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2.1 Introduction, Definitions and Notations.

We denote by C the set of all finite complex numbers. Let f be a meromor-
phic function and g be an entire function defined on C. In the sequel we use

the following notation :
Iog[k] x = log(log[k_” z) for k=1,2,3,... and log[ol T =2z

We now recall the following definitions :

Definition 2.1.1 The order py and lower order Ay of a meromorphic func-
tion [ are defined as

pr= liﬂilpbibzgi—f)- and Ay = liﬂglfkig%g(%‘—fl :

If f is entire, one can easily verify that

2 [2]
ps =lim suplog M(r, /) and Ay = liminf log™ M(r, f) :
r—oo logr 7—00 logr

The resuits of this chapter have been published in International Mathematical Forum, see [9].
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Definition 2.1.2 The hyper order p; and hyper lower order Xf of a mero-
morphic function f are defined as follows

I log? T'(r, f) — . dogPT(r, f)
Py = Beip=—o = A =T s
If f is entire, then

3] - _ logl® M
pr=lim suplog M(r, /) and Ay = liminf = (r, /) ;
I logr r—00 logr

Definition 2.1.3 The type o5 of a meromorphic function f is defined as

T(r, f)
of = limsu ,0< pr < o00.
J r—+oop rPs £
When f is entire, then
log M (r,
of = limsup—w,ﬂ < py<o00.
r—00 Ty

Definition 2.1.4 A function Af(r) is called a lower proximate order of a
meromorphic function f of finite lower order Ay if

(i) As (7) is non-negative and continuous for r > ry , say

(i1) Af(r) is differentiable for r > ry except possibly at isolated points at
which Xy (r +0) and X} (r — 0) exist,
(Z'LZ) lim /\f (T‘) = )\f,

T—00

() lim7A% (r)logr =0 and

rT—00

(v) lim inf%{—)) =%,

r—oh

Definition 2.1.5 Let ‘a’ be a complex number, finite or infinite. The Nevan-
linna deficiency and Valiron deficiency of ‘a’ with respect to a meromorphic
function f are defined as

B s Nivaf) . .  Jo@a 1)
o{g:;f)=1 hf&igp‘_—T(r, N hmgf—T 1)
and A (a; f) =1 — liﬂgf%)f—) - 1i£pqg£p";(”(';—‘fl}{) .

: -Q?ﬂﬂ’])
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Definition 2.1.6 ([38]) For a € CU {oo}, we denote by n(r,a; f |= 1), the
number of simple zeros of f —a in |z| <r. N(r,a; f |=1) is defined in terms

of n{r,a; f |= 1) in the usual way. We put éi1(a; f) =1 — Iimsupﬁ%’}i)ill,
r—00 !

the deficiency of ‘a’ corresponding to the simple a—points of f i.e., simple

zeros of f — a.

Yang [37] proved that there exists at most a denumerable
number of complex numbers ¢ € C U {oo} for which & (a;f) > 0 and

Z 01(a; f) < 4.

acCu{oo}
Let f be a transcendental meromorphic function defined in the open
complex plane C. Also let ng ny,....., nx be non-negative integers such that

=0

k
be a differential monomial generated by f. The numbers yp = Y n; and
i=0 -
k
Cp = Y (i+ 1)n; are called the degree and the weight of P[f] respectively.

i=(

In the chapter we prove some new results depending on the comparative
growth properties of composite entire or meromorphic functions and differ-
ential monomials generated by one of the factors which improve some earlier
theorems.

2.2 Lemmas.
In this section we present some lemmas which will be needed in the sequel.

Lemma 2.2.1 ([1])) If f is meromorphic and g is entire then for all suffi-
ciently large values of r,

T(r,g)

WT(M(T, 9), f).

T(r,fog) < {1+0(1)}

Lemma 2.2.2 ([3]) Let f be meromorphic and g be entire and suppose that
0 < p < pg < 00. Then for a sequence of values of r tending to infinity,

T(r, f o g) > T(exp(r™), f) -

¥
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Lemma 2.2.3 ([23]) Let f be a transcendental meromorphic function of
finite order or of non-zero lower order and Z 81(a; f) = 4, then

aeCuU{oo}
tim TP rp - (0~ )0 (c0s ),
N(r, f)

where O(oco; f) = 1-limsu ]
(003 f) m SUp

Lemma 2.2.4 If f be a transcendental meromorphic function of finite order

or of non-zero lower order and Z 01{a; f) = 4, then the order and

acClU{ca}

lower order of P[f] are same as those of f. Also the type of P(f] is{T'p—

(Tp — vp)O(o0; f)} times that of f when f is of finite positive order i.e.,

pris) = Pss APl = As and opjy) = {Up — (Tp — 1P)O(00; f) }oy.

