SOLUTION OF CERTAIN LOCATIONAL PROBLEMS
| ARISING IN L, NORM |

A THESIS
SUBMITTED FOR THE DEGREE OF
DOCTOR OF PHILOSOPHY ( MATHEMATICS )
TO THE
UNIVERSITY OF NORTH BENGAL
1994 '

BY
Visith Ranjan Chalkrabarts

ANANDA CHANDRA COLLEGE
JALPAIGURI, WEST BENGAL
INDIA

NORTH BENGAS
University Library
Raja Rammohurpus



Red.
Bil. 8
& 434,

A

1245

Py
13

L

T° &UG 1995



DEDICATED TO MY PARENTS



ACKNOWLEDGEMENTS

This work could not have been posSible without bl}e'encti—
ve cooper-abion~ and guidance of Dr. Prasanta Kumar Chau'dhuri‘;
Reader in Mathemat,ics,ljniversit,y of North Béngal,under whosé
supervision this research has been completed. The teachers -I
and staff of the Mathematics Department. of this lxn:ivér;ity
and my colleagueé in Ananda Chandra Coliegei le_n"t, ‘me uhst,int-::
ed support t,hroLxg;hout, the course of my work. I am also indeb-
. ted to my rela’t;i\f/és and friends who have néver failed 'in" ext-
ending encouragement and showing warm interest in the work.
The authorities of A. C. College 'have made available the
computer facilitiés without which t-,he‘ work would hav.e taken '_ o
much more time to be completed. My heartfelt phanks ars L
due to the staff of the University Scie;nce Instrumentation
Centre and in par?cular to ‘it,s Head Dr.r S.K. Sex;gupt.a for
pfoviding access to the centre. I wish to thank the irum'sat,esi
of the FResearch Scholars’ Hostel for their sincere cooperQat,—:
ion. Possibly t;he project would never actualise wi'thout, the'!
" financial support and leave made available to me urnder the
F. I. P. scheme of the UniQersit,y Grants Commission. 1 wouli‘l
like to take this opportunity t‘,o‘ express my indebtedness to:
Prof. A. Banerjee for giving various illuminating suggestioas
which I have tried to incorporate in my work. Last;, but. not.
the least., I owe my gratitude to my wife who haci to be;a\r the
full brunt of the varidus inconvenienc‘e% that the work énta—’

iled.



TaBLE OF CONTENTS

CHAPTER 1 1Introduction and Preliminaries

1.1
1.1.1
1.1.2
1.1.3
1.1.4
1.1.5
1.1.6
1.1.7
1.1.8
1.2
1.2.1
1.2.2
1.2.3
1.3
1.3.1
1.3.2

Origin and development of different aspects of
locavwional problems

Selection of. criterion

Choice of norms

Minimax a‘nd minisu;n location problems in
networks |

The Euclidean MSC problem

Generalisation of the single facility problem
Another generallisat,ion of the single facility
problem

Algorithms

Locating an undesirable faciliby us ing the
minimax criterion

Soluiion procedures for some rectilinear dist-
ance planar single facilitg;l .prob'.lem "
Elzinga and Hearn‘algbr’ithm'

Franzcis algorithm

Drezner and Wesolowsky .algorithm‘

The present met-ﬁodology

The solution procedure for the unconstrained
case

The solution procedure for the constrained

case

10

11

"13

21

23

26



CHAPTER 2 Werighted unconstrained 'problens :

2.1.1 Solution of a weighted one~centre problem

2.4.2

2.41.3 Solution of Lhe problem

2.1.4 Algorithm

2.1.5 Analyssis of time cémplexit,.y

2.1.6 Numerical example

2.1.7 Comput..at,ionai experience:

2.1.8 Sensi't-ivit,y analysis

2.2.1 Solut,;i;bn of an asymmetric rectilinear dist-
ance minimax location problem

2.2.2 Problem formulation

2.2.3 Solution of’ f,he probiem

2.2.4 Algorithm

2.2.5 Numerical example

2.2.6 Opera?t-ion.cou.nf;..

2;.2...7 Appen:dix

under the L1 norm

Procedure

CHAPTER 3 Constrained problems

32.1.1 Geomeiric solution of a constrained rectilinear
distance minimax location problem

3.1.2 Problam étatehent

3.1.3 ’Ifhe alg;orvit,hm

3.1.4 Analysis of time complexity

3.1.5 Sensitivity .analysis

3.1.6 Numerical solutions

42
45
54
59

60

63

64

66

- 69

71

82

86

87

88

. 88

89
92

o4

o5

©6



3.1.7 Appencix

2.2.1 Geometlric solution to some planar constrained

minimax problems involving the wéig‘htéd recti-

linear metric
3.2.2 Formulation of the problem
3.2.3 Preliminaries
2.2.4 Algorithm
3.2.5 Numerical examp les

2.2.6 Appendi x
CHAPTER 4 Computer codes

4.1.14 Pseude code of the weigtxte§ minimax problem

4.1.2 Pascal progi‘am for the weigl}t,ed unconstrained
location problem

4A.1.3 Pascal program of the equiweighted constrained
minim:f«x. locatti on problem

BIBLIOGRAPHY

98,

100
101 .
103"
106
108

111

113

113 .

123 | -

133



CHAPTER 1

Introduction and Preliminaries

This dissertation is divided into four chapters.

Chapter 1 introduces some basic concepts and' notations
we employ in this thesis and serves as a prelude to the
current work. Geometric solution procedures find important
applications in the problems involving location of facilit-
iés considered by us.

Chapter 2 considers the unconstrained pboblen'l of
‘locating a single service centre in the plane in the
presence of existing location points using the c¢riterion of
minimising the “maximum weighted — rectilinear distance,
symmetric as ‘well as asymmet_,r'ic, and obtains the solution
analytically by exploiting the geomet.ri(':ai structure of the
problem. Asymmetric weight is t;ypically exemplified by rush
Ahoux\ trafiic and similar other situations.

Chapter 3 deals with the problem of locat{ing. a,single
service. centre . catering to the demands of customers
distributed over a finite set of demand points in a
two-dimensional space employving both the symmetric and the
non-symmetric Manhattan metric minimax ocriterion. An exact
solution technique, based on geometry, has been presented,
under the assumption that the required centre should be
situated within a convex Polyhedfal region.

Finally, chapter 4 focusses on the computational

f. N



aspects of some of the above mentioned problems and presents |

algorithms having a peolynomial time complexity.

1.1 Origin and development of different aspects of locational

problems

Facility layout and location problems have been the
sub ject of study for centuries. The ancient Greeks are known
to hav.e been faséinated by this =subject. A vérsion' of the
Euclidean distance location problem was posed by Fermat I[16,
511 as a purely geometrical problem in the early seventeenth
century and solved b'y Torricelli [36]1 around 1-64‘0, which'may
be stated thus: ‘given three points 'in the plane, find a fou-
rth one such that the sum of the distances to the three said
.point,s is a minimum. Cavalieri [36] in 1647 reviewed the
problem and Jacob Steiner I[16, 521, a Swiss mathematician,
early in the nineteenth century, made an a‘t,t,em;':pvt, to s=solve
the problem posed as a classic ’geomet,r'y problem in the
special case of equal weights while Alfred- Weber [76), a
German economist,in his pioneering work towards the beginning
of this century,once again studied the weighted version, also
known az the Steiner-Weber problem or the general Fermat
problem, whic:h consists in locating a warehouse in such a
way that the total weighted distance travelled between the
warehouse and a set of demand peints is a minimum. The dual
of this problem was solved by Fasbénder I[36] towards t.hel

middle of nineteenth century. But it was Kuhn [501 in 1963



who was the first to have alttempted a purely mathematical
approach in order to find a solution to the problem.

Although faqﬂity layout. and location problems continued
to receive considerable attention over the years it was only
after practitioners in OR began exhﬂﬁidng interest. that the
sub ject became the focal point of attraction for several
disciplines.

Locational analysis deals with the study and development
of met,h:)dologies Sleeking to determine the locations of r;ew
facilities in such a way that the users of the facilities are
benefited most. By  constructing suitable models which involve
locating one or more new féciliﬂies, and‘ solving them, the
investigation is carried out. With the passage of time,
however, the formulation of the location problem  has
undergone radical change.

In solving facilit.y layout. and location problemé models
simple rather t,h.an highly =ophisticated although <closé1y
appfoxhnating the real world have been develqped.'lé the
analysis of facility layout and location problems the
process of verifying if the model accurately represents the
physical system under study is most important. In obtaining
a solution to the problem its formulation and analysis have

to be carried out at the outset.



1.1.1 Selection of criterion

The «riterion of minimising some funct,ion. of dis?anée,
either unweightéd’ or weighted by some importance factor, the
weight being interpreted as cost per unit of distance from a
demand point to a facility, is perhaps the most natural
choice. It the new facility is a factory supplying
warehouses or a new machine to be iocated in a plant layout
or a poinf. in a network to be cohnected t.o kno‘\;vvn‘ points in
the network Jdthe existing facilities)>, its location may bbe
determined in such a way that the total cost which >is
directly pboport,ional/ to the distances involved, will be a
minimum. Sbmet.imes, instead of minimising the total distance
travelled, it may .be required to minimise the maximum
distance, which is actually the minimax counterpart of the
more familiar Fermat problem. Such a criterion is most
natural in locating some emergency facility for which the
maximum cd=lay is more iﬁpox-tant than the average or” total
delay incurred as a measure of effectiveness and has ‘been
rightly called the ’gfeaﬁé the squeaky wheel” criterion by
some authors inasmuch as the objective is to minimise the

effects of the worst situation, viz., the maximum cost.

1.1.2 Choicia of norms

There are many a distance measure we may define on the
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plane. A general distance family is L ' distance defined as
1

, 1/p
LA, AD> = (Ix1 - lep + I-y1 - yzlpJ » where p is the

distance parameter (1 =< p = «, and C>_<1, yi), (xz, yz) are

the coordinates of two givexx potint,s AL andu A2. Two distance
measures, however;, received much at.tention, viz., L1'
variously called the rectilinear, rectangular or Manhattan
distance and Lz" the euclidean .or straight line distance. In
urban location ana;lyses travel usually takes place along an
orthogonal set of streets. In prob'léms involving 'mac.:hine
location travel occurs along a set of réctangular aisles
arranged 'p-arallel to the walls of the buildiﬁg whel're the

machine iss housed. In such situations rectilinear distance is
the appropriate mét.ric. Whereas for some network location -or
‘pipeline design problems or problems involving air travel
euclidean distance is conveniently applied. For relatively
small areas on the earth’s surface, which may be treated
with considerable precision as a sphere, the planar' model
offers a very good approximation. When the - existing
facilities are widely separated, the area covering these may
be pro_jeci,ed onto a plane and the location of the required"
facility may be determined using an appropriate location
model on the plane, but only at the expense of introducing
errors into the analysis. Although there exists a number of
mapping techniques producing accurate pro jections of a

sphere onf.o a plane, in .problems involving large regions on
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the globe none preserves distance. On a sphere, therefore,
we should apply the shortest arc distance, also called the
geodesic norm, useful for g;lobal-. oﬁbimisation m, 3, 5, 19,
20, 23, 3Z. 791. Recently, location problems on the sphere

have been the centre of much critical attention in ' the
literature. Besides these there exist other norms notable
among which are ring radial, hyper-rectilinear, block norms

etc.
1.1.3 Minimax and minisum location problems in networks

Location theory evoked considerable interest after the -
publication of a  seminal paper b_\; Hakimi (421 who considered ,
the general prablem of locat,ing‘ one or mény facilities on a
.network employing the minimax or the minisum criterion.

Problems dealing. with the determination of optimal
location of service centres in networks or graphs abound in
practical situations. In particular, if a graph represents a
road network with its nodes represgnting. 'coh'lmunit.,ies.,. one
may have to optimally locate a .hospi't,al, police station,
fire station .of any other emergency sex;vice :f’acilit,_v. In .
such situations, the optimalit,y- criterion may be . the
minimisation of the distance or travel time from the
facility "to t,hé farthest node of the graph or the
opt,imisation_ of the worét case. In a more general §ituation,

a. number of such facilities rather than a single facilit,y_.’
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may be re:juired to be located such that the remotest node of
the gr;aph can be reached from at least one of the facilities
within a minimum distance. The. problem of locating emerge_ncy:
facilities with a view to minimising t,he largest. travel
distance t.o any node from its nearest facility is nat.urélly
called the minimax location problem and the facilities the
centres of the graph (Christofides [14DD.

There is a diffefent class of location problems where
the objective is to minimise the sum’ total of the distances
from the nodes to the central. facility, assuming that a
single sucb facility is to be located. The problem ofy
locating a -depot. in a roaa network where -the nodes represent-.
cusﬁomers or switching cehtre in a telephone network whére
the nodes represent subscriber.s, calls fop such objectives.
Problems of this t,ypé are consequent.ly called minisum
location problems, although the Qb_ject.i-ve may be the sum of'
‘various functions of' distances rather than the sum of
distances:. The reéultant facility locations are then .known

as the medians of a graph.
1.1.4 The euclidean MSC problem

The minimum Aspanning circle problem, also known as the
euclidean t-centre problem, may be stated as the problem of
covering a finite set of points in a plane with the smallest,

possible «circle <(Preparata and Shamos ({671>. This - is a



classical problem orié;inally posed by Syivester[?i, 721 in
1857, who while continuing the search for an efficient
alg;orit,'hm ultimately hit upon a graphical solution procedure
only in 1860 and  attributed the same to - Peirce: - - This
algorithm was rediscovered by Chrystall15] twenty five years
later. A modern ac:count, of their treat,ment, may be found in
Rademacher and Toeplitz [68]l. The smallest. enclosing circle
thus obtsined is unique and is either the circle circumsecrib-
ing some three points of the set forming an acute triangle
or described by two of them as. f:liamet,er.. Thus a finite
algq:xj__i_dthm that examines all pairs and t,rip-let,s of points and
determine:s: the minimum circle _eﬁclosing the set was
obtained. The complexity of this algorithm was on*>  and
Elzinga and Hearn I[31, 32] suggested an improvement that
would run in ocn®> time. Shamos [70] proposed an algorithm
which depends on the determination of the farthest point of
the Voronoi diagram requiring computational complexity of
O(n lognd. This amount of computational effort is at.- least -
needed for any solution algorithm. However, Megiddo [59]
suggested a linear time algorithm by transforming the
minimum spanning circle problem into a two - dimensional LP
formulation. In the MSC problem, also called a minimax
facilities location problem in Operations Research parlance,
we =seek a point, the required centre of the circle, the
greatest distance from which to any pbint,-of the set is a

minimum. The minimax criterion is most suitable in locating



emergency facilities to reduce worst case response time to a
~';7:inimum (Toregas et al. [741. It has also been successfully
implemented to locate a radio transmitter serving a number
of discrete receivers or a radar station _catering;; to the
demands of several defence irxsball;at,i;)rxs so that the RF
power determined by the radius of the covering circle is a
minimum ((Nair and Chandrasekaran [65]>. By treating the
smallest covering circle problem as a cont,ipuous
op{,imisat.ion proble;n, a number of iterative algorithms has
app-,eared, notable among them being Lawson [53], and Zhukho-
vitsky and Avdeyeva [80] -algorithms. ‘Jacobsen‘ [48])] has deve-
loped an algorithm relying on a specialised implementation .of

the method of feasible directions.
1.1.5 Generalisations of the single facility problem

The m-centre problem forms the most importéﬁt class of
problems in location theory and may be formally stated as
follows: Given a set D = {d1, dz""’ _dn) of n demand points
on a pbne, find a set S = {si, Sy S‘m} of unknown loca-
tions of m supply points or.m the plane such t,hlat. t.hé furthest

distance ‘between the demand points and their closest‘ supply
points is aws close as possible. Mat,hemat,idally speaking,
Minimise =,
where =z = max { min <L dd, s)>3»
L J

1<iZn 1Xj<m

Problems such as these find important applications in models
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concerning location of service facilities, as for, example,
hospitals, shopping centres, fire departments, ‘ pojivce
stations, radio or TV centres, or in many equity modéls in
~economics where the corpmunities represent demand points. The
m-centre problem may be treated as a genepalisat,ioﬁ of the
i-centre problem. This problem for general m has been
considered by Aneja et al. [21, Drezner [21], Hwang et al

(471, Ko et al. [49]1 and Vijay [75].
1.1.6 Anocither generalisation of the single facility problem

The multifacility location problem concerns locating any
given number of variable points representing facilities with
respect. to any given number of fixed points corresponding to

potential users applying the minisum or the minimax criterion.

Let x <4 = 1, 2, », m> denote the new facilities or the =so-
L
called wvariable points, a {( = 1, 2, » nN) the fixed points
]
or the existing facilities, v and Yok the weighting con-
v L .

stants between x and a and between x and xk respectively.
L 1 . L - .
The weights allow for the model to discriminate in importance

among distances. The problem where a minimum sum of weighﬂed

distances criterion is satisfied is the following:

3

m-—41 m

m
minimise z = z wi,_ L <{(x, a> + w e L x, x>
. 1 L 2 .
=4 j)=1 J P ] L=1 k=ZiL+1 - Pt k

whereas the problem: satisfying the minimax objective is

given by
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minimise =z where

z = max {w _ L (x, a), 1<if<m, 1=<j<n;
L] o) L J

Yok Lp(x_L, Xk>’ 1<i<m-1, i+1<k=m
Hakimi [421, Frank [39,40]1 and Goldman [41] have " studied
the minimax location problem in a network whilé Franci=s [35]
has dealt with At,'he same problem '.Oll'l a plane. Love et al [56]
and Elzinga and Hearn [33] provide =solution procedures t,o‘
the multifacility minimax problem . using euclidean distances. '
Love arid Morris [(54] have suggested a non-linear programming
approach to the problem using 'generalised L.p distanées.'
However, in ah urban setting the travel paths resemble more |
a rectangular than a straight liﬁe distance and consequently,
rectilinear distances become relevant. in such situations. .
Wesolowsky (78] has given a parametric linear progr_amm;‘.n-;:
solution t.o the - multifacility problem using I\e(:tili_near ,
distances. The single facility location problem c:én also' be
considered to be a special case of the multifacility location

problem stated above.

1.1.7 Algorithms

There exist several algorithms for solving the minimax

problem under the Euclidean norm (Blumenthal and Wahlin 151, -



Castells and Melville [6], Chakraborty. and Ghaudhuri [11‘..]..
Chat,eloﬁ et. al. [12], Chrystal and Peirce [15]1, Elzinga and‘
Hearn [31, 321, Francis [351, Hearn and Vijay [45], ngobsen
. [48]1, Megidde [59)], Nair and Chandrasekaran [65], Oommer‘x[c‘it'j}
Radémacher and Toeplitz [68 and Shamos [701>. Two papers -
one by Oommen [66]1 and the other by He;«rn znd Vijay [451 -

survey the literature and compare, qualitatively and computa-
tionally, the variocous solution procedures. Oommen has propos-
ed a computational scheme that synthesizes three of the best
known primal feasible algorithms, viz.,, the Chr_vst.al—Peix;ce
algorithm ;vit.h the Chakraborty-Chaudhuri initialisation, the
_Jacobsen algorithm and the ‘Ca'st,ells- Melville and Francis
algorithms and conjectures that t.,he' geometric algorithm has
a linear time complexity. Hearn and Vijay have demonstrated
that the Chrystal-Peirce algorithm with the Chakraborty-
Chaudhuri starting solution is the fastest in the equiweight-
ed case whereas for the weighted case the Elzinga-Hearn
algorithm turns out to ‘be the fastest. lChx‘*yst,al-—Peirce
algorithm iz based on primal feagibility while Elzinga-Hearn
algorithm depends on "dual feasibility. The primal
feasibility concept to solve a minimax location problem with
an efficient starting solut,ion,' was first,. introduced by
Chakraborty and Chaudhuri [11]. The basic idea behind this
method is tao cover S, the set of all demand - points, by a
. circle. The next step consists in reducing the radius of

this circle so that the demand points continue to refnain



within ths circle. The algorithm is designed in such a way
that at wsach iteration at least one demand point could be
eliminated and no future iteration would ever need any
information about this point. The dual feésibility concept
consists, in covering any two points éf IS by a mininin
circle. :1‘<he radius of the circle is then increased at each
step t,on;_.@«:commodat.e more and more demand points within the
circle until one gets the minimum covering circle. The basic
ideas contained in' our algorithm and Chakraborty-Chaudhuri’s
a}:a .ident.ical.‘ JBut,_. in order to solve the problem using
rectilineax» met.ricA we have to recast the latter and effect
certain changes to meet the present. situation. With this end
in view the spannir;g circle of the euclidean 1-centre
problem has been replaced by the covering. diamond (F‘fancis
and Wwhite [361), defined as follows: given any point Pda, b
and any non-negative number r we define .a ‘diamohd‘ with
centre P and radius r, to be denoted by D(P, r)>, by the set

of all points X{(x, y> for which Li(X.' P> < r. In s_vmbols,.

