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INTRODUCTTION

Tﬁe study ofA wave and vibration phenamena .has a distinguished
history of hundred years. The first mathematician to describe tﬁe
vibrations of pendulums, -the. resonéncel phenomenon and the
vibrations of_stbings was Galileo. Sp@e pfoneer workers in ‘the
field of ‘wave propagatioﬁ are Cauchy, Poisson; Ostrogradsky,
Green, Lame, Stokes, Navier,-Clebsch and Christoffel.

Some of the major developments in the area of wave propagation are

given below-in chronological order :

Robert Hooke formulated the law of proportionality between

1678
stress and strain for elastic bodies. This law forms the
basis for the static and dynamic thebry of elasticity.

1821 : Navier investigated the general equations of equilibrium
‘and vibration of elastic solids. Although not all of the
developments of ihe work met with complete acéeptance, it
represented one .of the most 1important develoﬁments in
mechanics. |

1822 Cauchy developed most of the gspects of the pure theory of
elagticity including the dynamical equations of motion for
a solid. ﬁ

1828 : Poisson investigated the probagation of waves through an

elastic solid. He found - that the two wave types,

longitudinal and transverse, could exist.



1862 : Clebsch founded the"generaf theory for the free vibration
of solid bodies using normal modes. .

i872 : J. Hopkinson performed the |first experiments on ﬁlaﬁtic
waves propagation in wires.

1883 : Saint Venant summarized the work on {mpact of earlier

investigators and presented his results on . transverse

{mpact.
1887 : Rayleigh investigated the pro%aga?ion of surface waves on a

sofid.

1904 : 'Lamb made the first investigation of pulse propagation in a

semi-infinite solid.

|
1911 : Love developed the theory of waves in a thin layer

overlying a solid and showed that such waves accounted for
certain anomalies in seismogram records.

1949 : Davies published an extensive theoritical and experimental

study on wavesg in bars. |
1955 : Pekeris presented the‘solutibn to Lamb'ifpréblem of pulse

prépagaﬁion in a semi—infinité solid.

. . |

During the first three decades of xlis century the subject was not.
‘given so much importance by Mathematiclans or Physicists., But in
the later part of the 19th century interest in the study of
waves 'in elastic solids attractéd the researchers because of
applications in the field of ge#physics. Since that time in

seismology the wave propagation has remained an interesting area

: l
because of the need for detalls information on earthquake

>



phenomena, prospecting techniques and the detection of nuclear .
explosions. Bullen (1963), Ewing et al (1957), Cagniard (1962) and

Pilant (1979) have discussed about seismic Qaves‘in their books.

During last 30-4Q years the developement of _theory of wave
éropagation in- elasticity ﬁas. been characterized by a detailed
investigatioﬁ of the cla;;iéal methods of mathematical analysis
and the trends to obtain specific results.

The solutions of many of the problems in elastodynamics, which
are frequently encountered in practice, have made a:signifioént
contribution to the development of the theory of wave propagation
as a wﬁole. While earlier 1investigations  in the theory of
glasticiﬁy were essentially péduced to the construction of
particular solutions, tﬁe invention of compater technology has lgd
to the deve)opement of general and quite universad methods of
solving the problems of this theory, namely, the boundary value
problems and initial bopndary value problems for systems of
differen£ial gquations haQing partial derivatives of a definite

structure.

In an unbounded isotropic sﬁlid, twq types of elastic waves may
be propagated. These are dilatational wave and distortional wave.
When a .solid . medium' is deformed, both distortionsl and
dilataiional waves will normally be pr;duéed; and when a wave of
'eitﬁer type impinges on a bouﬁdary of 'the solid, waves of both

types are generated. In addition to these two types of wave which



can: travel thréugh an extended solid'medium, elastic waves may be
ﬁropagated along the surface of a solid; these are known as
-Rayleligh Qéves, and the disturbances associated with fhem decay
exponentially with depth. Since these waves spréad only in two
dimensions, they fail-off more slowly with distance than the other
types of elastic wave. They a;e of 1importance 1in seismic
phenomena.

The propagation of waves in solids may be divided roughly into
three categories. The first is‘elastic waves; where the stresses
in the méferial obey Hooke’s léw. The two other main categories,
visco-elastic waves, where viscous as Qell  as elagtic stresses
éct, and plastic waves in whiéh the'yiefdastress of,the material
is exceeded. |

With regard to other works specially dealing with the propééation
of waves in elastic solids we mention the books by Kolsky (1863),
Brekhovskikh (1960), Achenbach (1975, Graff; (1873) ana Hudson
(1980).

In recent years problems of diffraction of elastic wavs are of
considereable 1mportanée in view of their applicat}on‘ in
Seismology and Geophysics. These types of problems can mainly be
classifed into two categories. Firsty, dfffractioﬁ of waves by
semi-infinite plane barr;ers or pfacks that are preéen{ 1nlthe
medium and secondly, the diffraction in the presence of inclusions
like wedges rigid strips, cones, cylinders, spﬁeres, spheroids,
ellipsoids or obstacle of any arbitrary shape. In bonding two

materials with different mechanical elastic properties, very often



it is not possible to obtain-a homogeneous perfect bond due to the
existence of entfaped imperfections, for example, in the joints
invalving ceramics and metals used in manufacturing electronic
devices and variéty of reinforced compositgs. In nature the
stratification = of the earth is another éxample af Dbodies
consisting of layered strucure. ]ﬁdeed in geophysical
stratifications, faults occur at the >interface while in
manufacturgd laminates imperfections occur at the interface of the
adjoiﬁing layers. |

The study of diffraction problems are associated with mixed

boundary value problems.

We describe> briefly the background of mixed boundary value

problems below :

Ve consider a deformed elas£ic body occupying an open region D,
whose boundary surface is S. It is assumed that S is piecewiée
smooth and the closure of D is D = D + S. The surface S is usually
qonsidered tovbg closed and bounded, having the region D ‘internal
or external to {t. Also é may be taken as open and extended to
infinity or lying entirely at infinity.

The deformation and the stéte -of stress. within D and on §
characterige the solution of the statical problem of elasticity.
We can obtain an elasticity field E = (u,e,T) where the elements
in the éarenthesis are the displancement figld, the strain field
and the stress field respectively. To ensure the uniqueness of the

solution, we have to prescribe on the surface S5 one from each



group. 6f the follawing :

n n L n
(U1,T1) , FUZ'TZ) , (Ua,_Ta)

N

wheree:i (i=4,2,3,) are components of the displacement u, Tt(i =

n

1,2f3ﬁ}are the components of the stress vectar T and n 1is the

cutward unit normal at an elementary area of the surface S. Thus

we have a class of problems called boundary value problems In the

,theory of elasticity (Knops é%d Payne ,1971).

k]

The beundary value problems-generally can be classified into three

types .

A.

(1)

(ii)

Traction boundary value probléms,

Values of_ the stress components are prescribed on the
boundary sﬁrface S.

Displacement boundary value. problems. -

values of éhe displacement components are prescribed on the
baundéry suface S

Vgxed boundary,valug problems.

vqrioﬁs types of mixed boundary conditions may be specifed on

S or on different parts of S..Some possible combinations of

o

‘thegse conditions are as follows .:

Tapgeﬁtial component of the stress and the - normal component

0f the digplacement are prescribed on S.

ﬁrspiacement field is prescribed. on a portion S1 of the
sarface S and the stress 1Is prescribed on the rémaining part

S. of S where S US = S.
2 1 2



(iii) Tangential component of displacement‘l and the normal
component of the stress are prescribed on S:
(iv) The linear combination Trn, +.Bui,is presciibed on . S, where

3
. TU are the components of the stress geﬁsor and B 1is a
.non—nagative function prescribed'oﬁ S. Tﬁis is the case of
so-called elaetié éupport cbndifion. |
(v) A mi;ed—mixed typé boundary value problem may be formulated

undef the conditioné-:

the shear stress component and the mnormal displacement
component being prescribed on ’51 and the normal stress
component and the shear stress componént heing prescribed on
5_. ‘

For problems - -on the half spaces, besides the conditions (1) - (v)

one has to impose the conditions at infinity as follows :

(a) that the difference of any two stress distributions is
bounded therein, together with the condition - (1)

(b) that the difference of any two displacement fields ‘is bounded

therein, together with the conditlions (11)-(v).

The boundary value problems stated above correspond to the
elastostatic c¢asge. In 'élasfodynamics it 1is also required to
specify the di}iacement'and the velocity of the. points .throughout .

the region D at - time\ t = t i.e.,” at the commencement of

o

atraining. This additional. rfequirement together  with the

conditions A,B or C constitute initial boundary value problems.



Boundary value problems are intimately connected_with the theory
of existence and uniqueness of solutions consistent with the laws

of elasticity and geometrical configuration of the region D.

We now discuss a certain type of}mixed boundary value problems
thch‘are‘known as coﬁtact'ﬁroblgmé in ;he'theoéy of elasticity.
The contact'problem is formulated as a. problem about the influence
of a rigid bédy or an_elastic body. As a rule,'the initial contact
takes place at one point and a contact surface is formed oﬁly when
contacting bodies become nearer to each other. Generally, this
contact‘ gsurface increases- Iin size. Therefore, we naturally
introduce a»festriction héQiﬁg,a physical meaning : the stresses

glong the contour encircling the contact surface are finite.

Eet us assume that a surface boUndiﬁg a ;igid or an elastic body
is piecewise smooth{ In this case, the size of the contact surface
may iﬁcrease only within the limits of the smooth region, right up
to its edges. Consequently, for a gsufficiently large value of
compressive force, we caﬁ find the contact surface and this leads
to the wmixed  boundary value prdblem. Naturally, the values of
stregs at such pints of the contact gurface lying on the edge may
be unbounded.  In all cases with the sole exception of the casé of
complete coupling, it should be remembered that’ the contact
pressure must be dompressive.- Otherwise,, a cavity 1s formed
between an elastic and a rigid body, leading to quite appareﬁt

modifications in the formuiation of the problem.



There are two distinct @lasses of problems felating to indentation
by a frictionless punch. In.the first kind of indentation, called
complete penetration, there is complete contact between the punch
énd the half-plane over a specified contact region, in the sense
that the normal displacement of the hélf—plane at .the boundary
matches the profile of the puhch. Such pbgblems are charaterisgd
by a contact pressure which has'a,singﬁlarity (square root)_at_the
ends of the contact region. In the second kind, called incomplete
penetration, the extent of the contact region, i.e. the extent of
the region over which theAnormal dispiacement of the half p(ane
matches the profile of the punch, is initially unknown. Caseslof
incomplete penetration are charabter;zed -by a contact ‘pressure
. which is’ zero at the ends of the contact region.

Contact problems for the;.elastic half-plane, 1.e. problems in
which one bodj is a punch and the other’aﬁ'elastic.half-plane,
fall into the class of brbblemS‘freatéd>byvthe clégsical theory of
elasticity. This 'théory was,‘largelg‘.dgvelgped in ihe 1ch
éenturyénd is fully aescribed with,historical references -in Love’s

(1944) treatise.

The literature on contact.probléms has been reviewed by a number
of authors. Shtaerman (1949), Ga}tn (1861), Ufliand (1865),
Rvachev (1967) and Abramian (1971) are concerned mostly with the
Soviet literaturé. Muskhelishvili’s treatise (1953) is the basgls
of much of the Russian work, particula?ly that using complex

variable methods.
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There are number of areas of research which fall within: the

general scope of ’classical’ ‘contact problems. Some of these are

ligsted below briefly.

1.

Problems associated with loading over a°region of the surface
of the half-space whiéhiis»neithef circular nor elliptic.
Foremost here is the work of Kalker (1972), (1977) on
"elastic line" contact. This relates touléading over av long
slender region, and has practical importance for rolling
contact. Panek and Kalker (1977), in particular, present a
simple apbroximate solution for the deformation produced by a
narrow rectangular punch with rounded ends.

This problem 1is related to ihdse for a strip;shaped puﬁch

discussed by Borodachev (962) and Protsenko (1874).

The qontact problem for a flat -facéd,puﬁchrof rectangular
cross-section, with particulér\refqrenceJto the nature of the
singularities on the edges and at the. corners, has been
studied Qy Borod;chev (1976). Extensive 'analytical and
numerical resﬁlts f&r:both frictionless and adhesive cases

may be found in Brothers, Sinclair and Segedin (1977).

Contact problems for an elastic rectangle have been treated
. L

by Abramian (1957), Prasad and'.Chatterjée (1973), Dundurs,

Kiattikomol and Keer (1974), Prasad and Dasgupta (1975).

Problems asgsociated with the compression of a rigid or



n

elastic body between two half-planes, strips, half-gpaces or

slabs have been considered by Okubo (19%1), Alblas (1974).

5. Contact'problems'for a sphere‘dr a spherical shell. This 1is
the subject of many research papers, among which we mention

following.'Abramian, Arutiunian and Bablolan (1964), Goodman

and Keer (1965).

6. Problems associated with a block or cylinder embedded in a
semi-infinite elastic medium, for which the references are

Poulos and Davis (1968), Dhaliwal, singh. and Sneddon (1979).

Another type of contact problems that is éncouétered in practice

is the study of the dynamic response of an elastic solid to moving -

loads or to 6scillatioq‘of rigid punch and inclusions. The>moving

load or moving punch problems which have been studied may be put

into fhree categories :

(i) Sfeady wave potion due to a load or punch moving with
constant velocity fﬁr all time.

(i1) Transient wave motiomn due to .a load or pupph which begins to
act:at certain instant and then_mbves with constant velocity.

(1ii) Traﬁsient wave motion due to a-load or punch which begins to
act at certéin instant and ﬁhen movés in some direction with
nonunifom speed. |

The steady motion of.a line load on the surface of an elastic

half~-space was studied by Sneddon (1952), Cole and Huth (1958),
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Adams (iQ?B), J.M.Golden (£982), Sve and Keer (1968), Alblas and
.Kuipers (1971,1971), Suhubi (1972).

The transient problem of a line load, which suddenly appears on
the surface and then moves with constant velocity is of type (i)
and has been studied by Ang (1960).

As a representative of the third kind of problem we'refer to the
study of Freund‘(1972). An analytic téchnique'was developed by
Freund (1972) which made it poséible to' obtain an'exact solution

of ‘a particular problem in category (iii).

Vibratory motion of a b;dy on an elastic half-plane was treated by
Karasudhi, Keer and Lee (1968). They considered the verticél,
horizqntal and rocking vibrations of a body on the surfécé ﬁf an
otherwise unloaded half-plane. The ‘problems were formulated so
thgt shearing stress vanishes over the entirg surface, andiron
oscillating displaéémeﬁt ié prescribed in the loaded region. The
problems were mixed with respect to. the prescribed displacement
and the.remain}ng stregss. Each cage led to a mixed boundary vélue
problem represente& by dﬁal integral équations which Qere reduced
tao a single Fredholm integral equatiqn{

Wickham (1977) studied the problem of the forced two dimensional
oscillations of a rigid strip in smooth contact with a
semi-infinite elastic solid. He reduced the mixed boundary value
problem with the help of Green’s function to Fredholm integral
‘equation of the first kind involving displacement boundary

conditiona. Using Noble’s (1962) method, this equation was reduced

Bl
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to Fredholm integral equatfon of the second kind with a kerne!
which was small in the low frequency_ limit. Then applying the
method of iteration} .A simple exblicit'flong-wéve asymptotic
formula for the normal stress in 1térm§ of the prescribed
displacemeﬁt‘ and dimensionless Qave number K was rigorously
dérived. |

Rocking motion of a rigid strip on a semi-{nflnite elastic medium
has been studied by Ghosﬁ and Ghosh (18985) by using a. different
technique. The foréed rocking 0f>the strip about the horizontal
axis has been reduced to a solution of a dual ;ntegral equation.
Follbwing Tranter’s (1968) method the-dual 1n£egral equation was
‘solved for low fregquency oscillations by redﬁciﬁg the equation to

a aystem of linear algebraic equations.

In case of low frequency oscillations Noble's (1963) method of
solving dual integral equations, Tranter’s (1868) technique for
salving dua} integral equations, Matched Asymptotic Expassion,‘and
variational pyiﬁc;ple are found to be very“useful techniques.

Suppose that a mixed Bouﬁdary value- problem 1is formulated by
éuitable integral transform so as to be governed by a set Qf dual

integral equations of the form

fm x"C[1HKO0]S (0T (rx)dx = £(r) , 0<r<a
FO 4 v

Im's<x>Jv(rxodk = g(r) , 1r>a
(o]
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4

where the functions K(x), f(r) and g(r) are known.

According .to Noble (1968), when w>- %

S(x) = lgl‘{[a t* 20 (t)J (xt)dt'+'Jm't”*"2G(t)J’ '(xt)dt}
T . V-4,2 a . V~4/2

o

where 8(t) satisfies the Fredholm integral equation

o(t) + % IG M(r,t)8(t)dr = t YF(t) - H(t)  (0<t<a) (1)
o
in which M(t,t) = nvTt xK(x)J (tx)J (tx)dx
o V-1/2 v-41/2 ’
. a t ' _ P
F(t) = 2o J fer)rP Tt (t%-r%) "% gy
L5

Hot) = t*7%]  xk(x)d (xt)dx| &gY**7 %Gy (x£)dE
° . v-1-2 o v-1/2

G(F) = Jm g(r)r Pt (p2-¢%)"*72 gy
'q

The integral equation (1) can be solved for 6(t) and consequently

S(x) can be dépermined.

The ptoblem'of Hif}raqtioﬁ of normally incident plane acoustic |
wave by two.coplanér, infinite, parallel, perfectly soft or rigid
strips was cpnsiaered by Jain and'Kanﬁﬁi (1972). The problem was
solved by integral equation methods. The‘ problem for the soft

strips led to a Fredholm integral equation of first kind while
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that of rigid gstrips gave an Integro-differential equation. Those
equations were solved by the regular perturbation technique

(Kanwal, 1971).

At the same time Jain and Kanwal (1872) so{ved the problem of

diffraction of normally incident longitudinal and an£iplane shear

elastic waves by two parallel and coplanar rigid strips of finife‘
width embedded in an infinite, isotropic and hoﬁogenéous elastic

medium. The mixed boundary value problem wés redchd to a set of

dual integra} equations with trigonometrical kernel. The soclutions

were obtained by using an integral equation perturbation technidue

(Kanwal, 1971) and Hilbert transform (Srivastava and Lowengrub,

1968). Using the theorem (Tricomi, 1951),

if pe L (a,b), then the equation

b
1 hix) : . -
;Jx_ydx=p<y) y . Y € (a,b)

a - . Co
has the solution
1/; .b 1/2
hix) = - % [%:%] I. [Eféi _BéX% dy + C
n a V¥ 4 : Y(x=a) (b-%)

whefe C ig an arbitrary constant and.the first term belongs to the

-

élass' Lz(a,bl, Srivastava and Lowengrub (1968) found that the

solution of the integral equation

b 2
1 J 2th(t) 44 = pyy
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(provided that p satisfies the conditions of the abave theorem)

is given by

h(t?) =

Al

2 2,.1/2 b 2 2. 1/2
[t a] J' [b -y] 2yp(y) dy + D

2 2
y -t l(t%-a%) (b%-t%)

where D is an arblitrary constant.

Tai; and Moodie (1981) 'have studied the problem of dynamic
response of an elastic strip and that of pair of punches moving
along the lateral boundaries of the strip and opening a crack
along the mid surface. The problems were sloved in clpsed form by

complex variable methods.

Diffraction of elastic waves by a rigid circular disc was
considered by Mal, Ang and Knopoff (1868).

‘Low frequency diffraction by a elliptic disc have been studied by
Sleeman (i967) and Roy and Sabina (1983).

Stallybrass and Scherer. (1976) considered the prblem.of forced
vertical vibration of a rigid frictionléss gllibtica) disc on the
éurface of an elastic half—épace. The mixed boundary value problem-
wag reduced to a (two-dimensional) 1itegral equation énd an
approximation was obtained for the displacement of the disc by

using variational procedure.

Arobinda Roy (1968) studied the dynamic response of an elliptical

footing in frictionlesge contact with a homogenecus elastic
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half~space. Both vertical and horizontal vibrations were treated.
Now we discuss the contact between }1éid axisymmetric punch and an
elastic half-~-space. Such contact problems méy be clagsgifed
according'to;fhe type of punch, 1.e. whether 1t 1Is circular or
annulur and whether 1its face is flat or curved; the type of
indentation, i.e., whether it is a rotation or a translation about
ane or other of the(axes,'the type of contact, i.e., whether i£ is
frictionless, adheéive, or in .limiting friction, and if

frictionless whether the contact is cdmplefe or incomplete.

Following Gladwell (1968) it may be assumed that the type of
iﬁdentbtipn, specified bythe displacement of the punch, is either
1. a rotation about Z-axis »

2. a translatiaon in the Zfdirection

3. a rotation about the Y-axis

4, a translation in the X-direction.

Each of cases (2)-(4) gives rise to two distindt'extreme problems
in which the contact is assumed to be either completely adhesive
or completely frictionless. The frictionless versgsion of (i) 1is

trivial in the sense that the half-space is not deformed at all.

England (19617 considered the axially symmetric indentation af =a
tranasversely isotropic layer resting on a rigid foundation. The
problem of oscillations of a semi-infinite elastic solid by =a

gmooth rigid circular disc on the free surface, performing small
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ogcillations normal to its plgne, without loosing contact with the
surface of the sollid has been studied by S.K. Bose (iQSf). The
method of ‘solution consists in introducing Hankel transforms and
reduction to dual,integral.equations whicﬁ ﬁéve been solved by
" Tranter’s method. Using Noble'’s (1963) method, Gladwell (1868)
solved the problem of tdngential and. rotatory vibration of a -

rigid circular disc on a semi-infinite solid.

All the axisymmetric contact problems may be solved by wusing.
Hankel transforms and they then reduce to the solution of a number
of sets (or pairs) of dual integral equatfons.ATo solve ihese dual
i%tegral equations there are various methods one of .which 1;1
Tranter’'s method. Here we discuss bfiefly the_éethod of Tranter
(1986) method. | |

The sgolution of certain'physical problems inVolv}ng axisymmetric’
contact can be reduced to the detérminat}on of F(p) from so called—

dual integral equations of the form

Jm G(p)Fkb)Jv(rp)dp = £(r) , 0<r<t
o)

(2)

fm pF(p)Jp(rp)dp =0 y 1<{r<w
o

where G(p) and f(r) are known functions.
A solution F(p) of the above 1ntegfal equations as a series of

Bessel functions can be found by setting

(3)

-k ® .
Fip) = p > ava+2m+k(p)
m=0
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where k is at present an arbitrary parameter, and proceéding as

follows..

Substituting from (3) and changing the order of integration and

summation, one gets

o
Im _ |Dn 1-k -
pF(p)Jv(rp)dp = T a P Jv(rp)JV¥2m+k(p)dp (4)
o ) m=0 . (o)

Provided »>-1 and k>0, the formula

Jv(at)iy(bt) b2 s & - g L 4
l(v,l-i’)\’a’b)‘r'_r dt = :
o tk ZKaM-X+1r(“+1)r(} + E.- g + %)

T T A-ptl
x zFi[ e B e

mn“ﬁ
——

shows that all the integrals on the right of (4) vanish when r>1
(because of the faétor F(-m) in the denominator of the term
‘multiplying the hyﬁérgeometric function) and héence the seriles in
3 automatica]iy satisfies the secopd of the dual equationg (2).

The coefficients a_ have now to be chosen so thét the series in
(3) sati-sfies the first of the dual ‘equations (2). For this’

purpose we need the result

X ' : F(p+n+l) 1 2. k-1
Y+2n+k

pJ (p) = —— 2t (-2 TF (k+v,0+1,12) X
2°'r(u+1)M(n+k) Jo : n

x J_ (pr)dr (5)
v

where n is a positive Integer or zero and
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F (a,7,x) = F (-n,a+tn;iy;x) ) (68)
n 2 41 N .

is Jacobi’s polynomial,.

Subst{tuting from (3) in the first of (2), multiplication by

rv+1(1—r2)k'1Fh(k+v,v+1,r2),
integration with respecf to r between O and {, Interchange of the

order af integrations and use of (5) give

w© ,
; -2k _
mgoam lo G(p)p wazm+k(p)Jv+2n+k(p)dp -.E(v,nfk)

where

4 . . B
f(r)r”*‘(1—r2)“"Fn(k+u,v+1,rz)dr

(o] °

E(v,n, k) =

r(pr+n+1) J
2N (L+ 1) (n+k)
(8)

Equation (7) with n=0,1,2,3,....... gives a 'set of simultaneous
equations for the determination of the coefficients a . These
simultaneous equations can- be rewritten in a more convenient form

by making use of the formula

r ) . . ) 0 , mEn .
pt (p)J (p)dp = - 9
o V+2m+k V+2n+k (2v+4n+2k) 1 y M=N '

this being the .form taken by equation

Jm J,(at)d (at) _ r(g + £
dt = q
© t 2r(1 + = - g)r(1 ¥ ; + g)r(1 -2+ 5

4
sin-(u-vin
= %-___3______ (10)

[T Y
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when u and » are replaced respectively by »+2n+k, »+2m+k and when

‘at’ is replaced by p. We find in this way

N m

w . '
a + Y, Lmn a (2v+4n+2K)E (v, n, k) (11)
m=0 .

where

L = (2v+4n+2k).r [G(p)p“‘”‘
m,n o

. -4 :
1]p Jv+gm+k(p)Jv+2n+k(p)dp

(12)
The iterative solution of the simultaneous equations (11) is
a =E - E +E - ....0.. (13)
n n n n
where
En = (20+4n+2K)E(, n, k)
¢ o ” @ ’
E = L E , E = ¥ L E B (14)
n m,n m n m,n m
m=o0 m=0 .

and so on.

Equations (3), (13), (14), ‘(12) and (8) provide a theorétfcal
solution of the dual integral equations. For a practical salution
it is necessary to be able to chooge the parameter k so that the
ko _

expression [?(p)pbq 1] , which occurs in the formula (12) for

L , is fairly small.

m.n
Now we consider another axisymmetric contact problem involving
annular punch and torsion.of an elastic half-space. These type of
prpbleﬁs are three part boundary value problems. Triple integral

equation method may be wused to sqlve these problems. Sohe
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rgferences afe' Tranter (1860).Cooke (1963), W.E.Williams (1963)
aﬁa sneddon C(1966). Gubenko and qusakovskii (1960) 'solvgd the
annular punch problem by using different téchntque. Olesiak (1965)
attempted to solve the punch problem by reducing it to a series of-

dual integral equations and solved by successive approximations.

B.M. Singh, T.B. Mo;die and J.B. Haddow (1880) considered also the
problem of torsion by an annular disk of an elastic cylinggr
embedded in and bonded to an eiastic half-sécé; The‘prob]em-ﬁas
reduced to the‘solution Qf a Fredho}m 1ntégraI equation which was
then analyzed by the methaod of:Wiiliams (1963). D.P. Thomas (1965)
discussed the problem of diffraction.of a general acoustic wave by
a soft annular disc. Torsional oscillations of an eLaSﬁic
' half~gpce due to an annglar disk has been studied b& Jain and
Kanwal (19705. Following Williams (19é3) the probiem was convefted
to a set of integral equaﬂions which were solved by iterative
schemes when the outer radius of the disk is puch larger than the

inner radius.

A“general formulation was given for the first time to the
nonaxisymmetric annular puhch problem. by V.I1. Fabrikant (1891).
The problem was reduced to a two dimensional Fredholm integral

equation with an elementary kernel which was solved numerically.

We describe here briefly the solution of a general class of

bﬁuhdary value problem by Willlams's (1963) method.
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Consider the general t&pe of 1h£egral equation

Jc tO[ Ko, t) + K (o, 1) ]_at = ¢(p). , b<lp<a (15)
b . .

lntegra} equations of the genefal fBrm of equétion (15) occur in
boundary value problems which can in some sense be regarded as
perturbations ;n the electrostatic broblem for the annulus.
Examples of such problems are the diffraction of an acoustic wave

by a soft annulus and the electrostatic problem for an annulus in

a circular cylinder.

' @
Assuming - o) = 1% a P

we oan write

The 1integral equation (15) 1is thus equivglent to the pair of

equations

00 oo
f (LK, t)dt = ¢ (p) - £, (K (p,t)dt ; O<p<a (16)
Jo 1 1 Jo : _
rQ0 - [® o : ‘
£ (£)K(p,)dt = ¢_(p) - £ (LK (p,)dt , p>b (17
Jo 2 JO
where £(p) ='f _(p) + f_(p) , b<p<a

and £ +f =0 , 0<p<b , pda (18)
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Further the integral equations (16) and (17) can be reduced to

2n - _ 1
fol S‘(p) = gi(p) Z Jj Si(t)M‘(p,t)dt y 0<p<a (19

-2n

S (o) = g, (p) -'% r S_(OM_(p,)dt ., p>b (20)
(o) .

where S‘ and S2 are defined by

-Nn

£t f (t)dt
S (o) = r — , 0<p<a
p (t"-p7)
o t" t,(t)dt
S (p) = I L — , pP>b
2 o (p2 t2)£/2

The functions M1 and Mz are defined by the relationshlps

{ O b M (.u,v)dudv
K1(p,t) = 2_ 2.4/2 .2 2 vz (21
(pt)n JoJo (p -u™) (t"-v™)
. . D 00 M (u,v)dudv
K (p,t) = (ptO)" (22)
2 2 2. 4-2, 2 .2 4-2
Jpodt (U -p) (v -t7)

Next, assuming two new functions ht(p) and hz(p) as

-nNn

| t™" £ (t)dt
h (p) = fm ’ p>a
1 o (tz—pz)‘/é
o t"t .(t)dt ,
h, ) =J -——z—m » O<p<b
o (p2-t%)
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and using (18) the equations'(ig) and (20) finally can be written

as
N5 () = g, () - = S ()M (p é)dt“+ L h, (£IM (p, t)dt
P ML 1 4 1 2 77 4 1 s 1 77
Jo a .
, 0<p<a (23)
-2n T i
S, () = g, * g Io h (DM (o, t)dt - 2 Ib 5, (DM, (o, trdt

It can be

{(p)

and

hz(p)

respectively

replaced

with equations

sy P>b (24)

shown that h1 and h2 will satisfy the equations

nt —2n b whz(w) 1 3 w2
py=msur el B J—Z—TF[E"'"'"*i'—z]d”*-
r F(n+=) o (o -w") Pos
wg (w) 2 2
d - 2 n+i n 3 4p™ w :
s 17 7z e © z7-» gtl oy Mg, 2. 2.2 dw
P b (p +w) e (" +w™)
, p>a (25)
nt 2n+1 h’.(W) 1 2
e —— F] 5, n, nt= , = dw -
‘ 3 2 2 2 2
v Fn+=y a (W =-p%) W
W (w) 2 2
d g, n+1 n 3 40°w '
@ 1° RN 7 3tttz 2, 2.2 dw
P o (p2+w)H" . (02 +vw®)
y 0<p<b (26)
provided g, and g, in these -equations are now
by S1 and S2 respectively.v These equations together
(23) and (24) thus glive a set of four Fredholm
integral eqdations.for the functions h f h, §S, S
: 1

2 1 2°
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Now we pass on to the most interesting branch of Elastodynamics
i.e. the diffraction of elastic waves by éracks which 1s of recent
interest. Cracks are present in esseﬁtially all structural
méterials; either as natural defecfs or as a result of fabrication
processes. In many cases, the cracks are sufficiently smallhéo
that their presencevdoes not significantly reduce the strength of
the material. In other cases, however, the cracks are large
enough, or theymay become large enough through fatigue, stress
corrosion cracking, etc., sd that they mﬁst be taken into account
in determining the strength. The body of knowiedge which has been
developed for the analysis of stresses .in cracked solids isg known
generally as fracture mechanics. Aln recent years problems of
diffraction of. elastic waves by c¢racks are of considerable
importance in view of their application in seismology and
geophysics. Indeed in geophisical stratifications, faults occur at
the interfaces while in ménufactufed laminates imperfections occur
at the interface of the adjoining iayers. This stress singularity
near £he edge of finife crack at tﬂe bimaterial interface 1is
importaﬁt in view o} itsApractical application. Also the resgults
of research on dyn;hic crack propagation are relevant in numerous
applicétions. For example, a primary objective in engineering
séructures isto'avoid a running fracturé, or at least to arrest a
running crack once it is initiated. Indeed there are several kinds
of large engineering struc£ures in which rapid crack grswih 1s-a
définite possibility. In earth science, study of the elastic fiéld

near about the propagating fault is also important from the stand
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point of earthquake engingering.

Within the framework of a cgntinuum model, such as the
homogeneous, ‘isotropic linearly elastic continuum, the classic
analytical broblem of fracturg 'mecpanics congists of the
computation of the fields of stress and deformation 1in ‘the
vicinity of the tip of a crack, togéther with the_application of a
fracture criterion. In a conventional analysis inertid:.. (or
dynamic) effects are 'neglected énd the analytical wérk is
quasi-static in nature.

Because of locading conditions and material characteristics,
h;wever, there are many fracture mechanics prbblems which cannot
be viewed as being quasi-static and for which éhe inertia of the
material'must'be_taken into account. Alsolineﬁtia effects become
of importance if the propagation of the crack is. gso fast, as for
example in essentially brittle fractufe,‘that rapid motions are
generated in the medium. The label "dynamic loading" 1is attached
to the effects of inertia on fracture due to hepidly applied
loadé,

There are th bro;d clésses.of fracture mechanics problems that
have to be treated as dynamlic problems. These are concerned w{th
1. cracked bodies subjected to rapidly varying loads,

2. bodies containing rapid{y propagating cracks.

In both'cases the crack tip ig an environment disturbed by Qave
motions.

Inpact and vibration-problems fall into the first class of dynamic

problems. In the analysis of such problems it is often found that
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-at inhomogeneities in a body the dynamic stresses are higher than
the stresses domputed from‘ the corresponding' préblem of statlic
equilibrium? This effect ‘ocecurs when a propagating mechanical
disturbance strikes a cavity. The dynahic stress "overshoot" 1g.
eébecially pronounced if the cavi{y contains a sharp edge. For a
crack tﬁe iﬁtensity of the stress field 1h the vicinity of the
crack tip can be significantly affected by.dyﬁamic effects. In
view of the dynamic amplification, 1t 1s conceivable that there
are cases for which fracture at a crack tip does not occur under a
gradually applied system of loads, but where a crack does_indeed
propagate wheﬁ the same system of loads 1is rapidly applied, and
gives rise to waves which strike the crack tip.

The second class of problems is equally important. In&eed, there
are several kinds of large engineering structures in which rapld
crack growth is a definite possibility. 'Examples are gas
transmission pipelines, ship hulls, alreraft fuselagesa and nualear
reactor components. Dynamic effécts affect the siress fields near
rapidly propagating cracks, and hence the conditions for further
unstable crack pro%agation or for crack arrest. Another area to
which the analysis of rapidly propagating cracks 1is relevant is
the study of earthquake mechanisms.

There have been a number of compréhensive review articles In the
general areé of elastodynamic'fraqture mechanics. Some references
are Achenbach (1972), Freund (1975), Achénbach (1976), Freund

(1976) and Kanninen (1978).
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At present, dynamic fracture mechan%cs solhtions_ are largely
confined to conditions where linear elastic fracture mechanics
(LEFM) is valid. These are appropriate when the plastic
deformation attending the crack tip 1is small enough to be
dominated by the elastic field surrounding it. Problems of crack
growth initiation under impact loads and of rapid unstable crack
propagation and arrest can be treated with LEFM by using
dynamically computed fields of stress and deformation. Engineefing
structures requiring protection against the possibility of
large-scale catastrophic crac# propagation are, howevef, generally
constructed of ductile, tough materials. For the initiation of
crack growth, LEFM procedures can give only approximately correqt
predictions far such materials. The elastic-plastic treatmenﬁs
required to give preéise results have not yet been developed in a
comﬁletely acceptable.manner, even‘undér static conditions.

The shapes of the cracks which have been studied uptil]l now are as
follows : |

(i) _Semi—infinite plane cracks.

(11) Finite Griffith cracks.

iiii) Penny shaped and annular cracks.

(iv) Non-planar crack=. -

A  transient problem involving the sudden appearance of a
semi-infinite crack in a stretched elastic plate was consideréq by
Maue (1954). Baker (1962) studied the problem of a semi-infinite

crack suddehly appearing and growing at constant velocity in a
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gstretched elastic body. The mixed boundary value problem is solved
by transform methods including the wéiner—Hopf and Cagniard
techniques. Atkinson and List (1878) considered the steady state
semi-infinite crack éropagation into média with spatiaily yafying
elastic ﬁrbperties. The quasi-static problem of an infinite
elastic medium , 6 weakened by an infinite ngmber of semi*infini}e,
rectilinear, pafallel' and' equally spaced craéks which are
subjecﬁed to identic loads satisfying the conditions of antiplane
state of stfain was solved by Matczynskj (1973). Sarkar, Ghosh- and
Mandal (1991) studied the problem of scattering of horizaentally
ﬁolarized shear wave by:a_semi—infinite crack running with uniform

velocity along the iIinterface of two dissimilar semi-infinite

elagtic media.

The powerful technique to solve the diffraction problem "of

&)

gemi-infinite crack is the Wiener-Hopf,(lgse)_téchnique.

fhe in-plane Prdb}em of finite Griffith crack propagating at a
coﬁstant velocity under.é uniform load was first solved by Yoffe
(1951). Sih (1968) has alsc provided a Riemann-Hilbert formulation
of the same problem where both in-pyane extensional and antipléne
shear loads were considered.

Other reference treating elastodynamic problem involving a single
finite Griffith crack are Loeber and Sih (1967), Ang and Knopoff
(1964), Mal (1970, 1972) E€hang: ((1971), Kaésir.and Bandyopadhyay

(1983), Kassir and Tse (1983). Loeber and Sih (1967) solved the
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problem of diffraction of antiplane shear waves by a finite crack
by wusing integral transform method. Kassir and Bandyopadhyay
1983 ;onsidered‘ the problem of impact response of a cracked
orthotropic medium., Laplace and Fourier transforms wére employed
to reduce the transieﬁt problem to -the solution of standard
integral equation in thé Laplace tfansfon.plane and was solved by‘

Laplace inversion technique (Krylov et al, 1957); Miller and Gyuy,
1966 .

The problems of finite Griffith crack lying at the interface of
twvo dissimilaQ efastic- ﬁedia have been . studied by Srivastava,
Palaiya and Kafaui1a (1980), Nishida, Shindo and Atsumi (1984) and
Bostrom '(198%). Bostrom (1987) wused phei method of Krenk and
Schmidt (1982) to solve Athe two—diménsional“?scalar problem of
scattering of elasfic waves under antiplane strain from an
interface c¢rack between two elastic hglf-spaceé. ‘Sih and Chen
(1980) analyzed thé dynamic response of a layered éomposite

containing a Griffith crack under normal and shear impact.

The Problems of diffraction of elastic . waves become more
complicated when boundaries are present in the medium. Chen (1978)

considered. the problem of dynamic responée of a centralAerack in a
finite elastic strip. The crack was assumed to appear suddely when.
the strip is being stretched at 1{ts twoaends. The problem was.

solved by Laplace and Fourier transform technique. Some other

references are Srivastava, Gupta and Palaiya (1981), Srivastava,
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Palaya and Karaulia (1983), Shindo, Nozaki and Higaki (1986), De

and Patra (1990).

Different techniques have been applied by.many authors to tackle
these type of craéki problems. From .these stand point, these
probléms may' be divided 1into two‘ categories : one for low
frequency oscillation of the source 6r long wave scattering or
transmission and the other for high frequency oscillation or short
wave scattering or transmiésion in the medium. The term long and
short are used iIn comparison to the region of the source of
disturbance of the size of the crack or striP etc. inslide the
medium to the wave length of disturbance. Théauseful techniques
for low’frequency‘scattering-due to . Noble (1963) at Tranter (1968)
have been digcussed ° earlier. In case of high frequenéy
osciilations Wiener-Hopf . (Noble;'1958) technique and Keller's
(1958) geometrical theqry are found to be most suitable. Here we

briefly discuss the methods.

Wiener -Hopf Method ‘3

The typlcal problem obtained by applying Fourier transforms to
partial differential equations is the foliowiﬁg. One shall have to

find unknown.functions §+(a), it(a) satisfying
ACa)E () + Bla¥_(a) + Cla) =.0 (27)

Where this equation holds in a strip 7 < T < T, s ~© <o < w

of the complex «-plane, §+ is regular in the half-plane = > ,
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¥ (o) is regular in 7 < 7, and certain information which will be
specified later 1s avallable regarding thé behaviour of these
functions as a tends to infinity in appropriate.half4planes. The
functions A(a), B(a), C(a) are givén function of a, regular in the
strip. For simplicity let us assume that A, B dre also non-zero in
the’strip.

The fundaméntal‘step in the Wiener-Hopf procedure for solution.of
this equaion is to find K+(a) regular and non-zero in T > T_

K_(a) regulayr and non-zero in T < T, gsuch that .

~

A(a)/B(ax) = K+(a)/K;(a) o (28)

Use (28) to rearrange (27) as
K, ()& (o) + K_(a)W_(a) + K_(a)Cla)/Bla) = O (29)

Decompose K (a)C(a)/B(a) in the form
K_(a)C(a)/Bla) = C_(a) + C_(a) (30)

where C (a) is regular in 7>7r_, C_(a) is regular in 7<7 .
With the help of (30) rearrange  (29) so as to define a function

J(a) by

Jta) = K (a8 (o) + C (o) = - K_(e)¥_(a) =~ C_(a) (31)

So far this eqﬁation'defines J (o) oﬁly in thelstrip T_ < T X< %+.
But the second part of the equation is defined and is regular in
T > T_, ana the third part is defined ané is regutar in T <« T,-
Hence by analytic continuation J(a) must be regular in the whole

a-plane. Then by the extended form of Liouville’s theorem J(a) is

a polynomial p(a)
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K (a)® (a) + C (&) p (o)
+ + +

(32)

K ()W (a) + C_ (o) - pla)

These equations determine §+(a) :'EL(q) to Qithin the arbltrary
polynomial p(a), i.e. to within a finite number of arbitrary

constants which musf be determined otherwise.

Keller’s geometrical method :

Keller'’s theory of geometrical diffraction applied to
elastodynamics states that the two eonical surfaces qgf diffracted
rays are generated whén an incident ray strikes an edge. The
sufface of the inner cone consists'of rayé of longitudinal motion,
while. the surface of the outer cone 15° composedj of rays of
transverse motion. The half-angles of the cones are related by
Spellis law. Fig.1 shows -the cohes generatedz by an 1Incident
longitudinal réy. For this case the diffrabted longitudinal rays
make tﬁe same angle .¢L with the tangent to the edge as the
incident ray, and the diffracted rays of transverse.motion .are
under an angle ¢T with the edge, where CL cos¢T = C'r cos¢L.

For a straight diffracting edge, and an Incident longitudinal ray,
the diffracted displacement fields érg relatedrquant{tatipely to

the incident field by

1S rcC
L 1
u

L ) i.uxso/cL-t)
= g [s (1+S /R, )]
.1 1 L

1./2 N
D i A e
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FIG. 1. Cones of diffracted lc;ngltudlnal and transverse rays
for an incident longitudinal ray. :

35
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iws_ra ~ ius sc -

AT = e T [s,a+s, /RN D15 Aae %"

Here Aexp [iw(So/CL;t)] defines the amplitude and the phase of
the. incident field at the point of diffraction, and D; and DT'are
diffraction coefficents which refate fhe diffracted field to the
incident field. Also S1 and Szbare the smaller of the principal
radii of curvature of the diffracted wave front, or: equivalently
the distances along the diffracted rays° from the points of
diffraction to the observation point. The unit vectors ;i and ;:
relate the directions of displacement of the diffracted field to
the direction of displacement of the incident field. For a
straight . diffracting edge Ri is the radius of curvature at ﬁhe
point of diffraction of the curve formed by the intersection of

the incident wave front and the plane which contains the incident

ray and the edge, and

- sin ¢T tan ¢T
d i sin ¢L tan ¢L

Papers involying the diffraction éf gléstic waves by two cqplanar
Griffith cracks:are very few. ﬁesearches haveAbeen restricted to
those of a sing]é crack, because of the severe mathematical
complexity encountered in finding solutions for two or more
cracks. At first Jain and Kanwal (1972) overcame the difficulty

and presented the solution for the diffraction problem of normally

~



incident iongitudinal and"antiplane sheéar waves by two symmetrical
coplanar Griffith. cracks located in an infinite, isotropic and
homogeneous elagtic medium. However, they presented an
.approximate solution which is valid for low-frequency. ltou (1978)
also studied the dynamic problem for an infinite elastic medium
weakened by two cqplanar Griffith cracks in which a -
self-equilibrated system of pressure is varied harmonically with
time. To solve this problem, the author has expanded the surface
displacement in a series of functions which is aufomatiCally zero
outside the cracks and has uéed the Schmidt method. ltou
(1980, 1980) also solved +two different problems 1involving two
finite cracks. The problem of determining the transfent gstress
digtribution 1In an infinite elastic medium weakened by two
coplanar Griffith c¢racks has been reduced to the following

integral equation

403

® .
r cn(s)[— - fm g(s,f)sin[a;b ¥ — E%JJn[E%E E]cos(fx)df]
=4 ’

kzszb o

N

= - Pc (bs)' , a<x<b . (33)

with .
[ fz+kzszl(2cz)]z- Ezy172
g(s,) = (34)

) E;_v‘ .

where locations of‘the.cracks are a<|x|sb, |y|<wo , z = O,
+2 1/2 » 1/2
c = F P] ’ c_ = [;—‘] ’ k = c /¢ and ¢ (s8) are the
L o T L T n

unknown coefficients.