Proof. By Lemma 2.2.3, lim %%D exists and is equal to 1. So
00 ’

log T'(r, f) \. logT'(r, P(f])

= ]_l -
PP[f] ﬂi&p Iog r =00 ].Og T (T: f)

= pf.]. = py.

In a similar manner,

_n e logT(r f) . logT (r, P[f])
AP(f) = hﬂg:lf logr ‘rooo logT (r, f)
=Af-1=Af.

Again

T(r,Plf])
opyy) = lim sup—_220 ==

TPl . Trf)
= Hm ) msup— 2=

= {lp — (Tp — vp)O(o0; f)}oy.

This proves the lemma. =
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Lemma 2.2.5 Let f be a transcendental meromorphic function of finite order
or of non-zero lower order and Z d1(a; f) = 4. Then the hyper order

acCU{o0}
(hyper lower order) of P[f] and f are equal.

Proof. By Lemma, 2.2.3, lim ‘f}T—Tfm— exists and is equal to 1. So
T=—00 U

(2] 2]
o = limsuplE T ES) 1 108 (1, PLf)
700 log’r r—00 ].Oglz] T (T, f)

In a similar way,

2]
Apy) = limi inf B LT i, 108 RGP
r—00 log'r‘ r—o0 ].()g[ ]T (T, f)
= Xp.l= ).

Thus the lemma is established. =

Lemma 2.2.6 For a meromorphic function f of finite lower order, lower
proximate order exists.

The lemma can be proved in the line of Theorem 1{19] and so the proof is
omitted.

Lemma 2.2.7 Let f be a meromorphic function of finite lower order );.
Then for § (> 0) the function T +t9=%) is ultimately an increasing function

of r.

Proof. Since

dir)‘f”_)‘f(’") ={Ar+0-)s(r) - 'r)\; (r)logr} P+ 20-1 5
»

for all sufficiently large values of r, the lemma follows. u
Lemma 2.2.8 ([18]) Let f be an entire function of finite lower order. If
there exist entire functions a; (i =1,2,--- ,n; n < o0o) satisfying T (r,a;) =

O L T 1
o{T(r,f)} and ;215 (ai; f) =1, then lim re s = 2




21

2.3 Theorems.
In this section we present the main results of the chapter.

Theorem 2.3.1 Let f be a meromorphic function and g be a transcendental
entire function satisfying

(2) Af, Ag are both finite and
(zt) >, d1(a;g) =4. Then

acCU{co}

.. JogT(r,fog) 3.p5.2%
lim inf < :
r—00 T(T, P[g]) —I'p-— (PP - 'YP)e(Oo;g)

Proof. If py = oo, the result is obvious: So we suppose that p; < co. Since
T (r,g) < log* M (r,g), in view of Lemma 2.2.1, we get for all sufficiently
large values of r,

T(r,fog) <{1+o()}T(M(r,9),f).

i.e., logT (r,fog) <log{l+o0(1)}+1logT (M (r,g),f)
ie, logT (r,fog)<o(l)+{ps+e)logM(r,g)

log T (r, f o g) log M (r,g)

i.e., liminf < + ¢)liminf
P00 T (fr, g) (pf ) r—00 T ('r, g)
Since € (> 0) is arbitrary, it follows that
.. JogT (r,fog) .. Jlog M (r,g)
lim inf < prliminf————=~. 2.3.1
RS T T g SRR T (231)

As lim inf i%t%)” =1, so for given (0 < € < 1) we get for a sequence of values

00

of r tending to infinity,
T (r,9) < (1+¢)ris (2.3.2)
and for all sufficiently large values of r,

T (r,g) > (1 —¢€)rs(), (2.3.3)
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Since log M (r,g) < 3T (2r, g) we have by (2.3.2), for a sequence of values of
7 tending to infinity,

log M (r,9) < 3T (2r,9) < 3(1 +¢) (2r)*). (2.3.4)

