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The’thaory‘of propagation of waves in elestic solids vas developed
in the last eentury. The names of the academicians that may be
associated for plonser theoraticsl work oa this line are, STOKES,
POISSON, RAYIEIGH, KBIVIN and others, who extended the theory
of elastiocity to the problenm of vibrating bodies and éropagation
of waveé.in elactic materisl. During %ﬁe'firat quartsy of this
entury the subject lost much of ite glamour and imberest. This

is perhaps partly becaiss of the attractions of the new fislds
opened up by the diécoveries in atomie physics and partly bocause
of a gap between the advancement of theoretical and experimental
work, as there were o practicsl methods avellable in laboratory
for observ&ng the paszage of gtress waves in elastic meterials..
But there has been a remarkable revivel of interest in the sudj-
ect as far baci as thirties. Hxtensive study in geiemie wave pro-
pagation, earthauske sngilnesring and research on geophysical phee
nomena attract a number of theoreticel and practical workersge
Sinee then the interest in the subject has been gatﬁ@ring monent-
ume With the advent of sophisticnted insirucment, electronic tec
hadques and high speed combuters, the subjeot has become a very
important ficld of ressarch. 4 lavge number of originel papers on
both experimental end theorebtical acpects of the subject have beoen
appearing with various informstion.

Host of the experimentnl works carried out on the wave propagation
are conc%@ed with studying propagation in specimens of eomp&ratif
vely simple geomeﬁrieai shape,the yesulta of this experinent could
be compared directly with ezact or approximate theoretical predice-

fiong. The agrecment, with experimental resulis and theoretical



predictions, inspires confidence in %aking up complicabed
problems and makes popsible theoreticsl predictions and
lnterpretations of gbaeﬂaﬁi@n&,

The pz'opaga‘%ion of waves through Emmogenemas isotroplc elasbic
material of uzibounﬁea extension is not a a‘ubjecat 0f very comw
plezi‘t;y, The waves eve either diletational or distortional or
& combination there of. The picture changes radically as soon
as there ls & boundnry, Interée‘aion 62 two types 0f waves o0Cc=
urs, when boundary is present and this inbteraction presente
an inhereab Gifficulty in the aolution of clasto-dynamic probe
lenms, Hore over the offect of o free surfnce on the generation
| ang promgatﬂ.gn 0f waves A;i.zx elagbic medium hag baen the subject
of many 1:@%@@10:1& ever minge bhe diseovery in exigbence of
surface waves by LORD RAYTEIGH.

In ge-neml; probless which Ammstly é:‘o‘tmct the ressarchers both
*ékeo_mtical and é;ggerménﬁgl,: in relatica 1o the genersition and

pr.épaga'&mn of waves in an elastic wedium may be classified as

3) diffraction of pmpagaﬁmg waves through the medium due to
any obstacle, cavity or a orack of any shaps situated gome-=
where in the mediumg | '

ii) roflection, refraction and diffraction of propagating waves
due %o mixed bnmiﬁary conditions; |

411) wave motion gencrated due 0 @ punch on some bounded region
of the medium; o

iv) radiation of waves Li.¢ the wave motions generated due to
gome fixed eﬁa’&:g,pzal d:i;s_‘%urbanee and propagating sway from the
- pource of disturbances ,

v) wave motion genmerated in a medium when a sowrce oOf disburbance

moves along the mediun,



Depending on the nature of the source of disburbanecs, shape of
the punch or normal loading .bn the free surfacs and the presenaqe
of digcontinuities in the medium, different complicated problems
arisa. The solution of these problems nsed an gdvance level of
sophisticnted mathematical techniques.

Ve present some of tho mathemoticel techniques in short and glve
references to some of che problems along with their solubions.
These noy bs importent and inbteresting in enginesring éi’:ienc@-;
in ear'bhqme engineering, in seophysics aud in seismology, end
definitely to the mgthematioinos bocause of the complicoted
mathematics im'c_»lvaé. in the formulation of the problems and in
the determination of their s@luftj_cms; _

The dynamic Tesponse of an @leobic helf space due to an exbornal
lcad or a punch on the free surface and also the scatterlng of
elegtic waves by a finite cradk or a strip inside an elastic
medium may be imeatiga‘eed by the use ¢f integral transform
jbec’zmi.quesv

The integral trensforun T(S) of a fungbion £(x) defined in an

interval (ay =) is an expression of the form
[

‘3;(?)‘ w fE()K(x, S )dx, ‘ _ (1)
2 ,

whers & 18 reel mbér and § is a complex porameter varying
over some region D of the camplex plane. ¥(zsC) is cmlled the
kexrnel of the trsmfomt,ign_. Phe transformation (1 ) beconmes
particulerly useful if it possessen inverse Mopping. In that case -

‘one can expross £(z) in terms of ite integral tranaform by

£(x) = 33?{- gf(?)lﬁ(x,? HAS .
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Horo M(x,$) is o suiteble function defined ina < x @ and €€ D
and is éalled the kernfl of the inverse trensform, which is defined -
for 21l x in the interval (a,=). Phe complex paraweter ¢ 1s in the
region D while T' is & sultable path of integrotion in D.

HWith the aid af'ﬁheﬁe transforms one coen replnee some of the
independent veriables, oo thatb in mony cases it isg poasible to
reduce the governing partiel differentinl equations to ordinary
differentiol equation in the txansforéfgpaae with one lasg indepensw
. dent variable. If the reduced egquation 1or‘§ van be polved; the
golution £ can be expressed in terms of the inﬁersion integral,
which may Then Dbe evaluated. The inversion from the tranpformed
sﬁace o the space of actuel variables usually involves very compe
licated *mtegra%ions. In many cages even the nﬁmarical integration
can not ba perfermsd sugees afully becauge of the highly oseillétany
charac%er of the integranas.{bf. ERINGEN and SUHﬁBI (1975), chap.T;
ACHENBACH (1976), Chap.7}. I% is menticned in the preceeding para
thét the inversion from the'tranafqrmeﬂ apece to the o:iginal space
of veriables imvolves varibﬁs:cémplications. in parbicular, mixed
bounﬁaiy valﬁe problems like the dynanic response of a punch on en
elas~tie half space aha ahe prehlems involving the pregence of a
crack or i atrip inaide an elastie nedium may be reduced to
EREDHOEH'Q integral equa%ion of firat kind or to dunl integral
équations. .

Difforont teonniques hove beenm applied by meny suthors to tackle
these $ype’of problems. From fhsen‘stama point, these problems may
be &iviﬁed inﬁo o eate&orieﬂs one far 1cw fxeauenay ogseillation
of the souree or 1ong wWaAve acatme ing or tronsmission end the other

for high freqneney oseiliation or short wave secatiering or
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trangmioson in the medivm. The terms long and short are used
in comperishl to the rogion of The source of dimtrubance or
the size of the ptrip or crack etec. in é&&e the medium to the
wave length of distrubance. In case of Llow freguency oscille-
tions NOBLE's (1963) methed of molving dual inbtogral equstions,
TRARGR "a (1962) technique for solving dusl integral eguntiona,
Matohed Asymptotic Bxpansion, end varistional principle are
found Yo be very useful wheream in case of high freguency
oselllations WEINER-HOPE (vomemp)technique, or Geometrical Ray
Theory are found %o be mogt suitebles
Sumiuse thet & mized boundsry velue problem isg formulated by
suitable integral trousform go as Lo be governed by a set of
dual inbegral eguation of the form

o
Je(pd{p)dy(zp) dp = glr), © <T< 1
o .

(2)

o |
and f2{p)ay{zpldp = 05 > 1
5 R

where &(p), g(r) are the known functions of the verieble
indicated while Jyis o Bessel function of the firet kind of
order v . We are eupposed to determine £(p).

According to NOBLE (1963) iT@(p) can be expressed in the form

6(p) = p'T4 + H(pY] end thet 17 H(p) tends %o zero as p =
then he proved v‘bhat

fo o %
g 1/
2(0) = g [ &2 0(8) 3, 1y GRIE

where ©(%) satisfies the FREDHOLH iﬁt@al gquntvion of the socond kind



: 1
o(=)+ 3,; é"K(:c, g )9(8) 48§ = ¥(x) (3)
with kermal
Kg)a(xg ) Je(p)d, 4 (=p)d,, 4 (&p)ap
o 2 3
and if o < Y42 then 5
....-ﬂ/ + & X ’1)'{-1 "1+§V .
Mz) =x 2 = Jatox (55%r®) aY .
' o

The intogrel equation (3) can be solved for 6(z) and consequently
£(p) can be determinocd.

ROBEHTSQ&_(?@&G) congidered o circular rigid dise pressed on the
free surface of on elastic Lelf space and vibrating on the surface
having a smooth coatact. The displacement helng specified under
the disc aid the surface outside the disc ip agsumed Yo be stross £
frec. Thin mixed boundary value problem ig reduced to o met of
dual integral equabions, The solubion of this dunl integral
equations is then reduced to the FREDHOLM intezral equation of the
gecond kind, an iterative golution of whi~ch is then obtained for
low fvequency ogeiliotion of the dise.

ancthcr DaDer Roﬁ“ 2505 (1967,b) considered a longitudinal wave
harmonie in tinc %o be ineident normal o a pemy-ghaped crack on
o pomisinfinite elastic solid. This problem is also formulated by
a sot of dusl integral equationss An equivalent FREDHOLY integral
equation of the second kind is determined by the use of RHOBLUSs
(1963) method, whick is aleo solved by iterative mothod assumlng
iow frequency oseillation of the applied stress on the erack

surfoce. GIATVELL (1963) sepumed o civeuwlar indentor vibreting



about one of its di&mafa@r. 4 dleplacement under the indentor ig
pregeribed and stress out side the imdentor is taken to be X0
This mixed boundery velue pmblem is formuloted 86 as %o he
governed by a get of dusl im;@@al equations vhich is again
converted to an equivelent Fredholm integral equation of the second
kind by the use of HOBLS's method and the 'éeluticn is obtained for
low f‘mqmmey oscillation of $he inﬂ@m;or.

Almogt in a similar way HAL; ANG end Kropory (1 968) determined the
solution of the pmblem of diffraction of axisymmebrie harmonic
elastic waves by a rigid oireulor dise, MAL (1969) studied the
diffracbtion of elastic waves in pregence of a penny~shaped crack
inside a senmi=infinite medium and uﬁéé}ﬂ, DHALIVAL and VRBIE (19383}
congidered the mixed boundary velue problem arisling oub of the

| inkoraction of the antisplans sheay waves to an =2¥bitroy angle o
the moving crack. :

WICKHAM (1977) considered the time hormonie vibration of freguency
w of & rigid infinite ateidp in o sami«inf...mte hemo"anmﬁa isotropie
elagtice solid. The motion is %mad by prescribed disylmammﬁt
aistrsbution: v (x)e’ i“"*‘, normal to the infinite strip jx|<] =05
- oXgg 0, It is assumed that the tangentiel s*az;esas at the plaus
y=0, is zero and the normsl stress is also zoro For [x|>!. Boundary

conditions are formlated as

vizy0) Fele) 3 fzisn
Tﬁr.‘i(x’c)l =0 ] = x o,

Tn thia vaper the approach ip gome what differvent from the othersy

which has alrecdy been dipeusced. The puthor assumed a funretion {0



(unkznown) to be the normel stress below the strip. Thus ’l:s;y.(x,o)

is assumed to be lknown 6wt (~ =, ). fgsuming the normel gtress

to be known gu y = o, the integral reopresenitation for the

potentials ¢ and ¥ axe cie‘termined by the use of Green's Tunction.
with the help of ¢ and Y (which involve the walmewn function ()
an integral equation of the first kind for {(x)is obtained, which ig
thea converted to an integral equation of the second kind by
WOBLA's wethod and the iterative solution is obtained for small wave
nunber.e

In this comiegtion I could not resi;st the tempbation of referrm
to & papsr by FABRIZAWY and SANKAR (a.} 84}, where s mixed bound&ry
value problem in a nonshonmogensous mediuwn is considered. An
asymmetric contact in the form of o circle =2 15 assumed to be
present on the hali spaces An &rbitrary aormal displocement is
prescribed ingide the eilrals f 2y while the Doundaxy 4 = O of

the half space oub side the eircle is % siress free and the tane-
genbial gtress vanishes all over the gla,ae 4=0y « Following
ROSTOVISEY (1964) the sclwbion of the problem is reduced To the
golution of a two dimemslional inbegral eguetion in polar co—or@im‘ues.
.‘.Ehe subtnors then proved that it is possible to reduce the integral
equation to '-a gequence of two Abel type iutegral operator end
anctler operator ir ntrofuced by them. 111@ iilva?‘se pf the o;gerators
can ke dound eaw:}..,..y und the exact solution of the two dimenslonai
equation is obtziuned in the closed form.’

I’;ﬁ a,ll‘ the cases discussed above, dual integral eguations are
converted to Fredholm's inbebral equation of the second king

which is then golved iteratirely for low freguency oscillation.

But TRANTER's method (1962) of solving dual :I.n*hegral gguation is
different, If = mixed boundary value problem is formuleted g in (2),.
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then according te TRAWIER £{p) (which im to be determived) isg tsken

in the form
Ywls oo |
o R {p) -
Hp) =p Z O Sveomek |, (4)

=0

where m is a positive in’s@ger or pero, k is real and positive and _
" the real ;paf% of V is greater Hhan -1, It may be seen that under

the conditions steted above the in”-_:egmi ,

i) .
fo1E Ty4omete (23 Sy(2p)dp B )

o
convarges for both r » T and o < v < 1 and Lta'value in ulsc given
by WATSON (1944). For a choice of £(p) es givzm in (4) and using
the value of the lutegral (5) it ‘csiafz Be proved that the second |
of the eovetion (2) is subomatieslly sabisfied. Tho coefficlents
a, have to be so chosen that the form of £(p) as given in (4) 2180
satisfies the fivst eguation of (2). Agein from VARSI (1944 ) we

have the = value of the integral in (5) to be egual o

- i"’ﬁm»mﬂ) | . 5
o, (V4met, dmloemy ¥ +15 1°) (6)

=1 ﬁv-z“% )szei-k) )

when © £ T € 1

The value of £(p) from (4) is substituted in the first eguation

of {2). After some algeiaraié 9:?.»!3;@1@.@.%@1021 with the helpn of Jacobi
polymomial, and using the value of the integral () as given in (6),
the Hankel inversion formula and alse nating that
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oFyla,bses8) = (1~z)m"b oFy (oeayo=bscsz).

Ve finally obimin

a, JG(p)p amw SEa. (2) 4p = B(vyayle) N
mnc o |
St T ™ , .
where 2. EV"'” ! () B{Yy 1y ¥)
!(V+m+'i‘}
' aj};,(r ""1 { e )k"’dé T (Lo, vM,r“}éra (83)

O

The Jacobi polynomial being defined by
'Trvgc&,\/_,x) ==_ 23’1 f@.ﬁ, 4313 Vgg‘)c

' &8 o speciel cage when glr) in (7} ig weplaced by A’ {4 being
congtant) and making uee of the result [of.VAT80K (1944),@.464j "
the eguation (7) eon be writteu os | -
: | ony - _
a*ﬁméaztn n By = = (2Ve4ne2k)BO),nyk) | | f?)

where (2V+4n+2l )“' Ty,

o

= J {22 G(?)"‘} - Syszme (P Fypongs (P) a0

Q .
Since Jecobi polynomisls satisfy the relations

'ié(ap/;x) = 1 cmﬁ.



11

Tyl gay
Sz (1=x) Tm(gs?"/z"ﬁ) ‘}’ﬂ(a:yyx;’ﬁ?ﬁ = 0
4]

when m % n , we bove from (3) , for gf\r) = A pr”

Y 1
B(Vynyk) = A l( L

for n = o
2 i(zswﬂ)

=0 | for m > o (10)

Thersfore by the use of (10), equa*cim {9) takes the form

- 1‘”1‘.{‘(1;#! ) _
2, *mi:o Inm’ o By = A (11)
T(u).g.z—)
B * S. 20,020
B m=o Lm ’ ’

The iterative sclution of the equntion {11) is

1~k
(’“’1) 1 te
an = A [ﬁ - Gn‘"-i' '@ﬂ - Gn +* enecnvrne ] %

wa k)

whove &6, = 0 for n > o, 60::;1&3;@

n
g =0 ”,,;? €§ el |
n o,n,- ' I’mn my i o Hgen Vm F6C-

Viith tﬁe determination of the congtants, the asymptotie solution
of the dusl intesgral cjuabions in (2) is determined.

BOSE (1968) considored o rigid cirveular disc indented in o semi
infinite elagitic solid which performs emall ogclllations normel
to 1ts plane without loosing contact with the surface of tho
golid, With the heop of Hankel trangform, the problem has been



reduced to the solution of dunl integral equatiozi and then following
the method of TRANIER to the sodliubion of an Infinite set of algebraic
equations. At present a new techoique known e® matched esynptotic
expansion has been introduced and deveoloped to solve the mixed
bouz;aary value problems involving wave propagation in elastic sollds
due “bo*loﬁ freguency vibration of the seatterer.

This method has primerily been used in sol;ving the celebrated
Havier Stokes eyuations of Hydrodynamios. It was developed by
PRAUWDRL (1208) to golvae .'é;h;a problem of high speed viscous flow pa¥it
of & bod:}'. Some times tnis method is Found to be comvénient to solve
scabttering and diffraction of olastic waves Ly cracks and bodies of
f£iaite length, |

Di.i‘:ﬁm@tion and scattering of elastic vm‘vés due to the prescnce of
a finite crack or an obstacle of finite dimension can bs solved by

- the methed of matched asympbotic expanision in cage when the dimens
slon of the seatterer is emall compared to the wave lenghth of the
propagating waves, |

In this mothod, two expancions ore developed simuliaensously firsgtly,
an inner expansion valid close t'a the soatiorer and secondly, azi
outer expansion valid far awey from 1, Thé inner expansion ig |
constrained to obey the boundary condition at the surfecs of the
seatierer while the outer é:«:pansion gensratoed 80 a8 to satliatfy the
condition at infinity but not at the surface of The scatiorer..

| To render the problen determinate, it is necessgry to uge the faot
that the inver and outer ewpansions are different forms of the same
funation. This leads %0 the watehing of these two expansions in an
intermediste roglon. This makes it possible to ‘derive éltarnatively

| the ouccessive terms in each expansion. In this way construction of.
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a uniformly valid composite expansion is done.
In order to exzplain the mabhematical procedure, consider the dynanie
cal egquations of elastioity

| - 2 = o
O# /2) graga + 2 veu-'f-ig%% = 0 (12)

Putting & = U e¥* ang aropping the mero subseript one derives

O ) gradd+ A vl a4+ PWe § =0 (13)

Introducing a characterigtic geometric length 1 in the problenm and
pubting ’
: -t

1= %a s T = 7 / = and finally dvopping the prines,
the sbove equation in the dimensionloss form can be writiteon ap

T O T Ey Hrleo e

Se'bti:ag q = grad § + vot F vy 1% 18 found thet § and I‘Z‘? éatisgy
the equation

v+ =0 | (15)
T+ 0T =0 | (16)

where M and m are two dimensionless numbers defined by szmvlm, end

. 2 '
e s?wa/g and = ‘*J/fl/()w 2 My,

The anolysis ig based on the asumpbion that M and m are smalle

iet an exinlly symmetric body be depressed by an amount doem%

along its exis of symmeiry into the elagtic space by an exoiting
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periodic forca. If I stands for the unit veotor along the oxis of
symmetry token ae nwastic, then the boundary conditions bocome
= @oi'ei‘m at the surface of the body while
3= @ an p oy
Applying the principle of superposition and using nondimensional
anit this is egquivalent to a problem with boundary condition
% = 0 ot the surfoce of the body
a <3

ui»*—gf I gpp =,

e

In order to obbein appropricte inusr solution for ¥ , We assume an

expongion of the form

ﬁ {{4’“3(" $Ecenda *'u * csaw (‘37)
guch that 4 .

u, =i grad P ' rot .’i’ , (18)
{an. ] ? iﬂ?‘]"*m ?2"3' ensame B L‘?n?ntuoi (19)

"»’«.‘Hwa-l

n o
:‘g éﬂi’i-@*m fg ssdense I fm*i' .sw

s
wheve Pn and fﬁ gatisdy the equationa

2 . B emre 2 " \
V' §070 V™ VP2t Qo0 (20)
gnﬁ » Vaf@ =0} gff:&’ V i+, = 0

Phe expansion given by (17) io essumed 10 satisfy the condition
&% the surface of the body onlys | |
Ap ouch these expangions ave valid only in the vieinity of the

body. Hext consider the molched owter expansion. 2o £ind the
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regquired outer ewpansion for § » WG seb

xgm,ygw,"éum.

As I -~ oy the poind (z,7,5) w:.ll nove o im:lnity end it 4ia in this
neig,nbourhooa that we are intevested in Linding the appropriate

expansion. e Vrite
§ = 1, (&5, 0000, (5.5 oeus

Wh@l’.‘@ —V_%’l;j"‘}}.g 2 0 ; 3 2 1‘25 Bgevera
In & spimiler fashion to find the oubter exgavsion for F we aey

@ % * ,
K=K 5 y =4y 2 =08 and

g - % R Do, B K K
g = mg1(:§ ’8 ,ﬁ )'«{' m {‘3',2(3.. ,y ,E ) "5‘ LE N N N

V ¥ > L
whers v 2 gj"hgjm 1 I 3 = '892' eanennn .

Iet us denote the outer expaunsion for % as

- -+ - g
ua'UQ-f' {3‘1*' oaow.nq.'f Un{‘ ¥evew
with ‘ " = (-‘fl /1) I and

Un'ﬂ?ﬁ“ hd% m rot z_,n; B2 conven .

We are now in a position to obtain the innor and ouber solutions and
mateh them a@@ropriately in order to deternine the wimova consisnts
which arise in each of them. Thic is done using Vad DYKE'S (1264)
asymp‘%:c’sw matohing prineiple waich amcunts to the followings

the p~term inner expaunsion of (tha g=term outer expsngion) = @m
g~btern outer expansion of ('bftle p-torm innsr éypansion), where p end g
may be taken as any tw 0 integere e%ua’,!. oy unequel.

Using the method of matohed as:y'mptatic eag»maion the dm‘mﬂ,&nce due
89842 L
w4 JUN1GRS o
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%o the action of a periodic symseiric force acting on a rigld oircu-
ier dise attached o the fmee purface of an elastic half space hap
been gtudied by KANTAL (igﬁﬁ). Seattering of SHewaves by o rough
hzl? gpace of arbitravy olope and scaftertng of Rayleigh weves by a
ridge have baon studied by SABINA and WILLIS (1975,1977) by the
method of rmbched asymptotic expanglon. DUNTA and AKILY (1978)
applied M.A.B. 0 obiain the soatteved £icld when the wave length
ie lerge campered with the linear dimension of the inclusion in a
half space. ’

KRIZGSHANT end RELSS (1983) assumed hat a loealized inhomogeﬁaity
in the wedium aels ap e scabteror. in asymphotie expousion which is
wiformly valid in spece 1s obiained for low frequency seabberlig of
o plans viave incident on the scablerer. It is esouned thet the
eharg@teristic length of the scaltering region is small compared to
the wave lengih of the incident wave. The mothod of MoA.E is uged
in the anplysis. |

Another wmethod that mmyfgnplied o eéivé'%ne mixed boundery velue
problem is the variatimnal a?znaimle.

Fartational technigues have benn‘anpliad with much puccess for
severeY years in attacking diffraction and scattoring groblema in
gloctromagnetic theorys While the power of veriational bechniques
for obtainin; approximate sciution to problems of elesbostatics

is well known, similsr methods do not appesr to bave besn mch in
use to solve mixed boundary value prebleﬁs in elastodynamics. The
method of obbaining approerimate solutioa of Sual integrel eguations
by vaiiationalnmetnoahwas developed by HOBLE (1958+59). Being
guided by this method STAITYBRASS IR 1962 developed e verlation
-procedurs of solving the soealled maneh or contacht probleoms in.which

a rigld punch or die of arbitrary cross section and'with’a flat bage
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is forced to oseillate in contact with an elgstic medivm occupying
either a helf spece, Or the infinite rogion bounded by parallel
plones, e has shown that e funchbion can be constructed whose
stationary velue ig proportional to the ampfitude of oseillmtions
punch, if Le boundory Condivons of the

- of the, problen are suitably restricted. It is known thot the Glspi~
ecenent rield U, genorated in an elastic medium occupying a region

By by traction ¥, applicd to the bounding surfoce B with a harmonic

time dependence & V7 , can bo expressed in the form
U
u,(2) = igj;@.i;;} 7, Q) Gap P DG, | | (21)
p) .

< . . & DY amd G e
cwhere TAPY) = U;(Q.2) and B =3, + 5
dA, is on elemental axce &% § , o point on B and %, = T, n, vhore T,
L5 . ¢

y atonds for the comuponents

of the outer unit normal to B. The singular functioas Bé‘(}?, 2) ls ‘the

sre the ocomponents of stvess tensor and n

Green's function which may be Interprcted ss the components of
displacement in the rectenguler carbesion diredtion x, et P due o
an opeillating undt concentrated surfocs force in the Xy diveotion
at Q. _ -
The boundary B of the region D is divided into two reglons B, and
B, where (i) on B the boundary conditions i:ﬁ: of miwed typa
(csgo normal component of displacement veclor, tangential ecomponent
of the surface *bmct‘i@;:;mseribed)» |

i1) on B, all the components of surface traction &, will vanish.

Tt T ' . & m .
Let U, [Ba £, and T, lﬁ.m 8y

©w

<,
o

a.

then usinﬁ T, 'B = Q , we obbtoin
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f“(Qi) = [ uz; (Q, y Q) gi(Q) dAQ : (22)

B, : )

w
which provides a vector integrzl eguation for the determination of
the waknown components of the surface btruction By on Bu. Ingtead of
trying to find out an exact solutiom of this integral eguntion a
functional is constructed which is statlomary relotive to small
variations of the unlknown components of 8y about thelxr exact. values.

It ean bhe shown that the functional

 # ' , LE '
Ty ep) = 2f gy () £ (any = [ g (aug(a)an, (23)
u a

* . %

whire vy ()= [ vz (2 a"e; (2" )as,,
) 3

1s stetionary with respeet to first veristions of g;_’ about their

correct valuesy as determined by the imtegral equation. The essence
of the above refermilation is that the errors made by ueing F, [ g‘; i
in place of ¥, L & Tjare of the order of magnitude of the squaves of
the errors in gf rela%&%e,tp g4+ I therefore, we con arrange that
I gi] is proportiomel to e quantity of intercst, and admissible
functions gi y in close proximity to the unlmown functions 8ys 02N
be obtained, then :E‘., E gz j will provide us with & good approximation
Yo Pyl e |

For purpose of calculation, 1V is more convenlent to have a scalar
invarient funcilional which may be obtained from (23) by replacing g;
by egz and uging the stationary property of F, L g: Jto obtain a value
for ¢y the functionsl obtainsd is '
Y. [fgugi(m:ei(a)dﬁ.@]
P8y = |

g (24)
.[3.3‘1@1(@“)1»;(@)% |
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We £ind that

Fpl ey 3 2 7yl 1

In order %o iz,lﬁmmm the power of the above veriationsl method, the
‘elassical Reisgner-5agocl problem of the forced torsional oseiliations
of 2 migid clrenlax disk attached to an elestic bali-space wasp
recondldered by SRALLYBRASS (1962).

Approxzimation was obiteined for sufficiently low values 0f a cerdain: ..

frequency parameter. Lhe boundory volue problem is to deteymine the

* solution of the diffeventisl equation (omitbing e time facior oiVb)
2. _ Yo .2 |
Vo, - =% +Xu =0 ~ (2
? ¢ 7 |
u, = u (fe2)y B = wo/o?
A A |
subjact to the boundary conditions
wy = BF 520, fge | O (26,2)
| B o
Y4 03 | g

where Yy ig the esimutbnl component of displagoment and § the

ampiitude of vecillation of the disk,

Considering general solution of (25) in the form

Ny prBg? |

n_(Byz')= P }a @
? v o -!{7\2.&2

whiare B .= f/a s ' = %foy @ = m, & non-dimensional frequency porameter,

it can be shovn ‘that the displacement field u; (s). correspouding to
¥ (8) » o <1 can be obiained im the

(?8

an arbitrarvy admissible strese

form
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e SO N N
u?(s) iy i[{; m Iy (xs )J,(%s)d?x} Tcpz (s Jg'd 8 (27)

which is the pequired relntion be;'tween. dis_‘ylacement and stress.
Suba‘t:!.*euting Thig relation iato the ex@résasion for the scalar
invariant functional (24) and uging the boundary comdition (26,a) we
ge%

1, 2
. . [ f«’rx‘g(&)sa ds ] 4
FEE"I; Je 2n e’ p8 = - (23)
t ' ---—--«--,,7‘ ’r {s 1)34 (a)a ds S anr
0 Y= & <) i

- /
e

How ?2[ Tg?] = o 272 P f Tou® £ P2 af =1 Fs where I, is the moment

i

of thea forces applied ’t‘,e the diok, Repleacing & ,,[ ’ﬁ;.,;l by Fgffgz i
in (29), we oubtain

Gd
| v ,J)r,.r Tha(E)d; (xe) & 4o ]2 da
a0 Y
A (29)
ar MPa * 5 .o
the ap@rémmtion is in thg veriationsl senso.
A natural fivet approximation of T; 5 (8) for small velues of
frequency is to use the exact static stress distribution.
Ve therefore take :
Tz \K i)
which when substitute,& in (29) gives
2% (0)
o @ I. » (30
16 fn®

where I, = f (7\“&2) 3/,,_, (N J,j/,:, (M ar .
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Humerical volues of M, caleuleted from {%0) can be found %o be in
gooﬁ. agréemént with the exact velue for low frequenay.

The same varimtional princlple has been applied by STALLYBRASS and
SC:MIET (1976) to solve the preblem of forceed wertical vibration of
a rigid elliptical disk on an elamic helf space. Ths methods
discussed above are not applicadle in case high frequenecy oscilintions
or short wave propagetion. In these capes VWIBHER-HOP? technique finds
extensive appliéation in variocus mized boundary velue problems by
means 0f integral transformationss

As o general case the three part mixzed boundary walue problems

Tef. HoBLE (1958), p.196] may be formulated in complex § =plane as

ONUR () + K(D) 1y (5) + TP F_ (5)

. o1{S~ & cog 8)g _ A(S -k cos 8)p
S=keos O '

where A 1s o constant and C=6 + 1 t and k -.=1q + ik, . The
equation (31) holds ia the strip - ky <% < oy (?), P (?) and
7, (S) are the unlnown functions:

8) - E’l: 2x) otS () gy
i = -L L , is (R-i) ) Y '
L) Ton J E)em M ax (52)

7 () = 2=} £(x)el ax
V2w P -
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#.($) is cssumed regular dn t > = &y F_(S) dn % < k, and 1y (S)

ie an entire function, It is assumed that ¥(S) is rezular in

- ké <t < kg,- tnd hag branch points &t = % ky on the supposition
that we can write X(T) = K ($) K (C) 5 K (=3) = K _(+7) and taking
0<0<tn, e got &, cos © > 0. It will then prove convenient
to rearvenge (31) so as to apply the Viener-Hopf technigue in a

: <t <k, cos B, iulbiply {31) by expl=isa )iﬁ*( ?)}“?

2
and vearrange in the form

gbrip - k

_ ?*(Y) AL *;;*:p(wi&z eos 9 q) [___._1 “" q ]
K+(?') Van T «k gos © - £.(%) g, (& cog 9) -

+ U (S) + V() = = exp(=~iSq)K () 7y (S) - ﬁ_' (€) = V.(§)+

A exp(=ik cos 8 g)

B * V{Bﬁ (¢= & cos 0)K (& cﬁs 9) ’ 35
In the above eguation we have wri%aﬁ |
U +(\";) +0 ()= eiﬂzwj) £ (S) /5D

,, v‘*(?ﬁ) ST = A (m-ﬂ/e ei?(z»-q)«i k cos @ p /5= ons o, (53,

-1

in o sioiler way, mltiply (31) by @p(-—i?z:}{ii_(?)} end rearyange

as( ) -1 k cog 8 p

B AS) B o 5.(T)

Km(?) +RAS) + Vvan (§= &k cos 2)K_(F) -

= = &P K (§) By (5) = B (S) + 8,(5). | (58)

1C(g=p)
dheze T(S) + B(S) =0 0 B() /K (S) 4
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o | m/g iT(aepj=i & e
D s ma@m o P-L i oo /{5 0 03 (D} -

'Fhe left hand slde of {33) and the xight hand side of (34) exe
vegular in % p ,e-,k{? » The other sides ave regular in $ < Ez aos Q.
Aopume that bshaviours at infinity arpe such that Idouville's
Theorem can be epplied in the usuol way to prove that eamch. side
of each equation egquals ze}mq.,

Woe introduee the anototion

E w1/2 =ik cos @ q I
*,8) - (2m) Ae €= % com 08) = H, () (35,8)
=1/ wikeooz®p i |
£8)+(2m) © se (S koeos8) =H, (S (35,b)

wheyre L‘-i':(?) hos o pole ab < =k cos 8 ‘&mt othcrwise ragulaé in

t > =k, « §_Ais veguler in t < k, cos. Gqueting the left hand

side of (33) amd '(54») t0 mersd and wsing the general decomposition

theorem [ of. BOBLE (1953, p, 1534] ¢+ wa obtain aftor simplification
D R 4

H, (?) g o QT g )

+ e f . T 4
£, ©) 2wy, T3 5 (D)

wd I
e“re@@@g

'&{??z {S= & cos G)&' (..L 508 é’*‘}

H() 4 W oMl ()

(Q) Sni 10 QT...Q }g_ﬁg (T '

4T = Q0 .

-Iﬂ these sgustions mkg <4< 2&-’2 coa @.,,._ «kz £e¢X kg con O,
Asswaing O < O < %/2 and taking d = - ¢ = o and taking
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.s:i(f'} = H:_ (€) + B (=) and Di(_?) = 3'!: (S) =1, (-,

we obteln from the lant two eguatlons afber some menlpulation

. ia 1T (e *
. f —— : +
( 21 g (THSIE (T)
éai Recon O g

o+ nf":d‘m - o ) angd
ven  (S= & cos @)K*(‘k‘ cos 9)

By R T

Y

s o +
SV I - (T+§)A (1)

i iz com Oy
A (&)

# : > _GQU

+ .
v2n (§ = k cos @)K+(h cos 9)

These two cgquations are of the same type and approximie solution cnn
be determined by the method dus to JIVHES (1952),

A mumber of problems iavolving the diffinction of alastic waves by
finkbe cracks Or pontierers of Linfte glige, the dimension of which
are layge compared to the wave length of incident wgve have besn
tr@at&ﬁ by various aubhorg applying Wienpgr-fopf technigue.

SHIN-JUNG QUAHG (197!) connidered the interesetion by finite closed
crack ln an elasﬁie mediun of infinite entent when o plane dilote-
tional harmenic weve is incident on a crack. High froguency solution
ig derived wi%h the help of Uiener-Hopf technique. |

WICKHAD (1980) congidered the short wave radiation from rigid strip
which io fovced ve perform reaiilinesr cascillation normal to and

in pavoth contsct with a semi infinite s igotropic elastic golida

The mized boundary velue provlem is raduced to Fredholn invegral
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equation by the use of Wiener-Hopf techniques

Small time Relssner-Sngoci problem in a bimatoeriel elagbtic holf
space under &nj%ﬁﬂaﬁﬁgaﬁwiﬁt was reconstdered by GEORGE (1983).

The problem is reduced to an integral equation. By the use of
asynpbtotic analysis ond appliecation of Viener-Hopf technigue

the eguntion ig converted bo Fredholm integrel equeation of second
xind,

Ve now present in sghort another method of solving scatboring
provlems for high {reguencies viz. elasbodynamic ray theory

which can successfully bs applied Yo obtain relatively sinple
approximations to diffvected ficlds of elastic waves in presence
of c¢racks or pivips of fiﬂité width in:aﬁ elagtic medivm, SGoomew |
triecsl elastodynnmics, Geometrical aiﬁﬁﬁaeti@n theory and uniform
asymptotic Theory together constitute the elastodynonmic ray theory.
Hlastodynenic ray theory were ctudied in great details by KARAL and
KELIER (1959). The application Of ray theory 1o diffvaction by
grmooth Qbét&@lea has‘alée been investigated in some detall by
RESEWDE (1963). ' |

In analégy with geameﬁrigal optics, the sim@laat thaory for
difiraction of elastic wéveﬂ by cracks may be colled geometrical
elagtodynanics (GB). In GE a orvack or a sfrip agts ap & sergen,
which creates a sholow sone Of no motion, ond sones of refYected
wavese The shodow zons is bounded by all rays passing through the
pource point and the edge of the eracks The geometrical reflections
of thege roys bound the gone of reflected rayos The displacement
field sccording to GE is of %he same order of magnitude aé thﬁ. _
incident £ield. The GE field is howsver physically wireolistics

beeause of %hﬁ 8igcontinuitics in displacement at tho boundaries
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of the chadow gone and the zone of reflected waves.

A £irst correction to G is supplied by the geometriesl theory of
diffraction (GID). This correction is valid for wa/C, > > 1 end

&t points s/a > 1 where w is the civeular frequency, a is e length
dimension of the crack, Gy is the veloeity of longitudinal weve and
s is the distance from a crack edge. The correctioa provided by GID
is of the order (wa/ﬂﬁ)"1/2.

Nosic to GYD is the fact thoet the incident body wave when falls on
the edge of & crack gives r is e to two form of Aiffrected I-rays
(longitudinal) and Twrays (traneverse) as well as o set of R-raoys
(Rayleigh waves) along the crack focege The primary diffracted
rays ave fang of Ie and T- roys which ere dircotly generated by

an inecident ray. For plane longitudinel snd transverse waves,
which are wmder arbitrary angles of incidence with o traction

free semi infinite crack in an wnbounded body, the displacement
field due %o dlffracted body wave rays heve been determined by
ACHEABAGH, GAUTSEN (1976) by asymptotic congiderations. The
corresponding surface wave rays have been otudied by GAUTSEY,
ACHENBACH and MOUAKSEH (1973). When.én B~ray intersacts the edge

of a erack, ray of reilocted gurface wave os well az cones of
diffracied body wave raye are generatod. For o plane incident
surface wave, the refleaction coefficients have boan computed and
2130 the consa of diifvacted Iewove aond T-wave hove beon analyzed
in detail by ACHENBACGH, GAUDSEN ond OMAKED (2978).