38

To determine the coefficients cn(s) by Schmidt’s _method (1958)

équation (33) can be rewritten as

L ¢ ($)E (5,x) = - uls,x) , a<|¥|<b (35)

where En(s,x) and u(s,x) are known functions and the coefficients
cn(s) are unknown.
A set of functions Pn(s,x) which satisfy the orthogonality

condition

n mn n

Jb P (s,x)P (s,x)dx = N & , N = Jb P? (s, x)dx (36)
o m i n a n .

o

can. be constructed from the function, En(s,x), such that

=

in

e 4

®
Pn(s,x) = g

R 4 ]

Eés,x)“ ’ (a7

1. nn

where M iz the cofactor of the element d, of Dn » which is

n n

def ined aé

d d ceses. d

11 12 . in

d

21
D = . ' ‘ : (38)
n

........... d -
n1 ' nn

~d’ = Jb E (s,x)E (s,x) dx .
\.h_ a L n



Using equations (35) and (36) one can obtain

@ Mnj
= (39)
cn(s) _E U M
i=n 3 .
with qj =N J u(s,x)Pj(s,x) dx (40)
J a

Recently, Verma and Jain (1990) have studied the .problem of
diffraction_qf obliquely incident longitudinal waQes by two equal,
parallel, and coplanar Griffith crack; located in an infinite,
fsotropic and homogeneous elastic medium. bsing Green'’s functions
the solu;ipn“of this pnbblem'was first reduced to that of—a pair .
of similar Fredholm-integral equations aof the first.kind. When the
wavelengths are large compared to the distance between the two
outer . edges of the two crackg, each integral equation of this pair
was transformed to a set of Fredholm integral equations of the
first kind with a simple kernel, which was so[véd by the inversion

formula (Lowengrub and Srivastava, (1968).

Problems involving more than two finlte cracks i.e. periodic array
of coplanér finite cracks have been studied by Angel and Achenbach
(1985), De Sarkar (1983), Garg (1981), Parihar and Lalitha (1987),

Parton and Morozov (1978).

Another type of crack called cruciform crack has been studied by

Brock and Deng (1985), Ong and Srivastava (1985).
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Now we discuss the diffgaction problem dué to penny-shaped or
annular cracks. |

The transient stress and displacement fields around an embedded
crack in the shape of a circle were first investigated by Embley
and Sih (1971) for extensional impéct and by Sih and Emb}eyA(1971)
for tarsional-imﬁact. Their method of solution involves isolating
the singular portion of the dynamic gstresses in the Laplace
transform domain such that the dynamic stress Iintensity factor can
be obtained by direct apblication of the Laplace 1inversion
theorem. A penny shaped crack with its plane normal to the
stretched direction of the elastid solid expanding at a consgtant
Qeiocity was donsiderédv by a ngmbe; of 1nvestigators,. namely
Craggs (1966), Kostrov (1964) and Atkinson (1968). Sih and Loeber
(1969) solved the problem of normal comppession and radial shear
waves impinging on a penny shaped crack. Other references are Mal
(1970), Krenk and Shmidt (1982), Arin and Erdogan (1971), Ueda,
Shindo and Atsumi (1983). ﬂ

Krenk and Schmidt (1982) solved the problem of écattering of waves
Sy a circular crack in‘an elastic medium by a- direct 1nte§ral
equafion method; The solution method was based on expansion of

stresses and displacements on the crack ‘surface 1In terms of

trigonometric functions and orthogonal polynomials.

The general problem of two semi-infinite elastic media .with
different properties bonded to each other along a plane and

containing a series of concentric ring shaped flat cavities was
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considered by Erdogan (1965), Using Green’s functions for the
semi-infinite plane, the problem was formulated as a system‘of
gimultaneous singular integral equations having cauychy type
singularities. Shindo (1979,1981,1881) has studied different type;
aof problem in elastodynamics involving flat annular crack. The
problem of éiffraction of normally incident torsional waves by a
flat annular c¢rack embedded .1n an infinite, isotropic, and
homogeneous elastic medium was studied by Shindo (1979). The
problem was reduced to that of solving the following triple

integral equation

Jm aZA(a)Jﬁ(ar)da =.fm ag(a)A(a)J1(ar)da + (Pao/u)(r/b) , a<r<b
o o

Jm aA(o)] (ardde = 0 O0<r<a , bsr - , (41)
(o] .

Where g(a) = o =p(a) in which the function g(a) has the order ot
for large «. It is convenient to write the integral transform A(a)

in tterms of the finite integral given by
aAla) = - r t¢(t)J-z'<at)dt (42)
a i

where Jz is the second-order Bessel function of the first kind. On
substitution of (42) in (41) ylelds the .following singular

integral equation of the first kind :
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1 1 b 3b 2(t-r)
% Ji T ¢(t)[ T Zr l°g'TTLE°3b

+ m (r,t) + m (r,t)]dt
(o] 1

=-P_/u , alr<b (43)

in which the Fredholm Kernels mo(r,t) and mi(r,t) are bounded in

closed interval a < r, t 2 b and are given by

m (r,t) = b (r/t) _ 2 E(t/r) + (r/t)E(t/r) - 1 + 4K (t/ 1) +
o r+t r t-r r
3 2(r-t)
Y oox l°g|TT?§—TE|] S
[«
= b 1 .2t E(o/t) + E(r/t)y - 1 + 2tK(t/r)
t+r 2 t-r 2
r r
3 2(r-t) ]
+ 5 l°g|TTTE_TEi] ’ t>r (44)
o
‘ nt’p ' 3
m(r,t) = - Jm gladJ (at)J (ar)da (45)
1 . r : 2 1

o]

Here K and E are the complete elliptic integrals of the first and
second kind respectively, and a = a’b is'the radius ratio of the 5
ahnular crack. From the second equation of (41) and the definition

(42) it is clear that the integral equation must be solved under

the following single valuedness condition

b 1 . .
I T ¢(t)dt = O _ (46)

a
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Subatituting
R =r/b=2%(1-a)s +2 (1 + &)
2 o . 2 ) o
1 41
T = t/b = =(1-a )r + =(1 + a )
2 o 2 o ]
(47)
P = bp/cT

B(t) = @(t)/[(t/bY(p /)]

the revised singular integral equation to the first kind (43) énd

single valuedness condition .(46) are shown as

1 1 1 3(13ao) 1-36 )
— J—i Q(T?[ T_sv- R nglT'S| + —§—~,[Mo(s,r) + ﬂi(s,r)]]dr

= - 1° : (48)

1 ) .
J &(t) dr = O : (48)

in which the Fredholm Kerﬁels Mo(s,r) and Mi(s,r) are obtain by
substituting (47) in (44) and (45) respectively. Thus the problem
was reduced to the solution aof the singular integral equation (48)
under additional condition (49).

Following Erdogan (1873, 1963) the-equation; (48) énd (49) has

been solved by'assuming
AT (1) ] : (50)
n n .

where Tn(r) are Chebyshev polynomial of the first kind and An(n=0,
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i, 2, ...) are unknown constants. .

Bostrom and Olsson (1987) treated the problem df scattering of
elastic wavesg by non-planar cracks. The method employed was a
modification of the null field approach (T matrix method) where a
fictitious surface was added to the surface of the crack so as to
obtain a2 closed surface that should preferably be as sphere-like

as possible.

- Like elastic waves, diffraction of viscqgiastic waves by crack or
By inclusions are of considerable importance in Jiew of thelir
appliéation of Seismology and Geopﬁysics. Also the problems
involving the motion of a punch on the surface of a viscoelastic
half-space ﬁr on thé free boundaries of long strips are
extremely impbrtant in view of their .application in road
construction technology. Considerable studies had been made in'the
case of homogeneous media. But natural or artificial materieals
are generally inhomogeneous. In addition, 1if the materials be
dissipative, that effect. can well be taken 1into account by

considering the material to be viscoelastic.

Interest in the propagation of' mechanical disturbances in
yiscoelastié media is .comparatively recent Iin origin. The
behaviour of extended anelastic 'struétures under conditions of
dynamic stressing is a’ development of the last fifty years. This
situation contrasts with that obtained in the related field of

linear elasticity iIn which techhological requirements (e.g. the
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behaviousr o«f brigdes under moving loads, the stresses involved 1In
reciprocating mechanisms and the response of metals to shock
loading) has stimulated. much research 1into. dynamical problems
throughout the last hundred years. Pe}haps the most important
.reason for the- failure of " a formal m;thgmatical theory of
viscoelasticity to;develope sfems=from the lack of just.suqh‘a
practical stimulus, Traditionafly, eng1neering design has made use
of materlals whose prope%ties are adequately described 1in the
working range by the laws of classical elasticity. However, with
the gradual introduction of .engineering cqmﬁ?ents fabricated from
the new synthetic plastic materials, it séems probable that the
study of dynamic viscoelasticity will become a subject of

increasing importance.

Other pertinent reasons *contr1but1ng 'to' the léck- of a formal
theory of dynamic viséoelastici£y~are lhe yelaiive complexity of
ihe equations describing.the fundamental mechanical¢propertfes of:
.anelastic s;l;ds and .a, lack of kngwlédge of tﬁese propeftles for
many of the common ma£éfials._Fortunately, with the intrgduction
of integral transform] techniques by Gross (1947), a major
simplification has been effected }n handling the mathematical
aspects of the subject. At ;he same time mﬁch experimental work,
mostly dating from the publication. of ‘a pape;iby Alexandrov and
Lazurkin (1940) on the mechanical prdpertieé of rubber, has been

devoted to elucidating and classifying the behaviour of many of

the rubber and polymer type materials. Here we give some
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references of papers on experimental investigation of some solids.
Nolle (1949) (work on rubbers), Zener (1948) (metals), Sherby and
Dorn (1958) (perpex) and Leadermann (1943)(silk, rayon, nylon). A
géneralized viscoelastic solid is specified by. the existence of a
functiuonal equation of state connectiné stress (o), strailn (é),
time (t) and temperature (T). ’
Flo,s,t,T) = O..

Presupposition of the existence of such a relation which may
include time differential’Aand integral operators of arbitrary

order, immediately excludes problems associated with the plastic

deformation of metals and the fracture of solids.

_The siﬁpieéi examples of linear viscoelastic solids are well
known, e.g. Voigt solid, Méxwell solid, standard Ilinear solid,
Burgers'solidr:Newtonian fluid, etec. Diégrémé aof sohe models are

shown in figure 2.

Récently and extengive study on bouhdary value problems in linear
viscoelastic;ty has beep.made by Golden and Graﬁam }1988) in their
book, The problem of a rigid cylinder rolling -on the surface of a
viscoelastic half-spacé has been splved by Hunter (1961). The
contact p}oblem of rigid cylinder rolling slowly on a thin
viscoelastic layer has been treated by Alblgs and Kulpers (1970)
assuming that the layer thickness is small compared to the width
of the contact region of the cylindep."some contact punch problems

in viscoelastic medium have been studied by Golden (1977, 1979,
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(a) (b) l )

Models of visco-clastic aolids. (a) Voigt aolid;
-(b) Maxwell solid; (c) moro goneral solid.

47
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@

198271. Lraclk propagation in viscoelastic medium has been studied
by Willis (%972), Atkinson and List l(1972), _cbussy (1987) and
others. Willis (1972)* considered steadyjstaie Mode 11l crack-
propagation for a stanqefd linear solid under generai type of
loading on the crack surfaces. Atkinsoﬁ and List (1972) studied
nonsteady SH-wave type craek propagationleterting at t = 0 and
moving with a constant velocity 1n the ’Maxwell gsolid? or using
ehe viscoelastic model suggested by Achenbach and Chao. Sills and
Benveniste ¢(1981) and Coussy (1887) studied,‘eteady state creck
propagation of SH-type at the 1nterfece betweenltwo visco-elastic
medie.

Recently, the transient elastodynamic strees Iintensity factor wae
determined for a cracked linearly viscoelastic body under impact
by Georgiadlis, Theocaris  and Mouskos (19891). The body was
considered to be infinitevcontaining a finite crack. The solution
was obtained by correspondence principle >and the wuse of the

Dubner-Abate-Crump Laplace-transform inversion technique.

In the thesis presented here we have studfed some mixed eoundary
value problems in elastodynamics involving punches, inclusions and
cracks. The work has been presentedkin three chapters. The first
two chapters I and 11 deale with diffraction problems in elastic
medium and the third chaﬁler deals with diffraction.preblems in
viscoelastic medium. Here we give the summeryof the thesis chaﬁter

wise.
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In chapter-1, problem-1 contains vertical vib;élioh of two rigid
sterips in smooth.contact with a semi-infinite é}asiic medium. 1t
ié assumed that motion is forced by prescribed displacement
distribution vce—um normal to the two strips located in the
region -a £ x £ -b, b £ x < a, y= 0, |Z| <w, -where v 1s
constant. The resulting‘mixed boundary‘value praoblem 1is reducgd.to
the solution of a triple integral eduation which hag further been
reduced to the solutioﬁ of an integro;differential equation.
Finally iterative solution wvalid for low frequency has been
obtained. The integral eguation was solved in.a manner similar to
thaf employed by Lowengrub and Srivastave (1968) in solving static
problems for two caplanar cracks in an igfiﬁite elastic medium.
From the solution of the integral equation, we have found out
stresses just below‘the strips and alsa the vertical displacement
at point outsjde thé strips on the free 'surface. Low frequency
solution due to antiplane ﬁotionlbf two sitrips on a semi-infinite

elastic medium has also been derived.

In paper-2, we have c&nsidered the problem of diffraction of

elastic waves by a apair ,of coplanar rigid strips betﬁeen two
homogeneous elastic half spaces fornihe caSe“of‘antipiane strain.
The‘resulting triple integral equétion has been reduced to the
solution of an iIntegro differential équation faﬂd approximate
éolutlon has been obtained. These solutions have been used to

obtain approximate values of the displacement fleld and also the

gstress intensity factoré"at the edges of the strips.
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Mak1ng the digstance between the inner edges of the strips tend to
zero, the diffraction problem for a'single rigid strip has been
obtained. Even this result of the limiting case appears to have

been presented here for the first time.

In third paper of this chapter we have studied the two dimensiﬁnal-
problems of diffraction of elastic waves by four coplanar parallel
rigid strips moving steadily on the _free surface of a
semi~infinite isotropic elastic medium. Qy Fourier transform the
five part mixed boundary value problem -has been reduced to the
solution of a set of four integral equations. Following the
technique, devélpped by' Srivastava and Lowengrub (1970), >tﬁé
quadruplé'iﬁtégral equations'have'been solved..The normalLstfess
under the strips and diéplacement outside £he strips are derived
in closed form. The effeét of‘stress intensity_facfors at the
edges of the strips 1s shown by means of graphs. Also'letting’the
strip vglocify tend to zero the resul}s for statical problem have

been presented in this paper as a particular case.

In the last problem, i.e., papef-a of chapter-1, we investigated
.the diffraction of torsional wave by a-rigid annular disc at the
interface of two bonded dissimilar élasfic media. Here we have
' : , i.kz(z-czt)
assumed that an antiplane shear wave given by ere ,
where Q is‘a constant, Kk _=w/c_ and c_=¥(u_/p ), fhe shear wave
} 2 . 2 2 2 2 T2

velocity in medium 2, be 1incident normally on the annular rigid

disc of .inner and outer radii b and a respectively. Applying the
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method >developed by Williams (1963) and usea» sﬁbsequently by
Tkomas £1965) and Jéin et al (1970), the three paft mixed bounéary
value problem has been reduced to the solution of a set of
integral equations. The solutions of these integral equations are
obtained iteratively for low frequency and small values of tﬁe
¥atio of the inner and outer radii of the disc. These solutions
are used to determine the jump Iin stresses écross the annular disc
- and stress intensity factofs‘at both the edges of the disc. Torque
aﬁd far'field amplitudes in both the media have also been deduced.
The effect bf normallzed »frequéndy, umaterial properties and
geometric parameters in‘.stréSs intensity afactors and far field

amplitude are shown graphically.

First problem of chapter-11 deals with the interaction of no}mally
incident time harmonic. elastic wéves with a periodic array of
coplanar Griffith cracks in an infinite orthotropic medium.'Dué to
geometrical symmetry the problem has been reduced to the'soiution
. of the problem of a single crack in a strip whose boundaf&es are
shear free ' and constr;in;d in a way not to permit normal
dispiacement. Fourier transform has been used fo reduce the
problem to the solution of duall integral eqhations. By the
applicétioﬁ of Abel’s. integral the dgalbintggfal‘equations finally
ﬁas been converted to1 a Fredholm ‘ihtegral equation. Stress
intensity féctor at the tip of the crack and crack ;pening_
displacement have vbeen. derived in closed form. To display. the

influence of the material orthotropy numberical values of stress



intensity factor and crack opening displacement“have been derived
in c¢losed form. To display the 1influence of the materlal
orthotropy numerical values of stréss 1ntensity factor and crack
opening displacement have been fdubd‘ out after solving the
Fredholm integral equation numerically and plotted againsgt
dimenslonaless frequency, distance respectively for three 'sets of

orthotropic materials.

In the second paper of chapter Il we have studied the diffraction
of normally incident SH-waves by a Grif}ith crack siiuated-in an
infinitely long.inhomogeneous’elaStic st;ip. The shear modulus
() and the density (p) of the material have been assumed to vary
both ip» horizontal and vertical directiaﬁs. Applying Fourier
transform the mixed boundary value ﬁroblems has been.converted to
the solution of dual iptegral equations. The dual integral
equations finally has been ruduced to a Fredholm integral equation
of second kind by applying Abei transform. Expressions for stress
intensity factor ana crack opening displacement have'been,derived..
The numerical values of stréss‘intensity factor and craék -opening
displacement h;ve been depicted by means of graphs to show the

effect of matefial_inhomogeneity.'

In chapter-111, farst paper deais w{th(the énélysis of the stressj
and displacement field produced gy a long punch ,hoving -on the
ﬁoundary of a semi-i;fintie viscoelastic medium and producing
Hérizqntal Shear wavgs.'lTwo types of viscoelastic models viz.

Maxwell Solid and Standard Linear Sollid have been conslidered and
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loading in assumed to be such that Mode IIl conditions prevaill.
The mathematical technique which is employed here consists of the
application of integral _transforms and the solutfon of the
resulting Wieher—Hopf equations for the transformed unknown
varlables. Both the steady and nonsteady solutions of the problem
~ have been derived. Displacement and stress on the free surface and
-at points below tﬁe punch havé been derived analytically ;nd thé
nature of their'variations with the vefocity of ‘the moving punch

has been shown by means of graphs.

The last paper of the this chapter' COnfains‘ the analysis of
éteady and nonsteady cases of Mode'lLI cr;ck propaéation in an
inhomogeneoué viscoelasgtic medium. Two types of viscoelastic
models, néﬁely Maxwell ;olid and Standard Linear solid have been
considefed. Material properties have been‘ assumed to wvary
exponentially ‘in the direction perpendicular to the direction of
cyack propagation. The problem has Dbeen solved by |using
_Wiener-Hopf technique. We havé :stgdied h?w the ' material
inhomogeneity.affeéts the stress ihtensityvféctor and also the
crack opening displacement when a Mode 111 type crack propagateé

through the inhomogeneocus viscoelastic medium.

With this much of introduction, we now present the thesis
chapterwise. References given in the thesis do not include all the

previous workers in this line. But attempt ‘'has been made to

include most of them.



CHAPTERS-1I

SOME CONTACT PROBLEMS IN ELASTODYNAMICS

Paper - 1 : Forced vertical vibration of two rigid

strips on a semi-infinite elastic solid.

"Paper - 2 ¢+ Diffraction of antiplane'shear wave by
a pair of parallel rigid strips 'at the
interface "of two bonded dissimilar
elastic media. s

Paper - 3.: 0On steady motion of four rigid strips on
the surface of a semi-infinite elastic
medium.

Paper - 4 : Diff}aétion of torsibnal elastic waves
by a rigid annular disc at the

bimaferial interface.
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' FORCED VERTICAL VIBRATION OF TWO RIGID STRIPS ON A SEMI-INFINITE
ELASTIC SOLID '

1. INTRODUCTION

The study .of the effect of vibrating source of .pressﬁre  in
different formé on the surface of an elastic medium is almost
classical. Reissner (1937) and léter 'Millar and Pursey (1954)
treated the cése of a uniform vibrating. pressure ‘distribut}on
applied "to a circular region on the surface of an elastic half-
~space. The ‘problem of most physical interest occurs when
.diSplacement corresponding to iIndentation by a rigid bddy are
prescribed over a glven region and the surface traptions outside
the region éré zero. Analytical treatmen£ on the dynamical
response of footing and soil structure Lnteracéion are usually
avajilable in the lftérature oﬁly for° clpculaf ana elliptical
footings anﬁ infinite strip loadings. 'Such pesults are 1mportant~
in view of .their appl;catlon_ in the design. of foundatiohs for
machinery and:buil&ings; also in the study of thé vibration of
dams and large structures sﬁbjecfed to earthquakes. Awojobi and
Grootenhuis (1865), Robertson (1966), Gladwell (1968) and.athers
have considered the problem of_ciréular footing iﬁ detail. Rof
(1986) considered the dynaﬁfc response of an ellfiptical footing in
frictionless contact with a ﬂomogeneéus eiaétic hal f-gpace. Fop

low frequency, both wvertical and horizontal wvibration were
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treated. Low frequency solution for the vertical, hori;ontal and
focking vibration of an infinite strip on a semi-infinite elastic
medium has been obtained by Karasudhi, Keer and Lee (1968) by
reducing the governing duai integral equatiohs into a single
1phomogeneéus Fredholm equation of the second kind. Wickham (1977)
however removed the flaws occuring in the above paper ‘and worked
out in detail the problem of forced two dimensional oscillation of
a rigid strip in smooth contact with a semi-infinite elastic
medium using a different technique. To improve the dynamic models
of bulldings and other structures, it will be fruitful to have
analytical results for foundations of more complicated nature. In
this paper we have considered the problem of vertical vibration of
two rigid strips in smooth contact with a semi-infinite elastic
medium. The problem is-also important in view of its application
;n the study of the vibration of an elastic medium caused by the
running wheels on a railway track. The résulting mixed boundary
value problem is reduced to the solution of a triple integral
equation which has further been pgduced to the solutidn of an
integro differential eqﬁation. Finally iterative solution wvalid
for low frequency has been obtained. The integral equation was
solved in a ﬁanner similar to thaﬁ employed by Lowengrub and
Srivastava (1868) 1in solving static problems for two coplanar
cracks in an infinite elastic medium. Jain and Kanwal (1872,1972)
also used the same technique to solve the problem of diffraction
of elastic waves by two coplanar Griffith cracks and also by two

coplanar rigid strips Iin an infinite elagtic medium. It may be



57

mentioned in this connection that recently Itu (1980) has also
solved the problem of diffraction of SH-waves by two coplanar
Griffith cracks in an infinite elastic medium using a different
technique.

From the solution of the integral equation, we havg found ou£
stresses just below the strips and also the vertical displacement
at point outside the strip on the free surface. Finally, ﬁaking
the distance between the strips tend to =zero, we‘have found our
results becoming idetical with the results given by Wickham (1977)
for the vertical vibration of a single strip on a semi-infinite
elastic medium. Low frequency-solution due to antiplane motion of

two strips on a "semi-infinite elastic medium has also been

derived.
2. FORMULATION OF THE INPLANE PROBLEM

yet us consider the normal vibration of frequency w of two rigid
strips Eaving smooth contact with a semi-infinite homogeneous
isotropic elastic solid occupying the half-space -w{X<o , Y20 ,
~a<Z< . It is asgsumed that motion 1s forced by prescribed
displacement distribution. voeA&n .normal to the two infinite
strips located in the region —aSXSfb , b=<X=<a, Y=0, |Z|<m (Fig.1),
where Vo is constant. Normalizing all lengths with respect to a
and putting b/a=c, we find that the.rigid strips are defined by
cs|x|=1, y=0, |z]|<co. ‘

Suppressing the time factor édun through9ut the analysis, the

displacement components can be written as



vY

Fig 1. Geometry of the strips .

\
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: .

ulx,y) = 5% - g—’;‘-

vix,y) = % + % (1)
wix,y) =0

where the displacement potentials ¢(x,y) and w(x,y) satisfy the

Helmholtz equations

2 2
ax oy
(2)
2 2
ax By
where k% = o%a®?/c? and K2 = w?a%/c2%.
1 1 2 2
Consequently, the values of stress components =T y T and T
xy Yy Yz
are
2 2 2
T “[261¢+6w_6w]
i axay ax ay
2 2
T o= —p[[ K2+ 2a—z]¢ 22 v ] (3)
Yy ax axady’
T =0
zy
The boundary conditions are
vix,0) = v , cs|x|=1
T (x,0) =0 ’ |x|<c ’ |x|>1 : (4)
Yy
= 0 , ~o< X <o

T (x,0)
xy
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Solution of the Helmholtz equation given by (2) can be written as

o]
¢ = J A(E¥) exp(ifx - yiy) d¥
e o
(5)
o ‘
w = J B(¥) exp(ifx - yzy) d¥
-Q0
where  y. = (€F-kYE L gfzk
j=1,2 (6)
=—i(kj-:2)"2 , |E|Skj ,

and A(f), B(¥) are unknown functions to be determined from the

boundary conditions.

Using the last boundary condition of (4) it can be shown that

—Zif)’1
B(¥) = - A(E).

£ +tu7,

Now the displacemeﬁts and stresses glven by (1) and (3) become

[0} 27;72
ulx,y) = I if[exp(—y1y) e exp(-yzy)]A(E)exp(ifx)df (7)
-0 I +r
2 .
© 2&2
vix,y) = —I yi[exp(—y‘y) - =2 exp(—yzy)]A(f)exp(ifx)dE (8)
- I
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2
«© 2 2 4% Y7,
T (X,y)=-pu [(k 287 Yexp(-y yl+ exp(-y y)]A(E)exp(iEx)dE
Yy - 2 1 62_’_?/2 2
2
(9)
©
Txy(x,y) = pJ Zifyi[—exp(—yiy) + exp(-yzy)]A(E)exp(iEx)dE (10)
-0 .

Next using the fact that A(F) 1is an even. function of ¥, and
putting

(22%-k2)% - 4ry v -
P(F)Y = — ACE) (11)
2% -k

the first and second boundary conditions given by (4) lead to the

following dual integral equations in P(f) :

me(E)cosfx g = 0 , |x|<e » |x]>1 (12)
o
2
Yskz . . 1
P(Z)cos¥fx df = 5V »  c=|x]=1 (13
2 2.2 2 o A
o (2F _kz) - 4F vy,

3. SOLUTION OF THE INPLANE PROBLEM

Let us consider the solution of the integral equations (12) and

(13) Iin the form
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P(£) = Jﬁx f(x*)cos¥x dx (14)
e 1 4 E S 4

where f(xi) is an unknown function which will be determined.

°

The relation (12) is therefore satisfied automatically and the

equation (13) becomes

2 r‘k: t

x f(x7) cosfx cogfx dfdx = = v

1 1 2 ,2.2 2 1 1 2 o
< o (2F -kz) - 4¥ vy,

y co=|x|st (15)

Using the relation

g

2 2.1/2

.sinfx sinfx1 Ix Jm‘ wao(Ew)Jo(Ev)dwdv
' o (x“-w) "% (x

2 2. 41/2
o -v)

i

the above equation converts to the form

d 2 3 o wv L‘(v,w)ldwdvdx1 1
—_— - - = <l <
de4x1f(x1)8x J I 2 2. 41/2, 2 2 _4-/2 2 vo ! c_lxl_l (16)
¢ 1Jo Jo (x"-w") (x‘-v )
where
2
L (v,w) = 1t J (Fw)d (V) d (17)
s 2 2 2 2 o Lw ) Lv £
o (2F —kz) - 4§ vy,

By a simple contour integration technique done in the appendix-A,

L1(v,w) can be written as
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>

2 <1)

2,272 2 2
2 (1-n") (2n " -77) Ho (k177W)Jo(k177V)
Li(v,w) = -iT P < 3 — dn -
o (29" -T7)" + 16n (n"-1) (")
: T M- @Y% B Y (k pw)I (knw)
. 2 (8] 1 o 1
—417-[ ‘ 2 2. 4 4+, 2 2z 2 dn +
o (2n" -t7) + 160 (" -V " -n")
(n°-1)*2 H;“ (k) J_(k pv) -
it 5 ’ (udv)
Qo(n) 77='r°
g2 2 1 (1952 H Pk pwdI_(k av)
sl B — an
16(1-77) ji=o Yo . n—'rj
2 v (r2-p*H*7% H*? (k Wk v
+
X SJJ r— dn | +
1=0 o] n -7,
j
-2 H'Y (k nw)J_(k pv)
. o 1 o 1
it 5 y (w>v)
Qo(n) n=T
(18>
where 7=k /k =¢ /¢, Q () = (29°-22)2-4n? (R*-1)*" 2 (p%2-2%)"%
2 4 1 2 o
and L is the root of the Rayleigh wave equation Qo(n)=0. T T,
are the roots of the equation (2nz-rz)z+4n2(nz—i)*/z(nz- 2yt 2.0,

Q;(n) denote the derivative of Qo(n) with respect to n and

e
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N

(272-7%) 4T§(T§—1)

, S = — ’ (i, j=0,1,2 and i=xj).

p. =
) 2 2

(/. -1t)
e

i 2
U(T_ Ti)

Cre N s

The corresponding expression of Li(v,w) for w<v follows from (18)

by interchanging w and v. .

For. poission ratio o=1/4, the values of =, T T, and T, are

given by
2_ 2(i-o0) _ 2 _ 3 2 _ 3 2 _
T g T 3, TS ————= ' T, 3v5/I3Y and 72-3/4.

(0.9194)%

Hence in this case T <t <i<t<T

2 1 o
Substituting the series expansion of Jo( ) and H;i’( > and
evaluating the integrals arising in (18), we find after some

algebraic- manipulation details of which are given in the

appendix-B
Lvow = 2 22[[yeiogck w2y - Tm s N - POV 2 00T b ook®)
s 7 n L4 g 1 2 4 1 g 1 1
y W2V
-2 2 [er0gk vizy - Bi)m e N - POTED 2 0T v o
T 1 2 4 a 1 1
y W<V (19)
where » = 0.5772157......... is Euler’s constant,
M= - "7 A (20)
4¢1-7%)

- T. T,
)=1 J J

2 I<1—r?) ) I(i—r?)
N = —"  |slogtass) + ¢ P, 3t 3

an ————
32(1-7%)
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(1‘2-1.) P 2 (‘rz-'r?) . (r? -‘rj)
- X~ ° | - p S s 3
P, .~ log 7, + (To 13 + z sj - tan —
o i=1 j i
4(TZ—TZ) L I(TZ-TZ)
- so"_—?;—-_ log - ’ . (21)
_ T 2 1 2 z % 2
and P = — E pls-7T | +%¢ s.—-'r‘] . (22)
32(1-1%) | oo 142 ) jeo L2

Now differentiating both sides of the relation (15) with respet to

x we obtain

| 2 yxkz
J4x f(x") fcosfx sinfx d¢dx = 0 , c=|x|=<t.
1 4 2 2.2 2 1 4 :
c Jo (28%-k20% - ag%y y, .

Following similar procedure as done for dériving equation (16), we

obtain
' X £ (x%) wv L_(v,w) dwdvdx
1 _ 2.9 1
x‘r — - dx = de f(x )—J_ I
2 2 1 W72 (g2 -y2,)172
c- XT-x - (x"-v™)
1 1
, c<|x|=1 (23)
where

r» 2 7 (kDK |
L (v,w) = £ - J (Ew)J (Fv) df (24)
2 o o]

o (2£2
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For small values of k1 and kz such that k1=d(k2), we use the

contour integration technique mentioned above and get

. , (1-n2)*"2 (20272252 H;"(k‘nw)Jo(k;nv)
L (v,w)= 2ik% (1-7 )14 — — T dn +
o (2" -t7) + 167 (n - -p)
. 4 2 2 2 1/2 [F U
2 2 [T 29 (T -1 (" -n™) Ho (ktnw)Jo(kinv) .
+ 41K2 (1-T) —— 2 dn -
o (202 -t5)* + 16t (P2 -1) (%2 %) :
) ) o -1 Héi)(k;nw)J (k pv)
- 2rik (1-7) _ ° 2
Qo(n) s ‘ nzfo
y WOV (25)

By the procedure similar to one which led to the equation (19),

(25) can be written as

Lv,w = - 22 (1-2%)%%10gk  + o(k?) (26)
2 TT. 4 1 4 .

where P is given by (22).
Now let us consider

£(x2) = £ (x2) + kKZlogk f.(x2) + o(k®) (27)
1 o i - 1 1 1 -4

Putting the above expansion of f(x:) and the value of Lz(v,w)
given by (26) in the equation (23) and equating the coefficients

of equal powers of k1 we get
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xlfo(x‘) :
Jd ————dx =0 ' c$|x|51 (28)
2 2 4

c X -x1

x‘f‘(x1) ' 4pP 2 [* 2
and J4 —_—— dx = - —/— (1-71 )I x £ (xT)dx , cS|x|51 (29)
2 2 1 n 170 T4 1

c X -x1 ]

K]

Following Srivastava and Lowengrub (1968) the solutions of the

above Iintegral equations are

fo(xi) = ) D (30)
(1")( )l/Z(XZ_CZ)l/Z
1 1
and
o y2-c% Y2
t, (x3) = g PD(1-72)| 2 " B (31)
1- x (1-x:)"2(x:-c2)"2 :

where D and B are constants which can be calculated as follows.

We substitute the value of Ll(v;w) from (18) as well as the
expansion of f(x:) obtained from (27) in the equation (16). When
#he coefficieﬁts of like powefs of k1 from both sides of the

resulting equation are equated we get the followling results :

d 2.9 * ¥ wv 2 2
—] x f (xT)e—rn =T ¥+log(k v/2) -
dx 1 0o 1 9x 2 2.1/2, 2 2. 172 T 1

c 1Jo Jo (x -w) (x‘-v )

- El]n + N ]dwdvdx1 =

> v, y VOw , c=x|=t (32)

Nj -

and
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d 2.8 wv ' 2 2 - :
a;]ix £ (x )_—-J I e [Ey+log(k1w/2) -
- (xl-v )

2 wv(w +v )dwdvdx

- né]M+N]dwdvdx - 5= 5_ x £ <x2>2—i[ I
1 T dx w2y 17242 2,42
- xi—v )
=0 ’ vow , cSleSl (33)

Next, putting the values of fo(x:) and fl(xi) from (30) and (31)
in the above two equations and integrating, the values of D and B

can be obtained as :

Vo >
D = (34)

272[(y+log(k1/2) - % + log(1- cz)"z)n ¢ N]

2 2
2.2 (1-c" Y (1-7T7)v
ana B =2PFP [ Laiee®y - ° ] (35)
v 2 2
e D

We can now obtain the~§alues of the vertical displacement in the

plane y=0 from equations (8), (11) and (14) as

v, kz cosfx‘cosfx
2'[4x1f(x:)J.co oz 2 2 dfdx1
e o (2£7 -4y v

1" 2

v(x,Q)

wv L (v,w) dwdvdx

23 rx f(x I J 2 14/2 2 2 1412
X c - (xi-v )
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3

Next putting the values of L‘(v,w) and f(x:) from (19) and (27) in

the abave equation, we obtalin,

- 4 2 ' _mni d 2
vix,0) = &g [{[ rriogc sz - S e Sl 0b

X % vw dwdvdx
a i . 1
x »
ax 2 2 12 2 2.1/2

1Jo Jo (x -w) (xt-v )

logv , vo>w
v
logw , v<w

w
2.4 2.4
e ) ke (x® 9 t dwdvdx | +
dx 1 0 14 9x 2 21,2, 2 2 4i/2 1
e 1Jo Jo (x -w) (xl-v )

472k% 10gk
1 1

i d 2
+ —_— [{[ y+log(k1/2) —§}M + N} a;JZx1f1(x‘) x

3 X X vw dwdvdx
<5, 1. :

X L, 2 2.4/2 2 2.1-2
1Jo Jo (x"-w") (x " -v?)

logv , vo>v
wv
o _logw y V<W

2.3
N - R T - dwdvdx, | -
dx 14 1 9x 2 2.1/s2, 2 2. 4-2 1
c 1Jo Jo (x -w?) (x1-v )

) 2, 2
) <2 b d J‘x ; (xz)a Ix I"‘ wvy (W +v) dwdvdx1 (36)
2 dx . t'e +9x ), ), (xz_wz)s/z(x:_vz)1/z

Substituting the values of fo(x‘) and ft(x1) from (30) and (31) in

(36) and integrating, the equation (38) yields after some
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algebraic manipulation

2 2 2 2 2 1 fc2-x21?
v, o+ 2Mr [D+k‘logk1{B+ Z(1-v*)(1-c )PD}]sinh‘ [ ] -

»v(x,O)

1-cz

_ 4T MPD(1-1%)

= kI logk [(1-x®)(c*-x®)]"* + ak?) , |x|<c

=v_  es|x|=1 ~ :

2 z. 2 2 zb x2-1y"*
v+ 2Mr [D+k logk {B+ Z(1-v%)(L-c )PD}]sinh_t[ ] +
o 1 1 T 1-o2

. 4t2MPD(1-72)
T

w2 2 2 2.q1-2 2
k‘logk1[(x -1)(x"-¢ )] to(kl) |x]>1
(37)

Thé normal stress Tyy(x,y) in the plane y=0 Just below the strips

can be found from the relation (3), (11) and (14) as

. Tyy(X,O) = Zqu x‘f(xl)dx“[00 cosfxcosfxidf
. . [~} o . .
Using the result
Ex d& = T s(x]-x )
. cos{ xcos{x ¢ = > | x| .

and the value of f(x:) given by (27), the expression for stress

becomes

E]

_ 2 2 2 2 ‘ _
T, (%00 = nyjix1[fo(x1)+k4logktfi(xi)+o(k1)]6(|x| x ddx
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Substituting the values of fo(x:) and f1<x:> from (30) and (31)

respectively and integrating we finally obtain,

T (x,0) = "“lxl
Yy [(1—x2)(x -c

2 2 X —C
_ D+Bk? logk ) +4u| x| DP(1-7 )[ 1 2]

]1/2 (

)

x kXlogk, + o(k’) , c<|x|=1 (38)
: 4 1 1

Now putting c¢=0 in (38) we can obtain the normal stress for a

single strip, |x|=si, y=0, -w<z<w as

T (x,0) = ":Dhq + g — kflogk1[4P(1-rz>Dx2+n3] + o(k:)
i (1-x%) (1-x%) :
Yo
where D = 3 - —1
2t [Cy+log(k‘/2) - _EJM + N]
2
} 272 D%P 1 (1-7 )vo
and B = ———— 5 - —
v 2 2
.o Tt D
2 . 2 2 o, 2
Substituting A°=v°/n D , B°= -t /2rn(i-t7) and Bz= -P/n” as

done by Wickham (1877), we get

HV 1 (1-2x%)

2 2
T (x,0) = {l-ﬁ k™ logk [ —t ]} + o(k?)
Yy nAO(l-xz)‘/z 2 2 2 Ab Bo 2 ,

which coincides with the result obtained by G.R.Wickham (1877).
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4 FORMULATION AND SOLUTION OF THE ANTIPLANE PROBLEM

For SH-wave the displacement and stress are

WiX,y,t) = wix,y)e *®*
_ v
and ryz(x,y) = ugy

As in the previous.case, we write the above expressions as

o
wix,y) = I Q(E? exp(i¥x-y y)dr (39)
¥ 2
=0 2
@
and Tyz(x,y) = -pj Q(E)exp(ifx—rzy)df (40)
-00

where Q(¥f) 1is an unknown function to be determined from the

boundary conditions
wix,0) = w . c<|x|=1t (41)
Tyzfx,O) =0 , [ x}<e , |x|>1 (42)

where wo is constant.

From equations (39) to (42) the following integral equations can

be derived

00 W
B cosgx df = 52 o< | x| =1 (43)
rd 2

<4 O 2

rm .
Q(¥) cos¥x d¢ = 0 , [x|<c + |x]>t (44)

Jo
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Substitution of

- 2
Q&) = J: x‘g(x‘)cosfx‘dx‘ : (45)

satigfies equation (44) automatically and equation (43) then

yields

1 xig(x‘) 1 .
I Jj — cosfxcostx‘dx1 =3 W, cs|x|51 (46)

< 2

which can be written as

2 3 wv L (v,w) dwdvdx1 1
— = _ < <
E_Jix B (X )ax I J w172 (x2oy2y12 2 Yo ! C—le_i €47
1

where

I (EwW)I (Ev)
L (v,w) = r b hd dg
L]

Y2

Integrating along the contour as shown in fig.2 and putting E=k2n
the above infinite ‘integral can be reduced to the finite integral

given by

(1)
(kznw)

1 J (k nv)H
L (vyw) = iJ dn , "D AY
3 2.4/2

o (1-7)

2 . 1/2

J (kpw)H P (k nv)
= ir 2 2 2 2 dn , wlv.
o (1-n%)



4 Im &

T4

Fig- 2. The contour of integration to evaluate L,(V,w)
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For low frequency, kznw and kznv are small. So expanding both the

Hankel function and Bessel function for small values of their

arguments and integrating term by term, Qe obtain finally,

i _ _ 1 2 2 .2 2
Ls(v,w) [Z— r e log(kzw/A)] + E(w +v )kzlogk2 + o(kz)

K]

’ w>v
i _ 1,2, 2 .2 2

= [E_ ¥ log(k?v/4)] + g(w +v )kzlogk2 + o(kz) y WXV

(48)

Next, Differentiating equation (46) with respect to x and

proceeding as the previous case we get

X g(xz) Y wv L (v,w) dwdvdx -
T 1 2.8 1 4 1
X —_dx = X gix )e—oo
2 2 1 1 1 dXx 2 2.1/ 2 2. .12
c X —x1 c 1Jo Jo (x -w ) 7. (x1-v )
’ cSlxlSl (49)

2
‘where L, (v,u) = E [g - ]Jo(:w)Jocfvmz

x|

By the procedure similar to the one which led to the derivation of

equation (48) from the corresponding infinite integral, we obtain
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L (v,w)
+

2 (1)
—1k2J4 n Jo(kznV)Ho (kznw)
2

dn
o (1_n2)1/2

1 2 2 :
=5 kzlogkz + p(kz) (50)
Now considering the expansion for g(x:) as
2, _ 2 2 2 2
g(xi) = go(xi) + kzlogkzgi(xl) + o(kz) (51)
and substituting g(x:) and L4(v,w) ags given by (51) and (50)
fespectively in (48) it can be shown that |,
2 Dz n
go(x1) - 2.1/2 , 2 2. .4/2 €523
(1—x1) (x -¢)
LN SR SRS I B,
and g (x°) = - 5 : - + - . (53)
t ot 1= %3 (1—x1)1/ (x5-c®

where the constants D1 and B1 obtained from the equations (47) and

(48) are found to be equal to

e} O

W
T

(54)
n[y+logtk /4) - + log(1-c"%]

o
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an . (1—cz)w°
and B = - (1+4¢”) - ———— = (55)
1 4w° ers

The wvalues of the stress Tyz(x,y) and displacement w(x,y) in the

plane y=0 can be found from equations (39), (40), (45), (51) to

(55) and are

— 2 nplx'D1 W2 - o212
. (%,0) = T (D,*B k2 10gk ) + 5 [ ] x
y= [(1-x*rx®-cH]* "t * 2 2 1-x*

x kZlogk, + o(®) , c<|x|st (56)
2 2 2 -

and

wix,0) = w, - ﬂ[D + k- logk { B - D (1-c*)/4 }]sinh“[c ‘X] -
o 1 2 2 1 1 .

nD
1 .2 2 2 2 442 2
-~ - kzlogkz[(i—x ) (™ -x")] +oo(ky) [x]|<e
=W c$|x|51
af xP-*?
= w - rc[D + K2 logk { B- D (1-c%)/4 }]sinh [ i ] .
o 1 2 2 1 1 2
i1-¢
nDl 2 2 2 2 172 2
+ 5 kzlogkz[(x -1)(x" -¢c )] + 0(k2) ’ |x|>1

(57)
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S. NUMERICAL RESULTS

The vertical and the +transverse disgplacement fields for tHhe
- inplane and antipléne problems respectively for points neér about
the rigid strips have been depicted by means of graphs (fig.3,4)
for the Poisson Solid(12=3).»lt is interesting to note from the
graphs that the real part of the displacements decrease with the
increase in the value of k2 in both the cases.

Further the graphs (fig.5,6) of the stress factors

2 2 2 1/2 2 2 2 172
T . ((l—x Y(x“-c )) T ((l—x Y (x -c )) g
*-Re Yy and T =Re| X2
MY 2 M

versus dimensionless distance x for the inplane and the antiplane
problem respectively have been plotted for points Jjust below the
rigid stripg. In both the cases the magnifude of the stres§ factdr
are found to increase as one proceeds from the inner to the outey

edge of the strips.
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APPENDIX - A

CONTOUR INTEGRATION TQ EVALUATE L (v,w)

The kernel Ll(v,w) given by equation (175 isg

>

2

| ngz | ' B | '
Lo(v,w) = : - J (Fw)J (Ev) dE (A1)
1 2 2.2 2, o o .

o (2fv—k2) - 4F vy, o : :

Let us consider the following two integrals

Y. Kk . : ‘ '
1 = J 1 2 H;1)(Ew)Jo(fv)AdE , WDV L AD)

y1k: | (2) ' ‘
I = ' H (Fw)J (Ev) d& ., wov . (A3)
2 (zfz_kz)z _ 452- o) o N
C 2 Y2
2
where C. and C_ are the contours of integration of f1 and 1
respectively as shown in fig.7.
Branch points corresponding to v, and v, are E = 4_~k.1 énd 'f'z-ikz

and the pole k, is the root of the Rayleigh wave equation

2 2.2 z _
(2£%-%2) 4%y v, = 0

Integrating I1 and Iz aiong fhe contours C1 and C2 respeciively we

get,
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] _ Re &
K, K

Fig. 7. T’he-C,Ontour_ of integration to evaluale Lo(uw) .
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R T z 01>, . .
y kK H (Fw)J . (Fv) ir kU H Cinw)J _ (inv)
[lose ot w oo e o T
o (2§ -_kz) - 4¢ r.r, o) ,(277 +k2) - 4F ror
) o, 2 (1) .‘ ] 2. .,01) :
' k‘ 17132 HD (Ew)Jo(fv) | kz_yik2 Ho (Ew)Jo(Ev)
* 2 2.2 2 T K 2 2.2 — ~ df 4+
o] (2F jkz) + 4F vy, k1 (2¢ -kz) - 4ir Y.y, :
2,01 2 01 .
\ iJk‘ Y;kz H0 (§w)J0(fv) o _Asz y1k2 H°, (Ew)Jo(fv)A "
2 .2.2 .2 ' ! 2 2.2 2 ‘
DE“ - - .
p.. (2¢ kz_) + 4¥ v, . k1 (2f kz) + 41(_;41;/2
oy (k) kEHIPT(k w) T (kv
= 2ni 5 . (A4)
@ (kR)
and for conton_Cz':
y K HZP (wJ &w r K2 H2 (—igw)J (-ipv)
rm 1 2 O o g - JO 12 o o dn =0
2 2.2 2 2,,2 .2 2
o (2F kz) 4E r,r, o (2n +k2) 4 r.r,
(AS)
t 2 _,2,1-2 C_ z__2.1/2
where v, © (k1 ) ’ .72 (kz EF7)
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r = (n2+ki)1/2 , r = (T) +k2 )1/2

2

_ 2 2 _ 2
P&y = (&K - 4%y g,

where kR is the root of the equation ¢() = 0.

