ·elastic 

medium. 

Paper - 4 Diffraction of 

by a rigid 

tor-sional 

annular 

bimater-ial interface. 

elastic waves 

disc at the 



55· 

FORCED VERTICAL VI BRA TI ON OF TWO RIGID STRIPS ON A SEMI -INFINITE 

ELASTIC SOLID 

1 .. INTRODUCTION 
0 

The study of the effect of vibrating source of pressure in 

different forms on· the surface of an elastic medium is almost 

classicaL Reissner <1937>c and later ·Millar and Pursey <1954> 

treated the case of a uniform vibrating pressure distribution 

applied ·to a circular region on the surface of an elastic half-

space. The problem of most physical interest occurs when 

displacement corresponding to indentation by a rigid body are 

prescribed over a given region and the surface tractions outside 

the region are zero. Analytical treatment on the dynamical 

response of footing and soi 1 structure interaction are usually 

available in the lfterature only for circular and elliptical 

footings and infinite strip loadings. ·such results are important 

i.n view .of their appqcatlon in the design of foundations for 

nia c h in e r y and · b u i 1 d i n g s , also in the study of the vibration of . . 

dams and large structures subjected to earthquakes. Awojobi and 

Grootenhuis <1965), Robertson <1966), Gladwell <1968) and others 

have considered the prob 1 em of ci rcu 1 ar footing in detai 1. Roy 

<1986> considered the dynaml'c r.esponse of an. ell'ipt-ical footing in 

frictionless contact with a homogeneous elastic half-space. For 

low frequency, both vertical and horizontal vibration .were 

ACCEPTED FOR PUDLXCATXON XN ".JOURNAL OF SOUND AND Vl:BRATl:ON"" 

VOL 8 , NO. S ., .JULY . SPPZ. 
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treated. Low frequency solution for the vertical, horizontal and 

rocking vibration of an infinite strip on a semi-infinite elastic 

med i urn has been obtai ned by Karasudh i, Keer and Lee ( 1968) by 

reducing the governing dual integral equ~tions into a single 

inhomogeneous Fredholm equation of the second ktnd. Wic~ham (1977) 

however removed the flaws occuring in the above paper ·and worked 

out in detail the problem of forced two dimensional oscillation of 

a rigid strip in smooth contact with a semi-infinite elastic 

medium using a different technique. To improve the dynamic models 

of buildings and other structures, it wi 11 be fruitful to have 

analytical results for foundations of more complicated nature. In 

this paper we have considered the problem of vertical vibration of 

two rigid strips in smooth contact with a semi-infinite elastic 

medium. The problem is· also important in view of its application 

in the study of the vibration of an elastic medium caused by the 

running wheels on a railway track. The resulting mixed boundary 

value problem is reduced to the solution of a triple integral 

equation which has further been r-educed to the solution of an 

integra differential equation. Finally iterative solution valid 

for 1 ow frequency has been obtai ned. The integra I equation was 

solved in a manner simi Jar to that employed by Lowengrub and 

Srivastava (1968) in solving static problems for two coplanar 

cracks in an infinite elastic medium. Jain and Kanwal <1972,1972) 

also used the same technique to solve the problem of diffraction 

of elastic waves by two coplanar Griffith cracks and also by two 

coplanar rigid strips in an infinite elastic medium. It may be 
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mentioned in this connection that recently Itu <1980) has also 

solved the problem of diffraction of SH-waves by two coplanar 

Griffith cracks in an infinite elastic medium using a different 

technique. 

From the solution of the integral equation, we have found out 

stresses just "below the strips and also the vertical displacement 

at point outside the strip on the free surface. Finally, making 

the distance between the strips tend to zero, we have found our 

results becoming idetical with the results given by Wickham <1977) 

for the vertical vibration of a single strip on a semi-infinite 

elastic medium. Low frequency solution due to antiplane motion of 

two strips on a semi-infinite elastic medium has also been 

derived. 

2. FORMULATION OF THE INPLANE PROBLEM 

Let us consider the normal vibration of frequency w of two rigid 

strtps having smooth contact with a ~emi-infinite homogeneous 

isotropic elastic solid occupying the half-space -oo<X<oo , Y?:::.O 

-oo<Z<oo. It is assumed that motion is forced by prescribed 

displacement distribution 
-\.Wl 

v e 
0 

normal to the two infinite 

strips located in the region -a~X~-b , b~X~a, Y=O, IZI<oo CFig.1>, 

where v is constant. Normalizing all lengths with respect to a 
0 

and putting b/a=c, we find that the rigid strips are defined by 

c:S I x I:S1, y=O, I z I <oo. 

Suppressing the time factor -i.Wl 
e throughout 

J 

displacement components can be written as 

the analysis, the 



SB 

------~~----.-_,--------~------~ X -b -a a b 

y 

Fig 1. Geometry of the strips . 



ucx,y> = iJ¢ itVJ 
iJx iJy 

vCx,y> = iJ¢ + itVJ 
iJy iJx 

w<x,y> = 0 

where the displacement potentials ¢<x,y> and ¥~<x,y> satisfy 

Helmholtz equations 

iJ2¢ 
+ 

iJ2¢ 
+ k24> = 0 

8><2 8y2 t 

82¥' 
+ 

82¥' 
+ k2 = 0 

8x2 iJy2 2¥' 

Consequently, the values of stress components T , T and 

are 

T 
xy = ~ [ 824> iJ2¥' 

2-.- + 
8x8y iJx2 

Tyy = -1-/"[( k:.+ 282 )<~>- 282¥' .] 
8x2 

iJxiJy 

T = 0 
zy 

The boundary conditions are 

v<x,O> = v 
0 

T (X, 0) = 0 
yy 

lxl<c , lxl>1 

T (X 1 0) = .0 -oo< x <oo 
xy 

xy yy 
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(1) 

the 

( 2) 

T 
yz 

( 3) 

(4) 



60 

Solution of the Helmholtz equation given by <2> can be written as 

¢ = J_: A ({) exp< 1~ x - y y) d~ 
i 

( 5) 

V' = J_: 8 (~) exp<i2;x - y y) d~ 
2 

where Y. = < e 2 - k ~ > t./2 1e l~k. 
J J J 

j=1,2 ( 6) 

= - i < k~ -e2 >t./2 1e l~k. 
J J 

and A<{>, 8<e> are unknown functions to be determined from the 

boundary conditions. 

Using the l.ast boundary condition of (4) it can be shown that 

8 (~) = 
-2ier 

t. 
A<~). 

,2 . + 2 
... y2 

Now the displacements and stresses given by (1) and (3) become 

u<x,y) 

2 . 

Joo [ Yt.Y2 ] = -co i e eX p ( -y t. Y ) - "" 
2 

+ 
2 

eX p ( -y 
2 

y ) A ( e ) e X p ( i e X ) de 
... y2 

( 7) . 
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(9) 

T xy < >$ , Y > = 1-l J _: 2 if. r ~ [- e x p < -y ~ y > + e x p < -r 
2 

y >] A< f. > e x p < if. x > df. < 1 o > 

Next using the fact that A<{) is an even function of f., and 

·putting 

P <e) = ( 11> 

the first and second botindary conditions given by (4) lead to the 

following dual integral equations in P<{> 

lxl<c , lxl>1 ( 12) 

.r 4"'2 .. y~y2 

P <e >co sf. x dt; (13) 

3. SOLUTION OF THE INPLANE PROBLEM 

Let us consider the solution of the integral equations <12) and 

<13> in the form 



P <e > = r X f ( X 
2 

) C 0 se X d X 
i i i i 

c 

where f(x 2
> is an unknown function which will be determined. 

i 

62. 

<14) 

The relation (12) is therefore satisfied automatically and the 

equation <13) becomes 

Using the relation 

sin{x sin{x 
i 

= r: r:i 

case X case X de dx 
i i 

wvJ <ew>J <~v>dwdv 
0 0 

( 2 2)i/2( 2 2)i/2 x -w x -v 
i 

the above equation converts to the form 

where 

L <v,w> 
i =[ J < e w > J < e v > de CJ () 

1 = v 2 0 

( 15) 

(16) 

(17) 

By a sim~le contour integration technique done in the appendix-A, 

L <v,w> can be written as 
i 



L <v,w) 
~ 

2 Irr + E s. 
j=O J 0 

2 2 • • 2 2 2 
< 2n -T > + 16n < n - 1 > < T -n > 

( ~ ) 
H <k nw>J <k nv> 

0 ~ 0 ~ 

E P. 
[ 

2 I~ 
j=O J 0 

Q <n > 
0 

2 2 n - T 
j 

'[ .( 2 - 1 ) ~/2 • 2 n . 
+n1T 

' ~ ) H <k nw>J <k nv> 
0 .t 0 ~ 

I 

Q <n> 
0 
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dn + 

<w>v> 

+ 

<w>v> 

(18) 

where T=k /k =c /c 
2 ~ ~ 2 

Q (..., ) = ( 2 2 2 ) 2 4 2 ( 2 1 ) ~ / 2 ( 2 2 ) !./2 
0 

., n -T - n n - n -T , 

and T is the root of the Rayleigh wave equation Q <n>=O. T., T 
0 0 ~ 2 

are the roots ~f the equation (2 2 2)2 4 2( 2 1):1./2( 2 2)!./2 0 n -T + n n - n -T = • 
I 

Q <n> denote the derivative of Q <n> with respect to n and 
0 0 



p. = 
J 

2 2 
( 2T 

0 
-T ) 

J 
2 2 n(T 0 -T 0 ) 

0 J \. 
\. 

so = 
J 

64 

4T~ (T~ -1) 
J J <i,j=0,1,2 and i~j). 

2 2 
n<T 0 -T 0 ) 

0 J \. 
\. 

The corresponding expression of L <v,w> for w<v follows from <18> 
:l 

by interchanging w and v. 

For. poission ratio o=1/4, 

given by 

the values of T, T 
:l 

and T 
2 

are 

2 
T = 2<1-o) 

1-20' = 3 , 
2 

T = 
0 

3 

(0.9194) 2 

2 
T = 

:l 

3 
( 2+2/'(3) and T

2 =3/4. 
2 

Hence in this case T <T <1<T<T 
2 :l 0 

Substituting the series expansion of J ( 
0 

) and H<:t.> < 
0 

) and 

evaluatirig the integrals arising in <18>, we find after some 

algebraic manipulation details of which are given in the 

appendix-a 

L:t.<v,w> =! T
2

[(r+log<ktw/2) - n~)M + N- P<w
2

~v
2

>k:logkt] + o<k:> 

, w>v 

whtne r = 0.5772157 ........ . 

M = 

N = 

n 

n 
. 2 

32 ( 1-T ) 

, w<v (19) 

is Euler's constant, 

<20) 
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T. 
J 

( 21> 

.and p = n - T~) +I: s.(TZ- T~J] • 
J j =0 J 2 . J 

(22) 

Now differentiating both sides of the relation <15) with respet to 

x we obtain 

= 0 

Following similar procedure as done for deriving equation <16), we 

obtain 

X 

2 

[ 

x f(x > 
~ ~ 

z 2 
c · x -x 

~ 

where 

L <v,w> 
2 = r [ ~ -

wv L <v,w) dwdvdx 
2 ~ 

<xz-wz>~/2 <xz-vz >~/2 
~ 

(23) 

(24) 
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For small values of k and k such that k =o<k ) , we use the 
:1. 2 :1. 2 

contour integration technique mentioned above and get 

2 2 [ - 2rr i k
2 

< 1-T > 

2n • < n 2 
- 1 > < T 

2 -n 2 > :1. / 
2 H' :1. > < k n w > J < k .,., v > 

0 :1. 0 :1. 

2 2 .. .. 2 2 2 < 2n -T > + 16n < n - 1 > < T -n > 

2 < 2 
- 1 > :L/

2 H < s. > < k w > J < k v > n n o :1.n o :1.n 
, 

Q <n > 
0 

, w>v (25> 

By the procedure similar to one which led to the equation <19>, 

<25) can be written as 

4P 2 2 2 
L <v,w) = - - <1-r )k logk + o<k ) 

2 rr. :1. :1. :1. 
(26) 

where P is given by <22)~ 

Now let us consider 

2 2 2 2 = f <x ) + k logk f. <x > + o(k) 
0 :1. :1. :1. :1. :1. :1. 

<27> 

Putting the above expansion of and the· value of L <v,w> 
2 

given by <26) in the equation (23) and equating the coefficients 

of equal powers of k we get 
:1. 



6.7 

[ 
X t < xz) 

f. 0 f. 
dx 0 c~qxi:S;1 (28) = 

2 2 f. 
X -x 

f. 

[ X f < x2 > 
4P I~ and £ 1. £ dx 2 2 

c~ I x I:S;1 (29) = ( 1 -T ) X f ( X ) d X 
2 2 £ n £ 0 £ £ 

X -x c £ 

Following Srivastava and Lowengrub (1968) the solutions of the 

above integral equations are 

D (30) 
<1 -x2)1./2 <x2-c2)£/2 

j, £ 

and 

8 
( 31) 

( 1 _X 2) ~/2 ( X 2 _ C 2) 1./2 

~ f. 

where D and 8 are constants which can be calculated as follows. 

We substitute the value of L <v~w) from <19) as well as the 
j, 

. 2 
expansion of f(x) obtained from <27) in the equation <16>. When 

j, 

the coefficients of 1 ike powers of k from both sides of the 
j, 

resulting equation are equated we get the following results : 

and 

v 
0 

v > w , c:S: I x I :S; 1 (32) 



= 0 
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Cx2-w2)~/2Cx2-v2)~/2 
~ 

v>w , c:S I x f:S1 (33) 

Next, 2 z putting the values of f <x > and f <x ) from (30) and (31) 
0 ~ ~ ~ 

in the above two equations and integrating, the values of D and B 

can be obtained as : 

D = 

and 1 2 

2 c 1 +c ) 

v 
0 

( 1 - c 2 
} ( 1 --. 2 

) v __ o] 
nT

2 D 

(34) 

(35) 

We can now obtain ~he values of the vertical displacement in the 

plane y=O from equations <8>, <11> and <14) as 

v(x,O> 

:z r k co sz; x cos{ x 
~ 2 . t 

dl; dx 
t. 
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Next putting the values of L <v,w> and f(x2 > from <19> and <27> in 
s s 

the above equation, we obtain, 

X :x I)( J)(• 
• 0 0 

vw dwdvdx 
j, 

<xz-wz>t./2<x2-v2>t./2 
1 

+ 

{ 
1 ogv , v>w wv 

[ I
x Jx 1 ogw , v<w 

+ M ~ x f < x2 > ~ • 
d X S 0 t. a X ( 2 .2 ) S /2 ( · 2 2 ) 1/2 

c t. o o x -w x -v 
1 

dwdvdx,] + 

+ 

2 2 
·4T k 1 ogk 

t. j, 

n 

vw dwdvdx 
t. 

<x2-w2>t./2<x2-v2)t./2 
j, 

wv . 

d [ _a Jx I
0

xs. + M -d x f ( x
2

) 
X t. t. t. ax 

{ 
logv , v>w 
logw , v<w 

<x2-w2>1/2 <x2-v2 )t./2 c • 0 . 1 

Tap d [x f <x2>~J" J"• 2n ax • 0 • ax 
c . 1 0 0 

2 2 wv <w +v ) dwdvdx• 

Cx2-w2>t./2<xz-vz>1/2 
1 

X 

+ 

(36) 

Substituting the values of t <x > and t <x ) tram <30) and (31) in 
0 t. 1 1 

(36) and integrating, the equation (36) yields after some 



algebraic manipulation 

= v 
0 

c:Sixi:S1 

4T
2
MP0(1-T

2
) · z [ z 2 2 ]~/2 o(kz) + rr k~logk~ <x -1Hx -c) + • 

7() 

lxl<c 

I X I> 1 

<37) 

The normal stress T <x,y) in the plane y=O just below the strips 
yy 

can be found from the relation (9), (11) and <14> as 

T <x,O> 
yy 

Using the result 

= 21-1[. x f ( x
2

) dx [ cost; xcost; x dt; 
~ • • j, 

0 ' . 

and the value of f<x 2
> given by (27>, the expression for stress • 

becomes 

T <x,O> 
yy 
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Substituting the values of from (30) and ( 31> 

respectively and integrating we finally obtain, 

rr~-Jixl 
2 2 .1/2 

(D+Bk2 logk) +4J.II xl DP<1-T 2 > (x -c) T <x,O> = 
yy 

2 x k logk 
i i 

.t .t 1- x2 

2 + o(k ) , 
i 

(38) 

Now putting c=O in <38> we can obtain the normal stress for a 

sing l e s t r i p, I x I~ 1 , y ':' 0, -oo< z <oo as 

T <x,O> = 
yy 

where 

and 

Substituting 

+ 

D = 

2 [ 2 2 ] k~ logk~ 4PC1-T >Ox +rrB 
( 1 - X 2 ) i/2 ... A 

v 
0 

and ~ = 
2 

done by Wickham <1977>, we get 

. 2 
-P/rr 

which coincides with the result obtained by G.R.Wickham <1977>. 

as 



4. FORMULATION AND SOLUTION OF THE ANTIPLANE PROBLEM 

For SH-wave the displacement and stress are 

and 

w<x,y,t> 

T <x,y) 
yz 

-i.wt. = w<x,y>e 

iJw 
= ~iJy 

As in the previous case, we write the above expiessions as 

and 

w<x,y> = J_: 
T <x,y> 

yz 
= -1-JJ co 

-co 
tJ.<e >exp< iex-r y>de 

2 

72. 

(39) 

(40) 

where Q<e> is an unknown function to be determined from the 

boundary conditions 

where w is constant. 
0 

w<x,O> = w 
0 

T <x,O> = 0 
yz. 

( 41) 

(42> 

From equations <39> to (42) the following integral equations can 

be derived 

w 
0 

2 

[ Q <e) case X de = 0 

(43) 

(x(<c , (x(>1 C44> 



73 

Substitution of 

(45) 

satisfies equation (44) automatically and equation <43) then 

yields 

I:r cosl; xcosl; x dx 
1 1 

1 
= ~ w 

0 

which can be written as 

where 

L <v,w> 
9 

wv L <v,w> dwdvdx 
3 . . 1 

<x2-w2>1/2<x2-v2)~/2 
~ 

=[ J <e w > J <e v > 
0 ' 0 de 

1 = w 2 0 

(46> 

(47) 

l~tegrating along the contour as shown in fig.2 and putting {=k n 
2 

the above i nf i ni te ·integra I can be reduced to the finite 1 ntegra I 

given by 

L <v,w) 
3 

( 1) 

J <k nv>H <k nw> 
0 2 0 2 

J <k nw>H< 1
> <k nv> 

0 2 0 2 

w>v 

w<v. 



Im ff 

-ii 1 
z 

Fig. Z. The contour of integration to evaluate L 3 (V. w) 
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For low frequency, k nw and k nv are small. 
2 2 

So expanding both the 

Hankel function and Bessel function for small values of their 

a~guments and integrating term by term, we obtain finally, 

Next, Differentiating equation (46) 

proceeding as the previdus case we get 

2 
X g (X ) 
. i. i. 

2 2 x -x i. 

dx i. 

wit}) respect to x 

wv L Cv,w> dwdvdx · ... i. 
Cx2-w2>i./2 (x2-v2 )i./2 

:l 

.where [ ( ~2) L ( v, w) = 
0 

~ - J
0 

(~ w > J
0 

(~ v) d~ ... . rz 

(48) 

and 

(49) 

By the procedure similar to the one which led to the derivation of 

equation C48) from the corresponding infinite integral, we obtain 



L <v,w> • 

2 ( j_) 

J
1 TJ J Ck nv>H Ck TJW) 

= - i k22 o o 2 . o 2 dn 
< 1 _..,.,2 > 1/2 

2 Now considering the expansion for g<x ) as 
j_ 

2 2 2 2 2 g<x ) = g <x ) + k logk g <x ) + o(k ) 
1 0 1 z z 1 1 2 

and substituting 
2 g<x > 
2 

and L (v,w> • as given by 

respectively in <49) it can be shown that 

and 

2 
g (X ) = 

0 1 

2 g (X ) 
t 1 

D 
j_ 
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(50) 

< 5l.) 

(51) and (50) 

<52) 

(53) 

where·the constants D and B obtained from the equations C47) and 
j_ j_ 

C48> are found. to be equal to 

D 
1 

- w 
0 = 

rr[y+log<k
2
/4)- rr; + logC1-c2

)v
2

] 

(54) 



and B = 
~ 
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<55) 

The values of the stress T <x,y> and displacement w<x,y) in the 
yz 

plane y=O can be found from equations <39>, (40>, <45), <51) to 

<55> and are 

T. <x,O> = 
yz 

and 

w<x,Ol = w 
0 

2 
x k logk 

2 2 

nJ.JI xI D~ (xz -cz)~.rz 
+ 2 2 X 

1-x 

2 
+ o<k > , 

2· 

lxl<c 

= w - n D + k 2 logk · B- D <1-c2 )/4 sinh · + [ { }] 
-~ ( xil -l)~.rz 

o ~ 2 2 ~ ~ 1-cz . 

<56) 

(57) 
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6. NUMERICAL RESULTS 

The vertical and the transverse displacement fields for tMe 

inplane and antiplane problems respectively for points near about 

the rigid strips have been depicted by means of graphs (fig.3,4) 

for the Poisson Solid(T2 =3). It is interesting to npte from the 

graphs that the real part of the displacements dec~ease with the 

increase in the value of k in both the cases. 
2 

Further the graphs (fig.5,6) of the stress factors 

and 
( 

2 2 2 )j./2 
T yz ( 1 - )( ) ( X - C ) '] 

T:=Re[ J.JWo 

ve~sus dimensionless distance x for the inplane and the antiplane 

problem respectively have been plotted for points just below the 

rigid strips. In both the cases the magnitude of the stress factor 

are found to increase as one proceeds from the inner to the outer 

edge of the strips. 
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APPENDIX - A 

CONTOUR INTEGRATION TO'EVALUATE L <v,w> 
J. 

The kernel L <v,wl given by equatioh (171 is 
J.. 

L <v,w) 
J.' =[ J ( ~ w ) J ( l; v ) dl; 

0 0 

Let us consider the following two integrals 

i-1 ' J. > < e w > J c e v > de 
0 0. 

H<
2

> <ew>J Cl;v> dl; 
0 0 . ' 

8'J 

<AU 

w>v C A2) 

w>v CA3) 

where C. and C are the cdritours of integration of I and I 
:l 2 :l 2 

respectively as shown in fig.7. 

Branch points corresponding to y
1 

and r are 
. 2 

e = ±k and 
. J. 

and the pole k is the root of the Rayleigh wave equ~tion 
R 

e = ±k 
2 

I.ntegrating I and I along the contours C and C respectiv~ly we 
:l 2 J. 2 

get, 
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lmtf 

Refp 

fp- plane 

Fig. 7. The contour of integration to eva! uate L 1 ( u ,w ) . 



for contour C 
1 

· 'k2 H<t> <t;w>J <t;v> 
lY 1. 2 0 .0 

dl; + 

dt; - Ikk2 

y < k > k
2 

H < u < k w > J < k v > 
1 R 2 0 R 0 R = 2rr i 

and for contour C 
2 

[ 

where y1 

¢ ( k. ) 
R 

r k2 H < 
2 

> c- i 11 w > J < - i 77 v > 
1 2 0 0 

y2 
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d7J + 

<A4> 

dry. =. 0 

<A5) 



r = <r/ +k2 
)1./

2 

2 2 

where kR is the root of the equation ¢<tJ = 0. 

Now, using the results 

H(2)(. ) 
-17}W 

0 
= -H<!. > ( b7w) 

0 
and J <-inv> = J <inv> 

0 0 . 

in CAS> and then addition with <A4) yie~ds 

L <v,w> 
t 

+ 1T i 
¢ ( k ) 

R 
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<AS> 

Putting { = k n T = k /k = c /c and after simple calculatioh, 
t , 2 t t 2 

CAS) takes the form 



L <v,w> 
t. 2 2 • • 2 2 2 

< 2n -r > + 1 6n < n - 1 > < r -n > 

2J.T 
-4iT 0 

[ 

< ·z- u 2./
2 H < u < k n w > J < k n v > 

·2 n o 1 o 1 
+rr iT --------=-,---------

Q <n.> 
0 

87 

dn.-

<w>v> 

( A7 ). 

where = and T is the 
0 

root of the Rayleigh wave equation 

derivative Of Q <n> with res~ect to n· 
0 

Next taking 

, 
Q <n> = o. Q <n> denote. 1;:he 

0 . 0 

. 2 2 • • 2 2 2 2 2 2 2 2 2 2 
1:.. <n>=<2n -r > +16n· <n -1><r -n > = 16<1-r ><n -r ><n '-T ><n·-r > 

o. ' 0 i 2 ' 

Ti, 

and 

T being the ~oats of the equatiOn 
2 

( 2 2 2 )z n -r 
2 2'2 2 2 2 <n -r > < n -'r > < n -r > 

0 i 2 

= 
2 2 

7) -To 

+ 
2 z n -r 

i 

+ 
2 2 n -... 

2 



so that 

4r/ <r/ -1 > = 
.2 2 2 2 . 2 2 

< n --r > < n --r > < n --r > 
0 . ~ 2 

2 

E P. = 
j=O J 

2. 

r: s. 
j:::O J 

= 4 and 

s 
0 

2 
n --r 

2 .2 ( 2-r . --r ) 
2 2 

4-r . ( 'T . -1 ) 

88 

s s 
l + 2 

+ ---
2 2 2 2 2 

n --r Y'J --r 
0 ~ 2 

J 

( . 2 2) n ... --r. 
s 

j 
= J J 

2 2 n <-r . - ... > 
Ci,j=0,1,2 and i;ll!j), 

. J \. . J \. 
\. I. 

the equation <A?>. can be written as 

L <v,w> = 
~ 

2 IT +. E s. 
j=O J 0 

[ 

2 J:l. E P. 
. . J 

J=O 0 
2 2 n - -r. 

J 

H' ~ > < k n w )J < k n v > 
0 :1. 0 :1. , 
Q <n > 

0 

dn + 

+ 

. ' ( w>v·} · 

<AB> 
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APPENDIX - B 

EVALUATION OF THE INTEGRALS ARISING IN THE EXPRESSION OF L <v,w> 
. ~ . 

GIVEN BY EQUATION <18) 

Experssion of L <v,w) is 
~ 

L <v,w) = 
~ 

E P. 
[ 

2 Ji. 
j=O J 0 

2 2 n - T 
j 

2 JT + E s. 
J . 

j=O 0 

(T
2

-n
2

>
1

/
2 

H
0
co <k.nw>J

0
<k.nv> .] +. 

. .. ... dn 
2 2 n - T. 

J 

( n 2 
- 1 ) 1 /

2 H c ~ > < k n w ) J ( k n v ) 
0 1 0 1 

Q <n > 
0 

dn + 

(w)v) 

(81) 

For low frequency i.e.,. for smal I values of the arguments k nw and 
1 

k nv of H< 1
>( ) and J ( ) w~ get the following result 

1 0 0 

(1) 2i 
H <k nw>J <k nv> = 1+ 

o 1 o ~ n 
i 2 2 2 2 

[1 o g < k 
1 
n w I 2 > + r] - Zrr n < w + v > k ~ 1 o g k ~+ 

(82) 

where r = 0.57721.57 ....... . is Euler's constant. 

I 
I 

i 
I 

' I 
I 

. I 
I 
I 



Substitution of this result in <Bf> yields 

where 

M = 

N = 

and 

1 

16 ( 1-T
2

) 

1 

2 

+ E s. 
j=o J r:· 

p = 

2 

+ E s. 
j=o J 

1 

, w>v 

[ 2 

J: 
( 

1
_T/2 ):1/Z z J: ( z z } :1/2 

E P. dr, + E s. 
T -r, . 

j=o J <n 2 

[ 

2 

10:1 E. P. 
j=O. J. 

2 2 :1/2 
CT -n > 1 ogr, 

J: 

( 2 2) n -T. 
J 

[ 

2 Ji. E P. 
j =0 J . 0 

2 ( 2 2 ):l/2 n T -n 
2 2 <n -T. > 

J 

_T2) 
j 

j=O J (r, 

n[ <n2 -1 > t./z 

Q. . (T)) 
0 

2 

2 :1/2 <n -1 > 1 o gr, 

2 ( 1 2 ,. :1/2 n -n 
2 z <n -T . > 

J 

, 
Q. (r,) 

0 

dr, + 

T/2 (r,2 -1 //2 
, 

Q. <n> 
0 

_T2) 
j 

90 

<B3> 

dn] 

CB4> 

CBS> 

(86) 



The first integral of M can be written as 

2 

I: p, 
j:::O J I: < 1-.n2 >s."':z 

2 2 <n --r. > 
J 

2 },·os.· < 1-n2 >s./2 Is. 
= E P. 2 2 dn - Po o 

j ==s. J < n --r . > 
J 
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<B7> 

where means the principal valu·e of the 

integral. 

Using the results 

and 

in ( B 7 ) we g e t , 

2. 

I: 

I: 

2 2 z -a 

E P. 
j:::io J s: ( 1.-Y'I2 )S./2 

., dn == 
2 2 <n -T. > 

J 

rr [ 4 _ 
2 

rr 
2 <a<l> 

p (T2 -1 )S./2 ] 
0 0 . 

T 
0 

(a> 1) 

(88) 

Similarly, the second integral of M is found to be evaluated as 

2 

E S, 

j==o J s: ( 
2 2 ) S./2 

T -n 
2 2 <n -T . > 

J 

dn = rr [ 4 _ 
2 

(89) 

' •! 
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Now, third term (denoted by D ) of M given in <B4) ban be 
0 

written 

as 

D 
0 

, 

<nz _1 > i/z 

Q <n > 
0 

l:.J. <n > 
0 

(810) 

where l:.J. <n> is the derivative of l:.J. <n> with respect to n· 
0 0 

Let us consider 

<nz-1>~/2<2n2-T2>:z 

l:.J. <n > 

< n 2 _ 1 > ~ / 2 < Zn 2 --r 2 > 2 
- --~----~--------~~~----------

0 
. 2 2 2 2 2 2 2 

16 ( 1 -T ) ( T/ -T ) ( T/ -T ) ( T/ -T ) 
0 ~ 2 

= <nz-1>~/:z 
+ 

16(1-T2
) 

Multiplying both sides of the above equation by 

putting n = T , we finally obtain, 
0 

+ 

2 2 . 2 
( Y) -T ) I Y) 

0 . 
and 

( 811) 



Similarly, 

Adding <B11) and <B12) D can·be obt~in~d as 
. 0 

D 
0 [ 

p ( T 2 - 1 ) :1/2 
-rr _o o_ 

32 ( 1-T2
). T 0 

= + 
S (T;i -T

2 r''"'"2 
] 0 () . 

T 
0 

Using <B8>, <B9) and <B13) f.n (B4J,. M can be wr'itten as 

M = rr 

4 ( 1-T2
) 

Following th~ sa~e procedure and usi~g the result~ 

J: ( 1 _a2 )s:/z · -:1 ( 1 _a2 )1/2. · ·] 

--------'---- t a: n · + 1 o g 2 a a 2 2. z -a 

J: z j./2 . 
(1-z > logz dz 

2 2 a -z { 

( 2 1 ) :l/
2

} . ] 
log 1+ a -a . . - 1 og2 , 

[ 
z2 < 1- z 2 

) :t/
2 rr 

------·dz = 
_2 2 2 

o. z -a 
(a< 1) 

·I 

I 
9'3 

<Bl2) 

< B13) 

<B14) 

<a< 1) 

(8.)1) 



J: Tr ( 1 
~ 2 

2 
- a 
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+ a(a 2 -1)"/ 2 
) , (a)1) 

0 0 rr[<n2
- ~ > "/

2
1 o gn]. . . = 

Q ( 'Y) ) 'Y) =T 

( 2 2 ):l/2] S T -T 

+ 1 ogT 
T 0 

0 
0 0 

rr 
[ 

. 2. i/2 
p T (T -1) + 

0 0 0 . 

. ( 2 .. 2 ).:l/2] S T T -T 
0 0 0 

the values ·of Nand P from (85) and <86) are evaluated and ate 

given by 

N = 

and 

- s 
0 

rr 
[
4I.og(4/T) + ~ P. 

j =i J 

I 2 '2· 
( T -:T ). o· 

T 
0 

T 
0 

T 

p = rr. 

J ( 1 -T ~ ) J ( 1 -T ~ ) 
____ J_· tan-" 

T. 
J 

}] 

T 

I (T2 -T~) 
.2 
T. 

J 

j 

2 
T. 

J 

(.8 15) 

<B16) 



DIFFRACTION OF ANTI PLANE SHEAR WAVE BY A PAIR OF PARALLEL RIGID 

STRIPS AT THE INTERFACE OF TWO BONDED DISSIMILAR ELASTIC MEDIA 

1 • INTRODUCTION 

The problems of d iff :t-action of elastic waves by a cracks or by 

inclusions are of considerable importance in view of their 

application in Seismology and Geophysics. The study becomes more 

relevant if the crariks or inclusions are loc~ted at th~ int~~face 

of 1 aye r e d me d i a . F o 1 1 ow i n g M a 1 ( 1 9 70 ) 1 ow f r e que n c y . s o 1 u t i on o f 

the interaction of antiplane shear waves by a Griffith crack at 

the interface of two bonded dissimilar half ~paces has been 

derived . by Srivastava et al < 1980>. Bostrom (1987> adopted a 
) 

different technique to solve th~ same p~oblem; He foll6wed ·a 

procedure similar to that of Krenk and Schmidt <1982> and r~duced 

the problem to the solution of a Fredholm integral equation of 

first kind with the crack opening displacefuent as the unkriown. The 

corresponding problem of· diffrac~ion of antiplane shear wave by a 

finite rigid strip at the interface has been treated by Palalya 

and Majumder <1981). As regard~ the dynamic crack or strip 

problems, research has mainly been confined to the case of a 

single crack or a strip because of the severe mathematf.cal 

complexity encountered in solutions for two or more c~ac~s or 

ACCEPTED FOR PUBLXCA,Tl:ON :IN .. joURNAL OF MATHEMATXCAL AND 

PHYSXCAL SCIENCES .. , VOL - 2!5, J.PPJ.. 
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strips. Jain and Kanwal (1972,1972> however presented low 

frequency solution for the diffraction of ela£tic waves by 

coplanar Griffith cracks and also by two ocoplanar rigid strips 

located in an infinite isotropic homogeneous elastic medium. 

Recently ltu (1980) reconsidered the elastodynamic problem 

involving diffraction by two Griffith crack• in ari infinite 

.elastic medium and used a different techniq~e tb solve the 

problem. H~ expands the surf~ce displac~ment in a serle~ of 

functions which is automatically zex-o outside of the cracks and 

uses the Schmidt (1982) method to solv~ the resulting integral 

equation. 

In the pres~nt paper we have consideied the problem of diffra6tion 

of elastic waves by a pair of coplanar rigid strips between two 

homogeneous elastic half spaces for the·case of antiplane strain. 

The resulting triple integral equation has been reduced to the 

solution of an integra di~ferential equation, appr6ximate soltition 

of which has been obtained following the fuethod of Lowengrub ~nd 

Srivastava <1968>. These solutions have been u~ed to ~btain 

approximate ~alues of the displacement field and also the stres~ 

intensity factors at the edges of the strips. Making the distance 

between the inner edges of the strips tend to zero, the 

diffraction problem for a single rigid strip· has been a·btained. 

Even this res~lt of the limiting ~ase appear~ to have· be~n 

presented here for the first ·time. 
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2. FORMULATION OF THE PROBLEM 

We consider the problem of low frequency scattering of antiplane 

shear waves by two rigid strips situated parallel to each other, 

at the interface of two bonded dissimilar elastic half spaces. The 

strips are located in the region -9.5~-b, b5~a. Z=O, I vI <oo 

< · f i g • 1) • Norm a 1 i z i n g a 1 1 1 en g t h s w 1 t h r e s p e c t to a and putt 1 n g 

b/a=c, we find that the rigid strips are defined by c5jxjS1,jyj<~. 

z=O at the interface of the half-spaces, z~O and z~O. Let an 
, 

antiplane sheai wave given by v ex p < i m z -w t ) , where m =wale and 
0 2 2 '2 

v a constant, be incident normally on the stri.ps. Hencef~rth the 
0 

-iWt. 
time factor e wi 11 be suppressed throughout the analysis. The 

non-vanishing components of displacem~nt and stresses are 

v = v(x,z) 

T = T <x,z> (1) 
xy xy 

and T =T (X, Z) 
yz ·yz 

The boundaTy conditions are 

v <x,O> = v <x,O> = -v 
~ 2 0 

c~.l xIS 1 (2) 

v <x,O> = v <x,O> 
~ 2 . 

