CHAPTER I

INDIFFERENCE DIGRAPHS — A GENERALIZATION OF INDIFFERENCE
GRAPHS AND SEMIORDER *

2.1. Introduction

Indifference graphs were introduced'and studied by ,Robe}ts
[1926%al. An undirécted graph is an indifference graph if there
exists a real-valued .function f on the vertices such that

are
vertices u, v adjacent if and only if [Fuy = f(vr|= 1. We may
call 71 an indifference representation of G. Roberts
characterized indifference graphs and proved that they are
equivalent  to proper Interval graphs (intersection _g?aphs of
intervals in whichAno'interval properly contains another) and to

unit Interval graphs (intersection graphs of unit—-length

intervals).

With this model in mind, we introduce an analogue of
indifference graphs for directed graphs (henceforth ‘“digraphs"}.
A digraph with édge set £ is an Indifference digraph 1if there
exists an ordered p;ir of real-valued function f,g on the
vertices satisfying uvr € £ if and only if |fcu)- gcvI|£ 1.Here
fov) and gov) are-called the source value and sink value of the
vertex v, and the pair f, g 1is called aﬁ Indifference

representation. Interchanging the source value and sink value of

# A major portion of this chapter is to appear in SIAM Journal on

Discrete Mathematics (May, 1994).
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each vertex shows tﬁat the converse of an indifference digraph
(obtained by chénging the direction of each edge) is also an
indifference-digraph. A complete digraph.(thaf is, a digraph in
which every ordered pair of vertices forms an edge including the
loops) is also an indifference digraph,' as can be seen by
assigning Varbitrary source and sink values all within the

interval [0,1].

Beineke and 'Zamfirescu [1982) and Sen et al. [1982al
introduced and studied (in different - contexts) a natural
‘anéloéue of intersection graph models for diretted graphs. Let -V
be a family of ordered pairs of sets and assign a vertex v to
each orderea pair. The fifst set assigned to v is called its
source set Sv’ and thé_ second - set is its sink set Tv' The
Intersection . digraph of the family of pairs is the digraph
Q = (V,E) sgch that uv € E if and only.if Su N 'TV = ¢4 .. An
Interval digraph is the intersection digraph of a family of

ordered .pairs of -intervals on the real line; these were

characterized by Sen et al [198%a,b]

By placing constraihts on the source and sink intervals, we
intréduce two types of interval digraphé. Unjt Interval digraphs
are interval digrapﬁs with interval representations such that
all tﬁe source intervals and sink intervals have unit length.
Proper _inte?val digraphs are interval digraphs with

representations such that no seurce interval properly contains



anpther source interval, and no sink interval properly contains
another sink interval. Note that there is no restriction on the
inclusion relationship between a source interval Su and a sink

interval 7 .
v

Given an indifference representation fi,q, setting
- _ 1 1 _ _1 1
Su = [fou) - f(u)+—§] and Tu = [gcu) —— g(u)+—§ ]

"for all u« provides an interval representation. Hence every

indifference digraph is an interval digraphj; indeed, it is a unit

interval digraph, since these intervals have length 1.
Conversely, sétting flul), gdlu’) to the midpoints of Su’ Tu in a
unit interval representation yields an indifference

representation, so indifference digraphs are precisely the unit
interval digraphs. Section 2.2 contains an explicit interval

digraph that is not an indifference digraph.

Making use of the characterizations of interval digraphs, we
will give characterizations of the more restricted classes to
prove that the classes of indifference digraphs, unit interval
digraphs, and proper interval digraphs are all the same. The most
important characterization, from which others are obtained, is a
characterization of the adjacency matrices of these digréphs. We
say that a O0,l-matrix has a moﬁotone consecutive . arrangement if
there exist independent row and column permutations exhibiting

the following étructure: the O's of the resultingAmatrix can be



labeled R or C guch that every position above and to the right of
an R is an R, and every position below and to the left of a C is
a C. The name arises from an eguivalent restatement af the

condi@ tion described in Section 2.2.

Roberts [196%al] proved equivalence of the analogous classes
of undirected graphs. Our results reduce to the eariier results
on undirected graphs when we view undirected graphs as symmetric
digrgphs witﬁ loops (i.e., symmetric and reflexive binary
relatiéns); The adjacency matrix Df-thé corresponding digraph is
obtained by adding 1's on the diagonal; this |is called.~the
augmented adjacency matrix A*(G) for an undirected graph 6. A
symmetric digraph with loops has an indifference representation
if and only if it has an indifference representation with f = g,
because the symmetry implies that averaging f .and g will not
Vchange the resulting . edges.- Conversely, every indifference
representation with f = g yields a symmetric digraphAwith‘ loops.
This establishes a bijection between: indifference graphs and

indifference digraphs representable using f = g.