Now, using the results

(2) . R 3 I P _ _ A - . :
Ho (-inw) = Ho (}nw) and Jo( inv) J°(1nv)‘

in (A5) and then addition with (A4) yields

2 21/2 2 (1)

. k, £ 22 I vy
L’.(V,wl) = _iJ 2. 1/2 2 2 1/2. df -
o (2r2 -—kz) + 422 (2 %) (kZ )
K2z®E? -k 2 Ez 2 4 sudd (E V)
N 2 2 o] . [s} .
—AIJk 2 .2 2 2 az + .
K (2r? ‘v 188t K2 (K2 -£)
=322 1Y (kg (k_v)
+opi 21 2@ R 2 : (AB)
¢ (k)
Putting ¢ = kin y T = kz/k1 = C"/c2 and after simple calculation,

(AG6) takes the form
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2 .1./2 . 2 2.2 (1) - .
: o[t (L-v") (20 -t Ho (kinw)Jo(kinv)_ B
Ll(v,w) = -iT T P —— ” > — ’2 e dp -
o (2n"-77)" + 16n (n - (" -p7) .
T AP0 EE-RHY? BV (k)T (kpv)
2 o 1 o 1. R
m4iT I 2 2.4 : 4 ' . dn +
o (20 - + 160 (n°-1) (¥ %)
_ (ne-1)"? H;i’(kinw)Jo(k;nv) _ .
it - ’ (w>v)
Qo(n) | n=T
(A7),
where  Q_(n) = (2027212 - 42 (-1 (% %)Y and 7_ . 1s the
root of the Rayleigh wave equation Qo(n) = 0. Qo(n) denote the:

derivative of Q_(n) with respect to n.

Next taking

Ao(n)ﬁ<2n2—rz)‘+1en‘(nz—i)<r24n2) = 16(1;12)<n2-rz)(nz—rj>(n?—f:),

T T, being the roots of the equation

2 12

(an-rz) + 4nz(n2—1)

2_ 2,2 P P, P
and ‘ (2n -1 - °c . 1L, 2

2 =2,, 2 2 2_2 _ R B
(n -To)(n —ri)(n Tz) Som T n -7 n T,




'lmz (772—1) g - %o Sy 2

(nz—Tz)(nszj)(nz—rz) n —TZ n -T n -T

so that . )
J=0 : J=0 J
(272-7%) 4% (7% -1)
p, = - , s = , (i,3=0,1,2 and
j 2__2 j _
ﬂ(‘z’wi Ti) n(‘r )
i i

the equation (A7). can be written as

2.1/2 (1> p
H, (kinw)Jo(k;nv)

L (v,w) =
1 2 2
o n —rj

—i2 2 1 (1-n ).
.____'—2—. Z p'
16€(1-7°) | j=o '

.2 T (72-772)1/2 HY? (k nw)J (knv)
: o i o 1

+. s dn +
j 2 2

2 1./2 1) ) g
‘ (n"-1) Ho (k1nW)Jo(k1nV)
+rTlT -

Qo(n) -. ] n=t

e

i=j),

dn +

(WY

(A8)
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APPENDIX - B

EVALUATION OF THE INTEGRALS ARISING IN THE EXPRESSION OF Ll(v,w)‘
GIVEN BY EQUATION (18) '

Experssion of Li(v,w) is.

2 [ 2 ¢ (1952 H'P (k pw)d _(k nw)
_ ~it o 1 o 1
L1(v,w) = L pJ. > 3 dn +
16(1-77) ji=o Yo n -t
J
2 T (2952 H'Y (k pw)J_(k nv)
iy SJ o 1 o 1 dn .
- i 2 2 ,
~j=o “Jo n -7
) (n2-1)*"* H;“ (kpuwdJ_(k nv) |
+iT ; : , (w>v)
Qo(n) n=T
(B1)
For low frequency i.e.,. for small values of the arguments kinw and

k‘nv of H;i)( ) and Jo( ) we get the following result

(1)
(o]

i

H o

. - 21 B 2, 2, 2,2,
k,nwdJ_(k mv) = 1+ — [log(k4nw/2) + 7] (w"+vTOk  logk +
+ 0k T (B2)

where 3 = 0.5772157........ ' is Euler’s constant.
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Substitution of this result in (B1) yields

Lov,wr = 2 2%[[pe10a0k wizy - Zilm e v = POy 0 T 4 oak®)y
a0 ! T v gixy 2) 4 08K, e
Ly WDV . (B3
where
2 1, 2.1/2 z T 2 _2.1/2
M = 1,2 pf(12>2 dn*ESJ (2 ) an| -
16 (1-77) ji=o Y Jo (n ‘Tj) j=0 o (p -T7))
: 2 12
L Y (B4).
Qo(n) n=T
2 1 2,172,
N = 1 _ p J (1-n‘) logn dn +
160(1-177) j=o V' Jo (nz—T )
2 T 2 2. 1-s2, , : 2_, \1v2
T .% J - (7 -7 : logn dn - n (n '1) logn (BS).
< j=o o -t Qo(n) n=T
I =2 L .2, 2202 o
16¢1-72) | j=o ' Jo (n*-z%) ~
2 T z(Tz_ 2)1/'2 : z( 2_1)1/2' : .
+ T s D n dn| - | 222, (B6)
i=o ! Jo (nz-Tz) Q (n n=t o
) ; o o



o1 -

The first integral of M can be written as

2 1 2 .,\1-2 2 -y 2 1-2 1 2as2
(L1-n") - (1-n°) _ (i-n")
> P,-J —2 2 9 = E P,-jr’ dn - P, dn

(B7)
where 72<71<1<T<T° and J; means the principai value of the
integral.

Using the results
1 2 ,1/2
J mz2) 4= -1 (a<1)
2 2 2 .
o 2" -a
1 2 .42 2 1-2
and , J -z ) dz = = - fa-t) = (a>1)
2 2 2 a .2
o a“ -z
in (B7) we get,
' : » 2 .12
2 1 2 12 p (r7-1)
(1-9") _ _m _ o o _ o
:. RiJ‘ — = dn = 5 4 e (B8)
j=o o (n ‘Tj) o

«. ™M N
I}
[«}
0
o
~
-~
~
N
I
N
N
\
N
[oR
3
1]
i
S
|
wn
~~
~
N
|
~
N
'
"
N\
N
—

(B9)
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Now, third term (denoted by Do) of M given in (B4) can be written

as

2 i/2

Do = - (n '1) ] . , ) B
Qo(n) n=T°
((202'7272+ 4nz(nz‘T?)1/2<nzfl)1/zj(02‘1)1/2
= - 7T v - . )
Ao (n) n=T
(B10)

where Ao(n) is the derivative of Ao(n) with respect to 5.

Let us consider

(nz-l)‘/z(an‘Tz)? C (nz-l)t/z(énz-fz)z

Ao(n) 16(1—12)(nz-Tz)(hz-T:)(nz-T;)

2_,\1r2 TP p p
(" -1) °. ., LS , 2
16(1-1t2) n°

Multiplying both sides of the above equétionvby (UZ‘TZ)/2U and

putting n = T, o+ Ve finally obtain,

(n2‘1)1/2(2n2‘72)1/z . po(Tz_i)x/z _ - K
T , : (B11)
n=T

A () 32(1-72%)
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Similarly,

: . e e g s (f2*12)1(2 .
,[ R SR N O O ] L 1,4~[, o o .]  (B12)
- - ) N 2 T s
s ) | n=T, 3d2dl-t) © |

A

Adding (B11) and (812),D; can be obtained as

1.2 L2 2. 4s2

e potrZ-i) s (ro -t o
Do * =l —= * = | (B13)
320(1-t7). o . o |- ' :

Using (B8), (B9) and (B13) in (B4), M can be written as
M=o —T— . ‘ | (B14)
' 4(1-77) ' ' ' L :

k)

Following the same procedure and using the results

N
N
N3

Y (1-22)""%10g2 | (1-a®Ht? . i (1-a2)77

+ lch] L (a<1)y

1 z. 1,2, ¢ 2 102 ; 2 1.2 - - o
J (-2 )~ logz 4, . Zfa 1) log{1+ LE——LL——} —-logZ], ta>1)
2 2 2 a : a ,

o a“ -z _ : S ,
2 2 .1/2
z (1-z")" _ 1 2 :

Jd — dz = 5 ( 5 - a ) y  (a<l)

o 2" -a




J‘ 2% (1-2%)*"

N
o
N
n
|
iR
~
N -
|
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a? + a(az-—l)‘/zv) , (a>1)

n[(nz 1/zlogn] ‘= ﬁ .
. o 2
Qo(n) n=T - 32(t T:

B 77z(n2_1)1/2- i o
7 _ ' R 2
Qo(n) n=T 32(1-77)

the values of N and P from

given by
_ 113
N = —— l4logb/tT) + E p
32(1-7%) ‘

p (r2-1'% g (r*-s%'*
o o o .
: + logr
T T o
) I - I o

[P T (#2172, 5 ¢ (Tz_f2)1/2]
o0 O - "o o o :

(BS) aﬁd.(BG) are evaluated and are

|(1 -2 ) |(1—r?)'
-1 3 ~
T

(2 -7%) T+ I(TZ-TZ) .
s ¥ 2 . log , ' (B15)

2 T 2 ’ p -
+ o osli -« (B16)
Tj] . i[2 i] . ;



DIFFRACTION OF ANTIPLANE SHEAR WAVE BY A‘PAIR OF PARALLEL'EIGID
STRIPS AT THE INTERFACE OF TWO BONDED'DISSIMILAR‘ELASTIC MEDI A

1. INTRODUCTION

The problems of diffraction of elastic wéyeé b& a cracks bf"by)
inclusions are Vof .considérable imﬁOrtance in view of fheir
application in Seismology and Geophysics. +he study Eecomes_ﬁoré
relevant if the cracks or inélusions are located at the intefface
of layered media. Following Mal (1970) low:fre§uency_solutionvof>
the interactioﬁ of antiplane shear wavesbby a Griffith craékvét
the _interfacé Aof' two bonded dissimilgr. half spaces has ‘been

derived by SfivasfaQa et al (1980%. Bostrom (19875 addptéa a
different ‘techhique to solve the same problem: .He_ fofldwed' a
procedure similar to that of Krenk and_Schmfdt (1982) and reduced
the problem to the.solutionlof a Fredholm integfal equation of
first kind with the crack opening diépiécemehf és tHe unkﬁown, Thé
corresponding érobfem of:diffracfionxof antiplane shear wave by a
finite rigid sfrip‘gt the 1n£erfade_has been treateq by Péléiya
and Majumder (1981). As regards the dynémic crack .or stpip‘
problems, research has mainly vﬁeen. confihed ‘to the QaseA of a
gingle crack or a strip because of the ~severe mathematical

complexity encountered in solutions for ‘two or more cracks or

ACCEPTED FOR PUBLICATION IN “ JOURNAL OF MATHEMATICAL AND

PHYSICAL _SCIENCES ", VOL - 25, 19©4.
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strips. Jain and Kanwal f19?2,1972) however presented :low

freqﬁency éolution. for the diffraction of eiastic waves - by”
coplanar'Griffith crécks and 3136 by th’coplanar rigid stfip3
located in an infinite isofropic homogeneousl,elastic 'mediuh.

Recently itu (1880) reconéidered tﬁe eléstodynaﬁic vproblem -
involving diff:action by two Griffith créqks in an infinite
elastic medium and wused -ax different technique to solve -the
problem. He expands the surface displacement in a series-;of
functions which is automatically zero'odtside of the cracks and
uses the Schmidt (1982) method to soiQe the resulting intéérafkw
equation.
In the éresent paper we have considered the problem of diffraCiidh .
of elaStic waves by a pair of coplanar-rigid strips between'twbr
homogeneous elastic half spaces for thejéase of'ankiplahe strain.-

The resulting triple integral equatioh_has been reduced to the

solutién of an integro differential equation,.apprdximate-éolution
of which has been obta;ned following fhe'mgthdd of Loweﬁgrub and -
Srivastava’ (1968i. . These solutions ﬁave been uSea to dbfain
approximate values.of tﬁe displaceméntrfield'and also‘the.stress
intensity factoré at the edgesg of the étrips. Makiﬁg the distance °
between the inner edges of the strips tend .to. zéto,_»the
diffractioﬁ problem for a'Sihglé rigid strip-haé been obtéinéd.
Even this resulﬁ of the limiting 'éase appears to have been

_presented here for the first-time.



2. FORMULATION OF THE PROBLEM

We consider the problem of low frequency scattering of"antiplane

shear waves by two rigid strips situated parallel to each‘other,

at the interface of two bonded dissimilar elastlc¢ half spaces. The

strips are located in the region —aSXS—b; bsX<a, 2=0, |Y|<w

(fig.l). Normallizing all lengths with respect to a and putting

b/a=c, we find that the rigid strips are defined by c5|x|£1;|y|<m,

z=0 at the interface of ¢the half-spaces: z<0O and 2z20. Let an

. :
antiplane shear wave given by voexp(imzz-wt), where m2=ma/c
. “2

14

time factor e *“* will be suppressed throughout the analysis.

non-vanishing components of’displacement'and'stresses are

v = v(x,z2)
T = T (x,2)
Xy Xy
and T =T (x,2z)
. vz Yz -
The boundary dondiﬁions are
v (x,0) = v (x,0) = -y
1 2 o
v1(x,0) = vz(x{O) y
P (x,00 = % (x,0
vz yz :
= + .
where Vo 2.uzm2vo/(u1m1 yzmz)

?

v, @ conétant,~be incident normally on the strips. Henceforth

es|x|=1
| x]<e, |x]>1
| x]<e, |x|>1

-and

‘the

The

(1)

(2)

(3)

(4)
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Fig.-l. The geometry of the strips .
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The displacement vj satisfies the equation

+ Iy m2v. =0 - (5)
2 b} -

where mj_=wa/cj (j=1,2),: cj being the shear wave .velocity; 'Thé
suffices 1 and 2 are wused to denote the véfues’.of 'ihe
corresbonding qﬁahtities in the “ubper Aand lower half-spaces
respectively. Uithout ény loss of generality we assume that éz>dl.

The solution of the equation (5) Can be written as

%(x,z) = JmAj(E)exp(-lezl)COsfx de - (8)
where g =E%-p®H)17?% | £>m, -
T j j
REETE I S T gm o (3=1,2), IS

A1(E) and AZ(E) are unknown functions to be determined from;thé

boundary conditions.

Now the stress component T is given by
€3>

T (x,z2) = (-1)ju_Jak.A,(E)exp(—ﬁ;lzl)cosfxdf (8
v= - iJg 4 i ' J _ : .

3. DERIVATION' OF THE INTEGRAL EQUATIONS

The boundary conditions (2) and (3) imply that‘v1(x,d)=vi(x50).f0r
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all values of x and thus from (6) we get
AE) =AY | (9)

~Again the boundary conditions (2) and (4) lead to the following

1ntegrai equations

JQA‘(E)COSEx a& = -v, c<|x|=t (10)

o .
Jj(p1ﬂi+pzﬁz)A‘(f)posEx & =0 , | x| <e, [x]>1 (1D

Putting (u B3+ B A (£) = PE) ; (12

the-equatidns (10) and (11) transform into the following‘sét'of

equations involving P(¥) :

r0o0

P(£) L
- cosfx df = -v , cf|x|=1 , (13
Jo “ﬂﬁ1ﬂﬁﬁz) : © » .
rCo . ‘ :
P(Z)cosEx d& = 0 | x|<es |x|>t (14)
Jo

4. SOLUTION OF THE PROBLEM

Let us consider the solution of the integral equations (iS)'&hd

(14) in the form
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P(E) = Jdtf(tz)cosft dt o (15)
(=3

where £(t% is an unknown function to be determined.

The relation (14) 1is therefore sgatisfied autcmatically and the-

equation (13) becomes

c

PR : :
I tf(t")Jm ‘(’°5§3"+°°;E;‘ dgdt = -v., e<|x|1 - (16)
o] px 1 pz 2 : :

Using the relation

sinf x 51ngt J J WVJ (fW)J (fY)dde
£* o

w2y 2 (42_ 2,172 (17
- Lt -v7y ’

the above equation converts to the form

4 > 5 wvL (v, w)dvdudt
S tf(t )—- = -v, , ec<|x|<1 (18)
dx at w2 1.2,,.2 2 12 o . :

o (x2- (t%-v*) »

, .' Jo(vf)Jc,(w:y' .
where Li(v,w) = [w dg (19

(“161+“2ﬁ2).

'By a simple contour integration teéhniqué.(Srivéstava et al, 1980)

4 Jo(m nv)H(l)hnnw)
o =

L;(V’W) = = 2 2 2,102
Hyldo (= - ! +p(1

T (T 47;2)"2.1 o nvIH S (mguy o
+ J _ - dn] , wiv (20D

. @i e
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where T = lflilm2 y M = ”2/”1' ‘ o
Substituting the series expahsioﬁ"of‘ Jo( ) and Hé”(, ). the
integrals afiéing in (20) have been eévaluated éésuming that 1< <u.
We find after:some algebraic manipulation,

Lv,w = —2_ _[fr10g(m wizy- Mo+ N - Lutev®y Rmzlogﬁ.- .
s n(“1ﬂ"z) : 2 " 2 4 2 2 _

+ o(mz)‘, wo v’
2

2

= y+log(m v/2)- lﬁ M+ N - iﬁii!_l ﬁméfogm +
'n(u1+y2) 4 ) 2 2
+ o(m®)y ,  w<v Co(2D)
where
’ L2 12
M = -(1+w) Jd dg + JT (T ‘fz‘)bl -df | (22y
_ ° 52)1/2 (1- fz 1.2 . P2(52'1)+(72‘fz) . A
e[ et [Tt o e ]
o 52)1/2 (1- 52)1/2 . “z (fz‘i)+(‘rz-fz _
L (23)
R = -(1+u) J1 fvzdf . J‘T .Ez (Tz-fz)i_/zdf (34
o FgH¥RpaeHE Jo B @t -n e |

Now M can be written as

M o= (Lo _“Jx (1- Ez 12 ag . JT _ (72‘5_2)1/2.015 |
. o -1+ (z%-¢?) o pZE?-1)+(z%-¢2
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2 12

) ;4 _. 24,2
= —(14 ] - M (1-F7) ¢ 1 (1-n) dn
(1—].12) T2 “2 2 (l—pz) 2 “2 2
: o —— ¢ °© 5.~ ™
1- u : T (1- )
Using the result
>y 2 . 1/72 2 1/2 4
J (1-z) 7" dz | 5,[ - o)™ ]_ (a>1)
2 2 : a
o a“™- 2z ) _
M can be finally expressed as
L. | '
M 5 . A v _ (25)
Similarly, using the results
1 2. .1/2 = : 2 12 2, 12 '
J (1-27) logz ,, -7 [ (a”-1) Iog[l , @ -1 ] = log2 ]
2. 2 2 a a )
o a -z .
y (a>1)
14 2 2. 12
J 2 (1-2 ') dz _ _ n [i ~ a2t a(a2-1y%72 ] . (a>D)
2 2 2 2

(o] a - 2z

in (23) and (24), N and R can be obtained as.

2 2 172 , 2 2.1-2 , :
_ - (r ' -1) -4|(T7-1) (' -77) N e
N "_2(“-1)[“ tan { - } logr (p»l)logz]

(;.12—1'2) ('rz+p)b
(269

2
it +u)
ST (27

K]

and ¥ = 0.5772157.........  1is Euler’s constant.
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Now differentiating both sides of the equation (16) with resbéct‘

to x and making some rearrangements and finally using‘the result

(17), we obtain,

' 2 1 > ot wvlL (v,w)dvdwdt
XJ* tf(t¥rdt _ J tf(tz)g—J J 2
=]

b}
x?-t? c ot oJo (xz-wz)l_/ (t?-y®)17?
c$|x|$1 (28)
where L (v,uw) = Jm EHE)I_(Ev)I_(Ew) o | (29)
o]
_ p (B3 -E) + p (B -F)
and Hz) = 212 2 _2 (30)

p!.Bi. ¥ pzﬁz

For small values of m and m, we use the contquf integration
technique mentioned above to evaluate the integral given by (29)
as :

2 (1)

¢} Jo(mznv)Ho (minw)

- 2. 17 dn *
2_n A 2+“(1_n2)1/z

nt
Lz(v,w) = -i(1+y)m2 Jil
o (T

2, 2 2. 1/2 (1)
. Jm n (Tt -n) Jo(mznv)Hoh(nEnw)

p— p 2 dn y WOV, (31)
1 _ H (p -L)Y+(x -nT)

Following the similar process as done to derive the relation (21),
. (31) can be written as
i 2 2 2 ' ' -
L (v,w) = - Z Rm logm. + o(m”) (32)
2 m 2 2 2 :

where R is given by (27).
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Let us consider the solution of (28) as
£Ct3) = £ (%) + milogm £ (t%) + o(m?) : (33)
[s) 2 1 2

Substituting the above expression of f(t’) and the value of
Lé(v,w) in (28) and equating the coefficients of equal powers of

m we get

tf°<t2) _

J.1 —2  __dt =0 , o< | x|=1 ' - (34)
2 2
r=3 X -t

tfl(tz) 5 ' A
and J‘1 _—dt = - = Jitf (t®)dt , cSIxISl (35)
2 2 iz4 (o] . .
. . c X -t c

From the paper of Srivastava and Lowengrub (1968) we know that the

Vsolution to the integral equation

2
2 Jb D) qe = plyy L, yela,b)
a ' .

n t2_ yZ
is given by
' : 2. 2 .1/2 2 2 12
h(t?) = - % [,E_:_E_] Jb [ b -y ] 2yply) dy
bz— tz | a y:z_ az y2_ tz
S+ > C
(t2a*)*72 2,172

(b*-t%)

where C is an arbitrary constant.

Applying the above result in the integral equations (34).and (35),

the solutions fo(tz) and f;(tz) are obtained as
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D
£ (t?) = = ~ , | (369
o (1_t2)1/z(tz_cz)1/ )
2 2  1s2 D '
and t t?) = 2 RDi[ t g ] + 2 NEY D
1-t (1-t5)Z (-2 -

where D1 and D2 are constants.

- The constants are determined by putting the vélue of.Li(v,w) from
(21) and the value of f(t*) obtained frﬁm (33), k36).and (37) in
the equation (18). Equating the coefficients of like powers-ﬁf m_
from both sides of the resulting equation.wé obtain

- (”1 +Mz ) Vo

D1 N i ' -‘ 2,12 (38)
: [( ¥+log(m /2) - —E:]M + N +Mlog(1-c")"77]

2 2
DR (u +p2 ) (1-¢ vy

and D = -2 | lec®iy 4 22 ° (39)

2 (p tu v 2 ) D

- 1 2 [ o] ) 1
Now, the displacement, v1=v2=v(x,z) in -the ©plane z2=0 is
obtained from (6), (12) and (15) as
vix,0) = [m Ai(Z)COs(Ex) dr y x>, | x|<e
o
4 s *rt vai(v,w)dvdwdt ,
= -—I tf(tz)'—JJ — -, |x]>1, |x]<c
dx at 2 2. 4/2,,2 2.4/2
c oJo (X -w)) (t7-v™)

Substituting the values of L1(v,w) and £(t?) from (21) and (33) in

k)
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the above exrpession we get

2 ' r 2.8 I J vw
v(x 0) = ——— ___ tf (t" )¢ x
n(p +p ) dx at o (x _wz)szz(t o2)372

x {Ey+log(m2w/2)— ig]m + N} dvdwdt +

2 2 af* 2.8 [° L‘ vw
Rt 14 ) m,loem, | 3% tf1(t )3—{ zZ 2.42,.2 242
Ty TH, c odo (x -w") (t7"-v™

x {Er+lbg(m2w/2)— ig]n + N} dvdwdt -

& o
n1a

: vw(v +w2ddwdvdt 2
+ o(m)
xc _21/2(t v2y172 2

Using (36) and (37) in the abaove equation and integrating term by

term v(x,0) can be finally obtained as

- M (1~c®IRD, Y PN
v(x,0) + —_— D +m logm D + ————3|sinh”’ -
o (p +u ) 2 T 2
1 T2 _ i-¢

1]
1
<

MRD m logm ' 12 2
- {(c -x%)(1-x )} + o(m”) |, |x|<c
T (p‘ +p 2

= -y , cs|x]=1 oo

M , (1-c®)RD (2.0
o + —(——+——)— D1+mz logmz D2+ —_n:—'—-i Sinh_ 2 +
Hy TH, ' - ll-c .

MRD mzlogm2 s 2 2 1,2 2
' 12 (x“-c“)(x“-1) + o(m~) |, [x]>1
rt(u1+p1) 2

[}
1
<

(40)
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The difference of the stress components on the‘lowen and upper
surfacesiof the strips is found from equations (8), (12) and (15)

and is given by

(2) ' (1) Ty N '
(x,0) ryz (x,0) (piﬁ1+yzﬁz)Ai(f)cos(fx)df

ri

= tf(tz)r cos(¥x)cos(Ft)drdt
o ’ .

E]

.
J tf(t®)s8 (x-trdt

c

]
(N

'
Nl A

xf (x2) , '4cS|x|51

After putting the. values of f(x>) from (33), (36), (37) and

integrating, the differenqe of the stress components finally
becomes

27 (x,0) - % (x,0) = — 1/'2[ D, + m:logmz x

vE v 2[(1-x%) (x* -] ‘

{—-RD (x* c2)+02}] : (41)

=), = - v 2 i S
Now, putting H SH =M, Vo 1 and omiting mzlogm2 order tgrm we get
from (40) and (41) the displaceheht and stress components for

single medium as
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[ 2_ 2 (1r2 '
sinh-i[ :' : ] Y [ x]<c
-c
v(x,0) = -1 - = ! YT o , CS|x|£1
" 2[qz+ log(1-c)""7] . iz
sinh'.‘[’l‘ 21] v x>t
-c -
' \
and
. Fu_| x|
T;f(x,O) = 2 +‘o(m:) , cS|x|51

[a,+10gCt-c "] [(1-x%) (x*-)]**

. - : _mi
where Q, = y+log(m2/4) 5
which coincide with the resulté thained by Jain and Kanwal (1972).

Now defining the stress intensity factors by the relations

>

| ol Ton (%, 0) —«:;:’u,oi
K1 = Lt (1-x) TRTTRL , c|x|<1
X »4-— 1 2 o
. wal Torx,0) -7 " (x,0) |
K = Lt (x-c) T s elx]<t
: 1 2 o

X *C+

we obtain from (41)

K = = [ D +m:10gm2{ ;IZ-RDi(i*'cz Y+D, }] | (42)
t 2y31-AHY2 L

and K = n/c [D +m:l'ogszz ] (43)
¢ 2vZ(1-cH'? *
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Putting ¢=0 we get the displacement vo(x,O) and stress intensity

factor KT from (40) and (41) for the single strip as :

RD® : '
WCix,0) = v+ —1 | pP®+mlogm { D°+ —2 lsinh*(x2-1)%"2
. o (y1+u2) 1 2 2 2 n _
|x|MRD‘:m:logm2 » PR oo
————— (X"~ 1) +oo(mZ) o |x|>1
TR , 2
= -V, [x |=t ' (44)
and K‘: = T [ D‘:+ m- logm {-%RDO + D° }] (45)
2"/_2- 2 2 7 1 2
~(u +u v
where D‘: = t_z n‘; (48)
: [( r+log(m /2) - —§-)M + N ]
: (p®)2R (u +u IV -
o _ _ 1 1 1 "2 o )
and b, = Tﬁ—m—)v'[§+——o—] - (47)
1 2 o rtD1

5. NUMERICAL RESULTS

While c¢calculating numerical results, +the displacement and the
stress intensity factors have been obtained for the following set

of materials :



mm

Aluminium o =2.7gm/cm> , u =2.63%x10*'dyne/cen?

Wrought iron “ p_=7.8gm/cm’ . m,=7.7x10"*dyne/cn”

The displacement field in the interface near .about the rigid

strips has been depicted by means of graphs. It'is interesting to
note that the magnitude of the real part of .the displacement
increases with the increase in the valge of the wave numﬁer m, .
The variation of the digplacement with ¢, the separatong distance
between the strips has also been showen by meaﬁs of gréphs.
Further ‘the graphs of the real part of the stress- ihtenSity
factors at both the edges of the strips versus dimensionless wave
number m2 for‘éeveral values of ¢ have beéen p)otted to show the
nature of the variation of the stress intensity facfofs with

different parameters.
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Fig. 2.
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ON STEADY MOTION OF FOUR RIGID STRIPS ON THE SURFACE OF A

SEMI -INFINITE ELASTIC MEDIUM

1. INTRODUCTION

Recently, the problems of diffraction of eléstic waves by cracks
or inclusions have aroused attention iIn the field of fracture
mechanics in view of their‘ application in Seismology and
Geophysics. Study of a single Griffith crak as well as two
parallel and coplanar Griffith cracks have been made by Mal (1970)
and Jain et al (1972), Itou (1980). The corresponding problems of
diffraction by a singlé and two parallel rigidrstrips have been
solved by Wickhaﬁ (1977), Palaiya et al (iQBl) and Jain et al
(1972), Mandal et al (1995) respectively. In mostvof the cases the
problems have been solved by the integral equation technique. But
the solution qf interesting problems involving the sCattéring of
elastic waves by mére tﬁan two coplanar Griffith cracks or strips
are still lacking; The statical problem of three coplanar cracks

in an infinite transversely isotropic medium has been studied by

Dhawan et al (1978). Using integral equation method and Hilbert

transform the stress distribution and displacement have been

derived in closed form. The inferesting problem of 1interaction

-between a Griffith crack and two rigid inc!usions has been

discussed by Matysiak et al (1986). They considered that the crack
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had been opened out to the prescribed shape and the normal
étresses at the crack tips and at the ends of the inclusions have
been analysed for the crack openings in the shape of an ellipse
and that of two symmetrical parabolas.

In our case, we have considered the two dimensional problems of
diffraction of elastic waves by four coplanar parallel rigid
strips moving steadily on the free surface of a semi-infinite
isotropic elastic medium. By Fourier transform the.five'bart mixed
Soundary value problem has been reducéd to the solution of a set
of four integral equations. Following the technique,.developed by
Srivastava and Lowengrub (1970), the. quadruple integral equations
have been solved. The normal. stress under the strips and
displacement outside the strips aré derived in closed form. The
effect of stress intensity factors at the edges of the strips is
shown by means of graphs. Also letting the strip velocity tend to
éero the results forlétatical problem have been prescribed in this

paper as a particular case.

2. FORMULATION OF THE PROBLEM

Cansider a semi-infinite elastic medium on which four rigid strips
are moving steadily in the X - direction with constant velocity v.
Strips'are assumed to be in smooth contact with the semi-infinite
medium and the vertical displacement just under the strips are
assumed to be prescribed. In terms of the disﬁlacement potentials,

nan vanishing displacement components are given by
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’Fig. 1. Geometry of the strips .
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(1)

cC
Iu

¢ , 3% _ 1 279
ax®  ay? cf at?
(2)
3y + vy - 1 %y
ax®:  oay? c: at?
where c2= EIEE . c2= H
1 e Tz p

It is convenient to shift the origin of co-ordinate at X=vt. New
co-ordinate axes (x,y) are parallel to the fixed ones (X,Y)
(fig.1).

Therefore putting x=X-vt, y=Y we obtain from (1) to (2)

o¢ Sy a¢ Sy
S -~ =1 4+
Yy Tox 3y ! 2z 8y ax _ 3
2 2
and Bi d f + 22 . 0
ax ay
(4)
2 2
Bzaw+a:/=o
2 ax? oy

where B: = 1- vzlcf and 3 = 1- vz/c:
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K]

The location of the strips referred to moving system of
co-ordinates are a<|x|=b , c=|x|=d , y=0 , |z]|<w

In terms of ¢ and ¥ the non vanishing stress components are

2 2 2
o = 2 5 Ly Ly )
Y 4 ax 3y
(5)
2 2
- 2.8%¢p _ Oy
'Tyy(x,y) o] { (1+ﬂz) > zaxay }
ax
The bdundary conditions are
u, = v, a$|x|$b y c=|x|=a , y=0 (6)
Txy =0 , —oix<w , y=0 ' 7
T =0 x| <a b<{|x}|<ec >d (8)
L S0 DXl bdx|<e x| :
where v° is constant.
Solutions of the equatiaons (4) are given by
. -BLy . '
@ = JmAi(E)e cosf x df
o . -
(9)
-BLy
y = JmAz(E)e sinf x df
o

where A1(E) and Az(f) are unknown functions to be determined -from the

boundary conditions.
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Frdm the boundary condition (7) we get

A(E) = — 2 A (&) ' (10)

o

Now the displacement and stress components are

. -B 8y 28, -BEvy 1 -
u‘(x,y) = —J@E[ e - —_—e ]A (E)sinfFx df (11)
o (1+f?:) t
-8,y 23, -B %y
u (x,y) = E[ -3 e $f ———— e ]A (£)cosEx df (12O
2 o * (1+3%) 1
'2,
2 -B Ly -8y :
'rxy(x,y) = pJGZﬁif [ e - e ]A1(E)sinfx d¢ (13)
o]

BEy  4BB, -B.Ey - |
 (x,y) = - HJ@ fz[ —(1+5%e Y s 22 o0 2 ]A (£ )cosEx df
Yy CJo 2 : (1+{3:) t ' g

(14)
Putting ACE) = EzAi(tf) | (15)

the boundary conditions (6) and (8) lead to the following
quadruple  integral equations ( assuming that v # Va ,where Vo is

the Rayfgigh wave velocity ).
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ImA(E)cosEx ¢ =0 , |x|<a (15)
(o] .
CACE)
Im Agf cosEx df = P, a<|x|<b (16)
o
fmA(E)cosEx d¢ = 0 , b<|x|<ec , |x]|>d (17)
o
A(E)
Iw ff cosfx df = P, e<|x|=d (18)
o
L | 1462 4
where P, = — Y (19
B, (1-(2)

3. SOLUTION OF THE QUADRUPLE INTEGRAL EQUATIONS

Let us consider the solutions of the,integrai equations (415) -

(18) in the form

@

2 2
A(E) = Jb h(: ) {1 - cosft} dt + Jd g(ﬁ ) {1 - cosfu} du (20)
a . .

c

where h(t®) and g(uz) are unknown functions.
This choice of A(¥) automatically satisfies the equations (15) and
(17). Substituting the value of A(f) from (20) into (16) and using

the relation (Gradshteyn and Ryzhik, 1965)
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Im cosfy(l-cos¥fu) de % loglt - E; (21)
o Z Y
we obtain
1 ht?) _ 2 1¢ gw® u® _
Ejb T logli —|dt + ?Jd 5—log|i- —|du = p_ , a<|x|=<b
a . X c X
(22)

On differentiation with respect to x, the above equation yields

2 2 . .
Ib.th(t ) dt = - I ug(u) du , a<|x|<b
2 2 2 2
a X -t e X -—-u

from which applying Hilbert transform.(Srivastava et al, 1970) we

get h(t®) as

2 2.1/2 2 2 .2.1/2 D
h(t?) = - g[t a ] I ug(u )[u b ] du + L
nl,2 .2 2 .2 2 2
c u -t u -a Jktz_az)(bz_tz)

b -t

’ a<t<b . (23)

where D1 ig an arbitrary constant to be determined.

Next, using the relations (20) and (21) in (18) we obtain

2 ' 2
1I h(t™) _ 1| g(u™)
5 . £ log 1 dt + 5 ; T -log

du = P, e<|x|=d

2
(24)

Differentiating both sides of the above equation with respect to x

and substituting the value of h(t®) from (23) , we obtain
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2 b 2 2,42 2 2 2. 172
Id ug(u) 4, - 2 J t [t a ] Id ug(u )[u b ] dudt +
2 2 T 2 2 2 4 2 2 2 2
e X -u - a X -t b -t c u -t u -a

+,D1 Jb t dt = 0O ’ c<x<d.
<a

(2 -t2)] (t%-a%) (b2-t2)

Using the results

t dt 2 1
T § -
 (F-t3)] (£2-a%) (b3-t3) 1 E-2%) (x2-b%)
b 2 2 i1/2
and J : > t 3 [ t -a ] dt
a (u?-tH (x2-t%H L p2-¢2
.1 _lex®-a®y L jwf-a®)
2 (x3-u?) (x2-b%) (u®-b%)

the above equation can be written as

ug (u®) we-b2 Y2 113 Dx
l g [ ] du = 53— 5= . c< u =d
2 2 2 2

¢ U -X u -a

which after Hilbert transform and on use of the result

| &

Jd x [ &* -5 ]"2 dx = - 1 (4*-2%)
= 1]
Jeo (- (x2-a%) L B2 2 (W®-2%) {(c2-a%)

yields
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2 dz__az 12 uz_cz 1,2 1
oo, ( 2177 £ —
143—5 f—f 2 2 2 2
J}u_-b ) (u'-a™)
Dz lJz_az 1,2 .
+ [ ] ’ c< u =d (25)
2 2
u -b

du-c?) (d2-u®)

where Dz is another -arbitrary constant.

Substituting the value of g(uz) from (25) in (23, h(t®) takes

the form
2 2. .1/2 2 2. .1/72 2 2 172
hotZye - got[tz az] [d a ] Jd u [ ui-c ] du -
‘-t -a%  Jo (WB-tHH (W-ah b dB-u?
.2 2. .4-2 : D
_ gD [t -a ] v u du + 1
mTm 2 b2_t2

(-t (w?-c?) (dB-u®) (13- (b3-t?)
a<t<b

Again, using the results

1/2

2 2
| . u u -c
- [ Py— ] du
c (uz—tz)(uz—az) d ~-u

o1 oJee®-th | fe®-a®)
2 (12_g%) (d%-t%) (d%-2a%)

P —

1

Jd u du -
and =
° (WP-tH ] (w2 -c?) (d2-u®) -3 (2%

Nl A

in the above expression, h(t®*) can be found out in the form
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i 2_ 2 172 2_ 2 172
h(t2)=D [ d"-a ] [ c -t ] 1
1 z_az 2 2 2 2 2 2
c J(t -a?) (p%-t%

d-t

' D2 12.52 Y172 .
- ‘ [ 2 ] , a< t <b (26)°
@t e2-t3 Pt

Now- in order 'to determine the unknown constants D1 and D

2’

occuring in the expression of'g(uz) and h(t®) given by (25) and

(26) respectively, we multiply the equation (22) by

X

lx2-a%) (p%-x%)

and integrate with respect to x from a to b ‘and

then using the result

(¥ (aZ-22 )4/ (b2 -22)
nlog[ " - , 0<z<a
X zz ] n b-a°
10g 1- —2 dx = <§10g[~b+—a] y a<z<b (27)
a 4(x%-2%) (b%-x®) X . . . .
. ' Y(z"-a“ )+/(z“-b" )Y
flog 3+ b y z>b

we obtain,

o

2 2 2 2 2 2. .
114 b-a I h(t™) : | g u™) Y (u ~a“ ) +/(u" -b") _
T?.-log[m—a'] . -—{-— dt + n . O log[ ~a + b 4 ]dU = np

which after substituting the values of h(t®) and g(u®) from (26)

and (25) finally takes -the form

DX +DX =op ' . (28)
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where
x = 1 b-a (c?-b%)y (d*-aY'""% _(n % (b*-a%) . da*-a* 1/2M
1 598 57a 2, 2 2 2 2 MzrZ2 =" 2 =2 1
b" (c¢"-a" ) *d"-b b "(c -a) tc-a
(29)
1 b-a 1 a% (c*-b%)
xz = Elog[b+a] 2 2 " > - {[ ] C;'r) —ZCZ x
’ Jkd -b") (c"-a™)
2 2 2
N ﬂ[% e tb-a) ,,r] M (30)
] 2, 2 2 2
b (¢ -a™)
2 2. 2 .2 2 2.1-2 o
M = llog Y(u -a" ) +/(u"-b )Y fu'-¢ du 31)
1 u a + b dz_uz r— P
¢ . Jku -b%) (u”-a™ '
2 2 2 2 2 2. 1/2 .
Mo Jd ilog[V(u a®) +/(u®-b )](u a ] du (52
2 u . a + b 2 .2 -
c u -b :

I(uz—cz)(dz—uz)

F and [ are elliptic integrals of first and third kind

respectively

J (a®-c%) (b°-a%)

and r =

| (d®-b*) (c*-a%

Next .multiplying the -equation (24) by X and

d@% % (x%-c?)

integrating with respect to x from c to d and then following the
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same procedure as that while deriving equation (28), we obtain

DX + DX =p ’ | 3 (33)
1 3 2 4 (=]
where
X = i[dz-az]1/zlog[d—c] (c®-b*) {n[n b? (d®-c%) r]
3 2Lz _=2 d+c 2 i 2’ 2 2 =2z ° -
c -a b I(dz_bz)(cz_az)_ ' c (d°-b™)
dz_az .1/2
- F(zr)t + [cz_az] Mo (34)
.1 d-¢ 1 2 2. .- a%(c?-b%)
: {d®*-b% (c*-a?) ; ¢ :
. 2,.2 2 ‘
7T b (d -¢ ) -
x n[ﬁ ) —2? ’ I‘] - M4 - (35)
- e ' :
M - -1_10 _{.(cz_tg)+_/(d2_tz) .cz_tz 172 dt (36)
3 t g d + ¢ dz_tz 3
@ S R
M= 1., Y (Z-t2)+/(d®-t%)y rt2-a% 172 dt o (37)
< t' 08 ‘ d + ¢ b2 -2 >
@ ](d -t%) (e®-t%

From equations (28> and (33) , D1 and Dz can be found to be
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P_(X -X ) | ' P_(X_-X)
D = o2 2 D, = oot (38)
1 T X, X_-X_ X’ z X X_-X_X)
’ 1 4 2 3 2 3 1 4

4. STRESS INTENSITY FACTORS AND DISPLACEMENT

Tﬁe normal stress Tyy(x,y) in the plane y=0 just below the strips

can be found from the relation (14), (15) and (20) as

AR

2
T (x,0) = p _ o Jb h(: ’fw Si;f“ {1 - cosft} drdt+
yy 1 +f32 a o

T+

2 N ‘
J":l g(z )Im SI?EX {1 - cosfu} d¥f du , a<x<b , c=<x<d
c o

2.2

B0~ 486, 4 h(t?3) [ sinZx)sin®(£t/2)

2u 2 ax T 7 dfdt+
1+f32 a o

K]

2 2 .
. Jd g(E )Im sin(fx)sgn (Fu/2) g, ] | asxs<b , cgx<d
-de o . ’

Using the result (Gradsteyn and Ryzhik, 1965)

Jm sin‘(ax)sin(bx)
o .- x

, 0<bK2a

N A

b=2a

o} A

=0 , b>2a ,

T (x,C) can be found to be given by
Yy
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2.2
(1+Bz) 4BJ2 h(x%)

T (%x,0)
Y

|1:
K

P m ’ a<x<b
Yy +
1 Bz
2.2
(1+37)7 - 43 3 2
= - g% 2 P Lt 2 g(z ) y c<x<d

1+[32

Putting the values of h(x?) and~g(xz) from (26) and (25), the

normal stress Tyy(X,O) finally can be obtained as

2.2
(1+p37°)7 -43 3 2 2.1-/2

Tyy(X,O) = - 2 5 t 2 T {Di[d a ] x

' (1+Bz) 2x kaz_az)(bz_xz)

2 2.
-y 272 Dz(x -a’)
x [2 2—] - , a<|x|<b (39)
d -x j(dz—xz)(cz—xz) ’
and
2.2
(1+37 )Y -413 3 2 _2.1/2"
T k0 = - 2 12 T Di[dz az] >
(1+3) 2x kaz_cz)(dz_xz) c -a
(x%-c2) w2 -a2y2i72
x + D [, ] ’ cSlx'Sd (40)
2 .2 2 2 2%
J?; -b™) (x"-a™)

Now the stress intensity factors at the edges of the strips can

be defined as



. T (x,O) 12
K = Lt d vy x-a
a 1 I7Y d
X +a+0 (o) '
C = Lt q Tyy(x,O)[b_x]x/z
° X +b-0 H Vo
T (x, 0) 12
K = Lt d Yy [X - C]
c TV d
X +c+0 o
: T (x,0) _oa 172
and ' K, = Lt SR A [ddx]
b +d-0 H [+
which can be expressed as
(1+55% -4 p3 2 (X -X )
K = 2 172 ()’ + 2
a ﬂi(l‘ﬂ:) (281272 (p2-a2)1"2 (xlx‘-x2x3>
(1+85% -4 p '
¢ - > A (d)t”? [dz_az]i/z [Cz_bz]1/2
b ~a2)t72 o2 - a2 42 -p2

+

31(1—32) (2p)37 2 (b?