., jxl<c, lxl>l ( 3) 

( .t ) 
T <x,O> 

yz 

( 2 > = T <x,O> 
yz l><l<c, 1><1> 1 ( 4) 

where v = 21-l m v I < 1-l m +J.J m > • 
0 2 2 0 ~ .t 2 2 
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CD 
f.,){, 

-a -b b d 

0 X 

"® ~ 
0

, fl 

Fig. 1. 1he geometry of the strips . 



The displacemeht ~. satisfies the equation 
J 

2 
+ m v 

j j 
= 0 

99-

( 5) 

where m . = wa. I c . ( j = 1 , 2 ) , c . be i n g the she a r wave v e 1 o c i t y . The 
J J J 

suffices 1 and 2 are used to denote the values- of the 

corresponding qu~ntities in the upper and lower half-spac~s 

respectively. Without any loss of gen~rality we assume that c >c . 
2 J. 

The solution of the equation (5) can be written as 

v . ( x , z ) = [A . ( { ) ex p ( - ~ . I z I ) co s{ x d{ 
J 0 J J . 

( 6) 

where ~.=<{2-m~ )J./2 , 

J J 
~>m. 

J 

~<m. 
J 

(j=1;2>, (7) 

AJ.<~> and A 2 <~> are unknown functions to be determined from the 

boundary conditions. 

Now the st~ess component T is given by 
yz 

( j ) . 
T <x,z> 

yz 

3. DERIVATION OF THE INTEGRAL EQUATIONS 

(8) 

The boundary conditions <2> and <3> imply t'hat v <x,O>=v <x,OY for 
J. 2-
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all values of x and thus 1rom <6> we get 

A <{> = A <{> 
.i 2 

(9) 

Again the boundary conditions (2) and (4) lead to the following 

integral equations 

[ A <{>cos{ x d{ = -v 
.i 0 

0 

<10) 

[ <1-l (3 +J.l (3 ) A <{>cos{ x d{ = 0 
.i.i 22 .i 

0 

lxl<c, lxl>1 ( 11> 

Putting <1-l f3 +J.l f3 >A <e > = P <e > 
.i .i 2 2 .i 

( 12) 

the ·equations (10> and <11> transform into the foll·owing set of 

equations involving P<{> : 

[ 

4. SOLUTION OF THE PROBLEM 

-v 
0 

lxl<c; lxl>t 

(13) 

(14) 

Let us consider the solution of the integral equat~on9 <13) ·and 

(14) in the form 
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(15) 

w~ere f<t 2 > is an unkno~n function to be determined. 

The relation <14) is therefore satisfied automatically and the 

e~uation <13> bedbme~ 

Using the relation 

= r:r: wvJ C{w)J ({v)dvdw 
0 0 . 

the above equation converts to the form 

, ~J:l t f ( t2 )!!.__JxJl 
dx at 

c 0 0 

where 

wvL <v,w>dvdwdt 
:1 = -v, 

0 

( 16) 

·( 17) 

<18) 

. (19) 

iy a simple contour integration te~hnique <Srivastava et al, 1980) 

L' < v, w > 
:1 = ~:[I: dn + 

( 2 2):1/2 (1 2):1/2 -r -Tl +J.J -n 

J Cm v>Hc:s.> <m nw) 
. 0 z 'l7 0 2'' 

2 . 2 :1/2 . c :1 > 
< -r -n > J < m n v > H · < m n w > 

0 2 0 2 . 

2 2 . 2 2 
J.J < n - 1 > + < -r -n > 

dn]. , w>v (20> 



where T = m /m 
~ 2 
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Substituting the series expansio~ of J ( and H(2.> ( ). ·the 
0 0 . 

integrals aiising in <20) have been .~valuated ~ss~min~ that l<T<~. 

We find afte~ some algebraic manipulation, 

2 [{ i } < w
2 

+ v
2 

) · ] L <v,w> = < + > r+log<m. w/2)-....!!. M + N - Rin
2 logm. + 

~ TT J.l2. . p
2 

· 2 ' 2 . 4 2 2 

'2 
+ o(m > , w>v 

2 

( 
. 2 

+ 6 m ) , w<v <21) 

where 

(22) 

· 1 og~ -.d~ 

(23) 

[I~ ~ 2 d{ 
R = - ( 1 + J.l ) 0 _(_T_2 __ -~-2-) .-/'-2-+ p..:..· -,-1---~~2-)-j,/-2 (24) 

Now M can be written as 

. [ I:l , 1 -~ 2 ) s. /2 d{ 
M = - < 1 +p ) -f..J --'-· ---'----'---'--

2 2 2 2 
0 f..J ({ - 1) + ( T -~ ) 



-( 1+~+ 1-J [ ( !-~ 2 )U2 d~ = 2 2 2 (1-J..J ) T - 1-J - <2 
2 1- 1-J 

Using the result 

r: (1-z2
)i./

2 dz 
= n: [ 1 -. 2 2 2 a - z 

M can be finally expressed as 

M = n: 
2 

Similarly, using the results 

10:3 

+ 
1 I < 1-n2 >~/2 dn ] 2 2 2 ( 1-J.-J ) T - 1-J 2 

2 . J..J2) 
"'" n 

T ( 1-

< a2 _! )~/2 ] 
(a)!). 

<25) 

r: 2 ~/2 

<1-z) logz dz = 
2 . 2 

a - z 

n: [ ( a 2 - 1 ) ~/2 ( ( a 2 - 1 ) ~/2) . ] 
2 a 1 o g 1 + a - · l o g2 . 

J: z2 <1-z2 )~/2 dz 
2 2 

a - z 
= 2 

a + 

in <23) and <24>, ~and R can be obtained as 

-n: [ 
N = 2<~-J-1> J..J 

-~{(T2 -!) ~/2 (J..J2 _T2 )~/2} 
tan · - logT 

2 (T +J..J) . 

.R = 

and y = 0.5772157 ..••••.•. is Euler's constant. 

<a>l> 

. <a>n 

- <w 1> 1 ag2] 
(26) 

(27> 
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Now differentiating both sides of the equation (16) with respect 

to x and making some rearrangements and finally using the result 

<17>, we obtain, 

where 

and 

For sma I I 

tf(t2 )dt 

2 t2 X -

wvL <v,w)dvdwdt 
2 

L <v,w} 
2 

= r ~ H ,~ , J ,~ v, J ,~ w, ~ 
0 0 

0 

H <~ > = 
1-lt. <(31. -~) + l-l2 <(32 -~) 

1-J 1. (3 1. + 1-l/~.2 

values of m 
1. 

and we use the contour 

(28) 

(29) 

(30) 

integration 

technique mentioned above to eva I ua te the ) nte gra I given by < 29 > 

as : 

L <v,w> 
2 

2 2 2 1./2 ( 1.) n < T -n > J < m n v > H < m n w > 
0 2 0 . 2 

2 2 2 2 
1-l < n - 1 > + < T -n > 

, w>v , (31) 

Following the similar p~ocess as done to derive the relation <21l, 

<31) can be written as 

·2 2 2 
L <v,w) = - Rm logm + o<m > 

2 rr 2 2 2 
C32> 

where R is given by <27). 

. I 
I 
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Let us consider the solution of <28> as 

f(t2
) = f Ct

2
> + m

2
logm f <t~> + o<m

2
) 

0 2 j, 2 
(33) 

Substituting the above expression of f<t
2

> and the value of 

L <v,w> in (28) and equating the coefficients tif equal powers of 
2 

m ·we get 
2 

and dt = 

dt = 0 (34) 

(35) 

From the paper of Srivastava and Lowengrub <1968) we know that the 

solution to the integral equation 

is given by 

h ( t 2
) = 

th ( t 2
) 

t 2 2 
- y 

dt = 

where C is an arbitrary constant. 

p(y) ye<a,b) 

+ c 

Applying the above result in the integral equations (34) and (35>, 

the solutions f <t
2

> and f <t2 > are obtained as 
0 j, . 



and 

f ( t
2

) = 
0 

D 
j, 

where D and D are constants. 
i 2 
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(36) 

(37) 

I 
I 

The constants are determined by putting the value of L <v,w> from :~ 
i 

(21) and the value of f<t
2

) obtained fr·om (33), <36) and <37) in 

the equation <18)~ Equating the coefficients of like powers of m 
2 

from both sides of the resulting equation w~ obtain 

and 

Now, 

D 
i 

= 

D = 
2 

the 

- (1-J +1-J ) v 
i 2 0 

1t i ) ( ( y + I o g ( m
2 

/2 ) - 2 M + . 2 i/2] N +Mlog<1-c) 

2 
Ci-J +1--1 )(1-c >v ] 

+ i 2 0 

nD 
i 

displacement. v =v =v<x z) :l 2 , in the plane 

obtained from <6>, <12> and <15> as 

v<x,O> =[ A <~>cos<~x> d~ 
i 

I x 1·> 1 , l><l<c 

wvL <v,w)dvdwdt 
i . I x I > 1 , 

(38) 

(39) 

z=O is 

l><l<c 

Substituting the values of L <v,w) and f(t
2

> from <21> and (33> in 
i 
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the above exrpession we get 

v<x,O) = vw 
X 

+ --,-,,---2-:--.-
ri (1-l +1-l ) 

j, 2 [ 
d I~ a JxJl m: logm2 (f)(' c: tfi ce >at 0 0 

vw 
X 

R ~J~ tf <t2>~JxJl 
4 dx . o at 

c: . 0 0 

+ o ( m
2 > 
2 

Using (36) and <37) in the above equation and integrating term by 

term v<x,O> can be finally obtained as 

·vcx,O> = 

= -v 
0 

2 MRD· m l ogm 
j, 2 2 

Tl <1-l +1-l ) 
i i 

2 MRD m logm 
j, 2 2 + . ---;---:,.......---....-

Tr <1-l +1-l ) 
j, j, 

< 1-c
2 

) RD }] [ 2 
_ 

2
] ~/

2 

______ i si nh-i c x 
n 1-c2 

lxl<c 

( 1- c
2 

> RD }] ( 2 
_ ] 

1

/

2

. j, • h-j, X 1 + ------ s 1 n ---
n ·. 1-c2 . 

I X I > 1 

(40) 

I> 

I 
I 
I 
I 

I 
I 
I' 
I 

i 
. I 
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The difference of the stress components on the lower and upper 

surfaces of the strips is found from,equations (8), <12> and <15> 

and is given by 

( 2 ) ( ~ ) 
T <x,O> - T <x,O> 

yz yz 

= I: tf c e > [ C 0 S ( ~ X ) C 0 S ( ~ t) d~ d t 

n J: tf(t2 >o<x-t>dt = 2 

= n x f ( x2 
) 

2 

After putting the values of f(x 2
> from (33), (36), (37> and 

integrating, the difference of the stress components finally 

becomes 

T<
2 > <x,O> - Tc~> <x,O> = 

yz yz 
D + m

2 1 o gm 
~ 2 2 

X 

(41) 

Now, 2 
putting~=~=~, v =1 and omitlng m logm order' term we ge~ 

~ 2 0 0 2 2 

from (40) and C41) the displacement and stress components for 

single medium as 
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2 2 
)t/2 

- t ( c -x 
lxl<c sinh 

1-c 2 

v<x,O) -1 1 0 6=5 I X I ::; 1 = -
1 og ( 1.-c2 >t/2

] 2(q2 + 
- t ( sinh 

and 

where 

2 -1 X 

1-c 2 
)t/2 

+ o < m
2

) 
2 

' . I X I > 1 

which coincide. with the results obtained by Jain and Kanwal(1972>. 

Now defining the stress intensity f~ctors by the relations 

K t = L t ( 1 - X ) t/
2 

[ 

)( -+t-

Kc = Lt .( x-c)"i/2 
[ 

x-+c+ 

yz yz 
T < 2 > ( X , 0 ) - T < t ) ( X , 0 ) ] 

<2> (j,) ] T· (x,O) -T <x,O> 
.yz yz 

clxj<1 

cjxl<1 

we obtain from (41) 

and 

K = 11 
[ D +m2 logm { 2 RD (1..,;.c2 )+D }]. 

t. 2-{2 ( 1 _ c2) t./2 t 2 2 rr t. 2 

K = 
c [ 

D +m 2 .1 ogm D .] 
j. 2 2 2 

(42) 

(43) 
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the displacement 0 and intensity Putting c=O we get v <x,O> stress 

factor Ko from (40) and (41) for the single strip as : 
j, 

c, ~" l [ 

RD0 

} ] sInh -• C x2 ~ !l' :,_ 2 0 0 • { 0 
j, 

v <x,O> = -v + D +m logm D + + 
0 j, 2 2 2 rr j, 2 

0 2 
lxiMRD m logm 

+ 
j, 2 2 

Cx 2 -!)j,/2 -+ o ( m2 ) I X I > 1 rr (1-J +J..J ) 2 
j, 2 

= - v 
0 

lx I::S! (44) 

and (45) 

where (46) 
[( 

and (47) 

5. NUMERICAL RESULTS 

While calculating numerical results, the displacement and the 

stress intensity factors have been obtained for the following set 

of materials : 



Aluminium 

Wrought iron 

3 
p =2.7gm/cm 

~ 

p =7. 8gm/ cm3 

2 

111 

~j, 2 
~ =2.63x10 dyne/em 

~ 

j,j, 2 
~ =7.7x10 dyne/em 

2 . 

The displacement field in the interface near about the rigid 

strips has been depicted by means of graphs. It is interesting to 

note that the magnitude of the real part of the displacement 

increases with the increase in the va 1 ue of the wave number m . 
2 

The variation of the displacement with c, the separatong distance 

between the strips has also been showen by means of graphs. 

Further the graphs of the real part of the stress inten~ity 

factors at both the edges of the stl'ips versus dimensionless wave 

numb e r m f o r s ever a 1 v a 1 u e s o f c have b e.e n p I o t ted to s how the 
2 

nature of the variation of the stress intensity factors with 

different pal'ameters. 

.I 
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-1 

-0'9 

-o·g 

1-0·7 

C=O 

-0'4 

-0·3~------~------~~------~------~--------~------~ -3 -1 -1 0 1 2 3 

X > 

Fig. 2. Re(vfv0 ) versus distance for c=o (single strip). 
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ON STEADY MOTION OF FOUR RIGID STRIPS ON THE SURFACE OF A 

SEMI -INFINITE ELASTIC MEDIUM 

1 • INTRODUCTION 

Recently, the problems of diffraction of elastic waves by cracks 

or inclusions have aroused attention in the field of fracture 

mechanics in view of their application in Seismology and 

Geophysics. Study of a single Griffith crak as wei I as two 

~arallel and coplanar Griffith cracks have been made by Mal (1970> . . 

and Jain et al <1972), Itou (1980). The corresponding problems of 

diffraction by a single and two parallel rigid strips have been 

solved by Wickham <1977>, Palaiya et a! <1981> and Jain et a! 

(1972>, Mandai et al <1992) respectively. In most of the cases the 

problems have been solved by the integral equation technique. But 

the solution of interesting problems involving the scattering of 

elastic waves by more than two coplanar Griffith cracks or strips 

are still lacking. The statical problem of three coplana:::- cracks 

in an infinite transversely Isotropic medium has be~n studied by 

Dhawan et al (1978). Using integ.ral equation method and Hilbert 

transform the stress distribution and diiplacement have been 

derived in closed form. The interesting problem of interaction 

.between a Griffith crack and two rigid inclusions h~s been 

discussed by Matysiak et al (1986). They considered that the crack 
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had been opened out tti the prescribed shape and the normal 

stresses at the crack tips and at the ends of the inclusions have 

been. ana I ysed for the crack openings in the shape of an e I 1 ipse 

and that of two symmetrical parabolas. 

In our case, we have considered the two dimensional problems of 

copl~nar para! lei rigid diffraction of elastic waves by four 

strips moving steadily on the free surface of a semi-(nfinite 

isotropic elastic medium. By Fourier transform the five part mixed 

boundary value problem has been reduced to th~ solution of a set 

of four integral equations. Following the technique, developed by 

Srivastava and Lowengrub 

have been solved. The 

(1970), the quadruple integral equations 

normal. stress under the strips and 

displacement outside the strips are derived in closed form. The 

effect of stress intensity factors at the edges of the strips is 

shown by means of gra~hs. Also letting the stri~ velocity tend to 

zero the results for-statical problem have been prescribed in this 

paper as a particular case. 

2. FORMULATION OF THE PROBLEM 

Consider a semi-infinite elagtic medium on which four rigid strips 

are moving steadily in the X- direction with constant velocity v. 

Strips are assumed to be in smooth contact with the semi-infinite 

medium and the vertical displacement just under the strips are 

assumed to be prescribed. In terms of the displacement potentials, 

non vanishing displacement components ate given by 



-d. -c -b -4 0 0 b c d. 

· Fig. 1. Geometry of the strips 



u =a¢ + Uv; 
2 av ax 

where ¢and ~ satisfy the following equations 

where c 2 = A.+ 2~ 
j, p 

a2 ~ + a2 ~·= 1 a2 ~ 
ax

2 
aY

2 
c2 at2 

2 
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( 2) 

It is convenient to shift the origin of co-ordinate at X=vt. New 

co-ordinate axes <x,y) are parallel to the fixed ones 

(fig.!). 

Therefore putting x=X-vt, y=Y we obtain from (1) to (2) 

and 

where 

u =a¢ - iJvJ 
j, ax ay 

~2 a2¢ 
j, 

ax 
2 

(32 a2~ 
2 ax 2 

+ 
a2¢ 

ay 2 

+ 
az~ 

ay 2 

= 

= 

0 

0 

u =a¢ ·+ a~ 
2 ay ax 

<X,Y) 

( 3) 

( 4 ) 
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The location of the strips referred to moving system 

co-ordinates are a~ I x I ~ b , c~ I x I ~ d , y = 0 , I z I <oo . 

In terms of ¢ and ~ the non vanishing st~ess compon~nts are 

T <x,y) = ~ ( 2 
o2¢ 

+ 
02~ 

xy oxiJy iJx2 

-~ { 2 
T (X' y) = ( 1 +(32 ) iJ ¢ 

yy 2 0)(2 

The boundary conditions are 

u = v 
2 0 

T = 0 
xy 

T = 0 
yy 

where v is constant. 
0 

a:Sixi:Sb 

- oo< x <oo 

lxl<a 

02~ ) 
iJy2 

2 

} 2~ 
iJxiJy 

c~l><l~d 

y=O 

b<lxl<c 

Solutions of the equations (4) are given by 

¢ = 
[ -(3 l;y 

0 

A i. <!; ) e . i. ~ o st; x dl; 

[A2 <t;>e 
-(3 l;y 

2 s i nt; x d~ ~ = 

y=O 

lxl>d 

of 

( 5) 

( 6 ) 

( 7) 

( 8 ) 

( 9 ) 

where A <t;> and A (!;) are unknown functions to be determined from the 
i. 2 

boundary conditions. 
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From the boundary condition <7> we get 

A ( ~) = 
2 

(10) 

Now the displacement and stress components are 

u <x,y> 
i. 

u <x,y> 
2 

-r· <x,y> 
yy 

Putting 

+ 

the boundary conditions <6> and (8) 

quadruple ·integral equations < assuming 

the Rayleigh wave velocity }. 

( 11> 

(12) 

(13) 

(14) 

<15) 

lead to the following 

that v .,t. v 
R 

,where v 
R 

is 



r A ( l; ) cos{ x d{ = 0 

[ 
A <e) cos~:< x dl:< = -z:--- ~ ~ Po 

0 

r A ( 1; ) co s{ x d{ = 0 

[ 
A <e > cos{ x d{ = p 0.-z: 0 

where v 
0 

I xI <a 

b<lxl<c 

3. SOLUTION OF THE QUADRUPLE INTEGRAL EQUATIONS 
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( 15) 

( 16) 

lxl>d (17) 

( 18) 

( 19) 

Let us consider the solutions of the. integral equations <15) 

<18) in the form 

where h<t2
> and g<u2

) are unknown functions. 

This choice of A<{> automatically satisfies the equations <15) and 

<17). Substituting the value of A<{> from (20) into (16) and using 

the relation <Gradshteyn and Ryzhik, 1965) 



[ 
we obtain 

cos{y< 1-cos{u> d{ 
< 
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( 21> 

{22) 

On differentiation with respect to x, the above equation yields 

[ = - [ 
2 

ug<u > du 
2 2 x .-u 

from which applying Hi !bert tra.ns:form <Srivastava et al, 1970> we 

get h<t 2
)' as 

a5t5b 

where D is an arbitrary constant to be determined. 
1 

Next, using the relations <20) and <21> in <18) we obtain 

(23) 

(24) 

Differentiating both sides of the above equation with respect to x 

2 and substituting the value of h<t ) from (23) , we obtain 



[ 2 2 J: t (t2-a2)~/2r ug(u2) (u2-b2)~/2 dudt .+ ug < u ) du -
2 2 n x2-t2 b2 -t2 

c u2 -t2 u2 -a2 
X -u 

+D r t dt 
0 c:Sx:Sd. = 

f. 

<~2-tz)J <t2-a2)(b2-t2) 

Using the results 

r t dt 

and 

= n 1 [ 2 2 2 < x -u ) 
+ 

the above equation can be written as 

c:S u :Sd 

which after Hilbert transform and on use of the res~lt 

.I: 
y.i e 1 d s 

X ( 
2 2 2 2 ( x -u ) ( x -a ) 

)

f./2 

dx = 

125 



2 2. u -c 
+ 

d
2 2 -u 

)2./2 1 

r 2 2 2 2 .,.cu-b)(u-a) 

+ 
D 

2 

J 2 2 2 2 (u -c ) <d -u ) 

where D is another·arbitrary constant. 
2 

2 Substituting the value of g<u ) from (25) 

the form 

c~ u ~d 

in <23), 

126 

(25) 

takes 

u ( 
2 2 u -c 

)

i./2 

du -2 2 2 2 <u -t ) <u -a ) 

u du 
+ 

2 2J 2.2 2 2 <u -t > <u -c ) (d -u ) 

Again, using the results 

[ ( 
2 2 )2./2 u u -c du 

< u2_ tz> < u2-a:z> d2 2 -u 

Tl 
1 [ 

(c2-t2> 
= 2 <t2 -a~) ( d2- t2) 

and u du Tl 1 = 

d
2 2 -u 

D 2. 

a~t~b 

+ 
<c2-a2) 

< d2-a2 > 

[ 2 
2 2J 2 2 2 2 ~ ( d2- t2) ( c2- t2) (u -t ) <u -c > (d -u ) 

] 

in the above expression, 
2 hCt ) can be found out in the form 
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a~ t ~b ( 26) . 

Now in order ·to determine the unknown constants D and D , 
i. 2 

f 
. 2 

occuring in the expression o ·g<u ) 

(26) respectively, we multiply 

and h(t2
) given by <25) and 

the equation <22> by 

X 
and integrate with respect to x from a to b and 

~ 2 2 2 2 <x-a)(b-x) 

then using the result 

2 .2 2 2 ) 
l · ('--~ < a - z ) +'-I < b - z > n og · 

a + b 
, O<z<a 

[ X n (b-a) 
2 1og "6"'+a (27) 

~ 2 2 2 2 < ·x - a ) < b - x ) 
2 2 2 2 

l (
'-1 < z -a > +'-I < z - b ) ) n og · 

a.+ b . 
z>b 

we obtain, 

1l (b- a) [ h ( e) d t. r· g ( u2) 1 ('--~ ( u2- a 2 ) +y ( u2- b2) ). d = 
2log b+a a t + rrjc u og . . a + b . u 

which after substituting the values of h<t2
) and g<u2

) from (26) 

and (25) finally takes ·the form 

D X + D X (28) 
.1 .1 2 2 . 



'wlhere 

.F and n are e1·1 iptic integrals. of 

respectively 

and . I' = < d2 - c 2 ) ( b 2 - a 2 ) 

( d2-b2) < c2-a2) 

Next .multiplying the equation (24> 

first 

by 
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(29) 

X 

(30) 

<31> 

and third kind 

)( 
and 

J<d2-x2) <x2-c2) 

integrating 'wlith respect to x from c to d and then following the· 
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same procedure as that while deriving equation (28>, we obtain 

D X + D X 
:1. 3 2 ... 

\~there 

b2 ( d2- cz) 

c2 < d2-b2) 

(33) 

' r) -

(34) 

X 

(35) 

(36) 

(37) 

From equations (28) and <33) , D and D can be found to be 
:1. 2 



D = 
~ 

p <X -X > 
0 .. 2 

<X X -X X > 
~ .. 2 3 

D = 
2 

p <X -X > 
0 3 ~ 

<X X -X X > 
2 3 ~ .. 

4. STRESS INTENSITY FACTORS AND DISPLACEMENT 
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(38) 

The normal stress T Cx,y) in the plane y=O just below the strips 
yy 

can be found from the relation <14), <15> and <20) as 

T <x,O> 
yy 

s i ~ x { 1 - cos{ t} d{ d t + 

a:Sx:Sb , c:Sx:Sd 

( 1+/'.)
2 

)
2

- 4n /'.) [ [ 2 [ r~2 ~~~~~2 ~x a. h(~) o 

1+(12 
2 

sin <eX) s i n
2 

( e t I 2) d{ d t + 
e 

Using the result <Gradsteyn and Ryzhik, 1965) 

[ s i n2 (ax> sin ( b x) 
= 

X 

= 

= 

T <x,O) can be found to be given by 
yy 

rr 
2 O<b<2a 

rr 
8 b=2a 

0 b>2a· 



r <x,O) = 
yy 

= 
( 1 +1?2 ) 2 - 41? I? 

,.,2 , ... 1.,.,2 g(x2 ) 

-----------------
1+{32 X 

2 

Putting the values of h<.x 2
) 

z and·g<x) from 

a5x~b 

c~x~d 

(26) 

normal stress r <x,O) finally can be obtained as 
yy 

r <x,O) = 
yy 

( 1 +{32 ) 2 - 4{3 f1 
2 1. 2 rr~ 

( 1 + {3: ) 2 X J ( X 2 _a 2 ) ( b 2 _ X 2) 

and 

( 

2 2)1./2 c -x. 
X 

d2-x2 
} • "-"I X )="b J 2 2 2 2 ·cd -x )(c -x) 

and 

r <x,O) = 
yy 

( 1 +(32 ) 2 - 4{1 {3 
2 1. z rr~ 

( 1 .; {1: ) 2 )( J ( X 2 _ C Z ) ( d 2 _ X 2 ) 

( 2_ 2):1./2} + D x a 
2 2 2 , 

X -b 
X 

J 2 2 2 z <x -b ) <x -a ) 
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(25), the 

(39) 

<40) 

Now the stress intensity factors at the edges of the strips can 

be defined as 



d T c x , ·o > ( ) j_ / 2 yy x-a 
fli-J.V -d-

o . 

d T yy ( X , 0 ) (b _ ><) j_ / 2 

fli-J.V -cJ 
0 

K I d T (x,Q)( )j./2 = Lt YY x-c 
fli-J.V d 

x-+c+O o I c 

and 

which can be expressed as 

K = 
Q 

K 
b = 

+ 

(d)i./2 

(d)!./2 

(X -X ) 
• 2 

} <X X =X X > 
!. • 2 g 

132. 

( 41> 

<42) 



K = 
c 

(1+{1:)2-4{1j.{12 (d)j./2 

{1 ( 1 _112) . ( 2 c )3/2 ( d2 -c2 )v2 
~ 2 

(d)S./2 

The vertical displacement u <x,y) 
2 

13 3 

( 

2 2) j./2 <X -X > c -a 3 j. 

C
2-b2 ,(XX-XX> 

2 3 .. ~ 

(43) 

1 (44) 
<XX-XX> 

~ .. 2 3. 

in the plane y=O outside the 

strips is obtained from <12>, (15>, <20) and (26) and is given by 

the expression 

u <x,O) 
2 

+ 

)( 
1 

dt + 

+ 

O<x<a, b<x<c, x>d 

(45) 



Now letting· v~o we can obtain expressions of normal 

T < O> (X, 0) 
yy 

and displacement u'O><x,O> 
2 

corresponding to the statical case as 

( 0) 
T <x,O> = 

yy 

2 
c 

:~ ( : - 1) 
c 

2 

from (39), (40) 

~ 2 2 2 2 (d -x ) <c -x ) 
}· 

U <O> (X 0) = 
2 , 

2 c 
= - :~ ( ~ 

c 
2 

2· 2 
( x -c ) 

X 

J 2 2 2 2 <x -b ><x -a> 

1 
X 

( 2- 2)1./2} + C x a 
2 2 . 2 , 

X -b 

and 
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stress 

<45) 

X 

<46) 
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+ 

+ O<x<a, b<x<c, x>d (47) 

where C and C are given by D and D replacing p by -<c2 /c2 )v . 
~ . 2 ~ 2 0 2 ~ 0 

5. NUMERICAL RESULTS AND DISCUSSIONS 

Stress intensity factors at the edges of the strips have been 

evaluated numerically and have been depicted by means of graphs. 

Accordingly, all the lengths have been made dimensionless with 

respect to d. Substituting a = d 
d ~' 

b - = d d 2 

c and - = d , 
d a 

the stress 

intensity factors at the four edges of the strips viz. Ka, Kb, K 
c 

and Kd have been plotted against v/c 
2 

for various values of the 

s t r i p 1 eng t h p·a ram e t e r s . 1 t i s f o u n d t h a t w h a t eve r be the 1 en g t h s 

of the strips, stress intensity factors at the four edges of the 

strips decrease with the increase in the value of v/c . 
2 

From the 

graphs, it may be. noted further that with the decrease in length 

qf the inner strip whi9h might be done either by increasing d~ or 

by decreasing the value of d ' 2 

the innermost edge gradually 

the stress 

decreases 

intensity factor K at 
a 

whereas the stress 

intensity factor at the other edges show just the opposite 

character (fig.2 - fig.9>. 
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Also the decrease in the value of the length of the outer strip, 

which might be done by increasing the value of d , 
3 

causes a 

decrease in the value of the stress intensity factor K and 
a. 

increase in the values of the stress intensity factor K ,K and Kd 
b c 

(fig.10 - fig.13> from which an interesting conclusion might be 

drawn that the presence of the inner strip supresses the stress 

intensity factors at both the edges of the outer strip whereas the 

presence of -the outer strip suppresses the stress intensity factor 

at the outer edge of the inner strip but increases the stress 

intensity factor at its inner edge. 
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Fig. z. Stress intensity factor K0 vs. vfcz (dz= 0.6, d 3 =0-8). 
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Fig. 3 Stress intensity factor Kb vs .. vfcz.(d2 =0-6, d3 =0·8 ). 
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Fig. 12. STress intensity factor Kc vs.vjc 2 (d1 =o.2,d 2 =0-4). 
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Fig.13. Stress intensity factorKd vs. vjc2 (d~=0.2,d 2=0.4). 



DIFFRACTION OF TORSIONAL ELASTIC WAVES BY A RIGID ANNULAR DISc 

AT THE BIMATERIAL INTERFACE 

1 • INTRODUCTION 

The study of the problems involving diffraction of elastic waves 

by cracks or inclutions are of considerable importance in view of 

their extensive applications in mechanical engineering and also in 

seismology and geophysics. If the cracks or inclutions are located 

at the interface of layered media, the study becomes more 

relevant. The extensive use of composite materials in modern 

technology has·evoked interest in the wave propagation problems in 

layered media with interfacial discontinuities. Onder et al (1975) 

studied the diffraction of plane SH-wave obliquely incident on a 

rigid half plane lying at the interface of two dissimilar 

semi-infinite elastic media. Following Mal (1970), problem of 

interaction of antiplane shear wave by a Griffith crack at the 

interface of two bonded dissimilar _elastic half spaces has been 

treated by Srivastava et al <1980). Bostrom· (1987) also treated 

the same problem following a procedure similar to that of Krenk 

and· Schmidt <1982). The corresponding problem of diffraction of 

antiplane shear wave by a finite· rigid strip at the bimaterial 

interface ha.s been treated by Palaiya and Majumder ( 1981). The 

problem of diffraction of transient torsional shear waves by a 

penny shaped crack at the interface of two bonded dissimilar 

elastic half spaces has been investigated by Ueda et al (1983). As 
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regar'ds the dynamic crack or strip problems, research has mainly 

b.een confined to the case of a single crack or strip of finite 

width or of.circular in shape. These are two part mixed boundary 

value problems which are usually reduced· to solutions of dual 

integral equations. But the solution of int~resting problems 

involving the diffraction of elastic waves by annular discs or 

cracks at the bimaterial interface which give rise to three part 

mixed boundary value problems are still lacking. 

However recently the problems involving t~e diffraction of 

torsional waves by flat annular crack in an infinite elastic 

me d i u m have been s t u d i e d by S h i n do < 1 9 7 9 , 1.B 81) , the p r o b 1 ems a r e 

reduced to that of solving singular integral equation of first 

kind which were later solved by following the technique of Erdogan 

<1965,1969). The problem of diffraction of acoustic wave by a soft 

annular disc was studied by Thomas (1965). Followfng the method of 

Williams <1963) the three part mixed boundary value problem was 

reduced to a set of integral equation which was solved by an 

iterative pro?edure for 1 ow frequency. The same technique was 

followed by Jain and Kanwal <1970) to study the problem of 

torsional oscillations of an elastic half space due to annular 

disc. In this P8;per we have discussed the problem of diffraction 

of torsional wave by a rigid annular disc at the interface of two 

bonded dissimilar elastic media. Applying the method developed by 

Williams <1963) and used subsequently by Thomas <1965) and Jain et 

al <1970), the three part mixed b!Jundary value problem has been 

reduced to the solution of a set of integral .equations. The 
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solutions of these integral equations are obtained iteratively for 

lbw frequency and small values of the ratio of the inner and outer 

radii of the disc. These solutions are used to determine the jump 

in stresses across the annular disc and stress intensity factors 

at both the edges of the disc. Torque and Far field amplitudes in 

both the media have also been deduced. The effect of normalised 

frequency, material properties and geometric parameters in stress 

intensity factors and far field amplitude are shown graphically. 

2.. FOR.MULATI ON OF THE PROBLEM 

Let us consider the torsional vibration of frequency w of an 

annular rigid disc of inner and puter radii b and a respectively 

lying at the interface of two bonded dissimilar elastic hp.lf 

spaces. The region occupied by the annular disc is deftned by z=O 

and b~r~a in a cylindrical polar co-ordinate system <r,e,z> as 

shown in the fig.!. Let an antiplane shear wave given by 
\.k <z-c l> 

"' 2 2 u re 
2 

where 0 
. 2 

is a constant, k =w/c , 
2 2 

and. c =-{ < J.-1 I p > , 
2 2 ;l 

the shear wave velocity in medium 2, be incident normally on the 

-i.Wl 
disc. Henceforth the time factor e will be suppressed throught 

the analysis. 

The only non-vanishing e-component of the displacement V. and the 
J 

( j ) 
non- vanishing stresses Tre <j> (j=1,2> due to the scattered Tze 

field are independent of e and are given by 

-i.wt 
V.=V. <r,z,t>=v. <r,z)e 

J J J 
(1) 
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II 

Fig. 1. Geometry of the annular disc. 
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( j) - ( j ) (I' z) =" --(av j _ v;J 
T r8 -T r8 ' ,... j iJI' 

( 2) 

where J..J.<j=1,2) a:te the shear modulus of the elastic materials. 
J 

The suffices 1 and 2 are used to denote the values of the 

corresponding quantities in the upper and lower half spaces 

respectively. Without any loss of generality we assume that c >c. 
2 :1. 

The displacement V. satisfies the equation 
J 

v. 

r 
J + 
2 

where p. (j=1,2> are the density of the elastic materials. 
J 

Putting 
-i.Wl 

V .=v .<r,z)e 
J J 

equation (2.3) and the 

conditions at the interface z=O, take the form 

V, 8
2 

v 
J + 

j 
+ k

2
v =o z az 2 j j 

r 

v < r , 0 > = v < r , 0 > = -n r b::5 r::5 a 
:1. 2 

v <r,O>=v <r,O) 0::5r<b , a<r<oo 
:1. 2 

(:1.) (2) 

T ze ( r , 0 ) =T ze ( I' , 0 ) 0::5 r ( b , a ( r (co 

where k.=w/c., c.=-I<J-J.Ip.> and 0=20 J-J k /(J..J k +J..J k ). 
J J J J J z 2 2 :1. :1. 2 2 

( 3) 

boundary 

( 4) 

( 5 ) 

(6) 

( 7) 



The solution of the equation (4) can be written as 

where 

v.<r,z) 
J =r A. ( e ) eX p ( -y -I z I ) J ~ ( e r) dt; 

J J ~ 

, e >k. 
J 

and A. <t; > 
J 

(j=1,2) are functions of e to be determined· 

the boundary conditions. 

