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P.foblem 1.~ Dlsplaoement due ·~o a Ulliformly 

movir.g lins load o~er the plane 

b~~ary of an ~~omqgeneous 

ela.stie l:lalf .... space,:! 

P.l:Oblom 2~ Rayleigh waves d.ue to a non'UJ.1.J.formly 

pro page. ting dip.-sl,f.p .t'a.ul t ~ 



DXSJ?Ll\.O_gM.f31f.f! DUE TO A UUIFORf,tuY MOVII:nl LI!~:JS L()AD OVER 
!CUE l?LAUE :BOUN'D.Al1Y OF JU'l :tNH01\10GEl~E0US ETJA~'TIO l!AL1?-SPJ .. 0:8, 

!~~'.CRODUcr.ll IOt:h S~nce the publication of the olaes,toal P?.;.Pel' by LAl~ 

( 1904) the problem of :tina and po1nt aQUJ?ces in hmuogenaoue lnedia 

Ima a.ttX>aoted tne attentton of fiJ!J.'tlY 1nveatJ..ga.tors. Dut tha oorrea--­

ponding problems for inhomogenao~a m$d1a l~~vo not been dieeussed 

by many authors as yet~ ~he problem of wave propagation .t.n an inhQ­

moganaouo me~i.wn 1a il~Jportent to geopbye1ciata9 .because a:n.y realistic 

ntod.el Qf ·the :~th mu.rft talte into aceouut the continueua change tn tho 

elastic ;properties of the rne:terial in the vert1oal diraotion. Sinuo 

the mathamatioal treatment ot a oomplioated model ia extremely 

di:f.:tioult ·and since the app:JX?ximetio:tl to suoh a. probletrA dOaa not 

-lead to e:ay worth while solution, ao some siznpltfytng· aasumpttone . 

. are usually made_. W!JJSOU (1942) atudted tho propa~tion of ~fac~ 

· waves 111 e~ aemi•infini te medium, asau.mi~ the d~na1 ty to bs coumto.nt 

and the ooa:fficd.ent of rJ.~di ty to be ·ve.;wing exponentially w1 th uepth~_ 

S'.llOHF~~ (19:54), howt.Wel"t eonsiderod tbe trPJtmntae1on of llA.YL:lli!GH 

we,ves :111 a he:terogenaoue medium in wMoh tho ri(':;idi 'ty var.,.es linearly 

with depth. !£he 1!:iald due to a point ~oureo in e.n inhotnbgeneoua 

isotropic medium in \'thii.Qb. density !a conetant but tho bulk modu.lut:t 

Vllriee with depth nocordinB to the lo.w A ="A-
0 

(1 +Eia)2 t!as bean conaidared 

by SiliGli (1967), 

. In the preeent ;p~1.1.>er, COllaida~ing M elastj,.o medium in. wbioh the 

elt.astic psremat~rs i\ •!J ;a and density f var:y aocording to the law 

Am ,ta...:: .~ (1 + € z) 2 and f = f0 (1 + E a)2 
t the tranaiant p.:t~oblem 

------------------------------------._~-~~--.-n-•--•a-•-·~-a-w.--------------
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for a two-dim~;toml line 10c'1d moving with uni£orm velocity v over 

the surface of the non-ll.OniOgeneoua eem1-1nfinita medium !s studteae 

The grotmd motion exoi ted by the moving aur.f'aco load ooGUrs, :for 

oxampl~, from nuclear ble.sts and :from shook waves generated by 

supersonic ai:r:crafts. These praotiooJ. problenla have bean formulated 

matheiTatiOO.lly by a t\"'o-:dime!lsiotml :no.rllli9J. lina load which is suddenly 

created et ·t eo and moves subsequently with· uniforrtL valoo1 ty e.lo:ng 

the f.'rea au,rface,. Tlla method o£ solutions involves the uae of the 

integra.l transform and OAGiUAlU>'o (1962) mothod 1!\s modifi~d by 

DH liOO.P (1959). The application of OA.GNIARD'o method in tho solution 
' . 

of transient problema in inl10moganaouo medk~ ao~a not seem to haV~ 

been discuasad oox•lier •. 

~hie ai'lead:Lly moving line load Pl."oblem. where t varies from- ~to ~ • 
llaa been solved by· OHAKru.VJI...R!rY and DB (19"/1) followinrJ the method of 

OOLB J\~~D RUTH (1953). ot oourae, the transient solution :f'or a point 

load moving over the aurtace of a. homogeneous iaotropiQ half-apaoe 

had baen thoroughlY disouaaed by GJtK!:!JI~IEirllEH and. ~ID:CLO'lii:CZ (1969) .. 

An exa.ot solution of the buried uniformly moving lille-aouroe problem 

has also bean obtained by ll!rJ!RA (1959},. 

Foru:ruw IOli OF THE PROBLEr;t: 'l:he inhomogeneous aemi-infilli te medium is 

supposed to ocoupy the rGgion z > o e.s. shown in li'ig.1. The x-a..'11tia is 

taken along the fre.e surfa.oe• wl't.areaa the z-ru~ia points vm:tica.lly . 

downtmrds int.o the med~um. A conoentratGd line load, which .is asmuned 

to or1gine:te on the irae surface at the origin at "'tiime t .a o, movea 

with uniform velocity v ( v < a., p ) along the pos~ ti ve dix.'eo·t1o:n. Qf the 

The equations of . motion for a non-homogelleous modimrl in tlle abaance 

of body forces are 
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16.1 

(1) 

(2) 

t.t and. w are the displacement components in the ~- a.nd z-d.irections. 

A, JUene Mi!lliJ*s ·constants and P is the density of the medium. It 

is assumed tl't..at 

·A= jti ~:; P
0

(1 +.E.z)2 • \;= P
0

(1 + c3)
2, 

such ·tbat the veloo1ty of propa&,:re~tion J.e 1ndep~llda:tlt of' z. The 

equations (1}. and (2) h:"lVe .. t16 be solved subject to ·th;a 'bo'Ulldary 

conditions 

e..t 2}. = o, 

6 (x. .- vt) 1s DIRAtl • a delta i'unot!on. 

