
Bending of unifo~ly compressed circular plates ot 

variable thickness.* 

Nontengla.;t;U,£e. • 

1\le following nomenclature arG used 1n this paper. 

Q == radius of the plata, 

b = radius of the inner boundaq, 

-h = thickness of the plate at a ·distance n 
.from the centre, . 

D = fleltiU'al rigidity o£ tile Plate = 12 <)~') ' 
E = Young's modulus, 

Cl = Poisson's ratio. 

Introduction : 

Holzer ( 1918 ) Ciiacussed first the problem ot symmetrical 

bending or circular plates of variable thiCkness. Since then, many 

authors have investigated the problem, outstanding of which are 

the investigat:toru~ of Pichler ( 1928 ) and Olsson ( 1937 h The 

last named author ( 1939 ) has also solved the problem of . 

unsymmetrical bal'l(.l1ng of circUlar plates. Corr.~ay ( 1948 ) 

investigated the problem of symmetrically loaded circular plates 

ot variable thickness with various types of tbicltness variations. 

*Published 1n Indian Journal ot Mechanics and l~thematics, 
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Ba.sul1 ( 1.961 ) solved tha prob~em · ot bending or · 

uniformly eompressed annUlar plates, thickness of which 

varies linearly from the centro. 

In this paper an attempt ·bas bean tna.de to so~ve the 

same problem lil1 th the ~h.1ckness varying inversely as tha 

distance from the centre • 

. Th.eory • · . , 

Let T = ·un1rorm p~assura per wnt length arid 

th1ckn~ss 'o.r· th.$ section· ·o:r. the·. deflection surface bounded 

by two concentric cylindrical surfaces ot radii ~ and 

n. + Jn and tvo radial planes inclUding a: small angle de s.t 

the centre or the plate, at a distance i1 ) Mn, M Ei = bending 

momen·ts per unit length or the section perpendicular to 

radius and tang0nt1 .~'1\ = shearing_ forces per unit length, 

acting normally to the middle plane, cp ~ slope at a 

distance n = - d..w ) w being the corresponding 
cb-L 

displacement. · 

Considering tha eqnlibrium of ·the element and taking 

moments we have tbe following d1tfersntial equation, 

J) il~ ~ ~) + ~(~ + 6~}+ Tf)tp = - q~ • • • ( I ) 

where the flexural ~1gidity ]) . 1s a variable quantity. 

L'Basuli. S ( I 9~1 >J 
- ' 



Problem • 

(a) . ~t.er bound,arx a,l.a.mR.q.Cl~.nd ... §.URP~I:t.eJi, ,1pne~. bo,undar.z 
' : . - . _, ' '.. . . 

£l::unp§d. L}.,ne loaft .. alonK ,the, .inner bounda,rz •• 
. ,· ·~ 

Le~ us . con•sider a.n annular .Plate whose thiok!less at a 

dis ~nco 't\. 1s given ~y . " 
:L 1_ -1 
-.r\ .= T\0 il 

sub3eete~ to a total normal load P distributed uniformly 

round the radius or the hole. 

1'hen the dif'f'arent1al equa t1on ( 1 ) will take· the form 

. 2-. d2.4' clc:p L 2. 1 ) rh h M.- 2i1. dJL -t \c( it -.3 C)-,_\ I ::::: 

whe~e · ·) 

••• ( 2. ) 

••• ( 3 ) 

~e oomplementa17 function for the equation ( 3 ) can b& put 

in the form 2.. 'L 

. . il
3/2- [A ~ t ~ ) -t B ~ l oe~)] 

where/= !2>7~20' j A, B baing constants am;.~)} ~~~J 
being the Bessel functions ·or 1st and 2nd kind .of order u_. 

L~orsyth, A.R.( lc:>~~) J 

1'he particttlar integral is 



·Hence the general_solut!on is 

cp := 'h ~ A ~{_$2_) -t B~lc<~?_)- PG( . - Y4'~"!t:J 3/ G 3/4;-s- (C('tl'l'"'l. 
· 2774 7\ T..fno · 

It the outer· boundary be clamped and supported and the 

inner boundary be clamped· 

boWldary. condi.tions are. <:p == o when n:: a. , n = b , w =·O at 

. ~nsidering equations ( 4 ) and ( 6 ) .and solving tor- the 

constants, we get 

A= 

Considering equation ( -" ) we get 
'' -~ :?>f"' 

M~ = Dl ~ + 6'¢] :::: . PC(. ..D l A 53 itV2. J rrQl'l..) 
ll . LOJ\ 'h 2!11 7\T-h

0 
l '('2. ~\.: 2-

+h/~r{. ~ ~)) -+ Bt~ ~~h.~ e<~?_) -t "n.s;~O( ·.~ (~~J J 

+ o~h{A~~)-t i~l~) - sy4 ~lc(~)) 
-~ItS~,~ lo<~J] 

4 

••• ( ~ ) 

••• ( s) 

••• ( 6 ) 

• • • ( 7) 

••. ( 8 ) 

• • • ( .9 ) . 