Therefore, the stress components are 

( j_ ) 

T~e <r,z> = -J..l [ y A <t; > exp < -y 1 z 1 > J <t; r > dt; 
j_ j_ ~ ~ ~ 

0 

, z~O 

( 2) 
T ze ( r 1 Z) = J..l [ y A <t; > exp < -y 1 z 1 > J <~ r > d~ 

2 2 2 2 • 
0 

z~O 
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(8) 

from 

(9) 

Now using the boundary conditions (2.5)>, <2.6) and <2.7> al)d 

assuming <z>· . q.> 
that T ze ( I' , 0) -T ze ( r t 0) = f ( r ) b5r5a we obtain the 

integral equation 

(10) 

where ( 11> 
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3. METHOD OF SOLUTION 

In order to· solve the i~tegral equ~tion <10), we apply the 

technique developed by Williams (1963) for solving integr•l 

equations arising in three part boundary value problems. The same 

technique was also applied by Thomas <1965) and Jain et al (1970> 

in order to solve scattering problem by annular disc. Following· 

Kanwal (1971), the kernal of the integral equation <10> 

into two kernals as follows: 

K < r , t ) = r· J < ~ r ) J < ~ t> d~ 
t t t 

0 

K <r,t> = [M<~,y ,y )J (~r)J <~t>d~ 
2 t 2 t . t 

. 0 

· M<{ ,r ,r > = 
t 2' 

1-l (~ -y ) +1-J (~ -y ) 
t t 2 2 

1-ltY t +I-J2Y 2 

The equation (2.10> then takes the form 

= -<1-l +1-J >nr - [tf<t>K <r,,t>dt 
t 2 b 2 

Next, consider two functions f <r> and f <r> such that 
t 2 

is split 

<12) 

(13) 

(14) 

<15) 

(16) 
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[ 
0 ()!;I'< b 

f < r >+ f < r > = f < r > b::5 r::5 a ( 17) 
1 2 

0 a<r<oo 

As a result, the equation <5> reduces to two integral equations 

given by 

[ t f ( t> K ( r , t> d t 
1 1 

0 

= -<1-l +~-J >Or- [tf <t>K <r,t>dt, 
1 2 1 2 

0 

O<r<~ 

and rtf <t>K <r,t>dt = 
2 1 

0 

- [tf (t>K (r,tldt 
2 2 

0 

b<r<oo 

The procedure adopted by W~lliams (1963> and Thom~s (1965) 

followed to solve these integral equations. Using the results 

J <pr) 
n 

and 

= (2~)1/2 

J < pw > w 
n-+-1/2 

n-1/2 · dw 
( 2 2 )1/2 r -w _ 

J (pw) 
n-+-:1./2 

-<n-:1./2) 
w 

dw 

[ . 1/2 
pJ <pw)J <pv>dp = o(w-v)/(wv) 

1-l 1-l 

we have the following relations 

( 18) 

(19) 

is 

I 

I 
I 
I 

I 
i ,, 
I 



J: K£ <t,r)tf<t>dt = -2Jr 
nr 

0 

O<r<a 

and 

where 

and 

r: -2 w 
2r w dw I 

= ;:r- < 2 2 > :1./2 r w -r · o 

t 2 f ( t) d t 
( wz _ tz ) :1./2 

L <v,w>wv dvdw 
:1. . 

= 2~rrr 
L <v,w) dvdw 

2 

b< r <oo 

O<r<a 

b<r<oo 

L ( v , r > = < v r ) :1./
2
[{ M < { , y , y . ) J ( { v ) J ( { r ) d{ 

:1. :1. 2 :1./2 :1./2 
_. 0 

L
2 

< v , r ) = < v r ) :1./
2
[{ M ( ~ , y , y ) J < ~ v ) J < t; r ) d~ 

:1. 2 3/2 3/2 
. 0 

Substituting the r~lations (20) and <21> in (18) we get 

2Jr 
nr 

0 

wdw. 

-~Jr 
nr 

0 

. 

15'7 

(20) 

( 21) 

<22) 

(23) 

O<r<a 

which after changing the order of integration can be written as 



.2Jr 
nr 

0 

f (t)dt 
~ = - (J.J +J.J )Or -

~ 2 

wdw 

-.2Jr 
rrr 

0 

In view of the above equation, we assume 

f (t)dt 
:l 

( t2 _ r2) :l/2 = { 
S < r) 

:l 

-T < r) 
:l 

O<r<a 

a<r<oo 

Use of the relation <25> in (24> yields 

_2.Ir 
rrr . 0 

wS <w>dw 
:l 

( 2 2 ) i/2 r -w 
= - <J..i +J..l >nr -

i 2 
_2.Ir 
rrr 

0 

wG<w)dw 
( r2 -w2) t/2 

O<r<a 

where G<w> = [s <v>L <v,w>dv - [T <v>L <v,w>dv 
:l i :l :l 

o . a 
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(24) 

(25) 

(26) 

(27) 

In order to apply Abel's transform the ,equation <26) can be 

written as 

J: w [s :l < w > + G < w > ] 
dw = rr < )0r2 

- -'- J.J + J.J 2 :l 2 

and after taking Abel's transform and substituting the value of 

G<w> from <27) we obtain the following integral equation 

S (r) · + [L (v, r)S (v)dv 
:l :l :l 

0 

= - 20 < J.J + J.J > r + rL < v , r > T < v) d v 
:l 2 :l ·:~. 

a. 

O<r<a. <28) 
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Again substituting the relations <20) and <21> in <19> and 

fo 11 owing the same procedure as is done to deduce the integra 1 

equation <28>, another integral equation can be derived as 

S <r> + [L <v,r>S (v)dv 
2 b 2 2 

where it is assumed that 

~s: 
ef <t>dt 

2 {-
= 

Now, using Abel's transform 

and f ( t) are found to be 
2 

2 d 5 < u > du 
f· ( t) :l = 

= [L <v,r>T (v)dv 
2 2 

0 

T < r) 
2 

S c r > 
2 

in <25) 

O<r<b 

b<r<oo 

and ( 30)' 

' rr dt [f. < u2 _ tz ) :s......-2 -[ T (u)du ] 

< u~ _ tz ) 1/2 

and 

' 

2 d [-I: u 2 T (u)du 

+ J: u
2

S<u>du] 
f (t) 2-

< t2 :u2 ) :l/2 
= dt 2 

rrt
2 <t2-u2>1/2 

b<r<oo 

the functions 

O<t<a 

t>b 

(29) 

(30) 

f ( t) 
1 

(31) 

(32) 

Further, by the help of the relation (17), T <r> and T <r> can be 
1 2 

written from <25') and (30> as 

T < r) 
1 

f <t>dt 
2 

a<r<oo 



in 

T ( r > 
2 

O<r<b 

which putting the values of f (t) and f <t> 
:1. 2 

from (31) and 

and using the results 

[ dt -rn _F (~/2, 
2 /r2) = ~; !5/2; u 

t < ·e-r2 > ~/2 < tz-uz >9/2 2 2 2 2 ~ 2r f'{512) <r -u > 

' u<r 

I: t
3
dt -Iii a 

r 
F (~/2, 

2 /u2) = ~; !5/2; r 
(r 2 _ t2 >~/2 < u2 _ t2 )a/2 2f' ( 5 I 2 ) u ( u2 - r 2 

) 
2 1 

, u>r 

we get the following two integral equations 

T < r) 
1 

T < r ) 
2 

where 

1 (r) = 
~ 

= 

= 

1 J: 1 ( r ) + "In rf' ( 5 I 2) 2 

2 [ 1 ( I' ) 
r 

+ "lrrf'(5/2) 1 

2 Ior t
2 

dt d [ 
rr r ( r 2 _ t 2 ) 1/2 dt t 

T 

t}T < u > F 
2 2 

(:1./2 ,1;!5/2;u. /r ) 
' 2 2 ~ 

( r 2 -u2) 

a<r<oo 

<u> F 
2 2 ( 1/2, :1;!5/2;r /u ) 

1 2 1 
du 

u<u 
2 - r2> 

S ( u > du 
:1. 

O<r<b 

O<r<b 

du 

160 

(32) 

(33) 

(34) 

(35) 

(36) 

(37) 



1 < r ) = 
2 

Assuming 

2r r 
n r 

that ot=k a 
2 

a<r<oo 

(3=k b and A.=b/a aore small, 
2 

the 

16.1 

(38) 

unknown 

fun c t i on s· S < r ) , 
:1. 

T < r) 
2 

which are solutions of 

integral equations ( 28) , ( 29) , ( 35) and (36) are pbtained 

approximately following iterative process. Using the result that 

F (:1./2, :1.; 5/2; r
2 
/u

2
) = 

2 :1. { 
2 2 (u+r)} 2ur - (u -r >log ~-r ; r<u 

equations <35> and (36> become 

1J" { 2A T < ar > = 1 · ( ar) +- T ( bu) · r 
:1. 2 n 0 2 < rz -A. 2 uz) 

- ~~ og G~~J)} du 

and 

1 [ { 2Aur T < b r ) = 1 ( b r ) +-x- T ( au ) 
2 :1. n r :1. :1. < u2 -A. 2 r2) 

_ lo (u+A.r)} 
g u-A.r 

Next, we assume that ot=o<A.> 2 so that (3=otA.=o(ot ). 

du 

1<r<oo 

, O<r<1 

In order to solve the equation <28>, we rewrite it as 

(39) 

<40) 

S <ar> +aJ"L <av,ar>S (av>dv = 
:1. :1. :1. 

0 

-20(~ +~ )ar +a[L (av,ar>T <av>dv 
:1. 2 :1. :1. . 

:1. 

Now we put S <ar> = X<ar) + Y<ar> 
:1. 

O<r<1 (41> 

<42) 

so that equation <41) yields a pair of integral equations given by . 
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X<ar) = -20(~ +~ )ar - aJ~L (av,ar)X(av)dv , 
~ 2 ~ 

0 

O<r<1 (43) 

and 

Y<ar) = a[L <av,ar>T (av>dv - a[L (av,ar>Y<av>dv , 
~ ~ ~ 

~ 0 

O<r<1 (44) 

The kernal L <av,ar> 
~ 

given by <22> can be converted ~to an 

expression involving finite integrals by the application of the 

contour integration technique followed by Srivastava et al (1980) 

and is given by 

aL <av, ar) 
' ~ 

where o=k /k , J.J=J.J IJ.J. 
~ 2 2 ~ 

2 2 2 ~/2 , ( ~) 
T'J <a -n > J < cxn r > H < cxn v > 

~/2 ~/2 

2 2 2 2 
J.J < n - 1 > + <a -n > 

For v<r, v and r are to be interchanged. 

Next, expanding the Bes?e! and Hankel functions in ser-ies for 

small values of their iirgument~ and integrating, assuming that 

J.J>a>1, the above expression can be written as (detail~ are given 

in appendix - A> 

M 
~ 

M + 
c; 

B + o(cx ), v>r 



where 

M = 
,3 

M 
5 

= 

1 

1 

M = 
~ 

6 "' 3 2 5 a <Sr v+10v r +v ) M 
+ 120 ' 5 + 

16 '3 

5 a a 
ia. ( r · v + v r > M + 

6 "' 

• 7 5 3 3 5 
10. <3r v+10v r +~v r) M + 

360 6 

B 
+ o(a. l, v<r (45) 

(46) 

(48) 

]}]] (49) 

(50) 



M 
cs 

Substituting the 

using iterative 

frequency can be 

aL (ar,av) • given 

where 

value 

method, 

derived 

by (45) 

L = 
•2 

= 

L = 
"j,3 

L = 
~· 

= 

L = 
:1.!5 

of 

an 

as 

is 

M r • 
M v 
~ 

9'L .. l-1 + I-JJ0'2 -1 

J,~./-1 + Jo2 -1 

L <av,ar) 
j, 

given by 

approximate value 

follows : 

r·ewr it ten as 

v>r 

v<r 

1M rv 
2 

<'3v 2 r+r3
) 

M v>r 
6 3 

(3r 2 v+v3
) 

M v<r 
6 3 
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]}]}] (51) 

(45) in (43) Ej.nd 

of X(ar) for low 

(52) 



5v.r+ 10v2 r 3 +r 5 

L = M v>r 
~6 120 5 

5r•v+10r
2

v3 +v
5 

M v<r = 
120 5 

i (3v'r+10v :a r 3 +3r'v) 
L = M 
~7 360 6 

Also let 

5 cs 7 9 
+a X <ar)+a X, (ar)+a X (ar) + o<a > 

5 cs 7 

where X. <ar>, < i=O, 1, ••••• , 7> are to be determined. 
I. 

Now putting the values of X<ar> and aL <ar,av) 
:1. 

given by 

165 

(53) 

(53) and 

(52)_ in <43) and equating the cqefficient of like powers of a frpm 

both sides we obtain, 

X <ar) = -2a0(~-J +~-J )r 
0 :1. 2 

(54) 

X <ar> = 0 (55) 
~ 

X <ar> = -J: L X <av>dv 
2 :1.2 0 

(56) 

. :1. 

X (ar> = -I [L X <av>+L X (av>]dv 
3 :1.2 ~ :1.3 0 

0 

<57) 

X <ar> = -I:I. [L X <av)+L · X <av)+L X <av)]dv 
• :1.2 2 ~3 ~ ~· 0 

0 

(58) 
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X < ar) = -J:[L X (av>+L X (av)+L X <av>+L X (av>]dv (59) 
5 ~2 a ~a 2 ~• ~ ~5 o 

0 

X < ar > = -f·[L x <av>+L x <!lv>+L x <av>+L x <a.v> + 
6 ~2 • ~3 3 ~· 2 ~5 ~ 

0 

+ L X (av>]dv (60) 
16 0 

X < ar) = -r·[L X <av)+L X <av)+L X (av)+L X <av) + 
? 12 5 ~a • ~• a 15 2 

0 

+ L X <av)+L X (av>]dv ( 61) 
16 1 1? 0 

Substituting the value of X <ar) and L in (56) and integrating, 
0 12 

X (a~) is found to be 
2 

X (ar> = ¥2
3

M (1-J. +1-J. ) (3r-ra) 
2 ~ ~ 2 

(62) 

Similarly replacing the necessary unknowns by their correspondihg 

iterated value~ in 157> to <61) and integrating we obtain 

X < ar) 
a 

2 = ~ ia0(1-J. +1-J. >M r 
.:J ~ 2 2 

X <a~> = • 
ao [ ·z 5 2 3 2 

60
<1-J.

1
+1-J.

2
) <M -M >r -10<M -M >r -S<M -3M >r] 

1 3 1 a 1 a 

X Car) = iiaBOO(I-J. +1-J. ) (20CM M -M )ra-12<9M M +M >r] 
5 1 2 . 1 2 4 ~ 2 • 

(63) 

(64) 

(65) 
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' (66) 

The values of X.<ar>, i=0,1, ••••• ,7 from <54>, (55>, <62> <67> 
\. 

are substituted in <52) and arranging the terms in ascending 

powers of r, X<ar) can be rewritten as 

X<ar) = an<!--1 +1--1 >[p (Ol)r+p (Ol)r
3

+p (Ol)r
5

+p (Ol)r
7

+o(Ol
8

)]. 
• 2 • 3 5 7 

(68) 

where 

+ 
9 0

1 
(3M M - 9M

2 
M + 5 M M + M "l o? 

• • • 2 2 3 .csJ 
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p <a.> = -~(M2 -M )a.4 +~(M3 -2H H tH )a.6 + 1 k 0 (H~H -H M -M M +M 1a.
7 

!!5 ou :1. a .l .c.u :1. :1. a 5 :1. 2 :1. • 2 a .sJ · · 

Next, replacing r by br, equation (29) can be written as 

s <br>+b[L <bv,br)s <bv)dv = 
2 2 . 2 

:1. 

bJ:~. L < b v , b r > T < b v ) d v , 
2 2 0 . 

1<r<oo 

(69) 

Following the same procedure as done for the evaluation of 

L (av,ar>, L (bv,br) given by <23> can be evaluated to the form 
:1. 2 

bL (bv,br) 
2 

For v<r, v and r are to be interchanged. 

For low frequency bL (bv,br) is now reduced to the following form 
2 

after using the series expansions of Bessel and Hankel functions. 

a.2A. 2 [ 1M 
2 

+ o ca.• > ] bL Cbv,br) 
r 

v>r = 2 3 :LV 

a.2A. 2 [ ~ 
2 

] v + 0(01
4

) v<r (70) = , 
3 :1. r 
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The functions which occur in the integral equations <43), (28>, 

<37>, (36), (29>, <38), (35) and (44) are calculated by iterative 

process in the following order 

X , S 
:l 

1 , T , S 
:l 2 2 

1 ,T ,Y,S 
2 :l :l 

Iterative procedure is followed in order to obtain the following 

results suffiently accurate correct upto the order of (~7 ) 

T- (br) = 1 <br) + o(~7 > O<r<l 
2 :l 

S < br) = 
2 

1 < ar) = 
2 

2 • 
80(1-J +1-J >aM~ A [ 1 

- + o<~ ) :l 2 :l 2 ] 
. 45rr r 

2 5 
160 <1-1 +1-1 >aM ~ A [ 

:l 2 :l 1 2 ] - + 0 (~ ) . 

45rr 2 r 

:l 2 :l 
Year> 

2· 5 
160 <1-1 +1-J >aM ~ A [ 

= - . r + 
45rr

2 

, O<r<l ( 71) 

(72) 

l<r<:oo (73} 

l<r<oo <74) 

l<r<oo (75) 

O<r<l (76) 



S <ar) = X<ar) -
j_ 

2 5 160 (f-J +J.J >aM rOl A. 
j_. 2 j_ 
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O<r<1 ( 77) 

Detailed derivation of the above expressions have been done in 

appendix-B. 

4. STRESS DIFFERENCE ACROSS THE ANNULAR DISC, TORQUE AND FAR FIELD 

AMPLITUDE 

The jump of the stresses at the annular disc is given by 

-i.wL < 2 ) < j_ ) = f ( r ) e-i.WL T(r,O,tl=T<r>e = T
2

e <r,O,tl-Tze <r,O,t> 

b5r:Sa , r =0 

= f (r) + f <r> 
j_ 2 

-i.wl 
(supressing e ). 

Putting the values of f < r ) 
1 

ancl f (r) 
2 

from (31> and (32) in the 

above expression we obtain 

T < r > 

+ 

Fi na I l y, 

1 d 
z dr 

r 
{-[ 

S < u) du 
j_ 

T <uldu 
j_ 

substitution of the values of S (u) 
1 

}] , b5 r~a (78) 

T < u > 
j_ 

T <u> and 
2 
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S (u) from <77), <75), <72> and (73) respectively in <78), yields 
2 

after integration, 

T(r) 

+72M M +156M M +12M )+
1

2
35 (M

2
M -M M -M M +M 1(1-v

2
)

2
-

4
2
5

(M M-
t 4 2 3 6 t 2 t 4 2 B ~ t 1 4 

16M c/A.!5 
t } ' {- M( [- . -t 

s 1 n v 
1 

v 
t 

+ 



17 2. 

(v:-1)V2 
- 2v (v

2 
-1 v 2 2 

2 

A. 2v2 2 (v2 -1) 3/2 
2 ( -j, (- j,) 2 ---5- 15v 

2 
s in lv- + 

3 
2 v 

2 

9(v:-1)j,/2 ( 2 )-j,/2J}. 
v -8v

2 
v 

2
-1 -

2 

b~r~a (79) 

where v =r/a and v =r/b j, 2 

Substituting ot=O and A.=O in <79) the jump in the statical stress 

across the rigid circular disc of :radius a embedded at the 

bimaterial interface is easily found to be 

T ( r) = 
0 

4(J-J +J-J )0 
1 2 

rr 

sp that the stress intehsity factor at the edge of the circular 

disc in the statical case is 

K = Lt [c1-v )j,/ 2
T <r>] 

0 r -+Q- j, 0 = rr 

Therefore, in our dynamical problem involving annular disc, stress 

intensity factors at the outer and inner edges of the disc defined 

by 



\-

K 
a. 

K = 
0 

and = Lt [ 
r -+b+ 

are given by 

+72M M +156M M +12M )a7
}] 

i • 2 3 6 . 

and 
8M a

2
A.

3 

Kb• = -![{8A.(-1+3_M a2) _16A.3 - t } + 
. 2 3rr 3 i 1 Srr 4 Srr 

. 8A.M 3] 1- a 
9rr 2 

1 '7 3 

(80} 

( 81} 

The torque of the·~hear ~tress on the annular disc is represented 

b~ the expres~ion 

(82) 

which can be written after putting the value of T(r) ~iven by (79) 

and integrating as follows. 
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- 7 64A. 
5 

4 2 4 ] +720M M +36M )a +----(1--M a+- :>...
2

) + o(a9
) 

2 a 6 1 Srr2 · 3 j. 7 
(83) 

Next, in order to deduce the far field amplitude of the 

displacement in both the media, we substitute. the value of A.<<> 
J 

in equation (8) .and obtain 

Evaluating the integral with respect to < by the method· ot 

steepest descent for 
2 2 

large values of 7<r +z ), 

for z>O 

v <r,e, z> 
1 

i.k R 
1 1 

= F < e ) _e--=---
1. R 

1 
+ o~;J as 

F ce > = 
1 

i O'S i ne 
2 2 

oJ-J sine + J-J 7<1-o cos 8) 
1 2 

1 

G ce > 
1 

R .... oo 
1 

for 

we obtain finally 

1 
lcosel<c; 

(85) 



= 

and 

22.2 2 2 2 
0 1-J Sln e+I-J (a COS e-1) 

G <e > 
~ 

~ 2 

2 
20a (1-J +~-J )a~cose 

~ 2 

1l 

'32.A. 
5 {i- 4M . 2 +4 +-- - ~ -

45rr2 3 ~ 7 
2122 2}] A. +so~ cos.e 

Also for z<O, 

i.k R 
2 2 

v2<r,¢,z> = F2<¢> e R2 + o(R~) 
2 

as R -+OO 
2 

for 

1'75 

1 
lcosel>c; 

(86) 

(87) 

(88) 



F <¢> = 
2 

is in¢ 

176 

(89) " 

and G <¢> is obtained by replacing e by ¢ and also o by 1 in 
2 

G <-¢>. 
~ 

5. NUMERICAL RESULTS AND DISCUSSION 

Numerical results have been calculated to/ study the variations of 

the dynamic stress intensity factors with the normalized frequen~y 

a at both the outer and inner edges of the ~nnular disc situated 

at the bimaterial interface for different values of the ra-tio of 

the inner and outer radii of the annular disc for the following 

two sets of materials. 

First set 

Aluminium 

Wrought iron 

Second set 

Copper 

Steel 

3 
p =2.7gm/cm 

~ 

p =7.8gm/cm3 

2 

:a 
p·=8.96gm/cm 

~ 

3 
p =7.6gm/cm 

2 

• u 2 
~ =2.63x10 dyne/em 

~ -

u. 2 
~ =7.7x10 dyne/em 

2 

u. . 2 
~ =4.5x10 dyne/em 
~ 

'The dynamic stress intensity factors are norma) ized by the static 

solution K =-2-/2(~ +~ )0/rr for the penny shaped rig.id disc. 
0 ~ 2 

It is interesting to note that for both the two set of materi~ls 
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stress intensity factor at the outer edge changes appreciably with 

the normalized frequency Q and gradually decreases with the 

increase of ct but in the case of inner edge, the stress intensity 

factor decrease very slowly with the increase. in the values of the 

normalized frequency. It may further be noted that change in the 

values of the stress intensity factor with increase ih the values 

of A is more prominant at the inner edge than that at the outer 

edge. We also note from fig.2 and fig.3 that stress intensity 

factors for the two sets of materials are nearly the same for low 

frequency and increase gtadually with the increase in frequency. 

Far field amplitudes 'defined by F (8) and F <¢> in the upper and 
~ 2 

lower medium z>O and z<O respectively for fixed R have been 

plotted in fig.4 fig. 7 against their arguments for different 

values of the normalized frequ~ncy a and A, the ratio of the inner 

and outer radii of the annular disc for two different sets of 

materials. 

It may be noted that both in the upper and lower medium for the 

two sets of materials, amplitudes F <e > 
~ 

and F (</>) 
2 

respectively 

increase gradually from e and 4> equal to zero, attain maximum 

va I ues and then gradua 1 1 y decrease to zero at e and 4> equa 1 to 

90°. The values of the angle at which maxima are atta~ned are 

found to depend. on the material ~roperties and not oh the values 

of the frequency and A. On the other hand if the material 

properties are kept fixed, maximum values of the far field 

amplitude are found to depend on the normalized frequ~ncy a and X, 

which is equal to the ratio of the inner and outer radii of the 

annular disc. 
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EVALUATION OF aL C av, ar) 
.l 

aL <av,ar) 
1 

APPENDIX .;.. A 

2 ( .l > n J (OI"f'1 r ) H < Ol"f'1 v ) 
1/2 1/2 

(1 2)1/2 ( 2 2):i/2 
~ -n + a -n 

2 2 2 1/2 (:i) n <a -n ) J < Ol"f'1 r ) H < Ol"f'1 v ) 
. .l/2 1/2 

2 2 2 2 
~ <n -U+<a -n > 

184 

d"f'1 + 

v>r <AU 

For small values of arguments expanding the Bessel and Hankel 

functions we get 

( .l ) 
J (OI"f'1I')H (OI"f'1V) 

:i/2 :i/2 

2 2 
iOI " ( 3 2 2 ) 

6 
v +r 

.. 4 
iOI " ( 5 .. 10 2 2 • ) -

120 
v + r v.+r 

5 5 
01 " 5 2 3 • + 
360 

(3v +lOr v +3r v) 

Putting this expan~ion in <Al) aL <av,ar) can be evaluated as 
.l 

aL <av,ar) 
1 

M 
5 

M + 
4 

M + 
6 

B 
+ o<01 ), v>r 



B 
+ o(a ), v<r 

where 

185 

M + 
6 

<A2) 

.,.,<i+t.>(o2-r/)t./2 It. <i+.t>( 1 -.,.,2)t./2 

2 2 2 2 dn - J...J o ~ · 2 2 2 
J...J (.,., - 1 ) + ( 0' -.,., ) J...J (.,., - 1 ) + ( 0' -.,., ) 

i=1,2, ... ,6 

Now 

.,.,2 (o2 -r,2) t./2 . It. .,.,2 ( 1 '-r,2) t./2 
dr, - J...J 0. 

22. 2 2 2 2 2 2 
J...J (.,., - 1 ) + ( 0' -.,., ) J...J (.,., - 1 ) + ( 0' -.,., ) 

Without any loss of generality we assume J...J)T) 1. 

The first integral in the expression of M is 
.1 

[ 

= 

= 

dr, 
2 2 2 2 

J...J (.,., - 1 ) + ( 0' -r, ) 

. [ 2 2 [ 1 ( 2 2 ) .t/2 d J...J -o 0' -.,., .,., + -
2 2 2 

(J...J -1 ) 0 (J...J - 1 ) 0 

2 
0' 1l 

2 2 2 (J...J -1) 

( 
2 z) i./2 

0' -.,., 
dn 

2 2 
z J...J -o .,., -

J...J2-1 

<A3) 

(A4) 

<AS) 



and the second integral is 

2 2 2 2 
1-l <n -1 > + <o -n > 

1 I~ 2 2 J~ <1-n2>J./2 
= < 1 -n 2 > ~/2 dn + 1-l -o 

dn 
(i-J2 -1> 0 

2 2 2 2 
(i-J -1) 0 2 1-l -o 

.YJ -
2 

J..l -1 

1 2 z 
1l 1-l -o 1l = 2 2 

2(J..l 
z -1> (i-J 

z -1)2 

Putting the results <AS) and <AS> in <A4> and simplifying, 

be obtained as 

M = 
~ 

. 186 

<AS> 

M can 
~ 

<A7) 

Similarly, M.<i=2,3, .. ,6) can be calculated and they are found to 
\. 

be given by 

.M = 
3 

1 

<AS> 

<A9> 



M • 

M 
!5 

= 2 2<o -J-l) + - [ !5 

rr (J-l-1) 15 

1 = 

2 2 
J-l -o 

2 
J-l -1 [ 

0'~ -J-l 
-3-

2 2 
+ J-l -o 

2 
J-l -1 

2 [ 8 · · 7 J-J
2 
-o

2 {2 (o5 
-:J-l) J-l

2 -cl [ d
3 

-J-l 
Mcs = rr(p-1) _105( 0 -J-l) + 2 15 -. + 2 -3- + 

J-l -1 J-l -1 

O'J J-l2 -1 + J-lJ 0'2 -1 

JJ-l
2

-1 + Jo
2

-1 
)}]}] 

2 z 
J-l -o 

2 
J-l -1 

187 

<A10) 

< A1U 

X 

<A13) 
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APPENDIX - B 

1 < r) 
j, 

is given by 

2 s: t 2 dt ~t[ 
s ( U) dU· 

1 ( r) 
j, 

O<r<b ( J31) = 
j, nr ( r2 _ t2 )j,/2 (u2-t2 )t/2 

Taking S (u) = X(u) as a first approximation from (42) (81) can 
j, 

be written as 

1 < r) = 
j, 

Substituting 

where 

p (01) 
l 

X<ay)dy 
O<r<b (82) 

X<ay) = aO(J.J +J.J ) [ p (OI)y + p (OI)y
3 

] , 
j, 2 j, 3 

(neglecting 4 
01. and higher powers of 01) 

2 2 i 3 = -2+M 01 +- M 01 
l 3 2 

in <B2> and integrating we obtain 

O<r<b 
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Replacing r by br and putting b/a=A. in the above expression we 

obtain, 

, O<r<l 

Next, 

· 1 [ { 2Aur T (br)=l (br>+--x- T (au) 
z t rr r t t ( uz -A. 2 r2) 

(
u+A.r)} -log u-A.r du , O<r<l 

Neglecting higher order terms of a, T (br) is found to be 
2 

T Cbr> = 1 <br) 
2 i 

7 + o(a) , O<r<l 

Rep_lacing r by br, <29>. can be rewritten as 

s <br> + b[L <bv,br>s <bv>dv = 
2 2 . 2 

i . 

bJt L ( b v , br > T < b v > d v 
2 2 

0 

l<r<oo 

First approximation of the above integ~al equation yields 

S ( b r ) = bit L ( b v , b r ) T ( b v ) d v 
2 2 2 . 

0 

l<r<oo 

in which substituting the value of T <bv> from <84) and 
2 

(83) 

(84) 

(85) 
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we get 

2 • 
80 < J..J + J..J ) aM 01 A [ 1 ] 

S < br) = - ~ 0: ~ - + o <01
2 

) 
2 45rr r 1<r<oo (86) 

Similarly, first approximation of other functions from their 

respective integral equations can be derived and are given by 

1 < ar) = 
2 

2 ::; 
160 < J..J + J..J ) aM ot A [ 1 1 2 ~ 2 ] - + o(ot ) 

45rr 2 r 

z·!S 
160 < J..J + J..J ) aM ot A [ 

Y<ar) = r + o(ot) 1 2 ~ ] 

45rr 2 

2 ::; 
160 (J..J +J..J ) aM rot A. 

~ 2 ~ S <ar) = X<ar) -
1 45rr 2 

where X<ar) is given by (68>. 

1<r<oo (87) 

1<r<oo (88) 

O<r<1 <89) 

0(r<1 (810) 



Paper 5 

Paper - 6 

C H A P T E R - II 

CRACK PROBLEMS IN ELASTODYNAMICS 

Interaction of elastic waves with a 

Periodic array of coplanar Griffith 

cracks in an orthotropi~ elastic medium. 

Diffraction of SH-waves by a Griffith 

crack in nonhomogeneous elastic strip. 



INTERACTION OF ELASTIC WAVES WITH A PERIODIC ARRAY OF COPLANAR 

GRIFFITH CRACKS IN AN ORTHOTROPIC ELASTIC MEDIUM 

1. INTRODUCTION 

In recent years, with the increased usage of- macroscopically 

anisotropic construction materials such as fibre-reinforced 

composites, the study of interaction of elastic waves with cracks 

or inclusions in composite materials has gained much importance. 

Recently, Kassir and Bandyopadhya (1983) have studied the 

elastodynamic response of an infinite orthotropic solid containing 

a crack under the action of impact loading and the elastodynamic 

problem of a finite Griffith crack in an orthotropic strip under 

normal impact was investigated by Shindo <1986). Problem involving 

a moving Griffith crack in an orthotropic strip has also been 

studied by De and Patra ( 1990). But perhaps, because of 

mathematical complexity, elastodynamic problems involving two or 

more Griffith cracks in anisotropic materials have not yet 

received much attention. The static problem of_ determining the 

stress distribution in an infinite transversely isotropic medium 

containing three coplanar cracks has_ been considered by Dhawan and 

Dhaliwal <1978>. Static stress distribution near periodic cracks 

at the interface of two bonded dissimilar orthotropic half planes 

has been obtained by Garg <1981). Angel and Achenbach (1985) have 

studied the problem of reflection and transmission of elastic 

waves by a periodic array of cracks in an infinite isotropic 
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medium. The steady state vibration of an infinite isotropic· medium 

with a peri ad i c sys tern of cop 1 anar cracks has been discus sed by 

Parton and Morozov <1978> using the method of the finite Fourier 

transforms to reduce the relevant mixed boundary value problem to 

the solution of a pair of dual series relations. 

1~ our problem, the interaction of. normally incident time harmonic 

elastic waves with a periodic array of coplanar Griffith cracks in 

an infinite orthotropic medium has been considered. Due to 

geometrical symmetry the problem has been reduced to the solution 

of the problem of a single crack in a strip whose boundaries are 

shear free and constrained in a 

d i sp 1 acement. Fourier transform has 

~roblem to the solution of dual 

way not to 

been used 

permit normal 

to reduce the 

integra[ ·squations. By the 

application of Abel's integral the dual integral equations finally 

has been converted to a Fredholm integral equation. Stress 

intensity factor at the tip of the crack and 

displacement 

i nf 1 uence of 

have been derived in closed form. 

crack opening 

To display the 

the material orthotropy numerical values of stress 

intensity factor and crack opening displacement have been found 

out after solving the Fredholm integral equation numerically and 

plotted against dimensionless frequency and distance respectively 

for three sets of orthotropic materials. 

2. FORMULATION OF THE PROBLEM 

Consider an orthotropic, linearly elastic, unbounded solid 

weakened by a periodic array of cracks of length 2a as shown in 
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fig.1. The period of the crack-array is 2h
1

• The cracks lie in the 

plane x =0 and extend to 
2 

infinity in the x -direction which 
3 

is 

perpendicular to the plane of the figure. Let E., J...l .. and v..<i,j= 
1. l.J l.J 

1-,2,3> denote the engineering elastic· constants of the material 

where the subscripts 1,2,3 correspond ·to the directions 

which colncide with the axes of material orthotropy. 

We normalize all lengths with respect to a so that x la=x, x la=y, 
1 2 

x la=z and h la=h. Let a time harmonic wave given by u=O and 
3 1 

where k =wale and 
&I &I 

1/2 
c = CiJ I p > , 

&I 12 
travel! ing 

in the direction of positive y-axis be incident normally on the 

crack faces so that the conditions in the plane of the cracksCy=O> 

due to the scattered field are T =0, T = 
xy yy 

-\.Wl 
T e 

0 
where 

T =iwa,lc · lc , on the crack faces and v=O at points outside ·the 
0 22 &I 

cracks in the plane y=O. 

By simple symmetry considerations, the displacement and stress 

distribution due to the scattered field in the entire xy-plane can 

be deduced by considering only the orthotropic strip lxl~h _with a 

central crack lxl~a , y=O ; the boundaries of the strip x=±h being 

shear free and constrained in a way not to permit normal 

displacement. 

Therefore , substituting u<x,y,t> -\.Wl = u<x,y>e and v<x,y,t> = 
-\.Wl 

v<x,y>e our problem reduces to the solution of the equations 

a 2 u a 2 u 2 2 2 

+ + <1+c >~· + a w 0 c u = 
11 ax 2 ay2 12 axay 2 c 

(1) 

li 

8 2 v a 2 v 8 2 u 2 2 

and 
a w 0 c + + ( 1+c >-- + v = 

22 ay2 ax 
2 12 axay 2 c 

(2) 

li 



x1 

I I 

I I 
I I 

~ 2hl~ 
I 
I 
I 
I 
I 
I 
I 

+---2 a----+ x, 

r r 

Fig. 1. Incidence of plane time- harmonic wave on a periodic 

array of cracks. 



subject to the boundary conditions 

<x,O) -i.wt. 

Henceforth the 

variables would 

T = -
yy 

T <x,O) = 0 
xy 

v<x,O) = 0 

T (±h,y) = 0 
xy 

uC±h,y) = 0 

. 