(3) 

FOU1".At SOLtli:ION; In order to solve the equ..-3 .. t:i.ona (1) ru:ld {2), we 

ma~~ the substitution 
. . 

u ::= u(1 +~S) and W• v(1 ~ €Z)• 
.• 

(5) 
) ; 

~his trnnsforme the equations (1) e.p.d (2) into 'the .fonns 

(4) 
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(6) 

and 

(7) 

f 1 (p,z,t) = /i'(x,z.t)eil* dp 
.-ca 

£;$ 

""" . . . . . · 1a1tSt 
f'1{p,z,a) = /f1(p,z,t)a dt. 

0 

'J:he eqitationa (6) and (7) after tlleso tra.nsforrnations take the . .forma 

(8) 

(9) 

where 
2 2 k? - n2. .;&. S . ,,.2 e: ~,.2. + L 

t - 1.." F 2 ; · A2 !f ' . 2 J 
a ~ 

Using the oond!t~ona tb.nt the displa.coo:tont components v:aniah as ~ 
. . 

tippl.""Oachas tlQ , tbe' solutions o:f . ( 8) and ( 9) are 
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{10) 

(11) 

•k Z -k2z 
· 1 · (Ae 1 · + Ba · ) 

. ·~I':J. 1 
.~z. 

(12) 

ana. .. 

(1,) 

A ana B h.<J.ve ·to be determined from the eo1idi t1ons 

whi<:h ara Qbtt\inad by taking £~st the FO'Oll!ER and then the LAPLACE 

trrotsform on both sides of equations. (4). lt is fotuld that 

. ~pP( E k +k~+p2 ) 
.Ara--- • •a .2 -' 

. JU
0

(1_pv•s)(k1k
2
-p2)f(p) 

where 

i(p} c;\: (p2 ~ 3~k2 ) - .3 E (k1 + 1~2) • ;JE2 • 

Subs·ti tuting the values of A end D in ( 1 a) and ( 1 3) and taking 

1\'0UH.II~R 1xxvers1on; we gat 
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(14) 

(15) 

(16) 

To find the inversions of I 1 and ! 2 , we adopt OAGHIARD 'a taohniqua 

· as modif~e.d b:f D:&BJ)OP ( 1959) • i\.ocord1ngiy, we put p r:; - ah in I 1 , 

which then radu.oea to the form . . • 
00 

. , · . , 2 . 2 -s(k1 z..,.ib,.x) 
_
1 

. 1h(t:~2-t·ak~ +all · )e . 
eJ J b ~ :F'::rwt J 

1 
dht (17)' 

-co (ihV + 1 )lil>(h) o/ (s,h) 
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_It ta..ss to be noted that t~(h}.O .ia ··the RAYLl~J:GH \W.Ve velocity aq_ttation 

correa)~oP..ding to· tb.e hon10geneous medium with i\= JU0 = f1 and 

where 

' •2 2 ' m1 aud m2 a.:te both lle&'l'tive •. nraald.ng up (Ek2 + sk2 +sh )/'Y(s,h)into 

l1Brt1al fre.et!ona, the aqu.r'1.tion (17) ~Jl be written aa 
t· 

OQt • ~s(l~z-ihx) 
111(1-ihv)e . . . 

.11 ·~ .! (1 + ll2"V2)¢(h) 
(.- M .. + _ _.:r...,J _.... ) dh; 

s-Em1 .· .. !:)''-Ein,a 

. s ' 
+ ) 'dhc:. 

Ill. .. . 

(18) 

(19) 

(20) 
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wbi.oh occux.-s in aquatiOil. (18) .•. In thiS integral the path o£ integro.tioll 

wi tll respect to h; . whicb is the real rot! a, is deformed tn such a way 

that 
. . 2 1 .. 1/2 
~< h + ~ } - il'nt II'S q, 

. ttl:[. 

) 

branoh f1 (~'::i.g-.2) of e. hyperbOla, whose eqtt:-::ttiQn ia 

... 2 2 
!fiX+ e(n 2 - %"""· . ""'!!, +0~ 

':1.: -·· '"i. . 2 . « 
1/2 

) 
___ ......,_ < q < oo. 

In the cotWse. ot deformation of 'the path of integration it i.e $aoential 

to knO\'i all the aitlf;uleritiea· or M/L(1. + h2v2)t(h)J 111 tba h-ple.na9 . . 

whioh are the poles at .:;: (i/u)t ,:(i/vR) and tho bre.noh po,f.nta at 

z(i/Ct.) e.nd ! (ih ~>• Where vR ia the RAY.I'Jill:GH \YAV.B velooity oor.respond.ir.tg 

. to the homogeneous. medium when "A= f'l. = l'-o • 

Since ·the. h,yperbolio, path T;' does not eroas aJ.lY · Qf the ei,ngular1t1qs 

duri.l'l(g ite de:tormat1on0 it is possible by virtue e>f CAUCHY •a theorem 

and J'ORUA.U •s lemma: to replace· the ·.tntesration aJ.ong 'the real 11-a:Us 

·by e.n .intagx·e..tion along the hyperbolic patl'l T;. We wri ta 

then 
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where ii is tha complex conjugate of h, the expression (20) takes tho 

form 

+! 
' 1 -2 2 112 

a-·<x '+3 ) 

dh;t] dq. 
dq 

Using ·the oonvplution thaorGllll, the J;AAJ?LA.C.U: invel'sion of the above 

integral is· 

t 
. E(t-T)m

1 co ·hN'e + 
[ 

'"lA '" .. .. . j( t ' 
J d'r !<@2 Im . ') 2 g . I 

0 t~ . ' . (1+h~ JQ>(h .. ) 

dnM 
~ 6( -r -q)dq + 
dq.. . . ' 

dh .. . 
-t. ]o(T ....q)uq, 
dq ' . 

. . ,.. . 1/2 . ', . . . . . . 

