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CHAPTER 1 

Introduction and Preliminaries 

This dissert..at..ion is divided · int..o !our chapt..ers. 

Chapt.er 1 introduces some basic concept.s and not.at.ions 

we employ in t..his t.hesis and serves as a prelude t.o t.he 

current. work. Geomet.ric solut..ion procedures 1ind import..ant.. 

applicat..ions in t..he problems involving locat..ion o1 1acilit..-

ies consid•=·red by us. 

Ch.apt.er 2 considers t..he unconst..rained problem of" 

·locat.ing a single service cent..re in t..he plarie in t..he 

presence of" exist..ing locat..ion point..s using t..he cri t.erion of" 

minimising t..he ·maximum weig;ht..ed rect-ilinear dist..ance, 

symmet..ric as well as asymmet..r'ic, and obt..ains t..he solut..ion 

analyt..ically by exploi t..ing t.he g;eomet..rical st..ruct..u:r'e of" t..he 

problem. Asymmet..ric weight. is Lypically exemplified by rush 

hour t.raf":fic and similar ot.ber sit.uat.ions. 

Chapl:.er 3 deals wit.h t..he problem of" locat..ing a single 

service cent..re . cat..ering t..o t.he demands of cust..ornel'S 

dist..ribut.ed over a linit..e set. of demand point..s in a 

Lwo-dimens:ional space employing bot.h t.he symmet..ri.c and t..he 

non-symniet..ric Manhat..t..an meL.ric minimax c.rit.e.Pion. An exact. 

solut.ion tJechnique, based on geomet..ry, has been present..ed, 

under t..ho:;, ass:umpt..ion t..hat. t..he required cent..re should be 

sit.uat..ed ·vrit..hin a convex polyhedral region. 

Finally, chapt.er 4 :focusses 

.. 
I 

on t.he comput.at.ional 
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aspect.s o! some 61 t.he above ment.ioned problems and present.s , 

algorithms having· a polynomial t.ime complexit.y. 

1.1 Origin .and development oC di:fTerent aspects o:f locational 

problems 

FacilitJy layout. and locat.ion problems have been t.he 

subject. o! st.udy !or· cent.uries. The ancient. Greeks ai'e known 

t.o have been !ascinat.ed by t.his subject.. A version· o1 t.he 

Euclidean distance locat.ion problem was posed by Fermat. [16, 

51] as a purely geomet.rical problem in t.he early sevent.eent.h 

cent.ury and solved by Torricelli [36] around 1640, which may 

be st.at.ed t.hus:: given t.hree point.s in t.he plane, lind a 1ou­

rt.h one such t.hat. t.he sum o! t.he dist.ances t.o t.he t.nree said 

point.s is a rninii.num. Cavalieri [36] in 1647 review~d t.he 

problem and jacob St.einer [16, 52], a Swiss mat.hemat.ician, 

ear·ly in t,he ninet.eent.h cent.ui'Y~ made an at.t.empt. t.o solve 

t.he problem posed as: a classic geomet.r·y problem in t.he 

special case o! equal weight.s: while Alfred Weber [761, a 

German economist. ,in his pioneer·ing work t.owards t.he beginning 

o! t.his cent.ury,once again st.udied t.he weight.ed version, also 

known as t.he St.einer-Weber problem or t.he general Fermat. 

problem, \'rhich consist.s: in locat.ing a warehouse. in such a 

way t.hat. t.he t.ot.al weight.ed dis.t.ance t.ravelled bet.ween t.he 

warehouse and a set. o! demand point.s: is a minimum. The dual 

o! t.his pt'oblem was solved by Fashei!nder [36] t.owards t.he 

middle of' ninet.eent.h centJU1'V. But. it. was Kuhn [5()] in 1963 
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who was t.he !irst. t.o have aLLempLed a purely mat.hemat.ical 

approach in order Lo !ind a solut-ion Lo t.he problem. 

Alt.hou~~h facilit.y layout. and locat.ion problems cont..inued 

t.o receive considerable at..t.ent.ion over t.he years it. was only 

aft.er pract.i t.ioners in OR· began exhibi Ling int..erest. t.hat. t.he 

subject. became t.he focal point. of at..t.ract.ion tor sever:al 

disciplines. 

Locat..ional analysis deals wit..h t..he st..udy and development. 

of met..hodologies seeking t..o det..er·mine t..he locat..ions or new 

facili t..ies in such a way t..hat.. t.he ·users of t..he f'acili t.ies are 

benefit..ed most.. By const..ruct..ing suitable models which involve 

locat..ing one or more new facili t..ies, and solving t.hem, t..he 

invest..i~at..ion is carried out.. Wit.h £he passage of t.ime, 

however, t.he formulat..ion OI t..he locat..ion problem has 

undergone l:-actical change. 

In solving tacili t..y layout.. and locat.ion problems models 

simple rat.her t.han highly sophist..icat..ed alt..hough closely 

appro:ximat..ing t..he real world have been develop,ed. In t..he 

analysis of f'acilit..y layout. and locat..ion problems t..he 

process of' verifying if t..he model accurat..ely represent..s t..he 

physical syst..em under st..udy is most. import.ant.. In obt.aining 

a solut..ion t..o t.he problem it..s f'ormulat.ioi-1 and analysis have 

t..o be carried out. at. t..he out..set... 
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1.1.1 Selec·t.ion of criterion 

The c;ri t.erion o:I minimising some !unct-ion o:I dist-ance, 

eit-her Un¥'ei.ghi:.ed or weight-ed by some import-ance tact.o.r, 1:-he 

weight. being int-erpret-ed as cost. per uni 1:. o:I dist-ance :Irom a 

demand point. t-o a :Iacilit.y, is perhaps t-he most. nat-ural 

choice. I:f t-he new :Iacility is a :Iactory s:upplyin~ 

warehouses or a new machine t-o be locat-ed in a plant. layout. 

or a poinf:. in a net.work .t.o be connect.ed t.o known point.s in 

t-he net-work (1:-he existing :Iacilit.ies:), its locat-ion ·may be 

det-ermined in such a way t-hat. t-he t-ot-al cost. which is 

I 

directly pr-oport-ional t-o the dist-ances involved, will be a 

minimum. Somet-imes, inst-ead o:I minimising t-he tot.al distance 

t-ravelled, it. may be required t.o minimise t.he maximum 

dist-ance, which is act-ually t.he minimax counterpart. o:I t.he 

more :Iamiliar Fermat. problem. Such a cri t.erion is most. 

nat-ural in locat.in.g some emergency !acility :Cor which t-he 

maximum delay is more impor•t.ant. t-han t-he average or- t.ot.al 

delay incur-red as a measure o:I e:I:Cect.i veness and has ·been 

right-ly called t-he '.grease t.he squeaky wheel' crit-erion by 

some aut-hors: inasmuch as t.he objective is t.o minimise t.he 

e:I:Iect.s of· t.he worst. sit.uat.ion, viz., t.he maximurn cost.. 

1.1.2 Choic<:! of norms: 

TherE? are many a dist.ance measure we may de:Iine on t.he 
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plane. A ~;;eneral distance !amily is L distance de lined as 
p 

L (A • A ) = c· I xi 
p 1.' 2 

where p is t-he 

dist-ance parameter .(1 ~ p ~ co), and Cx • 
i' 

y ), 
0 1 

Cx , y ) are 
2' . 2 

t.he coordinates of" two given point.s A 
1 

measures_, however, received much 

and A 
2 

Two 

at. tent-ion, 

dis:t.ance 

viz., L, 
1 

variously called the rectilinear, rect-angular· or Manhat-tan 

dist-ance and L , the euclidean or st-raight- line di:s:t.ance. In 
2' 

urban locat.ion analyses t..ravel usually 'Lakes place along .an 

orthogonal set. o! streets. In problkms involving machine 

location t.ravel occurs along a set. of" rectangular aisles 

arranged ·parallel t-o the walls of" the building where the 

machine is housed. In such si t..ua'Lions rect-ilinear dist-ance is 

t.he appropriate metric. Whereas tor some network location· or 

pipeline design problems or problems involving _ air t-ravel 

euclidean dis 'Lance is conv-eniently applied. For relat-ively 

small areas on t.he -earth's surface_. which may be treated 

with considerable precision as a sphere, t.he planar model 

offers a very good appr•oxima'Lion. When the exist.. in~ 

:facilities are widely separated, t-he area covering these may 

be project~ed ont-o a plane and t.he locat.ion of the required 

f'acili'Ly m:ay be determined using an appropriate locat.ion 

model on t.he plarie, but. only at, t.he expense of" introducing 

errors int-o t.he analysis. Alt.hough there exist-s a number of 

mapping -t .. echniques producing accurat-e pro ject..ions of a 

sphere ont..o a plane, .in .. problems involving large regions on 
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t.he globe none preserves distance. On a sphere, theref"ore, 

we should apply t.he short.est. arc dist.ance, also called the 

geodesic norm, usef"ul lor global opt.imisat.ion [1, 3~ 5, 19, 

20. 23, 32:, 79]. Recently, locat.ion pr-oblems on t.he spherE! 

have been t.he centre of" much cri t.ical at.t.e.ntion in· t.he 

literature. Besides: thes:e there exist. ot.her norms: not.able 

among- which are ring- radial, hyper-rect.ilinear, block norms 

etc. 

1.1.3 Minimax and minisuin location problems in networks 

Locat.ion theory evoked considerable interest aft.er ~.he 

publicat.ion of a seminal paper by Hakimi [42] who considered 

the general problem of" locating one or many f"acilit.ies on a 

. network employing t.he minimax or the minisum criterion. 

Problems dealing. with t.he det.ermination of" opt.imal 

location of" service centres in networks or graphs abound in 

practical situations. In particular~ if" a graph represents a 

road network with its nodes representing coinmunit.ies, onto· 

have t.o optimally locate a hospital, police station, may 

fire 

such 

stat.ion or any other emergency service facility. In 

situations, 

minimisation 

f"acility · (.o 

of" 

the 

t.he optimalit.y 

the distance or 

f"arthest node 

criterion may be 

travel f"rom 

of" the graph or 

optimisation of the worst case. In a more general situation, 

a. number of" such f"acilities rather than a single f"acility, 
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may be required t..o be loca~ed such t-hat. t-he remot-est. node or 

t-he graph can be reached !rom at~ least~ one ot the tacili t.ies 

within a minimum dist.ance. The. problem of" locat.ing emergency · 

tacilit.ies wit.h a view t.o minimising t.he largest. t.ravel 

dist-ance t.o any node !rom it.s nearest. :Iacilit.y is nat.urally 

called t.he minimax locat-ion problem and t.he f"acili t.ies t.he 

cent.res: or t.he graph CChri.s:t..otides U4D. 

There is a di:If"erent. class of" locat-ion problems where 

t.he ob jeci~i ve is t.o minimise t.he sum· t.ot..al of" t.he dist.ances 

!rom t.he nodes t-o t.he cent.ral f"acilit.y, assuming t.hat. a 

single such f"acilit.y is t.o be locat.ed. The problem of 

locat.ing a .depot. in a road net.work where t.he nodes represent. 

cust.omers or swit.ching cent.re in a t-elephone net.work where 

t.he nodes represent. subscribers. calls tor such object.ives. 

Problems of" t.his t.ype are consequent.ly called mini sum 

locat.ion problems, alt.hough t.he object.ive may be t.he sum of" 

various funct.ions of" dist.ances rat.her t.han t.he sum or 

distances. The result.ant. :Iacilit.y locat.ions are t.hen known 

as t.he medians of' a graph. 

1.1.4 The euclidean MSC problem 

The :r:'linimum spanning circle problem, also known as t.he 

euclidean 1-cent.re problem, may be st.at.ed as t.he problem of" 

covering a f'init.e set. of" point.s in a plane wit.h the smallest. 

possible circle CPreparat.a and Shames [67]). This is a 
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classical problem originally posed by Sylvest..er[71, 72] in 

1857. who while cont,inuin~ t,he search !or an efficient. 

algorit-hm ult..imat..ely hit.. upon a graphical solut..ion procedure 

only in 1860 and att..ribut..ed t..he · ·same t..o Peirce, · This 

algorit..hm was rediscovered by Chryst..aH15] t.went.y rive years 

lat..er. A modern account.. or t..heir t..reat..ment.. may be round in 

Rademacher and Toepli t..z [68]. The smallest. enclosing circle 

t..hus obt..ained is unique and is ei t..her t..he circle circumscrib­

ing some t..hree point.s or t..he set.. forming an acut.e t.riangle 

or described by t..wo or t..hem as- diamet.er. Thus a !init.e 

algqFit..hm t.hat.. examines all pairs and t..riplet..s or point.s and · 

det-ermines t.he minimum circle 

obt..ained. The complexit..y ol t.his 

enclosing 

algorit-hm 

t.he 

was 

was 

and 

Elzinga and Hearn [31, 32] suggest.ed an improvement. t.hat. 

would run in 0Cn
2

) t.ime. Shamos [70] proposed an algorit-hm 

which dep~nds on t..he det..erminat.ion ot t..he tart..hest. point.. ot 

t.he Voronoi diagram requiring comput.at..ional complexit.y or 

OCn logn). This amount. ot comput..at..ional etlort.. is at. least.. 

needed tnr any solut.ion 

suggest..ed a linear · t.ime 

algori t.hm. 

algorit..hm 

However, Megiddo 

by t..ranst arming 

[59] 

t.he 

minimum :;:panning circle problem int..o a t.wo dimensional LP 

1 ormulat.io n. In t:he MSC · problem, also called a minimax 

tacilit.ies locat.ion problem in Operat.ions Research parlance, 

we seek a point.... t..he required cent..re ol t.he circle, t.._he 

great.est.. dist.ance !rom which t..o any point.. . ol t..he set. is a 

minimum. The minimax crit..erion is most.· suit.able· in locat..ing 
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emergency :facilit-ies t.o reduce worst. case response t-ime t-o a 

minimum <Toregas et. al. [74D. It. has also been successf"ully 

implement-ed t.o locat-e a radio t-ransmitt-er serving a nwnber 

of" discret-e receivers or a radar st-ation cat-ering t.o t.he 

demands of several def"ence inst.allat.ions so t.hat. t.he RF 

power det.&:r-mined by (he radius of" t.he covering cir·cle is a 

minin1um (Nair and Chandrasekaran [65D. By t.reat.ing t.he 

smallest. covering circle problem as: a cont.inuous 

opt.imisat.ion problem, a number of" it.erat.ive algorit.hms has 

app~ared, notable among them being Lawson [53], and Zhukho-

vit.sky and Avdeyeva [80] algorit-hms. Jacobsen [48] has deve-

loped an a.lgorit.hm relying on a specialised implementat-ion . of 

t.he met.hod of" f"easible direct-ions. 

1.1.5 Generalisations o£ t.he single £acilit.y problem 

The m-cent.re problem f"or·ms: t.he most important class of" 

problems in locat-ion t-heory and may be formally st.at.ed as 

f"ollows: Given a set D = {d ' d 2, ... , d } of" n demand points 
1 n 

on a plane, find a set s = {s 
:1' 

s 2, ... , s } of" unknown loca-
m 

t.ions of" m supply point-s on t.he plane such t-hat. the furt-hest 

dist.ance bet-ween t.he demand point-s and t-heir closest supply 

point-s is .as: close as possible. Mat-hematically speaking, 

where z = 

Minimise z, 

max 
:1~iSn 

{ min 
:1~j~m 

<L <d. , s _)}} 
p L J 

Problems such as t-hese lind important applications: in models 
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concerning; locat.ion o:I service :Iacili t.ies, as :!or example, 

hospit.als, shopping- cent.res, :!ire depart.ment.s, police 

st.at.ions, radio. or. TV cent.res, or in many equit.y models in 

·.economics where t.he communit.ies r,epresent. demand point.s. The 

m-cent.re problem may be t.reat.ed as a g-eneralisat-ion o:I t.he 

1-cent.re pr-oblem. This: problem :Cor- g-ener-al m has been 

considered by Aneja et. aL [2], Drezner [21], Hwang- et. aL 

[47], Ko et, aL [49] and Vijay [75]. 

1.1.6 Anot..her generalisat-ion of t.he single facilit.y problem 

The mult.i:Cacilit.y locat.ion pr-oblem concerns locat.ing- any 

g-iven number o:I variable point.s: represent-ing :Iacili t.ies wi t.h 

r-espect. t.o any given number- o:I f'ixed point.s corresponding t..0 

pot.ent.ial users applying t.he minisum or t.he minimax cri t.erion. 

Let. x (i = 1, 2, 

called variable point.s, 

m) denot.e t.he new f"acili t.ies or t.he so-

a 
j 

(j = 1, 2, n) t..he :Iixed point..s 

or t.he E·xist.ing :Cacili t.ies, w and w t.he weight.ing 
J.i..j 2i.k 

con-

st.ant.s beLween x and a and bet.ween x and x respect.ively. 
j k 

The weight.s allow :!or t.he model t.o discriminat-e in import.ance 

among dist.ances. The problem where a minimum sum of" weight.ed 

dist.ances crit.erion is sat.isried is t.he :Iollowing: 

m n m-:1. m 
minimise z = .2 .2 w L (x .. a) +_2 l w2i..k L (x X ) . .. J.i.j p L .i p l k 

L = j, .) = j, l=J. k=i.+t. 

whereas t.he problem· sat.is:Iying t.he minimax ob jec~i ve is 

given by 
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minimise z where 

L <x , a_), 1SiSm, 1Sj5n; 
p i. J 

w L <x., xk), 1SiSm-1, i+1Sl<Sm}. 
2i.k p I. 

Hakimi [421, F'rank [39 ,40l and Goldman [411 have · st-udied 

t.he minimax locat-ion problem in a net.work while Francis [351 

has dealt. wit.h t.he same problem on a plane. Love et. al. [56] 

and Elzin~a and Hearn [33] provide solut-ion procedures t.o 

t.he mult.ifacilit.y minimax .problem using euclidean distances. 

Love arid Morris [541 have suggested a non-linear programming 

generalised L 
p 

t.o t.he problem using distances. approach 

However·, in an urban sett.ing t.he t.ravel pat.hs: resemble more 

a rectang-ular t.han a straight. line dist.ance and consequent.ly. 

rectilinear distances become relevant in such s:ituat.ions. 

W'esolowskv [78] has given a par·ametr·ic linear pro~r.amnrlu· 

solut,ion Lo t.he multilacilit.y problem using rect.ilinear 

dist.ances. The single lacilit.y locat.ion problem can also be 

considere~~ t.o be a special case of' t.he multilacilit.y locat.ion 

problem sCat.ed above. 

1.1. 7 AlgoJr·i t.hms 

Ther-e exist several algorithnls: for solving the minimax 

problem r;;nder the Euclidean norm <Blumenthal and Wahlin -[5], 
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Cast ells and Melvi"lle [6], Chakraborty and Chaudhuri [11], 

Chat.elon et. al. [12], Chrystal and Peirce [15], Elzinga and 

Hearn [31, 32], Francis [351, Hearn. and Vijay [45], Jacobsen 

;, [48], Megidclo [59), Nair and Chandr·asekar·an [65], Oommen(66:.i 

Rademacher and Toepli t.z (68] and Shamos [70D. T\'•o papers 

one by Oommen [661 and t.he ot.her by Hearn and Vijay [45] -

survey· t,he literature and compare, qualit.at.ively and comput-a­

tionally, the various solution procedures. Oommen has propos­

ed a computational scheme that. synthesizes three of the best. 

known primal feasible algorit.hms, viz., the Chrystal-Peirce 

algorithm with the Chakraborty-Chaudhuri initialisation, the 

Jacobsen algori t.hm and the Cast.ells- Melville and Francis 

algorithms and conject.ul;'es. that. the geometric algorithm has 

a linear t.ime complexity. Hearn and Vijay have demonst.rat.ed 

that. the Chrystal-Peirce algorit.hm with the Chakrabort. y-

Chaudhuri s'Lart.ing solution is the fast.est in t.he equiweight.­

ed case whereas for t.he weight.ed case t.he Elzinga-Hearn 

algorit.hm out. t.o be the fastest.. Chrystal-Peirce 

algorithm is based on primal f"easibility while Elzinga-He;;;n·n 

algorit.hm depends on dual reasibilit.y. The primal 

feasibilit.y concept. t.o solve a minimax location problem with 

an efficient. start.ing solut.ion, was :first, int.roduced by 

Chakrabort.y and Chaudhuri [11]. The basic idea behind this 

method is tJo cover S .• ·the set o:f all demand points, · by a 

circle. The next. :s:t.ep cons:is:t.s: in reducing the radius: o:f 

t.his circle so t.hat t.he demand points: continue t.o remain 
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wit.hin t.h:· circle. The algorit-hm is designed in such a way 

t.hat. at. ·E!ach i t.erat.ion at. least. one demand point. could be 

eliminat-ed and no rut.ure i t.erat.ion would ever need any 

intormat.ion about. t.his point.. The dual teasibili t.y concept. 

consist-s in covering any t.wo point.s or S by a min.!m .u1 

circle. Thn radius or t.he circle is t.hen increased at. each 

st.ep t.o "'--;e.,ccommodat.e more and tnore demand point.s wi t.hin t.he 

circle unt.il one g.e"t.s "t.he minimum covering circle. The basic 

ideas cont..,ained in our algorit.hm and Chakrabort.y-Chaudhuri's 

•• ,r.. 
·<':';··" 

are iden"t.ical. · Bu"t. .• in order t.o solve t.he problem using 

rectilinear- metric we have t.o recast. t.he lat.t.er and effect. 

cert.ain changes t.o meet. t.he present. si t.uat.ion. Wi t.h t.his end 

in view t.he spanning circle of' t.he euclidean . 1-cent.re 

problem has been replaced by t.he covering diamond <Francis 

and Whit.e [36]), defined as follows: given any point.' PCa, b) 

and any non-negat;ive number r wa define a diamond' w"ith 

cent.re P and radius r .• t.o be denot.ed by DCP, r), by t.he set. 

of all points XCx .• y) tor which L ex; P) ~ r. In symbols, 
i 

DCP, r) = { XCx, y): L
1 

CX .• P) ~ r }-

1.1.8 Locat.ing an undesirable facilit.y using t.he nrinimax 

cr•it .. erion 

There is another impol't.ant. class of location problems 

concerned wit..h locating an obnoxious or undesirable facility 

t.hat. produces pollut.ant.s or L.he nat.ure or radiat-ion, noise 
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or harmful gases, in such a way t-hat- t-he smallest- dis-Lane~ 

or t-he smallest- weight-ed dis-Lance from a given set- of demand 

point-s 

region. 

is: maximised ·while remaining within a prespecified 

~;uch problems are nat-urally known maximin 

problems as opposed t-o t-he minimax version. Applicat-ion 

areas include locat-ion of a noisy facilit-y, say a school, a 

prescribed: distance away :from resident-ial quarters, or an 

infect-ious: disease hospit-al, an ordnance fact-ory, a. nuclear 

wast-e disposal sit.e, a factory spewing out. effluents ·and t-he 

like. In such .sit.uat.ions it. is impera'Li ve t.o locat.e t.he 

facility as far away as possible from t.he point.s it. act.ually 

serves. Among t-he papers dealing wit.h t.he maxi'min objective 

we may ment.ion t.he ones by Dasarat-hy and Whit.e [171, Drezner 

and Wesolowsky [26 281, Melachrinoudis [61, 621 and Mehrez 

et. al. [601. For a realist.ic formulat.ion of t.he above 

problem, Melachrinoudis and Cullinane [631 developed a 1i1o.:.k~~· 

based on t.he physical laws. o:f t-ransfer of t.he unpleasant. 

effect.s ,;,,s;sociat.ed wit.h t-he inst.allat.ion of an undesirable 

:facilit.y using t-he minimax cri t.erion which, in t.his case .• 

minimises t.he maximum or worst. e:ffect. of t.he pollut.ing 

facilit-y. This model assumes t-hat. t.he effect- o:f' a new 

undesirable :facilit.y upon an exist.ing one ::follows t.he law o:f' 

inverse square o::f t.he distance bet.ween t-he ::facilit.ies. 
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1.2 Solut.ion procedures for some rectilinear distance plan~ 

sir~€;le facility problem 

AmoJ~,g t.he various solut-ion procedures available in t.he 

lit.erat.ure :for t.he rect-ilinear one-cent.re problem,. we shall 

have t.he occasion now t.o dwell upon a :few amongst. t.hese, 

which are geomet-ric in nat.ure and moreover~ have a direct. 

bearing on t.he pr·esent. work. From a purely t.heoret.ical 

st-andpoint. t.he complexit-y o:f geomet.ric algorithm is or· 

int-erest. since it. sheds new light. on t.he int-rinsic 

difficult-y in comput.at.ion. The solut-ion procedures described 

here include Elzinga and Hear-n algorithm [31] dealing wit.h 

t.he equal weight-ed case using an innovat-ive concept. o:f a 

covering diamond (sec 1.1.7), Francis algori t.hm [34, 36] 

concerning bot.h t.he unwei1;ht.ed and t.he symmet-ric weight.ed 

cases and Drezner and \v'esolowsky algorit-hm [25] having 

subst.ant.ial cont.ribut.ion t.o t.he asymmet.r·ic weight-ed problem. 

Let. Ca., b.), i E I = {1, 2_,..... n} be the locat-ion of 
l. l. 

t.he exist.-ing :facili t.ies or demand points and <x, y) be t.he 

proposed locat-ion of t.he new facilit-y or t.he convenience 

cent-re: 

1.2.1 Elzinga and Hearn Algorithm 

Elzinga . and Hearn [31] have :s:t.udied lour variant.:s: of t.he 

minimax J.ocat.ion problem using geomet-ric argument-s, st.at.ed 

lSSS 
NORTH BBN<JQ 
Univorsity Library 
Raja .&i.mmehllllpur 
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min max [L c'P, P.) + k. l 
. p \. p L L 

and k = 
i. 

nonnegat.ive const.ant.. We d~scuss 

t.he Elzin~;a-Hearn alg·orit.hm lor t.he case lor which all t.he 

k = 0 and p = 1. All t.h.e _locat.ion point.s .are at. f"irst. 

covered by a rect.angle by moving a line having slope -1 so 

as t.o t.ouch at. least. one point.. sit.uat.ed f"art.hest. lef"t. and at. 

least. anot.her po.int. f"art.hest. right. and doing t.he same t.hing 

wit.h anot.her line wit.h slope +1. They next. consider at. most. 

lour point.s, one on each side · of" t.he rect.angle. Four equ"'-.:. 

diamonds cent.red at. each of" t.hese are t.hen const.ruct.ed · in 

such a way t.hat. t.he radius of" a diamond is less t.han t.he 

required minimax dist.ance .. The diamo.nds are now allowed t.o 

expand uniformly about. t.heir cent.res. Any point. . t.hat. belongs 

t.o all f"our diamonds is an opt.imal solut.ion. If" t.he 

rect.angle has unequal adjacent. sides Elzinga and Hearn have 

shown geomet.rically t.hat. t.he perpendicular bisect.or· of" t.he 

longer sides t.runcat.ed by vert.ical and horizont.al lines: 

const.ruct.Hd t.hrough t.he ext.remi t.ies of" one of" t.he short.er . 

sides of" i~he rect.angle cons:t.i t.ut.es: t.he solut.ion se"t.. 

1.2.2 Fr-ancis Algor-i t.hm 

Francis [341 has considered t.he generalised unweight.ed 

one-cent.rf.:! problem in t.he lollowing form: 

minimise f"(x, y) 

2 
<x .y> E E 
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where l(x, y) = max ( 1x - a. I 
L 

;_ E I 

+ly - b. I 
L 

+ ...... ) 
oi. 

The inclusion ol t.he t.erm g is just.if"ied by t.he !act. i...h.c,t.. 
L 

il (x., y) i:Je t.he location ol an ambulance, t.hen g. may be 
L 

int.erpret.e :! as t.he t.ravel dist.ance f"rom <a.. b.) t.o t.he 
L L 

nearest. hc.spi t.al. 