T e 
0 

-i.wt. 
time factor e 

be omitted in the 

I Y I <oo 

I Y I <oo 

which is 

sequel. 
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( 3) 

( 4) 

( 5 ) 

(6) 

C7) 

common to a 1 1 field 

·The nand i mens i ona.l parameters c arising in equations. (1) and (2) 
i.j 

are related to the elastic constants by the relations 

c =E 1~--J <1- v 2 E /E) 
~~ -~ ~2 ~2 2 ~ 

c =E li-J <i- v
2 

E /E >=c E /E 
22 2 ~2 ~2 2 ~ -~~ 2· ~ 

( 8) 

c =v E li-J <1- v
2 

E /E >= v c = v c 
J. 2 ~ 2 2 ~ 2 ~ 2 2 ~ . ~ 2 2 2 2 ~ ~~ 

for generalized plane stress, and by 

c = < E I 1:.1-J. ) < 1 - v v ) 
. ~~ ~ ~2 23 32 

c =<E 11:.~--J ><1- v v ) 
22 2 ~2 ~3 3~ 

c =E (v + v v E /E >11:.1-J 
~ 2 ~ 2 ~ ~ 3 3 2 2 ~ ~2 

( 9) 

=E <v + v v E /E )/1:.1-J 
2 ~2 2:9 3 ~ ~ 2 ~2 

·~:.=1-v v - v v - v v - v v v - v v v 
~2 2~ 23 a2 s~ J.a ~2 2a a~ ~a 2~ a2 

for plane strain. The constants E 
i. 

and v satisfy the Maxwell's 
i.j 
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relation v . . /E.= v .. /E .• 
I. J I. J I. . J 

The stresses are related to the displacements by the equations 

T IJ-.1. 
XX ~2 

T IJ-.1. = c 
yy t-2 t2 

T IJ-.1. 
au = ay + 

xy t-2. 

au 
ax 

au 
ax 

av 
ax 

+· c 
t-2 

+ c 
22 

av 
ay 

av 
ay 

The solutions of equations (1) and (2) are taken as 

(10) 

( 11) 

+ 3.[ ~[a A C()cosh(y x) +a A C()cosh(y x>]sinC(y)d( 
7T ... 3 9 B .C. .C. . .C. 

0 . 

where A Ci=1-4> 
i 

are the unknowns to be 

roots of the equation 

+ (c +2c -c c ){ +(1+c )k y 
{ 

2 2 2} 2 
. t-2 t-2 ~t 22 22 8 

solved, are the 

( 12) 
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and r: , r: are the roots of the quadratic 

c 'Y + (c +2c -c c >( +(1+c )k r + (c ( -k )(( -k ) = 0 4 { 2 2 2} 2 2 2 2 2 

ii i2 i2 ii 22 ii ~ 22 & a 

a (i=1-4> occuring in (11) are given by 
\. 

2 2 2 
c ~ -k -r. ii a 1. 

a = i (1+c i2)yi 
(i=1,2) 

2 2 2 
( -k -c r. 

and 
a i i 1. 

a = \. (1+c i2)y\. 
<1=3,4) 

Therefore the stress components T and T are 
yy xy 

(13) 

( 14) 

( 15) 

X C 0 5 ( l; X ) dl; + 

+ ~r[<c r +c a )A (()cosh(y x) + (c r +c a >A (() X 
1T . i 2 3 2 2 3. 3 3 i 2 "' 2 2 "' "' 

0 

X C 0 S h ( y 
4 

X ) ] C 0 S ( ( y ) d( 

-r Y] <r +a >A <~ >e 
2 siTi<~x>d~ 

2 2 2 

x s i n h < r x >] s i n < ( y > d( "' . 

<16) 

(17) 



3. DERIVATION OF INTEGRAL EQUATIONS 

The boundary condition (4) implies 

A <{ > 
2 

= - (3A <{> , 
i. 

where 
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y +a. 
i. i. 

y +a. 
2 2 

(18) 

From boundary cond it i ens < 3) and < 5) we obtain the following 

dual integral equations 

c Oty c a.y 
22 i. i.) ( 22 2 2) ] - { - (3 C i. 

2 
{ - { A i. ( { ) cos ( { x ) d{ + 

+ [[<c y +c 01 >A <{>cosh(y x) + <c y +c, 01 >A <{>cosh<y x>]d{ 
. i.2 g 22 g g g i.2 • 22 • • • 

0 

and [ 

Assuming A <e > = 
01 -(3a. 

i. 2 
. { 

= 

A <{) = 
i. 

rrT 
0 

2J-l i. 2 
I xI< 1 

A (~) 
2 

equations <19> and (20> can be rewritten as 

[ [ 
c { 2 -c a. y -n( c Jf

2 -c a. 'V ) 
£2 22 £ £ , J £2.. 22 2~ 2 ] 

<a. -(3a. > A<{>cos<ex>d{ + 
£ 2 

(19) 

(20) 

(21) 

+ [ ( ( c y + c 01 ) A ( { ) cosh ( y x ) + ( c y + c a. ) A ( { ) cosh ( y x ) ) d{ 
. i.2 g 22 g g g i.2 • 22 • • • 

0 . 

= 
rrT 

0 

21-l i. 2 
<22> 



and [A c e > cos c e x > de = o 

For large { the equation <12> takes the form 

2 2 2 
+ < c +2c -c c >e r 

~2 j,2 j,j, 22 
4 

+ c e = o 
~~ 

2 2 2 2 
Let the roots of the equation <23> be ~ N and ~ N , where 

~ 2 

{ 
2 [ 2 2 ] :l/2} c c -c -2c + (c +2c -c c > -4c c 

~~ 22 ~2 :1.2 12 12 :1.1 22 ~1 22 
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(23) 

<24> 

(25) 

(26) 

Also for large ~ ot, <i=1,2) and (3 given by (14> and (18) 
\. 

r~spectively become 

e [ 
c -N

2 

] :1.1 i. <1=1,2) 01., = 
\. (1+c >N 

12 i. 

(27) 

<c +c N2) N 
and (3 

11 12 1 2 = N 
<c +c N2 > 1 

(28) 

11 12 2· 

Now, for large ~ 

c "'
2
-c ot -n(c "'

2
-c ot ) 12"' 22 1 r 1 'J 12"' 22 2r 2 

(ot -{301. )~ 
:l 2 . 

= 
2 [ 22 2 2] < c +c -c c > < c N N -c ) -c c N N +c <N +N N +N > 
12 12 ~1 22 12 1 2 1 1 22 12 1 2 11 1 1 ;z 2 

c (1+c HN +N > 
11 12 1 2 

= e (say) (29) 
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Therefore we find that 

H <~ > = 
c ~ 2 -c a r -(He ~ 2 -c a r > 

£2 22 £ £ £ 2 22 2 2 

<a -~a >~e 
s. 2 

- 1 (30) 

tends to zero as ~ tends to oo. 

Using <30) in equation (22> we finally obtain from (22> and <23> 

the following dual integral equations for the determination of the 

tinknown function A<~> 

[ ~ [ 1 + H < ~ >) A < ~ > cos < ~ x ) d~ = p < x > 

where p<x> = rrT [ 
=--0--::.- - e.!_ [< c · r +c a >A <(>cosh <r x > + 
2~ e 12 3 22 3 3 3 . 

12 0 

+ < c r + c a > A _< ( > cosh < r x >] d( 
£2 • 22 • • • 

The boundary conditions <6> and (7) yields 

= [ [ 

and [ 

<~a -a ) 
2 1 

<r +a >e~ 
2 2 

(~a -a ) 
2 1 

-y2y ] 
e A < ~ ) s i n < ~ h ) dl; 

[ A <(>sinh<r h> +A <(>sinh<.y h>]cos<(y>d( 
3 3 • • 

=- [ (a -~a ) 
1 2 

[ e-r 1y ~e 2 A<~>sin<~h)d~ 
-r Y ] 

( 31> 

(32) 

(33) 

(34) 

(35) 
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Applying Fourier sine and cosine inverse transforms in equations _ 

C34) and (35> respectively, we get 

(36) 

and A <(>sinh<;v h) +A <(>sinh<;v h> = ~rg C{,(>A~{>d{ 
3 3 4 4 n 2 

0 

(37) 

{( <r +01 > 
( 1 1 

)sin<.e-h> where g <.e-,(> t. t. = 
t. {301 -01 (2+ 2 (2+ 2 2 t. . ;vi ;v2 

(38) 

g ({, () .e- ( yt. (3;v2 
)sin<{h> = 2 {301 -01 (2+ 2 (2 + 2 2 t. yt. ;v2 

<39) 

Solving the equations <36> and (37>, the unknown functions A <(> 
. 3 

and A<(> can be found to be related to A<~> as : 
4 

where f (( ) 2 
= rrDC()sinh(y h) l 

3 

f (( ) 2 . ( 014Y4 
-( ) = 2 rrD<(>sinh(y h> -(-

3 

<40) 



f <() = 
a 

D <( > = 

-2 
rrD<(>sinh<r h) .. 
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(41) 

Now, substituting the values of a.<i=1,2> and~ given by (14> and 
\. 

<18) and using the relations 

g <~,() 
j_ 

where 

-- (c +2c -c c )~ +(1+c )k 1 { z 2 . 2} 
c t.2 i-2 t.t. 22 22 a 

1 
c 

22 

22 

c 
2 2 2 2 t.i. . 2 2 2 2 

<( +"" > <( +r > = <~ + > <~ + > 

and 

'"t. 2 c ra r. , 
22 

g (~,() from (38) and 2 

2 

g (~ , ( ) = ~([ raqt.-qz 
t. 

t [ -g (~,() = 2 

2 c c ~-c t.i. 22 i-2 
c. t.i. 

c t.2 

~2 + 2 ra 

2 
raqa-q• 

~2 + 2 ra 

(39) f ina 1 1 y can be 

2 
r • qt. -q2 ] sin<~ h) 

+ 

~2 + 2 2 2 

r. r
4
-r

3 

2 
r • qa -q. ] sin<~ h) 

-2 2 2 2 
~ +r .. r_.-r

3 

k
2 

( c + o ) 
s t.2 22 

c i.t. 

2 z 
c ( +c k 22 t.2 e 

c 
j_j_ 

(42) 

obtained as: 

(43) 

(44) 
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4. METHOD OF SOLUTION 

In order to reduce the dual. integral equations <31> and <32> to a 

single Fredholm integral equation, we assume 

A(~) = (45) 

so that equation <32> is automatically satisfied. 

Next substituting the value of A<~> from (45) in A <{> and A <{> 
3 • 

g·iven by (40) and using the result <Gradshteyn and Ryzhik, 1965> 

__________ o _____ d~ = n e-hy I <ty> 
[ 

~sin<~h>J <~t> 

0 ~2 +y2 2 0 

~A <{> and A <{> can be written in terms of ¢<t> as 
3 • 

A <{) = 
3 

and 

A <{ > = • 

2 
n T 

0 

2 2 
4J..I e <r -y > 

~2 • 3 

-y.h } 
x I <r t> e + 

0 • 

2 

-4-J.-1--e-:-r-:-~-r-2-> l [ 
~2 • 3 

-y h 

x I <r t > e 
4 

·} + 
0 • 

-'V h 

{ 

2 • 3 2 
{ f ({ > <r q -q >I <r t> e - <r q -q ) x 

~ . 9 ~ 2 0 3 • ~ 2 

-y h 

{ 

2 9 2 f <{> -(y q -q >I <r t>e .+(y q -q >x 
2 3 3 4 0 3 • 3 • 

-y h ] 
x I 

0 
< r 

4 
t > e • } t¢ < t > d t (46) 

. . -y h 

{ 

2 . 3 2 
{f <{> <r q -q >I <r t>e -<r q -q >x 

3 3 ~ 2 0 3 • ~ 2 

_.,. h 

{ 

2 •a 2 
f <{ > - <r q -q >I <r t > e + <r q -q > x 

• 3 3 4 0 3 4 3 4 

-r h ] 
x I 

0 
< y 

4 
t ) e • } t¢ < t > d t (47) 
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Substitution of the values of A<{>, A <(> and A <(> in terms of 
3 .. 

~(t) from equations (45>, (46) and <47> ·respectively in <31> 

yields the following -Fredholm integral equation of second kind for 

the determination of ~<n>: 

(48) 

The kernals K <n,t> and K <n,t> are given by 
~ 2 

(49) 

and K <n,t> = [{s <(>I <r n>I <r t>+S <(>I <r n>I <r u + 
2 ~ 0 3 0 3 2 0 3 0 .. 0 -

where 

s (() = 
~ 

s (() = 
2 

S- <() = 
9 

s (() = .. 

+S <( > 1 <r. n> 1 <r u +S <(>I <r n> I <r u}c~( 
3 0 .. 0 3 .. 0 .. 0 4 

rr(c r +c 01. ) 
~2 3 22 3 

2 2 2<r -r >e 
.. 3 

rr(c y +c a ) 
~2 .. 22 .. 

(f (()(y q -q )-f (()(y q -q) 
{ 

2 . 2 } 
~ .. ~ 2 2 4 3 .. 

-y h 
4 

e 

'· .. , 

<50) 

(51) 
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It is to be noted that the kerna l K <n, t) represented by the • 
semi-infinite integral given by equation <49) has a slow rate of 

convergence. In order to make the numerical analysis easier, the 

iemi-infinite integral has therefore been conv~rted to finite 

integrals, details of which have been given in the appendix. 

5. . QUANTITIES OF PHYSICAL INTEREST 

The normal stress T <x,y> in the plane y=O in the neighbourt10od 
yy 

of the crack can be found from equation <2.~6) and i~ aiven by 

2J.l e 
[ e A < e > cos < e x > d~ (X, 0) 

j,2 
0 { 1) x>l T = + 

yy n 

d 

s: 

n¢<n>dn o<l> x>l = -T dx + 
0 

{X 
2 2)j,/2 

-n 

= -TO ~x[..;.{x2-1)j,/2¢{1) + x¢{0) + s:¢' (T}){)(2-r]2)j,/2~ry]+ 

= 
T x¢ < 1) 

.o + 0 (1) x>1 

Defining stress intensity factor by 

K = Lt 
x-+j,+ 

it is found that 

1/2 
T <x,O)(x-1> 

YY 
T 

0 

K = 1¢~~) I 

+ o<l> x>l 

(52) 

{53) 
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Next the crack opening displacement ~v<x,O>=v<x,O+>-v<x,O-) on the 

surf ace of the crack has been obtai ned with the he 1 p of the 

equation (45) in the form 

~v<x,O) = ~r:A(~)cos(~x)d~ 

= 
( 2 2 ,~/2 T1 ~x 

dr, 

6. NUMERICAL CALCULATIONS AND DISCUSSIONS 

I X I < 1 (54) 

The method of Fox and Goodwin (1953) has been used to solve the 

integral equation (48> numerically for different values of 

dimensionless frequency k and h, the separating di5ltance of the 
Iii 

cracks. The integral in (48> has been represented by a quadrature 

formula involving values of the desired function 4> at pivotal 

points in the range of integration which leads to a set of 

algebraic linear simultaneous equations. The solution of the set 

of linear algebraic equations gives a first approximation to the 

required pivotal values of ¢ which has been improved by the use of 

difference-correction technique. The kernal K <r,, t> 
1 

has been 

transformed into two finite integrals and have been evaluated by 

using Gauss-quadrature integration formula. The second kernal 

K <r,,t> has been evaluated by simpson's method. After solving the 
2 

integral equation <48) for different values of engineering 

elastic constants of several orthotropic materials listed in table 
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1, the stress intensity factor K given by (53> has been plotted 

against k for di~ferent values of h <Fig.2-Fig.4> C~.nd the crack 
• 

opening displacement ~v<x,O>~ IT given in <54) has been plotted 
. .2 0 

against dimensionless distance x (05x51) <Fig.5-Fig.7). 

The nature of crack opening displacements which have been plotted 

for three different orthotropic materials for different values of 

the separating distance h is found to show two maxima within the 

·range <05x51) one near x=O and the other near x=1, the maximum 

value near x=O being the greatest. 

From fig.2-fig.~ it may be noted that the stress intensity factor 

increases with the increase in the values of frequency k , attains .. 
maxi~um value and then decreases for all orthotropic materials for 

O<k 51. The stress intensity factor is found to decrease with the 
II 

increase. in :the values h, the separating distance of the cracks 

~nd also decteases sharply after the maximum value is attained. 
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APPENDIX 

EVALUATION OF THE KERNAL )( Cry, t.) s 
j, 

The kernal K (ry,t) given by equation (49) is 
j, 

where H<{> is given in equation (30> 

214 

<AU 

To evaluate the integral CA1> we consider two contour integrals 

w.here 

8 = 
j, 

8 = 
2 

1 
c 

22 

1 
c 

22 

( 2 ) 
M < { , y , y > J < ~ t > H < ry~ ) d~ 

j, 2 0 0 
ry>t 

(c +2c ~c c )~ +(1+c >k { 2 2 2} 
j,2 j,2 j,j, 22 22 g 

and C , C are the closed contours .defined in Fig.8. 
j, 2 

(A2) 



Irn3 

fig. 8. ContouTS of integration for integral 

in equation (.A 1) . 
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TAB~E - 1 

ENGINEERING ELAsTIC CONSTANTS 

Materials E (psi> E (psi> 1.1 (psi> v 
~2 ~ 2 ~2 

Boron-Epoxi 32.5x106 1.84x106 
:: 0.642x106 0.256 

composite 

Graphite-Epoxi 2.22x106 22.93x106 ·C:S 0.8x10 0.033 

composite 

Steel-Mylar 26.28x106 4.1x106 0.9x106 0.44 

composite 
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Assu~ing the relation 

{

<c2 +2c -c c )(1+c) 
12 12 11 22 22 

2 
c 

22 

2 2 
2<1+c >} {<c +2c -c c ) + 11 - 12 1 2 11 22 -

c 2 
22 c 

22 

X 
{

(1+c ) 2 

22 

2 c 
22 

- c 4} <O 
22 

4c } 11 
- .. -X 

c 
22 

<A3> 

it is noted that the branch points e =A.. ( i = 1--4) corresponding to 
1. 

the roots of the equation 8
2

-48 =0 are always comple~. 
1 2 

Now the branch points corresponding to the roots of the equations 

are ~=±k and {=±k ;rc- respectively, where it is as~umed that 
a 8 22 

c c -c2 -2c > 1+c 
11 22 12 12 22 

<A4> 

and 

Most of the orthotropic materials satisfy the relations <A3) and 

<A4>. Therefore under the above conpition, e =±k /~ and e =±k 
8 22 8 

are the branch points of r and r respectively. 
1 2 

The integrals in equation ( A2) are found to be zero on the 

contours AC and AC (fig.8) around the branch cuts from A. and ~ . 
1 2 1 2 

Thus integrating the integrals I and I along the contours C and 
1 2 1 

C (fig.8) we obtain 
2 



for contour C 
:1 

- - <t> M (.~, iy , iy ) J <t; t) H . Cry{) d{ + 
:1 2 0 0 ' -

I I (:1) 
M < ~ , y , i y > J < t; U H ( nt; > dl; + 

:1 2 0 0 

( :1 ) . 
M < t; , y , y > J < t; U H < nl; > d{ + 

:1 2 0 0 

" 

_I -~ C:l> 
MCiy,iy ,iy )J <iyUH <iYnldy = 0 

:l 2 0 0 

and for the contour C 
2 

- - ( 2) 
M (t;,- iy , - iy > J <t; t > H <nt; > dl; t 

:1 2 o· o 

• • ( 2) 
M <~, r , - iy > J <e t > H <ne > dt; + 

:l 2 0 0 

( 2 ) 
M < t; , y , y > J < t; t > H < n~ > dl; -
. :l 2 0 0 

I 

n>t 

M <- i y - iy- - iy , :l , 2 
( 2 ) 

>J <-iyt>H <-iYn>dy = 
0 0 

o , n>t 
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<AS> 

<AE;J> 



where 

, 
B = 

2 

= 1 
c 

22 

-<c · +2c -c c >y +(1+c >k { 2 2 .· . 2}'' 
t2 t2 tt 22 ·. .22 &I 



Using the relations 

J < - i y t > = J < i y t > an d H ' 
2 

> < - i Yn > = =- H ' j, > < i Yn > 
0 0 0 0 

CAS> can be written as 

2 [ M < ~ , y , y > J < { t > J < ~ n > d~ -
i 2 0 0 

0 

' - - (j,) M <~ , - iy , .... iy ) J <~ t) H <n~ > d~ -
j, 2 0 0 

~ 

, , (j,) 

M<e,r ,-iy >J <et>H <n~>d~-
j, 2 0 0 

-r ( j, ) 
M < ~ , y , y > J < ~ t > H < n~ > d~ + 

j, 2 0 0 

, 
M<-iy -i~ -i~ 

, •j,, '2 
( j, ) 

>J <iyt>H <iyn>dy = 
0 0 

Adding <AS> and <A7> and using 

; 

M<-iy -i~ -i~ 
' '1' '2 = -M<iy,iy ,iy 

i 2 

o , n>t 

the kernal K <n,t> for n>t can be finally written as 
j, 
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<A7> 



[J
ka/~ . 

K < n , t> = - i [x r -x r ) J < z; t > H < s. ) < z; n > dl; + 
f. ts. 22 0 0 

0 

( X, y, ) J < l; t > H < .t ) < l; n > dl; ] , 
2 2 0 0 

n>t 

where 

x = 
f. 

x ·= 
2 

, 
X = 

2 

[ 
2 2 2-2] 2 2 --2 c ( 1 + c ) ~ - c ( c l; - k +y ) ( c l; - k - c y ) 

s.2 t 2 22 t t a t tt ra t2 2 

2 2 -2 -2 
<c l; -k ><1+c ><r -y >e 

t :t. 8 t2 t 2 

[ 
2 2 2 -2 ] 2 2 -2 c < 1 + c > z; - c < c ~ - k +y > < c z; ·- k - c r > 

:t.2 :t. 2 2 2 t :t. • 2 :t.:t. Iii :t.2 t 

2 2 -2-z' 
< c z; - k > < 1 + c > < r -r > e 

t t 8 t2 t 2 

2 2 z '2 2 2 ;2 
[ c < 1 + c > l; - c < c l; - k +y >] < c l; - k + c y ) 

t2 :t. 2 2 2 t :l ra 2 ; :l.t sa .t2. .t 

2 2 '2 '2 
< c z; - k > < 1 + c > < r +r > e 

.t .t II .t2 .t 2 

2.21 

<A6i> 

<A9> 

<A10) 

<AlU 

The corresponding expression of K <n,t> for n<t follows from <AB> 
f. 

by interchanging n and t. 



DIFFRACTION OF SH-WAVES BY A GRIFFITH CRACK I~ NONHOMOGENEOUS 

ELASTIC .STRIP 

1 • INTRODUCTION 

The natural or artificial materials are usually inhomogeneous; so 

in recent years a great attention has been given in the study of 

diffraction of· elastic waves by .cracks or bbstacles in 

inhomogeneous medium in view of .their application in fracture 

mechanics. Many problems have been solved involving one or ~Qre 

cracks in an infinite homogeneous elastic medium. Loeber and Sih 

(1968) and Mal <1970) have studied the problem of diffraction of 

e 1 as t i c waves by a G r i f f i t h crack i n an i nf i n i t e me d i u m • 1' he 

problem of finite cracl< at the interface of two ~lastic t)alf 

spaces has been discus sed by Srivastava et a 1 ( 1980) and Bas tram 

01987>. Singh et al ( 1977' 1980) considered the probl~~ of 

scattering of SH-wave by cracks or strips in nonho~og~neous 

infinite elastic mediu~. Papers involving crack or strip in 

infinitely long elastic strip are very few. The problem at an 

infinite elastic strip containing an arbitrary numbdr of une~ual 

size Griffith cracks, 1 oca ted para 1 1 e 1 to its surf aceqs and opened 

by an arbitrary interrtal pressur~ has been treated by Ada~s 

( 1980). Finite crack perpendicular to the surface of t.he 

infinitely long elastic strip has been studied by Ch~n <+978) for 

impact load and by Srivastava et al (1981)> for normally incidi;!nt 

waves. Recently Shindo et al <1986> considered· the problem of 



impact response of a finite crack in an orthotropic sttip. 

In our paper, the diffraction of norma 1 1 y incident SH-waves by a 

Griffith crack situated in an infinitely long inhomogeneous 

elastic strip has been discussed. The shear modulu!?<.u> and the 

density(p) of the material have been assumed to v~ry both in 

horizontal and vertical directions. Applying Fourier transform the 

mixed boundary value problem has been converted to the solutimn of 

dual integral equations. The dual integral, equations final ~Y has 

been reduced to a Fredhoitn integral equation of second kltiq by 

applying Abel transform. Expressions for stress intensity fact~r 

and crack opening displacement have been derived. the numerical 

values of stress intensity factor and crack openinS .displace.~nt 

have been depicted by means of graphs to show Up~ effect of 

material inhomogeneity. 

2. FORMULATION OF THE PROBLEM 

Considei;' the problem of diffraction of SH-waves bY a Griffith 

crack in an inhomogeneous elastic strip of width 2h .. The crack is 
:1. 

located 

a 1 1 the 

z /d=z, 
:1. 

-1~x~1, 

in the region -d~x ~d, 
:1. 

-oo<y <oo, 
:1. 

lengths with respect to d and 

h /d=h it 
:1. 

is fpund that the 

z =O<fig.U; 
:1. 

Normalizing 

putting x /d=x · y /d:::y, 
:1. ' :1. 

location of the crack is 

-oo<y<oo, z=O ·referred to a cartesian co-or!!:ti nate SY!:!teni 

(x,y,z). Let a plane harmonic SH-wave originating at z=-oo impinge 

on the crack normally to the x-axis. The variation pf the ~near 

modulus ,u and the density pi~ taken in both the v•ttical<?) and 
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. h. -t l h 
-=~~~~~:o==~--~~~------~x, 

'3. 

1 r 
Fig. 1 crack ih the inpomogeneous S1rip 
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horizontal<x> directions in such a manner that the shear velocity 

j,/2 
(1-J/p) is constant. 

The only non-vanishing y-component of the d"isplacem~nt which is 

independent of y is v=v<x,e,t>. 

The equation of motion is given qy 

If we consider v<x,z,t> in the form 

v<x,z,t) = V<x,y,t> 

equation <1> takes the form 

Putting V<x,z,t> = . -i.wt. 
F<x>G<z>e and 1-J(X,z)= 1-l f<x>g(z), 

0 

0> 

( 3} 

p<x,z>= 

p f<x>g<z> 
0 

in equation <S>. where 1-J
0

, p are constants, 
0 

such that 

j,/2 
(J..l lp ) =c is the shear wave velocity, it is found that F<x> 

0 0 2 

and G(z) satisfy the following equations 

a.z F 
+ n2F 0 ( 4) = 

c1x2 

Dz G 
+ (d2~2 2 b2 2)G 0 (5} - a - -n = 

Dzz c 
2 

provided f<x> and g<z> are of the form 
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2 2 - .!_eU /f) + 1 (~/f) 2 = a 
4 ax 2 8x2 

(6) 

2. 
1 (a2 

) - .!.(8g I g) + - __ g /g = b2 
. 4 az 2 az2 

(7) 

where n; a and b are constants. 

Equations (6) and <7> are of similar typ~. We rewrite the equation 

< 6) as 

d 
d7 [ ( 8f 

ax 

Integrating the above equation we obtain 

where a is a constant. 
:1. 

Again integrating (9) it can be shown 

x + a 
2 = ± ~I 

where a is another. constant. 
2 

df 

Now, we consider the following three possible cases 

Case - 1 a = 0. 
:1. 

In this case equation <10> takes the form 

= _+ 
2
1 I df x + a2 aT 

which ori integrat.ion yields 

<a> 

~9) 

(10) 



f (X) = c 
~ 

where C is a constant. 
:1. 

Case - 2 a = 0. 

±2a.x 
e 

Putting a=O in equation <10> we get 

x + a 
2 

= ± 

from which we get 

where c 
2 

Case - 3 

2 = a a 
:1. 2 

is a constant. 

a ~ 0 , a ~ 0. 
:1. 

In this case (10> yields 

df 

-l<a f) 
:1. 

f(x) = C cosh2 Cax + a) 
3 3 

where C = - ·a /a-z, a = aa 
3 :1. :a 2 
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( 11) 

(12) 

<13) 

Equation (13) gives the general solution of equation <Bi when bdth 

the constants a and a are non zero. 
:1. 

In view.of the above results, we assume the forms of fCx) and g(z) 

as 

f<x> = cosh
2

<ax> and g<z> = cosh
2

<bz> <14> 

so that equations (6) and (7) ~re automatically satisfied. 

Now the shear modulus ~Cx,z> and density of the medium pCx,z> are 



2 2 
~=~ cosh <ax)cosh <bz) 

0 

2 2 
p~p cosh <ax)cosh (bz) 0 . 

( 15) 

The displacement component 
( i. ) v ()(,z,t) and stress 

( i. ) 
T · <x,z,t) due 

to incident waves are given by 

( i. ) 
v <x,z,t> = 

A e 
0 

i. < k z -wl > 2 . 

~ cosh(ax)cosh<bz) 

i.<k z-Wl> 

and 
( i. ) 

T (x,z,t) 
yz 

= A
0
-/il;, cosh<ax) (ikcosh<bz>-bsinh<b#>]e 2 

· 

where A is a constant and k =wd/c • 
0 2 . 2 

Henceforth the time 

seque 1 •. 

factor -i.wl 
e w i l 1 be 

Using (8) and <2>, equation < 1> takes the form 

whose solution is 

where (>k 

Now displacement v<x,z) and stresses T <x,z) 
yz 

(17) 

suppressed in the 

( i9) 

t>k 

T <x,z) due to 
xy 



scattered field are 

+ [ C ({)cosh Ccd<l sin( zd(] + ~ coshCax)coshCbz) x 
0 ' 

+ [cc(lcoshCdxlsin(zd(] 

where B (~) = 1 

-1/J 
0 

B <~ > 
~ 

The boundary conditions are 

c ({) = 

+ ~ cosh<ax)cosh(bz) x 
0 ' 

1 

-1/J 
0 

c ({) . 
~ 

T <x,O> = -T cosh<ax> 
y:z 0 

22g 
, .. : 

(20) 

(23) 



v·< x, 0) = 0 

and T <±h,z) = 0 
xy 

where T =ik ~ • 
0 2 0 

2 'JO 

(.2.4) 

I z I <oo C2S> 

From the boundary condition <25). CC(> is found to be express~ble 

in terms of B<e> as follo~s: 

c (() = . 2( [ 
nF (at, h, a> 

2 0 

F <e,h,a>s<e> 
t 

where F <~,h,a> = asinh(ah>cos<~h) + ~cosh<ah>sin<~h) 
t 

and F Cat,h,a) = atcosh<ah>sinh<ath> - asinh<ah)cosh(~h> 
2 

<26> 

(2,7) 

<2S> 

Next, the use of <26> in the boundary condition cg3> and (24> 

yields the following dual integral equat.ions from which the 

unknown function B<e> is tQ be determined: 

and 

where 

[e[l+MC~>]B<e>cos<~xld~ = p<x> 
0. 

J:sc~>cos<ex>de ~ o 

p (X) = 
2 ( cosh <atx) 
F <at,h,a) 

2 

dt:J: _F_1 _<_e_,_h_,_a_>_s __ <_e_> 

(32 +( 2 

<30) 

<32> 



3. METHOD OF SOLUTION 

In order to solve the duai integral equations <29> and <30>, a<{> 

is taken in the form 

(33) 

so that equation (30) is automatically satisfied. 

Substitution of the value of. B<{> from <33) in <ZSL yi~lds a 

Fredholm integral equation of second kind 

¢< t) + r: u [L ~ ( u • t) + L
2 

(u, t>]¢<u)du = 1 

w.here L <u,t) 
~ 

L <u, t) 
2 

K <(, u) 

= [ e M < e > J < e u > J < e u Ci~ 
0 0 

0 

2 -~r 1 (atU( K<(,u) 
0 = F ( 01., h, a) 

2 

= _[ _F_;_~_~_e_._h_,_a_>_J_0_<_e_u_> 
(32 +t; 2 

d{ 

d( 

Using the results ( Gradshteyn et ~1, 1965) 

[ 

cos<{h>J <~u) 

0 ----{~2-+-0t-:----

rr -Oth 
d{ = 2 e 

rr -Oth 
d~ = 201 e 

I ( UOt) 
0 

I ( UOt) 
0 

~34) 

(37) 



,..., 
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[ 
{sin({h>J <{u) n 0 

d~ COS(Ol h>J ( Uct, ) = 2 ~2 2 ~ 0 ·~ 
-Ot 

~ 

[ cos<{h>J <{u> 

2
rr sin(Ot h)J and 0 

d{ (Ot u) = -
{2 2 Ol ~ 0 i -Ot ~ 

~ 

K<{,u> takes the form 

K <{, u > -
rr
2 

[ as i n h ( a h ) ] Olh = + cosh<ah> e- I <uOt) 
Ol 0 

{>k 

, 

= ;[ cosh<ah)cos~~~h> -
asinh(ah)sin<a h> 
_________ :~._ ] J < ua > , ·c < k 

Ol 0 ~ 
:l 

where a = < k2 
-{

2 >i/Z. 
i 

Using contour integr-ation technique < Srivastav~ et a.l; 1980 

the infinite integral arising in the kernel 

converted to finite inte~ral and is given by 

Now F (Ot,h,a> 
2 

d{ 

(q8) 

(39) 

(40> 



where 

F (a,h,a> = acosh(ah>sinh<ah) - asinh(ah>cosh<ah> 
2 

= -[a cosh<ah>sin(a h) + asinh<ah>cos(a h)]. 
1 1 1 I 

I 

(>k 

Using the value of K <(, u > from (38) and 
I Z 2 2 

putting ( =k ( 1-y > 

2 2 2 ( =k (l+y ) in first and $econd integrals of (40) respeetiv~ly~ it 

is found that 

L (u,t> 
2 

(1-y2 > 1 ' 2 ~~ycosh<ah>cos(kyh>- asinh<a~)~in<kyn>J 
kycosh<ah>sin(kyh} + asinh<ah)cos(kyh) x 

-[ 

x J <kyu>J <kyt>dy -
0 0 

(1+y2 >1
'

2 [asinh<ah> + kycosh<ah)Je-kyh 
kycosh(ah>sinh<kyh)-a~inh<ah>cosh(kyh) x 

x I <kyu> I <kyt>dy ] 
0 0 . 

4. STRESS INTENSITY FACTOR AND CRACK OPEN! NG DI SPLACE~NT 

From (15) the stress T on the plane z=O can be written as 
y:z 

<41> 

Substituting the value of C<(> and B<~> from <20> arid <27> the 



expression for the stress finally can be deduced as 

T <x,O> = 
yz 

T xcosh<ax> 
0 

¢<U + o(1) 

~efining the stress intensity factor T by 

l
<x-1>./2

T <x,O> 
T = Lt yz 

x-H.+ T . 
0 . 

we obtain, 
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1 
T = - cosh<a> 14>< PI (4.2> 

-{2 

Now the crack opening dl~placement Av<x,O>=v<x,O+)-v(x.O-> can be 

obtained from <20) as 

which on substitution of the v~lue of B<{>· from (3q> takeSi t.h~ 

form 

Av<x,O> = 
2T 

0 

1-l coshtax) 
0 

8. NUMERICAL RESULTS AND b!ScUss.:t:ON 

Using the method of Fox 13-nd Goodwin (1953)" the Fredholm 

u~3> 

inte~ral 

equation given by equation <34) has been solved mJtnerically fCilr 

different. values of material inhomogeneity parameters. In this 



method the integral in (34) at first has ,been represented by a 

quadrature formula involving values of the desired fun¢t1on ¢,(t) 

at pivotal points insioe the specified range of int¢~rp.tion and 

then converted to a set of linear algebraic s i mu 1 tahec.w$ 

equations, solving which the first approximation to the requireq 

pivotal values of ¢<t) has been obtained. Applying ditferenee-

correction technique thE? fir!3t approximations has b~en improved. 

The kernel Lt (I.J, t> given by (39) and the first int~~qll of th¢ 

ke"rnel L <u,t) given by (41) have been evaluated n4merically by 
2 

using Gauss quadrature integration formula. The secqnd infinite 

integra I of the kerna I L
2 

< u, t) has been eva 1 ua ted by Simpson's 

method. After solving the integral equation (34) numerically• th~ 

stress intensity factor T and the crack opening di~place~$ht 

21-l v(x,Q)/T 
0 0 

have been calculated numerically and plotted 

separately against di~ensionless frequency k 
2 

<O<k51.5> 
2 

anq 

dimensionless distance x <05x51) respectively for different val~es 

of material inhomogeneity parp.meters a, b and strip w~dtn 2h. 

In fig.2, the effect of the width of the strip on the stras~ 

intensity factor when the material is assumed to b .e homog~heous 

has been shown where as the effect of inhomogeneity of the 

material on the stress intensity factor for different Width of the 

itrip has been depicted in fig.3-fig.5. 

ft is found that the effect of the strip width incre~ses 

prominently with the inc~ease of tha frequency ~~ere as the 

inhomogeneity parameters a and b have no remarkable !=ffect on tne· 

stress intensity factor for a fixed value of the strip width 2h. 