. v1here ·ta. = (x2 + z 2) . • .. /a. is the ;zu~r1val 'time o£ P-\•Javea. By use 
/ 

of tbe prope:m;,i.efJ of the a-fmlct!orllil tna above intee;rt:tla ()Hn be 

written as 
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dh} .. .::.:.t d;T + 
·d} .. 

dh 1 ]' d~t;. d'T .• (21) 

·rt should be :rioted that 1n the in'tegrand Qf' tha above integral q has 

been :t•epluoed 'by 0Vf1"1!Y whez·e. 

In a aimilar manner the Lfd?LAQJ1J inversion of the other tmrt of I 1 in 

('f 8) · cau be determi~ed~ It is i'OUild to be a eimiJAT: e.."':praasion aa tho . . . . . 

. expre~sion in ( 21 ) except that_ l'J! + and fJ1.a: + b.a:ve to ba rapla.oad . by N+ 

end m2-.. reepeottveJ.y, mhus the LI\PLAOE inversion of I 1 1$ 

L (22) 

Next we elwll OL1J.ulata· the LAJ?LAO.E inversion o£ I_,} tl:1at occurs in 
'" 

(19.) o As before har.'e also daf.tlla 

·' . 1/2 . 
m ( }1:2 + i ) ... il.IX ::~ . r , . pl· ·,' . 

vihere r is real. and. poet ti ve. 



170 

2 2 
X.+~ 

• (23) 

Case 1 a A i;a.th s~ong -which r is real end non-negative 1~ the hypo:t>bolio 

p~tll T; (Fier;.2) rer)l;esertted pa.nnetll'iCt.'lllY by the above equation with 

'!! .> (x2+z2) 112 /fJ 1 pravid~d thEf pa,th ·Y~Flie~£:3 .it cuts th~ imaginary ~oJ.s, 
v1~. h = tx/p (x2~z2 ) 112,, lies below .tha bratteb point i/(/., • v1h1eb 

occura when x < iJZ/(o;2<¥'t1 2) 'f/a • Xn this cas·e the path "f2 (Fig.2) doe~ 
"' . ' • ! • ' 

not·-~osa f:'!JlY of the ai:ngularittea d~~~ the defo~tion. :Following 
.. ' _. : . . . ' ' . . \ "'·( . 

th~ st4lla prooe~ure as t~/o do~e in oo.ae of :t1 ,_the, LAPLACE invere1on 

. o£ .I2 ls found to be , 

. . . · t , [ h · ( E(t-'~")m. ·. E(t-T)m 1~ 
• H(t-tll) !;2 Im (1+h;J);;(h+)t+ e 

1
+ -t!l1+ a · 2+ «r]'rr + 

(24) 

where t~ = (xa+a2) 112 /il ia tba a.rrt•Jt:tl time of S..Wnvas, a.nq. h-t· 

oceur:rJ.ng in the .above expraasiOl'l !a ob .. ~ai~ed_ by rep:}.ncing r by. ill. 

the expression tor h.,.. as given .in (2};). 

Gaee 2; If ~ > f3z~2 - ~ 2) 112, th~ .!)o:int ix/~ (xa+Z2) 112 :Ues above 

tha- b:t:,>anoh pnin·~ 1/a •• ffhereforet tile patb of integrm.tton in the b.-plane 

ha.e to be deformed to the path T; (Fig.2) round the branqh_ po!n.t i/ti.. 

ae shovm in Fig,.2._ 

We consider the integral 
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(25) 

occurring in I 2 of equation (19) •• Here too we put 

2 1 1/2 ' . 
. z(h + _.,2·) - ibx = r. 

fj . 

On the. two .finite. str~ight lin.o !'lorti'orw of tne path T;' , h is given 
1.'' 

by '. 

Wh0.t'O £1..lla11y Y"[ ShOUld D6 ~de tp tel'l;d to ZSl?O 11 a,nd Oll. the rema;.i.nj.ng 

porti.tJna of the . path Qf T;' • 

. ' 2. 2 1/2 
tr~ .t ~ ( r 2..- x +~- ) 

h = . . Q ¢ l I? $ .• T 1 ... 

+ . - • 

on the straight line 110rt!on,s .of the path I;. r varies from r = t~ 

to r = t[5 , where tats := x/a + 21(1/t-1 2 - 1/«2 ) 112 is the arri'Vel time 

of PS-waves. The expression in ( 25) Qr:'1.ll then be written in the form 

dh+ .. .............. 
dr 

dh ........± 
d:t\ 

dh ]; - . ~sr ~-- e ~·• dr . 

(26) 
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fioting thc~t h = - il+ , dh /d:r: ~ .... (uh /dr) and s = s o.n the .. . ,..,. + . - + -

path T;' 1 the express.ion ( 26) takes. the form 

-ar 
X e . 

s.-em1 + 

(27) 

To tra..ll.sform the othez:• integral o£ r2 oocllt'r:t.ng :in ( 19 ) , ~. airnilar 

prooetitwe !~ applied, and finally I 2 in (19) ·tal1;es the following forra: 

It ~nuat be remembered that the value oil h,t- when :r: lies il:'\ [t~13 , t~J 
f~B to be t~~en as 



h :::::) 
+ 

2 1.2.+z2 )1/a 
1~ + ~ . ( r - _. ·2 

~ _____ .. __ ......... __ -. 

. f 

Next the Ll:.PisACE inversion of :r2 :tn· (28) h.:?:.s to bo ce,lcu.lated..a 

By applying the convolution theorem,. the LAl,MGB inv(~rsion pf ·the 

!s found to be 

s± 2::. dh+, 
ot.o + -t.-.. ) - &(T-r)dr • 

s-f:m1 ~em~ dr . . + 2+ ·. 