Hence our characterization iﬁplies thgt G is an indifference
graph if and only if A*(G) has a monotone conseecufivé
arrangment. This reduces to Roberts characterization [19681 that
G is an indifference graph if only 1if A*(G) has a column
permutation so the 1's appear consecutively in each. row (called

the consecutive ones property for rows). A monotone consecutive



arrangment exhibites the consecutive ones property for both rows
and columns. Conversely, the symmetry of 4% allows us to . apply
any column permutation also to the rows to achﬁie the consecutive
ones property for each simultaneously while leaving 1's on the

diagonal; this is a monotone consecutive arrangement.

Roberts introduced indifference graphs as a graph—-theoretic
‘concept related to semiorders, which are a special type of binary
relation. In discussing a binary relation P, we use the notations
xPy, xy € P,ahd x — vy interchaﬁgeably, corresponding to several
equivalent notions: 1) P as a binary relation, 2) P as the set of
ordered pairs of a relation, and 3) ‘P as the edges of a digraph.
we'use whichever notation is convenient. Luce ([1956] and Scott
and Supbés £1958] defined a semiorder to be an irreflexive binary
relation (loopless digraph) satisfying 1) ab, cd, € P implies aPd
of cPd, and 2) ab, bc, € P implies aPd or dPc, where in each case
a, b, ¢, d are arbitrary (not necessarily distinct) elements (or
vertices). ~The Scott-Suppes Theorem [19581 characterizes
semiorders as those binary relations AP for which thére exists a

real-valued function f such that xPy if and only if f(x) > F(y)+&

for some constant & (which can be taken ¢to be 1). This
condition expresses P as a transitive orientatien of the
complement of an indifference graph; hence we call f a

coindifference representation. When viewing an indifference graph
as a symmetric digraph with loops, this result was rephrased 'by

Roberts [1969al] by saying that a graph with edges £ is an



indifference graph if and only if there is a semiorder P such
that £E = P u P*, where P* is the digraph obtained from #A by

reversing the directions on all the edges.

We introduce a generalizatioﬁ of semiorders that behaves 1in
the analogous way for indifference digraphs. We obtain the
Scott-Suppes Theorem and Raoberts's rephrasing of it as special
céses of the resulting theorem. We define a generalized semiorder
to be 'a pair of disjoint binary relations (edge-disjoint
digr;phs) H1, Hz on the same set sucﬁ thaé 1) aHib and-cHid imply

b and cH, b imply aH,d or cH_d,

aHid or cHib (I e {1? 2}y, 2) aH 1 | 2

b 2

and 3) aHIb and aH,c imply dH,b or dH,c, where as above a, b,

2 1 2

cy, d are arbitrary (not necessarily distinct) elements.

Observe that if H2 = H:i, then conditions (2) and (3)

>coincide and disjointness forbids 1loops, so that H1’ Hz are
semiorders. We prove that a digraph witﬁ edge set E£ is an
'indifference digraph if and only if there 1is a generalized
semiorder H1’ Hz on the vertex set such that E = H1 U Hz'

In particular, we prove the following generalization of the
Scott-Suppes Theorem:(Hi, Hz) is a generalized semiorder on the
elements A if and only if there are two functions f, gs A —» R
such that x sz & Fix) > gly) + 1 and x sz & gly) > Fix) + 1.

The two functions f,g are called a coindifference

representation.
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.To obtain the Scott-Suppes Theorem as a corollary, suppose
that H is a binary relation and let H1 = H, H2 = H™*. If H has a
coindifferénce represeptation f (with threshold 1), then xHiy if
and only if f(x) > fc¢y) + 1, and similarly tzy if and ohly if
fey) > fix) + 1.'Heﬁce (H;; Hz) is a generali;éd semiorder, which
implies thaf'H is a semiorder as noted above. Conversely, suppose
that H 1is a semiorder. This implies that (Hi, Hz) is a
generalized semiorder, so we obtain- ‘a’ coindifference
representation f,9 satisfying xH y & f(xJ) > g(y) + 1 and
szx &> gix) > feyl)+l, Let hix) = [fix) + g(x)’1/2, If xHy, then
h(x) > hdey) % 1. If.h(x) >h(y) + 1, then, xHiy or szx, i.e. xHy,

and h is a coindifference representation of H.