This problem may be rewrit.t.en as: 

minimise z 

subject. t.o I x - a. I +I y - b. I +g. S z·, i e I 
L L L 

By manipuJat.ing t.hese absolut.e value inequalit.ies t.hey have, 

aft.er some reduct.ions, obt.ained t.he f"ollowing · 

programming problem: 

minimise z 

subject. t.o X + y - z s a + b g, 
i. i. L 

X + y + z ;:::: a + b + g, 
i. i. L 

-x + y z s -a + b g, 
i. L 

-x + y + z ;:::: -a + b + ...... 
i. Q. 

L 

i E I 

Assumin~ ~:: = min (a_ + b. - ~~ ) c = max Ca + 
1 t. oi. t z i. b ·+ g", ), 

i. '-
LEI i.EI 

c = min (-'a + b 
3 ;_ 

i.EI 

{;. ), c: = max (-a 
L 4 

i.EI 

t.he above~ LPP lurt.her reduces t.o 

minimise z 

+ b + g,) 
L L 

linear 
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subject. t.o X + y - z ~ c 
:1 

X + y + z ~ c 
2 

(1) 

-x + y - z ::5 c 
3 

-x + y + z ;::: c 
4 

These con::;:t.raint.s. deline a rect.ang-le, t.wo of" whose parallel 

sides: are inclined at. an angle of" 45° wit.h t.he x-axis: while 

t.he ot.her t.wo make an ang-le of 135° wit.h it.. Let. 

= max (c - c , c - c ) . 
2 :1. 4 3 

i. EI 

Then any point. belong-ing- t.o t.he line seg-ment. joining- t.he 

point.s )l_(c: -
L 

and /._(c -
2 

c 
2 

+ c 
4 

c ) 
5 

is: a minirnax locat.ion wi t.h A.c as t.he opt.imal object.ive 
5 

value, whePe /._ = 1/2. 

The weig-ht.ed version of" t.he above problem considered by 

Francis [3bl may he st.at.ed as: 

minimise 
2 

{X,yl E E 

f(x,y) 

wh.;:,re f(x, y) =.max [w.Cix- a.l + IY- h.l) + g-_l 
L L l. t. 

i. E I 

where w 
i. 

(2: 0) is t.he· weig-ht. associated wit.h Ca .. • h ) and {!;. 
L i L 

may be int.erpret.ed as t.he t.ime required by user i t.o prepare 

t.o g-o t.o ~he cent.re. 

Wit.h M = i E w.>O}, M--
L 

above problem may be rewrit.t.en as 

minimise 
2 

<x,y> E E 

f(x,y) 

{i i E 

where f(x,y) = -max { max [w. (I x-a. I+ I y-h. I )+g-.], 
. L L L L 
LEM 

Let. g = maxCg. ). If g ::5 k t.hen t.he inequality 
- L 

iEM 

I, w =0}. 
i. 

t.he 
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max [w.<lx-a.j+ly-b.\)+g-_1:::; k 
l l l l 

i.EM 

is clearly equivalen~ ~o 

x + y :::; . a. + b + Ck - g-_ )/w. · 
i. L L 

+ b - Ck - g_ )/w. 
i. l. \. 

-x + y :::; -a + b + (k .g-_ )/w. 

-x + y 2::: -a. 
l 

+ b" 
i. 

L l 

- Ck - g_ );'w. 
L l 

which are t..he same as (1) having g_ removed, z replaced uy 
l 

Ck g_ )/w. and the condition fEl subst..it..ut.ed by i E M. We 
"l l 

now delinE: c (k) t..hrough c (k) as !allows: 
1 4 

c (k) = min (a. +b. +<k-g_ )/w.), c Ck) = max (a. +b. -<k-g_ )/w.) 
1 Ll l l 2 ll L l 

i.E:M i.EM 

c3(k) = mi.n (-ai.+bi.+(k-gi.)/wJ, c4(k)=max c-~\+bi.-(k-g-i.)/_wJ 
i. ~!.M i. EM 

The set. oC all <x, y) such t..hat.. l<x, ·y) ~ k is _given by 

SCk) = {<x, y): c
2
(k) ~ x + y ~ c (k), 

1 

c
4

Ck) ~ -x ~ y ~ c
3
Ck)} 

which is a rectangle wit..h a pair ol parallel sides at.. 46° 

and anot..her pair ol parallel sides ·at, 13~~0 wi.t.h ~he x-axis. 

For not.a1:_.ional convenience, t.he linear t..r-anslormat.ion T and · 

· it.s 
-1 

inver•se T , have been delined as f:ollows: 

TCx, y) = Cx + y, -x + y) = Cx' , y' ) (say) and 

T-:t<x ) "( ) h " . • y = "- x-y, x+y , w er-e "- = 1/2 . 

The numhHrs c: and (?. . lor all 1 ~ i < j < n ;aro d•.?.f"::.11'<~·':~ 
i.j LJ 

t..hus: 

a = rna::..: ( [w w I a~ -=-, + w g_ + w g_J/Cw. + w_), 
i.j i. j l i. J j L L J 

g_. g_ ) 
L J 
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( [w w. 
.1 

,.,. ,.,.. ) 
oi.' oj 
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b'. 
J 

+ w + w. 
J 

g ]/(w. 
l l 

+ w ), 
J 

Geomet.ricall y, ex represents 
i.j 

t.he value of k when both t.he 

coordinates of eit.her user ar·e respectively great.er t.han 

t.hose of t.he ot.her and (?.. represents t.he value of k in all 
LJ 

ot.her cases. Let. pi, p
2 

be t.he indices for which 

z = 
i 

ma..x 
i::S i. < j :::;,, 

and q , q t.he indices lor which 
i 2 

z = max 
2 

i ::S i. <. j ::Sn 

Also let. * a' a' I' + w 

(ex ) = ex 
i.j p p 

i 2 

C(? .. ) = (? 
lJ qiq2 

+ £ (g =(w 
pi pi p2 p2 pi 

g ))/Cw 
p2 p:l 

where £ = -1 when a' ::s a' and £ = 1 when a' > a' 

+ 

; 
pi p2 pi ·P2· 

let. * b' b' s == (w + w + 
'-l qi q2 q2 :1 

£ = -1 or +1 according as b' 
pi 

(g g ))/Cw ) c + w 
qi q2 . qi q2 

Then 

w ) 

p2 

and 

where 

z = max (z , z )· gives t.he minimum objective value and 
0 :1 2 

T-
1
cr*.. s*) a minimax location. To decide whet.her a unique 

location · c'Jr alt.ernat.ive locat.i,ons exist. t.he !allowing -t.hree 

cases have been considered. 

Case 1. 'Z == z = z implies 
0 i 2 

-:1 • * T (r , is t.he unique. 

location. 

Case 2. z = z > z implies t.hat. any point. belonging t.o t.he 
I) :1 2 

s; ) 
2 

can claim 

t.o be .a minimax location where s and s are given by 
i 2 

si = max 
i.EI 

min 
i.EI 

Case 3. 2: . = z > z implies t.hat. any point. wit.hin t.he line 
0 2 :1 
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segment. defined by * s: ) and 

locat.ion~ r 
1 

r 
1 

= max 
i.EI 

and r being given by 
2 

(z -
0 

r 
2 

= min 
i. EI 

1.2.3 Drezner· and \rlesolowsky Algori t.hm 

is: can 

(z -
0 

opt.imalc 

We now discuss Drezner and Wesolowsky's met.hod [25] of 

solut.ion of t.he asymmet.ric rect.ilinear· minimax problem. Let. 

t.he dist.ance bet.ween t.he proposed locat.ion Cx, y) and t.he 

demand point. (a", b.) t.o be denot.ed by d" Cx, y), be defined 
l l l 

as follows: 

de (x, y) = de (x) + de (y) where 

d (x) 
= { Ei.l x-ai.l 

W.jx-a.l 

E., 
l 

Nc' 
l 

l l 

and S 
i. 

l 

if x~a 
i. 

and de (y)" 

if x<a 
i. 

being . t.he 

l 

four 

west. and sout.h respect..ively. 

{ 

Nc I y-bc I 
L L = 

sc jy-bc I 
L L 

t.o 

if y~b. 
L 

if v<b 
- i. 

east. c. 

The problem considered by Drezner and Wesolowsky is as 

follows: 

minimise 
2 

<x,y> E E 

{ f(x,y) = max 
i. EX 

{di. Cx, y)}} 

This problem can be rest.at.ed as a linear programming problem 

involving 3 variables and 4n const.raint.s as shown below: 

minimise z 

E (x 
i. 

W <a 
i. i. 

a)+N.<y-b_)~z 
\. L \. 

x) + N. < y - b ) ~ z 
L i. 

E <x - a) + s (b 
i. 'l 

y) 
i. 

W <ai. - x) + S i. {b i. - y) ~ z 
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The met. hod Ol solut-ion proposed by Drezner and 

Wesolows-ky consist-s in linding a set. ol t.hree demand . point.s 

in such a way t.hat.. t.he solut..ion t.o t.his 3-point.. ·problem 

coincide:..:;: wi t.h t.hat. of" t.he original problem. By a lemma it. 

has been shown t.hat. t.he opt.imal point. must. lie in . t.he 

smallest. rect.angle obt.ained by drawing sides parallel t.o t..he 

coordinat.e axes cont.aining all t.he demand point..s. Consequent.ly, 

t.he solut-ion point. lor t.he. 2-point. problem will lie in t.he 

rect..angle const.ruct.ed wit.h t.hese t.wo point.s as opposit.·e 

vert.ices. As a result., t.he solut.ion point. in t.his case is 

t..he point.. ol int.ersect.ion of" one of" t..he sides of" t.he 

rect.angle and t.he line of" equal dist.ances !rom t.he t.wo given 

point-s i and j, whose equat.ion is g-iven by 

+ Y. I y - b. I 
L L 

=X.Ix-a 
J j 

+Yiy-b. 
j J 

where X = ,. 
r r 

{ 

E ,it x ~ a 
and Y = 

r 

r r 

{ 

N ,il y ~ b 
, r = i,· j. 

W ,ot-herwise 
r· 

S ,ot..herwi,se ,. 

Not. all t.he lour point..s are .f'easible. From t.he set. ol 

leasible point.s t.he one wit.h t.he minimum object.ive is t.o be 

chosen. 

ThE! 3-point.. problem has been next. decomposed int.o t.hree 

2-poin.t. pr·oblems. A solut.ion poiY1t.. 

problen1 involvfng i. j (say) • is 

3-point. problem charact..er•ised by i, 

d (x * * Ot-herwise_; t.he solut.ion 
k ' 

y ). 

problem must. sat.isfy 

. * tx , 

also 

j, k 

Cx 
o' 

a 

iii 

yo ) 

t.u a ~-point. 

solut.ion t..o 

d 
L 

t..o t.he 3-point.. 

d. Cx , y ) = d (x , v ) = d (x , y ). 
t o ·o J o ·o k o ·o 
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In such a si t.uat.ioh <x ,y ) will be t.he point. of" int.ersect.ion 
0 0 

bet.ween any t.wo lines or equal dist-ances wit.h respect. t.o i, 

j and i, k <say), which will lie in one of" t.he sub-recf.iang-les 

enclosing- t-he t.hree point-s. The algorit-hm given by Drezner 

and Wesolo;.,.sky solves t.he above problem using an it.erat.fve 

t-echnique and may be descr·ibed as under: 

Step 1. Chc.ose any t.h.ree point.s !'"r-om t.he set. or given demand 

point.s and solv~ t.he 3-point. pz·oblem. Obt.ain r<x
1

, y
1

) t~he 

object.ive value COJ.'responding t.o t.he solut-ion point. (x:t, y
1

) 

and go t.o st.:ep 2. 

Step 2. Calculat-e dr 

t.he · r-t.h i t.erat.ion 

r· 
= -d.<x , 

J 

f"r-om 

r r 
cor-r-esponding f"(x .•Y ) and go t.o st.ep 3. 

t.o 

maximunt dist.ance 

<a., 
J 

b.) 
J 

and t.he 

S £ 3 I&- dr &-( r ~..ep . .L = .L x , t.hen ( r yr) 
X '. is t.he opt.imal 

solut-ion.> st.op. Else go ·t;o st.ep 4. 

Step 4. Int-roduce (aj,b j) by dropping one of t.he t.hree point.s 

in such a way t.hat. t.he t.hree ret-ained point-s correspond t.o 

.. h i b · .L • value &-(xr+i,yr+i), v e max mum o Jec vl. ve .L incr-ement. r by one 

and go t.o :s:t.ep 2. 

1.3 The pr•es:ent methodology 

The complexi t.y of t.he rect-ilinear one-cent.re problem 

increases as t.he number of" demand point-s incr-eases. But. t.he· 

algori t.hm we are about; t.o describe easily yieldS exact. 

solut.ion even for- large size problems and as: far as we know 

no exis·t.inl~ algorit-hm uses geomet-ric concept-s f"or· t.he const.r-
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ained cas;?.. Belore we proceed t.o describe our mei..hod oi: s:olu-. 

t.ion let. us say a lew words about, t.he . usef"ulness: ol devel<J\J' 

in~ a specialised al~orit.hm. Alt.hou~h simplex met. hod is 

quit.e ef":f icient. in solving minimax locat.ion problems and 

t.here art~ readily available LP solvers capable ol solving 

medium t.o lar·~e-scale problems. we give below t.he reasons: 

lor working out. yet. anot.her algori t.hm. The current. solut.ion 

procedure requires: st.oring of" t.hree vect.ors wit.h. n 

cornpo'nent.s each in t.he symmet.ric weight.ed case whereas 

standard LP packages need . t.hree 4n-vect.ors occupying t.hat. 

many memt.:>ry locat.ions. As a result.. t.he f"ormer can handle a 

problem having 3500 dat.a point.s: even on a PC. In cont.rast.. 

solving a problem having 1000 poin-t.s wit.h one ol t.he above 

mentioned packages makes memory management. more cumbersome. 

The result.s: obt.ained by running t.he Pascal progra~ ol t.he 

algorithm on a 486 PC AT alt.er randomly generating various 

s:et.s of" dat.a points in t.he range of" 1500 · t.o 3500 ar 1 

summa1'isHd below. The number ol it.erat.ions never exceeded 

lour. 

of dat.a Average running Maximum no. of· 

r··.::>int.s t.ime in sees. i t.era t.ions 

1500 0.36 2 

2000 0,48 2 

2.500 0.65 2 

3000 0.83 3 

3500 0.92 4 
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W'it..h t..he above preliminaries let. us now give a brie:f 

account. of t..he solut..ion procedure :for t..he rect-ilinear minimax 

problem. The locus o:f a point. <x, y), whose weight-ed ··rect..'ili-

near dist.ances :from t..wo given point..s P and P. are equal, is 
J 

given by 

1 (x - a ) + m (y - b ) = 1 (x - a) + m.<y - b ) 
i. i. i. . i. j J j 

where 

u + i:f x 2'::: .a + 
v 

r 
i:f y ;;::: b 

r 

(2) 

1 = 
r 

{ -: ot..herw i :e 
and n1 = { , r = i or j ,. 

-v ot-herwise 
r r 

in t..he asymmet-ric weight..ed case. By asymmet-ric weight. we mean 

t.hat.. . wi t..h every locat..ion point. is associat.ed :foul.' dif":ferent.. 

weight,s corresponding t.o t.he :four principal direct.ions viz.,: 

le:ft., right.. up and down, wit.h respect. t.o a pair o:f mut.ually 

pel.'pendicular lines. The weight.s 
+ 

u, ,.· u, 
r 

ed posit..ive. In t..he symJnet..ric case u + = 
. r 

u 

+ 
v , 

r 

= 
r 

v 
r 

+ 
v 

ar·e 

= v 

consider·'-

= w 
r r 

and if., addit.ionally, t.he weight.s are equal; w = 1. This 
r 

locus has been shown t..o be a closed polygon in t.he wei.ght.ed 

case wi t..h at. most. six sides 

having g:reat..er 

asymmet..r ic case 

weight.. Here 

we 
± mean u 
i. 

> 

enclosing t..he demand point. 

by 

± 
u 

j 

great.er 

and ± 
v > 

i. 

weight. in· t.he: 

+ 
v .· 'The 

J 
locus 

reduces t.o an open polygon in · t..he absence of weight.s. T:l.l;;,.: 

locUS: wiil be. subsequent.ly called an eq~ipolygon EP<i- j). 

The opt..imal solut.ion with respect. t.o a pair o:f demand points 

P., P. has been :found to lie wit..hin o.r• on t..he rect..angle 
\. J 

drawn wh,h t..hese t..wo point..s as opposit-e vertices, to be 

called R<P., P ) hence:fort.h. Ou.r· met..hod clearly obt..ains t..he. 
l 
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direct. ion of descent. i.e., t.he direct.ed edge of t.he 

equipolygon along which t.he object.ive does not. increase, 

leading t.o t.he boundary of t.he rect.angle. 

1.3.1 The :solution pr-ocedur-e for- t.he unconstr-ained case 

Alt.hough any point. may be chosen as t.he st.art.ing point., 

we t.ake, for convenience, one of· t.he vert.ices of t.he 

smallest. rect.angle SR 
I 

whose sides are papallel t.he axes: 

of coordinat.es: enclosing all t.he demand point~s: as: t.he 

ini t.ial s:olut.ion point.. In part.~cular, we have t.aken t.he 

vert.ex at. t.he right.most. bot. t.om corner P (xmax, ymin) as: t.he 
0 

:s:t.art.ing solut.ion point.. We next. det.ermine t.he weight.ed 

f"art.hest. demand point., say P., f"rom P . By t.raversing an 
\. 0 

L-shaped pat.h joining p 
0 

by LCP , 
0 

p'..), we reach a 

t.o (a 
i., 

point. 

ymit;> t.o 

TCp, q) 

P.' 
\. 

t.o be 

equidist.ant. 

denot.ed 

from p 
i. 

and at. leas:t. anot.her demand point., s:ay P .· T represent.s L, M 
J 

or N in ca:~~e a. < a. as: shown in :f"igure 1a). ·In case a. > a., 
~ J v J 

T denot.es L or N .Csee :f"igure 1b). In t.he :f"igures: from 1a t.o 

3d and 6a, 6b any t.wo opposi t.e corners: o:f" t.he · rect..angle ABCD 

denot.e P. , P . From T we cont.inue moving in t.he direct.ion of 
~ j 

descent. of t.he equipolygon EP<i- j) unt.il a point. E is: obt.ain-

ed s:o t.hat. any one o:f" t.he following pos:s:ibili t.ies: is: t.rue: 

(i) E is: on t.he boundary o:f" RCP., P ) 
~ j 

and no P k' k -=: 1'-u,j}, 

is: as: far .away from E as: P. or P .. 
~ J 

(ii) E is: equidist.ant. from t.hree point.s: P.' P. and Pk. 
\. J 

In case CD E is: opt.imaL In case (ii) if' E f"alls wit.hin or 
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Pk) or R<P., 
J 

p ) 
k 

t..hen E is opt..imal. 

Ot..herwisH, t..he t..wo point..s needed tor t..he next. -it..eraLion can 

be obt..ain.ed by means or a well defined s:elect.ion rui.e .st..at..ed 

below. 11 more t..han t..hree point..s are equidis:t..ant.. from E t..heri 

by a rep•il'at.ed applicat..ion ··of" t..he pro'cedure for case Cii) t..he 

pair of point..s required for t..he next. it.erat.ion .may be easily 

obt.ained. 

Det..erminat..ion or t..he point. E is carried out. in . ·•·J 

st..eps: first., finding the direction of descent at T and 

second, obtaining the point of intersection of the edge oF 

EP(i- j) containing T and EP(i-k), k E I '-.. {i, j}. 

Finding it.he direction of descent. at. T : 

Let. us: denot..e t..he dirference of t..he weight..ed rect..ilinear 

dist..ances· of P and P from a point. X by diffCX, P, P ). 
L j L j 

Refer t..o fi~ures 2a and 2b for t..he case tor which abscissa 

of T is: great..er t..han bot..h a and a.. 11 diffCA, P., P ) and 
J I. j 

difrCB, P., P _) be of t..he same sign t..hen t..he descent. direc-
' J 

t..ion TV will be given as in rigure 2a; ot..herwise, TV will be · 

given as in figure 2b, where V is: t..he vert.ex of EP<.i- j) · 

!yin~ on t.h.e edge cont..ainin~ T. 

Let. t.he abscissa of T lie bet.ween a and a.. Ii t..he 
l J 

product. of t..he above clirferences for A and· B be negat..ive · 

t..hen t..he descent. dir.ect.ion TV is given as shown in figu..Pes 

3a, 3b; ot.herwise, t.he abscissa of t..he demand point. with t..he 

smaller weight. is assigned t..o t.hat. of t..he point. V and t..he . 

ordinat.e calcu..lat..ed !rom t.he equat..ion (2) of t..he equipolygon 



29 

> 

""'', 
(..) 

(..) 
// co 1- .o: / 

/ ('f) 

..c Q) 
N > '"--. ..... 

:J 
(J) '~ 0) ..... ··-:J """- u.. 
0) '· ·-. u.. 1-c c(; 

c < 

1--

(..) co > (..) 

. 
ca 1- ca 
N •/ ('f) 

(J) /./ 
(J) .... '// .... 

:J :J 
.0) > v./ OJ ·-u.. u.. 

c 



30 

(see figuPes 3c, 3d). If t-he ordinat-e of T lies bet-ween b. 
L 

and b t-h1~n t-he posit-ion of V ~ay be 
j 

obt.ained in a similar . . 

manner. It. should be clearly borne in mind t.hat. t.o reach t.he 

boundary of RCP .• 
L. 

P.> we have t.o t.raverse at. most. t.hree 

edges of EPCi- j); see figures 3c, 3d. 

Obtainin~ t.he point of intersection of the edge of EPCi-j> 

containing T and EPCi-k> : 

If diff<V, p . p ) 
i.' k 

0, for some k 

EPCi- j) n EP<i-k) exist.s_; and 

else 

E I 

TE = 

{i~ 

min 

j}, 

<TV} 
k 

t-hen 

if V is on t.he boundary of t.he rect.angle t.hen E - V 

el.s:e T - V and repeat. t.he above procedure t.o get. E. 

The line segment. TV of EP<i-.P may int.ersect. either (I) x=a 
k' 

and y=b 
k 

or (II) x=a 
k 

or (III) Y=b 
k 

or <IV> none of t.he 

above. For case (I) see figures 4a, 4b; for cases (II),(III) 

and <IV) refer t.o figures 4c, 4d and 4e respect.ively. Let. TG 
., . 

= s and TH = s . Figure 4a corresponds t.o t.he case for which 
.1 2 

s < s ; figure 4b represent-s the case where s > s Let- us 
.1 2" .1 2 

consider s < s . We t.ry t.o obtJain t.he point. Vk first. by 
1 2 

ascert.aining if it. belongs t.o t.he line segment. TG. If it. 

does t.ht:!n no more search is necessary. Ot.herwise, we replace 

TG by GH and repeat. t.he same procedure. II V 
k 

is st.ill not. 

found we have t.o do t.he same t.hing wi t.h GH replaced by HV. 

In any· case at. most. t.hreE.• searches are required t..o get. V. 
k 

For s > s all t.he above st..eps are needed t.o be perlormed 
.1 2 
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t,aking t..he segment..s TH. HG, GV in t..hat.. order. All t..he ot..her 

cases are disposed of in a similar manner. It. should be 

observed t..hat. cases CII) and CIII) require at. most.· t.wo 

searches and case CIV) one. Alt..hough in all t..he , f"igures 4a 

t.hrough 4•;;! t..he point, T has been shown t..o lie in t.he t.hird 

quadrant. wit.h respect. t.o P k' t..he above argument.s apply 

equally wen had we chosen t.he point. T in any one of" t.he 

remaining t.hree quadrant.s. We now describe t.he search 

t.echnique. For an illust..rat.ion let. us again r·efer t..o case 

CD. If" dirfCG, p 
. ' p ) < 0 t..hen t..he .point.· of int..ersect.ion 
l. k: 

v of EPCi- j) and EP<i-k) exist..s wit.hin t.he line segment. TG 
k 

and v is given by t.he 
k 

convex combinat.ion. of" t.he point.~ ~r 

and G sat.isf"ying equat.ion (2) .. Ot.herwise, . if" t.here is st..ill 

some s:eg.ment. left. t.o be searched we apply t..he above 

crit..erion to t..he next. segment.. 

We now go on· t.o describe the criterion for selecting the 

pair of p:.>ints needed for the next iteration when three or 

more equit?olygons meet at E(u, v) and E is non-optimal. 

Select.ian Rule 

Let. S 
1 

= <P k I t.he weight.ed rect.ilinear dist.ance from E 

of" P = t..he weight..ed rect.ilinear dist.ance of P or P from 
k i. j 

E_; k ~ i,j}. 

All t.he point.s belonging t..o s must. be on one side of" X = u 
1 

Cy = v). Take t.he point.s: P.' ·P and anot.her point. p E s. 
I. j k 1 

If t.hese t..hree point.s lie on one side of " = u Cy = v) t.hen 

if t.wc- of" t.hem be on t..hE- same side of" y = v (x = u) t.hen 
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t.he point. correspondint; La t.he smaller at t.he t..wo 

wei~:ht.s associat.ed wi t.h t.hese lat.t,er point.s is t.o be 

ret.ained tO I.' t.he next. i t.erat.ion att.er relabelling . t.hem 

as P .• P. 
L. J 

else perform t.he next. i t.erat.ion aft.er excluding t.he point.. 

wit.h t.he maximum weight.. 

Jus:t.i:f'icat.ion of t.he selection Rule: 

To g;,.ve a copcret.e example let. us t.ake P j' P k on one 

side at x •= u. We want. t.o pl'ove t.hat. P k has a smaller weight 

compared to P .. It possible, 
J 

let. us suppose t.hat. weight. of 

P k is great.er. Since· T is t.hen out.side EPCj-k) t.he weight.ed 

rect.ilineaJ' dist.anae of" P. is less t.han· t.hat. of P cont.rad-
J k. 

ict.ing primal teasibili t.y. 

We n.~xt propose to show that the direction of descent 

at E of EP(i-"P.J is pointed outside EP(i- j) when the weight 

of P. is greater· than that of P. and inside, otherwise. From 
1. .. ' J ' ' 

what. has just. now been proved, weight. of P > 
j 

weight. Ol P 
k 

implies weight. 

teasibili t.y and 

of p 
i. 

also 

> weight. 

by virt.ue 

Ol P. 
k 

of t.he 

Hence, 

tact. 

by primal 

t.hat. an 

equipolygon encloses t.he great.er weight., it. is evident. t.hat. 

T is out.side EPCi-k). As E is t.he point. at int.ersect.ion of 

EPCi-j) EPCi-k) it immediat.ely f'ollows t.hat. t.he 

direct.ion of descent. at. E at EPCi-k) is point.ed out.side 

EP(i- j). Se•e figure 5. 

In c~3 se at t.he lat. t.ei' let. us t.ake a point. T 
1 

E EPCi-k) 

in t.he HE! ighbourhood at: E and opposi t.e t.o t.he direct.ion of 
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descent. of" EPCi- j) at. E. There:f"ore, T must. be out.side 
1. 

EPCi""'" j) in order t.o maint..ain primal f"easibilit..y t..hereby 

provin~ out· assert.ion. 

From t.he above we conclude t.hat. i:f" we :f"ollow t.he 

direct..ion o:f" descent. o:f" EPCi-k) at. E t.he wei~ht..ed dist..ances. 

o:f" Pi., P k while remainin~ equal in relat.ion t.o each ot.her, 

cont.inually diminish but. t.his dist.ance remains ~reat.er t..han 

t.hat. o:f" P . 
j 

When Pi., Pj and Pk belong t.o t.he same quadrant. wit.h 

respect. t..o E t.he t..hree equipoly~ons coincide. Alt.hou~h we 

may select. any equipolygon, wit.hout. loss o:f" generalit.y we 

can exclude t.he point. having t.he maximum weight. :f"rom t.he 

purview o:f" t.he :f"ollowing i t.erat.ion. 