(29)-
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It can be shO\V!l that the last tel."'lll of (29) is cancelled with tb.e 

LAPLl4CE inversion of the second integral in ( 28). 
' 

Similarly, tha L!'~.PLt.5.01il inversion o;f "'~he other integrals of (29) ean 

b£.1 determined, and fi1w.lly • after aimplifiootion• we get the LA.l?LAO.E 

inversion of I2 as 

Comb!l'dng the resul "ts of the inverse LAlJ1JACli~ -transforms of r1 and I 2 
from ( 22) a.tld (24) it follows that 

J? 
l.t(:x,z~t) = . X 

nfl O (1 +EZ)' 

t 1 2 . ) . h . E:(t-i). . . €(t-T)m dh. . · 
- H(t-t ) f. v :ae · . · · "!" · ·· - (s a · ~ + + T <:l · · 2+) ---t. dTJ .. · 

tj t (1 +h~2)1'h(l1 ) + . + d'T" 
~ +· 'f. + . 

(31} 
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.. · 2 1/2 . . 2 . 2 1/2 
for x < ~z/(rx2 .... 1:5 ) '} and when x > ~·z/(~ - fi ) , from (22) and 

(30) it follows that 

t 1 h · E:(t-T)m1 "'(t-T)m dh ) ·, 
-H(t•t c.) f-. Im ~; . . (S e + + T e 2+ ) --± dT ... 

"'
1 

t (1+h+ )Q>(b.+) + + d'f .. 
a~ 

(32) 

Carrying on a similar proaedure as done for the evalt~tion of the 

disple.oement along the, :x:-direot1on, the exp:cessj..on for the displacement 

along the z•direotion can also be determined .from (13) and is found 

to be equal to 

w(x;z,t) == ----- X 
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· t \ h2 E(t-'f)m.. E(t--r)m. _ dh } 
+ H(t-t}) j'Re , · . + ~ - (S e . ~~, + + !ll e 2+ ......± d'T + 

i3 t- k (1+h~2 )fh(h ) - + . - .+ JdT 
. p 2+ + ~ + 

' 2 2 1/2 2 - 2 1/2 
:i'or x < ~~/{a. .,;,. 13 ) - ' and if x > pz/(a -. ~ ) - • 

(:14) 

' 2 1 1/2 - e 2- 1_ _1/2 
where 1c1+ = (h+ + :2 ) e..nd k2 . = (h. + ~ ) •. a + - + pco. 

'• 
f 
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l;t shoUld be remembered that ill the first two ln.tegrala o;e the 

equations (31 ).,, {32) •. (33) and (:;4.) 

h = ____ ......... _..._.........,.......,.. _____ , t < T <:' t 
+ . .Qi = a ': 

x2 + za 

h.,.. ~ ______ ...__......, ___ t t~ ~ T ~- t, 

x2 + el· 

r 
. 2 2 1/2] 

;i. 'T~ ""! 3 ( t% ~-~ . .. 1"2 ) 
p· 

h+ = -.--· ---liiooi:·--------------·-·-·. ,t~ s 'T ~ t~-· 
-x.2 + z2 

WAVE FUO!f.I: EXPJ\NSION f The wave forma of the aolut1ona gi van 1n 

(31) to (34) are evaluated by approxima:te esti~tion of the above' 

integrals in tho .tteighbo~b.ood Qf the 'time of the first _lU."l:'ival 

of tha dii'ferent waves~ :Co iac$.11 tate tb1s evaluation we put 

= A + a, wnaro A ia 'the lower limit of. the integrals in ~1W3~tibn 

and a. vari~a from o to t-A. ~han when :& < tsz/(t:42 ~- p 2 .)
1
/ 2 ., from 

('1) we gGt 
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·. . 2 ~ 1/2 
JI'or J-: > pz/(a. -P ~) , 



t-t"P 
+U(t-tafj) /Im 

0 
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(36) 

A e!milnr tyz>e of expreesiona for w(xtztt) ean be ~vri.tten by 

substituting Te A + a .in the equa:tions (;)3) and (34)'. FQ~ a.pprOJt..iEn.te 

evaluation of tb,e integrals (35) al'.ld (36) just nfte~ the arrival of 

the oorre~ponding wave fronts 1t bas to be noted that 

E.(t-A•a) m .. 
e . 2+ . ~ 1 and ·a ... 0 e.e t .... A, 

where A 'is the @l:ival time of a. typiool waVEl .front, Sot ·when A ~ ta, 

uaing thq facts thQ t 

h -
I .... ix ... . ' . ·f2 'dct771' + a(x + z¢W) 1· 

and 
. (rd+ + u.._) .· ... 

..., 2 
'(1~h~. )tj(h+) 

(x2 •. z2)2 a4{~2(a2 ..- 213 a) + ~2:-i~} 

a.a a ... 0 and tha;t 
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:;:~, • ' 2 2 ,72 "Ji72 
(x +:a ) 

2 , ·+a 
(IG: 

1 
'"i/2' • a 

thG ftrst two integrals o£ the equation~ (55) and (:56) just after 
tl1a arrival. of .1?-waves oon approximately be evaluated to the form 

u(x,z,t}= 
'V2PH(t-ta.)zza3/2(x2·t32)1/4 vx~(x2+z2)1/2 x2(a2"!'02Fi2)+a2z2 (t~ta.)1/2 

""'" 
1vt'o(1+€Z) x2(a2~v2 )-t«2z2 ~ 2x2(3a~$2 ) ..... :1CfJ!s2 (lt2+s2 )-.4x2z~ .X 

x[x2(«2-~2)·ta2z2 }1/2]. 

Similarly, the approximate veJ..ue of w ~uat after the arrival of 

P...wavas is given by 

w(x.z,t)== 
f 2P!!(t-\)z2a3/2(x2+a2) 1/4 vx..a(x2'{ .. 32) 1/2 x2(a2-.2¢2)+C£20 2 (t .... ta) 1/2 

n/lo(1~E!3)f x2(ct2-v2 )·..a2z21 ~2x2(3a2-.x2)•3a2z2(x2+z2)•4x2zp X 

x{x2(«2-~2)+0r.2a2 ]1/2}. 