Thege plane wave resulss in presence of o traction frec semniw.
infinite orack in an unbbunded medivm are eanonicel solutions.

In geometricel diffraction theory thege canonical solutiong are
appropriately adjusted ﬁo necount for curvature of incideat

wave fronts and curvaiure of crack edges ond for finite dimensions
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of the crack as discussed by GAULSEN etal (1978).

‘ithin the context of the (LD theory, the diffracted f£iela atb

a point obsorvation is comprigsed of contributions corvesponding
to t* primary!' diffracted body wave my, which are dirdctly
generated by incident body wave rayss and constributions corres-
ponding to 'secondary' diffracted body wave vays. The latter ave
generated ﬁy gurface wave rays Sravelling along the crack facea.
with GB and 8D, the totel displacement £iold is of the form

u® = pBad

whoere uf 1s the field dus to geomstrical olastodynanies and ud»

ig the Tield due to goometrical theory of diffraction.

The result is still not velid ot the bounderies of the shndow zone
erd at the boundaries of the mones of reflected waves. In a further
rofinsment which is colled uniform asymptotic theory' (ﬁm), the
fields ot these boundavies are corrected. Uniform asympbotic thepx"y'
'in eage of acoustic edge diffrection has been explained in detzils
by LENIS ond BOERSHA (1969). |

A three dimensionsl ray tracing algorithm is used oy LAWGSTON and
JI2=JUIEE (1983) %o compute the high fregquency regponse of an SH
plane wave ineidént under soveral models of the sediment with
Duamish River Valley. .

Based on ray wothod expanslon, aaympﬁotic method la developsd by
SHEN (1-983)? for the solution of linenr equations governing
compressible vn.scous :flow with free surface.

With this smch of ﬂiscussion on the various methcda thet are
generally found %o be useful in dealing with the mixed boundary
volue pmblsams, we briefly discuss the two problems bhat are |

taken up in "Bhe first chapter.
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In the first problem we have considersd the roeking motion of a
- rigid strip on a pemi-infinite elastiec mediuwm having o friction-
less contact with the medium. A time haronic displacement dig-

tribution vae'i“t

normal to the strip is preseribed where as the
stress oub siﬁé the aitxip ia»zero‘on the free surface. The mii@d
boundary problem igs re&ueedf& set of dual integral equations,
which is thén golved by TRATEER's (1962) techmique for low fregie
ency oscillatlon.

In the second paper we hove dlscussed the response of o somi-
infinite elastie solid %6 a wototory vibration of indentor over
a clrvouler srea about a diameter. By the use of Hankel transform
the golution of the problem is veduced to the solution of a pais
of dual integral equotion which is then solved by TRANLER's
“method, _

The normel stress below the disec, total torgus and the displacew
maﬁt on the free sgurfoce have béon determined.

Fronm our experience it eppears that though TRANIER's wethed is
no less powerful then the other existing methods for solving dusl
integral equation iﬁvolving'the goluticn of mized bounfary value
problem, it has not much epplication in the literaturs.

Hezt we wiould discuss some obther methoeds which have wide applica-
tion in elastodynamié problems. (ne such is CAGHIARD's mothod
(1939) which is a powerful vechuique and enables one %o find the
solution of the probloms of seismic pulses or the wave propagation
in an ¢lastic medium. Swo media in contect may also be dealt with
when the source ip in one of these media.

According to DIX (1954), Cagniasrd's method is not to use the
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atanﬁard Iaplace transform inversion formula, but to use a peries
af trangformations to beat the expregsion for the Iaplace transe
form into the explicit Iaplage transform integral, thus enabling
one to oblain the derived solution directly out of this integral-
'expreesion. An sdveantage of Cagniard’'s method over the other, is
that it permits ezaet numerical computation of examples, whereas -
alternate apnroaches usually give approximations which ere good
only a% large distances Irom the BOUrCS.

As en illugbration of Cogniard's method, we congider the problem
of DIX (1954). It is nesumed that there is a souvce funetion in
e pphericol cavity in an infinite medium given by

o= gut-51 | (%)

for Pewaves where R = (r2 + zg) and H is Heaviside unit:

functions H(T) = 0 for T4 O and H(T) = 1,7> 0,
If we assume the variations only with the radius r and 2, the
equation for ¢ in oylindrical coordimates is ;. |

42 . " 2 _
4 9 ar 270
.-._2,4,1- +_%=-1§ ~ (37)
ap P ar &} (49 HEH

where G is the P=-wavVe velocity.
Taking the Iaplace traneform of (36)y substﬂ.'tu‘&ing, wa/aaq* and
noting that H(T) = 0, for T< 0, we have from Iaplace ‘transform

of (36) end (37)
- : 1 g .

| o - 2, 2, 2.4

E - . L2 % g?

?.g 1o BR/o = [a(ANJT(Ar) @ (Fapta®) - m an (33)

7 o .
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where p in (p/p ie included in (A )y and z ig chosen noaitwm :
Eqmti.ou {%3) holds if

1/2] (39)

2
&(n) = 7‘/[@(7\ +-§ )

From (36) and (39) using the substitution ¢ A= pu and 1 Ja=g,
we have to prove thaot

=R/ . , o 1/2
e * u Jo(pur) mpj:-@(uemg)f;: q
D (u +5° )

-pk . .
=f e  A(ry 3y t) dt (40)
0

and thet A will give the unit step function given bj (36). ¥e use

the iategral expression for J o{aur) and then change the order of
integration to obtain (40) in the following form

, /2 e

- f Re{fcyn[- p(iwc co8 9 + az)] %ﬁu aw (41)
"o LD T

5 1/2

where a = (u'?‘ P s‘?)
Changing the variable u in (41) by substituting

t = lur cos v + (0" + 8%)5 . Z > : (42)

ono obtains (41) ag

«»R@fé?,w Je 2 A g4 - (43)
P i att  ° |

Irom the countour shown in fig (1), we obtain

. -
wa = éﬁ

and (43) becomes
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2 rucosw 810p@ ey

0 e
a af N\ D Cl(u®+8%)7 -
t’mz S ‘/ '

1
t=5(r2 costw+2%) 2

t'~ Plane

1. 1.
F S
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> n;/'a o0 -pt 1]
ZRefaw f o B gt (44)
11 0 beds] at

Rearranging the order of (44) , we write (44) as

[ 2 e ,f g i, aw] as'. (43)
9t ‘

Gomparing (45) with (40), we def;.zﬁe A as

Az,z,8') = 0 - for $< as
/2 N | -
= %RG 5 .% Boaw  for t > zss (46)
e B e

and we can g2y that we have solved our probiem, because such on
A sebiafied the equation (40). Equation (46) is the first form
of our solubion. We wse the oubshitul 5.0:0 (42} to replace the
variable w by the varieble v and keep t congbant, Then the

integral (46) becomes

" = 2 R L du 2
By 1yzg = ﬁﬁe,g % 3 ou
: 4 ¢
2 S o 47)
= '—. " € (3 - ] N [ & 4-'.
i Gy aIu""xr"za«('is '-az)‘i ]1/ 2

where e, , 18 the corresponding lntegration path in u~plane.
Bquation (47) Jef. ¥athemabical aspects of selsmology, Blsevier
Publishing Co, Hew = York (1963). MHarkis B&‘t}ig p@.Z?%E?Q} Eny
now be written as ' |

udﬁ (AG)

j}_e 8 e

v >z iun 'cﬁ, -t-cﬁw a[ur +{(% Y=n2) ]1/2
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where c,;-, = E*t ¢ » 1.0 the integral ig taken alons the conjugate
path but in reverse order (sce fig.2).

‘,330 svelonte the iﬁtagr&l (48) y this ig to be noted thet the
integrand in (48) has brench points in the u-~plane. The four
.points e, e¢f, @ and (! which are branch points of the integrend
and the brauch culs are shown in the figures 2 and 5. Therefore

Je +O o % '
Dt S opbey ot D ND

As toere is no pole within the easmour In £fig.%, 80 wea get,

A

J = [ =
ce? 315"’312‘ Do

am'i &(I’.Z,‘b)
: t

N ;ﬂz I 2,2 2 | (49)
T~ e T a[u (%457 )PePes 1om 'az:l1/2

Putbing n = Rﬁ e™® , for 0 ¢ 8 ¢ 27 and letting Ry, = the
integrel is evaluated and from (49) we have

1.

A(r Gyh? S m—p——r = {
" )t'>zs (x=ea®) /2 (20)

This is whalt we are supposed to prove i.e A is the unit step
solution of our problem for %% > ga, bubt we must prove thab

A is the unlt step ‘s_‘olution; for t' > Bs i.o. we mst show

that for z 8 < t' < RS:;; 4 = 0. We can not have any pulse before
the tims ' = 8BS = R/z, which is the time of arvivel of the pulse

at a dlstance R from the source.
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To prove thet A = O, for zs ¢ t+' < Ra we pubs

| 1/2
3t aog (r2 2 . 52) {o<e<g1) {51)
Then from (42) : '
2.2, 2"/% 2, 2,1/2 '
tt = (rcuz ) = dru eos w + a{uss®) {52)
Thereiore - / 1/
i/2 2
r s z{c®ecos® w) T B Qo ; (r2 2*02) ;
r° cop® w « w= r cog® @ + @
ct,'Starta at w = 0. For ﬁhia;@
2 2 2 2 My
U @ LS [C“ ¢z *'2(1-c ) _j (54)

_ The path ¢, Tuns from £ down Vhe imaginery u-exis 10 008 w=e
end after thet upto B. At B we have w=1/2 and from (53),
us=res/z. Thers is no pole ingide the contour shown in Fige.5 and

we hove by Cauchy's intesral theovem

[ owd =L
Cyr  Cge I
s A u du ,
and [ ~— et = =0
SEe imudese: 2 ey { t'»a(u‘?fs‘z)ﬁ/‘f}zi??lm

This ?roveﬁ-that A= 0, for tt £ Ha. Eherefora'we ¢oli replece z9
by Re in eguation (48)., Thisg methad,ﬁae applied by 311088 (1964)
who congidered o torpional radistor in the form of cirouler disc
of finite rédius,aﬁtachéd4ﬁo the surface of o senl-infinite
isotropie medium. A twisting smowment 118(%) is ;. applied %o the
disk. By applying CAGHIARD'e {1939) method an exact evaluation
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of the digplacement at any point in the médium.was mades

BASON and WILSON (1969) édnsidered the displacement predueéd by a
torsional body force situated within an elastic half-space which
is bounded to a half;space of différent material properties. Using
GAGNIARD's transforimabion, displacement et points of the surface
due %o iﬁpulsive body force acting on the circular region in the
interface wasg ﬁorked out in details.

GRAVIN (1956) first spplied CAGNIARD's technigue in two dimension-
al case using cartesian coordinates with some modification.

A line source ip assumed to be situated at a depth (O,h) below the
free surface of an elastic hglf spaceQ The medium is disturbed by
the emission of axially symmetric pulse from the source. The res-
ulting digbturbance &% any peint of the medium is determined on the
medium as & function of time. .

The displacement components s_ and s along the direction of the

X b
coordinate axes are obtained in bthe following form

5, (x,0) = = 2ip® ¥(p) S Fx(k)expﬁmhnpw—im]ak' (55)

and B (x,0)= 25, + 28(p) J 7 (e )exp[-hv -Liod] de (56)

oy
where bar denotés the Iaplace transform to suppress the btime
variable t¢, p is the Iaplace trensform pavameter, I(p) is the
trensform of a time function to be adjusted, W, = V k2+(p?v§);
VP ig the P-wave velocity and Eoy is the traneform of the
y-displacement that would result at (x,0) in an infinite mediunm.
Ex(k) and Ey(k) are respectively odd and'even function of k,

Changing the variable of imbtegration by the substitution

w o= (k ¥p)/p , one obtains
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2%

's",_s,’. (2,0) = (0, 2 '5@) ¥ %p?-p.f(p) (o, V) %

: @ . , : —
E (s B) [3,, (vow) axpl-pff (wBt)e g ] au 57
/ , .

where Vs | I/u/( a2 M I], ‘and /% are Iame's constants, A
new integration varisble s now defined by ‘

ta%(u2+‘i‘)1 2-&-%;'05115“ K (53)
PThip vepresents a conformal trensformmtion from the u-plane %o
the te-plane which clmnges the path of intvesrestion and the posiw-
tions of the singularities. The pa’éh of integration in the u—plainé
along the real axis from zero Yo infinity is mede equivelent io
a curve of integretion passing through the origin in the t=plane,
n_meh by use of Gauehy/'s theorem and Jordan's lemmo ig ﬁimlly
reduced to au integral along the real teaxis from n/'p to e
Thug Lt becomes possible to find Taplace inversion by
ingnection. .
MITRA (1959,.0) sxtended GARVIH's rogulis to the case in whiech the
source is dis‘trﬁ.bwte& over an erea. He (1969) applied CGARVIN's
method to find the surface displacement due to o time souree when
the body forge is of the form | |

| £ = H(8) o [ 66x) 8(y-nl],

and " u(-c)’--i-;?g,-- [ 6(z) 6¢y=h)].

MIPRA (1964), using the modified CAGHIARD's method studied the
uniforn impulsive pressure acting over s civcular portion of the

Asﬁrface of an elastio half spaece on the assumpbion that the
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surfaee Yroction on 2 = © i

T,

'faaﬂpﬁﬁ”ﬁ); USI‘E&

m@'; B r>a

Tor= O
Anothor modification of CAGHIARD's method was developed by
DE=HOOP? (1959). The iategrabion varisble in {55) and {56) are
chanzed by the substitution u = (EFP) / p 1like GARVIN. Then azain

& new integretion veriable is introduced by the substitution

1/2 ‘
g m-v-{u 1) + 1 gx as in (58)y but in thie case it is
P
agsumed .hui t is pasit:va and renl instead of conformml mapping
from u~=plane to teplone as aooumed by GARVIH. As a result the
path of integration with respaet ‘o u.which iz from e @ to o
. along the vesl azie is deformed to the branch of & hyperbola

whose sguation ip

' 2 2 1/2
-—i‘tx@h(isz %—gﬂ-)/ (E:;‘f-‘- <t<o-)
U5 Vp
1 = . iy ")
%° 3 5=

Hence the integration along the real exis in the u~planc may be

" repisced by the branch of the hyparbelie path. Conseguently Laplace
inversion can be obtained by inspectian. _

Phis mgdifi?a maﬁhcd of CAGHIARD ig found to be more convenient
than thot of GRAVIN end in recent time this method is widely

uped in diiforent @roblems’%@ £ind Iaplace inxarsien,l |

GHOSH (1971) epplied CAGHIARD's mguhea a8 modified by DE-HOOP, to
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ob‘g;ain displacement in the integral lfom due Vo 2 sudden creation
of normal gbress diseontinuity ever & cirouler area expanding
uniformly efter crestion.ROY (1981) used this techuique to £ind the
displacenent field due to a ‘trensient reoponse of an elagtic half-
‘space subject to a wniform mrmal pressure achbing ovér an elliptic
arce. MITTAT and SIDHU (1982) using DE=HOOP's version of CAGNIARD's
method evalunted surface displecement dus to Sii-type of waves,

PAL (1983) applied modified CAGHIARD'S method to £ind the oxact
solution of displacement funcbion due to the g‘eneré‘bian of SHewaves

due %o a sbress disecontinuity moving with nonuniform velooity.

Another type of pmblmmactm'é has to be encouwnbered Yo fa‘tudy the
dyxemd.c behﬁicr of en elaoblic solid is the resz‘anse of an elagtic
solid to mavmb lozds. The moving 1036:1 px'o‘blema which hove been
studied mey be put imbo three catezories:

1) esteady wave wotion due to a hoad wmoving with cougtent velocity
for all time to come, |
i1) transiont weve motion dus to a Load which beging to act at
certoin ingtent and then moves with congtant velocity, snd

11ii) trensient weve wotion é.ué to & load which beglns Yo ach of
certain ingtent and then moves in gome diraction with nonuniforn
opeed. | |

,'t‘b.e atoady motion of a line load on the gurfoce of aun ¢lastic holf-
gpace obudied by SHEDDON [ 1951, of. page-#ti?-éct}i?] a COLE and HUTH
(1958) and GHOSH end GHOSH (1973) are the typleal examples of the
firet type of problems. The transient problem of a live lpad,
which sud&énly appears oun the surface and then moves with constant
veloclity studied by AHG ('3960.). iz of type ‘(i.i). Ae a repmsaizta'bive
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of vhe third kind of problem we refer to the study of FREUND (1972).

An analytic technique was developed by FREUND (1972) which
made it posoible to obizin an emc'ﬁ solution of a paysicular
problenm in category (iid).
For introdueing the technigue the awthor considered & line load
in an unbounded elastic solid moving with nonuniform speed in e
pariiculay direetion. Carterian coordim fe scystem wos used, At
any time t = 0 , & line lead begina to act aloug y-axis end the
line losd moves along x=-divoction for 4 » o. E‘ér-amy tiﬁze t > 0,
w~coordlnate of the lead in given L(t). It is ogoumed that the
fmme;tiazi 1(%) is mnti.m%cuag monotone inereasing function of tiwme
t and thet 13 never acts at a single point for o finite lengih
of time. Under Jthe gonditions mentioned the function L(%) 1s
invertible, thet is. there existo a funchtion n(x) which is the
time ot waloh the loed sets at . The functions L(%) and nix)
satiafy the following relatious identically

ltn(z}j = k()] = = | (59)
ifetola' (0 = 15 o e =1 C (60)

where dot denotes time derivative and dash denctes xmderivatives
Be.é‘:aﬁs@ of the symmetry with respeat to the plane 2 = 0, ‘the
problem may be looked upon as bounﬂary value problem for the
half space 3 > 0y with mized haundary condition on 5 = os If ¢
and Y are dilatatioml and rotational displacement potentisle
thon equa'nions of nmotion ave formulated as

2
o4t = o (61)
= 0

Pax * Qoa™
Vi + Y Yy
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whera a, b are the dilataioml and shear wave slowness. In case of

. mmal loading the b@mdwy conditions to be satisfied by the
gsolution of (61) are

67, (%)0,%) = = 35 S[E-1(4)]3 u(xs0,8) =0 (62)

6%j is the gtrese componont and w is the displacement component
in medirveotion.. | ' ‘

‘i"h@i golution of the problem is obtained by meking use of Implace
trangform mothod. The time varisble is {first eleninated by
application of the tranafcerm

?(x,_s,s) f Jf:? (z,2,%)e5% at, (63)

and nexs the dependence on z 1s avolded by tzilcing the trensform
[--)

é( A yZy8)m JC‘D,‘F (x,g's)eng = QX- (64)

Applying the transforms on the boundary conditions end keeping

in mind the physicel condition i.e. the polution of the transformed
differential equation should remain bounded as 2 - e , one obtains

QC AsayB)= -%-'2 A ne8) exp(~saz) | (65)
. o
Y nszem)= =( 2/ §6%)a0 7 p0)exp(~aia) (66)
where Ais the material density and |
1/2 1/2
@ =(afe 2%) / o B = (b2 = 2% 2 (6T

The amplitude A( A,s) in (65) and (66) is the double transform
of ‘the boundary condition and is derived by making use of the
rolationship | of. VAUDERPOL and BREMMER (1964), p. 79 7]
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5[=1(6)] = n'(x) s[t=n(x]]. (63)

In wiew of (63)

m"?

" (Xg048) = 5 at(x)exp (-an(z) Hn(=)]

5

and u(o) = o, H[a(x)]= H[E]. Then, applying the two sided
Iaplace *i;mnsfom,

Ty ( N08) =2 Al A 8)a - 3: J’: n'(x)aﬂg%g ;sn(x) d&ste {63)
 The transformed solution ig thus completely determined, and the
potential function P way be written as the double inversion
integral ¢(x,2,%) =

i d e LE 7 argge” SO g (a0)
where 31 and 332 ave the usual inversion paths for one sided and
two sided Iaplace trensformgs ﬁfl}.e double integrel in {70) is
iuverted by means of DE-HOOP's (1959) tecaniqus.

In & subsequent study of nomwmiformly moving line 1@3& or o
progaure gtep on o surface of an olastic abli& a8 well ag
nonuuiformly moving dislocation the above mothed, as shown by
TREUND (1973) can be applicd.

We aow briefly describe the ature of the problems telon up in
the second chapter and a problem of third chepter.

The second chepter of the thesis isp concerned with problems of
eleantié vaves due to asocurces in the form ’of a ring on the

surfnce of an isotroplc elastic hall space.
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The first problem congidered is the response of an elasbic
halfwspace to & ring Source. fﬁhg radiug of the ring ia assumed

to inersase with o congbant veloclty ¢ less than that of shear
wave valocity. A twisting impules 1z preseribed in the form af
P&(r-ct)H(t). By using Iaplace transform, Hankel tra.n;aa;fcm and
De=Hoop 's version of Cagniard 's method, the disélacemﬁt is
determined at any point éf the medium N integral form. Exact
evalution of displacement jJust afier the srrival of the digbure
bance end displacement at any point after a sufficieatly large
time have also been determined.

“he second problem is Yo study the motion produced in an isotropic
elastic holf-gpace due to impulsive torsionsl motion Qf a oircular
ring scurce located on o free supface 0f o homogencous as well as
in inhomogencous ma&iumg;‘ -' _

The torsionmal moticn is presoribed by ;?S('r-—a)a(%), o being the
ra@ius of the rings In case of iﬁhoﬁtagen,eoua medium inhonogenelty
')2 and 8’3 fo(-‘i + ez)g, where P is
the mteriel density. The method of approach is the sate as that

is presoribed by Mo =1+ ez

of the pmiriaua ona, Graphs have been plotied for digplacement

on free surfnce ac a function of time and the varistion in
displacemont due T0 the presence of inhomogeneity has also

boen showne

Tn the laest problem of the pecond chapter, exact expressions for
displacemsnt in a homogencous isotropic elestic half=space
subjected to en impulpive Wrsionsl fores ovér the rim of a
no:mniforﬁﬂy expanding ring source on the free surface is Obtained
by CAGNIARD, DE-HOOP technigue. Different wave front surface with

their region of existenee have been shown. The first motion
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Tesponses nemsr dif_i’érem wove srrivals have been obtained by a

limiting process. The displacement on the Zres supfroe as’function

of z;@itién of the source have been shown by means

Gf’ g*raphs-t'

In the fiwst problemas of the 'aa‘t chapter, we have considered a

concentrated line Lload which originates at time + = 0 and then

noves with @iform velgai'i;y along the bmmdary of an igotrapic

inhomegenacus medivm. Tt is apcumed that the '@la'fs‘tie paraneters
nend M and the densityfof the mediunm vary aecording

to the Ts:m

rn

| | ?\== fom (s G*Z)q and f)#f;(‘H ez) .

DE-HO0P e version of CAGNIAID'e mothed is uped to Lind the
digplacenent componants in the integral forme. An approzimate
evaluntion of thé integrals is worked oud near the ﬁirS't aryival
of the wave fronts. It ig perheps the first application of
Cagnierd's method In solving problems in inhomogeneous media.
We now dﬁ.&muss in zamrt; uh’a aecessity of studying models of tha
oource of searthquake m elesto-dynomics though these may diffor
- Trom agtilal PhRonOMeNs.
he hehavior of ssismic wave propagation due %o the presence of
amwe boghonie belis, fracture ox i‘aulting, all comg wler the
purview of elastodynanlcs. Thend hng boen an incveasing inberesd
in theoretioul study in olaotis wave motlon, The relation betiween
the earith's déeper atructure cnd some geologlical formations ls of
grent importance in revealing the gonesis of mineral depogits.
The rapid incmasz-e' in ‘the volbme mnd rate of congtruction~work

in geisnmically astive pones makes MOrewyg en% the need v
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ear%ﬁquaka regiglont structures, high damg etc. Fomt important
for the sams purposge ip the gtudy of earthquake focal perameters
an@ the condition of seismic wave propagation.
The faulbting proceés igy in general, & Ifracture phenomena,. The
mechanical energy released at the favldd snrfaee is'earﬁied to
the side by clastic waves pra@agatiﬂg through the earth materiel
contained between the souzce ond She site. Each of these phenomens
falls within the aves of Tvgsarch in conbtinuug mechanics aad the

latber in elasio dynanics. In addition, the problem of caloulation
0f the responps of huilding foundablons to Inconing carthquake

waves may hz resprded as an elagbodynamie diffraction

problem.

Seiemological evidence puggests thet earthquakes cceur by sudden
slippage of esrth materisl acrops the fault surface, which may

be looked upon es pre-cxzisting wesk éﬁn@s of relativ@ly small’
thiciness, Hence if the displncemeut digoontinuity is kaswn noross
the fault sueface, (in fact now 1% Ls possibtle to dotormine displam
cement discontimuity after the equilibrivm position io restorad in
the surimoeg efier some disturbance) the displagemsnt figla inla
congiderably larpe ares round the favlit surface con be determined
‘%@F the apolication. of repreogeatation theorem of

elastodynariios.

The displacement produced ab any poind on a frec surface of an
elagtic bhalf space due Yo dlsplacement diseontiouily acress a
fault surface can be ealculeted with the help of Green's funciion
and ‘the representoticn theoren of eleagto-dynswmics, Whe Greon's
function Gij( Eﬁléﬁj ip eavtesien component of displecoment in

. *‘v
_xn,ﬂirﬂetiaﬁ produced ot a podnt =t of & hnlf space dus t0 2n
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application of a time harmonic foree of unit magnitude in
i~direetion at a point X on the free purface of a.half gpace.
It can be shown that the Fourier transform with respeet to time
of the displacement at the surface of the half space Xy =0 due
to a prescribed slip on a fault surface § may be expressed

in the form [ cfs MAL (1972), equation 8]
U (x) = [ [’U (::')] 4 a8

where [ﬁi(x'i] is Fourier tranaforﬁ.of the prescribed disccntinuity
in displacement'component Ui across 2, nj is unit normal to S on the

positive slde and Tij is related %o Gij through the equation

28 (x |%) = ¢ , -2 g (5:’"{‘;{)

The coleulation of the surface displacement cen be carried oub

by teking Fourier transform of the slip functiong‘For a given

ij J hag Yo be caleculated at each point
of the fault surface and then integrating along the foull s~-urface
the product of transformed slip function and Tij j,.the‘displace—

point x and frequeney is ©

ment components can be determined for different

values Of w.

Further, it folldws from radiatlion pattern of first motion from
earthquakes thot a shearing motion occurs at the earthquake

focus. To illustrate the mechanism which produces such a motion
TOSSUM and FREUND (1975) congidered a model cf‘a shallow eadthquake
foeus'by a plane shear c¢rack extending at a nénuniform rate under
the action of general loading; It is assumed thet the crack should
remain in one plane, This is in Ganfefmity’with the field oba@rvaﬁion
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whieh indicebes that the divecilons of soiamic feull extension
ig almost alweys in the planc of precxisbing fault, |
In mé last problem of the '@hirﬁ chepter we hove conpidored a
model, where 4% 1o assumsd that a ovack is dsveloped @&éenly
along e hovdzontel line at & finite depth below the surface of ™
tho saé,rfshaj_ Ehe bme!ﬁ iz saguned to nmove aleng a veridical plane
upto the free surfece with normmiform velocity. Assuming the
motion te be two 'dimmiomlw.[ the sm?fgce digplacemaent aué to
Rayleigh waves produced by mhmifwmy moving orack has

been determined. o '

In this comnection i% may @.@f‘mﬁzﬁf%:iﬁzzéaftmt recently, SINGH,
HODDI® and HADDOW (1981) have considered the problem of finite
lengin emek propagating with constant velaﬁi%y in an infinitely
long f£inite width trip whon enti=plrne sheer displacements end
strogsacs ore cpplied to the latersl boundarics of he otrip. By
employing Fourier gronsforn the solution is rvedused to the
solution of a pedr of dual integrel equation, the a.aamtg.ém of -
waiech is obinined directly in = closed form by making use of
CUOKE e (1970) resulbs o ' '

Witk this much of review work, we present the thesis chapverss

" The notations used in different problems are independent of

ong anvther.
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G HAPTER T

BIXED BOURDARY VALUE BROBLEMS

Probiem 1 . Hormonio rocking of a rigld sirip on
a germd-infinite elapgtic medium.

Problem 2 . Harmonic rocking of & vigid eircular

indentor on an elastic half=-Sp2o2.



HARMOUIC ROCKING OF A RIGID STRIP
O A SEMI INFINITE RELASTIC MEDIUM

INPRODUCE ION: To consider the effect of vibrating source of pressure
in diffevent form on the surface of elastic medium is almost clagsie
cal, Perhaps Lewb le the ploneer on this line._The problen considered
here ig the roeking motion of a rigid sitrip of infinite length having
a smooth contact with clastic medium. Generally this type of problems
may be formulated so ae to be governed by a set of dunl ianlegral eque-
ationg. This pariioular probiem congidered here wes considered by
Awojobi and Grootenhuis (1965) and Awojobi (1966). They used heuris-
tic tocehnique of emcecessive approximation to solive the duel) integral
equation. Karasudhi, XKeer and Iee (1968) alsb congidered the problem
by reducing the goverﬁing durl integral eguations into a'single.inhoﬂ _‘
mogenecus Treduoln inteogral equation of the secend kind snd then sol=
ved the equation by the method of successive approximetion for low
frequency oseillation. But thelr finsl solution involved definite
integrel which were later mumerically evaluated. Recently the some
problem was again taken up by Viclem (1977). Vith the help of sulta-
ble’G@eenfs function, %he mixed boundary velue probvlem is first redu-
ged b0 B E&eﬁholm integral equation of the first kind involvinsz disp-
ecement boundary condition. Using Hoble's (1962) method this equation
has been reduced to & Fredholm integrai equation of the second kind
with a Kernnl which iz small in the low Zrequency limit. By the 4
use of exact iterative solubtion of the integrael equation of the

socond kind, a simple expliclit long-wave asymptotic formla for
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tha normal étregavin terms of The prescribed displacensnt and
dimengionless wave musber K hap been derived vigorously., Unlike
inrasudi et al, the ﬂ&lutian does nov contain suy intezral which
‘requires numsricel evalugtion, But the method of solution is a
bit cumbsreonme.
In this paper we have reconsldered the seme problem. The solution
of the governing dual integrel eguations representing the nmized
buuﬂd&ry'valﬁe problem, is reducsd bo the solubtion of a seb of
linear algebraic eqﬁatioﬁa following Tranter (1962) for low
frequency esaiilatioa@ The asymptotie solution of normal strééa
below the'striy is determined iﬁ%@rmﬁ ﬁf pregseribed displacements
and the wavé nuriber ¥, where terms involving ﬁ% and its higher
orders are neglected. The value of the rescting couple exerted
by the elastic solid éa the strip has elso been evaluated and
they are found to be in asgreement with thot given by Wickhsnm.

Phe asympbotic solution obtained by this method is exach
in vhe sense that it does not luvolve any integral reguiring
numericel evalustion. It appears thet Trentsr's technigue is

no iess powsriul than the obther methods and it is less cuwabrous.

PORMULATION OF THE PROBLEH: We consider the roeking vibration of
frequency w of & rigid strip hoving o smooth contaet with o somi~
infinite égmagenecua isotrople elastic solid occupying the balf
Bpage = @ { x { ® ¥ > 0oy, =2z {0, It Lo agoumed that the |
motion is prescribed by e displacement distribution v@@“iWﬁ
normpl %o the finfinite Sﬁri@.i'X‘l L2y § =0y | z ] ey
o do%s B, being consbtant a%d that the tengential
components of sbtress are sero and the nommal siress is sere for

where v
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| = | >0 ¥y =0, | 2| <. Tins it followe That the mediuw

under consideration ls in a state of dynapmic state of plane

strain satisfying the two dimeunsional equations of motion, given

by
2
T 2
2, 1 979 2 1 3%y
? 22 3% T =52 52
Where
2 2 2
V g =75+ ==, 0 ad Y are p- and S~wave

ax ay*©

velocities in 'theAmec’lium. The scaler potenticis @ andV are

sogociated with the displacement components u ard v by the

relations _ .
a@ ay - a{p ay (
s " 2,b)
nmgee gy (2e8) and v o= 5o+ ’
The strege components are
4121 Jv ‘ "
6'3’,3/1(5-‘;].-1'%;) | (3,8)
- E)u dV ‘
Gy = MG+ FE) + o (34b)

where A and /M are Ieme's constents. The boundary conditions are

P

v (2,0} =, T o ¢, xe s v 2l gz ,omy=0 (452)
o‘;,_y(ac',@) =0y | %} > ¥, 0ny =0 ,and (44D)
a2y ¥,0) = O every where on y = © (4,2)
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fo f£ind the solutions of the eyuntiocns (1) su&éject o the

conditions (4=a,b,c), We make the substitubtion

[(M] ) D’ﬂ oiwt

In view of the boundary conditions (4), it follows that } and \ID

may be “oken in the :’é’orm

2. |
E?“-fg f A B s (5,0
2" _ : '
ema P a2 J 8(g)e ¥ &5 g5  (5,D)

whaere X = x/x o 804 ¥ = y/x . p end s in equation (5-a,b) are

p(g) = *zf'gf - xgha, gl > zzqh and s(%) '.:3 (&)2 ~ xslce», &l > =gk,

where h = w/a nnd k¥ = w/b.

Yrom eqﬁation (1) and § .Yf as obtained in (.3«5,»,13), the displace-
ment components and the stress components mey be writiten in the
form |

e =2 f ~TEA(B)e ~PYy .3.3(*65)@ &Y ] ~I5% g

2% o

e - =2 f pﬁ(‘%)e PY+ i‘%B(E))@ SY] f‘ * ag
2% s (6)

oo™ % _.;fa :Ei‘c‘g pA(%)e"PY. - (Ef-e-sz.)}i(%)edgl] Tt %

@’;ry: w— .{ ~NE +(7\+<Z/“ )p }A(F‘S) "mr-b-z&.ﬁ%sﬂ(fs)e*s.f ]aﬁi%x Q& -
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In. the expression given in (6) in subseguent analysis the time
factor e ~iwt has been onitied. From the boundary condition (4-8),

1w :ﬁ'@llows that

B(8) = 215 pa()/ (= + 6% ) (7)

and the conditions (4=2,b) yield the duel integral cquation

o0 2 :
pa(g) =i5X
J ki e 3 a% ==25aﬁpo; Xl <1, (8-2)
wo 285 wx2uP
[4]

(&-b)

. 2 - ,
where R(E) = (2‘ES2 - xgk‘? ) = 4;13'5;?? This iz to be noted that
A(?S) is an 0dd funetion of § » eonsoauen'tly the eguations (B-a,b)

nay bhe rewrition as

2 2 ¢
i 2(B)A(T)
y x5 ?\[%P(ﬁ( (&) Jl(ﬁ,‘x)d?ga i, VIR , |xj¢t (9=z)
o 253 - ﬁékg 2 ‘

end  f— el jf(a) J,(gX)ag =0 , |X| > 1 (9-8)
o mPozAd 2

To facilitate our aumlysis we write equationa(9-o,b) in the form

oo -

_ ‘ - -
SR D(E) & J, (BX)a& = 1, Vank , x| < 1 (10=a)
o 2 ‘
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eng  fO(8) Jy (GX) d& = o, [X| > 1 ‘ - (10=1)
o Z.
V& R(R)A (B)
where D (&) = = (1 =) 2%2'_' vgk‘g

£ 2% »(&)
(1 =0)R(%)

end  1+H(E)= -

n= Af2(r+ M) being Poisson's ratio. It should e noted thed

1—-‘1‘(%) - 0 as xak- o and xoh - O

SOLUTION OF THE DUAL INTEGRAL BQUATION: To find the solution of
the dunl integral equations (10-2,b) following Trxanter ( 1962 )
We assuns | | |

&) = Vg mié % Yi+2m (@: - (1)

So that the eguation (10-b) is automabicelly satisfied. The

coefficients a, are %o be s0 chosen that the form of D(g) as

agoumed in (11) satisfies the equation (10=-a), So we must have

= 0 -l o
2oy JO+HGENE /2 9 0089, GRIa8 =10, VERG x| & 4 (12)
=0 o E .
. 3/2 o, =1/2 ;
mltiplylag equation (12) by X (1=X°) F(1,% , %)

where n is a positive mteger or gero and T is a Jacobl polynonial
of degree n and then integrating with respect o X from O to 1,

one obtains
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=)

e -1 -
5 ey é"ft WENE Iy 0080y 0n(B)AE =B(zn,3)= & (say), (13)

‘ 3y 1 -1/2
_if -y [ x (1 -x%)  H(1,5x%)ax.
(n + -) Q

whers ‘E‘n"“’mc

Usinu the result that ':ﬁ (1 gx ) = 1 we obtzin from ortmagcnali'hy
relation 0of Jacobi polynomial

B .-.-.%wm (Do or  according es n=o0 or n # o. @4)
Since f ‘c‘-g 31 4om(8)9q 40 (R)IGR = 0 for m £ n
-1

= (2 + 4n) for m = n,

wo we obtain from (13)

a, +m§0 Lon® o = (2 + 411)15, , - (1s)
where I = (2 + 4:1) jﬂ(@)’% T4 2800 on (VA5 (16)

Equation (15) gives us an infinite set of algebraic equations for

the ée‘bermimﬁsion of the coefficients age

Usidg the gemsralisation of Heumamm's inﬁegral [ef Watson(1958)p.150)
/2 |

| 2
J1+%(§)J‘, +onl8) = & J‘J2+2m+2n(2?% cog 9)eos Q(m—n)e a0
0

in the equation (16) end chenging the order of integration one obtains
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n/2

‘Lmn::&“ + 2n) f

Agas 2(m-n) G- d 8, (17)

T o

. ad -
where Ay = J H(E) & 3o omeon {2 cos 0)4T
) v)

1,

2(m +n + 1)

2
and

x> 1% p(g)

Is=
o (1=DR(E)

EVALUATTIOH OF ©LHE INFINITH IEEGML BY MERHOD OF

CONTOLR INTEQRATION: To evaluate the intepyal I, we put

&= x _hx and teke /b =T, then

o2

A T
T, (1=0)Q (x)

where Q( x ) = (_2:&2 - 18 ')G

4
q(z) = (xav ~ 1) /2

Taking .
(22 - 1% )

i

3,(x)

‘ | 4
() = (2P - 12

be written in the form

Ta 4 (X)QQ(K)

(18)
- Je+2m+2n(2 x hx cos 0)ax, (20)

= 4%% qq(x)qy(x) and

;
s a, @) = &2 -a%) /2

+ 4x® qy (x)qz(x) and

- 16z q,g (x)qg(x), the integral I may

I=f

o (t=1) Ao'(fﬁ) a+amian

(27:0 hx cos 8)dx. (21)
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For our convenience we replace the Pessel function of the first
kind by Henkel funciion given by

- (1) (2)

Ipsomeent ) = 3| [H3s2me2nl ) * - Hp onsant )] ,

where H, denotes Hankel functiion. Conssguently, I aI1+12 whare

I, and I, are integrals involving Eé+gm,2n(2x0 hx cos 9) and

(2) | _
HE+2m*2n(gxe hx cos @ )-reapeativeiyu

Thus for I, and I2 we consider the integrals
y Tqu,(zm (z) (142)

= H,
2" 30 o) A (v) 1o semean
1,2

Jy (EEQ hg cog 8)da

where [y end T, ‘are the conmaurs in the first and fourth
quadmanxs of the complest doylane, as shawn An the figure 1.
Conplistent sign of the double valued funetions q,(z) and QQ(@)
are shown in the Fig.l. The bronch poinis (1,9) and (T,2), the
poles ( Tj,0) for | = 0,1,2 which are the geroes of the funetianzﬁo(z)
end the origin at which the Hankel function Zails to have finite
volue are all avoided by semi eircular indentetions, in order to
ensure tha¥y the integrands are analyvic within and on the contour.
It ig found that thé intesréls satisfy dordonts lemwa and |
therefore the contribution ¢ the integrals from the infinitely
digtant parts of the contours is zZero. |

After intogration round the comiours Ty end T} and edding we
obtain finally,
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im (2)
A
- -}:"‘Qmﬁ‘x\ /
7 ~ .
1jt ~
il «
i ) ’ ~
144 .
. ‘ ] o2 3 A
'ﬂwaﬂ%¥¢—*ﬁ—*uv+4§ﬁ R‘P
i3+ TRE Y HYRRT®) i
- 4 \
| :: AT \.\
:' } Y ‘ %
) \
(1] ’ b
:"Yz;’f«.‘i?'ﬁ’ To |
ﬁl-l’\-.{.-/‘\. [ ey (‘\v
el N L P g N
@ : - " i 3»
e - ‘l o | RI(2)
’ .
a,. ~i 7
1792 Y
’ P
!Q.i ° iqz ’/
n /;(.I
o
S
4
- s
s
e
/f N
Pl

Figel= Qanﬁaura'af’intagraﬁiemvf; a@ﬁ'f%'ia the conplex

 zeplang for Polsson's vatio Y = /4
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Iz= 11 + 12
| 1
ig 1o . , oy AT e ' .
T - 1 Do Boromeenl? %o 1 008 8)~ t‘rl gm" ("c)}ig-f-gfﬁ*»zn(&om‘ cos 0)dxs

2 7T 1)
TE o S _
- %——-._”2 fﬁglsg(}h)égq.miggn (2 %, hx cos )dx

0

12 q.(2)q.(2) (1)

2(1_Yz) Y1 AQ(E' 2*’2&

won (2 z, 113 eop 8) dz -

+2 @ g4 (2)9.(2) (2)
Y

H (2 2. hg cos 8) dz (22)
2(1-1) ) INNE) 2+2me20n° " To

In (22) notatlons used are given below

2
. 4 (2T =12) #T2 5T, )a,(T,)
° | AlT)

?
s (4, () is derivative

of A 0(}:) with respset 1o =)

Q) (2% = 1) 2
1, (2) = 1 :Ao(xy.) — y (1 =22 ) /2 . q; (;;)», (oay)
2 2 '
4z gz (= 3 , 5 Vo
() = =" gy (x) ap (=) (2 - %2372 . 1y (), (eey).