Combining (2.3.3) and (2.3.4) we obtain for a sequence of values of r tending
to infinity,
log M (r,g) _ 3(1+e) (2r) "
T{r,g) ~— (1—g) rr ~
Now for any § > 0, for a sequence of values of » tending to infinity,

log M (r,g) _3(1+e) (20" 1
T (Tr g) o (1 — 6) ) (27.)1\94'5—}\9(21') '7.}\3(1-)

logM(r,g) _3(1+¢€) .,

=2 < 229F8 2.3.5
T(rg) ~ (-0 (2:35)
because rst8~2(") is ultimately an increasing function of r by Lemma 2.2.7.
Since € (> 0) and d (> 0) are arbitrary, it follows from (2.3.5) that

i.€.,

S IOgM (T‘J g) A
lim inf —=——1== < 3.2%. 2.3.6
rooo T (r,g) (2.3.6)
Thus from (2.3.1) and (2.3.6) we obtain that
.. JogT(r,fog) N
liminf < 3.p7.2%. 2.3.7
2 (237)

Now in view of Lemma 2.2.3 and (2.3.7) we get that
. JogT(r,fog) . . logT(r,fog) .  T(rg)
lim inf = lim inf .lim
r—co T (T# P[g]) 00 T (Ta g) r—oo (Tr P[g])
< 3.pf.2A9
~ {Tp = (Tp —vp)O(oc0; 9)}

This proves the theorem. m

Theorem 2.3.2 Let f be meromorphic and g be transcendental entire such
that ps < 00, Ay < 00 and Z 01(a; 9) = 4. Then
acCU{oo}

. JogPT(r, fog)
lim inf 2 <1.
r—oo  logT (r,Plg]) —
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Proof. Since T (r,g) < logt M (r,g), in view of Lemma 2.2.1, we get for all
sufficiently large values of r,

logT'(r,fog) <logT (M (r,g),f)+1log{l+0(1)}
- logT'(r,fog) < (pr+¢&)log M (r,g) +0(1)
ie., log? T (r,fog) <log® M(r,g) +0(1). (2.3.8)

It is well known that for any entire function g, log M (r,g) < 3T (2r,g)
{cf.[16]}. Then for 0 < £ < 1 and & (> 0), for a sequence of values of r
tending to infinity it follows from (2.3.5) that

logl¥ M (r,g) <logT(r,g) +O(1). (2.3.9)
Now combining (2.3.8) and (2.3.9) we obtain for a sequence of values of r
tending to infinity,
log® T'(r, f 0 g) <logT (r, g) + O (1)
[2]
i.e., lim inflog T{r,fog)
rooo  logT (r,9)

As by Lemma 2.2.3, }LI’& %ﬁ%}—% exists and is equal to 1, then from (2.3.10)

<1. (2.3.10)

we get that
Iogm T(r,fog) log[2] T(r,fog) logT (r,9)
lim inf ? = lim inf ! .lim 4
r—co  logT (7, Pg]) r—oo  logT (r,g) r—oologT (r, Plg])
<11=1

Thus the theorem is established. m

Theorem 2.3.3 Let f and g be two transcendental entire functions such that
pg < Af < py < co and Z oi(e; f) = Z d1(a;g) = 4. Also there

acCu{oc} aeCuU{oc}
ezist entire functions a; (i = 1,2,--- ,n; n < 00) with

() T(r,a;) =0{T (r,9)} as v — o0 fori=1,2,--- ,n and

(#1) Zn:cf (a;;9) = 1. Then
i=1

i {ogT(r, f o g)}’

AT PN T Pla)
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Proof. In view of the inequality 7'(r,g) < log™ M (r,g) and Lemma 2.2.1
we obtain for all sufficiently large values of r,

T(r,fog) <{l+0(1)}T (M (r,9),f)
i.e., logT (r,fog) <log{l+o0(1)}+1logT (M (r,g),f)
i.e., logT (r, foq <o(l) + (ps +¢€)log M (1, g)
i.e., logT (r,fog) <o(l)+ (ps+e)rP ™. (2.3.11)

Again in view of Lemma 2.2.4, we get for all sufficiently large values of r
log T (r, P[f]) > (Apjy; — €) logT
i.e., logT (r,P[f]) > (A\f —¢€)logr
i.e., T (r, P[f]) > r™~=. (2.3.12)

Now combining (2.3.11) and (2.3.12) it follows for all sufficiently large values

of r
log T (r,fog) _ (1)+(;0f+6)7"’9+‘E

2.3.1

TGP - P =

Since p, < Ay, we can choose € (> 0) in such a way that
Py HE L A —E. (2.3.14)