The same method is applied for approxia~te aval.tw:tion of u ond w 

just after th~ e.rrival of s-waves• It should ba remeMbered in this 

osse that 
1/2 

) 
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The effects of u1 and w1 on the displacement components u and v due 

to s-wavea just after their arrival are :round to be 

u1(x1a,t)= 

2'{2l>H(t.t. )xz2u~3/2(Jt2·t-Z2)1/4 ~..t~(x2+z2)112J p2s2-~2{~2~~2) 1/2(t•t, )1/2 

¢t.o(1 +~:z) {x2("2-v2)+l:' 2e2} ~2x2(:;z2-x2)•315 2z2(x2+z2)•4x2zu X 

x { p2z2.,.x2(a2-~1 2) }1/2] 1 

w1 (~,z.t)= 

2f2PH(t-t )xa0Q:p 3/2(;2+0 2) 1/4[vx+P (x2+z2)1/2 ~232 ... x2(a2011of:32) 1/2(t~ _) 1/2 
=- . 

njl10 (1+ez)fx2(13 2-v2 )'i{J 2z2} [a~2(3z2-x2)-:3p 2a2 C::t2+z2)~4x2~c.\ X . 

xf()2z2-x2(~2..f:l2) r/2] 

for. 0 < x < f)z/(<t2 ... 13 2 ) 112, and in order to obtain ·t:na diapla.oem0nt 

due to s-wave arrival. in the region x > l1z/(a2~2)112 • we writs last 

two integra.ls of (32) ill tlJ.e form 

tp E { h . _ E(t- T )m . t(~ 1 )m ] 
J.· •Im 2 ~1 •. • - ( s .e 1+ + re e 2+) ~ + 
t · '(1 +V h )~(h ) + ·!- · dT 

«IJ . + + -
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This is to be remembered tmt for tf5 ('T < t 

The displacement due •to the first arrival of s-wava is 'Obtained 

from the last integral of (37) as t ..... t~ + 0 and thia is found 

to be 

Adopting tbe similar procedure £or the last two integrals of 

we m"e•. for t -.tt' + o in the region x > 13z/(a2-(:) 2) 1/2. 

Slf~ PH(t-t. )c.ta..,s/2 :x4z2 (x2+~2) 1/4 

Vl1 '"'· $ ,.t) "' . ' 11.1' 0 ( 1·+G; >1 11:2 (~ 2 -v2 )-tll"2z"2 1 
. ~ 1/· ij~ 

x \;c~<~X2;,oii2)...,a~2hr<xa+za> : ~ vx 1Jt--\.) . 
. '{x2~2(3z2-x2)-~Z.2(;52(~t2+Z2) 1 +1&142x4z2[x2(a2~ a)...P2z2} ' 

(:;4) 

. 1h . . ~ 

In the region x > i)z/(a2-tl 2). $ P&-waves exist and ~rive eat."lier 

than s-vm.ves• 

Wa approxirDately calculate the last two integrals of (36)., which 

will give the effect of u2 on the displacement ·components u due 

to :i?S"'-\vavas just after their arrival. In this case 



Then 

s+m 

and 

dh + . 
~· ..... 
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1/2 
" ... ~·(. 1 . 1 )· ' ......... -2·· - ::1r . 
· · · P ,1..,....«. , 

neglected beoauaa a '*Go 0 a·a t ·~ tafi , and wa get 

·. s 1 . 1 5/4 
4V2:Pn(t-t"P >« ·< ::v - -a > .. 3/2 

u (x,z,t)= •. .. · ''" .. , ..... ; · ''" ·' _,f;i • · '9'... • • ,,_ (t•t .. ) .• 
2 . ' [ 1/2 ] '3/2 Cb~. . 

;;rJlo(H z) (,.._v) iii:X( ;a- ;!:t ) -z 

Similarly, the e.f~f'eot on the dlaple~oament component w just af·tet" 

the arrtval of PS•wavea is given by 
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3/2 
(t-t -) 

O:Jl 

We now find out the effec:rts o! u3 and w
3 

on tho displncement 

components u and w_in the neighbourhood of tho point C(Fig.3), 

where ·8- and Ps-we.ves arrive at tho S<:.'llne time. In this case 

3/4 1/4 3/2 5/2 
4 PH ( t ... tor.~ ) 2 a p z 

==- "'374" . 
S):if-1· 0 (1+EZ) X (a, - V) 

• 

CONCLUDING RE~~: It is found f~om the integrals (j1) to (34) 

that the effeet o£ Lllhomogeneity ent_ara into the ex_ press!ons 
€(~1) l1lt E(t-T) m . 

for u and v thl:ough the factors. e · and_ e 2 in the 

corresponding integrands. so, if these two factors are absent, 

and that is so if E == Ot a parallel c.'lse for a homogeneous rn.gdirun 

is obtained. 
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Fig.3 
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J\J,so, · it is interesting to note that in the na!ghbourhood of points 

just after the aJ.~rival of the different v;ave fronts the displri.cam.ent 

components are .independent of E ,i.e., a.t any point, the effect of 

the f:i.:rat arrival of we? .. ve fronts on the displacement components 

is tl~ same £or homogeneous as well as for inhomogeneous media. But 

as time goes on• E oeour.r.inm in the exponential tarmo ot the 

integrals (31) to (34) for u and w vril.1. have its effect, and 

consequently. the a.mpli tude o! the wave fronts will decay expo:nen­

tially. wi tn time due to inhomogeneity o! the medilu.n. 



RAYLEIGH WAVES DUE TO NO:NUl:Ul!'ORMLY PROP..!GATING DIP-SLIP FAUII.r 

IHTRODUUI'ION: Th~ study of dynamic ora.ok propagation ia very 

important in geophysics and in oo.rthqua.ke engineering science. 

