1o

Ze

S

G

T«

Ge

e

BIBLIOGRAPHY

ACHENBACH,J»Ds and ABO=ZENO, Al (1972) s

Analysils 0f the dynamics of ebrike slip faulting. J. Qeop.
Repyy vola. 78, Ho. 54 De 856,

ACHENBACH, - 34D (1976) 3

Vave propagation in clastie colidg, sccond weiantiag, Northe
Holland Publishing Co. Hew Yorlt.

ACHEE@AE}H, J,0. nad GAUDSER, A.K. (1976).

Je Acousb. S0C. Ay Vols. €1, D. 413,

. ACHENBAGCH, J.Dey GAUDSEH, A.K. ond HOMAKEN, H. (1973)3

Modern Problems in Elagtiec Vave Propagation.

BAttors J. Miklowitz end J.D.Achenbach, p.219.

AGGARVALY H.R. and ABLOW, .M. (1965)t

Disturbance from a circularly symmetrie load spreading over
an accoustic half space. Bull, s0is. 80C. Anl. VOL,55,p.673.
AliG, DeDe (1960)3

Trengient motion of a lins load on the surface of an elastic
nelf space. Quart. Appl.Ama%ha, vol.18, p. 251. |
AWOJOBI, A.0, and GROCIEBNHUIS, P. (1965):

Vibrotion of rigid bodies on a semi infinite elastic media.
Proc. Roy. Soc. Iondon, vol.2387s 027 |
ABOJOBL, A.0. (1966)¢

Harmonie rocking of & rigid rectangular body on a
pemi-infinite elestic medium, J.4ppl. lech. VOLl.33, p.547°
BOSH, S.E. (1963)s

The ogcilletory indentation problem by a rigid eizcnlar
digk, Bull. CGol. Ibth. Soc. “v’oi.é()-, Kos 1 and 25 pe. 87



208

10+ BROCK, Le§ (1930):
W&ve»prepagation in an elastic hself space due to gurface
prepoure aver a nomuniformiy changing eirouler gong,
Guart., J.Appl. Moth. April, p.57.
11. CASNIARD, T (1939}
Reflection ot Refraction desondes selemiques progressives,
chapter V. Poris. ' |
12, CAGNTARD,L (1962)3
Reflection ond refraction of progressive golemic waves, Hew Zork.
13, CHAKRAVARTY,S.K. and DB, T.E. (1971)4
On stress and dlaplacement due 40 & moving lins load over ﬁha
plane boundary of o hetrogeneous elagtic halfmsaacee Pure and
Appl. Geophys. 85y D.214.
14, CLIVE R. CHBSPER (1871):
Pechniques in pertial differential equamian'mcaaraw Hill.U,8ehe
15, COLE, J.and HUTH, 5. (1958)3 |
Stress produced in s balfweplane by moviag loads. J.4Appl.deoh.
Vol. 25, De 433 |
16, GOOKE, J«C (1970} _
The solution of sonme integral equaﬁions and theiy conusction
with Qual integral equations end series. Glasgow Nath, J.
Vol. 11, Hod9e PeTe
17, DAITA, SK (19671)¢:
Proc, H.T.8. Indie, vol.27y D. 482
18, DE~DOOR, A.T. (1959)3 ,
- A modifiention of Cogniardts method for solving the selomie

oulse problem, Apple Scl. Rog. Toledy 2349



203

194 DIX, CH. (1954):
 The method of Cagnierd in seismic pulse problemn.
Geophysics, Vol.19, p.722.
20, DUELA, S.K. ond AKILY, Hel. (19?é}e
tiodern problems in élaeti@ wave propegation,
. Rdit, Je Miklowits ana Jelle Achenbadhk., John Wiley aund
_ ";ona. How=York. ‘
2%, EASGI’:‘:, @, and ¥‘€ilsgm, ReRoMe (1969)1
- The displacement produced im & composite Lnfinite golid
by an impulsive torsional body force. HRC Techniesnl &mry
~ report 4 986, The Univerr-ity Visconsin, pete
22, ERDBLYIy A.p, et al, (1064)s
Tables 0f integral tronsform, velaé-.
23, BRDEIYL, £., ot al. (1953):
| Higher transeenﬁeaxal'fﬁnation, vel.2,
24, “L“‘RIR’(DN, A.Qe and BUHBIL, #.85. (197‘5).
. Blestodynamics, VOl.II, Acadonlo Prosg, dow York,
25, BRING, Welle, JARDETZKY, W.S. and FRUZG.F, (1957)3
Elastic waves in layered medio. MoGrow-Hill, Tondot.
26, FAURIFANT; V.I, and SANEAR, T.85, (1984):
On esntact problenms in an inhomogeneous media. Int. J. Bolids
structures vol. 20, Ho.2, p. 159, "
274 rawdum, B ﬁ. ol TREDED, H.B. (1975)3
Nomuniformly meving sheer crack model of a shallow focus
earthquake mechanien, . Geos Reos Vol.80, H0.25, pe343.
28, Eﬁﬁﬁﬁn, TeB. (1972)3
Wove motion in en clastic solid due to o nonmniformly moving

iine Lood. Quart. Appl. Moth. Vol.30, p. 27,



210

2%, EREU‘VD,L.B,UQW): ; 4 |
The rssponse of an elastia mlic‘i s} nenunﬁ.fexmly moving surface
loadse J. Apple Moch. Vol.38, D.699s
30 Gmc};mmxwa, DeCe 0n4d MIKLOWIDZ, . (1969)s
,meienﬁ exeitfrbieﬂ of an slas‘iﬂ ¢ hali=-gpace by a polat ioaéi
trevelling on the surfaces Ja Ayg&. ee; Vol .56, ga.‘j@f»';-
31 GAKENHEIMER, DeCe (1971)2 ’
, Res@anse of an elagtic half-apage to eyng surface loadg.
3. 4pole Mech. Vol. 38, p.99s
32, GARVIH, m,.,%,‘. {1956) 2 _
m«‘:‘t -‘bmm:;enﬁ ;5%63‘.1:’51:5:1 of & buried time E-0UTCo. PYOC. ROY.
Soc. (Tond)y Vole234, D.528. |
33, GAVISEN, A.K., ACHETBACEH, J.D. and MOMAKEN, H.(1978)s
3. Acoust . Sw. A _y V | |
'54.‘ GE@RGE, OuDe (1983)1
The impulsive ?emsncraaagaai problems in composite madmm.
Ints Je M}g bci. 'Vol 23, ;%33.5, PelT5, ;
35, GHOSH, Me L {1%@):
.Distm?uz“@ in an elagbic half space dus o an ;.mpalsiva twioting
moment apmied -t‘.o an attached cimmlar digke
A"‘a;l. SoLe A vQ:i.. 14y e ﬁ |
| 56. GHOSH, He Be (19T1)2
The nrioymmosric problems of & normel Stress discontimuity in o
| cemi~infinite clagbic medium. Appl. SCi. Res, Vol.24, D. 143
37, GHOSHE, M. De (1972)8 | | |
Mﬁ.emseism barriers. J. Phys. Barth, Vol.20s pei165.



212

47. LEWIS, Relfs ond DOSRSHA., Je (1969)3

48,

49.

23

L

56.

Je Acousbe 50C. ARl Pe6I4s

MATs AuK. and KHOPOFP, Duhe (1968):

Differential equation of éua:’i?m;a weves in layers with varying
thicknsese. Js lnth. Anolysis 4popl. Vol. 21, 2451, L |
MALy AJK, ANG, DD, snd RMOPOFF, T, (1968):

Diffraction of elagtic waves by & rigid cireular disc, Prooc.

ﬁa{ﬂb. }?hil. SQGO VOl.ﬁé, Z)o 257&

e MALy AJK. (1969)%

uarte ApPLle Math, Vol.27.

UAL, MoK (1972)s

Royloigh waves from & moving thrusgt fault. Bull. Seisms Soes
e Vola62y Hoe3s DeT570

, MARKENSCOPR, X. and OLIFDON, Red. (1981)2

‘j.?hzai nex;mifemly moving adge dislooation. J. liechs Fhiys. solids,
v01.29y Hoe3y p.253, |

MITRA, H(1959,2)3

Solution of the burried source problem form extended two dimen-
gional sourcs in an elastic medium. ETQ@,;EM;. Ingh, Soi. Ludia,
Sec. & 29, p. 236 | |

MITRA, M (1959,b)8 _

Ixact solution of the burted line source problem for a uniformly
moving 1ine losd. Bull, Gal. Habhe Soe. Vol.51, p. 10D

5, MITRAZ o (1960)3

on the application of Cagniard’s meﬁhaé 4o dyneniesl problems of
elupticlty. Gerlands Beit. Geo. Vo, €9y Do TIe

HITRA, ¥ (1964)3s _

Pigturbeance produced in an alagtie half space by impulaive

normal presgures Froc. damb. Phils S0Ce V0l.60, Do 68%.4



57,

59.

213

HITZALy JePe and SIDHU, R.8. (1982)1

Generation of SH-waves from s nomuniformly nmoving stress discone

tinuity in a Iagered space. Indian, J.PuresApple idthe, vol.135(6),
De 6820 ‘ '
HOBLE, Be (1958=58)3

the approximate soluytion of dusl imtegral equation by variational

methods. Proc. Tdioe Iathe Sog., VOl 17, "{)-1150

HOBLE, B (1962)3

Dlectromagnetic waves. Sd. Rel. Langer, Univorsity of Wisconsin

- Press.

60

HOBLE, By Be (1963):

- Prpc. Camb, Fhilps. Vol. 59 D351

61

PAL. P.C (1983)¢
Generation of SH-type waves due to nomuniformly moving stress

" discontinuity in inyered an isotropic slastic half spase. Acta

62,

63

techanica, Vol. 49/5«2, pe 209,

PRANIE Ty Le (1905)3

Uber Flussigkeitsbewe gunz bei sohr Kleiner Reibung. Proceedings
third internntional Math., KONgV., pe 484,

REISSHER, Be (1937)3

Freie und crzvwungeno Veorsienssch wingungen des elagbischon

‘ habraumeé. Tngen. Arch., v@l.g, Pe223 e

. 64

65.

REISSHER, D and SAGOCI, HoP. (1944):

Foreed toxsional oscillationg of elagtic hnlf spuce.

J« Appl. Phys. Vol. 15, D 652.

RESENDE, Be (1963)3

Propagation; Reflection and diffraction of elasptle waves. FPh.D

diosertation, Hew York.



214

66. KOBERPSON, I.A (19656):

Foreed vertlcal vibration of a rigid circular dise on o semi -
infinite s0lid. Procs Camb. Fhil. S0G.y VOLle62, p.54T. -

67. ROBSNISON, I.s (1967,b)s | |
Diffrection of & plane longitudinal weve by a penny shoped avaci,
Broc. Cambs Fail. S00., Vol.63, p.229. '

63. ROSTOVISEV, Hed. (1964)3
On cortain solutlions of en intesval equation of the theory of
a linearly deformable foundation. P, vol.28, 2.127.

69, ROY, 4o, (1978)3 . |
Firgb notions from nonuniformly moving dislocntions. Inbt, J.

| solids and sbructures. ?al,?@, PeT55+

70, ROV, A. (1979):
Reaponse of on elasbic solid to nomumiformly expenling surfece
10088. Litbe. Je BNENG.. Sode Volo 17, pe1023.

Ti. ROY, A, (198%):

Remponse of on elustic hal? space to normal pressure over an
clliptic avem. fut. J. Engnge Scil.s Vol.14, pe 129,

72: SABINA, Fede ond VILLIS, J.Re (1973)5 ‘
Seatteving of Silewaves by o vough half space of arbitrary shape.
Gaopliyss Je Re 20bPe S0C., Vol. 424 pe 6854

T3+ SABINA, FoJe and WISLIS, J.R. (1977)3 |
Septbering of Reyloigh waves by e vidge. J.0Geophys. Tol.43,0.401.

74, SUEH, .0 (198%)3
Rey mothod for fiow of a compressible viscous fluid. SIAN
Jo Apple Math., Vol. 43, Ho. 4y D822,

75. SUTH-JUNG CHANG (1971): |
Diffraction of plane diletatlon wave by a fini%e erock, Quard

Je Hache A?plo I‘«i’&’th-g Voks 244



TG

T

(=8

T2

81,

82,

85

5.

215

SINGH, SeJ. (1967)

On the disturbance due to 2 point soures in an inhomogeneous
medium. Pure and Appl. Gsophys Vol.6T, pne. 83,

SINGH, BeMey UODDIE, T.B. and HADDOY, J.B. (1981):

Cloged form solution of finite length crack moving in a strip
unger .az;?iﬁapléﬂe shear stresss Acta Hechanica, Vol.38, p.99.
SINGH, Bels, DHALTVAL, RS and VRBIE, J. (1983)
Diffraction of SH-vaves due %o moving orack. Acte Mochanica,
Vol 48, Pe Tle “ o |

SHEDDOM, I@ﬁ.. (1951 )3
Fourier trangform. MUGRAG-Hill, New York, p.460.

| STALTYBRASS, MiP. (1962)%

A variational a:gpmaeh to a alass of m&xed ‘imun@mry va:.ue problens
In the forged osmllatiam of an elasgtic medium, Procs 4d=th U,8
ﬁa‘t. Congs Appl. E&ﬂaah. Do :>"9‘3..

ST&&&YBRAQQ, H.B. anﬂ ﬁ&ﬂuEER, Beile (1976): ‘

Forced vertical vism*tion of o rigld ellipticnl dise on an
alagtic n21f BpaCee Inbe Je Lﬂgng,. S0i.s vaz,,m, De. 5‘!1.
STOHBLEY, Re (1934)3 |

The transmipsien of Ré,}ileié,h ém#eé in & heterogenoous méium.
Eﬁan'bm;v Hobte ﬂay. Agtro. 393. Geaplus. Supple 3 Do 2&2.
STRONGE, Wede (19700

& lond accelorating on the mmﬁe‘ eiﬁ: an acoustic half opace.

Je ADple MoGhe Vols 37, e 1077«

« TRANPER, Code (1962)3

Intogral Teansforme in mahezm’rbicwl Physices. Jonn Wiley aund Soug.
VANDER POLs B. and BREMMER, H. (1964)s
Operationa celoulug, Camb. Unive Proos.



216

. TANDYEE, 1 (1964)c

87,

Porturbation methed in fluid mechanlcs. Academic Press, New York.
VERIN, Gelte (1957)32 |

- Bull. :Cal. MHath. Soc. Vol 434 Pe 217

33

89«

WALS0I,; G.le (1958)1

A Troatise on Dessel Function. Second Bdition. Camb.Univ.Press.
VICKHAS, GeRe (1977)3 | ,

The forced twe dimensional oscillations of 2 rigid strip in
smooth contact with a semi-infinite elastic solid. Proc. Camb,

“ ?ﬂi}.. SQGO 701.81, P; 291,

30,

91,

92,

WICKHAM, GuR. (1980):

* Short wave rediation from a rigid strip in smooth combact with

a semi~infinite elastic solid. Quarte. J. leche Apple. [Bth. Vol.
33y paxt 4y De 403, ' ' '
WILSON, J.T. (1942):

 surface waves in e heterogenscus medium. Bull, Seism, Soc,

Ame 32y Do 247, A
ZAKORED, V.W, end ROSVOVISEV, .o (1965):

‘Dynamic contact provlem of steady vibration of en elastic

hall opaces J. ADDLe Methe Hech. Vole 29, pe 644,

Bty | .
Oftyren, 004
Rdrze o

T e
i u;/j)a;b



PAGEQPH, Vol. 119 (1980/81), Birkhduser Verlag, Basel

Displacement Produced in an Elastic Half-space by the
Impulsive Torsional Motion of a Circular Ring Source
|
- : By MukTiMoy GHoOsH')

Summary —In this paper the problem of disturbance in an elastic semi-infinite medium due to the
torsional motion of a circular ring source on the free surface of a medium are studied. Two cases,
when the medium is either homogeneous or inhomogeneous, are treated. In order to solve the problem,
the Laplace transform and the Hankel transform and the Laplace inversion by Cagniard’s method as
modified by DE Hoop (1959) are applied. Finally, the integrals for displacement are evaluated numerically.
The displacement on the free surface as a function of time is shown by means of graphs, in the case
of both a homogencous and an inhomogeneous medium, indicating clearly the variation in dlsplacement
due to the presence of an inhomogeneity.