1

(b2-a%)(xX -X ) }
. a 1

{d%-62) (c2-b%)

(X X -X X))
174 272

132

(41)

(X ~-X )+
4 2

(42)



133

2.2 _
(1+Bz) -4{3132 (d)t”2 c2-527172 (Xa Xi)
K, = z X X =X X (43
< 31(1-(3:) (2372 (@3- L2 MR
l 2. 2 ' ‘ z2 2z,
. (g *-4p B, (dyie? { (& -c®yax -x )
d 2 /2, 2 2.1/2 :
B, (1 (?2) (2d) (d™-¢™) I(dz_bz)(cz_az)
42-a2y172 .
[z 2] R S S0 & ) (44)
d -b 1 4 2 3,

The vertical displacement uz(x,y) in the plane y=0 outside the
strips is obtained from (12), (15), (20) and (26) and is given by

the expression

3 1-3% 1 t2 dz_az 12 Cz_tz 12
u (x,0) =_;[ ; 2] $loe 1-—2{131[2 2] [ - 2] x
1+{§2 a X c -a d-t
5 1 ) D2 £2_2 ]1/2] dt; \
- 2 ,2
{2-a%) (b%-¢%) |-t (2o Pt

1 UZ dZ_aZ 172 UZ'_CZ 172 1
+r_log1__n[ ) =) ¥ ,
u 2 4 2 2 2 2
c X c -a d”"-u I(uz_bz) (u2-22) _
D uz_az 1.2
+ 2 [2 2] du|, 0<x<a, b<x<c, x>d
lu?-c?) (4%-u%) ¥ 7P

(45)
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Now letting v+0 we can obtain expressions of normal stress

()

Tyy(X,O) and displacement U;O)(X,O) from (39), (40) and (45)

corresponding to the statical case as

2 . )
C 2 2 2 1/2
SR TIRE.1 (b Y QN {c[ L R
. l(x2-2%) (b2-x% c-a
02— y2 1,2 C2 (x%-a%)
x [ > 2] - , a<|x|=<b
d-x 16d%-x%) (2%

2

i -fﬁ[i- 1) : {c[ e
X 2 1
[
2

I(xz—cz) (d%-x?%

(x%-c2) w2 -aZy12
X + C [ - ] y c=|x|=d
2 .2 2 2 2L
.r(x “bM)(x"-a™)

(46)

d2-a2\17 2 (2 12172
2 C1 2 2 2 2 X
c -a d -t

C ' 2 2 1)2
< 1 a 2 [tz az] } dt +
lt2-a?) -3 {(@-t5r (-5 Pt



135

1 . UZ d2 _ az 1/2 UZ _ CZ 172 1
v | Liogli- L ldc [ ] [ ] _ +
u X2 122 a®-u?/ 2 . 2 2 2
° I(u -b%) (u®-a®
C uZ-a2yi7?
+ : 2 [2 2] dul, 0<x<a, b<x<ec, x>d (47)
duZ-c?) (a2-y% Y b

. . 2 2
where C1 and’Cz are given by D1 and Dz replac1ng Po by (cz/ci)v0

5. NUMERICAL RESULTS AND DISCUSSIONS

Stress intensity factors at the edges of the strips have been
evaluated numerically and have been depicted by means of graphs.

Accordingly, all the lengths have been made dimensionless with

a _ b _ c _
respect to df Substituting 3 ° d:’ 3" d2 and 3 - da, the stress
intensity factors at the four edges of the strips viz. K ,iKb, K
a c

and Kd have been plotted against v/c2 for various va)ues of the
strip length pérameters. It is found that whatever be thé lengths
of the strips, stregs iﬁtensity factors at the four edges of the
strips decrease with the increase in tﬁe value of v/cz. From the
éraphs, it may be noted further that with the decrease in length
of the inner strip which might be done either by increasing d1 or
by decreasing the value of dz, the stress intensity factor KCL at
the innermost edge gradually decreases whereas the stress
intensity factor at the other edges show - just the opposite

character (fig.2 - fig.98).
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Also the decrease in the yalue of the length of the outer strip,
thch might be done by increasing fhe value of da, causes a
decrease in the value of the stress intensity factor Ka . and
increase in the values of the stress intensity faétor Kb,KC and K
(fig.10 - fig.13) from which an interesting conclusion might be
drawn that the presence of the inner strip supresses the stress
intensity factors at both the edges of the outer strip whereas the
presence of ‘the outer strip suppresses the stress intensity factor

at the outer edge of the inner strip but increases the stress

intensity factor at its inner edge.
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Fig. 2. Stress intemsity factor K vs. v/Cy(d;=06,d,=0-8).
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Fig. 3 Stress intensity factor K VvS. V/C,(d;=06.d,=08).
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Fig. 4 Stress intensity factor K_Vs.V/C, (d,=0-6,d;=0-8).
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Fig.5. Stress intensity factor Ky vs.v/C, (dp=0.6,d3=0.8).
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Fig. 7.
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intensity fa;tqr Ky vs- v/C,(dy=02,d3=0.8).
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DIFFRACTION OF TORSIONAL ELASTIC WAVES BY A RIGID ANNULAR DISC

AT THE BIMATERIAL INTERFACE

1. INTRODUCTION

The study of the problems involving diffraction of elastig waves
by cracks or inclutions are of considerable importance in view of
their extensive applications in mechanical engineering and also in
seismology and geophysics. If the cracks or inclutions ére located
at the interface of layered media, lthe study becomes more
relevant. The extensive use of composite materials in modern
technology haS‘evoked interest in the wave propagation problems in
layeréd media with interfacial discontinuities. Onder et al (1975)
studied the diffraction of plane SH-wave obliquely incident on a
rigid half plane lying at the interface of two dissimilar
semi-infinite elastic media. Following Mal (1970), problem of
interaction of antiplane shear wave by a Griffith crack at the
interface of two bbnaed dissimilar elastic half spaces has been
t}eated by Srivastava et -al (1880). Béstrom~(1987) also treated
the same préblgm following a prdcedure similar to that of Krenk
and - Schmidt (1882). The corfespondihg prbblem of diffraction of
antiplane shear wave by a finite rigid strip at the bimaterial
interface has been treated by Palaiya and Majumder (1881). The
problem of diffraction of transient torsional shear waves by a
penny shaped crack at the interface of two bonded dissimilar

elastic_half spaces has been investigated by Ueda et al (1883). As
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rééafds the dynamic crack or strip prdblems, research has mainly
been confined to the case of a singké grack or strip of fihite
width or of .circular in shapé. These are two part mixed boundary
value' problems ‘which are wusually reduced "to solutioné of dual
integral equétions. But the solution of intéresting problems
involving the diffraction of elastic waves by anhular discs or.
cracks at the bimaterial interface which give rise to three part
mixed boundary value problema are still lacking.

However recently the p}oblems involving the diffraction of
torsional waves by flét annular crack In an infinite elastic
medium have been studied by Shindo (13879,1881), the problemzs are
reduced to that of solving singular integral equation of first
kiﬁd which were later solved by following the technique of Erdogan
(1985,1969). The p$oblem of diffractionrof écoustic wave by a soft
annular disc was studied by Thomas (1965). Following the method of
Williams (1963) the three part mixed boundary valge problem ‘was
‘reduced £0 a set of integral equation which was dgolved by an
.itefative> proéedure for }ow frequency. The same technique was
followed by Jain and kanwal (1870) to study the problem of
torsional oscillations of an elastic half space due to annular
disc. In this paper we have discussed the problem of diff?action
of torsional wave by a rigid annular disc at the interface-of.two
bondéd‘dissimilar elastic media. Applying the method developed by
Uifliams (1963) and used subsequently by Thomas (1965) and Jain et
al (1870), the three part mixed bpunaary value problem has been

reduced teo the solution of a set of integral .equatioﬁs. The
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solutions of these integral equations are.obtained iteratively for
low frequency and small values of the ratio of the inner and outer
radii ﬁf the disc. These solutions are used to determine the jump
in stresses across the annular disc and stress intensity factqrs
at both the edges of the dizc. Torque and Far field amplitudes in
both the media have also been deduced. The effect of normalised
frequency, material properties and geometric parameters in stress

intensity factors and far field amplitude are shawn graphically.

2. FORMULATION OF THE PROBLEM

Let us consider the torsional vibration of frequericy w of an
annular rigid disc of inner and outer radii b and a respectively
lying at the interface of two bonded dissimilar elastic :half
spaces. The region occupied by the annular disc is defined by z=0
and b=r<a in a c¢ylindrical polar co-ordinate system (r,8,z) as
shown in the fig.1. Let an antiplane shear wave given by
ik _(z-e b : ‘
QQre , WwWhere is a constant, k =w/c_ , and c = (u /p ),
2 . 2 . 2 2 2 2 Ta
the shear wave veloclity in medium 2, be incident normally on the
disc. Henceforth the time factor e4£n will be suppressed throught
the analysis.
The only non-vanishing 8-component o6f the displacement Vj and the
J? >
e v Toe

field are independent of & and are given by

non- vanishing stresses Tt (j=i,2) due to the scattered
r .

V,=Vj(r,z,t)=vj(r,z)e—iwt (1)
J
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Fig.1. Geometry of the annular disc.
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Cjy__ <> - I .3
Tre _Tre (r,2z) “j[ar I‘]
(2)
ov
4372 3 (p 2y = 3
20 'z T'%TH; 3z

where pfj=1;2) are #he'shear modulus of’the.elastic materia}s.
The suffices 1 and 2 are used toe denate +the values of the
corresponding quantities in the upper and lower -half spaées
respectively. Without any loss of generality we assume that czﬁc{

The displacement Vj satisfies the equation

a*v av. V. 3*v. p. 3%V
i, . iy, A | 3 (3)
ar2 r 8r rz azz pj atz
where pj(j=1,2) are the density of the elastic materials.
Putting VJ_=vj(r,z)e"“‘)t , equation (2.3) and the boundary
conditions at the interface z=0, take the form
azv 1 av v, azv.
iy X3 Jy J + k3v. =0 (4)
31‘2 r ar I\2' azz J )
vi(r,0)=v2(r,0)= -Qr ’ b<r<a (5)
vitr,0)=v2(r,0) , 0fr<b , adlrdm (8)
1 2 .
fze’<r,0)=r‘za’(r,0) , 0<r<b , a<r<w (7)

where kj=w/cj, cj=1’(uj/pj-) and Q=20 p k /(u k_+u k ).
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The solution of the equation (4) can be written as
vj(r,z) = r Aj(:)exp(—yj|z|)J1(zr)df (8)
o X

where y =(g2-x2Hyt72 | £k,
=—1(k’;—fz)“2 " E<k,

and Aﬁf) '(j=1,2) are functions of ¥ to be determined from

the boundary conditions.
Therefore, the stress components are
(1) R _ .
T o (r,z) = M*Jj 71A‘(f)exp( y1|z|)J1(Er)dE , 220
(9)

(2)
= ' - <
T o (r,z) H, . yzAz(E)exp( yzlzl)Ji(fr)df y 2=0

Now wusing the boundary conditions (2.5),(2.6) and (2.7) and

assuming that r;;"(r,m'—T;;’(r,o>=f(r) , bsr<a , we obtain the

integral equation

I I g \ o
tf(t)dt J (¥Fr)J (§t)dfF = -Qr , b<r<a (10)
b [} ,(H‘?’1+H2?’2) 1 1
- - £ l
where A() = AE) = ——a tf(t)J (FtHdt . (11
: 2 (y171+y2y2) | :
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3. METHOD OF SOLUTION

In order to solve the integral equation <(10), we apply the
technique developed by Williams (1963) for solving 1integral
equations arising in three part boundafy'value problems. The same
téchnique was also applied by Thomas (1965) and Jain et al (1870)
in order to solve scattering problem by aﬁnular disc. Following

Kanwal (1971), the kernal af the integral equation (10) 1s split

into two kernals as follows:

(4 +u )Jm —_— - J (¥r)J (Et)d¥ = K (r,t) + K (r,t). (12)
1 72 (y1y1+yzyz) 1 1 1 2
where K (r,t) = J (Fr)J (Ftrdr : (13)
1 J o 1 1
Kz(r,t) =VJ°M(E,Y1,72)J1(Eg)J1(Et)df (14)

} By Y (K -y))
M,y ,v.) = T (15)
* 2 ' Hiyi ”22/2

The equation (2.10) then takes the form

thf(t)K‘(r,t)dt = -(u1+u2)0r - Jctf(t)Kz(r,i)dt ’ b<r<a (16)
‘Jo b

Néxt, consider two functions f1(r) and fz(r) such that
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0 , 0<r<b
fi(r)+f2(r) = f(r) , b<r<a . (17)
(o] ’ a<r<o

As a result, the equation (5) reduces to two integral -equations

given by s

Jmtft(t)Kt(r,t)dt = —(y1+y2)0r - Jmtf‘(t)Kz(r,t)dt y 0<r<a (18)

] ]

and Jmtfz(t)Ki(r,t)dt = - [mtfz(t)Kz(r,t)dt ’ b<r<w (19)
o o

The procedure adopted by Williams (1963) and Thomasg (1965) 1is

followed to solve these iﬁtegral equations. Using the results

( pw ) wh+1/2

r J
(Zp)1/2 1I n—-1.-2 dw
i3 n 2 2 . 172
r Jo (r-w ) |

J (pr)
n

—An—41./2)

gé 12 }n Jn+1/2(pWJ W dw
Gy |

2 2 12
(w-r7)

and Iw pJ ,(Pw)J (pv)dp = & (u-v)/ (uv)t?

o]

we have the following relations
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r 2
r K (t,r)tf(t)dt = E—EJ W :‘”VZF :‘t;df/z ,  0<r<a
o * ) o (r W) w (t"-w")
-2 w 2 : :
= 2r w__dw J EIDA b (20
n T (wZ-r%)17% o (W -t y172
L (v, w)wv dvdw
and K (t,r) = I J , 0<r<a
2 mtr w2yt 2 (12 ,2y172
(t -v7)
L (v,w) dvdw
N ?:rjm]m 2 22 12, 2 ,2 1-/2 ! b<r <e (21)
rdt wv(w'-r ) (v -t™)
where
L (v,r) = (ve)* | gMce I (8vd)J (Er)d (22)
. ’ !‘4 OE 9?’1’?’2 42 Zv 12 Er)d¥f.
1.2
and . Lz(v,r) = (yr) J:%M(E,yi,yz)Ja/z(Ev)Ja/z(Er)dE (23)
Subétituting the relations (20) and (21) in (18) we get
r ' f (tHYdt
2 _"L‘_."i___ wr __"_.._._. = ~(u +u )Qr -
r) o (p2-y2 )2 W (t2-y2)t72 1 T2
r , , ‘ et VL (v,w)dv
- 2 __wdw r £ (t)dtI —~  _ _, O0<r<a
nr 2 2 .12 . 1 2 2 12
o (r"=vw") o Jo (tU-v7) :

which after changing

the order of integration can be written as
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r f (t)dt
2 wdw 1 = ¢ + Q _
ar] T E 2z Y| Tzl z a0z H THR T
o (r'-w') w (tT-w")
ofF f () dt
- == I L (v,w)dv vl —_—, O<r<a (24)
7r 2 2 1/2 2 2 . .1/2
o (r o v (t7-v7) -

In view of the above equation, we assume
Jm f‘(t)dt S1(r) , 0<r<a '
r -_ = = (25)
r (t2-rp2%)*7? -T (r) , adrw

Use of the relation (25) iIn (24) ylelds

r wS (w)dw
2l 2 - (g +uQr - _-J ‘”'G("”d“’ (26)
nr 2 2.1/2 1 "2 w2 1/2
o (r -w)
where G(w) = Jasi(v)Li(v,w)dv - JmTi(v)Li(v,w)dv (27)
(o] a

In order to apply Abel’s transform the >equation (26) can be

written as’

2 2 1,2 2

r w[s (w)+G(w)] .
1 7T 2
dw = - =(u +u )Qr
4 2
o (r -w )

and after taking Abel’s transform and substituting the wvalue of

G(w) from (27) we obtain the following integral equation :

S (r) + JGL (v, )5S (vidv = -2Q(u +u Jr +‘[DL (v, )T (vdidv .
1 o * 1 1 T2 1 1

a

s 0<r<a T(28)
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Again substituting the relations (20) and (21) in (19) and
following the same procedure as is done to deduce the integral

equation (28), another integral equation can be derived as

S (r) + JmL (v,r)S (v)dv = JbL (vyr)T (vidv , b<r<w (29)
2 b 2 2 o 2 2

where it is assumed that

2 2.1/2 (30)

ljr tzfz(t)dt - T, (r) , 0<r<b
Tlo (r%-t%)

Sz(r) y b<r<w

Now, using Abel’s transform in (25) and (30), the functiéns f1(t)

and fz(ti are found to be

> 4 Si(u)du Ti(u)du

£t = - = o Jq —_— - Jw —_—] , 0<t<a (31)
1 T . N (uz_tz)a/ a (uz_tz)i/z
and
: , , :

o 4 b. U Tz(u)du t u S_(u)du

'fz(t) = — 3t -J ——;4—;———; + J ——;i—————; y t>b (32)
nt o (t*-u*H*” b (t5-u®H?

Further, by the help of the re}ation (17, Ti(r) and Tz(r) can be

written from (25) and (30) as

fz(t)dt
T (r) = rl —_— ,, a<r<m
4 2 2. .12
r (t .

-r)
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L tzf‘(t)dt
T,(r) = ?I -+ ,  0<r<b

o (rZ-t%172

in which putting the values of fi(t) and fz(t) from (31) and (32)

and using the results

dt N _ Yn 2 2
"2 2. 4-2,.2 2.9-2 2 2 2 zFx(t/z"‘ 502w or)
r L(tT-r") (t7-u) 20T (5/2) (¢ -u")
, u<r (33)
T t?dt . yr 1? 2 2
2 24.2, 2 ,2.3a.2 2 2 F1(1/z, 4 52 rosu)
o (r-t7) (u -t 2r(s5/72)u(u -r )
y, u>r (34)
we get the following two integral equations
1 psz(u) 2F1(4/2,145/Eu?/r2) ,
T1(r) = lz(r) * YarlC (5/2) Jb 2 2 ‘ du
(r -u"
alr<m (35)
ré Tx(U) 2F1(1/2,n5/2mz/u2)
T, (o) = 1 (D) + o ts75) Jm —— du
u(u " -r")
0<r<b - (36)
where
r 2 S (u)du
| (r) = -2 J ———EJEE—; %TJO 2, o<re (37)
* T Jo (r2-t%)Y vo(u? -t
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or dt Lt u S (u)du

(7 = 3 T 2 2,0 ‘ch —“—'z—m* acr<w (38)
r (¢t -u )

Assuming that «:=k2a , B=k2b and A=b/a atre small, the unknown
functions Sl(r), Sz(r), -Ti(r), Tz(r) which are solutions of
integral equations (28), (29), (35) and (36) are obtained

approximately following iterative process. Using the result that

F (102, 1; 502; rosu>) = Su {2ur - (uz*rz)log[ﬂiz]} y r<u
2 1 4p2 u-r

equations (35) and (36) become

4 .
T (ar)=1 G+l T bw{—25 - Liag[E2Y) qu , 1<r<o (39)
n 2 2 2 2 u r xu
o (r"=-A"u)
and
T (brd=1 (br)+—oc]| T (awd{— 28" _ 10g[¥2MY) 4y, o<r<t  40)
2 1 AT . 1 (uz_xzrz) u-Ar

Next, we assume that a=o(A) so that B=ax=o(a2).

In order t@ solve the equation (28), we rewrite it as

1
S (ar) +aJ L (av,ar)S (avidv = -2Q(u +u Jar +aJmL (av,ar)T (av)dv
4 o 1 1 1 2 1 1 1 .
0<r<«1 (41)
Now we put Sl(ar) = X(ar) + Y(ar) (42)

so that equation (41) yields a pair of integral equétions given by
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1
X(ar) = —20(p1+p2)ar - aJ Li(av,ar)X(av)dv ’ 0<r<1 (43)
(o]

and

Y(ar) = aJmL‘(av,ar)Ti(av)dv - aJ1L1(av,ar)Y(av)dv . 0<r<l  (44)
1 (o]

The kernal Li(av,ar) given by (22) can be converted Lto an
expressiaon Iinvolving finite integrals by the application of the

contour integration technique followed by Srivastava et al (1980)

and is given by

2 . (1)
1N Ji/z(anr)Hijz(anv)

aL (av,ar) = i(1+;.1)0(2(vr)1/2 J ~ dn +
1 2.1/2 2 2. 1.2
o u(l-n) +(o" -7 )
n 0721 (amt)HY (anv)
172 172
+ I r— P— dnl], vo>r
1 n -+ o" -n)
where a=k1/k2 ’ p=p2/u1. For v<r, v and r are to be interchanged.

Next, expanding the Bessel! and Hankel functions in series for
small values of their arguments and integrating, assuming that
H>o>1l, the above expression can be written as (details are given

in appendix - A)

4 2 3 .. 5 3 3
a (3vir+r) i (v r+r v)

aL (av,ar) = a?rM + ia®rvM - M - M +
1 1 2 6 3 6 <
. o®(5vir+10r®v?+r>) M+ i (3vr+10r2v2+3rov) Mo
120 5 _ 360 s

+ o(aa), v>r
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o (3r?v+v?) 1a5(r?v+v3r)

= a vl‘l1 + la rsz 5 P'I3 —& - M4 +
N o®(5rtv+10vir+v™) M+ ia” (3rov+10v e +3¢ 1) M4
120 5 360 s
e A
+ ola ), v<r . T (45)
oz+y
where Ml = —m (46)

M =
2 w(u-1) 21 -1

Jpz—l + Iaz—i

| 1 1 uz—oz az—p uz-oz
Mt ey [-8-(0 ) 4 [ - ]{ ~H 'u+1}] | » (48)
H -1 . »
5 a 2 2
M = 2 2(0™ ~u) ¢ H @ o K M O (u-0) + u o —1 <
4 n(u-1) 15 2 3 2 2
M -1 o -1 Q-1

>< log[ odu’~1 + "’J"z'i ]}]] (49)
Lf—1 v Jo? -1

1 aG—H pz-oz 1 4 yz—o az—p yz-a
M, = o [ M [_E]{gw —u.)+[ - 1][ R ]}] (50)

3 2 2 2 2 2 ’
2 [03 B2 {(u-a)w L log[ oAr’=t v udo? -1 ]H (47)
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2 2 = 2’2 3 2 2
- 2 8 7 _ oo 2007 —) o o o —u u o
Mg = ma-my|To5'C M) * 3 15 Ml 3 " X
Ho-1 ‘ u -1 u -1
2 2 2
x {(u-o) + o 02*1 log[ g{P‘_l * “I; -1 ]}]}
Koot J;i—l + J&z—l
Substituting the value aof Ll(av,ar) given by (45) in (43)
using iterative method, an approximate value of X(ar) for
frequency can be derived as follows :
aLi(ar,av) given by (45) is rewritten as
al (ar,av) = o°L _+a”L _+a*L +o°L _+a®L +a’L
4 12 13 14 15 16 17
where L . =Mr , v>r
12 1
= Mwv , v<r
1
L = IM rv
13 oz
: 2 a
L . = - M M y vyor
14 6 3
2 3
- _ (3r v+v) M . v<r
6 a

.- 3
_ilvir+rv)
15 6 -

(51)

and

low

(52)
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< 2 a s
_ 5v r+l0vr +r

b © 120 My oo VT
- 5r4v+iggzva+v5 Ms ’ v<r
_ i¢3v7r+10vir?4ar7vy
17 360 c
Also let  X(ar) = X_(ar)+aX (ar)+a®X_ (ar)+e®X_(ar)+a®X_ (ar)+
+a5X5(ar)+a6X6(ar)+a7X7(ar) + ata™) (53)
where Xi(ar), (i=0,1,..... »7) are to be determined.

Now putting the values of X(ar) and aLi(ar,av) given by (53) and
(52) in (43) and equating thé cogefficient of like poweérs of a from

both sides we obtain,

Xo(ar) = —2aQ(y1+u2)r A (54)
X1(ar) = 0 (55)
1 ' .
X (ar) = -J L X (av)dv (56)
2 12 O
o]
4 .
X (ar) = —[ [F X (av)+L X (av)]dv (57)
3 oL 1271 13  ©
1 .
X (ar) = —I EL X (av)+L - X (av)+L X (av)]dv (58>
4 o 12 2 13 4 14 O



166

X (ar) = —Jﬂl} X (av)+L X (av)+L X (av)+L X (av)]dv (59)
5 ol 1273 13 2 14 4 15" 0
> 8
X (ar) = -J P, X (av)+L X (av)+L X (av)+L X (av) +
G oL 2274 13" a 147 2 15 1
+ L X (av)]dv (60)
16 O
1
X (ar) = —J E, X (av)+l. X (av)+L X (av)+L ., X (av) +
? ol 1275 13" 4 14 3 is" 2

+ L X (av)+L _X (av)]dv ' (61)
16 1 17 O

~Substituting the value of Xo(ar) and L.12 in (56) and integrating,

Xz(ar) is foﬁnd to be

_ af
Xz(ar) = =3

M1(u +p ) (3r-r° (62)

Similarly replacing the necessary unknowns by thelr corresponding

iterated values in (57) to (61) and integrating we obtain

_ 2
X, (ar) = 3 iaQ(u +u M r (63)
! _ a0 _ _ ‘ _ _
X‘(ar) = - Go(p +0 )[(M H )r 10(M M )r S(M 33M )r] (64)
X _(ar) = ia“(y +p,) [20(M M_-M_ )r2-12(9M MM o] (65)
- 180
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_ aq 1 2 _ ? 3, 42 s 5 a2
Xa(ar) = m(y‘ﬂuz)[ ﬁ(2MiM3 M1 Ms)r + §(M1 2.M1M3+M5)r + —?:(M1+

+2M M +3M )r%+ L1(94M M -29M2+80MZ+5M ’r] (66)
1 3 = 2 1 3 1 2 s

‘ -_ 1aQ 2, _ _ 5 _am2
X?(ar) = Tga(p1+pz)[(M1M2 M1M4 M2M3+Mo)r +2(3M1M4 9M1M2+5M2M3+

+M e+ L(269M3M +100M M +249M M +3M )r] (67)
S 7 1 2 1 4 2 3 P
The values of Xi(ar), i=0,1,..... 7 from (54), (55), (62) - (67)

are gubstituted in (52) and arranging the terms 1In ascending

powers of r, X(ar) can be rewritten as

a 4 a8 - .

X¢ar) = aQu +p_)[p (adr+p_(or +p5(a)r5+p7(a)r +0(a)] (68)
where
p (o) = -2+¢M o2 +21 n a3+—i(nz—3m Yo + ! (94M M_-29M7 +80M2 +5M o -
1 1 3 2 12V 4 3 360 1 2 1 2 5

- —i(gn M +M )a5+ i (269M*M_+109M M_+249M M +3M6)a7

15 1. 2 4 1260 1 2 1 4 2 3
- 1 2. 1.2 41 _ s 1.,3 s

p,(a) = -3Mal +g(mf M Yot +5 (MM =M Yo +=5 (M +2M M_+3M_Jo +

i 2 7
* 56(3M1M4 9M1Mz+5M2Ma+m6Ja
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1 z- «, 1 %] e, i F I _ ?
Pg () = g5 (M, Mo tgom (M, -2M M +M oS gmm (MM, -M M =M MM o

p7(a)

1 a3 &
5555 (21, M, -1, M Je .

Next, replacing r by br, equation (29) can be written as

1 .
S'(br)+bImL (bv,br)S (bv)dv = bj L (bv,br)T_ (bvidv , 1<r<m
2 L 2 2 o 2 2

(69)
Following the same procedure as done for the evaluation of

Ll(av,ar), Lz(bv,br) given by (23) can be evaluaﬁed to the form

2 (1) 4
A N Jg/z(ﬁnr)HB/z(an)

bL_(bv,br) = i1 3° (vr)‘”U

2. 1/2 2 2 . 4-2 dn +
o u(l-0) +(o - )
o N2 (paoH (v
l a 2 as2
+ - P P — ani, v>r
1 H -+ o™ ™) '

For v<r, v and r are to be interchanged.
For low frequency bLz(bv,br) is now reduced to the following form
after using the series expansions of Bessel and Hankel functions.

2
azxz[ %M1€_ + ata®) ] ’ vor

bL (bv,br)
2

2
= azxz[ Iy Yy a0 ] ,  v<r (70)
3ar
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The functions which occur in the integral equationsg (43), (28),
(37), (36), (29), ((38), (35) and (44) are calculated by iterative

process in the following order

Iterative procedure is followed in order to obtain the following

results suffiently accurate correct upto the order of (o)

2
8Q(u +u dar
1 (br) = 1 2 ~142M o®+iM o®-2 A% 240y, o<r<t (71)
1 3n 31 3 2 5

T_(br) = 1 (br) + o(a’) , 0<r<t A (72)

80 (u +u,) aMiazK‘

_ 1 2 -
Sz(br) = _ e [ T + ofa )] ’ 1<{r<m (73)
160 (u_+u_) aMiazx” .
lz(ar) = - > [ ?'+ o(a )] ’ 1<r<ew . (74)

45n

160 (u +y2)a)\5

B 2
T (ar) = 1M o142 M 42-2,2) )L 12 1
1 2 r 1 3 4 7 a 7 5
45 _ r - by
+o(a3)] , 1<r<w (75)
16Q (u +p2)aM1a2X5
Y(ar) = - 2 - : [r + o(a)] , 0<r<1 (76)
45n
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160 (p +u_)aM ra’z® .
S (ar) = X(ar) - = = + ow®) ,  o0<r<i (77>
1 2
45n

Detailed derivation of the above expressions have been done in

appendix-B.

4. STRESS DIFFERENCE ACROSS THE ANNULAR bISC, TORQUE AND FAR FIELD

AMPLITUDE

The jump of the stresses at the annuiar disec is given by

T(r,0, )=t (r)e *® = T2 r, 0,001 (r,0,8) = f(rye ™
’ b<r£a , r=0
= f1(r) v £ () (supressing ey,

Putting the values of fi(r) and fz(r) from (31) and (32) in the

above expression we obtain

S (u)du T (u)du
_ 2] d 1 1
T(r) = =] — - L. SV - +
1| dr 2 2 1.2 2 2 .12
r (U -r ) a (U -r)

- u?T_ (u)du = us_(wdu ' ‘
+ = - _ % - , b=r<a (78)
2 dr o z_uz 12 2 2. 12

r (r ) b (r-u

Finally, substitution of the values of S‘(u) , T‘(u) , Tz(u) and
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>

Sz(u) from (77), (75), (72) and (73) respectively in (78), ylelds

after integration,

2(u +u Q2 v - :

_ 1 T2 1 _ 2 2y, 2 2 2i a

T(r) = n [ (1_")2 y172 { 2+[_3_M1 (1 v1) +§M1]a +§ Mza ¥
1

1 2 4 .2 - z 2,2 2+2) <
+[§6(7n1-12r«3) e (3 1)) (107 -2 (7 M) (2-F) ]a -
2 2 . .2 5
'i[ﬁ(11”1"2*4”4) +§(M1M2 M‘) (1 vi)]a +[1260(386M M 74M +

+280M +101M ) 630(37M +80M M +114M](1-v )+ (24M +78M M +

1260

+87M_) (1-v:) 1575(2M M_ M -M) (1 v) ]a6+i[8éo(75MiMz+

+72M M_+156M M_+12M ]+135(M Mo-M M -MoMen ) (1-0F)? -4_§(M1M

. ‘ ’ 2.\ > 16M1a2>\5 1605 M o sin v
S4MM_+2M M_+M J(1-» ]]a - —_— )4 - 2 [— 1y
2 2 3 o 1 4572 4572 v, v

2\ ~1/2 1 2 2 .2 3si r.]-iv 2y1-2 1.2
+(1 vi) ]+—3[—1+—M1a -5 A ] [- +(1 ) +2(1-v)) ]

2 15sin 'y

_ 3)\5[_ _ 1 A-2(1-lv:)3/2+9(1 )1/2+8(1_vf)—1/2]} B
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(v2_1)1/2
2\ 2 2 1 a -1, 4y V2 2 _ -1,2Y _
3; {2[ 1+'5M1a +-3M2a ][3])251“ (z) —T— - 21)2 (vz 1 ) ]
sz: -1, 1 z(v:—l)a/z g(v:_l)i/z 2 -1-2
——s [15vzsin Y+ - - _ -8w_(v3-1) ] -
2 ) 2
2
BM’.az)\4 o
- + oo ) , b<r<a (79)

45mv (v: -1)**

where v1=r/a and v2=r/b
Substituting a=0 and A=0 in (79) the jump in the statical stress

across the rigid circular disc of radius a3 embedded at the

bimaterial interface is easily found to be
4(y1+u2)0 v,
To(r) =7 i 212
(1)
1

so that the stress intensity factor at the edge of the éirculaf

disc in the statical case is

2/2(u_+p )0

K = Lt [(i—v )1/21 (r)] = -
() r+a—- 1 o

Therefore, in our dynamical problem involving annular disc, stress

intensity factors at the outer and inner edges of the disc defined

by
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12

& Ka C L T(r)(l—vi)
a - K— - r-»a- K
o o
K T(r) (v 1)‘/2
and K. = ° = L ' 2
b K r+b+ K
(o] (o]

are given by

K: %[{ 2+< M o +30(?M -12M )a +1260(386M M —74M +280M +101M )a -
32A5 1 2 8 .2 . [2 a_ 2 ‘ 5 1 2
45n2[1+§mia t= A ]}+1{$M2a Z§(11M1M2+4M4)a +630(75M1Mz+

+72M M +156M_M_+12M Jo© : (80)
1 e 2 3 G . . ' .
. 2.3 L .
8M o’
_ i fex 2y 1627 774 BN, 3
and = E[{ ( 1+ L& ) TEm iEm } + 1§FM2G ] . (81)

The torque of the shear stress on the annular disc is represented

. by the expression

T = 2nJ°rzT(r)dr (82)
b

which can be written after putting the value of 7(r) given by (79)

and integrating as follows.
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_ al[ ,.8 2 41, a_ 1 _ + 41
T = -5(“1”12 )Qa [ 4+§M1a +—3—M20l +1—O€(37M1 72”3) (4” M +M )O( +

2
4725(27O4M M +21OOM SSOM +472M )a +1575(491M1M2+328M1M4+

+720M_M_+36M )a 847 (1-%

M o242 2+ o™ (83)
2 34 7 .
15n

Next, in order to deduce the far field amplitude of the
displacement in both the media, we substitute the value of A (F)
. ‘ i

in eQuation,(S),and obtain
; ¥
ny *uy,)

vj(r,z) = [atf(t)dtjm &£ Ji(Er)Ji(Et)exp(-yj|z|)df (84)
. b o

Evaluating the integral with respect to ¥ by the method of

steepest descent for large values of f(r2+z?), we obtain finally

for z>0
ik R
e 1 1 .
v (r,8,2) = F (©) - + D[;—J as R -+ (85)
1 1 R 2 1 ‘
1 1
where r=R cosé , |z|=R sine
1 1
F () = - losin6 G (&) , for |c056|<£
1 1 o

ou sing + pzf(l*o?cosze)
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osindlu f(o cos - 1)+1ou singl

2

G (&), for |cosel>l
. 1 o
o

®» NN

sin® 6+p2(o cos®e-1)

(86)

2
_ 2Qa” (u +u Joocos8 .
and G (&) = 1 2 [—§+ 44 o2 +21y 42

o= - -E 10( +-9—'Mza GBO(S?M "72“ )O( -

_21i N5 1 _ 3 2 s
Z§(4M1M2+M‘)a +2835(256M1M3 85M1+21OM2+4OM5)a +

2 2 2
9450(“91“ M_+328M M_+720M_M_+36M Jo© - oo cos® {_2

16, =2 2i, = 1 2 ’
+roM, @ +TEM, o +—1m(?3M1-136M3)a 1575(82M M, +23M )a }

4 4 4 , N : S 6 .6
Lo acos6 (2, 20M a2+§lm o) + 9o cos e
120 7 189 21 2 T 22680
3n5¢ 4 4 1 '
+ 1-2M a2 +2 A% +20%a% cos®e (87)
2 3 1 7 6
45n )
Also for 2z2<0,
itk R .
’ ‘ e 2 1
v_(r,¢,2) = F_($) el o[?] as R so (88)

where r=R2cos¢ , |z]=stin¢
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F (¢) = - ising G, () - (89)

y1¥(oz—cosz¢)+yzsin¢

and G2(¢) is obtained by replacing @ by ¢ and also o by 1 in

G (@).

5. NUMERICAL RESULTSlAND DI SCUSSION

Numerical results have been calculated to- study the_variations of
the dynamic stress intensity factors with the normalized frequency
a at both the outer and inner edges of the annular disc sitdated
at £he bimatgrial interface for different values of the ratio of
the inner and outer radii of the annulér disc for the following

two sets of materials.

First set :
Aluminium . p1=2.7gm/cm3 p1=2.63x10udyne/cmz

Wrought iron p2=?.8g'm/cm3 p2=7.7x10“dyne/cm2

Second set

Copper _ p =8.96gm/cm’ y1=a.5xio“dyne/cmz
Steel p2=7.6gm/cm3 p2=8.32x10“dyne/cmz
‘The dynamic stress intensity factors are normalized by the static

solutian K°=—2¥2(u1+p2)0/n for the penny shaped rigid-disc.

It is interegting to note that for both the two set of materials

i
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stress intensity factor at the outer edge changeé appreciably with
the normalized frequency o and gradually decreases with the
increase of a but in the case of inner edge, the stress intensity
factor decrease very slowly with the Increase in the values of the
normalized frequency. It may further be noted that change in the
vaiues of the stress intensity factor with increase in the wvalues
of X iIs more prominant at the inner edge than that at the outer
edge. We also note from fig.2 and fig.a that stress intensity
factors for the two sets of materials are nearly the same for low
- frequency and increase gradually with the increase in frequency.
Far field amplitudes defined by Fi(e) and'Fz(¢) in the upper and
lower medium =z>0 and z<0 respectivgly for fixed R have been
plotted in fig.4 - fig.7 against their arguments for different
-valqes of the normalized frequency a and A, the ratio of the inner
and outer radii of the annular disc for two different sets of
materials.

It may be noted that bqth in the upper and lower medium for the
tyo seté of mater%als, amplitudes Fi(e) and F2(¢) resﬁectively
increase gradualiy from.e and ¢ equal tJ zero, attain maximum
values and then gradually decrease toc zero at 6 aﬁd ¢ equal to
90°. The values of the angle at whiqh maxima are attained are
found to depend. on the material properties and not orn the values
of the frequency and A. O0On the other hand if fhe material

properties are kept fixed, maximum values of the far field

amplitude are found to dépend on the normalized frequency a and A,
which is equal to the ratio of the inner and outer radii'of the

annular disc.
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APPENDIX - A

EVALUATION OF aL1Cav,ar)

SO B
(anr)Hi/z(anv)

. nJ
al (av,ar) = i(l+w)a’ (vr)*7? l an +
41 - 2. 12 2 2 41/2

. o u{i-n=) +(o" -1 )

272 (anr)kii;(anv) '
(A1)

n (o° -0 )
+ Jo 1/2 > dnl|, v>r
1 p (n -+ - ) .

Bessel and Hankel

For small values of arguments expanding the

functions we get

2 2
(1) _ 2 |r . o™ n 2, 2 an 2, 2 _
Jl/z(anr)Ht/z(anv) a5 [ i+ anv + 5 (3v-+r7) & (vi+r v 5
io* n o® 5 G
BT (sv*+10r2vZ+r*y 4 360 (3v>+10r?v?+3r%v) + o(g )]

Putting this expansion in (A1) aLi(av,ar) can be evaluated as

ia5(v3r+r3v)
M
6 4

' 2 a o* (3vir+r?)
alL (av,ar) = o rM + ia rvM - M
1 1 2 6 3

+ o (5v*r+10r?vi+r’) M+ i’ (3vr+10r v +3r°v) Mo+
120 5 360 . ©

+ oy, vor
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4 2 a s ,. 3 3
_ .2 ] _ o (Briv+v) _ dla” (r7vtvir)
= ol Vl“l1 + ia rsz & Ma 5 M4 +
. a6(5r4v+10v3r2+v5) M+ ia7(3r5v+10v3ra+3v5r) M+
120 s } 360 P
8
+ oo ), v<r (A2)

where

(L4141 2 2 1-/2 1 (L+41) 2 172
M = %(1+p) [o 7 (o 7 ) dn - “J . i ) dn
o u

(nz-l) + (oz—nz) Jo uz(nz—l) + (oz—nz)

i=1,2,...,6 (A3)
Now
2, 2 2. 12 o 1 2 _ 2.1-/2
M, - §(1+“) JO . nz(a n )’2 — an - NJ. n° (1= dn
o u (n -1) + (o -n") o pz(nz—l) + (oz-nz)
(A4)
Without any loss of generalityAwe assume M>T>1.
The first integral in the expression of M1 is
2, 2 2.1-2
Jo w (o7 -n7) dn
o yz(nz—i) + (oz—nz)
1 2 2 .12 2 -0 (o -p)*72
= Ja (0 -5%)""2%an + “2 zja z dn
(u -1)Jdo (" -1)"Jo 2 _ pz—o
no-1
2 .
- o n_ H o n (AS)
2 2

2(u-1) 2 (-1



and the second integral is

Jd nz(l_nzjf/z -
o pz(nz-l) + (oz—nz)

1 : 2. 42 uz—az * (1—772)1/2
= - (1-n") dnp +
2 2 2 2
(g -1)Jo . (g -1)Y Jdo 2 u
I,
- 1 L “2_02

[ =

20%-1) 2 (2-1)?
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(AB)

Putting the results (A5) and (AB) in (A4) and simplifying, M1 can

be obtained as

P
= 9 *H_
1 2(u+l)

Similarly, M. (1=2,3,..,6) can be calculated and

be given by

_ 2 oa—y pz—az | - 10”1 ajpz—l + pjaz-l'
M = + (-o)tpu|l——— log
2 nl(u-1)| 3 z2_y 1,2-4 3 5
H H Jp -1 + J& -1

1 1 4 pz—oz oz—p ;.12—0'2
Y T w D [5(" ki [ yz_l]{ R VES ]

(A7)

they are found to

(A8)

(AS)
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T oap-1)

- m(u-1)

187

s 2 2 a_ 2_ 2 _
2 [?(TS—#) +p2—a [03/.1 s Mo {(p—o) +IJO 1 <

R C:=mec))) RS

2 8 "(07_ y + uz—o'z 2(0‘5-4..1) N “2_02_ o’a-p . ;Jz‘-o'z .
105 H z . ] - 3 *

2 I 2 |'z ' A .
x {(p—o) + ulg;Zl log[ oA =1 * pdo -1 ]}]}] (A13)
. i ’J—l : Iyz—i + Iaz—i .
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APPENDIX - B

li(r) is given by

nr 2 ,2. 1,2 dt 2 ,2 4.2

r . .2 S (u)du: -
1(r) = -_ZJ __tat d_r L .,  0<r<b. (B1)
* o (r?-t?) v (u®-t2) .

Taking Si(u) = X(u) as a first approximation from (42) (B1) can

be written as

T .2
1 (r) = —ng _t_;’t_” g_t.r X(zay":y — ,  0<r<hb (B2)
* o (r2-t%)HY tra (y2-t?7a%)*
. _ E]
Substituting X(ay) = aQ(u1+p2)[ p,(a)y + p_(a)y 1

(neglecting o and higher powers of o)

>

where

p (a) = -2+M a2+gl M o + ota®)
1 1 3 2
() = -2M o + ola®)
pa 31

in (B2) and integrating we obtain

_ 20 a 4 2 21 3} r 4 8r
11(1‘) = n_——;—(yiﬂuz)[ 2 + 3 Mla + 3 Mza] T [§ + 2]
15a
40 2 8r°
- (y1+p2)M1a 153 , 0<r<b

2
3rrra
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K

Replacing r by br and putting b/a=x in the above expression we

obtain,
2.2
8Q(u +u_dar A s
1 (br) = 1 2 “142M o2 +iM o®-2 A% 1% (a*) |, O<r<it (B3)
1 3n 3 4 3 2 5
Next,
T (br)=1 (br)+emr] T (aw) {29 _ 10g[¥2T)) au , o<r<t
2 1 AT 1 2 2 2 u-Ar
1 (u -A"r")

Neglecting higher order terms of a, Tz(br) is found to be

T (br) = 1 (br) + ola’) , 0<r<i (B4)

Replacing r by br, (29) can be rewritten as

. ) > § .
Sz(br) + bImLz(bv,br)Sz(bv)dv = bJ Lz(bv,br)Tz(bv)dv , 1<r<m
1 o o

(B5)

First approximation of the above integral equation yields

1
Sz(br) = bj Lz(bv,br)Tz(by)dv y 1<r<w
(o]

in which substituting the value of Tz(bv) from (B4) and

P
MY s o(a‘) ] , v<r
ir

w| -

bL_(bv,br) = azxz[
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we get

8O +u )aM1o&2)\4 )
5,(br) = - t 2 [-1: + o(az)] , 1<r<w (BB

45m

2

Similarly, first approximation of other functions from their

respective integral equations can be derived and are given by

16Q(u +p, )aM’az)\s

1 (ar) = - - [% + o(az)] ,  1<r<w (B7)

2 457 ’

S
. 16Q(u +u dan 2

T (ar) = r 2 Loy a2enf-142 M a2-2 22 - 122 1y

1 2 T 1 3 1 7 3 7 5

451 T T
+0('013)]' , 1<r<w © (B8)
160 ¢, +p_)aM o\
Y(ar) = - 22 1 [r + o(a)] , 0<r<1 (B9)
45x
160 (u +u_daM, ro’A> . .
Si(ar) = X(ar) - P + ol ) , 0<r<1 (B10)
: 45n . .

where X(ar) is given by (68).



CHAPTER-II

CRACK PROBLEMS IN ELASTODYNAMICS

Paper - 5 : Interaction of elastic waves with a
Periodiec array of coplanar Griffith

cracks In an orthotropic elastic medium.

Paper - 6 : Diffraction of SH-waves by a Griffith

crack in nonhomogeneous elastic strip.