In fig.6-fig.9 the crack 

dimensionless distance x for 

opening 

different 

displacement 

values of 

236 

against 

material 

inhomogeneity parameters a, b and the strip width 2h have been 

il 1 ustra ted by .means of graphs. In each case the maxi mum va 1 ue of 

the crack opening displacement-is found to occur at x=0.08 and 

then after a few oscil 1 at ions it gradua 1 1 y decreases to zero at 

x"=L It is also to be noted that the magnitude of the crack 

opening displacements increases with the increase in the value of 

the dimensionless frequency k the increase being more prominent 
2 

in the case of the presence of lateral inhomogeneity. 
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Fig. 6. Crack opening displacement vs. dimensionless distgnce ~ 

(a=o,b=o). 
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MIXED BOUNDARY VALUE PROBLEMS IN VISCOELASTIC MEDIA 
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Paper - ·a 

Moving punch on a viscoelastic semi­

infinite medi~$. 

Antiplane dynkmic ~rack propagatimn in 

an inhombgeneous viscoelastic. solid. 



MOVING PUNCH ON A VISCOELASTIC SEMI -I NFI NIT~ )I(E;DI U)l( · 

1 • INTRODUCTION 

P r .o b 1 ems i n v o 1 v i n g the mot i on of a punch on the sur f ace o t an 

elastic half-space or on the free bounde.ries of long strips are 

extremely important in view of their application in road 

construction techno 1 ogy and a 1 so in geophysical research. P1,..1nch 

problems within the classical theory of elasticity have been 

studied extensively by Galin (1961) and by Gladwell (1980) in 

their books. The motiom of a rough punch on an elastic half-space 

has been treated in detail by Suhub i ( 1972). Recently prob 1 ems 

involving antiplane motion due to punches moving along the 

surfaces of an elastic strip have been solved by complex variable 

methods by Tait and Moodie (1981>. An analytical solution to the 

problem of a long rigid punch moving rapidly on a strip of a 

highly orthotfopic elastic layer has been solved b~ Georgiadis 

< 1987 > using integral trans farms . and the Wiener -Hopf techniques 

( 1958) . 

However, natutal or artificial materials have generally 

dissipative behaviour which often can be taken into acco4r)t by 

viscoelastic models. Adcordingly, proble~s involving the motiqn of 

a punch on a viscoelastic medium h~ve drawn the attention of ~any 

PUBLZS:HED J:N " J:NDJ:AN JOUR~A~ Of" ~URE AND ~PP~J:Ji!D M~'J'ijli:~AT:tqs': .. 

VOL-2iu~) : P~. ~47..:.~64. ~ ipPQ~ 
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scientists. The problem of a rigid cylinder rolling on the s4rface 

of a viscoelastic half space has been solved by Hunter (1961>. The 

contact problem of rigid cylinder rolling slowly on a thin 

viscoelastic layer has been treated by Alblas and Kt.Hpers <1970) 

assuming that the layer thickne!;ls is sm~ll compared to the ~idtn 

of the contact region of the cyl irtder. The problem of a plane 

punch sliding without· fr.iction on a viscoelastic half spaoe has 

been considered by Golden <1977>. 

In the present paper, we have examined the stress and displacement 

field produced by a long punch moving on the boundary of a semi-

infinite viscoelastic medium and producing Horizontal Shear waves. 

Two types of viscoelastic models viz. Ma)(well Solid and Standard 

Linear s·olid have been considere~ and loading is assumed to be 

such that Mode I I I conditions prev~i 1. The mathematical technique 

which is employed here consists. bf the application of integral 

transforms and the solution bf the resulting Wiener--Hopf equations 

for the transformed unknown variables. Both the steady and 

nonsteady solutions of the ptoblem have been derived. Displace~ent 

and stress on the free surface and at points below the punch have 

been derived analytica~ly and the nature of their variat~~na Witn 

the ve 1 oci ty of the IJidV i ng pur\ch has been shown by meal'l!;! of 

graphs. 

2. FORMULATION OF THE PROaLEM AND its SC>i..UTION FOR s'fEJ.bt Srf't~ 
MOTION • 
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Fig.l .. The Geo~et:ry of the problem. 



into motion by semi-infinite rigid punch moving with a constant 

velocity v in the direction of the x-axis. The y-axis is taken 

vertically downwards into the medi~m <Fig.1). 

For horizontal shear w~ves, the displaceme~ts along X •ri~ Y 

directions are zero and only the displacement W = W<X,Y,t> along 

Z-direction exists. The stresses ~nder the punch are 

o = o CX~Y,t> 
J.3 J.3 

and o = o, <X,Y,t> 
23 23 

(1) 

The non-vanishing strains are 

1 aw 
e = 

J.3 2 ax and 
1 aw 

e = 
23 2 iJY 

( 2) 

Considering a 'Standard Linear Solid' as the viscoelp.stic model, 

the stress strain relations are 

000 
\.3 

~ + {3oi.3 

a eo 
= 2 ( 0 ~.a + ote 

1-.1. ~ \.3 ) 0 , 

i=1,2° (3) 

where a,~ are positive constants and 1-.1. is the inst~nt~h~pus 

elastic modulus of rigidity of the material. 

The equation of motion is 

00 
t3 ao2~. 8

2 w 
~ + T p -- ~ 4) 

I c1t2 i!X O.Y 

where p is the .density of the mat.~rial. 

The boundary conditions of the problem are 



W<X,O,t) = w 
0 

W <X, oo, t > . = 0 

o <X,O,t> '* d 
23 

249 

X-vt<O 

-oo<X<oo ( 5 ) 

X-vt>O 

Since we are going to inve~tig~te the st~ad¥ state prqp~gatio~ ~t 

a punch, it is convenient tl:l ~etin~ a moving oo--orchnat¢ ~yEjt!;!jn 

<x,y> whose origin coincids~ ~ith the tip of the punbh ah~ ~hose 

a·xes are parallel to the fi>eiad <Xt Y> a~es respectively (Fi~~ 1>. 

Hence putting x = X-vt, r - y equ~tions (1) 

respectively 

0' = o <x,y> ahd a = a <x,y> 
·j.3 j.3 ·~a 23 

1 iJ and 1 iJ . 
e = 2 iJxW<x,y) e = 2 DyW<x,y> 

13 '23 
(7) 

Do 

( iJ;£ w iJW ) 13 + (3oj.3 v - v = J.,l - -' -·-' + 0( 
iJx iJx ijx 2 

( 8) 

iJo 

( iJZ IJ iJW ) 23 + (30'23. - v -- = I..J - v 
iJxiJy + 0( ay 

iJx 

and 

00' iJ& iJZ W 13 ' 23 2 
(9} + = pv 

iJx iJy iJx~ 

The boundary conditions <S>, now becmme 



W<x,O> = w x<O 
0 

W<x,oo) = 0 -!X><x<oo 

o <x,O> = 0 x>O 
2:9 

Now introduce Fourier transform 

t<e,y> 1 J_: f<x,y>exp<iex>dx = --
-l2rr 

so that f(x,y> = -.-~- I_: f"<t,y>exp<-iex>de 
-{2rr 

Taking Fourier transform of <8> a~d (9) we get 

<1e v + rna - 1-l<e~v - ieot>w 
~:9 

<lev + ~~0 ~-J<iev + ot) 
dW 

::; 
dy ~a 

1::!-nd 

do .. 
ie"O 

23 ~ ·Z-'-+ dY - -pv·z;·w 
~3 

Eliminating o~ 3 , o from <12), 
23 

(1~) and <14)) we obt~~h, 

where 

2 r = (e - i~) ~)] 

250. 

<iO> 

pi) 

<13> 
I 

(16) 



The branches of y are so chosen that 

Re<y>>O for -a<~~<t><O 

where 

Now the solution of equatipp (15) bounded as y ~ ~ is 

Let us consider 

W<x,O> wo &x x<O, €>0 ari<:i = w = ~ 
0 

~e maQe t6 tend td ~~rd 

~ W p<x> <s~y> p ' 

o <x,O) = 0 x>O 
23 

= w t<x> 
0 

(say) 

x>O 

)((0 

where p<x> and t<x> are unknown f~notian~ such that 

- 0 ( 
..,.Jc :K 

) p<x> 
j_ 

e 

- o( +k x 
) t( X) 

2 
e 

Taking Fourier transform of (~9) 

w 
W<{,O> = 0 

-I<27IT ( .t + i lf ) 

where 

a~ x -t oo t 

as x ~ - oo , 

k >O 
~ 

k >O. 
2 

+ 
w 

0 p (~) 
+ 
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<i7> 

<Hb I, 

& w i l 1 

f ~ n!=d J y 

(19) 

t2d> 

( 21> 
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./ "' 

<~=o+~r> 

In <21> the fi~st te~rn on th$ f~ght hand side i~ ~n~Jytic ~~ the 

lowe~ half plane Im<~> = t < E; anq p t~> ~s l;l,naiytiq ~11 the upper 
+ I I 

half plane r>-k (k <a, say). s s . 

Again taking Fou~ie~ tran~to~~~ df (20> 

w.here 

c; <{,0) = 
23 

\J 
,____o.....:..,-, T ( { ) 
-l"f2iiT 

T <e > = J 0 

t<x>e?cp,<i{x>dx 
-Q) 

(~3) 

T_<~> is analytic in the ldwer h~J~ p.l~ne T<k. ther~for., V<f,O> 
2 

is analytic for -k <r<& and o. <e,o> is analytic in the. low$r ha•f 
s ~3 

p 1 ane T <k . 
2 

From (13>, 

[ <tev + (1>'0 
. 23 

dW 
1-l ( i{ v t 0!) -::!"":":' ay 

Using <18>, (21) and (23) ttjis peoornes 

T (~ ) H <K > [ f\ <~ > 
i ] = {- i& 

where 

~e (e - ~~]i/.2 

[ (1 -
2 ){ )r· H <{ > 

v 
i ( 

v(1 Ot = + -(e ~~) c~ ·c2 v 

] -"=o 
~ ' ' 

<-26) 

It may be noted that the prdp 1 em has been reduc$q to a f qtm 

suitable for the application of the Wiener-Hopf technique. 



Now H<~> can be written as 

H<~> 

where 

and 

H ( ~ > = 

= H <{>H <~> 
-t 

v: )' ~ + i ( v~ 
C' I C' 

H <~> is -analytic in th~ ~PP~f h~i!:if plan~ T>-a· 
+ 

analytic in the lower half plane T(Q. 

l$'3 

~27) 

<29> 

H <{ > is ., 

Introducing <27> . in eqU~tton (~5~, w~ dbtai~ · ~f~·r ~ tittl-

algebraic simplification, 

T- (~) 

R- <e > - R- <t > = k <e > P <e > - R <1{ > + + + . 
(30) 

where 

i [ H <~ > - H ( i&) ] 
+ t R (~ ) = 

+ 1{ - i&. 
I 

i H ( i&) 
and R (~ ) 

+ = - ~ ~ i& <32> 

The functions R <~> and R <~> are such that each is ~nalytib ~nq 
+ -

non-z~ro in some upper and lower h~lf planes respectiVely. 

The functions on the R.H.S. df (30) are analytic and non-zero in 

the upper half plane T>-a anq the functions on th~ L.H.S. ~re 

analytic and non-z~ro in the lower h~lf plane T<O. 
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I 

Since, both the functions are analytic in the strip -a<T<O, .the 

principle of analytic continuation states that each r~present~ a~ 

entire function M<~> in the whole ~~plane. 

Now near the tip of the punch, 

0 
(

- xl)t/2 a <x,O> - as 
23 . 

and R _ < ~ ) - o ( ~ -t) as I ~ I -+ ll' • 

Thus the L. H. S. of <30> approaches zero as I~ I -+ oo. It maY be 

concluded by Liouville's theorem that M<~> = 0 and ther~fore 

and 

Now, 

T (~ ) = -

So from <23> 

(i (~ , 0) = 
23 

T 

p 
+ 

i~H 

w 
0 

Therefore for x<O 

( ~) 

( ~) 

v(3 
2 

c 

.. , I - ft.. ~~Hl <e> <33> 
I 

= 
~+ (~ ~ 
H' (~) 

;+- . 

I ' 

~34> 

~ )r~ 
v 

<35> 



Considering a branch aJqn~:t the posit~ve 

starting from e ia 
= - and chan~ i ng the Hath of v 

2$5 

imaginary axis . ; 

int~~:ratioh from 

real ~-axis to the path around tp¢ branch cut a$ shqwn i~ Fig.2; 

it can easily be shown that ~he int~gral 

can be converted to th~ fdllb~Jn. ~ptegr~J 

rri 

e 
4 ... 

where x has been rep 1 ac~d b)( 

value of the integral. 

For ~-a large values of --· x 
v ~ 

= mx , 
' j, 

(36) can be evaluated in the fdt~ 

rri a 

-l.lx 
' j, 

e 

(~ - ~) 

whete m 

qu 

= ~-a 
v 

-
= -2 e • e [ )( 

r<31~> r<&12> t<71?? v j, 
(X .)-V'ji! + + 

t " ' 
2, 2 

mx m X' 
I t t 

and for smal 1 values of mx it can be shown·that 
j, 

rri 

~><a m , 
+ 

t .... ; . ] 

(~7) 

(3~) 

The details of the evalu~tion of the ~ntegral I ha~ Qeen sro~n in 

the Append 1 x -1. 



fP - plane 

Im & 

~=-- i,; 
'f- u 

Re f9 

F'1g. 2. Path of Integration to evaluate I . 

'2.56 
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Therefore using (35) and <36) we obtain for x<O, 

Also with the help of <39) and (37>, for large values of mx <x<O> 
1 

·we have, 

o <x,O> = 
23 

J.lW 
0 

rrmx 

. [ 
1 

r<312> 

mx 
1 

+ 

Now, ·from <28>, <31> and· (39) 

~ l]"'" ~ -: · .• 

rcs12> 
2 2 m x 

1 

r<712> 
+ 

3 3 m x 
1 

+ 0 0 0 0 0 0] 

i p (~) = 
+ f 

~ [( 1 - ~: J~ + i ( :~ - ~ )]1/2 

Using this result in <21) we get 

W<~,O> = a = 

( 41) 

& -+ o. 
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Taking inverse Fourier transform 

CD- i. d 

W<x,O> = I 1 
e x p ( - i ~ x > d~ , x>O <O<d<a> 

~-l<~+ia> 
-CD- i. d 

<42) 

Transforming the integral in <42) to an integral along the ~ontour 

around the branch cut from -ia to -ioo, ~t can be shown that 

W<x,O> = 
iW 

0 

1f 

which can be written as 

w 

-C1X 
e e 

ni. 

• -u - i/2 e U 
U+ax dU <x>O> 

W<x,O> = 0 -C1X/Z 
e ( a x ) -s./ • W ( a x ) <x>O> (43) 

-:1/4,-:1/. 

where W is the Whittaker function (1969). 
lc,m 

Using the results that 

w ( z) -
Jc,m 

and 

r<-2m> z 

:1 
- + m 
2 

r <~ - m - ·k > 
2 

w ( z) -
Jc,m 

-z/Z 
e 

e 
-z/2 

+ r<2m> 

r<~ + m - k) 
2 

for large z, 

in (43> we obtain for small values of ax <x>O> 

W<x,O> = w 
0 

-C1X 
e 

2W 
0 e -C1X -{(aX) 

and for large values of ax <x>O> 

:1 

2 z 
- m -z/2 

e 

for small z, 

(44) 



w 
WCx,O) = 0 

- a.x e x -+ oo <x>O> 

3. SfEADY SfATE SOLUTION FOR MAXWELL SOLID 

2.59 

(45) 

For 'Maxweil Solid' the stress·strain relations obtained from (3) 

putting a = 0 are 

iJo. iJe. 
'1.3 '1.3 

+ {10, = 2~-J ~ '1.3 ~ 
i=1,2 (46) 

The stress can be found by putting a = 0 in (39> as (for x<O, y=O> 

- 1-JWo ( [ 
-ux 

v(1 )t/2 rue t 
o <x,O> = du 

23 ·IT 2 f!_ c u -
v 

For sma 1 1 values of 11 
X x<O putting a = 0 in (40) v , 

1JW 
('v~ )t/2 

o <x,O> 0 o+ <x =-x) = , )( ... 
23 -rnx t t c 

t 

Again for large values of (1x/v , '<x<O>, from '(41> 

o <x,O> = 
23 

[" (:!.) + 
2 

["(~) + 
2 

<47) 

we get 

(48) 

+ •••• ] 

(49> 

Putting a = 0 the displacement on the free surface Cy=O, x>O> is 



obtained from <43) as 

W<x,O) = 

where 

w 
0 -kx/2 

e ( k X ) -j./4. W ( k X ) - <x>O> 
-j./4,-j./4 

which for small values of kx>O becomes by help of (44) 

w 
0 

-kx 
e 

2W 
0 e-kx -{'('10(') 

and for large values of kx>O, using <45>. we obtain 

W<x,O> = 
w 

0 
-kx e 

X -+ 00 (x>O> 

4. SOLUTION OF THE PROBLEM FOR NON STEADY STATE MOTION 

260 

' (50) 

(51) 

<52) 

In this case it is.assumed that at time t=O a s~mi-infinite punch 

~tarts to move with a constant velocity v at X=Y=O on the surface 

of the semi-infinite viscoelastic medium. 

The 'Standard Linear Solid' is taken as the viscoelastic model. 

Shifting the origin at X=vt and putting X-vt=x and Y=y so that 

a a = ax ax ' and time derivative equal to -v a 
+ at 

stress displacement relations given by <8> become in this case 

the 
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iJo iJo ( - iJ2 w iJ2 w iJW ) ~3 ~3 
+ (30' - v + = J.l v + iJtiJx + 01 iJx iJx at ~3 ax2 

(53) 

iJo iJo ( - iJ2 w a2 W aw ) 23 23 
+ (30' - v + = 1-l v axay + atay + 01 ay 

iJx at 23 

Both these equations can be reduced to ordinary differential 

equations by the application of the Laplace transform over t and 

the Fourier transform over x. 

Let us denote the Laplace transform by a single bar 

f(x,y,p) = I: f(x,y,t>exp<-pt>dt 

and Fourier transform by two bars 

1 _ T<{,y,p) = f_: f<x,y,p>exp<i~x>dx 
Applying these transforms to (53) we get 

<i{v + p + (3>'0 
23 

dCT = J.l ( i{ v + p + Ol) dy 

Now the equation-of motion given by (4) becomes 

ax 

iJo 
23 

iJy 

(54) 

(55) 

(56) 

(57) 



262. 

which after taking Laplace and Fourier transforms takes the form 

(58) 

Substituting for 0' 
i-3 

and o from <56) and (57> in (58> we have 
23 

where 

2 
r = 1 

[ t 2 
<vi{+p+od +. ~<vi{+p> 2 (vi{+p+~>] <vi{+p+Ot) ,... 

The branches of y are defined by Re<r>>O. 

(59) 

(60> 

Since the stresses are bounded as y ~ oo , W<~,y,t) and hence ~lso 

~<{,y,p> must remain bounded as ·y ~ oo. 

Hence, the solution of .the equation (59) is given by 

"' . -yy w({,y,p> = A<{,p> _e • 

Now the boundary conditions are 

W<x,O,t> = W H<t> 
0 

W (X, oo, t) = 0 

o <x,O,t> = o. 
23 

. ' 

x<O 

-oo<x<oo 

Taking Laplace transform with respect to t, 

conditions become 

(61) 

these boundary 
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w 
W<x,O,p> 0 x<O = p 

(62) 

Ci <x,O,p) = 0 x>O 
23 

Let us consider 

W<x,O,p> = w p<x> <say) , x>O 
0 

(63) 

and Ci ( x , 0 , p > = J.J W
0

. t< x > 
23 

<say) x<O 

The functions p<x> and t<x> are such that 

'o ( -k X 

) p<x> - t. k >O e ~s X -+ ~ , 
t. 

o( 
+k X 

) t<x> - 2 k >o., e as X .. - 00 , 
2 

Taking Fourier transform of (63> and (64> we obtain 

'C'<~,O,p> (64) 

where <~=a+ 1 T > 

and (; <{,O,p> = J.JW T <~> 
23 0 -

(65) 

where T_ <~) = I_: . 
t<x>exp<i{x>dx 

The integral of t1<~,0,p) over <-oo,O> converges if and only if 

lm<~> = T < 0 and integral over <O,oo> converges if T>-k . a is 
i 23 



analytic over (-:-oo,O) if T<k. 
2 

Now (57) becomes with the help of (61>, (64) and (q5) 

<vi{+p+f3> T_ <e > 

( v i e + p +a) r 

.264 

<66> 

In this form of equation Wiener-Hopf techniqu~ ca~ ·~asily be 

applied. 

5. NON STEADY' STATE SOLUTION FOR MAXWELL SOLID 

For general 01 and (3, y does not readily factorize. Expre~sion~ for 

the roots of y = 0 can be obtained but these- are difficult to 

h~ndle.· We discuss here the case of the Maxw~ll S~lid, where 01~0. 

Iri this case y
2 reduces to· 

e + vc
2

2 ) [ ~ 2 + y2 = ( 1 - .. 
vi<2p+(3> 

(67) 

The quadratic within the second bracket equated to zero has the 

complex roots 

viC2p+(3> 

2 c 
±~ 

c 

one positive and one negative for v<c. 

Hence 
2 :1./2 

r = ( 1 - v 
2

) < e + i x :1. > :1. / 
2 < e - i x 

2 
> :1./

2 

c 

(68) 

(69) 



where 

X 
j, 

= 

X = 
2 

v<2p+/1) 

2 c 
+ 2 

c 
p<p+/1) + ~ 2 ·2 ] 

0 462 

~ ;) [ _ v(::tM + ~ 
c 

2 ' ] . + y /1~ 
p < p+/1> 4'c* 

Branches are chosen so that r ~ +~ as ~ ~ ±~. 

265' 

(70) 

Thus for a Maxwell Solid; <66> can l:le written 19.fter S!h'lplicat~6n 

as 

= 

T- <~ > < i X > 1'~ •• 
i~p 

< ~ + i X > j,/ 2 
- < i X > 1'

2 

j, j, + ( ~ + i X ) U2 p ( { ) 
j, ' + 

i~ p 
<71> 

The function on the left hand side bf (71> is ·~a,ytt¢ t~r T<O a~d 

the function on the right hand $ide of <71> i• $n•i~ti~ fQr T)~k •• 

As · they ar.e both equal for -k <T<O the principle of analytic • 
cant i nuation gives tha·t either side represents the same entire 

function M<~>, say. Further we had previously noted that 

T_<~> ~ 0 

p (~) ~ 0 
+ 

Liouville's theorem gives that M<~> = 0 and thus 



p (~) = 
+ 

and 

T- <~ > 

<iX >~/2 
~ 

i ~ p ( ~ + 1 X ) vz 
~ 

i~p 

<72> 

(73) 

Therefore, t:T<~,O,p> given in (64>, with the help af <72>, takes 

the form 

t1c~,o,p> = 

Taking inverse transforms one get, 

c'+i.OO 

W<x,O, t> 
IJ 

= i
0 2!1 I 

c' -i.oo 

< iX >~/z 
. ~ 

p 
'pt. e . dp 1 

211' 

oo-i.d 

I 
-oo-i.d 

O<d<k , x>O 
i. 

<74) 

(75) 

Taking the path of integration aro~rtd the brahq~ cut ~lbn~ 

negative imaginary axis from -iki -~6 -i~ th~ int~gr~~ 

oo-i.d 
-i.{x 

= ~r ~ de 
I )~/2 

~ c~ + i X~ 
-oo-i.d 

can be converted to the integral 



which is finally evaluated as 

= 2-fn ni./• e e 
-X X/2 

~ _r.:x < xX >-:a/• W < X > l'X X I • 

~ -~/·,-~/· ~ 

Putting this value of the integral in (75> we obtain 

c' +i. 00 

W<x,O,t> 
w pl 

-xx /~ 
.1 I 

t. 
0 e e = 2ni rn p 

c'-i.oo 

x>~ 

Now .. fo~ small p, 

X ( v(3 ) I (1 v-z. ) k (say> = - = 
t. 2 0?-c 

and for large p, 

X = p 
t. c - v 

, 

therefore for large px 
c - v , 
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<76> 

<77> 

(78) 

So in equation <76> putting the value of X for small p· given by 
t. 

(77>, we obtain for large time t, 

W<x,O,t> = <79> 



w~ich is same as ' I case 
'I 

fbr ali ¥>0 

given by <SO>. 

For large p, i.e·. for small titne t and for all finite!! x such th~t 

px/(c-v> is large, using <78) we obtain from <76> 

2W 

n
o J c-xv (t. w·< x, o, t > = 

~ow, using <73), (65) becomes 

; <{, o, P > 
23 

)( . 

)

:1./2 ( 

c-v . H t. 

After taking inverse transforms it converts to 

c' +i.OO 

~-JW (1 - v:):L/2 1 I 
pt 

o <x,O,t> 
0 e = -i- 2ni 23 p c 

c' -i.oo 

a>-i.d 

c~v) 

< i X >s....-2 d :1. p 

·x 
1 

2rr I 
I, 

e X p ( - i ~ X ) de 

-a>-i.d 

Reversing the order of integration 

o <x,O,tJ = 
23 

where 

1-JWio (1 - v22):L/2 1 
2ft c 

co-id 

·I 
-arid 

(80> 

X 

(8~) 



c' +i.OO 

1 I F <{ > = 2rri 

c' -i.oo 

For large {, <83) becomes 

where 

B.= 
1 

2rr i 

c; +i.OO 

I 
c, .... ta:> 

pl 
< i X )~/~dp e 

p ' ~ 

Putting the value of F({) from CS4> in (82) we ~et 

a <x,O,t> = 
23 

(for all t>O> 
i ' 'I 

<e3> 

(8EJ) 

The -evaluation of B for all t <t>O> has been dQne in the 

Appendix-2. 

~or small p i.e., for large t, uS~ing from <77) that 

we have 

Substituting the value of B given by <87) in (86> we obtain 

a <x,O,t) = 
23 

( v~ )v2 
c 

<87) 

which is same as the result for the steady state case given by 

(48). 



The variation of the nondimensional values of B given by 

2)j./2 
- ~ B 

2 
c 

a1o 

has been plotted against nondifilen!;ional tim~ t =~t fox- various 
l 

values of v/c = 0.5, 0.7 and 0.9 ~nd has ~e~~ show~ ~y means· qf 

graphs in Fig.3. 

Now for all values of X i.e., for general value df e the integ~al 

1 
2n i 

a>-id 

I 
-oo-id 

appea~ing in equation <a1> c~p be eonverted to the int~gral 

I j. = e [ 
~ince 

<u+x j 
2 

p+~ > X 
v 2 

. ( ~8) 

considering the path of 1nt~gra1:ion al'ounq the bran¢h cut ~~brt$ 

positive imaginary axis from iX to ioo as shown in Fig.4. 
~ ''1. 

So using (88>, (81> becomes 

a <x,O, t>· = -
23 

f..J"W 
0 

n: (
1 - v_ zz)j./2 ~, 

~n:i c 

X [ <u+X > (u+X ~ 
. 2 z 

c' +iOO 

I· 
c' -ico 

~) 
p+~] 

v . 

pt X X 
e <X >j./2 e z 

p ~ 
dp 

du + ( v~Jt/2 
f...IIJ 1 - -

0 2 
<:: 

X 
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u 
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Ret; 
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c' +.i.~ 

X + I 2rr i . · 

c' -too 

For large t (i.e.,for sma~J p u~ipg X~=k, X2=0) an~ for ail x(~<O> 

we obtain from (89) 

where 

a <x,O,t> = 
zg 

k = ( :~ ) ) ( 1 -
~2 ) 

:i c 

ux e 

u -

rud 
12 

u 

v 

which is· same as the solution for the steady state bas~ fpr ~11 

values of x>O given by <47). 

6. RESULTS AND DISCU~ON 

The stress o Cx,O> 
23 

just below the punch <x<b> and the 

displacement UCx,O) on the· free surface Cy=O, x>O> have been 

computed numerically from equations C39) and C43) fpr different 

values of parameters v/c and o./(3;, The case a/(3=0 cprresponds to 

Max we 1 1 So 11 d. ln Fig.S non dimensional stress 

• 

• T 

CT. ( X r 0) 
23 = 

been plotted against nondimension~l distance x = (3x /c for values . .. 

of the parameter v/c = 0.5, O.Q and for v~l~e~ of th~ parameter 

o./(3 = 0 and 0.2. 



For the same sets of the parameter values n6ndir~~ensional 

displacement w* ::: W/W has been plotted versu!:! pdMi i ~ens ton a 1 
0 

distance • (3x/c in Fig.q. w;,. vari~!:i from i to zetq • X ::: 13-$ X 

changes gradually from zero to~-

It may be noted from the gt~Phs t~~t vati~tiort of t~~ y~lues 9~ ~· 

with x* is rapid with th~ indf··~~ in the v.lues of th• para+et~r 

v/c. Further it is found that t~e ~raphs becom~ ~teep$r with th~ 

decrease in the values of the p~rameter a/(3. From Fi'g.S it i!!'l 

found that nondimensional 
' I 

str~s~ •• T with the 

.decrease in the values oi ~/c ~het~ as for a ti~¢d v~lue of v/c 

graphs become flat with t~~ incr~a~~ in the ~-lues of ~((3. 
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Evaluation of the integral 

I = L: (e - ~) ~/2 
(e - ~~) 

eX ):> ( - i { X ) d{ 

The contour of integration is ~hown in Fig.2. 

ia 
Putting { = -- + iu v 

O<u<oo , the integral can be written as 

-ux 
-Yue ~-

du x=-x ,. x<O 
~ 

where J means the principal value of the integral. 

Now, for large ((!_ - ~)X 
v v j, 

becomes 

2e = 

Tri./4 OIX/V 

2e e [r = 

<x<O> putting ux = z the integral. 
j, 

-z 

-fZe dz 

-:; 
e -r -z 

e 

+ 
2 z· 

((3-cxx )2 
l v . ~ 

dz { 1 + 
2 

((3-a.. ) 
l---v-~ ~ 

+ 

+ ••••••• } ] 



Tri./4 
e Otx/v [ 

-IX 
1 

2e = v 

<{3-o.) )( 
1 

+ 
3 

v 
3 9 <{3-o.) )( 

1 

+ 

r <~) 
2 

Again for small (@_ - ~) )( Lv v 1 
pt.itting 

converted to the integral 

278 

2 

v rc:i) + 
- 2 2 2 

< {3 -cA.) x 
1 

+ •••••••• ] 

u = (~ - ~) z can be 

rri. 

e [ z -:zl exp(-z<(l~">x,) dz 

rri. 

= 2 e 
4 

e 

rri. CA 
X 

2 
4 v 1 = e e 

So, 

rri. CA 
X 

2 • v 1 = e e 

X 

R+ 
1 

.R 
1 

rri. 

e 
X 

v 1 r~o.J 1/2 X 

1 exp(-t2 <{3-o.)x) dt 
t2- 1 v 1 

0 ( <{3~o.) x
1

) 
J where t~ z ::t: 

as (<{3~ot)xt) -+ 0. 
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EVALUATION OF THE INTEGRAL B. 

The integral in <85) 

c 1 +i.OO 

!._(1 v:J-vz 1 ·J pl 

~(p ~) 
2,2 

8 ~ + + p(p+/3) + '!..___[!__ dp. = -
2n i p 2 -IC c 4c 

c, -i.j:l:> 

has a simple pole at p = 0 and br8rnch points at p = -~, 

p = 01 = {1 
( -1 + RJ 1 2 . 

and p = 01 = {1 
( -1 - RJ 2 2 

Taking the branch cut along the negative real axis fro~ 01 to -oo 
. ~ 

the integral can be considered as a contour integral around the 

path as shown in F~g.7. 

Let, 

c' +i.OO 

1 I = 2n i 

c' -i.oo 

which can be written as 

I 
1 

pl 

J v(' e c p, p 

where 

integral from pole at p = 0~ 

+ ~) + ~ (p-Oi1) <p-q2 f dp 

is tne oqntribution to t})e 



C+iR 

-p 

~-+--~. c-iR 

Fig. 7. The integration contour to evaluate 8 for th~ ryiclxweli $0lid. 
r 



ANTI PLANE DYNAMIC CRACK PROPAGATION IN AN INHOMOGENEOUS 

VISCOELASTIC SOLID 

1. INTRODUCTION 

282. 

Until now many authors, Baker <1962), Cherepanov and Afanasev 

<1974) and others have investigated the dynamic crack propagation 

in a homogeneous elastic medium. This problem presents an interest 

for a better understanding of the brittle behaviour. of the 

material. However, natural or artificial materials are usually 

i n homogeneous . The :r e e x i s t v e r y f e w s o I u t i on s to the p. rob 1 em o f 

dynamic crack propagation in inhom6geneous elastic media. Atkinson 

and List (1978) a~d Atkinson (1977) 6onsidered steady-state crack 

propagation in different types of inhomogeneous elastic media. In 

addition, if the m"aterials are dissipative, that effect can be 

taken into account by considering the material to be viscoelastic. 

Crack propagation in viscoelastic medium has been studied by 

Willis (1972>, Atkinson and List (1972), Coussy <1987) and others. 

WU 1 is < 1972) considered steady-state Mode Ill crack propagation 

for a standard linear solid under. general type of loading on the 

crack surfaces. Atkinson and List (1972) studied nonsteady SH-wave 
. . 

type crack propagation starting_at t=O and moving with a constant 

velocity in the "Maxwell Solid" or using the vi.scoelastic model 

_suggested by Achenbach and Chao. F ina 1 1 y, Sills and Benveniste 

PUBLISHED XN "'JOURNAL OF TECHNICAL. PHYSICS"' p VOL 3:1 , NO. 3-4. , 

PP. 373 - 392 , :1990. 

I 
I 



Let I. = I +I. where I is the value of the integral I around 
t. 2 3 2 t. 

the branch cut from a to a and I is its value round the branch 

cut from a to -oo. 
2 

t. 2 a 

Now it can be shown that 

• l <a -r> 

In the interval (a ,-co) 
2 

• (a -r) 
i 

t. t. 

* 
= -l1i I 

1T J b 

l <a ·-r> 
I ** . t. t .., ,< -x > ~-

where a = 
i 

* X = 

R* = 

v 

I 
a 

(1a • 
i 

- (~ c 

~<x*>2 

a 

r) 

+ 

* = (1a 
2 2 

• y 

. ' ( y )2 

•• <a. -r > 
i . 

t, = 
i 

(1t , 

' ll"r<b-rJ 

•• X = ~ (r - ~) - -lrO'-b) 

Finally, we obtain 

1 ( _ v2 )-t/2 
[ ~· v,3 1 B = -- 1 -- -- + rc c2 c 1T 

• t <a -r> 
~ <- x ·~ > e • • 

• (a -r) 
t. 

dr 

dr 

b R = , 
2 c 

• x > e 
• t .<a' "'-i'> 

i i . 1 

• <a -r) 
i 

dr + 
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(1969) and Coussy <1987) studied steady state crack propagation of 

SH-type at the interface between two viscoelastic media. 

In our case we have considered steady and nonsteady cases of Mode 

Ill crack propagation in an inhomogeneous viscoelastic medium. Two 

types of viscoelastic models, namely Maxwell Solid and Standard 

Linear Solid have been considered. Material properties have been 

assumed to vary exponentially in the direction perpendicular to 

the direction of crack propagation. We ~ave studied how the 

material inhomogeneity affects the stress intensity factor and 

a 1 so the crack opening d i sp 1 a cement when a Mode I II type crack 

propagates through the inhomogeneous viscoelastic medium. 

2. FORMULATION OF THE. PROBLEM AND ITS SOLUTION FOR NONSTEADY CASE 

IN·MAXWELL SOLID 

Let us consider an inhomogeneous viscoelastic medium which was set 

in motion by a semi-infinite crack suddenly appearing at t=O and 

moving with a constant velocity V in the direction of the X-axis. 

The Y-axis is taken perpendicular to the X-axis<fig.ll. For SH-

waves, the displacements along X and Y directions are zero and 

only the displacement W = W<X,Y,t) along the Z-direction exists. 

The shear modulus is 

~(Y) = ~ exp(2~Y) 
0 

and density 

where ~, ~ and p are constants. 
0 0 

The non-zero stresses are 

o = o <X,Y,tl 
YZ YZ 

and 

p( y) = p exp<2~Y>, 
0 

o = o <X,Y,tl 
xz· xz 

(1) 
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X . X 

Fro. I. The crack geometry. 



and nonvanishing strains are 

1 aw 
e = 
xz 2 ax e 

yz 

1 aw 
2 av 

Considering a Max we 1 1 So 1 id as the viscoelastic 

strain relations are 

00' 
YZ 

+ /3~0'YZ 2~-L<Y> at-" = 

00' 
xz 

at-" + (3 ~ Cl xz . = 2~-L<Y> 

where (3 is a positive constant. 
~ 

The equation of motion has the form 

00' 
xz 

+ 
00' 

YZ 

~ = 

oe 
YZ 

en--

oe 
xz 

en--

and the boundary conditions of the problem are 

WCX,O,t) = 0 X-Vt>O, 

o <X,O,t> = -oH<t> 
YZ 

t>O 

X-Vt<O 

(X Y t) 0 X2 + y2 ~ 00 o , , -+ · as ~ 
yz· . 