In geophysics it is deoirabie to formulate the a~thquaka sou~ 

roe in terms of physical para.mateJ:>s ~..nd to study the long per­

iod waves over a large diata.noe and £or e. long time. Al.so in 

structural engineering it ia essential to know the nature of 

surface waves covering a large distance~ At· a.;particular place 

the ground motion produced by the earth!1uake is a very oompl1-

c~tad function o£ the nature of propagation of the crack and 

the geologi.Qal properties ~,f the place as well. .Most of the 

known solutions of the moving crack are restricted by the ass­

umption of constant velocity of propagation• which is not in 

general axpeoted. Mal (1972) discussed Rayleigh wave propagation 

. by a f'ini·te fe.ul t moVing w1 th constant valoo1 ty. He :r:eprasentad 

the shear failure by a jump in .~&he tangential components of 

displacement acrose the fault surfn~s. Aohenbtlch ~d Abo-Zeno 

(1972) analysed the wave motions generated by a vertical strike 

slip fault on which motion ia opposed by a frictional shear 

stress and whiCh is assumed to increase linearly with depth. 

Freund (1973) discussed wave motions es expected in case of 

a ·nonuniformiy expanding line ~oad~, Fossum and Freund (1975) 

considered a model in wbioh a plane strain shear craCk moves 

from rest at a nonuniform rate under the aotion or general 

loading. First motion response of an. elastic half Sl)(;lCG due to a 

-------------------------------------
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no~unii'orrnly moving dislocation by Cagniard De-Hoop ~eohnique 

is d$termtnad by Roy (1978). in a recent papex- Markenacof£ and 

Clifton (1981 ) wlal.yzed the m.Qt~on og an edge dislocation sta• 

rting from ~eat nnd moving thereafter nonuniform[y on ita slip 

plana by moons of J.B.place transform, where the iu.Verai,O:t& of tha 

tra!laf.orm 1e nccompUahad by Oa.~ntard De-Hoop method. 

In the p:reaent paper e.n idealised earthquake model is. considered. 

A fault break along a horizontal line at n f!ntta depth b~low 

the free· surface is assumed to app~ax- suddenly and to move 

verticalJ.y upward \Vitb norA:mifom mo·6ion u,pto tt1e free mwi'aee,. 

A discontinuity in components of di.splaeame:n.t across the fault 

break is prescribed •. The displaoement components on the tree 

surface due to lw.yl.eigb. waves are· de'te:ttld.ln~d for no:nurd.to~ · 

motion of the craCk. 

~o f1:nd the so~ution of the problem the techn!qut; dGvoloped by 

Knopoff and Gilbert with appropriate moditioe;tion :is used,. The 

technique is :found to be extremeraelf powerful for taokl1ng suCh 

type ot bou.n.dary value problems. Ghosh (1972) applied the method 

to show the possibility o£ attenuation of mlcros~lamio waves du~ 

to. the presence. of t?.n upward folding Of the ocean bette~ into 

the liquid. J?ollowing ltnopof£ e.lld Gilbe!:tt the moving oraok 1s 

replaoed by a set of virtual souroaa located at the faUlt surface 

HO. The displacemant on the free suri'aoo ts \-i.ritten aa tbe sum of 

the contribution of tb.eea. soiaroee with the aid of suttabla Grea:n•a 

function rapraeentat:1o:.a. theorem. 

Three particular ·cases o;£ nonmlifo:z.\m motj.on of t~ oraok are 

ocnetdered. Horizontal and vertiC$~ components of surface disple.ce­

ments due to Rayleigh waves produced by t:be pro;page:tins oraok ore 

determined and. shown by means of ~aplts. 
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In the mathematical and physical struotut"e of wave propagation 

phenomenon, the· model assumed here is el though over simplified, 

yet it bri.ngs forth some major features which ara usual~y prea­

ent in the ground motion,. 

oxnli:nate f~..me · (x;Y) is at "lihe spioent~e o. It is assumed tl:w.t 

a ora~ suddenly appearing at ~the fooua ll moves vertically up-­

wards upto the free surface o with a nonuniform speed. The le­

ngth o:f the oro.ok measured f'rom ·.a at any time t is h(t), which 

ia asm.tmed to be strictly monotonic increasing funotton o:f time 

t. 
.... 

The Fourier tX"ans~orm f(x,y,w) o:f the function f(x.y,t) is 

defined by 

....111 . 
Let tt;nbt,ylx0 .,y

0
), (m.n = (x~y)) be the component of. Green's 

funotion GID(x,ylx0 tY'
0

) at the point (:;1-::,y) in the direction of 

n ~ue to a point souz·ce or force in ~reotion and situated 
' 

at (~t0,y0 ). tt now u(z,y) and v(x,y) 'be .the' displacement cora­

pona.nta along x and y direotiona respeotiveJ.y and Pxx (u,v) , 

p (u,v) and P (ut'':) be the a·tresa components then their 
Q . " ' 

Fourier transforms defined by (1) satisfy the following diff• 

erential eque:tiona. 

aP (u,v) 
?£X + 

OX 

(1) 

(2) 
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F10. 1. Geometry of dip-slip fault. 
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(3), 

(5) 

(6) 

where f !s tr...e d~ity of the material and &( )is D:J.rac's del"'~• 

ftmotion. 

I 
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v·' 

Multiply Qqtw~tion (2) by ~(lt:,yJx0,y0 ) e~ (4) by u(x1y) and 

subtract the latter from the former. Also multiply equ..:.,tion ( 3) 

by ~(x,yl:x0,y0 ) and (5) by v'(x.y) and subtract the latter from· 

the former. ·~hese two ·reaul:ting· equa:ti.ons ar<i.i then added and 

integrated over the region R to yield the follmvi:ng equation. 