INTERACTION OF ELASTIC WAVES WITH A PERIODIC ARRAY OF COPLANAR
GRIFFITH CRACKS IN AN ORTHOTROPIC ELASTIC MEDIUM

1. INTRODUCTION

In recent years, with the increased usage of'_macroscopically
aniéotropic construction materials such asl }ibre—reinforced
composites, the study of interaction of elastic waves with cracks
or inclusions in composite materials has gained much importance.
Recently, Kassir and Bandyopadhya (1983) have studied the
elastodynamic response of an infinite orthotropic solid containing
a crack under the action of impact locading and the elastddynamic
problem of a finite Griffith crack in an érthotropic strip under
normal impact was investigated by Shindo (1986). Problem involving
a ﬁoving Griffith crack in an orthotropic strip has also been
studied by De and Patra (1990). But perhaps, because of
ﬁathematical complexity, elastodynamic problems involving two or
more Griffith cr;cks in anisotropic materials have not yet
received much attention; The static problem of. QEtermining the
gtress distribution in an infinite transversely isotfopic'medium.
containing three coplanar cracks has been considered by Dhawan and ’
Dhaliwal (18978). Static stress distribution near periodic cracks
at the interface of two bonded dissimilar or{hotropic half planes
has been obtained by Garg (1981). Angel and Achenﬁach (1985) have
studied the problem of reflection and transmission of elastic

waves by a periodic array of cracks in an iInfinite isotropic
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medium. The steady state vibration of an infinite isotropic medium
with a periodic system of coplanar cracks has beén discussed by
Parton and Morozov (1978) using the method of the finite Fourier
transforms to reduce the relevant mixed boundary value problem to
the solution of a.pair of dual series ¥elations.

In our problem, the interaction of normally inclident time harmonic
elastic waves with a petiodic array of coplanar Griffith cracks in
an infinite orthotropic medium has been considered. Due to
geometrical symmetry the problem has been reduced to the solution
of the problem of a single crack in a strip whose bopndaries are
shear free and constrained in a wéy not to péfmit normal
displacement. Fourier transform has been wused to reduce the
problem to the solution of dual {integral ‘equations. By the
application of Abel’s integral the dual integral equations finally
has been converted to a Fredholm integral equation. Stress
1nteﬁsity factor at the ¢tip of the crack and c;ack opening
displacement have been derivgd in closed form. To display the
influence of the material orthotropy numerical values of sgtress
intensity factor aﬁd crack opening displacement have been found
out afﬁer solving the Fredholm integral equation numericaliy and

plotted against dimensionless frequency and distance respectively

for three sets of orthotropic materials.

2. FORMULATION OF THE PROBLEM

Consider an orthotropic, linearly elastic, unbounded solid

weakened by a periodic array of cracks of length 2a as shown in
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fig.if The period of the crack-array is 2h1. The cracks lie in the
plane xz=0 and extend éo infinity in the xa—direction which 1is
perpendicular to the plane of the figure. Let Ei’ uu and vu(i,j=
1,2,3) denote the engineefing elastic- constants of the material
where the subscripts 1,2,3 cor?espond~to the X 0 X 9 X _ directigns
thch coincide with the axés of haterial orthotropy.

We normalize all lengths Qith respect to a so that.xt/a=x, xz/a=y,
x3/a=z and h1/a=h. Let a time harmonic wave given by u=0 and
v=exp[i(kny/¥czz—wt)] where k_=wa/c_ and ce=(piz/p)‘/2, travelling
in the direction of positive y-axis be incident normally on the
crack faces so that the conditions in the plane of the cracks(y=0)
due to the » scattered field are Txy=0, Tyy= - Toe—uu, where
1-°=iwa1’c2'2/c9, on the crack faces and v=0 at points outside the

cracks in the plane y=0.

K]

By simple symmetry considerations, the displacement and stress
distribution due to the scattered field in the entire xy-plane can
be deduced by considering only the orthotropic étfip |x|$h‘with a
central crack~|x|5a s ¥y=0 ; the boundaries of the strip x=+h being
shear free and ;onstréined in a way not fo permit normal
displacement.

Therefore , substituting u(x,y,t).= u(x,y)e"um and vix,y,t) =

v(x,y)eqkn our problem reduces to the solution of the equéfions

2 2 : 2 2 2
c "-‘2‘+a:+ (1+c12)gx;‘ a® yu=0 (1)
1 5 3y ' y o2
-]
2 ' 2 2 2 2
and c 9V L2V L (44 HZT Y , 2 v =0 | (2)

w
22 ayz axz 12 axoy c:



b

>

x
~

E
8

.1
%I‘ﬁ
X

Fig. 1. Incidence of plane time-harmonic wave on a periodic

array of crdcks.
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subject to the boundary conditions

T (x,0) = - 1T e . |x|(1 (3)
Yy o
T (x,0) =0 , | x|<h (4)
S 4
v(x,0) =0 , 1= x|=h - (5)
T+ (xh,y) =0 , |y | <o (B
xy
u(zth,y) = 0 o |y|<w . 7)
Henceforth the time facfor e_i'wt which 1s common to all field

variables would be omitted in the sequel.
-The nondimensional pérameters c., arising iIn equations (1) and (2)
1) :

are relafed to the elastic constants by the relations

¢ =E /u (1- v* E /E )
11 -4 12 12 2 1

2 E /JE Y=c E /E (8)
14 2 1

c =E /u (1- »
2 2 a2 12 2" "1 1

2

2 ‘7 .
e _=sv E /u (1- »7 E/EJ)=» ¢ = v ¢
12 12 2 Ta2 12 2 1 12 22 21 14

for generalized pléne stress, and by

c =(E /Au Y(1- v v
41 1 12 23 32

¢ =(E /Au J(1- » »
22 2 12 13 91

c =E (» +
2 4 2

v v _E /E )/Au (9)
1 1 13 32 2 4 12

=E (» + v v E /E )/Au
2 12 23 31 1 2 12

v v v v v v v
23 32 34 413 12 23 314

"A=1-v

v v v v
12 21 19 21 32

for plane strain. The constants E, and » =atisfy the Maxwell's
. v 1)
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relation » /E = v  /E .
iy i v

The stresses are related to the displacements by the equatibns,

/ = c du + C a_v.
Txx Msz 11 X 12 Oy
3u | av
= —_ 4 —_—
Tyy/"l12 012 ax sz ay (103
T /“ = _qB + 22.

Xy 12 ay ax

The solutions of’equations (1) and (2) are taken as

2 | _71y -?’ZY .
ulx,y) = P [Ai(f)e + Az(f)e ]sin(fx)df +
. o

2 . : . ,
+ Efm [Aa(c)sinh(yax) + A4(()s1nh(y‘x)]cos((y)d(

o

(11)

where Ai(i=1-4) are_the unknowns to be solved, y:' ’ y: are the

roots of the equation

2

4 2 2 2} 2 2 .2 2 2. _
czzr + {(c‘z+2c12 Cx1czz)t +(1+czz)k9}y + (0118 kﬂ)(f ka) =0

(12)



and y: , y:'are the roots of the quadratic

4

2 2 2] =2
- +(1+ +
c, 7 + {(c1z+2c12 ci1c22)( 1 0*1)k9}7 (c2

a (i=1-4) occuring in (11) are given by
A"

C!. 1fz-k: ‘}’2
a = (T 7 (i=1,2)
12 L

(*-x2-c_ ot
and a = > : (1=3,4)
L (1+C )Y
12771
Therefore the stress components T and % are
. Ry
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t2-k*)y«?*-k*y = o
2 2 2
(13)

(14)

(15)

' c_ oy -r,y c oy -Y.y
_ 2 _ 22 44 1 _ 22 2'2 2
Tyy/F&z_'Elo[[cxzz ——7?——]A1(E}e +[szf ———————]Az(f)e ]x

o

4

x cos(¥x)d¥ +

= +
+ ﬁ[m[(01273 czzaa)Aa(C)cosh(ysx) + (c‘zy4+czza‘)A4(() x

x cosh(y‘x)]cos((y)d( ' (16)

' 2 K
= - - +
Txy/Fuz [(y1+a1)A1(E)g (yz+az)A2(E)e

vy

]sin(fx)dg -

4

a_y oy
- % [k’- z 3]A9(()sinh(73x) + B’-— 4 ‘]A4(() v

x sinh(y‘x)]sin(Cy)qi (17)
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3. DERIVATION OF INTEGRAL EQUATIONS

The boundary condition (4) implies

. y1 +o(1
Az(f) = - ﬁAt(E) y where B = 7 T (18)
2 2
From boundary conditions (3) and (5) , we obtain the following

dual integral equations
cC_ay c_aoy
22 4 1 22 2" 2
Io [[cng ——7?——) B[c12£ ——7r—~]]A1(f)COS(fX)df +

+ Jj[(cxzya+czzaa)Aa(()COSh(73X) + (c1zy‘+c22a‘)A‘(()cosh(y4x)]d(

nT

o v
= - s |x|<1 (19)
_ 2“12
and Lo -Ba_)A (Flcos(¥x)dE = O , 1= x|=h (20)
o E 1 2 1
ai—ﬁaz ﬁaz—a1 . o

Assumin A(E) = o™ A (F) = ———— A (¥)

g 4 o £ - IS4 (21)

equations (19) and (20) can be rewritten as

2 2
r [ Cs.zZ C22%:%, 3 szz €297 2 )
o

(d1-ﬁa2) ]A(f)cos(fx)df +

+.Jj[(cizy3+czzag)Aa(()cosh(ygx) + (cizy‘+c22a4)A4(()cosh(y4x)]dc

ﬂ'To
= - N F1EE! (22)
2“12
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and JmA(E)cos(Ex)dE =0 ,  1=|x]sh, (23)
o ,.

For large & the eqﬁation (12) takes the form

Py 2 2 2 4
+ + - + =
czzy (c:‘2 20‘2 01‘022)5 ¥ 011E 0 » (24)

Let the roots of the equation (23) be EzNi and EZN: , Where

N? = ! {c, c -c* -2¢ +[(cz +2¢ -c ¢ Y:-4c ¢ ]1/2} . (25)
1+ 2c 11 22 42 12 12 12 14 22 114 22 .

NZ = LI PN e _-c2 -2c -[(czi+2c -¢ e Y:-4c ¢ ]1/2 (26)
2 2022:» 114 22 42 12 12 12 . 11 22 114 22

Also for large £ , - a (i=1,2) and # given by (14) and (18)

respectively become

' Cxx—NL
ai. = z[__—(i-*c N ] ’ (i=1,2) (27)
12 1

and . _',—;=___‘_*_2‘_Wz ‘ (28)
. .

Now, for large ¥

e, E%-c ,Ale £i-c, o)

12 221 2222

1*Ba2?f

(c® +¢ -c c, )(c N N-¢ )-¢ c N? N te, (N2+NN +Nz)]
12 12 11 12 1 2 11 22 12 1 1 4 2 2

c (1+c (N +N))
11 12 1 2

8 (say) (29)
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Therefore we find that

z z_
Hg) = Ct TC% 7, Blc XL czzazyz) _ 4 (30)
(ai-ﬁaz)fe ]

tends to zero as ¥ tends to .
Using (30) in equation (22) we finally obtain from (22) and (23)

the following dual integral equations for the determination of the

unknown function A(F) : °
_ rz[1+H(f>’]A<z)cos(gx)dz = p(x) , [ x]<1 (31)
° .
JaA(E)cos(Ex)df = 0 , 1<) x|=<h (32)
° \
Tl"l'o 1
where p(x) = - 27 & 8 [(ciéy3+c22a3)Aa(()cosh(yax)'+
12 [a)]
+(c12y‘+czza‘)A4‘(()cosh(y4x)]d( , (33)

The boundary conditions (6) and (7) yields

%a?3 oy
Jj [[C - 4 ]Aa(()sinh(yah) + Pj - c_]A‘(()sinh(y‘h)]sin((y)d(

(r,*ta )E -ry (¥ to IR -y y
_ 1 1 7 2 2 2
y | [ o, a7 © Ba_—a ) © ]"‘“Si“‘f“)df (34)

and jm [Aa(()sinh(yah) + A‘(()sinh(y‘h)]cos(cy)d(
o .

¢ v,y ¥,y
= | e [ e - e ]A(Z)sin(fh)df (35)
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Applying Fourier sine and cosine inverse transforms in equations

(34) and (35) respectively, we get

aéya : a4y4 ‘ , 2
[L’- z ]As(()sinh(yah)+[(-— T ]A4(()sinh(y‘h) = EJ‘:g‘(f.,()A(E)dE

(36)
_ 2 e |
and Aa(()sinh(yah) + A4(C)sinh(y4h) = EJjgz(E,()A(E)dE (37)
_ EC(71+G1) » b ‘ 1 '
where g (8,0) = - - ]sin(fh) (38)
1 3ot —a 2,2 2, 2
2 1 0 +r, 0+,
7 r. By
g (£,0) = —2% [ SN 2 ]sin(fh) (39)
Bt Ba -—a 2, 2 2, 2
2 C+r, {7, :

> .

Solving the equations (36) and (37), the unknown functions Aa(C)

and A‘(() can be found to be related to A(f) as :

ALY = fi(c>Jjg‘(f,(>Ac:)g: + fz(()Jjgz(E,()A(f)dE‘
(40)
A ) = fg(()Jjg1(E,()A(E)df + f4(()Jjg2(E,()A(E)df
where f (L) = 2
T L) = AD(L)sinh(z_h)
. oy
£ (L) = 2 Ll
2 "D(Z)sinh(z_h) T
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-2
nD(C)sinh(y4h)

£(L) =

R . _ oy
£ () = 2 a'a -t
+ nD(()sinh(y‘h) [4

o Y‘ _aays

D(;) = z

41 .
Now, substituting the values of ai(i=1,2) and 3 given’by'(ia) and

(18) and using the relations

2, 2 1 2 2 ‘ : 2
= - + -
71*72 c22 {(°12 2c’2 Cxxczz)f +(1+c22)k9}
2.2 _ 1 2_,2 i_ 2

7172 = 5 (¥ ka)(c11t ks) (42)
22 .

2, 2 2 2 c11 e2, 2 é 2

44 +71)(C +72) = E;; 94 +YS)(E +Y4) y

g‘(f,() and gz(f,t) from (38) and (39) finally can be 6btained as:

2 2
_ Y29, qz ¥,9,79% | sin(¥h)
gl(g'() =L 2 2 .2 =2 2 2
T +r I +r v, v
. 3 < + ‘23
(43)
2 2 >
Y9379, Ye9379 sin(fh)
gz(f’() =7 2. 2 * 2 2 2
" +y £ +y r e
a . 4 ‘3
-2 k" (c +c_ )
where q = 14 22 12 q = - 12 22
1 C. ' 2
11 11
(44)
c c C2+c k*
. _ _s=2 . =22 12 o
9, c ! 9, c
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4. METHOD OF SOLUTION

equations (31) and (32) to a

In order to reduce the dual integral

single Fredholm integral equation, we assume

nT
(45)

] o
A = - 5 Jm£¢(n)Jo(gn)dn
12 (o]

so that equation (32) is automatically satisfied.

Next substituting the value of A(¥) from (45) in Aa(() and A‘(C)

given by (40) and using the result (Gradshteyn and Ryzhik, 1965)
£sin(Eh)Jd (£t) '
Jm ° g = T ™ 1 (tp)
2, 2 2 o
o § +r

°A3(() and A‘(C) can be written in terms of @(t) as

2
A (L) = - " o Ji[ Cf ((){(yzq -q )1 (y t)e-yah—(yzq -q_ )%
3 4‘_‘ 6(?’2_},2) o 1 . 9 "4 2 [o] 3 4w1 2
12 <4 a3 .
x 1 (r the Yl } + fz((){—(rzqg‘q4)Io(rat)e—y9b+(riqg'q4)x
, o .
x 1 (r tre « }]t¢(t)dt (46)
and )
TZZTO . 2. '—y3h 2
A‘(() = - E[ (fa((’){(;vaqt—qz)lo(yat)e —(y‘qi—qz)x

T 2 ¥t 2
+ - - -—
} f4((){ (yaq3 q‘)l (yat)e +(y‘q3 q4)x

_}/h

4
x 1_G te }]t¢(t)dt (47)
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Substitution of the values of A(¥), Aa () and A4 (L) in terms of
¢(t) from equations (45), (46) and (47) "respectively in (31)
yields the following Fredholm integral equation of second kind for

the determination of ¢(n):
_ 1 , o
p(n) + J t{Kt(n,t) + Kz(n,t)} p(trdt = 1 (48)
o T

The kernals Ki(n,t) and Kz(n,t) are given by

K (n,t) = Jm%H(E)Jo(Et)JO(En)dE (49)
o]
and K (n,t) = Jj{si(()lo(yan)Io(yat?+52(()lo(ran)lo(y4t) +
+Sa(()lo(y‘n)Io(yat)+S4(C)Io(y4n)lo(y‘t)}d( (50)

where

n(c ¥y +c_ o)
12°3 "z22 3

S () = Cf (L) (p%2q -q )-ft (L) (3%q -q ) 7a
1 2 2 ' 1 ¥39,79, 2 £ Y3979, } ?
2(y‘-y3)8

h

: R(01273+szaa) 2 L., 2 L
s ({) = - 2 {?fi(()(y‘q1—q2)-f2(t)(y4q3-q‘)} e *
2(y  -y7)86
+« ‘a3
(51)
: mle ¥ *C, %) 2 2 “¥ah
S_({) = _a {Cfg(()(yaq‘—qz)-f‘(()(yaqa—q‘)} e
2(y -y )8
« '3
n(c y +c__a -¥ h

) .

_ 12° 4 22 4 2 _ 2 .
S‘(() = FORCINC I {:L’fs(()(y4q1 qz) f4(()(y4q3 q‘)} e
Y%, ’
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It is to Se noted that_ the kernal K1(n,t) represented by the
semi-infinite iIntegral given by equation (48) has a slow rate of
convergence. In order to make the numerical analysis easier, the
semi-infinite integral has therefore . been converted to finite

integrals, details of which have been given in the appendix.

5. QUANTITIES OF PHYSICAL INTEREST

>

The normal stressATyy(x,y) in the plane y=0 in the neighbourhood

of the crack can be found from equation (2.16) and is given by

2y129
T (x,0) = | EA(E)cos(Ex)dE + o(1) ’ x>1
Yy T Io
a [* #(n)dn ’
= -7 J _NeNM 4 a1y, x>1
o dx 2 2. .4i/2
(x" - )

_ d [ , 2 12 1 2 2. 1,2 .
= T, EY[_(X -1 (1) + xp(0) + J;¢ (n)(x,—n ) dn]f

+o(1) , x>1

T x$(1)
= 2 4 o), x>t (52)
.(x2_1)1/2

Defining stress intensity factor by

T

T (x,0) (x-1)'"%
Yy
(o]

it is found that

K = |2$%l| (53)
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Next the crack opening displacement Av(x,0)=v(x,0+)-v(x,0-) on the
surface of the crack has been obtained with the help of the

equation (45) in the form

Av(x,0) = gJéA(E)cos(Ex)df
o .
2T '. J_ ;o
= - °‘|’l 200 4y, |x|<t (54)
u e 2 2. .12 : :
12 x (p ~-x7)

6. NUMERICAL CALCULATIONS AND DISCUSSIONS

The method of Fox and Goodwin (1953) has been used to solve the
integral eqﬁation (48) numerically for different values of
dimensionless frequency RB and h, the separating distance of the
cracks. The integral in (48) has been represented by a quadrature
formula involving values of the desired function ¢ at pivotal
points 1Iin the range of Integration which leads to a° set of
algebraic linear simultaneous equations. The sgolution of the set
of linear algebraic equations gives a first approximation to the
required pivotal values:of ¢ which has been improved by the use of
difference-correction technique. Tﬁe kernal 'Ki(n,t) has been
transformed into two finite integfa)s and have been evaluated by
using Gauss-quadrature 1integration formula. The second kernal
Kz(n,t> has been evaluated by simpson’s method. After.solving the
integral equation (48) for different wvalues of engineering

elastic constants of several orthotropic materials listed in table
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1, the gstregss intensity factor K given bx (53) has been plotted
against k' for different values of h (Fig.2-Fig.4) and the crack
opening.displgcement Av(x,O)p12/ro given in (54) has been plotted
against dimensionless distance x (0<x<1) (Fig.S—Fig.?j.

The nature of crack opening displacemenﬁs which have been plotted
for three different orthotropic materials for differént values of
the separating distance h is found to show two maxima within thé
rangé (0£x<1) one near x=0 and the othér near x=1, the maximum
value near x=0 being the greatest.

From fig.2-fig.4 it may be noted that the stress intensity factor
increases with the increase in the valuesvof frequency k‘, attains
méxjmum value and then decreases for all orthotropic materials for
Q<k951. Thevstress intensity factor is found to decrease with the
increase in ‘the values h, the separating disténce of the cracks

and also decreases sharply after the maximum value is attained.
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Fig. 2. Dynamic stress intensity factor K vs. dimensionless

frequency kg for Boron- Expoxi composite.
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Fig. 3. Dynamic stress intensity factor K vs. dimensionless

frequency kg for Steel- Mylar composite .
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Fig. 4. Dynamic stress intensify factor K vs. dimensionless

frequency kg for Graphite- Epoxi composite .
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Fig. 5. Crack opening displacement vs. dimensionless

distance for Graphite - Epoxi composite.
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Fig. 6. Crack opening displacement vs.dimensionless distance

for Boron- Epoxi composite.
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Fig. 7. Crack opening dispiacement vs. dimensionless

distance for Steel- Mylar composite .



214
APPENDI X

EVALUATION OF THE KERNAL K1Cn,t) H

The kernal K1(n,t) given by equation (49) is

K, (n, t) =J<:z}‘uf).lo(:t),lo<fn)dzf (A1)

where H(¥) is given Iin equation (30)

To evaluate the integral (A1) we consider two contour integrals

_ (1)
L -J M 7,7, EOH S (grdz ot
C
1
(A2)
R (2>
I -I MG,y ¥ ) EORZ mgrar >t
C
2
where
c £2-ay c- - f3lc E2-ay c )
Mg y = A4 471 22 12 20 2%22 e
N (ai—ﬁaz)e

- [L (-5 +2-48 272}
Y, _2 1 1 2 ]

1/2

B = 2 {(c2 +2c o e EZ+(1+c )kz}
1 Cc 12 142 14 2 2 -]
22
_ 1 2 2 2 _,2
B,= o €K e, 17

2

" and C1, C2 are the closed contours defined in Fig.8.
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A Im3

Fig. 8. Comtours of intebo*ration for integrél

in equation (A1) .



TABLE - 1

ENGINEERING ELASTIC CONSTANTS

216

Materials Ei(ps1) Ez(p51) pﬁz(psi) LI
Boron-Epoxi 32.5x10° 1.84x10° . 0.642x10%°  0.256
composite

Graphite-Epoxi 2.22x10° 22,93x10° 0.8x10° 0.033
composite

Steel-Mylar 26.28x10° 4.1%10° 0.9%x10° 0.44

composite
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Assuming the relation

{Uf +2c -¢ ¢ J(i+c ) 2(1+c )]f {(c-+20 -¢c ¢ )? 4c }
12 12 11 22 22 + 11 . 12 12 114 22 _ 11 x

2 c 2 ¢
c 22 c 22
22 22

(1+e ) 4y -
x 2 - 1 <0 ‘ (A3)
c 22 _

22

it is noted that the branch points E=Ki(i=1’4) corresponding to
the roots of the equation B:-4Bz=0 are always complex.

Now the branch points corresponding to the roots of the equations
-B_+(B*-4B )*7%*=0 and- -B_-(B%-4B_)'"%=0
1 1 2 1 1 2

are t=i'ka and E=ik°/¥czz respectively, where it is assumed that

2
c ¢ -¢ =-2c¢ > 1+¢c s
11 22 12 12 22

(A4)

and c +2c +¢ > Q
12 12 11

Most of the orthotropic materials satisfy the relations (A3) and
(A4). Therefore under the above condition, E=tk./¥3:; and E=ika
are the branch points of y1 and yz,respectively.

"The integrals in equation (A2) are found to He zero on the

contours AC_ and AC_(fig.8) around the branch cuts from A, and Xz.
Thus integrating the Integrals 11 and Iz along the cohtﬁurs C1 and

Cz (fig.8) we obtain
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for contour C1

x ~VYc
° 1 e e (1)
Jo M, i7,, 17 )J EOH T (frde +

k
8 ’ ¢
+ j M(z,y‘,1y2)JD(ft)H;"(nz)dg +
k Ve
s 14

+ [m M(E,yi,yz)Jo(Et)H;1)(n{)df +
k
-]

- = (1)
+ 1J: MUy, 1¥  , 17, )J_(iytIH

(iynddy = 0 , n>t  (AB)

and for the contour C2 :

k Ve
] 11 _ _ (2>
J; _ M(E,-iy‘,—iyz)Jogft)Ho (ngrds +

® 4 '.
(2)

+ j M(E,yi, iyz)Jo(ft)Ho (nEH)dE +

k ~VYe

@ 11

{2)

+ Ir M, 7, 7,03 (EIH 2" (ngrdg -

E-]

- iJo M(-iy, -1y ,-iF, )Jo(—iyt)ng)(—iyn)dy =0, ot (AB)
o 0]
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where

"= [t (B +B2+an 22}
Y2 2 1 1 2 )
C1:I. 2 2l k: 2
S E
22 14
B = 1 [-(c® +2¢ - c )yz+£1+c ) k2
1 C,. 12 12 441 22 T2 2
c kz‘
=7 _ 1t f 2 .2 2 %
RS o (AL | O
22 117



Using the relationé

(2

= : y - _y‘
Jo(—iyt) J0(1yt) and H0 (-iyn) .Ho Ciyn)

(A6) can be written as

2 E M(Z, 7, 7,0 I (E8)I (Enddr -

k /Ye
™ 11 ' _ _ (15
- J M(E,—iyi,-iyz)Jo(Et)Ho (pE)d¥ -

° 3
k

2 ‘ ’ (1)

- J M(f’y1'-iyz)Jo(Et)Ho (nE)d¥ -

x Ve

e 11

- r M(f,yi,yz)Jo(Et)H:’“(nf)df +
k

2

- - (1)
+ 1J: M1y, -17, ,-17, 2 Uyt H Y dynmdy = 0, a>t

Adding (A5) and (A7) and using

4

_' _' _l —
MC-iy,-iF ,-1¥, ) = -MUy, 1y ,i7, )

the kernal Ki(n,t) for >t can be finally written as
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x ~Ye
® u . Cis
K (n,t) = -i L [Xiyi—xzyz]Jo(Et)Ho (n)df +

Xk .

° ¢ ! C1)
+ I [Xzyz]Jo(Et)Ho ({‘n)d{‘] , ot

k ~Ye
S 14

where

2 2 .2, —2 2 .2 —2
- [C1z(1+c12)t sz(c1af k°+71)]('cul,’ ka cxzyz)

X
1 2 .z —2 —2
(e, &2~k (1+e ) G2-70r0
2 z_ 2 -2 : 2 2 - —2
7 [c12(1+c‘2)£ c,,tc, &k k’+;v2)](c“t'~ k? c ¥,
2 2 2 —2 —2 ‘ 3
(e, E5-K)(1+e ) (¥i-Fi)e
z_ 2_,2 'z 2_2 _ '2
o [c12(1+c‘z)f c e, L -k tr, )J(cuf k=+c12vy1 )
2 ' z, °

2 .2 ! 2
(c1lf ka)(1+c1z)(y1 +yz )e

The corresponding expression of Ki(n,t) for n<t follows from

by interchanging »n and t.
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DIFFRACTION OF SH-WAVES BY A GRIFFITH CRACK IN NONHOMOGENEOUS
ELASTIC STRIP

1. INTRODUCTION

The natural or artificial méte?ialé are~usually inhomogeneous; so
in recent years a great attention has Seen given in the study of
aiffraction of elastic waves by cracks or obstaclés ~in
inhomogeneous medium in view of <their application 1iIn /fracture
‘mechanics. Many problems have been solved involving one or more
cracks in an infinite homogeneous elastic medium. Loéeber and Sih
(1968) and Mal (1970) have studied the problem of diffraction of
elastic waves by a Griffith crack in an infinite medium. The
problem of finite crack at the interface of two éelastic half
épaces has been discussed by Srivastava et al (1980) and Bostroﬁ
(1987). Singh et al 1877, 1980) considered the problen of
scattering of SH-wave by cracks or. strips in nonhomogeneous
infinite elasfic medium. Papers 1involving crack or strip 1in
infinitely long elaétic strip are very few. The problem of an
infinite elastic strip containing an arbitrary numbeér of uneqUal
size Griffith cracks, located parallél to its surfaces and openhed
by an arbitrary internal pressuré Ahas been treated by Adams
(1980). Finite crack perpendicﬁlaf to the surface' of the
infinitely long elastic strip hés been studied by Chen (1978) for
impact load and by Srivastava et al (1981} for normally incident

waves. Recently Shindo et al (1986) considered thé problem of



impact response of a finfte crack in an orthotropic strip.

In our paper, the diffraction of normally incident SH-waves by a
Griffith'_crack situated in an infinitely 1long inhomogehneous
elastic strip has beén discussed. The shear modulus(u) and the
density(p) of the material have'_been assumed té vary both in
horizontal aﬁd vertical directions. Applying Fourier transform the
mixed boundary value.problem has been converted to theé solﬁtién of
dual integral equations. The duél integrall equations finally has
been reduced to é Fredholm integral equation of second kind by
applying Abel transfofm. E*pressions for stress intensity factor
and crack opening displacement have been derived. The numerical
values of stress intensity factor and crack opening displacement
have been depicted. by means of graphs to show the effect of

material inhomogeneity.

2. FORMULATION OF THE PROBLEM

Consider thé:aﬁféblem of diffraction of SH—waves By a Griffith
crack in anV{ﬁhomogeneous-elastic strip‘of width 2h1' The crack is
iocated in the regionv-d5x1$d, —m<y1<m, z1=0(fig.1); Normalizing
all the lengths with respect to d énd putting xi/d=x,‘ yi/d=y,
zi/d=z, hi/d=h it is foﬁnd that the location of the crack 1isg
-1$x51, -aoy<mw, 2z=0 ‘referred to a cartesion co-ordinate sysﬁem
(x;y,z). Let a plane harmonic SH-wave originating at z=-o impinge
on the cragk normélly ta the x-axis. The variation pf the shear -

modulus u and the density p is taken in both the vértical(z) and
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A 2|
—h, L1t h,
: —40 7X,

._Fig.l Crack in the inhomogeneous strip
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horizontal (x) directions In such a manner that the shear veldeity
(;.¢/p)1/2 is constant.
The only non-vanishing y-component of the displacement which is

independent of y is v=vix,z,t).

The equation of motion is given by

a (ov) , 2 (,aV) . 2V 1)
axlax) T szlMaz) T Pz ; -

If we qonsider vix,z,t) in the form

vix,z,t) = M (2)
Yu(x, z)
equation (1) takes the form
2 2 2 - 2 R 2 "2
N N (R O R T
Ix oz “H ' az*d - ot
Putting V(x,z,t) = F(x)G(z)e ™™ and p(x,z)= p B g(2), plk,2)=

bbf(x)g(z) in equation (3) where H,s» P, are constants, such that

(4 /p Yy %=¢ is the shear wave velocity, it is found that F(x)
o (o] 2 .

and G(z) gatisfy the following equatiaons

2
a.: +_n2F = 0 ‘ (4)
ax
2 2 2
°8S ., [d © . az-bz—nz]G =0 - (5)
F] 2
oz <,

provided f(x) and g(z) are 6f the form
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2 2

at 1(a°f 2
{57 /f] . E[ ! /f] = a , (6)

Bl

2 2

_ 1(ag 1" ¢ = K2 :
‘ 2(55 /g] + 5[ /g] b 7

where n, a and b are constants.

Equations (6) and (7) are of similar type. We rewrite the equation

(6) as
d af _ 2 .
3IF [ [ 3% ] /f ] = 4a (8)

Integrating the above equation we obtain

df

S_ =+ 2a%t% + a £)¥? ' (9)
dx 1
where a1 is a constant.
Again integrating (9) it can be shown
x + az = + % J ) df (10)
(a’f?+ a1f)1/2

where az is another consﬁant.

Now, we consider the following three possible casges

Case - 1 : a = 0.

In this case equation (10) takes the form

which on integration yields



2217

+
£ = C, @ 2 (11)
where C1 is a constant.
Case - 2 : a = 0.
Putting a=0 in equation (10) we get
x + a = * % J S
V(aif)
from which we gei
X 2 o
f(x) = C [ 1 + — ] (12)
2 a .
2 7 .
where C = aa> 1is a constant.
2 1 2 -
Case - 3 : a= 20 yoa, = Q.
In this case (10) yields
f(x) = C3 coshz(ax + aa) 13)
where C = -'a /a*% , a = aa
3 1 3 2

Equation (13) gives the general solution of equation (8) when both

the constants a and a1 are non zero.

In view of the above results, we asgsume the forms of f(x) and g(z)

as

t(x) = cosh®(ax) and g(z) = cosh®(bz) (14)

so that equations (6) and (7) are automatically satisfied.

Now the shear modulus u(x,z) and density of the medium p(x,z) are
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u=yocosh2(ax)cosh2(bz) , p=pocosh2(ax)coshz(bz) ' o (15)

The displacement component v(t)(x,z,t) and)stress T(L)(X,Z,t) due

to incident waves are given by

i (kzz-(.ot)
- Aoe .
vit T ix,z,t) = (ie

f“o cash(ax)cosh(bz)

. ) wk z-wt>
and T''’(x,z,t) = A YQ cosh(ax) [ikcosh(bz)-bsinh(bz)]e
Yz o o
(17)
where A is a constant and k =wd/c .
(o] 2 2
Henceforth the time factor e "™ will - be suppressed in the
sequel .
Using (8) and (2),»eqﬁation (1) takes the form
2 2 -
oV, 9V, v =0 , k2= (k2-a%-b?) (18)
2 2 2
ax oz '
whose solution is
vix,z) = JmBi(f)e'ﬁ?cos(Ex)df + Jmc1(C)cosh(ax)sin(Cz)d( ‘ (19
o : (o]
where a = (L2-x*H*"?% , >, B = (F2-x**"% | ¥>k
=-i(k*-r5H Y, ek, =-i(k*-g*)*7% gk

Now displacement v(x,z) and stresses Tyz(x,z) y T (x,z) due to
xy
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scattered field are

- 1 | » -3z ' : ;
V‘x'z"cosh(ax>cosh(bz)[£:5<f>e cosg xdg + Jj6<c>cosh<ax>s1ntzdc]

(200

T, (¥»2) = -p beosh(ax)sinh(bz) fwB(E)e_ﬁzcosfxdt +
. o]

+ JmC(C)cosh(ax)sin(zd( + yocosh(ax)cosh(bz) x
’ o

x -Jmﬁe(f)e'ﬁ‘coszxdt + JE%C(()cosh(ax)cos:zd(] (21)
o o

Txy(X,Z).= -poasinh(ax)cosh(bz)[[mB(E)e_ﬁzcosfxdf +
(o]

QD
+ C(L)cosh(ax)sinlzd[ | + pocosh(ax)COSh(bz) %
Jo :

% —JmEB(f)e'ﬁzsinExdE + Jm;C(()sinh(ax)sin(de] (22)
‘Jo o

where B(F) = —>_ B (Z) , C«&) = L c (@

I YH,

The boundary conditions are

T (x,0) = -t cosh(ax) , |x|51 (23)
Yz o N
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vix,0) = 0 , 1< x|=h (24)

and T (*h,z) = 0 , | 2| <0 (2B)
xy

where T =ik Yu .
o 2 "o ) _
From the boundary condition (25) C([) is found to be expressible

in terms of B(f) as follows:

Cor Fi(f,h,a)B(E)
cH = #F _(a, h a)]-oo 2 .2 dz (28)
2 ’ 1 o B +C
where F‘(E,h,a) = asinh(ah)cos(¥h) + fcosh(ah)sin(fh) - (27
and Fz(a,h,a) = acosh(ah)sinh(ah) - asinh(ah)cosh(ah) (28

Next, the use of (26) in the boundary condition (23) and (24)
yields the following dual 1iIntegral equations from whicﬁ the

unknown function B(¥) is tp be détermined:

Jmf{1+M(?;’)]B(E)cos(fx)dE = p(x) |x|s;'1' ' (29)

o

and JmB(E)cos(Ex)dE = Q , 1$|x|$h (30)
o]

where Mcg) = [ ? —1] (31)
T 2 F (¢,h,a)B(&)

p(x) = -2 + 2 r tFC?Sh;":; dCJm T d¢ (32)

He T lo 2 o R+
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3. METHOD OF SOLUTION

In order to solve the dual integral equations (29) and (30), B(¥)

is taken in the form
: T 1 ) _
B(¥) = L J tap(t)J (¥Ft)dt (33)
“o o °

so that equation (30) is automatically satisfied.
Substitution of the value of B(¥) from (33) in (28}, yields a

Fredholm integral equation of second kind

. o
Pt + J;U[Li(u,t) + L_(u,)]a(wdu = 1 (34)

where L, Cu,t) = JGEM(:)JO(fu)JO(:t)d: (85)

L]
o lo(at)CZK((,u) :
Lytu, ) = - Ejm F,(a,h,a) dag (36)
. ) Fi(f,h,a)Jo(Eu) .
KL, ) =r ShRA bttt Bl (37)
o 32 4L - |

Using the results ( Gradshteyn et al, 1865)

fm Esin(fh)Jo(Eu)
R

3
g% 40

cos(Eh)Jo(Eu) o - n e‘ah L Cuos
° 200 o ¢

2
£%+a®
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Esin(Eh)Jo(Eu) o

Jm df = z cos(a h)J (ua,)
2 2 2 1 o i
L) & ~a
1
cos(Eh)J (Fu)
and d¢ = - =% sin(a h)J (o uw)

° 2a1 1 o 1

K(L,u) takes the form

KL, u) —oh

n asinh(ah)
2

= + cosh(ah)]e Io(ua) y >k

asinh(ah)sin(a h)

[ cosh(ah)cos{at h) - ]J (uad ) , T<k
: 1 o 1

N} A

ol
1

(38)

where ai=(kz—(z)1/2.

Using contour integration technigque ( Srivastava et al; 19880 )

the infinite integral arising in the kernel Li(u,t) can be

converted to finite integral and is given by

¢
L, (u,t) —ikzj (1-93)*72%3 (knt)H“’(knu)dn , udt

o

(39)

, .
—ikZI <1—n2)"230<knu>H;"(knt>dn ,  u<t
o

of > Io(at)CZK(Z,u)
Now L(u,t) = - = J + Jm e — ¥ (40)
o k 2
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where

Fz(a,h,a)

acosh(ah)sinh(ah) - asinh(ah)cosh(ah) >k

—Eaicosh(ah)sin(a‘h) + asinh(ah)Cos(alhjj , E(L

Using the value of K(Z,u) from (38) and putting [2=kZ(1-y%)

(2=kz(1+y2) in first and second integrals of (40) respectively; 1t

is found that

L (u.t) = K2 (1-y2)1/2(kycosh(ah)cos(kyh)- asinh(ah)sin(kyh)]
2 ' ° kycosh(ah)sin(kyh) + asinh(ah)cos(kyh)

x Jo(kyu)Jo(kyt)dy -

[® (1+y*>*”*tasinh(ah) + kycosh(ah)le ¥ g
kycosh(ah)sinh(kyh)-asinh(ah)cosh(kyh)

p'e Io(kyu)lo(kyt)dy (41)

4. STRESS INTENSITY FACTOR AND CRACK OPENING DISPLACE“ENT

From (15) the stress =t on the plane z=0 can be written as

Tyz(x,O) = pocosh(ax)[—ImﬁB(E)cosExdE + Jm£C(()co§h(ax)d(]
o o

Substituting the value of C([) and B(f) from (20) and (27) the

>
»
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expression for the stregg finally can be deduced as

T xcosh(ax)

o ‘ .
T, (%2 0) = T pC1) + o(1) ,  |x|>1.

Defining the stress intensity factor T by

(x-)Y2%x  (x,0)
yz

T = Lt :
X >4+ T
o
we obtain,
T = -2 cosh(a) |¢(1) | | (42)
. 2 Co

Now the crack opening displacement Av(x,0)=v(x,0+)-v(x,0-) can be

obtained from (20) as

Av(x,0) = 2 ij(f)cos(Ex)dg s leﬁi
o

cosh(ax)

which on substitution of the value of B(f) from (33) takes the
form

2T
Av(x,0)

[(1-x2)1/2¢(1) - J4<t2—x2)‘/2¢'kt)dt]
b4 -

pocoshtax)

y |Xl$1 (43)

5. NUMERICAL RESULTS AND DISCUSSION

Using the method of Fox and Goodwin (1953)" the Fredholm integral
equation given by eQuation (34) has been solved numerically f@r

different values of material inhomogeneity parameters. In this



235

'méfhod the integral in (34) at firgt has .been represented by a
quadrature formula involving values of the desired function #(t)
at pivotal points inside the specified range of inteégration and
then canverted to a set aof linear aigebraic simul taheous
equations, solving which the first approximation to the required
éivotal values of @(t) has been obtained. Applying difference-
correction technique the first approximations has beéh improved.
The kernel Li(u,t) given by (38) and the first 1ntégral’of the
kernel Lz(u,t) given by (41) have been evaluated numerically by
using Gauss quadrature integration formula. The second infinite
Integral of the kernal Lz(u,t) has been evaluated by Simpson’s
method. After solving the integral equation (34) numerically, the
stress intensity factor T and the crack. opening displacement
2u°v(x,0)/ro ﬁave bgen calculated numerically and plotted
seﬁarately .against dimensionless frquency k2 (O<k251.5) and
dimensionless distance x (0=x=<1) respectively for different valdes
of material inhomogeneity parameters a, b and strip width 2h.

In fig.2, the effect of the width of the strip on the stress
intensity factor when the material is assumed to bhe homogphEGUS
has been shown where as the effect of 1nhomogeneity of the
material on the stress intensity factor for’different width of the
étrip.has been depicted in fig.3-fig.5.

ff is found that the effect of the strip width increasss
prominently with the {Increase of the frequency wbere as the
inhomogeneity parameters a and b have no remarkable effect on the’

stress intensity factor for a fixed value of the strip width 2h.
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In fig.6-f1g.9 the crack  opening displacement against
dimensionlesg distance x for different values of materlal
inhomogeneity parameters a, b and the strip width 2h have been
{llustrated by,méans of graphs. In each case the maximum value of
the crack opening displacement -is found to occur at x=0.08 and
then after a few oscillations it gradually decfeases to zero at
x=1. It 1is also to be noted that £he magnitude of the crack
opening displacements increases wifh the increase in the value of
the dimengionless frequ;ncy kz 3 the increase being more prominent

in the case of the presence of lateral inhomogenelity.



Fig.2 Siress infensity factor T vs. dimensionless frequency K,

for homogeneous medium (a=0, b=0).
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Fig. 3 Siress intensity factor T vs..dimensionless frequency k.
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Fig. 4 Stress intensily factor T vs. dimensionless frequency k;
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Fig. 6. Crack opening displacement vs. dimensionless distance x

* (d=0, b=0) .,



242

—— h=12
-—=—h=15
a=0
b=02
08 1

Fig.7 Crack opening displacement vs. dimensionless distance x

(0=O,b=0.2).. »




2473

9
g4 A '
{ —— h=12
79 ——h-15
/ I
64/ | a=012
{
I

Fig. 8

Crack opening displacement vs. dimensionless disfance x

(a=0,32 , b=0)
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Fig. 9. Crack opening displacement ys. dimensionless distance "x

(a=0.12,b=0.2).




CHAPTER - III

MIXED BOUNDARY VALUE PROBLEMS IN VISCOELASTIC MEDIA

P

Paper - 7 : Moving punch on a viscoelastic semi-

infinite mediumn.

Paper - 8 : Antiplane dynamic crack propagation in

an inhomogeneous viscoelastice solid.




MOVING PUNCH ON A VISCOELASTIC SEMI-INFINITE MEDIUM

1. INTRODUCTION

Problems involving the motion of a punch on the surface of an
elastic half-space or on the free boundaries of long sirips are
extremely important in view of their application in road
cbnstruction technology and also in geophysical research. Punch
problems within the classical theory of elasticity have been
studied extensively by Galin (1961) and by Gladwell (1980) 1in
their books. The motiom of a rough punch on an elastic half-space
has been treated in detail by Suhubi (1972). Recently préblems
involving antiplane motion due to” punches moving along the
surfaces of an elastic strip have been solved by complex variable
methods by Tait and Moodie (1981). An analytical solution to the
ﬁroblem of a long rigid punch moyiﬁg  rapidly on a strip of a
highly otthot;oﬁic_ elastic layer has been solved by Géorgiadis
(1987) wusing integral iransforms,and‘the Wiener-Hopf techniques
(1958). |

However, natural or artificial:‘fmaterials have generéily
dissipative behaviour which often can be taken into account by
viscoelastic modejs. Accordingly, problems involving the motion of

a punch on a viscoelastic medium have drawn the attention of many

‘ , P . .
PUBLISHED IN " INDIAN JOURNAL OF PURE AND APPLIED MATHEMATIGS
VOL-Zi(®} : PP. 847-864 , 1990
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gscientists. The problem of a rigid cylinder rolling on the surface
of a viscoelastic half space has been solved by hunter (1961). The
contact problem of rigid cylindér rolling slowly on a thin
viscoelastic layer has been treated by Alblas and Kuipers (1970)
assuming that the layer thickness is small compared to the width
of the contact region of the eylinder, The problem of a ﬁlane
punch slidihg without'friction on a viscﬁglastic half space has
been considered by Golden (1977). |

In the present paper, we have examined the stress and displacement
field produced by a long punch moving on the boﬁndary of a semi-
infinite viscoelastic medium and producing Horizontal Shear waves.
Two types of viscoelastic models viz. Maxwell Solid and Standard
Linear Solid have been considefed and loading is asdssumed to be
such fhat Mode 11l conditions prevail. The mathematical téchnique'
which 1s employed here consists o6f the applicatibnAof integral
transforms and the solution of the resulting Wiener-Hopf equﬁtions
for the transformed unknown variables. Both the sfeady and
nonsteady solqtions of the problem have-been derived. Disﬁlacéﬁent
and stress on the free QUrface and at ﬁoints below the purich have
been Qerived analytically and the nature of their variatipns with
the velocity of the maving punch ‘has been shown by ~meang of

graphs.