Key words: Theoretical seismology; Torsional ring source; Cagniard—de Hoop transformation.

1. Introduction

At present much attention has been given. to problems concerned with wave
propagation in homogeneous as well as in inhomogeneous, isotropic, elastic media.
"Much of this work has been connected with problems of seismological interest,
involving wave propagatioi. The normal loading problem of an elastic half-space
was first investigated by Lams (1904). This type of problem-was then investigated
by Eason (1964) MiTrA (1964), CuakrABorRTY and DEe (1971) and' many
others.- In fact a class of elastic half-space problems involving an ax1symmetr1c
normally applied, surface load LS investigated by GAKENHEIMER (1971). He
assumed that loads suddenly emanate from a point on the surface and expand radially
at a constant rate. He ,used Cagniard’s method to evaluate the inverse transforms.
" This. paper has a particular reference to the work by Guosu (1971) where tech-
niques similar to those adopted here, are used. Many recent studies on elastic wave
propagation are due to the work of CAGNIARD (1962), who developed a particular
technique of finding the Laplace inversion, that has been found to be extremely useful
" in dealing with problems of this type.
‘The- type of disturbing force cbr’)‘s'idered in'this paper is impulsive in time and
acts over the circumference of a circular reglon of constant radius on the free
surface of a semi- -infinite, isotropic, elastxc half-space. The effect of the ‘inhomogerieity

!) Department of Mathematics, University of North Bengal, Darjeeling — 734430, India.
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of the medium on the disturbance produced is determined in the integral form,
whereas the displacement in the case of a homogeneous medium is determined
exactly. The displacement’at any point on the free surface.is evaluated numerically
and the graphs aré drawn to show how the vibration of a point in the medium is
affected due to the inhomogeneity of the medium, which enters into the expression for
~ displacement through the factor . :

Case I: Homogeneous medium
2. Formulation of the problem-

Let (r, 0, z) be the cylindrical polar co-ordinates, z-axis being directed into the
isotropic elastic medium, the plane boundary being z = 0 with the origin at the
centre of the ring source r = a, z = 0. o

The displacement is calculated at points inside and on the free surface of the
medium, subject to the condition that the -half-space is initially at rest and that
the displacemént remains bounded even for large values of z. For torsional motion
of the ring all quantities depend on r,z and the time ¢, the ~only non-zero com-
" ponent of the displacement vector is the component v along the direction of 8
increasing. The relevant non-vanishing stress components are

v v\. l . '
Tro=#<‘67—;> . )]
ov
Bzznugg

and

@

vx-/here u is Lame’s constant. The only non-zero equation of motion is
i} d T aZU '

il —_ 2 0 =p_—— 3

a0+ 5 (o) #2700 K

where p is the denéity of the material, assumed.constant. The boundary condition is

=P —a0®) . @

where P is a constant a is the radius of the ring source and (r) is Dlrac s delta-

function.
Usmg H and (2) the equation (3) can be wrltten in the form

0*v (60 v) 6_21) 1 3%

or? 2 Br o

&)

o r

~where = /(u/p) is the shear wave velocity.
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3. Method,'of solutioh

" We define for all posmve real values of s the Laplace transform fl(r z,s5) of a
function f(r z, ?) by the relation :

filr,z,8) = j Sfr,z, 0)e” s'dl - L ©
Applying the Laplace transform 6) to’ the equatlon (5) we obtain . ,
0%, v, v\ v, v, :
et S U I Wl SO et I : (7
oty <6r )T TR @

'Define the Hankel transform v,(&, z, 5) of vy(r, z, 5) by the equation .

02 2, 9) = f: rI (& (r, 2, 5) dr; e

where J, is a Bessel function.
Multrplyrng the equatron (7) by rJ, (&r) and mtegratmg with respect to r from
0 to 0 we get

\.fl d2' 52 - o _
gy e

The general solution of this equation which remains bounded as z — + oo is

‘ §2\1/2 o
02 = Aexp [——z(éz ﬂ2> :l, (10)

where 4 is to be determined from the boundary conditions, 7,5, = Po(r — a), where -
Tp;, is the Laplace transform of 7,,. From the Hankel transform (rt,,l)2 of 74, we
. obtain by usmg (2) :

dv,
(tg.)2 = ;z A PaJl(éa)
onz=0,0v,=Aand dv,/dz = — A(E* + s*/B?)\12,
Using these relations in equation (10) we get
| _Pa_ J(¢a)
DGRk
Substituting the value of A in (10) and’ mvertmg the . Hankel transform (8), we

obtain _ : - .
TN B ERANAG, (o SN '
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* From a well-known result (WaTtson (1966), p. 358)

TN (Ea) = 1 fz’ Jo(ER) cos ¢ do,
_ 0

and )
1 (?* ..
Jo(ER) = I f eSRsiny g (ErRDELYI (1953), p. 14)

where R = /(r* + a* — 2ar cos q5), we obtain

2n%uv, "
= f 1cos $de B
where V
) f2n (oo _ 2 2/02y1/2 iER si
= f gexp[—z(¢ 2+s/2/3)2”+z£ L2 P
J0 0 (é + 5 /ﬁ ) !
If we put p = €siny and g = £ cos ¢ in I, then
(= (= exp[—z(p? + ¢* + /B + iRp]
I, = : - dp dg. 13) .
‘ J_J_w @ + ¢ + /p)" v (4

To find the inversion of I,, we adopt Cagniard’s technidue as modiﬁed'By'
DE Hoop (1959). Accordingly in (13), we put p = ms and g = ns, then

(m? + n® + /)17 dm. (14) .

In the above integral the path of integration with respect to m is the real axis
(Fig. 1) which is deformed in such a way that —iRm +z(m + 1%+ /3?2 =4,
where 7 is real and positive. The deformed’ path of mtegratlon is the branch I" of a
~hyperbola whose equatxon is

iRt t 2[12 (2% + R¥)(n* + 1/,32)]”2
- 22+ R?

{(zzj+ R?)(n? -i—“l/liz)}”2 <t < 0.

In the course of deformation of the path of integration it is essential to know

|(n2+

--.R(L;,’{{;—)

Figure 1
Paths of integration in the complex m-plane.
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the singularities of the function s/(m* + n* +-1/#*)"/? in the m-plane; which are the
branch points +i(n® + 1/8%)Y2,

Since the hyperbolic path T does not cross any of the’ smgularmes during its
deformation,. it is p0551b1e by virtue of Cauchy’s theorem and Jordon’s lemma, to
replace the integration along the real m-axis’ by an mtegratlon along the hyperbolic

path I
We assume
iRt + z[ 12 — (z + RH)(n* + 1/132)]”2
- m+ = . 2
N z + R K

and

_iRt—2[ — (% + RO(r? + 1/
- . 22 + R2.

The point where I cuts the imaginary axis is givén by
t={( + R)n® + 1B}

_IR(n? + 1/pH)M?
- (zz +AR2)1/2

and the point is

which is below the’branch point in? + 1 /B*)'/2. Hence (14) can be writteﬁ as

o . ® ) ) ) 1. - dm
I =2 dnJ 3 se"’[ : T
! J:) JiE + R+ 1 (m_f_ + n24 + 1/ﬁ2)1/2 dt

1 ) Tdm_ _
TR+ P dr ]’d" (13)
Now using the fact that m_ = — s, and dm _/dt = —(dii , /df) where rfi is the complex

conjugate of m, (15) can be written as

w [ + R - g dm.di ] - 4
I, = 4} se™ di J Rl[ ./ ]dn. (16)
&+ R \ .

0 (m% +n? + 1/p%)'2

2z

Rzl | (dm., /d) _ : 1 | ‘
(2 + 2+ UBYR |~ (F — (22 + RYE + 1/}

,N_ow,

Substituting this result in (16), we obtain

o 2r ®. :
(1 = (22':_*_ Rz)l/z J;(z‘ R se s dr.
Hence the Laplace inversion of 7, is o / , -
- '_271__1[,{{,'; @R_)f}]
(2 4+ RHZar) g

o @+ R o
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Therefore the Laplace i inversion-of (12) by using the Laplace inversion of I, as given
o in(17) is

(22 + r* + a® — 2racos ¢)”2:|

5[!
u(r, z, t)———J B

(22 +r +a — 2ra cos ¢)'/?

cos pdp. . (18)

'To evaluate the above integral we put

. ‘ - (224t a —2racos<1))”2 Bé,
then - |

- _ Pﬂ ﬂztz_zz_rZ;aZ
v(r, z, t) = aur (202 + BB —27) — (P —a?) — (B — 2R
for
R . {zz+(rﬂ—a)}/ <t<{z +(r;-{1)2} /2. (19)

Case II: Inhomogeneous Medium
4. Formulation of the problem

In this case the same problem of torsional motion of a semi-infinite elastic medium
‘due to the presence of a ring source r = a, on the free surface z = 0 as in Case I
is considered. The only difference is that the medium under consideration is in- .
homogeneous in nature, the coefficient of r1g1d1ty and the dens1ty of the medium are
assumed to be A ’
p=po(l +ez)*  and  p=po(l+ e2)?. (20) ‘
Here also-the hon-vahishing stress components and the non-zero equations of motion
are the same as in'C_ase I, given by the equations (1), (2) and (3).

5. Method\_of solution

Flrstly we put =01+ sz)v in the equatlons (1),-(2) and (3). The transformed _

equatlons are . )
o 0
T,9 = pho(l + 82)(6—', - ;)’

: _ @n
: oo _
Ty = ,uo{(l + &2) P sv}
~and , ) , ! 5
v 1fob o %0 1 v
R e B b e 22
or? r<6r r) t 0z p? or? (22)

where f§ = \/(ﬂo/Po)-
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. “Taking the fEhplace transl‘orrn of the equation-with: respect to ¢, we.obiéin

8%, 105, (1 s*\. 0%
621_l_r6rl (f_2+ﬂ_>vl+6_;=0 - (23)'

where s is the Laplace transform parameter which is Teal and posmve Takmg the :
Hankel transform of the equatlon (23) we. have

g | d?_’ <¢2 ﬂ2>uz R “(24) |

The general solut1on of this equation’ Wthh remams bounded for large values of zi§

172=Bexp|:—-z<§2 ;22>”2:|.\" . A» o (25)

Applying the Hankel fransfornl and the Laplace tran’sform on the boundary condition -

- uo[u ¥ ez) @_ GUJ P3(r — @)3(1)

and using (25), the value of B is found to be

Pal,(éa)
Ho{e.+ @ + /7Y

Subst1tut1ng th1s value’ of Bin (25) it follows that

B=—

_ paga T 2y 12 .
T el @ + ) exp_l: (é F ) e
: Takmg the Hankel i inversion 0 of (26), we have o P ' ‘
. _-_& e, [ (o, SN |
=y T @ 1 ST l —Z<52 ’ P) l “©ooo
Now, ) : : '
2 2702 1/2 —
L exp[— k’e+(f +S /ﬂ ) }] dk = +(52+S2/ﬂ2)1/2
'Usmg the above result (27) is written - as ‘. | _' l ' » ' _
| P ’ ~v ol - a2 ,
D, = I dk J CJl(fa)Ji‘(ir) exp |: (z + k) <52 s2> }dé. -(28)
.Uo 0 B=) -

We NOW replace Jl(fa)Jl(fr) of (28) by the 1ntegra] whlch was used to- modlfy
equatlon (11). Finally we get . T

T e | :
h=- ZMJ dkjlzcosd)dd) R
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2n ) s2 1/2
L= f dj | exp [~ (z+ k)(tf2 + P) + iR sin ¢:| d¢
0 0

Assuming p = & sin ¢ and g = & cos Y, it follows that

I,=2 J dn J 5% exp |:—s{(z + k)(m +n? + ﬂ2>”2 — iRm}J dm, (30)

where, p = ms and g = ns.

As in Case I, here also the path of integration with respect to m which is the real
axis is deformed such that —iRm + (z + k)(m* + n* + 1/8*)'/? =, where ? is real
and positive. The deformed path is a branch I'; of a hyperbola the equation of
which is -

where

th + (z + BO)[1? — {(z + k)® + R*}(n* + l/ﬂz)]
(z+k)? + R?

1 1/2
{z+ k)2 + Rz}‘”(ﬂ2 + F> <t<oo.

Noting that thé point where I'; cuts the imaginary axis is

_iR(n + LYY
= {(z+k)2 +R2}1/2

when

1
={z+k)?*+ Rz}l/z(n + ;2) /2,

1

one géts from the equation (30)

® e dm
I,=4 J‘ dn J s? e_s’RI( +) dt
0 {(z + k)l + R,}”Z("Z + l/ﬂl)”: dt

2n(z + k) j“’ 2 -
= ts* e~ dt. (31)
{E+ 8+ R*P o ve s mpoyp .

Hence the Laplace inversion of (31) is
_ 2n(z+k) 26l (z + k)* + R*\'7?
e+ R+ R g

+ t&»’[r _ ((z + kl); + Rz)”z]}-

On substitution of this value of Iin (29), it is found that

<

_FPa f (z + k)J e~ dk. (32)
0 JO
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J= f" {25[ ((z-}-_k)i-}-_)!”)m] . té’[t ~ <(_Z_+Lz+£z_>m:’}
0 ﬂ | ﬂ

cosp
“{@ + 0 + R

where

do.

To evaluate the above integral we put

1
l= B {(z + k)* + R*}12,
then ' S
, Bz + K + (-4 a1  cos ¢ d¢
= £28(t =) + 18'(t = ) dl
L/ﬂ){(z+k)*+(r—a)*}m S g 13B3 dl ' <

where ' _

dp Bl G+ R+ - P

dl rasn¢ and cos ¢ = . 2ra : ’

Substltutmg these values, we get

1 (1/5){(z+k)’+(r+n)’)"’ . L .
=— S )28t — ) + ' = L)1 (33)

ra[} /B2 + k) + (r — @2}
where

e (z+ k)2 + 12 + a* — B
PR + @) — (2 4+ k)P~ (P — a®)? — (AP — (z + k)PP
and it is to be remembered that ' is the derivative of the. Dirac’s J-function with

respect to ¢. Integrating (33), we obtain .

J= }ZIE (21t k) — of Uy, kYOt — 1) + tf Ly, K)ot — L) + of (1, )] (34)

where

1 - | 1, -

l =_{(Z+k)2 +(r+a?P 2 =—{(z+‘k)2 +(r = a)*}12 L < t<11-
It is to' be noted that if # does not belong to (12, 1,).then the mtegrand in (33) is
zero, consequently J = 0. :

Substituting the value of J in (32) we get

.Gl

 racpr f (Z+k)e""[2f(t k) tf(lpk)é(t-l)

0

‘ A + tf(l, k)3t — 1) + 1 (¢, k) dk. BES)
Now,l, <t <1, 1mphes that

(B2 — (¢ + 0P} — < k< (B2 — (r — @) V? — 7. (36)
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In evaluating the integral (35), the following sub-cases are to be considered,
. keeping in mind that £ satisfies (36) and that & is positive.

i) If {B22 — (r — a)?}? — 2 < 0, that is, if Bt < {z2 + (r — a)?}!/? then, ¢ does
not belong to (/;, /), so J = 0. Consequently 5 = 0. This is in accordance with the
physical condition of the problem because a disturbance cannot reach a point Q
'(Fig. 2) before the time (1/B){z* + (r — a)*}/2, which is the time of arrival of the
disturbance at the point Q from the nearest point of the ring source.

i) (B2 — (r+a)?}'? —z <0 < {B*® — (r — a)*}"? — 2, that is,

{22+ (r — a)*}V? < Bt < {22 + (r + @)*}V2.