DCP, 1> = { XCx, y> L X, P> £ r }

1.1.8 Locating an undesirable facility using the minimax

criterion

There is another important class of location problems
concerned with locating an obnoxious or undesirable facility

that produces pollutants of the nature of radiation, noise
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or harmful gases, in such a way that the smallesit distarnc:
or the smallest weighted distance frdm a given set of demand
poinf,s ist maximised ‘while remaining within a préspé'c’:ified
region. Such problems are naturally known as maximin
préblems as opposed te the minimax version. A:pplication
areas include locabion of a hoisy facility, say a s.cho.ol‘,v a
prescribed distance away from residential quarters, or an
infectious: disease hospital, an qrdnance factory, a nuclear
waste disposal site, a factory Spéwing out. effluents and the
lHke. In such @ situations it is imperative to Ilocate ‘the‘
facility as far away as possible i.‘ron.l the points it actually
serves. Among the papers dealing with the maki‘hin ob jective

we may mention the ones by Dasarathy and White [17]1, Drezner

and Wesolowsky [26 - 281, Melachrinoudis {61, 621 and Mehrez '
et al. [601]. For a realistic formulation of the above
problem, Melachrinoudis and Cullinane [63]1 developed a Ioder

based on t,he‘ physical laws. of transfer of the unpleasant
effects associated with the installation of an. unde’sirable :
facility using the nﬁnimaﬁ criterion which, in this case,
minimises the maximum or worst effect of the polluting
facility. This model assumes that the effect of a new

undesirable facility upon an existing one follows the law of

inverse square of the distance between the facilities.



1.2 Solution procedures for some rectilinear distance planar

single facility problem

Amér.'.g the various solution procedures available in the
literature for the rectilinear one-centre problem, we shall
have the occasion now to dwell upon a few amongst these,
which are geometric in nature and moreover, have a direct
bearing on the present. work. From a purely theoretical
standpoint. the complexity of geometric algorithm is of'
interest siqce it sheds new light on Lhé int,.rinsic
difficulty in .computation. The solution procedures described
heré include Elzinga and Hearn algorithm [31]1 dealing with
the equal weighted case using an innovative concept of a
covering diamond (sec 1.1.73, Francis algorithm [34, 361
concerninz both the unweighted and the symmetric weighted
cases arxd‘ Drezner and Wesolowsky algorithm ([25] having
substantial contribution to the asymmetric weighted problem.

Let (ai, bi-)., i e I = {1, 2,., n> be the locat:ion of
the existing facilities or deménd points 'and (.x, y> be the
proposéd location of the new facility or the convenience

centre.
1.2.1 Eliinga and Hearn Algorithm

Elzinga and Hearn [311 have =tudied four variants of the

minimax location problem using geometric arguments, stated

(
I
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as follows:
mir)p max, [LP('P,- PL) + kL]

where p # 1 or 2 and k.L = nonnegat,ivé constanf... We discuss
the Elzing;a-Heérn alg’orithm for the case for which all the
k_L = 0 and p = 1. All the location points are at first
covered by a rectangle by moving a line having slope -1 so
as to touch at least one point situated farf,hest ieft ar;d a-ut,'
least. angther point. farthest right and doing the same thing
with another line with slope +1. They next éonsider at, rr{d_st,
four points, one on each side of the rect.angle. Four equad .
diamonds centred at each of these are then construct,ed' in
such a way that the radius of a diamoﬁd is less than the
required minimax distance.. The diamonds are now allowed to
expand uniformly about their centres. Any point  that belongs
to all four diémonds is an optimal solution. If the
rectangle has unequal adjacent sides Elzinga and Hearn have
shown geometrically that. the perpendicular bisector of the
longer sides truncated by vertical and horizpnt.al' lines

constructed through the extremities of one of the shorter.

sides of the rectangle constitutes the solution set.
1.2.2 Francis Algorithm

Francis [34] has considered the generalised unweighted
one-centr«e problem in the following form:

minimise fd(x, y> -

2
(%x.,y) € E
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where f(x, _v)'= max (|x - aL] +|y - bLI +g_L)
[N ¢ .
The inclusion of the term g 1is justified by the fact Uthat
A8
if x, y> bpe the location of an ambulance, then g may be
L

travel distance from <a, b D> to the

interprete: as the . L

nearest haospital.
This problem may be rewritten as:
minimise =
ssub ject t,'o [x = a,L[ +ly - b_L| g = Z, iel
By manipulating these absolute value inequalities they havé,

after some reductions, obtained the following - linear

programming problem:
minimise =z
sub ject. to x +y~-z=<a +h - g
) 18 1 ‘L

Xx+y+z2a +b + g
L 1 L

Assuming < = min a + b - g2, ¢ = max €a + b + gD,
1 L L L 2 i L L i
= { =4
s = min (¢(a + b - g3 ¢ = max (~a + b + g
L L L + i
i<t Lerx - v ¢

the above LPP further reduces to

minimise =z



sub ject. t.ao x +y -z

7
e}

1D

-x + vy + =z 2 cC
These constraints define a rectangle, two of whose p.arallel
sides are inclined at an angle of 45° with the x-axis while

the other two make an angle of 135~ with it. Let.

c = max (¢ =~ ¢, c = c ).
s . 2 1 4 3
' L =1 .

Then any point belonging to the line segment. joining the

points A - ¢, ¢ + ¢ + ¢ and 2 (c - ¢, ¢ + c - <
- t 3 1 E] =] 2 4 2 4 5

is a minimax location with .Kcs as the optimal objective

value, where X = 1.2,

The weighted version of the abaove problem considered by

Francis [34&] may be stated as:

minimise fdx,y>
(x,y? = E

where flx, yd> = max [w,(|x - a,l + |y - b.|) + g1
L L R 1 L

i = I -

where w_L (= 0> is the weight associated with (a,L_. bi> and g,
may be interpreted as the time required by uéer i to prepare
to go to the centre.

wWith M = G : i e I, w0, M.= 4 @ i e 1, w,L=0}-‘t,he
above probhlem may be rewritten as

minimise fd{x,y)>
2
(x,y) € E

where f(x,v) = -max { max [w (|x-a |+|y-b |)4g,]:, maxdg, )} o
) ieMm - v - h = vl
Let g = maﬁ(gL). If ¢ < k then the inequality

L <=M



max [w (|x-a |+|y—b_ |>+¢.1 = Kk
1 1 1 L

LM

is clearly equivalent. to

A

x+y<a +b + k-~ gdw
L L L

8

v

x + vy a + b - (& - giw,
L L L L

-=x + y < -a + b + (k- .gdXw
. L L

L

“x +y 2 -a +b - (k- giw,
L L L L

which are the same as (1> having g rTemoved, =z replaced vy
> L .
&k - gldw and the condition i<l substituted by i € M We -
v 1 * N SN . .
now define c1(k) through c“(k) as follows:

c (k> = min (a+b +k-g d>/w ), c (k> = max (a+b -<k-g >/w )
1 . i L T L T 2 . L T L v
1. €M L =M

c k> = min (-a+b +k-g /w ), ¢ (kd=max (-a +b -<k-g >ow )
3 Y L v L L 4 LG'M L L : L s

The set of all (x, y> such that f(x, y> £ k is given by

Sk = {(x, vy cz(k) £ x +y =< c1(k),

cck>s—x+y$cck>}
4 3

which 1is a rectangle with a pair of parallel sides at 45°

and another pair of parallel sides ‘at 135° wit.}‘.x. the ’x—axié.
For notational convenience, t.l;le' linéar transformation T and’
its invex-;;e T_i, have been defined as follows:
: " Tx, y2 = (x + vy, =x + y>) = ', yv'> (say) and

T_i(xl_, y)l = Ax~y, xty), where A = 1.2,
The numbears a‘;_j- and Ri.j for all 1 < i < j < n areae Jdefipmes

thus:

oL = max ( fw w
L

|a! - a’ + w g +t w g liw + w),
L) ) J L L

) L J L ]

g & )



7 = mak [ (w, w. |b’L - b’j + oW gj + wJ_ g,L]/('w_L + wj').
Geometrically, O(Lj represents the vg\lue of k when both L.he »
coordinateé of either user are réspectiveiy greater than
those of the other and BLJ’ represents the value of k in all
other casés. Let P, P, be the indices for which

z = max . D = o

1 i
151 < j=<n ! p1pz

and 9. g, the indices for which

z2 = max WRI> =0
1L <j%n i 99,
x
Also let r =(w a’ + w a’ + £ (g - g D)sKw + w D
Py Py P2 P2 Py P2 Py P2
where £ = -1 when a’ < a’", and £ = 1 when a’ > a’ ; and
1 2 1 2
x .
let. = ==(w b* + w b + £ (& .- g ))/(w + w D where
1, 9 1 9 Ay a2 -9 - 9
£ = =1 or +1 according as b’ =< b’ or b’ > b’ . Then
' ' Py P Py P2

z = max €z, zz)- gives the minimum objective value and
o 1

- * .
T 1(rm, s > a minimax location. To decide whether a unique
location -or alternative locations exist the following -three

c:aées_ have been considered.
: SR -1 % L .
Case 1. z, = =z =z implies T "<r , s > is the unique

locat.ion.

Case 2 z, =z > z, implies that. any point belonging to the
(4

lHne segment joining T_1Cr*, s1> and T_1(r*, sz) can claim

to be 2 minimax location where s, and s, are given by
s, = max {(bi_— (z_- gi))/wi_}, s, = rlnin {(bi-!- z_- gi))/wi}
LEX ) LEI

Case 3. %=z, > z, implies that any point. within the line
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- * - »*
segment. defined by T 1'(]:\1, s 2> and T 1(1\2, s > is an optimal:
lacation, r and r being given by

r = max {(afl—‘ (z_- gi>)/wt}’ r_ = min {(aft+ <z - gt))'/'wi}

Le1 =3
1.2.3 Drezner and Wesolowsky Algorithm

We now discuss Drezner and Wesolowsky’s method [251 of
solution of the asymmetric rectilinear minimax pr-oblem'. Let
the distance between the proposed location <, y> and the
demand point (a_L, bt) to be denoted by dL(x, y>, be defined
as follows:

dL(x, vy = dLCX) + dL(y) where

E |x-a | if xZa N |y-b | if y2b
L 1 L t ) L |

d x> = { and d (y> = {
18 . AN

W |x-a | if x<a S |y-b. | if y<b.
t AN L L L L
E, N, W and S. being the four weights to east, north,
" L
west and south respectively.

The problem considered by Drezner and Wesolowsky is as

follows: . . .

minimise { fix,y> = max d (x, y)}}
R 1T
2

iex
(%,y) & E
This problem can be restated as a linear programming problem
involving 3 variables and 4n constraints as shown below:
minimise =z
sub ject to E x - ad> + Ny - b> < =
1 L L L
W a - x> + Ny - b> < =
L L L L
E&x=-a>+ S b - y>= =z
[ L L L

W a - x>+ S (b - y) =< =z
L 18 L 1
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The method of solution proposed by Drezner and
Wesolowsky consists in finding a set of three demand. points
in such a way that the solution to thizs 3-point "pfoblem
coincides with that of the original problem. By a lemma ifc
has been shown that the optimal point mQSL lie 1in . the
smallest rect.ang:le obtained by drawiﬁg sides parauél té | t.hé
coaordinat.e axes containing all the demand points. Consequently,
the solution peint. for the. 2-point. problem will lie in the
rectaﬁgle Const.xluct.ed with these two points as opposite
vertices., As Ia result, the solution point in this case is
the point of intersection 61" one '~ of the sides of the
rectangle and the line of equal distances from the two given
points i and j, whose equation is given by

X,Ix—aj|+Y_|y—b,l=X
L L

L L

qx-a|+Y|y-b|
J J J J

E ,if x 2 a N ,if vy =2 b
where X = { r " and Y = { T r , o= i, j.
' W ,otherwise S ,otherwvise
r r

Not all the four points are feasible. From the “set of
feasible points the one with the minimum objective is to be

chiosen.

The: 3-point problem has been next decomposed into three

2-peint problems. A solution point (){*, y") to a Z=point

problem involving i, j (say?, is also a solution to a

3~peoint. problem characterised by i, j, k iff d, (x*, y*) >
, i ‘
*

dk- (x , v*). Otherwise_; the =solution (xo, yo> to the 3-point

problem must satisfy

dx_, y > = dj<x0, Vo2 = 4 G,y O
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>In -such a situation (xo,yo)A will be the point. of intersection
between any two lines of équél distances with respect to i,
3 ar;d i, k d(sayd, A\Avhich will lie in one of the sub-recbangles'
enclosing the thpee poir;f,s. The algorithm given by Drezner

‘and Wesolowsky solves the above problem using an iterative

technique and may be described as under:

Step 1. Choose any three points from the set of given demand
points aru.'l- solve .t,he 3-point px-oblem.' Obtain f('xi, yl) t.he
objective value cox‘\respbnding to the Solution point (xi, yi)
énd go to .*I;t}ep 2.

Step 2. C“alculat,é da = -d_(xr, yr) the maximum distance at
_ j ‘ _ .

r

the " rth iteration from (xr, y > to (aj, bj) and the

correspo'nding' f(xr,yr) and go to st,ep' 3.
Step 3. If d = &, y»O t,h.en &, y'> is  the opt;imal
solut,ion.;. stop. Else go to step 4.
Step 4. Introduce (aj,bj) by drop;ping one of the t.hree- points
in such a way tha£ the three retained points c:orres:pond_ to

1 r+s

the maximum objective value £ Y D, increment. r» by one

and go to step 2.

1.3 The present methodology

The «complexity of the rectilinear one-centre problem
increases .as the number of demand points increases. But. the
algorithm we are about to describe easily };ields exac£
solution even for large size probleﬁs and as far as we know

no existing algorithm uses geometric concepts for- the constr-
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ained case. Before we proceed to describe our method of solu-
tion let wus say a few words about. the usefulness of develop:
ing a specialised algorithm. Although simplex metheoed is
quite efficient in =solving minimax location problems and
there are readily available LP‘ solvers capable of solving
medium to large-scale problems, we give below the reasons }
for working out yet another algorivt.hm. The' current. solution
procedure requires storing of three vectors with. n
components each 'in the symmetric weighted case whereas
standard LP péckages need _t.hfee 4n-vectors occupving that
many memory locations. As a result, the former can handle a
problem having 3500 data points even on a PC. In contrast,
solving a pr‘oblem having 1000 p‘oinﬁs with one of the above
mentioned packages makes memory management more cumbersome.
The results obtained ‘by running the Pascal program of the
algorithm on a 486 PC AT after randomly generating various
sets of data points in the range of 1500' tc; 3500 ar:

summarised below. The number of iterations never exceeded

four.

No. of data Average running Maximum no. of
r2ints time in secs. iterations
1300 0.36 2
2000 0.48 2
2300 0.65 2
3000 - 0.83 3 .
3500 0.92 4




Withh the above preliminaries let us now give a brief
account. ¢f the solution procedure for the rectilinear minimax
problem. The locus of a point x, y>, whose weighted “rectili-

near distances from two given points P and P are equal, is
f L J

given by . - -

1¢x —ad> +mdCy - b =1(x~ad> +mly - b) 2

L L L L 1 A J ]
where

u' if x > .a vi if vy > b
l={r randm_={ r r,P=iorj
" L -4 otherwise ! -v otherwise
r

r
in the asymmetric weighted case. By asymmetric weight we mean
that with every location point is associated four different.
weight.s corresponding to the four principal directions viz.,:
left., right. up and down, with respect. to a pair of mutually

-~ + -

s 3 “ Ky + [} L
perpendicular lines. The weights u, u, v, v are consider-
r r r .

ed po=sitive. In the symmetric case u: =u =v = v = w

and if, additionally, the weights are equal, wr = 1. This

locus has been shown to be a closed polygon in the weighted
case with at most six sides enclosing the demand point
having greater weight. Here : by greater weight  in- the
asymmetric case we mean u_\i > u? and v':_-' > vf. "The locus
reduces ‘t.o an open polygon in  the absence of weights. Tt
locus will be. subsequently called an equipolygon EPG-j.
The opt,ir.nal solution with respect to a pair of demand points
P,L, » Pj hsS heen found to lie within or on the rect.anglel

drawn witvh these two points as opposite vertices, to be

called R(PL’ P > henceforth. Our method clearly -obtains the
] ' ) '
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direction of descent ie., the directed edge of the
equipolygon along which the objective does not. increése,

leading to the boundary of the rectangle.

1.3.1 The siolution procedure for the unconstrained case

Although any point may be chosen as the starting point,
we take, for convenience, one of: the vertices of the
smallest re-ctapgle ‘SR wh;se sides are papallel to the axes
of éoordinat.es enclosing all the demand points as the
initial =solution peint. In particular, we have taken the
vertex at the rightmost bottom corner _Po(xmax, vymin> as the
starting solution point. We next .det,ermine the weighted
fart.hest; demand point.,‘ say PL’ fro'm Po. By f,raversing an
L-shaped. pét,h Joining P0 to (a,L, ymin to P,L, to be denoted
by L(Po, P*‘.?’ we reach a point T(p, > equidistant from P‘__
and at. least another demand point, séy‘ Pj' T represenﬂs L, M
or N in case a < aj as shown in figure 1ad. -In.case'ai‘ > aj,
T denot.es. L, or N (see figure 1b). In the figures from 1a to
3d #nd 6a, Sb any two opposite corners of the rectangle ABCD
denote P_L, 'P;i. From T we continue moving in the direction of
descent of the equipolygon EPd- D until a point E is c;btain—
ed so t.hat. any one of the fol].owving bbssibilit.ies isr true:

(i> E is or:. the boundary of R(Pi’ Pj) 'and no P).:’ k  ING, P,
is as far away from E as Pi or PJ,. | | |
(ii> E is equidistant from three points Pi’ Pj and Pk

In case (4> E is optimal. In case d{Gid if E falls within or
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on the Lhoundary lt.af R(PL’ Pk)~ or R(PJ_,. Pk) then E is. o.pt‘irjnal._
Otherwise, the two poibts needed for the next»-iteration can
be obtained by means of a well defined selection .ru.[e stated
below. If more than three points are equidistant from E t.her&i
by a repeated application of the procedure for case <(ii> the
pair of points required for t.be next iteration may be easily
obtained.

Determination of the point E is carried out in s
steps: first, finlding the direction of descent at T and
second, obtainiﬁg the point of intersection of the edge of.

EPCi-j> containing T and EP(i-RJ, k « 1 \ 4, j»

Finding the direction ov'f descent at T :

Let us denote thé difference 'c;f the weightéd rectilinear
distances of P.L‘ and P from a point X by diffcX, P, PO
Refer to figures 2a and 2b f.orA the case for which abscissa
of T is greater than both a and aj. If diffdcA, Pi, Pj) and‘
diff(B, Pi’ Pj) be of the same sign then the descent direc-
tion TV will be given as in figure. 2a; ot,hérwise, TV will be’
given as  in figure 2b, where V is tﬁe verte# of EPG-P
lying on the edge containing T.

Let the abscissa of T lie between a and a. If the
product. of the above differences for A and B be negative’
then the descent direction TV is given as shown in figures
3a, 3b; otherwise, the abscissa of the demand point with the

smaller weight is assigned to that of the. point V and the- -

ordinate calculated from the equation (2> of the equipolygon
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(se'e figures 3¢, 3d>. If the ordinate of T lies between l;'L
and bj then the positién of V may be obtained in a similar
manner. It shogld be clearly borne in mind t.hat to reach the
boundary of R(P_L, Pi) we have to travérse at. most. three’
edges of EPd-3d; see f;igures 3c, 3d.

Obtaining the point of interseétion of the edge of EPJd-jd>

containing T and EPd{i-k)

If. diffdv, P_L,' Pk) < 0, for some k = I N {4, j>, then
Vk = EP({i-j> N EPd-k> exists; and TE = min {TVk} |
else |

if V is on .t,he boundary of the réct.ang.le then E «— V

elsse T «— V and repeat the above procedure to get E.

The line segmenti TV of EPG-jD may; intersect. either A(I) x=a .
and y=bk or (II> x=a  or CITID> y=bk or <IV> none of the
above. F‘br case (I> see figures 4a, 4b; for cases dI>,IDD
and IVY> refer to ‘figures 4c, 4d and 4e respect‘,iv‘ely. Let TG
= s, and TH = S - Figure 4a corresponds to the case for whic%
S1< s_3 figure 4b represeni,s the case where S; > SZ. Let us
consider s < s . We try to obtain the point, Vk first by
ascertaining if it belongs to the line .segment TG. 1If i.t,
does then no more search is necessary. Otherwise, we replace
TG by GH and repeat. the same procedure. If Vk' is still not
found we have to do the same thing with GH replaced by HV.

In any case at most three searches are required to get Vk.