2. FORMULATION OF THE PROBLEM AND ITS SOLUTION. FOR STEADY STATE
MOTION .

Let us consider a semi-infinite viscoeladtic medium which uwas set
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Fig.1. The Geometry of the problem .
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into motion by semi-infinite rigid punch moving with a constant
velocity v in the direction of the x-axis. The y-axlis is taken
vertically downwards into the medipm (Fig.1).

For horizontal shear waves, the. displacements along X and Y

directions are zero and only the displacement W = W(X,Y,t) along

Z-direction exists. The stresses under the punch are

o = o (X,Y,t) and o = o  (X,Y,t) (1)
13 13 23 23 ) ,

The non-vanishing strains are

Q

_ W
and e = 37

(2)
23

QJlQ:
==
o] ==

N -

13

Considering a ‘Standard Linear Solid®' as the viscoelastic model,

the stress strain relations are

aota ae_a
- L 3 =
Ef_'+ Po. = 2u [ 3t + oae, ]‘ ’ i=1,2. . (3

13

where o,f3 are poéitive constants and ux is the instantaneous
elastic modulus of rigidity of the material.

The equation of motion is

9  9%g . &%u

Ix ay a2

(4)

where p is the .density of the material.

The boundary conditions of the problem are
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W(X,0,t) w ’ X-vt<o

o

W(X,m,t) = O , -00<X < (%)

o (X,0,t) =0 , X-vt>0

23
Since we are going to investigate the steady state prqpagatioﬁ af
a punch, it is convenient tp define a moving co-ordinate gystef
(x,y) whose origin coincides with the tip of the punegh ahd whose
axes are parallel to the fixed (X, Y axes respectively (Fig,;).
Hence putting x = X-vt, ¥y = Y pequations (1) to (4) hétome

respectively

P o1a(x,y) and ng = aza(x,y) (8)
_ 129 . ) _ 1 a oS :
€ s 3 E;W(x,y) and €2 ° 35 5;W(x,y) (7)
F: >4 ' 2 -
-V 13+Bo:3=y[-vag+ag_:']‘
ax \ ax
. (8)
oo 2
23 aw ov
- . + L o= - B
v o = H [ Vawoy ' 3y ]
ax
and
oo oo 2
13 23 _ pvz a : (9)

ax ay ax

The boundary conditions (5), now become



W(x,0) = w ' x<0
o
W(x,mw) = 0O ’ -w<x <o
o (x,0) =0 ’ x>0
23
Now introduce Fourier transform
— 1T ®
f(E,y) = — J f(x,y)exp(ifx)dx
Y2 J-o
1 ® _
so that o flx,y) = —— J f(¢§,y)exp(-1Ex)dF
Y2r J-® .

Taking Fourier transform of

(v + BT p(E3y - 1E0)W

. - 1]
(ifv + B)o'za s u(ify + o) Iy
and
do, >, 2
125+ —2 = ~py?®y

13 dy

Eliminating o

where

R
N
"
e i
[ CA
IH-
Q
| —
| p—
"
-
!
0|<
NN
—
P
+
[
lcanmn
<
oS
|
<|Q

(8) arnd (9) we get

i’ 323 from (12), (13) and (14)) we obtain,

250.

(10)

(11)

(15)

(16)
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The branches of y are so chosen that

Re(p)>0 for -a<dIm(§)<O0

. 2 ' '
a = [ vi oo ] / [1 - ] (17
CZ v 2

Q.

where

Now the solution of equatiop (15) bounded as y » o is
Weg,y) & Blgre™Y (i8)
Let us consider

Wix,0) = w =W e , x<0, £>0 and & will

Beé made to tend té zéro finally

H wbp(x) (sgy) ; x>0 (18)
o (x,0) =0 ; x>0
23
= W _too (say) , x<0 (20)

where p(x) and t(x) are unknown functionsg such that

—.k’f( N
pix)y ~ 0[ e ] as x % o , k>0
1

+k2i
t(x)y ~ 0[ e ) as. X +» - o , k2>0.

Taking Fourier transform of (19)

W W,
WE,0) = ‘ d + . P () (21)
Y2my (e+if) Y2y T

where



252

P (£) = | p(xdexplizxddx , (F=o+ir) (223
. l .
(o] .

In (21) the first term on the right hand side is anéiytic in the
lower half plane Im(f) = T < & and P+(E) is anaiyiiq in the uppér
half plane r>—k’ (k1<a, say).

Again taking Fourier tranaforms df (20)

W
0,,(810) = = 2 T (F) , (23)
Y(2r) ,
. o |
where T (&) = j t(x)exp(iEx)dx : (24)
-0 . -

T;(E) is analytic in the lower half plane T<kz. Ther&tfore, W(£,0)
is analytic for -k‘<1<5 and 3;3(8.0) is analytic in the lowér half -
plane T<k2.

From (13),

[ (1&v + (3)323 ]y:‘o = [y(ifv + a) -d: ]Y=ﬁ0

Using (18), (21) and (23) this becomes

T (¢) = - H(&)[ P (E) - ET%Z ] - (25) -
where
: _ -1_—1/2 | | |
o S [ Spzes)]T e
v

It may be noted that the prdgblem has been reducéd to a fdrm

suitable for the application of the Wiener-Hopf ﬁechniqUe.




Now H(&) cah be written as

H(E) = H_(ZIH_()

where

| 2 J ) 1/2
o e bR (23]
1.2
H (2) = I? - i?]h |

[t - =)

v

and

H (£) 1s -analytic in the upper half plane v>-a- and
analytic in the lower half plane t<@.
Introducing (27) .in equation (25), we obtain -after

algebraic simplification,

T (&)

R (£) - el H ()P _(Z) - R _(§)

where .
R ) - 1[ H+(E)‘—.H?(is) ]
e . F - e o

i H*(is)

and R_(E) = f_‘—iT
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(27)

- (28)

(29)

H (£) is

a little

(30)

(31) -

(32)

The functions R _(Z) and R _(§) are such thaﬁ each is énalyti& and

non-zero in some upper and lower half planes respectively.

The functions on the R.H.S. of (30) are analytic and non-zero in

the upper half plane t>-a and the functions on the L.H.S5. are

analytic and non-zeroc in the lower Half plane ©<O.
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Since, both the functions are analytic in the strip -a<t<0, thé
principle of analytic continuation states that each represents an
entire function M(¥) In the whole F-plane.

Now near the tip of the punch,

172

o (x,0) =~ o[- i]
23 : X

as x » 0, so T () ~ 0[&'—1/2] , as €]+
and R (£) ~ o[f“] as |£] + o .

Thus the L.H.S. of (30) approaches zero as || + wo. It may be

concluded by Liouville’s theorem that M(¥) = 0 and therefore

T (£) = R.(£IH_(&) | @Ee
and
R, (%) y
P = gl (34>
Now, '

| 3 172

_ 142 Bf- 1o .
T (£) = ip[i[ vi3 . %]:I vi] aa £ 4 0.

So from (23)

Therefore for x<O

12 0 iy *72 :

1w , . < £ - __]

oza(x,O) = 2ﬂ°[i[ !g - % ] : 'Viﬁ‘ exp(-1¥x)d¢
¢ . -0 E{ B _VJ

(35)
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Considering a branch <cut along the positive imaginary axié

ia

starting from ¢ = —— and changing the path of integration from
v INg el

real ¥-axis to the path around the branch cut as shdwn ih Fig.2,
it can easily be shown that phé integral
i 12
o ot '
[E - i!l

= - a-"’:m, exp(-1Z x)ag (assuriing @>o)
w F -

can be converted to the following iptegral

- du (36)
3]

where x has been replacéd by SR }? denotes the prihcipél
. (o)

value of the integral.

For lYarge values of o X

1
(36) can be evaluated in the form

= mx, where m = B%"‘ , the integral

, i a
. — = —_—X “‘ -'
[ = =2 e* o V-1 (g yr? [ FQS/Z) + C¢872) F(T/g? b
1 0 2.2 ]
mx m X m X,
(IR § 1 *
(37)
and for small values aof m)'(1 it can be shown that
T o .
— - — X, -
1 =2e * e "‘-I’;—» (38)

1

The detalls of the evaluation of the integral [ has bheen shown in

the Appendix-1.
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Y
Y

“Reg

& - plane

Fig.2. Path of Integration to evaluate I .
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Therefore using (35) and (36) we obtain for x<O,

[ 3 -ux
12 - - x . 1
v

Using the value of the integral arising in (39) by (38),

for small values of mx?

e 1,2 B .
o (x,0) = - ° m[ vE o_ @ ] e . x a0
23 —p— X c32 v 4
 §

Also with the help of (39)

"we have,

e 12 _a
o _(x,0) = 2 [m[ AER ]] e Vot
3 2 v
ny/mx c
4 .
[ ress2y (ress2)  raes2y o ]

2 2 3 3

mx m X m X

1 1 1

Now, ‘from (28), (31) and (39)

I
P+(E)—E vz ‘ - ﬁ 1/2, 5"0-
f(e-5) (23]
Using this result in (21) we get
iw ' 2
VE,0 = - == ¥Ia 1 ., a-= [ !g -2 ] / [1 v
n EY/(E+1a) c 2

257

x<O0.

(39)

we get

(40)

(41)
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Taking inverse Fourier transform

oo—-1id
v L .
Wix,0) = - = ¥Yia J —_—  exp(-iFx)d¥ , x>0 (0<d<a)
EY(E+ia)
-00-1d

(42)
Transforming the integral iIn (42) to an integral along tﬂe contour

around the branch cut from -ia to -iw, it can be shown that:

' iUo K _ - oY 172
W(x,0) = - —2 YTax e ™ e r — du (x>0)
T U+ax
which can be written as
wO - 72 -1/4
W(x,0) = — ™% (ax) v o (ax) , (x>0) (43)
ﬁ -1/4,-4/4

where wk is the Whittaker function (1968).

»m

Using the results that

1 1
_ - + m -2/2 - -m -2/2
wkm(Z) ~ 1l"(‘2m) 22 e + 1I‘(2m) 22 e
’ r~<-m - k) . <+ m - k)
2 ‘ 2
for'small z,
and w o (z) ~ e *% (¥ for large z,

in (43) we obtain for small values of ax (x>0)

2u
W(x,0) = W_ e - 2 ™ yaxy , x -+ 0 (44)
- n

and for large values of ax (x>0)
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W -ax
e

Wix,0) = 28 | % 4 o (x>0 ~ (45)
+t Y (ax)

3. STEADY STATE SOLUTiON FOR MAXWELL SOLID |

For ‘Maxwell Scolid’ the stress strain relations obtained from (3)

putting o« = 0 are

aa_m . aeia
3T + ﬁo,ta = 2u 3t ’ i=1,2 : (46)

The stress can be found by putting a = 0 in (39) as (for x<0, y=0)

x

-Jd
_ . uW 1/2 1 :
o (x,00 = - 2 ¥B ru e du (47)
23 T 2 3 . :
[ u - - .
o v

For small values of g X , x<O0 , putting a = 0 in (40) we get

. pwo 'v(? 1,2
0,, (6,0 = - [—2] y X o' y o (x ==x) (48)
an‘ e '

Again for large values of f3x/v y (x<0), from (41)

“wo v3 172 v 3 v2 | v? |
o, (x,0) = [——] Lr@ + Zord + Lo s,
Bx, B Xy . 3 X

(49)

Putting a = 0 the displacement on the free surface (ny, x>0) is
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obtained from (43) as

W
=2 W o L k0, (x>0) * (50)
43 e

where

Wix,0) = W ™ - 2 ykxy ', x » 0 . (51)

and for large values of kx>0, using (45) we obtain

W -kx
e

(o]
Y Y (kx)

.

W(x,0) = , X =+ 0 (x>0) (52)

4. SOLUTION OF THE PROBLEM FOR NON STEADY STATE MOTION

In this case it is assumed that at time t=0 a semi-infinite punch
starts to move with a consfant velocity v at X§Y=O on the sgurface
of the gsemi-infinite viscoelastic medium.

fﬁe ‘Standard Linear Solid’ is taken as the viscoelastic model.

Shifting thé origin at X=vt and putting X-vt=x and Y=y so that

)
o
@

+ = the

Q1®
%
Q

and time derivative equal to -v

Yo
<

-1

@Im
x

ax

stress displacement relations given by (8) become in this case



7 lo4 do 2 2
ax at 13 8x2
ao oo 2 2 ;
23 23 _ C au au v
v * t o, T H [ vV oxay ' Btay ' % ay

ax ot
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(53)

Both these equations can  be reduced to ordinary differential

equations by the application of the Laplace transform over t and

the Fourier transform over x.

Let us denote the Laplace transform by a single bar
f=fx,y,p) = r f(x,y,t)exp(-pt)dt
o]

and Fourier transform by two bars

a
T=T¢&,y,p) = I T(x,y,plexp(ifx)dx

-0 Ll

Applying these transforms to (53) we get

(1Ev + p + BT _ ucg?v - 1€p - €)W

dW
HCIEV + p + o) ay

(ifv + p + B)oz3

Now the equation of motion given by (4) becomes

oo Ie Jod 2
+ =
ax ay

2v + >
ax? axat  at

13 23 [ 2 3 a2 v ]
el v - :

(54)

(55)

(56)

(57)
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which after taking Laplace.and Fourier transforms takes the form

K]

do
23

2.2 2y
- - -_— +
s 3y pl -v7E” + 2vifFp p° VU _ ) (58)

Substituting for 313 -and E;a from (56) and (57) in (58) we have

2 . B
d E -y T=0 (59)
dy o
where
2 _ . 1 2 fo3 . L2 -
v WiZ+pta) [f (vif+pt+a) f~p<v1E+P> <vif+p+ﬁ>]v | (60)

The branches of p are defined by Re(y)>0.
Since the stresses are bounded as y + ® , W(x,y,t) and hence also
W(E,y,p) must remain bounded as 'y + w.

Hence, the solution of .the equatfon (59) is given by
Wz,y,p) = AZ,p) e,

Now the boundary conditions are

W(x,0,t) WOH(t) Yy x<0

W(x,wo,t) =

!
(o]

-w<x <o (61)

o _(x,0,t) = 0.
23

Taking Laplace t;ansfcrm with respect to t, these boundary

conditions bécome
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W
Wi(x,0,p) = = , x<0
P ,
(62)
E;S(X,O,p),= 0 , x>0
Let us consider
Wi(x,0,p) = W_p(x) (gsay) , x>0
(63)
and Ega(x,o,p),= pwot(X) (say) , . X<0
The functions p(x) and t(x) are such that
: —kix
p(x) ~ 0[ e ] as X » o , k1>0
+k x
t(x) ~ 0[ e ] as X -+ - o , k2>04
Taking Fourier transform of (63) and (64) we obtain
v : : | L
W¢,0,p) = 7 p + W P (Z) : (64)
where P+(E) = Jm p(xdexp(ifx)dx , (F=o+iT)
’ o
and o,,(€,0,p) = pW T (&) (65)
- o )
where T () = J t(x)exp(i&x)dx .
) - ., )

The 1ntegrai of W(,0,p) over (-®,0) converges if and only if

Im(¥> = v < 0 and integral over (0,w) converges |if r>-k1. 3;3 is

2
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analytic over (-w,0) if T<ké.

Now (57) becomes with the help of (61), (64) and (65)

(viZ+p+B) T_(£) ' ‘
. = + P_(&) (66)

(VI€+ptay iIfp

In this form of equation Wiener-Hopf technique can ‘easily be

applied.
5. NON STEADY STATE SOLUTION FOR MAXWELL SOLID

For general a and 3, » does not readily factorize. Expressions for
the roots of y = 0 can be obtained but thesd are difficult to
handle. We discuss here the case of the Maxweil Selid, where a=0.

In this casé'yz reduces to-

- 2

2 v 2 2_ o
= {1 - — +  —— c = =
= IR — ¢ _ , 4

. c 2 v 2 v

c |1 - — c ]! - —

2 2

c c

(67)

The quadratic~within the second bracket equated to zero has the

. complex roots

vi(2p+s3) _ 2_2
— ] - 2L |pm ¥ LB (68)
vZ c? e. 4c° :
2[1 - _] | »
2
c
one positive and one negative for v<ec.
Hence
v 172 12 12 -
Yy = [1 - —;] (E+1X1) (f—ixz) » Re Xi’ X2>0 (69)

(o]
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" where
v(2p+3) ' 2 2
Co_ 1 2 v 3
X1 = > [ = + 3 Jp(p+@) + 4¢2
2[1 - "—]
2
c
(70)

v(2p+s3) . Z_ 2
X = ! - — ¢ 2 p(p+p) + Y ﬁ,
2 vZ c? ¢ 4c?

Branches are chosen so that »y » +0 as £ + .

Thus for a Maxwell Solid, (66) can be written after gimplicat;dnA.

‘as :
2 -z (g - HPHEDY 1 oy, (1x 7%
[1 - !{] v - - 1
2 _ip) 4 12 '
c/_ [f _v] €4 ixz) ' i¢p
(Z+1X )% - (1)’(1)"2 sy |
= — + Ee1x )Y p () (71

ifp

Tge function on the lefg hand side of (71) is ahalyti¢ for 7<0 apd
£h§ function on the right hand side of (71) is analyti¢ for r>*k1.'
As' they are bgth équal' for —k1<7<0 the principle of analytic
cqntinﬁation gives that either side represents the same entire

function M(E),'say. Further we had previously noted that
T (¢ » O ’ |E| » o , T<O0
P (£) + 0 v 8] 2o, Tk

Liouville's theorem gives that M(Z) = 0 and thus
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(ix )72 .
P(Z) = . s - TF (72)
* 1:p(z+1x1>" P .
and

2z (X )72 [E - f’_P] (g-1X )7 |
T (¢) = -[1 - _—] (73)
- z T p)

e i£p [z ——V—]

Therefore, W(£,0,p) given in (64), with the help of (72), takes

2

the form
woux‘)"z
W,0,p) = e (74)
ifp(fﬂx‘)‘
Taking Iinverse transforms one get,
c’'+i o-id L
v,y ax = ) S
Wix,0,t) = — ~—- I —_— et dp == J- N qg
i i p 2n £E+1X ﬁ/z
e’ -i —o-id - :
' 0<d<k‘, x>0 o (75)

Taking the path of integration around. the branch. cut blbhg

negative imaginary axis from ;1Xi'f6 {0 the 1ntEgrél

o-id _fo

1 = fJ- , e — — dE
(E+iX )
. ~-id )

can be converted to the integral
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rz/4 X | i U_‘/z
t N 1
1 = 2e e Yx . ___UTYXI_ du

which is finally evaluated as

-X X772

1 = 2/7 ™ o 1 /X (xX )ty (xX,).
: 1 -1/4,-2/4 1

Putting this value of the integral in (75) we obtain

e’ +i00

-XX /2
wo 1 ef' e * -1/4 ;
Wix,0,t) = — fﬁT J —_— (xXi). uﬂ/‘_1/4<xx ) dp
s | P. ‘1 1
¢’ -iw
y X20 (76)
Now. fer small p,
| v : v ' »
X = ( — ] / [1 - — ] = k (say) (77)
1 2 2
c c
and for large p,
x = -2 _,
1 c - v
therefore for‘largé pX ’
c - v
. —1se :
v [p" ] ~ exp[- i Bx ][ B ] - (78)
-1/4,~2/4C ~ V 2c¢c -vjle - v) : )

So in equation (76) putting the value of X‘ for small p-given by

(77), we obtain for large time t,

=

Wix,0,t) = -2 &2 ()% y (kx) (79)
~ —1/4,~1/4
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which is same as the result fdor the steady state cage for all x>0
given by (50).
For large p, i.e. for small time t and for all finite x such that
px/(c-v) is large, using (78) we obtain from (76)

2u 1-2

W(x,0,t) = —2 |8V [t - X ]
P X .

H[t_ . ] (80)
c-v
Now, using (73), (65) becomes

2,102 (iX )72 [z - 1—"](5—1){ )42
1 v 2

R

After taking inverse transforms it converts to

c’ +im
N 2.1-/2 _ pt
o (x,0,t) = - =2 |1 - ¥ L € _ (1x)H)*3dp x
23 i o2 2nd P 1
C'-_-'Lm
o-id 3 : >
) e - i—p] (z-ixz)‘/z | |
R j "”f(p+ﬁ) ' exp(-igxyd¥ (81)
Cogfe - R |
~oo-id -
Reversing the order of integration
- id
uW 2,12 ‘
o (x,0,t) = - —2 [1 - L L F(¥lexp(-i¥x)dE (82)
23 "' i o2 2r ' '
--id

where



269

<’ +io ip : 12
F(E) = [E i ‘_’—] CTIT e (1x )*%4p (83)
2ni 1(p+3) P "
gle - —E=
c’ -iw g
- For large &, (83) becomes
1., ] e
F(¥) = |+ B (84)
4 ,
where
c! +im )
pt ,
B. = i g (ix)H**a (88)
2ni 1
c’ ~iw

Putting the value of F(f) from (84) in (82) we get

2,372 .
o, (x,0,t) = - —2 [1-_"_2] B, as -x=x0" (for all £>0)  (86)
vnxi C

The .evaluation of B for all t (t>0) has been done 1Iin the
Appendix—2.

For small p i.e., for large t, uging from (775 that X‘ ~ ky

we have
Vi3 vz
B = vk = [—]/[1—_] (87)
. 2 2 .
c c
Substituting the value of B given by (87) in (86) we obtain
' N 1,2
0, (x,0,t) = - 2 [Y_f-] , x_» 0"
w’rzx1 c

which is same as the result for the steady state case given by

48).
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The variation of the nondimensional values of B given by

B¥ = J—% [1 - l;]uz B

(o]

>

has been plotted against nondimensional time t‘=ﬁt for various

values of v/c = 0.5, 0.7 and 0.8 and has been shown by means qf

graphs in Fig.3.

Now for all values of x i.e., for general valueé of £ the integral

oo-1id i i2
: ¢ - “Plr-1x
—i— [ Vv . 2 exp(-1¥x)d¥
2ni ‘ i(p+p3) » BT
. f[g _ ..p,vﬁ]
-oo-id

appearing in equation (81) can Be converted to the integral

3NTi e p 2 ,éﬂi/f" e&z* ] "X 'y’G[U"*xz- l_:_] _
o 2 2 J'J
since P8 5 x - (88)
v 2 '

. o : [
considering the path of integration around the branéh cut é}oﬁg
positive imaginary axis from 1x2 to i as shown in Fig.4.

z o

So using (88), (81) becomes

: uW 2. 12 pt ’ X
o, (%, 0,t) = - -—° [1 - -"—] L. I E_ (x)»*?% e ?

e'™ fﬁ[u¥X2— %]
du + uW [1 - _] x
(u+Xz)[u+X2* E:QJ ° cz
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'Fi-'g-.“:l‘. variation of B' vs t, in the non steady state case of the Maxwell Solid

LL
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& — plane

.ReE;

~-co-id ' ' g co-id

4

Fig 4. Path of Infegration to evaluate I, -
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For large t (i.e.,for small]l p uﬁihg X;=k, x2=0) and for all xk*§0)

we obtain from (89)

CuW . N1s2 ux
o, (%,0,t) = - ° [ XE.] Jw e u du
] o U .

where

which is same as the solution for the steady state case for all

values of x>0 given by (47).

6. RESULTS AND DISCUSSION

The stress oﬁﬁx,O) just below the punch (x<0) and the
displacement W(x,0) on the free surface (y=0, x>0) have been
coﬁputed numerically from equationg (38) and (43) fpr different
values of parameters v/c and a/f3. The.case a/f3=0 cprrespondsg to

o _(x,0)
23

. * = ) . .
Maxwell Solid. In Fig.5 non dimensional stress = —Ev;ﬁ73? Has
been plotted against nondimensional distance x: = Bx‘/c for values

of the parameter v/c = 0.5, 0.9 and for valueg of thp parajeter

a/f = 0 and 0.2,
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For the same sets of the parameter valueés néndiménsional
displacement U* = W)Uo has been plotted aversﬁs hdﬁdiwensional
distance x = = px/c in Fig.s. w* Qaries from 1 to zero as X"
changés gradually from zero to .

It may be noted from the graphs tﬁqt variation of thé ydlues of U*
with x" is rapid with the indréase in the values of the para+eter
v/c. Further it is found that the graphs become steeper with the
decrease iIin the values of the paraméter of/f3. From ng.s it isr
found that nondimensional stresg T* changes rapidly with the

. decrease in the values of V/c yhere as for a fixed value aof v/c

graphs become flat with the increage in the values of a/f3.
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STANDARD LINEAR SOLID (=¢3-=0-2)

Xy = BXyfe —

Fig 5. Nondimentional stress 7* vs. nondimentional distance x’;(x<o). just below the punch

in the steady Slale case
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APPENDIX - 1

Evaluation of the integral

00 o) *7?
) _
1 B [g 3 -1_@] exp(-i¢¥x)d¥

The contour of integration is ghown in Fig.2.

_Putting ¥ = i% + iu , O<u<ew , the integral can be written as
mooa -ux,
1 =2¢e * eV Yu e du

X=~X x<0
s 1 ?.

where { means the principal value of the integral.

Now, for large Eg - %-]x1 (x<0) , putting ux = 2 the intégral‘l

becomes

i /4 OxX/V -z
= 2e e Vﬁ e _ dz
%y o %7 EV - t}x4
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v/ 4 Ot*/v
2e e \Y 3 v? 5
= - r(;) + — s 32 re +
X (3-0l) x ? (3-o)%x 2
1 1 1
v? ?
+ 3 C(X) + ..., .
(3-o)?x 2
1
A . = [B _ ¢
Again for small [V 1%, , putting u v vl K I can he
converted to the integral
E - g X 1/2
1 =2e* e vV 1 [ﬁ ] ' —ﬁ— exp[—z(ﬁ_q)x] dz
v z - 1 1
o]
T (23 T (=}
= — - = 1-2
v 4 v

Mmoo, »
=2e* e vV ! %+0[(ri;g)x] * where =z = t?
8
So,
oo«
- v

% ' -
]l =2¢e * e Rl S as [( )x]-»O.
X v 1
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APPENDIX - 2

EVALUATION OF THE INTEGRAL B.

The integral in (85)

) ¢’ +io i
2, -1-2 pt 2.2
B = i_[1 - _;] Q%T J e %[p + g] + lp(p+ﬁ) + V0 dp
Yc c P 4c
c’ =i
has a simple pole at p = O and brdnch points at p = -3,
2
- =08 (. -y
P 011 é‘ [ 1 + 1 -—-2— ]
. c
‘ 2
X i B y
and P=o, =35 [ 1 1 - ] .
- c

- Taking the branch cut along the negative real axis from o to -ow
the ihtegral can be considered as a contour integral around the
path as shown in Fig.7.

Let,

- 1 ePt v{_ | 3 ) — : —
i | TIE[P*E] PP e, dp

1 = AZER I - where IX% is tHe contribution to- the

integral from pole at p = O,
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ANTIPLANE DYNAMIC CRACK PROPAGATION IN AN INHOMOGENEOUS
VISCOELASTIC SOLID

1. INTRODUCTION

Until now many authors,. Baker (1962), Cherepanov and Afanasev
(1974) and others have investigated the dynamié crack propagation
in a homogeneous elastic medium. This problém presents an interést
for a better understanding of the brittle behaviour. of the
material. However, natural or artificial materials are wusually

<

inhomogeneous. There exist very few solutions to the problem of

dynamric crack propagatlon in inhomdgeneous elastic media. Atkinson

Aand List (1978) and Atkinson (1877) considered stead;—state érack
propagation in different fypes og inhomogeneous elastic media. In
addition, if the materials are dissipative, that effect can be
taken into account by considering thé material to be viscoelastic.
Crack propagation in viscoelastic medium has been étudied by
Willis (1972), Atkinson and List (1972), Coussy (1987) and others.
Willie (1972) caonsidered steady-state Mode 111 crack propagatioﬁ
for a standard Linéar solid under. general type of loading on the
crack surfaces. Atkinson and List (1972) stuéied nonsteady SH-wave
type crack propagétion starting at t=0 and moving with a constant
velocity in the "Maxwell Solid" of using the viscoelastiq'model

suggested by Achenbach and Chao. Finally, Sills and Benveniste

PUBLISHED IN “"JOURNAL OF TECHNICAL PHYSICS" » VOL 31 , NO. 3-4 ,
PP. 373 - 392 , 1990,
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Let 1. = 1_+1. where I 1s. the value of the integral |1 around
1 2 3 2 b 8

the branch cut from a to o and Ia igs its value round the branch
cut from o, to -oo.

Now it can be shown that

*
t (Ol -r>
I— J J ) e q

(a -r)
1

r

In the interval (az,—m)

L
t (o -

e. 1 1 :
I Im , dr
a -r)

Finally, we obtain

R M

(a -r)

| -»
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(1969) and Coussy (1987) studiéd steady state crack propagation of
SH-type at the interface between two viscoelastic media.

In'our case we have considereé steady and nonsteady cases of Mode
Il crack propagation in an inﬁomogeneous visdbelastic medium. Two
types of viscoelastic models, namely Maxwell Solid and Standard
Linear Solid have been considered. Material properties have beén
assumed to wvary exponentially in the direc£ion perpendicular to
the direction of c¢crack propagation. We have studied how the
material inhomogeneity affects the stress intensity factor and
also the crack opening displacement whén.a Mode 1111 type crack

propagates through the inhomogeneous viscoelastic medium.

2. FORMULATION OF THE PROBLEM AND ITS SOLUTION FOR NONSTEADY CASE
IN MAXWELL SOLID

Let us consider an inhomogéneous viscoelastic medium which was set
in motion by a semi-infinite crack suddenly appearing at t=0 and
moving‘with a constant velocity V in.the direction‘of the X-axis.
The Y-axis is taken pefpen@icular to the X-axis(fig.1). For SH-
waves, the displacements along X and Y direétions are zero and
oﬁly the'displacement W = WX,Y,t) along the Z-direction exists.

The shear modulus is
(Y)Y = yoexp(2ﬁY) and density etY) = poexp(ZBY),

where 3, and are constants.
Ho Po

The non-zero stresses are

o = o (X,Y,t) and o= o  (X,Y,t) (1)
YZ Yz XZ X2



F1G. |. The crack geometry.
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and nonvanishing strains are

e = lﬂ e = 1 .a_w (2)
Xz 2 83X "’ Yz 2 a8y
Considering a Maxwell Solid as the viscoelastic model, the stress-
strain relations are
aoYz Beyz
gt " PO T ) 3
. (3)
aaxz aexz
7t — ¢ ﬁxoxz-= 2uY) 3t
where Bi is a positive constant.
The equation of motion has the form
8o oo 2
XZ Yz au
+ = p(Y) (4)
aX ay at?
and the boundary conditions of the problem are
Wx,o0,t)y = 0, X-Vt>0, t>0
oYZ(X,O;t) = -oH(t) , X-Vt<O0 , t>0 (5)

o (X,Y,t) + 0 as X*+Y%® 4+ »
YZ - .

It is convenient to shift the origin of co-ordinates to the tip of
the crack at X=Vt. New co-ardinate axes (x,y) are parallel to the

respective fixed ones (X,Y).

. _ . o _ 0 a _ @2
Hence, putting x=X-Vt, y=Y, we obtain 3% % ! v - 3y and the
. a3 8
time derivative transforms to -V £ 17 + 3T ¢ Equations (1), (2),

(3) and (4) become

o = o (x,y, t) and o = o (x,y, t) (6)
Yz Xz

Y=z Xz
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(7)

(8)

and

2 2 2 '
xZ yz _ 2 W _ a W a
+ = p(y)[V 2V ¥ L3 + > ] (9)

The boundary conditions (5) now assume the form
W(x,0,t) = 0, x>0

-oH(t) , x<0 (10)

o (x,0,t)
Yz

o (x,y,t) » 0 as x2+y2 + o
Yz .

Let us denote the Laplace transform by a single bar

f =f(x,y,p) = Jm f(x,y,t)exp(-pt)dt

o

and the Fourier transform by two bars

(¢ o]
T =Tw¢,y,p) = 1 J T(x,y,plexp(ifx)dx
¥Y2n J-0 - '

Applying these transforms to equations (8) and (9), we get

(iEV+p+Bt)3;z p(y)(ViE+p)gg (11>

p(y) (V2 -1gpO U (12)

(iEV+p+ﬁ1)3;z

o = ply)(-VigZ+2vigp+pH) T (13)

and -ifo +
Yz

x

N
Q1Q
<
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Eliminating Exz, 3‘y from equations (11), (12) and (13) we obtain
2
dw+2ng_w.—yzw=o (14)
dyz 4
where .
(Vi€ +p) (ViE +p+3 )
2 _ 1
¥y =&  + - 5
. c
(15)
Ho
Cc = —
pO
The branches of » are chosen so that Re(y)>0.
Since W must remain bounded as y » o , so solutions of (14) are
T = A1 expL—[ 3+ ﬁz+yz‘]y y ¥20 (16)
N
and
w2 = A, exp [ -5+ |p% +2 ]y *,  y<o (17)
~

(1>
where W

and W* denote the displacement in the wupper and

lower half-plane respectively.

Let us consider on y=0
vt - U = hix,p), x<0
=0, x0 (18)
where h(x,p) is an unknown function such that
h(x,p) ~ o[exp(kix)] as X -+ - , k1>0.
Applying the Fourier transform to equation (18), we get
(1) 2) 1 @
") - W2 = A -A = -—-J h(x,p)exp(ifx)dx
¥Y2n J-w
= H (g, p) (19)
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where H (f,p) is an analytic function in the lower half-plane -r<k1
and ¥=o+tiT.

Now from equations (11), (i6) and (17) we obtain

-C1) _ (Vi¥F+p) @ EH)
Oy - MY (Vig+p+3 ) By )
. 2 2 _ 2 2 | (V1£+p);
= currn [pe]® o? Jexo[- [ a+]e 7 )y Sh e
) | (20)
-(2) _ _ 2, 2 _ 2, 2 (Vi€ +p)
5 u(y)Az[ B+|ﬁ +y ]exp[[ B+|ﬁ ry ]y] VIETRE T YO
. (1) {22
where oyz and oyz are the stresses on the- upper and lower
surfaces of the crack.
Since the stresses are continuaus on y=0,
=(41) _ ==(2)
(24 = o
Yz vz
Using equations (20) we obtaliln
. > 2 -
A = - gl A, (21)
gl (P4
Using equation (21), (19) becomes
2 2
H (¢,p) = - _Zlié_iz_l A (22)

2
p+d (0P

Again let us assume that on y=0

o exp(Aix)
— —{ 1) —(2) o
o = ¢ = o -
yz Y=z Yz P

y x<0

e(x) , x>0 (23)



Here e(x)\is an unknown function such that
e(x) ~ o[exp(—kzx)] as X + o, , k2>0.

Taking Fourier transforms of equation (23) we get

-2 _ _ I 22 ) (Vi€ +p)
O’yz MOAZ[ B+ B +?’ ] (Vif'*P*'ﬁi)

o
=1 Jw o'® exp(ifx)dx + ! J' o® exp(ifx)dx
) - Y*

¥Y2n v v2n
o
= E_(£,p) - °
Y2 (N+i€)p
where
E (£,p) = L Jw o'? exp(ifx)dx
vYZ2r Jo Y* :

and is an analytic function in the upper~half—plane'1—>—k2 and

o
(o]

ivZn (£-iX)p

is analytic in the lower half-plane T<\.

From equationg (22) and (24) we get

pu (Vig+p)p®H (£, p) o
o] . - (o)
- = E (Z,p) -
2(Vif+p+ﬁi)|(ﬁz+yz) Y2n (A+i&)p

It may be noted that the problem has been reduced -to

suitable for application of the Wiener-Hopf technique.

Now :

2 Vz .

2 = [1- — ](E+1X1)(E—1X2)

C
where
(2p+3 )V (2p+3 )2V?  4p(p+p ) (1-VZ/c®)
1 1 1 1

X = + +
Y o201-v3/eH o2 ct c?
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(24)

(25)

(28)

form

(27)

(28)
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" (2p+B3 IV (2p+3 Y3V%  4p(p+p ) (1-VZ/c®)
X = 1 _ 1 N 1 . 1
2 201-v¥/eH c® c* | c®
(29)
and ](f;z+y2) = (z+1\(1>“2(f—i\(z)“’z(1—v2/c2')‘/2 (30)
where '
- . ‘ 2,,2 .
1 (29+31)V (2p+ﬁ1) Vv p(p+Bi) 2 2
Y, = — 2 + rad— 2 452 b1-v2 /%)
2(1-V7/c™) c c* c?
(31)
f 2,2
1 (2p+ﬁi)v (2p+ﬁi) \ p(p+f3 ) 2
‘Yz = — |- > + " +4 s +3 (1-v%3,c%)
2(1-V7/7c) . c ‘ c c?
(32)
Using equations (27) and (30), (26) becomes
uo(i—vz/c2>“2(z—1p/V)(g—ixz)H_<f,p) oo(i)ini)‘/z
- R .
2[f—i(p+ﬁ1)/V](E-in)1/2 Y27 110 (IA+1iX )p
1/2 . 1/2 /2
_ (F+iY ) E (&P o, (Z+1Y ) ALY )
(E+1X) 1v3m (£-12)p (Z+ix) CIa+ix)
- (33)

The functions'on £he R.H.S. of (33) are analytfc and non-zero in
the upper half-plane T>‘k2 s, and functions on the L.H.S. are
analytic and non-zero in the lower half-plane T\ (x<k1). Sin&e
botﬁA the functions are analytic in the strip —k2<7<x, the
principle of an gnalytic continuation states that each of them

represents an entire function M(¥) in the whole f-plane.
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Now, the L.H.S. of (33) approaches zero as |E| + o. It may then be
concluded by Liouville’s theorem that M(¥) = 0 and therefore
1/2 ;1/2 '
200(ix+1Y1) 04 in) [E,i(p+ﬁi)/VJ

H (Z,p) = — — (34)
: H V2R 1P(E-IN) (IA+1X D (£-1X ) (E-1p/V) (1-V¥/c i

©

and

o o (IN+1Y )72 (g+1X )
E (¢,p) = d - 2 : 1 (35)
. ' P 172
. 1/2r (£-100p  1Y2R (E-IPUINHIX ) (E+IY)) _

From equation (34) it follows that

20 (iIN+1Y H*7%
H (Z,p) = ° ———5 7%, s o
uOVZn ip(ix+iX1)(1-V /¢

Application of the Inverse Fourier transform yields

4o = ' (>\+Y1)1/2
h(x,p) = — |- =

p 2 X -» O_ -
Ho (1-V3/¢

2.1-2 (X+X1)p' !

)

Again, taking the Inverse Lap)ace transform, the displacement jump

across the surface of the érack near the crack tip'is

c’ +io i 2
4o . (A+Y )
Wit - y® - o |- X 1 1 J 1 ePt dp
Mo n (1-V?/c2f/2 2nd (X+X1)p
¢’ -i
(36)
From (35)
172

o (IN+1Y ) NP
E (¢,p) = - 3 St S I
" 1¥Z7 pUIA+1X )

Taking the Inverse Fourier transform we obtain
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o -()\+Y")‘/z .
e{x,p) = gpe== p(K+X1) ,y X f o .
Again, taking the inverse Laplace transform
c’+i
o,y a4y ot
ayz = g 5T I —BTX:?IT- e dp (37)
c’'-im

It AW is the displacement Jump, then the crack opening

displacement near the crack tip ia given by

1

H AW = 4o |- ;‘—t ————— A, (1«x<0) (38)
(1-v3/c5HY* ‘ '
ahd the stress near the crack tip is ‘
Oo )
o = A,  (0<x«1) (39)
B vz Y x
where
c’+im P c’+i a2
' , ()\+Y1)‘ 2 ot ' (¥Y) d ot
A?mjvwe dP:mj —px, & P A0
‘ c’-io c’-im
(40)

Evaluation of. the_ integral A given by (40) corresponding ta
constanf stress ~To, on the crack surfaces 1s presented in- the

appendix. °

In the fracture mechanics, it {s customary to write oyz = (0+,0,£)
in the form K/v(2rx) , where K 1Is stress intensity factor.

In our case i
K = v2 o A (41)

Putting #=0 in the expression for A, we obtain the stress
intensity factor in a homogeneous viscoelastic medium as

K = Y2 o A
o1



293

where
_ 1 y2,.2
Ai-mfz(].V/C)X
c’+i00

o pt
y J . eF" dp

- 2 2,2 , 4 2, 2 2
e’ 1o p[ (2p+ﬁi)V/c +I(2p+ﬁ‘) V'/c +4p(p+ﬁ£)(1-V /¢ ) /¢ ]

whiéh agrees with the results of Atkinson and List (1972),

3. STEADY STATE CASE FOR MAXWELL SOLID

Steady state solutions are the results_of>Sec,2 corresponding to )
the case of t approaching infinity. So for the steady state case,
passing to the limit p + O and using the Tauberian theorem we

obtain from equation (34)

2

20 (1x+1vi)"z<f-1vz)" (Z-1p8,/V)

H <&,p) = - 2 2, 2. 1-/2
- p012n LE-10) IN+IX 02T (1-VT /e

Applying the Inverse Fourier transform we obtain

20 (ia+iy (7%
(o] 4

x
po(ik+iX1)(1-V2/cz)*/2

©=LE -1y Y 2 (E-1p /W)
1 2 1
x T I p exp(-1¥x) d¥
n _ (F-10)E
-0—=1& B v

20 (in+iy 72
(o) -4

= — | (42)
2nipo<1x+ix1)(1—v2/c )

where
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e S I R XSV WAR
l = J‘ 2 1
(& -1ng?

-~iL

exp(-1fx) d¥¢

For x<0, the above integral can"be »replaced ‘with the integral
taken along the positiJe imaginary ¥-axis round the branch point.
at E=1Y2 ’ gogether with the contribution from the polés at £=0
and £=ix as shown{invFig.Z.

Thus it can be shown that

3 0 U zeip(-ux )
_ _ai ' 2 1 1
1= exp[-(= + "1”2’][ = xv 1]Io Y, o Y

t Ve - 1/

23 u'Zexp(-ux ) 3 u 2exp(—ux y L1
+ = t qu-2[ - — L dul +
AV AL AV u+(Y_-A)
o - (o] ‘ 2 _

(u+y )2
2

B,
- -f - -
[ X—v 1] Cix in) exp( )\x’.);

2D

_ 1 _ . - n -4/4 _ S
=< exp( n1/4)[[ 5V 1]|;: (xin) exp x1Y2/2) x

Bi -a.%
X Y ) + — ¥lax )Y (x Y exp(-x Y /2) x
-3/44-4 4 2 Vv 1 1 2 1 2
-1/4

X (Y2+k)
]Iﬁ—[x (Y -x)] 1
X 1 2 )

exp[— —_7?———Jx
1

x W ' [x Yy -A)]] +
-a/44/4 2 2

>’|?)
1S

x W (x Y_ ) + [1—
-S5/4,~4/4 4 2
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J{:’);
§=1A

r¢=0

Vo o Vo WY aummnl
pw 4

Fi1G. 2. The path of integration of the integral /.
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. 2_*'5[[ gﬁ_._ _*1] v _Qi[ixﬂ/:—ry; . 2-/——:_“1T] )
2

Ie] °
1
- - p- - :
[ SV 1]V(ik in) exp( kxi) (43)

where wk iz the Whittaker function (1968).

™

Therefore the displacement jump AW across the surface of the crack

(x<0) is given by

o Aty )72
(o) 1

yko = - ' Pa——r exp(ni/za) 1 (44)
n(k+X1)(1—V /c™)
where 1 is given by equation (43).
Using the result that
wk (z)=—;£i:gml— (z)*72m expl-z/2) + ——]—-‘-—(-EE—)-——(2)1/2"m exp(-2/2)
- rti -m-k) r(§ +m+k)

for small =z,

we find that for small (x Y, equation (43) yields

1 = -hy(nx1> exp(-ni/4) (45)

Substituting the value of I from equation (45) in to equation (44)

we get
4o . (k+a1)1/2
H AW = - I— - —_—_—_——, -1« x<0 (46)
o (1—V2/c2)1/2 21 (}+a2) |
where
' 2..2
[t 3V _
a = 1 ~_ o+ L v apf-vireh (47)
o o21-VRsS | &2 c*
gV
and a = - - - (48) |

2 (1-v2/c5Hc?
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Again, letting p +» O and using the Tauberian theorem we find from

equations (35) and (24) that in the steady state case

o = -

o (Un+1Y )72 (g +1X )
(o] 1 1
Yz

, (49)
127 (Z-10) (AN+1X ) (f+iY‘)1/2
Taking the inverse Fourier transform we obtain

o (ia+iy (7% o€
o 4

(F+1iX dexp(-1ifx)
a _ J’ 1 dE -
vz 2R (INFIX ) o E-in (EHLY )12
~00—iE . 1 :
Lo Cintiy )2
= Znl (INFIX ) hy =
A P (EHiX Dexp(-iEx) -
where 11 = J 12 %
‘ e ETDOEHIY )
exp (=Y x) (A+X )Vx
= 2vn exp(-ni/4)[ - a3
‘ /% [x x+Y )]

~x(k—Y1)
x exp[ —_—

- ]w ' [x(k+Y )]] (61)
2 “1/4,~1/4 1

Thus the stress at y=0 for all x (x>0) isvgiven by (50).

.Now for small (A+Y1)x

1 = 2IE exp(-ni/4)
1 X

(52)
so from (50) it follows that
o, (K+a1)1/2
o = , O<Kx« 1 , y=0 (53)
yz m O\+a2)

Stress intensity factor K is given by



K = v2 o B
0

(At 72
1

A+ )
2

where B

Now putting B‘=0 in the expression for o,

298

(54)

and o, we get from (44)

and (53) the displacement jump and stress intensity factor in an

inhomogeneous elastic medium as

>

Lo : 1/2
porR S el
2,12 n (1-V3/c2) 272

H AW = -
© A(L1-VZ/¢
(24 ’ 172
and A - [ At 2 ﬁz 1,2 ]
Y2 \vYmx (1-V</¢e5)

which agree with the results derived by Atkinson (1977).

4. STEADY .STATE SOLUTION FOR STANDARD LINEAR SOLID

In this case the stress strain relations are

aayz - 6eyz -
ot ¥ 6zoyz N 2“(Y)_ ot ¥ o(ewz i
adxz ) aexz ]
ot * B % T 2#(Y)L at vt ]

where B“and a are constants.