In this case (35) takes the form

P
Tuofr

5:

(B - — @) -z '
f (z + k) e™*[2f(t, k) — tf (U, K)ot — 1)
(1] . l
+ tf(ly, k)S(t — 1) + #£'(t, k)] dk.
(37)

The integrand of (37) is considered as a generalized function, so the finite part of the
integral (37) is retained (Jones (1966), p. 89) and we get )

__ PB ' [T N L R -
U-— g [_2(',2 + az)(ﬂztz _ 22) - (rz _ a2)2 _ (thz _ 22)2]1/2

Pl 1822 —(r — @)}V — 2 )
2

Trilo

0

(C+ k3P +rP+a®— p*rPle*dk
X [2\("2 + az){ﬂzlz _ (Z + k)Z} _ (rz _ a2)2 . {ﬁztz _ (Z + k)2}2]1/2

N

~

Qlr.z)

Figure 2
v Arrival of the direct wave to @ from the nearest and the farthest point of the source.
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Hence - y »
PB 22— 22 —r? — @
ﬂ’#o(l -+ SZ) [2(f + a®)(p*e? — 2% — (r* —a 22 — (B2 - 22212

|Bz’z - a)’}”’—z S

+ nruo(l + sz) J

. {(z +4k)2 +r? +a® ,thz} e~k dk _ .

R R e R ) S R UEIRE

In (38) if we put e =0, we get the same result that we have determmed in (19)

of Case L.
iii) If ’ﬂztz —(r+ a)z}”2 — z> 0, that is if fr > {22 + 0+ a)z}”2 then

(38)

;ﬂz,z r—aP}? -z
nryo(l + sz) J -z

{4+ kP +r 4+ a2 — P22y e dk

0T AR — @+ 0 - (F =@ — {BPF — @ + BT
It is interesting to note that in the case of a homogeneous medium there is no dis-
placement at a point Q (Fig. 2) after the time t = (1/8){z% + (r + a)*}*/2, which is
the time required by the disturbance to reach the point Q directly from the farthest
point on the ring source from the point Q. But in the case of an inhomogeneous
medium the disturbance reaches a point Q- even after the time ¢=
(1/B){z* + (r + @)*}** which is the maximum time required by a direct wave to
reach the point Q from the farthest point on the source the point Q. This is
due to the fact that in the case of an inhomogeneous medium the region z > 0 may be
considered as an assembly of an infinite number of thin layers of material of
infinitesimal thickness of continuously varying density and coefﬁment of rigidity.
That is why the disturbance, which reaches the point Q after successive reflection and
refraction in different layers of the medium, arrives at Q after the time pt=
{z2 + (r + a)*}'2. The disturbance comes continuously after the time pfr=
{z2 +-(r + a)*}"* with decreasing intensity.

(39)

6. Numerical solution on the free surfdcé z=0

In order to obtain the displacement on the free surface we make the substitution
[202 + @) B2 — k?) — (* = a?)? — (B2 — k?)?]"2 = 2rassin 6.
~ which transforms the equations (38) and (39) to the forms given by

URToa

P

=d-=d1+d2
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where '
thz r2
4 _a a2 _az,_l‘
1 r.2ﬁ+]ﬂ2f2_.ﬁ_12_ﬂ4t4 172
a’ a® a? a*
22,2 1/2
Ds-lA_cosﬂexp{—saI:Z cos(9+ﬂ :1—2— IJ } :
d, = gch! /32 T2 P do, (40)
Lo [2 cos 6 + —Z—I:I -
! a .
2 2 2t'2
A=:%B—’ .r—a<ﬁt<r+a,
and

) - 242 2 1/2
I ncosOexp{—ealiZ£cosO+Ez——;—2—1:, }
n .
Ho =d =¢a J 2 d, (41)
0

22 r2 1/2
—
a

for pt>r + a respectlvely ,

If ¢a = 0, then from (40) it follows that d = d,, which corresponds to the displace-
ment inhomogeneous medium. The integrals in (40) and (41) giving the displacements
d and d' have been numerically evaluated for different values of eq at different points
on the free surface and are presented in Tables 1-4 for different values of fr/a.

Concluding remarks

From Tables 1-4 it is found that the difference in the values of the displacement
at any point corresponding to ¢a =0 and ea = 10 gradually diminishes with the

Table 1
A Crla=2.(r/a) — | < (Btja) < (rfa) + | -

Bt/a d when ea=0 d when sa =1 d when ¢a = 10
1.2 —0.97596 —0.32841 —0.50851
1.4 - —0.58468 © —0.08456 T —0.41435
1.6 —0.38490 . 0.00497 —0.31149
1.8 —0:24498 : 0.05256 —0.21268
2.0 —0.12909 0.08585 —0.11623
2.2 —0.02001 0.11644 —0.01716
24 0.09676 0.15276 0.09355
2.6 0.24498 0.20795 0.23612

2.8 0.50411 " -0.32902 0.48230
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Table 2 -

- - PAGEOPH,

rla=10,(r/a) — 1 < (Bt/a) < (r/a) + 1.

d when ea =0

d when ga = 10

Bt/a d when ea = 1
9.2 ~0.14221 —0.00782 - —0.13509 -
9.4 —0.08155 —0.00314 . 1—0.08070
9.6 —0.04927 —0.00063 - —0.04911.
98  —0.02559 ' 0.00324 —0.02556 -
- 100 ~0.00500 .- -0.00868 —0.00500
~ 102 0.01537 0.01588 0.01537
10.4 0.03834 0.02557 0.03833
10.6 0.06901 0.03990 "0.06900
10.8 0.12546 ° 0.06799 0.12542 7
Table 3 )
rla =50, (r/a) — 1 < (ftja) < (rfa) + 1
Bt/a d when ea =0 d when ¢a = 1 “d when ga = 10
49.2 —0.02700 . —0.00822 —0.02699 °
494 —0.01525 —0.00693 -0.01525
. 496 "~0.00894 - T —0.00474 - —0.00894
b 498 «—0.00428 —~0.00232: -+ —0.00428
: 50.0 —0.00020_ 0.00028 —0.00020
50.2 0.00387 0.00318 ° ©0.00387
50.4 0.00851 . 0.00665 0.00851
50.6 ' 0.01475 0.01130 0.01475
50.8 0.02633 0.01944 0.02633
‘Table 4
rla =2, (Btfa) > (r/a) + 1
Btla  d'wheriga=1  d whenea=10
32 —o017211
34 —0.07793
3.6 . —0.04250
3.8 —0.02533" - .
40  —0.01593 d' is of the order of,lO .
42 —0.01040
44 . —0.00697
46 . —0.00477
48 - —0.00332 !

When r = 10a or ¢a = 10, d' is very small.
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. Figure 3
r = 2a, variation in displacement near the source for ¢a =0, 1, 10.

50d
!

71

-8+ ! \

Figure 4
r = 10a. variation in displacement at a moderate distance from the source for ¢a = 0, 1.
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© 100d
-
It

‘ Fxgure 5
r = 50a, variation in dxsplacemem at a large distance from the source for ea =0, 1.

© o 20d

. . Flgure 6
r= 2a vanahon in dlsplacemcnt after the maximuin time required by a direct wave to ‘arrive from the
farthest pomt of the source when ea=.1. :

increase in the value of r/a. This is also apparent from the expresswn for d, in (40)
because the exponential term ’

2,2 2 11/2
exp{—sa[Z cos(9+ﬂ d %—_’l] }
a :

in the integrand for large values of r/a deqreases rapidly with the increase in value of £a.
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SH-WAVES IN AN ELASTIC HALF SPACE DUE TO
A RING SOURCE OF INCREASING RADIUS

. MUKTIMOY GHOSH ,
Department of Mathematics, North Bengal Uuiversity, Darjeeling-734430, West Bengal, India.

s . . 1'

ABSTRACT : It ls assumed that the radius of a rm;\; souréc; ontfreve surface_is ‘incre-: .
asing with constantv velocity ¢ whicn is less than the‘ shear wave velocity. Follow ing .
Cagniard’s method as modified by De-Hoop, the displacement preduced at any
poiat has beenldetermined in: the. integral form, flom which the displacement at
any point just after the arrival of the disturbance Has been evaluated. The displa-
cement at any point has also been calculated after sufficiently large time. .
1. INTRODUCTION : The torsronal vrbratron of an-elastic half space due to a sur-
face force which is periodic in time was’ first cotisidered by Reissner (1937). Reissner
and Sagoci (1944) determined. the distribution of the stresses in the interior of a
semi-infinite, homdgenr)us ilsotropic elastic material duc; to a periodic shearvstr,css¢s,,:
applied in an axially ‘syr'nmetric ‘manner to a circular area of the plane surface by
means of a rigid disk, the torsional- displacement being prescrited urder the disk.
Verma (1957) discussed the. static - distribution” of stresses:and displacement: when
shearing stress Is.pr'escribed o the -circimference of 4 circle om the plane toundary.,
Datta (1961) discussed {the “cbrres‘p(;ﬁ"("ri'hg’ probleim “when sheeing stress dccreases
exponentially with time. Ghosh (]964) ‘exactly - evaluated the displacement at any
point of the medium when a twisting moment in the form M;8 (_t),jg_-_app]ied:to the
disk by fo]ldwing Cagniard (1939) and Dix (1954). Ghosh (1971) also discussed
© the axisymmatric problem of propagation of a stress dlscontmuny over a circular
region by using Cagniard’s (1939) method as modrﬁed by De- Hoop (1959). In the .

present paper the author determmes the. drsplacament in the integral "form die to a

I 5. M- M., 1980 XVIII, 2, p.
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ring source which ipcreases steadily when the twisting impulse is prescribed by
PS(r—ct) H (t), where 8, H are two dimensional delta function and Heaviside funct-
ion respectively, and' then the exact evaluation of the displacement is determined
after the first arrival of the shear wave and, the displacement at any point for large-
values of the time t, . -

Yz

Fig. 1. Co-ordinates system in the medium.
2. FORMULATION OF THE PROBLEM : _

The isotropic, elastic, semi:infinite medium is supposed to occupy the region -
z>>0. We choose cylindrifal polar co-ordinates (r, 8, z) with the z-axis directed
into the -medium,. the plane: boundar.){ being z=o with origin at the centre of the
source, " The displadcment is calculated at points inside the medium assuming that
the half space is, initially, at rest and that the displacemept remains bounded even
as 'z-—>+.oc. Since the motion is symmetrical about i-aXié for torsional motion of
the ring source, all quantities depend. on r, z and the time't.- Theé only non-vani-
sii‘ng comporent of the displacement vector is the component v along the direction
of 0 increasing. . Hence the non-vanishing stresses componems are

Tre=H %‘;_%) and T“:‘“g—: : (1)
where u is the co:fficient of rigidity. The only non-zeros equation of motion is

or 4 (2)
therc p 1s the deasity of the medium, assumed constant. The boundary condition
is :

a Tr 82V
("re) + a? (Tsz') +2~;ﬁ_——_— P—ﬁ
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0s=P & (r—ct) H (t) at z=0 - = . - (3)
¢, P being constant H is -the Heavmde functlon and 8 is the two dxmcnslonal
delta function given by i

. .

2ng 5 (r) rdr=1.

0 .-

3. SOLUTION ; We define fer all positive real values of s, the Lapiaee transform
f; (r, z, s) of a function” { (r, z, t) by '

” ‘ ~
f, (r, 2, 8)= { ¢! f(r,z, t) dt : . (4)

o
Substituting the values of =y and 7,4, in equation (2) and then applying the L-alap

ce transform (4), we obtain

9” v,+l<§2_\v _ 9’ 9" Vi !

2
s? v,

Tor® T T (5)
where =,/ (p/p) is the shear wave velocity,
Defining v, by the equation.

ve 9= | tL i (nz ) dr , (6)

0 . .
and then multiplying the equation (5) by rJ, (¢r) and intesgrating with respect to r
from o to oc, we get ’

Cop=(eestpr) v o

Taking ¢ real, the general solution. of the equation (7) which remains bounded for

large values of z, is
-
vy=A exp [—z (_§2+52/ﬂ"’)1’j

The Laplace transform of 7,, is

(®)

Lo ]
(762) =P S e=7t 5 (r—ct) H (1) dt
, 0

—_—_ e—sr/c
. 2mer

1t’s Hankel transform is
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o
(roda=-gg | eI, (er) dr
P W e TR . N s T . L I3 N = A 4'7 RS

[1— ~(§2 _;_52)_1 z] [See Erdelyletaﬂ 1964 pl9]

217§c
Notifig that on z=0,
£3;;2—-—-—A (¢2+52/B%)!12 and using the boundary con@itipn,

weget - . : .
P D—-(? —0””]
2mpée

(€5 s o)

77

Substxtutmg “this value ofA in (8) and mvertmg the Hankel transform (6), we '

ey

) obtam
' « —ipp . .
, 1—< N o
T (2 45) o e e < )
TR ETSE | . u
NOW, NS Lt TR
.- ces L [ Ve o i
r'sin : '
(.fr):{ g lf ¢(cos¢—1 sip), d e L
4]
S e TN ¢ Erdelyletal 1953 p14) e
ZAbUO L Rt d T Sge U e Lni Ty

sﬁ’bédiu‘iiﬁ-g* this vélug“of T, ( §r) ifi (9) aud puttmg
p= fsmx/; and q—= f “cosy, we get

P A

»;=.‘_«x‘&-v.1- ~ P S S (q—lp {(p +q’3+~)”2 —n—}: o ,

ST e ) ) e R T e L

o2 (P2 +q? +s2/ﬂ J2AIp e
- U dpdq e e
Tofind the inversiori‘ of v{, we put
p=ms and q ns in Ihe above 1nthra1 then we have

R G RANST USSP i iing -

.‘x‘ (mg—i—n?—}—l/c?)”z (m2+n’—l—l/ﬁ )1/2 (m2+n2)

dm -

" (10)
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" Fig-.-2 ‘ _ . ]
Fig 2. Path of integration in the complex m- plane.
Using-the usual Cagniard-De-Hoop:- (1959) {ranstbrmatlon given by

—imr+z (m%-n®+1/8% 2 =t . . S - - (11)
where t is real and positive-we pbtam. ﬁna]ly the. expression of v, in. the. form
oc =4 Ao . R
_—P —st [ ] dm, ] ot
v‘—'n"?,uc _{(i d? Se Im\ ..K,(:n?"".n)«.\'gdt‘_ . dt‘-;’-,\. Coee T Caad
(22 +12) (2 +1/g2)4H2. =
: e ey At SET i it
ittt Tp2 — 2 #2y11/2 : .
where m, = irt+z [t —(z 2+r 2) (n*+1/B )]7_, |
+r
Next change in order of mtegratxon ]eads to © -
—st e ,}.’ = }(I L }
VI:7T2/LC —st dt, S lr'n [ (m,,,_,in

B-1(z2 4r2)12" §
where y=t2/(z? +-r?)—p~2
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Taking the Laplace inversion, we get

Vy d _
[t— 22+r2)'/2] S Im [K (m,, n) dn. (12)
]
4, APPROXIMATE EVALUATION OF THE DISPLACEMENT :
Case 1. Displacement after the first arrival,
To integrate S Im [K*(xph n) dcrint+ ] dn. (13)

.0 -
we put n=,/) sin< and ta=p~" (22 +1%)12 -

which is the time taken by the shear wave to reach the point (r, 6, z).

The integral (13) after the substitution takes the form
w2

S Im [K,(m+, n) (% gg] de. : : ’ (14)
0 .

d 2+ 24y1/2
Now, Im [K (m,, ) :f-‘ = [{p(fz Jrrrf)*) c?r7 i _-_1]

as t—>tg,

“Hence from (12), we obtain

—PB | Bz 4
— t—ts
~ 27T,u,cr { {B2(z% +r2)—c?r2)lis 1 } H( te),
which is the displacement at any pomt (r, z) just after the arrival of thé disturbance,

RS mtereslmg to note that the dlsp]acement due to the f1rst arrival of the distur-

_bance at any point of the z-axis is zero which is also ex pected from the physical

It is to be noted that the displacement at any point on the free sur-

stand point.
~face z=o0, varies inversely as r.