Finding t.he st.r-et.ch cont.aining t.he set. o£ opt.irnal s:olut.ions:: 

Two cases are to be considered here depending on the 

position of the optimal point E. When E is wit.hin RCP., P ) 
l j 

and a t..hh·d point. P , 
k 

as: :f"ar away :f"rom E as P or P 
i. j 

in t,he 

wei~ht..ed r·ect..ilinear dist..ance sense, is available. First. t.he 

symmet.ric case. Following t.he edge o:f" EPCi- j) t..hrough E t.he 

object..ive will remain unalt.eJ'ed. But. . :f"or P . it. 
k 

will decrease 

in one direct.ion only which, t.here:f"ore_. has t..o be chosen as 

t..he direct..ion o:f" descent.. T +-- E and proceeding exact..ly as 

t..he met..hotl described above f"or get.t.ing E we shall get. TE as 

t.he requii~ed st.ret..ch. I:f" E is on t.he boundary ot RCP., P _) 
1. J 

t..hen we obt.ain a unique direct.ion o:f" descent. which will give 

t.he st.ret..ch by applying t.he same argument..s as has been put. 
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!or ward in t.his sect.ion. In t.he asymmet.ric case, t.he same 

ar~ument.s once a~ain hold. But. we must. bear in mind t.hat. t.he 

values of" t.he !='bject.ive f"unct.ion at. variou;:;: point.s on t.~·~·-'' 

edge of" EPCi- j) lying wi t.hin R<P. , P ) not., in general, 
L 

t.he same. 

1.3.2 The solution procedtire Cor the cons:tr:ained case 

If" t.he smallest. rect.angle SR cont.aining all t.he demand 

point.s belongs t.o t.he convex polyhedral region CP t.hen t.he 

unconst.rained case we have already discussed is obt.ained. It 

t.he right. hand bot.t.om" corner of" SR E CP" t.hen as usual we 

t.ak.e p as 
0 

t.he st.art.ing point._; · ot.herwise, p 
0 

is chosen 

arbit.raril~' wit.hin CP. In any case we obt.ain t.he weight .. ed 

f"art.hest. point. P from P and t.hen move 
L" 0 

along L<P , P ) 
. o· . ·i. 

unt.il a point. T is obt.ained from which P and anot.her 
i. 

point. 

P. are at. t.he same weight.ed rect.~gular dist.ance. We denot.e 
J 

by Y t.he point. where t.he direct.ion of movem~~nt. mt~et .. s: t .. :h;:;:-

boundary. 

If T ¢ CP t.hen Y +---- aCP ('). L<P o·' Pi.) and t.he boundary 

cri t.erion given below is applied. 

Else we· follow t.he direction of descent. of EP<i- j) so as 

t.o ·encounter a . point, E equidist.ant. !rom P. , P. and at. 
L J 

least. one more point. P k. Now ei t..her E e CP or E ~ CP. 

If E e CP t.hen 

if E sat.isf"ies t.he crit.erion discussed in sec 1.3.1 
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t.hen E is optimal 

else apply the selection rule discussed in sec 1.3.1, 

drop a point. from P., P. ·and repeat. this step: 
L J 

Else Y - oCP n EPCi- j) and we apply the boundary 

criterion. If" no such E is available then 

if" we can move upt..o t.he point. V on oRCP. ,P) then 
L J 

V is optimal 

else Y +-- OCP n EPCi- j) and the boundary crit..e-

rion is applied. 

Boundary criterion: We now present. the procedure that. 

det.ermines: the direction governing the movement. on reaching 

a point. Y on OCP. ·For this purpose let. us introduce the 

concept. of" t.he Cone of descent direction which will be found 

to be use:ful in our subsequent discussion. Let. H CY) denot..e 

t..he half"space at. Y defined by t.he isoline-

cont..aining P . Then H CY) n CP 
i. 

is the 

of" p 
~ 

t.hrough Y 

cone of" descent. 

direct.ion provided no EPCi-: _p, j E I~{i}_, passes through Y. 

Otherwise.. H CY) n H .CY) 
J 

n CP is the cone of" descent. 

direct..ion as shown in figures 6a, 6b. Let. ~ represent. t..his 

cone. If" ~ = {Y} t.hen Y is t.he unique opt.imal solut.ion. The 

port.ion of" OCP const.i t.ut.ing an extreme direct.ion of" ~ will 

give t..he direct. ion of" t.he next. movement.. If" P be any point. 

lying within EPCi-.P t.he weight.ed rect.ilinear dist.ance from 

P t.o t.he demand point. having great.er weight. is less: t.han t.he 

weight..ed l'ect.ilinear dist.ance :f"rom P t.o t.he ot.her point. 

whereas: i:f P is out.s:ide EPCi- j) t.his propert.y is reversed. 
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We, t.heref"ore, have t.he f"ollowin~ crit.erion. 

If' t.he direct-ion of' movement. along t.he bouhdary of" CP 

is t.owa:r·d:;;: t.he int..erior of' 'EP<i;_ j) t.hen drop t.he ·demand 

point. wit .. h t.he great.er weight.; else drop t.he point. 

corresponding t.o t.he smaller weight.. It. is wort..h ment.ioning 

in t.his connect..ion · t.hat.. t..he int-erior or exterior of' EP<i-·j) 

is det-ermined by comparing t..he gradient-s of' t.he concerned 

edge of' t.he equipolygon and· t..he ext..reme direct-ion of' 'e. 

Moving along an ext..reme direct.ion of' 'e any one ol t.he 

cases enumerat.ed below may become t.rue: 

<i) a point. P on acP equidi;s:t.ant. from at. least. t..wo demand 

point..s is found; 

(ii) an ext..reme point. v OI acP is at.t.ained,; 

<iii) a point. P sit.uat.ed at. t.he int.ersect.ion of' aCP and a 

line t..hroug-h P drawn parallel t.o ei t..her coordinat..e axis is 

obt-ained. 

In c;;.Se (i) if' t.he equipolygon wit..h respect.. tJo a suitJ-

ably chos<:~n pair of' demand point-s ·is direct..ed t..owards t.he 

int-erior of' CP t..hen move along t..his side of' t..he · equipolygon; 

else get.. ~~ afresh and decide on t..he proper course of' act..ion. 

In case (ii) if V sat.is:Cies t..he condit..ion of' opt..imalit..y 

t..hen SLOP.~ else drop t.he curr•ont..ly a.ct..ive edge of" acP, select 

t..he next.. r~!dge, oh~a:in 'e de novo and repeat. t..he abovt~ st.eps. 

In case <iii) det.ermine 'e at.. P wit..h respect.. t..o t..he iso-

line of P. ,. different.. from t.he earlier one.. and perform t.he 
1. 

above act.:io~. 



CHAPTER 2 

~eighted Unconstrained Problems 

In t..his ·::hapter we shall discuss solution procedures of 

two facility Locaton probh:tms in the unconstrained cas:e with 

t~he minimax objective. The distance measure chosen for t.he 

purpose is rect..ilinear. Section 2.1.1 deals with t.he case in 

which the weights are symmetric and in sect.on 2.2.1 t.he 

weight.s have been supposed t.o be asymmet.ric. 

2.1.1 Solution oC a weighted one-centre problem under the 

L noJ'Jil. 
1 

The problem considered in this sect.ion now follows 

min PeRz max ~el w.d<P, P ) 
L i. 

(1) 

where P<x .• ~T) is a variable point. in t.he plane, I = 
{1.2 •...• n}, P.<a., b) 

i. 
are given point.s in t.he plane 

I. L 

belonging t.o a finit.e set. S, w are 
i. 

d<P, P. ), t.he rect.ilinear dist.ance from 
L 

d<P. p) = I X -- a + 
i. i. 

positive weight.s, and 

p t.o P.' is given by 
L 

y - b I· 
To solve (1.) we first. obt.ain t.he maxiJnum weight.ed 

rect.ilinear distance of t.he set. S from an arhit..rarily. chosen 

point. P in t.he plane and t.hen move P such t.hat. t.he weight.ed 

rect.ilinear distance of it. from another point in s is t.he 

same as t.he distance between P and ·the weighted farthest.. 

point. but. great.er t.han t.he dist.ance between p and any ot.her 

point. of S a · cri t.erion to be called primal feas:ibili t.y 

hereafter. This dist.ance is t.hen gradually diminished by 

moving t..he maint.ai ning primal reasibili t.y a.Ll t.he 

4-2 . 
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while, along a pat-h det-ermined by t...he pair ot point-s ot S 

unt-il ei t.her at. least. a t...hird point. ot S is . encount-ered such 

t..hat. all t..hese point-s ot S are equidist.ant. !rom t.he moving 

point. P or no such t.hird point.. at. all exist-s. We have 

developed t..ha algori t..hm by t..ranslat..ing t..hese ideas tor which 

we would pequire certain basic such as an 

equipolygon, a well-behaved point.· et.c. de :fined in Sect. ion 

2.1.2. In ord:1r t.o accomplish t..he task ot gradually reducin~ 

t..his dist..ance until t.he value ot t.he object.ive 

tunct.ion is achieved we have adopted a solut.ion procedure 

based on t.he methods ot t.wo dimensional analytic coordinat.e 

geomet.ry. Th.e st.rat.egy tor solvin~ t.he problem has been 

explained in :let.ail in Section 2.1.3. 

As re~:ards the scope ot applicat.ion o1- t.he minimax 

crit.erion we might. consider locat.ing a new tacilit.y, say, a 

polyclinic or· ·a tire st.at.ipn in a large met.ropolit.an area 

where t.he object.ive is t.o minimize t..he maximum rect.ilinear. 

travel dist..ance · of a pot.ent.ial user, weight.ed by some 

import.ance ract.or which is any posi t.i ve number quant.if"ying 

t.he nat.ure ot int.eract.ion bet. ween t.he tacilit.y and t.he 

category of •.Jiser. 

In t.he recent. past. Love, Morris and Wesolowsky [55] 

have made an in-depth study of model:s: concerning layout. and 

locat.ion of lacili t.ies. The equi weight.ed rect.ilinear met. ric 

problem has been investigated by Francis: [34] and Elzinga 

and Hearn C::?!J using geomet.rical properties:. By t.rans:f"orming 

int.o an equ..i valent.. Hnear· progranuning pt'oblem Francis and 
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Whit.e [36] have developed a solut-ion procedure via linear 

programming for t.he weight-ed version of" t.he locat.ion 

problem. The solut-ion procedure developed by t.hem requires 

-.::< and (5 {pp 384-389, [36]) t,o be calculat-ed for all t.he 
L j L J 

demand point.s t.o arrive at. a conclusion whereas our met.hod, 

being es:sent,ially an i t.erat.i ve one, requires no more 

invest.igat.ion. if t.he point. of" int.ersect.ion at t.wo equipoly-

gons lies on t.he rect-angle !armed by any t.wo at t.he point-s 

defining t.he equipolygons as: a result. of" which t..he remaining 

equipolygons are excluded from f"urt.her· considerat-ion. 

Wendel, Hurt.er and Lowe [77] have given e:f"f"icient.. algorit-hms 

tor :f"inding t.he .set. o:f" e:f":f"icient. locat-ions wit.h t.he L nor·m 
:1 

tor t.he single :f"acilit.y planar locat:ion modeL Drezner and 

. Wesolowsky [24] have · also ext-ensively st-udied one cent.re L 
p 

-dist.ance minimax locat.ional problems. Francis.. McGinnis and 

Whit.e [37] and Hansen, Peet.ers: and Thisse [44] have given a 

met.hod-or·iertl:-ed select-ive survey at t.he li t.erat.ure and 

·-
provided a comparison of" t.he dif"f"erentJ comput.at.ionally 

efficient. alg;or·it.hms. Morris [64] has present-ed an efficient. 

algorit-hm tor solving t..he const-rained mult.if"acilit.y locat-ion 

problems. For t.he mult..i:f"acilit.y minimax locat-ion problem we 

refer t.he l'eader t.o t.he excellent. works of", among ot.hers, 

Drezner [21J, Aneja, Chandrasekaran and Nair (2], Ko, Lee 

and Chang [49], · Dearing and Francis [18] and Wesolowsky 

[78]. 
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2.1.2 Procedure 

At. t~hH out~set, we shall t,ry t.o obt.ain t.he locus ot: a 

. Rz point. 1n from ·which t.he weight.ed rect.ilinear· · dist.ances of 

t,wo given locat.ion point.s are equal. 

Let. P (a • b ) and P (a , b ) ·be any t.wo point.s in t.he 
~- J. 1 2 2· 2 

plane wi t.h as:sociat.ed ·· weight.s w 
1 

and w 
2 

and Cx, y) any point. 

from which t.he weight.ed rect.ilinear dist.ances of P 
1 

and 

are t.he sarne. Wi t.hout. any loss of generali t.y we may assume 

a ~ a as ot.herwise we may always int.erchange t.he labels of 
1 2 . . 

the points. Furthermore, let. us suppose w 
i 

< 

t.he weight.ed rect.ilinear dist.ances 

we get. 

or p and P 
2. 

w . Equating 
2 

!rom Cx, y) 

w C lx - al + IY - b I> = w <lx - ·a I + IY - b I> 
i J. 1 2 2 2 

(2) 

Let. u~;· rewrit.e t.his equat.ion as FCy) = GCx) 

wh~;·re FCy) = w IY - b I - w IY - b 
21 i J. 2 

(3) 

and GCx) = w lx - al - w lx - al 
2 2 J. 1 

(4) 

For a given x = X 
0 

we want. t.o find an y such t.hat. F(y) 

= G<x ). In ot.her words, we want. t.o det.ermine t.he point.s of 
0 

int.ersect.ion of t.he curves u = G<x ) and u = FCt.). 
0 

Let. us now invest.igat.e the nat.ure ol t.he lunct.ions 

delined by (3) and (4). 

II b < b t.hen t.he runct.ion u = FCt.) is cont.inuous 
i 2 

everywhere, st.rict.ly increasing in (- m 

and st.rict.ly decreasing in (b • 
2 

m) and 

b ) and Cb , b ) 
:t :1. 2 

having it.s maxirnum 

posit.ive value of w Cb - b ) at. t. = b associat.ed wit.h t.he 
J. 2 i 2 

greater weight.. Also FCt.) ~ - co as t. ~ ± en. 

II., on the other hand. b > b t.hen the above runct.ion 
2 
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b ) and decreases in 
2 

(b • 
z· 

b ) 
i. 

and Cb , oo) but. st.ill has t.he maximum posit.ive value or 
1 

w (b -: b ) aL t. = . b . 
1 1 2 2 

Since t.he func't.ion represent-ed by (4) has a 

ident.ical t.o t.hat. given by (3), it. immediatJely f"ollows t.hat. 

t.he !unct.:io;-1 u = GCt.) .is cont-inuous, st.rict.ly decreasing in. 

(- co, a ) and (a 
1.· j_ 

a ). and st.ri~:::t.ly increasing in (a , co), 
2 2 

having t.he :.ninimum .negat.ive· value of w (a - a ) at. t. = a . 
1 2 1 2 

Also G(t.) --~ + co as t. ---+> ± oo. 

Note: If w > w 't.hen t.he curves represent;ed by· (3) and (4) 
1 2 

will simply nxchange t.heir respect.ive forms. 

As max FC't.) > 0 and G(a ) · < 0 it. f"ollows !rom t.he 
2 

nat.ure of" t.he curve u = F(t.) .t.hat. it. will int.ersect. u = 

G<a ) at. t.wo point.s·. Hence we can conclude t.hat, t.he set. of" 
2 

(x, y) sat.isJ"ying (2) is not. void. 

In a s:imilar manner it. can be <;!.educed t.hat. t.he curves u 

= G(t.) and u = FCb ) will int.ersect. at. exactly t.wo point.s_, 
2 

say Ot and ("f ( > Ot ), given by 

(3 = [ w a - w a + w <b - b )] /(w - w ) 
22 11 12 1 2 1 

{ 

[ w a -·•·r a -w (b -b )] /(w -w )it'F(b )) 
2211121 21 2 

I.)(= 

[ w a +•a a - w (b -b )] /(w +w )if"FCb )S 
2 2 :L 1 1 2 i. 2 ... 2 

provided a ~a. 
1 2 

and 

G(a) 
1 

GCa) 
1 

If a = a t.hen (5 = a + w (b b )/(w 
j_ 2 1 . 1 2 :1 .2 

w) 
:1 

and Ot - a - w Cb - b )/{w - w ) 
1 1 2 :1 2 :1 

If" x < <:..'( or x > (3 t.hen since OCx) ) FCb 
2 

), t,he cuPves (3) and 
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(4) will no~ in~ersec~ a~ all. 

If", on ~he o~he-r hand; we consider anv x . 0 
E (ex., (D ~hen 

~here an such t.hat. Cx • 
0 

v ) 
·o 

sat..isf"ies (2) which 

implies t..ha·i, t.he curve u = FCt.) int.ersect.s u = G<x ) a~ ~wo 
0 

dist.inct. poin~s. A~ x = ex or x = (S t.here exist.s only one 

value of" y, viz. y = b , such t.hat FCb ) = GC<...-x) = GC(D. 
2 2 

From t.he above discussions we, ~hex•ef"ore, have ~he 

!allowing lemma. 

Lemma 1. The locus of" Cx, y) as g-iven by C2) is a closed 

polygon having wit.hin i~ t..he ,pain~ asso~ia~ed wi ~h the 

gx•eater weit~ht... 

In what follows we shall call t..his locus t.he equipolygon 

of' P and P and- denote it.. by EP<i-2). This equipolygon cut..s 
1 2 

t.he line jofning p 
1 

and P bot..h int..ernally and externally in 
2 

t..he inverse rat..io or ~he weight-s at.. t..he extremit..ies, their 

coordinat.es being given b·y 

( Cw a + kw a )/(w + kw ), Cw b + ·kw b )/(w + kw >) 
i_j, 22 1. 2 i1. 22 1 2 

where k = 1 in t.he f"ormer case and k = -1 in ~he lat..t..er. 

We s~at.e wi~hout. proof" t.he !allowing corollary t.o be· 

required in ~he sequel. 

Corollary 1: The weight-ed rect-ilinear dist..;;;,ncg 

point.. P in R
2 

t.o ~he locat.ion point. cor•r•esponding t.o t..ht~ 

great-er wei¢.;·ht. is great.er t.han t.hat t.o t.he ot.her point. when 

t.he point. P is outside t..he equipolygon, a closed cont..our in 

t.his case, a11d vice versa. 

To have a closer look int..o t..he nat..ure of" t..he equipolygon 

we divid€~ the ent..ire plane~ int.o 9 1··egions I t.hrough IX 
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depending on t,he posit,ion o1 Cx, y) as !allows; see 1igure 1. 

I X :::; a ,. y ~ b ·' I I X :::; a . b :::; y :::; b ... 
1 i. 1 J 

I I I X :::; a y ~ b IV a .:::; X :::; a y :::; b ; 
1 1 2 l 

v < X ·< a b < y < b VI a < X < a y > b a > . ·' 
1. 2 j 1 2 J 

VII X ~ a . y :::; b . VIII X ~ a . b :::; y :::; b ... 
2 2 J 

IX X ~ a . y ~ b . ' 2. J 

where b. s b.; i, j = 1, 2 and i ~ j. 
l J 

In each or t.he above reg-ions i1 t.he equipolyg-on is delined 

t.hen it may be represent-ed as shown below. 

I x + y = .:;; + b whei'e a = Cw a 
2 2 

w a )/(w - w ) 
1. 1. 2 1. 

and b = (w b - ·w b )/(w 
2 2 1 1. 2 

w ) 
1. 

II Cw 
2 

- w )x + kCw 
1. 

+ w )y = 
2 

Cw a 
2 2 

- w a ) + k Cw b 
1. 1. 1. 1. 

+ w b ) 
2 2 

I I I x - y ·- a - b 

IV Cw + w )x + Cw 
1. 2 2 

w ) y = C w a . .+ w a ) + C w b - w b ) 
:1. :1. 1. 2 2 2 2 :1. :1. 

V x + k y = c + kd, where c = Cw a + w a )/Cw + w ) 

VI Cw + w )x 
1 2 

VI I x - y = a - b 

(w 
2 

2 2 :1. 1. 2 1. 

and d = ( w b + w b ) / ( w + w ) 
2 2 :1. :1 2 :1. 

w )y = Cw a + w a ) - Cw b 
1. 1. 1. 2 2 2 2 

·v.. b ) 
:1. :1. 

VIII <w 
2 

w )x - kCw + w )y = Cw a 
:1. :1. 2 2 2 

w a ) kCw b +w b ) 
:1. :1. 1. :1. 2 2 

IX X + y = a + b 

c: if" b >b 
where k 

2 1. = 
ii b <b 

2 1 
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Defini t.ion 1. R2:: represent-s t-he smallest. bounding rect.angle 

const.ruci:.E!d. t.hrough t.he lour point.s of" a f"init.e set. L:, 

having minimum and maximum ordinat.es and minimum and maximum 

abscissas respect-ively~· by drawing lines parallel t.o t.he x 

and y axes. When A. 
2" A}·· t.hen t.he smallest. 

k 

bounding rect-angle is denot-ed bv RCA • A , 
. 1 2 

A )_ 
k 

Let. -us now make a det.ailed st.udy of" t.he st.r·uct.ure. or 

t.he equipclygon vis-a-vis: t.he regions of" def"init.ions. 

Let. l amd s denot-e t.he lengt.hs of" adjacent. sides ·::> r 

RCP • P ) whet'e l = 
:1" 2 

and s · = b !- Let. l > s. 
:1 

If' w > w and Cw /w ) < CZ/s) t.he locus of" Cx. • y) consist.s 
2 :1 2 :1 

of" six st-raight. line segment.s lying in r·eg;ions IV t.hrciug;h IX 

joined end t.o end !arming a closed polygon as: shown in 

f"igure 1, "l'lhereas: if" w ) 
2 

w 
:1 

and (w /w ) ~ 
2 :1 

segments: in regions V, VI, VIII and IX or IV, V, VII and 

VIII according- as b < or > 
:1 

b ~ see 
2' 

f"igure 2. If", 

ot.her hand. w > w t.hen t.he equipolygon comprises 
:1 2 

on t.he 

line 

. 
segment-s belonging t.o regions I t.hrough VI in t.he f"ormer and 

I. II, IV .21nd V or II, III, V and VI in t.he lat.t.er cases:. If" 

l s t-he regions wit.hin which segments forming t.he 

equipolygon will lie. may be _obt..ained in an analogous manner. 

If b = b 
},• 2 

t.hen t.he locus: is: a four-sided equipolyg0 n, 

t.he sides being locat.ed in regions: IV. VI, VII and IX or I, 

III, IV and VI according as w < 
:1 

or > W-
2 

In a · similar 

manner when a = a t.he equipolygoh has sides belonging t.o 
i 2 

regions II, III, VIII and IX or I, II, VII and VIII in t.he 

res:pect.ive cases. 
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If w := "' t.he locus represent-ed by (2) is no longer a 
1 z 

closed polygon and consist-s of a line seg·ment. t.hrough t.he 

cent.re of t.he rect.angle lying wi t.hin region V flanked by 

serni-in:Iinit.e lines parallel t.o t.he y-axis con·t.ained in 

regions IV and VI. This is illust.t'at.ed in figure 3 in case 

l > s .If l < s t.hen t.he locus is made up of a line segment. in 

zone V bounded by semi-infinit-e lines parallel t.o t.he x-axis 

cont.ained in regions II and VIII. When l = s t-he locus con-

sist.s of e!it.her diagonal t..oget.her wit..h any t..wo half-rays wit..h 

vert..ices .ott. t..he ext..rerni t..ies of t..his diagonal in regions III 

and VII or I and IX according as b < or > b _ 
i 2 

In our subsequent. discussion we will make use of t..he 

following de:Iini t.ions and not.at.ions. 

De.Cini tion. 2. Wit..h r·espect. t,o any point. (h, k) E we 

denot..e by LCh, · k; a., b ) t..he pat..h consis:t.-ing of" :t.wo line 
L \_ 

segnient.s joining Ch, k) t..o Ca., k) and (a , k) t.o Ca._, b ). 
t. i · t. L 

De.Cini tion 3. · r.. will repres_ent. t.he pc;>rt.ion o:I EPCi- j) 
lJ 

int.ercept-ed by t.he boundaries o:I RCP , P )_ 
\_" j 

Defini t.:ion 4. M denotes a port.ion o:I EPCi-j) from any 
i.j 

point. upt.o t..he nearest. oR<P.. P _) along t..he direction of 
L .1 

descent.. This is illust-rat-ed in figure 1 where M consists 
12 

of t.he lirw s:eg:ment,s 84 and 45 o:I EPCl-2). 

De.Cini t.ion 5. Q will be called a well-behaved point. wit.h 

respect. t.o suffixes i, j e I, i ~ j, if 

w. dCQ_, P.) = w _d(Q_, P ) ~ wkd<Q, Pk), for all k e I - {i,j}. 
L L J j 

De:Cini t.ion 6. A di~'ecLion of descf?nL is: one bv moving along 
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which t.he v;:tlue of t.he object.ive :Iunct.ion does not, increase. 

To br :;ng- t.he ideas cont.ained in t.he last. de:Iini "Lion 

int-o a sha:r·p !ocus let. A, 8 be t.he consecut-ive vert.ices of" 

t.he edge AE~ of" an · equipolyg-on EPC1-2) and P be any point. on 

AB. Then t.he direct.ion PA will be called t.he direct.ion of" 

descent. at. P wi t.h respect. p it d(lJ. p ) ~ 
2 1 

U being- any point. on t.he line seg-ment. AP. 

2.1.3. Solution of" the problem 

dCP, p ), 
1 . 

Our algorit.hm is based on t.he movement. in t.he direct.ion 

o.f descent. along- an edg-e of" an equipolyg-on. It. is, t.here.!ore, 

proper now t.o int.roduce a rule !or it.s det-erminat.ion. 

Deternrination of" the Direction of" Descent, 

Let. P be any point. on an edg-e of" an .equipolyg-on 

EP(1-2). Le1~. us const.ruct, a diamond [36] t.hroug-h P cen·t-red 

at, eit.her t.he point,.s .P . P. 
2 

Then t.he port.ion of" t.he 
1 

edge of" E:PC1-2) direct.ed t.ov,rards t.he diamond g-ives t.he 

direct.ion o.f descent. as shown in Fig-ure 4. 

For· unequal weig-ht.s t,he or·ient.at.ions of" t.he dil-ect.ions 

of" descent. of· t.he equipolygon vis a vis t.he dif!er··ent. 

regions al'E- g-iven below. See Cigure 1 !or an illust.rat.ion. 

Region Orient.at.ion 

IV !rom 1 t.o 6 

VI !rom 4 t.o 5 

VII from 2 t.o 1 

VIII from 3 t.o 2 

IX !rorn 3 t.o 4 or 4 t.o 3 
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In cast: t-he weight-s are equal t-he direct-ion or descent. 

will be t.owaJ.·ds t-he longer side o! t-he r·ect.angle RCP , P ). 
1 2 

Let. us now discuss t-he st.rat.egoy t:or solving problem (1). 

.. -. 

The opt.imal object.ive value wi t,h respect. t.o any t,wo point-s A 

and B occu!"'s in RCA,B). Moreover, RS cont.ains all RCP. ,P .). 
J 

P., p E S. Consequent.ly, t.he minimax solut.ion or problem (l.) 
c j 

lies on RS. 

At. a part.icular i t.er·at.ion it t.here exist.s a. 

well-behaved point. e- RCP , 
1 

P> 
2 

on an edge of' an equipolygon 

EPCl-2), t.he well-behaved point. associat.ed wit.h t.he 

immediat.ely ~,;:ucceedingo it.erat.ion may be obt.ained as !allows. 

We consider t.he int.ersect.ion ·o~ t.he direct.ion of 

descent. or ·Lhis edge of EPC1-2) wit.h · t.he equipolygoons formed 

by P 
1 

or P 
2 

and each of t.he ot.her <n-:-2) point.s and find t.he 

one nearest. t.o a well-behaved point.. If none exist.s t.hen t.he 

ext.reme point. or t.he edg-e o! EPC1-2) serves as t.he next. 

well-behaved point.. Mat.hemat.ically, if t.he end point-s of" an 

. 
edg-e of" EPCt-2) t.hroug-h P be denot.ed by A, B such t.hat. PA is 

t-he direct.ion or . descent. 

p ) 
:1 

= w d<U, 
i. i. 