A (x)

In order to simplify (22), we make use of the series expansion for

{,2)

. (z) in the form
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(192) 2N 2 |
s . (‘1 Z 2
H2+2m+2n( )= ;ig _) % ) | /tsz'l THrs m»z«-?.?nw)] + .\
[y 2rim+dneg
2% {2 E, (»-—1) (-) / il (r+2rp+2n+;;)]} l@g(-—) -

sy

SmePnil | 2v-2mefned e o
e =l
(23
‘ 2mene2+2l x(zmzwm #3)4+X {1+ 1 )}
- z.(-»n (%) { 3‘9 (23)
1eo 1! (Zm+2n +2 + 1)l

(1,2)
where X { ) is Euler's function, When H, . +2n( )} occurring on the

right hand side of (22) are rveplaced by the corxesm?z&in(r geries
mentionad ahaveg. 1t ip found thet the terms inveolving

(2 zahizr" 20202 pov which (Sr=gme2n-2) < ¢ on the right hand side
of equation (22) vanish. Thig can be proved by iatergrating the

compleox function

along the contours r‘ and T'é a8 shown in £ig.1, and then subtracting.
Again when 2v - 2m - 2n « 2 = 0, origin is not the simgularity of the
Hankel funciions. In this case the conbours coungldered slightly differ

from that of the contours shown in Fig.i,
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Here the ldentation round the origin is not regquired and it igo
found efter integration of the function £(z) vound the medified
contours J,' and T, end sublracting the sum of the torms on right
hand side of (22) which do not involve any power of (2 xch) is
gqual %o '1/2(m+n+1). Finally when (2r « 2m - 810 =« 2) > é, origia
is not the singularity of Henkel functions and hence conaidering
the seme contour where the lndenmtation at the origin is deleted,
it is found thet the terms imvolving (2x h)2" 28292 oy 4o pigny
hand side of (22) is not zero because the contribution to the
intaegrals from the infinitely distent perts of the coniourg do |
not vanish in this case. Thus with the help of (22) and (18) we

vay write

) .-:-(1)
= - LE::LZ. 07 L
1
2
4 i 7T

£MTCK) H2+2m$2n(2 thx cos 9)dx +

EL P )

1=



62

where oo _
-(1) g ZEP2mA20e2 , .
H2+2m+2n(2) = Z (“"1) (%) / 1T (r+2me2043)]
r=0 -

| 2r 42421 Pc.
Ba % (-1) (--) . [r\ ]""(r+£’m+2n+3)]} 105(

=20

2n+2n+1 e ' ,
o @ 2o il 21 2 . SEX’& 420 4 ] e 1‘2_‘
- = (B L ‘ -
PERARSR v
- 5 (_1) ( ) +EN2E éxgm+2.1+1+§2+ X‘i-v 1 Z} (25)
Jeo | 1! (omv2ne2+1) !

f@r m’ll = 0'1'-2'9 LI A 3 I - A S

DELERHINATION OF THB GOEFI‘IGDWTS 2, 3 For low frequency of
vibration i.e :801:' smli (x %) and (= o) 1f we neglect terms
involving (x k) end higher order of (nz; k) in the expension of
B2 oy JhE cos ) and 71 (2 x,h

2+2m+en 2420420
in A, of (24), we fiadﬁ

0 eos ) oecurring

2 2 |
(1-“[)&00 {(x k) log(x k)]B oos 6+(&. k) cos e{(» 3 +10g €08 9 -

wlog T = B, cos” O ,

X%)4X(1) 1o 1o (= k) 10{,(3{ k) 4
2 )131”'"32% 572 3

' 2
1 1 ()% 5 (x k) log(x k) .
( ..Yl)A,!O:z ¢ qu)A,Jr« ---gm Byeos™0 + ---f 1212 }33 cos'9 and

(x, k)"*’

]
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v 7Y R v ¥ 2 e - 2 1 e q
where By =9 T = ';{JEL! (=)x° dx - - JI:-KE(X) %2 ax ’
: o : )
1
. 2 1 T
B, =3, Tg log T, - = f?a](?)zt log x dim fna(x)x log x dx,
o .

1
and BE = Eﬂ Tg - %flﬁ,‘ (x)x K - - fh (3;):: dxe
Is) 0

When ﬁco, A0 ete from (26) are subsbituted in (17) and then

integrated over 6 , 1% is found that

' ; . § 4 : A a
('o-q)'nooﬁzialog 3}331- ;*};2{13,. (= %ﬁi + %-- log 2T - 2L2022(3) g“ } )+B2} -

. Kt%- i 'i"- : “2’A | : . | ’ 27
‘ . '2 B 4 g s
“"'YDL‘IO“ - .E_i 1'3- S & {K. log 5{1} ” o1

by= ’5_ Tqg and L. = 0 for m +n > 1, where zok = ¥ is the
dimengionless wave numbar.
Sgustion (15) con bhe solved; iteratively to determine n By when

values of L, ore kmown. Using the values of I‘ﬁm given by (27)

we obtain 8y in the following form Where terms involving K4 and

itas Eigher orders have been neglected
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:ai‘fid) [ \,1 iB,K log K+[B1 (- -3- + - «log 2T = Z:%—‘MBQ

- 3"‘7{ K“(iggg) _[ 23 +9_1~q{31 (= &8 + L w2082~ l%—)m ]z{‘?‘lmﬁﬂ

g L (28)
Rlaroe A B os 1 |

amia =0 forn > 2+ -

wheye V= 9357721 57 SRS UORDODRO RSO NR L 13 the Buler's ang‘bant .

Rﬂsm&w #ith the ev:aluptian of ! is for 1 = 1,2,3 (which have been
ghown in the appendix), it follows from (11) that D(T) is kuown
which ie the solution of the dusl intesral equations givenn(10-e,b),

1) Noting vhat A(Z) is an odd Function of & , with the help of last

-equation of (6) azia (7)), normal stress on y = 0 ig given by

/ 2
( %y)y . J'[ 7\}?2 5% +2/n(‘2%vr‘xah2) ;;—.-2- xz(f;s)sizafsx]d%, (29)

when A(%) is replaced in terms of D(Z) in (23) one obtains

2y 488 -3——«-4) insX A% o
( -W)J«-a fz(i-q)f[(?%"s) ;t? RS (Hein3x %

When 13(1";5) iz replaced by the infinite series given by the
equation (11), we have
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( @y)yuo n-( e [ fJ 4 (&)eing X 4% +ay jJ 5(&)singk dg + ...o..]
Iy .
Y. St NP
w(1=1) V'i-»kw " - %2 J R

because a, = 0y for m» 2. Substituting the values of the constants

ey By W finally obtain

£ x v By 2 1 L2 ol
&) = K108k B 10g2 T =V +1=X2)=B, 1K
COge T WL o T n{"( HOBRT =V HI-ET)-ByfK

Y
"‘1""2' K.q'log, K + «1-- {-—-—- (= 47 2= 2 log 2T +2V +X%) +
28, B B, - |
+ + — - o 7% ) KT log K|, Xf <1
Taen T T [ ros x], x|

ii) The value of the reactive couple exerted by the elastic materiel

on the strip is x

G = 2 J( W)ywo xdx = Vg, = igy)

where V = M G0 Xo Ty

B : ,
1 { 1 2 1 . -1 1.2
= e 1= K1ogK+ ===iB, (Log2 T + -V)-B]K + -—----72{ log K-
ST 2o U 1oy 01 i 2
1
ZB B
—-»11 [ - ¢ 2 log 2T =2V )= 3 - 32]K4' log X (30)
Yl 4T
18 .
By @ = e 7 b 2 5 L 2&41@;&.}
“ 2(1-) 2(1=1) (=)
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5 .
v U is egual to 3. To* Tl and /‘;,

s

For Poisson's ration rz::

which sxe the roots of A (x) = o are then given by

a

Yo =33 / 'E 1 T 2e2 / 5

w¥ith these %lues of ’F o Values of the constanis 1:31,32 and B3 éu"e

determined aend they ave

By = = "28125 By, = = ‘1507729 and B, = - ‘8528124,

For different values of K, we compare values of |gq| end Iggl wj,‘sh:

corvegponding values determined by Wickhan (5)

X | 7ickham values from formule (30)

gy | | le,l ley | eyl
0145 655 ' O08 L6558 ' 008
02578 658 ' 026 639 ‘ 024
0.4368 609 075 616 066

Humerieal velues caloulated from (30) di2fer from the veluss
obtained by Wickham due to the fact that Wickham's resulis
contain terms upto Kg where as in our results terms upbo

(K4 log g.) have 'L)Aa@n retalned,
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APPENDIX

Evaluntion of ‘331 » By end Bg.

We hove
By

Splitting the integrands of the !

D T8 -

Yo ‘o

frachions, we wirite

-t

G

9

: - T '
y 2 - e ; -
Lopyeen® e - b om0 e (a1)

1“@@?&1@ of (& 1) in'fo *@mtial

1 ‘ 4 t, 4 L2
- » 2 (=) x°
fli‘ii(m)zgz s A Ry f L i
S 16(1= 1‘5> j=o 3 ,,2_13
T }q PR N
16(1. =1) m %3 (ﬁ)dﬁr + ;} 3 i T "g dx - P, i?'é:':‘?“
33(1 ..T) 3..0 3 i’ Y% To e T | ] {a2)
T ' 2 ()
and fmg (x)xa ax = L Ta b3 33 f q‘?‘“ ‘ xg dx
e 16(1= 1) j=o P -2
o2 a,(x ) 2. T (y) -
. T ¢ 1:.' 2 of 1
W(* *TZ)[ joo 3 f ) . f 1z:’:? e ‘g’é —x? ]
€ | 2 ”12 TE 2 ,]2 ;/2' CAs) |
" s2(i- Tz)[ oo 3T Ty % T (T ]’ R
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where f denotes the princs.pal value of the inbegral. Sinee by
\QQ,Y'L‘O./L ’BY&C’CIOW

. 2 . s
2 2 2 P,
5 e A
(s D 16(1-—T)jm@x 5
2,.2 '
4x°(x" - 1 )
= 1. ¥ b --JL~—- ¢ BO we obtain
A, Gx) 16(1-—T)j-@y—'r§

after algebralc simplification

2 2 o o .
Tz - TQ(_?- _T§ - Te)’qj( TO) *+ 4’% %?( qé) (1«1‘?'70)

Eb 0

2
2,0 Tg)

T [PoTo 110+ 8, 3,05 (a4)
Henee it follows by the use of (A?),(&Zﬁ and (A4)

52(1= 3)_32’9[1}5(.% 3) + 5015 =3 )]

Next we consider

1
_ 1 2 N
B, = B Ts iogT, - 7 Sy (e)x"log x dx - 37; j‘ma(x)xa log x dx

19 ' <

By (_M) 1t follows thatb

2., 1 .. S -
Do ’Ig log g = 52(1m 12) [Po- To 24 {T) + so. T qe(’lt‘?):lleg’]‘; (45)
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By splitting the integrands of integrals of B, as before ove obtains,

2

1 1
A 2 ) (z).x 108 X
. 1 _ . i
M (x)xa log x X = = L P, .f dx
i“‘ 1 © 16(1=7") oo 9 2 72
; [ '2 } ( i 2 2}? :cq.‘ (x)logx 5 }q;(}c)logm
1‘6(1.-,13) ;j::o I ‘ 3=t ¥is 2 -‘Tg? %% Tf;"-x‘g
. | .
- 2 2 -1 q4(T,)
i 1 - ' i
= ( - Ylog 2= =t + 5 P, T a.{T)tan "F“i il
: "52(1""[2)[ j{ 3 2 & 4‘} Gt 3 4 b ‘j 4 :
+14 (750
- 2, Ty 44 (108 e | (16)

t

na Ji,(x)xPlog x dx = e S s f/rq""’(ﬂ = log
a ¥ L =2 G ; —
ol 16(1=) g50 3,  x° -1

4
2 T go(x) log x-
1 ,‘2 _ o ? .
Z)Ljs qua(x)logxdx+j asjg,ﬂ

" 16(4- =1 2.2
J
a'(zf)log‘
T, (x)log x
o 'Tgbg £~2~T- X (1:{]
o
| : & 2 2, 2 -} q_ (T)
7 < r 3 L. g 2* i
22 eemaimiceperenl 5 8 {(u‘-—r-’g)log - + 2 8 Tq (T)t",ﬁ. +
35(4=F)lg=o 9L 2 37 %— k3 } jet 4 372 g
| ' T4aL(T )=
+ 8, T aplL)logT= 5, T, as({7,)log 2 Ti 9. ] (AT)
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In this case usixig (45),(A6) snd (AT), we obtain after some algebraic
simplification .

b2 m)[ ;;_goif [k =2 = Drros]ws, [ 2% 1os g]}-

1 s
2 =1 qq{ %) ' -1 q, { 1))
-3 T al (T S s, T T, e S
31;1 {93 h q1( j)tan E r %3 4 qa( j)*t;:am 15 ; +
b T ol T)loe(Ti ol () ]
+ B T g TghloalTer 4q( 1) )45, T a,( Tp)log == -
Pinglly to obiain }33 we progeed as before and we have by (44)
 To ;»2(1-.T [ ':"1(“ "8 T (/‘5)]’ (43)
1 .
(x)x dsr = [ * z » 'r ( i T?)+.P ] (T ).f | (A9)
o 32(1 »-TM? :iuoj ] i ’
ST - 4 2 , /
15 (e Ve dur o=, A e sl AP - Y48 T2 a (T c
fIﬁe(x)x dz W 3 +JE 5. j( 1‘3)+b0 To Qz(’%}‘] (a10)
o ‘ -

Conmenuently, we have from (A8), (A9) end (410)

_ ' 2
B ».-.-.--1-.--—-[ LMy

' 2
>t ™ 1 h P MT“- ' .
37 301 -1 j=o T?{ 3¢ 15 = Basy(f - )]



HARMOWIC ROCKING OF A RIGID CIRCULAR
INDERTOR OW AN BLASYTIC HAIF-SPACGE

INTRDDﬁQ@IOﬂ: Study of elastic waves due to different types of
osecillations of an indentor or of a vibrating punch on the surface
of a homogeneous, isotroplc elastie medium hag become almost olag-
sical. Robertaon (1964) extended the static problem of indemtetion
of a semi-infinite elastic solid by e rigld circuisr dise solved by
Sneddon (1951) and devived the soluticn due to o fércea vertical
vibration of the disk for low Ereqﬁencies. Zakorko and ﬁastovtsev-
(1965) considsred the effect of sinusoidal load transmitted through
a ﬁeight less rigid clrouler punch, where & single equsiion is used
which contained directly the.a@ugh£ for preseuve through an walmown
function wvhlch ig Shen transfcrm@d to an Integral egquation cof the
second kind and then solved itermtively. Robertson (1967) dotermine
ed the stress digtribution due to impinging on the surfaoe of a pew
any~shaped crack of a plane longitudinsl wave, harmnnic_in timo. He
adopbod the seme techuique of yedueing the dusl integzrel equaiion
to Fredholm integral eguation and solving by the method of itera
tion, Gladwell (19638) discussed the response of o pomi-infindte ele
estle solid to a rgtatéry vibration of an indentor, over & cironlar
aren about a diameter, on the frec surface. There algo dusl iuntegral
equations sre converved to Fredholm integral eguation of second kind
and for low frequency oseillation, the solution is determined by it-
eration. |
in this paper, the asuthors reconsider the problem of Gladwell (1963).
By using Henkel transform the solution of the problem has been redu-
ced to-%he s0lu%ion of duel inbegral eguetions and then, following

. Trenter, to the solubicns of an infialte set of al-

: S S S
tha techaigua 25 U¥

cebraie equobions. Thers is not mach xefercnes o the Methed of
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Tranter in the literature in&élving the solution of dual integral
equations. The guthors find that the method prescribed by Tranter
18 no less powerful than the other methods nsed in this connection.
The normzl stress below the disk, total torque, and'the disp=-
lacement on the free surface at‘large distance compared»ta.the W
velength bave been determined, Unlike Gladwell (1968), the results
derived are exact in the sense thet they do not involve any integ-
- rale The graphs of the normalised stress below the disc against
‘the normolised distance from the centre of the dise have been:plo-
tted. | |
PORMUTATION OF THE PROBLEN AND RUDUGEION TO DUAL INTEGMEEQUAE TONSs
We dgnsider a hermonic oscilletion of frequéncywof a rigid circular
'disclof,radius r, ebout a diameber. The disc having a frictiorless
contact, is indehxed on the free surface of a semi-infinite homoge-
neous igotropic elastic golid occupying the hali-gpage « © { x § «,
e o &y <®and g > oy Z-axis being drawn into the mediws. The inde
eﬁtor is essumed to produce rotatory vibration of amplitude ¢, about
one of its diameters which is taoken to be the y«axié. | |

The equations of motion in the cylindricel polar co-ordinates ave

w2

R ) 2
2 1 09 2 1 a=Y | |

LY 9t b2 3te o

Where ) 5

2 _ .2 -

v f.Q...-...l.Q..* 1 e ¢ e 5nd 0 ,Yare scalar
e T ooy ") 80%  az= P

potentials associated with dilatational and rotational paxts of the
displacement, a and b sre P- and S~ wave velocities respectively.

The nonvanishing componenxs of displacement are



T sr  sras 28 800% |
{(2)
o 12 ,2 )
B, = %w-"l‘ ""‘"’.\"t

| and those of the stregs are

SATEK. pIy

0wy 3B /1.1[2 ﬁ + 2 R e )
L rE arsz L

dxrdz
o 3 43
q- :/(1?.. ?*g 6\11‘_1 ,E}Y'?
9z F 300z T soosz bor 299t% (3)
ne 2 He o
2R a q @7 5 A3
Oz /u';%"”§'+ 20—t~ —p+ Q“E"‘%?‘ij%Q]'
< b= at 32 a 8z b™ 9z0t

The boundary conditions "e:,o' be gatipfied on z = Oy are

u, = ?3; eos 9 3 * £ T, | . {4a)
Ops = © | I T, (4;;,)

Ty = © = 0g, GVErYy Where on 2 = O. ' (4e)

fo f£ind the solutions of the equations(l) subject bo the
conditions (4), we make the substitubion

Ef sV ]m Fﬁ(r,é}z), TP(Z’» 8, z‘)}eiwb.
In view of the boundary condition (4a), § end ¥ are taken in the

form o

$ = z'g cos © J§ A(§)T, (PR)e™P? ag (5a)
o
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and ¥ =z cos 6 fafg BRI, (78)™7 a7 (51)

where T = r/ro and 2 = z/:-ro. p and § in Ecguﬂtiéns (58, = Bb) are

P(?S) ‘\’3."; §2 - rghe, %} reh a,n&s("c’-s) = "Jlﬁa - rglég, %) 'I.’ol;ﬁ

= i '.v:gh & 9 I’gh >y = i{rok‘? -‘?3 " I‘Qli >%

where h = w/a end ¥ = w/b. ¥ith the help of equations (1), (2) cnd

from § ,V as obitained in (5), the following expressions for the
componants of dlaplecenesnt and thoss of regulred asbtress componénts

are obtained ag

© 93,(08) . |
v, = I cos @',c};a’; i{éﬂ { AR) &P% 8B(8) e W’} ag >

1‘2 oy

ug = -; sin 0 S5 Jy (F5){-A%) © P sﬁ(%)e 851 g5

u, =T, cos © ie; I, (Pg ){-pzx(g)a"-f’z + 52 B(8)e™%% | a5 " (6)

-

34, (Tg)

rya = 05 © I3 {= 2045 + (2% ~xdPini)s™™] as,

N

r e 3 Z
a M <L gin 6 /g 34(F5) { 2paiz)e™ =( 5% + s1)8(8)e™%] a5

Tan =/ con 0 J53,(68) (A% (82 ¢ ¢ )67P% - 2an(s) =2 7] ag

®

In the exproesions given in (6) end in subsequent analysis the

time factor e 7% hag been omitbed. From the boundery condition (4¢)

we have

B(?;) 2:@&(%)/(% + 67 ) (7)
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and ‘the conditions (4,a=~b) give rise %o the dual intesral egustions

TN, R(E)

- () J‘;_(fsg)dss = ?%}: » 0 P <1

and JD(8)7,(P5)a8 = o, $>1
© .

o & :
where R (§ ) = (2832 - rgka ) - 4@3352

D (&) =-(4 ~q1)~m (9)

258 = rox”

andl, aM2(r+ M) L poissonts ratio, » and M being Ieme's
constanta,
Baguations (8) can be written in the form

[}

J {1+ HE)} 5= 5(5)9,(F8) a5 = $f »0 2T 21
/ | o (10)

o

and J’i)(c"‘})ﬁ(ff‘;) =0y T2 1
o

8% L. p(g )
(1“Yl1) R(ES)

where T + H (&) = = and it can be whown that

H(§) +oasrh =oandzk=o.
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50LURION OF THE DUAL Im BERAD .&;QUALIOAA;S Following & Tronter we bake

1/2 oo |
D(E) =% L = ng = (&) (11)
: =G 2

o that the second eguation of (10) iq automtica iy mtis*‘iecl.
The coefficients 8, are to be s0 chosen that the form of (& )
es agsumed in (11) satisfies the first of eﬁus:‘bibns (10). Tor
such @ cholice of a,, we must have

.4

Fo Tt E s oneiftp e s o

. o a-1/2 -
imltiplying the equation (12) by £2(1=t%) 73 (% ,2,0%)

whers n is a positive iunteger or zero and “ﬁn is a Jacobi
polynomiel of degree n and then integrating with respoet

tof from o o 1, we obtain

AI?_VH-B/:_%) ‘
m E1+ﬂ(§)]§ J 3_ (5)ag =a(1 ,n.;g ) = B, (say) (13)
where B, = V Wm ' ?0 J f)ﬁ"fz) "ﬁn(% ’ 29 fg) af-
E (n+ 2_3) ° |

Koting that (g- y 24 f ) = 1, va have from oyxthogenality relation
of Jacobi polynomial

aje ¢, S
g, = =" or o according as n = 0 Or u % 0.
3w (14)
00 . A .
Sinece J J (2)d . {§)4E = o for m# n
0 s 2m+?- i an 2 S ’ ' 2

*+ 2 -1
a (3+4n)" ' for m = n

sc we have foom equation (13)
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co : » .
B+ mio %mam = (%5 + 4n) i}n ‘ (15)
G+ aa) £ HE) =) @) (16)
where &L = (3 + 4n) J H d Jd ' as - G
ma o 3 264 % FS 2114 % % E '

FBouation (15) gives an infinite set of algebreic eguations for

the determinetion of the coefficilents 8o

DETBRMINATION OF THE CONPyICIENIDS Gy ¢ Using the gensrelisation of

Neumann's Integrel [ cf. Watson (1953) p 150 ]

%/2
J = & [, .o o{Cgoos a)cos 2 (m=-n)a da
J2m+ %(55) on+ %(5;) = ‘;i 2&1‘22’14‘_‘)( & ) ( )
/2 n/2
= 4-’:2- J eos 2(m~n)e de Soin (2m+2n+3)p sin(25cos a sin §)ap
ﬂ '
0 0 ‘

in the eguation (16) end chenging the order of inbegration we

obtain
4(3 + 4n) 2 w2
T & e [0 2(men)s de Ssin(Zme2n+3) P 4 6 X
i 2
) o
@ N
x SJH(5)E sin (25cos u sinf) dR. S N

o
The lost integral in (17) may be written in the form

P

_ __g.. (18)

S H(B)E  oin (28 cos 6 sin PIAK = = -
' . (1""Ylj:)

O
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= 22%p) | | -
where J:’ = [ - SN (2'5> ¢os @ sin §) dg. Following the method
. B9 |
of Impwood E’ef. Mwing ot al (1957) p«49 ], the integrel in (13) is
Eir £ e0op 6 sin B

found to be P = 1} g

ol v{,zhfz e. ~i%cos u sin p

0 (ggsar 2) v 422 Vrea 2 J/r sf

ol Eg 22 - x2n®) VrAd - 2 "Bii cos © ein j

o
I = az (19)
r B (e:b::S - ‘3) +16 %4(% « Tgh )(r %' )
where g = w/o, ¢ is Rayleigh wave velocity and
e
B I’ k (5%) . ‘
D, = [ ] | (20)
® ()

, GEE 8 S

Subsbitubing B= T, 8% in the integrale of (19) and expanding the

sxponential term in power series, we oblain

: 1
«; (=2 & r,8 cos o gin p) ‘ (1)
L= o B
P i=0 il 1 :
o ¢/a ,g‘g -2
where i) = By -%- it fee y - 3
L ( P ﬁ)a 1o h_«;_"'{_vz : u_'c_s;_z S
az b2
- efp . 2 2. o /2 ..,
o2 (z% ~ ¢ /as?)(c/b"‘ D I
-4 = [ | = . Ay (22)
b 2 4
cfa I

(?:x"-e- -—;:- ) +1b>'4('=c - ..._.)(..... -;:2)
. b m
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Aiter substitubion of the value of P frem (21), (18) becomes

[54)

i 1 M

JHE) 53‘1 sin (EES com & gin &'5)61'5i L («-2:}..1:' & cost sin §) -l (23)
1 .
since i, = = F (1=1,)s by (43),
subgtituting in (17), %the result obtained in (23) and then
integrating term by term one obtaing
BT pen ’ 4 '
Lmn ™ {*-1) _ n', Imn 'Wh,@i?.?e
(1""Yl1_’) T
| < ST
o ~ -1) U (roa/e) H,
I =% . o o e, (2)
mn 1::1 7
f( m—-u.ﬂ) ’\'3' - bl ) l(«- 4 MR !(- ] e 72- )

Using the fact that when - %+ Mo+ o3+ %is not & negative

integer or zZero,

1 Al
-2 ("LL cos -3525- T(:— % HN4I %) » we write below

Fé"" I’al-" 11-5

some particular velues of I, for different values of nsn o

celeulabe I,

. _ 2 n 3
I =8 |- 2ty {xgt) T -
mn o (4me5) (4m+3) (4mel) 2 '{‘8"@1% ~!"iﬂ-‘ am

4
-% M‘i(‘{,(’%} *‘!‘Q.atu-otv]
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2 4
1N Ha(r,@) - Au(r g) ]

"*L -
mﬁm-‘t ) 7 (4m+7) (4maB) (4?1%)) (4m+§ ) (4m+7 ) (445 ) (4m+3 ) ( 4m+‘i )

i (r rf)
=e L s Eene s

I = ’
mm+2) W (4m+11) (4m+9) (4m+7) (4m+9 ) (4m+3)

Por low freguency oscillation, 1 h and ¥ k are small, cousequently
rcg is also a spall quantrby. Hetaining terms upbo fourth power of

(ragg) in I‘mn, we obtain with the help of equation (25)

I M > M,
i . i A, :
. S R T
0 .
H, B (26)
I T} g 4. e |
Lo = 35 7 (58)° * iy B (78,

@
Hy #,
T . 12w R A PR
o2 * 555 1 (‘-'-‘ ", Ly = 76T ﬁ (r, o)

The velues of the constants o are determined from (15) with the
help of {(14) and (26). Retaining terms upto the fourth power of
(I_‘eg) ’ wie find.



M 5 ooyl i
a,= 2y& [1 7 (rgg) + gﬁf( g)7+ %ﬁ i +%;%(-ﬁ§ )2 (x g)"”]

ﬂ

2
](rﬁg) ;] &5 = &4 5 eawsen 2 O

- 555 42?[

RESUIES: 1) From the last equation of (6), (7)y (9) end (11) %he

normasl strespg below the dise is

‘ g-&.‘i‘&ii VA J, €€ T, ,
(@;z)zmc - ke d f V& 1( %) .3 (% )asg (27)

for © <1, the value of the integral in (27) is given by
L8y, p=-401]

D 3, (1203, 5 @) as

-1/2

eye l(mé-e)r -fvarm |

£ s e T (ma,%- mg2; P2) = (1 -92)

{(m +-2L | | :‘m +§I

X21?1 ( - m,:m+%; 2)?2)- (28)



Therefore, (6,,) =2 /2 cos © 7 el
220 "o

3 . 4 u
1 L (¢ 2 _ 1
+ 3 )+ gy ] (17 = ) 'ﬁﬁ'

(:29‘) |

0
T = ow f féo:a‘ﬂ)_ v% cos 6 drdd
o o G=0
41:/’-"::?3 ? M, 2 ¥ i i :
e« I+ N PR - 4 i I Py - 1Y A4 1.
ol ma N [1 - i rog) + 5 fﬁ x g,) + W}){ 8;1-"; +17(_E;) }(rog) ]

This result agrecs with result obtained by Gladwell [06d].

ii1) We have from (6), (7)y (9) end (11), the digplacement

components on the froe surfaas Par owt oide the dise as

: e 2_pw22, o

z=0 ¥ (1-1,) m=0 o ’(%)

. ; ‘ .

¥ g0 (1 - Y11) m=o 2o R(8) am% _(5;) X
1{3,(8)= =9y (FE)] a5 (30)
2 o P 2 ECerakegy |
() = fig_sm e Yo TV N Jm% ()3, (PR (31)
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_ _ .?. 2
_ r Cog @ e °° P
U,) = e 3 3, (f8)a .
(uz)za::o (1 _ YL‘) ng 0 gg R(%) | *2(83) 1( Sg) (32)

The iutegrels in the shove exprossions gan be evaluated by
Lapwood 's rethod as in the appendis. But to obtzin more
information about bodily P= and S-wave the following method

is adopted. To evaluate the imtezral in (32) i.e.

By B e T ) - (&)Y J.(Ps] ’ 3%
Ly £V§R(§) A_ga (&) 4,(°g)az% , | (33)

ve write 3, (F&) in the form

. Fo (2) =
6w =5 [n ) vy 8]
/

In the complex S { =g+ 11 )= plane, we drew cuts parallel to the

imgi.nary axis joining + r.h with + (r: I e foo)y & Ty k with

* (r ¥ = i o) mpking the i’aetars WJ{\"— z h, g’m T, h of ‘J%g r2hg

end V/ At 5 1:, V/§+ rok of V? - rgka gingle valued. Integrating

thc part of (33) conslisting of ‘51( )(fég) along the boundary of the

fourth quadrant with the cuts, lhen adding the integrals, we obtein
.I 2=iD ¥ (zg)d (r@)I-I(Q)(rgi-
z 0 o=/ Em% 0 T Yo

in/h 2 (x faly) ) "'2" V/(Qr I 1] ){(r k= 1)° - ron? |
-4ie f . K

[2(-3301:- iV]) ZEZ] 6 11 (x k=i )* (2 e Y-J.Yg)L(r leih) ) or ]
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~ ' (2) |
Id . (rok - 11 ) Hy (rl = ifn ) ¥ 4=

2mig
2
-in/lt- v/(r i )r &2 v’(gr h-in) [2(::' B~ 17)% = 227 |
{_(r hniq)g r&k%] +161q(r h—iq)4(22 h~in)[?r hnxn) gkfj
| (2) |
X d (r hwin) i (zh-if) vn an - : (34)
am#

First term on the right band side of (34) avises due to pole at
(r g), second and third termg form intesrals along loops round

the branch cuts ati rgk and rvh respegbivoly.

Asguming rk ) rh >» 1, the integrals in (34) can be avaluated
aaymptotieally at points far out side the disec. Hankel functions
2Lre expaadeﬁ'asympﬁotically..Re%aining‘the Lirat term in the

expansion of Honkel functions, the integrals srising in (34) ave

w - 3/2 fﬁ:a F’ 2
Jih &(n ) e OﬁW~L~7~a£0+°——{7—u(o ;-jé— (O)A
o |

of the form

T

Keeping the leading berms again, the asympbotic vdlues of, the
displacement on the free surface at points far from the sentre

of the dige is determined and 1t is found to ba

., _F,e08 8 e ‘ =i (zgr) V-
%) =0 o Y Jpeo B~ "% 0 ama% o r
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=iyl -2 r =iTh L7102 & ki
B o 2 3(2b%n") Wl TV E
w(z:;k=>§72 Zm‘f-; o/ \F e () 3/2 amé‘i ot\E
Similerly we obtain
r coo® = ~1 (et 3 v/ Fo
u) ==--2—— zgliED0e Y5 L o= E W 2 -
C =0 (1 =1) meo BL T 1O 2m+% © rg Tl ¥
' -1y - ' o i xr,. 2
, K ‘ o .
~ 2im ey (zB) (1 === ) (5 +
| ERY & 21:1% e re ~ ¥

s20 g (r e - B0 2R ]
_ (z k) a am-f-% e xi T

and
r sing © e -1.(zz+2) D_Q r.  3/2
(ug) = N Eé.ml;i}f% @ & =2 g L (2 2)( =) / +
z=0 (1= M4) @0 o8 opsd O ol
wirl r, 3 ~ixt A
% . 0y”. ald A3
+28 s, wir k(=) +2ie : J oz h)(=2) ]
(:c'ol‘:_)' 2 gm-;% o r (1’035')5 /2 21214-5; o
' 1{32 - b 2? Yab (32 - "&2)
WROPE K = e y B o= o )
o (2}:32 - cé) - 2b Wﬂaa - o% \(&52 e

g = - :



iv) From eguntion (28?

e +-—-»>(H _ (xg)]

In {4, ) -
/% cos © ;0 3 o |1

are plotted against 9((1) for values of ¥ & = 0’0,'0‘5 and 0°9.,

It is found that the absolute velue of stress jJust Eelow the

digk increases with the increase of distance of the point frcm'
tha centre of the dise whero as at o paing@gﬁg disc the absolute
value of real part of stress decrcases and imsginary part of
stress increases wibth the increase of ﬁhé frequency of oscillebion

of the diacg
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APPENDIX .
To find the wvalue of I‘ﬁo, ‘followihg Inpwood, we consider the Iunction
214:29( <)

R(S)
complex S ( =&+ i)~ plane boundeby the curves ags phown in the Fig.

in the region Ry and Ra of ithe

(S )=

A1, By Cauchy's residue theorem, we have, when the function () is
integrated elong the curve bounding the region R,
Lo 2 M + ranz '

¥(5 )d 2 , an = i(1 = B oo
i (5)ag + .g _R(UI) " . (1=)g=0 (a1)

and Mtagrating along the cwrve bounding the region R2

T

oo r’g e
JF@)&% g Jomrt
(8]

:q»"b,

d\q + (1 «-Yl,‘) Eu

R{(=in)
r h
217‘ ’ r"gk "’gha Eag
- ; . d%-
o (28\ r21£2) _,_4_% '(1’2112 -t Vlrgg %2
. k .
81 r;)‘ ’%1‘2( 32 2 2 ) 21£2 Qa da .
r i (aig‘”gk‘?)“ maa) gg ~xs 22 ) &2 - 2k2 y © T (42)

The terms - i (1 -Yh) #/2 and i (1 - ‘Q;‘)'R/Q ooeuz?{im on the
loft hand slde of equations (A1) and (A2) respeectively are the






C9i

values of the integrals on the 1arge eireular araes (Fig. A1) in
the firsk anét_ fourth quadrants. wal)oi on the right hand side of
(A2) is the contribution from the residue at (r Og) where D, is
given by (20). ’

subbtracting (A2) from (A1) and dividing by 21 we obtain

.EW
| 2 e/a VA’?“ %° dx . :
- ()2 =2, = & J B » -
2 2 R NI
0o 2 8.y . 2.7¢ 2 e
(2x-ab2)+43: V/;-é--x V/g‘g"" x?