Case 2. Displacement after sufficiently large time when zZ5

In this case, Im[K (m,, n) dm[L (31?‘1

. (z FrA)2 r {22 sin?x —(r? +2*) cos oc} (2241232

t (2% 412 cos?«)? ct?
_(22+r‘~’)3’2 rz {Z 3 (12422 )c052ac+r2 COS4DL}
ct? : (z2+r¥ cos?«)?

The terms containing 1/t3 and higher orders are neg]ected After the above subs-
titution (14) takes the following form ’
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w2

T (22 iz S z? sin?a—(r24-2%) cos?«

] det — -
t (z2+12 cos?«)? < :

7|2

rz(z2 4r2)32 22—3 (r?+2z2) cos?< +-r2 cost«
ci? S 12% -F1? cos?a)?

de : - (15)
0
The first integral of (15) is zero, hence for the large value of the time t the displa-

cement is given by
v=—Pr (42?4 5r2)/dnp c? 2 22,

In this case the displacement at any point varies inversely as t2.  Also this is to be

-

noted that the displacement increases with the increase of r when t is very large,
which is in conformity with the physical condition because thé rédfus of the ring
source afier large time t is infinitely large. '

Case 3. Displacement at the free surface;

In this case taking z=o0, we obtain from Eq. (10)

? [ ¢ mei ™
Vi et §) an S (m?+n2+1/82)7% (m? +u?)
-

< mei:ym

[> ]
1
B S dn S (m2+n2+]/02)1/2 (m2+u2 1/52)1/2 (mz—i—n?) :] dm.
0 -
- . ' (16)
“The path pf integration in the complex m-plane is-the real axis, which is deformed
ifjsuch a way that ‘
—irm==t. where t is real and positive. Taking the integral over the dcfor-

med- path we get

< o« te-—.\‘l .

Pr
‘V1=77'2,uc [g dn S {l‘--gﬁ,‘, CEN DA n“) dt
0 r(n?41/p%)12

c S {32 1ye?)—1 2ty —1 22+ 1/82)12(t? —r2n?) t:,
, r (n%4-1/g2)102 .
Changing the order of integration. we obtain
' (t2/r2—1/82)1/2 ,
_ Pr ccte—:t dt /r /B ) . dn \
e ) W= @ P (@1 %)

r/B 0
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/e (t2/r2—1/p%)12 R dn
"‘ te™*f dt T _12Ti2 (2 ANV NPV I £}
O I B G TR A L G
1B 0
o (e2r? 1Bz - dn :
-~ ) -,—}—S te—*! dtS T ireine Tfch) —t2}72 T —r%(n? +1/c? {(t"’——rW}:'
/ (t2/r? 1/c2)1/2r (n e ¢ ( e
rfc — :
Taking Laplace inversion of the above integral, we flnally obtam
Pt /3
- #Crg(ﬂg_c c?)iz

2
_ X {[H‘ (t—r/B)—H (t—r/c)H R P+H t—r/c) FIa 3} R D)}
where.
IT (R, R is the complete e]hptlc integral of 3rd kmd
IT(R, R @) is the elliptic integral of 3rd kind,

RQ_S_QLIBB:__:;) n=(t2 ﬁ‘_—r )r2,

&=Cos~t [ pJe {ic® t2—12)/(B2 > —r?)2 |

: e
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Torsional Response of an Elastic Half Spaee
‘to a Nonuniformly Expanding Ring Source

Es werden exakte Ausdriicke fitr die Verschiebung in einem homogenen isotropen elastischen Halbraum in integraler Form
bestimmt, der impulsformigen Torsionskrdften ausgesetzt ist, die sich iiber den Rand einer sich ungleichformig ausdehnen-
den Schallquelle auf einer freien Oberfliche ausbreiten. Es werden sowohl positiv als auch negativ beschleunigte Ausbreitun-
gen der Schallguelle betrachiel. Mit Hilfe des Ver[ahrens von Cagniard De-Hoop wird die analytische Losung in integraler
Form bestimmt. Es werden unterschiedliche Wellenfrontflichen und ihr Eaistenzbereich dargestellt, Die Reaktionen der
ersten. Bewegung beim Fintreffen verschiedener Wellen werden durch einen Grenzwertprozef bestimmi. Die Verschiebungen
auf der freien Oberfliche werden fiir verschiedene Positionen der Schallquelle auch numerisch berechnet und (/mjwch dar-
geslelll,

Exact_expressions for displacement in a homogeneous isotropic elastic half-space subjected lo an impulsive torsional force
spreading over the rim of a nonuniformly expanding ring source on the free surface are obtained in integral form. Both
accelerating and deceleraling expansion of the source have been considered. The analytic solution, in integral form, is ob-
tained by the Cagniard De-Hoop technique. Different wave front surfaces with their region of existence have been shown. The
Sfirst motion responses near different wave arrivals have been determined by a limiting process. The displacements on the
Jfree surface for different positions of the source have also been evaluated numerically and have been shown by graphs.

Ilns 1epeMenieHHii B OJTHOPOJHOM H3OTPOMIOM YIPYTOM [OJYIPOCTPAHCTBE TOA TEHCTBUEM Y aepanoii
CHJIBI KPYUEHHA, PacrupefeNéHiioil 3a KpasMH HEPDAaBHOMEDHO PacNpPOCTPAHAIOIEr0CH KOALIEBOro HCToY-
HHKAa HA CBOGOAHOI! NMOBEPXHOCTH, I0JYUYEHBl TOUHEle BhIDAxieHNA B MHTerpasibHoii fopme. Paccmorpeno
YCKOpeHHOe J 3aMeIJleHHOe paclpocTpaHeHHe MCTOTHUKA. AHAINTHUeCKOe Pelllelne B HHTerPaJbHol Gopae
nonyyerHo merongoM Kanmapna de-Xyna. ITokasauel pasiIHuHble ITOBEPXHOCTH (JPOHTA BOJH M 00JI4CTH UX
CYWIeCTBOBaHNs. Peaninu nepsoro NBIAKeHHsA BOIUSH PA3TMIHLIX BOJH ONPENeJeHbl NPeJelbHbM Mepe-
xonoM. ITepemelieHnss Ha cBOGOIHOIL nonep\nocm IS PasIMYHBIX TOJI0AENnil HCTOYHHEA MONCYHUTANK
YHCNICHHO N MPENCTABIEHHI TpaHIecKu.

1. Infroduction . :

The study of the dynamic behaviour of an elastic solid under various forms of moving loads and torsional pressure
has been gaining importance day by day. This is because of their importance in seismology, structural design and
underground exploration. ’

GARENHEIMER [1] in one of his papers presented in details the problem of a load emanatmg from a point on
the surface and then expanding radially at a constant rate. He considered the cases when the loads are disk-shaped
or ring-shaped and the expanding rates are super-seismic, transeismic and sub-seismic. Almost at the same time
GHOsH [2] also considered the problem of propagation of a stress discontinuity over an expanding circular region
with a constant velocity which is less than the shear wave velocity of the medium. FrREuND [3] considered the non
uniformly moving line load as well as point load. STrRoNGE [4] discussed the problem of an accelerating line load in
an acoustic half space. The non uniform pressure distribution problem applied to an elastic half space over a circular
zone are discussed by Brock [5] and by Roy [6]. Almost a same type of problem has been considered by AGGARWAL
and AsLow [7]. There it was assumed that circularly symmetric load spreads out from a point on an acoustic half-
space with decelerating speed. GHosH [8] determined exactly the displacement produced by SH-type of waves
when a torsional force is prescrlbed over a circular region on the free surface of 2 homogeneous isotropic medium
and that in the integral form in case of a non homogeneous mediam. .- -

In the present paper, the displacement at any point (7, z) in the semi- 1nf1n1te medium is determined in the
integral form by prescribing a time dependent torsional force over the rim of a circular zone. The ring is assumed
to expand in an arbitrary manner with time. It is found that the displacement field contains besides the usual SH-
waves, contribution from conical waves which arise due to the motion of the source. The region of conical waves
which depend on the nature of the motion of the source and the initial speed of expansion of the source are investi-
gated in details”Different wave front surfaces are located and first motion responses near different wave arrivals
have been obtained. :

Finally numerical evaluation of the displacement on the free surface has been made for a decelerating ring
source whose radius at time ¢ is of the form A() = A4#/2, Displacements at points on the free surface ior different
position of the source have been shown by means of graphs.:

2. Formulation of the Problem

Consider a homogeneous isotropic elastic half space on the free surface of which a ring source producing SH-type of
waves is expanding with non-uniform velocity. (r, 0, z) are the cylindrical polar co-ordinates, z-axis being directed
into the medium and.the plane boundary being z = 0. The origin of co-ordinates is at the centre of the ring » = h(¢),
z = 0. The ring is assumed to expand \Vlth uniform acceleration or with deceleration and an 1mpuls1ve torque applied
to the ring is prescribed. :

42 7. angew. Math, u. Mech., Bd. 63, H; 12
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The displacement is determined in. the integral form at any point’inside and on the free surface of the medinm,
- subject to‘the condition that the half-space is initially at rest and that the displacements remain bounded for
large values of z. For torsional motion of the ring all quantities depend on 7, z and the time f. We assume that ()
is non negative and monotone increasing function. The only non-zero component of the chsplacement vector is the
component v along the direction of §i 1ncreas1ng The relevant non vanishing stress components are

ov

ov v . : .
Ty = ”(E—q_) and 1y = ‘ug, . (1a,b)

where p is the Lamé’s constant. The nonzero equation of the displacement field is

o 1 /v w 0%v 1 3%
-2t

ot P T @)

o 7
where f is the shear wave velocity. The boundary condition of the motion is
To, = —PO[R(t) — »] H(2), z2=0 : 3)

where P is a constant, 8( ) is Dirac’s delta function, H( ) is the Heaviside step function and k(¢) is the radius of the
ring at time ¢. Initial conditions of motion are given by

Bt)=0, t=0 and Ai(t)>0, t>0 : (4)

where dot denotes the time derivative.

3. Method of solution

We define Laplace transform fi(r, z, p) of the function f(r, z, t) by

hilrs 2 p) = [ oxp (—pi) fir, 2 1) & : 5)
where p is real and positive and Hankel transform f,(&, 2, p) of f,(r, 2, p) by

AGENOES f rJy(E0) fulr, 2 p) dr E , ' (6)
where J, is the Bessel function of the first kind of order n.
Applying Laplace and Hankel transforms, to the equatlon (2) successively we obtain
d%,
dz?

where k2 = é‘" 2//32
The solutlon of the equation (7) whlch remains bounded as z —» +o00 is

v, = K exp (—kz) . ' ' (8)

The value of the constant K is determined, by using the condition (4), the equation (8) and the Hankel transform
of the Laplace transform of the equation (3). It is found to be

—k21;2——_0 ' - ’ - o (7)

K = " [? h(z) J1(&h(T)) exp (—p7) d7 . A ' ‘ 9)
_ e |
Substituting the value of K in (8) and then taking Hankel’s inversion one gets
P °°£ . "
n= h(z) exp (—p1) Jy(ér) Jy(Eh(x)). exp (—kz) A& dr. : (10)
0 . 0 ' ’

4. Laplace Inversion

In this section the Laplace inverse transform is evaluated by Cagniard’s technique.
We make use of the following results .

T . : C 2m .
Jl(Eh(jc)) J1(&r) = ;—%fJo(ES) cos @ de, Jo(£8) :%f eﬁp (¢£8 cos u) du
: , 0

-
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'

-. where h -
: 8 = (1% + h¥(z) — 2rh(z) cos p)1/2
to obtain the equation (10) as

™~

P x 4 ) ‘ .
0= f h(z) exp (—pv) f Tcospdpdr, . , - uh
N s . ~ ’ . ) -
where ,
oo 27 -
- ff%exp (4€8 cos (p —u) — kz) d& du . : ' (12)

and y is any constant angle.
In (12), we put

o' =& cosu, p =é&sinu,

then substitute &’ == w cosyp — ¢sinyp and f’ = wsin p -+ ¢ cos p and finally replace w by wp and ¢ by ¢p to
obtain (12) in the form

o exp [—p{—iwS + (w~ + ¢+ A ' - -
I=yp / f W e F : CTjpE ‘ dw dq . (13_)

—00 —00

Equation (13) is the well known form for determining the Laplace inversion of a function by applying Cagniard’s
technique as modified by De-Hoop. Substltutmg t = —iwS + z(w? 4 ¢ -"1/%Y2 in (13) where ¢ is real and
positive, the Laplace inversion of (13) is found to be equal to . '

1 (lz/ac_llﬁz)x!z . . '
< ' w

=4 —qH[l — e - T+ .

G(t) 4:(1#{ [ , Q/ﬂ] f R ,: (wz + q?. + 1/ﬂ2)1/2 dt-:ldq} i . ) .“‘(14)
where p? = 2* 4 8% and

_aSE - 2{t — @B 4 1R
= 7 .

Applying the convolution theorem on 11) the Laplace inversion of v, is obtamed in the form

Wy

hiz)dr | cospdp | d(uw —1) G(t — u) du,

which when sunphfxed takes the form

11 T ’
P s ‘ o ‘ '
v _j—z;fh(r) drf———e o0t —t — plf) do . | (15)
-0 o - . . . , o

Integrating over p, we obtain

75‘; { [ L _VE T (rﬂ h(7)) ] _ H[t—r e (aﬁ+ h(T)) ]}Q(r) (?T (16)
where . : .
’ 22 + 12 4 Ri(T ﬂ‘t—r -
Y0 = @ T ) — FE = 0 {ﬁZ(t S = @) T
To facilitate our discussion, equation (16) is written in an alternatlve form,
L—2/p ! '
= f {H [r — hiz) + VB —0)F — 28] H(x) — Vﬁz(t -2+ \
T Hpr 4 i) — Vg2 — 72 — 2] H[—h(x) + VPPt —7)° — 28] —
— H[r — h(z) — ;/W’:‘?)T?]} Q) dr . (17
The region of support ior z-integration is bounded. by the curves: : =
I 7= h(z) -+ )R — o — 2% 0<z<t—2B, ' - (18)
IO: r=h@) — VG -1t —2%  m<t<t—2zp, . (19)

L 7= —hz) + VB — 1 — 2 0<7 <. : : . (20)
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The region of 7 integration for @(z) bounded by the curves\I, IT and 11T are shown in the figs. 1(a—1) and the follow-
ing remarks can be made about them. It is to be noted that the curves II and III are monotone increasing and de-
creasing in their respective region of existence viz. (z,, t — z/f) and (0, 7o) where

h(vo) = {ﬁz(t_ —Tp)? — 2212,

] :
r
} r A r“
Iyt
o
."‘
-
TpTy t-(2/B) T -(z/p) To t-(z/p)
by c) d) .
roh rA
T
.

)

Fig. 1. Region of support for r-integration for fixed z and ¢. (¢ — b) when a single

maximum exists i.e. the starting velocity k(0) is such that (37/87z) > 0; (¢ — d) the

case when no extremum exists; (e —f) when a maximum(r ) and a minimum (7, 4)
¢ both exist

= T -
Tex T Tx t-(2/0) | Tw To Ty t-(2/1]

Ce) f)

The curve I has an extremum where
o B —T)

T Ty T -
vanishes end .

A . i

o = M0 )

does not vanish.

We consider the different cases that arise due to non uniform increase of the ring source. Let the source -

increase with uniform acceleration h(r) > 0. In this case, if the initial velocity iL(O) of the source be such that

o ' 2
<67) > 0, then since (—) >0a d( ) < 0, the curve I has only one maximum at r = 7, becausea—:
ot 0 ot t—z/8 : - ot?

erther changes sign once :trom positive to negative or remains negative throughout in (0, ¢t — z/f). The corresponding

cases are shown in Fig. 1" (a—b). Next let the 1mtlal velocity h(O) of the source be such that (g—) < 0.In thls case,
20\ .