We note that other generalizations of semiorders have been

introduced, including the bisemiorder of Ducamp and Falmégne
(sex See '°5.2)

[1969]1 and the double semiorder of Cozzens and Roberts [1988l< In

both cases some analogoues of the results on undirected graphs

were aobtained.
2.2. Properties of adjacency matrices

We observed earlier that every indifference digraph 1is an
interval digraph. We will need the characterizations of interval
digraphs. First, a digraph is a Ferrers digraph or Fferrers

relation if it satisfies condition (1) in the definition of



61

" cemiorder: ab, cd « P implies aPd or cPb., This definition,
introduced by Riguet [19521, 1is equivalent to forbidding the
adjacency matrix to have a 2 by 2 submatrix that is a permutation
matrix, or to reéuiring thé successor sets (or predecessor sets)
to be ordered by inclusion. The name arises from énother
characterization: the rows and columns of the adjacency matrix of
a Ferrers digraph can be independently permuted so that the

positions of the 1's form a Ferrers diagram.

Theorem 2.1. (Sen et al [1989a,b]. For a digraph D, the
following are equivalent:
| 1) D is an interval digraph.
2) B fs the union of two disjoint Ferrers digraphs.
3) The rows and columns- of the adjacency matrix of D can be
permuted Independently such that each 0O can be labeled with R or

C In such a way that every position to the right of an R Is an R

and every position below a C 15 a C. _ =

A matrix satisfying condition (3) . above has the
partitionable ?eros property; note that it is a weaker form of
the monotone consecutive arrangement condition described earlier.
This characterization enables us to show that the indifference

digraphs are properly contained in the interval digraphs.



Example 2.1 An Interval digraph that is not an indifference
digraph. The adjacency matrix below satisfies the
characterizations above, so the correspondihg digraph 1s an

interval digraph.

Let ey Vs Vs vV, denote the vertices in order, and suppose there

3
is an indifference representationlwith f(VL) = f and glv. ) = g,..
L L
All sink values must lie in the interval [fz— 1, f2+ 1] . Since
edges are determined by absolute value of f'_L - gj, we may assume

g, 2 f_. Now the O's in rows 1| and 3 force f ,f < f_ and then g _,
4 2. 1’ 13 2 g

g1> fz. However, a 2. by 2 permutation submatrix has no
indifference representation in which both source values are less
‘than both sink values; the larger source value must be more than

1 away from one of the sink values, which then cannot be within

distance 1 of the smaller source value. - a

A more straightforward'characterization of interwval digraphs
(Sen et al [198%al) can be restricted in a natural way to
characterize proper interval digraphs. A generalized complete
bipartite subdigraph (GBS) of a digraph |is a subdigraph
conéisting of vertex sets X,Y and edges from all of X to all of

Y. The word '‘generalized'' indicates the fact that X,Y need not
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be disjoint; any submatrix of 1's in the adjacency matrix - yields
a GBS. If B = {(Xk, Yk)} is a collection of GBS's we can form the

incidence matrix between the vertices Vv and the source sets
{de called the V,X-matrix, and similary the V,Y martix between

the vertices and sink seté. Since the rows in the two matrices
can be viewed as source sets and sink sets, with the'.GBS'S
cnfreaponding to elements that can be placed in order aiong a

line, we obtain:

Theorem 2.2 (Sen et al [198%al). A digraph Iis an Iinterval
digraph if and only if its'edgeé can be covered by a collection
of GBS's B that can be indexed so that the !'s in each row of the

V,X—matrix and the V,Y—matrix appear consecutively..

To obtain proper sets of intervals, we want the resulting
matrices to have the proper consecutive ones property (for ron)
introduced by Fishburn [19831]. Thisv is defined to be the
existence of a column ordering so that 1's in. each rpw_Aappeaf
consecutively and do not properly contain the 1's in any other
row. Such .an_Drdering ‘‘exhibits'' the properfy. By transforming
a probér inferval representation into GBS's corresponding to the
endpointé of all intervals, and conversely .by transforming
membefship in an appropriate sequence of BBS's into intervals, we

obtain
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Thearem 2.3 A digraph Iis a proper Iinterval digraph I{f and
only If Its edges can be covered by a collection of GBS s B that
can be indexed so that the 1°'s in the rows of the V,X—-matrix and

In the rows of the V,Y-matrix exhibit the proper consecutive ones

'property. VV ' . - |

Note that, given.a matrix with the proper consecutive ones
property for rows, we can permdté the rows to exhibit a monotone
consecutive arrangement. The converse does not hold, as a
moenotone consecutive arrangement allows proper inclusion qf 1's
in rows. Né wili see in Theaorem 2.5 that-the condition of Thedrem
2.3 for proper interval digraphs is equivalent to requiring the .
weaker monotone consecutive condition for the incidence matrices
of some family of ma?imal GBS'S that cover D. We will need a
rephrasing of the moﬁotone consecutive condition that . focuses
'explicity on How the t's in rows must behave. The folléwing
cBaracteri;ation is the'sourcelof the name “"monotone consecutive
arrangement“.'Nofe that zero rows or columns can be pléced at the

bottom or right without affecting'the existence of a monotone

consecutive arrangement.