For s, > s all the above steps are needed to be performed
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taking the segments TH, HG, GV in that order. All the other
cases are disposed of in a similar manner. It should be
observed that cases I> and dII> require at most.'v two
 searches and case (iV) one. Although in all the figures 4a
through 4@ the point T has been shown to lie in the third
quadrant with respect to Pk, the above arguments apply
equally well had we chosen the point T in any one of the
remair;ing; three quadrants. We now describe the search
technique. For an ) illustration let us again refer to case
as. 1If diffdaG, Pt’ : P)-:) <. 0 then tﬁe' ,éoirnt' of intersection
Vk of EP(i—j) and EPd{-k> exists within the line seé;ment 'TG
and Vk'is given by the convex combination of the pointy 71
and (G satlisfying equation (2). .Otherwise, if there is still
some segment left to be searched we apply the above
criterion to the next segment.

We now gb on to describe the criterion for selecting the
pair of points needed for the next iteration when three or |

more eguipolygons meet at ECu, vJ) and E is non-optimal.

Selection Rule :

Let .‘31 = {Pkl the weighted rectilinear distance from E
of Pk = the weighted rectilinear distance of _Pi or P., from
E; k = i,j>
All the points belonging to S1 mus_t, be on one side of 'x = u
vy = vd>. Take the points P,L, 'PJ_ a;nd another point,l P"k eAS{
If these three points lie on one side of x = u (y = v) then

if twc of them be on the same side of y = v (x = u> then
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the point corresponding to the smaller of the two
weights associated with these latter points is to be

retained for the next iteration after relabelling . them

else perform the next iteration after excluding the point,

with the maximum weight. ‘

Justification of the selection Rule:
To give a concrete example let us take P, Pk on one
)

side of x = u. We want to prove ﬂhat. P has a smaller weight -

k
compared to Pj' If possible, let us suppose that weight of
Pk is greét,er:. Since: T is then outside AEP(j—k) t.he‘ weight.ed
rectilinear distance of PJ, is less than' that. of‘Pk_ contrad-
icting primal feasibility. |

We next propose to show that the direction of descent
at E of EP(i-k) ts pointed out.s-idé EP(i—j0 when the. weight ,‘
of Pi R gr‘eater- than that of Pj and inside, otherwise. From
what l;las just now been proved, weight of Pj > weight of Pk
implies weight of’ ét > weight. of Pk' Hence, by primal
feasibility and also by virtue of the fact that an
equipolygon encloses the gfeat,er weight.,, it is evident that
T is outside EP(i-k>. As E is the point of intersection of
EPd- 3§ a;nd EPG-k> it imme;:liat.ely . follows that the
direction of descent at E of EPd-kd is pointed outside
EPdi- j>. See figure 5.

In csse of the latter let us take a point T < EPG-IO

in the neighbourhood of E and opposite to the direction of
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descent. of EP{-3j> at E. Therefore, T1 must. be outside
EP(i=j> in order to maintain primal fea=sibility thereby
proving our assertion.

From the -above we conclude that if we follow the
direction of descent of EPd-k) at E the weighf;éd distances.
of PL’ P); while remaining equ.‘al 1n relation to each other,
continually diminish but this distance: remains greater than
that of Pj'

When Pi.' Pj e;nd Pk belong to the same quadrant with
respect to E the three equipolygons coincide. Although we
may select. any equipolygoﬁ, without loss of generality we
can exclude the point having the maximum weight from the

purview of the following iteration.

Finding the stretch containing the set of optinnal solutjons:

Two cases are to be considered here depending on the
position of the optimal point E. When E is within R(Pi’ Pj>
and a third point Pk' as far away from E as PL or Pj in the
weighted rectilinear distance sense, is available. Firét the
symmetric case. Following the edge of EPd-j> through E the
ob jective will remain unaltered. But . for Pk it will decrease
in one direction only whi'ch, therefore, has to be chosen as
“Lhe direction of descent. T «— E and proceeding exactly .as
the method described above for getting E we shall get TE as
the required stretch. If E is on the boundary of R(PL’ Pj)

then we obtain a unique direction of descénb which will give

the stretch by applyving the same arguments as has been put
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forward in this section. In the asymmetric case, the same
arguments once again hold. But we must bear in mind that the
values of f.,he objective function aL_ various points on tins
edge of .E'.'P(i—_j) lying wit,hin R(P_L,v P_j) are not, in general,

the same.

1.3.2 The solution procedure for the constrained case

If the smalle'st, rect;angle SE | containing all the demand
points belongs to the convex polyhedral region CP then the
unconstrained case we have already discussed is obtained. If
the right hand bottom corner of SR e CP then as i.ls'ua'l‘we ‘
take Po as the starting point; ‘otherwise, Po is chosen
arbitrarily within CP. In any case we obtain the weight,edl

farthest point P from P‘o and then move along L(Po, P>
i- . 4 o

R Y

until a point T is obtained from which P and another point .~

1

P, are at the same weighted rectangular distance. We denote
J ’ ' .

by Y the point where the difectibn of movement meets thsz

boundary.

If T « CP then Y «— 9CP n LCP_, PD and the boundary
criterion given below is applied.

Else we follow the direction of descent of EPd-j> so as
to :énqount_.er a point E equidistant from P_L, Pj and at
least one more point Pk' Now either E € CP or E & CP.
If E € CP then

if E satisfies the criterion discussed in sec 1.3.1
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then E is optirﬁal
else apply the selection rule discussed in sec 1.31,
drop a point. from PL" Pj "and repeat this step.

Else Y «— A8CP N EPG-j> and we apply the boundary

criterion. If no such'é is availabie t,henl
if we can move upto the point V on BR(PL,Pj) then
V is optimal |
else Y «—— 8CP n EP{i-j> and the boundary crite-
ric;n is applied.

Boundary criteri(.)n: We now prés'ent, the pxl‘ocedl;lre that
determines: the direction governing the movement on reaching
a point Y on JCP. For this purpose let us introduce the
concept of the Cone of de&cent direction which will be found
t,o.be useful in our subsequent discussion. Let H,L(Y') denote
the halfspace at Y defiried by the isoline of Pi. t,hfough Y
containing Pt' Then HL(Y) N CP is the cone of -descent
direction provided no EPC(-j>, j & IN{i), passes through Y.
Otherwise, H_L(Y) N HJ,CY) M CP is the cone of descent
direction as shown in figures 6a, 6b. Let ¥ represent. this
cone. If ¥ = {¥Y> then Y is the wunique optimal solution. The
portion of J8CP constituting an extreme direction of ¥ will
give the direction of the next movement. If P be any point
lying within EP(i=j> the weighted rectilinear distance from
P to the demand point having' greater weight is less than the
weighted rectilinear distance from P to the other pbint.

whereas if P is outside EP(i-j> this property is reversed.
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We, therefore, have the following criterion.

If the direction of mo;/ement, along the boundary of CP
is towards f,he. interior of 'EP(-j> then drop the demand
_ point with the greater weight.; else drop the point
corresponding to the Smalier; weight.. IIt, is worth mentioning
in this connection - that the interior or exterior of EPGi-§>
1s determined by comparing the gradients of the concerned
edge of the equipolygon and the extreme direction of &.

Moving along ‘an extreme direction of € any oné of the
cases enumeratea below may become true:
> a ‘poirﬁt ‘P on J8CP equidistant from at least two demand
points is found; |
iid> an ext..remerpoint. V of gCP is attained;

- Ciiid a point P situated at the intersection of &8CP and a
line ‘t,hrou.g;h P_L drawn parallel to either coordinate axis is
obtained.

In case 4> if the equipolygon with respect to a suit-
ably chosen pair of demand points . is udirect,ed. -towardé the
interior of CP then move along this side of the equipolygon; '
else get ¥ afresh and decide. on the p1;~oper c:oux;:;e 61‘ act,ion:

In case dii> if V satisfies the condition of optimality .
then stop: else drop the curr-éntly activé edge of. 8CP, selec-’b'
the next odge, obtain € de novo and_repeat, the above steps.

In case (4iid determine € at P with respe.c:t. to the iso- .

line of Pi" different. from the earlier one, and perform the

above actions.



CHAPTER 2

wWeighted Unconstrained Problems

In this ':haptér we shall discuss solution procedures of
two facility locaton problems in the unconstrained case with
the minimax cvbjec.t.iv-e. ‘The distance measﬁre chosen for the
purpose is rectilinear. Section 211 deals with the case in
which the weights are symmetric and in secton 2.2.1 the
weights have been supposed to be asymmetric.

2.1.1 Solution of a weighted one-centre problem under the
l..1 nora | '
The problem considered in this section now follows

min PGR.Z max el

w,LdCP, PL) ad
where P(x, y> is a variable point in the plane, I =
{1.2,....n}, Pi.(ai. R bt> are given points in the plane
belonging to a finite set S, w. are positive weights, and
dcp, Pi)’ the rectilinear distance from P to PL’ is given by
dCP, P> = x - .=_a|,Ll+|y—b_L B

To solve 2 ‘we first obtain the maximuxﬁ weighted
rectilinear distance of the set S from an arbitrarily chosen
point P in the plane and then move P such that the weighted
rectilinear distance c:>f. it from another point in S is the
same as the dist,ance) between P and the weighted farthest
point. but. greater than the distance between P and any other
point of S + a criterion to be called primal feasibility
hereafter. This distance is then gradually diminished by

moving the point, maintaining primal feasibility all the

42
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while, along a path determined Iby the pair of points of S
until either at léast. a third point of S is.encourft,ered such
that all these po.int,s of S are equidistant from the moving
point P or no such third point at all exists. We have
developed t,.he algorithm by translating these ideas for which
we would require certain . basic concepts such as an
equipolygon, a well-behaved point’ etc. defined in Section
212 In ordsr to accomplish the task of gradually reducing
thié_ distance until the minimum value of the db_]'ec:t,ive
function is achieved we have adopted a solution procedure
based on the mét.hods of ﬂwo dimensioﬁal analytic coordinate
geometry. The strategy for solving the problem has been
explained in detail in Section 2.1.3.

As regards the =scope of application of the minimax
criterion we might consider locating a new facility, say, a’
pelyelinic or 'a fire station in a laf»g;e metropolitan area
where the objective is to minimize the maximum r*_éc:tilinear_
travel distance of a potential user, weighted by s—ome‘
importance factor which is any positive number quantifying

the nature of interaction between the facility and the

category gf user.

In the recent past Love. Morris and Wesolowsky I55]
have made an in-depth study of models concerning layout and
location of facilities. The equiweight.ed rectilinear metric
problem has: been invest!iéate'd by F‘ra‘n.cis [341] s;nd Elz:lnga
and Hearn [31] using geometrical properties. By t.r;an'sforming

into an equivalent linear programming problem Francis and
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white [36]1 thave developed a solution procedure via linear
programming for t.he weigl;mt,ed version of .t,he location
problem. The solution procedure developed by them requires
o . and ,I?_L, {pp 384-389, [361> to be calculated for all the
i)

demand boint.:s: to arrive at a conclusion whereas our method,
being essentially an iterative one, requires no more
investigation ii; the point of intersection of two equipoly-

gons liés' on the rectangle formed by any two of the points
defining the equipoly'gons as a ;‘esult. of which the remaining
equipolygons are excluded from further consideration.
Wendel, Hurter and Lowe [77]1 have given efficient algorithms
fdr finding the set of efficient lo.c.at,.ions .wit,lh the L.1 norm
for the singlé facility planar locétion model. Drezner and
- Wesolowsky [241 have  also extensively studied one centre Lp
~distance minimax . locational probiems. F‘ranci.s, McGinnis ahd
White [37] znd Hansen. Peeters and Thisse [441 have given 2
method-oriented selective survey of the Iliterature and
provided a comparison of the different. computatio;lally
efficient algorithms. Morris [64] has presented an efficient
algorithm for solving the constrained ‘multifacilit._\; location
problems. For 't,he multifacility min_imax location problem we
refer the reader to the excellent works of, amongl others,
Drezner [211, Ané_ja,l AC‘h;arll;drlasekar.an and Nair [2], Ko, Lee
and Chané [491, - De-aring and Francis t18] and Wesolbwsky;.

[781.



2.1.2 Procedure

At the outset. we shall try to
point in R® from -which the weighted
t.two given location points 'ape equal.
Let PCa, b> and P ¢a, b D> be
1. 1 1 2 2 2
plane with associated weights w and

from which the weighted rectilinear

obtain the locus of a

rectilinear distances of

any two points in the
v, and (x, y> any point

distances of P1 and Pé

are the same. Without any loss of generality we may assume

a <
1

the points. Furthermore,

the weighted rectilinear distances of P1 and P2

lett us suppose w, < wz.

a, asﬂatherwise we may always interchange the labels of

Equating

from &, vy>

we get
wd(lx-a| + |y=-b|>=wd(|x-a]| + |y -Db [> 2>
1 1 1 2 2 2
Let usi rewrite this equation as FCyd = Gx>
where Fdyd = w, ly - b | - w |y = b2 | 3>
and Gixd = v, I* = a | - w |x - a | 4>
For a given x = X, we want to find an y such that Fdy)

= G(xo). In other words, we w.ant, to determine the point—,s of

intersection of the curves u =

Let us now investigate the

defined by (3> and (4D,

If b < b
1 2

everywhere, strictly increasing in

G(xl > and u =
O .

then the function u =

- o©» ,

FCLD.
nature of the functions
Fdt> is continuous

b> and b, b
1 1 2

and strictly decreasing in (bz, w0 and having its maximum

positive value of w (bz- b> at t =
‘ 1 1

greater weight. Also F(L> —» - ® as t —3 *

If, on the other hand. b > b
t 2

bz associated with the
. : .

then the above function
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strictly increases in (- o, b2) and decreases in (bz, b1)

and (b, w>» but still has the maximum positive value of
1 ' .

w(b =~ b > at t =.b_.

101 2 2

Since the function Trepresented by {42 has a form

identical t¢ that given by (3D, it immediaf;ely follows that

the functicn u = G5 is continuous, strictly decreasing in

(- o a2 and ('a_i, 32)4 and strictly increasing in (az, o),
1 . .

having the :minimum negative value of - wi(az— 31) at t = a_.

Also GL) —-9 + ®w as tt —s * .

Note: If w, > v, then the curves reppe_sent.'ed by'v(3> and >
will simply exchange their respective forms.

As max F> > 0 and G(az) < 0 it foilows from the
nature of the curve u = F(tD .thai. it will intersect u =
G(az) at. two points. Hence we can conclude that. the set of
x, y) satislying (2> is not void.

In a similar manner it; ;:an ‘be deduced that the curves u
= G and u = F‘(b2 > will intersect at exactly two po—int.s,

say o« and 7 C > a >, given by

# = {lwa - wa +w(b—b)]/(w—w> and
2 2 1 1 1 2 4 2 E S
[w a-wa -w<¢b ~b >]/<w -w JifFCb >> GCa D
2 2 1 1 1 2 1 2 4 2 1
[w a_+w a - w (b -b >]/Cw_+w DifF(b _>< GCa >
2 2 4 4 1 2 1 2 4 2 1

provided a # a .
1 2

If a=a then 3 =a + w<b - bd/Aw - w)
3. 2 . 1 1 2 1 2 1
and @ = a - wd(b -~ bdXAw - w>

1 1 2 1 2 1

If x < & or x > 2 then since G(x> > F‘(bz), the curves (3) and
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(4> will not intersect at all

If, on the o»t.her hand, we consider any x, = {a, 3> then
there exists an v, such that txo. yo) .sat,isfies (2> which
implies thait the curve u = F> intersects u = G(xo) at two
distinct points. At x = o or x = {3 there .exist,s only one
value of.y, viz. y = bz’ such that F‘(bz) = Gl = GO,

From the above discq'ssions we, therefore, have the
following lemma. '

Lemmé 1. The locusl of (x,l y)> as given by 2> is a closed
polygon having within it the point associated with the
greater weight.

Ix;x what follows we Ashall call this locus the equipolygon
of P1 ana F2 and. denote it by EP1-2>. This eq'uAipolygon cuts
the line joining P1 'and P2 both internaily and externally in
the inverse .rat.io. of the weights ‘at  the ext.remitieé, their
coordinates being given by

(¢w,a + kw a >/Cw + kw ), Cw b +'kw b >/Cw + kw2>) -
where k = 1 in the former case and k = -1 in the latter.

Wevst,.at,e without proof the following corollary to be

required in the sequel.
Corollary it The weighted rectilinear distance from any
point P in R to Vt,he location point é:or-r'esponding to the
greater wei.gg;ht, is greater than that to the other point when
the point P is outside the equipolygon, a closed contour in
this case, and vice versa.

To have a closer look into the nature of the equipolygon

we divide the entire plane into 9 regions I through IX
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depending on the position of (x, y> as follows; see figure L

I x < a . vyv X b ; II x < a , b < v < b;

- 1 L 1 L ]

< < < b;

I11 x < a1 v = bI 1V a1 < x a2 v .

\'% a < x X a b £ yv £ b ; \'2! a < x = a, v 2 b,

1 2 i j 1 2 j

= . b =< < b

VIl xZaz. yﬁbL. VIII x z a . A l
IX x 2 a , v 2b ;

where b < b; i, j =1, 2 and i # j.
L ] .
In each of the above regions if the equipolygon is defined

then it may be represented as shown below.

I x + v= a2 + b where a = (wa - wa 2w - w D
: 2 2z - 1 01 2 1
and b = ¢wb - wb >/Cw_ - w D
2 2 1 4 2 1
II (w - w Ox + kdw + w dy = (w _ a - w a > + kw b + w b D
2 - ¥ 1 z 2 2z 1 1 1 1 2 2
IIl x - yv = a- b
v Cw + w DOx +‘(w - w Jdy = (w a. + w a > + {w b - wb>
1 2 2 1 1 4 z 2 2 2 1 1
\'% x + ky = ¢ + kd, where ¢ = (w a  + w a >d/Cw +"w >
2 2 1 1 2 1
and d = (w b + w b >/Cw + w D
2 2 1 4 2 1
VI w + woix = (w_ - wdy =C(w a + w a > = (w b =-"wb)>
3 . 1 2 2 1 1 4 2 2 2 2 1 1

VII X -y =a-=-b

VIII Cw_ - w Ox - kdéw + w Oy = (w a - wa)d- kCwb +w b >
2 1 1 2 2 2 1 4 1 1 2 2

IX X + vy = a+ b

1, if b >b1
where k = 2
-1, if b <b

2 1
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Definition: 1. RZ represents the smallest bounding rectangle
constructed through t,he four points of a finite set I,
having minimum and maximum ordinates and minimum and maximum
abscissas respectively,: by drawing lines parallel to the x
and y axe:s. When T ={1, AZ, N Ak}" ) then the smalle;t
:l::sdunding rectangle is denoted by R<A1’ Az’ cees Ak).

Let .:u"s now make a det,aivle.d study of the structure. of
the equipeclygon vis-a-vis the regions of definitions.

Let. | amd s denote the lengths of adjacent sides of

- b |. Let I > =
1

R(PP . P> where ! = |a_ - a | and s = |b
1 2 ‘ _ 2 1 2

I v, > w and sz/wi) < Ci/s) the locus of x, 'y) consists
of éix straight. line segménts lying in regions IV t,hrdugh .IX
Jjoined end to end forming a  closed polygon as shown in
figure 1, whereas if v, > w, and (wz/wi) Zz /s> it has four
segments in regions V, VI, VIII and IX or IV, V, VII and
VIII aééording- as b < or > b; see figure 2. If, on the
other hand, W, > v, then the equipolygon comprises ﬁne
segments belongipg to regions I through VI in the former and
I, II, IV and V or II, III, V and VI in the latter cases. If
! 5 s the regions within which segments forming the
equipolygon will lie may be obtained in an analogous manner.

If b,.'= b2 then the locus is a four-sided equipoli{gpn,
the sides being located in regions 1V, VI, VII and IX or 1,
I[II, IV and VI according as w< or > w_ In a similar’
manner when a= a the equiﬁol_vgo'n has sides l:y)'elon'ging to
regions II, III, VIII and IX or I, 1II, VII .and VIII in the

respective cases.
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If weEow the locus reppesented by (2> is no longer a
closed polygon and consists of a line - segment through the
centre of the rectangle lying within region V flanked by
semi-infinite lines parallel to the y-axis contained in
regions IV and VI. This is 4il.lust1~at,ed in figure 38 in case
! > siIf 1 ¢ s then the locus is made up of a line segment in
zone V bounded by semi-infinite lines parallel to the x-axis
contained in regions II and VIII. When ! = s the locus con-
sists of either di;'agonai together with any two half-rays with
vertices at t;he extremities of this diagonal in regions II1
and VII or I and IX according as b1 { or > bz'

In our subsequent. discussion we will méke use of the

following d=finitions and notations.

Definition 2. With respect to any point <h, k> e RZ we
denote by L¢h,: k; a, b > "the path consisting of two line
- *

segments joining (h, k> to (a, k> and Ca, kD> to Ca, b .
. L 18 1 L

Definition 3. I"_L, will represent the portion of EPG-j
J

intercepted by the boundaries of R(P_, P)D.
L J

Definition 4. M'Lj denotes a portion of EPd-j> from any

point uptce the nearest 8R(P., P)D along the direction of
v )
descent. This is illustrated in figure 1 where M consists
‘ 12

of the line seg:mént,s B4 and 45 of EP{1-2D.