2.85 

( 2) 

mode 1, the stress-

( 3) 

( 4 ) 

t>O ( 5) 

It is convenient to shift the origin of co-ordinates to the tip of 

the cr~ck at X=Vt. New co-ordinate axes· <x,y) are parallel to the 

respective fixed ones CX,Y). 

Hence, putting x=X-Vt, y=Y, 

time derivative transforms 

C3) and (4) become 

o = o <x,y,t) 
y:z y:z 

we obtain a a = ax ax ' 
a 
av 

a 
= oy and the 

to -v a 
ax 

0 
+ Equations ( 1 ) ' ( 2) ' 

and o = o <x,y,t) ( 6) 
)(:Z )(:Z 



1 iJ W<x,y,t) 1 iJ w (X I y ,· t) e = 2 iJx 
e = 2 iJy xz yz 

iJo iJo 
J.J<Y> (-v iJ2 W iJ2W ) -v yz yz 

(31°yz ~ 
+ 
~ 

+ = iJxoy 
+ a toy 

and 

iJo iJo 
xz yz 
~ + ay-

The boundary conditions (5) now assume the form 

W<x,O,t> = 0 x>O 

o <x,O,t) = -oH<t> 
yz 

o <x,y,t> ~ 0 as 
yz ' 

x<O 

2 2 
X +y ~ 00 

Let us denote the Laplace transform by a single bar 

T = f<x,y,p> =I: f<x,y,t>exp<-pt)dt 

and the Fourier transform by two bars 

f = T<{;y,p> = 1 

-{2Ti J_: f<x,y,p>exp<i{x>dx 

Applying these transforms to equations (8) and (9), we get 

and 

< i{V+p+f3 >a 
1 yz 

<i{V+p+f3 >o 
1 xz 

dCT = IJCy) <Vi{+p)dy 

- d 2 2 2 " -i{o + o = p(y) <-V { +2Vi{p+p )w 
xz dy yz 
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( 7) 

( 8) 

( 9) 

(10) 

( 11) 

<12) 

(13) 
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Eliminating C1 , C1 
yz 

from equations (11>, <12> and <13) we obtain 

where 

The branches 

MZ 

2 
y 

2 
c 

of y 

<Vi{ +p) <Vi{ +p+/3 > 
= e 2 .. + . j_ 

2 
c 

1-lo 
= 

Po 

are chosen so that ReCy>>O. 

( 14) 

( 15) 

Since U must remain bounded as y ~ ±oo , so solutions of (14> are 

t1m = A exp [- ( {3+ J/32 +y2 ) Y l , y>O 
j_ 

(16) 

and 

tf2) = A exp [( ~ ) ~] , ' y<O 
2 

-{3+ <17) 

where w(j_) and W<
2

> denote th d i 1 t e sp acemen in the upper and 

lower half-plane respectively. 

Let us consider on y=O 

- .,...,(w 
2 > h < > = X' p ' x<O 

= 0 , x>O 

where h<x,p> is an unknown function such that 

h ( X , p ) - 0 [eX p ( k j_ X >] as x ~ -oo , k >O. 
j_ 

Applying the Fourier transform to equation <18>, we get 

t1' j_ ) - tf2) = A -A = 
j_ 2 

1 

-I2Ti J_: 
= H C{,p> 

h<x,p)exp<i{x>dx 

(18) 

(19> 
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where H <{,p) is an analytic function in the lower half-plane T<k 
j_ 

and {=o+iT. 

Now from equations <11), (16) and <17) we obtain 

-<~> J..d y) <Vi{+p> iJ trj_) 
0' = 

yz <Vi{ +p+(3 > iJy 
.1 

= -J.J ( y) A.t (tH j (32 +y2 ) ex P [- ( (3 + J (32 +y2 ] Y] <Vi{.+pL 
<Vi{+p+(3 ) , 

i 

-<2> J.J(y)A2(-(3+Jf32+y2 )exp[( -(3+Jf32+y2 )Y] <Vi{+p) 
0' = <Vi{+p+(3 ) , 

yz 
~ 

where 
( ~ ) 

0' 
yz 

and 
( 2) 

o are 
yz 

the stresses on the·· upper and 

surfaces of the crack. 

Since the stresses are continuous on y=O, 

=< ~) 
0' 

yz 
-=<Z> = 0' 

yz 

Using equations (20) we obtain 

A = 
j_ 

-(3+J<(3z+yz) A 

(3+4<(32+y2) z 

Using equation (21), (19) becomes 

H<{,p> = 

Again let us assume that on y=O 

-( i) 
0' = 0' 

yz yz 

-( 2) = 0' 
yz 

= 
o exp <A.x) 

0 

p 

= e(x) , x>O 

x<O 

y>O 

(20) 

y<O 

lower 

( 21) 

(22) 

(23) 



Here e(x) is an unknown function such that 

e(x) - o[exp<-k
2

x>] as x -+ co, , k >O. 
2 

Taking Fourier transforms of equation (23) we get 

where 

= [ -(2) 
0' 

y:z 

CVi~+p> 

<Vi~ +p+(3 > 
j, 

exp(i~>:()dx + 1 

-{2Ti 

0' 
0 = E (~,p> -

+ -{2Ti (A.+i~)p 

E<~,p) = 
+ 

1 [ 0'-(2) 

-{2Ti 0 y:z 

-<2> 
0' 

y:z 
exp(i~x>dx 

exp(i~x)dx 

and is an analytic function in the uppe~ half-plane T)-k and 
2 

0' 
0 

is analytic in th~ lower half-plane T<A.. 
i-f2Ti (~-iA.)p 

From equations <22> and (24) we get 

. 2 . 
~ <Vi~+p)y H <~,p) 

0 -
0' 

0 
= E (~, p > -

+ -{2Ti <A.+i~)p 
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(.24) 

(25) 

<26) 

It may be noted that the problem has been reduced. to a form 

suitable for application of the Wiener-Hopf technique. 

Now 

where 

X = 
j, 

1 
+ 

4 
c 

+ 
4p<p+(3j_)(1-V /c) 2 2 ] 

2 
c 

<27) 

(28) 



X = 
2 

and 

1 

where 

1 [C2p+(3lV 
y = 

2<1-V2 /c2 > c/ i. 
+ 

+ 
• c 

<2p+f\ )2V2 

• c 
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(29> 

(30) 

r(p+(3 , 
+d' }c 1-V2 

/c
2 

> ] + 4 i. 
2 

c 

( 31> 

2C1-:2 /c2 l[-
<2p+(3 >V ( 2p+(3 )2V2 "+4r( p+=·, +(32

} c 1-V2 
1 c

2 
> ] y i. i. = + 

2 2 • c· c C. 

Using equations <27) and (30), (26) becomes 

2 2 i./2 
1-l <1-V /c > <~-ip/V)(~-iX >H <e,p> 

0 2 -

<,e-+iY >i./Z E <~;p> 0 [ i. + 0 = 
<~+iX > i -{21l (~-iA.)p 

.t 

+ 
o CiA.+iY >.t/ 2 

0 i. 

-{21l 1 <e- iA. > c i:>-. + 1 x > P 
i. 

(~ + i y ).t/2 CiA.+iY ).t/2 
i. .t 

<~ + i X ) <iA.+iX > 
.t ~ 

(32) 

] 
(33) 

The functions on the R.H.S. of (33) are analytic and non-zero in 

the upper half-plane T)-k 
2 

and functions on the L.H.S. 

analytic and non-zero in the lower half-plane T<A. <A.<k ) • 
i. 

both the functions are analytic in the strip - k (T.(A, 
2 

are 

Since 

the 

principle of an analytic continuation states that each of them 

represents an entire function M<,e-> in the whole ~-plane. 
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Now, the L.H.S. of (33>' approaches zero as I~ I ~ oo. It may then be 

concluded by Liouville's theorem that MC~) = 0 and therefore 

H_C{,p> = 

and 

E <~' p > = + 

-~ 2 2 £/2 J..l -r £rr i p ( { - i A. ) ( i A. + i X ) ( { - i X ) ( { - i p I V ) ( 1 - V I c ) 
0 £ - 2 . 

0 
0 

i-12rr" <{-iA.>p 

o CiA.+iY >£/ 2 <~+iX > 
0 ~ £ 

i -12fT < { - i A. ) p ( i A. + i X ) ( { + i Y > u 2 

.t - ~ 

From equation (34) it follows that 

2o (iA.+iY )~/2 

H_<{,p> = 0 £ ~-3/2' , 

J..l -{2ri i p < iA. + i X > < 1-V2 
I c2 > u 2 

. 0 ~ 

Application of the Inverse Fourier transform yields 

h<x,p> = 
1 

<A.+Y >~/2 
£ 

CA.+X > p· 
£ 

( 34) " 

(35) 

Again, taking the Inverse Laplace transform, the displacement jump 

across the surface of the c~ack near the crack tip is 

w' £ > - w'2 > -

From <35) 

E<{,p) = 
- + 

c' +i.OO 

1 
1 I 2n i 

c' -i.oo 

o <iA.+iY >1
_,

2 

0 - " {-~/2 

i-l2ii p<iA.+iX > -
~ 

<A.+Y >~/2 
£ 

CA.+X > p 
~ 

Taking the Inverse Fourier tiansform we obtain 

(36) 



e<x,p) = 
0' 

0 
.(A_+Y )S/2 

s 
p CA.+X > 

s 

A~ain, taking the inverse Laplace transform 

c' +i.OO 

O'yz = ~ 2!i ' I 
c'-i.oo 

If is the displacement 

pCA.+X ) 
s 

jump, then 

displacement near the crack tip ia given by 

and the str~ss near the crack tip is 

c'+i.OO 

1 
A = 2rrT I 

c' -i.oo 

0' 
yz 

= 
0' 

0 

p<A.+X > 
s 

A ' < O<x<<1 > 

1 = 2rr i 

c' +i.co 

I 
c'-i.OO 

the crack 

(1«x<O> 

pX 
·s 

(37) 

opening 

(38} 

(39} 

(40) 

Evaluation of. the .. integral A given by C40} corresponding to 

constant stress -o- on the crack surfaces is presented in· the 
0 

appendix. 

In the fracture· mechanics, it is customary to write o- = 
yz 

in the form K/~(2rrx> , where K is stress intensity factor. 

In our case 

K=-12o-A 
0 

+ . 
CO ,O,t> 

(41) 

Putting ~=0 in the expression for A, we obtain the stress 

intensity factor in a homogeneous viscoelastic medium as 

K=-f2o-A 
0 s 
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where 

c'+i.OO 

c'-i.oo [
. 2 I 2 2 4 2 2 2 ] p C2p+~ >VIc +~(2p+~) V /c +4p<p+~ )(1-V /c )/c 

~ ~ ~ 

which agrees with the results of Atkinson and List (1972>. 

3. STEADY STATE CASE FOR MAXWELL SOLID 

S~eady state solutions arB the results of Sec.2 corresponding to 

the case of t approaching infinity. So for the steady state case, 

p·assing to the 1 imit p -+ 0 and using the Tauberian theorem we 

obtain from equation <34) 

H_C{,p> = 

Applying the Inverse Fourier transform we obt•in 

20' ( iA.+ i y )~/ 2 

w' ~ > 0 £ 
X 

00-i.& 

X 2!1 I exp<-l{x> d{ 

-oo-i.& 

20' ( iA.+ i y )~/ 2 
0 ~ (42) = 

where 



= 
CX>-i& 

I 
<~-iY >j./ 2 <~-i(3 IV> 

2 j. 
eX p ( - i ~ X ) d~ 

-oo-ie 

For x<O, the above integral can· be replaced with the integral 

taken along the positi~e imaginary {-axis round the branch point 

at {=iY , together with the contribution from the poles at {=0 
2 

and {=i~ as sho~n 'in Fig.2. 

Thus it can be shown that 

j./2 . 

[ 

(3 [ u exp<-ux ) 
= ex p [- < n! + x t. y 2 >] . ~ ( ~ ~ - 1) o u + y 2 1 . d u + 

j./2 

[ 

u exp < -ux
1

) 

2 
o <u+Y > 

2 

2n [( 
(31 

1)-f-iY
2 

(31 ( i ) + 
~ ~v 

+ V xj.-f-iY2 + -
2-Fi.\' 

2 

( (31 
- 1)-f<i~-iY2 > exp <-~xi>] - 'i:V 

(3" 

= ~ ex p ( -n i I 4 > [ ( ~ ~ ( X Y ) - 1
/" eX p { -X Y I 2) X 

1 2 1 2 

(31 -a~• 
x U <x Y > + -v -f<nx. > <x Y > exp<-x Y /2) x 

-3/o6,1/4 1 2 ,.. .1 2 l 2 

x .IJ . (x ( Y -~))] + 
-9/ .. ,1/4 l 2 

du]. + 
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;.:: 

f :0 

FIG. 2. The path of integration of the integral 1.-
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2rr [( 
~i. 

1)-l-iY
2 

+ 
i~ 1 ) + 

~ A.V -f(ix.t-l-iY2 
+. -

2-FTY 
2 

~.f. 
, 

( - 1)-l<iA.-iY
2

> exp<-A.x1>] - A.V 
(43) 

where W is the Whittaker function <1969>. 
k,m 

Therefore the displacement jump 6W across the surface of the crack 

<x<O> is given by 

J-l 6W = 
0 

0 CA.+Y >1/2 
0 1 

where I is given by equation <43>. 

Using the result that 

(44) 

W <z>= .rc-2m> 
lc,m rc.!:.. -m-k) 

( Z) .t/2 +m eX p ( - z I 2) + r ( Zm) ( Z) .t/2 -m eX p ( - Z I 2) 

rc.!:.. +m+k> 
2 2 

for small z, 

we find that for small Cx Y ) , equation (43> yields 
1 2 

I = -4/<nx ) expC-nil4) 
1 

(45) 

Substituting the value of I from equation <45) in to equation (44) 

we get 

where 

and 

01 
.f. 

= 1 

01 = 
2 

40' 
0 

~ v 
.f. 

(A. +01 > 
2 

-1« x<O (46) 

<47) 

(48) 
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Again, letting p ~ 0 and using the Tauberian theorem we find from 

equations <35) and <24> that in the steady state case 

a <iA.+iY >i./ 2 <e+1X > 
0 j, j, 

C1 = 
yz 

Taking the inverse Fourier transform we abtain 

C1 ( iA. + 1 y ) i./Z 
0 . t 

CX>-i.& 

I 
<e+iX >exp<-iex> 

t 

where 

C1 
yz 

= 

= 

I 
t 

= 

2rr i < i A. + i X > 
t 

a CiA.+iY >1
/

2 

0 t 

2rr i < i A. + i X > 
t 

oo-i.& 

-CX>-i.& 

I . 
j, 

I 
-00-i.£ 

<e+iX
1 

>exp<-iex> 
de 

<e-iA.> <e+iY >1
/

2 

t 

exp<-Y x> 
= 2-lii .ex p ( -rr i I 4 ) [ 

1 

rx 

. 

<A.+X >fi 
i. 

[x (A.+Y t. >]3/4 

Thus the stress at y=O for all x <x>O> is given by (50). 

Now for small <A.+Y)x 
t 

I
1 

= 2~ exp<-ni/4) 

so from (50) it follows that 

C1 
yz 

= 
C1 

0 
<A. +01 )t/2 

i. 

(A. +0( ) 
2 

Stress intensity factor K is given by 

O<x« 1 , y=O 

(49) 

(50) 

X 

(51> 

(52) 

(53) 



where B = 

K=floB 
0 

CA. +a )j,/2 
j, 

<A. +a > 
2 

'2.98 

(54) 

Now put~ing ~ =0 in the expression for 01 and 01 we get from <441 
J. 1 2 

~nd <53) the displacement jump and stress in~ensity factor in an 

i~homogeneous elastic medium as 

and 

1J AW = 
0 

0 
y:z 

= 

4o 
0 

0 
O· 

]J./2 

which agree with the results derived by Atkinson <1977). 

4. STEADY ,STATE SOLUTION FOR STANDARD LINEAR SOLID 

In this case the stress strain relations are 

ito 
YZ 
~ + (3J. 0 Yz 

where ~'and a are constants. 
J. 

Equation of motion has the form 

ito 
xz + 

ax-
ito 

vz 
av-- = 

Now, putting x=X-Vt and y=Y so that 

+ ate ] xz 

and it = -v it 
itt itx ' 

(55) 

(56) 

(57) 

(58) 



equations <57> and <58> become 

and 

ilo 
xz -v ~x + r:J o u tJ ~ xz 

ilo iJo 
XZ + yz : ax-: ay-

2 p<y>V 

+ ot 

Introducing the Fo~rier transform denoted by 

T _ To;,y> = 1 

-ffri 

aw ) 
ily 

equations (59> and (60) can be transformed to 

and 

c i{ V+f? >a· 
s. yz 

< i{V+f? >a · 
~ xz 

dW = ~<y> <Vi{+ot)dy 

d -+- 0 = dy yz 

Z99 

(59) 

(60) 

(61) 

(62) 

(63) 

(64) 

Eliminating 0' ' xz 
o from equations (11), 

yz 
<12> and <13) we obtain 

where 

2 
y = 

{
2

(<1-V
2
/c

2
>{ + i<V(3s./c

2
- otiV>) 

<{ - iot/V > 

Branches of y are chosen so that Re<y>>O. 

(65) 

(66) 

Since W must remain bounded as y + ±oo , so solutions of <65) are 



w<~> = A exp[-( ~+J~z+yz )y] 
~ 

and 

w-<2) = A exp[( -~+Jf1z+y2 )Y] , 
2 

where W < j. > and w<z> denote the displacement 

lower half-plane r~spectively. 

Let us consider on y=O 

w~2> = h < x > , x<O 

= 0 , x>O 

where h<x> is an unknown function such that 

h < x ) - o [ e x p < k ~ x > ] as x -+ -oo , 

and 

o = -o eX p (A X ) X ( 0 
y:z 0 

= e(x) x>O 

y>O 

y<O 

·in 

k )0 
~ 

the 
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(67) 

upper and 

(68) 

(69) 

where e(x) is an unknown function ~atisfying the condition 

as x -+ ro , k >O. 
2 

In this case equation (26~ becomes 

2 
~ <Vi{+a)y H <{> 0 

0 - E <e > 
0 = -

2<Vi{+{1 >!<{12 +y2 > 
+ -l2ri i <e-i>-.> 

. ~ 

This equation holds in the region of regularity of 

appearing in equation (71). 

(70) 

the functions 

Owing to our former assumptions regarding the behaviour of e(x) 

and h(x) at infinity, this region is represented by the inequality 

-k (T(A(k where e=o+iT. 
2 ~ 

I 
• I 

I 
·1. 
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N~w equation (71) is suitable for the application of the Wiener-

Hopf technique. Again, 

where 

and 

2 = ~ 2 <1-V2 /c2 )(~+ia) 
r <~- iaJV> 

a = 

(~ 3 ( 1-V
2
/c

2
) + i <V(1

1
/c

2
- a/V)~ 2 + (12 <~-ia/V)] 

(~ - ia/V) 

<71> 

(72> 

Since it is difficult to factorise f<r 2
+(1

2 >•, i.e. to represent it 

as a product of two functions, one analytic in- the upper half 

plane and other analytic in the lower half plane, we follow the 

approximate method of Keiter (1954) of solving· Wiener-Hopf type 

equations. Accordingly, we write 

in the form P<~> = P<~>P <~>, 
1 

where the function P<~) is required to behave at ~~I -+ oo and at 

1~1 -+ 0 in the same manner as P<~>. The auxi 1 iary function P <~) 
1 

should be non-zero and should have no singularity within the strip 

-k <-T <T<T <A.· it has to be suitably- chosen such that P<l;) is 
2 1 2 , 

non-zero and possesses no singularity within the strip -T (T(T • 
1 2 

Now we note that 

and as ~~I -+ 0. 

Therfore we choose PC~) in the form 

. ' 
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(73) 

which behaves in the same manner as P<~ l for ll; 1--. oo and ~~I -. 0. 

Now P<~> can be written as 

(74) 

where 

1 [( 
V(3 

- v· J 1 ( 
V(3 

01 
)2 + ] i i 

4(32 
< 1 - V 2 

I c 
2 > a = + v i 2<1-V2 /c2 > 2 2 

c c 

t 75-) 

and 

1 [- ( 
V(3 

) + 1 ( V(3 2 

] 1 01 1 01 
) + 4(32 <1-V2 /c~> a = v v 2 2 < 1-v2 ;62 .> 2 2 c c 

<76) 

It consequently follows that the assumptions concerning P <{> are 
i 

satisfied and in view of the fact that P <{ > -. 1 in the strip 
1 

-T <T<T for l; -. oo, the function may be represented in the form 
i 2 . 

where 

p- <{) 
1 

where -T <d <d 
1 1 2 

= exp[ -
1 

2rr 1 

= 1 

OO+i.d 
2 

J 
-00+ i. d 

2 

00+ i. d 

exp[ -
2rr i J 

-00+ i. d 

1 nP 
1 

en> 

:f. lnP <n > 
1 

n-t; 
i 

+ 
<T and the functions p- ( t; ) 

2 1 

respective half planes T)-T and T<T • 
i 2 

(77) 

(78) 

dn ] 

are regular in the 
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It follows from <79) and from the fact P <O> = P (oo) = 1 that 
i i 

- . + 
these functions satisfy the additional condition p-(0) 

i 

with the help of (71), (74>, <77> and the relation 

equation <69> becomes 

P < e > = ? < e > P < e > ·, 
i 

+ 
-{"("2TTT i < e - f'A. > < i A.+ i a > 

0' 
0 

X 

::: 

P+ < iA. > < iA.+a )t/
2 

i i ] 
<~+ia> <iA.+ia) 

Using the same arguments as in eqUatibn (33) we get 

H <~ > = 

= 

and 

E <~ > = 
0' 

0 

+ YT21T) i < ~ - LX. ) -{"("2TTT i < ~ - iA.) < i A.+ i a) P + < ~ > ( ~ + i a ) t/2 

i i 

= ~-i/2 as e ... oo 

-{"("2TTT i < iA.+ i a) 

(79) 

(80) 

( 81) w 

Now taking the Inverse Fourier transform we get from (80> and <81> 
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4a P+ ( iA. > <A.+a )1/Z 

h<x> 0 1 1 (_X )1/Z -1« x<O = (82) 
-lil 1-lo <A.+ a> < 1- V 2 I c 2 ) 

1
/

2 

and 

a p+ < iA. > <A.+a )1/Z 

e(x) 0 1 1 (X) -1/2 O<x« 1 = (83) 
-lil <A.+a> 

The corresponding result~ for the case of constant loading 

a = -a <x<O> on the crack surface are obtained by putting A.=O in 
yz o 

the above equation. If f).'vJ is the displacement jump then the crack 

opening displacement in this case is given by 

1-l l:!.W = 0 . 

4a :{ (- xa > 
0 1 -1« x<O 

and also the stress near the ~rack tip is 

0' = 
yz 

ah 
0 1 O< x«1 (since P+<0>=1) 

1 

Therefore the stress i~tensity factor is equal to 

K=,t2a B 
0 1 

where B 
1 

ra 
t 

= --a 

(84) 

(85) 

(86> 

Now, putting oi=O in equations <84> and (86) we get the crack 

opening displacement ~nd str~ss intensity fa~tor ~or the Max~ell 

So I id 

1-l ~w = 
0 

40' -{ ( - XOl . ) 
0 1 -l«x <O {87) 

• I 
i 
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and K=-12o B where B = (88) 
0 

which agree wi.th. the results given by (53) and (54) in the Maxwell 

Solid corresponding to A=O. 

5. RESULTS AND DISCUSSION 

5.1. The Maxwell Solid. 

In this case time variation of the stress intensity factor is 

given by K = i2 o A where A is given by 
0 

equation (40) and has 

been evaluated in the Appendix. 

The dimensionless stress intensity factor = 

has been plotted against t = ~ t for the range of values of V/c = 
i. i. 

0.1, 0.3, 0.5, 0.7 and 0.9 for different values of the 

It is interesting to note by inspecting the graphs given in Fig.3, 

Fig.4 and Ftg.S that the effect of inhomogeneity of the medium . •· introduced through the factor ~ in the stress intensity factor K · 

becomes more significant for small values of VIc, whereas for 

values of V/c differing slightly f~om unit¥, the effect of 

inhomogeneity of the medium on the stress intensity factor is 

n e·g 1 i g i b 1 e . 
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5.2. Standard Linear Solid. 

In this case the stress intensity factor for the steadily 

propagating crack is given by K = -12 o B , wh~re B is given by 
0 ~ ~ 

equation <86). 

We have plotted also the stress intensity factor K* = 

<Kio ) ( (1 I c > s./z against (1. for various val"ues of VIc, Vlc=O.S, 
0 ~ 

0.6, 0.7, 0.8 and 0.9, and for different values of CA.I{3 = 0, 0. 1, 
~ 

0.2. The case CA.I{1=0 corresponds to the steady state values of K* 
~ 

for the Maxwell solid. It is evident from the graphs given in 

Fig~S, Fig.7 and Fig.S that at large values of CA./{1, values· of K* 
s. 

• increase rapidly with the increase in values of (1 if VIc is very 

small. But for values of VIc. close to unity the variation of K* 

with the change in the value of (3• is small showing that the 

inhomogeneity effect i·s negligible in this case. This· is also 

evident from the expressions (87> and (75). 

·' 
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APPENDIX 

EVALUATION OF THE INTEGRAL A IN EQUATION <40>. 

The integral 

A = 
1 

2ni 

c'+i.OO 

I 
c' -i.oo 

( y ):l/2 

:l 

pX 
:l 

pt 
e 

, 
dp 
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The integrand ha~ poles at p=O and ~lso at p= -~ which correspond 
:l 

to the zero of X . 
:l 

Further the integrand has branch points at 

6 
:l 

6 
3 

6 .. 

= 

= 

= 

~:l 
2 [ -1.+ ~<1-V2 /c2 ><1-4z)] 

~ ( 1-V
2 ic2

) ( 1-4z) ] 

~:l [ -1 4<1-4z> ] 2 -

~:l, [ 

2 ' 
-1 + 4 ( 1-V

2 
I c 2

) ] 

~:~. [ · r 2 2 ] 6
5 

= 2 -1- ~(1-V /c > 

where z = (32 c
2 /(3= which is assumed to be less than 1/4. 

Evidently, 6 >6 >6 >6 >6 . 
4 :l 2 5 3 

Now taking the branch cut along the negative real axis from 6 .. to 
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-oo, the integra 1 can be considered as a contour integra 1 around 

the path shown in Fig.9. 

~ Now, 

1 
x 2rr i 

c +i.OO 

I 
c' -i.oo 

x· 

[ 
2 . ]:i/2 <2p+~ >VIc +(2/c)7(p-6 )(p-6) 

j, j, 2 

p(<2p+~ >VIc
2 

+(2/c)-(<p-6 ·) <p-6 ) ] 
i "' 5 

lt can be shown that 

A= I2<1-V
2

/c
2

) [ ~ V J~ .. J~ + J~: + 4z(1-V
2
/c

2
) ] + 

where 

y 

• • (6 -r)R 
. "' :i 

• 
:i . . 

ex p [ ( 6"'- r) \] dr 

•• • 3 •• 2 • • • •• 
[ R - ( X _) + ( y ) X - 2 X y y ] I 2 

2 2 2 2 222 

• • <6 - r > R 
:i 2 

~x: 
• • <6 - r) R 
i 3 



'JlJ 

-j3, 

p-plane 

--+--...Jc'-ico 

fiG. 9. The integration contour to evaluate A for the Maltwell solid. 



0:*> 
* * <6 -r>x 

* e x p [ ( 6 
1 

- r ) \] d r 

1 "' 

where 6 :n 6* 
1 I"' 1 1' 

• 6 =(1 6 , 
2 1 2 

* 6 :n 6 
3 I"' 1 3' 

[ 1 - -1< 1-4z) ] 

b.= !c1-V
2

/c
2 ><1-4z> 

2 

1 ! < 1-V
2 /c2

) [ 1 b = 2 3 
+ -l<1-4z) 

J < 1-V
2 
/c

2 
> ** [ - 2r J v 

X = - + 2 
1 c 

2 
- r 

] 

I 

x: = .[ ~<1-V2 /c2 )(1-4z)- 2r] * 
2 

- r 

2 r -

* 6 :n 6 
4 I"' 1 o6' 

rJ < 1-V-
2 
/c2

) 
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t =(1 t 
1 1 , 

+ <1-V /c )z 2 2 ] 
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•• j 2 rJ<1-V 2 1c2 )(1-4z) z(1-V 2 1c2 ) y· = 2 -r + + 
2 

R** 
2 

[ <x*>2+ ( ** )2 = 
2 y2 

* 2 ' ** 2 = (x ) + (y ) 
' 2 2 

] [ • 2 ( * )2 ] i./2 ( X ) + 
2 y2 

X: = [ J ( 1 - V
2 

I c 
2 ) ( 1 - 4 z ) - 2 r ] * 

J ~ 2 r 2 2 . = 2 z<1-V lc) + r ~<1-V lc ><1-4z) 

x: = [ J < 1 - V
2 

I c 
2 

> < 1 - 4 z > - 2 r ] * 
- r 

2 
- r 

r~ < 1-V2 lc2 ) < 1-4z) 

J 2 2 <1-V /c ><1-4z) 

I 
. I 

I 
I 

I . I 
I 
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The problem of two-dimensional oscillations of a pair of parallel rigid strips, situated 
on a homogeneous isotropic semi-infinite elastic solid and forced by a specified normal 
component of the displacement, is considered. The resulting mixed boundary value problem 
is solved by the application of an integral equation method. The normal stress just below 
the strips and the normal displacement away from the strips are derived. By using a similar 
procedure, the antiplane problem due to the motion of two strips on a semi-infinite elastic 
medium has also been solved. Finally, graphs are presented which illustrate the salient 
features of the displacement and stresses in both the cases. 

1. INTRODUCTION 

The study of the effect of a vibrating source of pressure in different forms on the surface 
of an elastic medium· is almost classical. Reissner [I], and later Millar and Pursey [2], 
treated the case of a uniform vibrating pressure distribution applied to a circular region . 
on the surface of an elastic half-space. The problem of most physical interest occurs when 
a displacement corresponding to indentation by a rigid body is prescribed over a given 
region and the surface tractions outside the region are zero. Analytical treatment of the 
dynamical response of footings and soil-structure· interaction are usually available. in the 
literature only for circular and elliptical footings and infinite strip loadings. Such results 
are important in view of their application in the design of foundations for machinery ami 
buildings, and also in the study of the vibration of dams and large structures subjected to 
earthquakes. Awojobi and Grooten.huis [3], Robertson [4], Gladwell [5] and others have 
considered the problem of a circular footing in detail. Roy [6] considered the dynamic 
response of an elliptical footing in frictionless contact with a homogeneous elastic half­
space. For low frequencies, both vertical and horizontal vibration were treated. A low 
frequency solution for the vertical, horizontal and rocking vibration of an infinite strip on 
a semi-infinite elastic medium has been obtained by Karasudhi, Keer and Lee [7] by 
reducing the governing dual integral equations into a single inhomogeneous Fredholm 
equation of the second kind. Wickham [8], however, removed the flaws occurring in the 
above paper and worked out in detail the problem of forced two-dimensional oscillation 

· of a rigid strip in smooth contact with a semi-infinite elastic medium using a different 
technique. 

To improve the dynamic models of buil<;lings and other structures, it will be fruitful to 
have analytical results for foundations of more complicated nature. In what follows here 
the problem of vertical vibration of two rigid strips in smooth contact with a semi-infinite 
elastic medium is.considered. The problem is also important in view of its application in 
the study of the vibration of an elastic medium caused by running wheels on a railway 
track. The resulting mixed boundary value problem is reduced to the solution of a triple 

I 
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integral equatton. whi~:h is further reduced to the solution of an integro-dttferential equa-. 
tion. Finally. an iterative solution valid for low frequency is obtained. The integral equation 
was solved in a manner similar to that employed by Lowengrub and Srivastav [9) in 
solving static problems for two coplanar cracks in an infinite elastic medium. Jain and 

· Kanwal [ 10. II] also used the same technique to solve the problem of diffraction of elastic 
waves by two coplanar Griffith cracks and also by two coplanar rigid strips in an infinite 
elastic medium. In this connection, recently ltou [ 12] has also solved the problem of 
diffraction of SH-waves by two coplanar Griffith cracks in an infinite elastic medium using 
a different technique. 

From the solution of the integral equation, the stresses just below the strips and also 
the vertical displacement at points outsid~ the strip on the free surface are found. Finally, 
in the limit as the distance between the strips tends to zero, the results are found to become 
identical with the results given by Wickham [8] for the vertical vibration of a single strip 
on a semi-infinite elastic medium. A low frequency solution due to anti·-ptane motion of 
two strips on a semi-infinite elastic medium is also derive~. 

2. FORMULATION OF THE iN-PLANE PROBLEM 

Consider the normal vibration of frequency m of two rigid strips having smooth contact 
with a semi-infinite homogeneous isotropic elastic solid occupying the half-space 
-oo<X<oo, Y~O, -oo<Z<oo (see Figure 1). It is assumed that the motion is forced 
by prescribed displacemet1t distribution v0 e-;"'' normal to the two infinite strips located in 
the region -a~X~-b, b~X~a, Y=O, IZI<oo, where v0 is constant. Normalizing all 
lengths with respect to. a and putting bfa=c, one finds that the rigid strips are defined by 
c~lxl~ I, y~O. 1=1< oo. 

With the time factor e-;"'' suppressed throughout the analysis. the displacement compo­
nents can be written as 

u(x, y) =of/> fox- oiJI I oy, v(x, y) = cf/J/cy + ciJI fox. w(x,y)=O, (2.1) 

where the displacement potentials q, (x, y) and IJI(x. y) satisfy the Helmholtz equations 

(2.2) 

in which kf = m2a~ I cf and k~ = m2a2
/ d. Consequently, the values of the stress components 

rxp r_,. ... and r =r are 

r=_,.=O. (2.3) 

-b -o 0 b 

y 

Figure .I. Geometry of the strips. 
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The boundary conditions are 

v(x, 0) = Vo, 

r_.._..(x, 0) = 0, lxl < c, lxl >I, 

c~lxl~l. 

r_,_..(x, 0) = 0, -oo <x< oo. 

The solution of the Helmholtz equation (2.2) can be written as 

cp= f"" A(~)exp(i~x-y 1 y)d~, 
-<;tO 

. IJI= f"' B(~)exp(i~x-y2y)d~, 
-..Y) 

where 

3 

(2.4) 

(2.5) 

(2.6) 

and A(~) and B(~) are unknown functions, to be determined from the boundary 
conditions. 

By using the last of the boundary conditions (2.4) it can be shown that 

B( ~) = -{2i~r./( ~2 + r~) }A(~)-

Then the displacements and stresses given by expressions (2.1) and (2.3) become 

(2.7) 

(2.8) 

r_,._,.(x, y) = -p fao [<k~- 2~2) e~p ( -y, y) + 4s::• ~2 
exp ( -y2y)J 

-ao ~ Y2 

x A(~) exp (i~x) ds, (2.9) 

. r_,y(x,y)=p fao 2isy,[-exp (-y,y)+exp (-y2y)]A(s) ~xp (isx) ds. (2.10) 
-oo 

Next, upon using the fact that A(.;) is an even function of.;, and putting 

the first and second of the boundary conditions (2.4) lead to the following dual integral 
equations in P(.;): 

f""' P( ~)cos ~x d~=O, 
0 

lxl<c, lxl>1, (2.11) 

(2. 12) 
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3. SOLUTION OF THE IN-PLANE PROBLEM 

Consider the solution of ti>le integral equittions (2.11) and (2.12) in the form 

., 
P(.;) = j x,.f(xT) cos .;x, dx,, 

( 

(3.1) 

where j"(x~) is an unknown function to be determined. The relation (2.11) is therefore 
satisfied automatically and equation ( 2.12) becomes 

c ~ lxl ~I. (3.2) 

Using the relation 

sin ~x sin ~x, 

~2 

converts equation (3.2) to the form. 

where 

c~lxl~ I, 

foo y,k~ 
L,(v, w) = , 2 2 2 J0 ( ~w) J0 ( .;v) ct.;. 

0 (2~--k2) -4.; YtY2 

By a simple contour integration technique [ 13], L, ( v. w) can be written as 

n·>v, 

(3.3) 

(3.4) 

(3.5) 

where r=kdk, =ct!c2, Qo(IJ)=(21J2
- r 2

)
2 -41J2(rJ 2 -1) 1

/
2(r72

- r 2
)

112 and r 0 is the root 
of the Rayleigh wave equation Q0(7J)=O. r 1, r 2 are the roots of the equation 
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(211 1 -r1
)

2 +411 2(1J2 -I) 172(1J2-r2
)

112 =0. Q0(1J) denotes the derivative of Q0(f7) with 
respect to 'I and 

i, j = 0, I, 2 and i ;f.). 