Lemma 2.1 A 0,1—matrix-with n non—-zero rows has a monotone
consecutive arrangement If and only If It has independént row and

column permutations such that the [I's appear - consecutively 1In



each row and the value {ai} and {bi} denoting the Initial column
and final column of the Interval of 1's In row I satisfy
a, £...€£a and b, = ...< b .

n 1 n
Procof. The labeling of the O's in a monotone consecutive
arrangement guarantees a, < a. and b, 2 b.. Conversely, if "

) i-1 i t+4 i

is permuted so sequences a and b are monotone, let a 0O in
position (i,j;) have label C if ; < a;s Or label R if J ) bi' By
construction, the labeling condition is satisfied in rows, -and
monotonicity of the sequences guarantees that it is satisfied in

columns. ﬁ

Finally, it is worthwhile to note that although a monotone
consecutive arrangement implies the consecutive ones prbperty for

both rows and columns, the converse does not hold.

Example 2.1 (continued)., The adjacency matrix "has  the
consecutive ones broperty for both rows and columns, but it does
not yield an indifference digraph. By the characterization we
claim, it.thus does not have a monotone consecutive a?rangement.
For clarity and motivation, we givé a short direct proof of that.
In a monotone consecutive arrangement, the O0's of a 2 by 2
permutation ;ubmatrix cannot be both € or both R. By symme: "try of

1 3
(1,3) is labeled R.and the 0 in position (3,1) is labeled C.

v, and v, in this digraph, we may assume that the 0 in position
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Since row @ has all 1's, it thus must ‘be under row 1 and over row
3 in any monotone consecutive arrangement. This implies that the
0's of column 4 cannot be both C or both R. With one of each in
these rows, column 4 must occur after column 2 ana before column

2 in any monotone consecutive arrangement, which is impossible. ﬂ
2.3 Equivalence of digraph classes

In this section, we prove characterizations of the digraph
classes we have been considering. First, we characterize the

adjacency matrices and show that the classes are equivalent.

Thearem 2.4 If D I1s a digraph, the following conditions are
equivalent.
| A) D is an indifference digraph.
B) D i1s a unit Interval digraph.
c Dbis a proper. Interval digraph.
D) The adjacency matrix of D has a monotone conseéutive

arrangement.

Proof. We noted A &« B 3 C in the introduction. For C & D,
suppose that D is a proper interval qigraph. By Theorem 2.3,we
have a coliection B = {(Xk, Yk)} of"GBS's that cover D,'such that
for the V,X-and V,Y—-matrices, the 1's in each row apﬁear
consecutively and do ﬁot properly contain the 1's of any other

row. We may assume that each row has a 1, else the corresponding
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. row or column of the adjacency matrix - can be placed at the end,

which will not affect the existence of a monotone arrangement.

Let a(?), b(vJ) denote the first and last columns contaning 1|
in the row of the V,X~-matrix corresponding to v; similarly define
clv), d(v)-%rom the V,Y-matrix. Index the vertices ul,...,un' 80
that a(uz) L .= a(un); the proper consecutive ones property
implies a}so that b(uI) L ... .5 b(un); Similarly, index them as

. < < <
VI"""Vn s0 that 'C(VI) L L...= c(vn) and d(vl) € t...5 d(vn).

Let a, = atu,’), b, = blu,), c.=ctv ), d, = dlv.,6). We may
1 1 1 1 J J J J
assume that all source sets and sink sets are nonempty, which

means - that for any (Xk, Yk) € B there exist f,j such that.

k [ai; bi] and k € [Cj’ dj]'

We claim that the row ordering L and column
ordering vi,....,vn of the adjacency matrix exhibit a monotone

consecutive arrangement. The edges with tail u, are covered by

the GBS's with source sets Xa,.,...,Xb 3 hence the successors

. i i
(out-neighbors) of u, are Ya V..U Yb .
. i i
Let o, = min {J:ai < [cj,dj]} and ﬁi = max {J:bi e [cj,dj]}.

The proper consecuftive ones property of the V,Y-matrix (and
lack of O rows except possibly at the end) implies that the ones
in row I of the adjacency matrix are {j:ai <7 = ﬁi}. It also

implies a, < «. because a. = a, and 3, <3

because
i I+ 1 I+ i _

i+
b, = bi+ . By Lemma 2.1, we have a monotone consecutive
1 1 :

arrangement.
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To prove D % A, we take a monotone consecutive arrangement

of an m by n O,1-matrix M with rows ui,....,um and columns
EREERET N and construct an indifference representation, writing
fi = f(uj) and gj = g(vj). To avoid technical degeneracies, we

use induction on m + n. In particular, if the matrix has aAg+%
decomposition, then we can take represenfations of the fwo
smaller matrices by induction and shift one by a large constant
to obtain a representation of M4 (similarly for zero rows or
columns). Hence we may assume that evefy row and column has a 1
(including position (1,1)) and that each consecutive pair of rows

have 1's in some common column.