Definition 5. Q will be called a well-behaved point with
respect to suffixes i, j e I, i = j, if

w d(Q, P> = wddQ, P> = wkd'c'c), PO, for all k & I - ,j
J J

Definition 6. A direction of descent is one by moving along
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which the wvalue éf the objective function does not increase.

To bring the ideas contained in the last definition
into a sharp focus let A, B be the consecutive vertices of
the edge AbBL of an equipolygon EP(1-2> and P b-e any po.int, on
AB. Then the direction PA will be called the direction of
descent at P with respect to P, P_ if ddU, P) < déP_, P>,

U being any point on the line segment AP.

2.1.3. Solution of tl,)e problem

Our algorithm is based on the movement in the direction
of descent along an edge of an equipolygon. It is, therefore,
proper now to introduce a rule for its determination.
Determination of the Direction of Descent

Let P be any peoint on an edge of an equipolygon
EP{1-2>. Ler us constrg(:b a diamond [36]1] through P centred
at either of the points, ‘P1. Pz' Then the portion of the
edge of EP{-2) directed towards the diamond gives the
direction o:f descent as shown in Figure 4.

For unequal weights the orientations of the directions
of descent of the equipolygon vis - a - vis the different

regions are given below. See figure 1 for an illustration.

Region . Orientation
v "from 1 to 6
V1 from 4 te 5
VII from 2 to 1
VIII ' from 3 to 2

IX from 3 to <4 or 4 to 3
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In case¢ the weights are equal the direction of descent
will be towairds the longer side of the rectangle chx’ Pz).

Let. us now discuss the strategy for solving problem 13,
The optimal ob_jecit.ive valué with respect to any two points A
and B occurs in RCA,BD. Mdreqver, RS contains all R(PL.PJ_)I,
P, Pj = S. Consequently, the minimax solution of problem (D
i .
lies on RS.

At a particular - iteration if there exists a
well—beha\.zed point P chﬁ -Pz) on an edge of an equipolygon

EPC1-2>, the well-behaved point associated with the

]

o~

immediat,ely-s,;ucceeding iteration may be obtained as follows.

We C.c;nsider the intersection of the direction of
descent of this edge _of EP(l-Z) with- the equipolygons formed
by P1 or P2 and each of the other (n-2> points and find the
one nearest to ‘;a wgﬂ—behaved point. If none exists then i,he_
extreme point of the edge of EP1-2) serves as the next
well-behaved point. Mat,hema,t.ically,u if the end poi‘n‘t,s of an
edge of EPU~2> through P be denoted by A, B such that PA is
the directicn of,deécent with respect to Pi, Pz then w1d(UL’
P1) = wid(UL, PL)" i e 1 - {1, 2, provided Ui. is on PA and

such an U exists. Let PU = min {”PU, ”} We choose U as the
L ] L :

L

well-behaved point. for f,he next. iteration in case such an U
is available; otherwise, we choose A.

We next prove the following lemma to be subsequently
required for developing our algorit,hm.'
Lemma 2. Let us consider the two given location points Pi" i

"= 1, 2 and find the greater of the weighted rectilinear
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distances «of these _fromb any point (g, hd. 1If ~ the path.
corresponding to the maximum -distance be represented. by
L{g,h; a_L.b_L) t,h‘el'-x there exists a point P = Ld{g, h; a. bi.>
such t,hat;. t,he weighted rectilinear distances of PL. i = 1, 2
from P are equal.
Proof: 1f the weighted distances of va" P2 from <g, h> be
equal nothing remains to be proved. Consider, therefore, the
situation in  which the twq are not the same and the greater
distapc:e Ec:-frespondé to Pi. We define a function fdx, vy a‘\s
follows

f(x_,vy) = fi(x_,. vy -~ fz(x, v> where

£ v = wifx-al+|y- b
Clearly, fx, y> is a continuous function, fd(g, h> > 0 ar;d
f'(iai, bi) = - 'fz(al', ’bi) < 0. Hence the proof of the lemma
is complete.

We huve the following corollary, the proof of which,

being obvious, is left ou@.

Corollary 2. Every equipolygon EP(k-i>, where Pl'c is the
weighted farthest- point, from (g, hd, i « I - «k), intersects
L{g,h; a b()“_) at least once.

Suppose that we are moving along the direction of
descent. of the equipolygon EP(il-j),' wL. > W along' AxA and on
reaching A, let w_Ld(A, P_‘) = wjd(A, Pj) = wkd(A, Pk)_ Then
since wkd(Ai, Pk) < w'\.dCA{ P‘L) = wjd(At_.Pj) we conclude
that the quipolygons EPdi-k> and EP(j-k> passing through A

will have siome portions at. least of them on either =side of

AiA in the neighbourhocod of A. In particular. it. is obvious
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that a portion of the boundary of EPdi~k> will be within
EPCi-j> irrespective of the magnitudes of W, and W and
that of EP(j-k) will be outside EPd{-j> as shown in figure 5.

It iss to be noted furth;ax‘ that if the point A be
out.side RCPL’ Pj" Pk> then A cannot be a minimax location

for, any movement from A towards the nearest 6R(P_L,, Pj’ Pk)
along the direction perpendicular to the boundary will cause
the objecl.ive function value to diminish. The direction of
movement is given by the following criterion.
Criterion C
The rule of selecting one from three or more

equipolygons meeting at a non-optimal point : Let Pdg, hd

be the point from which the weighted rectilinear distances

i

of (a,L, b,L]‘- = 51 S, the cardinality of S1 being r (= 3),
are equal but those of points = S N S1 are less. We take
any three points of Si. Since P is not an optimal point, one
of the foliowing possibilities must be true.
1. All three points lie on the same =ide of x = g but a:ny two
of them lie on one side and the third on the other of y = h.
2. All three points lie on the same side of y = h -while any
two of them lie on one =side and the third on the other of
X = g.

As an example let us assume that each of bL, bj" bk > h
and a,L < ¢, aj. ak > g. We retajn (a_L, bt) and consider the
directions of ‘descent - of “EPdi-j> and EPd~k) at P. We next

construct a diamond with respect to P (a ,b > passing through
L L L

P. Of the two equipolygons EPCI-i> and EPCi-k) the one
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A

having a smaller angle of inciination with the side of the
diamond passing through o will be selected for the
subsequent iteration. Figure 6 ill.ust,rates the case of
EP(1-2> being chosen.

In the algorithm that follows we assume that the
movement always takes place along the direction of descent
of an equipolygon in such a way that primal feasibility

condition is never violated.

2.1.4. Algorithm

Step 0. ¢ Initialisation Step>

Take any extreme point (X, ;J') < O8RS and calculate the
maximum weighted rectilinear distance .of it from the set S.
Let this maximum occur for i = 1. Now determine a point A on
L(;<_, 3—/; al, b1:‘ such that

max { w dCA, P D> = wdCA, PO \ i =1 - {1}}
_ 1 1 L L

A € L<{x, \_/ ta ,b
1 1 _
holds. Let P2 = S be the point =satisfying the above; go to

step 1.

Step 1. If A e BR(Pi. PZ) or if we can move upto a point B =
QRCP{,PZ) in such a way that any point P & M12 is a

well-behaved point with respect to indices 1, 2 in‘ which

case A «— E, then go to step 3{ad. Else go to step 2.
Step 2. For a point P e M~12 such that wddP,P> = wid(P,P1),
. } J

jelI - 4, 2y and the distance of P from A measured along

M12 is a minimum, if P & R(Pi. Pz" P> then go to step 3¢bd.
€



Else apply criterion C to determine the direction of next
movement,, A <-— P, rename the corresponding points defining

the equipolygon as P1 and Pz and go to step 1.

Step 3¢ad. It any ‘ot,her equipolygon intersects 1“12 at P then
any point & AP is a possible minimax location. Otherwise,

any point « I’ 2 will be a required location.
: t

Step 3Cb>. From P we follow the path along rkL satisfying -
criterion C, kil being any combination of 1, 2 and j, until
we obtain tie p.qint,'vvt:ofv'int.,ersect.ion Q. of I"k’; and another
equipolygon, in which case any point & PQ is & possible
minimax location. Otherwise, any point <& t,‘he stretch of I"kL
fraom P to the point of intersection of I"kL and the boundary

af R(Pk?P}) situated along the direction of descent is a

required locat.ion.

2.4.5. Analysis of time complexity

Let us take two location points :'Pi. vand Pj the weighted
rectilinear distances of which fror.n some <h, k> are equal
Let the edge of EPd-3i> containing <<, k> meet R(Pi;’ Pj) at
p, g>. Wé. ncext,-udet.,ermine» if the  point of intersection of
the segment joining <¢h, k> and {p, g>, and some other
EPdi-1D closest to (l}, k>, belongs to this segment..

Our algcrithm chooses one of the corner points of RSas
a starting sclution. Taking the righp hand bottom cdrner as
the initial choice, <¢(h, k> may initially belong t;.o one; of

the =zones IV, VII or VIII with respect. to P and P. If it
i ol
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iz in zona VII, since two equipolygons in this =zone, being
parallel. cannot intersect each other, it cannot remain
there in the following iterations, thus signalling © the
failure tc¢ obtain an ‘(hx’ k1)' If, on the other hand, the
non-optimal point <¢h, k> belongs to =zone IV initially, it is
then obvicus that (h1" k1> also 'belongs to =zone 1V. By the
very definit,ion' of ‘zone I‘V,. if (hi, ki) be xfnon—opt,in"lal “then
the ordinates of 't,he three points wili be greater t>,h.an.k1
whereas two of t,hlem will be on the oné side and the third on
the other of x = hi. Critérion C determines which one of f.he
two poihts on the same side of x = h1 is to be retained in
the next iteration. Thus each of the retained points
generating the next iteration has  ordinate greater than k1
while continuing to remain on either =side of x = f11
indicating that (hi, ki) still belongs to zone IV with

respect to the updated points. If more than three points

have the same weighted distance from (hl, k > then by
N 3

repeated application of Criterion C one can conclude that if
the iteration at some stage be restricted to =zone IV it will
continue %o remain =o . until optimality is achieved. Qn the
other hand, if no (h1" k1> belonging to the line segment.
terminated by <¢h, k> and {(p, g> exists then any one of the
zones I or VII may have to be traversed. By the same token
we may draw a parallel between the arguments given for =zone
IV and thosg for zone VIII

The procedure developed by us -is based on two

equ1pol,\"§¢ns int,ersect,ing at. most. once in a given zone. sIf
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i1" iz be the indices corresponding to a well-behaved point
in a paruicular X}on—optirﬁal ‘it,erat,ion,. then these indices
are not r=zquired to be‘ considered any further until ofitimal_
solution ist obtained. Thus in the worst case ’c..l';e algorit.hni
has a O(r;z')’ time complexity. }iad We ‘tried to solve the LP
formulatior: of the present problem via simplex method it

wouldn’t. have been possible for us to conclude beforehand

the order of polynomial time complexity.

2.1.6. Numerical Example

Lett us find the solution to the problem considered by
Francis and White [361 by making .911 g = 0. The location
points are (3, 32, (3, 6), (6_; 3> and 7, 8> with associated
weights 2. 3, 4 and 2 respéctively. We construct 't,he
rectangle RS and take a point (3, 8> = J8RS. The weighted
‘farthest point. is found to be P1= 6, 3>. We next find the
point A tco be (6, 6> € L3, 8; 6, 3. We designate the -point

3, 3> as P2 following step 0 of the algorithm. Clearly A «

R(P1’ Pz). Moving along EP(1-2> we reach the point P = ( 2

) ' . 14

» :-L:- ) from which the wéighted rectilinear distances of P1,

P2 and P’I = (3, 6> are equal. Since P = R(P, Pz’ P;a)
. = 1

applying. criterion C€C we can move along the direction of

ac

descent of EP{1-3> upto the point. T = ( -

, = ) from which
?
the weightad rectilinear distance of each of Pi, Pz and P4 =

<7, 8 is the same. Hence by step .3(b), any point & PT is a

required minimax location.
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'2.1.7. Computational Experience

No. of ,poir‘\t,s Frequency of convergence inA
| 1 iteration 2 iterations 3 iterations
500 18 4 5 2
550 19 5 1
600 17 5 3
650 ‘ 17 7 1
700 "1 6 1
750 19 | 5 1
800 15 ' 9 1
850 ‘ 1{_3 6 1
Q00 18 7 0
950 19 6 0
1000 ) 21 2 2
Table 1

This section deals with the computational test of the
algorithm. With this end in view we developed the Pascal
code of the algorithm. Three sets of random numbers

corresponding to x, vy,
- L

and w were generated 25 times for a
L L

given n <G00 =< n = 1000> over a rectangle RS chosen in
advance having unequal vadjacent. sides by employving standard
Turbo Pésc;al Procedure Randomize and Function Eandom. n was
next. allowed to vary and the same procedure repeated

Random data generation technique was resorted t;p on account
of non—availability of actual data fe;quired for large”éize

problems. [t is interesting to note that in no case the
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aigorit,hm required more than three iterations to converge.

The result.s of computat.ién are summarised in Table 1 above.

2.1.8 Sensitivity Analysis

At early stages of problem formulation some factors may
be overlooked and in r.nany practical situations data may not
be kn;n;vn in advance exactly. Sensitivity analysis takes care
of these factors and updates the current optimal solution
without performing the expensive task of resolving the
problem from s=scratch. Let us now see how these ideas can be
implemented to obtain the current optimal solution from the
previous solution. Let us consider the following instances.

(1> Introducing a new demand poin£

{iid> ‘Removing an existing demand point

(iiid Changing the weight associated with a giveh demand
point.

Regarding case 4> if the weighted distance of t,}:ne rec-
ently added point be less than or equal to the optimum objec-
tive value calculated at both t,hé extremities of the stretch
(prior to insertion of the demand point) constituting the set
of optimlunisolutioms then the solution set remains the same
as before; else if this distance be less than the optimum
value of the objective function obtained at one extremity
only theri we have to recalculate the stretch; else we choose
either extremity of t;he stretch as (;c', ;) and repeat the
algorithm described in- ;ec. 214 aft.,er making allowance for

this additional point.
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As regards case (ii) if the deleted point be not ‘an aéﬂ-
ive demand point then the set of optimal solutions remains
unchanged; else we choose ény end point of the stretch as the
starting point . ;/) and proceed in accordance with the dir-
ections indicated in sec. 2.1.4.

In c.‘ase (iiid> if alt.éring the weight associated with an
existing demand point destroys primal feasibility at either
end point of the stretch t,hen. we follow a procedure similar
to case (ii> to restore primal feaSibiliLy.

As an illustration let us introduce a new demand point
at (9, 2> with associated weight 5 in addition to the four
already existing ones consic'lered in -~sec. 2.1.6 to throw
light on lthe ..observations made above. As the weighted
rectilinear distance of the newly added point from both the
end points of the stretch is greater than the previous
optimal solution violating primal feasibility, we follow the
procedure mentioned in ({2 to get the new stretch extending
from <(5.05, 4.24> to (5.00, 4.295>. The stretch belongs-' to
the smallest rectangle fofmed by the fourth and the newly
introduced points whereas in the original problem the
stretch is the line =segment from &4, 4.71> to (.79, 536>
lving within the smallest rectangle constructed with the

second and third demand points.
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2.2.1 Solution of an asymmetric rectilinear distance minimax
location problem

In this section we consider a minimax location problem
" using- a rectilinear measure of distance lacking symmetry so
t,.hat with each demand point is associated four different
weights corresponding respectively to the main four direc-
tions. This lack of symmetry is typical of rush houx; traffic
where the speeds towards and away from the commercial centre
of a metropolitan city are different. There are other practi-
cal situations also where distance between two points is not
a symmetric function - for an air craft, for example, flying
in the presence of Stead_v wind flowing in one direction only
the speeds in the direction of current and opposite to it
are different. Again, for motion. on an inclined plane the
upslope spaed is differént,“f'rom the downSlope speed.

Preséntly we would discuss  briefly how the above
mentioned model may be gainfully applied to the tea industry.
The northern part of West Bengal abounds in tea garden—s. The
Terai region of Darjeeling district and the Dooars region of
Jalpaiguri district ac:c:dpnt, respectively for appr{)ximately
50 and 250 gardens. Tea Ais one. of thé chief agricultural
produce earning foreign exchange. It is conventiconally grown
at a place where there is no waterlogging despite abu-n'dant,
rai.nfal.l. For this reason it is natural that the sub-Himalayan
region gf West. Bengal should be' selected for tea plantations.

But, as a matter of fact, most gardens employ conventional
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methods for growi.ng and plucking of tea. For an increase~ in
the vyield as 'also for the protection and sustenance of the
plants, it requires, among other things, pruning, knifw
cleaning and depilation, chilling, . light, hoeing, trimming,
spraying of pesticides and weed killers, plucking out of
creepers, infilling, construction and maintenance of ‘drains
etc. As an example, by simply improving on the éxist.ing
drainage system the Trihanna Tea Estate increased the vyield
" by about. 12.5% (t,h'e international market value of this extra
vield being estimated at $ 0.2 million>. To check soil ero-
sion and prevent water from accumulating, each garden devé—
lops its own drainage system depending on its. topography.
The gardens are situated on an inclined plane extending
northward from the base. For an incline of less than 1 in 50
the usual practice is to construct north =south drains
interspersed at regular intervals with east west ones while
for inclings exceeding it, contour drains are preferred. The
places from which -the above operations of plant t,rea::ct,men.»t.,
;et.c. are being carried dut,, to be called the facility point
hereafter, are not normally located in accordance with the
prescriptions suggested by facility layout and location
models. The Panighata Tea Estate in the lower Terai offers a
case in point (total area 6.17 -hect.ares, area' under
cultivation 4.25 hectares of an irregular -shape and an
elevated ﬁorthern side, maximum width 25 kms). The facility

point is located at one end of the garden while the other
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end is 4 kms apart. Our research was motivated by the
problem of locating the facility point so that the maximum
distance from it to a plant - a demand point - is minimised.
Moreover, for a consider;ab\le time of the vear there is a
steady westwind blowing over the gardens. Thus on both
counts the minimax criterion in.volving asymmetric l_.1 met,x_‘ic
for a single facility is the most appropriate one for the
declared ol:~jective.

Dykstra et ai. [30] consider the cost of log harvesting
in which the logs are displaced from ’prebunching sites’ by
means of helicopters. Hodgson et al. [46]1 and Chen [13] have
proposed siolutions to the p-centroid location problem of log
harvesting on an inclined plane. Drezner and Wesolowsky [25]
have pr-O\.vided an efficient algorithm for an asymmetric
rect.i.line'.ar. . distance minimax location problem whi;e
Chakrabarty and Chaudhuri [10] have given a geometrical
solution procedure for the constrained two-dimensional
minimax problem using weighted rectilinear norm. Tami;\ £73]
has given a complexity bound improvement for the 1-centre
rectilinear -asymmet,ric diStance location problem in the
plane.

For a survey of selected locational literature we would
like to refer to the excellent works of, among others,
Francis et. al. [37], Hansen et al. [44] and Love et al.
[551.

A plethora of publications dealing with the minimax
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criterion for the unweighted as well as the weighted
rectilinear metric is available (Francis ([34], Elzinga and
Hearn [31], Wesolowsky [781, Morris [641, Francis et al.
[38]:. Hansen et al. [431, Drezner [21] and Batta et al [4']-.
But scant little attention has been éiven to the .asymmet,ric
L1- distance location problems. Ours is an effort to fill
this gap. We have developed an iterative technique based on
a well-defined stopping criterion.‘

The solution ,procedure which we have developed, at.
first finds a point P from which the weighted rectiljnear
distance of at least two points of the set S of given
location points are equal while the weighted distances of P
from the remaining points of S are greater. The point P i=
now moved until optimality is reached by maintaining the
above men‘Lionéd property of distance to be calied primal
feasibility hereaft,er.. All this is accomplished with the
help of plane analyt:ic geometry.

Throughout our discussion we shall use a single lc—a»t,t,er,.

or a juxtaposed pair of letters, subscripted or otherwise,

in bold face Roman type to denote vectors.
2.2.2. Problem formulation

Let us consider the following problem:.

Min _  Max vt =z ad
(x, y> R i el h -

where (x, v, a variable point,, denotes the proposed

location of the facility point, I = 1, 2,.,n», P&, vy
L L t
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are the existing location points belonging to the set

S =4{(Px, y>Xxiel)
L L 1

x|
Z = { ] and W* represents the transpose of W= [ uL ]_. ‘
i |y- 4 | i , i v,

u and v, being given by
L L

uT if x < x, v if y < vy,
L 1 L L

= + H = +
Y { u if x> x '’ Vi { v, if yv > vy
L - L L 1

We have nat attempted to define u, v. when x = x or y = vy,
AN A8 / 1 AN

since they have no contribution towards the objective owing
to the fact that |x - x| = 0 for x = x and |y - y | = 0
] [ i L

for v = vy..
L

We  shall use the following notations -throughout our !

discussion :
dcp, PL> = |x - xL| + ly_— 'YLI i
* :

PP, P> =W Z =ulx- x| +v|y-y|

L 1 A8 1 t 1 1
: + .- + -
To start with let us assume that u, > u. s v, > v ,
' 1 L L U

although =such an assumption is not at all . necessary to |
develop our algox;itmn.