P.>. 
L . 

i E I 

wi t.h respect. t.o p • 
1 

·{1, 2}, provided u 
i. 

p 
2 

is: 

t-hen w d<U., 
:1 L 

on PA and 

such an U e.xist.s. Let. PU = min <I!PU. p·. We choose U as t.he 
L 

well-behaved point. !or t.he next. it.erat.ion in case such an U 

is available; ot.herwise, we choose A. 

We ne,.,·t.. prove t.he following lemma t.o be subsequent.ly 

required f"or developing- our algorit.hm. 

Lenuna 2. Le:L us consider t.he 't..wo g-iven locat.ion point-s P .. • i 
l 

= 1. ·2 and !inq· · t-he g'I.'c?at..E.,r- or t,he wei&ht.ed rect.ilinear 
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dis-Lances ot- t.hese _ !rom any point. Cg, h). It . t.he pat.h 

corresponding; t.o t.he maximum dist.ance be repi'esent.ed. by 

LCg,h; a ,b ) t.hen t.here exist.s a point. P E LCg, h; a_, b_) 

such t.hat. ~.he weig;ht.ed rect.ilint~ar dist.ances of P 

from P aPe equal. 

Proof: Ir t.he weight-ed dis-Lances of P. 
1' 

p 
2 

Il'Oll\ 

l 

i = 1. 2 

h) be 

equal not.hing; remains t.o be proved. Consider_. t.here!ore, t.he 

sit.uat.ion in which t.he t.wo are not. t.he same and t.he great.ei' 

dist-ance corresponds t.o P We 
1, 

de tine a !unct.ion f(x, y) as 

tallows : 

!Cx, y) = t Cx, y) - · 1 Cx, v) where ' . 1 . . 2 ' . 

1 i. <x, y) = w i. (I x - ai.l + I y - bi.l ). 

Clearly, !<x, y) is a cont-inuous· tunct.ion, !Cg, h) > 0 and 

f(a , b ) = 
1 1 

· 1 (a , -b ) < 0. Hence t.he proof' o! t.he lemma 
2 1 1 

is complet-e. 

We h,;,ve t.he !allowing corollary, t.he proo! of which, 

being obvio•Js, is lett. out.. 

CoPollal"y z. Every equipolygon EP<k-D, p~ is t.he 

weight.ed !.;;trt.hest. · point~ from (g, · h), i E I {k}, int.er·sect.s 

LCg,h; ak, b
1
? at. least. once. 

Suppose t.hat. we are moving along t.he direct.ion of' 

descent. o! t.he equipolygon EPCi- j), w ~ 
i. 

w along A A and on 
j 1 

reaching A, let. w_dCA, P) = 
l i. 

since w d<A, 
k 1 

p ) 
k 

w d(A, 
\. 1 

w.dCA, 
J 

p) 
i. = 

p) 
j 

= 

w .dCA ,P_) 
J ,. 

we 

p ). 
k 

Then 

conclude 

t.hat. t.he t:;quipolygons EPCi-k) and EPCj-k) passing t.hrough A 

will have ~~orne port.ions at. least. o! t.hem on ei t.her side of 

A A in U"lE> neighbourhood of A. In part.icu.l.al'. it.. is obvious 
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t.hat. a port.ion of t.he ·boundary of EPCi-k) will be wit.hin 

EP<i- j) irl.'espect.i ve of t.he rnagnit.udes or w. 
t 

and and 

t.hat. or EPCj-k) will be out.side EPCi- j) as shown in figure 5. 

It. i .. ~ t.o be not..ed !urt..her t.hat.. it t..he point. A be 

out.side R(P., P ·' Pk) t.hen A cannot. be a minimax locat.ion 
t J 

for, any movement. from A t.owards t.he nearest. aRCPi., Pj' P k) 

along t..he direct..ion perpendicular t..o the boundary will cause 

the objecf.ive function value t.o diminish. The direction of 

movement. is goi ven by t..he following cri t.erion. 

Cri t.erion C 

The rule of select..ing one from three or more 

equipolygons meeting at. a non- optimal point. Let. PCg, h) 

be t.he point. from which t..he weighted rectilinear dist.anc1?s 

of Ca., b .. E s £ s .. the cardinali t..y of s being r <~ 3), 
\. i. 1 1 

are equal but. those of point.s E s '- s are less. We take 
i 

any t.hree point..s of s Since p is not. an opt.imal point., one 
:l 

or t.he !allowing possibilit..ies must. be true. 

1. All t..hree point..s lie on t.he same side of' x = g but. any t..wo 

of t.hem lie on one side and t.he third on t..he other ol y = h. 

2. All t.hree point..s lie on t.he same side of" y = h while any 

t. wo of t.hem lie on one side and t..he t..hird on t.he other of 

X = g. 

As an example let. us assume that. each of b , b.. b > h 
L J k 

and a a .• > g. We 
J 

retain Ca., 
\. 

b ) and consider· the 

direct.ions of' ·descent. of .. EPCi- j) and EPCi-k) at. P. We next. 

const~ruct. a diamond wi t.h respect. t..o P. (a. ,I.>. ) passing through 
L \. 

P. 01 t..wo equipolygons EP(i-j) and EP(i-k) t..he one 
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having- a sana Ller angle of inc.tinat.ion wi t.h t.he sidei! of" t.he 

diamond passing t.h.rough p will be select-ed lor t.he 

subsequent. i Lerat..ion. Figure 6 illust.rat.es t.he case of" 

EP<1-2) being :::hosen. 

In t.he algorit-hm t.hat. follows we assume t.hat. t.he 

movement. always t.akes: place along t.he direct~ion of descent. 

of an equipolygon in such a way t.hat. primal feasibilit-y 

condi t.ion is: never violat-ed. 

2.1.4. Algori,thm 

St.ep 0. ( Ini t,ialisat.ion St.ep) 

- -
Take an•; ext.reme point. (x. y) ..s aRS and calculat.e t.he 

maximum wei~:ht.ed r·ect.ilinear· dist.ance . of it. !"rom t.he set. S. 

Let.. t-his max:J.mum occur Ior i => 1. Now det..ez-mine a point, A on 

L(x, y; a , b ) such t.hat. 
.1 :1 

Jl\aX { .,..., d(A, P ) = w.d(A, P) 
:1 .1 ~ 

i E I - {1}} 
A E L<x,y :a. ' b ) 

1 1 

holds. Let. P e S be t.he point. sat-isfying t.he above; go t.o 
2 

st.ep 1. 

St..ep 1. If A e aR<P . P ) or if we can move upt..o a point. B e 
1 2 • 

BR<P ,P ) in such a way t.hat. any point. P E M is a 
1 2 iZ 

well-behaved point. with respect. t.o indices 1, 2 in which 

case A - E:, t.hen go t-o st.ep 3(a). Else go t.o st.ep 2. 

St.ep 2. For a point. P e M· such t.hat. 
:12 

w .d<P,P _) = w d<PtP ), 
.} J :1 l 

j E I {1 t :2} and t.he dist.ance of" P from A measured along 

M is a minimum, if" P e R<P , P , P ) t.hen go t.o s:t.ep · 3(b). 
12 1 2" 
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Else apply cpiter'ion C "to de-termine "the dil.'ec"tion of' nex-t 

movemen-t, A <.--- P, r·ename t.he corresponding point-s def'ining 

t..he equipolygon as p 
:1. 

and P and go t.o st...ep 1. 
2 

St.ep 3(a). If any ot..her equipolygon in-tersect-s r a"t p 
:1.2 

t.hen 

any point.. E AP is a possible• minimax locat-ion. O-therwise~ 

any point. E r· will be a required locat...ion. 
lZ 

St.ep 3{b). Fr·om P we f'ollow "the pa-th along r sat...isf'ying 
kt. 

criter-ion C, kl being any combinat...ion of" 1., 2 and j, unt...il 

we obt...ain t...he point.. o:f" int...ersec"tion Q of" r~ 

kl 
and ano"thel' 

equipolygon, in which case any point.. E PQ is a possible 

minimax locat.ion. O-therwise, any poin-t E "the s:t,re t.ch of" r 
kL 

from P t.o t.he point.. of ini~ers:ect...ion of r 
kL 

and t...he boundary 

of" R<P k:,P
1
_) :d t...uat.ed along "the direct,ion of descent, is a 

required loca1·,ion. 

2.1.5. Analysis o£ t.ime complexit.y 

Let us "take t...wo loca-tion poi~t...s P and P t...he weighted 
.· i. j 

:r:·ect...ilinear dl.:st...ances of which from some Ch, k) are equal. 

Let t...he edge· of EP<i- j) con-taining <h, k) meet R<P., P .> at 
~ J 

<p, q). We nHxt.... det...ermine if t.he point of" intersec-tion of" 

t.he seg-ment. joining <h, k) and· Cp, q), and some other 

EP<i-D closest, t...o <h, k), belong-s t.o "this segmen-t. 

Our algc.;:-i thm chooses one of" t.he corner point-s of" ~ . as 

a. st.art.ing- S:•:·lut.ion. Taking t.he right. hand bot.t.om corner as 

the init..ial choic~, .. <h .• _ k) ~y initially belong t.o one of" 

t.he zones IV,. VII or VIII -wit.h l'E~spect... t.o P and P. If" it 
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is in zon·:! VII, since t.wo equipoly~ons in t.his zone, being 

parallel. cannot. int.ersect. each ot.her, it. cannot. remain 

t.here in t.he !allowing i t.erat.ions, t.hus signalling · t.he 

railure t.c obt.ain an Ch , k )_ If", on t.he ot.her hand, t.he 
. :1 :1 

non-opt.im.::-..t point. Ch, k) belongs t.o zone IV ini t.ially, it. is 

t.hen obvious t.hat. (h k ) also belongs t.o zone IV. 
:1' :1 

By t.he 

very derini t.ion or zone IV. if" Ch , k ) be 
:1 :1 

non-opt.imal · t.hen 

t.he ordinat.es or t.he t.hree point.s will be g-reat.er t.han k 
:1 

whereas Vwo or t.hem will be on t.he one side and t.he t.hird on 

t.he ot.her or X = h . Criterion c det.ermines which one or t.he 
:1 

t.wo point.s on t.he same side or x = h is t.o be ret.ained in 
:1 

t.he next. i t.erat.ion. Thus each or t.he ret.ained 

generating t.he next. i t.erat.ion has · ordinat.e great.er 

while cont.inuing- t.o 

indicat.ing t.hat. 

remain on 

k ) 
:1 

st.ill 

eit.her side or 

belongs t.o zone 

point.s 

t.han k 
:1 

X = 
IV 

h 
:1 

wit.h 

rGGipect. t.o t.h9 updat.ed point-s. If' more t.han t.hree point.s 

have t.he sante weig-ht.ed dist.ance f'rorn (h • 
:1 

k ) 
:1 

t.hen by 

repeat-ed applicat-ion of' CPi t.erion C one can conclude t.hat. if 

t.he it.erat.ion at. some st.age be rest.rict.ed t.o zone IV it. will 

cont.inue t-o remain so unt.il opt.imalit.y is achieved. On t.he 

ot.her hand, if' no Ch , k ) belonging t.o t.he line seg-ment. 
:1. :1 

t.erminat.ed by Ch, k) and Cp, q) exist.s Lht~n any one of" t.he 

zones I o:r VII may have t.o be t.raversed. By t.he same t.oken 

we may draw a paJ.'allel bet.ween t.he arg'ument.s given [or zone 

IV and t.hose f'or zone VIII. 

The -procedure developed by us -is based on t.wo 

equipolygc,ns int.ersect.ing aL most- once in a g;iv•.?n zone. ::If' 
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i , i be 1,he indices corresponding t.o a well-behaved point. 
1." 2 

in a par~~icular non-opt.imal it.erat.ion •. t.hen t.hese indic;~s 

are not. r·:-:quire~ t.o be considex-ed any f"urt.her unt.il opt.imal 

solut.ion is. obt.ained. Thus in t.he worst. case t.he algori t.hm 

has a t.ime complexit-y. Had we ·t.ried t.o solve t.he LP 

f"ormulat.ion of" t.he present. problem via simplex met. hod it. 

wouldn't. have been possible for us t.o conclude beforehand 

t.he order of" polynomial t.ime complexit-y. 

2.1.6. Numerical Example 

Let. us lind t.he solut.ion t.o t.he problem considered by 

Francis and Whit.e [3:61 by making all g_ = 0. The locat.ion 
l 

point.s are <3, 3), (3, 6), (6, 3) and <7, 8) wi"Lh ass:ociat.Pd 

weight.s 2. 3,. 4 and z respect.ively. We const.ruc"L t.he 

rect.angle RS and t.ake a point. (3, 8) E oRS. The weight.ed 

fart.hest. point. is found Lo be p = 
1 

(6, 3). We next. .find Lhe 

point- A t.eo be (6, 6) E LC3, 8· , 6_, 3). We designat.e "Lhe -point. 

(3, 3) as p following st.ep 0 of t.he algoi'i t.hm. Clearly A e 
2 

R<P, p ). Moving along EPC1-2) reach t.he point- p ( Ell 
we = t 2 

7~ ) from which "Lhe weight.ed rect-ilinear 
:14 

p and p (3_, 6) are equal. Since p 
2 :SI 

applying cr-i t.erion c we can move along 

descent- of" EP(1-3) upt.o Lhe point- T = ( 
36 

7' 

:1.4 

dis-Lances of" p 
' :1 

E R(P , p 
2' 

p ) 
1. 9 

t.he direct.ion o:f 

33 

7 
) from which 

t.he weight.f~d rect-ilinear dis-Lance o:f each o:f P , P and P = 
:1 2 • 

(7, f3) is t.he same. Hence by st.ep 3(b), any point- e . PT is a 

required minimax locat-ion. 
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2.1.7. Computational Experience 

No. ol .Point,s Frequency ol convergence in 

1 it,erat,ion 2 it,erat,ions 3 it,erat,ions 

500 18 5 2 

550 19 5 1 

600 17 5 3 

650 17 7 1 

700 18 6 1 

750 19 5 1 

800 15 9 1 

850 18 6 1 

900 18 7 0 

950 19 6 0 

1000 21 2 2 
-------------------------

- Table 1 

This .-s~ct,ion de_als wi t,h t,he coinput,at,ional t,est, of t,he 

algorit-hm. Wit,h t..his end in view we developed t,he Pascal 

code ol the algori t,hm. Three set..s ol .r-andon1 nurnbers 

corresponding t,o x. , y_ and w. were generat.ed 25 Limes lor a 
c c 

given n (500 :S: n :S: 1000) over a rec"t,angle RS chosen in 

advance having unequal adjacent, sides by f?mploying st.andar·d 

Turbo Pascal Procedure Randomize and Funct,ion Random. n was 

next. allow1~d t.o vary and t,he same procedure repeat.ed 

Random dat..a generat.ion t.echnique was resort..ed ~o on account. 

ol non-av.ailabilit.y ol act.ual dai.a required lor large size 

pr·oblerns. [L is intel'estin~; L<:• not.e thaL in no case the 



64-

algori t.hm required more t.han t.hree i t.erat.ions t.o converge. 

The results of comput..at.ion are summarised in Table 1 above. 

2.1.8 Sensitivity Analysis 

At. early st.ages of problem formulat-ion some fact.ors may 

be overlooked and in many pract.ical si t.uat.ions dat.a may not. 

be known in advance e.xact.ly. Sensit.ivit.y analysis t.akes care 

of t.hese fact.ors and updat.es t.he current. opt.imal solut.ion 

wit.hout. performing t.he expensive t.ask of resolving t.he 

problem rrom scrat.ch. Let. us now see how t.hese ideas can be 

implement.ed t.o obt.ain t.he current.. opt.imal solut.ion from t.he 

previous solut.ion. Le.t. us conside1• t.he following inst..ances. 

· (i) Int.r·oducing a new demand point. 

(ii) ·Removing an e.xist.ing demand point. 

( i i i ) Changing t.he weight. associat..ed wi t..h a given demand 

point.. 

Reg~:u·ding case (i) if t.he weight.ed dist.ance of t.he rec-

ent.ly addHd point. be less· t.han or equal t,o t.he opt.imum objec-

t.ive valu~~ calculat-ed at. bot.h t.he e.xt.remit.ies of t.he st.ret.ch 

(prior t.o insert.ion of t.he demand point.) const.i t.ut.ing t.he set.· 

of opt.imum solut.ioms t.hen t,he solut.ion set. remains t.he same 

as before·; else if t.his dis:t.ance be less: t.han t.he opt.imum 

value of t.he object.ive funct.ion obt.ained at. one. ext.remit.y 

only t.hen we have t.o recalculat-e t.he st.ret.ch; el:s:e we choose 

-eit.her e:~o,.tremit.y of t.he s:t.ret.'ch as (.x., y) and repeat. t.he 

algorit..hm described in sec. 2.1.4 aft.er making allowance for 

t.his addi Lional point.. 



As re~;ards case Cii) it- t.he delet.ed point. be not. an act.-

ive demand point. t.hen t.he set. ol opt.imal solut.io_rlS remains 

unchanged; t~lse we choose any end point. OJ t.he st.r·et.ch as t.he 

- -
st.art.ing point. Cx. y) and pr·oceed in accordance wit.h t.he dir-

ect.ions indicat-ed in sec. 2.1.4. 

In case Ciii) ir alt..ering t.he weight. associat-ed wit.h an 

exist.ing demand point. dest.roys pr·imal !easibilit.y at. eit.her 

end point. or t.he st.ret.ch t.hen we rollow a procedure similar 

t.o case (ii) t.o rest.ore primal 1 easibili t. y. 

As an illu.st.rat.ion let. us int.roduce a new demand point. 

at. 2) wi t.h associat-ed weight. 5 in addit.ion t.o t.he !our 

already exist.ing ones considered in -sec. 2.1.6 t.o t..hrow 

light. on t.he . obser·vat-ions n1ade above. As: t.he weight.ed 

l'ect.ilinear dist-ance- or t.he newly added po'int. rrom bot.h t.he 

end point.s: o! t.he s:t..ret.ch is great.er· t.han t.he pr·evious 

opt-imal solut-ion violat-ing pr·imal !eas:ibili t.y, we tallow t.he 

procedure rci.ent.ioned in Ci) t.o get. t.he new s:t.z'et.ch ext.endi'ng 

trom (5.05, 4.24) t.o (5.00, 4.29). The st.r·et..ch belongs t.o 

t..he smallest. r·e·ct.angle tormed by t..he !ourt.h and t..he newly 

int..r·oduced point..s: whez'eas in t..he original problem t.he 

st..ret..ch is t.he line segment. tr·om C5.1-!, 4.71) t..o (5.79, 5.36) 

lying wi t..hin t..he smallest. rect.ang le const.ruct.ed wi t~h t.hf'! 

second and t.hird demand point..s:. 
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2.2.1 Solut:~on of an . asymmetric rectilinear· distance minimax 

location pC'oblem 

In t.his section we consider a minimax location problem 

usih{;. a rHct.ilinear measure of· distance lackin{; symmetry so 

t.hat. wi t.h each demand point. is associated lour dillerent. 

wei~ht.s correspondin~ respect.ively t.o t.he main !our direc-

tions. This lack ol symmet.ry is typical ol rush hour t.rat"!ic 

where t.he speeds towards and away lrom t.he commercial centre 

of" a met.ropolit.an city are di!lerent.. There are ot.her pract.i-

cal situations also where distance bet.ween t.wo points is not. 

a symmetric !unction - !or an air cralt. .• lor example, !lying 

in the prt:!sence ol steady wind !lowing- in one direction only 

the speeds in the direction· ol current. and opposite t.o it. 

are dit"le1~ent.. Again.. lor motion on an inclined plane the 

upslope spned is dillerent. lrom t.he downslope speed. 

PresHnt.ly we would discuss brielly how t.he above 

ment.ioned model may be gainlully applied t.o the t.ea industry. 

The nort.hnrn part. of" West. Bengal abounds in t.ea gardens. The 

Terai regir::>n ol Dar jeeling district. and t.he Dooars region of 

Jalpaiguri district. account. respect.i vely for approximat-ely 

50 and 260 gardens. Tea is one. of the chief a{;ricult.u:r;al 

produce e;:trning foreign exchange. It. is conventionally grown 

at. a place where there is no waterlogging< despite abundant. 

rainfall. For this reason it is natural that. the sub-Himalayan 

region of'" West. Bengal should be· select.ed for tea plant.at.ions. 

But., as a matter of fact., most. gardens umploy conventional 
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met.hods !or ~rowin~ and pluckin~ ox t.ea. For an increase in 

t.he yield as ·also :f"or t.he prot.ect.ion and sust-enance o:f" t.he 

plant.s, 

cleanin~ 

it. requires, among at. her t.hings, pruning, · kni:f"•~ 

and depilat.ion, chillin~, li~ht.. hoe in~ .• t.rimmin~, 

sprayin~ •::JI pest.icides and weed killers, pluckin~ out. ot: 

creepers.. infillin~, const.ruct.ion and maint..enance o:f" drains 

et.c. As an example, by simply improvin~ on t..he exist.in~ 

draina~e syst.em t..he Trihanna Tea Est.at.e increased t..he yield 

by about. 12.5% Ct.he int..ernat..ional market. value at: t.his ext..ra 

yield bein~ est.imat.ed at. $ 0.2 million). To check soil ero­

sion and prevent. wat.er :f"rom accumulat..in~, each garden deve­

lops it.s own draina~e syst.em dependin~ on it.s t.opography. 

The gardHns .are s:it.uat..ed on an inclined plane ext-ending 

nort..hward :f"rom t..he base. For an incline o:f" less t..han 1 in 50 

t..he usual pract.ice is t..o const..ruct. nort.h s:out..h drains 

int.e:rs:persed at. re~ular int..ervals wit.h east. west. ones: while 

lor inclin~s exceedin~ it., cont.our drains are preferred. The 

places :f"rdm which · t.he above operat.ions o:f" plant. t.reat.mH.'!.t. 

et.c. are bein~ carried out., t.o be called t.he facility point. 

herea:f"t.er, are not. normally located in accordance with t..he 

prescriptions s:u~~est.ed by :f"acility layout. and location 

models. ThE? Pani~hata Tea Est.ate in t.he lower Terai otTers a 

case in point. (total area 6.17 hect.ares:, area under 

cultiva~ion 4.25 hect.ares: o:f" an irre~ular · shape and an 

elevat..ed nort.hern side_, maximum widt..h 2.5 kms). The facilit..y 

point. is: .located at.. one end o:f" t.he ~arden while t.he ot.her 
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end is 4 kms aparth Our research was motivated by the 

problem of locating the f"acility point so that the maximum 

distance !.rom it to a plant - a demand point is minimised. 

Moreover.. lor a considerable time of" the year there is a 

steady westwind blowing over the garder~. Thus on both 

counts the minimax criterion involving asymmetric L 
~ 

metric 

f"or a single f"acility is the most. appropriate one I.or t.he 

declared ol· ject.i ve. 

Dykstra et al. (30J consider the cost of" log harvesting 

in which t.he logs are displaced !rom 'prebunching sites' by 

means of" helicopters. Hodgson et al. [46] and Chen [131 have 

proposed solutions to the p-cent.roid lo.cat.ion problem of" log 

harvesting on an inclined plane. Dr·ezner and Wesolowsky [251 

have pr·ovided an ef"f"icient. algorithm lor an asymmetric 

rectilinear distance minimax location problem while 

and Chaudhuri [10] have given a geometrical 

solution procedure lor the constrained two-'- dimensional 

minimax problem using weighted rectilinear norm. Tamir [73] 

has given a complexity bound improvement.. f"or the 1-centre 

rectilinear 

plane. 

asymmetric distance location problem in the 

For a survey of" selected locational li terat..ure we would 

like t..o r·ef"er t..o t..he excellent.. works of", among others., 

Francis et. al. [37], Hansen et al. [44] and Love et al. 

[55]. 

A plc;:,t..hora of" publ:lcat.ions dealing with t.he minimax 
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crit..erion :for t..he unwei~ht..ed as well as t..he wei~ht..ed 

rect..ilinear met..ric is available (Francis [34], Elzin~a and 

Hearn [31], We~olowsky [78], Morris [64], Francis et.. al. 

[38], Hansen et.. al. [43], Drezner [21] and Bat..t..a et.. al. [4]. 

But scant.. lit..t..le at..t..ention has been given t..o t..he a.symmet..ric 

L - distance locat..ion problems. Ours is an ef"f"ort.. t..o n.ll 
:1. 

t..his gap. We have <:leveloped an it..erat.ive t..echnique based on 

a well-def"ined st.opping cri t..erion. 

The solut.ion procedure which we have developed, at.. 

f"irst f"inds a point.. P f"rom which t..he weight..ed rectilinear 

dist..ance of" at. least t..wo points of" t..he set. S of" given 

location point.s are equal while t..he weight..ed dist.ances of" P 

f"rom t.he .Jt•emaining point.s of" S are . great.er. The point. P is 

now moved unt.il opt.imalit.y is reached by maint..aining t.he 

above men-t-ioned propert.y of" dist.ance t.o be called primal 

f"ea.s:ibili t.y hereaf"t.er. All t.his is accomplished wit.h t.he 

help of" pl.c1ne analyt.ic geomet.ry. 

Throu~hout. our discussion we shall use a single let.t.er .• 

or a juxt.aposed pair of" let..t.ers: .•. subscript.ed or ot.herwise, 

in bold lace Roman t.ype t.o denot.e vect.ors. 

2.2.2. ProbJem formulat.ion 

Let u.s consider t.he . f"ollowing problem: 

Min 
Cx, y) E R

2 

where (x, y), a 

Max 
i. E I 

variable 

w* z 
1. i. 

point., denot.es 

(1) 

t.he proposed 

locat.ion of" t..he f"acilit.y point., I = <1.. 2, ... ,n}, P.Cx., y,) 
L L L 
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are t.he exi:st.in~ locat-ion point.s belong-ing- t.o t..he set. 

S = { P. <x., Y. ): i. e I }, 
\. \. \. 

z = and 
"'

*. ... represenvs 
\. 

t.he t.rarispose of" 'Wi. = [ ~~ .J, 

u and 
i. 

vi. being- g-iven by 

U if X ( X, 

{ 

i. \. 
u = + i. U if X ) X, 

i. \. 
v = { i. 

vi. if y < yi. 

+ 
vi. if y > yi. 

We have not. at.t.empt.ed t.o define ui., vi. when x = x or y = Y. 
j i ~ 

since t.hey have no cont.ribut.ion t.owards t.he object.ive owing-

t.o t.he fact. t.hat. lx - x.l = 0 for X = X 
i. 

and IY - Y.! 

for y = y,. 
\. 

We shall 

discussion 

use 

p<P, 

To st. art. 

\. 

t.he f"ollowing-

d<P, p ) = lx - x.l i. \. 

P.) = "'~ z = u.!x 
\. \. i. \. 

wit.h let. us assume 

not.at.ions 

+ IY - .Y. I 
\. 

- x.l + v.!Y 
\. \. 

+ 
t.hat. u > i. 

\. 

·t.hrou~hout. 

-

u 
i. 

Y.l 
\. 

+ 
v > 

i. 

= 0 

our 

alt.hough s:uch an assumpt.ion is not. at. all . necessary t.o 

develop our algori t.hm. 

Using t.he· approach on page 227 of Francis et. al. f.:JBJ 

we can t.·r~anslat.e t.he above problem int.o t.he following- linear 

program <LP): 

Minimise z subject. t.o 

+ + 
u <x - X) + v <y - y,) ~ z 

i. i. \. 

+ 
u <x - x) + v 

i. 
<y -

i. 
y,) 

l 
~ z 

+ 
u <x - X.) + v ( - y) ~ z Y. 

\. i. l 
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Cx - x) + v 
i. 

2.2.3. · Solut.ion of t..he problem 

To solve problem (1) we 

Cy. - y) :S z 
L 

have developed a simple 

g-eometrical approach. For a problem of" moderate size wit..h n :S 

20, say, {1) may be solved by using t.he ruler and t.he 

compass. B-·:.It. when t.he problem size is large our met..hod can 

be easily implemented on a PC. 