. From the monotone consecutive arrangement, we have

nondecreasing sequences (aj} and (bi} such that the sucessor set

of ui is Qi = {Va,....,Vb }s the existence of a common 1 is
i L

1

equivalent to a, =< bi—a' We distinguish the maximal successor

sets, those not contained in anv other. We present an iterative

algorithm such that, at the end of stage i, we have specified

g,< ...<g, and f S ...< f, to form an indifference
representat;on of the first I rows and 9y columns. Furthermore,
1
the Qalues are chosen so that 9, ~ 1 = fj =9, + 1 if Qj is
maximal and gy = 1< fpo <9, * i if @, is notl maximal. As an
1 1

initialization, we can specify any desired valuej; we choose

91 = 1, and by convention we take bo = 1 and 9, = -1 to treat

statge 1 inductively.
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To begin- stage i, we set the sink values through gb . If
i

b, =b,. , then these are alréady known. If bi > b, y .then we

I I—4 I1—1
need to set the sink values above bj_i.Since a, = bi—i’ the value
g5 has been set. Choaose 9y + 1,.....,gb. as an arbitrary
inéreasing sequénce in the op;;iinterval (f:_1 + 1, g9,.* 2),
expect set 9p = ga.+ 2 if Qi is ‘maximal. This interv;I is
nonempty becaiée f;_i =< ai;1+ 1 =< ai+ 1, and the first inequality-
is strict if Qj_ is not maximal, while the second is strict if
Qi—1 is maximal and bi )bi—1' The resulting inequality 9p . + 1 >

'fi-t + 1 guarantees that the representation is Cdrre;t Dnlgée new
columns and old rows. Note also that fl._1 + 1 2 9y . , so the
. : : I-1

sink values remain increasing.

To complete stage I, we choose fi to add row I to the

representation and preserve the stated restrictions. We must have

gy ~ 1 = fi =< 9, + 1 (with strict inequalities if Qi is not
I i
maximal and equalities if Qi is maximal), and fi > g, + 1. Let
i-1
fi = (k.+ p)/a, where A = max {gai_1+‘1, gb;— 1} and u = gai + 1.

"By the construction of gy » we have N\ £ u, with equality 1if and
. i _

only if Qi is maximal. This guarantees that fi satisfies all the

restrictions, and the monotonicity of {ai} and {bi} guarantees

f. =f . ‘ :



Example 2.2 To illustrate the above construction procedure

consider the rearranged adjacency matrix below :

Vi Va2 Va. Vs Vs Ve Va Va Vo Vio Y11 Yz
u, 1 0 0 0 o o o o 0 0 o o
u, 1 1 1 1 o o (0] 0] 0 o) o 0o
u o o 1 1 1 1 o o} 0 (o) 0 o
u, o o o 1 1 1 o o o o 0 0
u_ 0 (o] o o 1 1 1 () 0 o 0 o
u_ 0 0 0 o 1 1 1 1 1 0 o o
u_ 0 o 0 0 1 1 1 1 1 1 0 o
ug 0 o o o 0 0 1 1 1 1 o 0
u, 0 0 o (0] 0 0 0 1 1 1 0 0
U o 0 o o o o 0 0 0 1 1 1 o
U, 0 0 0 0 0 0 0 0 0 1 1 1
U, 0 o o o 0 0 0 o o 0 1 1
Maximal successor sets are'Sz, Sa’ S?, Sio’ and.511, whare
82 = { VisereeaV, } S3 = { VgseemeaV } 87 = {‘VS,-..',Vto }
Sio = { Vor e eaV } S11 = { Ve’ 2V, }
Step i. Consider the first maximal set Sz. Put

arbitrarily 9, = 1. Then g, =9, * 2 = 3

Now to find f1 we write AN = g1 -1 =0
cand p o= g, + 1 =2
D S
S'Ofi__la——l
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Step 2. We have to choose g, > fi + 1 =2
Choose arbitrarily g, = 2.6 and g, = 2.8
9, * 9@
Since S is maximal f_ = — - = 2
2 2 2
Step 3. Since S3 is maximal, 95 = 9, + 2 = 4.8