(8 7) <0, ( ) will be negative throughout the interval (0, ¢ — z/§); the curve I then corresponds to Fig. 1 (c),

ar or , .. (0% 9
since both |=—] and are negative. But if be positive, then —
9T/, 37 /i _—

2
7 . : s
arz e changes sign once from positive

to negative in the interval (0, ¢ — z/§). Hence in this case the curve I has either no extremum which corresponds
to Fig. 1 (d) or there is a maximum preceded by a minimum which is shown in Fig. 1 (e, f). Fm,ally, in case of dece-

lerating motion of the source i.e. when k( ) (not necessarily a constant) < 0, throughout the interval, the curve has
either only one maximum 1f (gr )0 >0 asin I‘1g 1 (a) or no extremum as in Fig..1 (¢) when (——) < 0.
We consider the curves I and II together. Their combined equation is C
(r —h(x)? =Bt — 1) — 2. . . (23)

For figures 1 (¢, d), 7 is a single valued function of #. For the figs. 1 (a, b), 7 may be a double valued function whereas
for figs. 1 (e, f), 7 may be triple valued function of 7. Taking the equations (18) and (19) together the values of ¢
are designated as v =7y, T = (7, T,) and v = (7y, 7o, T3) Where 7, > 7, > 7, depending on wheéther 7 is single, double
or triple valued function of 7. In (20) r is a monotone decreasing function of 7, so the correspondlng value of 7 is
designated as 7 = 7. \

&

1S
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\

With the above values of the roots of the eduations (18)—(20) and from a close examination of the different
figs. 1 (a—{), the dlsplacement produced by the SH- type of waves is glven by v =o' + v* + v3, where

BH( —7) (Q(T) 74,771): ,‘ : 1

= B[H(r — 1) — Q(r — max(ry, r,) )] I(Q(z); Ty %), o . , ._ (24)
= B[Q(r — min(ry, ;) — G(r — min(ryy, 7))] 1(Q(z); T3, Ta) J -
and _ o S :
G(r — max (T*, ro)) {g(r B T*) ) ?.:1:_: max (e, 1) . _ e
» | (r —1g)" 7o = max (7y,7,) O ry, does not exist .

o o (He— if 7, = min (r,,
G(y-__min(r'*,ro))____{ (r—ry) it 7, = min (v, )

H(r —1) it 1= min (ry,7) orr, does not exist .

Similar meaning is attached to the symbol . o .
. P8 I , .
G'(r — min (744, 7‘0)).. B has been written for y—r% T = }//5’2t2 — 2% is the value of 7 at v = 0 and

Y b
f I{(F(x);a,b) = [ F(r)dv.

5. Wave Front Analysis

In this section we locate and analyse the nature of the wave fronts. -
, It is known that wave front is a surface o(r, 2, t) = 0 which is a ch&racterlstm of the differential equatlon 2)
and also satisfy the eikonal equation ¢ + g% — B2pi = 0 [9].

The nature of the wave front changes due-to non-uniform expansion of the source zmd also it depends on the

initial velocity h(O) (= u,) of expansion of the source. We consider decelerating and accelerating expansion of the
source for different initial velocities..

Pt

c)

Fig. 2. Different types of wave fronts, at particular admissible values of time
and position, w. hich arige due to non umformxty and initial velocity of evp’mswn
of the rmg source

~

Case of Deceleration

1) Let A(0) = uy < B.

dt
(0 t — z/f) is such that » decreases with the increase of 7. This corresponds to the region of integration as depicted
in fig. 1 (d) and consequently the wave front is of the form as shown in fig. 2 (a).

i) uy (> p) is finite. ‘ ' .

. .
From (21) and (22), (6_) is negative for all 2 and o4 5 is also negatlve as h(0) is negative. So the curve I in

It follows from (21), (?) is positive for 0 < z < 2z, and negative for z >z, where z, is obtained from z, =
/o

= Bl — B2ju2)1/%, therefore the region of integrations for 0 < z < z, and for z > 2, correspond. to the regions shown
in thefigs. 1 (a) and 1 (c) respectively and consequently the wave front is given by the fig. 2 (b).
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iit) %, is infinitely large.

) 2,

. . or 027 - : .
From (21) and (22), it follows that (671) is pos1t1ve for-all z and ( ) is negative for allzand for all 7. Hence the
: . - 0 . ;

)
region of integration is fig. 1 (a) and the corresponding wave front is as shown in fig. 2 (c).

Case of Acceleration

i) We assume that the ring source expands with uniform acceleration f and starts with the velocity u, (= #(0)).
First let uy < §; then (0r/07), is negative for all z and (3%r[d72), is positive for 0 < z <{ z; and negative for z > z,,
where z; is to be determined from the condition (02r/07%), = 0. For z.>> z,, (0% /07?) is negative for 7 in (0, t — 2/B).
Consequently the region of integration is the fig. 1 (c). On the other hand if z lies in (0, 2;) then (0%r/d7%) is first
positive and then negative as T increases in (0, f — z/f), so in this case the reglon of mtegratlon is elther fig. 1 (d)
or fig. 1 (e or f).

By usmg (22), z, is determined from the equation '

'ﬁ?.zz/ ﬂ2t2 2 )3[2 . - (25) }
It is to be noted that 2, = 0 when f = 0 and 2, is a monotone increasing function of f- Further, in (0, z1 (0r[0T) may

have two zeroes or there is no zero in the region 0 <7 <t — z/ﬂ depending on the value of 2. The condition that.
(07/07) may have two zeroes is 0 < z <z, where '

2, = ﬂ(% +ft){1 _\_ﬂ}m o uo‘+ﬂ_>_ﬂ

f (o +
0 for w, +ft<p.

It can be shown further that z; < 2, Hence for 0 <7 z < 24 the region of.integration is fig. 1 (e or f) and for 2, <z < 2,
the region of integration is fig. 1 (d). Therefore for accelerating source with initial velocity u, < §, the wave front
is of the form as shown in fig. 2 (a) if the observation time be such that (%, + ft) = f and for (%, 4 ft) > § the wave
front is like the figures as in 2 (d) or 2 (e) according as the position of the source at the observation time is inside
or outside the characteristic surface v 4 22 = f%2 N

ii) Next let u, > B; from (21) we have (dr/d1), is positive for 0 < z <z, and is negative for z >> z, where 2,
is given by :

—'BH(L — BRud)2 ., - (26)
Also (0% /61’2 is positive for 0 < z < z; and is negative for z > z,, where z; is given by (25). So for 0 <z < z,
827/61:2 “is first positive and then negatlve in 0 =7 < (t — z/B). We consider the case for z, <z, first. In this

case
(B — AP < prR(p — ), - :
since ﬁzzz/ (%2 — 22)%2 is a monotone increasing function of z, Usmg (25) and (26) we obtain
, Prlug + f)uf < 1. . . 27

Under the condition obtained in (27), the region of integration is like that of the fig. 1 (b) in the range 0 <z <z
and for z; < z'< z,, the region of integration is of the type as shown in flg 1(a ) For z, < z < fit, the region of
integration is shown in fig. 1 (¢). Therefore for %, > # and for the relation glven in (27), it follows that the nature
of the wave front is of the type as shown in f1g 2 (b).

. Finally, we study the case when z, > z, i.e. when /32 uy + ft) /u0 > 1.

Here for 0 < z < 2, the region of integration is as in fig. 1 (b). Since z, is always less than z,, so for z, < z <{ 2
the region of integration is like fig. 1 (e or f) and for z; < z < # the region of integration is like that as shown in

tig. 1 (d). Fig. 1 (c) represents the region of integration for z, < z < fit. Accordmgly the wave front takes the shape
of the fig. 2 (). . R

-

6. First Motion Responses
The expression for the displacement as given in (24) is in the form of integrals over finite ranges. As such, computa-
tion of displacement for a given model can be done with the high power. computer. However some idea about the
nature of displacement at the time of the first arrival of wave fronts can be obtained by a limiting process following
STRONGE [4]. .
The dlsp]acement field Jusl after arrival time of the characteristic surface 7 =7y is from (24),

» = BI(Q(); 75 Ty) o (28)

whereas just before the arrival time the dlsplacement is given by » = 0. ; ,

To evaluate.(28) near » = r,, we put r = r, — Jr and v = 7,4 -+ 0 in equations (18) and (19). Usmg Taylor’s
expansion in the neighbourhood of (z, 7, ) and by help of equations (21) and (22) we find the limits of integration
of equation (28) in the new variable 0 as :

V2Ur (Bt — 7,)? — 22304
(8% — h(ry) {F2(t —T4)? — z2}3/2]1/2

0,

(3]

(29)
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The same procedure is followed to deto_rmine in the lléigHbOL{rllood of (r.,,, ;',5:), the value of @ whicli is found to be .
\ [ryh(Ty) (B2 — 73)® — 22} T2 - (30)
[02{h (T4) (B2t — 7.)% — 22302 — 8222} + 24r (B¢ — .,,*)‘2‘ — 52}3/2]1/2 : 4

where the lowest terms in § and Ar are retained. The value of the int.egral (28) after substituting the value of @ from
(30) and the limits of integration for the new variable 0 as obtalned in (29) is found to be. :

Qlry +0) =

ﬁ’i  rh{ry) (B2 — Te)® — 2% LE
B2 — h(r,) {f2t — )2 — 2232 |
which is the displacement at the first arrival of the wave front given by r = 7y,

_ ' To find the displacement at the first arrival of the wave front glven by r = 744, We deflne Q(‘r) 1n 1 the neigh-
bourhood of (Tyy, 7y ) and outside the region of integration by ,

22 4 2 +h2('r ﬂ2t—r)2 ) : : o 31
{22+ (r + h(z )Z_ﬁzt___TZ}lﬂl{‘th_T — 2 (,.__h(r))z}uz[ (31)

and put v = 7y, + Ar and T = Ty, + 0. Followmg the same procedure as done in case of r = 7y, the dlsplacement
Yaf: the first arrival of the wave surface r = 7, is found to be

PRI 7Ty ) {BPE — 7y ) — 2% T2
T () (B0 — Ty ) — )02 — 2]

‘The displacement at a point due to the fu'st ‘arrival of the wave fronts r =17, andr = r,,, simualtaneously,
is also determined. At this point wave fronts » = 7, and r = r, from a cusp (cf. fig. 2 (d, e, f). In this case this is

to be noted that at the cusp r = r, = r,, =7 (say) and (8r/d7) = (3% [d72) = O where as (637*/613)) == 0. Hence it
follows from equation (24) that the dlsp]acement due to first arrival of this wave front at » = ris -

N

Q(T) =

P — -

;T‘%[I(Q(r); T, 11) + I(Q(r) 3T 7)] _ ‘ o . (32)
where 7 =71, = 1.} and 1, 7, are the two values of 7 close to © and correspond to the points lymg on either side of
(T, r) on the curve and I and II together.

" To evaluate the integrals in (32),7=7 40 and » = = 7 — Ar are put in the first integral Where ast=7—0
and r = 7 4- Ar are put into the second 1ntegra1 of (32). Also this is to be remembered that outside the region of
integration in the neighbourhood of (7, 7), @(z) is defined as in (31).

After the above mentioned substitution in (28) and retaining the lowest order term of § and A, one gets the
displacement due to first arrival at » = 7 as

2Pp E O ks ety S . : 3%
T [3/34,22 E—T) — 3 () {f2¢ — 7)% — 22}5/2] ‘/ l/m - -

where

_ 6r(r — h(7))®

8B —T) —hT) (F—A@)5
By substituting

- = a’sin®«x,
the integral in (33) is evaluated. The displacement due-to first arrival of the wave front » = 7 is found to be

256 PB FURRLZ(T) {B2(t — T)® — 22} 712 1 1 )
B%, =
3"/3my(Ar Y8 (82t — 7) — h(E {ﬁ2(t —T) — p2)Bi2]L/B 3’2

where B(m n) is the Beta function.
It is interesting to note that in this case the displacement due to first arrival at this pomt is infinitely large due
- to the presence of the factor (Ar)l/6 in the denominator.

Finally we consider the cHaracteristic surface 72 + 22 = S22 which corresponds to a disturbance initiated: at
the origin when the torque is first applied at z = 0. This disturbance spreads out from the origin with a velocity
equal to g. To find the displacement due to the first arrival of thls surface, following AGGARWAL and ABLow [7] let
us consider the curve

I or= (Bt —7)2 — 2212 : L S (34)
and the lines l

L oA ey by r—FE =P e . (35), (36)
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1

where &; and &, are very small posi_ti?e qﬁant-itiés. Then to the first order of & and £y

L x D)= 82‘//32;’# = 7’(say), '
‘ e —

A I11) =- LR e s

(1 X ) h(O Vﬁ2t2-—-22 —*}—ﬁzt ( y)

AR . | it R——

W) Vg — 2% —
&1 & are such that 7,<C 7’ and tends to zero as ¢ — oo/, where g, = V(22 + 2?). Then it follows immedvi‘ately that
. I(Q);77') > 0 and  I(Q(r); 7y ) >0 as ¢ —gff. N -

Also I(Q(v); v/, 71) — I(@(7); 7, 71) — 0 as t — gy/f, where 77 = (y-x-I) and 7; = (I, X I) are the values of T which
correspond to the points on the right of 7. From this it follows that the displacement is continuous across the charac-

teristic surface g, = ff, showing that the displacement due to the first arrival of the characteristic surface 7> | 22 =
= % is zero." '

7. Surface Displacement

In this seetion surface displacement has been determined numerically for a particular type of nonuniformly moving

surface.-We consider a decelerating ring source whose radius k() at any time 7 is assumed to be h(r) = Ar!/2, The

displacement at any point (r, 0) at the time of observation ¢ is determined. '
According to the position of the source the following three possible cases are considered.

i) Radius (7) of the ring coinciding with the ; rim of the conical wave front and moving with it so that pt < h(t)
i) Bt < B(t) < 7y :
iii) A(t) < pt.
To determine the dlsplacement on the free surface, we put z = 0 in the function () of equatlon (24) and the
variable of 1ntegrat1on T is changed to 7', by substituting 7' = /. @(z) is then obtained in the form

2 2
7'_ A_ _(1_]1).2

Q (Tt) _ R(T): . Igztz ﬁzt

e e )

on a close examination of the regions of integration as shown in Fig. 1, the dxsplacement v, in case of (i) is given by

”Tf’_ﬂt I(R(IY); Ty, Ty) for 0. <r < ft,

t )
/% =7% I(R(T); Ty, Ty) for ft <r-<ht).

The displacement in case of (ii) is gi%zen by

P ﬁt (R(T) T, Ty) for .r<‘8t, ' _ ,

P ﬂt ( .(T); T, Tz) - for /ét < r < k),

v ¢ - or 7
%:% I(R(T)‘; .Tll’ Ta) _f01- hit) < r < ?':{:

and the di§placement in case (iii) is

"%b:fr (R(T) T, Ty) for“0<r<.h(t) , )
%v:ﬂt I(R(T); Ty, Ty) for M) <r< i,
%vzf I(R(T); Ty, Ty) for fr<<r<iry
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Fig. 3. Graphs showing (z/P) v versus (#/ft) when z = 0. (a), (b), (c) correspdnd to the cases (i), (i) and (iii) respectively

where
r 1 42 1 A A2 7 )
ﬂ=1—ﬁ+?%‘EaTVﬁ+4@“ﬁW

r 142 1 A4 Az 7

r 142 1 A4 Az 7
N ArT Ay mte(-g)
All the above integrals are numerically evaluated and the graphs are plotted by specifying admissible values of
(r[ft) against (u/P) v.

l
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Displacement Due to a Uniformly Moving Line Load
over the Plane Boundary of an Inhomogeneous Elastie Halt‘-Space

By M. Ghosh and M. L. Ghosh, Raja Rammohunpur*)

(With 3 figures)

Summary

A concentrated line load originating at ¢ = 0 at the origin of co-ordinates moves with uniform
velocity along the boundary of an isotropic inhomogeneous medium. Following CAGNIARD’s method
as neodified by DE Boor, the displacement components # and w are determined in the integral
form. Finally, an approximate evaluation of the integrals is worked out near the first ariival of
the wave fronts. ’

Zusammenfassung

Eine konzentrierte Linienbelastung, die zum Zeitpunkt ¢ = 0 am Koordinatenursprung ein-
setzt, bewegt sich mit gleichférmiger Geschwindigkeit tiber die freie Oberfliche eines isotropen,
inhomogenen Mediums. Mit Hilfe der Methode von Caen1ARD in ibrer De Hoorschen Abwandlung
werden die Verriickungskomponenten % und w in ihrer Integraldarstellung bestimmt. SchlieBlich
werden die Integrale fiir d1e Zeit um das erste Auftreffen der Wellenfronten naherungsweise be-
rechnet.