!he same. equation also det·erm1nes 

' [<P d_q,] Me= D n +a~ 

To get. the detleot1on we know that 

On integrating equation (I I ) we get, _ 

W = - (2/cX)V
4 l A J fA- 3/4) J f o<..'h2_) S . f o(~'t,) L: l" ~\.: 2. -3;4 ,r-' ~ 2.. 

t K1 (.constant ) 

1he bou.nda.:ry condition is w = o at 1\. = o.. 

Hence 

K, - wG{r[ ~10-v;)~(~)s_,;4 y.-,t~~) 

s 

• • • ( l I ) 

••• -(12.) 

••• ( 13) 

't - '1. 1\ B 2 . t~Y (&<q_l-) -~-~lo<~ )·Sy4 ,;4l~)) -t :{0-31;)~\::2-__;.Q_3ft';4-' 2:; 

••• ( 14) 

Therefore \t-...1 1e determined. 



(b) qu.~er b,oundaa. qlame~. a,l'id ,spnaq,r,te:1,. &nse:t:.J:a,oumaa 
. ' .. ' 

. . . . . . 
qlaml)ep. iT.tOa,d .. ,uniform •• 

For the same plate if ~he load be un1f01"mly di$tributed 

with intensit".l 9( then 

••• 

With. this valu* of CS)'ll the differential equation ( 1 ) takes 

the rom 

1{-:t~ -2\ ~ -;- (oc\l4 - 3 6'-<) cp = ~\ (L}1c 4-~ 

Solution or equation ( I 6 ) can be put in tho form 

••• 

•••• 
-

Conaidering equations (17) and ( 1'6) and solving for the 

constants, we get 

c. ::::: 

( 1 s) 

( 17) 

])::::: 
.... ( 19) 

.... ( 20) 



7 

eomhiniug·equations. ( 17 ), ( l9) and (20), ~ is determined in 

the rom 

I { ~t\:) YA"!') ~ ¥- ~). ~~) J 

+ '-J (o(h.'l...)J J f~o.,_\ o,- (Ss-14,.A l:¥)- ()(3/~b~Sw~lo;':)) 
0 \ 2- t ~ \_ 2 )T~o \ 2'3/<!_ cl(.Yt!\ · 2.?/et -

... ' 

_ 1 r~'-) cv (~o/4'~ ~) _ t(31~62_. s)/4 0 ~)).\. r \. T -h0 \ 2.3/4_ c.>( V4 27/1 j) 

••• ( 21) 

To get th1"3 deflection W we know that 

.••. (22) 



Integrating equation ( 2 2) we get . 

+ \(2-

Boundary eondi tion 1s w = o cJ:- ~ = ct. 

Therefore the constant Kz.. is given by 

••• (23) 



'7(4-;--'l...'YY'\ 

cy ~ (-~~- (~ . a(-\-Ll"rll\ l 
-t 2~/~ ~Y-4. T-h 0 . ~0 \7+4W~){l%)~~~-J .. ·\(_9~+'2..nif--/-'2J J ••• 

Substituting the value of K2 from equation (2L\) 1n (23) 

VJ 1! determined. 

(o) OUt~r 'loupdary ,gla,_rgpf!l._ 1Mf!r.Jl~:?.Unda~ s.tamp!!§L 

!ltd r? .. UJ2pj!.rt,&d, toa,d. u?Jitom.. 

For the same plate if the inner bouooary be clamped 

and supported and. the outer boundary be clampecl, 

boundary condi t:tons are cp = o cd- )I_= ex.. ) 'TL = b 

and W= o a1 'fL=-b. 

If the load be uniformly distributed with intensity 90 
equation (23) reduce8 to 

9 

(2~) 



V4 \<::~ j {o( ~) ('( . (c<\:}) J I~) s {o(\})~ + \_2/o<J [2 t(t-3!4)~~ ·,::>_3/4'/"-1'-2 - ?'-'-1\.:2. .. Y4'r~ J 

+ :n f t 0 -314) ~ ~~) · g_3/4, r-' (:<~) -~ _, ~o<.~) · S~,r lo<~)} 

9/ -T2i'Y\ 

= . 'trl /" 7+4'\'Y\ ~ \( ~ (:-t) ' (12_) . b 
-t 3/4 '/-4 . L 1 'L ,_ '2.. 2.t_ 

2 . o<. . I -ho 'rY\=O l7-t~m) ~ l_91i> :;u J · · ·. { {_9/4-tl~ 7 J 

whi~h is the dofleet1on under uniform load at a 

distance '11. • 

\0 

••• (2.5) 

Datlsct1on will be maximum at the outer boundary n_:::: C\... 