We shall f"irst. obt.ain t..he locus of: Cx, y) sat.isf"ying 

w*z 
1 1 

* = "' z 2 2 
which imp 1 ies 

u lx ··- x:1 I + v1 I Y - Y 1 I = 1 

or what. is t.he same t.hing 

where FCy) = vi I Y - Y 1 1 -
and GCx) = u I X - ~21 -2 .. 

u lx- x21 + v 21 y-y21 (2) 
2 

as FCy) = GCx) (3) 

v 21y- Y21 (4) 

u11x -x11 (5) 

Without. any loss of" generality we may always assume x 
:1 

( X. 
2 

For, if" otherwise, we might. call t.he point. with t.he smaller 

x-coordinai.e Cx , y ). For convenience, let. us f"or t..he t..ime 
:1" 1 

being consider < 

subst..i t..ut.ion that. t.he 

((u: 

... 
x 1)/(u: X + u 

2 .l 

y. 
2 

It. 

point. 

+ ) ' + u 
:1 

can be easily shown by direct. 

(v: v: y 1)/(v: 
+ )) y + + v 

2 1 

E {ex, y'~· -. X :s X :s x2, y1 :s y :s y2} lies on t..he locus 
1 

represented by equation (2) wit..h u = 
1 

+ 
u:1, v = 

:1. 

+ 
v • 

:1." 
u = 

2 

v = 
2 

implying t.hat. t..he equation has a solution. 

"tti may ·be great..er t.han, equal t.o, or less t.han W . 
1 2 

u 
2 

and 

Clearly, 
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Case W > W . The !nnct.ion t. = G(x) is cont.inuous 
:1 2 

everywhere, st.rict.ly increasing in <- co, X ) 
:1 

decreasin~ in Cx 
. 1' 

X ) 
2 

and 

maximum posi t.i ve value ot: u 
2 

(x • 
2 

<x 
2 

co) • 

X ) 
:1 

G(x) ---+ - co as x -Jo ± co. See t:igure 1. 

having 

at. X = 

and st.rict.ly 

at.t.ained t.he 

X. 
:1 

Moreover, 

Since t.he t:nnct.ions FCy) and -GCx) have ident.ical forms, 

it. follows immediat.ely t.hat. t. = FCy)· is cont.inuous, decreas-

in~ in (-co,. y ) and increasin~ in Cy , y ) and Cy , co) wi t.h 
:1 :1' 2 2 

t.he mihimum negat.i ve value of v 
2 

Cy 
:1 

Y ) at. 
2 

y=y .Furt.her­
:1 

more, F(y) -Jo co as y -Jo ± co. Re.fer t.o fi~u.z:-e 2. 

It FCy ) > G<x ) t.hen t.here exist.s no y sat.isfyin~ 
:1 2 

FCy)=GCx) for any x ~ [a , a ] where 
:U. 1.2 

,. -
x 2)/(u: u:) Ot = ,v-<y - . ) + u X - u 

:1:1 2 1 y2 1 :1 2 

lv- Cy 
+ -

x 2 )/(u: + u:) and Ol = - y:l ) + u X + u 
12 2 2 1. :l 2 

whereas if F<y ) < G<x ) t.hen t.here is no y t.hat. corresponds 
:l 2 

t.o values c't: x ~ [{"· , r ] such t.hat. FCy) = G(x) where 
u.· 1.2 

~'u. = 

and r = 
12 

(J( 

:l:l 

(
v- <y 

2 2 

+ - y ) + U X 
:1 1 1 

in view of" t.he increasing nat.ure of G(x) in <-co, x ) and it.s 
1 

decreasin~ nat.ure in <x ' :l 
co). "We can t.herefore conclude t.hat. 

t.he locus represent.ed by (2) lies wholly within t.wo st.rai~ht. 

lines paraHel t.o t.he y-axis. 

On t.he ot.her hand, if G<x ) < F<y ) we cannot. get. an x 
1 2 

such t.hat. G(x) = FCy) for values of y ~ £(3
11

, (3 ] t? and 
12 ' (J 11 
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t 

1: = G(x) 

Fig 1 

t 

-~~j_--------~~~1--;L~~------------~ ~ 
~'-

t:: F(~) 

Fig 2 



~ be in~ ~i ven by 
2.2 

(3 u.. = (u- ('"' 
2 2 

(u- (x and (? 2. 2 = 2 2 

- X 
:1 

- X 
2. 

) - v 

) + v 

" 
+ 
:1 
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y:l + 

y:l + 

v: Y2 )/(v: v~) 

v: y 2 )/(v: + v:) 

while if G<x ) > F<y ) we ·could find no x such that. G{x) = 
:t 2 

F<y) holds fos- any y 

by 

6.u. = ~u 

IZ! [6 , 
:1:1 

6 ], 
:12 

6 
:1:1 

and 6 
:12 

being given 

·owing t.o t.he decreasing nature of F<y) · in <- oo, v) 
- i 

and it.s 

increasing nat.ure in <y , co). From t.he above it. 
2. 

readily 

follows t.hat. the locus: given by (2) remains: wholly wit.hin 

t.wo straight. lines: parallel t.o t.he x-~xis. 

Since the curve represented by {2) is: bounded in both 

t.he x and y directions we can immediately conclude t.hat. (2) 

symbolises: a bounded curve. 

Furthermore_, for any x E (Ot ,01 ) 
2.:1 :t2 

or <ru,r:t.2) there 

exist.s: exact..ly t.wo distinct. values: of y which, however, 

coincide in c;:se. X is: equal t.o ei t.her end point. forming . the 

int.erval. Arguing similarly it. can be shown that.. for any y E 

(?:12) o.r <6 u' 6:!.2) c,an have exactly two values of 

x .• which are c::oincideflt. when y i:s equal to either end point. 

forming the interval. The above reasoning clearly 

demons:t.rat.es: that. t.he locus of <x; y) is: a closed curve 

cons:is:t.ing of several straight. line segments: described 
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around <x:L, y '1 >, t.he point. ass:ociat.ed wit.h t.he great.er 

weight.. The number of" line segment.s const.it.ut.ing t.he curve 

·will be given ~hort.ly. We shall hereaf"t.el' call t.his locu~ 

t.he equipol.ygon of" t.he given pair ·of" point.s, as shown in 

. f"igure 3. For simplicity we denot.e t.he equipolygon of" t.wo 

point.s A and B wi t.h associated weight.s 'W and 'W by E . 
A B AB 

We next. st.at.e a lemma . t.he proof' of' which, being 

obvious, is lett. ·out.. 

Lenuna 1. Let. W 
> . 
-~ ... 

A 
> W . If' P 

B 

p(P, B) els-a pCP, A) :S p<P_, B). 

lies. outside E 
AB 

t.hen p<P, A) > 

In addi t.ion t.o t.he def'ini t.ions and not.at.ions already 

given we shall make use of' t.he f'ollowing in t.he sequel. 

i) R(A, B) denot.es: t.he rect.angle wit.h A and B as opposit.e 

vert.ices aJ·,d sides parallel t.o t.he axes of" coordinat-es. 

H > By oR<:A_.B) we shall mean t.he boundary of' t.h~ region 

R<A,B). 

iii) L<P, A) denot.es an L-shaped curve consist-ing of t.wo 

line segment.s - one t.hrough P parallel t.o t.he x-axis and 

t.he ot.her t.hrough A parallel t.o t.he y-axis meet.ing at. a 

point., J>rcvided bot.h t.he coordinates OI p and A are 
,.:>_··. 

dit£erent.. 

N.D. In case x or y coordinat.es of' P and A are equal L<P, A) 

- degenerates int.o a st.raight. · line segment.. 

iv) r is t.he st.ret.ch T T of' E cut. of"£ by BR<A, B) where 
AB '1 2 AB 

T 
'1 

is t.he 

maint.aining 

ext.re~t.y of' r 
AB 

primal f'easibili t.y, 

f'irst. 

and 

OI 

T 
2 

all encount.ered, 

is ot.her 



76 

F 

III !X 

v VIII 

I rv VII 

fig 3 



ext.remi t.y. 

v) For any point. Q e r 
AB 

we 
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def"ine D <Q) by 
AB 

+ 
D CQ) = u 

k 
v ·- u 

l v where k = - 1, L = + 1 in case y < y 
A' A- B AB A B B 

.;nd 1c = + 1, l = - 1 in case v > y
8

, y and y st.anding lor 
. A A B 

t.he ordinat.es of" A and B respect.ively. 

vi) Let. p{Q, P.) = p<Q, P .) ) pCQ, Pic) where i, j e I and 
~ J 

k e I '-. <i, j}. If . Q is not. an opt.imal solut.ion and moving 

along E 
P.P. 

does not. violat.e t.he condit.ion of primal f"easi-

L J 

bilit.y t.hen t.he point.s P and P. will be called t.he Dominat­
J 

in~ point.s at. Q. 

We shall next. deliberat.e upon t..he number ox ext..reme 

point:s t.ht~ closed and bounded equipolygon represent;ing t.he 

locus· can have. Let. r = (x - X )/(y - y:l. ) denot.e t.he rat.io 
2 1 2 

of t..he leng;t.hs of" t.he adjacent. sides ox R<P , p ). If r E 
1 2 

( v:/u:. +/- ) v u which cor1··esponds: t.o t.he case G<x) < 1 2 1 

F<y) and F<v) > G(x ) t.he equipolygon cons:ist.s of four 
2 . 1 2 

corner point.s given by (Q( • y1 ), <x 1' 
•(1 ), (Q( 

12' y1 ) and 11 11 

<x 1' (3 12 ). If r coincides wit.h eit.her end point. t.hen one of" 

t.he t.wo vert.ices of" t.he rect.angle R not. occupied by a 

locat.ion point. will be a corner point.. 

If, +/- -/+ on t.he ot.her hand, I' > v u or r < v u 
1 2 2 1 

corresponding t.o G(x) > F<y ) -+ F<y) > G(x ) 01' 
1 . 2 1 2 

F<y ) < G<:x ) .,.. G<x ) < F<y ) respect.ively, t.hen t.he equipolv-. 
1 2 1 2 

gon has six ext.reme point.s which are C01. , y ) , (x , 6 ) , 
1:1 :1 1 :1.1 
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(a • y1 ), (y ·' y ), (x , 6 ) and (y , y2 ) or (y • y ), 
12' ·2 2 1 '12 1 11' 1 

<x 1' 
~ ), <x • 6 ), <y12' y ), (x 

2' 
0 ) and <x • ~ 12) ,as 

11 2. 1 1 2 :t' 

t.he case may be, where 
·'· 

(v + <y - x2 )/(u~· u:) y1 = - y1 ) + u X - u 
1 2 1 1 2 

(v+ <y 
+ -

x 2)/(u: u:) y2 = - y ) + u X + u + 
1 1 2 1 1 2 

(u + <x 
- y2)/(v~ v:) 0 = - X ) + v v - v 

1 :t 2 1 1 - 1 2 

(u+<x 
+ -

Y 2 )/(v: + v:) and 6 = - X ) + v y:t + v 
2 :t 1 2 1 2 

Not.e: By t,aking y > 
J. 

result.s similar t.o t.he above wit.h 

obvious chal'lges at. appropriat.e places may be obt.ained. 

Case W< w. The equipolygon, in t.his case, encloses 
1 2' 

t.he point. <x 
2' Yz? inst.ead and result.s analogous t.p t.he 

preceding will have been f'ound. 

Case ''W = 'W. The equipolygon here degenerat.es: int.o an 
J. 2 

open. polygon wit.h only t.wo ext.reme point.s: which are 

res:pect.i vely 

( 1) (a. , y ) and (a. , y ) when G<x ) > F<y ) =.;. G<x ) < F<y ) 
2 2. 1 1 1 2 2 1 

(2) <x , ~ ) and (x , n ) when G<x ) > F<y ) .,. G<x ) < F<y ) 
2. ;.:: 1 {J 1 2 1 1 2 

(3) (x .(~ ) and (a. ,y ) when G(x ) < F<y ) and G(x ) < F<v ) 
1' 1. 1 1 1 2 2 "1 

where 

(v- <v -
+ -

x 2 )/(u: u~) a. = y ) + u X + u + 
1 1 - 2 1 1 1 1 

(,;·+ <y. -
+ -

x 2 )/(u: u:) 
01 = y ) + u X + u + ;z 1 1 2 '1 1 1 

(l.!-- (>o: -
+ -

Y2)/{v: + v:) ~1 = >l ) + v y:t + v 
1 2 :1 1 1 



79 

and tor G(x) - FCy ) an ext.reme point. is Cx , y2 ) while tor-
:1 2 J. 

G(x ) = F<:y) t.he cor responding ext.reme point. is <x ,y ). 
2 :1 2 :1 

We c1:Jnst.ruct. t.he smallest rectani!fle - t.o be called SR 

hereatt..er cont..aining all t.he point..s ol S by drawing lines 

parallel t.o. t.he coordinat.e axes t.hrough tour properly chosen 

point.s having resp~ct.ively maximum and minimum abscissas and 

ordinat.es. 

A point. P lying out.side SR cannot. be t.he opt.imal 

locat.ion ir}. t.he unconst.rained case as a movement. t.hrough P 

perpendicular t.o t.he nearest. boundary ol SR and t..owards it. 

will t.he object.ive lunct.ion value t.o diminish. 

Consequent.ly, we shall have t.o seek t.he required solut.ion 

wi t.hin SR and wi t.h t.his end in view we shall concent.rat.e on 

r But. iri t.he const.rained case, besides an act.ive boundary 
AB 

ol t.he const.rained region, an edge ol t.he equipolygon lying 

out..s:ide SR may have t.o be considered in c.•rder t.o det.ermin<J 

t.he opt.ima.l locat.ion. 

The tJheorem st.at.ed below.. which serves t.o find t.he 

direct.ion ol movement. when t.hree or more equipolygons 

coincide at. a non-opt.imal point., will be used in developing 

our algori t.hm. 

Theorem t. \t/hile moving along an edge ol E 
AB 

and maint.aining 

primal f"ea...;;:ibilit.y let. a point. G be obt.ained such . t.hat. p(G, 

A) = pCG, B) = pCG.C), c e s-.....<A, 8}. By drawing lines 
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t..hrough . G parallel t..o t..he coordinat..e axes it. is easily sect, 

t..hat.. if G is non-opt..imal~ t..he point. occupying t.he same 

quadrant. wi;~h re~pect.. t..o G as t..he lat..est.. ent..rant.. C, is t..i:> be 

dropped. 

It. is t..o be not..ed furt,her t..hat.. when t..he number of 

equipolygons meet..ing at. a point. is more t..han t..hree, by a 

repeat..ed applicat..ion of t..he above t..he number of dominat..ing 

point..s can always be reduced t..o t..wo. 

The proof of t..he t..heorem follows as a direct. con~equence of 

lemma 1. 

We now st..at..e a cri t..erion which will be · useful in 

det..ermining t..he opt..imal solut..ion(s). The proof of t..he 

crit..erion is t..rivial and is, t..herefore; omit..t..ed. 

St..opping crit..eria <SC> 

Let. L 
i 

be t..he isoline of P t..hrough some point. P of t_!o 

equi polygon E Also let. H be t..he half-space defined by 
P.P i 

L j 
k 

L cont..ainil"":ig P. We define t..he cone ~ by ~ = n H ... where k 
i. i. L 

i 

denot..es t..he cardinalit..y of t..he set. of i.s:olines: pas::.s:ing 

t..hrough P :and having t..he same level value Then, clearly_, P 

is t..he vert:..ex of ~- If :L = ~ 11 R<P.·, P _) = {P} we have a 
l J 

unique opt..imum at. P as shown in ligurg 4. R.:;,£gr- t.o liguz-g 6 

for t..he case when P is not. opt..imal. 

If, ho·wever, :L degenerat..es: int.o a line t..hen we obt..ain a 

.s:t..ret..ch comprising t..he s;et.. of opt..imal point..s: one end of 

which is cleai'ly P. 
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(a) 

(b) 

U ni que 0 Pt i mum at P· 

Fiq 4 

(a) 

.(b) 

No Qpti mum at P 

Fiq 5 
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Be:for.e present.ing t.he algori t.hm o:f t.he current. problem 

we int.roduce a de:finit.ion t.o be required a:ft.erwards. 

The Yleight.ed rect.ilineai' dist.ance !rom any point. Q on 

E t.o t.he f"ixed point. A is a positive quant.it.y. Also t.he 
AB 

distance :function, 'being necessarily cont.inuous, must. 

possess a lower bound which is at.t.ained by t.he !unction at. 

least. once. Let. t.he lower bound <or when there are more t.han 

one, t.hat. lower bound which, af"t.er maint.ainin~ primal 

f"easibilit.y, comes f"irst.) correspond t.o t.he point. we call 

ME 
AB 

There exist.s a direct..ion !rom Q along which t..his 

dist.ance monot..onicall y decreases as Q approaches ME Or it. 
AB 

may so happen t..hat. at. some point. p in bet.. ween Q and ME t.he 
AB 

condit.ion Ol primal f"easibilit.y may be violat.ed. In t.his 

lat.t.er case we leave E and move. :from P t.o U t.o ME U 
AB AB 

being t.he point. of" int.esect.ion of" E 
AB 

and t.he isoline having 

t.he smaller· gradient. (vide appendix). The pat.h !rom Q t.o 

ME con:s:ist.ing o:f sides of" E or a combinat.ion of" sides of" 
AB· AB 

E and an isoline, maint.aining primal f"easibilit.y, will be 
AB 

denot.ed by S <Q). 
AB 

2.2.4. · Algor:i thm 

Step 0. Select. any ext.reme point. P e oSR as t.he st.art.ing 

point. and :find t.he locat.ion point. P lor which "W* PP is a 
i. i. 

maximum. Df,1not..e P by A. and obt.ain a. point. Q e L<P, A) such 
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Wi t.hout. .any loss of" generalit-y the point. sat.isf"ying the 

above may be dehoted by B. Go to step 1. 

St.ep 1. 

If" a point. Q e S (Q) exists such that. p(Q ,A) = p(Q _.P. ), 
1 AB 1· . 1 I. 

P. e S "- <A,B} then go to step 2 
I. 

else go t.o step 3. 

St.ep 2. 

If" Q sat.is:fies SC then 
J. 

if" D <.Q ) ;JI! 0 t.hen Q is t.he unique optimal solution 
AB 1 1 

else 

if" Q ~'" r then the stretch QQ is t.he set. of" opt.imal 
AB 1 

so.l:ut.ions 

else t.he stretch T 0 of" r constitutes the set. of" 
1 '1 AB 

·:•pt.imal solutions 

else det.,?rmine t.he point.s f"or t.he next. it.erat.ion usi.ng 

t~he·~•rem t, rename t.hese point.s as. A and B, Q 

go t.o step 1. 

St.ep 3. 

If" D (T .) = 0 t.hen 
AB J. 

t--- Q and 
J. 

if Q ~ r then t.he whole of" r comprises t.he solut.ion· set. 
AB AB 

else t.he · st.ret.ch QT
2 

gives t.he set. of" opt.imal solut.ions · 

else if T sat.isf"ies SC t.hen T is the unique opt.imal point. 
~- J. 

else T is the unique optimal point.. 
2 
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2.2.5. NUJWE!I'ical example 

We now illus:t.rat.e t.he \'forking o:C t.he alg-ori t.hm by means 

of an example.. Let. t.he demand point.s be all locat.ed · on .o 

roug-h inc:lined plane of inclinat.ion 10 having- coefficient. 

of :Crict.ion 1-1 = 0.3, supposed uniform. The x-axis is: t.aken 

t.o be horizont.al and t.he y-axis upwards along- t.he line of 

great.est. slope. The :Corces necessary t.o overcome t.he 

combined effect. of g-ravit.y and :Crict.ion on a body of weight. 

W in t.he upslope and downslop~;? direct.ions are approximat-ely 

0.48w· and 0.12W respect.ively. 

p 
i. 

X 
i. Y. 

\. 
u 

i.. 
v 

i. 
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wind in 1Jhe horizont-al direct-ion. Thus it t-he wind blows 
·~~ 

st-eadily fl'om east. t-o -west. \ie may t-ake t-he pert-urbed values 

of t-he forces in t-he x-incr·easin~ and x-decreasin~ direct-ions 

t-o be L~~W and 0.8W respect-ively. In t-he calculat-ions t-hat. 

:Callow we ret-ain ligures correct. t-o 3 places o:C decimal. Let. 

t.he posit.ion and t.he weight-s in t-he four principal 

direct.ions West., East., Sout.h and Nort-h associat.ed wi t.h 

each exist.ing locat-ion point. be given as in t-able 1. above. 

Let. us t.ake P = (3, 8) E OSR as t-he st.art-ing point.. 

Using st-ep 0 o:f t.he algorit.hm we can easily :find A = (6, 3), 

B = C3, 6) and Q = (5.400, 8.000). By st.ep 1 it. immediat.ely 

tallows t-hat. p = 
i. 

(3, 3) and 

since Q 
1 

does not. sat.isf"y SC, Q 

= (5.280, 6.300). By st.ep 2, 

~ Q , drop t-he point. A, and 
.i 

A - P .. ·By t.wo successive it.erat.fons o:C st.eps 1 and 2, we 
L 

f"inally obt-ain Q
1 

SC and.. moreover, 

= 
D <Q) ~ 

AD 1 

3.003). 

0, 

As clearly sat.isf"ies 

is · t.he unique opt.imal" point. 

and t.he corresponding ohject.ive value = 5.597 .. 

Computational experience 

To d,gvelop t.he Pascal code of' t.he algori t.hm we have ran-

dolllly gennrat.ed six vect-ors wit.h n component.s each - t.wo f"or 

posit.ion and :foui' :for associat.ed direct.ional weight.s by 

means o:f st.andard Pascal procedure Rando.nli.ze ahd f"unct.ion 

RandoJJL 'l'his has been repeat.ed f'or values o:f n bet.ween 500 

and 1000 over a preselect.ed rect.angular region. wit.h unequal 

cont.iguou:;;: sides, giving rise t-o 500 random samples 

varying sizes. Int.ere:s:t.ingly· enough,. in all cases t.he 
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algorit-hm l'equired at. most. t.hree. i t.erat.ions t.o converge. As 

act.ual_ dat..a t:or problems wi t.h ah n at: t.he st.at.ed size is not. 

readily available, we had t.o be cont.ent. wit.h random dat.a. 

2.2.6. Operation count. 

Since t.he object.ive value st.rict.ly decreases wit.h each 

it.erat.ion t.he same pah• ot: point.s, once excluded at. a part-i­

cular it.erat.ion t:or a given zone, will never recur and conse­

quent-ly, prevention ot: cyclin~ is ~uarant.eed. Furt-hermore, 

we are in a position t.o employ t.he int:ormat.ion, current-ly 

~enerat.ed, t:or t:ut.ure use. Our met.hod consist-s in mavin~ 

alan~ an equipoly~on maint.aining primal t:easibilit.y. In so 

moving we shall eit.her obt.ain the oi>t.imal solut.ion or at.t.ain 

a point. G such t.hat. p<G, A) = p<G, B) = p<G,C), C e S,{A., 

B}. From t.heorem 1 we know t.hat a pat.h dit:t:erent. t:rom t.he 

current. ana is t.o be chosen at. G. Moreover.. an edge of" an 

equipolygon· can not. int.ersect t.hat. ot: anot.her more t.han once 

in a pal· t.icular zone and t.here remain <n.-2) ot.her 

equipoly~ons. Thus it: a point. is excluded at. a part.icular 

i t.erat.ion it. will cease t.o be required it: t.he i terat.ion is 

rest.rict.ed t.o t.he same zone. Thus at. most. (n-2) pairs ot: 

linear eq•:tat.ions need t.o be solved t:or a part.icular 

it.erat.ion in a given zone. Again, inasmuch as t.he number ot: 

sides ot: ·an equipoly~on is at. most. six t.he number ot: 

operations is O(n 
2

) in t.he worst. case. 
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t.he direct.ion of movement.: Let. E 
AS 

equipolygon enclosing A :where X 
A 

< X . 
S 

We divide t.he 

be an 

whole 

xy-plane int.o nine zones I t.hrou~h IX by drawin~ lines 

parallel t.o t.he coordinat.e axes t.hrough A and B. Let. us 

assume for· t.he preseent. y < v . E has generally six ed~es · 
A . B AS 

lyin~ in zones I t.o VI· as shown in fi~ure 3. In II, IV and 

VI t.he clirect.ions of movement. are from D t.o E. C t.o H and F 

t.o G respect.ively. In zone I t.he movement. is alan~ CD or DC 

accorclin~ as u 
1 

/ v > 
1 

or < u 
2 

/ v. 
2 

For zone III t.he 

clirect.ion is from E t.o F or t.he ot.her . way round depending on 

+ + 
whet.her u / v < or > u / v If it. is along· FE no 

~- 1 2 2 

movement. along E is possible wit.hout. violat.ing primal 
AS 

feasibilit.y. Hence, in order t.o reduce t.he object.ive furt.her 

we make .a det.our via t.he isoline ·having a smaller gradient. 

unt.il t.he point. U e FG in VI is encount.ered whence movement. 

will be along UG t.owards G. · In zone V t.he direct.ion of 

movement. is ~overned by t.he Stopping Cri t.eria. If y 
A 

> 

t.he direct.:ion of" movement. in ·n is :f"rom E tJo D and t.he roles 

of I and III discussed above will simply be int.erchanged. 

Similar remarks hold when E encloses B inst.ead. 
AD 



CHAPTER 3 

Constrained Problems 

In this chapter we propose to study t.wo rectilinear dis-

t.ance const.rai.ned problems wit.h t.he minimax object-ive. Sec;· 

3.1.1 discusses the equiweight.ed case while sec. 3.2.1 solves 

bot.h t.he symmet-ric as well as asymmet-ric weight-ed problem. 

3.1.1 Geometr;.c solution of" a constrained rectilinear dist-

* ance minimax .location problem . 

In a wid~~ variety of" situations persons interest-ed in 

f"acility layout. and .location are confront-ed wit.h t.he problem 

o:f" locating a new :f" acili t y in t.he midst. of" eXisting 

racili ties (re:ferred t.o as the one-centre problem in th~ 

literature) in such a way that. t.he maximal distance f"rom the 

new facility t.o the existing locations is minimised. The 

equal-weighted. unconstrained single facility minimax 

location p.t•oblem under the· L 
;t 

metric has been well st.udied 

by Elzinga and Hearn [31], Francis and White [36], 

Wesolowsky [78]· et al. The weight-ed and constrained minimax 

problem under· the L met.ric in n-dimensionai space 
2 . . 

has been 

solved by Scot,t. et. al. [69] using t.he concept. o£ conjugate 

dualit .. y. Dut.t.;a and Chaudhuri [291 · have given an elegant. 

method o£ oh t.ainiQg an exact. s:olut.ion t.o an equi- weight-ed 

planar const.r·ained problem under t.he L or Euclidean norm. 
2 

Hansen et. .aJ · [431, Francis et. al. [371 Hansen et. al. [441, 

Drezner and Shelah [221 and Drezner [211 have also discussed 

Facility Locat.ion -Models at. length. Morris [6.41. has also 

* This paper· •vas published in AP.JOR vol 7 (1990) pp 163-171. 
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considered const-rained mult.if'acili t.y minimax locat.ion 

problem under· L met.ric. Our ob ject..i ve in t..his sect.ion is t.o 
1. 

present. a ge-omet.r·ic solut.ion t..o t,he const.rained version of' 

t.he problem in t.he plane in which t..he dist.ances are 

. . 
rect-ilinear. As a pract-ical applicat..ion of' t.he problem 

addressed in t.his sect.ion one might.. consider locat.ing an 

emergency ser.vice f'acilit.y, f'or example a healt..h clinic in 

a rural area or a f'ire st..at..ion in a large met..ropoli t..an ci t.y -

where t..he f'a.cilit.y is rest.rict..ed t..o lie wit..hin a given region 

under t..he assumpt..ion t..hat.. t..ravel is allowed on a grid only. 