1. Imiroduetion

Since the publication of the classical paper by Lams [6] the problem of line and
point sources in homogeneous media has attracted the attention of many investigators.
But. the corresponding problems for inhomogeneous media have not been discussed
by many authors as yet. The problem of wave propagation in an inhomogeneous
medium is important to geophysicists, because any realistic model of the Earth must
take into account the continuous change in the elastic properties of the material in
the vertical direction. Since the mathematical treatment of a complicated model is
extremely difficult and since the approximation to such a problem does not lead to
any worth while solution, so some simplifying assumptions are usually made. WiLsoN
t[10] studied the propagation of surface waves in a semi-infinite medium, assuming
he density to be constant and the coefficient of rigidity to be varying exponentially
iith depth. STONBELEY [9], however, considered the transmission of RAYLEIGH waves
a heterogeneous medium in which the rigidity varies linearly with depth. The field
o to a point source in an inhomogeneous isotropic medium in which density is
tant but the bulk modulus A varies with depth according to the law A = 2,(1 -} &2)?
been considered by SiNeE [8].
the present paper, considering an elastic medium in which the elastic parameters
nd density g vary according to the law 4 = pu = po(l + 2)% and p = gy(1 -+ £2)3,

URTIMOY GHOSH and MoEAN LaAL GHOSE, Department of Mathematics, North Bengal
r, Raja Rammohunpur, Darjeeling, West Bengal 734430, India.

!
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the transient problem for a two-dimensional line load moving with uniform velocity
v over the surface of the non-homogeneous semi-infinite medium is studied. The
ground motion excited by the moving surface load occurs, for example, from nuclear
blasts and from shock waves generated by supersonic aircrafts. These practical prob-
léms have been formulated mathematically by a two-dimensional normal line load
which is suddenly created at { = 0 and moves subsequently with uniform velocity
along the free surface. The method of solutions involves the use of the integral trans-
form and CaGNIARD’s [1] method as modified by D= Hoor [4]. The application of
CaeN1ARD’s method in the solution of transient problems in inhomogeneous media
does not seem to have been discussed earlier.

This steadily moving line load problem, where ¢ varies from — oo to oo, has been
solved by CEARRAVARTY and Dz [2] following the method of CoLE and HuTH [3]. Of
course, the transient solution for a point load moving over the surface of a homo-
geneous isotropic half-space has been thoroughly discussed by GAXKENHEIMER and
MxLowITz [5]. An exact solution of the buried uniformly moving line-source problem
has also been obtained by MiTra [7].

2. Formulation of the problem

' The inhomogeneous semi-infinite medium is supposed to occupy the region z > 0
as shown in Fig. 1. The z-axis is taken along the free surface, whereas the z-axis points
vertically downwards into the medium. A concentrated line load, which is assumed
to originate on the free surface at the origin at time ¢ = 0, moves with uniform ve10c1ty

v (v <&, B) along the positive direction of the z-axis.
t-0 '

= vt <——I
1 x

Hepolleez)?
e=¢, (1+e2)?

Fig.1

The equations of motion for a non-homogeneous medium in the absence of bc
forces are -

d ou 9 ou  dw 02u
ol et %) 2 ]*E:[“(@*%ﬂ—%—w

0 du ow 7] ou dw 02w
%[H<$+6_x)]+£[z(ax + )+ “”]“Qsﬁ'
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% and w are the diéplacement components in the z- and z-directions, A, p are Lam#’s
constants and p is the density of the medium. It is assumed that

A==l e, 0 =ofl + e, . 3)

such that the velocity of propagation is independent of z. The equations (1) and (2)
have to be solved subject to the boundary conditions

_N(au+aw>_0 at 2=0,

ox

ou  Oow )

-rz,=l(a +a)—f—2,u———P6(x—vt) at 2=0, t>0. '
z

6(z — t) is Dirac’s delta function.

3. Formal solution

In order to solve the equa,ﬂ%ons (1) and (2), we make the substitution

U=wu(l +e) and V =l + e2). - (B)
This transforms the equations (1) and (2) into the forms
92 02 92 .
g BT L o0 (W) PV _0&U | (6)
oa? ox \ 0z dz%  u, 0t?
and ‘
02 a (oU 02 92
W99 (0U0) L gZW _ W ™
ox? ox \ 0z 02 p, 0t?
We introduce the FOURIER transform over x defined by
h(p, 2, 1) = ff(x: 2, £) e dp
and then take the LAPLACE transform over ¢ defined by
(e 2 8) = Sh(pzt) e~ dt.
_The equations (6) and (7) after these transformations take the forms
a2 D\ = AW,
(d_z2 - 3ki> U, = 2\74’ az (8)
and I
d? - 17
38— — k)W, =2ip 2, 9
( dz? 2) t dz ®)
where
5% A4 2u
= p 4 2, — o? = 3f2 = .
Pt =t 42 ﬂ2 ﬂ :
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Using the conditions that the displacement components vanish as z approaches oo,
the solutions of (8) and (9) are

U =Ae " 4 Be b, (10)

: — : 2 ,
W, = i(Akl e 4 1"_Be-’~'zz) . (11)
wp ky .
Using (5), the above equations become
— 1 :
= Ae ' L Be k2 12
S + ) (12)
and
n2 T .
w, = ; Ak e=%* 1 g—ge"kﬂz . : ' (18)
1p(l + &z) k,
A and B have to be determined from the conditions
du.
o zpwl and — ipugu; + 3;1,0—— = ——L on z= 0
dz dz  ipv — s

which are obtained by taking first thé Fourrer and then the LAPLAOE transform on
both sides of equations (4). It is found that
ipPek, + k3 p%) W P(2kyky + eky)

_A = 5 B == — " >
to(ipv — s) (kiky — 2% f(p) tolipv — s) (knk, — 1) f(2)

where
f(p) = (p* — 3kyky) — 3e(ky + k) — 3e2.

" Substituting the values of 4 and B in (12) and (13) and taking FoURIER inversion,

we-geb
[oe)

= iP f Pleky + K + p%) o™ — phy(2ky +6) e dp
27pto(1 + &2) (ipv — ) (krky — D7) f(p) '
% (14
and . A
= P f Faleky + I3 +p%) R 922k + £)e TR g
2mug(1. + &2) (tpv — s (klk — ) f(p)
—% - (15)
4. Laplace inversions
‘We assume .
_ P '
U= (I, - L), ‘ (16)

27py(l - ez)
where :

o
I_fmm+@+mrwm
=

= dp
(ipv — 8) (kyky — p?) f(p). .

-0
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and

9 —kzz—-ipz

(ipv — s) k170 — 1% f(p)

To find the inversions of I; and I,, we adopt CAGNIARD’S technique as modified

by Dz Hoop [4]. Accordingly, we put p = —shk in I,, which then reduces to the form
L= ih(ské.—{— sk 4 sh?) ¢ (k2 —ika) ah, _ _ (17)
: (thv + 1) @(h) W(s, k) '
—co
where
, 1
k12=}.7'2+072'>; ——hz""ﬁ

D(h) = (8kks, — h2) (B2 — Fyks) = —(B* — 4k1k2 + 8kyks) .

It has to be noted that @(h) = 0 is the RAYLEIGH wave velocity equation correspond-
ing to the homogeneous medium with 2 = g, = u and

3se(loy 4+ k2) 3s2
P(s, h) = ! 3 e emy)
(5. ) Sk —J - sk, g ¢ e (6 —em)
where
e o 31+ ko) £ [9(ky — ka)® 4 12027
1,2 = ; ’

2(3kiky — B

m, and m, are both negative. Breaking up (skz + sk2 + sh? /‘I’(s k) into partial
fractions, the equatlon (17) can be written as

; 4 —s(kjz—ihz)
I, = zh(l tho) e ‘ M © N dh - (18)
, (1 + h%2) D(h) §—e&my §— Emy

—o0
similarly,
, . .
_ —s(klz—1ihz)
Iz _ ’Lh(l thy) e =% s T b 19)
(1 -+ A%?) O(h) s —emy 5 — emy
n (18) and (19),
pr B R Bl
- My — My My — My
and
o Bt ombE o ombl
o My — My My — My
First let us consider the integral
e — —5(k{z—1ihx)
th(l — thv) e~y ) M dh . - (20)
(1 4 h2v?) D(h) s — &emy . AR .

—c0

22 Gerl. Beitr. Geophys. 87/4 -
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which oceurs in equation (18). In this integral the path of integration with respect to &,
which is the real axis, is deformed in such a way that

1 1j2
z(hz—}——g) —thr=gq,
N (x -

Fig. 2

where ¢ is real and positive. The deformed path of integration is the branch I (Fig. 2)
of a hyperbola, whose equation is

' 2 2\1/2
iqx:{:z<q2—x:;z>

=
z? + 2%

In the course of deformation of the path of integration it is essential to know all the
singularities of M/[(1 + h%?) ®(h)] in the h-plane, which are the poles at 4 (ifu),
+(#/vr) and the branch points at 4 (¢/x) and 4-(/B), where vy is the RayLEIeH wave
velocity corresponding to the homogeneous medium when 2 = y = p,.

Since the hyperbolic path I, does not cross any of the singularities during its
deformation, it is possible by virtue of CavcrY’s theorem and JORDAN’s lemma to
replace the integration along the real k-axis by an integration along the hyperbolic
path 1. We write

Lg <L oo,

(@ + 2
’ (2.4

_ then

2 2\ 1/2
iq:z:—l—z(qz—gE ;z)
by = x2 -+ 22 ’

L 22 | F\112
iz gt — 4 gz
dh . (q o? ) g

= 22 4 zz)l/2 :

o2

dg

(@ + 2°) (qz -

iqr — z(qz —

2

22 + 22 )1/2

3

a? - 2?
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Using the facts that - ‘
< dh

) dh, _ —
where & is the complex conjugate of &, the expression (20) takes the form
a [ hoM, e~  dh,
—2Im [(1 T },,;1,2) TR p) ]dq -+
(@2 L2212 He Ty
+ 20 Re [ By M, e dﬁ] dq
(@ L2n)1/2 (I+ h?*_’l)z) Dhy) 5 — emy, dq

3

Using the convolution theorem, the LAPL.ACE inversion of the above integral is

hy M, =) gh,
dr | —2Im |- _
f Tf m [ HEoh) B ]5(1 q) dq +

B M, et dp,
d 20 R * Sy —
+frf v e[ W0t D) ](r q) dq,

where ¢, = (2 + 2%)"2/x is the arrival time of P-waves. By use of the properties of
the d-function, the above integrals can be written as

t

3 ho M, emst=7) g
H(t —t, —21 btk —*l g
(6 —t) f m{(l 1507 B(hy) dr} v

le
|4

+ (2w e [ PeMyem ™ dbi) | ©(21)
(I + ho?) Bhy) dz |

It should be noted that in the integrand of the above integral ¢ has been replaced by z.
everywhere.

In a similar manner the LAPLACE inversion of the other part of I, in (18) can be
determined. It is found to be a similar expression as the expression in (21) except that
M, and m,, have to be replaced by N, and my, respectively. Thus the LaPracE
inversion of I is

t

h
H(i — ¢ —2Im|— "% M, emltD N el
( “)f m[(1.+hgvz) Dk, j 1Mre T N.e 32 ] T+

o

t

h2

t — N M ey, (t—7) N eMm (8 —7)

4+ H{( ta)ff?m Re [(1 iy 1)2) B —{M,e + N, e } ]
t

(22)
22+
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Next we shall calculate the LAPLACE inversion of I, that occurs in (19). As before
here also we define :

12
<h2 +/32) —thx =1,
where 7 is real and positive. So,
a? 4 22\12
)

wrx + 2z ( 72 —

hy = 2% + 22
Case 1: A path along which r isreal and non-negative isthe hyperbolic path [}
(Fig. 2) represented parametrically by the above equation with 7> (a? 4 22)4%/8,
provided the path where it cuts the imaginary axis, viz. b = ia/B(2? + 22)1/%, lies
. below the branch-point ¢/, which occurs when z < fz/(x* — B2)!/2. In this case the
path I', (Fig. 2) does not cross any of the singularities during the deformation. Follow-
ing the same procedure as that done in case of I, the LAPLACE inversion of I, is

’ found to be

(23)

¢

h dh
H{it —t —21 -+ S emy (¢ —7) T em,, (t—7) +1 4
( ")f m[(l TR dy L e ] Tt
tﬁ .
L ‘ dh
H{t —t wRe| ———*t A9 emlt—n 1 gemal~a) T g
o ")f” e[<l+hiv2)¢(h+>{+e o .}dr] ’
# (24)

where t; = (¢ + 2%)!2[B is the arnval time of 8-waves, and kb, occurring in the above
expression is obtained by replacing » by 7 in the expression for &, as given in (23).

Case 2:If > Bz/(x® — B2)*/2, the point iw/f(z? -+ 22)V/2 lies above the branch point
/. Therefore, the path of lntegrablon in the %-plane has to be deformed to the path
Ty (Fig. 2) round the branch point i/x as shown in Fig. 2.

We consider the integral

Yl — i  —s(kjz—ihz) :
th(l — ihv) 8 ¢~y b . (25)
(1 + 2%02%) D(h) s — emy ' .

— 00

océurring in I, of equation (19). Here too we put
1 1/2
(hz /32> — thx =r.

On the two finite straight line portions of the path I5, & is given by

. $2+Zz 1/2
Ay
hj:=:t77+ - ﬂ ’

Tl A4 2% i
where finally # should be made to tend to zero, and on the remaining portions of the

path of I,
o a? + 22\12
)

ire 4 z(r2 —

22+ 22

hy =
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On the straight line portlons of the path I, r variesfrom r = £, to .= tﬂ, where
tp = zfoi + 2(1/* — 1/a2)M/? is the arrival time of PS-waves. The expression in (25)

can then be written in the form
13
8

iho( —ihyw) S,  dh, ih_(1 — ih_v) L
—_—— — r
(1+h 08 D(hy) (s—emyy) dr (LK v%) D(h_) (s—em,_) dr
n zh+(1 — zh+'v) S, dh., th_(1 — th_v) dh .
TR B —emas) dr — L+ FZ0%) B (s~ emy) dr '
B ’ _ (26)
. Noting that h. = ——h+, dh_{dr = —(dh,/dr) and S_ = S+ on the path I3, the ex-
pression (26) takes the form
t
B
hS. e~ h2 8 :
—21Im 2vRe —— - *
f T U ) B(hy) s — emy, dr ar + f AT By |
tof lap
e dh, L BS, e
—Zdr —2 Tm hy
s — emy, dr T f (1 + B%0?) Dh,)s — sm1+ dr PRl

S e—5 dh .
2R + rar. .