Thus ~ve get, 



\ \ 

•c.• (26) 

In particular, ··it o = 0 '2 S , . the deflection am the 

maximum deflection can be obtained from equations (2.5) and 

(2 6) as given below. 

• •• (27) 



\2. 

where 

(2~) 

Putting the above values of o(} 6 and «. in ( 2 C6) 

we have, ( W) - 'lt x o · L\ \ 3 5 
\_ 'YY\.C\.~ - T ~o 



FIG., 1 

Stresses and moments on_an element bounded by two 

adjacent cylindrical surfaces and radial planes. 

\'?> 
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Note on the 4etlection ot a sq~a~~ plate ot.variabl• 

_ tbiclm.as Iinde, a variable load and uni~orm -

ten81on 1n the middle plane ot the plate.* 

PAPIR"" II .. 

/ 

!he tollowins nomenclature ate used in tbla pape~. 

side ot the plate, 
E¥f tlex\U'al rl.gidity ot th~ plate= -12----c,--u~2.)-x" 

thickness at a distance , x· 
where h is a par~eter, 

= -ho e.'ll:. ct. 

small 1n magn! tude" . 

E :::: Youna • s modulws-
1 

9f = load, 

T- = tTni.torm tension in the midt.U., plane ot the plate, 

Cf == PO.l$10n • s ratio J 

~= 4•tlect1on1 noimal to the plate. 

IAt"du.ction • 

s•veral problems ot bending ot rect&n{lular.platea ot 

. Wd.tom thtekness urider · the combined action ot 1& teral loada 

and torees 1n the m1d4le plane ot . the plate bav• been 

CU.scussed by Umosh•nko am.d Woln~sk)' - . Xr1•~•r · ( 1959 > , 
Conway lf.D.(l949.), Cban~; C•C· and Conway B.D_ •. (~Sah the 

--
*·Accepted tor publication 1n the· Journal. ot _ 
. !heor•tical ·Physics, ·ealcutta{Published in 
-Vol. ·15, No. 1, 196'7J·. -



obJect of this paper is to.solve the problem or a square 
• ; '· ' ' > ' • 'I ' } •'.:, .' • • • 

pl~t~ of variable thickn•ss. Under the' combined action ot ~·-
\ .. ' 

' ' ' 

variable. load and unifor.m tension in the middle plane ot 
. ' . ' ~ ' 

' • • ·- ~ •. l 

the plate, thickness varying exponentially. lt may be 
mentioned that the same problem ~thout 8:117 comprtssive 

force was discussed -~y ~~re _H.· and Gllg ,.B., (1952). !he 

corresponding problem with linea_rly varying· thickness 

was due. ~o s-suli (196.1). · 

. ' '· . 

Theor;r a· 

: !he. tigllre ( 1 ) :r;epresenta an element ot the p'late. 

Pre3 ect1:ng · norm~l anci shearing tor~~~ on. the .7= axis and. 

considering the equation Qf equilibrium we obtain the 

following dif'f'erential equation~~ :J:imoshenko and· Trbhowsky­

-Krieger;·~-~.Theory of plates and shells. Page- 379}1-

\S 

· dD o . , d?.D ( . d?.D ()'l_w (Jw 
JJ'VV·W +2dl\ ·ox ·"VW +d)(?- ·"\/W- k-<Y) 'dx'- ·Cl"j2.·== cy+ T-h crx?- • • • ( I ) 

Problem : 

·Let us consider a plate stretched· in the direction 
.·. 

otx.-'uis •. 

Her1ce Nx ~ T _, N'J-;:: ·Nx':J = N'Ji< ~ _·0 . . .X.et us assume load .o/ to be 

bfd;rosta.t_ic,repr;e_sented._by . . cy = ~·i:- .. 
DC YVI · ... -~•:t · 'w'=.~:WVtl'A where 7\ is a param$te.r.<detined 
·~;Q ..• 

earlier. 
· .. 