2 25 (2 - & o
%ﬂr_ . : Be
ofa (2x2 = S ) + 16t (1% - &) & < 2 «

= ‘o, defined in (22).
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RING SOURCE PROBLENS

Problem 1. Displacementy produced in an
elagtic h&if—apaca by the
impulgive torgionzl metion

of a oiroular Ting scUTCo.

Problem 2. Sﬁfwaves in an elegtic half=space
due to a ring coures of Increaging

radius.

Problem 3. Torsionsl response of an clastic
half-~gpace %0 a nominiformiy
expanding ring source. '



Uisplacorent Froduced in on Blastic Hpllednace by wne
Tmpulaive Toreionsl ¥otion of a Gircular Ring Source

LHTRODUCTIONs At present ruch attention has been given to problems
congernad with wave propagation in homogeneous as well ag in
inhomogenieous, igotropie, elagtic medir. Much of this work hag
‘been connected with problems of seismclogical intersst, involving
vave propagation. The normal loading problem of an olestic holfe
space wes Lirst investigated by Lawmb (1904)., This typé of problem
wee then investimatod by Bason (1964), Hitra (1964), Ohakreborby
and Pe (1971) ond many others. In foot a cleass of elastic halfe
gpace preblema inwalving.an.axisymme@ric, amrmallj applied,
surface load was investigeted by Gakenbicimer (1971), He assumed
that londs suddenly emanste from e poiant on the surfsace and
-xp@nd_radially at o constant rate, He used Cagniard's nethod to
evaluste the inverge transfovmss Thia paper has a particuler
reference 0 the work by Ghosh (1971) where technigques similar to
those adopted hers, are used, ¥any recent studies on elastic wave
propagation ere due to the work of Uagniard (1%52), who developed
2z particular teehmiqﬁ@ of Anding the Ieplace inversion, that hns
bean found to be extremely useful in denling with problems of this
Typae -_'
_The type of dlsturbing force comsidered in this paper is impulsive

in time and acts over the circunference of & civoular region of

KA.

Published in Purc and Applied Geophysics,vel.119.2.102, (1980/51)
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constent radlus on the fres surfece of o semi-ilpnfinite, igotropic,
elsptic halfespocs, The effeot of bthe inhomogenennity of the
medium on the disturbance produced is det armiu@ﬁ jin theo inbeﬁrpl
form, wherens ﬁae dﬁsﬁlacemenﬁ in the @ase of B h&roren@au%
medive e determined exaetly. The displacement ot any @eint on the
froe murfaoa ia evalusted numerically and the graphu are drawn o
show how the vibratiom of = point in the medium is affeoted due o
the 1nh@m0geﬁ@iﬁy-of the medium, which enters inbo the svpression

for displacsment through the 1&au9rean

Bage I Homogensons medium

FORWULATION OF YHS PROBLEM: Let (r,9,3) be the coylindrical pelor
co=ordinates, zmeaxris being dirvectsd into the ipolropic elastic
medivm, the plane boundary being z=0 with the origin 2% the
centre of ihe ring source I=a, &=0.

Tne dlsplecoment is oaleulated at points i side and on the free
surface of the medium, subject o the condition that the halfe
spzee 18 initially =t xﬁat angd that the digplecement remaing
povnded even for large velues of z. Por torpionnl motion of the
ring pll quantities depend on v,z and the time i, the only non-
zero component of tha‘ﬁiéplag@meni vogtor is the component v
mlong the dircction of O inoreasing., fhe relevant non-vanishing

gtrens COmpoNGnts are

g BY W : : g
y = MY %%?«*3; ) | (1)

and v - At OE 2
~ 1@3 = 37 (2)
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where M is Ieme's congtant. The only nen-zero equation of motion

is
| R
g v e () 42 222 5
ap. TOT T 45 O r ate (3)

where [ is the density of the maberisl, cosumed constant. The

boundary condition is

Tag = Po(r = )5(%) at 5 = 0, | (4)

vhere P 1o a constent, a is the radius of the ring source and

5{(t) is Diraze's delba function,

‘Uaing (1) and (2) the sguation (3) can be written in the form

aﬁv L L (av._ AN %y 4 3%y 5)
et TR T 8 L2 :
@l‘- o3 v gt

whare P a‘/k /2/P ) is the shear wave velocity.

MELTHOD OF SOLUTION: We define for all positive reel values of
g the Iaplace trensform f1(r.z,s) of a function £{r,z,%) by

the relation
. « ek .
£i(ryzs8) = J £(r,z,%)e oY at. (6)
o

Applying the Taplace transform (6) to the eguetion (35) we obbain

N r e, ‘ ] R
ar s r 9z p
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Define the Hankel transform v,(g,248) of v 4(T42,8) by the equetion

Vg(&.?ﬂ»@) ::/; 1'51 (%3’5')"71 (2y%ym)dr, {3)
whez'»e J1 is & Besgzoel funchions

Yultiplying the equation (7) by »J 1 (§r) and integrating with

respect to r from o to = we geb,

0 |
4" v 2 4
g:f”%g*‘-r)‘?u @

The general solution of this eguation which remaing bounded

g 3 = 4 @ ig

vy = A exp [—-z( g + = ) (10)

vhere A is %o be determined from the boundary econditions,

= P3(r - a) at 3 = o, where T

931 : , %1 ig Tthe Laplage transform

of T. Prom the Honkel traﬂuferr" (

0% .

o, g OF 04y we obtain by

using (2)

, av,, | _
( T@z, )y = /S = Paldy(ga) ot 3 = o,

21/

On 2z = 0y vgmAandavz/ﬂZS*A(% + o

Using these reletions we geb

Pe, J‘! (5\‘1)
/u ES +SE/L&L’)1/& o
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Substituting the value of A im (10) and inverting the Henkel

bransform (38}, we obmin

faJ (@:zz,,)al”,l (eixf) r 5 g2 1/2

e BT R [ ) }1&;- an

V1 (I’,B:, 5)3 -
B

From a woll-known result (Vataon (1966),p.358)

. 7
3,(5r), Ba) = -};g 3, (5R) cos 4 af .

2n

and - _
3o ER)= o / o SIAY gy (Brdelyi(1953).p.14)

2R

, T S
whare K = x/(r%aae-aar‘ com ¢ ), we obbain

%

2 vy '
?Ri)fl. TR e f I‘: QoY ¢ ﬂ¢ (1 2)
where . 2, 2.1/
7w oo - 2 _ 5 ‘
| expl=-z2(e+a/°) /© + 1R siny

If we put p = goiny and q =gcoaY in I.;,, then

¥

> 5 [ ( 2ps2 ) /d+iR |
] m; -h p 4g %+ 1
i,= Jo~— 2 dp dq- (13) -

o Ty e }1/ 2

% - 8

To find the inversion of I,; we adopt Csgniard’s technique as medified

by De Heop(1959). Accordingly in (13),we put p = ms and g =ns, then



w 38

ot N * 2.1/2
5 oxpyl - 8 ﬁ(m +R +1/@ ) ~ dkim
I, =2 f dn frmeme { s /e ]} dm - (14)
o 00 (° + 0% &+ 147

In the above integral the path of 1nﬂegraﬁien with respect to m is

the real exis (Pig.1) which is deformed in such a way that
- 1Rﬁ~*~z(m? 4 n2 + ‘l/’;:aa)‘l/2 2 by, whore 1t is raal anﬁ positive.
The deformed path of integration is the branch | of a nyperbola
whose equation is

2_ 2 1/2 ‘
L8t a fad 14
e s+ 2 [? ( - - )(ng T /% )] {(z i) (n 2eifi )}1/8 <t € oo,

Z o+ R

In the course of deformation of the path of intesration it is
esoential Yo know the singularities of the function s/(m2+n2+1/69)1/k

in the meplanc which are the branch points * i(m2+1/§2)1/£.

Since the hyperbolic path | does not orozs any of the singularities
during its deformation, it is peossible by virtue of Couchy's thaoren
and Jordon's lemme, to replace the intepration along the real mesxis

by en integration slong the hyperbolic path T°.

We asesume : , . o 'y
iRt + a[t%=(2241%) (2% A #) ]1/ -
m, = ' PR '
‘ 2% + R
¥ > X b 3 s
and vt - et (a?m?) (B p ) 712
m = o T
' 22 + Rg
then

dm: iﬂfbg (z° +Ra)(n +1/p 111/2
s (= +R2)[%£ ("2+R2)(n 21 /5 X]1/d
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, Figure1
Paths of integration in the complex m-plane.
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The poiut where T cubs the imeginary awis is given by
m{(zg * Rg)(ng + 1/{52)}1/‘2

and the point ig

| (e p?)ie

m - .,
(524-1{2)1/2 ,

which is below the branch point 1(:«12+1 /i 53')1/ 2, Hemece (14) con be

written ag

I1 -’=2fan f . ge‘ﬁ"t [ » 4 2 1 / d: )
fta"® i 42} 1/2 (a? 4041 fp2)1/2
, 1 dn ] »
L] o . . “ L é‘t' | S
» &= _
(m§+z124~1 /52y /2

Now usiag the fact that m_ = - m , ong dm /dt = ~(an . /dt) where i

is the complex sonjugate of m, (15) van be written as

8

[ ]
=4 [dn S as~8t

e (dm /at)
}{et‘
° {(zzﬁaz)(naﬂ'/ﬁg)}‘/ 2

(m +0° +1A d: 17‘2

Changinz the order of integration, we gat,

- R L0 A
L= se™®" at J Re[
(Egeyﬂz)‘i/ ?/ s o (m 0% /5 %)

ENYE ]‘“’ (186)
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How s

. (en /av) - 1
m})[(m2 +1 M/?‘ 1/:{] {V‘z (’m_g REY(ne 72
e o VB % )(Zl B 1/{_} }

Substituting this result in (1 6)y; wa oblain

' 1/2
| oo K‘h 21052432 Y1/ 2]
b s aw o p o
Gl 0 2 (2 +92)(n +4/% ]1/2
= iy J se8% g%,

TN Y £ A fr g
(= +AR ) -}:(3:2‘%&)1/‘;11/%

Henece ths laplece inversion of Iy is

e AL gw}]

(42 ,211/é

) (:524&%2)1 /2

Therefore the Laplace inversion of (12) by using the Isplace inversion

of I, as given in (17) is

(gamgﬂa—zm cos ] )1/ 2

n &E; -
7 b )m - == - A s cos f 4 4. (13)
v{¥a©, af (2% 4a2ra cos o )1/2
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To evaluate the above integral we put

s v‘) L
(zg + 17+ 8% - 2pe cos o )1/2 = {19,

o8
o . . 1/2
sin é:: 22"5 [g(p 2@2~32)(I‘2+a£)w(§§ 292_22):. (r &2) ]

and (18) can be written as

1 211/2
jiz +(r*ﬁ) } / (22472 4a2s ” @h) (4=0)

e

V(ryzyt )= —%— ...
- . hE %{52+(r~a) }1/2 [ 2(r® +6%) (%02 2) (% ag) (PZ@E 1 :2
B | ss‘g 32 sgﬂ-rg

==

'ra/ur' {E(r )(13 't 32) (I,' 3)'2 (iﬁg‘b‘g a) }'b"c!

’

{52 + (v - .)2 1/2 <t < 3-{32\+ (r *,&)Z}Q/Q- (19)

I
(a)
H
"Gi-—h

P

Lnfe II:.Inhcmogen@sus Hadiun

PORMULAT ION OF THE PROBLEM: In this case the same probvlem of borsional
motion of 2 geni=infinite elagbic medium due to the presence of a ring
goures r = 8, on the free surface 2z = 0 as in Cage 1 1a'eensidered;
the only differeace Lg thet the medium under consideretion is in -
hormogeneous in nature, the coeflicient of rigidity end the density of

the medium are. assumad Yo be

M= f vecz)? ena f= folt + ez)®. (29)
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Here slpo the non-vanishing stress components and the nonezero
equations of motion are the same as in s
(1)4(2) end (3).

8@ 1, given by the aguations

HERHEOD OF SQ0LUPIONW: Firstly ve put ¥ = (1-+ez}v in the eguations |

(134(2) and (3). The trensformed equations nre

R ol

| | R
To=Al s (E-L),

(21)

' y Y _ =
Tor= A {(1 +€2) o= %VI

and

'_54‘33

(22)

L B
5 L5
“+
R
o~
sk
'
K<l
+ .

I
B
o™
h!..r

s e
o

82 f
poles

B

wogme b =4/ P AAMNDY
&E‘zzking the laplace transiorm of the egquabion with respeet to 4,

wa obbain

N

where & ioc the Teplace transform parameter which is r@ai and positiva.
Toking the Hankel transform of the eguation (23%) we have

e
‘d Vo

2
I AR

)
ﬁJIQ

) .}‘;2 . ‘ (24)
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The gensral solution of this equation which remains bounded for

large velues of z is

- , 2 2 Wae |
v, = 3 axp[-a z( & + == pg ) :] M £25)
Applying the Hankel transform and the Laplace tranaform on the
boundary condition
= /‘1[('1- + €3) ﬁ -V }:s Polr - 2)6(%)
24 0 Az 1 ' TR
and using {25), the value of 8 is found to be
- ?a;f B
. , 1( ga)
/5 {e«p( & +52/§32 1/“*
Substitubing '&ma value of B in (25), it follows that
- Pad,(ga) 2
‘52 X e =1 5’ eg;; [ Z( % "i' 1/‘2]- (26)

/% {E-k( %24'82/?2 1/2

Poking the Henkel inversion of (26) , weo have

T, = e iR § 9,(§a)3, (5x)
1 fro o e Eﬂg?/@z)"r]'g'}'

| ,
-e:q.a{« a( @2 + f—g )1/2]&§ » (27)

How,

[ empl - X fe +( &2 w2212 }‘j‘_ﬁ?-;;:: eemerrese]
o | ,

e+ & +32/P2)1/2

Uesing the above result, (27) is writien as
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0 0 o

e now Teplace J, (aa)J,% (&r) of (28) by the integral, which was

used %o modify eguation (11). Fiaally we got

= T

;125-—-%‘6:""—" fG.EK&f12303¢d¢|
an /~0
4] Q

where

en 2 1/2

o)

Agsuming p = § siny and q =gcosY , it Lollows that

' P 2 2 2,212 |
L, = S fexpE-(z-—rlc)(p +3 49"/ <) + i Rp ]dp.dq
@00 OB

2 0 7 1/2
=2 fan f ® exp[nsi(m-k)( m® o+ 0° + -32-‘) - iﬂm}‘]ﬁmg
© -0 : b '

where , p = ms and q = ng,.

L Pn €K g 2 1/27 -
Ve - =1?'-"3-- S~ /83, (8 ), (Qr)e:«;pi;(m&a)( &%+ ?é- ) ]ag

Iea J avy J s)exp[-n(z + k)(“c‘s2 + %-) +i§R si&?]d%.
o o '

(29)

(30)

As in Uese I, here also tha path of integration with respect to m

which i3 the real axis is deformed such thet

- iRm -+ (z+k)(m2 + m2 + 1‘/&2-1‘2 )"/8 = t, whre t is real and positive.

The deformed path is & branch {'1' of a hyperbola tho equation of

which is
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La IS " . & . !; 2
iRt + (2 + )] 32 m{(z + 1% 4 '32}(31‘?‘ » 18 )] /
o= et R . > : »

/2, 1/2
]

{(s+l€)2+212 _-.(n2'+~%) <t < oo,
N ﬁ .

Hoting that the poinyv where r' cute the imgimry axls is |

;Z.R(n + 1/@5
| {(z = is:)g+ R" }1/’“‘

when

, e ‘ . /e
tﬂ{(z + k)2+ﬁzi 1/2(112 +;3é-) ,

one gets from the equation (30)

o ‘ o
o et et 2

Chonging the order of integration, we obtain

.. 3/2 .
I,s= fde(s'z»k)/{ﬁmk)z%- R‘z} 3/ J /2 4% 4t x
o : ' {(z+k)2+ﬂ } -
, _ 1/2
;[tz/{(z+kg)+l{2}-(1/ﬁ2-)1 ' | an
X s Ltg/{(m-k)é f 1/;32:112:]1/2

O
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e ‘f 2 =g
T e a %Eﬁ“" ] LA (1.&,@ (31)
51 , ’
{(a + k)2+,R2] [{(Z$E)2+R2}1/Q?]/g

Hence the ILaplace inversion of (35%) is

“ py3/2 1
Imgﬁ(ﬁ*k)/{(3+k)gag}3/ §§2 [% H{t lﬂz+k)3 m%} /%E}

| 172 - 5 1
{ 2n(z+ 2; 77 { e L+k)p+ &2 ) /J*'"Q !'t-—( §5+‘{2 R ) /2]}
(2+k)“+R

Taking the Implace trausiorm of (23) ond using the value of I,

it is found thet

T o -t J (z+k)de —€le dk. (32)
Mo . :
where
. o o V& 7 2 2 /29
= ke hrie (a4 ) T
J= f 25['{;.-( -(-"ilsléf‘;‘v )y ]4»’{'.6 [t-( -(——ﬂ&lﬁ.:g— ) ] ' X
' P B —
) .
cog # i
5 2 5/2 *
{(ﬂ+k) +R }
79 evaluate the above integral we put
1/2
1 2
l= g {(Z*ﬁ) + R ] ,

then
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o 1/2
(1/&5){(2‘;4-1{) '5‘(3"%’%) E cos E{ (iﬂ'
J= Iy | {28t~ 1 )13 (4= 1) ——— AL,
” . 2] ;31 2 { 3 4
(1/6){(a410)%4(z=0)?] ks
where
ad .2 (5 0 2)2 & 02 10l L 522
ar=moing endcosd = ks i op L

2rs,
Bubstituting these values, we get

1/2
| (1 ﬁ}{(z+k)2*(r%a)2} /
3 el J » £(4,2) [25(4=2) 455 ' ($=1)]d 1,

1) (202 2e0)?)]

whers

(~+k)2 ¢ 22 0f - b’ 2

£{(1yk)=
&ng(r 'chg)[ .2 2 (Z"f“k) } (rg 2) {Pe?.{e?h(,,+&,)2 ]1/2

: g
and it is Yo be remembered that § 1ilg ths derivative of the

Dirag's S-function with respect to t. Integrating (33),we get

J = m ng('bp.i)"‘&i(i.l ria-)&('%wl Y+bE( [c},k)u( £)+t£’(-‘t;'k)j

whare

la&

L= Etaem)2a(ee)? V2, 1 = Ltaan®ie-a)?] V2 4 ¢t g

W

H.

(34)
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It is %o be noted thet if £ does not belong to | L 7 then

the integrand in (33) is zero, consequentiy J =0 ,

Subgtituting the value of J in (32) , we zetb

T o e f(m}:}e"ek[af(t,zc)-tf( Lak)6(tm Ly )+
sPofr ’ :

+ 12( Lpk)5(t= L)ase (110 |ax.  (39)

Howy 1, & % <<=11 implies that

(B2 (ee)®[V2 w o ¢ 1 fp B w(e)?] V2w ol (30)

In evaluating the inbepgral (35), the following sub-cagas are to be

congidered, keeping in mind that k satisfies (36) ond that k > o

5 - v ) ’ L , AN W
1)1e{p%? = (r - a)z}a/,z. - 5 < 0, that is if pt <{zz+(r - 9.)2}1/*
then , t does not belong to T.'Lg* 21 I, so 4 = O, Consequsntly
¥ = o, This is in accordance with the physicel econdition of the
problen beceuse a disturbsnice cenuot reach a point @ (Fig.2)
before the tinme (1/@){52 + (» - &),2}1/ 2,» which 18 the time of
arrvivel of the disturbance at the point 4 from the nearcest point
of the ring source.
ii){@ztg - {r + 9,5-2}1/2 - % {0 <{p‘2‘b2 - {1 < &>2J1/g - 2y That is,

(52 0 (r = )22 <pu <o v 2?2,

In this casa (3_5) taken the form
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/ (4106”28 (8, 10)-t2(2 10605 <1,) +

8 (L) 5(tm1,) 468 (t,_n)]dk.

(37)

The integrend of (37) is considered s & generalized function, go

the finite paxrt of the 111%%1'@1 (37 ) is m‘balned (JOHES(T1966) ., p 43 )and

we get
R 6242 - - 2 2 2% . qz
/uo rg(I,E*_d&)(PEtE d) (ra ag)d ({321': 211[2
2 1/2
% -
, e (5262 (z J,a)} |
wMo o

{(z+h)a+r2+a2 92%2} — ak

* [2(rf4a ){ s = (z+)% ] (rg—ag)g—{ﬁgtg (z+k) }2 :‘[1/2 |

Henee

zset‘? - 152 -r2 -aa

B

V=

w/fo(iren) [2(2%40”) (5 24%ez8)=(r%=0%) 2u (s “68ag®)® 1/2

o {pzta_ﬂ(r.a)a}*l/:z_z
U - ]-S— i
w/ro(t+ z) o

{(”%ﬁ)e +7° 4 2% - p2 ?}@"ek dlg

X [2(1‘21*&2){"3 2 () }__(ra a2y2. {ﬁz_taé(m_lc) 12 31/2

(33)

In (33) 1f we put € =0, we get the same resuld that we have determined

in (19) of Casme I.
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D . e ,
111) 1¢ (%2 ~(242)?]"2 2s 5 o, that ie ¢ pt >ale(rsa) 2172
then
5 (322 () 2] V2,
e f
meflo(lves) | .
{patg (rwv f1/@*z

YV o=

| {(é+&)2 22 40l - §2t2}9~€E ax
[2(1' +2" {fjgta (" i'k) }"(1’2 2)2 {p “.-, :,)EJ ]1/2

(32)

It is interesting Yo nobte thnbt in the ease of a homogenacﬁs mediun
ther is no displacement at o point ) (Fig.2) afber the time

t o= (1/L){a +{r+a)’ }1/2, which is the time reguired by the
disturbance %o resch the point divgotly from vhe farthest poiﬁt

on the ring source f&eﬁxthe point 4, Euﬁ in the case of an
1nhcmogeneavs medivm the dimturbanee»me&éh@ﬂ_a point Q even afber
the time t = (1/4) {32 +(r+a)2}1/2'which is the moximunm time reguired
by a airccb wave to reacn the poinv ) frowm the fnr h@aﬁ point bn the
aauﬁee~i£bp the poimt U. This is due to the foot thet in the case

of an inhomogeneous medium ﬁhe'regicn % > o may be consldered as

an apsembly of an infinite n@mber-of thin layers of material of ine-
finitegimal %hiokness of continuvously v@rying density and
cosfficient of Tigldity. Thot is why the disterbence, which reaches
'the>point q after suceessive reflection and refraction in different
layers of the medlium, arvives at { after the time pt {u +{(ren) }1/2 .
The disturbsnce comes contimuously after the tinme pt a{z‘+(rfa) }1/2

with decrseaging intensity.
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Figure 2
Arrival of the direct wave to ¢ frem the nearest and the farthest point of the source.
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oy ot

Humeriend solution on the fres surfsce z = 0

In oprder to obtoln the displacement on the fres suxface we meke

the substitution
o > B ) y . wy 4/2 ‘

which transforme the eguationa (33) and (99) to the forms given by

yi/ton

o= d=dy +dy
where
22 22
o o a®
LI 2 2,2 2 2 4,471/
IR b “
2( Eput ) bt n( Ept ) -
o g
| (2,8 2 :
cos:“"“i& cos @{@z}; ~ea[2§ cog U+ E—-—;}-n E-g— ~1]1/ *‘3}
dy =ea J ' : ' B B s 104
o s . B B 2 1/2
: 2L cop O+ Epm = En ~1]
E: 4~ 5
(40)
e . e 2.2 :
Aw"r{“’%"bg‘c fr*‘&(ﬁt(r*ﬁp
258 »
" 2,2 .2 a1/2
. _ 7 eog 8 exp{«e&[ﬁg cos 8 » E-fgw - -’5«1]
A _%.?.ﬁ.._ =4 men f . T . ) R SN : N
[25— cos O v ti-;g-- %wﬂ
B a2 & o

(41)
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for % > r + & respectively,

Ifea = o, then from (40) it follows that 4 = &1 » which
corresponds to the displecement inhomogencous medium. The
integrals in (40) end (41) giving vhe displaceménts d and d'
have been numeriéally evaluntod for diffeveut volues of can
at different ’poim‘;s onl the frse surface and are presented in

Tables 1-4 for different values of pt/a.

Soneluding remaris

From Tables 1=4 it is found that the difference in the values
of the displacement at any point corresponding to ca = 0 and

ea = 10 gradually dininishes with the
' Teble 1

r/a = 2. (r/a) = 1 < (ps/2) < (v/a) + 1

pt/a & when € a=0 d when ea=t 4 when ea = 10
1.2 ~0.97596 «0.352841 . ~0.50851
1.4 ~0.58463 ~0.08456 ~0.41435
1.6 ~0,38430 0.00497 | -0.31149
1.8 ~0,24493 0405256 -0.21268
2.0 ~0412909 0.08585 . =0,11623
2.2 -0.02001 0.11644 -0,01716
2.4 0.09676 015276 0409355
2.6 0.24498 3.20795 © 0.236%2

Zei3 0.50411% 0432902 0,493230
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Table 2

r/a = 10, (v/e)= 1 < (it/n) < (e/a) + 1

B /a d when es = 0 d whon eg = 1 d when ca = 10
9.2 ~0.14221 =0 00782 ~0.13509
9.4 08155 -0 00314 =0 .. 0870
3.6 -0,04927 =0 00063 «0 04911
10.0" ~0,00500 0.00868 <0 . ODGH0
10,2 0.,0153%7 0.01583 0401537
10.4 0003334 . 6002557 ' On03333
10,6 ' 0.06901 0.03980 0.0%900
10,8 0412546 006799 0412542
ble 3
r/fa = 50, (2/a) = 1 < (gt/2) < (v/a) + 1
pt/a d when €a = 0 4 when €a d when ea = 10
49,2 =} 402700 -}, OG22 =3 ,02699
49 4 -0.01525 <1} 0069% -0 01525
49.6 =0, 005394 =0 D04T4 «0,D08394
500 «0.00020 0.00028 0 400020
50,2 000337 0.06318  0.00387
50 o4 0.00851 0.00665 . 0200851
5046 0.01475 - 0.011%0 0.01475
50 o 53 - 0.02633 0.01944 002633
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Pable 4

rfa = 2,(pt/a) > (/) + 1

pt/a | d' whenea = 1 d' when ea = 10

3.2 ~0,17211

5ed «0+07793

346 C =0.04250

348 ; =0.02533 . ? | o
4.0 = ~0.01595 | dtip of the oxrder of 10
4.2 © =0.01040

44 ' =3,00697

4.6 o -0 00477

4-8 "‘g 0“3338

. :
then r = 10a orce = 19, 4 is very small.

inereage in the value of r/a‘._ This 1s also a@parent £rom the

ezpression for d, in (4D) because the azpoﬁential tarm

@Kp{uea [2§cos@+ué-.s%§-1] }
| = a a

in the integrond for large valuas of r/a decreases repldly

with the inecrease in value of cao
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Figure 3
variation in displacement near the source for ca = 0, 1, i0.
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r = 50a, variation in displacement at a large distance {rom the source for ca = 0. 1.
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20d
)
At
(6.0) e 20
-1t
£a-1
.2.
3 ,
Figureg

. . . . . . \ . . .
r = 2a, variation in displacement after the masimum time required by a direct wave w arrive from the
farthest point of the source when e =



FILTATTS T AN BT ustr WATY apaoﬂ AILED

A RTHE 80 RAT OF THORTARTIIA RADITA,

Twmmm TOW: The torpionsl vibret ion of sn slastio half gpane due
to & surface foree which is p@io&ic in $ine wag Piret eangidemﬁ»
by Reissner (1937). Relsoner and Sagool (1944) determined the Atn=
tribution of fﬁhe stresges In the interior of a semi-infinite; homo-
ganous lgotropic slastic mai:'_erial due to 2 poavicdic sheny shbrennep
applied in an oxislly symmetric memner to n ¢ireuler Aren of the

plane surface by memns of o rigid disk; the torsionsl displncement

being prageribed under the Alsk, Vorman (1057) dlaoumned the statis

distribution of stremses smd dloplncement when sherring strase iw
preseribed on the cirpumfelence of n eirele nn the plans boundery,
"atta (1961) discussod the garmmanﬁmg.pmmeﬁ when shenving
stross decrenses ewxponentially with tima, Fhosh £1964Y eynotiy

avalus ‘%:eci the clisp‘iﬂcment at any point of the medium when n fvrige

ting moment in t!fm form ¥A(L) is apnlisd *o tha 4lgk hy following

Saeniard (1"3‘39) and Diz (1954), f‘hes‘h (1974) 2lno Msmzmaﬂ the
avisymnetrie problem of pmmmtim of‘ 2 otroas &m:-entiﬂnHV ovanr
n oiveuler remion by uaing Cagniardts (1939) nathod pr madifisd ’by’
Da~Hoop (1959}, Tn the wemmv raper the authar'ﬁetémiﬁe‘g the Alp-
placoment in tﬁe integral ferﬁ due to n ring source vhich incressmes
s‘beamlv whnn the twiﬂtixw mmﬂ ge in nffemriba@ hy Pilreot: SL{EAP
where 5, are two dimensionzl delta funciion smd ﬁeavwma fonetion
rospactively; snd then the swaot @valug.%ien of ﬂm A snlrecement m

dotermined after the flvst arrival of the shenr wave snd; the dls«

nlﬁccmmt a‘t pny noivrb :i’er lavae vnlverz of *"he time +,

T et o mmm e g = i 3 el o i 4D

Published in Tad, x_'ﬁsah, Mntha., Yol ¥YIIT, 0.2 74 1999)
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PORT mwmw or THT PZ"’:“%%BT}”,'

The isatropic; elagtic, semi infinidte medium im suprosged
4o ocouny the region & > o. Ve chooge eriindricenl poln® GO-0rd-
inates (r,9,2) with the zearis ﬁfimcﬁ:e‘& into the mediun, the
plane boundary being 2 = o with ordzin ot the ocentye of ihe so-
‘urees The difsphceménﬁ ia cnloulated at points inside the medium
e.mu&im that the ha'.tf? apnce ig; m.!.'!_:mmy; at rest and that the |
| diapmcemeﬁt remaing hounded even no # - 4+ o0, fMnoa tha motion
is symmetrionl about genvig for %oﬁsiemﬂ !éctim of *the wing
goures, all guantitien depend on ry;z and the %ime +, The only _
non-venishing component of the Aieplasement vector is the covne
onem v along the direetion of 8 increasing. Hence the nonevane
1..:ahin§: atress components are |

roe L e i ponh

A me Ty, om By - .
TJ?"} = ﬁ’( B - ) gnd T@ﬂ'z /LI ey | (1"

whore /' is the coefficient of rigldity. The only nonagero

equ@?t;ibn of motion is

2. ¢ 5 20 02 v , P
T2 { rﬁ) 4 s ( @5'} * 2 e ?‘W? ot

whore © 1s the density of the medivm; escumed constant, The

bmmaary conéitim

’Ié

o= P (r-et\ﬁmm»znn - (3Y

c.?iﬁe}m,{ congtant H is the !»*ezf’visir’@ ﬁmetion end & ig the two

dimensional ‘deltn Tunation given by h
. N . M A
-l 8(r) vdr = 1.
o o o
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8, the Tanlaas

SOLITION: Wedefine Tor 21l positive resl velnen o H

S . 5 : 5
transform £y (ry 2y, 8) of & funetion F(r, B, )by

 +:03
felrymea) [ &% e,z t)a8 - (4)

0

Substituting the volune 0fT.n 818 T, in squation (2) and 4hen

apnlying the Tanlace transform (4Y, we obtnin

wroowr ey

1;}? I‘ ‘ ;‘3?.(‘4 G;.

+
ST

whero B = ( /‘1/? Y in the sherr wave veloaity.

Dalining Vo by the ‘equéi;ian.
) [
v, § 43y8)= (I)‘r 1, (&rYv, (rym, s)ar f6)
and then multiviying the equetion (5) by vy (€r) and intasratine

“with resmpect to ¥ from o Lo «, we meb

a2
a v2

fzizg

(7)

-
= (& + s/ Y,
Taking § real, the zeneral solution of the equation (7) whieh
remaing bounded for large volueo of z; is

. s . 1B
v2=Aem{~Z(§2+s”/%%23 1
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The Laplace transform of Tog 49
s &

L

( Ty J4 =P J&BY 5(pect)H(T)at
‘o J

o b BT/
2nar

It's Henkel trensform is

(T 2 Eﬁef me=/e g, 1(§E)ar

21; 0[1 (83 * 5 )"'1/2 ]

|” See Erdelyg, ot al 1964, p.19 .

Wobing that on 3 = 0,

=== - &’5 + 8% / 2 and using the boundary condibion,
we got S" -1/2 |
P S L
A== IR/0E ¢

{ E-g‘“ + 822 )V‘“

Smihetﬁm’ting this ‘mlué of A in (3) and inverting %he Hankel

traneform (6), we obtain

- = 1= G & B 1/2
vy = =l —— 3y (gr)e TR T ag (9)
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How, g

3'.3 (Be)= 3 ,...... f GtRY Sinho&\k’a-i .‘:ain“{ Jav. (see dgrdcw;i A.wtwl
195% P.14)
Sﬁ‘ba’bituting this velue of J, { §r) in (2) and pubbing
) aes-sin\f and q = gjeaa\y e We get '

%o o (ged @){(ﬂgm B ).é\/i i‘?;:k

- ‘
Ty - . [ e o - . R

TR Y TS _,1/2 : 72
ARG gy = (p +c;;2—z~s¢“/0“) (p° 4"12*52/? 2) =

1/2
_‘*i’i(n d-a‘?m‘?/ﬁ +irp
X & ; ‘ dp dq.
(»* + &)

To find the inversion of mw we puv

p=ms and q=ns in the above inta;{ml, Then we hmm

ZEN 'wg‘.-c;.” noy=1e
| - (mum){(m + +1/a 'y /@}@_"3 [a(m 2 /%) 1]
Y e S s —
4w [ (?22_“212*1/{3 ) (mz'é‘ﬂz'b*/ﬁa} (m 2

. . . o 1/2
o , 1/2 Tt Bat 2 g
RPN !ﬂ{{mg«z-ngw./eg} u»‘i/a}'e"s[”(m a1 /p ) =1
Tl ki - T e am
= eegg— , o012 A co BBy
N N I etV I + %)

(i0)

In the intesral of the aquation (10), the path of integration
with respect to m is the resl avxis which is detmx deformed in

such a woy that

1/":. (1)

-iye %z(m e /p
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Fig.2 Path of integration in the complex m-plane.
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whore ¥ 1s repl and positive, The deformed path of integretion

. is the branch T of a hyperbola whoge egquation is

: . /2
iripa v (aPer?) (0%t 62T 2 20,2, 1 3\ 1/
, . 2 _2ve 2 4 .
me - AP (0% 25T et
' a2 92 B

[+ (%

4

&8

Yo write 1/o
1rt & 2[1% (2 (B A D)

+ : :
- 32%_2

1/2 1
m{(m 4 +1/c - 1’/6}
E{men) = - =175 e
(m2+n 44 /c (m2+n2+1 /;52) (m mg)

snd we obtain finally the ewpression of vy in the form

c vy dm_
v, = ...::.?;. fo=5t d‘b S Tal(n ) ﬁl‘lﬁ
€4 /{5(9’ !-r o |

where Y 3{452/(:32@2)}_ gs"'a

Taking the Ieplace im’@mion, we get

-

v a;%%;a}_t- = (52 +r) ]fim[?(m n) dt‘*‘]an (2

APPROXTMATE BVATUATION OF THE DISPLACEMENT:
Casel. Displacement sfier the first a:i:'fival.

‘ VY )
To iﬂteggrate J'I.ﬂzr’i{(m n)af' dn, , {(13)

oty 2 21/2
wepuftna\f\(sinaan@;'ﬁﬁmﬁ {z° + r°) 4

which is the time taken by the shear wave to reach the p@in‘t(‘r-,ﬂ,a) .
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The integrel 613) after the substitution takes the form

ﬁ/? dm |
J mk(n, mgt ]aa. | (14)
. , _
am dn r(z + r2)1/2
Howry Imﬁ’(m n)‘ﬁ‘ da] L [ {3'?(,,24.:02)“_991'2 7z = ! ]

¥

Hence from (12) , we obtain

ﬁf” 9)1/2

which is the displacement ot eny poind {r,3) just aftor the errival
of the diaturﬁ&nca. It is interesting %o note that the displacemont
due to the first errival of the disturhance at any point of the z-
axis is zero which is mleo expycied from the physienl stand point.
It is to be noted that the displacenent at any point on the free
surface z=o varles inversely as X - " |

Case 2. Displacement after sufficlently larss time when z # 0.

dm Qn
2 2 T

_(ﬁ2+r2 con? @)

- (z?+32)?/2 . rm{zawﬁ(r%+~”)c@ wsr? onate)

P ha {z“ +re oS m)3
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The terms containing 1/t” and highor orders are neglectod. After

the above substitubtion (14) takes the following form

, ‘3/'2
r(z‘?+r1‘2) /e
. P G -
: o (" +° oog® cg)

rz( ?e+ra) 3/2 n/2 72 (rg-»rz'g Yoo 5% sr2c0a
- 5 f ’ ‘ 5 du (15)
oo o ( 5%l GGB?CL)

The first integral of (15) 1o zers,hemce for the large velue of the

time + compared to 'tgs » the d;splacemant ic given by
VS - Pr(&-ze * 51'2)'/(‘435/11192'&232).

In this case the &ispl gement at ey point varies invergely ns tg .
Also this iz to be noted that the displscement incregse with the
incvea.se of v when 1t is very hrge, whiech is in conformity with
the ,physica_l condltion becauvse the radius of the riung source

eftor largs time 1 ip infinitely lnr&,e.