+f ’ e(1+h v%) O(h,)s — emy, dr 4 (27)
: tg

To transform the other integral of I, occurring in (19), a similar procedure is
" applied, and finally I, in (19) takes the following form:
t

on [ e

+ f i {(1 + Z+ 22> D(ls) (s ;S:m T —q;:nﬁ) d::} i

. fzv Rod ey B3 e ) )

+¢f e {(1 ¥ héi%”@(m) (s —ngn T —Te:n%) %:} - =

ﬂ .
It must be remembered that the value of %, when 7 lies in [f,4, t5] has to be taken as

: 12
i{m —'z(xztzz—-rz)l}
k+= ﬂ >

x% 4 22
and for r lying in [t;, o),
2 2\1/2
irx—i—z(r2 _Z —f;z )
h+ = ﬂ

22 - 22
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Next the LAPLACE inversion of I, in (28) has to be calculated. By applying the
convolution theorem, the LAPLACE inversion of the first integral of I, in (28) is found

to be
|1 lﬁ |
h,e 5 S T dh

a2 : - 2t N\ — ) dr =

J ‘:‘ﬂ/‘ N {(l + 450" Phy) <S' — My + § — 8m2+> dr} (wndr
¢ 00
R Ty B
(L4 B%0%) D) \s —emy, 5 — emy,) dr

- hpe™¥ S T dh.] . 3
dv | —2T : + + o —nar,
‘[Tf m{1+h2+1)2)¢(h+)(8—sm1++s—sm2+) dr} (v —r)dr

and it takes the followmg form when the J-function property is used:

[

- h dh
H(it —t —21 + S efmalt—) 1 gemay(t—ony Pl g
( “ﬂ)f m{(1+hiv2) Gy e e )dr} '

tap
I3 . .
h dh
—H(—t —2Tmd "t (. emlt—) P eema b2y g
( af {(1+h1v2)¢(h+)( Lot g, )dr} .
¢
(29)
It can be shown that the last term of (29) is cancelled with the LAPLAGE inversion of

the second integral in (28).
Similarly, the LAPLACE inversion of the other integrals of (29) can be determined,

and finally, after simplification, we get the LAPLACE inversion of I, as
¢

N h ' | dh

H(E — ¢t —27T N S emy 4 (t—7) T etmaa(t—7) + dr —
( “")J m{(1+hiv2)¢(h+)( +e e )_d-r} ’
taf i

B dh,
H(t —t, 2v Re S, M+ (E—7) T, gemaslt—) de .
”)f { T hson B " e )dr} i

af .

- (30)
Combining the results of the inverse LarrAce transforms of I; and I, from (22)
and (24) it follows that
P

ape(l 4 &2)

hy ; dh )
X |H@E —¢ M, eeMsll—7) L N gemaslt—7) +
“)f { +h2v2)®(h)( +¢ +e )df}d”r

u(x, z, t) =

h2
H(t — Red ' (M* e N emult—) .
+ H( mfv e{(1+h102)¢(h+)‘ +N,e )2 }dr

12
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—H({t — ¢ by S, emi=7) | gomaitt—) dr —
( ﬂ)f {(1 Ty ST T } ’
Lo dh,
H{it —t emy (£ —7) T M (t—7)
ﬁ)f { Tt By Or° T Ll Var } v
(31)
for # < fzf(x® — ', and when > fz/(a® — )%, from (22) and (30} it follows that
u(x, 2, 1) = il X | |
s wpg(l +- &2)
¢ .
‘ b dh
— -1 + M smyg (E—T) N smz.,,(t—r) hathded d
X H(t ta)f ‘m{( T 750t B, )( e. +N,e d } T+

t —t ) vR ( + € 5m1+(t_7)+N esmz-e-(t"‘f) dh+ dr —
A+ v2> o(hy) _

dh
—H@E—t —I S efmst~n) eﬂmu(t—-r) ldr—
( aﬂ)f m{ q(h+)( N + +

tag

- - h2 (t—7) (¢t—7)
H(t—t Red——— & (8, emel=?) T eomaslt=T d

~H(t—tap) | v e{(l,hivw(h)( ¢ + e }r

tap .

(32

Carrying on a similar procedure as done for the evaluatlon of the displacement
along the w-direction, the expression for the displacement along the z-direction can
also be determined from (13} and is found to be equal to

P

w(@, 2,t) = —————— X
“.“Jo(l + e2) ,
k; dh.,
H{t —¢ Red—— =1 (M, emlt=Dp N gomaelt=2) dr
e )f e{(1+h T n ke } "
' [ kyhy _ Gk,
H t_ta Imd—_ -+~ M esmuu T)+N e"”"(' 1)) d +
T {u Tt By |
h2
H(t—t R S eny (¢ ~7) T, enty . (L—T) d
e ")f e{kz+ TRt By O T % } i
: b’ dh
H(t—t I + emﬁ.(t—r) T, emg (t—)y Y0+
A ")f ° m{ké+(1+hiv2) @(h+)(S ‘ e )dr} 4

(33)



328 M. GrosH and M. L. GrosH, Displacement Due to a Uniformly Moving Line Load etec.

for z < pz/(a? — ,82)1/2,_ and if z > Bz/(a® — B

w(x,z,t):mx

: 2 _
— Red— 7% _ et N emtgs(t—7)
X H(t t,)f o {(1 T B (M e +N.e ) } T+

tx

ki+h+ emyy{t—7) | N gfmaa{t—T) dh. dt
+H(t a)fﬂlm{m(M+e N =+ +€ )d +

t

taf

B b
t—t¢ R S et (=) T, em2+(t—1) de
A ”41%@ALM'+M¢M)(6 e )d} +
: ' top |
. h3
H(t—t,z) [ vIm{ + (S, esm1+(t—r)+ T, eomast=7) }
+ i ( ﬁ{/ {k2+(1—}— }L‘ivz) (h+) ) dv

: . : (34)
It should be remembered that in the first two integrals of the equations (31), (32), (33)

and (34) ]
2 2\1/2
itx-f—z(rz—x -{;z) ‘
by = "‘ . t,STst,
2% 4 2% ;
and in the last two integrals of those equations
- 2\1/2
irz—{—z(tz—x ;;z)
by = P , =1 <t,
where as in the last two integrals of (32) and (34)
2 2 1/2
i{m;—z(x;;z,—zz) }
by = : y la=STt=ti.
* x? 4 2% p=r="

5. Wave front expansion
The wave forms of the solutions given in (31) to (34) are evaluated by apprommate
estimation of the above integrals in the neighbourhood of the time of the first arrival
of the different waves. To facilitate this evaluation we put T = 4 4 a, where 4 is
the lower limit of the integrals in question and @ varies from 0 to ¢ — 4. Then when
z < Bel(a? — f2)'2, from (31) we getb

e nl = i

t—tx

% H(t—ta)f —Tm hy

{(1 + k% 0%) (h+)

+N ebMa(t— ta—a))dh }da,-l—

da

(M eﬁmu(t ta—a) +
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t—ty

: , -
+H(t——ta)f v Re{ by (M, ermali—ta~a) |
. o ..

1 + B’ o?) D(hy)
+ N, gfMasll—ta—a)y dh }da, +
da

t—t
B
h
Ht — T -+ ey (t—1g —a)
A mf’%a+mmwmw” +

+ T eanH(t tp— a)) dh+} a+

t—t

B
. /58
H(t —t — v Re S, eFhs(t—tg—a)
- ﬂJ‘l’{u+m%¢mﬁ+e ot
+ T, emslt=tg—a) %} dal. (35)
da
For 2> fif(a — 212,
w(x,2,t) = —— X
zpe(l + £2)
t—t :
X | H(t —t,) —Im he (M, emslt—ta—a) 4
* (1 + Bie?) O(h,) "
0
_N esm‘u—(‘ ta— a)) dh }d _l_
, da
t—tx . .
R
H{t —¢ Re M, e#ms—ta—a)
+ = )f” {(1+hv2)(b(h+)( ¥ +
N, eas(t—ta—a)) %} da +
da
I—tap
h
H(t—1¢ I + 8, efM(t—taf—a)
- “ﬂ)(,f m{(l T B +
+ T+ eemﬂ(t—taﬂ—_a))(fih-*-} da +
t—tap
f { 5 s t—tap—a) 4
+H(t—ta) —9v9Red— M+ af—&,
’ (L hZot) D(hy)
0
1, emante—tap—a) P }da : (36) |
da

A similar type of expressions for w(z, 2, t) can be written by substitutingz = 4 4 a
"in the equations (33) and (34). For approximate evaluation of the integrals (35) and
(36) just after the arrival of the corresponding wave fronts it has to be noted that

emeti—d—0) 1, gmut—4-0) 5] and a—>0 as t—>4,
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where A is the arrival time of a typical wave front. So, when 4 = f,, using the facts
that

W . —x?
B _>OL(222 + 22)12° ey —><x2(x2 + 2%)
and
(M, + N,)

(A -+ k1o O(hy)
(272 + 22)2 064{1172(062 — 2ﬁ2) + 0622;2}
—> {22 —?) +a2e?} [ fPa%(322 —a?) — Box%A(w2+-27%) —4fae{ a0 —f2) o} )

as @ — 0 and that

s _ 1

Ty 2 211/2 12 4172
da {2 (a® 4 2% n a} a
104

the first two integrals of the equations (35) and (36) just after the arrival of P-waves
can approximately be evaluated to the form

u(x, 2, 1) =
1/2PH t—t,) wao®P (@221 {vrto(2?4-22)' %) {2%(a?—28%) +a%?) (t 1) 42
nuo(l + &2) {2%(a? — v?) + &%) [f22(32% — %) — Bo%2B(2? | 22) — 4w X
X {@?(x® — B2) Fa22}l]
Similarly, the approximate value of w just after the arrival of P-waves is given by
w(i, 2, 1) =
VEPH(t—t ) 22032 (2% 4-22) 4 {om o (22 +22) ) {?(x?— 2B2) o222} (¢ — ¢,)1/2
ﬂyo(l + e2) {x¥x® — v?) + cxzzz} [B2%02(322 — %) — Bo%%(x® + 22) — 4a?f X
X {xz 0‘2 ﬂZ) + oczzz}l[Z}
The same method is applied for approximate evaluation of w and w just after the
arrival of S-waves. It should be remembered in this case that

: 22 | 22\1/2
i-rx—l—z(rz—?gi) _
4 =tg, h, = o , ty v <t.

The effects of u; and w; on the displacement components u and v due to S-waves
just after their arrival are found to be
wy(x, 2, t) =
2]/2 PH(t—t,) x22x3%( x2+z2)1/4{vx+ﬁ(x2+22)1/2} R R O Y R (R AR
ﬂHo(l + ez) {x2(B2 — v?) + %2} [o%2(32% — a?) — 3f%2(a? | 2?) — daex X
X {f2 — at(o? — pPR,

wy(x, 2, 1) =

1\1/2 ' =
(_hi + _2> X
o «

¥

QIFPH(t——tﬂ)xzzocﬂ3/2(x2-}—z2)1/4{vx+ﬂ 22 -22)112) (B2 — a2(0?— /32 )y 5112

seug(l -+ g2) {@?(82 — v?) —|—/5’2z2} [a?2?(32% — %) — 3f%2(x? + zz) — 4200 X
X (B — ot — FY1P)

>
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for 0 <z < fz/(a® — B®)Y?, and in the region x> fz/(a® — §%)!/2, PS-waves exist and
arrive earlier than S-waves: '

We approximately calculate the last two integrals of (36), which will give the
effect of u, on the displacement components « due to PS-waves just after their
arrival. In this case

. xZ 2 1/2
@{rx—z( ;;z —12>
A:tuﬂ: h+= ’ taﬁ'érétﬂ'

2?22
Then .
(1 1)1/2
1 ot
hy =1 ;‘——}— 1 TNz za ’
(ﬂz‘o?> o ~
. B ”
S i2v2a6(%2—l2> al?
AFmd By 1 1\®_ P
(1+ 4% 2% D(hy) (2 — o) x| = — = ——z}
' 4 ﬂ2 a2 i
and

. 1 1 1/2

W —— —
dh (52 az)
—_

where in these expressions terms containing higher order of a are neglected because
a—0ast —1, and we get

— 5{4
4V2PH(t — t,5) o8 L
. s B ol

Uy(2, 2, 1) = 1 1\172 3/2 (
. Srpg(l + &2) (0 — v) {ocm (—- — —) — z} _

ﬂz 2

b — t,p)%2.

Similarly, the effect on the displacement component w just after the airival of PS-
waves is given by

. 1 1\3/4
4V§PH(t—tap)0‘4([—3§—0§) o
1 (t _'ta )3/2 .
1 1\u/2 3/2 B
3mpe(l - &2) (x — v) {ocx (EE — ;> L — z}
‘We now find out the effects of u; and w, on the displacement components » and w
in the neighbourhood of the point C (Fig. 3), where S- and PS-waves arrive at the

same time. In this case 5 = ¢,5 and

4:PH(t _ ta}é) 23/4041/4/93/225/2
 Baue(l + ez) @ (x — v)

wy(z, 2, 1) = —

uy(%, 2, 1) = (¢ — t,5)°%%,

op
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4PH(t . taﬂ). 23/4“1/4/33/223/2

wa(x, 2 t) = (t - taﬁ)3/4 .

3auy(l + ez) 2¥i(x — v)

" Fig. 3

6. Concluding remarks

It is found from the integrals (31) to (34) that the effect of inhomogeneity enters
into the expressions for u and » through the factors ¢~ and e~ jn the cor-
responding integrands. So, if these two factors are absent, and that is so if ¢ = 0,
a parallel case for a homogeneous medium is obtained.

Also, it is interesting to note that in the neighbourhood of points just after the
arrival of the different wave fronts the displacement components are independent of
g, i.e., at any point, the effect of the first arrival of wave fronts on the displacement
components is the same for homogeneous as well as for inhomogeneous media. But
as time goes on, ¢ oceurring in the exponential terms of the integrals (31) to (34) for
« and w will have its effect, and consequently, the amplitude of the wave fronts will
decay exponentially with time due to inhomogeneity of the medium. -
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It is assumed. that a crack is developed suddenly alonga norizontal line at
4 finite depth below the surface of the earth which is assumed to be an iso-
tropic homogeneous elastic medium. The crack moves along a vertical

~ plane upto the free surface. Assuming the motion to be two dimensional
the surface displacement due to Rayleigh waves produced by nonuniformly
movmg crack has been determined by using Green’s function representa-
tion theorem and following the techmque developed by Knopoff and
Gilbert (1959). For different types of fault propagation, the displacement
compdnents derived in integral form are numerically evaluated and are
shown by means of graphs which may be of interest in earthquake engi-
neermg

1. INTRODUCTION

The study of dynamic crack propagation is very xmportant in geophysics and in
earthquake engineering science. In geophysics it is desirable to:formulate the earth-
quake source in terms of physical parameters and to study the long perlod ‘waves over

a large distance and for a long time. Also in structural engineering it is essential to
know the nature of surface waves covering a large distance. At a particular place the
ground motion produced by the earthquake is a very complicated function of the
nature of propagation of the crack and the geological properties of the place as well.
Most of the known solutions of the moving crack are restricted by the assumption of
constant velocity of propagation, which is not in general expectecL Mal (1972) dis-
cussed Rayleigh wave propagation by-a finite fault moving ‘with constant velocity.
He represented the shear failure by a jump in the tangential components “of dlsplace-
ment across the fault surface. Achenbach and Abo-Zeno (1972) analyzed the wave
motions generated by a vertical strike slip fault on which motion is opposed by a
frictional shear stress and which is assumed to increase linearly with depth. Freund

. (1973) discussed wave motions as expected in case of a nonuniformiy é'xpanding line
load. Fossum and Freund (1975) comsidered a model in which a plane strain shear
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crack moves from rest at a nonuniform rate under the action of general loading.
First motion response of an elastic half space due¢ to a nonuniformly moving disloca-
tion by Cagniard De-Hoop technique is determined by- Roy (1978). In a recent paper
Markenscoff and Clifton (1981) analyzed the motion of an edge dislocation starting
from rest and moving thereafter nonuniformly on its slip plane by means of Laplace
transform, where the inversion of the transform is accomplished by Cagniard
De-Hoop method.

In the present paper an idealised earthquake model is .considered. A fault
break along a horizontal line at a finite depth below the free surface is assumed to
appear suddenly and to move vertically upward with nonuniform motion upto the
free surface. A discontinuity in components of displacement across the fault break is
prescribed. ‘The displacement components on the free surface due to Rayleigsh waves
are determined for nonuniform motion of the crack.

To find the solution of the problem the technique developed by Knopoff and..
Gilbert with appropriate modification is used. The technique is.found to be extrémely
powerful for tackling such type of boundary value problems. Ghosh (1972) applied
the method to show the possibility of attenuation of microseismic waves-due to the
p resence of an upward folding.of the ocean bottom into the liqhid. Following
Knopoff and Gilbert, the moving crack is replaced by a set of virtual sources located
at the fault surface HO. The displacement on the free surface is written as the sum
of the contribution of these sources with the aid of suitable Green’s fuaction repre-
sentation theorem. ' .