Choose = arbitrarily satisfying 9, > fz + 1

and a, < 9, < 9,- Let a, = 4

_93 + g
Then fa = 5
_ 2.8 + 4.8 _
= = = 3.8
Step 4. Here the sink values of all the successors sets are
already known.
Then X = max (g, + 1, g —- 1) = max(3.8,3.8) = 3.8,
H=g, + 1=
= ANt u o
So f4 = ——== 3.9
Sfep 5._ Here g, > f4 + 1 = 4,9 Let g7 =5
Then A = max (g4 + 1, g? - 1) = 4
-+
o= f5 A = H = 4.5
Step 6.  Here 9, > f5 + 1= 5.5 Let 9y ~ 3.6
Then 9, = 5.8, 9.0 = 9 + 2 = & since s, is maximal
Then A = max (g4 + 1, go - 1) = max (4,4.8)

1}
)
a
_h

O

it

I
Bl
0
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95.+ gl
Step 7. Since s_ is maximal f_ = 218 =5
— ? ? 2
Step B. All fhe sink values are known
A = max (gd + 1, 96 1) = max (5.8,3) = 5.8
H=g,+1=256
So f = 3.9
]
Step 9. A = max (g7 + 1, 9,6 ~ 1) = max (6,35) = 6
=g - 1 = 6.6
= At e
fg = = = 6.3
Step 10. To find g __ we note that S0 is maximal
Then 9,, = 9, + 2 =.7.8
f = 6.8
10
Step 11. - s, 1s maximal. So 9,2~ 9% + 2 =8
f =7
11
Step 12. Here A = max (910 + 1, 9,, ~ 1) = max (7,7 = 7
M=g ot 1 = 8.8
So f =2t H - 7.9
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Arranging in increasing order, the values of f(v ) and g(v)r
: i j

can be tabulated as below.

i} 1 e 3 4 5 6 7 B 9 10 11 12
fudf t 2 3.8 3.9 4.5 4.9 5 5.9 6.3 6.8 7 7.9
gtwv )| 1 2.6 2.8 3 4 4.8 S 5.6 5.8 6 7.8 8

Using the‘adjacency matrix characterization, we can now give
an alternate characterization of proper interval digraphs as a
“variation on Theorem 2.3. We can. restrict our attention to
maximal GBS's if we allow the flexibility of a monotone
consecutive arrangement of the 1incidence matrices instead of

requiring the proper consecutive ones praperty.

Theorem 2.5. A digraph D is a proper interval digraph (or
indifference digraph) If and only of It has a covering bx a
family of maximal 6GBS's B = {(Xk,Yk)} numbered  so that the
V;Xfmatrix. and V,Y—-matrix exhibit monotone consecutive

arrangements.

Proof. For necessity, we may assume we have a monotone
consecutive arrangement of the adjacency matrix, with [aj’bi]
being the interval of columms with 1's in row 1. Again we
implicitly use induction on m + n to avoid degeneracies and
assume that there is ' a 1 in every row and column and a éommon_
column in any two consecutive rows. There is a natural set of

maximal GBS's associated with such a configuration. As suggested
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by viewing the matrix in the example, these are the maximal
rectangular blocks of ones determined by corners of the region of
i's ;n the matrix. The upper corners are the positions of the

form (i, bi) with bi > b. 3 the lower corners  have the form

(jpa ) witha.  <a. . I1fi < j and a., < b,, then these form a
J J J+i J I

maximal GBS B(i, ).

To select an approbriate family {Bk}, " begin with

=B (1,r), where r = max .- {I~ a, = 1}.- -~ Having © determined

=1 - k=1 dk—i)’ let « be the ngxt row below Cr—1s having an

upper corner (if any), and let 3 be the next row below dk—1

having a lower corner (if any). Since we have avoided degeneracy,

we must have o =< d or a_ =< bc (unless Bk_’ completes the

k—1 3~ ey 1

covering), which implies that B(a, dk—l ) or B (ck_I,B ) can be

‘chosen as B, = Bl(c dk). Since we shift by one cbrnér at a

k k'’

time, the resulting sequence covers all the 1's.

In this -sequence, the vertices Xk are consecutive set

U y.-=25U, . Since each step we take increases ¢, or d while
€t dk k k

leaving the other fixed, {ck} and {d are monotone, and the

Kt
transpose of the‘ V,X-matrix has a monotone consecutive
arraﬁgement. Since the original definition 1is 1invariant under
transbose,' the .V,X—ﬁatrix also has .a monotone consecutive
arrangement. Applying the same argument to the transpose of the

original adjacency matrix shows that the V,Y-matrix of B also has

a monotone consecutive arrangement.



For sufficiéncy, let B be a collection of GBS's covering D
that is indexed so thevV,X—matrix and V,f—matrix exhibit monotone
consecutive arrangements. By Thoerem 2.3, it suffices to show
that-if there is any proper inclusion between the 1's of a
consecutive pair of rows in the V,X -matrix or V,Y-matrix,then we
can add one GBS to the sequence to reduce the -number of proper

inclusions.