The corresponding expression for L 1(v, n•) for w<v follows from equation (3.5) by inter­
changing wand v. For a Poi~son ratio u= 1/4, the values of r, r 0 , r 1 and r 2 are given by 

2 2(1-·u) 3 

' ' (1- 2u) 

2 3 2 . 
r 1 = .J and r 2=3/4. 

(2+2/ 3) 

Hence in this case r 2 < r 1 < I < r < r o. 
. By using the series expansions of J0 and HJil and evaluating the integrals arising in 
equation (3.5), one finds, after some algebraic manipqlation, 

{

(2/n)r2
[ { r +log (k 1w/2)- (ni/2) }M + N- (P /4)(w2+ v2)kf log kJ] + o(kf),} 

w>v 
L 1(v, w)= · , 

(2/n)r2
[ { r +log (klv/2)-'- (ni/2) }M + N- (P /4)(w2+ v2)ki log k1] + o(ki), 

w<v 
(3.6) 

where r = 0· 5772157 ... is Euler's constant, 

M= -n/4(1- r 2
), (3.7) 

N 
1t [

41 
4 ~ .J(l-r]) . _1.j(I-r]) .J(r~-1) .J 2 = 2 og-·+L..PJ tan Po log{r0 + (r0 -l)} 

32( I - r ) r J'- 1 r1 r1 ro 

+ I SJ .J( r2 ~ r]) tan -I !_( r2 ~ r])- so .J( r~- r2)·1og { ro + .J( r~- ~J}], 
1~ 1 rJ '1 ro r 

(3.8) 

1t [ 2 2 ( '2 )] P= 2 L p1(~-rJ)+ I s1 --rJ . 
32(1-r) 1.,o 1-o 2 

(3.9) 

Next, differentiating both sides of the relation (3.2) with respect to x, we obtain 

II foo k2 2 Y1 2 • 
x1j(x1) · 2 • 2 2 . 2 ~ sm ~x cos ~x 1 d~ dx1 =0, 

c 0 (2~ -k2) -4~ YIY2 

Following a procedure similar to that for deriving equation (3.3), one obtains 

I
1
xJ/(xi) II 2 afxf.Y'wvL2(v,.w)dwdvdxl . 

x 2 _2 dx1= xlf(xi)-·-. 2 ,2 112 2 2 112 ,c::;;Jxl::;;l, 
c x -.'I:J c o:x1 0 0 (x -n) (x1-v) 

(3.1 0) 

where 

(3.11) 
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For small valu~s or k 1 and k~ Stlt:il I hal k 1 = o(k~). one can usc the. contour integration 
technique mentioned above and obtain 

w>v. (3.12) 

By a process similar to the one which led to equation (3.6), equation (3.12) can be written 
as 

L 2(v, w) = -(4P Jn)( I - r 2)k} log k1 + o(k}), 

where P is given by equation (3.9). 
Now consider 

(3.13) 

(3.14) 

Putting this expansion of f(x}) and the value of L 2( v, w) given by equation (3.13) in 
equation (3.1 0) and equating the coefficients of equal powers of k1 yields 

I·' x,_fo(xf) 
2 2 dx,=O, c::;;lxl::;;l, 

c x -x, 
(3.15) 

and 

(3.16) 

Following Srivastava and Lowengrub [8] one finds the solutions ofthe integral equations 
(3.15) and (3.16) to be 

fo(xi) 
D 

(3.17) 

and 

[ 

2 2 ]1/2 . 
2 4 · 2 x 1 -:- c B . 

fi(x,)=-PD(I-r) --2 + 2 2112 2 1·2• 
1r 1-xl (x1-c) (1-x,)' 

(3.18) 

where D and Bare constants which can be calculated as follows. One substitutes the value 
of L 1(v, w) from equation (3.6) as well as the expansion ofj(x}) obtained from equations 
(3.14). (3.17) and (3.18) into equation (3.3). When the coefficients oflike powers of k 1 on 
both sides of the resulting equation are equated the following results are obtained: 

D= . Vo _ 
2r2

[ { y +log (k 1/2)- (iri/2) +log (I- c2
)

112
} M + N]' 

(3.19) 

B=2rzDzP[~(2x2+c2+ I)- M (I- rz)(I -2x2+cz)- (1-cz)(~- rz)Vo]. (3.20) 
Vo 1r 1rr D 

346$$$p386. 15-06-92 16:46:24 



. { 

' "' 

f'ORCED VERTICAL VIBRATION 7 

One can now obtain the values oi the vertical displacement in the plane y =:o 0 from 
equa'tions (2;8) a;1d (3. I) as 

Vo+ 2Mr
2
[ D+kf log k, { 8+; (1- r

2
)( I- c

2
)PD}}inh-

1 [~:-= ;;]112 

- 4r2 M PD( I- r2) k~ log k, {(1- x2)(c2- x2)} 1/2 + o(k~), \xi< c 
TC 

v(x, 0)= Vo, c~\xi~ I. 

v0+ 2M
2

[ D+ki log k 1 {s+; (1- r
2
)(1 -c

2
)PD}] sinh-

1 [-~
2

~c~ r2 

4r2MPD(I- r 2
) · 

+ k~ Jog k.{ (x2
- I )(K- c2

)} 
112 + o(k~), \xi> I 

TC 

(3.21) 

The normal stress 'fyy(x, y) in the plane y=O just below the strips can be fomid from the 
relation (2.9) as 

TCJl\X\ 2 
•rr(x, 0) = 2 112 2 2 112 (D+ Bk, log k1) 

(1-x) (x -c) 

x -c 
[ 

2 2]1/2 
+ 4J1XDP( I - r 2

) I _)! k~ log k1 + o(k~). c ~\xi~ I. (3.22) 

Now putting c = 0 in (3.20) one can obtain the norma] stress for a single strip, \xl ~ I, 
y=O, -oo <z< oo as 

TCJL D Jl 2 2 2 2 
'fyy(x, 0) = 2 112 + -? 112 k, log ki[4P(l- r )Dx +reB]+ o(k 1), 

(1-x) (1-.) 

where 

D= Vo 
2r2

[( y +log (k./2)- (rci/2))M + N]' 

Upon defining ,tj 0 = v0 jrc2D, Po= -r2/2rc(l- r 2
) and P2 = -Pjrc2

, as done by Wickham 
[8], one has 

which coincides with the result obtained by Wickham [8]. 
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4 FORMULATION AND SOLUTION OF TJIE ANTI-PLt\NE PROHLEI\-1 

For an SH-wave the displacement and stress arc •rfx. y. I)= u·(x. y) c ·""'and r,Ax. y) = 

Jl iJu)cy. As in the previous case one can write these expressions as 

f''· Q( 0 . 
w(x, y) = --- exJ1 (l~x- Y2J') d~. 

.. , Y2 · 
(4. I) 

(4.2) 

where Q( ~) is an unknown function to be determined from the boundary conditions, 
which are 

w(x, O)=wo, c:::;;;ixi:::;;; 1, r_,Ax,O)=O, ixi<c, lxl>l, ( 4.3, 4.4) 

where 1r0 is a constant. By using a procedure similar to that followed for the solution of 
the in-plane problem, the values of stress r_.Ax, y) and displacement w(x, y) in the plane 
y = 0 can be found to be given by 

_ -rrplxl . 2 
ry:(x, 0)- 2 1, 2 2 2 112 (D 1 + B1k 2 1og k 2) 

(l-x) · (x -c) 

+ nplxiDI k~ log k2 x - c2 + o(k~), 
[ 

2 2]1/2 

2 l-x 

•••0 - n[D 1 + k~ log k2{B1 - D 1(1- c2)/4}] sinh -I [~2 - -~2 ]
112 

1-c " 

- (nDI/4)k~ log k2[(l - x2)(c2
- x2

)fl
2 + o(k~). lxl < c 

(4.5) 

ll'(x,O)= Wo, c~jxj::::;;J (4.6) 

where 

ll'o -n[D1 + k~.log k2 { B1 - D1(1- c2)/4}] sinh- 1 [x
2

- ~ ]
112 

1-c 

+ (nD,/4)k~ log k2f(x2
- I)(.'/- c2)]

112 + o(k~). lxl >I 

B n:D~ [ll'o( 1- c
2
) 1 2 J 

~=-- ( +c) . 
4w0 nD 1 · 

5. NUMERICAL RESULTS 

(4.7) 

(4.8) 

The vertical and the transverse displacement fields for ttie in-plane and the anti-plane 
problems, respectively, for points near the rigid strips are illustrated graphically in Figures 
2 and 3 for a Poisson solid ( r 2 = 3). It is interesting to note from the graphs that the real 
parts of the displacements decrease with an increase in the value of k 2 ·in both cases. 
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Figure 2. Displacement vs. distance. --, Re { v(x, 0)) for in-plane problem; 
anti-plane problem. c == 0· 8. 
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Figure 3. Displacement vs. distance.--, Re { v(x, 0)} for in-plane problem;-- -, Re [ n·(x, 0)} for anti-plane 
problem. c=0·5. 

Graphs of the stress factors 

*-R [•n·{(l-x2)(x2-c2)} 1/~J 
•• - e 

JlVo 
and 
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Figure 4. Stress factor vs. displacement. ---, rT for in-plane problem; -- -. r! for anti-plane problem. 
c=0·8. 
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Figure 5. Stress factor vs. displacement. --. rT for in-plant: problem; -- -, r! for anti-plane problem. 
c=0·5. 

vs. dimensionless distat;ce x for the in-plane and the anti-plane pr~blems, respectively, are 
shown in Figures 4 and 5, plotted for points just below the rigid strips. In both the cases 
the magnitude of the stress factor is found to increase as one proceeds from the inner to 
the outer·edge of the strips. 
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We study the problem of a semi-infinite punch moving on the free surface of a semi­
infinite viscoelastic medium and producing horizontal shear waves. The mixed boun­
dary value problem has been solved by the use of integral transforms and the Wiener­
Hopf technique for both the steady and non-steady cases. Two types of viscoelastic 
models, viz., the Maxwell solid and the standard linear solid have been'considered. 
Solutions have been derived in clos·e form in both the cases and graphs have been 
presented to bi-ing out the salient features of the problem. 

1. INTRODUCTION 

Problems involving tile motion of a punch on the surface of an elastic half-space 
or on the free boundaries of long strips are extremely important in view of their ap­
plication in road construction technology and also in geophysical research. Punch 
problems within the classical theory of elasticity have been studied extensively by 
Galin 1 and by Gladwell2 in their books. The motion of a rough punch on an elastic 
half-space has been treated in detail by Suhubi 3• Recently problems involving an­
tiplane motion due to punches moving.along the surface.s of an elastic strip have been 
solved by complex variable methods by Tait and Moodie4

• An analytical solution 
to the problem of a long rigid punch moving rapidly on a strip of a highly orthotropic 
elastic layer has been solved by Georgiadis 5 using integral transforms and the 

· Wiener-Hopf techniques6• 

However, natural or artificial materials have generally disipative behaviour 
which often can be taken into account by viscoelastic models. Accordingly, problems· 
involving the motion of a punch on a viscoelastic medium have drawn the attention 
of many scientists. The problem of a rigid cylinder rolling on the surface of a 
viscoelastic half space has been solved by Hunter 7 • The contact problem of rigid 
cylinder rolling slowly on a thin viscoelastic layer has been treated by Alblas and 
Kuipers 8 assuming that the layer thickness is small compared to the width of the con­
tact region of the cylinder. The problem of a plane punch sliding without friction 
on a viscoelastic half space has been considered by Golden 9. 

In the present paper, we have examined the stress and displacement field pro­
duced by a long punch moving on the boundary of a semi-infinte viscoelastic medium 
and producing Horizontal Shear waves. Two types of viscoelastic models viz. Max­
well solid and Standard Linear Solid have been considered and loading is assumed 



848 S. C. MANDAL AND M. L. GHOSH 

to be such that Mode III conditions prevail. The mathematical technique which is 
employed here consists of the application of integral transforms and the solution of 
the resulting Wiener-Hopf equations for the transformed unknown variables. Both 
the steady and nonsteady solutions of the problem have been derived. Displacement 
and stress on the free surface and at points below the punch have been derived 
analytically and the nature of their variations with the velocity of the moving punch 
has been shown by means of graphs. 

2. FoRMULATION oF THE PROBLEM AND hs SoLUTION FOR STEADY STATE MoTION 

Let us consider a semi-infinite viscoelastic medium which was set into motion 
by a semi-infinite rigid punch moving with a constant velocity v in the direction of 
the x-ax.is. The y-ax.is is taken vertically downwards into the medium (Fig. 1). 

0 X 

y 
FIG. 1 

For horizontal shear waves, the displacements along X and Y directions are zero· 
and only the displacement W = W (X, Y, t) along z-direction exists. The stresses. 
under the punch are 

a 13 = a 13 (X,, Y, t) and a23 = a23 (X, Y, t ). 

The non-vanishing strains are 

1 aw 
e13 = - -- and e23 = 

2 ax 
1 aw ---
2 ay 

. .. (1) 

... (2) 

Considering a 'standard linear solid' as the viscoelastic model, the stress strain rela­
tions are 

-'- + /3a;3 = 2p. -'- + a e;3 , i = I, 2 aa-3 ( oe·3 ) 
at at . ... (3) 

where a, /3 are positive constants and p. is the instant~neous elastic modulus of rigidi­
ty of the material. 

The equation· of motion is 

aal3 aa23 -- + ax aY ... (4) . 

where p is ,the density of the material. 
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The boundary conditions of the problem are 

W (X, 0, t ) = W0 

W (X, oo, t) = 0 

a23 (X, 0, t ) = 0 

, X- vt < 0 ] 

-oo<X<oo 

, X-~~> 0 

849 

... (5) 

Since we are going to investigate the steady state propagation of a punch, it is conve­
nient to define a moving co-ordinate system (x, y) whose origin coincides with the 
tip of the punch and whose axes ·are parallel to the fixed (X, Y) axes, respectively 
(Fig. l) 

Hence putting x = X- vt, y = Y eqns. (I) to (4) become respectively 

a13 a13 (x,. y) ai3 = a23 (x, Y) 

1 · aw 1 aw 
e13 = 2 ox (x,y) , e23 = 2 ay (x, y) 

oal3 ~.~. (- v a2w · aw) - v + {3al3 +a--
ax ax2 ax 

aa23 
=y.(-v 

a2w aw) - v + {3a23 -- + a--
ax axay ay 

and 

· a2 w 
·v2 p. --2-. 

ax 

The boundary conditions (5), now become 

W (X, 0) = W0, X< 0 

00] W (x, oo) = 0, -00 <x< 

a23 (x,_ 0) = 0, x> 0. 

Now introduce Fourier transform 
·co 

f (~. y) ~- r f(x, y) eit;x dx 

-00 

00 

so that . f (X, y) I J (~. y) e-iEx dx . 

Taking Fourier transform of (8) and (9) we get 

(i~v + {3) 0'13 1.1. (~ 2v - i~a) W 

dW 
1.1. (i~v + a)-­

dy 

... (6) 

... (7) 

... (8) 

... (9} 

... (10) 

... (12) 

... (13) 
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and 
- d a23 2t:2 w-iEa13 + -- = - pv ., . 

dy 

Eliminating u13 , u23 from (12), (13) and (14) we obtain, 
2-

d w 2-

where 

----yW=O 
dy2 

The branches of 'Y are so chosen that 

Re (-y) > 0 for - a < Im <n < 0 

where a = ( ~ - : ) · / ( 1 - ~: } 
Now the solution of eqn. (15) bounded as y-oo is 

w (~. y) = B <n e-"YY 

Let us consider 

where 

W (x, 0) = w0 = W0 e'X. 

X < 0, f > 0 and f Will be made tO tend tO zero finally 

= W0 p (x) (say) , x > 0 

a23 (x, 0) = 0 , x > 0 

= W0 t (x) (say) , x < 0 

p (x) and t ("X} are un~nown functions such that 

p (X) - Q·(e-k,x) as X- oo, kj > 0 

t (x) - 0 (~+k2-r) as X - .:.. oo, k2 > 0. 

Taking Fourier transform of (19) 

where 

- Wo Wo w (~. 0) = + - p (~) 
fu (E+i~) ..fh + 

"' 
P +(0 = 1 p (x) ei~x dx, (~ = a+i T). 

() 

... (14) 

... (15) 

... (16) 

... (17) 

... (18) 

... (19) 

... (19) 

... (20) 

... (21) 

. .. (22) 

In (21) the first term on the right-hand side is analytic in the lower half plane 
lm (0 = T < f and P, (~)is analytic in the upper half planeT > - k 1 (k1 <a, say). 

Again taking Fourier transforms of (20) 
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- Wo 
a23 (E. 0) = _,.. T_ <E> 

v2'lr 

0 

T_ (t) = 1 I (x) ei~x dx. 

-00 

851 

... (23) 

. .. (24) 

T_ (E) is analyticin the lower half planeT < k2• Therefore, W (E, 0) is analytic for 
-k1 < T < E and a23 (E, 0) is analytic in the lower half plane T < k2• 

From (13), [(iEv + /3) a23] = [IL (iEv + a) dW] 
y=O dy y=O 

Using (18), (21) and (23) this becomes 

where 

T_ (t) = - H (t) [P + (0 - _; -. ] e-u 

[.( v2) ( v{3 a )]1/2 e. 1 - 7 e + ; 7 - --; . 

... (25) 

.... (26) 

It may be noted that the problem has been reduced to a form suitable for the ap­
plication of the Wiener-Hopf technique. Now H(E) can be written as 

where 
- [( . vl ) . ( v{3 a -)_ ] v, 

H + (H = 1L 1 - ----;?" E + t _ ----;?" - --; 

and 

( 
ia )!lz e-- e 
v 

H_(e) = ( i{3) e--
v 

H + (E) is analytic in the upper half plane T > - a and 

H_ (E) is analytic in the lower half plane T < 0. 

Applying well known Wiener-Hopf technique we get, 

... (27) 

... (28) 

... (29) 
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So from (23) 

W0 . [· ( {3v a )]I/2 -- • lp. I - - - • 
..a:ir c2 v 

Therefore for x < 0 

a23 (x, 0) 

... (30) 

Considering a branch cut along the positive imaginary axis starting from ~ = ia/v 

and changing the path of integration from real ~-axis to the path around the branch 
cut it can easily be shown that the integral 

I= 
f (~- ~) 
J ( i{3 ) 
-0> ~ - -;-

(assuming {3 > a) 

can be converted to the following integral 
'lri ()( 
-- -XI 

1=2e 4 ev ·~ uv' e~uxl 
~ ------du 
0 u- (p_- ~) 
' v v 

00 

... (31) 

where x pas bee~ replace~ by -x~o f denotes the prin~ipal val~e of the in~egral. For 

0 . 

large values of(~- a) xi/v = mxi, where m ({3- a),/v the integral (36) can be 
evaluated in the form 

. 'lri ()( 

- --XI 

I = _-_2e_4 -:-:-~,-v _ [r(3/2) · + r(5:~) + r(7:~) + .. ·l 
XI . fflXI m XI m XI 

and for small values of mxi it can be shown that 

. I = ie"it4 e-<>x, tv . r;-_ 
' '\}~ 

Therefore using {30) and (31) we obtain for x < 0, 

00 

... (32) 

... (33) ' 

a23 (x, 0) - w; p. ( ~~ - : r' e-"x, /1' J 
00 

..,------,---[ u-( -~ ~: ) l du, x < 0. 

... (34) 
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Using the value of the integral arising in (34) by (33), we get for small values of mx" 

: - Wo ll [ ( {3v a )] 112 ax ~~ + 
a 23 (x, 0) = ...fViiX: m - 2 - - e- 1 , x 1 - 0 . 

'lrfflX1 C V · 

Also with the help of (34) and (32), for large values of mx1 (x < 0) 

a23 (x, 0) 

Now from (21) we get as t -;- 0 

Taking inverse Fourier transform 

·aa-icJ 

r(512) 
+ + ···]. 

... (35) 

... (36) 

W (x, 0) = - iWo ..fia f 
2'1r J 

e-iEx 
----~ d~. x > 0 (0 < d < a). 
~ (~ + ia) v. ... (37) 

-oo-id 

Transfonning the integral in (37) to an integral along the contour around the branch 
<;ut from -ia .to -ioo, it can be shown that. 

1 .. 

W (x, 0) -i Wo _ ~ · · 4 1 2 1 -- viae-ax er'l X I 
7r' 

e-U u-112. 

--- dU (x > 0) 
U+ax 

0 

which can be written as 

W ( 0) Wo -'il ax(. )-'h W x, . = ..fi. e ax -v.. ~ v. (ax), (x > 0) 

where Wk.m is the Whittaker function 10
• 

Therefore, for small values ofax (x > O).we ~btain from (3~) 

W (x 0) =Woe-ax)_ 2.Wo e-ax (ax)v'! x- 0"': 
t j; • fir I. : • • t 

'\ ; .' ~: I '; 

and for large values of ax (x ·> 0) . ; . 

W (X, 0) 
Wo e-ux .:·· . 
-- --·, x- oo.(x > 0) .. v1r vax 

' ~ : 

... (38) 

; ~ 
... (39). 

. .. _., 

... (40) 
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3. STEADY STATE SotliTION FOR MAXWELL Souo 

For 'Maxwell solid' the stress~strain relations obtained from (3) putting a = 0 are 

aal3 Q '3 ae,.3 . -- + '"'a,1 = z.J.L --, 1 = 1, 2. ·at at . .. (4.1) 

The stress'can be found by putting a = 0 in (34) as (for x < 0, y = 0) 

. WoJ.L ( {3 v )112 r . e-ux, uv. 
a23 (x, 0) = - ~- -. - du. . .. (42) 

r c c . (u - {3/v) 
. 0 

{3 . . . 
For small values of ·- x, x < 0, putting a = 0 in (35) we get 

v 

a23 (x, 0) 
- Wo J.L (.!!_ . !_)1!2 ({3/v) 1/2 

Vi _c c .Jx1 {3/v 

X 1 - 0+, (XI = -X). 

Again for large values of {3x/v, (x < 0), from (36) 

au(x, 0) = --· -.-Wo J.L ( 13 v )112 ({3/v) 112 
· Vi c c {x1 {3/v 

... (43) 

I(~)+ I ( ~) + ···J . . .. (44) 

Putting a = 0 the displacement on the free surface (y = 0, x > 0) is obtained from 
. (38) as -

w. -
W (X, 0) = d e-V•kx (kx)-\4 : W-14. -\4 (kX), X > 0 

( 
·13 v) ( v2

) wherek = -;; . -;; / 1 --7 
which for small values of kx > 0 becomes by help of (39) 

W(x,O) = W0 e-kx_ 
2
;;0 e-kx(kx)v.,x-o+ 

and for large values of kx > 0, using (40) we obtain 

Wo e-kx 
W (X, 0', = -- -- X - oo, (X > 0) . ..[7; ..fk:x ' . 

... (45) 

... (46) 

... (47) 
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4. SoLUTION OF THE PRoBLEM FOR NoN S-tEADY STATE MonoN· 

In this·c~se it is assumed that at timet = 0 a semi-infinite punch starts to move 
with a constant velocity v at X = Y = 0 on the surface of the semi-infinite viscoelastic 
medium. 

The 'standard linear solid' is taken as the viscoelastic model. Shifting the origin 
. a a a a · 

at X=vt and puttmg X- vt=x and Y=y so that -· -· = -, - = -and 
· a a ax ax aY ay 

time· derivative equal to - v -·- + - the stress-disp]acement relations. given by 
ax at 

(8) become in this case 

... (48) 

Both these ·equations can be reduced to ordinary differential equations by the 
application of the Laplace transform over t and the Fourier transform. over X. 

Let us denote the Laplace transform by a single bar 
. <» 

J = J (x, y, p) = ) e-Ptj (x, y, t) dt ... (49) · 

0 

and Fourier transform by two bars 
.<» 

T = T (~. y, :p) =. ·r eiEt J (x, y, p) dx .... (50) 
J I' 

-00 

Applying these transforms to (48) we get 

(i~v + p + {3) !f. 3 

(i~v + p + {3) ~J 

p. (ve- i~p:... i~o:) W 
dW 

p. (vi~ + p + o:) --
. dy 

Now the equation of motion given by (4) becomes 

Oun + au23 = P (v2 a2
W ....: Zv a2

W + a
2W) 

ax CJy ax2 axat at2 

which after taking Laplace and Fourier transforms takes the form 

. = du23 2 2 - . · 2 = 
- I~ 0' 13 + -- = p (- Y ~ + 2 · Vl~p + p ) . W. 

·dy 

Substituting .for u 13 and c'J23 from (51) and (52) in (53) ,we -~ave 

d 2W ': . ;, · 
-- - -y 2 w = 0 ., 

dy2 

... (51) 

... (52) 

... (53) 

... (54) 



856 S. C. MANDAL AND M. L. GHOSH 

where -y 2 = . 
1 \e(Vi~+p+a)+~ (Vi~+p) 2 (Vi~+p+(3)1_ ... (55) 

(Vl~+p+a) l JJ. · j 

The branches of"' are defined by Re ("') > 0. . '""-' 
Since the stresses are bounded as y - oo, W(x, y, t) and hence also W (~. y, p) 

must remain bounded as y - oo. Hence, the solution of eqn. (54) is given by 

W (~. y, p) = A (~. p) e--rY. 

Now the boundary conditions are 

W (X, 0, t) = W0 H (t), 

W (X~ oo, t) = 0, 

a23 (X, 0, t) = 0, 

X< 0 

-00 < X < 

X> 0. 

Taking Laplace transforms with respect to t, these conditions become 

- Wo J W(x, 0, p) = --, X< 0 

a23 (x, 0, p) = : , x > 0. 

Let us consider 

and 

W (x, 0, p) = W0 p (x) (say), x > 0 ] 

a23 (x, 0, p) = JJ. W0 t (x) (say), x < 0. 

The functions p (x) and t (x) are such that 

and 

p (x) 

p (x) 

0 (e-klx) as x - oo, k 1 > 0 

0 (e-kr") as x - -oo, k2 > 0. 

Taking Fourier transform of (58) and (59) we obtain 

W (~, 0, p) = Wo ~- Wo P+(U 
ip~ 

"" 
where P + (0 = 1 eiEx p (X) dx, (~ = a + ir) 

0 

... (56) 

. .. (57) 

... (58) 

· ... (59) 

and a2, (£, 0, p) 7 JJ.Wo T_ (~) ... (60) 

0 

where T_ (~) = ) ei~x 1 (x) dx. 

-00 

The integral of W (E, 0, p) over (- oo, 0) converges if and only if Im (£) = 
7 < 0 and in,egral over (0, oo) converages if r. > - k 1• o23 is analytic over ( - co, 0) 
if T < k2. 
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Now (52) becomes with the help of (56), (59) and (60) 

.. (Vi~ +p+/3) T_ (~) = _1_ + p + (~); 
( Vi~+p+a) -y ip~ 

857 

.... (61) 

In this form of equation Wiener-Hopf technique can easily be applied. 

· 5. NoN STEADY STATE SoLUTION FOR MAXWELL Souo 

For general a and {3, -y does not readily factorize. Expressions for the roots of 
-y = 0 can be obtained but these are difficult to handle. We discuss here the case 
of the Maxwell solid, where a = 0. 

In this case ,. 2 reduces to 

where X 1 = 

Branches are chosen so that -y - + oo as ~ - ± oo. 

Thus for a Maxweil solid, (61) can be written after simplification as 

- 1--
( 

v2 )-v. 
. c2 

(~-;(~)) 
(~- ;~) 

Applying the Wiener-Hopf technique we get 

p = (iXI) Y: 

+<~> "t:(t: ·x·>v. IP<;. <;. +• I . ip~ 

T_ (~) 

... (63) 

... (64) 

... (65) 

. .. (66) 
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( 
v2 )v. 

T_ (0 = - 1 ----;? 
(~- ~)<~- iX2 )v. 

(~ _ i <~+P>) 

Therefore, JV a. ·o, p) given in (59), with the help of (66), takes the. form 
. . v. 

JV (t. O ) _ W0 (iX1) 
10

' ' p - ip~ ( ~ + iXJ) "" 

Taking inverse transforms, one gets 
c' +ioo 

W (X, 0, t) 
Wo =---
i I (iX1) v. eP' 

~__;_;___ dp X 
p 

r:'-iOD 

oo-id 

1 .-

1 
·e-iEx 

X - d~. 
2..- ~- (~ + iXJ)"" 

-oo-id 

0 < d < k,, X > 0. 

... (67) 

... (68) 

...(69) 

Taking the path of integration around the branch cut along negative imaginary 
axis from - iX1 to - ioo the integral 

oo-id 

I= 1 _e-iEx 

~ (f+iX,)"" d~ 
-oo-id 

can be converted to the integral 

I ~ 2e..-i14 e-X1x. (x)_ V. dU 
. . 1 e-Uu-112 

U+xX1 
0 

which is finally evaluated as 

I = 2fi e.,.;14 e:v.xx1 .(X) v. (xX1)-314 W-!4,-!4 (xX1). 

Putting this value of the integral in (69.) we obtain 

c'+ioo 

W (x 0 t) = -- · -
. ·wo 1 ). 

• . Vi . 2..-i (xxl) -!4 W ( X) d 0 -V.,-V. X I p, X> • 

Now for small.p, 

and for large p, X 1 = p 

c- v 

c·-ioo 
p 

... (70) 

= k (say) ... (71) 
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. · px ( x ) ( 1 px ) ( px )-\4 therefore for large -v' W_,A,-\4 p -- - exp - - -- -- . 
c- c-V 2 c-V c-V 

... (72) 
So in eqn. (70), putting the value of X 1 for small p given by (71), we obtain for ll,ll'ge 
time t, 

w (x, 0, t) = ~ e-\nkx (kx)-\4 w-\4,-\4 (kx) ... (73) 

which is same as the result for the steady state case for all x > 0 given by (45). 
For large p, i.e. for small timet and for all finite x such that px/ (c- V) is large, 

using (72) we obtain from (70) 

.:· . · . · 2W0 F7-V ( . X )y, ( X ) W (x, '0, t) = -- --- t - -- H t - -- . 
r x c-V c-V 

Now, using ·(67), (60) becomes 

w. 1 v c·x >\n l: . 'P c~:·_. ,·x2·>Y, 
( 

2 )ln ( . ) = -p. 0 - 7 l 1 <; - -; <; 

i~p (~- i (p:{J)) 

After taking inverse transforms it converts to 

1:' +ico 

< ~3 (x .. 0 .. I) = 

~,.,. W0 ( 1 - *) ln 
2ri 1 

X 1 
-aa-id · 

c'-iQ) 

e-iEx (~ - ~) (~ -' iX2) y, 

~ (~- i (pv+{J)) 

d~. 

Evaluating the integral with respect to ~ for small x, it can be shown that 

p.W0 (1- v.2fc2)~ 
,C!23 (X, 0, I) = - -=--,,.......;;-_-==--- · .B, as- X = X1 - 0+ 

..frx1 

where 

. 1 
B=-

2ri 

(for all t > 0) 

c'+ie» 

1 
c'- i co 

The evaluati()n of B for all t (I > 0) has been done in the appendix. 

...(74) 

..;(75) 

... (76) 

... (77) 
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For small p i.e., for large t, using from (71) the result thatX1 - k, 

we have B dk ~ .)( ~ . ; ) I (I - ;: ) ... (78) 

Substituting the· value of B given by (78) in (i7) we obtain 

(
{3 v)v' ILWo - . -
c c 

i123 (X, 0) = - ----=:,---- • X1 - 0 + 

~ . . 

which is same as the result for the steady state case given by (43). Thevariation·of 
the nondimensional values 6f 8 given by B• = (I - v2! c2) 'h. x B ..fCi{3 has been plot­
ted against nondimensional time t 1 = {31 for various values of v/c = 0.5, 0.7 and 
0.9 and has been shown by means of the foliowing gr.aphs (Fig. 2) 

6 

!=O·T 

o~~~~~~--~--~--~--~--~--~--~--~--~-~-~-~ 
o en o-1 o·3 o·-4 o;s o~ 0·1 o·s o-9 1·1 1-1 t·J 1·4 1·s 

t1-
FJG.2 

Now for all values of x i.e., for general value .of~ the integral 

<»-id ·. e~iEx: ( ~ ·_ i~ ) (~ · _ ;x
2

) '12 

r d~ 
21ri _}id ~ [ ~ ·_ i (pv+ {3) l· : .. 

appearing in eqn. (7.5) c'an be converted to the integral 

co eux u •;, (u + x2 - !!_) 
eTi/4 ~X2 x ·1 . . . _ -~--- du, 

hi 

'/• = e 4 . P (X2) v, + 
p+{3 . 'If' 0 (u+X2> (iax~)- p:f3) · 

I" ·c .. ·p:{3-~x2) ... (79) 



VISCOELASTIC SEMI-INFINITE MEDIUM 861 

considering the path of integration around the branch cut along positive imaginary 
axis from iX2 to ioo. 

So using (79), (75) becomes 
c' +ic:D 

I ePI 
(Xd 112 ex2x 

p 
w. ( v2 )

1

12 1 
a23 (x, 0, n_ =. -. ll'll' 

0 1 -- . -
· c2 21ri 

c'- ioo 

00 

du+!LWo (1 -~r,. c2 21ri 

c' +·ioo 

For large t (i.e., for small p using X 1 = k, X 2 = 0) and for all x (x <: 0) we obtain 
from (80) oo 

ILWo ( {3 v )v' ~ eux uv, 
a23 (x, Q, t) = - -'11'- ---;- ·---;- ~ ( {3 ) . du 

k ~ ( > ~)I (1 -;:) 
0 

u- -; 

which is same as the solution for the steady case f6r all values of x ::> 0 given by (42). 

1 
~~ 0 ., 

- '<.. . ~ . -t .. ~ 
~ 

•" !-' -5 

-6 

I 
I 
I 

'I 
I 
I 

0'~-- --"o"6 __ __ _p·1 __ ___ g-s _____ .9· __ 

x: = (3X1jc---+ 

FJG.3 

MAXINEU. SOLID(o</!J=O) 

STI\NDAAD UNEAR SOLID(~ =0·:2.) • 
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6. REsULT·s AND DtscusstoN 

The stress u23 (x, 0) just below the punch (x < 0) and the displacement 
W (x, 0) on the free surface (y=O, x .> 0) have been computed numerically from 
eqns. (39) and (43) for different values of parameters v/c and a//3.The case a!/3 = 0 

corresponds to Maxwell-Solid. In Fig. 3 non dimensional stress r• = <1
23 (x, O) 

. JLWo /3/c 
has been plotted against non-dimensional distance xj = {3x1 /c for values of the 
paramter v/c=0.5, 0.9 and for values.ofthe parameter a//3=0 and 0.2. 

For the same sets of the parameter values non. dimensional displacement w• = 
W!W0 has been plotted versus non-dimensional distance x• = /3xlc in Fig. 4. w• 
varies from 1 to zero as x• changes gradually from x• = 0 to oo. 

0•7 

O·& 

1 o-s 

~t.i (t<l 

,.11 

!t ctJ 

0"2 

o·J 

0 

------ MAXWELL SOUD ("'tt3 =0) 
--STANDJ\RD UNEAR SOLlD(~o0'2) 

------ ---
--------- --- -----

~ H ~ ~ " ~ n ·n " 
-x·= ~-­

FtG.4 

It may be noted from the graphs that variation of the values of w• with x• is rapid 
with the increase in thre values of the paramter v/c. Further it is found that the graphs 
become steeper with the decrease in the values of the paramter a//3. From Fig. 3 it 

· is found that nondimensional stress r• changes rapidly with the decrease in the values 
of v/c where as for a fixed value of v/c graphs become flat with the increase in the 
values of a!/3. 
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I. Evaluation of the Integral B 
The integral in (77) 

B=-
2-lri 

APPENDIX 

has a simple pole at p . = 0 and branch points at p = - {3 

a1 = · ~ (- 1 + j I- ;: } 

Taking the branch cut along the negative real axis from a 1 to -oo the integral can 
be considered as a contour integral around the path as shown in Fig. 5. 

p-piG.ne 

-~ 

C:-iR 

FIG.5 
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Let I= -dp 

which can be written as I = -/vii + / 1 where /vii is ,the contribution to the ~~ ~~ . 
integral from pole at p = 0. 

Let / 1 = lz + h where h. is the-value of the integral/1 around the branch cut from 
a.1 to a 2 and h is its value round the branch cut from a 2 to - oo. 
Now it can be shown that 1¥ 

R•- x• 
~- v2tcJ- ell (cr~- r) 

12 = ..fi3 l 2 dr. 
'll" J (aj-r) 

0 

In the interval (a2, - oo) 

ell (cr~- r)~ -x·. 
-------- dr. 