Case 3. Displacement at the free surface,

In this casa taking u=0, we 0biain Ffrom Rg.(1D)

) §1 ["j’i’ *73 me™ S8
AL Sl pivey dn = — e o
Vape Lo e (0P B (e ea®)
1 ‘}‘ in }" 5 metS¥™ | ]d
"o 1/2 , o 1/2 -
R ¢ 2:1/62) TP 2 T (mfm®)

(16)
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The path of integraition in the comyler se<plene is the real axia,

which is deformed in such = way thek

~irm=t. where ¥ is real and poslbive. Yaking the integrel

over the doformed path wo geb

‘ F2Y < 4 s 3h )
vym e [ fa g ~ at-
1  ey o ot 4»1/;:2)1/2 {b --rg(n +1/b‘"‘)}1/2(‘b2 n%)

2)1 /2

w  r(nfei/o , | | tg“St o | ‘

~Z{fa f , Yo ]

c{o (w2 1/;;2)1/2 { % (m® +1/e?) -t }1/«.{.@ Zn 4‘1/"&)}1/2(11? 2onl 2) |
r{n®+ fi ‘ |

Changing the araar of mteg;r Abion, &"e ab*tam

5 e " ('t"?/r | /iﬁg)w 2 ™
o C s St gt S
1 ey I’Jﬁ ' o { 2 ‘z(n +1/¢ }1/‘?(%5" r n“)
v/ /et p?y /e i ..
- 21 [ te~st g i : +
- (62 /p2 o2y 1/ N
+ fee % ax f . S T T B R
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Taking Leplaoce inversion of the sbove integral, we finally obtaia.

. R 8 s 3
v = """"‘?'L‘ H(t—-r/}: J= N s AT \
23?5/& cr %2/11 erg (ij Z - C2)1/2

xf;ﬁ(t;r/h)~H(tﬁ$/cﬂII(n,R)+H(far/e).II(n,H,@ )},

where
S II(R,n) is tho complete elliptic integrel of Jrd kind,

11(R,n,Q) is the elliptie integral of 3rd kind,

2,,2,2_ 2, L
R? » Sloion L, n? = (4% $2 = %) /2% ema
22(p% - %)



TORSIONAL RESPOHSE QF AN BLASTIC HALP SPACH
PO A HOWUNIFORMLY EXPANDING RING SOURCE.

ATRODUCLION: The study of the dynamie behaviour of an elastie
solid under various forms of moving loads and torsionsl pressure
has been gaining importance day by day. This is becaune of their
importance in aeism@;ogy, gtructural design and under ground
gxploration. .

Gakenheimer (1971) in one of his papers pressnted in details the
problem of a load emanatlng from a point on the surface and then
expanding radielly at a coastant rate. ﬂe'eansiﬁared the cascs
when the loads are disk-shaped or ring-shaped and the expanding
rates are supper seismic,; transeismic and oub selemic. Almogt ot
the seme bime Ghosh (1971) =lso considered the problem of
propagation of a stress discontinuity over an expanding circular
rogion with a constent veloeity which is less than the sheor
wave veloeity of the medium. Freund (1973) congidered ths non
uniformly moving line load ap well as poind 1@&&. Strumge (1970)
discussed the problem of an accolerating line load in an ecoustic
nolf space. The nommniform pressure distribution problem applied
to an elastic half apacs over a circuler zone ars discussed by
Brock (198)) and by Roy (1979). Almost & geme type of problem
nae been considered by Aggerwal and Ablow (1965). There it was

nocumed that cireulerly syrmetric load spreads out Lrom a point

Published in DAL, vol, 63, p. 7346 (1933)
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on an acousntic half space with decelerating aspeed. Ghosh (1980/81)

determined exectly the displecement produced by SHetype of waves

when o torsionsl force is Ereseribéd over a circular resgion on

the free surface of s homq@eneous igotropic medium and that in

the Integral form in case of a non homogeneous medium.

In the present paper, the displacement at any point (r,z) in the

send infinite medium is determined in the integral form by

prescribing a time dependent torsional foree over the rim of &

| elrevlar sone, The ring is assumed to'axpand in an‘arbitrary
wauner with time. It is found that the displacement field

contains besides the usual SH-waves, contribution from coniecal

waves wiieh arlse due to the motion of the source. The region

of conical waves which depend on the nature of the motion of the

source and the initial syeeﬁ.cf expansion Qf ‘the source arsg

. investigated in details. Different weve front surfaces are

located and first motion responsés near different wave arrivals

have been obtailned. |

Finplly numerical evaluation of the displécement on the free

surface hag been made £0r a decelérating ring source whose radius

at time + is of the form h(t)ﬁ&t1/2. Displacemente at points on

~ the free surfage for differemt position of the source have bgen

shown by meané of grephs. _

" PORUVLATION OF THE PROBLEM: Consider a homogencons isetrople

clastic half space on the fres surfoce of which a ring source

producing SH-type of weves is expanding with non uad form velocity.

(,9,2) are the cylindrical polar co~ordinates, z-axis being

directed into the medium and. the plene boundary being 2 = O.
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The origin of co~ordinates lg at the centre of the ring
r=ah (t), 2 = o, The ring is assuned to expend with uniform
accolerntion or with decoleration and an impulsive torgue appliéa>
to the ring ls presaribad, 4 '
the displacement is determined ian the integral form at any poiut
inside and on the free surfsce of the medium, subject to Ihe
eondition thnt the halfespace 4o initially at rest ond that the
displocenente remain bounded for lerge values of z. For torsional
motion of the ring all quantities depéend oa »,z and the time T,
Vie assume thet h{t) i@lnon nezative and monctons incressing
funetions The oxnly non~Gero component oi the displacement vector
is the compoment v along the direotion of 6 ilucreasing,. The
relevent non venlshing sitvess copponents are
Tep = A (B )aa Ty, =p F (1 ab)
whore A is the Towme's constout. The non zero equation of the

displacenent field is

. . 2 - 2
3%y 1 gv . v v 1 3% _
3,&,(”“”)*%: e (2}
522 r vMar  x Bme yﬁ 352 .

where P i3 the shear wave veloeity. The bouwndary condition of

the moticn 18

T@z == P ‘3[h(t) - 1‘]&2(‘&), 2 =0 : : (3)

there P 18 a coustent, 5{ ) is Dirac's delte function, H( ) ia
the Heavieside sbtep function and h(d) 1is the rediuve of the ring

a% time L. Tnitinl conditionz of the motion are given by
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B{t) = 0y 5 = 0 end D(L) >0y t > 0 (4)

whare dot denotes the time dorivative.

LMEVHOD OF SOLUTION: We define Iaplace ironsfornm f1€r;ﬁ.@) of the
fuaction £(r,z,%) by

9

fT(r,z.p)w J oxp(=pt) £(r,z,%)dt (5)
o

where p i8 real and positive snd Honitel traﬂaférm
£.(G+2,p) of £4(ry3,0) bY

=]

£,(5,3p)= f 7 3, (57) £,(yz0p)ar (6)
O

whers Jn is the Hogsel function of the first kind of order ii.

Applying Ieplece end lHankel transforms, te the equation (2)
succossively we obipin

ay

am . ) .
" where k° = &? + 6% /2.
The solution of the equation (7) which remeins bounded as

3 =+ @is
v, = E oxp (~kz) (8)

The value of the constant K is determined, by using the
condition (4), %the eguation (8) and the jankel transform
of the Isplace tronsform of the ejuation (3) It im found

to be
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o3 /

5(1 % 1 eI O o) -

K= i J ‘ii;' B (T)d, G(T) Jexp(=pT)aT. ()
O ’ ’ i . .

subgtituting the value of K in (8) and then taking Honkel's

inversion one gete
(= ' o
v,= % J h(T)exp(=pT) f%% '(‘c‘sz*)J.’ ER(T) Jexpl{-ks)ag aT. (10)
- 0 o , . -

LAPLACE THVER3ION: Inn this section the Ieplaeg inverse transforn
is cvalusted by Capgnierd's btechnigue.
- ¥e meke use of the following results

3t
3, (h(T) )3 tEr) = 3= S 3 (§8) cos f af emd

-1
2%
a 1 Lt oaeay . .
3 (&8) = == JSemp ( 4%8) cos u) du, whore
| S | N

. 1/2
H o= (r2+112 (T) = 2r h{T) cos £ ) ¢ Y0 obboin the eguaticn

(192) as

. "

vy a-—-g--;- J u(Texp(= pT) J I cos £ df aT, (11)

4% /‘“ o -

where
o 2R ,
I=J J ‘%’Qﬁp( 188 cos (VY =u)= kz)dg du. . R & F-)

o 0 3

nnd ¥ is any constent aagle.
in (1_22), we pub

c.i’ s%ncg u and B 385511’1 u, then subgbitute
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L ¢ '
@ = weosY =q sl and p = W siny + q cosYy end finally

replace w by Wp aud g by qp Yo obtain (12) in the form

o mA = | caxpﬂ"p{ﬁwsﬂwewgﬂ/ﬁ2)1/ e sa}j
= J - e dw dg - (13)

. n 1/2
(WPeq®er /s ?)

Pt R <]

Bauation (13) is well known form J’;;cr daternining the .. ’.{e@ime :
Aduaversion of a 'fmmtmza by epplying ilﬁ“miarﬂ 's techmigue ap |
modified by De-Hoop. Substitubing b= ~iws+a(wiea®e1 /) V2 1n
'(1 5) where t ig resl and positive, ‘éhe Inplace iuwversion of

(13) 1is found to be equal to

| (s2/p2 p2)1/2
. - dy |
. . a. silen A ‘ N 1 i + P )
u(t)Ja?{H[t /ﬁj J mt-(vfi qiapHi/e a J‘dq} (42
0

Wh(?i’ﬁ?- '()2 =8 Za 4o ,‘32 aﬁﬁ
. ¥ . & - 1/2
1St + z{‘%‘z - % s 159
W om e

¥ .' .(>.»2

Ayplyim;; convolution theorem on (11), the Laplace inversion of

Vg is obinined in Tthe form

~ =0 7t R
v= --§--» J nmaT feos f af S3(u ~T)G(t=u)du,
47

Q % s

which when simplified tekes vhe form

+ it
v = -%-f B(T)aT f-ﬁgg-é 6 (6 =T=Torad, (15)

Q L4
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Integroting over ¢ , we obtain

¥ /2 27 I 52 |
va -4-9-. f{ﬂ [t-’r- - "(';h (T - ]-zz [’t‘-’r - yé zthll) ) ] ATaT
o | B
{16)
whers

ﬁmgm‘*m wp&(1=-T)?

HTi= = A
1(T) [{32+(r+h(’r) )2..@2(‘22-7)“}{%5 ~('t.T)“_g¢-a.(r¥1}.(T))2}]J'3/

2 -

To faoillitate our discussion, egquation (1 6) is written im an

alternative fam,

o heafp ,
af;:- i‘{ meu( E(6T) % _(ﬂ[nm- ¥ 62(e=1? -2 ]+

+ ,i}}mm» Vfia (t“’r) s ]Ii[~ﬂ(T)+ fﬁg(t T2 2} -

- fz-n(T)- ¢ 6261 ]}a (T) aT . . “n
The resion of smppoz?ﬁ for T « integration is bounded by the ourves:
I rab {T) + \J’isﬁz("b-’l“)g-zg 3 0 <T <€ t=z/b, (18)
I s r=h (T) = 22"&“%2 2 3 Ty <T< t-u/b. (19)
IXLs r =-n (T) + 1/ Q(th) - 5 O <T<.’l; . (23)
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The yegion of T 1ntegratibn for Q(T) bounded by bthe curves I, II
and 11I are shown in %the figs.1{a - £) and the following remarks

can be made abowt them.

It is to be noted thet the curves II and III are monotone
inereasing and decreasing in their respective region of

existence vize. (T, t = z/p) end ( 0,7,) where

: /2
n(1,) ={pt =15)% - a2 | /

The curve I Ins oxtremum where

_ - ,
3 " 5e(t =T) . .
{ﬁ (t =T) =3 }
vanighes and
2 .. 2.2 |
M = R{T) = - s . (22)
9 T= ) 372 -

iﬁa(t ,T,z - 32}

doos ;mt vaniche.

We consider fhe different cases that arise dus to non uniform
‘incrense of the ring s-ource. Let the source inorease with
aniforn Sceelexation B(T) > 0. In this case, if the initiel
valocity fz(o) of the sourcs.be such that ( %1%—:) 0 > O then

since ( %’Y)o > o and
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( 5= ‘ % D /i < o, the curve I hss only one wenimunm ot ¥ = r,
’becaaae 5 r sithar changes sign once from positive 4o
3T

negntive or remaine negetive throughout in (o,t=-z/5). The
corresponding cases are shown in Fig.l(a-b). llent let the

initinl veloelty fl(&})@i‘ the source ba such that (33#—1’4 o £ 0o
In thig onsey, if (% ) 0, ( »or ) will be ne;_,ﬁ‘cive
throughout the intngal {o,% -z/p ), the eurve I then corresponds
to Pig.1{c), since both (2& %m ( = aZ gmp i BFO negative. But

2
i£ ( 4L ) be pogitive then ;31_2 elmuxg,su pign once from positive

2
to neggtivg in the interval (o,t=2/p ). Heace in this eace the
suxve I has either 71):9 .ext;remum wh,iciz correamn&ls %0 Fig.1(d) ox
there is o maxirum preceded by g minimum which is shown in Fig.i
(ef)e Pirelly, ‘in enpe of a deocelerating motion of the soupee
i.e 'when .i{(’r Y(not necessarily & constant) < o, thmughout the
interval, the curve heg eithor only cme meximum iF ( 5= m_ )y >0
a8 in ¥ig.4 (&i) or no oxbtremum 2p in mg.a {c) when
( = {3 ) < 0o
We econsider the ourves I end II tugve‘mﬁr. .Lheia? combined
eguation is -

()2 = 2512 z® . (23)

vor figures 1{c,d), T is a single valusd function of z.
Por the Elgo.d (é,‘b} T may be & double valued funciion whereas
for £igs, 1(e,i), T may be & triple valued funotion of r. mhi.ng
the eguations (18) and (13) togaether the valuesof T are
deglmated as T aT1,T==(’J’ ,T) s—»nd’]‘:a (’I‘, Py 3 To J whoere
T ? Tg >7§ depending en whether T is fainglg, double or triple
valued function of r. In (20) ris e monobone decreasing function

of T , so the corresponding value of T is designated asT= /]:'é .
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w/ith the above veluegs of the roots of the equations (18)=(20)
and from a close exepmingtion of the different figs. 1(a=f),the
ilsplacenant produced by the Jl=-type of waves ils glven by

1 2 . .3 '

v =Y o+ vV o+ V', where

v s ma(zg-r) T(AT Tye Ty)
v = 8fi(eng)=00r = meat (e 2)]E(AT T ) o)

-

v’ zfs[c}(r - min(rg, ro)-ﬂ-(r-minl(r@_ﬁ;rc))]];(gg(’l‘), Té, T )

and

H(r = 2, )1f 1, = max (D, rGD

G(r = max (g, T.) ) =
R ** o H(r - £ )if 7, = max (e, T,)

or 1, does not exist.

G(r = min (2., r)) )= H(z = 2, )if g = min (£, *,)
- H(r - rc):i.f r. = min (T, r,g)

or r, does not exist.

Similer meoning is atiached to the symbol

G(x = min (Z,,er.) )« 'B! hos boen weitten for ==& .
' : 0 | = :c/“

- 32 is the valve of » 2t 7 = ¢ and

L 5
I (F(T)s &y B) = f2(T) aT
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WAVE FROME ANATYSIS: In this section we locate 3hd émélyse tho
- nature of ths wove fronia. | |

The nature of the wave front chonges due to non unifornm
expangion of the source and also it depends on the inita
velocity h(e} ( =u_ ) of expansion of the sourca. e considepr
decelerating and aqeelaratin@ expension of the source for

dilfferent iniidnl velocities.
{ase of decleration:

1) et h(o) = u, < .

¥rom (21) and (22) , (dr is mnegetive for oll 2 and lJ%-is alse

negative asg h(T) is negwbive. So the cuzve I in ( o'u~x/b} is
such that r decresses with +he increase of T . This eorresponds
to the reglon of integration as deplcted in fig.1(c) and

consequently the wave fromi is of the form as shown in fiz.2(a)s
ii) ub( >p ) is finits.

1% follows from (1), (319 is positive for o < 3 < z, end

negative for = 2 B where z, is ob% nineﬁ from

L2 1»2 ; " G222 32 L e
u, ﬁzt/(wztg - 2 / iLe@ 32 =56 (1 =p /u0 )] and further
gfgvia negative as hCT) is negetive, Therefore thp region of

pTe
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Fig. 2. Diffeeent types of wave front, at particular admissible values of tme
and position, whicharise thue 1o nou uniformity wd initial velocity of expansion
of the ringg souree :
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R
inteﬂrqtiana far o €z < B and for s > By corregpond to the

reglona shown in the figs.1(a) snd 1(e) respectively aug

consequently the wave front is given by the £ig.2(bh).

iii) w, is infinitely larga.

From (21% and (22), it follows that (u o is positive for all
z and (f;g) is negetive for all g end for 21l T . Hence the
region of integration is fig.1(a) and the correspondins wave

fremt is as shown in fig.2(ec).

Case of acceleration:

1) Ye ascume that the ring source exyqnd with uniform acceleration
f aud sotarts with the veloeity u, (= h(a)). Pirst let u, < ;5 then
(ar/51')0 is negative for all z and (9 r/GTg) ig positive for

0 <z < Zq and‘negatiVe for z » By where 4q is to be determined
from the condition (éar/BTg} = 0, FOr 5 2 Zgs (agr/de) is
negative for T in (o,u«z/b). Consequently the region of
insegration is the fig.1(c). On the other hand if z lies in (o,z1)
then-(@?z/ﬁTg) is.first positife'and then h@g&ﬁive a8 T increases
in (0,t=2/5 ), 50 in this case the region of integration is either
£ig,1(d) or fig.1(e or £). |

By using (22), 3z, is determined from ths equation

(25)

It is to be noted that z4 = 0 when f =0 and 2y is a monotone
inereasing funetion of £+ Further, in (0.31),(63/01‘) may have
two zeroes or there is no zero in the region o < <t =z/s),
depending on the value of z. The ccndition thint (or/07T ) may bhave

two zeross iy 0 € 3 < gy Where
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w +Et 273 5/2
z,.«:-;ﬂ(uﬂ-.—-){m } for u £t > §
) ¥ (u m;)ﬁ/3 o * b
=0 _ C for “o + 2t < P

It oan be ghown further that g 4 By Henee for a<z<z3 the region
of integration is fig.1(e or ) and For 53 £ 3 < By the region
of integration ls fig.1(d). Therefors for accelernting souvee
with initiel veloelty u, < B, the wave fromt im of the form as
shown in fig.2(a) if the obmervation time bs such thet

(u0 + £t) < ¢ and fe? (u0 +’ft) > §§ the wave front is like the
figuree as in 2(d) or 2(e) according as the position of the source
at the observetion time is inside or out side the characterigtic
surface rE o 22 * ﬁgtg.

ii) Hemt let m, > p from (21) we nave (/07T ), is positive for

]
o €z X B and is negavive for z > 3, where g is given by-

b4

o = FH(1 = pg/uf;" y1/2 (26)

iAlse (ézr/a¢ﬂ>0 is positive for o < 2 < 3, and is negatvive for

a > Gy whore 24 is given by (25). do for o € 3 {24 (62r/@T2

is firét positive and then negative in o LT t = zfit . Fe congilder
| the case for B4 < By firat. In this cage

o 32 , » 3/2 -
b 22/ (5% - 2] ) < p%ag / ‘(ﬁgt'z -52 ) ’

3/2 o ¢ a o ke ¥ \ £ %
sineo ~2/(p 32 ) is a monotone ineressing function of a.

Using (25) end (26), we obbain

B2 (u, + £8) / ud < (27)
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Under'the condition obtained im (27) the region of intéegration 1s
like that of the fig.?(b) in the range'o <z < 3y and for

ay € 8 < B, the region of inftegration is of the type as shown

., <8 < pt, the region of integratien, is shown

2
in fige.1(c). Therefore for u, » § and for the rolation given in

in fig.1(a). ¥or =

(27)s it follows that the nature of the wave front is of the tyne
ag shown in fig.2(b).

Finally, we study the case when %y > za i.e when ﬁg(uo+f%)/ﬁ§ >le

fone. 0 0 < 2 < 3, the vagion of integration ie es in fig.1(b).
Hince By is always less than Bay SO for zevt'z < By the region
of inﬁagr&tiqn ig like fig.1(e or ) and for T < 5 < 3, the
region of in%egratian iéllik@ that as chown fn fig 1(d). Fig.1{e)
represents the region of integration for g, < 2 < pt. Asccordingly

the wave front takes the shape of the fig.2(f).

FIRST MOTION RESIONSES: The expression for the digplacement as
given in (24) ic in the form of iuntegvals over flnite ranges.

Aa such; computytion off digplacement for s glven wodel ean be
dons with thé high power ocompuier. However some idea about the
nature of displacement at the time of the first arvivel of wave
fronta can be obtained by limiting process following Stronge@$70>
The displacemsent field just after arrivel time of the

characteristic surface r = ¥, is from (24),

v s 313 (T Toe 1) - (23)

where as Just before the arrival time the displacement is given

byVmO.
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Yo ovalunte (28) near ¥ =2, , WO pUL P = I, =AP and T=T, + 0
in eguations (13) and (19) . Using Taylor's czpeusion in tha
neighbéurhood 0f ( Tye T,) and with the help of eguations (21)
and (22) we £ind the limits of iutegretion of eguntion (28) in
the now vayriable O as

e TR

ﬁ%tkr 3/4

205 - 7, 92 - &7

[

€29)

@1a2 =2 5 es {Eﬁ 3, "
422 - & (T fp20e- 70" - &7

"

The eame procedure ig follewed to determine in the neighbourhood

of (T, s T,) o the value of { which is found %o be

| a oy 11/2
A Ty#0)= s [rn(ro {686 -1 - 2] ]
e T o 5. 32 o p PRRCY:7 5 2= v E
[92{_&(&) (62t )%=2%)" 22&}»-4-&11*{#‘3(-:;-&)&,33} | ] .

(30)

whore the lowest term in Q and Ar are retained. The value of the
integr,l (23) aftcr subetliuting the value of § from (30) and
the liolts of inbegration for the now variable 9 as obiained in
(29) 18 feund.tn be

B Trw n(3) {52 (t =T, )° - 32}

1/2
KTE ] s Wileh is the

displacement at the first arrvivel of the wave front given by » =z, .
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To find the displacement at tha first arrivel of the wave fLrort

given by T = ry,, we define ¥T) in the neighbourhood of- (Tew Tus)
. .

and out side the region of integration by

2

2% + r° « n? (1) = §‘:§2 (1:«-’1‘)2

AT = ' :
[Pt (1)« 93 | 4 {pe=D e nenP] /2|

(31)

and put r = my, +Ar and AT =T, + 9. Following the sans
procadure ag done in ecase of v = r, , the displaccuent at the

firgt errival of the weve purimce r = r,, is found %o be

| | 2
" ; s " 1
Py | Tex B (T**){ﬁj (b=Thw) = gg} . ] /2
Sa——" ‘ve _ ‘ ) 2 ‘3/‘2 - - "
A SIC AR LCN MUV R

The displacement ot a point due t¢ the first arrival of the wave
fronts r = r, and r = r,, simultaneouely is algo dotermined. At
| thig point the wave fronts T = I, and ¥ = r,, form o cusp
(ef.fig.2(d,e,£). In ¥his case this is to be noted that at the
QuUSD ¥ = Ty, m‘rw\ = (zay) mrul (3x/3T) = (c‘;zr/mg) = dwhere ne
(a?’r/m?’) # 0. lience it followa from equation (24) that the

disnlacensnt due to first arrivel of this wave fyount at r = T is

L [I.( (T T Ty) + I (M Ty :1.‘)] | (52)
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where T =T, =T, and T4 T, are the two values of T elose to T
and correspond to the points lying on either sids of ( T, ¥)
on the curve I and. Il tozether. |

To evaluate the integrals in (32), T= T +O and r = T =Ar
are put in the £irey integral where as Te T - @ and r = B +4A 1
are put into the second integral of (32). Alsn this is to be
rememaered that outside the region of im;ag;r'xtion in the
neighbourhoed of ( T, ¥ ), 2 (T) is defined as in (31).

after the above mentionad substitution iﬁ (23) ang retaining
the lowest order term of 9 and Ar one gets the dmolacamant due

%0 ﬂm‘& ayrivel a5 T = F no

| c 2
-v [l . 2 et Gz P2 1/2
p&{:m(Tﬁﬁ (¢ =T )° = }J: ?],? a9

wE 22(t= )= B ({12 ('t- 7) - } 9 (a’-0%)

where g
5 6ar( ¥ - h( T )

a = 5.

3 % 22t T =BT NE-1( ) )

(»32) evaluafed . The dus -

. fhe nleaval W
By oubstituting g% &5, e ey Kound 4§ e

blacement ziue by ivst avvivad o’% e Wave dpvomt r=¥ s

. i/2 1/2 . - /12
2% pp /2 ®{p2(t=T) = 7]

oz Pl [94a2- Tom B 200 7) - }b/r]

. where B(m,n) i.B vhe Bete function.

(33)

(39-

It is interegbing to ﬂma Yhat in %hie» ease the displmcemant due to

first arrival nt this point is infinitely larze due %o the presence

of the factor (Ar)1/ 6 in the demominator.
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2 522

Finally we conslder the characteristic surface r° + z |
which corresponds to & disturbance initiated =t the origin when
the torgue is f£irst applied at T=o. This disturbonce spreads
out from the origin with a veloeity egusl %o f. %o find the
displacement dus to ‘Ehe firet axrivel of t’hié gurface, fgllowiw

Aggarwal end Ablow (19‘@5)1@1: ua oconsider the curve

NI, . 1/2 .
R z:{p:‘? (t =T)% - a“”} . (34)
and the lines L '
F3 - rs ‘r,‘
11 1 = V, the o za - 6,,} (3))
1, s ¥= V!:i‘?gﬁgé'_‘za + € (36)
- where €, and &, are very small positive guantlities.
Then to the firgt order of eﬂ'am 62
, ' rarar-anary
T . alete® a? e
Y = e =T (say)
€2 ) @21;2 - 5% T (say)
1L,XIII = — s =, leay,
1' =4 . B fuﬁw ] ¥ . 4
n(o) | p2t2 =22 + 5%

and .12XI z - e - .
 nle) VeS8 - oF « By

1]

=T, (eay);

€, ¢ €

1 ave such thot T, <T and tends to zero as & ~ 1/ p ,

2 2
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where ﬁﬁgz + 2% . Then it follows immediately that .

1QT)s T ™) =0 and U5 Ty T) =0 st ~ 7.

also {I(U(M); Ty T) = WA Ty Tl =0 as v = Ty b,

where T, 8 1, X T end Ty 2 1, X I are the values of T which
eorrespond tb the polnts on @he'righﬁ of T, ﬁrom this it follows
that the displacenent is comﬁinuous,acroés the characteristic
surface fa = pt, showlng thet vhe diaplacement‘due to the first

2, 2 o 22

arrival of the charmcterigtic murface v 2° =p-t" 18 zero. -

SURPACE DISPLACEMENT: In @mi§f§§;§;ea displacement hasg been

determined mumerically for a particuler type ¢f nonuniformly

moving surface. Ve congider a ﬂeaelérating rigg gource whose

rodius h(T) at any btime T is assumed to be h(T) = Aﬁj/é . The

displaceéent at any poiut (rye) at the time of observation ¢

rifs determined. |

>Acaording to the posltion of the source the following three

possible cases are considered.

i) Radius h(T) of the ring coiﬂciﬁing with the rim of the
eenicai wave front and moving with it so that pt < khlt).

il) pt < h (%) <,

iii) n (t) < pt.

To determine the displacement on the free surface, we put
7 = 0 iu the funciion (T) of eyuation (24) and the variable

of integration T 1is chonged to T, by substitubing T =T/ 5.

t

2{T) is then obtained in the form
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=z A
T+
5242

: 4
[iGe #8000 Yow - 24857 ]

A%
3%

' 2
{12
=

f:;z.(-iﬁt)'aamq

172

on a close cxamlnation of the regions of integretion as shown in

Maet, the ﬂia@laeement vy i czoo of (i) is given by

v |
=&L r(ner);9,, 7, foro < < Gt
® Folb o 1 2 )

— bl T(R(D) Tys ) for gt < ¥ < h (%)
P 13 ‘ ‘ '

The displacement in cose of (ii) is given by

v, |
= e T(R(2) 5 Wy, T,) ToRE <P L.
wE ' .
Vi SR - -
e B T(R(T) § yy T,) fOr EB KT KR (%)
P aTr
Vs B ’ -
o Bl T(u(2) 5 2y, Tg) Tor b () < ¥ ST
P =¥ |

gud the displacement in case (1ii) is

/-in-v - Bt T(R(T)s 5331, '332) for o < ¥ < h (%)
P i o .
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(2u/P)v

f
8
2
—f‘2~=9.00
At
>
Q,
4
S}
0 i L 1 1 (] 1 e
0 2 4 6
/
a) r/pt
AT 3 A
7
t
o
N
~
=
=)
1 - | S
12

(@), (b), (¢) correspond to tho cases (i), (i) and (iff) respectively

Yig. 3. Graphs showing (u/ ) v versus (¢/f) when ¢ =
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Y I | |
X1 (n (o "o
e—vag—-z(n(a);§.1,r:3)fnx&a(t><x<r;%
7 "X
1 § t
—— = Bl T (R (T)s ., T P P
;{)v ﬁrI(R(I)g ;1,v3)£ox~§“’%<r<z*
where
2 /a2 )
T1m~-—§—-+l A?-l -.1}..‘71:&.2-..5.4,(1.-&)
p ot 2 7% 2 gvs gt e
2 2
S i nedrd e LA R Rl
‘ §# 2 g% 2 Yt  p°t 1
.7 1 a2 1 A AS
Bt 2§ 2 p¥t Bt

411 the above integrels arg numeaz?ieézlly evalusted and the graphs
are plotted by specifying admissible values of {v/t) agaiust (F /P)v.



157

¢ B AP T B R I

MOVING SOURCE PROBIEMS.

Problem 1. Displacement due bo a wniformly
- moving line load over the plane
boundary of an inhomogernsous

elagtic half-spaces

Probiem 2. Rayleigh waves due to 2 nonuniformly
propagating dip~glip faulb.



DISPLACENENE DUB T0 A URIPORMIY MOVING LINE LOAD OVE
PHE PLARE BOUNDARY OF AW INHONOGENSOUS ZLASIIC HALF-SPACE.

THERODUCEION: Since the publicetlon of %helalaﬁsiﬁﬁl vepar by LAKS
(1904) the problem of line amd point sources in houpgenecus medie

hes attrectod the attention of meny Anvestigators. Iuv the corres-
ponding problems for inhamogenéeua modin have not been discusced

by many authors as yebs The problem of wave propagetion in an ishGe
mogencous mediun is importany %o geophysleists, Dbecause eny realigtie
model of the Harth muat take iﬂ%QV&QEBuﬂﬁ»%h@ sontinuous change ia the
elostic properties of the mptorial in the vertienl directioun. Sinee
the mathematical treatment of & compliocmted model is extremely
diffioult and since the a@@rﬂximatian.%@,sueh a problen doesn not

\-léé‘;d to eny worth while solution, oo some simplifying agoumptions. |

: gre nouslly made. VWILSOH (1942) studied the pmmmtim of surface
‘weaves in o pemim~infinite wedium, spswsing the density %0 bg conabtant
and the coefficient of rigidity to be verying exponentially with dopth.
STONELEY (1934), however, considered the transmisesion 633’ RAYLEIGH
weves in o heterogeneous medium in whiéh the rigldity varlies linesrly
with deptn. The £ield duwe to a point gourse in sn iohombgencous
igotropic msdmm in which deusity is congtant bub the bullk modulua
varies with depth according to the law A ::7\9(1 PED )2- has been considered
by SINGH (1967), |

 In the presaend paper, considering en olagbtic mediwn in which the
elostic payometors A, /2 end donsity vary ageording to the law

Az M /‘é {1 f»ez)a ond  Ts f’@(‘l +es)g » the transiont problem |

Publishoed in Geylends Beltr, Leipzig 87 (L978)455.317 = 3352
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for a two-dimensional line lond moving with mform veloolty v over
the surfece of the non-honogencous semi-infinite mediuwm is studied.
The ground motion emﬁ.tezi by the meving surface load occurs, for
'e}tampl‘e, from mucleny blests and from shock waves generated by
supersonic airerafﬁs. These praoticsl problems have been formulated
mathematically by a two-dimensional ﬁorm&l line 163& whioh is suddenly
creatod &t t =0 and moves subseguently with uniform veloeity elong
the free surfaoce. The inathad of solutions iavolves the use of the
integrel trensform and CAGHIARD'e (1962) mothod as medified by

DE HOUP (1959), The application of CAGHIARD's method in the solution
of transient pmbléma in inhompgencous media dogs m‘%: sean té have
been discussed eéxruer.- "

fhis ebeadily moving line load probiem, where t varies from - o 4o o ,
hae been solved by CHAKRAVARTY and DB (1971) following the method of
CULE AND HUTH (1953). 0f course, the transient solution for a point
load mo#in,g oveor the surfece of a homogensous isotropie half-space
hed been thoroughly digcussped by CAKENIBINIR end MIKLOWITZ (1963).

An exaoet soluitlion of thg buried uniformly moving lizle-souroa prohlem
hao alse besen ‘Qb’ﬁaine& by MIERA (1959).

FORMULATION OF WHE PROBLEM: The inhomogeneous semi-infinmite mediun is
suppoisad to ocoupy the region z » o as ghown in I'ig.1. Thoe z-axis is
token along tihe free surface, whereas ithe z-axis polats ve;:'tically‘
downwards into fhe nedium. A concentrated line load, which is assumed
to originate on the free surface at the origin et +ime % = o, moves
with uniform veloclty v(v < «,§) along the pﬁms_i"bme direction of the
X=axia, | _ :

The eguations of motion for e nbmnhomaganaous mediuva in the abgence

ol body forces are
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e g oo m] % [P ﬂ f’ W
Lm0 2P » Bam 2] 20 L @)
Y G&l 9% d“bd _ ,

u ang v are the displecoment cowpounents in the »- end z-directions,
Ay Mene DAMB's canstamzs and € is the aentsﬁ,y of the megium. It
i apeumed thet |

As e (1 ren)®, O= 001 +em)? (3)
such that the velocity of propagetion is independent of m. The
equations (1) end (2) have to be dolved subject to the boundsry
conditions

/‘1( W = 0 ot 7 = o,

(4)

Tzz o )\(‘m - ‘W’) ¥ 2’/‘1 R R (x - TE) 8t 3 = 0,8 P 0.

5‘(&5 w vt) m mmxa's ae:m_ funpgbion.
PORMAL SGLHBTZIOW in ordexr ‘so golve the eacm, tions (1) ang (2), we
nake the substifution

e u(‘i" + éa} and W= v{1 + €3). , (5)

This tmnsfqrma the eguations (1) end '(2)‘ into the forms
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a4 o L R 278 o Aty .
3-31%-2'—"(,,)4» s Y wem > : :
" axe 0% 03 a,} 2, 52 | (6)
and : - o

ax 9r a7 T5pe Mg gt? N

We introducs the FOURIER transform over x defined b,y

- _
£4 (PyBet) = ff(ﬁvgp.t)ﬁim: ap
il

end then teke the LAYLACGE tronsform over ¢ defmé’d by

[
‘i:*] (APQE’B) = ff.‘ (?-'.E’ﬁ}e“St diﬁn
: o 2

The equations (6) and (7) after these transformations take the forms

P N a o
(a r = k) U, = 2p == (8)
% 5 |
and -
w & 25 L 1 ;
(3 E?“ %42)%_‘3 a Zip E;".p B . (9)
where 5 o
| - 2 A
:;‘?mgai-ig, kgaagf‘g‘gr agﬁspgﬁ“-%é&-l

Using the oconditions that the displacement components venish as z
spproaches = , the solutions of (8) and '(9) are
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K, % ' @l&:23 , .
U1m Ao + Be ' | (10)
- g ~Ky3 2z ~kg? : ‘-
W 113"&{1% + Lk_é e e | (11)

Uasing '(5), the above eguationg becoms

i 3 -k G

= -r—-a--(ae e 2 (12)
. +E0

- 1 }g ' , ' as
1 5.3,3(1 +e m) 1:2 ) ' (13)

A and B bave to be determined from the conditions

oy = é"% P
& dpw, end = 113/“*:1 u, + 3, 5 e Q7L B B O
az '1 . 4 e 4 i}}v-‘- o »

which are obltained by taking first the FOURLIR and then the LAPLACE
trangform on both sides of eguations (4). It is found that

1oP( € X +hE+ ‘ ipP(2k, K.+ €k
A P2( 2 p ) _ , Ba=~ p¥( 1£ a) ,
/“@(irsv-‘-s)(k:?}.ig-p‘g)f(zs) 7 (ipv-a)(k 1, ~p2)(p)
where

2(p) = (0% = Biyke,) = 3€ (k, zgé) - 3e2

Substituting the values of & end B in (12) and (13) and taking

FOURIVR inversion,; we get
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1}? (ek *_kﬁ ” 2 .k k "'1»2 \

e 2:«/u (‘H-éﬁ) 22 (2 rele o tpx dp (14)
(3pv = S)(k ky = p* )f(p) :

and

| 2 ~kE o =Ko
- ¥ {ek i =n“( 2k, +€) €
v m/uu S pRlile oA @ (15)
LAPLACE IRVERSIONS: We assume

E. Y e ‘ ( 1.1 o 12) ' o (16‘)

2/t (Y+€ )

L, el BeipE
= in( kg + lcg + 132) 1 .
J ﬁp

where 1 .

o *‘lﬁ.aﬁ - i}?"
. Apk, (2k14‘e) @

et (i@v . fa)(lc ?235(?)

To. z?ind the inversions of X,‘ and 12, we adoph GAGISIA&D 2 technique
' ae modified by DEHOOR (1953). Accordingly, we put p = « £h in I., ’
which then reduces to the Ioxm

2 '-s(lq zeihac)
I- 1&1(&3{24 515% +80h%)e

L= @, (17)
- - (ihv + 1)0(h) ‘V(B,h)
whare
% 12 + Ay k2 =02 4 g'—a- .

. , Ahz
pa) = (k) e )m(h4-4z€1}£ +31cy)
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It has %0 be noted that ${h)e=d is the R{s‘ﬁﬁ L wave veloelty eguation

acrmamnﬁ.m@ m the hcmcgmwus neditm with ?\m /u = /M pnd

-

556( + & 3€ .