By symmetry, we may assume there is such an inclusion in the

V,X —matrix, with a, < a, but 6. = b, = k. Define a new GBS
P l1+1 1 1+1

(X, Y'Y by X' =X, — {u.z 5 =1} and ¥ =Y

Kk ; PE and 1insert this

into the sequence immediately following (Xk’Y ). Now bi < b, ,

k

and the other such inequalities remain unchanged. < |
2.4 W-Consecutive Arrangements

Tucker [1972] gave a complete characterization of
consecutive l's‘property of a (0,1) matrix in terms of some

forbidden configurations of the matrix. . .. ‘- U &t~ =217

P N N —— " e P
- Eas piac-te M - = — .. . [ R
. . . B s o I . LomT EL e T il N

S T Ve o SoseFnmemaTions 07 A

- 2 =_ "7, In his paper Tuéker associated an m x n (0,1
matrix ¥ with an unoriented bipartite graph 6 = WV, V,, A) where
V1 énd V2 are two disjoint sets of vértices and A is the set of

undirected edges joining a vertex of Vi with a vertex of Vz such

that for X, € V1 and yj = Vz’ xiij'ga entry (Ii,j) is 1. He has
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shown that the consecutive 1's property in the columns of M has

an equivalent formulation in the bipartite graph G viz. that the
vertices of V1 can be ordered so that for each x in Vz,,
Ni(x) = {y, xAy} is a consecutive set of vertices in Vz' Tucker

called such an ordering a Vi—cbnsecutive arrangement of 6. In
order to characterize a matrix having an MCA we extend the idea

to define a W-consecutive arrangement of its associated

bipartite graph andshow that they are equivalent.

Below we associate with a given digraph DO, an undirected
bipartite graph 6, analogous to that in Tucker (12721. Which we
shall call the bipartite graph associated with D, or simply the

associated graph of D.

Let 6 = (Vi, V , A) be a connected bipartite graph defined
on a vertex set W = V1 U Vz' The graph 6 will be said to have a
W~ consecutive arrangement if there exists an order R in W such
that for any three elements x, vy, z €« H, if x preceeds y and Yy
preceeds z (i.e., x é y é z), then y 1is adjacent to any path

conmecting x and =z.
We will now prove the following theorem.
Theaorem 2.6. A digraph D Is an i1ndifference digraph 1f and

only if the corresponding associated bipartite graph G has a

W—-consecutive arrangement.
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.

Proof. (Necessary). Let U be an indifference digraph. Then
by theorem 2.4 , its adjacency matrix has a monotone consecutive
one's arrangement. Let us denote the rearranged adjacency matrix

by A’ (D).

Consider the lower. stair in the monofbne consecutive:
arrangement so that the positions just above or just to the right
of this stair are all 1'?. These positions define a natural
ordering of W. We call this ordering R and shail prove that the
order R is the required one for tﬁe H-consecutive arrangement, el

lt will be cdbsenved that s Q’;JQ)._ i» wmot Laigue  aud ol
Athere are other orders serving our purpose.

Let x, v, z be any three vertices belonéing to W = U v V
such that x é y é z. When x, vy, =z all belong exclusively to
either ¢ or V the proaof is same as that of Tucker because the

matrix has both U and V-consecutive arrangement in R. Now suppose

that the vertices x, y, z are distributed among both U and V. As
a particular case let y, z € V and x € V. (other -~cases may be
simiiarly shawn). Let P = (ro, 9, r‘...;.qn) be a path from
ro = x to 9, = Z- Let K be the smallest I, O < 1 < ﬁ such that
y § 9, (and 9 § y). Thus ey’ 9y €< N(rk_l) and the
consecutivity of N(rk-l) implies y € N(rk_l). So y 1is adjacent

to P, the path joining x and =z.
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(Sﬁff;cient.) Suppose that the associated bipartife graph 6
has a W-consecutive arrangement.' The N—consécgtive arrangement
gives us the natural orders of the sefs'U and V sepaéately. Let
xj....xn, andiyj....yn, be the orders of U‘and V separately. Then

if we rearrange the adjacency matrix of D with Xyeeoex — as
rows and YyeroeYpys @S columns, the given order of ¥ immediately

provide us with a stair partition of the rearranged matrix.