. Three particular cases of nonumform motion of the crack are considered.
Horizontal and vertical components of surface displacements due to Rayleigh waves
produced by the propagating crack are determined and shown by means of graphs.

. In the mathematical and physical structure of wave propagation. phenomenon,
,the model assumed here is although over simplified, yet it brings forth some major
features which are usually present in the ground motion.

2. FORMULATION OF THE PROBLEM AND SOLUTION

_ The origin of the co-ordinate frame (x, y) is at the epicentre 0. . It is assumed
‘that a crack suddenly appearing at the focus H moves vertically upwards upto the
free surface 0 with a nonumform speed. The length of the crack measured from H at
any time ¢ is A(t), which is assumed to be strictly monotomc increasing function of
tlme 1. ’ :

The Fourrer transform f(,\, ¥, m) of thc function: f(x Ps r) is deﬁned by

f(x,y, w) - f f(\,y, r)ew a LW
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Fic. 1. Geometry of dip-slip fault.

Let G (x, y | X¢, y0), (m, n = (x, )) be the component of Green’s function

G"(x, y | Xos j}o) at the point (x, y) in the direction of n due to a point source of
force in m-direction and situated at (x,, yy). If now u(x, y) and v(x, y) be the dis-

placement components along x and y directions respectively and P{) , P& and
P{¥¥) be the stress components then their Fourier transforms defined by (1) satisfy

the fol]oWing differential equations:

BP,‘(:’” an(_}"‘,V) _

OPM P - - .
T Ty TPt =0 )
SR 170,70 ppLe e %0l

x + 3y + pw? G:(xny | Xos o)

= —3x — x) 3(y — }’o) ' - (4)
\ E;X[ny(x"v | %0 ? o)] a'ﬁ)g;;x(x’y | %5¥o)] .

o + & + P2 GY(x, ¥y | X ¥0) =0 ..(5)

Bl 1] Bl [ )

3x + dy —-i_ ng_(l-‘%; (x’ y l xO) y()) = 0 ...(6)

6-P-£gy(x’y l x()) yO)] a?y[?y (x'v | Y yo)] _
T % + POEGUXY | X0 o)
= —3(x — %) 3y — ) (7

where p is the density of the material and &( ) is Dirac’s delta function.

ox
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Muitiply eqn. (2) by G¥(x, ¥ | X0 yo) and (4) by #(x, y) and subtract the latter

from the former. Also multiply eqn. (3) by @j(x, 3 | Xo, 7o) and (5) by v (x, ¥) and

subtract the latter from the former. These two resulling equations are then added and
integrated over the region R to yield the following equation:

H{ ;;[ésxx, 2 | Xor 90) Prsltts ¥) + G%, 3 | %00 70) Prslits V)
R

— Etl?,,x[G"(x, ¥ | Xo5 Yo) ]— ;I_’xy[:G;(xs ¥ 1 X0 yo) ]]

4 % [c‘:;‘;(x,y | o o) Paslt) -+ G5 3 1 %oy 70) Prolits ¥)

_ al;xy[(;x(x, | %, yo):l — ;ﬁyy[(;x(x,y | xo,yo)]]} _

X dR = U (x(J! }’0)-

.(8) .

For details of the analysis to obtain eqn. (8), we refer to the paper of Ghosh (1972).

Applying Green’s theorem, the integral in (8) over the region R .is converted
to an integral over the curves S, §,, S, (shown in Fig. 1) bounding the region R and
we have

{Ej(x, ¥ | Xo, o) Pas(tt, v) + G5(x. 7 | X0, ¥0) Pay (s ¥)

S+S +S
1 2
— APGH(x, ¥ | X0, ¥o)] = ;I?”,[G"x,y l xo,yo)]} ds = (xy, ¥o)r  .-.(9)

Since the stresses due to (i, v) are zero on the free surfaces S, S1, S, and the stresses
due to Green’s function are also zerc on the free surface .S, so we obtain from (9).

0‘1: {[ﬁ] -Exx[Gx(O) y I x[): .Vo)] + [al—;xy [Gx(oa .V I x()"y[))]} dy = E(x[)’ y())
...(10)

where [1] and [v] represent the jump discontinuity in displacement components across
.the crack HO and HO = | is the length of the crack. Since we are considering a dip-
slip fault, so there is no displacement discontinuity along x-direction across the
fault surface. Consequently [u] = 0. Also, as we are interested in surface displace-
ment only, so the equation (10) reduces to the form

| R

[0] Py [GX0, y | x0, O] dy = (3o, 0)- : (1)
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Conside"rin'g{‘lhe equations (2), (3), (6) and (7), following the same procedure, we get

;f [ Py [GXQ, 3 | %0, O] dy = » (xy ©). : .(12)

The Fourier transforms of the Green’s functions are-

%0 —if{x—x -
— 1 v, € ( 0) —v_y . -y y
Gx(x) > - pow JWR(Ej [ZE_,Ze r_ (2&2—1\'2) e 2 ] d&

_ 00 —-lf(x x ) vy
G';(x, ¥ | X0 0) 2‘”‘ S -R—E [2\11\!23 g (252 kz)e ]di
[-2]

_ . —tf(x-—xo) i - Y .
—1 > vie tf(x_x | v v,y
Gy |30 0) = - I R® [‘252 ke T2 e

...(13)

Here k3 = w2/e?, kE = «?/B2, vy = VE* — kZ, v, = v/E* — k2 and R(E) = 482y,
— (E2+v3)% «, B are respectively P-wave and S-wave velocities, The values of v(E)
and v,(£) are to be so chosen that with such values the expression for the displacement
decay exponentially as y — oo for real v,(£) and vo(E): '

The Fourier transform of the stress Px,[G"(O y | x 0)] On the line of faulting
HO is given by

ny[Gz(o Yy | Xos 0)] S R(&) [(25 k2)€ s - 4E2V1V2 "ly:l dE. i
(14)

Since we want to determine the surface dlsplacement due to Rayleigh waves, we need
to determine the value of the integral in (14) for Rayleigh pole contribution only, for
which we refer to Mal and Knopoff (1968). The Rayleigh pole contribution to the
mtegral (14) is evaluated by following the method prescribed by Lapwood (1949) and

P,,[G (0, y | x, 0)] is found to be
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o~ o) o )}

X exp(i mcxo )for o>0
R
. : [
and . : L— LoL.(15)
ind, {exp (maJa2—c§y ).—-exp( ﬁén \/[3:_&;{ J’)}
}(exp(iu;);°),forw<0- J
where
1
‘ Al = 4CR .
N = )
X 2oz 12 [32—62 1/2
E (262_c2 )_ (3 R __az R —2,\[<0£2—(,‘2)((32—02>
B R R R
pr—c} @)

-..(16)

and cg is the Rayleigh wave velocity.

Similarly, the contribution from the Rayleigh pole to P,[G*(0, y | x,, 0)] is fonnd to

be
Bodexp{ — = 2__ 2 )—ex 1)
1 Y dep A| ¥ TCRY P ﬁcn B—(.Ry i
[
'Xexp(i(‘;x"),forw>0 : I
!
and . I? ..(17)
—B,w had / 2 —eX 2 ,
1 UCR\a—cR pﬁc B—cy {
o I
xexp( ) form<0 !
CR -J
where
1
B 2Bcr
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The discontinuity in displacement along the line of fa{ulting at any time s and at a
depth y below the free sufface is assumed to be
vl = DH[A(t) — (¢ — ¥ [H() — H(y — D]
= DH[t — r(] [H@y) — H(y — 1)] (19)

H( ) is Heaviside step function and r(y) = h~*(/—y), which is the inverse function of
h and it exists as A(t) is strictly monotonic increasing function. Fourier transform of
eqn. (19) is given by

bl = DIHG) — H — D { Hlr — r(y)le= dt
= DIH() — H(y~1)]r(f: eiet dt — DIH(y) — H(y — D]
X (173(0)) -+ %) einry), ...(20)

Putting the value of [;] from (20) in (11) and then taking Fourier inversion of (1)
and changing the order of integration one obtains

‘ 13 [o'e) .
(o, O 3 | dy | =0 (ad(o) + L )P [G(0, 7 | 0, O)] o
[N )

Substituting the value of J_Jx,, from (15) in the above equation we get

1

u(xo, 0) = ~ A;D j y E {[exp (— a(:R ,\/aﬂ—ci y)
9 )]

—cxp(— 56%\/32_6‘2‘ y):] cos (r(y) — t'—}- —ff;) ® }dw

or

2 [
ulx,0) _ _ AiCr j{ ay/ ot —cry ,
D a (22 —ci) y* + alicrr(y) — ICcr + x0)

BB — cky
—(ﬁz — cR) Y +picrr(y)—ter + xo)z} dy. -.(21)

Similarly, we obtain
2
Wx0) _ _ BiCr [ { a¥(cr r(y) — tex + %)
‘D T (e — ¢y + a®(crr(y) — fcr + x,)*

(equation continued on p. 1001)

0.
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Bcr r (J’) — ter + Xo) : ‘
(B2 — cR)y® + BAcr r(y) — ter +- Xo)? } dy. ) ...(22)

3. DIFFERENT CASES OF NONUNIFORM CRACK SPEED
In this section we determine the Rayleigh wave displacement on the free surface
for different nonuniform motions of the vertical crack. '
Case 1—Here it is assumed that 4(f) = c#, where c is the constant velocity of
propagation of the fault and we have

I_.
t == ). .(23)

Substituting the value of r(y) from (23) in (21) and (22) and integrating the resulting
equation one gets

u(x, 0) _ _ AG & 1{_1_ A2+X | er, A4
D - 4np CilL B 2 In T2 + s tan—?* —}
Gf1l G+Xx w0
H{ 2 In T2 + cG tan. T}] (24)
¥ 0) _ AU+ Gﬂ)i[i{ Capgger A1 Ak X
D 2nP crL Bl cr X 2 7z
1 G 1 @
ﬁ{ P tan™ — 5 In T }:l ...(25)
where : ,
I o - O
A \/ pZ “2’B~1+C§<1~—BT.“2),G:J1_BT
r & _ R 2 Ier __CR ter Xo
T PR A
and '
- n_A4 _ G _
P=21+G)— ¢ T — 24G.

T = 0 implies ¢ = %—}— %which is the time taken to reach the point (x,, 0) by
Rayleigh wave, which is emitted from the epicentre O when the crack reaches the
free surface and X = 0 implies ¢ = xo/cg Which is the time taken to reach the point
{xg, 0) by the Rayleigh wave generated at H as soon as the crack appears at H.

Case 2—In this case it is assumed that the crack starts to move vertically up-
ward with a finite velocity @ and has a retardation 5. Here at a time ¢ after the for-
mation of the crack

() =at — be?

1
2
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so that

o 2 (1 — 2)
ro) = a 1 +[1 — @blla®>)(1-2)72" ...(26)

Substituting the value of r(y) in (21) and (22) we obtain

Az

o0 _ _ AG c 20— 2 :
P J [AZ“ o i X |

Gz
[4 2(1 — 2)
62 + L = X} | ] e

3 {2

P

o

1

g I(z ey tX) # e |

R I—z z
{2+ (2 Frymramam + %)}

X {Gzzz+(2%1+[1—12;5—z)1‘ R}

where F = bl/a® and the other constants have the same values mentioned earlier. It
may be noted that the integrands in equations (27) and (28) have a singularity at
= 0 provided

<R 1
a 1 FvVioar + X = 0, which 1mphes that

_ X0 2
e g VIi=G®)

This is the time to reach the point (xq, 0, by the Rayleigh wave emitted from the
epicentre O just after the arrival of the crack at this point.

Case 3— Finally let the crack at a depth 1 below the free surface, start to move
vertically upward with infinitely large velocity which gradually decays with time.
Accordingly h(z) is taken in the form ‘

h(t) = Dy \/ t.-where D;is a constant
or .

D/t =1—y.
Therefore

@) = [ — »)/Di o (29)
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As before substituting the value of r(y) in (21) and (22) and making a change of vari-
able of the integration, we have

u(xe, 0) K2AG i A
D - 4= P

- AP (KA IM A 7 - A+ M°

G
z4~423+(K262+2M+4)2 FaMA ] zdz . (30)

G LR 80 - 5)

1

g 2%z —2z+M)dz
x J KA+ @2+ M) {KZG-'z"+(z2,—2z+M)='}(

30

where K? = D3%/lcg, M = 1 — (tcg/l) (Di/lcg) + (xo/]) (D}/lcg) and the other con-
stants have same values as mentioned before. Again, the integrands in eqns. (30)
and (31) are singular at z = 0 if M = 0. This corresponds to ¢ = (xofcr) + (I3/D?)
which is the time of arrival at (x,, 0) of the Rayleigh wave which is generated at 0
just after the arrival of the crack on the free surface.

4. NUMERICAL RESULTS AND CONCLUSION

When the earth material is under tension or compression in a direction parallel
to the free surface, shear failure occurs on a fault plane. In general, this failure
moves with nonuniform speed. Numerical computations are carried out for poisson
solid (/8 = 4/3) and for cr/B = 0.9194. The quantitics 4, B, G, H, X, T, P, K, M, F
defined in section 3 are all dimensionless.

Figures 2, 3 and 4 show the variation of components of displacement with

4
R "
I
. It :
' 1" - -CC—R='B
Ca _.g TA— 1 C
- - R=2
Lo & : Al ¢
— Lz, > [
o - I,
2 1 : )
-1
Iy
6 [ 10 T 1. - L _ N

(@) ® :
FiGs. 2(a, b). Horizontal and vertical components of dAsplacement versus time, Case of crack
propagation with uniform velocity.
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-1 4

(b)
Fics. 3(a, b). Horizontal and Vertical components of displacement versus time. Case of crack
propagation with retardation and finite starting velocity.

time. The dimensionless displacement components are plotted against dimeasionless
time Ty and 7, indicated in the figures correspond to the arrival times at (x,, 0) of
the Rayleigh waves from the focus H and the fault break at 0. Figures 2(a, b)
correspond to the case 1 of section 3 where the constant velocity of propagation of
the crack (cpfc = 0.8 and 2) is assumed. Figures 3(a, b) correspond to the case
where the’ crack starts with a finite velocity ¢ and has a retardation 4. Here also two
cases cxfe = 0.8 and 2 with the assumption that F = 1/3, are considered. Figures
4(a, b) depicts the case 3 where the initial velocity of crack propagation is assumed
to be infinitely large and K is taken to be equal to 1.

From eqns. (21) and (22) it may be noted that u(x,, 0)/D and v(xe, 0)/D are
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27
(I
Z\ 00/\ 1T
g - ' 4 6 7 8
: Y
-1 4 L
-pJ
N (a)
'
3
I
o K=1
>
=4
' -
T T
(0.0) Nl,1 O‘LZ 4 G i) Mo
\/ { Cr
b
-1 4
(b)

Fias: 4(a, b). Horizontal and Vertical components of displacement versus time. Case of crack
propagation with retardation and infinite starting velocity.

functions (xo/l) — (crefl). Therefore in all computational works, without any loss of .
generality x,// has been taken to be equal to |, because any change in value of xfl
will merely cause a shifting of the graphs along the direction of cg#/l.

We find that in each case the strongest ground motion occurs at T° = cgt/]
which correspond to the arrival time of Rayleigh waves from the surface break at 0.
Also it is found that though the nature of the graphs in three different cases differ
between Ty and T, but their natures are almost the same after the arrival of
Rayleigh waves from the surface break. This may be explained from the fact that
the main contribution to the ground motion due to Rayleigh wave is from a small
portion of the fault near the surface after the arrival of Rayleigh wave from the
surface break. So the contribution from the details of crack initiation becomes in-
significant after T,. It may be mentioned in this connection that though contribution



1006 : M. GHOSH AND M. L. GHOSH

of Rayleigh wave to the ground motion is significant at large distances from the epi-
centre, the effect of body waves near the epicentral region cannot be ignored. This
effect may be incorporated if we consider in addition to the contribution from
Rayleigh pole, the contribution from the branch line integrals arising from the
evaluation of stresses due to Green’s function.
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