LC' % * 5 =(ometsy ) (Bmemy),
3121 -.;2 h- ﬁk D - b .

V¢ ‘3’"13’13“52 +

) I N L 1/2
-.3(k1. + Iig_:) ;;_-[9(1:1,@ *é)"ﬂ 2219} /

A 2
2(32*:11@;‘,3 - h<)

where E’x,% .2 =

ny and m, ere both mawmv | Breaking up (ek; + ezégﬂnshg)/‘{’(s,h)info

pertinl freotions, the eammicn {17) can be writton aa

1419 :z~ihx)
. ﬁ.b(‘l-ihv)@ _.L. N
1 o (1 R “v‘f)ﬁp(h) . Beemy  peem, (
1’2& ' ( meimee 4 e ) 'dh (13)
wo (1 +uiP)p(n)  oemp  seemy
In (18) and (13),
2 2
, ‘ k (k +h) lx 410, (}: +} 3
M =Hte 3+m1 S | Nl B :
nd Km0 om et
a; 2, X
d  emae 2T e oty
' By = 1 Mg - My
: 4 2
First let up consider tha mmgml
~3{ ,s-ﬁm)
;Lh(i--mv}e k1 i B
ah, (20)

(1 + hevz)fb(n) . s‘x'«-eﬁ,,
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which occurs in equation (13), In this inbtegral the path of iﬂﬁeg?;;:‘at‘idn
with respect ©0 h, which is the resl axis, is deformed in such & woy
that R |
a 1. V2
z(b° +=5) ~ihx =g,
’ ¢4

wher@ g im m&l and poaitiva. ‘;‘ﬂhc, defamed m:bh of intagmﬁiexz is th,g
braneh [, (mg.'z} of a, h;t,rp@rbc»la, whoge eguation ig

2 2 /2
lqxt :ﬁ(q - Bl gz ) (i2.+ 2)1./2
A + 3

,Xg‘f'ﬁ G

mx;
-

< g € =3,

In the course of deformntion 0£ bh@ ‘*;mh of integration it is esasentml
to Imov all the singulerities of m/]'.(‘l + by 2)4})(21)] in the h-plane,
vihioh are the poles atb 3 (i/u), #(1/vy) and the brench peints at

+(i/u.) end + (1/6 ) where v, is the RﬁYmuﬂ WAVE veloeity correspondw@
o the homogeneous meﬁium whon Am M afo .

Since the hyperbolic path T' does not cross any of the singularities
during its deformation; it 5.3 :@iossibla by vir’me of uAhC%:iY 's theoroen
and JORDAN'S lemma 4o xeplaﬁe the integreation slong the reel heaxis

by an ,intagmtion along the hyperbolie path T;. Ve write

221/2 | 22
squsa( of « B ) Saen (g ’3*-;-:%- )

4 S oand M- o MChi) @and N(“-n—)
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and vging the facte that

B =meh, a‘;{. = - ( * )5 Mo, =W o B, o=,

where h is the complex comjugate of h, the expression (20) takes the

form
00 ‘ '
f s Iz[( h +L.§ a—-sq dh.;»] de +
o™ PGy T
; oo h“M -sq dh+] rl
& ¢ ’ w - Qe
<9 2 2 1/2 [(1'&1272)@(&1 ) 8 “€ﬁ1+ dq

Using the enxwﬂm’tion' theormm,' the LAPGACE inversion of the above
integral 18 '

€ (“‘G-'Y)m

N h ¥ G ‘ dh_l, .
Jav fo2 1 =+ £ 5( T-q)dq +
o “‘*’hiv 9n,) dg.d T
. €(t=T)m
ot {1~e-hav2){p{h) dg
2, "/2

 where b, = (=% + = ‘e is 'the arrival time of P-vieves. By use
of the properties of the d-funcihion, the above imagml_aa ann be

writ ien as 1
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e(t-T)m1 -

% -
B(t=t,) Lf -2 ml e’y — —tlat 4
- & (1+a%)9ee,)  atT |
. (t-T)m1 L
t hEK,‘ e * an . o
+ Jev Ra{ sk T”Ja'r}. (21)
iy .(1+n§v2)¢(n+) q f

I’ﬁ shwld be noted thet in the :im:egmmﬂ of the above integral q has
- been x place& by overy wherd. B

ina aimllar mwr the Mfmw, inversicn of the ather part of I1 in
(18) ean be det ermimﬁ. It is mumi %o be o eimilar erprassion as the

"ewpresaion in {(21) eﬁcap*‘e ‘é;ha't »ﬂ and Ty nave to be replaced by N

and By, repspestively. Thus the TAPLACE invevsion of I 18
' % e(t~T}m1 . E{t=T)m ah |7
zz(t-‘b ) f-»am Z;g i, a R Yar aT +
| e (1+h W9 (a, Y| 7 | aT |}
b w2 (oD, =Ty, anl]
+ H(t=t,) S2v Re| = T B, @ T4l e T ) 4T
' ik (1 Y )‘p(h+) aT
S - (z2)

| liext we shall conlulate the LAPLACGE inversion of I;, that ocoure in
(19). As before here also define

z ( 3:1.a +'-Jg) - iz = v,
-

where r is real and positiva,



E&G 'y

i , | '(23)

ﬁeée 15 A 'pa.ﬁﬁ aﬁl.eﬂg which ¥ is x*ezal and nonenegative ig the hyperbolic
;path T'“ (Fige&) rcweaemeﬁ mnwtme&lly by the nbove cquetion with
r > (waE 1/2 f8s nmvi.éied +he path whem it cuts the : mginary m’:;%,a,
Vige b = 1/ (= +22 1/ 2, lice ‘balcmzr “the branch point i/c , which
_ ocmma when % < s.sz/(ﬁ. ﬁg)‘l/g Iﬂ this case the pzszt&a T' (Mg.a) QQQB
. 'mt .BPo8s amy ef the smgulammes »:iurmg th@ daformtion, %‘all?wmg
the &,me @maeﬁm’e as %hs t done in caoe of Iy u\ t.he: LAPLACE inversion
of I, o found o be . | - o

i1

b, €(HmT )za1 ‘e(%T)mz+} dh
t« =2 3 e | 14T +
H( ) J;j {(Hh" 2)@(}3 )&fa @ ) @* e | &-—T—%a +

3 2 é(t—’l‘ )m - E{tw=T)m %cﬁh
1 Pron 5 b ; . & sewsls]
ey, ),i:vﬂe{ (1+£§;é)‘33(h ){ | o '%*?" ° &T]ﬂ’r’
- {24)

Whem ’s = (z& *52)1/ 2 /b io the arrivel 't:i.x::e of S~woves, and h
aecurrwgs in the above ex;;:;mss&.of; ia obtained by reploocing r by in
- the expreseion for h as givan in (25)« | |
Cage 23 If x > pa/(zz 61/ €, the voiat Lx/(x%+z 21/2 1568 avove |
’she- branoch point 1/o « Therefore, the path of integration in the h~plene
kas to be deformed %o the path T"' (Piz.2) round the braneh point i/@
a9 shown in Figs2s

We consider the mt:ag:mi
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8

-s(kgzmil
P :Lh(l - ihwv)s e

Qe h‘zv‘z)q}(h) (e = emy)

dh (25)
oceurring in 322 of eguation (19). Here ‘oo we pub

Y '
a(h® + g%) " - iy =7,

On the two finite straight line portions of the path Tg » b is glven
hy [ . .

g 2 1/2
h +Y1+ -4 -y

where finelly Y] should be mde to tend to mero, and on the remnining
porsions of the path of T; N

2.2 1/
irx ¢ 5 ( r% B2Zo)
- 552*4'52 '

On the straight line poxrtions of the path T‘ r varies fromr = 't;w

to 7 = t{s’ vhere *ta;j = x/0 + :z'.(‘f/p - 1/0: )1/ 2 45 the arrival time

of PE-waves. The expression in (25) ocan then b@ wrltten in the form

+,
u[ih Li=in V)8, dh, ik (=-ih v) (?n ]@“E‘r ar »
(1+h2v2)¢(h )(s-em1+ & (B, Y omemy ) &

[~

] in (1 ~ih, VS, ar, ib (1=ih _v) cm__] -
[(1+11’3v2 W, (smem, ) ax, (m’-h%"")zp(h )(s-em, ) ar
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loting that h = = E* » i /ir = - (uﬁ*/ﬂr) and S = §+ on ‘the
path Tg s the expression {26) takes thg form

%, t
P b & »ar ﬁh“ P hs
J =2 Im J-*g-z"' skl dv + [2VRE .«1
b (1a5*)(n,) s~emﬁ* J 5 (1+h2v )h(n,)
| ap
hg, -zr dh
424 a5t  ap +

Elar. ' (21

To transform the other integral of I, oceurring in (19)y » pimilar
procedure is applied, and finslly 12 in (19) tekes the following form:

. i x
B he B T dh
: t R Hp(h, ) peemy ge€ni,,  4r
- h e % 8 T an |
4 Jo2 In |t e § e ) k| g 4
L (1 +h§v Wl ) aem, 4 Ememy,  dr |
A7 2 ey g T dn - |
h7e ( - T Y. | F 1O
+ [ 2V Ro [mm—b R —c ¥ gmem ar
ty (+nv=)p(n,) "7 s -
@ [ pger g - | ‘
b+ 27 Ro |ty (i 4 o ) | 2. @)
tgs (1+hf,v )¢(h~;.,}.} | ge€m, ~ geem,, — dr

It must be remembered that the value of h when r lies in }'fbc,@ 'tﬁj
S S

nes te be taken ag
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2.2 y 1/2
i[rx-z (g—-}z—--r‘? ,)/

:c2+'52

and for » lying in [ %, ca) '_,

s 2.2 1/2
irg +a (¥ - T220 )
P
o 2 2

X~ + 3z

Hext the DLAPLACE Sxv ’GI’.’&:LO.J. of I, in (28) hes to be colouleted.
By applying the convolubion theorem, the DAPLACE inversion of the

first integral of I, in (28) is found o be

+ &, =5 y (o ,
B h,e S, 8 B Cdn
JaT fe2 Im , ( oo 4 ot ) bl 5( T v)dr =
0ty (1+h2'%72)$(h y My s, &
t o0 -5
he™ 5 T }
= [ gt J~2 Im *&ﬁ - i . sl ) S(T=r)dr -
o "Ga.{:‘i hh‘*‘ / ¢(ﬁ+> Betly,  B=el, ¥ J
oo n @~ 5, ©. dn |
«faT f =2 In M‘% ( ) 8( T= r)dr,
o -1;?‘ (1-:-1:1 @(h ) &= . Seemy,  dr

and it teakes the following form when the ﬁéfun@tian property is useds:

+
h . (4TI e(t=Tim,, dh,
ﬂ(t-‘t&ﬁ) J -2 In :: (s 0.8 i+ +* '.{-‘*‘e 24 )mn;i:] 4T -
. (1+h \1 )@(h ) . , pes
. |
’ .h‘"" - €(4=T) (£=T)
' n €(t=-T)m,, dh .
Beleg o (e v2)¢(h o 45 =
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It can be shown that the lash term of {29) is cancelled with the
Lﬁ*?ma‘:ﬁi iuversion of the second integral in (23},

Similerly, -zmé LAPIACE inversion of the other integrals of (29) can
be determined, end Linally , after simplification, we get the LAPTACE

inversion of 1'8 as

e

- v | I - e(*b«T} &(t=T)m,, dh,
B(t=tyg ) Jo2 Im | 2*;% - {5, e M g ea( 2yt | GT
S (Hiv ™)) L at
' 52 (4=T)m E(5=Thm

- H(Tsby,) S2V R | mmpteee (5 0 I+ g o 2‘*’)«-—-‘?:»
W (1))
(30)

Sombining the resulis of the imprse I.«Ar*mcm sransforms of ,4.1 and I, 5
from (22) and (24) it follows that

P
u(x,sst i ook e s
s2et) = 12/‘16(‘3 ez}
% | .
h e(beT )ri, E{CtmT - dn
X |E(t=b, ) f=1m o ~( 5 e LA eac )mz*) —L) aT &
%, u-mav N}(h * + aT
g 2 . E(t=T) E(t=T)m,, dn
4 1:1(1:;«- Y Jv iv"" » (31 @ M+ + Ne ) BN 3T
* i 1@ #n 2 )zp(n ) av
b , .
- h, - &(t=T) E(t=T)m dn
- H(‘B-‘tﬁ) JoIn (e wa-;:' — ”(,-‘34_6 " + 2.0 ) 2% 21 4T -
#y (1en5vS)p(n,) * ar |
Y 2 e{t-T) €(4=T)m, | \
L &lt-T)m, an
- H(ﬁ«tﬁ) e e o z e (8,0 gl + 7 @ (+=7) 24y ot .;yr
e, (14057)(h,) + at |
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- 1/2 o 1/2
for x < z/(x% = %) ', and when z > pz/(a® - §%) /

(30) it follows %hat

s from (22) and

B
w(z,z,t) =
15/“ (1 +€z)
. © h E('t‘.---']‘)m‘l €(t=T)m dh
7 1 (b (= ' i (M tyNe 2"') —t AT 4
X[H(t ta)tf Im§(1+hf_ 5 (I}(h )( 1,8 + Ne v
o
% | he . (t=T)m,,  €(=T)m,, ey B ]
- Jv R i@ n.e — -
+H(% %)tfv "e (1+h )fb(h )T i "ar
o
4 . ,
Y b, e(t-»’r)m €(t=-T)m d
~H(twb ) J=I s P e 2t ) =k} aT -
(otag) S B & T ek
ap
: . 2
, nS e(%=T): €tt~T) .. - dh
._‘H(-'G_. ) f (1+h V2)¢(h )(S*e( m1+- + T+@< )IE.Q+ ) -dT:;t d,[] )
Bo

arrying on & similar procedure as done for the evaluation of the
displecement along the xm-direction, the expression for the displacemeﬁt'
along the z-direction can also be determined from (13) and is found

to be equel to
P
w(x;z,t) = . X
M (1 +ez).

% .
' T ‘L-— a
X{H(t=%_) [Re k“‘ (11,0 « )m1 + ¥ e(, R ) -P-i aT +
% (1+h )<I>(h) ' aT _
a .

v 1’ +h+ e(“ﬁ-'T) : F—(t-T Jm,. b
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. % 2
ne £ T2
. H("G-‘?Sﬁ) JRo | «gva — (s, :( oy, e, ;(ﬁ-"l‘)mg-!- )dh }&T .
By |k, (140505)0(0,) - ar
+ H(b=t) j’v Im hB——g - (8 6(%;-7):;,1+ e(t-'r)mg* i
Py, ie, (1462 75)(n,) " e e @T]
. | (33)
_ 1/2 . ‘ :
for x < ifz/(@a - {32)'/ , and if 1 > w-/(cc 2)V2 1
(g Byt = e
Wi KgBpt) = = - '
e M (1 +en)
o NS By, €(t=T)m,,  &(t=T)m, _ dn
K|H(t=1 ) SRe ' , 1+ Tar - .
[ “ ti eicnh@)q)(h )(m'*‘53 e Y[ e
v R1 ‘ E{(t=T) e( )
bt ) [V T10) et { & =1y, =T dh,
* ( a‘?%fv L (1 +h2v2)¢(h ) '§+ e * + +‘ 24. } ]&T ¥
&,
¢ | ha | E(‘b Tm (4T}
+H(t=b ) JRe =T, . - mz“ n,
| i { B 48 )&TJ T+
+H{b=t . ) }v I | == 2 ‘s :(t«-—'l‘)m,w v é(ft-’\‘)mg“_ dn | T
M P T e T “T]
(34)

where I, = (hs +;§ ) end k, = (hf‘ + ;_,2 ) .
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It phould be remombered thot in the ‘i"m.‘a“a tvio mtegmls of tho
equetions (31)y (32), (33) and (94)

, 2 2 1/2
iqm-&z(’\‘am% ) :
» SR
z"&-z"a

and in the lagt two integrals of thowe eguations

" 1/2
iTz + 2 (T2 w——)/

D, = e el T T S R A
Eid : : LB = 2 7
o 2, a2

vhere as in the last "iiwa insegrale of (32) ang {34)

- 2,2 1/2
.i[’l‘:g w 5 ?22&;3.».. TQ ) }
B

Eg &4 52

WAVE FRORT BXPANSIONs The wave forms of the solutions given in

(31) 10 (34) are evaluated by approximate cstimotion of the above’
integrale in the noighbourhood of the time of the first errivel
of the different waves, To facilitate this evaluation we put

a 4 + ay whore & is the lower 1limit of the imbegrals in guegtion
and a varies from O t¢ t=A, Then when % < fm/(a 2 )1/ 2 from
(31) we gge‘b‘ | |
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u(x,Z’ﬁ) = :.9— X
Rl o{1 +e2)
| Tty h, c(tet =a) m,
Xlg(t=t ) S = Im M, * oy
[i( o gm hzve)q,(h y e '
e(t=t -&) L .(.i..h-i t‘ta, ‘ h3 - e(t=t a) m1+
3 . ~t) .
+H, 8 )da 1aa+li(t ) f vRe (1+h &v 2)@@ )( 1.0
LN € e (k- ‘t',,( “)dh}d&'\-
tot, | | ‘
" B 191 _ é(t-t -z ) m, ’ é(t-tﬁ«'a) m, dh
+H(.t«~tﬁ) i’ Img(whav‘f)(p(h ) (s 42 9&;3 24y ;da +
k25
(et} Joi Wy g Smtem) m,  S(tetee) mp, dn,
T A 1+h3v")¢(h 3+ e )da | da]
(35)
,_ ' 1/2
For x » {33/("12-'532) / ’
P
u(xs3,%) = "z/“ (1+ea) | |
%- t;t . ( h+ . G(t—'ta-a,j my i, (-t -a) m2+)ah N
o - s 3. e i 8 a +
[H(t » / ml(ﬁhfvg)‘P(hQ n da
£ -
' 112 . G(‘,b-"ba—a.) me. G(t--‘t&-'-a) o, ih,i
+H(t=%,) i‘v Re (th 2)@(}1 3 (M0 +Y e Jag=ide +
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Bt

“Be n | - E(tt, € i;-»%; -
*H(t"‘bm@) JIm L ‘ ‘% YYON) E»+e:( o™ By +3 6( &) m‘?’*)a’a‘t}
o
Sbap h‘? E(‘tw-t -2) m €(t=t ;»:;z- Jm,, dh | T
(s e T Gf T T2y
- ﬁf Ml & L]
'i‘ﬁ('i'a T, ﬁ) f VRe (1*11‘2;72‘)@(13 ) * * | )d& I ] ,

(36)

A similor type of exp*‘emiuzza for W(m,z.t) can be writien by
aubsﬁ;mtmg Te= A + a in the euvations (33) ang (34). For a;:gmximﬁe
egvaluntion of the integrsls (35) and (36) just after the mrrival of
the aemespoﬁding wave fronts it hes to be noted that
Etmlma) m, B G—(th}.«_-a)‘ m,,

e ™ oety 6 Ltanga=nast i,
where A is the arrival time of a typical weve fromt., S0, when A = B9
using the facts thnt

h s s =»h~e---§—-v-—2-»..r -
* o oalx +z3;)* = '*', &2(3 % %)
and
(Is! + 8.
- 4
(wh‘v&}@(h
| (z® —a»z) {ae(a 2?)4*9‘322}

{ 2(us vg)wa Q}Egﬁg(% e ""{ g(ag 3 gzgle

as & - O and that
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1/2
.(hi*-%)
' U A 1
da r 2,17§' EYES ;:172”
(x"+a3
e KR!

the Pirst two integrals of the equations (35) and (36) just after
the arrival of P-waves can approximately be evaluated ¢ the form

ulzyByh)= .
y2ra(t-t, )mms"/ 2(3;3&52‘)1 / ‘A{ VAR (_324-.52 )t / ‘?"} { % (»czg-ngs gmgz?} (t-t,, ! /2

CRum

wMo(teen) =2(alv?)utn? E’ 2223022 =302 (22452 )ax®p X
X [Egcﬁgﬁﬁa)%éga f 2 ] .

similerly, The approzimete velue of w just after the arrivel of |

Puwzves is given by |

W (.'K’ By t)=
Jam(ent, )3%3/2_(32 a?)! /¢{m 12 (x2 Ma y? /2}{x3(m2_a32) s 1 (-t y1/2

o (teez) { :x:‘e(asg-va ) rlg? } E@ gx:g( 3@3.-..32 Y3 2,2 (sz-am‘? )~4x25§3 pA
x| =P (aPus®) 1a%0" jir2 1.
The same method ig applled for ampproximate evaluabion of w and w

jugt after the errival of S-wavess It should be remembered in this

gase that ) |
2 PR /2
. ITz4s{T" = wué—ém
A= tgs" h* =% «?@2 s | - 5 tif' <TG,
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The effects of uy end wy on the digplecement components u end v due

t0 S-waves Jjust after thelr arrival are found to be

(Ko Byt )=

Wel%(%t&)m asvg/ aixgbﬂ )1/ 4’{w+ﬁ(x +3 )V 2}{ ux (a }1/ Q(t-tﬁ )?/2 .

n/%(wez)[ 2(@‘? v2)4%

[232(332 xg)—-‘b‘;ﬁ za(x‘;ei-zg)u%x'm X

{p 2,2, Ka(az LAizz) 1/2]

Wy (xezet)= |
zfzm(t_t )% mp’:»’/z(kz -%”2)1/4'{‘?11 5 (yawa)‘i/a%a 202 (0 2)31/2(1; %)1/2
ﬁﬂ10(1+63)§ 2(;32 va)wzga} [cagze('p’z‘? *ig)n?s:baf’e(*z uﬂ:?)”ﬂ—x a0 X

{i) 5 xa(aa ff»?') 1/2]

-

| 62 .)1_/ 2’ end in opder to obtain &h@ displacenent
)1/ 2, we write lae‘i‘:

for 0 < x ¢ pa/(a® -
due to Sewave arrival in the region x > pz/ (a
two iuntegrals of (32) in the form

‘t‘ ’ ] .
P h . =T ) (b= T )m
" {e=Im i ( s.06 1+ 24 -@-} ,
| {a§£ , t(.l +v2h§)®(h+) + = e ) ar *
¢ . D , _ .
h (T )m et~ T)m dh
Ao et (S.¢ LR 2w aT
+VRe (1&?2';3)@(}14.) (s,e +8 ) g m-b +
. n (=T )my e(t—- T)m,, an,
J leim et e (8 e *ap +y }
‘ By 1(1+v2h§)$(h+) e df ’
hz

14 w%‘?)@(n ) (5,

€(%~ T )m, (L= T)m h,
e 1x~ﬂ+ 2+y a....ha’r (37)
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This is to be rémembered that Lfor tg;s T %

b, = ey [ vm (7 - ;’/2]
3 s 1TE & - "‘"""-"“' . ‘
e E T2 2 |

The displacement due te the first arrival of Sewave is obiained
fronm the last integral of (37) as + = t@; + 0 and this is found
to be . .

< , 1/4
~3(2 PH(t=5,) ¢ 53/ 2 2%52(x® + a%) "’
\11 (i-g:a )-‘-"— s 4

w/o(1+ez) {x (;‘5 -y ) 4-;;2 2}

{“2(“%2%&‘52&2“@5 (x?—"m&)ﬁ/ : vx} (b=t )-1/2 |

'X.
{ o2 (35 32) %apz(xa*za)} +‘§6¢:52 4 2{ 2@; -2 52 2}

Adopting the similar procedure for the last two integrals of (34)
we have, for © »vtsgj + O in the region x > ;,ﬁz/(cz pg)*l/g

1
3y2 PH(t=t, yaZp 3/ 2 242 (2245 /s

74 (TyBgt) = =
T _ n/“o(i*ez)ix (92_".?2)%8@

g‘xg(ﬁ& - ) ~p 3 H (= .;.-:2)1/2 + ml (‘tﬁ%b';,z

{ 2(322 -y ) 3" ( 2)] +16¢2x432[ (a )-?iia 2}’,

In the region z > $z/ (s,v. 2) /2,' Ps-weves exist and srrive carlier
%h,...n STV O o

Vg approxinately caleulate the lest two inbtegrals of (36), which
will give the efiect of n, on ‘ém ﬂiapla&ement -eempmentss u due

to Ps-waves just afber their arrival. In this case
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Am'ﬁag}’hm - a_& s By $TEY »
Ehen_
( 1 - -1.. )1/2
T - —
B, e l— el ,
1 1 1/2 3
5+ a2 L ot/
- B s &
iR
and
| g /2
: de - o )
ah, 7 P '

where in these exprassions terws coutaining higher order of a eore

neglected because a =0 asg t - %s@. ang vwe get
_ T 5/4 '
4@12}:('&“#&? )ﬁs( J?” "% ) /2
W, (HeBy b ) e ' Hrm * (b=t )
2 1 1/2 | 3/2 op
3 e(l+ 3) (@=v)|wx( ;-2-~ 12_ ) =&

&

Similarly, the effgct on the displacement component w just after

the arrivsl of PS-waves is given by
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M2 (b=t ot (L -y )3/ * 3/2
Wy (xyBy%)= = - £ 9—‘»1 o Gty)
37:/'10(1-%&39(61—-17)%:{( ;15_, - T
a

Ve now find outb tha cffoots of Uy and w§ on the displaocement
components u and w in the neighbourhood of the point C(Fig.3),
where S- and Pi-waven avvive a% the game time. In this ecase

t@;» = t@ﬁ and

34 1/4 3/2 5/2
¢] a2

| 4 PH (t=%,,) 2 @ Y
u.j'(x'ﬁtp't) 2 o : _ 1'3%/4 (ﬁ—tﬁb) "
S/t (1vez) = (& = v)
3/4 /4 3/2 3/2 -
4 PH (t—taﬁ) 2 a B z 5/
WB(g,z.t} = (#ntmp)

974
351}10(1+ez) z (¢ = v)

CONCIUDING REVARES: It i found from the inbegrals (31) to (34)

that the effeat of inhomogencity enters into the expressions
€(i=T) my i=T) m,

for u and v through the factors e - and e in the

corresponding integranis. So, if these two factora are absent,

end that is so If €= 0, a parsllel camge for a hﬂmagenecus_mgdinm

is obbained.
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Alsoy it is inteoresting to note that in the nelghbourhocd of points
just after the arr;val of the different wave fronts the displacement
components are independent of € j;i.e., at any point, the effect of
the £irst ’arrj.Val of wove fronbs on the displacement components

ig the same foy homogenesous as well as for inhomogeneouns nedia. Bub
es time goes ony € vecurring in the exponential terms of the
integrals (31) to (54) for v and w will have ite effect, and
congequently, the emplitude 0f the weve fronts will deeagg} EXDOTIE

"t;iaily;with time due to inhomogencity of the xﬁedium;



" RAYLEIGH WAVES DUE T0 NONUNIPORMIY PROPAGATING DIP~SLIP PAULT

iﬁTROBUCTIOEB The study of dynamlc crock propagation is very
important in geophysics and in aarthquake enginearing seiénee.
In g@ophysics it is desirable %o formulate the earthguake sou=
ree in terms of physical paramgters and to study the long per-
icd waves over a large distance and for a long time, Also in
structural enginsering it ié epsentinl to know the nature of
surface waves covering a large distance. At aparticuler plece
the ground motion produced by the earthquake is & very compli-
cated function of the nabture of propagetion of the cerack and
the geological properties of the place as well. liost of the
Imown eblutions of the moving crack ave restricted by the aso=
umption of constant velocity of propagation, which is not in
general expected. Mol (1972) discussed Rayleigh wave propagation
by & finite fault moving with comstant veloeity. He vopresented
the sheey failure by a jJump in the tangential components of
displacenent across the fault surfmce. Achenbach and Abo=Zenc .
(1?72) analysed the wave motions generated by a vertiezl strike
slip foult on which motion is opposed by a frietional sheer
stress and wkich 15 assumed %o increase linearly with depth. |
?reuaﬁ (1973) discnssed wave motions as expécted in case of ’ l
a nonuniformly‘expanﬁing line load, Fossum and Freund (1975)
considered o model in which a plane strain shear crack moves
from rest at»a nonuniform rate under the action of general

loading. First motioﬁ'response of an-elastic half space dus to a

Published in Indien J. pure appb. mth., 14(3):994~1006,1983,
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nonuniformly moving dislocation by Uagnisrd De=Hoop teeimiciué

ia determined by Roy (1973). In e recent paper Markenscoff and
Clifton (1981) anslyzed the motion of an edge dislocation sto=
rting from &éa‘b end moving thereafber nonuniformiy on its slip
pleng by means 0f Isplace tranaforn, vhere ﬁ}ﬁa inversion of the
transform is accomplished by Uagnlord De-Hoop meinod.

in the present paper an idealised earthqueke model i considered.
A fault break along a horizonbal 1ino ab o finite depth below
the free surface is mssumed o appear éuﬂaen-ly and to move
vertically unward with nomuniform motion upio the fme gurfaoe,

A dmemn*bim;iw in eemmnezxts of displacement aaross the fanli
breank is pmamiba&. The diaplocsment eomponsntg on the free
surface due to }_léyleigh waves are determined for nouuniform
motion of the eraci, o | .

Po £ind thé solution of the probiem the techuigue doveloped by
Knopoff and -G:;lbert. é;:%.th eppropricte modificetion is useds i‘he
tecmiqﬁe is found to be extrememely powerful Tor tackling such
tifp@ of baﬁnﬁw:y value problems. Ghosh (1272) applicd the method
%o show the possibility of atﬁahm%iﬁn of microssiemic waves dug
to the presence of en upward Polding of the ocean bottom into

the iiquia.; Following Knopoff and Gilbeord, the moving eorack is |
raplaged by a set of virtusl sources loczted at the fault surfoce
HO, éhé displacemant én *i:he‘ free guriace is written as 'i;%;é gum of
the contritution of these sources with the aid of suitable Green's
funation representation theorem, |

Phres pamicular cases of nonuniform motion of th@ crack are
eonoidered. Horisontal and vertical components of purface dipplace=
ments due to Rayleigh weves produced by the yngmga‘smgg erack ere

determined and shown by means of graphs.
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iIn the mathemabtical and physicel structure of wave propagation

phenomenon, the model ascumed here is although over simplifiad,

yet it brjgngéf forth soms major features which are usually preg-

gnt in the gréund motion.

FORMULAZION OF ¥HZ PROBEEH AND SOLUT 108§ Phe origin of the co-

ordinate frame (x,¥y) is at the epleentms o. It is apsumed that

& crack suddenly eppeavinz at the foous H moves vertically upe

wards upto the fres surfoce o with a nonuniform speed. The le=

ngth of the orack measured from H at eny time t is h(t), which

is assumed to be strictly monotonle inercasing function of time

te
The Fourier transform E(x,y,w) of the function E(xpyyt) is
defined by

CB(xyyaw) = SE(x, ¥, %) M ap
- |
Iet (}g(x,y}x

0"3’0)' (myn = (X,5)) be the component of Green's

funotion i?n(x_,yix ) at the point (x,y) in the diréo‘ticn of

o*¥o
n due to a point sourece of foree in m-direction and situnted
at (x,s¥,)s If now u(x,y) end v(x,y) be the displacement com
ponents along < and ¥y directions regpectively and Pm(u,v) »

. ny(?’v) end Pm,(u’ﬂ be the stress components then their

Tourier transforms defined by (1) satisfy the following diffe
erential equations. |
‘ a5 _ (V) . 3(mev)

+ 2=
-—a%-’i-—-“—- pra P w® B(x,y)=0

(1)

(2)
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FIG. 1. Geometry of dip-slip fault.
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Ty L B 0§y =0 (3) -
ax 533’ _ ' '

[f?{ﬁhy lﬁaﬁyﬂﬂ o5 [‘s ("%93? i?o-yo]]

_:rg“C- L Lo .‘,m& r“z (?13'“55- y}“
= e

= Bl x)biyy) o (8)

‘..' [G}»(ﬁay EINR CE - ‘[@gcﬁ’@?rxﬁ’y@}]‘

T B -v-m Pt GX(B’-M‘ 41%)“0
ax | : 8y - '
(5)
[Gyixiyl‘zaiyg)] [{.;y (Khﬂ ’yg)]

;‘"“‘""“ ) wy(‘-‘ﬁ’ﬂxoey@)%ﬁ

. (6) -
7, [ﬁy (m,a?i%ayo)] K [Ey(x,‘_ylxe.:f@)] o
= o S RLARCACHEREA

Comealmen) By -y) . (D

where § is the density of the material end 8( )is Diree's delis

funcbion,
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Mmitiply eq;wfcicn (2) by E;(ac,ylxa,yo) and (4) by Q(x,y) end
gubtract the latter from the former, Also maltiply equation (3)
by Ef}(x-,;yl'xo.yb) and (5) by V(z»y) end éu‘otraot the lattor fronm
the former., These two resulbing egquations are thén added and

integrated over the region R to yield the following sguation.

2| GE s P Bl i -
f’z’;{ dx[ 6Z(xy ¥ iy sy,) By (uev) + &y(x,ylxo,yo). Ppy(2y7) =

= 2 [ Gx(giylﬁa’iio)]" A ny[ G;(ij‘xosyo)]] +

4 '5%’[ G}x:(gay’ﬁe‘!yo) Exy(u"V)'q'(};(x’yl};o,yo) Pyy(u’v) -

-~ a.i;}{y[ GX(X’YIXG:YQ) J "' '?7' 135'3'[ GX (ng{iz’:@’yo)j ]é@mﬁ(xa,yo)

| (8)
For details of the sualysis to obtain the eguavion (8) , we refer
to the paper of Ghosh (1972).
Applying Green's theorsm, tha integrel in (8) over the region R
ig converted o an inmbtegral over the ocurves S, S4» S, (ahown in
Figete) bsundinfg thé region R end We have

J Gz(;-tc.é!!xogyo) B (uyv) + G;(x,ylxa,ye) By (aev) =
S+5,+5
172

i lji’ix E Ex(x’y!xg)’y.on.; ij:ax (39‘“3‘3' yom diﬁ“ﬁ(xo,yb ) ’ (9 )

-1
N W the difec;-tb"\ of the outward normal at ds .
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Since the stresses due to (u,v) are zero on the free surfaces
By S49 Sy and the siresses dve to Green's function are also gero

on the free surface S, so we obtain from (9)

1 |
J L] :’;m [ gx(g,yle,yQ}] + [";j %;y EEX(O'.Y‘KQ!}'Q)]}@! =
o .

= ﬁ(xo,yo) ' {(10)

Where [u] and [ vj represem the Jump discontinuibty in displas
cement commnen'&s ACTroBs the oreck zia and HO = 4 is the length of
the cracks. Since we are considering a dip=-alip fault, oo theve is
no displaeemaht dlacontinuity aleng x«direction across the feult
surface., Congeguentily [ u ] @ 0, Aloo, ag we are interested in

surface displacemsnt only, @0 the eguation (10) reduces to the form
1 ‘ . . . . .
o |

Congidering the equaticns (2), (3), (6) and (7) end following the

same procedurs, we get

JLF T B L& ouyiz i0i]oy = 7 (xy00) (12)
Q . .

The Fourier trensforms of the Green's functions are



T xylzgro)s fuﬁzﬁ%i (MG)[Q% @”%y“_"zs*g‘*‘?’;vﬁ]d%’ .
Eﬁ;(xm%’o)m ﬁi_;%i@(x-xo)[gv1 v, e‘;;; i Yo 25' ]dg (,3) 
Fonslsole --;i—l— m%-ﬁ("x )[(2§ kg);% 2% o 2}]‘1%’
Eg(x,ylxa.o) ﬂ:u }.:2& §;'i§(§w! ) [(2&2_2:2)6“% 2&;‘2@“ oy :lé,fS

Hore k5 = wo/u?, K5 = W%, = v’g‘z - k5, Y= w/gf-' - k5 end
~ ‘ 2
R(g) = 458~ Y, » °‘-(2+V?‘) 5 G, P are respectively P-wave and
& & 1 Yo & + 2 5oy "G Lespes y L
S-wave velocities. The values of % (&) and V,(§) are to be so chosen
that with such velues the expression for the displacement decay
exponentially as y -+« for real V (85) end Y(5).