Using the approach on page 227 of Francis et al. [3',8]j
we can translate the above problem into the following linear

program <(LPD:

Minimise =z sub ject. to
+ +

u X - x> + v (y - yd) =< =z
L 1 L T

T« > 4+ v« > <
u  x Ax v, v> =z
+

u, (x—x,)-’*—v,_(‘y_—y)Sz
L L 1 1
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u x = x) +v (y =~ y) =< =z
9 L L L

for all i € 1.

2.2;3. ~Sc;luf.ion of the problem
To siolve problem 1> we have developea a simple
geometrical approach. For a problem of moderate size with n <
20, say, 1> may be . solved by using the ruler and the
compass. But when the problem size is large our method can
be easily implemented on a PC. |
We shall first obtain the locus of (x, y> =atisfying

w*Z = w*Z which implies
1 1 2 2

u1|x - x1| + vily - y1| = UZIX'" x2| + vzly—yzl 2>
or what is the same thing as F(y) = G{(x> 3>
where F(y)> = v, vy - y1| -~ vzly— yzl (4?
and x> = u |x - x_| ~ u [»x-x| P
A 2 2 1 1

Without any loss of generality we may always assume X < X,
For, if otherwise, we might call the point with the smaller
x~coordinat.e (xi_, yi). For convenience, lett us for the +time

being consiider Y, < Y, It can be easily shown by direct

substitution that the point

(RN I GO N CERROR% P LRES )|

e {(x_, vy x =< x = x, vy = y = yz} lies on the locus

1 4 1
’ + + -
represented by equation (2> with u=u, v1= v u2= uz and
v, = v;, implying that +the equation has a solution. Clearly,

W1 may be greater than, equal to, or less than Wz.
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Case W1 > wz. The function t = G<{x2> is continuous
everywhere, strictly ihcréasing in o xi) and strictly
decreasing in (xl, xz) - and (xz, . D, ﬁaving at,tj.ained the
maximum positive value of u; (x2 - x1) at x = X - Moreover,
G{xd> — .— » as x — * o See figure 1.

Since the functions F{(y> and -G(x> have identical forms,
it follows immediately that t = F(y)' is continuous, decreas-‘-
ing in (o, yi) and increasing in (yi_, yz) and (yz, > -wit.h
the minimum negative value. of v; (y1 - yz) at y=y1.Furt.her;-
more, FC(yD —» ® as vy — * o Refer to figure 2.

If F‘Cyi) > G(xz) then there exists no y satisfying

F(yd)=@(x> for any x & [ox“, & 1 where
! - - ) + - - - - _ -
11 tvz(y‘ y2> PR Y2 xz)/[u1 uz]

- + - + -
and o =[v(y—y)+ux+u x]/[u +u]
12 2 T2 1 1 1 2 "2 1 2

whereas if F‘(y1>_ < G(xz) then there is no y that corresponds

Q
]

to values of x & [;v'u_, Y. ] such that F(y> = G{(x> where

=
711 11

and p = [v_(y -y J + u+ x - u+ X ]/[u+ - u+]

12 2 72 1 1 Ta 2 T2 1 2
in view of the increasing nature éf GC(xY> in (-, x1) and its
decréasing nature in (xi, ). We can therefore conclude that
the locus represented by (2> lies wholly within two straight
lines paraliel to the y-axis.

On the other l;‘and, if G(x1) < F(yz) we cannot get an x

such that Gx> = F({y> for values of y « [Bxx’ ﬁxz]’ B1iénd
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Fig 2

%

A
t = 6(x)
AKq ) %
Fig 1
t
A >
t=F
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ﬁizbeing given by

= T - - v + v T -y
811 [uz('xz xi.) Ve Y, Ve yz]/[vz vi]
d I >+ vt + v MR
= -
an B12 [u2 X2 ¥y Ve Yy Va2 yz]/ A Va _
while if G(x’) > F(yz) we ‘could find no x such that Gx> =
F<(y> bholds for any y & [611; 612], 611 and 612 being given

by

& =1

141 11

- + + +
and & = [u . =~ xXD+v y -v vy ]/[v - v+]
12 2 2 1 1 7 2 72 " 2

-awing to the decreasing nét.ure of Fd(y> in (- o, 'Vx) and its
increasing nature in (yi, o). From the above it readily
follows that the locus given by (2> remains wholly within
two straight lines parallel to the x-axis.

Since the curve represented by (2> is bounded in both
the x and y directions we can immediately conclude that @2>
symbolises a hounded curve. .

Furthermore, for any x e (a ,a > or < ,r > there

11" 12 117" 12
exists exactly two  distinct values of y which, however,
coincide in case x is equal to either end point forming "the
interval. Arguing similarly it can be shown that. for any y e
3, B> or b , &.> we can have exactly two values of
14 12 14 12
x, which are coincident when y is equal to either end point
forming the interval. The above reasoning clearly

demonstrates that the locus of x; y>) is a closed curve

consisting of several straight line segments described
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around (xi, yi), the point associated with the greater
weight.. The number of line =segments constituting the curve
‘will be given $imort1y. We shall hereafter call this locus
the eqguipolygon of the 'given pair 'of points, as shown in
figu:.be‘ 3. For simplicity we denote the ‘equipolygon of two
.point,:sl -'A ?lnd B with associated weights wA and WB by EAB.

We next state a lemma -the proof . of which, being
obvicus, is left 'qu.'
Lemm)ai Let WA >ﬁ WB. If P lies outside EAB‘ then (P, A> >
oCP, B> elsz oCP, A> < oCP, BO. |

In addition to the definitions and notations already

given we shall make use of the following in the sequel.

i> RCA, B> denotes the rectangle with A and B as opposite

vertices aird sides parallel to the axes of coordinates.

ii> By OR(CA,B> we shall mean the boundary of the region

RCA,BD.

iii> LC{P, AD denotes an L-shaped curve consisting of two
line segments — one through'P parallel to the x—axis and
the other through A parallel to the y-axis — meeting at a
point, Prc:si.{i_déd both the coordinat,evs of P and A are
differex‘:i; -

N.B. In case x or y coordinates of P and A are equal LP, AD
" degenerates int».:{o a straight  line segment.

ivd I"'Anl is the stretch T1T2 of E‘“g cut off by JdRC(A, B). where
T is the ext.revr‘nit.y of T first of all encountered,

1 AB

maintaining primal feasibili ty, and T2 is the other‘
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extremity.

v> For any peoint Q e I"AB we define DAB(QD by

+ : - ' :
D Q> = u vk - u VL, where ¥ = - 1, L = + 1 in case y = y
AB A B A A

and k = + 1, L. = - 1 in case Y. > Ver Y. and Y standing for

the ordinates of A and B respectively.

vid) Let po(Q, P> o€0, Pj) > pQqQ, Pk> where i, j € I and
8
k eI \ 4, > If Q is not an optimal solution and moving

along EPP' does not violate the condition of primal feasi-

L
bility then the points PL and Pj will be called the Dominat-
itng points at Q.

We shall next deliberate' upon the number of extreme
points the closed and bounded equipolygon representing the
locu§1 can have. Let r = (xz— xi)/(yz- yi) denote the ratio
of the lengths of t.};e adjacent sides of R(P1’ Pz). If r
{ v;/u:', v-:/u; ] which corresponds to the case G(x‘) <
F‘(yz) and F‘(_vi) > G<X2) the equiplolygon' consists of four

corner points given by (0(1l y Y D, x, *ﬁ’ >, Ca

> and
1 17 1 11 22 Vs

(xi, 312)' If r coincides with either end point then one of
the two vertices of the rectangle R not occupied by a
location point will be a corner point.
+ - - +
1f, on the other hand, » > vi/u2 or r < vz/u
1
corresponding to G(xl) > F(yz) -> F‘(y‘) > G(xz) or
F(yl) < Gsz) =» G(x1) < F(yz) respectively, then the equipoly-

gon has =six extreme points which are <o

11’ yi)’ (xi, 611)’
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<q12" yi), ()/2_, yz), (xi, .6.12) - and (}/'1" yz) or <Y11" yi),

1 2 2 1 12

(xi, (311), (xz_. 61)_. (}/412, y 2> x, &> " and x, £ DO ,a‘s

the case may be, where

F+ - - -~ f_ -
y = vy -y >4+ u x - U x /u‘—u
1 1 72 1 1 1 2 T2 1 2

Y -
’ f+ + - ~ F+ -
= |v C - )+ux+ux/u + u
L™ 1Yy Y2 1 1 2z T2 1 2

“~ . o .
r -+ - - N f - -
S = ludx - xDdD+v yv - v vy /v - v
1 1 2 1 1 71 2 72 1 2
Y . .
‘ [+ . + - C + -
andé=u(x-x)+vy+vy/v + v
2 71 1 2 1 74 2 72 Lt 2

Note: By taking y1> y2' results similar to the above with
obvious chéhges at. appropriate places may be obtained.

Case w1< wz, . The equipolygon, in this case, encloses
the point (xz, yz_) instead and results analogous to the
preceding will have been found.

Case 'W1= wz. The equipo;ygoh- here degeneraiés into an
open- ‘polygon with only t,wo. extl,xfeme points which are
respectively

1> (otz, yz) and (ai, yi) when chx) > F‘(yz) = G(xz) < F(yl)
x_,
2> X, B;: > and Cx1 R (31 > when G(x2 > > F‘(y1 > > G(xi) < F(yz)

(3> x ,R 2 and (& ,y > when G(x > ¢ F(y > and G(x > < F(y D
177 1771 1 2 2 1

where
- : + -
01=[v(v-y)+u x + u x]
1 1 T2 1 1 2

o = [v
2 ! .
- + - r 4+ -
- + + .
(31 = [ul(xz xi) v, Y, v, yz]/ v, + vi]

LK
b
+
+]
]
S
N
| —
C\
+
+
:l
—

-+
cy'i_ yz) * u‘1
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. -4 + - + -

and (?2 = u‘(xl— xz) + v, Y, + v, yz]/[v1 + vi]

and for G.'ixi) = F‘Cyz) an extreme po.int. is (xi, yz) while fc;r-
G(xz) = F‘f-’.y’.) the corresponding extreme point is (xz_,yi).

We construct the. smallest rectangle - to be galled Sk
hereafter = containing all the points of S by drawing lines
parallel to the coordinate axes .through four properly chosen
points having respectively maximum and minimum abscissas and
ordinates.

A point P lying outside SR cannot be the optimal
location ir;,. the unconstrained case as a movement through P
perpe}xdicu!.ar t.o the nearest boundary of SR and towards it
will cause the ob jective funct,.ion value to diminish.
Consequent,iy, we shall have to seek the fequired solution
within SR and wiﬂh this end in view we shall dopcentrate on
I"AB. But. in the cohstrained case, besidés an active b;)undéfy
of the constrained region, an edge of the equipolygon lying
outside SR may have to be considered in order to determine
the optimal location.

The theorem stated below, which =serves to find the
direction of movement. when three or more equipolygons
coincide at a non-optimal point, will be used in developing
our algorit;;xm.

Theorem 1. While moving along an edge of E‘ua and maintaining
primal feasibility let a point @ be obtained such  that p(G,

A> = pCG, B> = pdG,C), C e S\{A, B> By drawing Ilines
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through G parallel to the coordinate axes it is eawsily secy,
that if @ is non-optimal, the point occupying the same
quadrant. with respect to G as the latest entrant. C, is to be
dropped.

It is to be noted further that when the number‘ of
equipolygon;; méeting att a point is more tﬁan t.h1i~ee, by a
repeated applicatién of the above the number of dominating
points can always be reduced to two.

The proof of the t,.heorem follows as a direct consequence of
lemma 1.

We now state a criterion which will be useful in

determining the optimal solutiond(sD. The proof of the

criterion is trivial and is, therefore, omitted.

Stopping criteria (SC>
Let L be the isoline of P through some point P of tho>
1 L
equipolygon EPP. Also lett H be the half-space defined by
. . |9
v o) . k -
LL containirig P,. We define the cone € by 8 = N H, where k
i ;
1

i
denotes the cardinality of the =set of isolines passing
through P and having the same level value . Then, clearly, P
is the vertex of ¥ If £ = € N R(P_L', Pj) = {P> we have a
unique optimum at P as shown in figure 4. Refer to figure B
for_ the casse when P is not optimal.

If, however, ¥ degenerates into a line then we obtain a

stretch comprising the =set of optihal points one end of

which is clearly P.
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Unique Optimum at P
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o

No Optimum at P

Fig 5
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Before presenting the aléorithm of the current problem
we introduce a definition to be required afterwards.

The weighted. rectilinear distance from any point Q on
EAB to thé fixéd point A is a positive quantity. Also the
distance function, ‘being necessarily continuous, musst
possess a lower bound which is attained by the function at
least once. Let the lower bound (or when there are more than
one, that lower bound which, after maintaining primal
feasibility, comes ‘first) correspond to the point we call
MEAB. There exists a direction from Q along which this
diét.anqe monotonically Aéér:eases as Q approaches MEAB. Or it
may so happen that at some point P in between Q and MEAB the
condition of primal feasibility may be violated. In this
latter cass we leave EAB and move from P to >U to _MEAB, u
being the point of intesection of EAB and the isoline havi'n'g
the smaller' gradient (vide appendix>'. The path from Q to
MEAB' consisting of sides of EAB or a combination of sides of
EAB and an isocoline, maintaining primal feasibility, wi-ll be

denoted by S QD.
AR

2.2.4." Algorithm

Step 0. Select any extreme point P & 3SR as the starting
point. and find the location point P for which Wf PP  is a
L L 1S

maximum. Denote Pi. by A and obtain a point Q e LCP, A) such

that
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w¥ QP = w: QA : P. « S \ {AY and dCP, Q> is minimum}.
1 L : L

Without. any loss of geneéerality the point PL sa.t.isfyiﬂng t.he
above may be denoted by B‘. Go to step 1.
Step 1.
If a point Q1 = SAB(QD exists such that p(Qf,A? = ch:’Pi)’
P_L e S N\ {A,B> then go to step 2
else go to step 3.
Step 2.
If Q1 satisfies \SC then
if DAB(Q’.) 2 0 then Q1 is the unique optimal solution
else
if Q « FABthen the stretch QQ’.‘ is the set of optimal
solutions |
else (;:he stretch T1Q1 of FAB constitutes the set of
.-:opt,imal solutions A
else det-ermipe tAhe .po_‘i‘nts for the next iteration 'usivng;
theosrem 1, rename these points as A and B, Q «— Q1 and
‘go to step 1.
Step 3.
If DAB(TL) = 0 then
if Q = I“AB then the whole of I"AB gomprises the solution’ sét
else the stretch ()_T2 gives t.hel set of optimal sqlut,ions ’
glse if IT% satisfies SC then T1 is t.hé unique optimal point

else T2 is the unique optimal point.
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2.2.5. Numarical example

We now illustrate the working of ﬂhe algorithm by means
of an example. Let the demand points be all located on a
rough inclined plane of- inclination 10° having coefficient
of friction p = 03, supposed uniform. The x-axis is taken
to be horizontal and the y-axis upwards along the line of
gre»af:,est. slope. The forces necessary to overcome the
combined effect of graviﬁy and friction on a body of weiéht..
W in the upslc'ope. and downslope directions are approximately

0.48W and 0.12W respectively.

S
P 8 4 o0.8 1.2 0.12 0.48
P, 3 3 1.6 2.4 0.24 0.96
P, 9 5 0.6 0.9 0.09 0.36
P, 4 2 1.2 1.8 0.18 0.72 .
P, 6 3 3.2 4.8 0.48 1.92
Po_‘ 5 1 0.4 0.6 0.06 0.24
P 3 6 2.4 3.6, 0.36 1.44
P, 5 7 28 4.2 0.42 1.68
P, 7 8 1.6 2.4 0.24 0.96
P_ 4 5 20 3.0 0.3 1.20

Table 1

We have chosen a model which dependss on the velocity of
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wind ‘;)in the horizontal direction. Thus if the wind blows
steadily f.1>om- east to -west we may take the perturbed values

~of the forces in the x-increasing and x~decreasing directions
to be 1.2W and 08W respectively. In the calculations that
follow we retain figures correct to '3 places of decimal. i_.et,
the position and the weights in the four principal
directions - West, East, South and North - associated with
each existing location point be given as in table 1 above.

Let us take P = (3, 8 e OSR as the starting point.
Using step 0 of t,he algorithm we can easi}y find A = (Q, 3>,
B = 3, 6> and Q = (5.400, 8.000>. By step 1 it immediately
follows that P = 3, 3> and Q, = (5280, 6300>. By step 2,
since Q1 does {not. satisfy SC, Q « Qi, drop the point A, and
A PL.'By two éuccessive iterations of steps 1 and 2, we
finally oltain Q1 = <(4.254, 3.003>. As Q1 clearly satisfies
SC and, moreover, DAB<Q1) = 0, Q1 is " the unique optimal' point

and the corresponding objective value = 5.597.
Computational experience

To.develop the Pascal code of the algorithm we have ran-
domly generat.ed six vectors with n components eagh - two for
position and four for assocj.at,ed directional weights =~ by
means of standard Pascal procedure Randomize and function
Random. 7This has been repeated for values of n between 500
and. 1000 over a preselected rectangular region  with unequal
contiguous: sides, giving rise to 500 random samples of

varying sizes. Interestingly  enough, in all cases the
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algorithm required at most three. iterations to converge. As
actual data for problems with an n of the stated size is not

readily available, we had to be content. with random data.

2.2.6. Operation count

Since the objective value strictly decreases with each
iteration the same pair of points, once excluded at a' parti-
cular iteration for a given zoné, will nevef recur and conse-
quently, prevention iof cycling is guaranteed. Furthermore,
we are  in a position to employ the informz;tion, currently
generated, for future use. Our method consists in moving
along an equipolygon maintaining primal feasibility., In so
moving we shall either obtain the éptlimal solution or attain
a point G such that pdG, A> = p(G, B> = p(G,0, C e SN\A,
B>. From theorem 1 we know that a path different, from the
current. one is té bé chosen at 3. Moreover, an edgé of an
equipolygon’ can not,- intersect that of aﬁot,hér more t,h:a-n_ onéé
in a particular zone and there remain n=-2> other
equipolygons. Thus if a .poirit.‘ iz  excluded at a particular
iteration it will cease to be required if the iteration is
restricted to the same zone. Thus at most (n-2> pairs of
linear equations need to ‘be solved for a particular
iteration in a given =zone. Agair;;,. inasmuch as the number of
sides of an equipolygon is at most =six the number of

operations is 0<n®> in the worst case.
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2.2.7 Appendix

Choosing the direction of movement: Let EAB be aﬁ
equipolygon enclosing A .w‘heré X, < X - WE (glivide. the whole
xy-plane into nine zones = I through IX - by drawing lines
pai‘*allel tc the coordinate axes through A and B. Let us
assume for t_,he preseent Y. < yB'. EAB has g.enerally six edges’
lying in zones I to VI as shown in figu;vre 3. In II, IV and
VIl the 'dljrections of movement. are from D to E, C to H and F
to G respéctively. In zone I the movement is along CD or DC

according as u: 7 v1> or < u, 7 v, For =zone III the
directiqn iss from E to F or the other way round dépending on
whether u v: < or > u v v:. If it is along FE no
movement. along EAB is possible ‘without, violating primal
feasibility. Hence, in- order to reduce the object.ive further
we make a det,our.via the isoline having a smaller gfadie‘x‘;t
unt,il-t.he point U € FG in VI is epcountered whence movement
will be along UG towardé 6. - In .zpm;- V the direction of
vmovement is govelrned by the Stopping Criteria. If Ya > Ya
the direction of movement in 'II is from E to D aqd the roles

of 1 and IIl discussed above will simply be interchanged.

Similar remarks hold when E encloses B instead.
AB



CHAPTER 3

Constrained Problems

In this chapter we propose to study two rectilinear dis-
tance constrained problems with the mlmmax ob_jeétive. Sec:
31.1 discusses the equiweighted case while sec. 3.2.1 solves
both the symmetric as well as asymmetric weighted problem.

3.1.1 Geometric solution of a constrained rectilinear dist-

ance minimax location problem

In a wide variety of situations persons interested in
facility layout.- and location are confronted with the problem
of locating a new facility in the . midst  of ex’is.t,ing
 facllities <(referred to as the one-centre problem in the
literature) in suéﬁ"a wAay“-t.'ha.{,At.he maximal distance from the
new fécilit.y to the existing locatio;us is minimised. The
equal-weight.ed unconstrained single facility minimax
location problem under the I_.1 metric has been well studied
by Elzinga and He:arn [311], Francis and White [361,
Wesolowsky [781 et al. 'The weighted and constrained minimax
problem undér-‘t,he L2 metric %n n-dimensional' space has been
solved by Scott et al. [69] using the concept of conjugate
duality. Duttaa and Chaudhuri [29]1- have gi\'/en an elegant
method of obtaining an éxact, solution to an equi-weighted
planar constrained problem under the l..2 or Euclidean norm.
Hansen et al. [43], Francis et al [37] Hansen et al. [44],
Drezner and Shelah [22]1 and Drezner [211 have also discussed

Facility Location Models at length. Morris [64] has also

* This paper was published in APJOR vol 7 1990D) pp 163-171. .