Equation of motion has the form

Now,

oo do 2
Xz YZ o(Y) a

aXx ayY at2

putting x=X-Vt and y=Y so that

Q@
o

Q1®
x| .

X '8y

(55)

(56)

(57)

(58)




equations (57) and (58) become

ao 2
- Yz - gy oW )
Viax  * P.%2 “‘V’[ "575;*"‘37]
8o 2
_ Xz - gy 9V aou
: ax
and
oo oo 2
Xz yz _ p(y)Vz - W
ax ay ax2

Introducing the Fourier transform denoted by

[0 0]
T =T,y = J £(x,y)ekp(ifx)dx
_ Y2 J -0

equations (59) and (60) can be transformed to

aW

(iEV+81)5;z

ply) (VEZ-1800W

(12V+3 o

and ifo + %7 o = - p(y)V%E?W

Xz Yz

hY
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(59)

(60)

(61)

(62)

(63)

(64)

Eliminating Exz, 5;2 from equations (11), (12) and (13) we obtain

2

<|

- d
dy

+2p %% -y =0

N

where _ ) _
2 2 2 2
2 g [1-virehHe + tvp /e - a/V)]
vo- (F - 1a/V)

Branches of y are chosén so that Re(y)>0.

Since W must remain bounded as y +» *o , so solutions of (65)

(65)

(66)

are
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r -
W = exp-( o+ [ 42 ol » w0
L .
and (67)
W = 4, exp| -+ (5% 4 )]+ veo
(1) 2) 5 N
where W and W denote the displacement -in the upper and
lower half-plane respectively.
Let us consider on y=0
W't - w® = hixy, %<0
= 0 , x>0 (68)
where h(x) is an unknown function such that
h(x) ~ o[exp(kix)] as x =+ —mo, k, >0
and
o = ~o _exp(Ax) , x<0 ,
vz o
= e(x) ’ x>0 (69)
where e(x) is an unknown function satisfying the condition
e(x) ~ o[exp(-kzx)] as X + o , k2>0.
In this case equation (26) becomes
2
pu (ViE+o)y H (E) o :
b - b (70)

- = E, () -

_ 2(V1E+ﬁ1)l(ﬁz+72) ¥Y2rn 1(¥F-iX\)

regularity of the functions

This equation holds in the region of

appearing in equation (71).

Owing to our former assumptions regarding the behaviour of e(x)

and h(x) at infinity, this region is represented by the inequality

—k2<-r<>\<k1 where EF=otiT.
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Now equation (71) is suitable for the application of the Wiener-

Hopf technique. Again,

2 2 2
z _ £2(1-vi/c®) g +ia)d
¥ T = Ta/V) | . S
where
'(Vﬁi/cz - a/V)
a = 2
(1-v¥/c%)
and
. [£%c1-vire®) + i(Vﬂ1/cz— arVg® + gAE-1asV)]
r- v = F = Ta7V : (72)

Since it is difficult té factorise J(yz+ﬁz)a, i.e. to represent it

as a product of two functions, one analytic in- the upper half
plane and other analytic in the lower half plane, we follow the

‘approximate method of Koiter (1954) of solving Wiener-Hopf +type

equationg. Accordingly, we write

P(F)Y = ]<y2+ﬁz) in the form P() = PP (&) ,

where the function P(f) is required to behave at |[Z]| =+ m and at
|£| + O in the same manner as P(£). The auxiliary function P1(E)
should be non-zero and should have no singularity within the strip
—k2<-r1<r<rz<x; i£ has to be suitably -chosen such that P() is

non-zero and possesses no singularity within the strip -Ti<r<rz}

Now we note that

P(g) = ](72+ﬁ’) x [(a-vire®rz? 4 1(Vﬁ1/cz —‘a/V)E]i/z' as  |£] » o

and J(Tz+ﬁz) x B as |£] » O.

Therfore we choose ?(E) in the form
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1/2

Py = [1-v3/e3)e% + 1up 7% - arnde + 32 (73)
.

which behaves in the same manner as P(f) for || + o and |E| + 0.

Now P(Ff) can be written as

Py = (1—V2/cz)1/2(E-i32)1/2(f+ia‘)1/2 (74)
where
Vi VA 2 '
(et (G 5] [ 5 ) e ]
2(1-V7/c™) c c
(759
and
V3 AE] 2
‘8, = __-_3;_f;_ [-( __% -3 ] + J[ = - 7 ] + 45”2 (1-v2/6%) ]
2(1-V7/¢c™) c c
(76)

It consequently follows that the assumptions concerning Pl(f) are
satisfied and in view of the fact that P‘(f) + 1 in the strip

‘T1<T<T2 for ¥ + o, the function may be represented in the form

¢ _ . _
P (£) = PI(EIP (L) | (77)
where
. m+idz
PY(¥) = ex ! lnpi(n) d
&) 7 exPl ooy o "
-+t d n
(78)
’m+i.d1 i
_ "y lnP1(n) ‘
P’.(z) = exp - m J -—?— dn
. ~o+id "
1 A
+
where —71<d1<d2<12 and the functions P:(E) are regular in the

respective half planes -r>—'r1 and T(Tz.
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It follows from (79) and from the fact P (0) = P ()
these funétions satisfy the additional condition Pf(O) = Pf(m)'= 1
with the help'of (71),_(74), (77) and the relation
P(E) = ﬁ(f)P1 (),
equation (68) becomes
pou-vz/cz)“zH_(f)gz aoP:(i)\)(i)wia‘)‘/z

+ =

2(g-1B /) (z'-iaz)‘/’P: (£)  YT2m) 1(Z-10) (in+ia)

. + . 1/2 .
FL() (Ee1a )YFE @) o,
(f+ia) Yoy 1(E-iN)

x

(79)

PYgy(g+ia Y% PY(IN) (in+a )P
1 1 _ E S 1
x [ (Z+ia) (Ix+ia) ]

Using the same arguments as In equation (33) we get

+ 12 172~
20°P1(iX)(ik+ia1) 14 iaz) Pi(f)(f 161/V)

H(¢) = -
- u Y(2rY (E-1n) (A+a) (1-VZ/c®)*7%g2
o]

'200_13:( IX) (ineia )7 s
= - - 4 ag & + o (80)

p YTZ7) (A+a) (8 VL5 hide

and

o : o PPNy (in+ia 2 2 (g +1a)
E (¢) = o _ o 1 1
* YZr) i(F-in) Y (Zm) i(f-i)x)(i)wia)P:(f)(E+ia1)1/2

o PYCiIN)Y (in+ia )72
0o 4 1

Loy i(ir+ia)d

£*2% as ¢ + ' (81) .

Now taking the Inverse Fourler transform we get from (80) and (81)
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o 1 1
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h(x) = ——— -x)*% , -1« x<0 (82)
¥n M (A¥a) (1-VT/c™) ‘
and
o Pl (IN) (nva )72 s :
e(x) = - (x) , O(x«_l (83)
Y (A+a)

The corresponding results for the case of constant loading
o= "o, (x<0) on the crack surface are obtained by putting A=0 in

Yz

the above equation. If AW is the displacement jump then the crack

opening displacement in this case is given by

4adV(—xa;7
o AW = > 2 , -1« x<0
° v7 a(1-v3/cH*® ]

and also the stress neér the crack tip is

o = 2 2 0<x«! (since P:(O)=1)

Now, putting a=0 in equations (84) and (88) we get the crack

(84)

(85)

(86)

opening displacement and stress intensity factor for the Maxwel!

Solid

» 4a°¥(—xa;)
yko = =2 2 ' -1«x<0
2413 a (1-V/c™)

(87)
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and K = y2 o, B where B = —1% (88)

which agree witﬁ,the results given by (53) and (54) in the Maxwell

Solid corresponding to A=0.: 5

5. RESULTS AND DISCUSSION

5.1. The Maxwell Solid.

In this case time variation of the stress intensity factor‘is
given by K = 2 aoA where A is given by equation (40) and has
been evaluated in the Appendix.‘

The dimensionless stress intensity factor K = (K/e:r'o)(f?1/c)1/2
has been plotted against t1= B1t for the range of values of V/Q =
0.1, 0.3, 0.5, 0.7 and 0.9 fﬁr different values of the
1ﬁhomogeheity factor B*f= ABzczlﬁf . |

It is interesting to noté by inspecting the graphs given in Fig.3,

Fig.4 and Fig.5 that the effect of-inhomogeneity of the medium

introduced through the factor ﬁ* in the stress intensity factor K*'

becomes more significant for small values of V/c, whereas for
values of' y/c differing slightly from unity, the effect of
inhomogeneity of the medium on the stress intensity factor 1is

negligible.
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0 0 20 30 0

FiG. 3. K* vs. 1, for the Maxwell solid in non-steady state case. f* —= 0 (homogencous medium)

k' .
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Fia, 4. K*® vs. 1, for the Maxwell solid in non-steady state case. §* = 0.1.



307

&l
03
05
16
07
o
@ 09
N /R /R R

Fi1G. 5. K* vs. 1, for the Maxwell solid in non-steady state case, §* = 0.2.
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5.2. Standard Linear Solid.

In this case the stress 1intensity factor for the stéad&ly
propagating crack is given by K = ¥2 ooB‘, where Bi.is given by
equation (86).

We héve plotted also the stress intensity factor K* =
(‘K/cr'o)((?"/c.)vz against ﬁ* for wvarious yérues of V/e, V/¢=0.5,
0.6, 0.7, 0.8 and 0.9, and for different values of a/fs1 = 0, 0O.1%,
0.2. The case a/ﬁ;=0 corrésponds to the steady state valuesrof K*
for the Maxwell solid. [t is evident from the graphs given in
Fig.6, Fig.7 and Fig.8 that at large values aof a/ﬁl, valugé‘of K*
increase rapidly with the increase in'values of B* if Vv/e¢ is very
small. But for values of V/c close.to unity the variation of K*
with theA change in the wvalue of ﬁ* is small showing ‘that the
fnhomogeneity effect 1is negligible in thés case. This -is also

evident from the expressions (87) and (75).
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F:G. 6. K® vs. 8* for fhe standard linear solid in steady state case. a/8; = 0 (Maxwell solid).
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B

309



310

L=0s8
“f Y
3.
2/"""‘"”
: 08
,-

a9

0 07 05 045 08 B

FiG. 8. K* vs. f* for the standard linear solid in steady state case. a/f, = 0.2.



311

APPENDIX
EVALUATION OF THE INTEGRAL A IN EQUATION (40).

The integral

The integrand has poles at p=0 and also at p= —61 which correspond

to the zero of X1'

Further the integrand has branch points.at

nq;m

[ -1+ la1-v3/e®) (1-42) ]

(4
it
rq;m
1
i
[
I

da1-v?/c®)(1-42) ]

3 .
. [ -1 {ct-a2> ]

B, -

& = 2 [ -1 + 1(1-v2/c2)
4 2 . i
IES ' -
& = 2 [ -1 - J(1-V2/c2)'
5 2 ]

where =z Bzczlﬁf which is assumed to be less than 1/4.
Evidently, & > >& >85 >& .
: <+ 1 2 S a

Now taking the branch cut along the negative real axis from 64 to
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-, the integral can be considered as a contour integral around

the path shown in Fig.9.

Now,
A = d201-V3/%)  x
c'+'u:o ) 2 ' 2
Lt I [(2p+.l?1)V/c: +(2/0)¥(p-& Y (p-6) ] o ap
i : : 2 .
R p[(2p+(31)V/c +(2/c)¥(p-8 T(p-5) 1

1t can be shown that

o 2
A = J201-v3 /%) %% lg— ]% + Jl’-z_ + 4z(1-v3/7e%) | o+
2 1 c

-2 ‘2 1 c . '
+ 12(1 Vo/¢e7) = |ﬁ_ [ ]?+]2 I3 I‘)

1

where

1+ J(x )
B 1

ot (8" -r)R
do e .

exp[(ét—r)t‘]dr

"
n ¥ <
'y

2 I[ R**—(xf)3+(y**)2x* - 2x*y*y** ]/2 .
2 -2 2 2 2 2 2 »*
1, = - - exp[(éi-r)t]dr
(& -r)R _ *

o : 1 2

exp[(éj—r)tildr




c4 /oo

p-plane

F1G. 9. The integration contour to evaluate 4 for the Maxwell solid.
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1
b, =5

™
(x

)
1 = 32 exp[(éj-r)ti]dr

+ ' (8™ -r)x
1 P

](1—v2/c2) [ 1 - ¥(I-az) ]

b, = 1(1-v3/c%) (1-42)

(o
w
"

»
X =
1

*—
Y’:"

x
n

<
n

N|

J(1-V2/cz) [ 1 + Y(i-42) ]

314

[ J(i—vz/cz) - 2r ] % + 2 I>r2— rJ(i—v?/cz) + (1-V%2/6%)2 ]

ol<

[ J(x-vz/cz) - 2r ]

2J r](l—Vz/cz) -

[ 1ai-v@/e®) (1-42) - 2r ]

ol<

2 J rIk1~v2/c2)(1—42> - r

2
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= 2 I r2 4 o(1-vE/e?) (1-42) + z(1-VZ/c?)
_ * 2 * ¥ 2 * 2 * 2 ~1/2
= [ (x )%+ (y_ ) ][ (x )7+ (y ) ]

»* 2 - %Nk 2 . B
ﬂxz) + (y2 )

= —[ lc1-v3/e®)(1-42) - 2r ] % + 2 J r2 - rJ<1—v2/c2>(1—4z)

o<

[ f(1—v2/c2)(1-4z> - 2r ]

2

2 J'z(i—vz/c2> ¢ r J1-VE3/c®y (1-82) - 1

* 2 *'2
(Xa) + (ya)

nl<

= [ I<1—v2/c2)(1—42> - 2r ]

-2 I r2 - 2(1-V%/6%) - r {(1-Vv3/c®) (1-42)
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"FORCED VERTICAL VIBRATION OF TWO RIGID
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The problem of: two-dimensional- oscillations of a pair of parallel rigid strips, situated:
on a homogeneous isotropic semi-infinite elastic solid and forced by a specified normal
component of the displacement, is considered. The resulting mixed boundary value problem
is solved by the application of an integral equation method. The normal stress just below
the strips and the normal displacement away from the strips are derived. By using a similar
procedure, the antiplane problem due to the motion of two strips on a semi-infinite elastic
medium has also been solved. Finally, graphs are presented which illustrate the salient
features of the displacement and stresses in both the cases.

1. INTRODUCTION

The study of the effect of a vibrating source of pressure in different forms on the surface
of an elastic medium. is almost classical. Reissner [1], and later Millar and Pursey [2],
treated the case of a uniform vibrating pressure distribution applied to a circular region
on the surface of an elastic half-space. The problem of most physical interest occurs when
a displacement corresponding to indentation by a rigid body is prescribed over a given
region and the surface tractions outside the region are zero. Analytical treatment of the
dynamical response of footings and soil-structure interaction are usually available.in the
literature only for circular and elliptical footings and infinite strip loadings. Such results-

- are important in view of their application in the design of foundations for machinery and
buildings, and also in the study of the vibration of dams and large structures subjected to
earthquakes. Awojobi and Grootenhuis [3], Robertson [4], Gladwell [5] and others have
considered the problem of a circular footing in detail. Roy [6} considered the dynamic
response of an elliptical footing in frictionless contact with a homogeneous elastic half-
space. For low frequencies, both vertical and horizontal vibration were treated. A low
frequency solution for the vertical, horizontal and rocking vibration of an infinite strip on
a semi-infinite elastic medium has been obtained by Karasudhi, Keer and Lee [7] by
reducing the governing dual integral equations into a single inhomogeneous Fredholm
equation of the second kind. Wickham [8], however, removed the flaws occurring in the
above paper and worked out in detail the problem of forced two-dimensional oscillation

" of a rigid strip in smooth contact with a semi-infinite elastic medium using a different
technique. -

To improve the dynamic models of buildings and other structures, it will be fruitful to
have analytical results for foundations of more complicated nature. In what follows here
the problem of vertical vibration of two rigid strips in smooth contact with'a semi-infinite
elastic medium is.considered. The problem is also important in view of its application in

. the study of the vibration of an elastic medium caused by running wheels on a railway-
track. The resulting mixed boundary value problem is reduced to the solution of a triple
: 1
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integral equation. which is further reduced to the solution of an integro-ditTerential equa-

- tion. Finally. an iterative solution valid for low frequency is obtained. The integral equation
was solved in a manner similar to that employed by Lowengrub and Srivastav [9] in
solving static problems for two coplanar cracks in an infinite elastic medium. Jain and

- Kanwal [10. 117 also used the same technique to solve the problem of diffraction of elastic
waves by two coplanar Griffith cracks and also by two coplanar rigid strips in an infinite
elastic medium. In this connection, recently Itou [12] has also solved the problem of
diffraction of SH-waves by two coplanar Griffith cracks in an mﬁmte elastic medium using
a different technique.

From the solution of the integral equation, the stresses just below the smps and also
the vertical displacement at points outside the strip on the free surface are found. Finally,
in the limit as the distance between the strips tends to zero, the results are found to become
identical with the results given by Wickham (8] for the vertical vibration of a single strip
on a semi-infinite elastic medium. A low frequency solution due to anti-plane motion of
two strips on a semi-infinite elastic medium is also derived.

2. FORMULATION OF THE IN-PLANE PROBLEM

Consider the normal vibration of frequency @ of two rigid strips having smooth contact
with a semi-infinite homogeneous isotropic elastic solid occupying the half-space
~w0<X<om, Y20, —0<Z< o (see Figure 1). It is assumed that the motion is forced
by prescribed displacementt distribution vy €7’ normal to the two infinite strips located in
the region —a<.X<—b, b<X<a, Y=0, [Z]<oo, where v, is constanl. Normalizing all
lengths with respect to.a and putting b/a=c, one finds that the rigid strips are defined by
cgx|<!1, ¥y=0, |z|<oo.

With the time factor e™*** suppressed throughout the analysis. the displacement bompo-
nents can be written as :

u(x, y)=0¢/0x—0dy/dy,  u(x,y)=@é¢/Cy+cy/ox.  w(x,y»)=0, (2.1)
where the displacement pot_emials o (x, y) and y(x. y) satisfy the Helmholtz equations
FP/ox*+ 3¢/’ +kip=0, y/ex*+&w /0y’ +k w=0, - (22)

in which k3 = 0’a"/c} and k3= 0%a’/c3. Consequently, the values of the stress components
Ty, T,y and 7., are

ty=p(20¢/0x 8y + Py /e - Ey /e,

r=—ul(k3+28%/0x")p -2 Py jox &), r,=0. (2.3)

> X

L ' ' y
Figure 1. Geometry of the strips.
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The boundary conditions are
v(x, 0)=vp, csixl<l,
15, 0)=0, x<c, IM>1, 7,(x,0)=0, —co<x<o. - (24)
The solution of the Helmholtz equation (2.2) can be written as .

¢=j i A(&E) exp (iEx—y,y) d&, W=I B(&) exp (iEx—y,0) A&, (2.5)

—n
where

.={(¢2—'k})"’, lélzk,-}

—w-gyn, <k ThE (2.6)

- and A(&) and B(&) are unknown functions, to be determined from the boundary
conditions.

By using the last of the boundary conditions (2.4) it can be shown that

B(&)=—{2i&y,/(E+7D}A(E).

Then the displacements and stresses given by expressions (2.1) and (2.3) become

u(x, y)= f lé[exp( m')— exv( rzy)]A(é)CXP (i&x) d¢, (2-7)>

6

2

7 exp (- 7’2)’)]A(§) exp (iEx)dg,  (2.8)

v(x, y)= J —rn[eXP( 7”)_g )

T,-_\-(X,)’)=—#J [(kz—Zéz) exp (—71y) + 57"72'=xr>( 72}’)]
o £+73

x A() exp (iEx) dE, (2.9)
Tolx,y)=p f 2iEri[—exp (—717)+exp (~12)IA(E) exp (i€x) dE.  (2.10)
Next, upon using tfle fact that A(&) is an even function of &, and puttin_é
P(E)={[(282 ~K)* —4&%, 73/ 1287 - KB} A(£),,

the first and second of the boundary conditions (2.4) lead to the following dual integral
equations in P(€£):

j.”(é)0055xd€=0, IX<e,  W>1, : (2.11)
o0 v kZ
.[(252—57)'2_24527%P(é)‘mé“‘é:%”‘h <<t (2.12)
0
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3. SOLUTION OF THE IN-PLANE PROBLEM
Consider the solution of the integral equations (2.11) and (2.12) in the form

P(&) =J .\'.f(.\'f) cos Exy dxy, (3.1)

c

where f(x7) is an unknown function to be determined. The relation (2.11) is therefore
satisfied automatically and equation (2.12) becomes

71/\2 !
x 2 X1 =130, S E S P
jl \:f(V.)J~ (22— k- 452}"72cos§\coséjv.d§dr. 30 eyl (3.2)

Using the relation

sin £x sin &x, _ f‘ J"" wo Jo( Ew) Jo( Ev) dv dw
o Yo

62 (,\'2 _ w2) 1 /2(_& _ Uz)l)'z

converts equation (3. 2) to the form

* [ wol(v,w)dodwd
"_xlf(xl)'—‘J‘ I wol(v u’) vdwdx, _, c<li<l, (3.3)
0 .

. 3U0
O0x; (= wH'2(xd - vH)'? ’

where

-] k2 N
Li(v, W)= Jo (2§z—k§);|2—24§27,72 Jol &w) Jo{ £0) dE. (3.4)

By a simple contour integration technique [13], L,(v, w) can be written as

Li(v, w)=—it" Jl (1= %) 72" = 7°)° Ha "(kim) Jotkyo)
’ @n*=* + 160 (" = 1)(* = n?)
L [P = 1) (22— 0?7 HeP(kyipw) Jo(kyno)
—4it 2 4 4,2 2 2 d
0 Q=)+l (n"—D(t"—n")
2 \2 gy ,
+”irz[(77 D' Hq ’(kuﬂ“)Ju(kﬂlv)] o
Qu(’l)

—ig? [i J(l n)‘ZH"’(k,nw)Jo(k.nv) -’
16(1—1-2) ; -1

n=ro

0

J(T n)"2Ho‘”(kn)w)lo(kmv) ]

77 —TJ

2 gn\12 (1)) , ,
_mz[(n 1) Hg (k'n“)lo(/\mv)] wso, (35)

0u(n)

n=ro

where T=ky/ki=ci/c2, Qo(n)=20" =2 —4n*(n*—1)'*(n*—19"? and 7, is the root
of the Rayleigh wave equation Qy(n)=90. 7,, 72 are the roots of the equation
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Q=) +4n (n* =13 (n* = 13)'2=0. Qi(n) denotes the derivative of Qu(n) with
respect to n and

p,-=(2rf—r2)/ll(r,2—tf), sj=4rf(rf—l)/[l(rf—r,?), i, j=0, 1, 2 and i #j.
The corresponding expression for L)(v, w) for w<v follows from equation (3.5) by inter-

changing w and v. For a Poisson ratio o =1/4, the values of 7, 74, 7, and 7, are given by

a_ 3 Tf=*3 and r2=3/4
(1-20) (0:9194)>’ 2+2/3) e

Hence in this case 7, <1, <1<1<1. }
. By using the series expansions of Jo and H¢" and evaluating the integrals arising in
equatxon (3.5), one finds, after some algebraic manipulation,

2/n)7? [{y +log (kyw/2)—(7i/2)}M + N— (P/4)(W*+v )k2 log k, ]+o(k ),

; w>v
Ll(v) W)= 2 R - 2 212 2 ’
(2/m)r[{y +log (kiv/2) = (7i/2)}M + N — (P/4)(w’ + v*)ki log k] + o(k?),
w<v
(3.6)
where y=0-5772157. .. is Euler’s constant,
=—7r/4(1-1:2), o (3.7
l — —
N=—T [4log +z V=) e ST ‘/("’ ) 1o g{ro+J(zg—s)}
32(1 ) j=1 Tj T]
2 2_ 2 _ 2_ 2 2_ .2
by YT e o) I, {row(ro T )H (3.8)
j=1 T T.i To T
= (3] |
= + | —— . 3.
20— )LZO PG 1)) g,o NZ™ (3.9)
Next, differentiating both sides of the relation (3.2) with respect to x, we obtain
l * '}'Ik%
xi f(xd J sin Ex cos £x; dEdx; =0,  c<|x|<].
jc 6 o (8- k) - ag 7’17’2g e dx o
Following a procedure similar to that for deriving equation (3.3), one obtains
. x.f(\,) ! woLy(v,w) dw do dx,
L < '—Jc 'f(x')—J J oAyt SHIsh
(3.10)
where
2y, 84k}~ k2) ] :
- L J J dé. 3.11
2(v, n) J‘ |: 28— I3 —4E 117, 0(5}‘,)» o(&v) d& (3.1hH)

AALTTNINRA 18.0A_Q7 1K-4A-74
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FFor small values of k, and &, sucii that &y = o(k;). one can use the contour integration
technique mentioned above and obtain ‘ '

Li(v ‘t’)=2ikf(1~12)J| =)@y’ -2y’ 1! ’(kl’l")Ju(/\l*iU)

- 0 =)+ 160 (= (2= 1)

20t -1’ -1 )"2 HO”’(k nn).!o(k,nu)
(2n*- r) +l677 (r; ~{7? —-r])

+4ik?(1 - rZ)J
0

—2riki(1 — %) [ (1" = 1) Hg (kypw) Jolk, o)
' Qo(m)

By a process similar to the one which led to equation (3.6), equation (3.12) can be written
as.

] ) w>v. (3.12)

n=rto

| Ly(v, w)=—(4P/7)(1 — k3 log k, + o(k}), (3.13)

where P is given by equation (3.9).
Now consider

SR =fo)+ 1 Tog ko fi(=h) + o(kD. (314)

Putting this expansion of f(x}) and the value of L,(v, w) given by equation (3.13) in
equation (3.10) and equating the coefficients of equal powers of k, yields

\f Alzﬁ)(Yl) dx =0, c<x|<], (3.15)
c X —X| . .
and
! .
j fof:l) =_‘_1£ (] — 1,'2) J‘ X]_ﬁ)(x%) dxh CSIXIS 1. ’ (316)

(o

Following Snvastava and Lowengrub [8] one finds the solutions of the mlegral equations )

(3.15) and (3.16) to be

D
ﬁ>(xf)=( T (3.17)
and
2_ 2 172 . B
f(XI)——PD“_T)[l—\,] +(x?—cz)'/2(l~x?)"’z’.:' ' G

where D and B are constants which can be calculated as follows. One substitutes the value
of L,(v, w) from equation (3.6) as well as the expansion of f(x}) obtained from equations
(3.14). (3.17) and (3.18) into equation (3.3). When the coefficients of like powers of k, on
both sides of the resulting equation are equated the following results are obtained:

Up

= : 3.19
27 {y +log (ki /2) — (xi/2) +log (1 - )} M+ N]’ (3-19)
5.2n2 o2 .2
13=?'TDP[.%(z;c2+c2+1)—ﬂ(1—12)(1—2x2+c2)~(—'—‘w2 ””"}. (3.20)
Vo T Tt°D

3463580386 15-06-92 16:46:24
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One can now obtain the values of the vertical displacement in the plane y=0 from
equations (2:8) and (3.1) as

. 2 ‘2 ¥ 172
Uo+ 2MT2I:D+,(% log k| {B‘*‘- (] - 1,'2)(] —CZ)PD}] sinh_' [.{‘l____.}z_}
/4

2 .2
_ATMPD(I— 1)) kilog ki {(1 =) —x)} ' +o(kD),  |xl<c

o(x,0)=Jvs,  c<IxI<I

2 2117
”°+2M2[D+kf log ki {B+— (-7 —cz)PD}] sinh™’ [T ‘2]
. T . .

i 4

2 _ 2 . :
LAMIDAZT) i fog {2 = (2=} 240K, Ix|> ]
s

(3.21)

The normal stress 7,,(x, ) in the plane y =0 just below the stnps can be found from the
relation (2.9) as

zplx| |
Tp(x, 0)= (1= %) 2(x2 = 3) 12 (D+ Bk log k1)
P 172
+4uxDP(1 —t )[ e ] ki logk +o(k}), c<ix<l.  (3.22)

Now p\mmg ¢=0 in (3.20) one can obtain the normal stress for a single strip, |x{<1,
y=0, —0<z< w0 as

n'uD u
T,,(x, 0)= a x),/2+ Yz),/zkzlogk[4P(l—r)Dx +7B]+ o(k}),
where
D= 2o
20%[(y +log (ki /2) — (mi/2YM + NY’
22 ’ i 2
p=2" DP[5(2x2+1)—ﬂ(1—12)(1—2x2)—(—'—§')—”‘3].
Vo T - mt°D

Upon defining Ao=1v,/n°D, ﬂo=—r2/27r(l —1%) and B,=—P/n? as done by Wickham
{8}, one has '

-2
E(_I;%)IT { — Bk log kz[A (_B—\—)]} +o(k3),
" oll— 0 0

which coincides with the result obtained by Wickham {8].

Ty(x, 0)=

3463330386 15-06-92 16:46:24
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4. FORMULATION AND SOLUTION OF TIHE ANTI-PLANE PROBLEM

For an SH-wave the displacement and stress are w(x, ¥, 1) =w(x, y) e " and Tye(xp)=
1 Ow/¢y. As in the previous case one can write these expressions as

w(.\-,_r)=J‘ Q;g)exp’(iéx—yly) dé, ' 4.1

7%, y) = —ﬂ.f Q(&) exp (i5x — y2y) d&. (4.2)

where Q(£) is an unknown function to be determined from the boundary conditions,
which are

wix,0)=wy, x|, T,:(x,0)=0, |x|<c, Jx|>1, (43,44

where 1o is a constant. By using a procedure similar to that followed for the solution of
the in-plane problem, the values of stress 7,.(x, y) and displacement w(x, y) in the plane
y=0 can be found to be given by

—rulx
TJ':(xv 0)= (1 _xz)l_,'gf-xl_z!_cz)lkz (DI + Blk% IOg kZ)
mulx|Dy ,, = 2 2
+———k2 log kz 3 +0(k2), Cgll'lé 1, (45)
2 1-x .
. : R 12
(wo— n[D)+k3log ko{ Bi— Di(1~¢%)/4} ] sinh ™' [—1 ~ }

— (2D /A3 log ko[ (1 ) ~ )} P +o(k3),  Ix<c

w(x, 0) =ﬁ Wo, E N ES : (4.6)

2
4

) R '2_1 172
"""”[D‘*"i""gkz{&-Dx(l—c-)/4}lsmh“'[; } |

|+ (xDi/4)K] log k(= D= cD)) 2+ ok, x>

where

Wo

D= 27 4.7
) rr[(m'/Z).-—y—]og'(k2/4)_log (1—c)"7 (4.7)
| nD? [wo(l - , ]
=\ .p U - 4.
l 4wy D, - (I+c ) ( 8)

5. NUMERICAL RESULTS

The vertical and the transverse displacement fields for the in-plane and the anti-plane
problems, respectively, for points near the rigid strips are illustrated graphically in Figures
2 and 3 for a Poisson solid (t?=3). It is interesting to note from the graphs that the real
parts of the displacements decrease with an increase in the value of &, in both cases.

346553p386 15-06-92 16:46:24
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Figure 2. Displacement vs. distance. —, Re {uv(x,0)} for in-plane problem; - - - -, Re {w(x, 0)} for

anti-plane problem. ¢=0-8.
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X
Figure 3. Displacement vs. distance. ——, Re {v(x, 0)} for in-plane problem; - - -, Re {w(x, 0)} for anti-plane

problem. ¢=0-5.

Graphs of the stress factors

t*=Re [ry,.{(l —xz)(xz_cz)} l/‘z] and 1=Re |:r.,._.{(l —xP(xE— Cz)} l/z]

HVo Hwo
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Figure 4. Stress factor vs. displacement. ——, ¥ for in-plane problem; - - -, r? for anti-plane problem. i
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Figure 5. Stress factor vs. displacement. ——, r} for in-planc problem; - - -, r{ for anti-plane problem.
c=0-5. . .

i
i
i
i

vs. dimensionless distance x for the in-plane and the anti-plane pr(;blems, respectively, are
shown in Figures 4 and 5, plotted for points just below the rigid strips. In both the cases

the magnitude of the stress factor is found to increase as one proceeds from the inner to ?
the outer-edge of the strips.
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MOVING PUNCH ON A VISCOELASTIC
SEMI-INFINITE MEDIUM -
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We study the problem of a semi-infinite punch moving on the free surface of a semi-
infinite viscoelastic medium and producing horizontal shear waves. The mixed boun-
dary value problem has been solved by the use of integral transforms and the Wiener-
Hopf technique for both the steady and non-steady cases. Two types of viscoelastic
models, viz., the Maxwell solid and the standard linear solid have been:considered.
Solutions have been derived in close form in both the cases and graphs have been
presented to bring out the salient features of the prohlem.

1. InTRODUCTION

Problems involving the motion of a punch on the surface of an elastic half-space
or on the free boundaries of long strips are extremely important in view of their ap-
plication in road construction technology and also in geophysical research. Punch
problems within the classical theory of elasticity have been studied extensively by
Galin' and by Gladwell? in their books. The motion of a rough punch on an elastic
half-space has been treated in detail by Suhubi®. Recently problems involving an-
tiplane motion due to punches moving along the surfaces of an elastic strip have been
solved by complex variable methods by Tait and Moodie*. An analytical solution
to the problem of a long rigid.punch moving rapidly on a strip of a highly orthotropic
elastic layer has been solved by Georgiadis® using integral transforms and the

- Wiener- Hopf techniques®. :

‘However, natural or artificial materials have generally disipative behaviour
which often can be taken into account by viscoelastic models. Accordingly, problems
involving the motion of a punch on a viscoelastic medium have drawn the attention
of many scientists. The problem of a rigid cylinder rolling on the surface of a
viscoelastic half space has been solved by Hunter’. The contact problem of rigid
cylinder rolling slowly on a thin viscoelastic layer has been treated by Alblas and
Kuipers® assuming that the layer thickness is small compared to the width of the con-
tact region of the cylinder. The problem of a plane punch sliding without friction
on a viscoelastic half space has been considered by Golden®.

In the present paper, we have examined the stress and displacement field pro-
duced by a long punch moving on the boundary of a semi-infinte viscoelastic medium
and producing Horizontal Shear waves. Two types of viscoelastic models viz. Max-
well solid and Standard Linear Solid have been considered and loading is assumed
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to be such that Mode III conditions prevail. The mathematical technique which is
employed here consists of the application of integral transforms and the solution of
the resulting Wiener-Hopf equations for the transformed unknown variables. Both
the steady and nonsteady solutions of the problem have been derived. Displacement
and stress on the free surface and at points below the punch have been derived
analytically and the nature of their variations with the velocity of the moving punch
has been shown by means of graphs.

2. Formuration oF THE ProBLEM aND ITs SoLuTioN For Steapy State Motion

Lét us consider a semi-infinite viscoelastic medium which was set into motion
by a semi-infinite rigid punch moving with a constant velocity v in the direction of
the x-axis. The y-axis is taken vertically downwards into the medium (Fig. 1).

G2 '—>\9

—-————%

Fic. 1

For horizontal shear waves, the displacements along X and Y directions are zero-
and only the displacement W = W (X, Y, ¢) along z-direction exists. The stresses.
under the punch are -

o3 = 03 (X, Y, 1) and g33 = 033 (X, Y, )., ..

The non-vanishing strains are
e3 = — —— and ey = — ——. , (2)

Considering a ‘standard linear solid’ as the viscoelastic model, the stress strain rela-
tions are . ’

doj
at

d
+ foz = 2 <—§;3— + « €i3> , i .= 1,2 ...(3)

where o, (3 are positive constants and p is the instantaneous elastic modulus of rigidi-
ty of the material.

The equation of motion is

aa|3 + 3023 _ 82W : 4
ax oy P o ()

wheré€ p is the density of the material.
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Thé boundary conditions of the problem are
WX, 0,t) =wy, , X-vi<O0
W (X 0, 1)=0 , -o<X<op ..(5)
03(X,0,t) =0 , X-vw>0

Since we are going to investigate the steady state propagation of a purch, it is conve-
nient to define a moving co-ordinate system (x, y) whose origin coincides with the
tip of the punch and whose axes -are parallel to the fixed (X, Y) axes, respectively
(Fig. 1) o
Hence putting x = X - vt, y = Y eqns. (1) to (4) become respectively

o3 = 03 (X, ¥) , 03 = 033 (X, ) ...(6)
=2 e e =t 7
13 2 ax "y ’ 23 2 ay y Y v
v 3013 " B v 62W +4 aW
- g3 = - @
ax 3= B ax? ax
C > ...(8
. 30,3 rw oW @)
-V + 6023 = K -V +
aIx . dxady ay
and
3 j ' 2w
o, Ym0 8 (9)
dx ay ax

The boundary conditions (5), now become
W(x’0)=w0, x<0 )
W (x, ©) = 0, —o<x< ...(10)

023 (x,i O) = 0, x> 0.

Now introduce Fourier transform

lh ‘o:f » .-
- - HIEX
f (E’ y) m S f (x, }’) e dx

[~

sothat f(x,)) = ér S F (£, y) e dx.

Taking Fourier transform of (8) and (9) we get

(iEv + B) o3 = p (Fv - k) W . (12)

Il

(kv + B) a2

I

u (iEv + a) ﬂ ...(13)
dy :
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and
day

I'E(;” + =~ pVZEZ W
Eliminating &,,, 653 from (12), (13) and (14) we obtain,
aw - ‘

where

The branches of v are so chosen that

Re(y) >0 for -a<Im() <O

(¥ e 7
where a—<?-—v~> / <I—C2>.

Now the solution of eqn. (15) bounded a3 y— o is
W (& y) =B (§)e"
Let us consider

W (x,0) = wy = Wye,

x < 0, e > 0and e will be }hade to tend to zero finally

Wop (x) (say) , x>0

03 (6, 0) =0, x>0
= Wyt (x) (say) ,x<0
where p (x) and r (x) are unknown functioﬁs such that
p(x) ~0 (") as x—~ o, k; >0
LX) ~ O (%) as x—~ 2o, ky > 0.
Taking Fourier transform of (19)

Wy Wo

p_V _ R

where

(=]

P.(§) = Sp (x) e dx, (] = a+i 7).

0

~.(14)
...(15)

...(16)

L(17)

...(18)

..(19)
..(19)

.20

.21

..-(22)

In (21) the first term on the right-hand side is analytic in the lower half plane
Im (¢§) =7 < e and P, (£) is analytic in the upper half plane 7 > - ky (k) < a, say).

Again taking Fourier transforms of (20)



VISCOELASTIC SEMI-INFINITE MEDIUM 851

W . 2
i (£, 0) = Fi T. (§) (23)
0
where T (§) = S t (x) e™*dx. ...(2%)

T_ (&) is analytic in the lower half plane 7 < k,. Therefore, W (&, 0) is analytic for
-k, < 7 < € and a,3 (£, 0) is analytic in the lower half plane 7 < k».

From (13), l:(ifv + B) 623} = [u (itv + a) ﬂ}
' y=0 dy |,

=0
Using (18), (21) and (23) this becomes

T (§) = - H (§) [P+ ) - —— ] - (29
&~ e

, : ' <E i >”2 R
14 - . 2 2
where H($) = ——’_VB—— £ {(l - —:7> £+ (:_—f - %)]” . ..(26)
(e - —) - |

] v o

It may be noted that the problem has been reduced to-a form suitable for the ap-
plication of the Wiener-Hopf technique. Now H(§) can be written as

"H (§) = H, (¢) H_(§) : .27
. 2 ) : ~ \ %
H, ¢) = u [(1 -"—2> £+ <v—f - 3)] ...(28)
. ‘ C \ C y . .
and <£ ) ii)./z . R "
. v

H() =~—"""—. ..f(29)

where

H, (¢) is analytic in the upper half plane 7 > - a and
H_ (&) is analytic in the lower half plane 7 < 0.

Applying well' known Wiener-Hopf technique we get,

ja \172
E__——«>
T_(£)=,'p‘l,'v_§_g‘ll/2 < v
c

v - - as e — 0.

E__._

14
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So from (23)

o3 (£, 0 = —= .1

|
X
Py
'
r
-
AN
‘tz
<
|
| R
N——
| E—
=
. [ 8]
S
Jor
|
<|§
\/
=<
N

Therefore for x < 0

) . o (E ia )llz
023 (x; 0) = _'u_fo_”"[i <B_v - ﬁ>]”2 S ___V___ e—iEx df. '

...(30)

Considering a branch cut along the positive imaginary axis starting from £ = ia/v
and changing the path of integration from real £-axis to the path around the branch
‘cut it can easily be shown that the integral

. <£ e ) | |
I= S N V] eirge (assuming 8 > «)

L)

can be converted to the following integral

i *

-- =X o -ux
3 1 ) -
I=2% ¢ g _ v e B .31

e
' v v

where x has been replaced by -x;, X' denotes the prinéipal value of the integral. For

8

. 0 T
large values of (8 - @) x;/v = mx;, where m = (8 - «)/v the integral (36) can be
evaluated in the form

xi @
L2y
-2e 4 v r'3/2) - I'es/2 T'(7/2
= 22 [( ), e, s +J .(32)
xlz' mx, m X1 m X1
and for small values of mx; it can be shown that
[ = 2¢m4 grexi v [T o : ...(33) .
X )

Therefore using (30) and (31) we obtain for x < 0,

oo

) W Bv o\ . u” e
on (x, 0) = - —2F (—7 - —> et j : du, x <0.
T ¢ v

o




VISCOELASTIC SEMI-INFINITE MEDIUM 853

Using the value of the integral arising in (34) by (33), we get for small values of mx,,

o e [ (B a\[? .. .
X, 0) = ——— —_— - — e/’ x - 0%, ...(35)
o, 0) = L2k .[m (c2 : )] o ‘.

Also with the help of (34) and (32), for large values of mk, (x < 0)

o3, 0 = ———c—|m|(— - —
n x, 0) % Vmx, ¢z v

2 /2 I'7/2
rés2) + I‘(Sz 2) (3 3) + |- ...(36)
mx, . moxy. m-Xxy P
Now from (21) we get as e — 0
B w - _ L o,
W0 = S0 Via o a = Yoy (-4,
2r ¢E(¢ + ia)” c v c
Taking inverse Founer transform
“eo-id " .
) iW -itx .
W(x,0)=-’—°\/ﬁzg — —d,x>00<d<a).
2x y £ (¢ + ia) ...(37)

Transforming the mtegral in (37) to an integral along the contour around the branch
cut from -ia to -ioo, it can be shown that

Vx .-

where W, , is the Whittaker function'®,

_ o s el U2
W (x, -ax owi/d 112 S - dU (x > 0)
o . . U+tax
0
which can be written as
W (x, 0) = Wo e o (hx)"" W (ax) (x‘> A'0) ' (38)
'Y = -V, - A » e

Therefore, for small values of ax (x > 0).we obtain from (38) ' 4'

L 2W, L , .
W (x,0) = Wye™- \/_o e (ax)”:, x = 0* . (39).
1 HAYE : . . T . B

and for large values of ax (gx'ESHO)‘ ‘

o ¢ ',x—oo.(x>0’).,l,--' AU Tt L..(40)

W0 =" o
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3. Steapy State SorutioN ForR MaxweLL Sorip

For *‘Maxwell solid’ the stress-strain relations obtained from (3) putting a = O are

doj3 des . A
+ =2u—i=1,2. : ...(41
TG | _ “h
* The stress can be found by putting « = 0in (34) as (forx < 0, y = 0)
_ W, 12 gux, g% .
o (5, 0) = - Db (B ¥ £ 'Y ..(42)
x c c¢) W - B/v)
For small values of -E'x, x < 0, putting « = 0 in (35) we get
v
: -Wor (B v\ (B/v)'7 .
xX0)= —(—. —)] —m— ...(43
w0 = 25 (5 7) e “

x — 0%, (x = -x).