The Fourier $ronsform of the -:rtrasc 1’ [Gx(e,ylyo,o)] on the 1111@
of faniting HEO is given by

-

s V. Ve
I(}K(Q,ylx ,o)]..-z—é W[(e }.a)e 3y )% v, e 13]&%- (14)
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8ince we want to determine the surface displacement due to Rayleich
waves, we need to dotermine the velue of the integrel in (14) for

Rayleigh pole céntribution only, for which we refer t6¢ Il and

Encpofs (1968), The Reyloigh pole contribution to the insegral (14)
is evalusted by following the method prescribed by Iapwood (1943)
andg, §KYI G#(e,ij@,o)]is ‘_;fmm& w0 be

WX _
j.WA.,{emp(m on cx.e eay)o-ezy(‘- --‘-’i"—- —cﬁy)} exp(i-_-;;;’;), forw >0

(15)

%

and iwA1 {@m(wﬁ‘ agaeRs’) axp(w {62 ansr)] p(i--).for w<o

¢2
Wh@l‘e A,‘ : 4 V((B OR)(Q GR)

R (a2 ~ o2 2(% ‘f)’/ 2 2f§-§-’-‘3*->1/ 2. cg)(ﬂ
R

(16)
and ¢p in the Rayleigh webe velocltsye.
Similerly, the eontribution from the Rayleigh pole to

L Gy(o.yarg,o)]m found to be

wi
B ic-zxn(a» ‘fa 'y Yegxp (o e Foy ¥ 2~c§y)}e?p(i~5§-), forw » o
¢

2 2 Wty
and - 3:31 {eyp( ofa -cRy)me}rp(P o i@ cﬁy) exp(:l-—&-g),fcrm o

where

2
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1 | (2p%-cp) W - of

Bop

~ -
£:> c
-:3—(255 -GR)-PQ('?’%)VQ a2 (gt -33)1/3 2((0‘2 32)(}52 GR)
=%Rr “=Cg
| (18)
The dimcontinuity in displacement slong the line of faulting at
any btime ¥ and at a depth y below the free surface is agcumed to

be
[vI=oa[b(s) - (1= y)] [Hy) -8 (y-1)]
| (19)
= DE[t - x(y) ] [8(y) - 8 (y - 1) ]

#( ) is Heavieide step funciion and »{y) = h ~1 (1-y); which is
the laverse function of h snd it exists es h(t) is strictly
monotonic increasing function. Yeourier trensform of the eguantion
(19} is given by |

[vl=Dp[Hu(y) -8y ~-1)] fﬁ[{;.r(y) Je A g

= D] H(y) = 5y = 1) ] Set"Vatan] 5(y) - B
»(y)

(7 = 1) Jns(wys & )et2) | (20)

Putting the value of [ ¥ Jfrom (20) in (11) and then toking
Fourior inversion of (11) and changing the order of inmbegration

one obtalns |
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AWz (y )= ~t) s &(w)-»i)z’

1
u(x ,0)= 59-;: ,gdy',!‘e ey L GX(Q,JIXG,O) Jaw-

Subgtituting the value of P

- from (15) in tho above eguation we

get

8

A1D
7

—

dy [ ([exxz( -GR y) -

Q

fog

O

« oxpl~ 3 VP o2 y)lcoa(r(y)=t + " )“f@w

or

u(xa,a) A,QC
Lo e B -

o w

1 o
1% ;. o - ofy

° i(az eR) y2 o (f’n 2(y) = b eper, )

ﬁ“?’ - Qny

CR f-cR)y + pZ (eRr(y)-ateﬂm)

(%) ]

dy (21)

Similarly, wo obtain |

i} 2
a“{e, - G %
. i - f . ( R (y) : clR; 0) e -

D T

ol(e? = o3 ¥* + ég('ek T(y)- ey + xy)
2o r(y) - + X ) :
- —— E R L | 3y (22)
@ = of) v? 4 ba(cﬁ 2(y)= b e+ x,)

DIFFERERE CASES OF NONUNIFORM CRACK SPEED: In this section we
determine the Rayleigh wave digplocement on the free surface
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for different nonuniform motions of the vertical eradlt

Cese 1. Heve it is mesumed thuat h(t) = ob, where ¢ is the constant
velocity of propagation of the fault and we have

tash axy) . (23)
substitubing the velus of r(y) f£rom (23) in (21) and (22) end

integratigs the resulting equation ome gots

u(x;s0) -

D ) - A4TP O

gf1 . gox2 %, -1 @}, o |
- Fi5in & == fan --} | (24
5{5 T o X[} (24)
v‘cxa’o-} 2 | : , -} 2 o
e - 2D o Tl g A g 2]
D 2mp ©r LB)Cy oem gt
1088 g™t B L gy B |
- T {.oﬂ jan =z in »--é-%»}] (25)
2 o 2 ; .2
e, 2 2 0 .2 o G
where!s.av’/‘!.w-& e 3 B =1 + &5 (1 1:1. - )Gz Yiom 2
Be oz 2R Rl T

- 2 e =zt e ® X ,
5ot G- By xepomghyp e R oo R o
R .

=2 (1 +@"3)-% -i%qem,
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T =0 implies ¢ = ggwp .“;-3 thich 1 the time talken bto reach the point
(x,,0) by Reyleigh weve, which is emitted from the epicentre O when
the crack reaches the free curfece and X = 0 impliea t = x, /eﬁ which’
is the time %aken %o Teach the polat (xe,a) by the Rayleigh wave

genorated at H as soon as the erack appears at He

Onge 2. In this case it is assumed that the orack staris to move
vertically upward with a finite velocity a and has a retardation b,

Hor@®at a time b afber the formstion of the erack

() ( < 1) = at = & 5%, 8o thot

31 - )
2(3) = & s, (26)
2]

substituting the velue of ¥(y) in (21) and (22) we obtain

u(ﬁogg) .

1 4
s s-%;%f[ .
C’Azgi-{;

v(x.40) & "y
0 . A e o
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cR i I | '
| . (2 X)z% am
} | B gy ‘f,_@.’e‘ﬂ-—s)) | e
& efiamtion) : 'u-%-»aza z)
{28)
where T = % end the other conmstents have the same values mentioned ‘
a N .

eorlioy. It ooy be nobted that the integrands in equetion (27) and
(2»3’3) have egﬁ..aimﬁmity at 3 = o providaed

o | |
2t ] +X =0, which implies that
T+ 1-2r
t o -59-'- PRI - S— .
R oo
a(‘i«r le =)

Thig ls the time %o reach the point (x,,0) LY the Reyleigh wave
emttted from the epleantre O just aftor the avrival of the ereal
at this point.

Case 3. Finally let the crack at a depth 1 below the free surfeco,
start to wove vertieally upward with iufinitely iarge veloeity
which graduslly decays with time, Accowdingly h(t) 4s token in the
form
h(t_}-:: i)1 'ﬁwhera 33)1 is a congtent.
o b =3 -y

Therefore z;.’(;y.)z '=.=». I: (1=y)/ B, ] 2 ' ‘ (29)
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As before substituting the value of r(y) in (21) and (22) ang
making & chenge of variable of Yhe integration , we have

ulx $0) 2 | i
D s le 3 (e2iPazind)” o2 = atta + 1
‘ - — ' . G. -. ]zﬁz, - {30)

: 2 : :
whetmo (k262 2 + 4) B =4 Mz w1

v(x_ 40) 3.2 2
o ¥ {‘fﬁ, - ¢
o awimms (1 Bg) (1 B} %
D Rppe 27 Voo
1 33(52 - 8z 4+ M) az ~
AT 2 2 2 —Z (31
o {z. P T, ) }{zc @752 o(72e2n i) }

whore K202 / logs @ =i=(tey /)2 / 1o )4(z /1) (Bﬁ/leR)

end the other constonts have same values es mentioned before.
Agaln, the integrands in sguation (20) and (31) arve singular

at 2 = 0 Af ¥ = Q. Thip correguonds o 4 = {xo/cﬂ)-;-(lz/n?)

which &5 the time of arrival at (x,s0) of the Rayleigh wave

which L5 gemerated ot o juet after the arvivel of the grack on
the free surface. | |

HUMERICAD RESUH‘ES AND CONGIUSION: Vhen the earth material is under

tengion or compressica in a direction parallel to the fres surface,
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shear failure aécufs on a feult plane. In gencral, this failure
moves with nonuniform speed. Humerical computations are carried out
for poisson solid {(u/p = T3) ana for cR/E = *9194, The quanﬁities
AyByGyH, X, Ty FyX, M, T defined in section 3 ere all dimensionless.

Pigurea 2,3 aid 4 shgﬁ the variastion of eom@onan&a of displacenent
with time: The dimensionless displacenment components are plotted
aeningt dimensionless imo. Ty and T indicated in the figures
corraspond to tha.arrival times at (xggo) of ‘the Rayleigh waves
£rom the foeus H end the foult bresk ab o. |
Fige.2{a=b) correspond %o the case 1 of section 3 where the congtant
velocity of propagation of the crack (cR/ ="3 and 2) is assumed.
Tigs.5(a=b) correspond to the canpe whers the crack starbs with

g finite veloeity amd has o relaordadtion b. Here zlso twoe cases
cR/aa'a end 2 Wi%hlthe assumption that F = 1/3, are conaidered.
Flus.d{e~b) depiets the case 3 where the initial velocity of

erack propagation is egsumed tovbe infinitely large and K iz taken
o be equal to 1. |

From equations (21) and (22) it may be noted thet u(x,»0)/D end
v(xc,o)/b are functions (xc/ﬁ)s(eﬂﬁfi). Therefore in all computati-
'anallworks, without eny loss of génerality xo/i has been teken to
be agual o 1, bgeause eny change in vaiu@ of xefi will merely
cause & shifting of the graphs along the direction of cﬁﬁ/l.

We find that in emch case the strongest ground motion occure at

2, = cﬁﬁ/l whdch correspond to the arrivel %ime of Rayleigh waves
from the surface break at 0. Also 1% is found that though the
nature of the graphs in threc differont cases differ between Ty, end

To but their notures are almost the same after the arrival of
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Rayleigh waven fraﬁwthe surfece brealk. Yhis may be explained from
the fact that the main c@nxriﬁuﬁi@n to the ground motion due %o
Rayleigh wave is from o &mal7 partzen af the fmult uear the surfsee
after the arrivel of Reyleish wave fronm th@ surface break; So the
contribution Lrom the deteils of crmok initintion beoomes ms;!.gns.a-
Ffleant after 2 »

It may be menticned in thle conniaction that though centribution of
Rayielgh wave to the ground nmotion is significent at large distances
from the epicentre, the effect of body waves nsar the oplcentral
region ean not be ignored. This effect mey be incorporated 1f we
oongider in addition to the contribution from Rayleigh pole, the
contribution from the brauch line integrnls erising from the

evalvabion of strssses due t0 Green's function.
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Displacement Produced in an Elastic Half-space by the
Impulsive Torsional Motion of a Circular Ring Source
|
- : By MukTiMoy GHoOsH')

Summary —In this paper the problem of disturbance in an elastic semi-infinite medium due to the
torsional motion of a circular ring source on the free surface of a medium are studied. Two cases,
when the medium is either homogeneous or inhomogeneous, are treated. In order to solve the problem,
the Laplace transform and the Hankel transform and the Laplace inversion by Cagniard’s method as
modified by DE Hoop (1959) are applied. Finally, the integrals for displacement are evaluated numerically.
The displacement on the free surface as a function of time is shown by means of graphs, in the case
of both a homogencous and an inhomogeneous medium, indicating clearly the variation in dlsplacement
due to the presence of an inhomogeneity.

Key words: Theoretical seismology; Torsional ring source; Cagniard—de Hoop transformation.

1. Introduction

At present much attention has been given. to problems concerned with wave
propagation in homogeneous as well as in inhomogeneous, isotropic, elastic media.
"Much of this work has been connected with problems of seismological interest,
involving wave propagatioi. The normal loading problem of an elastic half-space
was first investigated by Lams (1904). This type of problem-was then investigated
by Eason (1964) MiTrA (1964), CuakrABorRTY and DEe (1971) and' many
others.- In fact a class of elastic half-space problems involving an ax1symmetr1c
normally applied, surface load LS investigated by GAKENHEIMER (1971). He
assumed that loads suddenly emanate from a point on the surface and expand radially
at a constant rate. He ,used Cagniard’s method to evaluate the inverse transforms.
" This. paper has a particular reference to the work by Guosu (1971) where tech-
niques similar to those adopted here, are used. Many recent studies on elastic wave
propagation are due to the work of CAGNIARD (1962), who developed a particular
technique of finding the Laplace inversion, that has been found to be extremely useful
" in dealing with problems of this type.
‘The- type of disturbing force cbr’)‘s'idered in'this paper is impulsive in time and
acts over the circumference of a circular reglon of constant radius on the free
surface of a semi- -infinite, isotropic, elastxc half-space. The effect of the ‘inhomogerieity

!) Department of Mathematics, University of North Bengal, Darjeeling — 734430, India.
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of the medium on the disturbance produced is determined in the integral form,
whereas the displacement in the case of a homogeneous medium is determined
exactly. The displacement’at any point on the free surface.is evaluated numerically
and the graphs aré drawn to show how the vibration of a point in the medium is
affected due to the inhomogeneity of the medium, which enters into the expression for
~ displacement through the factor . :

Case I: Homogeneous medium
2. Formulation of the problem-

Let (r, 0, z) be the cylindrical polar co-ordinates, z-axis being directed into the
isotropic elastic medium, the plane boundary being z = 0 with the origin at the
centre of the ring source r = a, z = 0. o

The displacement is calculated at points inside and on the free surface of the
medium, subject to the condition that the -half-space is initially at rest and that
the displacemént remains bounded even for large values of z. For torsional motion
of the ring all quantities depend on r,z and the time ¢, the ~only non-zero com-
" ponent of the displacement vector is the component v along the direction of 8
increasing. The relevant non-vanishing stress components are

v v\. l . '
Tro=#<‘67—;> . )]
ov
Bzznugg

and

@

vx-/here u is Lame’s constant. The only non-zero equation of motion is
i} d T aZU '

il —_ 2 0 =p_—— 3

a0+ 5 (o) #2700 K

where p is the denéity of the material, assumed.constant. The boundary condition is

=P —a0®) . @

where P is a constant a is the radius of the ring source and (r) is Dlrac s delta-

function.
Usmg H and (2) the equation (3) can be wrltten in the form

0*v (60 v) 6_21) 1 3%

or? 2 Br o

&)

o r

~where = /(u/p) is the shear wave velocity.
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3. Method,'of solutioh

" We define for all posmve real values of s the Laplace transform fl(r z,s5) of a
function f(r z, ?) by the relation :

filr,z,8) = j Sfr,z, 0)e” s'dl - L ©
Applying the Laplace transform 6) to’ the equatlon (5) we obtain . ,
0%, v, v\ v, v, :
et S U I Wl SO et I : (7
oty <6r )T TR @

'Define the Hankel transform v,(&, z, 5) of vy(r, z, 5) by the equation .

02 2, 9) = f: rI (& (r, 2, 5) dr; e

where J, is a Bessel function.
Multrplyrng the equatron (7) by rJ, (&r) and mtegratmg with respect to r from
0 to 0 we get

\.fl d2' 52 - o _
gy e

The general solution of this equation which remains bounded as z — + oo is

‘ §2\1/2 o
02 = Aexp [——z(éz ﬂ2> :l, (10)

where 4 is to be determined from the boundary conditions, 7,5, = Po(r — a), where -
Tp;, is the Laplace transform of 7,,. From the Hankel transform (rt,,l)2 of 74, we
. obtain by usmg (2) :

dv,
(tg.)2 = ;z A PaJl(éa)
onz=0,0v,=Aand dv,/dz = — A(E* + s*/B?)\12,
Using these relations in equation (10) we get
| _Pa_ J(¢a)
DGRk
Substituting the value of A in (10) and’ mvertmg the . Hankel transform (8), we

obtain _ : - .
TN B ERANAG, (o SN '
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* From a well-known result (WaTtson (1966), p. 358)

TN (Ea) = 1 fz’ Jo(ER) cos ¢ do,
_ 0

and )
1 (?* ..
Jo(ER) = I f eSRsiny g (ErRDELYI (1953), p. 14)

where R = /(r* + a* — 2ar cos q5), we obtain

2n%uv, "
= f 1cos $de B
where V
) f2n (oo _ 2 2/02y1/2 iER si
= f gexp[—z(¢ 2+s/2/3)2”+z£ L2 P
J0 0 (é + 5 /ﬁ ) !
If we put p = €siny and g = £ cos ¢ in I, then
(= (= exp[—z(p? + ¢* + /B + iRp]
I, = : - dp dg. 13) .
‘ J_J_w @ + ¢ + /p)" v (4

To find the inversion of I,, we adopt Cagniard’s technidue as modiﬁed'By'
DE Hoop (1959). Accordingly in (13), we put p = ms and g = ns, then

(m? + n® + /)17 dm. (14) .

In the above integral the path of integration with respect to m is the real axis
(Fig. 1) which is deformed in such a way that —iRm +z(m + 1%+ /3?2 =4,
where 7 is real and positive. The deformed’ path of mtegratlon is the branch I" of a
~hyperbola whose equatxon is

iRt t 2[12 (2% + R¥)(n* + 1/,32)]”2
- 22+ R?

{(zzj+ R?)(n? -i—“l/liz)}”2 <t < 0.

In the course of deformation of the path of integration it is essential to know

|(n2+

--.R(L;,’{{;—)

Figure 1
Paths of integration in the complex m-plane.
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the singularities of the function s/(m* + n* +-1/#*)"/? in the m-plane; which are the
branch points +i(n® + 1/8%)Y2,

Since the hyperbolic path T does not cross any of the’ smgularmes during its
deformation,. it is p0551b1e by virtue of Cauchy’s theorem and Jordon’s lemma, to
replace the integration along the real m-axis’ by an mtegratlon along the hyperbolic

path I
We assume
iRt + z[ 12 — (z + RH)(n* + 1/132)]”2
- m+ = . 2
N z + R K

and

_iRt—2[ — (% + RO(r? + 1/
- . 22 + R2.

The point where I cuts the imaginary axis is givén by
t={( + R)n® + 1B}

_IR(n? + 1/pH)M?
- (zz +AR2)1/2

and the point is

which is below the’branch point in? + 1 /B*)'/2. Hence (14) can be writteﬁ as

o . ® ) ) ) 1. - dm
I =2 dnJ 3 se"’[ : T
! J:) JiE + R+ 1 (m_f_ + n24 + 1/ﬁ2)1/2 dt

1 ) Tdm_ _
TR+ P dr ]’d" (13)
Now using the fact that m_ = — s, and dm _/dt = —(dii , /df) where rfi is the complex

conjugate of m, (15) can be written as

w [ + R - g dm.di ] - 4
I, = 4} se™ di J Rl[ ./ ]dn. (16)
&+ R \ .

0 (m% +n? + 1/p%)'2

2z

Rzl | (dm., /d) _ : 1 | ‘
(2 + 2+ UBYR |~ (F — (22 + RYE + 1/}

,N_ow,

Substituting this result in (16), we obtain

o 2r ®. :
(1 = (22':_*_ Rz)l/z J;(z‘ R se s dr.
Hence the Laplace inversion of 7, is o / , -
- '_271__1[,{{,'; @R_)f}]
(2 4+ RHZar) g

o @+ R o
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Therefore the Laplace i inversion-of (12) by using the Laplace inversion of I, as given
o in(17) is

(22 + r* + a® — 2racos ¢)”2:|

5[!
u(r, z, t)———J B

(22 +r +a — 2ra cos ¢)'/?

cos pdp. . (18)

'To evaluate the above integral we put

. ‘ - (224t a —2racos<1))”2 Bé,
then - |

- _ Pﬂ ﬂztz_zz_rZ;aZ
v(r, z, t) = aur (202 + BB —27) — (P —a?) — (B — 2R
for
R . {zz+(rﬂ—a)}/ <t<{z +(r;-{1)2} /2. (19)

Case II: Inhomogeneous Medium
4. Formulation of the problem

In this case the same problem of torsional motion of a semi-infinite elastic medium
‘due to the presence of a ring source r = a, on the free surface z = 0 as in Case I
is considered. The only difference is that the medium under consideration is in- .
homogeneous in nature, the coefficient of r1g1d1ty and the dens1ty of the medium are
assumed to be A ’
p=po(l +ez)*  and  p=po(l+ e2)?. (20) ‘
Here also-the hon-vahishing stress components and the non-zero equations of motion
are the same as in'C_ase I, given by the equations (1), (2) and (3).

5. Method\_of solution

Flrstly we put =01+ sz)v in the equatlons (1),-(2) and (3). The transformed _

equatlons are . )
o 0
T,9 = pho(l + 82)(6—', - ;)’

: _ @n
: oo _
Ty = ,uo{(l + &2) P sv}
~and , ) , ! 5
v 1fob o %0 1 v
R e B b e 22
or? r<6r r) t 0z p? or? (22)

where f§ = \/(ﬂo/Po)-
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. “Taking the fEhplace transl‘orrn of the equation-with: respect to ¢, we.obiéin

8%, 105, (1 s*\. 0%
621_l_r6rl (f_2+ﬂ_>vl+6_;=0 - (23)'

where s is the Laplace transform parameter which is Teal and posmve Takmg the :
Hankel transform of the equatlon (23) we. have

g | d?_’ <¢2 ﬂ2>uz R “(24) |

The general solut1on of this equation’ Wthh remams bounded for large values of zi§

172=Bexp|:—-z<§2 ;22>”2:|.\" . A» o (25)

Applying the Hankel fransfornl and the Laplace tran’sform on the boundary condition -

- uo[u ¥ ez) @_ GUJ P3(r — @)3(1)

and using (25), the value of B is found to be

Pal,(éa)
Ho{e.+ @ + /7Y

Subst1tut1ng th1s value’ of Bin (25) it follows that

B=—

_ paga T 2y 12 .
T el @ + ) exp_l: (é F ) e
: Takmg the Hankel i inversion 0 of (26), we have o P ' ‘
. _-_& e, [ (o, SN |
=y T @ 1 ST l —Z<52 ’ P) l “©ooo
Now, ) : : '
2 2702 1/2 —
L exp[— k’e+(f +S /ﬂ ) }] dk = +(52+S2/ﬂ2)1/2
'Usmg the above result (27) is written - as ‘. | _' l ' » ' _
| P ’ ~v ol - a2 ,
D, = I dk J CJl(fa)Ji‘(ir) exp |: (z + k) <52 s2> }dé. -(28)
.Uo 0 B=) -

We NOW replace Jl(fa)Jl(fr) of (28) by the 1ntegra] whlch was used to- modlfy
equatlon (11). Finally we get . T

T e | :
h=- ZMJ dkjlzcosd)dd) R
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2n ) s2 1/2
L= f dj | exp [~ (z+ k)(tf2 + P) + iR sin ¢:| d¢
0 0

Assuming p = & sin ¢ and g = & cos Y, it follows that

I,=2 J dn J 5% exp |:—s{(z + k)(m +n? + ﬂ2>”2 — iRm}J dm, (30)

where, p = ms and g = ns.

As in Case I, here also the path of integration with respect to m which is the real
axis is deformed such that —iRm + (z + k)(m* + n* + 1/8*)'/? =, where ? is real
and positive. The deformed path is a branch I'; of a hyperbola the equation of
which is -

where

th + (z + BO)[1? — {(z + k)® + R*}(n* + l/ﬂz)]
(z+k)? + R?

1 1/2
{z+ k)2 + Rz}‘”(ﬂ2 + F> <t<oo.

Noting that thé point where I'; cuts the imaginary axis is

_iR(n + LYY
= {(z+k)2 +R2}1/2

when

1
={z+k)?*+ Rz}l/z(n + ;2) /2,

1

one géts from the equation (30)

® e dm
I,=4 J‘ dn J s? e_s’RI( +) dt
0 {(z + k)l + R,}”Z("Z + l/ﬂl)”: dt

2n(z + k) j“’ 2 -
= ts* e~ dt. (31)
{E+ 8+ R*P o ve s mpoyp .

Hence the Laplace inversion of (31) is
_ 2n(z+k) 26l (z + k)* + R*\'7?
e+ R+ R g

+ t&»’[r _ ((z + kl); + Rz)”z]}-

On substitution of this value of Iin (29), it is found that

<

_FPa f (z + k)J e~ dk. (32)
0 JO
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J= f" {25[ ((z-}-_k)i-}-_)!”)m] . té’[t ~ <(_Z_+Lz+£z_>m:’}
0 ﬂ | ﬂ

cosp
“{@ + 0 + R

where

do.

To evaluate the above integral we put

1
l= B {(z + k)* + R*}12,
then ' S
, Bz + K + (-4 a1  cos ¢ d¢
= £28(t =) + 18'(t = ) dl
L/ﬂ){(z+k)*+(r—a)*}m S g 13B3 dl ' <

where ' _

dp Bl G+ R+ - P

dl rasn¢ and cos ¢ = . 2ra : ’

Substltutmg these values, we get

1 (1/5){(z+k)’+(r+n)’)"’ . L .
=— S )28t — ) + ' = L)1 (33)

ra[} /B2 + k) + (r — @2}
where

e (z+ k)2 + 12 + a* — B
PR + @) — (2 4+ k)P~ (P — a®)? — (AP — (z + k)PP
and it is to be remembered that ' is the derivative of the. Dirac’s J-function with

respect to ¢. Integrating (33), we obtain .

J= }ZIE (21t k) — of Uy, kYOt — 1) + tf Ly, K)ot — L) + of (1, )] (34)

where

1 - | 1, -

l =_{(Z+k)2 +(r+a?P 2 =—{(z+‘k)2 +(r = a)*}12 L < t<11-
It is to' be noted that if # does not belong to (12, 1,).then the mtegrand in (33) is
zero, consequently J = 0. :

Substituting the value of J in (32) we get

.Gl

 racpr f (Z+k)e""[2f(t k) tf(lpk)é(t-l)

0

‘ A + tf(l, k)3t — 1) + 1 (¢, k) dk. BES)
Now,l, <t <1, 1mphes that

(B2 — (¢ + 0P} — < k< (B2 — (r — @) V? — 7. (36)
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In evaluating the integral (35), the following sub-cases are to be considered,
. keeping in mind that £ satisfies (36) and that & is positive.

i) If {B22 — (r — a)?}? — 2 < 0, that is, if Bt < {z2 + (r — a)?}!/? then, ¢ does
not belong to (/;, /), so J = 0. Consequently 5 = 0. This is in accordance with the
physical condition of the problem because a disturbance cannot reach a point Q
'(Fig. 2) before the time (1/B){z* + (r — a)*}/2, which is the time of arrival of the
disturbance at the point Q from the nearest point of the ring source.

i) (B2 — (r+a)?}'? —z <0 < {B*® — (r — a)*}"? — 2, that is,

{22+ (r — a)*}V? < Bt < {22 + (r + @)*}V2.

In this case (35) takes the form

P
Tuofr

5:

(B - — @) -z '
f (z + k) e™*[2f(t, k) — tf (U, K)ot — 1)
(1] . l
+ tf(ly, k)S(t — 1) + #£'(t, k)] dk.
(37)

The integrand of (37) is considered as a generalized function, so the finite part of the
integral (37) is retained (Jones (1966), p. 89) and we get )

__ PB ' [T N L R -
U-— g [_2(',2 + az)(ﬂztz _ 22) - (rz _ a2)2 _ (thz _ 22)2]1/2

Pl 1822 —(r — @)}V — 2 )
2

Trilo

0

(C+ k3P +rP+a®— p*rPle*dk
X [2\("2 + az){ﬂzlz _ (Z + k)Z} _ (rz _ a2)2 . {ﬁztz _ (Z + k)2}2]1/2

N

~

Qlr.z)

Figure 2
v Arrival of the direct wave to @ from the nearest and the farthest point of the source.
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Hence - y »
PB 22— 22 —r? — @
ﬂ’#o(l -+ SZ) [2(f + a®)(p*e? — 2% — (r* —a 22 — (B2 - 22212

|Bz’z - a)’}”’—z S

+ nruo(l + sz) J

. {(z +4k)2 +r? +a® ,thz} e~k dk _ .

R R e R ) S R UEIRE

In (38) if we put e =0, we get the same result that we have determmed in (19)

of Case L.
iii) If ’ﬂztz —(r+ a)z}”2 — z> 0, that is if fr > {22 + 0+ a)z}”2 then

(38)

;ﬂz,z r—aP}? -z
nryo(l + sz) J -z

{4+ kP +r 4+ a2 — P22y e dk

0T AR — @+ 0 - (F =@ — {BPF — @ + BT
It is interesting to note that in the case of a homogeneous medium there is no dis-
placement at a point Q (Fig. 2) after the time t = (1/8){z% + (r + a)*}*/2, which is
the time required by the disturbance to reach the point Q directly from the farthest
point on the ring source from the point Q. But in the case of an inhomogeneous
medium the disturbance reaches a point Q- even after the time ¢=
(1/B){z* + (r + @)*}** which is the maximum time required by a direct wave to
reach the point Q from the farthest point on the source the point Q. This is
due to the fact that in the case of an inhomogeneous medium the region z > 0 may be
considered as an assembly of an infinite number of thin layers of material of
infinitesimal thickness of continuously varying density and coefﬁment of rigidity.
That is why the disturbance, which reaches the point Q after successive reflection and
refraction in different layers of the medium, arrives at Q after the time pt=
{z2 + (r + a)*}'2. The disturbance comes continuously after the time pfr=
{z2 +-(r + a)*}"* with decreasing intensity.

(39)

6. Numerical solution on the free surfdcé z=0

In order to obtain the displacement on the free surface we make the substitution
[202 + @) B2 — k?) — (* = a?)? — (B2 — k?)?]"2 = 2rassin 6.
~ which transforms the equations (38) and (39) to the forms given by

URToa

P

=d-=d1+d2
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where '
thz r2
4 _a a2 _az,_l‘
1 r.2ﬁ+]ﬂ2f2_.ﬁ_12_ﬂ4t4 172
a’ a® a? a*
22,2 1/2
Ds-lA_cosﬂexp{—saI:Z cos(9+ﬂ :1—2— IJ } :
d, = gch! /32 T2 P do, (40)
Lo [2 cos 6 + —Z—I:I -
! a .
2 2 2t'2
A=:%B—’ .r—a<ﬁt<r+a,
and

) - 242 2 1/2
I ncosOexp{—ealiZ£cosO+Ez——;—2—1:, }
n .
Ho =d =¢a J 2 d, (41)
0

22 r2 1/2
—
a

for pt>r + a respectlvely ,

If ¢a = 0, then from (40) it follows that d = d,, which corresponds to the displace-
ment inhomogeneous medium. The integrals in (40) and (41) giving the displacements
d and d' have been numerically evaluated for different values of eq at different points
on the free surface and are presented in Tables 1-4 for different values of fr/a.

Concluding remarks

From Tables 1-4 it is found that the difference in the values of the displacement
at any point corresponding to ¢a =0 and ea = 10 gradually diminishes with the

Table 1
A Crla=2.(r/a) — | < (Btja) < (rfa) + | -

Bt/a d when ea=0 d when sa =1 d when ¢a = 10
1.2 —0.97596 —0.32841 —0.50851
1.4 - —0.58468 © —0.08456 T —0.41435
1.6 —0.38490 . 0.00497 —0.31149
1.8 —0:24498 : 0.05256 —0.21268
2.0 —0.12909 0.08585 —0.11623
2.2 —0.02001 0.11644 —0.01716
24 0.09676 0.15276 0.09355
2.6 0.24498 0.20795 0.23612

2.8 0.50411 " -0.32902 0.48230
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rla=10,(r/a) — 1 < (Bt/a) < (r/a) + 1.

d when ea =0

d when ga = 10

Bt/a d when ea = 1
9.2 ~0.14221 —0.00782 - —0.13509 -
9.4 —0.08155 —0.00314 . 1—0.08070
9.6 —0.04927 —0.00063 - —0.04911.
98  —0.02559 ' 0.00324 —0.02556 -
- 100 ~0.00500 .- -0.00868 —0.00500
~ 102 0.01537 0.01588 0.01537
10.4 0.03834 0.02557 0.03833
10.6 0.06901 0.03990 "0.06900
10.8 0.12546 ° 0.06799 0.12542 7
Table 3 )
rla =50, (r/a) — 1 < (ftja) < (rfa) + 1
Bt/a d when ea =0 d when ¢a = 1 “d when ga = 10
49.2 —0.02700 . —0.00822 —0.02699 °
494 —0.01525 —0.00693 -0.01525
. 496 "~0.00894 - T —0.00474 - —0.00894
b 498 «—0.00428 —~0.00232: -+ —0.00428
: 50.0 —0.00020_ 0.00028 —0.00020
50.2 0.00387 0.00318 ° ©0.00387
50.4 0.00851 . 0.00665 0.00851
50.6 ' 0.01475 0.01130 0.01475
50.8 0.02633 0.01944 0.02633
‘Table 4
rla =2, (Btfa) > (r/a) + 1
Btla  d'wheriga=1  d whenea=10
32 —o017211
34 —0.07793
3.6 . —0.04250
3.8 —0.02533" - .
40  —0.01593 d' is of the order of,lO .
42 —0.01040
44 . —0.00697
46 . —0.00477
48 - —0.00332 !

When r = 10a or ¢a = 10, d' is very small.
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. Figure 3
r = 2a, variation in displacement near the source for ¢a =0, 1, 10.

50d
!

71

-8+ ! \

Figure 4
r = 10a. variation in displacement at a moderate distance from the source for ¢a = 0, 1.
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© 100d
-
It

‘ Fxgure 5
r = 50a, variation in dxsplacemem at a large distance from the source for ea =0, 1.

© o 20d

. . Flgure 6
r= 2a vanahon in dlsplacemcnt after the maximuin time required by a direct wave to ‘arrive from the
farthest pomt of the source when ea=.1. :

increase in the value of r/a. This is also apparent from the expresswn for d, in (40)
because the exponential term ’

2,2 2 11/2
exp{—sa[Z cos(9+ﬂ d %—_’l] }
a :

in the integrand for large values of r/a deqreases rapidly with the increase in value of £a.
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SH-WAVES IN AN ELASTIC HALF SPACE DUE TO
A RING SOURCE OF INCREASING RADIUS

. MUKTIMOY GHOSH ,
Department of Mathematics, North Bengal Uuiversity, Darjeeling-734430, West Bengal, India.

s . . 1'

ABSTRACT : It ls assumed that the radius of a rm;\; souréc; ontfreve surface_is ‘incre-: .
asing with constantv velocity ¢ whicn is less than the‘ shear wave velocity. Follow ing .
Cagniard’s method as modified by De-Hoop, the displacement preduced at any
poiat has beenldetermined in: the. integral form, flom which the displacement at
any point just after the arrival of the disturbance Has been evaluated. The displa-
cement at any point has also been calculated after sufficiently large time. .
1. INTRODUCTION : The torsronal vrbratron of an-elastic half space due to a sur-
face force which is periodic in time was’ first cotisidered by Reissner (1937). Reissner
and Sagoci (1944) determined. the distribution of the stresses in the interior of a
semi-infinite, homdgenr)us ilsotropic elastic material duc; to a periodic shearvstr,css¢s,,:
applied in an axially ‘syr'nmetric ‘manner to a circular area of the plane surface by
means of a rigid disk, the torsional- displacement being prescrited urder the disk.
Verma (1957) discussed the. static - distribution” of stresses:and displacement: when
shearing stress Is.pr'escribed o the -circimference of 4 circle om the plane toundary.,
Datta (1961) discussed {the “cbrres‘p(;ﬁ"("ri'hg’ probleim “when sheeing stress dccreases
exponentially with time. Ghosh (]964) ‘exactly - evaluated the displacement at any
point of the medium when a twisting moment in the form M;8 (_t),jg_-_app]ied:to the
disk by fo]ldwing Cagniard (1939) and Dix (1954). Ghosh (1971) also discussed
© the axisymmatric problem of propagation of a stress dlscontmuny over a circular
region by using Cagniard’s (1939) method as modrﬁed by De- Hoop (1959). In the .

present paper the author determmes the. drsplacament in the integral "form die to a

I 5. M- M., 1980 XVIII, 2, p.
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ring source which ipcreases steadily when the twisting impulse is prescribed by
PS(r—ct) H (t), where 8, H are two dimensional delta function and Heaviside funct-
ion respectively, and' then the exact evaluation of the displacement is determined
after the first arrival of the shear wave and, the displacement at any point for large-
values of the time t, . -

Yz

Fig. 1. Co-ordinates system in the medium.
2. FORMULATION OF THE PROBLEM : _

The isotropic, elastic, semi:infinite medium is supposed to occupy the region -
z>>0. We choose cylindrifal polar co-ordinates (r, 8, z) with the z-axis directed
into the -medium,. the plane: boundar.){ being z=o with origin at the centre of the
source, " The displadcment is calculated at points inside the medium assuming that
the half space is, initially, at rest and that the displacemept remains bounded even
as 'z-—>+.oc. Since the motion is symmetrical about i-aXié for torsional motion of
the ring source, all quantities depend. on r, z and the time't.- Theé only non-vani-
sii‘ng comporent of the displacement vector is the component v along the direction
of 0 increasing. . Hence the non-vanishing stresses componems are

Tre=H %‘;_%) and T“:‘“g—: : (1)
where u is the co:fficient of rigidity. The only non-zeros equation of motion is

or 4 (2)
therc p 1s the deasity of the medium, assumed constant. The boundary condition
is :

a Tr 82V
("re) + a? (Tsz') +2~;ﬁ_——_— P—ﬁ
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0s=P & (r—ct) H (t) at z=0 - = . - (3)
¢, P being constant H is -the Heavmde functlon and 8 is the two dxmcnslonal
delta function given by i

. .

2ng 5 (r) rdr=1.

0 .-

3. SOLUTION ; We define fer all positive real values of s, the Lapiaee transform
f; (r, z, s) of a function” { (r, z, t) by '

” ‘ ~
f, (r, 2, 8)= { ¢! f(r,z, t) dt : . (4)

o
Substituting the values of =y and 7,4, in equation (2) and then applying the L-alap

ce transform (4), we obtain

9” v,+l<§2_\v _ 9’ 9" Vi !

2
s? v,

Tor® T T (5)
where =,/ (p/p) is the shear wave velocity,
Defining v, by the equation.

ve 9= | tL i (nz ) dr , (6)

0 . .
and then multiplying the equation (5) by rJ, (¢r) and intesgrating with respect to r
from o to oc, we get ’

Cop=(eestpr) v o

Taking ¢ real, the general solution. of the equation (7) which remains bounded for

large values of z, is
-
vy=A exp [—z (_§2+52/ﬂ"’)1’j

The Laplace transform of 7,, is

(®)

Lo ]
(762) =P S e=7t 5 (r—ct) H (1) dt
, 0

—_—_ e—sr/c
. 2mer

1t’s Hankel transform is
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o
(roda=-gg | eI, (er) dr
P W e TR . N s T . L I3 N = A 4'7 RS

[1— ~(§2 _;_52)_1 z] [See Erdelyletaﬂ 1964 pl9]

217§c
Notifig that on z=0,
£3;;2—-—-—A (¢2+52/B%)!12 and using the boundary con@itipn,

weget - . : .
P D—-(? —0””]
2mpée

(€5 s o)

77

Substxtutmg “this value ofA in (8) and mvertmg the Hankel transform (6), we '

ey

) obtam
' « —ipp . .
, 1—< N o
T (2 45) o e e < )
TR ETSE | . u
NOW, NS Lt TR
.- ces L [ Ve o i
r'sin : '
(.fr):{ g lf ¢(cos¢—1 sip), d e L
4]
S e TN ¢ Erdelyletal 1953 p14) e
ZAbUO L Rt d T Sge U e Lni Ty

sﬁ’bédiu‘iiﬁ-g* this vélug“of T, ( §r) ifi (9) aud puttmg
p= fsmx/; and q—= f “cosy, we get

P A

»;=.‘_«x‘&-v.1- ~ P S S (q—lp {(p +q’3+~)”2 —n—}: o ,

ST e ) ) e R T e L

o2 (P2 +q? +s2/ﬂ J2AIp e
- U dpdq e e
Tofind the inversiori‘ of v{, we put
p=ms and q ns in Ihe above 1nthra1 then we have

R G RANST USSP i iing -

.‘x‘ (mg—i—n?—}—l/c?)”z (m2+n’—l—l/ﬁ )1/2 (m2+n2)

dm -

" (10)
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" Fig-.-2 ‘ _ . ]
Fig 2. Path of integration in the complex m- plane.
Using-the usual Cagniard-De-Hoop:- (1959) {ranstbrmatlon given by

—imr+z (m%-n®+1/8% 2 =t . . S - - (11)
where t is real and positive-we pbtam. ﬁna]ly the. expression of v, in. the. form
oc =4 Ao . R
_—P —st [ ] dm, ] ot
v‘—'n"?,uc _{(i d? Se Im\ ..K,(:n?"".n)«.\'gdt‘_ . dt‘-;’-,\. Coee T Caad
(22 +12) (2 +1/g2)4H2. =
: e ey At SET i it
ittt Tp2 — 2 #2y11/2 : .
where m, = irt+z [t —(z 2+r 2) (n*+1/B )]7_, |
+r
Next change in order of mtegratxon ]eads to © -
—st e ,}.’ = }(I L }
VI:7T2/LC —st dt, S lr'n [ (m,,,_,in

B-1(z2 4r2)12" §
where y=t2/(z? +-r?)—p~2
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Taking the Laplace inversion, we get

Vy d _
[t— 22+r2)'/2] S Im [K (m,, n) dn. (12)
]
4, APPROXIMATE EVALUATION OF THE DISPLACEMENT :
Case 1. Displacement after the first arrival,
To integrate S Im [K*(xph n) dcrint+ ] dn. (13)

.0 -
we put n=,/) sin< and ta=p~" (22 +1%)12 -

which is the time taken by the shear wave to reach the point (r, 6, z).