(aj- r) 

where a 1 = {30:j, a2 = {3a·i, t 1 = {31, 

x• = : ( ~ _j 1 - . :~ - r) ~ y• 

- ·(, 1 r.-7) ~ ~ 
x• •_ = - : r - ~ ~ 1 - ? -- Yr r - ~ ( 1 ~- ?-) . 

Finally, we obtain 

00 

~ 
el1 (aj- r) ~-X 

+ 
.(aj- r) 

\ l - ,.~,,~ 

•• dl 

ell (aj-r)~ 
-------- dr + 

(aj- r) 
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ANTIPLANE DYNAMIC CRACK PROPAGATION IN AN INHOMOGENEOUS 
VISCOELASTIC SOLID 

S.C. MANDAL and M.L. GHOSH (DARJEEUNG) 

I. ln"ocluctlon · 

Until now many authors, BAKER [1], CHEREPANOV andAFANASEV [2] and others have 
investigated the dynamic cr-ack propagation in a homogeneous elastic medium. This 
problem presents an interest for a better understanding of the brittle behaviour of the 
material. However, natural or atificial materials are usually inhomogeneous. There exist 
very few solutions to the problem of dypamic crack propagation in inhomogeneous elastic 
media. ARKINSON and LIST (3] and ATKINSON [4] considered steady-state crack propagation 

- in different types of inhomogeneous elastic media. In addition, if the materials are dissi­
pative, that effect can be taken into'account by·considering the material to be viscoelastic. 
Crack propagation in viscoelastic medium has been studied by WILLIS [S], ATKINSON and 
LJST (6], CoussY [7] and others .. WILLIS [5] considered steady-state Mode III crack propa­
gation for a standard linear solid under general type of loading on the crack surfaces. 
ATKINSON and LIST [6) studied nonsteady SH-wave type crack propagation starting at 
t = 0 and moving with a constant velocity in the."Maxwell Solid" or using the viscoelastic 
model suggested by Achenbach and Chao. Finally, SILLS and BENVENISTE [9] and Coussy 
[7) studied steady state crack propagation of SH-type at the interface between two visco-
elastic media. . 

In our case. we hav~ considered steady and nonsteady cases of Mode III crack propa­
gation in an inhomogeneous viscoelastic medium. Two types of viscoelastic models, namely 
Maxwell Solid and Standard Linear ~olid have been considered. Material properties have 
been assumed to vary exponentially in the direction perpendicular to the direction of crack 
propagation. We have studied how the material inhomogeneity affects the stress intensity 
factor and also the crack opening displacement when a Mode Ill type crack propagates 
through the inhomogeneous viscoelastic medium. 

l. Formulation of the Problem and its Solution for Nonsteady Case In Maxwell Solid 

Let us copsider an inhomogeneous viscoelastic medium which was set in motion by 
a semi-infinite crack suddenly appearing at t = 'o and moving with a constant velocity V 
in the direction of the X-axis. The Y-axis is taken perpendicular to the X-axis (Fig. 1 ). For 
SH-waves, the displacements along X and Y directions are zero and only the displacement 
W = W(X, Y, t) along the Z-direction exists. 

The shear modulus is ,u(Y) = ,u0 exp(2PY) and density e(Y) = e0exp(2PY), where p, ,u0 , 

and Qo are constants. 
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FIG. 1. The crack geometry. 

The non-zero stresses are 

(2.1) 
1 

t1rz = t1rz(X, Y, f) and t1xi = ttxz(X, Y, t), 

and the nonvanishing strains are 

(2.2) 

Considering a Maxwell Solid as the viscoelastic model, the stress-strain relations are 

(ottrz/ot).f-/11 ttrz = 2p.(Y)(oerz/ot), 

(ottxz/ot)+/11 t1xz = 2p.(Y)(oexz/ot), 
(2.3) 

where /11 is a positive constant. 
The equation of ~tion has the fonn 

(2.4) 
and the boundary conditions of the problem are 

W(X, 0, t) .= 0, X- Vt > 0, 1 > 0, 

(2.5) ttrz(X, 0, t) = _:_ aH(t), X- Vt < 0, t > 0, 

arz(X, Y, t) --. 0 as X 2 + Y2 
--. oo. 

It is convenient to shift the origin of coordinate to the tip of the crack at X = Vt. New 
coordinate axes (x, y) are parallel to the respective fixed ones (X, Y). 

Hence, putting x =:= X- Vt, y = Y, we obtain (of oX) = (of ox), (ofoY) = (ofoy) and 
the time derivative transforms to- V(ofox)+(ofot). Equations (2.1), (2.2), (2.3) and (2.4) 

"·beCome 

(2.6) 

' (2.7) 

(2.8) 

and 

au = t1.u(x, y, t), tt,, = tt,,(x, y, t), 

e:n = 1
/ 2 [oW(x,y, t)fox],. e,, = 1 / 2 [oW(x,y, t)foy], 

- V(~a,,fox)+ (oa"=fot)+ /1 1 a,: = ,u(y)[- V(o2 Wfoxoy)+ (o2 Wfotoy)], 

- V(ott:ufox)+ (ottx:fol) + {1 1 ax: = ,u(y)[- V(o 2 WJox2 )+ (() 2 Wfot ox)] 

(2.9) (oa:ufox)+ (aax:foy) = e(y)[V2 (o2 Wfox2
)- 2V(o2 Wfoxot)+ (82 Wfot 2 )]. 

The boundary conditions (2.5) now assume the form 

W(x,O,t) = 0, x> 0, 

(2.10) a,.(X, 0, t) = - aH(t), x < 0, 

a,.(x,y,t)--.0 as x 2 +y2 -.oo. 
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Let us denote the Laplace transform by a single bar 
CXl 

J=fix,y,p) = J f(x,y, t)exp(-pt)dt, 
0 ' 

and the Fourier transform by two bars 
CXl 

f=ft$,y,p) = 1/V(bt) J f(x,y,p)exp(i$x)dx. 
-co 

Applying these transforms to Eqs. (2.8) and (2.9), we get 

(2.11) 

(2.12) 

and 

(2.13) 

(i;V+p+f3t)an = ~t(y)(Vi$+p)(dWfdy), 

(i$V+p+f3t)Ji.u = ~t(Y)(V;z-;;p) W 

Eliminating Um ay .. from Eqs. (2.11), (2.12) and (2.13), we obtain 

(2.14) 

where 

(2J5) 
C

2 = /1-ol!!o • 

The branches of y are chosen so that Re(y) > 0. 

Since W must remain bounded as y--. ± oo, so solutions of (2.14) are 

(2.16) 

and 

(2.17} 

where W'1 >, and W<2 > denote the displacement in the upper and lower half-plane, respect­
ively. 

Let us c~msider the case when for y = 0 _ 

(2.18) 
W< 1>- W< 2 > = h(x, p), X < 0, 

= 0, 

where h(x, p) is an UI!known function such that 

X> 0, 

lz(x,p)~O{exp(k1 x)} as x-+-oo, k 1 >0, 

Applying the Fourier transform to Eq. (2.18), we get 

co 

(2.19) W< 1>-W<2> = B1 -A2 = I/j/(21i) J h(x,p)exp(iex)dx, 

= H_(E,p), 

where H_(~.p) is an analytic function in the lower half-planeT< k1 and~= O'fiT. 
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Now from Eqs. (2.11 ), (2.16), and (2.17), we obtain 

(2.20) a~!> = _ __Q'".~+EL_ - ,u(y)(aw<l)foy) =·- .u<Y>B~ (P+JI(P2 +r2>) x 
(V,~+P+P,) · 

xexp(-(P+J/(pz+y2))yJ-(V~~~;!~;), y > 0, 

~2, = (V~;P+:~~>- · ,u(y)Az (-P + JIUF +r2
) )exp[(-P + V (P2 +r2) )y), y )(.0, 

where oW and ~;> are the stresses on the upper and lower surfaces of the crack. 
Since the stresses are continuous for y = 0, 

Using Eqs. (2.20), we obtain 

(2.21) 

Using Eq. (2.21), (2.19) becomes 

(2.22) 

~gain let us assume that for y = 0 

=tl) - =-(2) 
a~= - a~· . 

(2.23) 
- . -( l) -(2) . [ (, )]/ a, .• = a:;• = a1• = - a 0 exp 11X p, 

= e(x), 

Here e(x) is.an unknown function such that 

X< 0, 

X> 0. 

e(x)- O{exp(-k2 x)}, x--+ oo, k2 > 0. 

Taking Fourier transforms of Eq. (2.23) we get 

00 0 

= I/y(2n) J a~~'exp(i~x)d.\"+ tfl/(2n) J a~;>exp(i¢x)dx::: 
0 -00 

where 

00 

(2.25) E+(~, p) = 1/((m) f a~!>exp(i~x)dx 
0 . 

and is an analytic function in the upper half-plane -r: > -k2 and a0/[iy(h)(~-il)p] 
is analytic in the lower half-plane T < .t 



Antiplane dynamic crack propagation In an inlwmoge~oiu viscotdastlc solid 377 . 
~--. -~ -----· ._· ____ .. -·-

· From ·Eqs~ (2.22) and (2.24), we get. 
- . ' . 

(2.26) JloO'l~+p)yzH-:(E,p) = E+(E,p)-u~/[v(m)().+iE)p). 
- _ 2(ViE+p+/1,) l!(pz+yz) .-

It may be noted that the problem has been red~ced 'to- a form suitable for application of 
the Wiener-Hopftechnique. · · 

Now 

(2.27). 

where 
. . 

(2;28) -X1 = 1j1 (1:-V2 /c 2)~ 1 {(2p+PdV/c2 +J/ {(2p+/11)
2

- V2 /c4 + ,i;;:: _ _ _ • 

+4p(p + p1 )(I__:. V 2 /ci)/c 2 }j, 

(2.29) X2 = 1 /2(l-V2 /c2)- 1 [-(2p+fJ,)V/c2 +y{(2p+-f3~)i V2 /c4 + -
+4p(p+/1,)(1- V2fc 2)fc2 }j 

and 

_. (2.30) 

where 
. . 

· (2.31} Y1 ,;, 
1
/ 2 (1-V2 /c2

)- 1.[(2p+p1)V/c2 +/{(ip+/11)i V2 fc4 + 
+ 4 {p(p+ Pd/c2+P l ~I':_ vz /c-2

) 11; 

(2.32) Y2 = 1 / 2 (l-V2 /c2)-'[...:.(2p+/1 1 )V/c2 +)1'{(2p:t=~;)i V2/c"+ _ 
+ 4 fp(p + /1 1 )/c2 +{fl fC-1 - V 2f(c 2

)}]. 

Using Eqs. (2.27) a~d (2.30), (2.26) b~comcs 

.Uo(L- V2/c2
).112 (E ~ ;;;V) (E- iXz) H _(e. p) . Uo(i). +iY,)I/l ----- +- . . 

2[E ...:.f(p+ /11)/V] (E~iY2) 1 '2 1/ (2.."t) i(E- O.)(iJ.+ iX1)P 
(2.33) 

(E+iYI)IIZ£+(E,p) . - uo . .l (E+iY;)Jiz (i).+iY,)I'zl 

- (E+fX
1

) -~i(2.."')iP.(E--l).) ·_ (;+iX1) ---QI.+iX;) . 

The functions o'n the R.H.S. of Eq. (2.33) are a~a!ytic a_nd non-zero in th~ upper half-plane 
T > -kl, and functions on the L.H.S. are analytic and nOD"Zero in the lower half-plane 
T < ). (). < ki). Since both the functions are analytic in the strip -k2 <: T < )., the 
principle of an analytic continuation states that each of them represents an ~:ntire function. 
MU) in· the whole ~-plane. 

Now the L.H.S. of (3.33) approaches zero as 1;1 -+ oo. It may then be concluded by 
Liouville's theorem that M(e) = 0, and. therefore . 

(2.34) ·H_(~, ;) = 2ao(i).+iY,)Ifi(e-iYz)'f2(l-V2fc2)-•lz(;-i(p+/1,)fV). 

Jlo 1/ (2:ri:) ip(f- i).)(iJ. + iX1) (;- iXz) (E- ip/V) 

I 
"I 

I 
I 

I 
l 

i 
l 

' I 
l 

. : 

I 
I 

! 
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-and 

(2.35) - E+(e,p) = __ -= '!u__ _______ _ ·_ao(iA+iYy)''
2
a+iXj} 

· ·- ll(m) ip(;.:....i).) y'(m) ip(E-i).)(iA+iX,)(,+iY,)'' 2 

From Eq. (2.34) it follows that 
- . -
- . - . 2a0 (1- V 2/(cZ)-tl1(i).+iY1)1/2 

JL(~.P> = - - -=------- -.,--- -- e-Jt:i, ~--- oo. 
llo J/ (2.n) ip(O. + iX,) 

Application of the inverse Fourier transform _yields 

4 (.:l+Y1) 112 
h(x, p) = . Uo (I- V2 jt2)-ll2( -x)ll2n-1/l - X- o-. 

Po - ().+X,)p •-

- Again, takiqg, the inverse Lapiace transform,- the displacement jump acros-s the surface of 
the>crack near the.crack tip is · 

(2.36) W(l)_ WC2) = (4uo//loHI-:- V2jc2)-lf2( -x)lfl,n-1/2 x 

From Eq. ·p.35) 

E
- J: - ~o(iA+iY,)t/2 
+(,.,p)=- .J:-1/z .,1:-oo. - - y (2n) ip(il+iX1) '" ' 

Taking the inverse Fourier transform we obtain 

- (). y )1/2 
e(X p) = C1 .7t-1f2(x)-l/2 + I - X -·o+ • 

- '_ 
0 

' O+X,)p , 

Again,_ taking the inverse Laplace transform 

c•+;co 

(2.37) _:t/2(- )-IJz(l/2 ") f ().+ Y,)'/2 ( ) I a = a0 n. x nt --------- ----- cxp pi cp. 
n . (J.+X )p -

• 4 c'-1~ 1 

lf .i1 H· is the displacement jump, the~ the crack opening displac~ment ncar the crack_ tip 
isgivcn by 

(2.38) p 0 .i1 W = 4u0(1- V2 /c2)- 112 ( -x)'Jln- 112 ·A, (-I ~ x < 0), -

and the stress near the crack tip is 

(2.39) 

where 

c'+l<» 

(2.40) . A ~ (I f2.;'tiJ f 
c·-ic:c 

(A+ Yi)'lz. 
().+X,)p exp(pt)dp == 

c'+I<X> 

f (Y,)I/2 = (I/2ni) . . - - exp(pt)'dp, 
X,p 

. c'-I<Xl 

). -+ 0. 
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Evaluation of the integral A given by Eq. (2.40) corresponding to constant stress --" i1o on 
the crack surfaces is presented in the Appendix. 

In the fracture mechanics, it is customary to write 0')., = (O+, 0, t) in the form Kf v(:ba), 
where K is the stress intensity factor. In our case 

(2.41) 
. . 

Putting P == 0 in the expressionfor A,we obt~in the stress intensity factor in a homogeneous· 
viscoelastic medium as 

where 

which agrees with the results of ATKINsoN and LIST [6] 

3. St~dy State Case for Maxwell Solid 

Steadystate solutions are the results of Sect. 2 corresponding to the case oft approaching 
infinity. So for the steady state case, passing to the limit p -+ 0 and using the Tauberian 
th~orem we obtain from Eq; (2.34) 

2ao(i~ + iYI)l/1(~- iY1)1/1(1 '- V1 fc2)~1f1(~ ~;pi fV) 
H.:.(~, p) = ---='------:::=;-------'------,-'--....:.....::..:----'-

P.o V (2.n) i(~- i).)(O.+ iX1 ) ~i. 

Applying the inverse Fourier transform we obtain 

·2a~(ii+.iY,)If2(i _ V2jc2)._1/2 
Jjt(l)_ W( 2 l = X 

p.02ni(ii..+ iX1 ) 
(3.1) 

oo-1• 

X J 
-oo-la 

(E-iY2) 112 (E-i/ltfV)_ . (- ·1: .) ·11: _ 
(~-0.)~2 exp . lr,;X (" -

·= 2ao(i~-: ry_~~t/2 , (1- V2fc2)-lf2J, 
"/Lo21ll(l).+IX1) .. 

where 

For x <. 0, the above integnil can ·be replaced with the integral taken along the positive 
imaginary ~-axis and routid the branch point at·~ =. iY1 , together wi'th. the contribution 
from the poles at¢ = 0 and¢ = ;). as shown in Fig. 2. · 
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f=O. 

FIG. 2. The path of integration of the integral .I. , 

Thus it can be shown that · 

(3.2) 

. 00 -

-(2li)(fldJ.V-'-I) { utf·exp(-uxt) du] + 
· . - u+(Y2- I.) 

0 . 

+ ('2:n,f J.) ((fltl J..V ..:_I)(- iYz)112 + (,8tfV) {x(- iY2 )
1

'
2 + (il2)(- iY2)-

112} + . 
- (fld J.V -'-l)(iJ.- iY2) 1l2exp(- J.x1)] = 

= (1/J.)exp( -ni/4)[(,81/J.V -l)(x1)-
112 (x1 Y2)~ 114 J/ n exp( - 1 / 2 X1 Y2) x 

x_ w-3f4,Jf4(xl Y2)+ (PtfV) v(nxJ) (x:J Y3)_ 3,4 exp( - 1 12XJ Yl) X 

x W~sJ4.-IJ4(xt Y2) +(I~ PtfJ.V)(x1)- 112(x1(Y2- J.) )- 1/"l/ n exp{- 1 /:zx1 (Y2 +A.)} x 

X w-3J4•1f4 (xl (Yz- J.))J+(2niJ.) [(,81/J.V -'1)( -iY2)112 + 
+ (i,81 IV) {1 I 2(- iY2)- 112 + ix1 (- iY2)112 } + 

+(I....,. {Jtf J.V)(O.- iY2 ) 112exp(- J.x1)], 

where··wt .... ·.is the Whittaker function· [9], 
Therefo~e the displacement jump L1 W ac·ross the surface ofthe crack (x <. 0) is given by 

(3.3) 

· where lis given by Eq. (3.2). 

Using the result that . 

w. ( ). · F( .,.-2m) ( -)1/2 +m· · ( . 12)· F(2m) . ( )112 , ( / 2) 
t,m z. = F(llz-m-k) z exp -_z + F(ll2 +m+k) z . - exp -z 

for small z, 
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we find that lor small x1 Y2 , Eq. (3.2) yields. 

(3.4) I= -4 y(nx1f exp(~ni/4), 
Substituting the value of I from Eq. (3.4) into Eq. (3.3) we get 

(3.5) -'-1·~ x <0, 

where 

(3.6) cx1 = 1
/ 2 (1 ':"" V2 /c2

)-
1((p1 Vfc2 ) + y'{(fifV2fc4 ) +4/32 (1- V2 fc2 )}} 

and 

(3.7) . . 
. . . - . 

Again, letting p -+ 0 and using the Tauberian theorem we find from Eqs. (2.35)' and (2.24) 
that in the steady-state case 

. a,z = -

Taking the inverse Fourier transform we obtain 

(3.9) 

where 

(3.10) 

ao(i.?.+ iY1)
1
'
2 

bti(iA.+iX1) 

= 2 yn exp(,.-ni/4)[(x)- 112exp(- Y1 x)- ().+X1)(x) 1' 2 (x(~+ Y1) )- 314 

,· ~ exp {1/lx().- Y,)} w_,,4,-lf4 (x(A.+ Y,) )]. 
Thus the stress at)' = 0 for ail x (x > 0) is given by Eq. (3.9). 

Now for smali ().+ Y 1)x 

(3.11) I 1 = 2 y (nfx) exp( -ni/4), 

so from Eq. (3.9) it follows that 

. (3.12) 

Stress intensity factor K is given by 

(3.13) 

where 

co < x. ~ 1), y ::; o· . 

K = y2a0 B, 
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Now putti~g {11 = 0 in the expression for cx1 and cx2 we- get from Eqs·. (3.5) and (3.12) the 
-displacement jump and stress intensity factor in an inhomogeneous elastic medium, 

(3.14) . 

and 

(3;15) . 

which agree with ihe results derived by ATKINSON [4] · 

4. St~dy State Solution for Standard Linear Solid 

In this case the stress-strain· relations are 

(4.1) 
C:Oarz/ot)+{JI ayz = 2,u(Y) [oerz/ot)+aerzl; 

(oaxz/ot)+{J1 ax.Z = 2,U(Y) [(oexz/ot)+aex:z], 

where /1 1 and ex ~re constants. 
Equation of motion has the form 

(4.2) 

Now, putting x ~ X.:.:. Vt andy = Y so that 

(of oX)= (of ox)~- (ofoY) = (t3foy), and (ojot) =-- V(ojox). 

Equations (4.1) _and (4.2) become 

- .-V(oa)'zfox)+{Jl au= ,u(y) [- V(o2 W/oxoy)+a(oW/oy)], 

- V(oaxzfox)+{Jl a:<z = ;u(y)[..:.. V(o2 Wfox2)+a(oWfox)] 
(4J) 

and 

(4.4) 

Introducing. the. f'ourier _transform denoted by 
co 

(~.5) [(;,y) = 1/V(bt) J f(x,y)exp(i;x)dx. 
-co 

_Equations (4.3) and (4.4) can b_e transformed tci 

(4.6) 

(4.7) 

and . 

(4.8) 

(i~V + {11)(i yz = ,u(y) (i~V + oc) (dWjdy), 

oev+fJ~)a:xz = ,u(y)(ev-;e~) w 

Eliminating Ci~z and iixz from Eqs. (4,6), (4.7) arid (4.8)we get 

(4.9) 

where . 

(4.10) 

Branches of yare choseri so that Re(y) > 0. 
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Since W must rer:miin bounded as y-+ ± oo, solutions of Eq. (4.9) are 

(4.11) 
W'1> = B1 exp[-{P+V(/F+y2)}y], y > 0 

W<2,·= A2exp[{-P+v(P2+y2) }y], y < o 
where W<1 > and W< 2> denote the displacements in the upper and lower half-planes. 

Let us consider the ease when for y .= 0 . 

W< 1>- W<2 ~ =- h(x), :X < 0, . 
(4.12) 

= 0, X> 0, 
. . 

where h(x) is an unknown function such that· 

and 

(4.13) 

· h(x) - O[exp(k1 x)J · as x -+ - oo and k1 > 0 

a,;z == ~a0 exp(.i-x), 

= e(x), 

X <-0, 

X> 0, 

where e(x) is an unknown func~ion satisfying the condition 

e(x) - O[exp( -k2 x)J as x-+ oo and k 2 > 0. 

In. this case Eq. (2.26) becomes 

(4.14) 

.This equation holds in the region of regularity of the functions appearing in Eq. ( 4.14). 
Owing to our former assumptions· regarding the behaviour of e(x) and h(x) at infinity, 
this region is represented by'the inequality -k2 < -r < l < k 1 where.~;, a+i-r. 

Now Eq. (4;14) is suitable for the application· of the Wiener-Hopf technique. Again,. 

(4.15) y2 = e(l- V 2 /c2)(~ + ia)f(~- ia./V), 

where 

and 

(4.16) -r2 +/12 = [~3 (1....:.. V2/c2)+i(Vfldc2- a.{V)e+ /12 (~-ia.JV)]/(~- ia./V). 

Since it is difficult tofactorize v' y2 + p2 , i.e. to represent it as a product of two functions, 
one analytic in the upper half-plane and the other analytic. in the lower h.alf-plane, we 
follow the approximate method of KOlTER [10] of solving Wiener-Hopf type equations. 

Acc~rdingly, we write P(~) = y' (y2 + fll) in the form .P(~) = P(;)P 1 (;); where the function 

P(~) is required to. behave at lEI -+ oo and at 1e1 -+ 0 in the same manner as P(e). The 
auxiliary function P 1 (e) should be non-zero and should have no singula'rity within the· 
strip -k2 < --r; < -r < -r2 < .i-; it has to be suitably chosen such that P(e) is non-zero 
and possesses no singularity within the strip - -r1 < -r < -r2 • Now we note that 
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and 

V(T2 +pl)-;:,:,'p as IEI--.0." 

Therefore we choose pin the form 

(4.17) 

which behaves in the same manner as P(E) for lEI --. oo and lEI --. 0. 

Now P(E) can be written as . 

(4.18) 

where 

(4.19) al = 1 /2[(VfJdc 2 -0:/V)+Y {(VfJdc2 -a:/V)2 +4a:jJ2(1 _; V2/~2)}1/(l- V2
/c

2
) 

and 

(4.20) a2 = 1 /:z[ _;(VfJtfc:z- a:fV)+ J! {/V/J1 /c2 
:.... cx/V)2 +4/J2(1- V2 /c2

) }j/(1- V2 fc 1
). 

It consequently follows that the assumptions concerning P 1 (;) are satisfied, and in view 
of the fact that P,(;)--. 1 in the strip -T, < T < .T:z forE--. oo, the fu~ction maybe 
represented in the form 

(4.21) 

where 

. oo+ld2 . 

P+(!:) = [-1_. f. lnP1 (~) d.] 
1 \i exp '"'-. I: 7J , 

,a,l . 7J - \i 
. -oo+ld2 

{4.22) 
00 +ld, . 

P -(1:\ = [ __ 1_ f. lnP1 (7J) d ] 
1 "'"' exp 2 . z: 1J , . m fJ-\i . 

" · -oo+ld1 

where - T 1 < d1 < d1 < 1'2 and the functions Pf(;) are regular in the respective half­
planes T > -T1 and T < T 2• 

It follows from (4.22) and from the fact P 1 (0) = P,(oo) = I that these functions 
satisfy the additional condition P[(O) = P[(oo) = l with the help of (4.15), (4.18), (4.21) 

and the relation P(;) = P(;)P 1 (~), Eq. ( 4.14) becomes 

(4.23) 

Jt1 (h) i(E- 0.) X 
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Using the same arguments· as in Eq. (2.l3) we get 

. 2rr~(l- V2fe2):... 1l2P((il..)(i1+ia1 ) 1 12 (~-ia2) 1 1i ··. . . 
(4.24) H.:.{~)= - · .. · y(2:n;) .Uo(~-'i).)().+a):t--:- · --- P!(e)(~-i{J1 /V) = 

as 

and 

(4.25) E+a> = l1o . _ ---~~- l1oPt~0.~(il..+ial)~~2(e+ia_) __ _ 
y'(2:rt) i(~-i).) y(2:n:) i(~-i1)(i1+ia)P((~)(~+ia1) 1 1 2 

·=- rtoPl(i1)(0.+iat)tf2 ~~t/2 as . ~ __. oo. 
V (2:n:) i(il..+ ia) · · 

Now taking the inverse Fourier transform we get from Eqs. (4.24) and (4.25) 

4rro(l- V2/d2)-1/2 P((O.) (l..+at)l/2 . . i 2 
(4.26) · h(x) == ------- - . ---· --·- ( -x) I, -I ~ x < 0 

,Uo(). +a) V :n; .. 

and 

(4.27) 

The corresponding results for the case of constant loading ify:. """' - rr0 (x < 0) oli the crack 
surface are obtained by putting ;, = 0 iri tl:ie above equation. if L1 W is the. displacement 
jump then the crack opening displacement in this case is given by 

(4.28) ,u0 Ll W = [4rr0 (1 ~ V 2 /c2)"" 112:n;- 112 (a1) 112 ( .:.._ x) 112]/a, -1 ·~ x < 0 · 

and also the stress near. the crack tip is 

(4.29) r1yz = [d'0:n;-ll2(a1)112(x)- 112]/a, 0 < x ~ 1. (since P((O) = 1). 

Therefore the stress intensity factor is ~qual to 
-~· 

(4.30) K= y2rr0 B1 where B1 = (a1) 112 /a. 

Now putting IX = 0 in ·Eqs. (4.28) and (4.30) we get the· crack opening displaeement and 
stress intensity factor for the Maxwell Solid 

(4.31) 

and· 

(4.32) 

which agree with the results given by (3.12} and (3.13} in the Maxwell Solid corresponding 
to I. = 0. 

S. Results and DiscuSsion 

5.1. The Maxwell solid. In this case time variation of the stress intensity factor· is ~iven 

by !C = y20:~A where A is given by Eq. (2.40) and has been evaluated in the Appendix. 
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FIG. 3~ K* vs. ·ti for the Maxwell solid in non-steady state case. fl• = 0 (homogeneous medium). 
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F1a. 4. K• vs. t1 for the Maxwell solid in non-steady ~tate case . .f3;. = 0;1 . 
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The dimensionless stress intensity !actor K* = (Kfa0 )({31 /c) 112 has been plotted against 
t 1 == {31 t for the range ofvalues of Vfc = 0.1, 0.3, 0.5, 0.7 and 0.9 for different values of 
the inhomogeneity factor {3* = 4{32c2 f {3i. ~ 

It is interesting to note by inspecting the graphs given in Fig. 3, Fig. 4 and Fig. 5 that 

t.B 

t.O 

3.2 
----------~~~~03 

2./, 

--~--------------~--~05 

------------------~--~----407 

QB 
--~----------------------~09 

0 10 20 30 1.0 t, 0 

1:'"10. 5. K* vs. 11 for the Maxwell solid in OOD"Sleady state case. p~ = 0:2. 

the effect of inhomogeneity of the medium introduced through the factor {3* In the stress 
intensity factor K* becomes more significant for small values of Vfc, whereas for values 
of Vfc differing slightly from unity, the effect of inhomogeneity of the medium on the stress 
intensity factor is negligible ' 

5.2. Standard linear solid. In this case the stress intensity factor for . the steadily propa­

gating crack is given by K = y'2 a0 B11, where 8 1 is given by Eq. (4.30). 
We have plotted also the stress intensity factor K* = (K/a0 )({3 1 /c) 1/2 against {3* for 

various values of Vfc, Vfc = 0.5, 0.6, 0.7, 0.8 and 0.9, and for different values of rx/{3 1 = 0, 
0.1, 0.2; The case rx/{31 = 0 corresponds to the steady-state values of K* for the Maxwell 
solid. It is evident from the graphs given in Fig. 6. Fig. 7 and Fig. 8 that at large values of 
rx/{3 1,values of K* increase rapidly with the increase in values of {3* if V0 Vfc is very small. 
But for values of Vfc close to unity the variation of K* with the change in the value of 
{3* is small showing that the inhomogeneity effect is negligibly ih this case. This is also 
evident from the expressions (4.31). and (4.19). · 
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F10. 8, K• vs. p• for the standard linear solid in_steady state ease. a./{J1 = 0.2. 

ApPendix. Evaluation of tbe Integral A Ia Eq. (2.40). 

The integral 
c'+loo .f (Y )1/l 

A = (1/l.ni). _ ·+ exp(pt)dp. 
c'-loo. p 1 _ 

The integrand has poles at p = 0 and also at p = - {J1 which correspond to the zero of X1 , 

Further the integrand has branch points at 

151 ·= ({J~ /2) [ ;_ I+ V {(I- yz /c2)(1-4z)}], 

«52 ~ (/11 /2) [:-1-J/ {(l-V2 /c2)(1-4z)} [, 

~53 = ({J1 /2) [.-I- y (l-4z) ), 

154 = <fJ1/2) (-I+ y (1- V2 /c2
) ), 

65 = ({J1/2)[- I -y' (1- V2 (c2
) ), 

where z = {J2c2/{J~ which is assumed to be less than 1/4 . 

. · 
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Evidently; 154 > 151 > 152 > 155 > 15~. ·. · . 
Now takingthe branch cut along the negative real axis from 154 to - oo, the integral 

can be considered as a contour integral around the path shown in Fig. 9. 

-j3, 

p-plane 

--r---'c'-i= 

F1a. 9. The integration contour to evaluate A for the Maxwell solid. 

Now 

A = (1/lni) 112 (1- V2 /c2)1/l x 
c'·+ioo 

X J. 
c'-loo 

It can be shown that 

A = y'2 (l-Y2 /c2
)

112
[

1
/ 2 (c/V) y(c/{11) y {VIc+ y' (V2 /c2 +4z(l- V2 /c2

)}] + 

+ j/2 (1- V 2 /c2
)

1l 2
{ y' (c/{11) /n} [[t + I:z-:- / 3- /4], 

where 
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where 

dt=-Ptc5~, c52·=f11b~, c53=Ptc5;, c54=Ptc5'L Os=Ptc5~, lt=:=Ptt, 

b1 = 1 /2)/(i- V2 /c2 ) [I-y (l-4z) J, b2 . = v' [(1- V2 fc2)(1-4z)], 

b3·= 1/2y(l-'-V2/c2) [1+V(l-:-4z)], 

xf* ~ lv(l-V2 /c2
) -2rf(Vfc)+2JI[r2 -r y(1-V2 fc 2

) +(I-V~fc2)z], 
x~ = IV[(t-vijC2) -2r](Vfc), 

I .F y~ = 2J! [r v (l-V2 fc 2)-r2
], 

R! = (xf)2 + (yt)2, . 

xf = h/{(l-V2 /c2)(1-4z)} -2r](Vfc), 

y~ = 2 y [r y' (1- V2 /c2)(1-4z)-r2] , 

y!* = 2J1[-r2 +r. y{(I-V2 jc2)(t-4z)} +z(1-V2 /c 2)], 

R!* = [(x!)2 + (yf*)2] [(x~)z + (yf)2]1/2' 

R~ = (x;)z + (y~*)2' 

x:• = · ..... (y'[ {(1- V2 fc2)(l-4z)} -2r]<Vfc)+2 y[r2 -r y' {(I- V 2 jc2)(1-4z)} J, 
x~ = [y'{(1-f2/c2)(1-4:z)} -2r)(Vfc), 

y~ == 2f[z(l- V2 (c2) +ry_{(l--·=v=-:.z/:-"':c2:::-)-=(l-.-___,4,-,z)-o-} -r2], 

R~ = (x!)2 + (yt)2' 

x! = hi { (1- V 2 fc2 ) (1 -4z)} -2r] (Vjc) -2y[r2 -ry {(I- V 2 fc2
) (l-4z)}-i(I- V 2 fc2)]. 
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Stre·szczenie 

DYNAMICZNA PROPAGACJA ANTYPLASKIEJ SZCZELINY W NIEJEDNORODNYM 
OSRODKU LEPKOSPR~ZYSTYM 

Rozwaiono model p61nieskonczonej szczeliny w antyplaskim stanie odksztalcenia, kt6ra w chwili 1 = 0 
zaczyna propagowae si~ ze Stall\ pr'<dkOScil\ w niejednorodnym, liniowo-lepkospr~stym osrodku. Roz-. 
waiorto. makswellowslcl i standardowy model ciala lepkospr'<zystcgo oraz przyjcrto, ze stale:. materialowe 
zmieniaj14 site wykladniczo w kierunku prostopadlym do kierunku propagacji. Zastosowanie tra:nsformacji 
calkowych pozwala zredukowa.C zagadnicnie do rozwiqzania probicmu Wienera-Hopfa. Zmiertnosc czaso­
wa· wsp61czynnilca lntcnsywnosci napr~CZcnia jest funkcjq pr'<dko5ci propagacji szczeliny i stalych materia•: 
lowych o5rodka. Zmiennosc t~:~ zilustrowano wykresami. 

Pc310Mc 

,IUiHAMHt.IECKOE PACIIPOCfPAHEHHE AHTHIIJIOCKOH TPEI.ijl1Hhl 
B. HEO.UHOPO.UHO'A: B~3KOYII~YrOH CPE.UE 

PaccMOTpeHa Mo,o;en& nony6ecJ<oHetiHoii: ·TpeutHHbl B aHTHnnocJ<OM ,o;eq,opMal.IHciHHOM cOCToH­

BHH; KOTOpaH a· MOMCHT I= 0 HatiHH8CT pacnpocpal{llTbCH C UOCTOHHHOH CI<OporniO B. HCOAHO· 

po.o;HOH, nHHeii:Ho-BR:3KoynpyroA cpe.o;e. PaccMoTpeHbr" Mai<CBWOBCJ<aH· 11 CTCHAapTHaH Mo,o;i:Jm 

BR3Koynpyroro Tena H npHHHTo, 'ITO MaTepHaJILHbie nOCTOllHHhle H3MeHR:IOTCH 3J<cnoHeHitl{an&H­

LIM. o_6pa30AI B nepneHAHKY.IIHpHOM HaripaBneHHH K H3Up3BJICHHH pacnpOCTpaHeium. flpHMCHCHHC 

HHTCI'pan&HblX.: npeo6pa30BaHHH U03BOJIHCT CBecTH aa,o;aqy K peineHHIO aa,o;atiH BHnepa-Xontl>a. 

BpeMeHHBH nepeMellHOCTb Ko3!f!tl>HIUreHTa HHT.eHCHBHOCTH HanpR:>HeHHJI HBn.lleTCH !f!YHK~ieii: CJ<o­

pocTri'q_acnpoi:TpmeHHH TpeutHHbl H MaTepHan&HblX liOCTOHHHblX CpCAbl'• ::ha nep·eMCHHOCTb Hnn•. 

IOCTpHPYe_TCH AHa.r'paMitlaMH. 
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