3.1.2 Problen;,\ s:tat..ement. 

Assume Chat.. a set.. D is def'ined by 

D = { p = 1_, 2, ... ,n } where P. Ca., 
I. L L 

n exist..ing lo ;:::at..ion point..s in t..he plane E. 
2 

Also 

b) 
i. 

are 

assume 

t.he 

t..hat.. 

a new f'acil.iit .. y. is t..o be lcicat.ed at. T<x.. y) in such a way 

t.hat. t..he m;"'ximum rect..ilinear dist-ance bet. ween t..he new 

f'acilit..y and .t..he n given- ldcat.ions is minimised subject.. t.o 

t.he res:t.rict..ion t.hat.. T is: const-rained t.o lie in a convex 

polyt.ope R. The rect..ilinear or rect..angular dist.ance bet.ween 

T and Pi. is given by 

d <T 
1 ' 

p) = jx - a.j + 
L 

The minimax problem is 

min 
TeR 

ntax 

1~ i ~ n 

where R c E is ~;i ven by 
2 

P ED. 
i. 

d CT. P) 
1 . i. 

(1) 
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{x [:" a 

a r AX s b A 
·2 1. m1.. , 

R = = 
a ' a 

12 22 m2 

b ::.. [b b ,. .... .• b ] l X= [ x .• y ,, } 
1 2 m 

To solv1: problem (1) we make use of cert.ain element.ary 

propert...ies: oJf rect...ilinear dist...ance func£ion in a ·plane·, · t.he 

proofs of which being obvious will be omit...t.ed. 

As may seen in Fig,ure. 1, all t.he n given locat.ion point.s p 
i. 

may be coyer·ed:· by a rect.angle A A A A by .·drawing 
1 2 3 4 

a pair of 

parallel lines inclined at. 135"' wit.h t.he x-axis t.hrough t.wo 

of t...hese point...s P fart.hest. apart. and anot.her pai-r of 

parallel lines inclined at. 45 t.hrough t.wo similar point.s, 

i.e.,point.s fa:Pt.hest. from each ot.her. 

The Unconstrained Case: As long as point. T lies t.o t.he right. 

of t.he vert.lcal A Q t.hrough A t.he rect.ilinear dist.ance from . 
3 3 

T t.o any point.. on t.he side A A is great.er t.han t.he same t...o 
2 3 

any point. on t.he side A A 
9 4 

On A 0 
3 . 

it.self t.hese dist.ances 

are equaL In t.he absence of any const.raint. t.his lat. t.er 

dist.ance cont-inually diminishes as one moves upwards along 

t.he vert.ical reaching it.s minimum value at.. Q, t.he point. of 

int.ersect.ion of t...he perpendicular bisect.or KQ at: t.he longest. 

side of" t.he 

t.he point. K ·' 

rect.angle and A Q and maint.ains 
9 

t.his: value 

t.he ot.her point. of int.ersect.ion ot: KQ and 

upt.o 

t.he 

vert.ical A K t.hrough A . Any point. on KQ is a possible 
1 1 

minimax locat.lon [31 .• 36]. 

We shall usa t.he !'allowing def'ini 'Lions and not.at~ions in. our 
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subsequent. discussion. 

Dominating s:.ide: The side or sides of" t.he rect.an~le having 

i:.he maximum cont.ribut.ion t.owards t.he rect.ilinear dist.ance 

funct.ion at. a point. will be called t.he dominat-ing side at. 

t.he point.. 

Cone of Desr..:ent. Dil'ect.ion: Let. f be t.he object-ive ft..inct.ion 

and x any point. in R . The cone of descent. direct.ion of f at. 

x is def"ined by 

- . 
Df ( X ) = { d! : 3 0t ) 0 wit.h 1 ( X + Otd ) ( 1 ( x ) 

VO<ot:$a}. 

Let. a l:i.ne 1 . be . drawn . t.hz·ough x e R parallel t.o t.be 

dominat.ing side at. x .. 

+ 
Also let H denot.e t.he closed hall-space cont.aining t.he 

dominat.ing . side de lined by 1. Then t.he cone of" descent. 

direct.ion in t.he pr-esent. case will be given by Nc5( X ) 
+ 

II H 

+ 
01:' R II Nc5< X ) (") H according as· X is an int.erior or- a 

boundary point. of" R~ Nc5< X ) being a nei~hbourhood of" X. 

By oR we sh.o::1U denot.e t.he boundary of" t.he l'egion R. 

The Const.r• ained Case The dir-ect.ion of movement. is 

det.er-mined by t.he dir-ect.ion of" descent. which in t.urn is 

relat.ed t.o t.he cone of" descent. direct.ion. The cone of" 

descent. dirE~ct.ion. as def"ined above is obt.ained f"rom t.he 

dominat-ing :.s:ide of" t.he rect-angle. 

Let. C be t.he int.ersect.ion of" t.he cone· of" descent. direc-

t.ion and t.he region R. The value of" t.he objoct.ive f"unct.ion 

(i.e.. t.he m.:rximum rect.ilinear- di:st.ance f"rom T) does not. 

increasa? alo.rtg any ray lying \y'i t,hin C rat.hf?r, it. has a 
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gradually diminishing value along aR const.it.ut.ing an ext.reme 

edge of C pPovided oR is not. parallel t.o a dominat.ing side 

or C is not. degenerat.e. 

Ei t.her ,""Jf t..he f"ollowing in.st.ances det..ermines a st..opping· 

cri t..erion. 

I. The int..ersect..ion of t..he t.wo cones of descent. direct.ion 

reduces t..o t..heir common vert..ex, which is t.he point. of. 

int.ersect..ion of an act.ive boundary, wit.h eit.her t.he vert..ical 

through A oi' A , or t.he horizontal through A or A . 
~ 9 2 • 

II. The con& of des~en~ direct.ion degenerat..es int..o a point. 

coinciding wi1':.h an ext.reme pointJ of an .<;~.c;t..ive boundary. 

The algorit..hm of t..he present. problem, which follows short.ly, 

is just.ified by t..he lemma given below, t..he proof of which is 

given in sec. 3.1.7. 

Lenuna: Fox• any point. ot..her t..han the one obtained by using 

eit..her of Lhe st..opping criteria t..he rect..ilinear dist.ance 

will be grea·t.er. 

3.1.3. The .t.lgori t..hm 

Define t..he quant..it.ies c 
~ 

t..hrough c 
4 

as follows: 

c 
1 

c 
9 

= min ( a 
~ :~ i. ~n 

i. 
+ b 

i. 
) ; 

= min 
1 ~ i..::;n 

<-a+b.)~ 
L L 

c 
2 

c 
4 

= 

= max < a 
i. 

+ b 
i. 

max <-a + b ) . 
i. i. 

) ; 

The point..s Pi. define a rect..angle S t..he sides of· which 

are given b~, 

1 : x+y = c ; 1 
1 . ·i 2 

Label 1 ll 
i 

l 
3 

x+y = 

l 

c 
2 

1 :-x+y = c ; 1 :-x+y ·= 
3 3 4 

1 (I 
2 

1 • 
4 

l 
3 

as A 
1 

c 
4 

A 
2 

A 
3 

and A' 
4 
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respect.ively. 

Denote 1.he segment. of" perpendicular bisector of" one of" 

t.he longer sides of" S int.ercept.ed by lines through A and A 
2 ... 

drawn parallE'.l t.o t.he x-axis (or through A 
j. 

and A 
9 

drawn 

par·allel to ·t,J;-,.e y-axis) by KQ.. K having a great.er ordinate 

t.han Q. Any point. on KQ is a possible minimax location in 

the unconst.r.ained case. 

\o/it.hout. any loss of" generality choose lines through A
2 

and A paraUel t.o t.he axes as tJhe coordinate axes and 
3 

change the equations of" const.raintJs and the coordinates of" 

the vertices of S accordingly. 

St.ep 0 <Init.ializat.ion St.ep) 

If R contains t.he whole or any part. of" KQ t.hen go t.o 

st.ep 4. St.ar·t.ing from any point. P<X. Y) e int. R move t.o-w·ards 

Oy, t.he y"""axis along the line 1: y = Y. I:t~ t.he point. 1 . n Oy 

= <O.Y) eR t.hen move towards t.he origin along t...he y-axis t.ill 

t.he point. M :: oR n Oy is reached and go t.o st.ep 1(a). Else 

denot...e t.he point... 1 n oR by M and go t.o st..ep 3. 

St.ep 1Ca>. Ir M satisfies a st...opping criterion t.hen st.op. M 

is t.he required point.. Else go t.o st.ep 1{b). 

St.ep t(b). Move along t.he extreme edge of t.he directJion of" 

descent. unt,i I any one of" the following four possibilities 

materializes: 

{i) an ext.,r·eme point.~ say V. is ·reached go t.o step 2(a) 

(ii) t.he point of intersection of" t.he direction of" 

descent. and t.he line through parallel to the y-axis is 

attained : call this point. M and ti"O to step 1{a). 



CiiD t,he point,, say N.. o:f int-ersect-ion o:f t-he direct-ion 

o:f descent. and t-he x-axis is arrived at.: go t-o st.ep 2Cb), or 

Civ) t-he. point. o:f int-ersect-ion of' t-he direct-ion of' desc-

ent. and t.he line t-hrough A parallel t.o t.he x-axis is at.t..ain-
. 4 

ed : call t-his point. N and go t.o st.ep 2Cb). 

St.ep 2(a). Jf" V sat.isf"ies a st-opping crit-erion t-hen st.op. V 

is t.he required location. Else obt-ain t.he adjacent. edge 

through V, dr-op t.he current. ed~e and go t.o st.ep 1Cb). 

St.ep 2<h ). If" a stopping. cri t..erion holds good tor t.he point. 

N t.hen st.op. N .. is t.he sought, af"t.er locat.ion point.. Else go. 

t.o st.ep 1(b). 

St.ep 3. Obt.ain · t.he ext-reme edge of' t.he direct-ion of' ·descent. 

at. M and move along it.. If' it. meet-s t.he y-axis t.h~n call 

t-his point. JV.( and go t.o st.ep 1Ca). Else ·go t.o st.ep 1Cb). 

St.ep 4. lf"c R n KQ ~ ~ t.hen any P~?int. T e R n KQ is: a 

minimax locat.ion. · 

Note: When an act-ive constraint. is parallel t.o a dominat.ing' 

side of' t.hs r·ect.angle t-hen t.he r·equir-ed f' acili t.y locat.ion 

wilf be any point. belonging t.o t.he whole st.ret.ch of' t.he 

act.ive boundary included bet.ween t.he axes or between lines 

parallel t.o t.hern. 

3.1.4. Analysis o£ Time Complexity 

For constructing t.he rectangle S we are :r·equired · t.6 det.-

ernrine real-· numbers c 
1 

t.hrough c. 
4 

Again 

t..hese f'ou:r- quant.i t.ies . .. necessesi t.at.es 

calculat.ing any of" 

Cn-1) comparisons. 

Hence S cat.'l be obt..ained ·in O(n) t-ime. Then m given linear 

const.raint.s defining t.he re~~ion R det,er-m.ine t.he ext.reme 
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points of" a convex hull. To get. t.he convex hull we have t.o 

lind· t.he slopes of' all t.he const.raint.s requiring m 

multiplicat-ions and sort. t.he angles Ol inclination in 

O<mlogm) t.:i me. The extreme point.s are then obt.ained by 

solving eacJ"J. pair of" consecutive constraints arranged in 

sorted an~;-ular or·der employing met. hod Ol Gaussian 

elimination f'or which a total of' 5m multiplications is 

necessa:r.~y. A 'lew additional multiplications are needed 1o:r.~ 

obt-aining t.be point.. o1 int.ersect.ion of' t.he line y = Y with 

an active boundary or t.he y-axis as the case may be,. as: well 

as: that. o1 t.he direction o1 descent. wi t.h ei t.her or· both t.he 

axes: oi coordinaLes: and / or lines: paralh=~l t,o them. Hence 

t.he worst. case Lime complexity of' t.he algorithm is 

max{O(n) ,O(mlogm)}. 

3.1.5. Sensitivity Al'lalysis. 

Introduction or removal of' a location point. If' insert.il':tg 

-
an addi t.ionc.<l location point. or deleting an existing one· does 

not. alter t-he configuration of' t.he rectangle S or alters 

only any c.f its non-dominat.in.g sides then t.he current.. 

solution also remains unaltered. I.f', on the other hand> t.he 

above procedure af"f'ect..s a vertex of' S wit..h respect. t.o which 

t.he current. locat.ion point. was obt-ained, then we .regard ·t.he 

present. soJ.ut.ion as t.,he st.art.ing . s:olut..ion, apply t..he 

algorithm and obt.ain t..he new optimal solut..ion. 

Introduction or removal o£ a constraint 

If' "''e a non-binding cons: t.ra int. or int-roduce a· 

c:onst.raint. ~~·hich. besides alt.Hrin.g the region R, does not. 
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have any on t,he current,ly act,ive boundary wit-h 

respect, t,o which t-he opt,imum solut,ion was obt,ained, 

modif"icat,ion of" the solut,ion is necessary. On t,he cont.rary, 

imposi iion of' an addi t.ional const-raint, may result, in ei t.l)er · 

of' t,he !allowing cases. 

I. The ·::urrent, opt-imal point, T may now lie wi t.hin t,he 

modified region R. P +---- T and go t,o st,ep 0. 

II. T.he current, _opi..imal point, T may lie out.siqe t,he 

modified reg ion R denot,e t,he newly int-roduced const.raint, 

by L ~ 0. If t,he slope of" L = 0 is non-zero t,hen move 

parallel t,o i,he x-axis unt,il t,he point. ·of' int,ersect,ion, say 

N, of' L = 0 ::tnd y = 0 is reached. If' N E oR t.hen go t,o st,ep 

2(b); else move t,owards an ext,reme point. V along L = 0 and 

go t.o st,ep 2(a). If", on t,he cont,rary,. t,he slope of' L = 0 is 

zero · t.hen nK1Ve parallel t,o t,he y-axis and reach M, t,he point, 

of" int,ersec:t,ion of' L = 0 and X = 0. If M E oR t.hen t?O t.o 

st,ep l(a); eJse move t.owards V along L = 0 and go t.o st,ep 

2(a). 

Again Y."emoval of a binding const.raint. renders · t,he 

present, facilit,y point, eit.her an int.erior point, or a 

boundary po:Lnt,. In t.he f'ormer· case go t.o st,ep 0; in t,he 

lat.t.er go t.o st.ep 1(b). 

3.1.6. Numerical Solutions 

We demonst.rat,e t.he algori t.hm given above by means of' 

t.he following examples 

Problem 1. 

LeL Lh•-- convex polvt.ope t.~-. derin<?d l.>v R - ( X AX < b } 
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where 

2 0 -1 -5 ]l 
-4 1 1 1 0 

L 
X = [X • y] • b = [- 6 • 4. 5 • 10 • 11. 15 ~ 7. 20 ] 

and suppose t.hat. t.he set. D consist-s of t.he following- point-s, 

t.heir respect.i ve coor·dinat.es being not-ed alongside each 

p = (2.00,10.00); p = (0.00~12.50); p = (-0.25,12.50); 
.1 2 3 . 

p = (7.00,9.00); p = (3.00,13.00); p = (3.60,10.45); 
" !5 6 

p = (4.50,11.50>; p = (5.00,12.25); p = ·(7.00,12.00); 
7 8 9 

p = ( 6 . 25 , B . 75 ) ; p = (7 .00,10.65); p = (7.35,9.80); 
.10 .1.1 .12 

p = (8 .30~'l0 .55). p = (3.25_.15.45); p = (3.80,14.15); 
.19 J.4 .1!5 

p = (1 .OO,:l4.00>; p = (1.20,13.85); p = (3.95,14.60); 
.16 J.7 .18 

p = (5 .15,:l2 .45); p = (6.30,12.20)·. 
J.9 20 

Let- p be t.he point. <-3.00; 1.50) E int.· R. Here KQ is given 

by t.he line segment- joining K = (5.00, 12.50) and Q = (3.00, 

10.50). Since· R 11 KQ = ~ ~ M is calculat.ed t,o be (-0.75, 

1.60) by s"t.ei.J. 0. Now move along- t:.he descent, direct.ion of' t-he 

act-ive const,rain"t. given by t-he equat-ion 2x 3y = -6 unt-il 

t-he ex"LI'ern-=• point. V = <1.50, 3.00) . is reached. Drop t-his 

edg-e by st.ep 2(a) and proceed along t.he next- boundary given 

by t.he equat.ion 5x y = 4.5. Aft-er successively execut.in~ 

t-hree i"t.erat.ions at-t-ain t.he re.quired f'aci~it,y point, N = 
(-0.25,10.50), which, in t-his case, is t-he point, of 

int-ersect-ion: of t-he binding constraint. having equat.ion 2x + 

y = 10 and · t-he ··line.. t-hrough 

t.he x-axis. 

Pr·oblem 2. 

A 
4 = (8.50, 10.50) parallel t-o 

Let. u.:;:: consider . t-he e1fect. of in"LI'Oducing an addit.ional 
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const.raint. d.:;1f"ined by L -x + 0.5 < 0 in Problem 1. ·The 

current. f"acilit.y point. N now belongs t.o int. R. Since t.he 

slope of" L = 0 is non-.zero by sect..ion 5 move parallel t.o t..he 

x-axis and 

int..ersect..ion 

reach 

of" NA 
4 

t.he point. 

and L = 0. 

M = ( 0.50, 10.50 ) of" 

Since t..his point. M <Z! oR move 

along L = 0 t.owards t..he ext.reme point.· V = (0.50;9.00 ) and 

!allowing st..8p 2(a) of t..he algorithm V is t.he _required 

opt.imal locat.ion. 

3.1.7. Appendix 

PE•oo£ o£ Lemma 1. Let. us suppos·e t..hat.. t.he point. N of 

int.et•sect..ion of an act..ive boundar·y with t..he ho.rizont..al 

t.hrough A 
2 

is t..he sought. for minimax location. Then t..he 

maximum rect.ilineat~ dist.ance o:I N :I rom the S€1t. D is given by 

NA . For· any ot.her point. U -= R or 
2 

t.he maxim urn rect.ilinear dist..ance 

hor·izont..al line segment. included 

oR lying above 

being given 

bet.. ween u 

or on NA 
2 

by t.he 

and t.he 

dominat..ing· .;;:ide AA, 
i 2 

produced if necessary. is clearly 

greater t..han or equal t.o NA . Syppose 
2 

U lies below NA and 
2 

on t..he same .s:ide of t~he vei•t..ical t..hrough A as N. Then t..he 
3 

maximum rccf,ilinear dist..ance or U ·from A A , t..he dominat.ing 
3 2 

.s:ide, · measuJ: ed horizont..ally is also easily seen t..o be 

gre_at..er t.h.an NA
2

. Furt.hermore, when U and N are on opposit.e 

sides of t..hr" ver-t..ical t..hi~ough A 
3 

t.he maximum r-ectilinea1~ 

d.ist.ance of l1 fr-om t..he set. D (being given by 

is 
distance fr·om t.he dominat.ing side A A ) 

3 4 A 

t.he hor-izont.al 

no less than 
t..he maxirnum 

rect.ilinear· dis"t.ance of" U from A A 
3 2 

";hich is ~·reat..er t.han or 

equal t.o NA<:. Henc1? foi' all posi Llc•t1S of Lj""l<-J- point. U t..he 
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rect.ilinear dist.ance · o:I U is no less t.han NA . Thus NA is 
2 2 

t,he minimum rect.ilinear dist.ance. The same holds when t.he 

:Iacilit.y point. is t.he point. o:I int.er'sect.ion o:I a boundary 

and t.he horizont.al t.hrough A . 
4 

It. can be shown in a similar. way t.hat. t.he above conclusion 

is valid when t.he opt.imal loca-L ion is ei t.her t.he point, M o:I 

int.ersect.ion o:I an act.i ve boundary o:I R wi t.h t.he vert.ical 

t.hrough A or- A , or· is an ext,reme point, V. 
3 1 

Fig 1 
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3.2.1 Geome't.:ric solution t.o :some planar constrained nrinim.ax-

. . ~ . * problems ir ... ·.·volving the weight.ed r·ectilinea1·· me<-I'IC 

In mos\.. pract.ical sit.uat.ions we have t.o locat.e a faci-

lit.y point. \lithin a constrained. rat.her t.han an unconst.r-

ained, region owing t~o the nai~ure of space available tor the 

purpose o:f locat..ing a facilit.y. By incor·por·ating constraint-s 

tJhe facili t,}' locat.ion problem more closely resembles a I'eal 

life sitJuation. The rect,ilinear met.ric is ideally suited to 

urban applic.ations in view of t..he assumpt.ion t.hat t..ravel is 

usually rest .. r-icted · to a rect.angular· grid. In t.his sect-ion we 

have studie·d the one-cent..re problem. also known as t..he 

single tacili t..y . minimax location problem. in t.he presence of 

linear const,raint:s for.mini a convex polytope in E 
2 

wherein 

we assume t.hat. besides being rect.ilinear the underlying 

distance met.ric is weight.ed by some import.ance factor. 

W'hen t.he dist.ance between t.wo point.s is a symmet.I-ic 1unct.ion 

ox t.heir positions we assign a posit..ive weight. t.o ~ach 

demand pain~, commensuratJe wit..h t.he int,ensit.}' of demand at. 

t.hat. point.. But. for peak-haul' t.rattic and many similar 

sit.uat,ions, •Nhen t..he dist..ance is not. a symmet.ric !unct.ion, 

we associ a I.e tour weight.s along t..he !our principal 

directions horizont-ally lett. or· l'ight. and vei•t,ically up or 

down - wit.h l'.'espect. to t.he demand point.. 

Oui' mei~hod of approach in t..his problem consist.s 1irst. 

* This paper· appear·ed in APJOR vol 9 (1992) pp 135-144 
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in f'inding Lhe maximum weight.td recLilinear dist-ance of' Lhe 

set.. of' given locat..ions f'rom a point... arbiLrarily select..ed 

wit..hin Lhe const..rained region. and subsequent-ly reducing · 

t..his dist..ance gradually so t..hat.. primal f'easibilit..y is never 

violat.ed. w'i t..h a view t..o achieving t.his we have appealed t..o 

methods of' plane analyt:ic geomet..ry. 

Alt..hough t..he solut..ion t..echnique has been developed lor 

polyhedral set..s, it.. is applicable t:,.o any convex set... 

3.2.2 Formuiat.ion o£ t.he problem 

SupposH Lhat.. P. Cx., Y. )·, i. E I = {1, 2, ... , n} are t.he · 
l l l 

given demand point.s comprising t..he set.. S, Cx, y) is t..he loca-

Lion of' t..he f'acilit..y Ct.o be det-ermined)·, =( 
u 

i. 
v 

i. 
) is· t..he 

weight.. associat-ed wit..h t.he i.t..h demand point.., where 

f'or x < x 
u == 

i. 
and v 

f'or x 2: x. 

Let.. FCx., y> = max { Ui.jx - x.j 
\. 

+ V.IY 
\. 

Y.l 
l 

may t.hen. be st..at..ed as tallows. 

minimize FC:x, y) 

(x. y) E E 
2 

subject. Lo ax+ b.v:::; c .• 
j J' J 

E {"1_. 2, ·····.• 

}-

Jll}, 

:I or y < y. 
l 

lor y 2: .y 

Out' 

a._, 
J 

l 

pi'oblem 

(1) 

b 
j 

and 

c being const..ant..s de:Iining- t..he linear const..x··aint..s, f'or·min..,.. j ., 

Lhe convex polyhedt'on R. For- Lhe symmet..ric dis:Lance case, 

u = u+ = v 
i. 

+ = V. lOJ.' all i.. 

The un\veig-hLed 1-cent..re p:r-obl&m in t.he absence of' const..-



102 

raint.s has been eleg·ant.ly dealt. wi t.h by Wes:olowsky [78] and 

Elzinga and Hearn [31] using t,he rect-ilinear norn1. 

Megiddo [57, 58] has pr·oposed i:.. linear Lime algorit-hm t.hat. 

solves t.he ·,..reight.ed but. unconst-rained problem. Francis and 

Whit-e [36) have given an ext-ensive Lreat.ment, t.o, int.eJ.' alia, 

single and mult-iple f"acilit.y unconst-rained minimax locat-ion 

problems wi t.h o1.·· wi t.hout. weig·ht.s. The equiweight.ed problem 

correspondine t.o (1) has been solved by Chakrabart-y and 

Chaudhuri [7]. The met-hod of" solut-ion required tour pairs of" 

lines each pair being drav..-r1 parallel t.o t.he axes of" 

coor-dinat.es: Lhr·ough a vert-ex of" t.he smallest, rect-angle 

enclosing all Lhe demand point-s by t-wo lines inclined at. 

angles: of" 4" and 135 ·r-espect-ively wit..h t.he x-axis. These 

. !our lines: <H'"e act.uallv t.he equipolyg-on wi Lh respect.. t.o a 

pair ot dominat-ing point-s associat-ed wit-h t.he object-ive 

tunct.ion. These lines t.og-et..he1·· wit-h Lhe boundaJ.'Y were 

sufticient. t..o det-er-mine t.he opt-imal solut-ion whereas in t.he 

nc equipolygons: in addi"t.ion t.o t.he boundary 
2 

need t.o be considered. The unconsLJ.'ained · version ot t.he 

present. pl'ublem has been st-udied using t.he symmet-ric 

dist-ance I'ect..ilineai' met..ric by Chakrabart.v. and Chaudh.uri 

[8]. Bat..t.a el.. al. [41 pl'esen.t.ed an algoJ.'it.hrn t.o solve t.he 

locat.ional pPoblem involving weig.ht.s using L -norm 
1 

wit.h 

barriers of" ar·bi t.rary shape aud tor bidden convex r•egions. 

The solut-ion Lo Lhe_ asymmet.ric dist-ance minimax problem has 

been obt.ainf~ i by Dykst-ra et. al. [30], Hodg·s:on et.. al. [46], 
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Drezner and \1/esolo\'fsk.y [25] and Chakrabarty and Chaudhuri 

[9]. Furt.hermore. Drezner [19] has present-ed an algorit-hm 

!or solving, among ot-her cases, t-he weight-ed minimax problem 

subject. t.o planap con;=;:train\.s. 

3.2.3 Pr·elinrinal'ies 

We now provide requsi te de:fini tions. and notations !or 

developing our algorithm. 

1) R 
i.J 

denot.es the rect.angle having · sides parallel to the 

coordinat.e axes through diagonally opposite vertices P and 

p 
j 

2) P denot-es 
i.j 

the locus: of" points: at which t.he 

rect.ilinear· .dis:t.ances or p and P. are equal. This 
J 

weight.ed 

locus 

will be her€~artei~ called t.he equip'Olygon o:f P and P .· Re:fer 
J 

t.o f"igure 1 f"oi~ the diagram of" the equipolygon P .. 
~J 

3) LCP., P) :f•epresents an "L-s:haped" CUI'Ve having a s:t.raight 
l 

line s:egmen1~ thr·ough P par·allel to y-:-axis: joined end-t.o<-:end 

t.o another :;:egment through P parallel to t.he x-axis. 

4> Let P. X .and P. Y be lines dr·a\r;n through P. parallel t.o t.he 
L , L l 

axes: of" coo:r·dinates. The cone of descent direct·l.on. at. COt, (1> 

f"or the object.ive runct.ion at. (x , v.) is 
l - l 

t.hen def"ir)ed by 

t.he set. 

H = y) : u I X - X. I 
l l 

+ v. I Y - Y I 
L l 

+ V. I (3 - Y. I and bounded by P. X and P. Y wit.h I'l~spect. t.o 
l L - L l 

which the points (x,y) and (ex, (D lie in t.he same quadi'ant }-
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u+ v~ - vL 1 5) D .. = - u where k = - 1, l = 
i. j i. .. 

~J J 

or k = 1, l = - 1 accordin~ a:s: Y. < y, or Y. > y .• 
~ J \. J 

wit.h X ( X .• 
i. J 

6) r .. is t..he port.ion of p lyin~ wit..hln R. .• 
LJ i.j LJ 

7> .UR de:f"ines t.he boundary of R. 