{8) 

For details of the anal.yeis to obtain the equation (8) , we refer 

to the paper o:£ Ghosh (1972) • 

.Applying G-reen • s theorem, the integral in ( 8) over the region R 

ta converted to an integral over the curves s, s1, s2 (shown 1:n 

· l:"1g .. 1.) bounding the region R e.nd We nave 

f G~(:}~1yJx0,y0 ) Pm:(u.v) + G;(x,ylx0 ;Y0 ) Pey(u,v) -
S+S1+s2 

-U. imcC Gx(x,s-lx
0
,y

0
)j-v Pny(r(x;ylx0 ,y0 >J ds=u(x0 ,y0 ), (9) 

"11 ·~ the di"'te~ ho'Y\ of the out&So.."Y"J 'OOY"'VV.al oJ ds. · 
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Since 'the s·treesaa 4uo to (u, v) aro zero on the :free eu.rf?-ces 

s, s1, s2 ar~ the stresses due to Green1a .function aro also zero . 

on the :free suri'aoe s, eo we obtain .from (9) 

(10) 

Where [ u J and t v J rep:t•esent the jump diacontinui ty in . displa­

cement components aovoss the crack no and HO = ( is the length of 

the oraok. Since we are considering a dip-a1i]} faul..t, so there ~s 

no diepla.aement discontinuity along x•direot!on across the fault 

surface. Oont)equentl,y [ u J = ojl Also,. as we are interested :f.n 

surface displacement only, so the equation (10) reduces to the 1'orm 

l.. 
l[ Y J Pxy [ ~(o,ylx0,o) Jdy· = u (x

0
, o) (11) 

Q 

Considering the equations (2), (3), (6) and (7) and fol:towing tb.e 

same procedure 1 we get 

.1 ... 
IC v J i?iK

1
t-#<o,-ytx0 ,o)Jdy = :v· (x

0
,o> (12) 

0 
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H k. 2 21. 2 ·k2
2 

__ w2~~2, . 
.~.ere 1 = w 1 a. , - ,,. 

. ' 2 ( 2 2 )2 
Rl~J = 4~ v1 v2 "'"' ~ + -v2 ; -~, .&J ar.a ~ceapeotivaly J,~vave Md 

s-wave veloci:ttaa. The v~..lues of Y1 (Ss} and "Y2(f5) are to be so ohosen 

that with such values the expression for the displacement decay 

exponentially as y ... eo :ror real v1 (~ ~ "))2(~) • 

The Fourier transform of the stress Pxy( Gx(o,yfx
0
,o)] on the lina 

o:r i'aulting HO is give-n by 
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Since we \Yant to determine the mu:-f'a.ce displaoement due to Rayleigh 

wa,rea, we need to determine "'<~he value o£ the integre.l in (14) for 

nayieigh ·po1e oontribu.tion only, for wbioh we refer to r.,bl and · . 

Knopofi' ( 1968) • 'lhe Rayleigh. pole contribution to the integre.l ( 14) 

is evaluated by following the method prescribed by Iarmood (1949) 

and P. vi ~~(o,y(x0tO }Jia found to be 
Xu . 

Similarly, the contribution from the ~yleigh pole to 

P:ltyL ;}1 (o,yjx
0

,Q )]is found tQ ba 

nr ~exp(- a: -(~:~y)-exp{- ~-- ~2-c~y)Jexp{i;O..), for w ) 0 
l .R . R R 

(15) 

(16) 

(.17) 
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The discontinuity in displacement along the line of fault111G at 

any time t and at a depth y below the free surface is assumed to 

be 

( v J= DH[ h(t) ... (l • y) J ( H(y) - H (y - 1) J 

(19) 

(19) 
= DH[ t - r(y) ] ( H(y) - n (y - 1) J 

H( ) is Heaviaide step i'tulotion and r(y) = h-1 (1-y), w!1ich ia 

the inverse function ot h e.nd it e:xists e.s b(t) is strictly 

monotonic inorea.aing funotion. Fourier transform o.:r the equation 

(19) is given by 

r V )a D[ H(y) - H(y • 1) J /H( t-r(y) J aiwt dt 

= Dt H(y) • H(y • l.) J fe1wtdt=D( H(y} - H 

r(y) 

(y ~ i) ] .( m>(w)+ ~ )e1~(y) · 
. 

l'Ut:ting the value of ( v'Jfrom (20) in (11) and then taking 

(20) 

Fourier inVersion of ( 11 ) and changing the order of i11te~.t!on 

one Qbta1ns 
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. -SubatitutiP..g tlle value of Pxy .from. (15) in tho above eqns.tion we 

get 

or 

DIFf'lillEif.l! CASEB OF lWliiU!UFORM CRACK SPEED; In this aeot1on we 

determine the lta.yleigh wave displa,oement on the free surface 

{21) 

(22) 
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tor different nonuniform motions of' the verti(}..?il era.oke 
•, 

Oa.ae 1. Here it ie e.al3llnled that h(t) = ot, where o is the constant 

velocity of propaga:t!on of the fa:ul:t and we have 

Substituting the V'alua of ;J:"(y) from (2:;) in (21) an4 (22) ·and · 

inte~~-~ tn.e_ resulting ~quation one liets 

u(xo,o) ·2. I 2 ~ o.... 1 } 
· .. All. c. .[ A 1 . A:±X:. -tt · .,. A . . ----·=- ~-- - -·ln ~+-tan - -· D 4-nP oi :a . 2 !i! . cA x_ 

- "'· ·~ln ·+-tan - · G-{ 1... . (\~+i2• cR.. -1 G!J·. 
.!:! it: ~ . oG X . 

. 2 A G 
p =. 2 < 1 + G ) - tr - r ""' ·2 AG.~ 

-(23) 

(24) 

(25) 
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(!! ,. 0 ;l!npl!Se t .. ::- + ~ Whioh is tna time taken to reach the point 

(x0 ,o) by Rayleigh wave. which is emittGd from the epioentra o wb.e11 

the creek reaches the free surface and X ~ 0 implies t = ~0 I c.R which· 

is the time taken to ra.rtch the point (x
0
,o) by tbe Ray~aigh wave 

generated ~t H as soon as tlle craolc appee,ra e.t H. 

Case 2 •. In tbie oase it is assumed that the oraok starts to move 

vertically upward with a finite velocity a a.~ has a retardation-b. 

Her'-at a time t af·ter the f'ormation of the or,:;;clt 

h(t) ( .$ l) = at ~ ·t bt2, so that 

r(y) 2 . 1.(1 - z) 
r:! ..-. ,. t ,.., • ......,... • .., r ...._ 
,. a. ,. ·- - -__ . 