Again for large values of Bx/v, (x < 0), from (36)

o235 (%, 0) =

Wo (ﬁ v\'2 (B/v)'"?
Vx ) V.X| B/v

c ¢ .
v /3 v? 5\ ¥ 7
X | — -} + = — )+ - —}+...]. ..(44
=[G 7= [G)wa [G)] e
Putting o = 0 the displacement on the free surface (¥ .= 0, x > 0) is obtained from
 (38)as K 4 - ’
x
B v v?
h, k=|—.— ] - —
w ere‘ (c c) / ( c2>

which for small values of kx > 0 becomes by help of (39)

W (x, 0) = 7":"— e (kx)™ Wy _y (kx), x > 0 ...(45)

2W,

W (x,0) = Wye™ -
' x

e* (kx)", x=0% ’ ...(46)

and for Iafge values of kx > 0, using (40) we obtain

-kx

W (x, 0} = f x=— oo, (x>0). ..(47)

Vkx ©

aE
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4. Sovrution or THE ProsLem ror Non Steapy State Morion

In this case it is assumed that at time 1 = 0 a semi-infinite punch starts to-move

with a constant velocny vat X = Y = 0 on the surface of the semi-infinite viscoelastic
medium,
The ‘standard linear solid’ is taken as the v1scoelast1c model. Shifting the ongm
a 9 3 d
at X=vt and putting X - vt=x and Y=y so that — = —, = — and
: F Y X ax ' ay ay
time derivative equal to - v a— + ar the stress-displacement relations. given by
(8) become in this case

) 90,3 4 dou do13 + Bo v W N *w N oW
- - = - a By .
ax o BT ax? . arax | ax

...(48)

30,3 B0y A *w a’w W\ -
-V + — + 60’23 =M -V + + o
ox at dx ay ar dy ay

Both these ‘equations can be reduced to ordinary dlfferennal equations by the
" application of the Laplace transform over ¢ and the Fourier transform over x.
Let us denote the Laplace transform by a single bar

. oo . LTl

f=fxyp = S e“"-f (x, y, t) dt...(49) -

0
and Fourier transform by two bars

.%o

J o= f(s,y,p) S &% ] (x, 3, p) dx....(50)

'I
-0

Applymg these transforms to (48) we get

(v + p+ B) 5y = n (VEX - itp - ifa) W (51
(ity + p+ By oy = # (ViE + p + a) —;17 . ...(52)

Now the equation of motion given by (4) becomes
9 ] aw .. 3w 3w
9913 + 9923 _ P <V2 -2 + ) .
ax ay

v
ax? dxat ar?
which after taking Laplace and Fourier transforms takes the form

- do: . L= '
- o + .;yu =p (- Vi + 2vitp + P W. ..(53)
Subsmutmg for a3 and 023 from (51) and (52) in (53) we have
-y¥w=0 i ? ...(54)

dy2
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where y2e—— {e2yit i pra)y+ 2 (Vie+p)? (Vi£+p+6)}, .(55)
(ViE+p+a) 2 :

The branches of 'y are defined by Re (y) > 0.
Since the stresses are bounded as y — oo, Wi(x, y, t) and hcnce also W ¢, 93, 0
must remain bounded as y — oo. Hence, the solution of eqn. (54) is given by -

W np =AEp e
Now the boundary conditions are
Wi(x, 0,1) = Wy H (1), x <0

Wix o 1) =0 e < x <o L6
oy (x, 0, 1) = 0, x> 0. |
Taking Laplace transforms with respect to 1, these conditions become
- W,
Wx, 0,p) = —>, x<0
p ...(57)
oun(x, 0,p) =0 , x>0.
Let us consider
W (x, 0, p) = Wop(x) (say),x >0 {58)
and 32 (x,.0, p) = p Wyt (x) (say), x < 0-}
The functions p (x) and ¢ (x) are such that
Pp(x) ~O(e*™)asx — o, k>0
and p(x) ~ 0 (e*)asx — -, k, > 0.
Taking Fourier transform of (58) and (59) we obtain -
W (&0, p) = P+ () o -.(59)
where P, (§) = s e p (0 dx, (£ =0 + in)
0 ) e )
and. 3 (£, 0,p) = pWo T () : ©..(60)
- 0

where T. (§) = S e 1 (x) dx.
The -integral of v (£, 0, p) over (- oo‘ 0) converges if and only if Im (¢) =

7 < 0 and integral over (0, «) converages if 7.> - k,. 023 is analytic over { - oo O)
if 7 < k.
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Now (52) becomes with the help of (56), (59) and (60)

A (Vi£+.p+ﬁ) L@ _ ;‘+ P, (&): . ()}
(Vit+p+a) v ip§ )

In this form of equation Wiener-Hopf tech‘nique.can easily be applied.

5. Non Steapy State SoLutioN For MaxweLL SoLip

For general a and 8, v does not readily factorize. Expressions for the roots of

= 0 can be obtained but these are difficult to handle. We dlscuss here-the case
of the Maxwell sohd where o = 0.

In this case 'y reduces to

p . 2 ‘ + o + ] TN
2 v\ JE ¥ ‘p f + 2 » f) 2_H ;
¥ = ]__2_ c l_v_ &2 -1__v_ , Cc=—.  ...(62)
' c ) - : c? P

. ° - 2 ' - : . ‘ A ) ’
Hence + = 4’(1-- "—2) (£+iX,)"’ (-iX))®, Re Xy, Xy > 0. ..(63)
B . N ; c . - - . .

' 1. 2 2 [ v2g?
where X, = — [ v ( p2+B). ‘ Jp (p+8)+ 132 :I
2(1- v c c - 4c
ct)
o ...(64)
1 -v (2p+B) " 2. f vig?
X2= 7 l: (f B) + - P+5)+ Bz] o
v c K 4c
2 <l - —2>
- c N N - .
Branches are chosen so that y — + o as § — x oo,
Thus for a Maxwell solid, (61) can be written after simplification as
) re
- (, _V_> v T (X)*
S (- (-ix)"  itp.
X % _ . A . N ’
= LERIX) T - @XDT L ehix” Py (E). : ...(65)
. ip¢
Applying the Wiener-Hopf technique we get
iX 2] i )
Po(g) = — ) » 68

ipE (E+iX))” ipE
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ip: o
: £ - —) (§ - iX3)
and T (§) = - (1 - v—z) ")_(') . ' ...(67)
| )k XY
v
Therefore, W (£, 0, p) given in (59), with the help of (66), takes the form
o = Wo (iX))"
| ipt (E+iX))*
Taking inverse transforms, one gets
¢’ +io
Y Y WA t
W(x,O,l):—l; ‘_‘.,0 g Mdpx
o 2xi i J D
o-id "
- ‘a=ifX
X — . ___L—;‘:— dt,
2x ¢ (E+iX))
~oo-id .
O<d< k,x>0. ...(69)

Taking the path of integfation around the branch cut along negative imaginary
axis from - iX, to - ic the integral

w-id . -.E

: -ikx - >

£ (§+iX))
~oo-id
can be converted to the integral
p L . -Urs-172
I = ‘28'”4 e-X,x (x)‘/z _e_(]_ du
: U+XX1 ’

which is finally evaluated as
I = 2V ™/ 0 (x) % (X)) Wy (X))

‘ Putting this value of the integral in (69) we obtain

¢’ +im
, W, e
Wix 01 = —2. —1‘ g (xX0)™" Wy v (xX)) dp, x>0.
Vx o 2xi ' D )

' e ...(70)

Now for small p, v -

: ' 2 , ' )
X, = <_v_ . E) / (1 - 12—) = k (say) - ‘ B 7D

c. ¢/ C . . . o

“and for large p, X, =
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px X 1 px px \™*
therefore for large —, W.,, v, — ) ~exp|~-— — — .
°r g -y T < c—V) p( 2 c—V> (c—V)

..-(72)
So in eqn. (70), putting the value of X; for small p given by (71), we obtain for large
time ¢,

W (x 0,1) = —g’_"— ek (kx)™* W_y, i (kx) ee(73)
~ , :

which is same as the result for the steady state case for all x > 0 given by (45).
For large p, i.e. for small time ¢ and for all finite x such that px/ (c-V) is large,
using (72) we obtain from (70) .

PO . . . - . Ya ' .
W (x, 0, 1) = 220 /C v (r- X > H<t- X > (14)
x X c-V c~-V k

Now, using (67), (60) becomes

2\ %
uWo (1 - —v,z—) X)) <z - —> (& - X"
C v
itp <£ - R (p:m >

After taking inverse transforms it converts to

2\ u :
v o0
e ("‘z‘) e 5, 1
' ¢ g — (X)) dp. —
j/ 2

;23 (Es Ov P) =

a3 (x, 0, 1) =
* - 2xi Ll

'w-id‘ e—iEx <E _ _%_) (£ = I;Xz)%

x -
comid g.(g-ﬂ)

de. .79
v

Evaluating the integral with respect to ¢ for small x, it can be shown that

[J.Wo. (1- V.z/cz) 6

a3 (x, 0, 1) = - — -B,as-x=x —-0* - ..(76
:02:?( ) Vox, , 1 (76)
(for all # > 0)
where L
R C +io v ép' V
‘B = —1— S X", .17
.2 . p
c’-im

The e‘vaiuatign of B foy all ¢ (f > 0) has been done in thei appendix.
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For small p i.e., for large ¢, u_sing from (71) the result th‘at‘X, ~ k,

, _Vvi- (B . _v
“fehaye Bf\/;—\/<c c>/ <l c‘z)': . ._..(78)

Substituting the value of B given by (78) in (77) we obtain

. v\ %
, . kW <% : _c_> : T
a3 (x, 0) = - 4 rx; — 07
23 (. ) | Vo | 1 |
which is same as the result for the steady state case giveh,by (43). The variation-of
the nondimensional values of B given by B* =(1 - v*/c?)"*" x B Vc/8 has been plot-
ted against nondimensional time ¢; = B¢ for various values of v/¢c = 0.5, 0.7 and
0.9 and has been shown by means of the following graphs (Fig. 2)

3 o

=05,
]
X
ol L 1-'|~-| | A 1 ! 1 4
.0 0V o2 03 04 05 06 07T 08 09 1} 12 13 1 1S
t,— ' '
Fic. 2

Now for allrvalues of x i.e., for géne‘ral value of ¢ the integral
=-id ity (E - 2‘) - iXy)"
. v _'

1
™ _ E[E—'(‘HB)].-’

dt -

~oo-id
v

appearing in eqn. (75) can be converted to the integral

; . v P
3 ® 2 _ P 4
: _:z”_ p g™/t eXa X e u <u+X2 v>
Iy =e gy (X" + - /& — TN B du,
] ' - A
p -1r 0 (ll+X2) <U+X2> —'p > '

o

< ”+ﬂ.>'x2> VT | (19)
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considering the path of integration around the branch cut along positive imaginary
axis from iX; to ico, :

So using (79), (75). becomes

¢’ +ioo
W, 2\%n ] pt o
(5%} (X, 0! ’) = -. addd (l - v—2> » — S . e__ (Xl)'/z exzx
T c 2ri p :
' . oy . T¢'- joo ’
o P uv: U+ X, - £_
X . +B ] du+[l,W0<1——2> -T
0 (u+-X2)<u+X2 - -p——-> c i
: Y
¢’ +io
¢ (XX)" d
S, pig KX ap
¢’ -ic . , 3 . |
For large ¢ (i.e., for small p using X, = k,; X; = 0) and for all x (x < 0) we obtain
from (80) - -

W, Vi . ux
o (6, Q1) = - £22 (E.l> 8 eut
. .

c ¢

- (24 (-3)

5

= ——-——-- MAXWELL SOLID (=/8=0)

. Ny “STANDARD UNEAR SOLID(%B=02) -

[

-3
Sl
e - ]
= 1
<
ult '
_5-_:

:'

-6

x{ = ﬂx:/c —>

Fic. 3
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6. Resuuts ano Discussion -

The stress o3 (x, 0) just below the punch (x < 0) and the displacement
W (x, 0) on the free surface (y=0, x > 0) have been computed numerically from
eqns. (39) and (43) for different values of parameters v/c and /8. The case a/8 = 0
. a3 (x) 0)
. Wo B/C
has been plotted against non-dimensional distance x{ = fix; /c for values of the
paramter v/¢=0.5, 0.9 and for values. of the parameter a/83=0 and 0.2.

corresponds to Maxwell-Solid. In Fig. 3 non dimensional stress r* =

For the same séts of the parameter values non. dimensional displacement W* =
W/ W, has been plotted versus non-dimensional distance x* = 8x/c in Flg 4. w*
varies from 1 to zero as x* changes gradually from x* = 0 to oo,

--—=- MAXWELL SOUD (¢} =0)
~————STANDARD LINEAR SOLID(¥8-02)

v Fic. 4

It may be noted from the graphs that variation of the values of W* with x* is rapid
with the increase in the values of the paramter v/c. Further it is found that the graphs
become steeper with the decrease in the values of the paramter a/8. From Fig. 3 it
-is found that nondimensional stress 7* changes rapidly with the decrease in the values
of v/c where as for a fixed value of v/c graphs become flat with thc increase in the
values of a/S. :
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"APPENDIX

I. Evaluation of the Integral B
The integral in (77)

' ¢ tim v B vip?
1 S o Ve <p+2>+\/p_(p+6)f dp

4c?

27I'i 2

v ' v ' . p
C 1__ (‘-Im_. .
( c2>' .

has a simple pole at p = 0 and branéh points at p“=-- I¢]

B S vRY
ay =‘-7<—]+ l—?

B8 v2
=2 (-1-_1-=).
. 2< cz>

Taking the branch cut along the negative real axis from «, to -o the integral can
be considered as a contour integral around the path as shown in Fig. 5.

1

C+iR.

c-iR

Fic.5
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R
N e ) R RIS

. C
. o _
Let 1= — S € . “dp

27 p

vB Y
which can be written as [ = f + I, where ,— is the contribution to the
c

integral from pole at p= 0

Let 7, =1+ I where I, is the -value of the integral Il around the branch cut from
a; to a, and I3 is its value round the branch cut from a5 to -
Now it can be shown that :

R‘ - x.
- v/ eh af-n —2—
L = _@ S ¢ dr.
x J (af = 1) '
In the interval (a3, - )
6 ‘/l_- VZ/(“ e | (ﬂl - ")J’:——x'_’_ .
L= — S dr.
oy (at-r)
where Q) = 6al.! dZ = BGZ‘) tl = B(s
v (1. v? > )
- N L R [
c (2 ’ c? ] ¢

T-Wd ot (af-1)

c T

' @-n
v? v :
1 - — : .
: C<. ‘cz> : .

> e (.a,'—‘r) J—x"
L) ey,
{at~r) )
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ANTIPLANE DYNAMIC CRACK PROPAGATION IN AN INHOMOGENEOUS
VISCOELASTIC SOLID

S.C. MANDAL and M.L. GHOSH (DARJEELING)

1. Introduction

Until now many authors, BAKER [1], CHEREPANOV and AFANASEV [2] and others have
investigated the dynamic crack propagation in a homogeneous elastic medium. This
problem presents an interest for a better understanding of the brittle behaviour of the

material. However, natural or atificial materials ‘are usually inhomogeneous. There exist .

very few solutions to the problem of dynamic crack propagation in inhomogeneous elastic
media. ARKINSON and LisT [3] and ATKINSON [4] considered steady-state crack propagation
in different types of inhomogeneous elastic media. In addition, if the materials are dissi-
pative, that effect can be taken into account by considering the material to be viscoelastic.

Crack propagation in viscoelastic medium has been studied by WiLLis [S}, ATKINSON and

List [6], Coussy [7] and others. WiLLIs [5) considered steady-state Mode III crack propa-
gation for a standard linear solid under general type of loading on the crack surfaces.
ATkINsON and List [6] studied nonsteady SH~wéve type crack propagation starting at
1 = 0 and moving with a constant velocity in the “Maxwell Solid” or using the viscoelastic
model suggested by Achenbach and Chao. Finally, SiLLs and BENVENISTE [9] and Coussy
[7] studied steady state crack propagation of SH-type at the interface between two visco-
elastic media. , '

In our case. we have considered steady and nonsteady cases of Mode III crack propa-
gation in an inhomogeneous viscoelastic medium. Two types of viscoelastic models, namely
Maxwell Solid and Standard Linear Solid have been considered. Material properties have
been assumed to vary exponentially in the direction perpendicular to the direction of crack
propagation. We have studied how the material inhomogeneity affects the stress intensity
factor and also the crack opening displacement when a Mode 111 type crack propagates
through the inhomogeneous viscoelastic medium.

2. Formulation of the Problem and its Solution for Nonsteady Case in Maxwell Solid

Let us consider an inhomogeneous viscoelastic medium which was set in motion by
a semi-infinite crack suddenly appearing at ¢+ = 0 and moving with a constant velocity V
in the direction of the X-axis. The Y-axis is taken perpendicular to the X-axis (Fig. 1). For
SH-waves, the displacements along X and Y directions are zero and only the displacement
W = W(X,Y,t) along the Z-direction exists.

The shear modulus is x(Y) = poexp(28Y) and density o(Y) = goexp(28Y), where 8, o,
and o, are constants,
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FiG. 1. The crack geometry.

The non-zero stresses are

(V3)) , Oyz = oyz(X,Y,t) and oxz = 0xz(X, Y, 1),
and the nonvanishing strains are
@2 exz = [2(OW/0X),  exz =[,(0W]2Y).

Considering a Maxwell Solid as the viscoelastic model, the stress-strain relations are
" (Boyz00)+ Byoyz = 2u(Y) (Beyz/0r),
(0oxz[0t)+Br0xz = ZF(Y)(aexz/at),

where f, is a positive constant.
~ The equation of mption has the form

29 - (20x2/0X)+ (8/0Y 12) = o(¥) (2 wior),
and the boundary conditions of the problem are

(23)

W(X,0,1) =0, X-Vi>0, >0,
(2.5) 0yz(X,0,1) = ~agH(t), X-Vi<0, >0,
Uyz(X,Y,"t)—’O as X%4Y2 - o0,
It is convenient to shift the origin of coordinate to the tip of the crack at X = Vz. New
coordinate axes (x, y) are parallel to the respective fixed ones (X, Y).
Hence, putting x = X—V1, y = Y, we obtain (9/0X) = (8/2x), (8/¢Y) = (9/2y) and

the time derivative transforms to —¥(8/dx)+(8/at). Equations (2.1), (2.2), (2.3) and (2.4)
"become

@9 R S N Sy
@ ex = 1o[OW(x, 7, D/0x],” e, = [[0W(x, y, 1)[3y],
gy ~VOOIONH(@0,u] 00+ Bi0re = uO) = VG WIox )+ W),
| — V(80,./0%) + (80.,00) + By 05s = 1) [~ V(O W[0x7)+ (22 W[01 9x)]
and

2.9) (90,;/0x)+ (00, [0y) = g(y)[V’(a’W/axz)—2V(65W/6x61)+(azW/atz)].
The boundary conditions (2.5) now assume the form ‘

' W(x,0,)=0, x>0,
(2.10) q,,(X, 0,t) = —cH(1), x<0,

g, (x,y, 1) >0 as xZ+y? - 0.
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Let us denote the Laplace transform by a single bar
[es]
=7, 9.0 = [ fix,y, exp(—pt)at,
. 0 ’
and the Fourier transform by two bars .
F=7Ey,p) = 1[y@n) [ fix, y, pexp(iéxydx.

Apﬁlying these transforms to Egs. (2.8) and (2.9), welget

@11 | GEV+p+ BTy = 1) (ViE+p) (W [dy),
@.12) (V4P BT = u()(VE - W

and .

@.13) - =it (d5,fdy) = 0() (VP + 2Wikp+pIW.
Eliminating o, dy, from Egs. (2.11), (2.12) and (2.13), we obtain
(2.14) (> W]dy*)+2p(dW]dy) —y* W = 0,

where :

y? = 52_{;(l/c2)(Vi§+p)(Vi§+P+ﬂx),
€ = Wo/oo.

The branches of y are chosen so that Re(y) > 0.

(2:15)

Since W must remain bounded as y = + o0, so solutions of (2.14) are

(2.16) . W(l) = Blexp[—(ﬂ+)/(ﬂ2+y2))y], y >0,
and
(2.17) W = gexp|(-B+VB+)]. » <0,

where W, and W denote the d'isplacement in the upper and lower half-plane, respect-
ively. .
Let us consider the case when fory = 0
. WOH— W = h(x,p), x<O0,

(2.18) :
) =0, x>0,
where A(x, p) is an unknown function such that

h(x,p) ~ Ofexp(k;x)} as & — -0, k; >0,
Applying the Fourier transform to Eq. (2.18), we get

(2.19) WO—W = B—d, = 1/ @) [ hix, pexp(iéx)dx,

= H-(Er P), . .
where H_(£, p) is an analytic function in the lower half-plane = < k, and & = o +ir.
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Now from Egs. (2.11), (2.16), and (2.17), we obtain

Q20 &)= —(—V‘T’;—‘%%Ju(y)(aiﬁ”/ay) =~ p(0) B, (B+V T x

V
xexp | - (ﬂ+l’( B +v))y| - (VEEf;f)ﬂ) y >0,

%P = —(,%% u(y) Az (= + l/@aﬁ)expl(-N YV EF L » %0,

where o}’ and o2’ are the stresses on the upper and lower surfaces of the crack.
Since the stresses are continuous for y = 0,
oy =a'2.

Using Egs. (2.20), we obtain

@a1) 5, = _ L=BHVE+A]
[+v B +yH]
Using Eq. (2.21), (2.19) becomes _
2V +7)
(2-22) H_(¢,p) = —
' [B+VE+r) ]
égain let us assume that for y = 0
2.23) Gy = 0% = &P = —[ooexp(Ax)}fp, x <0,
) = e(x)’ X >- 0.

Here e(x) is.an unknown function such that -
e(x) ~ O{exp(—k,x)}, x— o0, k,>0.
Taking Fourier transforms of Eq. (2.23) we get

@24 & = ,—(,,f.:f% pod; [ B+Y T+

0

I/;/(2n) f 3 Pexp(itx)dx+ 1y (2n) } a,,’exp(zét)dx =

-~ o0

il

E (&, p)~ ooV @7) (A+idp],
where ’ '

(2.25) E.¢.p=1/YCD) j aDexpitx)dx

is analytic in the lower half-plane v < .
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From Eqs 2. 22) and (2 24), we. gv.t

R ()t e Y) . o )
( 2)‘ : 2WWik+p+ BV +79) . (5 P~ “/[V(br)( +:5)p]

It may be noted that the problem has been reduced to'a form suxtable for apphcat:on of .-

the Wiener-Hopf" technique.

Now . ; L ‘

Q27 N (l7-V’/c’)(5+i:\‘1)(§—iz\’gj,v’"

where ' _ ‘

(2:28) X, = ‘Jz(l—V’/C’) '[(2P+ﬂx)V/C +:/{(2p+ﬂl)1 Vict+ |

| S a +4p(p+ﬂm-vzzc2>/c e

229) Xi=1/ (l—V’/c’) 1~ (2p+ﬂ)V/c +}/{(2p+ﬂ)z Vies .
| S Y-y

and . - '

I R SR AT

where . o ‘

Q31 Y, = ‘/,(l—V’/c’) l[(2p+;3,)vlc +,/{(2p+5)2 Vz/c +

| , O +4{p(p I +ﬂ"(l V‘/c*)}l
'/z(x—v=/c=> *[—(zp+ﬁ,w/c +|/ (2p B Vijet+ _‘
| F4{p(p+ AN+ B~ r’z(c%>~}l.-

@3y Y,

Using Eqs. (" 27) and (2 30), (2. 26) beeomes

e o= Vi Y= H_(Ep) ooV _
2=ilp+BYVIE=IY) T (@) iE=i)(A+iX)p
_ (s+ir,)”’E‘+te,‘p)' R G O CEN ALRE
RS Y zp(e—'?n[ E+iX)  @A+iXy) ]

The funcuons on the R H.S. of Eq. (2 33) are ana'ytlc and non-zero in the upper half-plane
T > —k;, and functions on the L.H.S. are analytic and nonszero in the lower half-plane
T < 4 (A < ky). Since both the- functions are analytic in the strip —k, < 7 < 4, the

principle of an analytic continuation states that each of them represents an entire funcnon. .

M (&) in the whole ¢-plaiie.-

Now the L.H.S. of (3.33) approaches zero as l‘l — o0, It may then be concluded by

Liouville's theorem that M(E) =0, and therefore.

(038 (e gy = 2TV V’lcz-)'df"(é‘f"(’f*ﬁa)/*’).
ho V@) 19l — N1+ iX,) E—iXa) G — ipIV)
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~and _ E . :

S L go(A+iYp)R(E+iX,) r
235)  E.(E,p) = e O o O _ N
G BEDZ TGS T T VED wE— b (A X E+ T
From Eq. (2. 34) it follows that : S

. -Go(l—V’/(C’)'”’(MHY.)” g3 ,1" £ oo

to V 27y ip(id+iXy)

AppliCation of the inverse Fourier t_ransfqrm yields.

H. (5 P)

(A+ 1)
(A+X)p 7

_ Again, taking the inverse Laplace transform, the dlsplacement_]ump across the surface of
the crack near the crack tip is’ :

(236) WO~ WD = (4o, o) (1 - V’/C’)"‘A”(—J‘)”_zn"’2 x

h(x, p) = 4::"(l — V[t (= x)H2p-1i2 x=0",

¢4 i .
. A+ Y2
FromEq. 239 - .. -~ . - -
B ) . . 3 . . 1’2- ) . )
E.(,p) = — ao(iA+iY)) N 1 E L
- ;/ @n) ip@d+ixy) ~
Taking the inverse Founer transform we obtam ‘ '
: 2+ Yy
‘Again, taking the inverse Laplace transform
o V ¢ 4i .
. i
(2.37D ) gy: = -oron.‘”1(;\')““(1/2;'11')‘:'1;0'D —(a:_};)) exp(pt)dp.

IfAn is the d:splaccment jump, then the crack’ opt.mng dlbpld(,t.anl near the crack tip
is given by -

K]

(2.38) o AW = 400(1—V2/c2)"”’( x)n "’2 A (-1'€x<0),"

and the stress near the crack tip is

(2.39) . ’ Oy = o'on‘”;(x)‘llz . A’ (0 <x £ l)'
where . ' '
¢ +iw 3 12 .
; ' . A+ TV '
' tio (}’)lﬂ
= [ B i, 10,
(pm) | Sgoesnondp, 2

-
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>

Evaluation of the mtegral A given by Eq. (2.40). correspondmg to constant stress — o, on
‘the crack surfaces is presented in the Appendix.

, In the fracture mechanics, it is customary to writé o, = (0*,0, ¢)in the form K / l/ (2_7;'7) ,
" where K is the stress intensity factor. In our case :

ey K = 1/,00

Putting 8 =0in the expressmn for A, we obtam the stress mtens:ty factorina homogeneous :
viscoelastic medium as

K v
where _ » .
Ay = (1/220) Y 2T=V7]e%) x
T ep(pdp
e pt<2p+ﬂ,) Viet+y/ {2 {(2p+ﬂ,)2 V2t T4p(p+ﬂo(x-V2/c2)/c bk

- which agrees thh the results of ATKINSON and LisT [6]

3. Steady State Case for Maxwell Solid

Steady state-solutions are the results of Sect. 2 corresponding to the case of ¢ approaching
infinity. So for the steady state case, passing to the limit p — 0 and usmg the Tauberian
theorem we obtam from Eq. (2.34) '

200(11+le)"’(’c‘—th)"’(l = V’/C’)"”(E—lﬂx/V)
o V@R) i(E—id)(IA+iX))E

Applymg the inverse Founer trdnsform we obtam

20'0(1,7.+1}’,)”2(1—V2/c2)"’2
T pe2nlGAEIX) X

W—

' (5—1Y2)”2(§_151/V) _ o
X f (E—iné. exp(—iéx)dé =

_H-‘(f,p) =

G.1) Whowd =

-0 -is
= ”Uo(l}»+l)’l
/‘027“(1;+1X) (l V2/cz) x/zl
where
= o E=iY) 2 (E=iBy V)
= _;0_,, (E—i2)&2 exp(— lfx)df,

For x <.0, the above mtegral can ‘be replaced with the integral taken along the posmve
imaginary é-axis and round the branch point at'§ = iY,, together with the contnbutnon
from the poles at £ = 0 and & = i1 as shown in Fig. 2.
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E=i-
€0

—ho

FiG. 2. The path of integration of the integral 1. )

Tbus it can be shown that

(32 1= exp{- (m/4+x,Y,)}[(z/z)(ﬂ,/w—r) f iﬁ‘%‘—yﬂd i+

QR f D).y

, ,—(z/z)(ﬂ,/zv-l)[_%(r;(z__%)_d] .

+(2n/2) [(ﬁx/lV—l)(—le)"’+(ﬂ V) {x(=iY)'* + (i/2)(—in)"”}+f
—(B:/AV=1) (iA—iY,) Pexp(— Axy)] =

= (1/0)exp(—ni/4) [(B,/AV = 1) (x;)~"2(x, Y)- Udlln exp(—1/2%, Y3) x

x w_ 34, 1)a(X1 Y2)+(ﬂ1/V) l/(ﬂxx) (1 Y3)~ 3/4'3"})(—1/2)51 Y,) x

X W 5,4,_1,4(x1 Y2)+(l—ﬂl/2V)(t[) llz(xl(YZ 2))—”‘ l/ﬂ exp{—‘/zx,(Y2+2)}x
X W_spa, e (02 (V2= D)1+ @7/ 2) [(B:] AV = 1) (~iY2)' P +

_ (’ﬂx/V){ /2( —‘Yz)—llz‘*"xl(_‘yz)”z}'*'

+(l—-ﬂl/"-V)(il—in)"’eXP(-'L\'x.)],

where W, =18 the thttaker functlon [9] .
Therefore the displacement jump 4 W across-the surface of the crack (x <. 0) is given by

T A O e :
%ol l:r)z(ﬂ.g--Xl)’ e exp(zij4)- I,

(33) AW = —
" ‘where £ is given by Eq. (3.2).
Us‘iqg the 'result that
I'@2m)

)(Z) 2 CXP( 2/2)+m(7-) 12=mexp(~z/2)

W, w(2). = “m"/—'—‘

for small z
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we find that for small x, Y, » Eq. (3.2) yields

(3.4 . ' 1= ~4y/@@x)) exp(~ m/4),
Substxtutmg the value of I from Eq. (3. 4) mto Eq. (3. 3) we get
1/2
(3.5) AW = 400(1 ——AVz/cz)""z'(——x)"’;rz‘”2 (—1(;%;)2)—~ , =l<&x<0,

where ) o . .
B8 @ ==V e, V/c’)"+ V{BIVES +4p2(1-V2/cd)]
and : a '
ey v = By V(l—V’/c=) et | |
Agam, lettmg p — 0 and using. the Taubenan theorem we find from Eqs (2 35) and (2.24)
that in the steady-state case }
e T P ColA+IT)EIN)
S V@) iE=iD@+IX)E+I)2

. Takmg the i inverse Fourier transform we obtam

s

. o cd'(il+i_Yx)"2 ‘ _(§+iX1)exP(fiEx) o o-o(u +1Y1)uz .
(3.9 Oy, = — m J:, _ (5—11)(5'*“}’1)2“ df 2ﬂ[(l}.+le) 1
wliere . |

©—iz

. _ ($'+iXx)‘exp(—_i'£x) S '
(3.',10) L= f E-il)E+in)'* d = | » }
’ L— 2}/7: exp(—ni/4) [(x)"’zcxp( Yyix)— (}.+X,)(x)"2(x(1+ Yy))-3
' xexp{‘ [2x(A— Y)}IW_ 1/4 —1/4(3‘(1'*' Yl))]

Thus the stress at y = 0 for. all x (x>0)is ngen by Eq. (3. 9)
Now for small (J.+ Y)x

(3.11) ' I, =2y (=[x exp(—m'/4),
so from Eq. (3.9) it follow_s that
. 2 (A_*_ al)llz

(1) Ope = oo(e9 s G 0 < <"1),'- 3 = 0.
Stress intensity factor K is giifen by -
(3.13) ' K=V20,8,
where '
- B = il‘*'“x)l 2

(A+ap)
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Now putting B1 = 0'in the expression for «, and a, we get from Egs. (3.5) and (3.12) the

- _drsplacement Jump and stress intensity factor in an mhomogcneous elastic medium, ‘

GA. modW = dag(1=Ve)- - g ‘[2+ﬂ/1/(1 V*/c’)]""
and A .
@19 g, = oo ”21“[l+ﬂ/t/(l—V’/cz) ]"’

which agree wrth the results derived by ATKINSON [4]

) 4. Steady State Solution for Standard Linear Solid
In thrs case the stress-strain relatrons are.
(‘ao'rz/at)*‘ﬂr Uyz = 2u(Y) [aerz/af) + “eyz]
(3o'xz/6t)+ﬂl Oxz = ZP(Y) [(aexz/at)'*'“exz]

where 8. and « are constants.
Equatlon of motion has the form

“42  (B0x2/0X)+ (9042]0Y) = e(Y)(az W/atl)

Now, puttmg x = X Vtand y = Y so that L
@/0X) = (2/2x), (2/0Y) = (2[3y), and (3/8r) —— i/(a/‘ax).

Equations (4. ]) and (4.2) become . |

—V(80,,/0x)+ By 0y; = RO -V Wlaxay)+a(3W/6y)],

(4 1}

(43). = V(@01uf )+ = ) L= VAW 05 + oW 3]
and ) : .
GO (00l + (80,3 = o) ,,2(32 W/axz)
Introducing. the Fo\mer transform denoted by

ey e »=1aT f f5, PexpliEx)dx.

Equations (4 3) and (4 4) can be transformed to

(4.6)  @VHBE, = pO) GV + ) @),
@n L @VH)G. = kO EV-it) W
and . - '
“8 - Gy, = () = VW
Ehmmatmg a,, and ¢,, from Eqgs. (4:6), (4.7) and (4.8)-we get
4.9) : ' . (dl_PV/dyz),w%'?ﬂ(d Widy)—y* W = 0‘,
where . C S :
(4.10) Y= 52[(1—V2/C’)£+1(Vﬂ1/c —a/V))[(E~ix/V).

Branches of y are chosen SO that Re(y) > 0.
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Since W must remain bounded as y — + o, solutions of Eq. (4. 9) are
W = B,exp[ {ﬂ+|/(ﬂ’+y2)}y] y>0

W = dexp[{~g+V B+, y<0
where W and W denote the displacements in the upper and lower half-planes
Let us consider the case when for y = 0

W — e = h(x), x<0,_
-0 x>0,

(4.11)

(4 12)

where h(x) is an unknown functlon such that’ _‘ .
“h(x) ~ O[exp(klx)] a8 x-— —o0 and k; > 0
and ' -
@iy o ] (:;f*p“*?' ’ ;‘:'g’
where e(x) is an unknown funcuon satlsfymg the condmon
_ ' e(x) ~ 0[exp( ~k,x)] as x-— © and k2 > 0.
In thxs case Eq. (2 26) becomes

.19 — poVEATHE) | e
: O 22VIEHBYY B+ V@) iE~id) ,
‘This equation holds in the region of regularity of the functions appearing in Eq. (4.14).
Owing to our former assumptions regarding the behaviour. of e(x) and A(x) at infinity,
this region is represented by the inequality —k, < -t < 4 < k; where & = o +iv.
" Now Eq. (4:14) is suitable for the application of the Wiener-Hopf technique. Again, .

@.15) | ¥ = 81~V ) (E+ia)[(E—ia/V),

where

a= (VB[ =[P - V/c?)
and . E -
@16 4 = (= V) +iVBfea—alV)E 4 B2 E— iV = V).

Since it is difficult tofactorize /9% + 2, i.e. to represent it as a product of two functions,
one analytic in the upper half-plane and the other analytic in the lower half-plane, we
follow the approximate method of KoITer [10] of solving. Wiener-Hopf type equations.
Accordingly, we write P(£) = /(3*+B?) in the form P(&) = P(£)P, (&), where the function

' 7’(5) is required to.behave at |§| - o and at |§] - 0'in the same manner as P(¢). The:
auxiliary function P, (§) should be non-zero and should have no singularity within the’
strip —k; < —7; < T < T, < A;it has to be suitably chosen such that P(£) is non-zero
and possesses no singularity within the strip —r; < 7 < 7,. Now we note that -

PE) = V(@+F) = [A=V2 ) E+i(VB 2 —a/V) P as  |§] > o
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and A
VEFF B s -0,
Therefore we choose P in the form '

.(4.17) : P(E) = [(1- V’/cz)£2+i(Vﬂllc‘2_'.a/p’)§+ﬂ21112’

which behaves in the same manner as P(£) for |é| — o0 and |§] - 0,
Now P(£) can be written as: :

4.18) B®) = (1= V)2 (E—iay) (e + iay) '™,
where ‘ ) . . . .
@.19)  a = |~y + Y {VBile® —alV )2 +4af(1=V2 )| (1 =V?c?)

and
@20 ay = L= WBiles—a/V)+ V{IVBIG —alV)*+4BH(1=V* ()] (1 -2 [c?).

It consequently follows that -the assumptions concerning P,(S) are satisfied, ‘and in view
of the fact that Py(§) — 1.in the strip —7, < © < 7, for'§ — 0, the function may be
represented in the form

(@421 : Py(&) = PH(EPT(5)
where ' ’
-oo+ids 0P )
nry\n
PT(E) = cxp[ 2.7!1 —wfi.d n 6 7)];
“422) ' © +1d; »
(B _ 1 * InPi(n)
Pr(®) = efp[— B0l _iu —n—_g*d’?]’

where. — 1, < d, < d, < 7, and the functions P{(¢&) are. regular in the respective half-

planes T > —7,and 7 < .22
It follows from (4.22) and from the fact P,(O) P,(c0) = 1 that these functions
satisfy the additional condition P#(0) = Pf (00) = 1 with the help of (4.15), (4. 18) (4.21)

and the relation P(§) = P(§)P1 %), Eq. (4.149) becomes

@23) —— po(1 ~ V2 ()2 H_ ()82 00 PF (i2) (iA+ iay)"1
' C2E—ify/V)(E~ia)' PP (§) YV @R) iE—idy(id+ia)
| _ PIOE+)PE® o
E+ia) y’(?) i(E—i7)

. S x[p,*(f)(5+za,)”2 P} (iA) (iA+ia,)'? ]
C(E+id) _ (id+ia) )
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. Using the same arguments asin Eq. (2 33) we get
2:70(1 —~V2[e2)" V2P (i) (11+ta,)"2(5—1a )”2 -

(4.24) .H-"G) ,__(27! ,uo(G—I}-)(l-i-a)j Pr (5)(5—’ﬂ1/V) =
o 2ao(l—V2/cz) ’lzP(tl)(zl+1a,)‘/ £ a5 oo
V@) poli+a -
and . L L
@2 B = 00 P} (M)(zl+:a,)'/2(5+m)

V@m) i~ V@n) i~ a+ia)Pi OE+ia)? .
‘ ' _ o Py (id)y (A ia)M?
AP} t(xl+la)
Now takmg the inverse Fourier transform we get from Egs. (4.24) and (4 25)
4ao(1— Vz/cz)"’2P+(lﬂ.) (A+a,)'*

-12

~as & - ool

(426) - h(x) = T (=), —1<€x<0
{¢]
and . .
' = U2PH(iDN (1 12 . T
(4'27) e(x)‘= [+ £1%44 Pl (11)(1‘*‘01) (-X)-llz, 0<x <1,

(A+a)

‘The corresponding results for the case of constant loading (7,,' = —gg (x < 0)on thé crack.
surface are obtained by putting 2 = 0 in the above equation. If AW is the displacement -
jump then the crack opening displacement in this case-is given by

(4.28) . podW = [dao(1 = V2 [c2)=12n~112(g,)!I2(~ x)'ﬂ]/a —1<x<0
- and also the stress near. the crack tip is _ _ . ,

429 o, = [6on (@) (x)"¥fa, 0<x<1 (since PF(0)=
Therefore the stress intgnéity factor is equal to ' _ |

@4.30) K=y B, where B, = (a)'*a.

Now putting x=0 rn.EQS. (4.28) and (4.30) we get the crack opening dis’p]aéerrient and
stress intensity factor for the Maxwell Solid

(4.31) po AW = [dao(l —V2[c?)2n= 12 (ay) 1 (~ X)12] e,
and ' _ _ '
(4.32) ; K = '/%‘: " where B= ()P[0l

which agree with the results grven by (3.12) and (3.13) in the Maxwell Solid corrcspondmg
oA =0,

. .5, Results and’ Discussion

_ 5.1. The Maxwell solid. In this case time variation of the stress intensity factor is given
by K= }/ 2004 where 4 is grven by Eq. (2.40) and has been evaluated in the Appendxx

10 J. Techn. Physics 3-4/50



L 1 1 1 1

0 0 20, 30

1

{I
F1G. 4. K* vs. t; for the Maxwell solid in non-steady state case. * =0l
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The dimensionless stress intensity factor K* = (K/a)(8,/c)!/? has been plotted against
t, = B, t for the range of values of ¥/c = 0.1, 0.3, 0.5, 0.7 and 0.9 for different values of
the inhomogeneity factor f* = 4f2c2/p3.

It i is mterestmg to note by inspecting the graphs given in an 3, Fig. 4 and. Flg 5 that

F1G. 5. K* vs. 1, for the Maxwell solid in non-steady state case. f* = 0.2.

the effect of inhomogeneity of the medium introduced through- the factor f* in the stress
intensity factor K* becomes more significant for small values of V/c, whereas for values
of V/c differing slightly from unity, the effect of inhomogeneity of the medium on the stress
intensity factor is negligible ‘

5.2, Standard. linear solid. In this case the stress intensity factor for the steadlly propa-
gating crack is given by K = 1/— ooB,, where B, is given by Eq. (4.30). '

We have plotted also the stress intensity factor K* = (K/oo)(B,/c)'/? against f* for
various values of V/c, V/c = 0.5, 0.6, 0.7,.0.8 and 0.9, and for different values of «/f, = 0,
0.1, 0.2: The.case «/f; = O corresponds to the steady-state values of K* for the Maxwell
solid. It is evident from the graphs given in Fig. 6. Fig. 7 and Fig. 8 that at large values of
«/B,, values of K* increase rapidly with the increase in values of g* if ¥, V/c is very small.
But for values of ¥/c close to unity thé variation of K* with the change in the value of
p* is small showing that the inhomogeneity effect is negligibly in this case. This is also
evident from the expressions (4.31) and (4.19).

10*



F:G. 6. K* vs, * for the standard linear solid in steady state case a/fy = 0 (Maxwell solid).
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FIG. 8. K* vs. §* for the standard linear solid in steady state ¢ase. a/f; = 0.2.

Appendix. Evaluation of the Integral A in Eq. (2.40).

The integral

¢ 4ico

7 \1]2
= (1/2xi). f (:‘—A), exp(pt)dp.
' ~{o0,

The integrand has poles at p = 0 and also at p= -5 whlch correspond to the zero of X,
Further the mtegrand has branch points at

= G[-1+y{0= Vi (-4},
62 =G |- 1-V A=V -],
8 = B2 |-1-V(T=49)],
b = B |-1+V T=P2[cH)],
| 8 = B2-1-YT-V3(A)],
where z = B2¢2/f? which is assumed to be less than 1/4.




3% .. - . . ' 5.C: Mandal and M.L. Ghosh.

vadently, 64 > 61 > 62 > 6, > 8;.°
Now taking the branch cut along the. negatlve real axis from 4, to —oo the integral
can be considered as a contour integral around the path shown in Fig. 9.

c'+ico

p-plane

FIG. 9. The integrgtion contour to evaluate A for the Maxwell solid.

Now _
A=(22)yY2 - V’/c’)‘/z’

5 J " eo+Bovic+ @IV -3
s pleptBavic+ @iV [p=8a (= o))

exp(pt)dp.

It can be shown that '
4= ;/2 (1—V2/c=)*/2[*/z(c/V) ;/ (c/BY) V {V/c+ VP2 +az(I=VZ [} +
+V 2.1 —VZ/c=>m{;/(c/m) Ja} U+ 1~ 1~ 14,

- where

f ‘(/gfl 3) ]{: exp[ (é* —r tl]dr

b ,
. I.z —_ f '/[{R —(X;)3+(J’i'*)2xz _2x2y2 .VZ }/2] ‘exp[‘(éf»—'r)tddr,

J (8T—DR:
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by ‘
\ /(x¥*) x* v '

=]

where )
bi=F10%, 0= Bio%, O3 =fio%, du=fid%, 05 =Pi8%, 1 = - fut,
by =1V A=V I~y T=4) |, b, =V A=V DA-4z)],
by= /Y A=Ved) [1+Y (T -42)), "
=V a-v2e - 2| Wie)+2/ [ —r Y A=V7D) +(1—V2/c2)z],
x¥ = |V IA=V3cd) 27| (V/e), .
vt =2/ Y G=77 D -7,
R = eD2+0M% .
= [V {0=-VicH (=42} -2 /o),
¥ =2V VA=V (1-42)-r7],
2% = 2y [~ +r Y [A=VED A= +2(1-V?e?)],
RE* = (32 + (039 (692 + 0T,
RY = (@*+0%%%
* = ~[VHA=-VAU-4a} -2l + 2V I —r Y {AT-VZ[H (A= 43)]],
= W {0=7Z =%} -2 Wle),
y: = 2/ (1-V3(e) +ry - V=/¢2)(1,—4z)} -rl,
= (x3)*+(3)?
xi= h/{(l—Vz/cz) (1-42)} - 2r] V/c)— 2}/[r —ry {(I—Vzlcz)(l 4z)} z(l—V’/cz)]
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Streszczenie -

DYNAMICZNA PROPAGACJA ANTYPLASKIEJ SZCZELINY w NIEJEDNORODNYM
OSRODKU LEPKOSPREZYSTYM

Rozwazono model polm&skonczonej szczeliny w antyplaskim stanie odksztaicenia, ktém wchwiliz = 0
zaczyna propagowaé si¢ ze staly predkoscia w niejednorodnym, liniowo-lepkosprezystym ofrodku. Roz-.
wazono. makswellowski i standardowy model ciala lépkosprezystego oraz przyjeto, ze stale materialowe
zmieniaja si¢ wykladniczo w kierunku prostopadtym do kierunku propagacji. Zastosowanie transformacii
catkowych pozwala zredukowat zagadnienie do rozwigzania problemu Wienera~Hopfa. Zmienno$é czaso-
wa wspdlczynnika intensywnosci naprezenia Jjest funkcija predkosci propagacii su:zelmy i statych materia: .
lowych ofrodka. Zmienno$é tg zilustrowano wykrmmn

Peswme

JIUHAMUYECKOE PACITIPOCTPAHEHHE AHTHIUIOCKON TPEIIHHBI
B HEOJJHOPOJHON BXSKOYHBYFOH CPEIE

PaccMOTpeH2 MoAeNnb NOJIYGeCKOHEYHOM TPEIHHLI B aHTUILUIOCKOM AedOPMALHOHHOM COCTOA-
HMH; KOTOpasd B MOMeHT f = ( HauuHaeT DACHPOCPaHATHCA C HOCTOAHHON CKOPOCTBIO B HEOAHO-
POIHOHN, JHHeHO-BASKOYNPYrolt cpefe. PacCMOTPeHb! MaKCBE/UIOBCKAS H CTCHNAPTHAas MOXeIHn

.BASKOYOPYIoro TeJa H NPHHATO, YTO MATEPUAIEHBIE IIOCTOSHHBIE M3MEHSIOTCA 3KCIIOHEHIMAaIbH~-

BIM O6Pa3oM B TMePHEHIMKYIAPHOM HAOpaBJCHMM K HANpaBieHuM pacnpocTpanenus. IIpumenenue
MHTETPAILHBIX | npeo6pas‘oaauuﬁ NO3BOJIACT CBECTH 33JaYy K PeElIeHHI0 33Aaun Bunepa-Xomba

-Bpemenuast 1ePEMERHOCTE Koaq)qummema HHTEHCHBHOCTH -HAalD/KEHUA ABJAEICA ' GYHKUMEH CKO-

pocm\;{acnpocrpauexux TPEUMKBI M MaTEPHANLHbIX NOCTOAHHBIX CPEAbl. JTa NEPEMEHHOCTh HJLI~’
IOCTPRPYETCS QUArpaMMaMH.
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