8) d<A.. 8) indicat.es ·t.he rect.ilinear di.s:t.ance bet.ween A and 

B and p<A .• P ) denot.es t.he wei~ht.ed rect..ilinear dist.ance 
i. 

between A and P .. 
L 

9) Let. t.he index set. J c I be such t.h.at. p<Q, JS.) = p<Q, P .) 
\. J 

> p<Q, Pk) where. i .• j E: J and k e I '- J. If Q is not. an 

opt ... imal solut.lc;>n and mavin~ along t.he direct..ion of' dest::ent. 

of" P.. does not. violat..e t..he condit.ion. of primal f'easibilit..y 
LJ 

t.hen t..he ·pot.nt.s P., · P. are t.o be called t,he Dominating 
L J 

points at. . Q. For i t.s det.ermiriat.ion we shall make use of' a 

crit..erion given in sec. 3.2.6. 

S~opping Criteria CSC> 

I Let. Q be a point.. ·such t.hat. p(Q, P.) = p<Q, P ,) .:::::: p<Q, P ) 
\. J " . lc 

~ p(Q, p) 
l 

where· i., J, 1c E I and l E I {i., j •. k). If· a 

movement. away f'rom Q in t.he direct..ion of' descent. ·of' any 

equipolygon violat.es primal' f"easibili t.y t.hen Q is opt.imal. · 

II<a> When movin~ away from Q de:f"ined in I in t.he direct..ion 

of' descent. p 
i.j 

and maint.aining primal feasibili~y, if .no 

Qt exist.s suc;h t.hat. p<Q.t, Pi.) = p<Q.t,. P/ = p<Qt., P Jc)' k e I 

- {i., j) t.hen ·an ext.reme point. of' 1 is a un:lque op~imum if' 
i.j 
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D .. ~ 0 
1.J 

(sec .. 3.2.6).. If... however, D .. = 
LJ 

0 then t.he whole of 

r. . or t..he po:r·t..i.on cxt..ending f"rom Q t.o t.he extreme point. 
LJ 

beyond which prima~ feasibili t.y ceases t.o be valid, forms ~t;he 

set, of opt.imaJ. points according as Q fi! or · e R. .. 
LJ 

(b) I:f" D = 
i.j 

0 and t.he objectives at. Q, Qi. € r 
i.j 

are equal 

t.hen any poh""lt. on t.he. line segment. QQi. is optimal; else, if 

Q1 E r and Q fi! r . t.hen t.he part. of r .. from· it.s ext..reme _ 
i.j i.j LJ 

point., encountered f"irst, 
I. 

along t.he descent. direction up to 

Q , forms t.he set. of optimal ·points (sec. 3.2.6). 
'1 . 

In <For a Boundary Point.) 

(a) Let. Cx , y ) be t.he weighted farthest point.. fr·om (a, (3) 
1 1 . 

e oR wit..h respect. t.o t..he chosen norn'l. If oR 11 H = <<a, (3)} 

t.hen we hav-e a unique optimum thereat.. But. if oR II H 

consists of a segment. of oR t..hen any point. contained in this 

segment. is op t.irna.l. 

(b) If t.he direction of descent. of P 
i.j 

at. Q = p 
i.j 

oR is 

out..side R arad, moreover, if any movement. along a direction 

defined by Q a.nd oR destroys primal f"easibilit.y, then Q is 

t.he unique opt..imum. We shall be making use of" t..he above 

criteria whilE-) developing our algo.ri.t..hm which now follows. 

3.2.4 Algori t.hm 

St.ep 0 Take .any P ·e Int. R as t.he starting point.. Find P. e. S 

so · t.hat. p<P, P) is 
i. 

point. Q E L<P ' 
1 

p) 

a maximum. Let. 

such t..hat.. p<Q .• p ) 
1 

1 +---- i.. 

= p<Q, 

l. 

Det.er·mine 

p )_. 
. j 

E I 

a 
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{1} and dCQ, p) is minimum. I:f Q ..: R t,hen Q - oR n LCP ' 1 

p) and go t.o st,ep t; else p - p If' Q E oR t,hen · go t.o 
2 j 

st,ep 2Ca); else go t,o st.ep 3. 

St.ep 1 If' Q sat,is:ffes SC-IIICa) t,hen sLop. Q is t.he required 

locat.ion; else move along t-he direct.ion of' descent. of' oR 

unt,il t,he f'i c-st. occurrence of' any one of' Lhe :Iollowing: 

· (i) an ex,,reme point, B of' t.he current.ly act.ive boundary is 

at.t,ained replace t.he boundary wi Lh Lhe succeeding one, Q 

- B and g·o Lo st.ep 1; 

Cii) a point, B E oR, f'rom which t,he weight.ed dist.ances of' 

t,hree or rrto:>re point,s are equal, .is reached: Q - B and go 

t,o s;t,ep 2Ca). 

(iii) a point, B E oR, :Irom which t.he weight.ed dis:Lances: of' 

Lwo locat,ion point,s: call t.hem P and P 
1 2 

are equal, is: 

obt.ained: Q-1-B and go t.o s:t,ep 2Cb). 

St.ep 2{a) I:I a single equipolygon passes t,hrough Q t.hen call 

it. P and go t.o s:t.ep 2(b). Fo:r· t.hree or more equipolygons 
1.2 

meet.ing at. Q apply SC-I. If' Q s:at.is:Iies: it, Lhen st..op; Q is 

opt-imal; else, choose t-he t-wo dominat-ing point-s: tl'Om among 

t-hem (sec. 3.2.6) required tor t-he next, it,erat.ion (call t-hem 

P and P ) and g·o t.o s:t.ep 2{b). 
1 2 

St.ep 2{b) I:I SC-IIICb) applies at, Q t.hen it. is t.he. opt.imal 

point.; else, if' one of' t-he point.s is non-dominat.ing, t,hen 

drop it. and go t,o st.ep 1_; else go t,o st.ep 3. 

St.ep 3 t>lovin~ in Lhe direct,ion o:I descent. of' P at. Q and 
J.2 
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maint.aining primal !easibilit.y, it· a point. Q
1 

.;e R can be 

!ound such Lhat. p<Q ' p ) = p<Q' p ) = p<Q' p ) k E I 
1 1 '1' 2 1 k 

{1, 2} t.hen Q +--- aR (\ p and go t.o st.ep 2(b); else, it Qi 12 

E R then a;, ply SC-I and, it necessary,. SC-II<b) <when D = 
12 

0), t.o Q1. I:f Qi s:at.is:fies t.he !or mer· or bot.h depending 

upon the value o:f D t,hen stop, with the optimal 
12 

solution; el5;e, if' Q1 sat.is!ies neither, t.hen Q - Q1., 

choose an equipolygon by dropping a non-dominat-ing point. 

:from among P, 
1 

p 
2 

and ·P· k' call it. p • 
12 

and 

else, if' no s:uch Q J. exists, then go t.o st.ep 4. 

repeat. step 3; 

Step 4 Apply SC-I!Ca) to obt.ain t.he opt,imal solution or 

solut.ions as t.he case may be. 

N.B. 1. For t,he symmetric 'dist-ance rect.ilinear ntet.l'ic D = i.j 

0 always. 2. The algorit.hm has: been designed in such a way 

< 
t.hat. t.he rnovernent. always t.akes place along t.he direct.ion of' 

descent. of' an equipolygon having a .fini t.e number· or sides: 

< sec. 3.2.6) or· an edge of' aR - t.he number o.f edges t.hat. 

t.hat. make R is also !ini t.e rnain.t.aining all t.he while primal 

!easibilit.y. This:. t.he1··e!ore, ens:ur·es: t.hat. cycling never 

occurs. 

3.2.5 Numer-!ical ·Exam(>les 

We shall consider· Lwo e,.:.ampll.~S Lhe first. one involving 

asymmet.r•ic distance and t.he ot.her employing symmet.ric 

dist.ance- illust,rat.e how t.he algorithm wor·ks. In t.he 

computat.ion of' t.he opt.imal solut.ion in bot.h Lhese cases we 
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shall retain Ci~ures correct. to 3 decimal places. 

t. Asynunet.ric dist.ance case: Let us assume t.hat t.he locat.iort 

point.s and t.he .associated weights in t.he .four principal 

directions are as shown in Table 1 below. Also, let. t.he 

convex polyhedral region· R, wit.hin or on the boundai'Y o.f 

which the: rHquired .facilit.y point. is t.o be located, be given 

by 

-x- y ~ -10 (1) - 5x - 2y ~ -38 (2) 

-5x ~ 6y ~ 14 (3) 2x .+. 5y ~ 61 (4) 

5x - 2y ~ 31 (5) 2x - 7y ~ 8 (6) 

+ + u u v v 
L L L L 

p X Y. 
L L 1.. 

p 8 .4 0.8 1. 2 0.12 0.48 
1. 

p 3 3 1.6 2.4 0.24 0.96 
2 

p 9 5 0.6 0.9 0.09 0.36 
3 

p 4 2 1. 2 1. 8 0.18 0.72 
"' 

p 6 3 3.2 4.8 0.48 1.92 
5 

p 5 1 0.4 0.6 0.06 0.24 
6 

p 3 6 2.4 3.6 0.36 1.44 
7 

p 5 7 2.8 4.2 0.42 1.68 
8 

p 7 8 1.6 2.4 0.24 0.96 
9 

p 4 5 2.0 3.0 0.30 1.20 
:1.0 

Table 1 

Let P = CB, 3.;i) · E 11')1;. . 1?, be t.he in,i tial point.. Following 

step 0 o.f the algorit.hrn the weighted .farthest. point. P = (3, 
1 

·, 
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6), p = (6.. 3). and Q = C4.42L 3.500). As Q e R, Q +----- aR 
2 

ll LCP , P) 
1 

(6.500' 3.500). By st.ep 1. we move along t.he 

descent. direc:Lion of aR unt.il tJhe ext.rerne point. B = (6, ·4) 

is obt.ained. We next. replace t,he current-ly act.ive boundary 

of (1) wit.h the succeeding one corresponding t.o (2) and Q 

t.wo consecut-ivE~ it.erat.ions of st.ep 1 and 

anot.her of ~~t.ep .2Cb)~ .. we .finally obt.ain t.he opt.imal locat.ion 

t.o be any point. E t.he segment. of aR fr-om (5.253. 5.867) t.o. 

(5.220. 5.950) wi t.h t.he cor• r-esponding opt.imum object-ive = 

8.160. Refer t,o figure 2, which clearly explains how t.he 

opLimal solut.ion or problem 1 convei'ges relat.ive Lo t.he 

const-rained set.. 

2. Synunet.ric dist.ance case: We next. considEH' a pr·oblem in 

which Lbe ·::::oordinat.es Ol t.he locat.ion point.s and t.he 

const.raint.s de!ining . t.he polygonal region R ai'e t.he same as 

in problem 1. but. Lhe weight-s associat-ed wi t.h t.he I'espect.i ve 

locat.ion point.s ar·e lixed consLanLs ( shown alon~side each 

ent.ry in a separat.e column in Table 2 below) independent. of 

t.he direct,ions in order t.o demonst.r·at.e how symmet-ry in t.he 

dis:t.ance norm alrect.s t.he opt.ima.L locat.ion. 

Let. P =- (8. 3.5) E int. R as befor-e. By s:t.ep 0 of' t,he 

algor·it.hrn, P = 
f. 

(5, 7), Q = (7.500, 3.500) and P = 
2 

(3, 6). 

As Q E int. R we obt.ain following s:t.ep 3, Q = (4.833, 3.167) 
:1 

e R. Q +--- r::>R ll p = 
12 

(7.000, 3.000). Aft,el' t.wo moz'e it.era-

t.ions o:I st.eps: 1 and 2(b) t.he opt.imal is: :Iound t.o be any point. 

E t.he port.ion of' r 
12 

from (5.551. 5.122) Lo (5.786, 5.357) 
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and t-he corresponding opt-imal object-ive = 10.286. 

p X Y. "vi 
i. ~ l 

p 8 4 1 . 00 
J. 

p 3 3 2.00 
2 

p 9 5 0 .75 
3 

p 4 2 1.50 
4 

·p 6 3 4. 00 
!5 

p 5 1 0.50 
6 

p 3 6 3.00 
7 

p 5 7 3. 50 
a 

p 7 8 2.00 
9 

p 4 5 2:50 
:10 

Table 2 

The above example clearly validat.es t.he observat.ion made. 

regarding t-he simplificat.ions inherent. in t.he second problem. 

3.2.6 Appendix 

In oi•dei· t-o develop OUI' algori t.hm we have made use of 

t-he following result-s given in U~J. 

1. The .opt,irllal object-ive value wit.h pespect. t.o any t.wo 

locat.ion point.s P and P. occurs w i t.hin R. . in t.he absence 
J I.J 

of const.raints. 

2. The equiJ:·olygon of t.wo point.s: P and P wi t.h unequal 
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weight..s is -=• closed ligure having 4 or 6 vert..ices enclosing 

t..he point. associat..ed wit..h t,he great..er weight, as shown in 

Jigure 1. · In case t..he weight..s are equal it.. consist..s OJ. a 

st..raight.. linE! segment. lying wit..hin R. Jlanked by t..wo semi­
lj 

inlinit..e st..raight.. lines perpendicular t..o t..he sides OJ R . 
Lj 

3. The weight..ed rect..iline'ar dist..ance lrcim any point. out..'side 

t..he equipoly~on t..o t..he locat..ion point.. wi t..h greater w:eight.. is 

greater t..han t..hat.. t..o t..he ot..her point.. and vice ve1.~sa. 



CHAPTER 4 

Computer Codes 

Our purp<.:>se in t.his chapt.er is t.o o:ffer t.wo complet.e 

programs whi.ch will help considerably in exploring t.he 

met.hodology of" our work. In s:ec. 4.1.1 we have given t.he 

pseudo code o:t t.he comput.er program :for t.he weight.ed unconst.­

rained case, whose Pascal program appears in sec. 4.1.2 

whereas sec. 4.1.3 describes t.he program in Pascal language 

in t.he cons:t..rained equiweight..ed case. 

4.1.1 Pseudo code of: t.he weighted minimax problem 

We now present. t.he pseudo code o::f our algorit.hm o::f t..he 

MinimumSpanningDiamond in . t..he uncons:t.rained case. We assume 

t.he availabiHt..y o::f a subrout..ine Init..ialSt.ep having as it.s 

input. the co(.,rdinat.es of t.he demand point .. s belonging t.o t.he 

set. S t.oget.her wit.h t.he weight..s associat.ed wit.h t.hem. This 

procedure out.put.s a point. P whose weight..ed rect..iline,ar 

dist.ances frc:.m A, B e S are equal. We furt..her a.S:sume t..he · 

exist.ence of another subrout.ine St.ret.ch which calculat.es t.he 

set of alt.eX"nat..ive opt..imal solut.ions 

o::f an edge of" EPCA,B). ALGORITHM MSD 

cons:t..it.ut..ing a port.ion 

processms f.he set. S o::f' 

demand point.,:;: and yields t.he minimum spanning diamond o::f S. 

UNDONE. a fk•olean variable, be~ng . init.ially set. t.o TRUE, 

becomes FALSE wit..h t..he at.t..ainment.. o::f t.he solut.ion in which 

case t.he alg·:•rit.hm t.erminat.es. 

113 
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Algori t.hm MS:O 

Let. r be t.he po~t.ion OI EP<A,B) ext.encling !rom p t.o . aRCA,B) . 

Call Init.ialSt.e? 

UNDONE = TRUE· 

WHILE UNDONE DO 

-~. 

IF P e RCA ,H) THEN UNDONE = FALSE 

ELSE 

S1 = S '. {A,B} 

S2 = {C E S1 I t.he weig-ht.ed dist.ance !rom F'1 E r. dif"f"erent. 

from P, is t.he same as t.hat. of A or B where PP1 is least.} 

IF I S2 I = f) THEN 

P = EP<A ,B) () aRCA,B) 

UNDONE =: FALSE. 

ELSE 

IF IS21 = 1 THEN 

IF P1 E RCA,B) or RCB,C) or· RCA,C) THEN UNDONE = FALSE 

ELSE dx·op A or B and assign G t.o t.he point. dropped 

END IF 

ELSE 

select. t.wo point.s f"rom S2 u {A,B}, rename t.hem A,B 

and P +---· P1 

END IF 

END 'WHILE 

Call St.ret.ch 

out.put. t.he minimum spanning diamond 

END 

') 
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4.1.2 Pascal p:t•ogram for t.he weight.ed unconst.rained locat.ion 
problem 

Program. Minim1.un_spanning_diamond; 
uses crt.,dos; · 
t,ype list.=arrayU .. nJ oi real; 

v.ar infile ,out:file:t.ext.; 
x,y_,w:lis:t.; 
i>i1,i2·,i3,H,m1,12,m2,ic:int.eger; 
d,ds .• x1,x2.,y1;y2;h,k,u,v ,dif ,lambda,w1:real; 
flag ,af"lag· .b:flag:boolean; 
hhpmm,s:s,hs:word; 

Procedure Mcmdist.<var ii:int.eger); 
<Pr-oc t.o :flnd point. i1 at. a max wt.d rect. dis:t. :from <:x2,y1)} 

var d,maxd:rt3al; 
begin 

maxd:=-maxint.; 
. for i:=1 t.o n do 

begin 
d:=wUJ* <x2- xlil+.yUl":": y.D;. 
if maxd<d t.hen 

begin 
maxd:=d; 

ii:=i 
end 

end 
end; <End Maxdist.} 

Pr-Qcedure Diff'(var df:real; j1,j:int.eger; c,d:real); 
{This proc calculat.es t.he difference of rect. dist.ances of} 
{2 point.s J1tj f"rom a given point, <c,d)} 
var f"1,:f2:real; 
begin 

f1:=w£j1l*<abs(x£j1J-c)+abs<y[j1J-d)); 
:f2:=w£Jl•<abs(x£j]-c)+abs(y[jl-d)); 
d:f:=f"1-:f2 

end; <End Diff"} 
Procedure Product.<a,b,c,d:real); 
{This proc finds t.he sign of t.he product. of rect. dist. of} 
{point.s i1,i2 f:t-om t.he point.s <a,b) and <c,d}} 

var dif1,dif2:r•eal; 
begin 

bflag:=t.rue; 
diff (dif1 ,i 1 ,i ~:,a ,b); 
diff (dif2 ,i 1 ,i :.~ ,c ,d); 
.if dif1*dif2 <O then bflag:~false 

end; <End Product,} 
Px•ocedure Quadrant.<var. p,qdnt.eger; a,b,c,d:real>; 
t:Proc t.o find t.he quadrant. in which (b,d) lies w.r.t..<a,c)} 
begin 

p:=O;q:=O; 
if a>b t.hen p:=-1; 
if a<b t.hen p:=1; 
if c>d t.hen ·q:=-1; 
if c<d t.hen :J:=1 

end; <End Quadrant.} 
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Procedure Min __ maxCvar min,max:real; r,s:real); 
{Proc t.o find t.he max and min of 2 real numbers r and s:} 

begin 
min:=r; 
if min>s t.h:.•n 

begin 
max:= min; 
min:=s 

end 
else max:=s 

end.: <End Min_max} · · 
Procedure Rec t..angle<a,b ,f1,g1,f2,g2:real; var f1:boolean); 
<Proc t.o t.est. if Ca,b) is wit.hin or on t.he rect.angle wit.hl 
{(f"1,g1),(f2,g2: as opposit.e vert.ices} 

begin 
fl:=t.rue; 
min_max(x1,,,a,f1,f2); 1 

min_max(y1,y2,g1,g2); · · 
if CCa>=x1) and <~<=x2)) and ((b)=y1) and Cb<=y2)) 

t.hen fl:=fa.lse 
end; <E~d Rect.angle} 

Procedure Select.; 
IThis: proc seJ.ect.s 2 point.s needed for· t.he next. it.era.t.ion} . 
begin 

Quadrant. <I1,.m1 ,x[i 1] ,h, y[i 1] ,k); 
Quadrant. 02 ,.m2 ,x[i2J ,h, y[i2J ,k); 
if' (11=12) and (m1=m2) t.hen <I .• III,YII,IX w.r.t.. i1,i2} 

i:f w[i1J<w[i2J t.hen i2:=i3 else i1:=i3 
els:e <II,IV,YI;VIII w.r.t.. i1,i2} 

begin 
Quadrant..; 12 ,m2 ,x[i3J ,h .• y[i3J ,k); 
if Cl1=12) and (m1=m2) <I,III,YII,IX w.r.t.. i1,i3} 

t.hen i1:=•i3 else i2:=i3 
end 

end; <End select.} ' 
Procedure Int .. ~rchange(var j1,j2:int.eger); 
<This is a pruc for swapping 2 int.egers} 

v.ar t.:int.egez·; 
begin 

t.:= j1; j1:= j2; j2:=t. 
end; <End Int.erchange} 

Procedure Po::nL(var k1:real;k2:real;p·t,p2,q1,q2:int..egei'); 
. {Proc t.o find t.he point. oi int.ersect..ion oi (he equipolygon} 
{and .t,he boundary or t.he I'ect.angle) 

var a:real; 
begin 

<"=:=w[i1l$01•:xfi1.l+m1•y£i1D-wU2J•<l2*x[i2]+m2•yU2D; 
k1:=Ca-k2•<,~£i1J•p1-w[i2J•p2))/{w[i1J•q1-w[i2J•q2); 

end; <End Point.} 
Procedure Bo•cmdary; 
var l~m:int.ege!r; 
-<Proc t.o obt.:~in t.he• point. of int.er:s:ect..ion of t.he edg'e or } 
{t.he equipoly:~;on .and t.he boundary or t.he· rect.angle moving} 
{along t.hi:> db.·.ec:Lion of' descent.} 

begin 

·.,; 
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min_max(x1,)(2,xJ:i1J,xU2D; 
min_max(y1,y2_,y[i1J,y[i2D; 
Quqdrant.Cl1,.m1,xU1J_,h,y[i1J~k); 

QuadrantJ02_,m2 ,x[i2J,h,yJ:i2J,k); 
1:=11+12; rn:=1:!li+m2~ u:=maxint.; v:=maxint; 
if 0=0) or Cm;;O) t...hen {zone IV,VI or VIII,ID 

i:f <1=0) t.!;-,en {zone IV or VI} 
begin 
if <m=-~D t...hen v:=y1 else v:=y2_; 
product. (xi, v ,x2 .• v); 
if b:flag==t.rue t...hen 

begin 
v:=ma:Jdnt.; 
if w[HJ>w[i2J t...hen u:=x[i2J else. u:=x[i1J 

end 
end 

else {m=O} 

begin 
if <1=2) then 

· {zone VIII or II} 
u:=x2 else u:=x1; 

product.(u,y1,u,y2); 
if bflag=true then 

begin 
u:=maJd.nt; 
i:f w[i1J)w[i2J then v:=y£i2J else v:=y[i1J 

end 
end; 

i:f (11=12) .a.nd (m1=m2) then {zone VII or I or III or DO 
if <m=-2) then {zone VII or- n 

begin 
v:=y1; p:1'oduct(xl,v,x2,v); 
if bf'lag=false then 

begin 
v:=ma:dnt...; 
if <1=•.2) then u:=x2 else u:=xi 

end 
end 

else {m=2}. 
begin {zone III or IX} 

v:=y2; pl.'Oduct...Cx1,v ,x2,v); 
if bf'la~:=false t...hen 

begin 
v:=ma>eint.; 
if (1::,2) then u:=x2· else u:=x1 

end 
end; 

if <11=0) or (m1=0) or (12=0) or (m2=0) t...hen 
<Lines of separation of all zones in pairs except. V} 

begin 
if <m=2) .or Cm=-2) then 

begin 
if Cm=2) then v:=y2 else v:=yi; 
product. {x1, v .. ~, v); 
if b:flag=false t~hen 
if (lj <>O:> t.hen 12:=-11 else 11:=-12 

else 

.. 
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if (11{)0) t-hen 12:=11 else 11:=12 
end; 

if Cl=2) or <1=-2) t-hen 
begin 
if <1=2) ': .. hen u;=x2 else u:=x1; 
p:::-oduct..Cuty1,u,y2); 
if bHag=.f~ls:e ·t-hen 
if Cm1{)0) t.,hen m2:=-m1 else m1:=-m2 

else 
if (mi{)l)) t.hen m2:=m·1 else m1:=m2 

end 
end.; 

if <u=maxint} t-hen point..<u,v ,m1,m2,11,12) 
else point..Cv ,u,l1,12,m1,m2) 

end; <End Boundary} 
Procedure Test, (a1 ,b1 ,a2 ,b2:real); 
<Pr-oc t.,o find emclidean :dist... of (h,k) lying on a given } 
{equipolygon fr-f.>m ·t.he point, ·of int-er-sect-ion of t.his and} 
{anot.her- equipolygon} 

var· xm,ynt,z:real~ 
begin 

xm:=Ca1+a2)/2; ym:=Cb1+b2)/2; 
Qua.drant.Cl2,m2 ,xt:il,xin,yUl,ym); 
z::>:wU1l¥<l1•<xfi1l-h)+m1•CyU:iJ-k))-w[i]*<l2•C.xril-h)+ 

m2•Cy£il-kD; 
z:=z/(w[i1J•(l·.L•<u-h)+mt•<v-k))-w[il•<l2•<u-h)+m2•<v-k))); 
i.f' (z)Q) t-hen 

begin 
lambda:=z.; 
i3:=i 

end 
end; <End Test,} 

Pr-ocedur-e Conv,ax(var- lambdat:real; a,b,,c:r-eal); 
{Pr-oc t.,o t-est, if a real number. lies in a. given int..er-vaD 

begin 
if Cb<>a) t-hen 

begin 
lambdai:=Cc·-a)/ Cb-a); 
if Oambdat(Q) or Oambda1>1) t.hen lambdat:=maxint., 

end 
else lambda1::t.:maxint., 

end; {End Convex} 
Procedure · Updc:1 t.e ,; 
<Proc t..o updat..t~ a given point, Ch,k) for- t.he next, i t..er-at..ion} 
var xm,ym,r,:s:Peal; 
Pr-ocedur-e val•Je(var· f:real; lamcia,a,b:r-eal); 

begin 
f:=lamda•b+CL -lamda)•a 

end; 
begin 

lambda:=maxint..; i3:=maxint.; 
xrn:=(u+h)/2;yin:=Cv+k)/2; 
quadrant.<l1_,m1 .• xfi1J,xm,y[i1],ym); 
.fop i:=1 t..o n do 

br-~~in 
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if Ci<>i1) and <i6i2) Lhen 
begin 

diff(dif" ,i1,i,u,v);· 
if Cdif(=O ) t.hen 

begin. 
convexCr,h;u,x[iJ).; 
conve~x<s .• k.v ,y[il); 
if" Cr<>maxint.) and Cs<>maxint.) t.hen 

begi.n 
if (r(s) t.hen 

begin 
valueCym_,r,k,v); 
di:f:f(di:f ,i1,i ,x(i],ym); 
if Cdif<=O) t.hen t.est.Ch,k,xril,ym) 
1:!lse {di:f)Q} 

begin 
valueCxm,s,h,u); 
di:ff(dif ,i 1 ,i ,xm, y[i]); 
if (dif<=O) t.hen t .. est.Cxi:il,ym,xm,yUD 
else {di:f)Q} 

begin 
diff(dif .• i1 ,i ,u, v); 
if Cdif<=O) t.hen t..est.Cxm,yUl,u .• v) 

end 
end 

eud 
else 

bHgin 
valueCxm,s .• h,u).; 
di f:f Cdi:f ,i 1,i ,xm, yUD; 
.if" Cdi:f<=O) t.hen t.est.Ch,k,xm,y[i]) 
'~lse {dif")Q} 

begin 
valueCyrn,r,k .• v); 
dif"f(dif" ,it,i,xUJ,ym); 
if Cdif<=O) t.hen t.est.Cxm,yUJ,x(iJ,ym) 
else · {dif")Q} 

begin . 
dif":f"Cdi:f" ,i1,i,u, v); 
if Cdif<=O) t.hen t.est.CxHJ,ym,u,v) 

end 
end 

e-nd 
end 

else 
i:f fr<>maxint.) t.hen 
be~,g-in 

v'.alue{ym,r,k,v); 
cti.fTCdif" ,i1,i,xHJ,ym); 
B~ · cdii<=o) t.hen t.est..<h,k,xi:iJ,ym) 
e~ Lse {dif)Q} 

begin 
di.f:f"Cdif,i 1 ,i, u, v ); 
i.f Cdi:f<=O) t.hen t.Hst-(x[i],ym,u,v) 

end 
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else 
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if C:s<>maxint.) then 
ber~in 

v;:;tlue(xm,s,h,u); . 
dr.ff<dif ,i1,.i,xm,yriD; 
il!' (dif<=O) then t.est.Ch,k,xm,yUD 
e:Use {dif)Q} 

begin 
cliff (dif ,i 1 ,i) u) v ).; 
if <dif<=O) then t.est.<xm,y[il,u,v) 

t~nd 

end 
else t.es:t.Ch,k,u,v); 
u:=hlltC1-lambda)+u$lambda; 
v :=k*C1-lambd9)+v*lambda 

end {dif<=O} 
end 

end; 
h:=u; k:=v 

{i()i1,i2} 
{end o:f for} 

end; <End Update} 
Procedure Ini.t..ial_s:t.ep; 
<Proc t.o find Ch,k) equidistant. from at. least. 2 points} 
var d1,d11:re·al; 
begin 

x2:=xC1l; y1::::y[1J; 
:for · i:=2 t.o n do 

begin 
i.:f x2<xU] t..hen x2:=xfil; 
if yt>yfiJ then y1:=y[il 

end; 
Maxdist.<iOj 
i2:=0.;k:=y1 ;h..=x2 ;u:=xfi1] ;v:=y1; 