' . . 2bl . . 
1-i· 1 - 2 (t-s) 
. a 

(26) 

Subst!tuti!l..g the value oi' r(y) ·in (21) and (22) we obtain 

-

(27) 
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(28) 

where F ~ b~ and tbe· other Ct>nstants h8.ve the same Vt?.luee mentioned 
a. . 

earlier. It may be noted that the integra.nds in equatt.on (27) and 

( 28) ha.v() a."'· ei~~l ty at ~ a: o provided 

.. 

This .te; the time to reach th~ point (x
0 

t Q) by the Rayleigh wave 

emitted from the epicentre 0 ;just e.ftor.the arvival of the Qra.ok 

at this po;t.ntill 

Cas a 3. ltina:lly iat the oraok at a depth 1 belo\'1 the i'rGe sur:f'ac&, 

s'tart to move ver.tieal.ly ttpWard. with intinitelJ' large velocity 

which gradually decaya with time • Accordingly h( t) is taken in the 

form 

h(t) =: D1 1{t wnera :o1 is a cQnstant. 

· .Qr D1 lf~t = 1 ·~ y: 

~herefore ~(U) = [ (1 . .,... y) I D1 J 2 (29) 



201 

Aa before au'bat!tuting the value o:f' r(y) L'l (21) and (22) ·end 

making a change o£ variable. of the integration, we have 

(30) 

1 z 2(s2 .... az + :Del) ~ . 
X J ...... ... ' ... ' . . . ' T ' ' • . - .. T • ~ ( 31 ) 

o { K2A232 +(l!l2.,23+M)2}{x2G2s2 +(l'l2"2G+lil) } 

where K2~f / loR' r~ ;:;1 ... (tcR /1 )(:n~ /lo1\)+{x
0
/1) (DilleR). 

and th~ other cona~~ts nave same values as maltGioned before. 

Agatni the tntegran.ds in equt> .. tion .(30) and (31) are aine,"l'lila.r 

at z = o if M = o. !fh1a ·oor.:ceaponds 'to t :-,a {x
0
/ca)+(l2/Df) 

wl't.ioh is ·the time of arr!vnl at (x
0
.o) of tklo Rayleigh wave 

wh.:Loh !a generated at o just after the arrival o:t the qrack on 

the free surfe.oe~ 

NUMERICAL RESU:r.lr S JU"i..D OONCLUSIOliJ: t!hen the 68.Xth material is u.ntter 

tension or oompr.ession in a d!reetion pa.ra.llal to the free surface, 
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shear failure ooours on a fault plt:uw. In general, thia =failure 

moves with nonuniform speed. llW!lerioo.l computations are ~-a-ried out 

!or poisson sQlid (a./p = 1-3) and for oJ!l-1 = •9194~ The qu..:.'Ultit1es 

A,B, G,H,X,T 1:f!"tK,M,F defined in section :; exe all dimensionless. 

ll'igurea 2, 3 al'ld 4 shgw the v·aristiQn of componro1·te of displacement 

with time• ~he dimensionless displacement compone~ta are plotted 

against dimensionless time. TH and T
0 

indicated in the :figures 

correspond to the a:r:rival times at (x
0
,o) of the Rayleigh waves 

from the focus H a11d the fault brealc at o. 

Figs.2(a•b) oorreapond to i;he oo.se 1 oi seat1.o.n 3 where the conatant 

val.oa1ty o:t: propagation of the .eraok (ca!o -=·a and 2) is assumed •. 

l!1igs.;;(a.-b) correspond to "the C<.'"'lee where the crack starts vtith 

e. :f'itl.i te •v"elooi ty a. and has e. retarda:tioll. b. Hel!e also t-vtc oasaa 

"n/a=•a E~ 2 with the assumption the.t 1? ~ 1/3, are considered., 

P!ga.4(a-b) depicts the ease 3 where the initial velocity of 

oraok propabl'Ut1on is assumed to be infinitely la.rge and K is taken 

to be equal to 1. 

From ~quations (~1) and (22) it !!1taY be noted that u{xt:>'o)/.D and 

v(x
0

,o)/D ore £unot1one (~/1 )•(oRt/l). Therefore in all computati­

onal, works, without any loss of generality x
0
/1 l:t...as been taken to 

be equal to 1, be, cause any oh~..l~e i..'V! value of x
0
/J. will merely 

cause a. ehift!ng of the graphs a.l:ong the direction of ~t/l. 

We find that in each oo.se the strongest ground motion occurs at 

T
0 

c: oR t/1 whiol~ corresporid ·to ..-Ghe ar17'1V~,.l time of RayJ.eigh waves 

. from the surface break at o. Also it is i"ound tbnt though tha . 
nature of the graphs in threa ·d!f.fer~nt oases differ betw·een !1!11 e.nd. 

T but their n:"lt:ures are al.."noat the SPJ1le after the arrival of 
0 
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F1os. 4(a, b). Horizontal and Vertical components of displacement versus time. Case or cr~td: 
propag~ttion with retardation and infinite starting velocity. 



Rayle!gh waves trom th$ surface break. 2hia may be explained from 

the faot tbat the min contribution t_o the grol.Uld motion due to 

Rayleigb wav~ 1e -from a. small portton of tha fe.Ul t near the surface 

after the at--rival of Rayl.eigb. wave from tl1e sur;faca break, so the 

contribution :from the details of craCk initiation beco~a ,f.neign.t­

f1aant after m • . . ... . 0 

tt may be mentioned in this eomact1on tha'3.t though contribution of 

Raylf.d.gb. wave to the ground motion is etgnifioant rn.t large dtetanoee· 

fr~m the (f3picent~, tlle eff0ot o£ body vm:ves near tlte optoentral 

region c~..n 11ot be ignored. '£his effect r:.J&.y be in.aorporated :lf v.re 

consider in addition to JGhe contribution from Rayleigh pole, the 

oontr1butiQn from the branch line integrals arising bom the 

evaluation of streaaes due to Green·•a f'unction~ 