Substituting this in ( 1 ) and equating the coefficients of 
. ' . . ·. ~· ' . 

sllccessiv• powers ~fM .Y~ :w:e have the, following sequence ot 
tJ. 4. 4 &=:? . ::::.') ~ 6' .. 
~ . -·~ ~ ~ 

1 5 J A N 19 75 { . ! . . :::. LIBRARY . ,... 
. . ~ ~-

~ ~~" v., ~~-..,1 
BA '"''nil.~'\' 



d1tterential· eqQationa · 

. . u~ 
])0 \7 )7W0 - 1 \;())(.~ - cy = 0 

. 2- l 2.C)'. 1_ 

+ 9~b{_\iw0 - (t- u) ~~~o J- T~0 ~G\.'- 0~ - T ft}J'O~ - 9(::: 0 
. . and so on. 

For .a simply supported plat-~· Uli!lg.·~h~ .method· -fl 

M. IieV7 we take the solution 1n the to:rm 
. r 

oC 

'"' ~ s· 'htr~ 'J'l 'I'Y\ = xi'YI 'ltv\_~ 
. 'YJ 

II== I, 3/ · · 

16 

••• ( 2 ·o) 

••• (2'1) 

••• (2'2) 

••• (3'0} 

••• (~3-1) 

( . 'iY\ = o, 1 , 2, • . - . ) xlTt Yl being some functions ot X on!¥-

We can t1nall7 repr•s•nt the load_ 9V b7 

•· •• (4): 



. ' '. ,f• 17 
...... 

.. '. 

~idet'ins eq:wltlona ( 2 ·o >• < 3 · o ) and ( 4 ) v• have the 

tollow1ng.d1tf'erent1al equations ot 4th oJI(ler for Xor\ 

••• ( 5) 

X0~ = o cd: x::: o A&n4 · X= ct. 

u ' ' .1.'\J::::::Q and . )(._ ::= C\.' 
X011 = 0 cu.,..._ 

one a•t• 

••• ( 7•1) 

••• ( 7•2) 

••• ( 7'.3) 

••• ( 7•4) 



~ t.2.. 
Tt'lo . 2YJ7i no -t Cil'2. -

' 

W\3::::: -

aiUl p := tv4(~~-~~)~1Y\t~~m'J- l~~~~)·"rrl~(e~3ct_ €_"rn,a.) 

~ ~ "rYI~ l ~4 _:_ m~) ( -e_~~~ e-rn1J -~ ~· (_e-'"'4': ~·}( "rY\~- ~0 . 
R = ~c'YY\~-~~)~"tf\3:_ ~~) _ 'll\~ ( ~}-m~)~ 'trl2_~. ~l:J. 

Wi'h th••• values ot -A0 1 ) Ao2.) Ao3, Ao1 aDd eoab1n1na •quattons 

( 6) and ( 3'0) . W0 1s obtalnde" 

ve have 

\8 

••• ( 8) 



\9 

So~ution of equation (8) can be put in the tarm 

••• ( 9 ) 

wl1ere 

2.. 
A., -



tlinc I boundary conditions and solVing tor the oonstants 
ve hav• · · ' 

where 

LH2--L2-t--t 

L,K).-Ll-M, 
) 

A 14 ~ LHt -L,M 
~Ht -L1M2., 

L= F"(a)- m( F(~--)- r''(o)-e_mLG\. '2_, m'l.D.. (, :Ill\ -e. F"-0) 

M == F 11L a_) ( 'm~ -m0- ~'n'lr o...( 'tl\~ h1~ F''(o) ~ m~(_e
171

l-~ ~t) p''(o) 

-t- m~~( -e_m2--~ ~l) r(o) 

L\ ~ (_\tn~-rn0l-em~':_ :2_) 
H.l -::=. 'ffi 'l-{ h\ '-:__ h'\ ;--"\ ( ~~c:_ -e:'tct_) In~ J__ ( 1,-., ')__ 'L\/, '\11,2_~ lr\l Q_) ~ \:_ 2- ~ \.::: - rn 2- \:.'13 ~'1'1\l)\..._e_ ~ e__ 

L~-. = l "<l'\4- m~) lem'~~- :~) 

20 

h,_o= m4 ~ C "';-) (::-'"4''~-- e':' ') - mt0;:--mj} (?'-"- e_'"'' 
Thus Wt is determined completely .• 

BJ similar procedur• v• can have W 'l- J W;, J - • · · \.V'ht. Hence W is obtained 

A graph 1s plotted ab.wing ~o~ aga1Mt ~ of. the 
") . <t"o £A: 

section ~·,w1th f'\:=D'\; o = o·2.s,_, and tl..""i't..t~ "'5; ::; 1 9 
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FIG. ·z 

Deflection of the section Y-4. --2. 
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FIG. 3 

Stresses on an element of the plate. 