So in view of (2.3.13) and (2.3.14) it follows that
. logT'(r,fog)

lim = (). 2.3.15
T, PO s

Again from Lemma 2.2.3 and Lemma 2.2.8 we get for all sufficiently large
values of r,

logT (r,fog) . o(l)+(ps+e)logM(r,g)
T(r,Plg])) ~ T (r, Plg])
A logT (r, f o g) . log M (r, g)
) < —e—
Yo BRI, Py~ O PTG Pl
, logT'(r,fog) . log M (r,g) .. T(rg)
< 1 _ —_—
e MSUp = Pl = W eI TR T (r, Plg])
[}

I'p—(Tp —p)O(c0;9)

= = (py +€).7.
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Since € (> 0) is arbitrary it follows from above that
: log T (r, f 0 g) 1
lim sup < ps.m. .
rooo L (7, P[g]) PITTp = (Tp —1p)O(0o0; 9)
Combining (2.3.15) and (2.3.16) we obtain that

(2.3.16)

: {logT(r,fog)}® . logT(r,fog).  logT(r,fog)
o T (o, PN T Pla]) oo T(rPlf) oo™ T (r, Plg)
<0, Uld; =0
— Tp—(Tp—vp)O(co;g)
t.e., lim {IogT('r',fog)}2 =0.

roeoT (r, P{f]) T (r, Plg])
This proves the theorem. m
Theorem 2.3.4 If f and g be two entire functions with f to be transcendental
satisfying the following conditions: _
(2) Ay > 0, (43) Py < 00, (1) 0 < Ag < pg and () > d1(a; f) =4, then

2€CU{co}

log? T'(r, fog) , {,\g pg}_

lim sup 2 ==
rco” 10gAT (r, P[f]) N Py

Proof. We know that for » > 0 (c¢f.[27]) and for all sufficiently large values
of r,

T(r,fog) zélogM{%M (z,g) +o(1),f}. ) (2.3.17)

Since Ay and A, are the lower orders of f and g respectively then for given
e (> 0) and for all large values of r we obtain that

log M (7, f) > r»7¢ and log M (r, g) > 7%~ where 0 < £ < min {A\s, \;}.

So from (2.3.17) we have for all sufficiently large values of ,

Tlnfog)2 % {%M (39) +.o(1)}k"—e

, 1(1 r As—e
i.e., T(r,fog)> : {§M (Z,g)}

ie., logT(r,fog) >0O(1)+ (Af—¢)logM (E,g)

Ag—E

ie., logT (r,fog)20(1)+ 0 —¢) ()"
ie., logB T (r,fog)>0(1)+(\ —e)logr (2.3.18)
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Again in view of Lemma 2.2.5, we get for a sequence of values of r tending
to infinity,
log®¥ T (r, P[f]) < (A +¢€) logr
i.e., long(r,P[f]) < (Ar +¢)logr. (2.3.19)

Combining (2.3.18) and (2.3.19), it follows for a sequence of values of 7 tend-
ing to infinity,

log® T (r, f o g) S O)+ (A, —€)logr
og®T(r,P(f) = (Ar+e)logr

Since € (> 0) is arbitrary, we obtain that

lim su log 7 (r,/ o g) > Y
r—»ooplogp] T(r, P[f]) ~ As

Again from (2.3.17) we get for a sequence of values of r tending to infinity,

logT(r,fog) 20+ 0~ (5)"
ie., log? T (r,fog)>0(1)+(p,—€)logr. (2.3.21)

(2.3.20)

Also in view of Lemma 2.2.5, for all sufficiently large values of r, we have
log3 T (r, P[f]) < Py +¢€) logr = (py +¢) logr. (2.3.22)

Now from (2.3.21) and (2.3.22) it follows for a sequence of values of r tending
to infinity,

log? T (r,fog) > O(1)+ (pg —€)logr

og? T(r,Plf]) ~  (py+¢)logr
As € (0 < € < pg) is arbitrary, we obtain from above that

(2]
lim sup-28 ZJT(T’f °9) 5 bg. (2.3.23)
r—oo log T (r, P[f]) ~— Py
Therefore from (2.3.20) and (2.3.23) we get that
(2]
limsuplog > T{r,fog) > max {ﬁ, ﬁfi} .
r—co logl? T (r, P[f]) At Py