88
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considefed constrained multifacility minimax location
problem under I_.1 metric. Qur ob jective .ir} this 'sec@ion is to
present a geometric solution to the constrained version of
the problem in the plane in which the distancés’ are
raectilinear. As a Mpr;éc.t,ic:al“ application of the pfoblem
addressed in this section one might consider. locating an
emergency =service facility, for example - a health c¢clinic in
a rural area or a fire station in a larée metropolitan 'cit.y -
where the facility is restricted to lie wit.hin a given region

under the assumption that travel is allowed on a grid only.

3.1.2 Probleni statement

Assume tLhat. a set D is defined by

D = < P,L L= 1, 2,..,n > wllmere PL(aL’ bi) are the
n existing lozation points in the plane Ez' Also assume that
a new facility is to be located at T(x, y> in such a way
that the maximum rectilinear dispance 'bet, ween ‘t,he new
facility and the' n given locations is mihimised sub ject ‘t,o
the restriction that T is constrained t,d lie in a convex
polytope R. The rectilinear or rectangular distance between

T and P_L is given by

d(T, P> = |x~-a| + |y - b |, Pe D.
E v L i i

The minimax problem is

min max - dT, PO a
TeR 1< { * ‘

1A
o,

where R < Ez is given by
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To solve problem 1> we make use of certain elementary
properties of rectilinear distance function in a 'plane, the
proofs of which being obvious will bev omitted.

As may seén in Fig,ufe' 1, all the n given location points P_L
may be :cqvetred-:.'_‘by. a rectangle A1A2A3A4 by drawing a pair» of
parallel iine;; inclined at. 135° with t,l:.e x-axis through two
of these points P,L farthest. apart and another pair of
parallel lines inclined at 45° f,hrongh two similar points,
i.e,points farthest. from each other.

The Unconst;rained Case: As long- as point T lies to the right
of the vertical AaQ thrbugh Aa the rectilinear dist,.anc':e from-
T to any point on the side AzAa is greater than the same to
any point on the =side A3A4.' On AQQ itself these dist,al;ces
are equal. In the absence of any constraint this latter
distance continually diminishes as one moves upwards along
the vertical reaching its minimum value at Q, t,he‘ point iof
intersection of the perpendicular bisector KQ of the longest
side of the I-ec:t',éngle. an.d' AgQ and maini,a.i.ns this wvalue upto
the point K, the other point of intersection of KQ and the
vertical Atki through At. Any pointt on KQ is a possible
minimax locat.ion [31, 361.

We shall use the following definitions and notations in our -
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subsequent discussion.

Dominating side: The side or sides of the rectangle having '
+he maximum contribution towards the rectilinear distance
function at a point will be called the dominating side at

the point.

Cone of Descent Direction: Let f be the objective function
and x any point in R . The cone of descent direction of f at
x is defined by
D, Cx>=<d:3a>0with £fCx+add<fCxD
VO<as<ard.

Let a line 1.be ’Adr,awn.t,hrough x € R parallel to the
dominating side at x . |

Also let H+ denote the closed half-space containing the
dominating side defined by 1. Then the cone of' deséent
direction in ‘Ché present case wili be given by Né( x >N H+

+
or R n Néc Xx > mn H according as x is an interior or a

boundary point of R, NéC x 2 being a neighbourhood of x.

By 3R we shall denote the boundary of the region R.

The Constrained Case The direction of movement is
determined ky the direction of descent which in turn is
related to the cone of descent. direction. The cone of
descent direction as defined above is obtained from the

dominating side of the rectangle.

Let C be the intersection of the cone of descent direc-
tion and the region R. The value of the objective function
d.e.,, the maximum rectilinear distance from TY does not

increase along any ray lying within C - rather, it has a
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gradually diminishing value along JdR constituting an extreme
edge of C provided 3R is not paréllel to a dominating side
or C is not ¢1égenerate.

Either of the following instances determines a stopping
criterion. |
I. The intersection of the two (lsones of déscent, direction
reduces to their common vertex, which is the point of.
intersection of'an a'cf,iv'e boundarf, with either the Yertical
through A1oi> A , or the horizontal through A or A;.
II. The cone of descent direction degenerates into a point
coinciding wit.h an-éxt.reme point. of an active boﬁndary.
The algorithm of the present problem, which follows shortly,
is= justified by the lemma given belbw, the pr&of of -which is
gi\Alen in sec. 31.7.
Lemma: For any poir;t, ot,helj than the oné obt.aix;ned by ‘usingv.
either of the stopping criteria the rectilinear distance

will be greater.

3.1.3. The Algorithm '

Define the quantities c, through ¢ as follows:
. 4

c1 = min ( a, + b >; cz = max ( a, + b >;
. L L . L L ’
1 €S1<n 1<i<n
c = min (-a + b >; c:4 = max (-a + b ).
L L
1 €i<n , 1<i%n h b

The points P, define a rectangle S the sides of which
L .
are given by
: + = H : -+ = H —-x+ = C ; - L=
11 x+y c, 12 x+y c, 13 x+y c 14 x+y c

Label 1A 1, 1M 1. 1A 1, L7 1 as A. A, A and A
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respectively.

Denote {.he segment of perpendicular bisector of one of
the longer lsides of S intercepted by lines through Azand A‘
drawn parallel to .t,he x~axis <{(or through A1 and Ag drawn
parallel to the y-axisd by.' KQ, K having a greater ordinate
t.han Q. Any poin.t. on K(é lis a possible” rﬁ_inimax location in
t.he unconstrzazined case.

Without any loss of generality choose lines through Az
and A3 parallel to the axés as the coordinate axes and
change the equations ‘of constraints and the coordinates of

the vertices of S accordingly.

Step 0 dnitialization Step?

If R contains the whole or an;ll part of Ké then go to
step 4. St.a.x-tiing from any point PX,Y> € int R move towards
Oy, the y-axis along the line 11 y = Y. If the point 1 N Oy
= (0,¥Y> €R then move towards the origin along the y-axis till
the point,.M = 3R N Oy is reached and go to step 1(a). Else
denote the point 1 n IR by M and go to step 3. -
Step 1¢ad. I M satisfies a stopping criterion then stop. M
is the required point. Else go to st,ep.» 1C(bD.

Step 1(b). Move a.xlox;g ‘t.,he e#t;reme edge of t..he. direcf,ivon of
descent until any o.r.xe of the following' four possibil-ities.
materializes:

{i> an extreme point, say V, is ‘reached : go to step 2Cad

(ii> the point of intersection of the direction of

s .

descent and the line through ‘Ai parallel to the y-axis is

attained : calli this point M and go to step 1dlad.



(iii> the ‘point, say N, of interséction of the direction
of de‘séent. and the x~axis is arrived at: go to step 2(bd, or
(iw;') the point. of intersection of the direction of desc-
ent. and the line -t,hrough A4 parallel to the x—axis is attain-
ed : call this point N and go to step 2¢bd.
Step‘Z(a). If V satisfies a stopping criterion then stop. V
is the required location. Else obtain the adjacent edge
through V, drop the current edge and go to step 1(bd.
Step 2<(b). [f a stopping c:rit,.e.rion holds good for the point
N then stop. N..is ti,he‘Asought, afi:,er location point. Else .gcr
to step 1C(bD.
St,e;p 3. Obtain the extreme edge of the direction of descent
at M and move along it. If it meets the y-axis then call
this point M.‘ and go to step 1(ad. Else -go to step 1<(bd.
Step 4. If- R n KQ = & t;hen any point T €« R n KQ is aA
minimax location.’

Note: When an active constraint is parallel to a dominating’
side of the rectangle S then the required facility location
will be anv point belonging to the whole stretch of the

active boundary included between the axes or between lines

parallel ﬂo tLhem.

3.1.4. Analysis of Time Complexity

For constructing the rectangle S we are required toé det-
‘ermine real.- numbers = through c,- Again calculating any of
these four quantities. .. necessesitétes <n—-1> comparisons.
Hence S can be obtained 'in Odnd time. Then m given liﬁear

constraints defining the region R determine the extreme
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peints of a convex hull. To get; t,hé .convex hull we have to
find the slopes of all the constraints requiring m
mm;ipiications and sort the angles of inclination in
Olmlogm> time. The extreme points are then obtained.' by
solving each pair of consecutive constraints arranged in
sorted angular order émploying method of Gaussian
eliminat.ién for which a total of 5m multiplications is
necessary. A few additional multiplications are needed for
obtaining tixe point of intersection of the line y = Y with
an active boundary or t,hé y-axis as the case may be, as well
as that of t.heﬂdirec"t,ior-) of descent wit,h.leit,her or both the
axes of coordinates and ~/ or lines parallel to them. Hence
the worst case time conmplexity of the algorithm is

max{0d{n>,0(mlogmd>.

3.1.5. Sensitivity Analysis.

Introduction or removal of a location point If insertinhg
an additional location point or deleting an existing one- does
not alter the configuration of ‘the r-ectané,‘le S or alters
only any of its non-dominating sides then the current
solution ' also remains unaltered. If, on the other hand, the
above procedure affects a vertex of S with respect to which
the current. location point was obtained, then we regard the
present, sclution as the starting . =solution, . apply the

algorithm amd obtain the new optimal solution.
-Introduction or removal of a constraint

If we remove a non-binding constraint or introduce a-

9]

onstraint which. besides altering the region R, does not
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have any immpact on the currently active boundary with
respect to which the optimum solution was obf,ained.
modification of the solution is necessary. On the contrary,
imposition of an additional constraint may result in either’
of the following ca.se‘s.

I. The c<urrent optimal point T may now lie within the
modified region R. P «— T and go to step O.

II. The current optimal point T may lie outside the
modified region R : denote the newly introduced constraint
by L < 0. If the slope of L = 0 is non-zero then move
parallel to the x-éxis until the point . of inbéfsection, say
N, of L = 0 and y = 0 is reached. If N € 48R then go to step
2¢(b); else move towards an extreme point V alongv L = 0 and
go to step 2¢ad. If, on the contrary,. the slope of L = 0 is

zero then move parallel to the y-axis and reach M, the point

of intersection of L = 0 and x = 0. If M & R then go to
step 1<(ad; else move towards V along L = 0 and go to step
2¢ad.

Again removal of a binding constraint renders “the
present facility point either an interior point or a
boundary po:nt. In the former case go to step 0; in the

latter go to step 1d(bd.

3.1.6. Numerical Solutions

We demonstrate the algorithm given above by means of
the following examples

Problem 1.

Let. the convex polvtope be defined by R = ¢ X : AX < b
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where

2 585 2 0 -t -1 -5
-3 -1 1 1 1 0o -4
X =[x, yl' ;b = [-6, 4.5, 10, 11, 15, 7, 20 ]
and suppose that the set D consists of the following points,

their respective coordinates being noted alongside each

P = (2.00,10.00>; Pz = (0.00,12.50>; Pa = (~-0.25,12.50>;
1 0

P = (7.00,9.00>; P_ = (3.00,13.00>; P_ = (3.60,10.45);
<4
P, = <4.50,11.50; ?B = (5.00,12.25>; P_ = (7.00,12.003;
P = (¢6.25,8.75>; P = (7.00,10.65>; P = (7.35,9.80);
10 11 12
P = ¢8.30,10.55>; P = (3.25,15.45>; P _ = (3.80,14.15);
13 ’ 14 15
P = €1.00,14.00>; P = ¢1.20,13.85>; P = <3.95,14.60)>;
16 41?7 . 18
= (5.15,12.45>; P =.¢6.30,12.20>-
19 20 .

Let P be the point  (-3.00, 150> e« int- R. Here KQ is given
by the line segment joining K = ((5.00, 12.50> and Q = (3.00,
10.50>. Since R N KO = &, M is calculated to be (075,
. 180> by step 0. Now move along the descent direction of the
active constraint given by the equation 2x - 3y = -6 t'.mt,ill
the extrems point V = (150, 3.00> .is reached. Drop this
edge by step 2¢ad and pro‘ceed along the next boundary given
by the equation 5x - y = '4.5. After successively execu*tixxé
three iterations attain the required facility pointt N =
(-0.25,10.50), which, in this case, is the point of
intersection of the binciing constraint having equation 2x +
9 = 10 and. the .line- t,hrough A, = (850, 10.50> parallel to

the x-axis.

Problem 2.

Let us: consgider  the effect of introducing an additional
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in Problem 1. -The

b

constraint dafined by L : -x + 05 = 0

current. facility point N now belongs to int R. Since the

slope of L = 0 is non-zero by section 5 move parallel to the

x-axis and reach the point M = C 050, 1050 > of
intersection of NA“ and L = 0. Since this point M & R move
along L = 0 towards the extreme point- V = (0.50;9.00 > and

following step 2¢a> of the algorithm V is ‘the required

optimal location.

3.1.7. Appendix

Proof of Lemma 1. Let us suppose that the point N of
intersection of aﬁ active boundary with the horizontal
through A2 is the sought for minimax location. Then the
maximum rectilinear distance of N from the set D is given by

NA2. For any other point U € R or JdR lving above or on NA2

the maximum rectilinear distance being given by the
horizontal line sezment included between U and the
dominating wide AiAz’ produced if necess;ar_v. is clearly

greater than or equal to NAz' Suyppose U lies below NA2 and
on the same =side of the vertical through Aa as N. Then the
maximum rccbtilinear distance of U from AaAz »2the dominating
side, "‘measured }xoriéontally is also easily seen to be
grgater than .'NAZ. Furthermore, when U and N are on opposite
sides of the wvertical through Aa the maximum rectilinear
distance of ! from the set D (being given by the horizontal
distance from the dominating side AaAj)sAnt?he_}e-S?naE:’ilx?lgm

rectilinear distance of U from A A  which is greater than or
EN)

equal to NA . Hence for all positions of the point. U the
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rectilinear distance of U is no lesls than NA?_' Thus NA2 is
the minimum rectilinear distance. The same holds when the
facility poinl is the point of intersection of a boundary
and the horizontal through A‘.

It can be shown in a similar way that the above conclusion
is wvalid wher: the optimal location is either the point M of
int.,ersect,ion of an active boundary rof R with the vertical

through Aa or Ax’ or is an extreme point. V.
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3.2.1 Geometric solution to some planar constrained minimax

*
problems inwvolving the weighted rectilinear metric

In mos. practical situations we have to locate a faci—'
lity point within a constrained. rather than an unconstr-
ained. region owing to the nature of space available for the
purpose of locating a facility. By incorporating constraints

the facility location problem more closely resembles a real

. life =mituation. The rectilinear metric is ideally suited to

urban applications in view of the assumption £hat travel is
usually restricted to a rectangular gpid. In this section we
have studied the one-centre problem, also, known as the
single facility minimax location prdoblem, in the pre‘sence of
linear constraints forming a convex‘ polytope in Ez wherein
we assume that besides being rectilinear the underlying
distance met.ric is weighted by some importance factor.

When the distance between two ppintls is a symmetric function
of their positions we assign a positive weight to each
demand point comﬁensurate with the intensity of demand at

that. point. But for peak-hour traffic and many similar

situations., when the distance is not a symmetric function,
we associal.e four weights along the four principal
directions - horizontally left or right and vertically up or
down - with respect to the demand point.

Our method of approach in this problem consists first

* This paper appeared in AP JOR vol ¢ (1992> pp 135-144
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in finding the maximum weighted rectilinear distance of the
set. of given locations from a point, arbitrarily selected
within the <,‘.onst.r.ained region. and subsequently reducing
this distance gradually so that primal feasibility is never
violated. With a view to achieving this we have.appealed to
methods of plane,anal_vtic: geometry.

A’lt,hough the solution technique has been developed for

polvhedral sets, it is applicable to any convex set.

3.2.2 Formuiation of the problem

Suppose: that, P,(x:, vy i eI = {1, 2, ..., ny are the -
L L 15
given demand points comprising the set S, (x, y) is the loca-

. U
tion of the facility (to be determined)>, W =( vL ] i=s the

L .
L

weight, associated with the ith demand peoint. where

UL for x < x. \'% for v < vy,
U = { + ' " and V. = { _:_ t
- U, for x = x, ‘ '’ for y = .y,
L . L L T
Let Fdx, y> = max { UL [ - xil + V,L lv = v | } Our problem
. 8
L .
may then be stated as follows.
minimize Fdx, v (&)

(x ¥) e E2

sub ject. to ax + by £ ¢, ; e 1, 2, ... » M>, a, b and
J ) ) ' AN ]

cj being constants defining the linear corist.x‘»aints, forming
the convex polyhedron R. For the symmetric distance case,
- +
U =U =V =YV for all i
L 1% |8 L

The unweighted 1-centre problem in the absence of const-
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raints has been elegantly dealt with by Wesolowsky [78] and
Elzinga and Hearn [31] using the rectilinear ' norm.
Megiddo [57, 581 has proposed a linear time algorithm " that
solves the weighted but unconstrained pPébJem. Francis and
wWhite [36}3 have given an extensive treatment to. inter alia,
single and wmultiple facility unconstrained minimax location
problems with or without weights. The equiweighted problem
corresponding to (1> has been solvéd by ‘Chakrabarty and
Chaudhuri [7]. The method of solution regquired four pairs of |
lines each pair .being drawn parallel to the axes of
coordinat.ésl' Chx-bt‘Jgi; a vertex of the smallest rectangle
enclosing all the demand points by two lines inclined at
angles of ;4550 and 135° respectively ‘with the x-axis. These
.four lines are actually the equipolygon with respect to a
pair of dominating points associated with the objective
function. These lines togethenr with the boundary were
sufficient to determine the optimal solution whereas in the
present case nC2 equipolygons in addition to . the boundary
need to be c:onéidered. The unconstrained version of the
present problem has been. studied using the symmetric
distance reactilinear metric by Chakrabarty.  and Chaudhuri
[8l. Batta el. al. (41 presented an algorithm to solve the
locational problem involving weights using L1~norm with
barriers of arbitrary shape and forbidden convex regions.
The solution to the as.ymmet,ric distance minimax problem has

been obtained by Dykstra et al. [30], Hodgson et al. [46],
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Drezner and Wesolowsky [25]1 and Chakrabarty and Chaudhuri
{91, Furthermore. Drezner [19] has presented an algorithm
for solving, among other cases, the weighted minimax problem

sub ject. t.o planar constraints.

3.2.3 Preliminaries

We nowv provide requsite definitions and notations for
developing our algorithm.
1> R, denot.es the rectangle having - sides parallel to the
L '

coordinate axes'through diagonally opposite vertices P and
. L

P,
i
2> P . denotes the locus of points at which the weighted
i) .
rectilinear distances of P and P, are equal. This locus
L J

will be hereafter called the eguipolvgon of P and P. Refer
. L ]

to figure 1 for the diégram of the equipolygon P .
L)

3> L(P, P> represents an "L-shaped' curve having a straight
L
line segment through P, paraﬂel to y-axis joined end-to-end
. T . .

t.o another =egment through P parallel to the x-axis.

4> Let P X .and P Y be lines drawn through P parallel to the

L L . L .

axes of coordinates. The cone of descent direction. at (x, 3D

for the objective function at (x, vy > is then defined by
18 L

the set

H = {(x, v> U |x - x| +V]y-vy| £U|a-x
L 1 L L L L

+ VLlﬁ’ - 'Vi.l and bounded by P_LX and P Y with respect to
1%

which the pcints (x,v) and (a. > lie in the same quadrant,}.
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53 b =0 v¢ - U V', where k.= - 1,1 =1
(%] 18 J J L .
or k = 1, Lt = - 1 according as y, < yj or vy, > yj,

with x < x.
3 J

6% ' is the portion of Pi.j lying within RLJ"
)

7> 8R defines the boundary .of R.

8% d<CA, B> indicates ‘the rectilinear distance between A and
B énd €A, PL> denotes the weighted rectilinear distance
between A and PL' ‘

9> Let the index sé@ J c I bé such that p<Q, PL) = pdQ, Pj>

> p€Q, P> where.i, j € J and ke I N\ J. If Q is not an

'c»pt,ima.l . solution and moving along t.he. difec,tion of descent
of P . does not  violate the condit.icl)n-‘ of primal feasibility

Ll

then the points P, P,
L

; are to be called the Dominating

points at Q. For its determination we shall make use of a

criterion given in sea. 3.2.6.