·update; 
if i3=m.axint. then 

begin 
h:=xfi 1] ;u:•-=x[i 1] ;v :=y[i 11; 
update; 
k:=v 

end 
else h:=u; 
i2:=i3 

end; <End Init.ial_st.ep} 
Procedure Stretch; 
{Proc t.o find . t.he line segment giving the optimal soln set.} 

var l,m:int.eger; 
:f1,f2,f3?f4:real; 

Procedure One{b .• c:real;p1,p2 ,q1~q2,s:iht.eger); 
begin 

point.Cb ,c,p1,p2,q1,q2); 
if s=2 t.hF.~n diff{dif,i1,i3,c,b) 

.. el:;:e dif:f'{dif,i1,i3,b,c); 
if dif'>O t.hen 

begin 
if' s=2 i,hen bag in u:=c; v :==b end 



121 

·:·lse begin u:=b; v:=c end; 
updat,e 

end 
else u:=maxi.nt. 

end.; 
begin 

Min_maxCx1, l:2txfi1J ,xU2D; 
Min __ max<y1, ~12, yU1J, yU2D; 
Quadrant.(l1 ,m1,x[i1J ,h,y[i1J,k); 
Quadrant. 02 .• m2 ,x[ i2J ,h. y[i2J ,k); 
l:=l1+12;m:=m:l.+m2;u:=maxint.; 
dif'f(:f1,i 1,i2 ,"1 ,yD; dif:f (f2,i1,i2.x2, y1); 
diff(f3 ,i 1,i2 ,x2, y2); di:ff(:f 4 ,i1,i2 ,x1, y2); 
if Cl=O) and (m=O) t.hen {(b,k) inside t.he rect-angle} 

begin 
if (:f1*f2<'0) t..hen pne(u,yt,m1,m2,11,12,D; 
:i.f (:f2*:f3{0) and Cu=maxint.) t.hen 

. one(v ,x2,11,12,m1 ,m2.2); 
if' C:f3*f'4<0) and (u=maxint.) t.hen 

one(u,y2 .• m1,m2,11,12,.3); 
if u=max:i.nt. t.hen 

be~in 

u:=x1: point.Cv ,u.l1 .• 12,m1,m2) 
end 

end 
else 

begin 
i:f <m=-1) t.hen 

begin 

{(b,k) on boundary of I'E-~ct.angle} 

if Cf2lf: f:3<0) t.hen u:=x2 
else 

i:f (f3*f4(0) t.hen v:=y2 else u:=x1 
end 

else 
if Cl=l) t.hen 

begin 
if (f'1•f2(Q) t.hen v:=y1 
else 
if <nl*:f4(0) t.hen v:=y2 else u:=xl 

end 
else 
if (m=L• t.hen 

begin 
if Cf'H:f2(0) t.hen v:=y1 
else 
if (:f';~$f'3(0) t.hen u:=x2 e.Lse u:=x1 

end 
else 

begin 
if (fflf:f'2(0) t.hen v:=y1 
else 
if · (f:~:erf3(Q) t.hen u:=x2 else v:=y2 

end; 
.if u=.rn.:..'lxi nL t.h.~·n point..Cu.v ,ml ,1112.11 ,12) 

else point.(v ,.u,ll.l2,rn1,m2); 



updat.e 
end 

end; 
begin 
clrscr; 
rlag:=t..rue; 
assignCin:Iile,'lile.dat..'); 
reset. (inlile) :. 
assign(out.f"He, 'out..put.'); 
append(out.lile); 
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{End St..ret..ch} 
{main act..ion st..at..ement..s} 

writ..elnC'supply t..he number ol dat..a point..s'); 
readlnCn); 
for i:=1 t..o n. do 

readlnCintil<H ,x[i] 'y[i] 'w[i]) ,; 
get. t..ime Chh .• mm ,ss .• hs); 
writ.e(out..lilH,hh,':' ,mm,':' ,ss,' .' ,hs:2); 
init..ial_st..ep; 
rect.angle(h,k,x[i1l, y[i1J,x[i2J, y[i2J,allag); 
it allag=lalse t..hen llag:=lalse else Boundary; 
ic:=O.; 
while !lag do 
begin 

updat..e; 
il <i3=max:i.nt..) t..hen f"'lag:=lalse 
else 

begin 
rect..angl·~Ch,k,x[i1],y[i 1l,x[i3J ,y[i3J ,a! lag); 
if aflag:::false t..hen 

begin 
!lag :=false; 
int..erchange(i2 ,i3) 

end 
else 

begin 
rect..angle(h,k,xfi2], y[i2];x[i3] ,y[i3l,a1lag) ,; 
it allag=lalse t..hen 

begir:, 
f'lag:=f"'alse,; 
int..e·:Pchange(i1,i3) 

end 
else select. 

end 
end; 

Boundary; 
ic:=ic+1 

<end i3<>maxint..} 

end,; {end while} 
writ.elnCt.ot.al no. o:f it..e1'at.ions=' ,ic); 
writ.e('The st.ret.ch ·ext..ends !rom (' ,h:5:2 .• ' ,' ,k:6:2); 
St.ret.ch; · 
writ.eln(') t.o (' ,u:5:2 .• ' ,• ,v:5:2 .• ')'); 
get.t.ime <hh,rn;rn,ss: ,hs:) .> 

writ.eCout.:file•,' ',hh .• ':' ,mm .• ':·',ss,'.' ,hs:2); 
writ.eln(out..f"'i.le,' ',ic); 
close(out..fiJ.e): 

_ClO)",:A,{j I:Jf'i.!8): 

end. 
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4.1.3 Pascal program of t.he equiweight.ed const.rained minimax 
locat.i01'i problem 

program Const.rained.~ 
uses crt. ,dos ;. 
canst. inf = 1 .. JE+35;_ 
t.ype list. =;;,rrayU .. iOOJ of real; 

list.1 =~~rray[1 .. 500J of real; 
row :=.:arrayU . .4J of real; 
col =.:arrayU .. 2] of real; 
index =~;:et. of 1 .. 100; 

var infil,ouCf:H:t.eXt.; ·· 
a,b,c,s,~&1 ,b1,c1,x1 .• y1:list..; 
x,y:list.:l; 
ax_,ay ,cc ,dd,mi:row; 
z:col; 
s1,s2:index; 
m,n,i ,i1 ~i2,i3:.j,jj,l1 ,l2,p ,choice ,count.:int.eger; 
u1,u2,v:ll,v2,h1;k1,h2,k2,h,k,x0,y0,c11,m11:real; 
m12,alpha:real; 
flag ,do:ne:boolean; 

procedure irit.erchange{var· d1;e1,f1,d2,e2·,f2:reaD; 
{ Swaps t.wo set.s of variables} 
var t.1,t.2,t.3:real; 
begin 

t.1:=d1;d1:=d2;d2:=t.1; 
t.2:=e1 ;e1:=t~2 ;e2:=t.2; 
t.3:=f1;f1:=f2;f2:=t.3 

end~· { End int.erchange } 
procedure DJ.amond(var _xt,x2,y1,y2:reaD; 
<Finds t.he s:t.ret.ch KQ in t.he unconst.rained case} 
var u,v:real_; 

funct..ion FindMax(t.1,t..2:list.1 ;p ,q:int.e~er):real; 
{Const.ruct.s t.he smallest. rect.angle cont.ainin~ all demand 

point.s: having sides parallel t.o x+y=O, -x+y=O} 
var z,max::real; 
begin 
for i:=1 t..:J n do 

begin 
z:= p•t.1EiJ + q•t..2UJ; 

if ci::D or (z)max) t.hen max:=z; 
end; 

FindMax .- max 
end; 

begin 
cc[2J:= FindMaxCx,y,1,1); 
cc[11:= - FiradMaxCx_,y,-1,-1); 
cc[41:= F'inCUvfax<x.,y,-1,1); 
cc[3J:= - FindM.aX<x;y,1,.;..1); 
<Finding co•.:>rdinat.es: of K<x1,yD and Q<x2,y2)} 
u:=<cc[21-ccUD; v:=(cc[4J-cc[3]); 

· x1:= <ccUJ-.:::d3D/2; x2:= (cc[2J-cc[4D/2; 
if u >= v ,t#hen 

beg-in 
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y1 .- (cc[~]+cd3D/2; y2 .- (cc[1]+cd4D/2 
end 

else 
begin 

y1 .- (cc:C.J+cc[4D/2; y2 .- (cc[2l+cc:[3])/2 
end 

end; { End Diamond } 
Procedure Fi:ndSe·gment..(var :f1,g1,:f2 .• g2:real; 

var :found:boolean); 
<Finds t..he opt-imal solut..ion set. in case KQ has a non-void 

int-ersect-ion wi t.h t..he const.rained region R} 

var d,e ,ub ,lb, vmax, vmin:real; 
begin 

:found := t..rc,e; 
ub:=1; lb:=O; i :=1; 
while O<=m) and :found do 

begin 
d:=aHiJ•Cu1-u2). + .h1UJ•(v1-v2); 
e:=cHiJ - aHil•u2 - b1[il*v2; 
if d)O t..h•~n 

begin 
vmax:= e/d; 
if ub > vmax t-hen ub .- vmax 

end 
else 

it- d<O t..hen 
begin 

vmin:= e/d; 
i:f' lb < vmin t..hen lb .- vmin 

end 
else 

i:f' e<O t.llen found .- :false; 
i := i + 1 

end; 
if Cub < lb:O t.hen :found .- :false 
else 

begin 
.:f1 .­
g1 .­
:f2 .­
g2 .-

end 

ub*lJ1 
ubJ1!•,1 
lb•ul 
lb•vt 

+ (1-ub)*u2; 
+ C1-ub)•v2; 
+ <1-lb)•u2; 
+ C1-lb)•v2 

end; { End FindSegment, } 
procedure FindDominat.e(var u,v:real; · var j1,j2:int..eg-er); 
{Finds domin.at.ing-. side(s) .at. .a point.} 
va.r d:row; ma.x:real; 
begin 

j1 := 0; j2 := 0; 
dC1l :=abs Cu+v-cc[ 1l); 
d[3J:=absC- u+v-cc[3]); 
max := 0; 
for i:= 1 t..o. 4 do 

begin 
i:f d[iJ>m.a>-: t.hen 

cl[2l :=abs ( u+v-cc[2]); 
d(4]:=abs(-u+v-cc[4D; 
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begin 
max := dl.i:l; 
j1 i 

end 
else 

i:f d[i]=max t-hen j2 .- i 
end 

end~ { End FindDominat.e } 
procedure Gau.ss(var a1,b1,c1,a2,b2~c2,u,v:real)_; 
{Finds t.he point. o:f int.ersect.ion of" t.wo linear equat.ions} 
var k1:real: 
begin 

i:f a1 <>O t.hen 
begin 

k1:=a2/a1; 
i:f Cb2-k1*b1 <>O> t-hen 

begin 
v:=Cc2-l:1•c1>/Cb2-k1•bD; 
u:=Cc1-v-*b1)/a1 

end 
else writ.eJnC't.he solut-ion does not. exist.') 

end 
else 

begin 
v:=c1/b1.; 
i:f a2()0 t.!r,en u:=Cc2-v*b2)/a2 else writ.elnC'parallel') 

end 
end; { End Gauss } 
procedure cot.ant.erclock; 
<Ar-ranges t.he const.raint.s t.o torm t.he convex polyhedron} 
v.ar jl,j2:int.et;;er; 

procedure p;:tl't.i Li~n; 
<Part.it.ions tJhe const-raint-s in set.s s1_,s:2 

according aas: b[i] < or > 0} 

begin 
s1 := []; s2 := []; 

p := 0; 
for i:= 1 t-o ·m do 

begin 
i:f Cb[i] < Q) or ((b[i] = 0) and (a[i] < 0)) Lhen 

begin 
p := p + 1; 
s1 .- st + [iJ 

end 
else s2 .·- s2 + [i] 

end 
end; 
procedure snrt.<i1:int.eger); 
<Sort.s t.he r:ons:t..I'aint.s in ascending order o:f slopes} 
var t.:real; 
begin 

:for i := 1 t.o it-1 do 
:for j := i-:-1 Lo i1 do 

it' s[iJ > s[ jl t.hen 
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begin 
int.ercbange (a1[i] ,p,:i.UJ .• cHi] .aHj] ,b H j] ,cHjJ); 
t, := s[iJ_; s[iJ := s[jJ; s[j] := t. 

end 
end; 

begin 
part.i t.ion; 
j1 := 1; j2 :=~ p + 1; 
for i := 1 t,.-, m .do 

i:f i in s1 "i:.hen 
begin 

aHj1J .- .a[iJ; 
b1[j1J .- ·b[i]; 

cHj1] .- diJ; 
j1 .- j1 ·1- 1 

end 
else 

begin 
aHj2] .·- afil; 
bHj2J .- b[iJ; 
cHj2J .- diJ; 
j2 := j2 + 1 

end; 
.Ior i := 1 t.o m do 

i:f {bl[i]()0) t.hen s[iJ .- . <-aHiJ/bHiD 
else 

i:f (a1[iJ < Q) t.hen s[i] .- -in! else s[iJ .- in:f; 
sort.{p); 
p := m-p; 
sort.(p); 

end; ~ End Count.erclock } 
procedurt,~ VHr1Jices<r,s. t.:list.); 
<Obt.ains t.he: vert.ices of t.he polyhedron} 
begin 

:for i := 1 t.o m do 
i:f <i<>m) t:hen. Gauss(r[i]~s[i],UiJ,r[i+1J,s[i+1J,Ui+1J, 

x1[i +1), yHi +1]) 
. else Gauss{r[mJ,s[mJ,t.[mJ,r[1J .• sf1],t,[1],xH1J,y1[1D 

end; { End Vert.ices } 
pr·ocedure Ini t:.ialChoice ( v ar f _,g :1•eaD; 
{Assigns st.art.inf; values t.o (h,k) } 
begin. 

f := <xH1J+xH2l+xH3D/3; 
g := <yH1J+yH2J+yH3D/3 

end; { End Ini t.ialChoice } 
procedure Convex(c,d:real; var u,lam:bda:real; 

var :found:boolean); 
<Finds i:f a real number u lies bet.ween 2 real numbers c,c[} 
begin 

:found :=:=. :f';:dse; 
if (c()d) t.hen .. lambda := . {u-d)/{c-d) else lambda := 2; 
u- <lambda>::O) and <lambda<=1) t.hen :found := t.rue 

end; { End Convex } 
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procedure Ne>:t.Movement.Cv:real; l,s:list.); 
<Finds t.he direct.ion of movement. at. a nonopt.imal point.} 
var lamda,zz:1•eal; aflag:boolean; 
begin 

i1 := 0; i2 := 0; i3 := 0; 
for i := 1 t.o m do 

begin 
convexCUiJ,Ui+1J.v ,lamda,aflag).; 
it Caflag=t.rue) t.hen 
if Ci1=0) t.hen 

begin 
i1 := i; :z[1J := lamda*s[iJ + {1 - lamda)*s[i +1] 

end 
else { i1 <> 0 } 

begin 
if Ci2=0) t.hen 

begin 
i2 i; z[2] .- lamda*s[i] + {1 - lamda)*s[i+1J 

end 
else { i1,12 <> 0 } 
if Ci3,=0) t.hen 

begin 
i3 .- i; zz := lamda*s[i] + {1 - lamda)*s[i +1] 

end 
end; 

if Ci2=i1 +D t.hen 
begin 

z[2J .- :t:z; i2 := i3 
end 

end 
end; { End Next.Movement. } 
procedure Dornin.S\t.ingPair; 
{Assigns cooPdinat.es o:I a vert.ex t.o (xO,yQ) when t.wo 

t.wo dominat:ing sides exist.} 
begin 
if <l1=1) and 02=3). t.hen choice 
if 01=1) and <12=4) t.hen choice 
if' (11=2) and (12=4) t.hen choice 
it· <11=2) an:: <12=3) t.hen choice 
case choice of 

-
-
-
-

1; 
2· 

' 3· 
' 4; 

1 begin :xO:=axC1J; yO:=ay[1J; count.:=1 end; 
2 begin yO:=ay(2]; xO:=ax[2l; 8ount.:=2 end; 
3 begin xO:=a:x[3J; yO:=ay[3]; count.:=l end; 
4 begin yO:=ay[4J; xO:=axC4J; count.:=2 end 
end 

end; { End Dominat.ingPair } 
procedure Sing leSide; 
{Assigns coox·dinat.es of a vert.ex t.o (xO,yO) when t.wo 

one dominat.:i.ng sides exist.s} 
begin 
if (11=1) or • (11=3) t.hen 

begin 
xO := ax[1-J; 
it (11=1) t,hen yO 

end 
ay[2J else yO ~= ay[ . .J.); 
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else { Cl1=2) or <11=4) } 

begin 
xO .- axf3.l; 
if 01=2) ·t.hen yO .- ay[4] else yO := ay[2]; 

end 
end; { End SingleSide } 
Procedure. Updat.e(vaJ.' f",g:reaD; 
<Select.s one cif" t.he t.wo point-s of int-ersect-ion of x=h or 

y=k wit-h t.he boundary} 
begin 
if absCf"-z[1D < abs(f-z[2]) t.hen 

begin 
g := z[1J; 
i := i1 

end 
else 

begin 
g := z[2J; 
i := i2 

end 
end; { End Updat.e } 
procedur·e In:i. t.ialSt.ep; 
{Reaches an act.i ve boundary from an int.erior point. . 

m.:aint.aining prim?ll feasibili t.y} 
v.ar alpha:real; aflag:boolean; 
begin 
aflag := t.ru·a ,; 
vert.ices<at ,h1,c1); 
x1[m+1J := x1f1J; 
y1[m+1J := y1[1J; 
Ini tialChoicHCh .• k); 
FindDominat.t:~<h ,k ,11 ,12) ,; 
if <12=0) t.ht:~n 

begin 
SingleSidE·; 
Next.Movement.Ck, y1 ,x1); 
Convex(z[1J .• z[2J,xO,alpha,aflag); 
if" (aflag=frJrue) t.hen <y=k meet.s x=xO inside R} 

begin 
h := xO; 
FindDominate.Ch,k,l1,12); 

end 
else Updat-eCxO,h) <y=k meets t.he boundary} 

end; 
if <12()0) t.hen 

begin 
Dominat.in1;P air; 
if Ccouni:-:::1) t.hen 

begin 
Next.Mov.~ment.Ch,x1.,y1); 

Update<yO,k); 
end 

else 

{(choice=1) or (choice=3)} 

{(choice=2) or Cchoice==4)} 



begin 
Next.Movement.Ck .• y1,x1)_; 
Updat.e CxO ,h); 

end 
end 

end; 
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{ End Ini t.ialSt.ep } 
procedure Repl.ace<t.,u:list.; l:reaD; 
{Updat..es boundary if SC is not- sat-is:fied at- ext.reme point-} 
begin 

m11 :== s[iJ; 
if abs<Ui+1l-r) < abs<Uil-1) t.hen 

begin 
i :== i + ~t; 

h := UiJ ;. k u[i] 
end 

else 
begin 

i := i - :::.; 
h := "t-[i] . k := u[iJ 

end; 
m12 :== s[iJ . 
if (m1[11J=1) t.hen · 

begin 
if Cm1U1.J•m11(0) t.hen 

begin i:f" Cm11•m12{0) and Cm12{1) t.hen done :== t.rue. end 
else 
if CC<ml1>1) and. (11}12{1)) or CCm11<D and Cm12)1))) 

t.hen done .- t.rue 
end 

else { mHl1J=-1} 
beg-in 
if CmH11i*m11<0) t.hen 

beg-in if (m11•m12{0) and Cm12)-1) t.hen done:=t.r·ue end 
else 
if (((mL1<-1) and (m12)-1)) or 
CCm11)-1) and <Cm12<-1) or Cm12)0)))) t.hen done:=t.rue 

end 
end; { End Replace } 
procedure One(var f,g:real; u:real; t.,w:list.); 
{Course t.o be t.aken when sHJ•mH11J>O } 
var lamda:r·:~al; arlag-:boolean; 
begin 

ConvexCt.[i}_,t,[i +1] ,u,lamda,aflag) _; 
if (aflag-=Lrue) t.hen 

begin 
f := u; ~; := lamda•w[iJ + C1-lamda.)*wU+1J; done .­

end 
else repla-::eCxt,yt,u) 

end; 
procedure Two; 
{Course of :act.ion when Ch~k) 
var aflag:biJolean; 
begin 

i.f (count.==/) l.h~-n 

{ End One } 

is on x=xO Ol' y=yO } 

t.r•ue 
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begin 
if Cabs(s[iD<D "then done 

·else 
- "true { M is opt-imal } 

· { abs(s[iD>=1 } 

begin 
if (s[iJ{O) t.hen yO := ay[2J else yO .- ay[4J; 
Convex{ y1[i], y:Hi +1], yO ,alpha ,a:flag); 
if (af'l;:tg=t.r·ue) "then 

begin 
done := "true,; . 
k ·:= ~~0; h := alpha*xHiJ + (1-alpha)*xHi+1J 

end .. 

else RHplace(y1,x1,y0) 
end 

end 
else { Ccount.::i2) } 

begin 
if Cabs CsliD>D t.h~n done 
eL-se 
begin 

.- "true { N is opt.imal } 
{ abs(s[iD<=1. } 

if (s[i]({)) t.hen xO := ax[1J else xO .­
Convex(,d[iJ ,xi[i .f-1] ,xO ,alpha,a:f1ag); 
if (afla!!;=t.rue) t.hen 
·begin 

done ::= t.rue ,; 

ax[3J; 

h := x0; k := alpha*y1UJ + <1-alph.~)*y1[i+1) 

end 
else Replace(x1,y1,x0) 

end 
end 

end; { End Two } 
procedure Four; 
{Course .t.o be adopt.ed when s[iJ*mH11J<O} 
var aflag:boolean; 
begin 
if <bHiJOO) t.hen 

begin 
c11 := <c:HiJ-a1[i]*x0)/b1[iJ; 
Convex(k,~'O,c:11,alpha .• aflag); . 
if (aflag:: .. t.rue) "then 

begin 
Convex(l(t[iJ,xHi+1J .• xO,alpha,aflag); 
if (af'l;~.g=t.rue) ."then 

begin 
FindDoominat.e<h,k,l1,12); · 
Dominat,ingPair; 
h := leO; 
Next.Movement.Ch,x1,y1); 
Updat.e{yO:,k>·; · 
if <abs(s:UD<1.) t.hen done := "true { M is: opt-imal } 
else { abs(sUD>=1 } 

begin 
Convex<yHiJ, y1[i +1J,y0 ,alpha,aflag); 
if Caflag=t.rue) t..hen 

bt; ~;in 
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done := t-rue; 
k := yO; h := alpha•xi[iJ + C1-alpha)•xHi+1] 

er..d 
els•:· ReplaceCy1,x1,y0); 
a.Il..:.g ·:= t-rue 

·{ a.Ilag=.Ialse } · 

end 
end 

else ReplaceCx1,y1.,x0); 
a.Ilag .-· t-rue 

end 
end; 

i.I CbHiJ=O) ·.Jr Ca.Ilag=:false) t-hen 
begin 

ConvexCy1Ul,yHi+1],y0 ,alpha,a.Ilag); 
i:f Caflag=:t.rue) t.hen · 

begin 
if Cabs(s[i]))i) t.hen 

begin 

{ aflag=:false } 

done := t-rue; { tvl is opt-imal } 
k := yO; h := alpha•xHiJ + (1-alpha)•x1ri+1l 

end 
else 

begin 
jj := 11; 
FindD•::>minat.eCh,k,l1 ,12); 

i:f <11.:= jj) t.hen 11 := 12; · 
Sing l·r!Side; 
Convf~x<xHil,xHi +1J ,xO ,alpha,aflag); 
i:f <arlag=t..rue) t-hen 

begin 
done := t-rue; 
h :== xO; k := alpha•x1U] + C1-alpha)•xHi+1J 

end 
else· ReplaceCy1,x1,y0) 

end 
end 

else Replace(x1,y1.,x0) 
end 

end.; 
begin 
clrscr;. 
as:signCin:fil, ... input. :file'),; 

{ End Four } 
{ main act..ion slat..t:•ment..s } 

<The coordinat..es o:f t.he demand point-s and t..he coef:ficient.s 
of' t.he linear . const.raint..s "L9 be r·ead f'x~om t..he input. f'ile} 

reset-Cin:fiD ,; 
assign.Cout.:fH,'out..put.. iile'); 
rewri t.e Cout.f"iD; 
writ..elnesuppiy no. o:f const.raint.s m and no. of point..s n'); 
readln(m,n) ,; 
for i := 1 t.o n do readlnCin:fil,xUl,yUD; 
fox• i := 1 t.o m do readlnCinfil .• a[il,b[iJ,c£iD; 
DiamondCu1,u:;~,v1,v2); 

ax[1.J:=Ccd1J-cc[3]) /2; .ay[lJ:= Ccd 1J+cd3])/2; 
ax(2J:=Cccf tJ-cd-lD/2 ~ ay[2J:=Ccd 1J+cd--!D/2; 
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axt:3J:=(ccf2]-·ccf4D/2; ay[3]:=(ccf2]+ccf4D/2; 
ax£4J:=<ccf2J·-ccf3D/2; ay[4J:=<cd2J+ccf3D/2; 
!or i := 1 to 4 do 
if (i=·D or Ci=2) t.hen mHil 

Count.erclock_; 
Find.Segment. Ch1,k1 ,h2 ,k2 ,!lag); 
i:f :Ilag=t.ru€~ t.hen 

begin 

-1 else mHi] .- +1_; 

writ.e('Tht~ se~ment.. :from (',h1,', ',k1,')','t.o <',h2); 
wri t.eln(', ',k2, ') const.i t.utes t.he required solut.ion') 

end 
else { :Ilag=:false } 

begin 
done := f;~.lse; 

Ini t.ialSt.ef,:>; 
while not.(!lag) do' 

begin 
if <1200) t.hen 

begin 
Two; 
if (done=t.rue) t.hen flag .- t.rue 

end 
else 

begin 
if (s[iJ*mH11J)0) t.hen 

begh-1. 

{ 12=0 } 

if (abs{s[i]){1) t.hen One(h,k,xO,x1,yD 
els·e One(k,h,yO,y1,x1 )_; 

if •:done=t.rue) t.hen flag := t.rue 
end 

else 
begin 

Four; 

{ (s[il•m1U1J(0) } 

if (done=t.rue) t.hen flag .- t.rue 
end 

end 
end 

end; 
writ.eln(out.:nl,'h= ·',h,'k= ',k); 
close(outJfiD; 
c.lose(inf"iD 

end. 

{ end while } 
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