Thus the theorem is established. =




27

Theorem 2.3.5 Let f be transcendental meromorphic and g be entire such
that (1) 0 < Ay < Py, (i2) pg < 00, (iit) ps < co and (w) Y. di(a; f) =4

acCU{co}
Then

2 |
hmmflog2 T(r,fog) < min {ﬁ,_p—g} i
r—~oo log? T (r, P[f]) A’ Py

Proof. In view of Lemma 2.2.1 and the inequality 7' (r,g) < log™ M (r,g),
we obtain for all sufficiently large values of r,

logT (r,fog) <o(l)+ (ps+€)log M (r,g). (2.3.24)
Also for a sequence of values of r tending to infinity,
log M (r,g) < rae. (2.3.25)

Combining (2.3.24) and (2.3.25} it follows for a sequence of values of r tending
to infinity,

(1) + (ps +e)ro*e

Yt {(ps +€) +o (1)}

logT(r,fog) <o
T
O(1)+ (Mg +¢€)logr. (2.3.26)

<
i.e., logT(r,fog) <
e., loglz]T('r,fog) <

Again in view of Lemma 2.2.5, we have for all sufficiently large values of r,
log® T (r, P[f]) > (Mpys] — €) logr = (Ay —€) log - (2.3.27)

Now from (2.3.26) and (2.3.27) we get for a sequence of values of r tending

to infinity,
log” T (r,fog) ~O(1)+ (N +e)logr

log¥ T (r, P[f]) (Ar ~—¢€)logr
As e (> 0) is arbitrary, it follows that

(2]
lim i log " T'(r, fo g) <N Ag

] 2.3.28
B T Pl ~ 3 (2:3.28)

In view of Lemma 2.2.1 we get for all sufficiently large values of r,

logl@ T (r, fog) <O 1) + (p, +€) log (2.3.29)
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Also for a sequence of values of r tending to infinity,

log® T (r, Pif]) > (ﬁpm —¢)logr = (p; — e) logr. (2.3.30)
Combining (2.3.29) and (2.3.30) we have for a sequence of values of r tending
to infinity, ’

log” T'(r,fog) _ O(1)+(py +e)logr
log” T (r,P[f]) =  (pf—¢€)logr
Since € (> 0) is arbitrary, it follows from above that

lim inf < = (2.3.31)

(2]
liminflog > T(r,fog) < min {f\vg, @} )
r—~o logl T (r, P[f]) As" Py

This proves the theorem. m
The following theorem is a natural consequence of Theorem 2.3.4 and
Theorem 2.3.5.

Theorem 2.3.6 Let f be a transcendental entire function and g be an entire
function such that () 0 < Ay < Py < 00, (i1) 0 < Ay < py < 00, (491) 0 < Ay <

pg < oo and (iv) . d1(a;f)=4. Then
acCU{co}

[2]
liminflog > T(r,fo9) < min {ﬁ, @}
r—o logl T (r, P[f]) As' Py

A .
< max{_——g, f—g} < lim sup

Theorem 2.3.7 Let f be transcendental meromorphic and g be entire such

that 0 < A < pf<ooand Y, di(a;f)=4. Then
acCl{oo}

1 (2] Fg
lim sup og T (exp(r?),/ °9) =00 where 0< u < p,.

r—00 log[‘?] T (exp (7"”) :P[f])
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Proof. Let 0 < p < p < py;. Then in view of Lemma 2.2.2 we get for a
sequence of values of r tending to infinity,

logT (r,fog) >logT (exp ('r-“ ) f)

i.e., logT (r,fog) > (Af—¢)log (exp (T”’))

ie., logT(r,fog) > (Af—e)r*

e., log®T (r,fog)>0(1) + ' logr.
So for a sequence of values of r tending to infinity,

log T (exp (r*s), f 0 g) = O (1) + u' log (exp (r*))

ie., log@ T (exp (r7),fog) > O (1) + p'r?s. (2.3.32)
Again in view of Lemma 2.2.4, we have for all sufficiently large values of r,
log T (exp (), P(f]) < (pris) +€) log (exp (r*))

e., logT (exp (), P[f]) < (py + &) 7"
i.e., log? T (exp (r*), P[f]) < O (1) + plogr. (2.3.33)

Now combining (2.3.32) and (2.3.33) we obtain for a sequence of values of r
tending to infinity,

log? T (exp (), fog) _ O(1) +p'r

logl® T (exp (r#), P| f]) = plogr

from which the theorem follows. m