Stopping Criteria (SCO

I Let Q be a point.such that e<Q, PL> = pQ, PO = pCQ, ‘Pk)
J

z pCQ, P> where i i x € I and . € I - i j k> If-a

movement away from Q in the direction of descent of any

equipolygon violates primal feasibility then Q is optimal.:

IICa> When moving away from Q@ defined in I in the direction

of descent of Pijv and maintaining primal feasibility, if .no -

Q1 exists such that p(Q1, Pi.> = p(Qi,: Pj> = p(Q’., Pk>’ k e I

- 4, D then an extreme point. of I"';j is a unique optimum if
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D = 0O (é;ac., 3.2.6>. If, however, DLJ‘ = 0 then the whole of .
ij .

'’ or the po:r-tion extending from Q to the extreme point
L)
beyond which primal feasibility ceases to be valid, forms ‘the

zat. of optimal points according as Q & or e R'Lj'

¢b) If D = 0 and the objectives at Q, Q < T are equal
L

J 1 L)
then any point. on the . line segment QQ1 is optimal; elSe, if
Qt e I'' and Q « I', .then the part of rij from its extreme . .
L] L)

point, encountered fix;st, along the descent direction up to

0_1, forms the set of optimal points (sec. 3.2.63.

JXI {(For a Boundary Point)

{ad Let (xi, yt)_ be the weight.éd farthest point from («a, (3
& IR with respect to the chosen nornt. If R N H = «a, 33> -
then we 'hav-e a unique optimum thereat. But if J8R h H
consists of a2 segment of 3R then any point contained in this

segment is optimal.

(b> If the (lirection'of descent. of P at Q = P n O0R is
Ll Ll -

outside R amnd, moreover, if any movement along a direction

defined by ¢ and JdR destroys primal feasibility, then Q is

the unique optimum. We shall be making use of the above

criteria while developing our algorithm which now follows:.

3.2.4 Algorithm

Step 0 Take any P ‘€ Int R as the starting point. Find P‘_~ €.S
so ‘that (P, Pi) is a maximum. Let 1 «— i. Determine a |

H

. point Q e LCP, P> such that o€Q, P> = pCQ, P | e I -~
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{1y and d<Q, P> is minimum. If Q = R then Q «— 3R N L(Pi,
P> and go Lo step 1; else P2 — Pj . If Q = R then go to

step 2(ad; else go to step 3.

Step 1 If Q satisfies SC-IIICa> then stop. Q is the required
location; else move along the direction of descent of 4R

until the first occurrence of any one of the following:

(i an extreme p'oint, B of the currently active boundary is
attained : replace the boundary with the succeeding one, Q

«—— B and go to step 1;

(ii> a point B & AR, from which the weighted distances of
three o1 more points are equal, is reached: Q «— B and go

to step 2<ab.

(iii> a point B = AR, from which the weigzhted distances of
two location points ~ call them F‘1 and P2 - are equal, is

obtained: Q+—B and go to step 2dbD.

Step 2<ad> Tf a single equipolygon passes through Q t.herf cali
it sz and go to step 2¢(bd>. For three or m(;.>r~e equipolygons
meeting at Q apply SCG-1. If Q satisfies it then st.op; Q is
optimal: else, choose the two dominating points from among
them ((sec. 3.2.6> required for Ll;e next it,efation Ccall them

P:. and P2 > and go to step 2(bd.

Step 2<(b> If .SC-IIIKb> applies at Q then it is the optimal
point; else, if one of the points is non-dominating, then

drop it and go to step 1;: else go to step 3.

Step 3 Mowving in the direction of descent of P‘2 at,. Q. and
1
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maintaining primal feasibility, if. a point Q1 < R can be
found such that p(Qi,Y P‘) = p(Ql, P2> = p(Ql, Pk) , k e I -
{1, 2> ngn Q e— R n P12 and go to step ZCb.); else, if Q1
€ R then a%;»pl_v‘ SC-1 and, if necessary, SC-II(b> d{when D12 =
0>, to Ql. If Q1 satisfies the former or both depending
upon the value of D12 then stop, with the optimal
solution; else, if O_1 éabisfies neit,.h@;ar. then Q <———- | Qi,
choose an =quipolygon by dropping a non-dominating point

from among Px" Pz and 'Pic' - ecall it Piz’ and repeat step 3;

else, if no swuch Q1 exists, then go to step 4.

Step 4 Apply SC-1Iad to obtain the optimal solution or

solutions as the case may be.

N.B. 1. For the symmetric ‘distance rectilinear metric Di.j =
0 always. 2. The algorithm has been designed in such a way
that the movement always takes place along the direction of
descent of an equipolygon having a finite number of sides
(¢ sec. 3.2.6> or an edge of dR - the number of edges that

that make R is also finite - maintaining all the while primal
feasibility. This. therefore, ensures that cycling never

ocCccurs.

3.2.5 Numerical Examples

We shall consider two examples - the first one involving
asymmetric distance and the other employing symmetric
distance- ton illustrate how the algorithm works. In the

computation of the optimal solution in both these cases we -
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shall retain figures correct. to 3 decimal places.

1. Asynlmetri«c distance case: Let us assume that t.hé location
points and the .associated weights in the four pr-incipal
directions are as shown in Tablle 1 below.' Also, let the
convex polvhedral region R, within or on the boundary of

which the required facility point is to be located, be given

by
-x - y £ -10 1> - Bx - 2y < -38 2>
-5x + 6y < 14 (3> . 2x #.5y < 61 4>
5% - 2y < 51 5> 2x - 7y < 8 6>
P X, v, LA u? ' vf
P, 8 4 0.8 1.2 0.12 0.48
P, 3 3 1.6 2.4 0.24 0.96
P 9 5 0.6 0.9 0.09 0.36
P, 4 2 1.2 1.8 0.18 0.72
P_ 6 3 3.2 4.8 0.48 1.92
P_ 5 1 0.4 0.6 0.06 0.24 ]
P 3 6 2.4 3.6 0.36 1.44
P, 5 7 2.8 4.2 0.42 1.68
P_ 7 8 1.6 2.4 0.24 0.96
P, 4 5 2.0 3.0 0.30 1.20
Table 1
Let P = (B, 35> e Int R be t,‘he initial point,l. Following

step 0 of the algorithm the weighted farthest point P1 = (3,
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62, P2 = (6. 3>, and O =. (4.421, 3500>. As QO &« R, Q «— 0GR
M L<P1’ P) =z 6500, 3.500>. By step {. we move along the
descent direction of &R until the extreme point B = (6, 4D
is obtained. We next replace the currently active boundary
of 1> with the succ':eeding one corresbénding to ¢2> and .Q
«— B. Aftexr two consecutive iterations of step 1 and
another of step 2(b>, we finally obtain the optimal location
to be any point < the segme.nt, of 3R from (5.253. 5.867> to.
(5.220. 5.950> with the corresponding optimum objective =
8.160. Refer to figure 2, which clearly explains 'how the

optimal solution of problem 1 converges relative to the

constrained set.

2. Symmetric distance case: Ve next,‘ consider a problem in
which the <coordinates of the location points and the
constraints defining -£l1e polygonal region R are the same as
in problem 1. but the weighbs‘ associated with the respective
location points are fixed constants (¢ shown alongside e‘ach
entry in a separate colunn in Table 2 below) independent of
the directions in order to deménstrate how symmetry in the
distance norm affects the _opt,ima.l' location.

Let P = (8. 35> & int R as before. By step 0 of t,ﬂhe
algorithm, P;. = (3G, 7>, Q = (7500, 3500> and P2 = (3, 6.
As Q € int R we obtain following step 3, Q1 = (4.B33. 3.167>
€ R Q «—— &R n P12 = (7.000, 3.000>. After two more itera-
tions ¢;f steps 1 and 2¢b> the optimal is found to be any poini".,

= the portion of sz from <5.5351. 5.122> to (5.786, 5.357>
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and the corresponding optimal objective = 10.286.

P N Y. W

L 1 L L
P 8 <4 1 .00
1

P 3 3 2 .00
p

P o 5 0.75
a

P 4 2 1.50
4

P 6 3 4 .00
5

P 5 1 0.50
o

P_;» 3 6 3.00
P 5 7 3 .50
a

P 7 8 2.00
<

P 4 5 2 .50
10

Table 2

The above example clearly validates the observation made

regarding the simplifications inherent in the second problem.

3.2.6 Appendaix

In order to develop our algzorithm we have made use of

the following results given in [49].

1. The .optimal objective value with respect to any two
location peoints P, and P, occurs within R in the absence
L i : L

of constraints.

2. The equipolygon of two points P and P with unequal
1 1
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weights is & closed figure having;' 4 or 6 velrt,ic:es enclosing
the point associated with the greater weilght,, as shown in
figure 1. 'In case t.he‘ weights are 'equal it consists of a
straight line segment lying within R‘L‘ flanked by two semi-

infinite straight lines perpendicular to the sides of R .
. Lj

3. The weighted rectilinear distance from any point outside
the equipolygon to the location point with greater weight is

greater than that to the other point and vice versa.



CHAPTER 4

Computer Codes

Our purpose ih.t,his éhapter is to offer two complete
programs whi.ch‘ ;vill héip Hconsidepably. in exploring the
methodology «f our work. In sec. 411 we have given the
pmeudo code o the computer program for the weighted unconst-
rained case, whose Pascal vprogram appears in sec. 4.1.2
whereas sec. 4.1.3 describes the program in Pascal language

in the con'st,raivned‘ equiweighted case.
4.4.4 Pseudo code of the weighted minimax problem

Wé now present. the pseudo code of our algorithm of the
MinimumSpanningDiamond in the unconstrained case. We assume
the availabilit,;v of a subroutine InitialStep having as its
input, the coi.;fdi#at?es ;af 'the demand points belonging t;o the
set. S together with the weights associated with them. This
procedure outputs a point. P whose ’weighted - rectilinear
distances from 'A, B € S are equal. We further as'sumé t.he
eﬂstence of gnot.her subroutine Stretch which éalculétes the
set. of alternative opt.imal solutions constituting a portion
of an edge of EP(A,B)J.' ALGORITHM MSD processes the set. S of - |
demand point.z and yields the minimum spanning diamgnd of S.
UNDONE. a Boolean variable, being .‘init,ially set to TRUE,
becomes FALSE with the attainment of the solution in which

case the algorithm terminates.
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Algorithm MSD

Let ' be the portion of EPCA,B> ext,endiné from P to vaR(A,B')._,' "
Call InitialStep’ |
UNDONE = TRUE"
WHILE UNDONE DO
IF P € RCA,E> THEN UNDONE = FALSE
ELSE
S1 = S N\ {A,B>
S2 = {C = Si] the weighted distance from P1 e I', different
frqm P, is the same as that of A or B where PP1 is least)
IF |SZ| =0 THEN'
P =VEP(A.,B) M 3RCA,B>

UNDONE = FALSE

ELSE

IF |s2] 1 THEN
IF Pt « RCA,B> or R(B,C) or RCA,C> THEN UNDONE = FALSE
ELSE drop A or B and assign C to the point dropped
ENDIF o | |
ELSE
select. two points from S2 u {A,B), rename them A,B
and P «— P1
ENDIF
ENDWHILE
Call Stretch
output the nummum spanning diamoﬁd

END
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4.1.2 Pascal program for the weighted unconstrained location
problem

Program Minimum_spanning_diamond;
uses cort,dos; o :
t.ype list=arrayii..n]l of real;
var infile,outfile:text; :
xX,y,w:list;
i,11,i2,i3,1,m1,12,m2,ic:integer;
d,ds,x1,x2,y1,y2,h,k,u,v,dif ,}Jambda,wi:real;
flag,aflag bflag:boolean;
hh,mm,ss,hs:word;
Procedure Maxdistdvar iiiinteger);
Proc to find point i1 at a max wtd rect dist from (x2,y1d>)
var d,maxd:rceal; ‘ .

begin ;
d—-maxint.
.for i=1 to n do
begin

d:=wlile(x2~-x[1)+ylil=y1D; .
if maxd<d then
begin
maxd:=d;
ii:=i
end
end : .
end; {End Maxdist}>
FProcedure Diff(var df:ireal; ji,jinteger; c,dreald;
{This proc calculates the difference of rect distances of)>
{Z points j1,j from a given point (c,d>}
var f1,f2: real
begin
fi:=wl jila<abs (I j13-cd+absyl j11-dd);
r2:=wl jlx(abs(xl jl1-ad+absyl j1-ddD;
df :=f1-12
end; {End Diff>
Procedure Product(a,b,c,d:reald;
{This proc finds the sign of the product of rect dist of)>
{points i1,i2 firom the points (a,b) and (c,dd>>
var dif1,dif2:real;
begin
bflag:=true;
diffddif1,i1,iz,a,bd;
AAff(dif2,i1,i2,c,dd;
if difixdif2 {0 then bflag:=false
and; {End Product>
Procedure Quadr-ant,(var p,@integer; a,b,c,d:reald;
{Proc to find the quadrant. in which (b,d> lies wrt,(a,c)}
begin
p:=0;q:=0;
if a>b then p:=-1;
if a<b then p:=1;
if c>d then q=-1;
if o{d then g:=1
erd; {End Quadrant)>
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Procedure Min _max{(var min,max:ireal; r,s: real);
{Proc to find the max and min of 2 real numbers r and s>
begin
mini=r;
if min>s then
. begin ‘
max:=min;
min:=s
end
2lse max=s :
end; {End Min_max> -
Procedure Reclt.dng,le(a b,f1,21,f2,g2:real; var flbooleand;
{Proc to test if (a,bd is within or on the rectangle with>
{<f1,210.(f2,22" as opposite vertices)>
begin '
fl:=t.rue;
min_max{(x1,x2,f1,£25; !
min_max(Cyi,v2,21,825; "
if ((a>=x1> and (ad{=x2>> and ((b>=y1) and (b<{=y2>>
then fl=false A
end; ' - {End Rectangle)
Procedure Select; '
(Thist proc selects 2 points needed for the next iteration) .
begin
Quadrant.<l1,mi1,x[i1l,h,yl[i1]1,k>;
Quadrant(12,m2,x[i2l,h,yli21,k>; :
if =120 and (mi=m2> then {I,III,VII,IX w.or.t. i1,i2>
if wliiKwli2] then i2:=i3 else i1:=i3

else {1rLIV,VI,VIII w.a.t. i1,i2>
begin
Quadrant.{12,m2,xi31,h,yli31,k>;
if A1=12> and (mi=m2) {III,VII,IX w.r.t. i1,i3>
then i1:::i3 else i2:=i3 ‘
end ]
end; {End select)>

Procedure Int.2rchangedvar ji,j2:integer);
{This is a proc for swapping 2 integers)

var tinteger;

begin

te=3j1; jl:=j2; j2:=t.

end; ’ . {End Interchange)
Procedure Pointd{var kil:real;k2:real;p1,p2,q1,q2: integer);
A{Proc to find the point of intersection of the equipolygon>
{and the boundary of the rectangle)

var arreal;

begin

am=wlilla(lixdill mlixyli11D-wli2le (12ux[i2]+m2«yl[i2]1);

ki Ca—M*(v.[11]tp1-w[12]¥p2))/(w[11]*q1-w[12]*q2)

aend; {End Point>
Procedure Boundary;
var l.minteger;
{Proc to obtzin the point of 1nterseut.10n of the edge of >
{the equipolyzron and the boundar-v of the rectangle mov1ng}
{along the dirzction of descent?

begzin
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min_max(x1,5%2,x[i11,x[i213; .
min_max{y1,v2,yli1l,yl[i21>;
Quadrant.cli,mi,x(i1l,h,yli11,k>;
Quadrant.{1z,m2,x{i2]1,h,y[i2],k>;
L=11+12; mi=mi+m2; w=maxint; v:i=maxint;
if (1=0> or <(m=0> then <{zone IV,VI or VIILII>
i (=02 tlen {zone IV or VI>
begin
if {dm=-2> then v:i=yl else v:i=y2;
product(xl,v,x2,v);
if bflag"true then
begin :
v:=maxint;
if wliiPwli2]l then u=x[i2l else u:=xli1l
end
end
else <{m=0>
begin -{zone VIII or II>
if (1=2> then u=x2 else u—xi,
productdu,yl,u,y2>;
if bflag=true then
begin -
u=maxint.; :
if wlitldwli2] then v:i=yli2]l else v—y[11]

end
end; ' .
if A1=12> and (mi=m2> then {zone VII or I or III eor IX>
if (m=-2> then {zone VII or I>
begin ‘

vi=yl; p|~oduct(x‘1 V,xX2,V);
if bflag=false then
begin :
v:=maxint;
if A=2> then u-x2 else u=xi

end
end
else ' {m=2)
begin {zone III or IX>

v:i=y2; product(xi,v,x2,vD;
if bflag=false then
begin
v:i=maxint;
if (A=2> then u=x2 else u=x1
end
end;

if dA1=0> or (Mm1=0) or dA2=0> or (M2=0> then
{Lines of =

separation of all zones in pairs except V>
begin
if dm=2> or (m=-2> then
begin ‘
if (m=2> then v:i=y2 e.lse vi=yi;
product(x1,v,x2,v);
if bflag=false then

if C11<>0> then 12:=-11 else 11:=-12
else
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if AQ1<0> then 12:=11 else =12
end;
if (I=2> or (1=-2> then
begin
if d=2)> ihen u=x2 else u=xi;
product. Cu,yl,u,y23;
if bflag=false then -
if (mi1<>Q> then m2:=-ml else mil:=—m2
else
if (mi<>Q> then m2:=ml1 else mil:=m2
end '
end; _
if Cu=maxint?> then pointdu,v,mi,m2,11,12>
else pointdlv,u,l1,12,m1,m2>
end; {End Boundary>
Procedure Testi{al,bl,a2,b2:reald;
{Proc to find euclidean dist. of (h,kD lying on a given >
{equipolygon from the point of intersection of this and>
{another equipulygon)>
var xm,ym,z:real;
begin
xr:={al+a2d/2; ym:=(b1+b2>.2;
Quadrant d2,m2,x{il,xm,ylil,ymD>;
7:=wlille(lix(di13-hD+mik (yli1]1-kDd>- wlilx (12%xdil~hd+
m2%(ylil-kl>;
—z/(w[n]*(ll*(u-h>+m1*(v—k))-w[1]t(12*(u—h)+m2t(v—k)))
if {(z>0)> then
begin
lambda:==z;
i3:=i
and
and; ) {End Test)
Procedure Convax{var lambdail:real; a,b,c:reald;
{Proc to test if a real number lies in a given interval>
begin
if <(b<>ad> then
begin
lambdail:=<{c~ad.(b-ad;
if <{lambdai<0> or (1ambdai>1) t.hen lambdal:=maxint
end
else lambdal:xmaxint

end; {End Convex)>
Procedure Update; ’

Proc to update a given point (h,k> for the next iteration)>
var xm,ym,r,s:real;
Procedure value(vax freal lamda,a,b:reald;
begin
f:=lamda%xb+l-lamdadxa
end; '
begin
lambda:=maxint; i3:=maxint;
xm:=Cu+h)./2;yin:=(v+k>./2;
quadrantdi,mi,xl[i1l,xm,yfi1l,ym>;
for i=t to n do '
begin
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if Ci<>i1Y and (i<>i2Y then
begin
diffcadif,i1,i,u,vd;
if (dif<=0 > then
begin '
convex{(r,h,u,x[il>;
convex(s,k,v,ylil>; ‘ _
if (rOmaxint) and (sOmaxint) then
begin
if (r<{s> then
begin )
" wvalued{ym,r,k,v>;
diffddif,i1,i,xlil,ym>;
if (dif<=0> then testd{h,k,x[il,ym>

else {dif>0>
begin
value(xm,s,h,ud;

difrddif,i1,i,xm,ylil>;
if (dif<=0)> then testd{dil,ym,xm,ylild
else . {dif>0>
begin
diffddif,it,i,u,vd;
if {dif<=0> then testd{xm,ylil,u,vd
end .
end
end .
else {r>=s>
begin
value{(xm,s,h,ud;
AifFCdif,it,i,xm,ylil>;
if (dif<=0> then test<{h,k,xm,yl[i]>
alse  {dif>0)>
begin
value{ym,r,k,v);
dif £(dif,it1,i,x[il,ym>;
if <dif<=0> then testd{xm,ylil,x[il,ymd
else’ o Adif>0>
begin
diff(dif,il,i,u,v); ,
if (dif<=0> then testdxlil,ym,u,v>
end '
end
eind
end
else
if (rOmaxintd then
begin '
valuel{ym,r,k,v);
ciffd(dif,i1,i,x{il,ymd;
i" (dif<=0> then testcCh,k,x{il,ym>

else {dif>0>
begin
diffddif,il,i,u,vd;

if {dif<=0> then testdxlil,ym,u,v)
end .
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end
else .
if (s{Omaxint) then
begin
valuedxm,s, h u)
drff(d).f,11,1,xm,y[1])
it" (dif<=0> then test.(h,k,xm y[1])
else {dif>0>
hegin
diffcdif,i1,i,u,v);
if (dif<=0> then t,est,(xm,y[x],u,v)
end
end
else testdCh,k,u,vd;
u:=hit(i~-lambdad+usxlambda;
v:=k#¥{1-lambdad>+vxlambda
end {dif<=0>

end i<>i1,i2>
end; ' {end of for>
h:=u; ki=v
end; {End Update>

Procedure Initial step;
{Proc to fincd (h,kd> equidistant from at least. 2 points)>
var di,dii:real;
begin .
x2:=x{11; yl:=yl[1];
for i:=2 to n do
begin
if x2<x[i] then x2:=xlil;
if yidylil then vyi: -—y[1]
end; .
Maxdist (d1);
i2:=0;k:=y1;h . =x2;u:=xli1);v:=y1;
‘update;
if i3=maxint then
begin A
hr=xlill;u:=xlill;v:=yl[il];
update;
ki=v
end )
else h:=u; .
i2:=i3 )
end; ’ {End Initial_step>
Procedure Stretch;
{Proc to find the line segment giving t,he optimal soln set)
var l,minteger;
f1,f2,f3.f4:real;
Procedure One<b,c:rreal;pl,p2,q1,q92,s:integerd;
begin '
point<b,c,p1,p2,q1,925; )
if s=2 then diffddif,i1,i3,c,b>
. else diffddif,i1,i38,b,c);
if dif>0 then
begin
if s=2 dhen begin wui=c; v:i=b end
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zlse begin u=b; v:=c¢ end;

updat.e
end
else u=maxint -
end;
begin :