Let now the entry (i,;5) in the above matrix be 1 so that
XiAYj' Suppose that the entry (i, ) occurs in the lower sector
of the partition so that y . é X Let p be the greatest integer

J .

such that yp § X and. accordingly yj <.y < ,...g Y

.  x. (and
R "j+*! R R I

p

x. £y ). Note that the possible x . s in the above:  chain
I R "p*l : . : . J

between yl and o (when 5§ # p) are not shown here.
J : -

From the definition of W-consecutive arrangement all the
vertices lying within yj and x, are ad jacent to any path Joining
X and Yj' Then those vertices must be adjacent to either x, or
Yj' Since 6 is biparfite the_intermediate veftices can not be
adjacent to Yj and so all those vertices must be adjacengj to X5

In otherwords

Xiyj € Afor £ = j + 1, 7+ 2850ec..p

Thus if (i,;) is in the bottom sector then all the (i, j + 1),

(i, j + 2)....upto the stair will be 1.



79

Now considering xi‘s within the chain between yj and X, we
can similarly show that all the (i-1,j5), (i-2,5)....upto “the ~

.stair will be 1.

Similar arguments hold good for the case when (r,j) belong
to thé upper sector. Hence the digﬁaph is an indifference

digraph. ' - |
2.3. Generalized semiorders and indifference digraphs

Using Theorem 2.4, it is easy to prove the generalization of
Roberts restatement of the Scott—Suppés.Theorem, as described in
the introduction. The generalization of the Scott-Suppes Theored
itself follows as a corollary. Complementation is taken with

respect to the complete relation V x V, includihg loops.

Theorem 2.7. A digraph D = (V,E) 1s an indifference graph If

and ony if E = H1 U H2, where (Hz’Hz) I1s a generalized semiorder
on V.

Proof. Necessity follows easily from Theorem 2.4 by
considering a monotone consecutive =~ arrangement of the

adjacency matrix. Let [ai, bi] be the interval of 1's in row 1I.
Let H; correspond to the O's labeled R (those after bi) and Hz to -

the 0's labeled C (those before ai). Hence £ = H U H sy and H

1 2 1
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H2 are disjoint. Monotonicity implies that H1 and H2 are Ferrers
digraphs, which 1is equivalent to the generalized seﬁiorder

condition (1) that uHiv'and xHiy imply'uHiy or xHiv (i1 € {1,23).

For the other conditions, let Uys Uy be the (not

necessarily distinct) source vertices, and let v&, v, be the. (not

1
necessarily distinct) sink vertices, indexed as in the monotone

consecutive arrangement. To prove (2) 'uiHiv_ and uksz_ imply
J J

u.H v, 6 or u sz

IS’ & note that the hypothesis implies y > bi and

1 s

g < a,- If 1.2 5, then I > bi and uiH1vl’ while if 1 <€ j, then
1< ak and ukszl. When we appeal to the fact that the transpose
of a monotone consecutive arrangement is "also a monotone
consecutive arrangement, the prodf is the same for (3)
ujHivj_and uszvj imply ukHivj or ukHzVI'

For sufficiency, suppose E = H1 U Hz, where (H1’ H ) is a

2
generalized semiorder on V. As noted in the introductioﬁ, we can
view H1’Hz as relations or as digraphs on V; let d:(u) denote the
set of successofs (out—-degree) of u in’Hi; similarly define d;
for in-degree. We claim it 1is nof possible ta have both
d:(u) > d:(u’) and d:(u7 > d:(u'). [f these hold, then there are
vertiqeé v,v’ such that uv-é H1 but u’'v & H1 and uv’ <« H2 but
u'v’ & H2, but this is precisely fhe configuration forbidden by
condition (3). Similarly, the combination d:(v) > d;(v') and

d;(v) > d;(v')'is forbidden by condition (2). This implies that
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. we can order the elements as U iseoanons e and as Vyseeasesv SO
. + + + +
that for 1 =1 < n we have d:-(u.) = d (u. Yy, d (u.)y 2 d _(u. ),
1 I 1 I+ 2 1 2 I+1

> : < : iti
d1(Vi) 2 dx(yi+1)’ and dz(vj) < dz(vj+1). By condition (1),

Hzand H2 are Ferrers digraphs, and this ordering of the degrees

simultaneously places the relations of H1 in the upper right -and
H2 in the lower left so . that any position above or to the right
of a position in H1 is a;so in Hx’ and any position above or to
the right of a position in H2 is also in Hz' In other words, this
ordering of the rows and columns is a monotone consecutive

arrangement. |

The generalization of the Scott-Suppes Theorem is just a

rephrasing of this result.

Corol}ary 2.1. é pair (Hx’Hz) of .relations on the same set
is a generalized semiorder if and only if it has a ;oindiffefence
representation f, ¢g; that is, real-valued functions f, g exist on
fhe elements so that xH‘y if and only if f(x) > g(y) + 1, and

xH y if and only if g(y) > flx) + 1. ' ' i