Min_max(x1,»2,xfi1],x[i21>;
Min_max(y1l,v2,vli1l,y[i21D;
Quadrant.(11,m1,x[i11,h,yli11,kD;
Quadrantdz,m2,x[i2],h,yli2]1,k>;
1:=11-+12;m:=mi+m2Z;u:=maxint;
dif£(£1,i1,i2,31,y1>; diff(£2,i1,i2,x2,y1);
dif £4£3,i1,i2,x2,y2>; diff{f4,i1,i2,x1,y2D;
if =02 and (m=0> then {(h,k> inside the rectangle’>
begin
if CF1x£2<0> then onefu,yl,mi,m2,11,12,15;
if (F2%£3<0> and C(u=maxint) then
onedv,x2,11,12,m1,m2.2);
it (£3%1£4-0> and (u=maxint) then
onedu,y2,mi,m2,11,12,3>;
if u=maxint then

begin
u:=x1: pointdv,u.l1,l12,m1i,m2>
end
end : {(h.,k? on boundary of rectangle)
else
begin
if (m=-1> then
begin :
if (f20:€3<0> then u:=x2
else ) ’ ' '
if (F3xf4<0> then vi=y2 else u=xl
end
else
if (1=1> then
begin
if (£1%f2<0> then vi=yil
else
if (f3%f4<0> then vi=y2 else u=xl
end
else
if (m=1» then
begin
if (£f14£2<0> then v:i=y1
else
if (F2%f3<0> then u=x2 else u:=x1
end
else
begin
if (f1¢£2<0> then v:i=y1
else :
if -(F2uf3<0> then wu=x2 else vi=y2
end; "

if u=mmaxint then pointdu,v,mi.m2.11,12>
else pointdv,u.ll,l12,ml,.m2>;
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update
end
end; {End Stretch>
beginv {main action statements>
" clrscr;

flag:=true;
assigndinfile,’file.dat’);

resetdinfiled.

assignoutfila,’out.put.’>;

appendCoutfile);

writeln(’supply the number of data points’®>;
readlndn); T o

for i:=1 to n do
readIlndinfile,xdil,v[il,wlil);
gettime(hh.mm,ss,hsd;
write(outfile hh,’:’,mm,”:’,ss,’.”, hs:22;
initial_step;
rectangledh,k, x[11],v[11] x[12],y[12] aflag);
if aflag=false then flag:=false else Boundarvy;
ic:=0;
while flag do
begin
update;
if {d3=maxint)> then flag:=false
else
begin
rectanglaCh,k,xli1l, yli1],x[i31,y[i3],aflagD;
if aflag=false then
begin .
flag:=1alse;
~interchangedi2,i3)
end
else
begin
rectangledh,k,xl[i21,yli21,x[i31,vLi3]l,aflag);
if aflag=false then
begin
flag:=false;
1nt.er~c:h.ange(11 i3>

end
else select
end
end; {end i3<{>maxint)
Boundarvy;
ic:=ic+1
end; {end while>

writelnCtotzal no. of iterations=’,ic);
write(’The stretch extends from (’,hs5: 2,’,’,k5 2);
Stretch;
writeln(’> t.o (’,u 5:2,%,7,v:5:2,”>’>;
gettlme(hh,mm,ss hs);
writedoutfile,’ ’,hh,’:?,mm,”:” ,ss ,’.’,hé:Z);
writeln(outfile,’ ’ied;
closeloutfilel:
clasadlintils):

end.
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413 Pascal program of the equiweighted cons't,rained minimax
locatior; problem

program Constrained;
uses crt,dosy
const inf = 1.0E+35;
type list =uzrrayl1..100]1 of real;
list1l =array(1..500] of real;
row zarrayi1..4] of real;
col  =arrayl1.2] of real;
index =set of 1.100;
var infil,out.fil:text;
a,b,c,=s,a1,b1,c1,x1,y1:list;
x,y:list1;
ax,ay,ca,dd,mi:row;
z:col;
s1,s2:index;
m,n,i,i1,i2,i38, j,ji,i1, 12,p,ch01ce,count. 1nt.eger,
ui,u2,vi,v2,hiki,h2,k2,h,k,x0,y0,c11,mi1:real;
mi2,alpha:real; : .
flag,done:boolean;
procedure interchangedlvar di;el,f1,d2,e2,f2:reald;
{ Swaps two sets of variables)>
var t1,t2,t3:real;
begin
t1:=d1;d1:=c2;d2:=t.1;
t2:=eljel:=a2;e2:=t2;
t3:=f1;f1:=£2;f2:=t.3 o
end;- { End interchange >
procedure Diamond(var x1,x2,y1,y2:reald;
{Finds the sitretch KQ in the unconstrained case)
var u,v:ireal;
function FindMax{(ti,t2:listi;p,qiintegerd:real;
{Constructs the smallest rectangle containing all demand
point.s having sides parallel to x+y=0, —-x+y=0>
var =z,max.real;
begin
for i=1 to n do
begin
= pxtifil + gwt2lil;
if (4=1> or (z>maxd then max:=z;

end;
FindMax := max
end;
begin
ccl2]l:= FindMax(x,y,1,1);
ccl1l:= - FindMax(x,y,-1,-1D;

ccl4l:= Findvax(x,y,~-1,1D;
ccl3l:= - FindMax{(x,y,1,-1);
{Finding coordinates of Kd(xi,y1> and Q(x2,y2)}
u=(acl2l~ccl1]d; v:={ccl4)-ccl31);
x1:= Cecl1)=cel31D/2; x2:= (ccl2l-ccld1d./2;
if u >= v tLhen
begin
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yi = (cclll+ccl3D2; y2

end .

else

begin

vl = (calil+ccl4dd/72; v2

end ’
end; o { End Diamond >
Procedure FindSegmentcCvar f1,g1,f2,e02:real;

var found:boolean?;

{Finds the optimal solution set in case KQ has a non-void
intersection with the constrained region R)>
var d,e,ub,lh,vmax,vminireal;
begin

found = true;.

ub:=1; lb:=0; i :=1;

while (i<=m> and found do

begin

d:=allil*Cul-u2d + bililkd(vy1-v2D;

e=cllil - aitlilsu2 - bililxv2;

if 40 then

Ceclll+ccl4D. 2

Ceal2)+cel310.72

begin
vmax:= e/d;
if ub > vmax then ub = vmax
end
else
if d<0 then
begin
vmin:= e./d;
if b 4 vmin then 1lb := vmin
end
else
if e<0 then found := false;
i= i+ 1
end;
if Cub < 1b> then found = false
else '
begin

f1 = ub¥xul + J(1-ubdxu2;

g1 = ubxv1l + {i~-ubdxv2;
£2 = lb»ul + (1-—1b')*u2j.
g2 = lbxvli + (1-1bdDxv2
end
end;

) { End FindSegment >
procedure FindDominate(var u,v:real; var Jj1,j2:integer);
{Finds dominating sided(s). .at .a point)>
var dirow; maxrreal;
begin
j1 = 0; j2 == 0O;
dlil:=abs{u+v-ccll1l); diZl:=abs(u+v-ccl21>;
d3l:=abs(-utv-ccl31); di4l:=abs(~-u+v-ccl4D;
max = 0;
for i:= 1 tc 4 do
begin
Sif dliPmax then
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begin
max = dlil;
j1 =1
end
else
if dlil=max then j2 = i
end : .
end; { End FindDominate >
procedure Gauss(var al,bl,c1,a2,b2,c2,u,v:reald;
Finds the point of intersection of two linear equations)
var kil:real:
begin
if a1<>0 then
begin
ki:=a2/a1;
if (b2-kixbi <S0> then
begin '
. vimle2-kluc1d/(b2-kixb1);
u:=(ci-vebi1d>/al
end
else writelnCthe solution does not exist’>
end
else
begin
v:=cl./b1;
if a2dd0 tiren u=dc2-v¥b2d/a2 else writelnCparallel’™
end :
end; { End Gauss >
procedure counterclock;
{Arranges the constraints to form the convex polyhedron)
var ji,j2:integer;
procedure partition;
{Partitions the constraints in sets =1,s2
according as blil < or > 0>

begin
=1 = [}); s2 = [];
p = 0; .
for i:= 1 to m do
begin '
if (blil < 0> or blil = 0> and alil < 0>> then
begin

p = p + 1,
s1 = s1 + [i]
end
else s2 1= s2 + [i]
end
end;
procedure sortdiliinteger);
{Sorts the vonstraints in ascending order of slopes)
var t:real;
begin
for i = 1 to i1-1 do
for j = i+1 to i1 do
if =[i) > =sljl then
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begin '
interchange(allil,bilil,c1lil.a1l j1,bil j1,c1l j13;
t = =lil; slil = sijl; s[j] = t

end
end;
begin
partition;
=12 = p o+ 1
for i == 1 to m .do
if i in s1 then
begin
atl j13 = alil;
b1l j11 := ‘blil;

c1lj11 = «clil;
jr = j1 + 1
end
else
begin .
allj2} = alil;
b1l j21 := blil;
cil j21 = clil;
j2 = j2 + 1
end;
for i ;= 1 to m do
if <(bilil>0) then slil = (-ailil/bi1lild> .
else
if (atlil < 0> then slil = -inf else s[il = inf;
sort(pl; '
p = mTp;
sortdpd; )
end; { End Counterclock >
procedure Ve-rtices(r,s,£:list);
{Obtains the vertices of the polyhedron)
begin .
for i =1 t.o m do -
if dOmM? then. Gaussd(rlil,slil,tlil,rli+1],s[i+1]1,t0i+1],
x1[i+13,y1li+11D
celse Gauss:(rlml,slml,t.fml,r(1],s[11,t[1]1,x101],yv1[11>
end; . { End Vertices >
procedure InitialChoiced(var f,g:ixreald; '
{Assigns starting values to (h,k> >
begin
f = (x1[11+:1021+x1[310.73;
g = (yiu1l+y1[21+y1[31D.73
end; { End InitialChoice >
procedure Convex{(c,d:real; var u,lambda:real;
var found:boolean);
{Finds if a real number u lies between 2 real numbers
begin '
found = false; _ :
if (c<O>dd> then lambda = (u-d>.C¢c~d> else lambda = 2;
if d{dambda’»=0> and d{dambda<=1) then found := true
end:; { End Convex >

c,d>
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procedure NextMovementd(v:real: l,s:list>;

{Finds the direction of movement at a nonoptimal point>
var lamda.zz:real; aflag:boolean;

begin :
i1 := 0; i2 = 0; i3 := 0;
for i =1 to m da
begin

convex(llil,l[i+1]),v,lamda,aflag);
if {aflag=trued t,hen
if (i1=0> then
begin _ )
i1 = i; z[1] := lamdaxs[il + {1 - lamdadxsli+1]
end ‘
else { i1 &S 0y
begin
if 42=0> then
begin
i2 = i; z{2] = lamdaxslil + (1 - lamdadxsli+1]
end :
else { i1,iz &> 0 >
if {i3=0> then '
begin
i3 = i; zz = lamda=xslil + {1 - lamdadxsli+1]
end
end;
if (i2=i1+1> then
begin
2z[2} = =z; i2 = i3
end
end
end; . : { End NextMovement >
’ procedure Dorn1nat,1ng,Pa1r, '
{Assigns coordinates of a vertex to (x0,y0> when two
two dominating sidées exist)
begin

if 11=1> and (12=3> then choice = 1;°
if 1=1> and 12=4> then choice = 2;
if A1=2> and 12=4> then choice := 3;
if 1=2> and (12=3> then choice := 4;

b4
case choice of

1 : begin x0:=ax[1]l; yv0:=ayl1]; count:=1 end;
2 : begin vO:=ayl2]; x0:=axl2}; count:=2 end;
3 : begin x0:=ax[3]; y0:=ayl3]; count.:=1 end;
4 : begin yC:=avyl4l; x0:=axl4]}; count:=2 end
end

end;

procedure SingleSide; ..
{Assigns cooxrdinates of a vertex to (x0,y0> when t,wo

one dominating sides exists)

{ End DominatingPair »

begin
if Cli=1> or: d1=3> then
begin
x0 = axi1l;
if (1=1> then vO = avi2l else v0 = avliil):

end



1238

else { 1=2D oxr (l1=4> >
begin
x0 = axi3}; ,
if Q1=2> then y0 := ayl4] else y0 = ayl2);
end .
end; ’ { End SingleSide ?»

Procedure  Updatedvar. f,z:ireald;
{Select.s one of the two points of intersection of x=h or
y=k with the boundary}

begin )
if absd{(f-z[11> < absd(f-zI[21> then
begin
g = =z[1];
i= i1
end
else
begin
g = zl2];
i = 12
end
end; { End Update >

procedure InitialStep;
{Reaches an active boundary from an interior point
maintaining primal feasibility>
var alpha:real; aflag:boolean;
begin
aflag = true;
verticesd{al,bl,c1d;
x1lm+11 = x1f1]);
vilm+1]l = yi1f1];
InitialChoice<(h,kD;
FindDominateodh,k,11,12);
if d2=0> then
begin
SingleSide;
NextMovement(k,y1,x1);
Convex(zl11,z[2],%0,alpha,aflag);
if Caflag=irue) then {y=k meets x=x0 inside R>» -
begin )
h = x0;
FindDominate<h,k,11,12>;
end
else Updatedx0,hd {y=k meets the boundary>
end; '
if A2<50> then
begin
Dominat.ingPair; .
if (count=1> then {(choice=1)> or d{(choice=3>)»
begin
NextMovement Ch,x1,y1);
Updatedy0,k>;
end -
else {Cchoice=2> or {(choice=4>>
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begin .
NextMovement(k,y1l,x1D;
Update(x0,h>;
end
end .
end; s : . { End InitialStep >
procedure KReplacedt,ulist; f:reald;
{Updates boundary if SC is not satisfied at extreme point)>
begin
mit = =lil;
if absd(tli+il~f> < absd(tIlil-f> then
begin
i=1 + 4;

h := tIil; k := ulil

foa
]
c’.
=
[H
—
=
n

ulil
end; '
mi2 = slil}.
if (mill1}=1)> then
begin
if <mill1)e«m11i<0> then
begin it" (m11xm12<0> and (mi2<1> then done := true. end

else
if CCm11>1d and (m12<1)>> or (n1i1d> and (mi2>1>>>
then done = true
end _
else { mill1)=~-1>
begin

if (mifl1ikm11<0> then N
begin if {m11xm12<0> and (m12>-1> then done:=true end
else .
if (dmi1<~1> and (m12>-1>> or
Cdm11>-1> and (dm12<~1> or (M12>0>2>>> then done:=true
end -
end; . { End Replace >
procedure Onedlvar f,g:real; ureal; t,w:list)D;
{Course to be taken when s[ilxmi1[l11>0 >
var lamda:iraal; aflag:boolean;
begin :
Convex(tli}, tli+il,u,lamda,aflagd;
if (aflag=trued then

begin
f = u; g = lamdaxwlil + {(i-lamdad*wli+1]; done := true
end

else replacedxi,yl,ud

end; ' { End One >

procedure Two;

{Course of action when (h;k> is on x=x0 or y=y0 >
var aflag:boolean;

begin

if Ccount=3> than
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begin

if Cabs(s(iI><1> then done = true <{ M is optimal >
‘else { abs<slild>=1 >

" begin

if (sl[ilK0> then y0 = ayl2] else y0 := ayl4l
Convex{yllil,yili+1]l,y0.alpha,aflag?;
if C(aflag=true> then

begin
done = true;
k = v0: h = alpha%xili]l] + (1-alphad*x1li+1]
end ) )
else Raeplacedyl,x1,y0>
end
end
else ] , { (count=2> >
begin . . .
if (abs(sliId>1D thén done = true { N is optimal >
else ¢ { absd(s[lid<=1 >
begin ‘

if (=slilK0> then x0 = axf1] else x0 = ax(3];
Convex(x1[il,x1[i+1],x0,alpha,aflag);
if C(aflag=trued then

‘begin
done :(= true;
h = x2; k = alphaxyilil + (1-alphadxyili+1]
end . '
else Replacedx1,y1,x0>
end
end
end; { End Two >

procedure Four;
{Course to he adopted when s[il¥mil[l11<0>
var aflag:boolean;
begin
if (b1Llil<>0> then
begin
c11l = {ctlil-atlilxx0>./b1lil;
Convex(k,y0,c11,alpha,aflag); .
if daflags#trued then
begin
Convex(x1lil,x1[i+1]1,x0,alpha,aflag);
if {aflag=trued> then
begin
FindDominateCh,k,11,12>;"
DominatingPair;
h = x0; -
NextMovement(h,x1,y1);
Updat.eCy0,kD>;" S - '
if Cabsd(slild<1> then done = true <{ M is optimal >
else { absd(slild>=1 >
begin
Convex(y1lil,yili+11,y0,alpha,aflag);
if (aflag=trued then
begin



131

done := true;
k = y0; h := alpha®xilil + (1-alphad¥xili+11
end .
elszs. Replace(yl,x1,y0>; { aflag=false > -
aflzag = true : '
end )
end :
else Replace()d,yi xO) { aflag=false >
aflag = true ' s )
end
end;
if <(b1lilJ=0> or (aflag=false> then
begin
ConvexCyilil,y1li+1l,y0,alpha,aflag);
if (aflag=trued then '
begin
if (absd{slil>>1> t,hen
begin . i
done := true; { M is optimal >
k = v0; h = alpha:txi[l] + {d-alphadxxili+1]
end
else
begin
jj = 11;
FindDominateCh,k,11,12);
if A1=3jj> then 11 := 12;:
Singl=Side;
Convex(x1[il,x1li+11,x0 alpha aflag;
if (af lag—t,rue) then

begin
done := true;
h == x0; k = alpha%x1[i]l + {(1-alphad*xxili+1]
end
else’ Replage(vi,xi.yO) _
end
end
else Repliacedxl,y1,x0>
end
end; { End Four >
begin { main action statements »
clrscr;

assigndinfil,’input file’; .

{The coordinates of the demand points and the coefficients
of the linear constraints to be read from the input file)>
resetdinfild;

assignoutfii,’output file’d;

rewritedoutfild;

writelnCsupply no. of constraints m and no. of points n’d;
readin(m,n); ,

for i := 1 to n do réadlndinfil,xlil,ylilD;

for i = 1 ta m do readlndinfil,alil b[1],(..[1])
Diamonddul,ul,vi,v2>;

axi1):={ccl1)~ccl31D 72 -:iV[l]—(Cu[lJ‘*‘LL.[o] 22
axi2h=Cocll]l-cal412.72: ayl2l:=(cclliitccld]Id 2:
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ax{31:=(ccl2]}~ccl41>.72; ayl3l:=C(ccl2l+ccl41>/2;

axfd4l:=C(ccl2)-ccl31D.72; ayl4l:={ccl2l+ccl31>.72;

for i =1 to 4 do

if di=1> or (i=2> then milil = -1 else milil :

Counterclock;

FindSegment (ht,k1, h2 k2,flagd;

if flag=true then

begin .
write(CThe segment from <(’,ht,”, ’,k1,’>’,’to (,h2>;
writeln(’, ’,k2,’> constitutes the required solution’>

+1;

end
else { flag=false >
begin ’
done = false;
InitialStejp;
while not{(flagd do’
begin
if A2<00> then
begin
Two; .
if (done=trued then flag = true
end
else { 12=0 >
begin
if (sfil«mill11>0> then
begin
if Zabs(slil><1> then Oneth Sk,x0,x1,v1D
else Onedk,h,y0,y1,x1)>;
if <done=true) then flag = true
end
else : { C(s[ilami1l111<0> >
begin ’
Four;
if <(done=true) then flag = true
end
end : .
end . o .. . { end while_ >
end;
writeln{outiil,’h= *h,’k= ’,kD;
close(out.fild;
closedinfild

and.
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