The integral (13) after the substitution takes the form
w2

S Im [K,(m+, n) (% gg] de. : : ’ (14)
0 .

d 2+ 24y1/2
Now, Im [K (m,, ) :f-‘ = [{p(fz Jrrrf)*) c?r7 i _-_1]

as t—>tg,

“Hence from (12), we obtain

—PB | Bz 4
— t—ts
~ 27T,u,cr { {B2(z% +r2)—c?r2)lis 1 } H( te),
which is the displacement at any pomt (r, z) just after the arrival of thé disturbance,

RS mtereslmg to note that the dlsp]acement due to the f1rst arrival of the distur-

_bance at any point of the z-axis is zero which is also ex pected from the physical

It is to be noted that the displacement at any point on the free sur-

stand point.
~face z=o0, varies inversely as r.

Case 2. Displacement after sufficiently large time when zZ5

In this case, Im[K (m,, n) dm[L (31?‘1

. (z FrA)2 r {22 sin?x —(r? +2*) cos oc} (2241232

t (2% 412 cos?«)? ct?
_(22+r‘~’)3’2 rz {Z 3 (12422 )c052ac+r2 COS4DL}
ct? : (z2+r¥ cos?«)?

The terms containing 1/t3 and higher orders are neg]ected After the above subs-
titution (14) takes the following form ’
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w2

T (22 iz S z? sin?a—(r24-2%) cos?«

] det — -
t (z2+12 cos?«)? < :

7|2

rz(z2 4r2)32 22—3 (r?+2z2) cos?< +-r2 cost«
ci? S 12% -F1? cos?a)?

de : - (15)
0
The first integral of (15) is zero, hence for the large value of the time t the displa-

cement is given by
v=—Pr (42?4 5r2)/dnp c? 2 22,

In this case the displacement at any point varies inversely as t2.  Also this is to be

-

noted that the displacement increases with the increase of r when t is very large,
which is in conformity with the physical condition because thé rédfus of the ring
source afier large time t is infinitely large. '

Case 3. Displacement at the free surface;

In this case taking z=o0, we obtain from Eq. (10)

? [ ¢ mei ™
Vi et §) an S (m?+n2+1/82)7% (m? +u?)
-

< mei:ym

[> ]
1
B S dn S (m2+n2+]/02)1/2 (m2+u2 1/52)1/2 (mz—i—n?) :] dm.
0 -
- . ' (16)
“The path pf integration in the complex m-plane is-the real axis, which is deformed
ifjsuch a way that ‘
—irm==t. where t is real and positive. Taking the integral over the dcfor-

med- path we get

< o« te-—.\‘l .

Pr
‘V1=77'2,uc [g dn S {l‘--gﬁ,‘, CEN DA n“) dt
0 r(n?41/p%)12

c S {32 1ye?)—1 2ty —1 22+ 1/82)12(t? —r2n?) t:,
, r (n%4-1/g2)102 .
Changing the order of integration. we obtain
' (t2/r2—1/82)1/2 ,
_ Pr ccte—:t dt /r /B ) . dn \
e ) W= @ P (@1 %)

r/B 0
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/e (t2/r2—1/p%)12 R dn
"‘ te™*f dt T _12Ti2 (2 ANV NPV I £}
O I B G TR A L G
1B 0
o (e2r? 1Bz - dn :
-~ ) -,—}—S te—*! dtS T ireine Tfch) —t2}72 T —r%(n? +1/c? {(t"’——rW}:'
/ (t2/r? 1/c2)1/2r (n e ¢ ( e
rfc — :
Taking Laplace inversion of the above integral, we flnally obtam
Pt /3
- #Crg(ﬂg_c c?)iz

2
_ X {[H‘ (t—r/B)—H (t—r/c)H R P+H t—r/c) FIa 3} R D)}
where.
IT (R, R is the complete e]hptlc integral of 3rd kmd
IT(R, R @) is the elliptic integral of 3rd kind,

RQ_S_QLIBB:__:;) n=(t2 ﬁ‘_—r )r2,

&=Cos~t [ pJe {ic® t2—12)/(B2 > —r?)2 |

: e
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M. Grosu | M. L. Grosn

Torsional Response of an Elastic Half Spaee
‘to a Nonuniformly Expanding Ring Source

Es werden exakte Ausdriicke fitr die Verschiebung in einem homogenen isotropen elastischen Halbraum in integraler Form
bestimmt, der impulsformigen Torsionskrdften ausgesetzt ist, die sich iiber den Rand einer sich ungleichformig ausdehnen-
den Schallquelle auf einer freien Oberfliche ausbreiten. Es werden sowohl positiv als auch negativ beschleunigte Ausbreitun-
gen der Schallguelle betrachiel. Mit Hilfe des Ver[ahrens von Cagniard De-Hoop wird die analytische Losung in integraler
Form bestimmt. Es werden unterschiedliche Wellenfrontflichen und ihr Eaistenzbereich dargestellt, Die Reaktionen der
ersten. Bewegung beim Fintreffen verschiedener Wellen werden durch einen Grenzwertprozef bestimmi. Die Verschiebungen
auf der freien Oberfliche werden fiir verschiedene Positionen der Schallquelle auch numerisch berechnet und (/mjwch dar-
geslelll,

Exact_expressions for displacement in a homogeneous isotropic elastic half-space subjected lo an impulsive torsional force
spreading over the rim of a nonuniformly expanding ring source on the free surface are obtained in integral form. Both
accelerating and deceleraling expansion of the source have been considered. The analytic solution, in integral form, is ob-
tained by the Cagniard De-Hoop technique. Different wave front surfaces with their region of existence have been shown. The
Sfirst motion responses near different wave arrivals have been determined by a limiting process. The displacements on the
Jfree surface for different positions of the source have also been evaluated numerically and have been shown by graphs.

Ilns 1epeMenieHHii B OJTHOPOJHOM H3OTPOMIOM YIPYTOM [OJYIPOCTPAHCTBE TOA TEHCTBUEM Y aepanoii
CHJIBI KPYUEHHA, PacrupefeNéHiioil 3a KpasMH HEPDAaBHOMEDHO PacNpPOCTPAHAIOIEr0CH KOALIEBOro HCToY-
HHKAa HA CBOGOAHOI! NMOBEPXHOCTH, I0JYUYEHBl TOUHEle BhIDAxieHNA B MHTerpasibHoii fopme. Paccmorpeno
YCKOpeHHOe J 3aMeIJleHHOe paclpocTpaHeHHe MCTOTHUKA. AHAINTHUeCKOe Pelllelne B HHTerPaJbHol Gopae
nonyyerHo merongoM Kanmapna de-Xyna. ITokasauel pasiIHuHble ITOBEPXHOCTH (JPOHTA BOJH M 00JI4CTH UX
CYWIeCTBOBaHNs. Peaninu nepsoro NBIAKeHHsA BOIUSH PA3TMIHLIX BOJH ONPENeJeHbl NPeJelbHbM Mepe-
xonoM. ITepemelieHnss Ha cBOGOIHOIL nonep\nocm IS PasIMYHBIX TOJI0AENnil HCTOYHHEA MONCYHUTANK
YHCNICHHO N MPENCTABIEHHI TpaHIecKu.

1. Infroduction . :

The study of the dynamic behaviour of an elastic solid under various forms of moving loads and torsional pressure
has been gaining importance day by day. This is because of their importance in seismology, structural design and
underground exploration. ’

GARENHEIMER [1] in one of his papers presented in details the problem of a load emanatmg from a point on
the surface and then expanding radially at a constant rate. He considered the cases when the loads are disk-shaped
or ring-shaped and the expanding rates are super-seismic, transeismic and sub-seismic. Almost at the same time
GHOsH [2] also considered the problem of propagation of a stress discontinuity over an expanding circular region
with a constant velocity which is less than the shear wave velocity of the medium. FrREuND [3] considered the non
uniformly moving line load as well as point load. STrRoNGE [4] discussed the problem of an accelerating line load in
an acoustic half space. The non uniform pressure distribution problem applied to an elastic half space over a circular
zone are discussed by Brock [5] and by Roy [6]. Almost a same type of problem has been considered by AGGARWAL
and AsLow [7]. There it was assumed that circularly symmetric load spreads out from a point on an acoustic half-
space with decelerating speed. GHosH [8] determined exactly the displacement produced by SH-type of waves
when a torsional force is prescrlbed over a circular region on the free surface of 2 homogeneous isotropic medium
and that in the integral form in case of a non homogeneous mediam. .- -

In the present paper, the displacement at any point (7, z) in the semi- 1nf1n1te medium is determined in the
integral form by prescribing a time dependent torsional force over the rim of a circular zone. The ring is assumed
to expand in an arbitrary manner with time. It is found that the displacement field contains besides the usual SH-
waves, contribution from conical waves which arise due to the motion of the source. The region of conical waves
which depend on the nature of the motion of the source and the initial speed of expansion of the source are investi-
gated in details”Different wave front surfaces are located and first motion responses near different wave arrivals
have been obtained. :

Finally numerical evaluation of the displacement on the free surface has been made for a decelerating ring
source whose radius at time ¢ is of the form A() = A4#/2, Displacements at points on the free surface ior different
position of the source have been shown by means of graphs.:

2. Formulation of the Problem

Consider a homogeneous isotropic elastic half space on the free surface of which a ring source producing SH-type of
waves is expanding with non-uniform velocity. (r, 0, z) are the cylindrical polar co-ordinates, z-axis being directed
into the medium and.the plane boundary being z = 0. The origin of co-ordinates is at the centre of the ring » = h(¢),
z = 0. The ring is assumed to expand \Vlth uniform acceleration or with deceleration and an 1mpuls1ve torque applied
to the ring is prescribed. :

42 7. angew. Math, u. Mech., Bd. 63, H; 12
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The displacement is determined in. the integral form at any point’inside and on the free surface of the medinm,
- subject to‘the condition that the half-space is initially at rest and that the displacements remain bounded for
large values of z. For torsional motion of the ring all quantities depend on 7, z and the time f. We assume that ()
is non negative and monotone increasing function. The only non-zero component of the chsplacement vector is the
component v along the direction of §i 1ncreas1ng The relevant non vanishing stress components are

ov

ov v . : .
Ty = ”(E—q_) and 1y = ‘ug, . (1a,b)

where p is the Lamé’s constant. The nonzero equation of the displacement field is

o 1 /v w 0%v 1 3%
-2t

ot P T @)

o 7
where f is the shear wave velocity. The boundary condition of the motion is
To, = —PO[R(t) — »] H(2), z2=0 : 3)

where P is a constant, 8( ) is Dirac’s delta function, H( ) is the Heaviside step function and k(¢) is the radius of the
ring at time ¢. Initial conditions of motion are given by

Bt)=0, t=0 and Ai(t)>0, t>0 : (4)

where dot denotes the time derivative.

3. Method of solution

We define Laplace transform fi(r, z, p) of the function f(r, z, t) by

hilrs 2 p) = [ oxp (—pi) fir, 2 1) & : 5)
where p is real and positive and Hankel transform f,(&, 2, p) of f,(r, 2, p) by

AGENOES f rJy(E0) fulr, 2 p) dr E , ' (6)
where J, is the Bessel function of the first kind of order n.
Applying Laplace and Hankel transforms, to the equatlon (2) successively we obtain
d%,
dz?

where k2 = é‘" 2//32
The solutlon of the equation (7) whlch remains bounded as z —» +o00 is

v, = K exp (—kz) . ' ' (8)

The value of the constant K is determined, by using the condition (4), the equation (8) and the Hankel transform
of the Laplace transform of the equation (3). It is found to be

—k21;2——_0 ' - ’ - o (7)

K = " [? h(z) J1(&h(T)) exp (—p7) d7 . A ' ‘ 9)
_ e |
Substituting the value of K in (8) and then taking Hankel’s inversion one gets
P °°£ . "
n= h(z) exp (—p1) Jy(ér) Jy(Eh(x)). exp (—kz) A& dr. : (10)
0 . 0 ' ’

4. Laplace Inversion

In this section the Laplace inverse transform is evaluated by Cagniard’s technique.
We make use of the following results .

T . : C 2m .
Jl(Eh(jc)) J1(&r) = ;—%fJo(ES) cos @ de, Jo(£8) :%f eﬁp (¢£8 cos u) du
: , 0

-
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'

-. where h -
: 8 = (1% + h¥(z) — 2rh(z) cos p)1/2
to obtain the equation (10) as

™~

P x 4 ) ‘ .
0= f h(z) exp (—pv) f Tcospdpdr, . , - uh
N s . ~ ’ . ) -
where ,
oo 27 -
- ff%exp (4€8 cos (p —u) — kz) d& du . : ' (12)

and y is any constant angle.
In (12), we put

o' =& cosu, p =é&sinu,

then substitute &’ == w cosyp — ¢sinyp and f’ = wsin p -+ ¢ cos p and finally replace w by wp and ¢ by ¢p to
obtain (12) in the form

o exp [—p{—iwS + (w~ + ¢+ A ' - -
I=yp / f W e F : CTjpE ‘ dw dq . (13_)

—00 —00

Equation (13) is the well known form for determining the Laplace inversion of a function by applying Cagniard’s
technique as modified by De-Hoop. Substltutmg t = —iwS + z(w? 4 ¢ -"1/%Y2 in (13) where ¢ is real and
positive, the Laplace inversion of (13) is found to be equal to . '

1 (lz/ac_llﬁz)x!z . . '
< ' w

=4 —qH[l — e - T+ .

G(t) 4:(1#{ [ , Q/ﬂ] f R ,: (wz + q?. + 1/ﬂ2)1/2 dt-:ldq} i . ) .“‘(14)
where p? = 2* 4 8% and

_aSE - 2{t — @B 4 1R
= 7 .

Applying the convolution theorem on 11) the Laplace inversion of v, is obtamed in the form

Wy

hiz)dr | cospdp | d(uw —1) G(t — u) du,

which when sunphfxed takes the form

11 T ’
P s ‘ o ‘ '
v _j—z;fh(r) drf———e o0t —t — plf) do . | (15)
-0 o - . . . , o

Integrating over p, we obtain

75‘; { [ L _VE T (rﬂ h(7)) ] _ H[t—r e (aﬁ+ h(T)) ]}Q(r) (?T (16)
where . : .
’ 22 + 12 4 Ri(T ﬂ‘t—r -
Y0 = @ T ) — FE = 0 {ﬁZ(t S = @) T
To facilitate our discussion, equation (16) is written in an alternatlve form,
L—2/p ! '
= f {H [r — hiz) + VB —0)F — 28] H(x) — Vﬁz(t -2+ \
T Hpr 4 i) — Vg2 — 72 — 2] H[—h(x) + VPPt —7)° — 28] —
— H[r — h(z) — ;/W’:‘?)T?]} Q) dr . (17
The region of support ior z-integration is bounded. by the curves: : =
I 7= h(z) -+ )R — o — 2% 0<z<t—2B, ' - (18)
IO: r=h@) — VG -1t —2%  m<t<t—2zp, . (19)

L 7= —hz) + VB — 1 — 2 0<7 <. : : . (20)
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The region of 7 integration for @(z) bounded by the curves\I, IT and 11T are shown in the figs. 1(a—1) and the follow-
ing remarks can be made about them. It is to be noted that the curves II and III are monotone increasing and de-
creasing in their respective region of existence viz. (z,, t — z/f) and (0, 7o) where

h(vo) = {ﬁz(t_ —Tp)? — 2212,

] :
r
} r A r“
Iyt
o
."‘
-
TpTy t-(2/B) T -(z/p) To t-(z/p)
by c) d) .
roh rA
T
.

)

Fig. 1. Region of support for r-integration for fixed z and ¢. (¢ — b) when a single

maximum exists i.e. the starting velocity k(0) is such that (37/87z) > 0; (¢ — d) the

case when no extremum exists; (e —f) when a maximum(r ) and a minimum (7, 4)
¢ both exist

= T -
Tex T Tx t-(2/0) | Tw To Ty t-(2/1]

Ce) f)

The curve I has an extremum where
o B —T)

T Ty T -
vanishes end .

A . i

o = M0 )

does not vanish.

We consider the different cases that arise due to non uniform increase of the ring source. Let the source -

increase with uniform acceleration h(r) > 0. In this case, if the initial velocity iL(O) of the source be such that

o ' 2
<67) > 0, then since (—) >0a d( ) < 0, the curve I has only one maximum at r = 7, becausea—:
ot 0 ot t—z/8 : - ot?

erther changes sign once :trom positive to negative or remains negative throughout in (0, ¢t — z/f). The corresponding

cases are shown in Fig. 1" (a—b). Next let the 1mtlal velocity h(O) of the source be such that (g—) < 0.In thls case,
20\ .

(8 7) <0, ( ) will be negative throughout the interval (0, ¢ — z/§); the curve I then corresponds to Fig. 1 (c),

ar or , .. (0% 9
since both |=—] and are negative. But if be positive, then —
9T/, 37 /i _—

2
7 . : s
arz e changes sign once from positive

to negative in the interval (0, ¢ — z/§). Hence in this case the curve I has either no extremum which corresponds
to Fig. 1 (d) or there is a maximum preceded by a minimum which is shown in Fig. 1 (e, f). Fm,ally, in case of dece-

lerating motion of the source i.e. when k( ) (not necessarily a constant) < 0, throughout the interval, the curve has
either only one maximum 1f (gr )0 >0 asin I‘1g 1 (a) or no extremum as in Fig..1 (¢) when (——) < 0.
We consider the curves I and II together. Their combined equation is C
(r —h(x)? =Bt — 1) — 2. . . (23)

For figures 1 (¢, d), 7 is a single valued function of #. For the figs. 1 (a, b), 7 may be a double valued function whereas
for figs. 1 (e, f), 7 may be triple valued function of 7. Taking the equations (18) and (19) together the values of ¢
are designated as v =7y, T = (7, T,) and v = (7y, 7o, T3) Where 7, > 7, > 7, depending on wheéther 7 is single, double
or triple valued function of 7. In (20) r is a monotone decreasing function of 7, so the correspondlng value of 7 is
designated as 7 = 7. \

&

1S
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\

With the above values of the roots of the eduations (18)—(20) and from a close examination of the different
figs. 1 (a—{), the dlsplacement produced by the SH- type of waves is glven by v =o' + v* + v3, where

BH( —7) (Q(T) 74,771): ,‘ : 1

= B[H(r — 1) — Q(r — max(ry, r,) )] I(Q(z); Ty %), o . , ._ (24)
= B[Q(r — min(ry, ;) — G(r — min(ryy, 7))] 1(Q(z); T3, Ta) J -
and _ o S :
G(r — max (T*, ro)) {g(r B T*) ) ?.:1:_: max (e, 1) . _ e
» | (r —1g)" 7o = max (7y,7,) O ry, does not exist .

o o (He— if 7, = min (r,,
G(y-__min(r'*,ro))____{ (r—ry) it 7, = min (v, )

H(r —1) it 1= min (ry,7) orr, does not exist .

Similar meaning is attached to the symbol . o .
. P8 I , .
G'(r — min (744, 7‘0)).. B has been written for y—r% T = }//5’2t2 — 2% is the value of 7 at v = 0 and

Y b
f I{(F(x);a,b) = [ F(r)dv.

5. Wave Front Analysis

In this section we locate and analyse the nature of the wave fronts. -
, It is known that wave front is a surface o(r, 2, t) = 0 which is a ch&racterlstm of the differential equatlon 2)
and also satisfy the eikonal equation ¢ + g% — B2pi = 0 [9].

The nature of the wave front changes due-to non-uniform expansion of the source zmd also it depends on the

initial velocity h(O) (= u,) of expansion of the source. We consider decelerating and accelerating expansion of the
source for different initial velocities..

Pt

c)

Fig. 2. Different types of wave fronts, at particular admissible values of time
and position, w. hich arige due to non umformxty and initial velocity of evp’mswn
of the rmg source

~

Case of Deceleration

1) Let A(0) = uy < B.

dt
(0 t — z/f) is such that » decreases with the increase of 7. This corresponds to the region of integration as depicted
in fig. 1 (d) and consequently the wave front is of the form as shown in fig. 2 (a).

i) uy (> p) is finite. ‘ ' .

. .
From (21) and (22), (6_) is negative for all 2 and o4 5 is also negatlve as h(0) is negative. So the curve I in

It follows from (21), (?) is positive for 0 < z < 2z, and negative for z >z, where z, is obtained from z, =
/o

= Bl — B2ju2)1/%, therefore the region of integrations for 0 < z < z, and for z > 2, correspond. to the regions shown
in thefigs. 1 (a) and 1 (c) respectively and consequently the wave front is given by the fig. 2 (b).
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iit) %, is infinitely large.

) 2,

. . or 027 - : .
From (21) and (22), it follows that (671) is pos1t1ve for-all z and ( ) is negative for allzand for all 7. Hence the
: . - 0 . ;

)
region of integration is fig. 1 (a) and the corresponding wave front is as shown in fig. 2 (c).

Case of Acceleration

i) We assume that the ring source expands with uniform acceleration f and starts with the velocity u, (= #(0)).
First let uy < §; then (0r/07), is negative for all z and (3%r[d72), is positive for 0 < z <{ z; and negative for z > z,,
where z; is to be determined from the condition (02r/07%), = 0. For z.>> z,, (0% /07?) is negative for 7 in (0, t — 2/B).
Consequently the region of integration is the fig. 1 (c). On the other hand if z lies in (0, 2;) then (0%r/d7%) is first
positive and then negative as T increases in (0, f — z/f), so in this case the reglon of mtegratlon is elther fig. 1 (d)
or fig. 1 (e or f).

By usmg (22), z, is determined from the equation '

'ﬁ?.zz/ ﬂ2t2 2 )3[2 . - (25) }
It is to be noted that 2, = 0 when f = 0 and 2, is a monotone increasing function of f- Further, in (0, z1 (0r[0T) may

have two zeroes or there is no zero in the region 0 <7 <t — z/ﬂ depending on the value of 2. The condition that.
(07/07) may have two zeroes is 0 < z <z, where '

2, = ﬂ(% +ft){1 _\_ﬂ}m o uo‘+ﬂ_>_ﬂ

f (o +
0 for w, +ft<p.

It can be shown further that z; < 2, Hence for 0 <7 z < 24 the region of.integration is fig. 1 (e or f) and for 2, <z < 2,
the region of integration is fig. 1 (d). Therefore for accelerating source with initial velocity u, < §, the wave front
is of the form as shown in fig. 2 (a) if the observation time be such that (%, + ft) = f and for (%, 4 ft) > § the wave
front is like the figures as in 2 (d) or 2 (e) according as the position of the source at the observation time is inside
or outside the characteristic surface v 4 22 = f%2 N

ii) Next let u, > B; from (21) we have (dr/d1), is positive for 0 < z <z, and is negative for z >> z, where 2,
is given by :

—'BH(L — BRud)2 ., - (26)
Also (0% /61’2 is positive for 0 < z < z; and is negative for z > z,, where z; is given by (25). So for 0 <z < z,
827/61:2 “is first positive and then negatlve in 0 =7 < (t — z/B). We consider the case for z, <z, first. In this

case
(B — AP < prR(p — ), - :
since ﬁzzz/ (%2 — 22)%2 is a monotone increasing function of z, Usmg (25) and (26) we obtain
, Prlug + f)uf < 1. . . 27

Under the condition obtained in (27), the region of integration is like that of the fig. 1 (b) in the range 0 <z <z
and for z; < z'< z,, the region of integration is of the type as shown in flg 1(a ) For z, < z < fit, the region of
integration is shown in fig. 1 (¢). Therefore for %, > # and for the relation glven in (27), it follows that the nature
of the wave front is of the type as shown in f1g 2 (b).

. Finally, we study the case when z, > z, i.e. when /32 uy + ft) /u0 > 1.

Here for 0 < z < 2, the region of integration is as in fig. 1 (b). Since z, is always less than z,, so for z, < z <{ 2
the region of integration is like fig. 1 (e or f) and for z; < z < # the region of integration is like that as shown in

tig. 1 (d). Fig. 1 (c) represents the region of integration for z, < z < fit. Accordmgly the wave front takes the shape
of the fig. 2 (). . R

-

6. First Motion Responses
The expression for the displacement as given in (24) is in the form of integrals over finite ranges. As such, computa-
tion of displacement for a given model can be done with the high power. computer. However some idea about the
nature of displacement at the time of the first arrival of wave fronts can be obtained by a limiting process following
STRONGE [4]. .
The dlsp]acement field Jusl after arrival time of the characteristic surface 7 =7y is from (24),

» = BI(Q(); 75 Ty) o (28)

whereas just before the arrival time the dlsplacement is given by » = 0. ; ,

To evaluate.(28) near » = r,, we put r = r, — Jr and v = 7,4 -+ 0 in equations (18) and (19). Usmg Taylor’s
expansion in the neighbourhood of (z, 7, ) and by help of equations (21) and (22) we find the limits of integration
of equation (28) in the new variable 0 as :

V2Ur (Bt — 7,)? — 22304
(8% — h(ry) {F2(t —T4)? — z2}3/2]1/2

0,

(3]

(29)
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The same procedure is followed to deto_rmine in the lléigHbOL{rllood of (r.,,, ;',5:), the value of @ whicli is found to be .
\ [ryh(Ty) (B2 — 73)® — 22} T2 - (30)
[02{h (T4) (B2t — 7.)% — 22302 — 8222} + 24r (B¢ — .,,*)‘2‘ — 52}3/2]1/2 : 4

where the lowest terms in § and Ar are retained. The value of the int.egral (28) after substituting the value of @ from
(30) and the limits of integration for the new variable 0 as obtalned in (29) is found to be. :

Qlry +0) =

ﬁ’i  rh{ry) (B2 — Te)® — 2% LE
B2 — h(r,) {f2t — )2 — 2232 |
which is the displacement at the first arrival of the wave front given by r = 7y,

_ ' To find the displacement at the first arrival of the wave front glven by r = 744, We deflne Q(‘r) 1n 1 the neigh-
bourhood of (Tyy, 7y ) and outside the region of integration by ,

22 4 2 +h2('r ﬂ2t—r)2 ) : : o 31
{22+ (r + h(z )Z_ﬁzt___TZ}lﬂl{‘th_T — 2 (,.__h(r))z}uz[ (31)

and put v = 7y, + Ar and T = Ty, + 0. Followmg the same procedure as done in case of r = 7y, the dlsplacement
Yaf: the first arrival of the wave surface r = 7, is found to be

PRI 7Ty ) {BPE — 7y ) — 2% T2
T () (B0 — Ty ) — )02 — 2]

‘The displacement at a point due to the fu'st ‘arrival of the wave fronts r =17, andr = r,,, simualtaneously,
is also determined. At this point wave fronts » = 7, and r = r, from a cusp (cf. fig. 2 (d, e, f). In this case this is

to be noted that at the cusp r = r, = r,, =7 (say) and (8r/d7) = (3% [d72) = O where as (637*/613)) == 0. Hence it
follows from equation (24) that the dlsp]acement due to first arrival of this wave front at » = ris -

N

Q(T) =

P — -

;T‘%[I(Q(r); T, 11) + I(Q(r) 3T 7)] _ ‘ o . (32)
where 7 =71, = 1.} and 1, 7, are the two values of 7 close to © and correspond to the points lymg on either side of
(T, r) on the curve and I and II together.

" To evaluate the integrals in (32),7=7 40 and » = = 7 — Ar are put in the first integral Where ast=7—0
and r = 7 4- Ar are put into the second 1ntegra1 of (32). Also this is to be remembered that outside the region of
integration in the neighbourhood of (7, 7), @(z) is defined as in (31).

After the above mentioned substitution in (28) and retaining the lowest order term of § and A, one gets the
displacement due to first arrival at » = 7 as

2Pp E O ks ety S . : 3%
T [3/34,22 E—T) — 3 () {f2¢ — 7)% — 22}5/2] ‘/ l/m - -

where

_ 6r(r — h(7))®

8B —T) —hT) (F—A@)5
By substituting

- = a’sin®«x,
the integral in (33) is evaluated. The displacement due-to first arrival of the wave front » = 7 is found to be

256 PB FURRLZ(T) {B2(t — T)® — 22} 712 1 1 )
B%, =
3"/3my(Ar Y8 (82t — 7) — h(E {ﬁ2(t —T) — p2)Bi2]L/B 3’2

where B(m n) is the Beta function.
It is interesting to note that in this case the displacement due to first arrival at this pomt is infinitely large due
- to the presence of the factor (Ar)l/6 in the denominator.

Finally we consider the cHaracteristic surface 72 + 22 = S22 which corresponds to a disturbance initiated: at
the origin when the torque is first applied at z = 0. This disturbance spreads out from the origin with a velocity
equal to g. To find the displacement due to the first arrival of thls surface, following AGGARWAL and ABLow [7] let
us consider the curve

I or= (Bt —7)2 — 2212 : L S (34)
and the lines l

L oA ey by r—FE =P e . (35), (36)
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1

where &; and &, are very small posi_ti?e qﬁant-itiés. Then to the first order of & and £y

L x D)= 82‘//32;’# = 7’(say), '
‘ e —

A I11) =- LR e s

(1 X ) h(O Vﬁ2t2-—-22 —*}—ﬁzt ( y)

AR . | it R——

W) Vg — 2% —
&1 & are such that 7,<C 7’ and tends to zero as ¢ — oo/, where g, = V(22 + 2?). Then it follows immedvi‘ately that
. I(Q);77') > 0 and  I(Q(r); 7y ) >0 as ¢ —gff. N -

Also I(Q(v); v/, 71) — I(@(7); 7, 71) — 0 as t — gy/f, where 77 = (y-x-I) and 7; = (I, X I) are the values of T which
correspond to the points on the right of 7. From this it follows that the displacement is continuous across the charac-

teristic surface g, = ff, showing that the displacement due to the first arrival of the characteristic surface 7> | 22 =
= % is zero." '

7. Surface Displacement

In this seetion surface displacement has been determined numerically for a particular type of nonuniformly moving

surface.-We consider a decelerating ring source whose radius k() at any time 7 is assumed to be h(r) = Ar!/2, The

displacement at any point (r, 0) at the time of observation ¢ is determined. '
According to the position of the source the following three possible cases are considered.

i) Radius (7) of the ring coinciding with the ; rim of the conical wave front and moving with it so that pt < h(t)
i) Bt < B(t) < 7y :
iii) A(t) < pt.
To determine the dlsplacement on the free surface, we put z = 0 in the function () of equatlon (24) and the
variable of 1ntegrat1on T is changed to 7', by substituting 7' = /. @(z) is then obtained in the form

2 2
7'_ A_ _(1_]1).2

Q (Tt) _ R(T): . Igztz ﬁzt

e e )

on a close examination of the regions of integration as shown in Fig. 1, the dxsplacement v, in case of (i) is given by

”Tf’_ﬂt I(R(IY); Ty, Ty) for 0. <r < ft,

t )
/% =7% I(R(T); Ty, Ty) for ft <r-<ht).

The displacement in case of (ii) is gi%zen by

P ﬁt (R(T) T, Ty) for .r<‘8t, ' _ ,

P ﬂt ( .(T); T, Tz) - for /ét < r < k),

v ¢ - or 7
%:% I(R(T)‘; .Tll’ Ta) _f01- hit) < r < ?':{:

and the di§placement in case (iii) is

"%b:fr (R(T) T, Ty) for“0<r<.h(t) , )
%v:ﬂt I(R(T); Ty, Ty) for M) <r< i,
%vzf I(R(T); Ty, Ty) for fr<<r<iry
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Fig. 3. Graphs showing (z/P) v versus (#/ft) when z = 0. (a), (b), (c) correspdnd to the cases (i), (i) and (iii) respectively

where
r 1 42 1 A A2 7 )
ﬂ=1—ﬁ+?%‘EaTVﬁ+4@“ﬁW

r 142 1 A4 Az 7

r 142 1 A4 Az 7
N ArT Ay mte(-g)
All the above integrals are numerically evaluated and the graphs are plotted by specifying admissible values of
(r[ft) against (u/P) v.

l
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Displacement Due to a Uniformly Moving Line Load
over the Plane Boundary of an Inhomogeneous Elastie Halt‘-Space

By M. Ghosh and M. L. Ghosh, Raja Rammohunpur*)

(With 3 figures)

Summary

A concentrated line load originating at ¢ = 0 at the origin of co-ordinates moves with uniform
velocity along the boundary of an isotropic inhomogeneous medium. Following CAGNIARD’s method
as neodified by DE Boor, the displacement components # and w are determined in the integral
form. Finally, an approximate evaluation of the integrals is worked out near the first ariival of
the wave fronts. ’

Zusammenfassung

Eine konzentrierte Linienbelastung, die zum Zeitpunkt ¢ = 0 am Koordinatenursprung ein-
setzt, bewegt sich mit gleichférmiger Geschwindigkeit tiber die freie Oberfliche eines isotropen,
inhomogenen Mediums. Mit Hilfe der Methode von Caen1ARD in ibrer De Hoorschen Abwandlung
werden die Verriickungskomponenten % und w in ihrer Integraldarstellung bestimmt. SchlieBlich
werden die Integrale fiir d1e Zeit um das erste Auftreffen der Wellenfronten naherungsweise be-
rechnet.

1. Imiroduetion

Since the publication of the classical paper by Lams [6] the problem of line and
point sources in homogeneous media has attracted the attention of many investigators.
But. the corresponding problems for inhomogeneous media have not been discussed
by many authors as yet. The problem of wave propagation in an inhomogeneous
medium is important to geophysicists, because any realistic model of the Earth must
take into account the continuous change in the elastic properties of the material in
the vertical direction. Since the mathematical treatment of a complicated model is
extremely difficult and since the approximation to such a problem does not lead to
any worth while solution, so some simplifying assumptions are usually made. WiLsoN
t[10] studied the propagation of surface waves in a semi-infinite medium, assuming
he density to be constant and the coefficient of rigidity to be varying exponentially
iith depth. STONBELEY [9], however, considered the transmission of RAYLEIGH waves
a heterogeneous medium in which the rigidity varies linearly with depth. The field
o to a point source in an inhomogeneous isotropic medium in which density is
tant but the bulk modulus A varies with depth according to the law A = 2,(1 -} &2)?
been considered by SiNeE [8].
the present paper, considering an elastic medium in which the elastic parameters
nd density g vary according to the law 4 = pu = po(l + 2)% and p = gy(1 -+ £2)3,

URTIMOY GHOSH and MoEAN LaAL GHOSE, Department of Mathematics, North Bengal
r, Raja Rammohunpur, Darjeeling, West Bengal 734430, India.

!
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the transient problem for a two-dimensional line load moving with uniform velocity
v over the surface of the non-homogeneous semi-infinite medium is studied. The
ground motion excited by the moving surface load occurs, for example, from nuclear
blasts and from shock waves generated by supersonic aircrafts. These practical prob-
léms have been formulated mathematically by a two-dimensional normal line load
which is suddenly created at { = 0 and moves subsequently with uniform velocity
along the free surface. The method of solutions involves the use of the integral trans-
form and CaGNIARD’s [1] method as modified by D= Hoor [4]. The application of
CaeN1ARD’s method in the solution of transient problems in inhomogeneous media
does not seem to have been discussed earlier.

This steadily moving line load problem, where ¢ varies from — oo to oo, has been
solved by CEARRAVARTY and Dz [2] following the method of CoLE and HuTH [3]. Of
course, the transient solution for a point load moving over the surface of a homo-
geneous isotropic half-space has been thoroughly discussed by GAXKENHEIMER and
MxLowITz [5]. An exact solution of the buried uniformly moving line-source problem
has also been obtained by MiTra [7].

2. Formulation of the problem

' The inhomogeneous semi-infinite medium is supposed to occupy the region z > 0
as shown in Fig. 1. The z-axis is taken along the free surface, whereas the z-axis points
vertically downwards into the medium. A concentrated line load, which is assumed
to originate on the free surface at the origin at time ¢ = 0, moves with uniform ve10c1ty

v (v <&, B) along the positive direction of the z-axis.
t-0 '

= vt <——I
1 x

Hepolleez)?
e=¢, (1+e2)?

Fig.1

The equations of motion for a non-homogeneous medium in the absence of bc
forces are -

d ou 9 ou  dw 02u
ol et %) 2 ]*E:[“(@*%ﬂ—%—w

0 du ow 7] ou dw 02w
%[H<$+6_x)]+£[z(ax + )+ “”]“Qsﬁ'
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% and w are the diéplacement components in the z- and z-directions, A, p are Lam#’s
constants and p is the density of the medium. It is assumed that

A==l e, 0 =ofl + e, . 3)

such that the velocity of propagation is independent of z. The equations (1) and (2)
have to be solved subject to the boundary conditions

_N(au+aw>_0 at 2=0,

ox

ou  Oow )

-rz,=l(a +a)—f—2,u———P6(x—vt) at 2=0, t>0. '
z

6(z — t) is Dirac’s delta function.

3. Formal solution

In order to solve the equa,ﬂ%ons (1) and (2), we make the substitution

U=wu(l +e) and V =l + e2). - (B)
This transforms the equations (1) and (2) into the forms
92 02 92 .
g BT L o0 (W) PV _0&U | (6)
oa? ox \ 0z dz%  u, 0t?
and ‘
02 a (oU 02 92
W99 (0U0) L gZW _ W ™
ox? ox \ 0z 02 p, 0t?
We introduce the FOURIER transform over x defined by
h(p, 2, 1) = ff(x: 2, £) e dp
and then take the LAPLACE transform over ¢ defined by
(e 2 8) = Sh(pzt) e~ dt.
_The equations (6) and (7) after these transformations take the forms
a2 D\ = AW,
(d_z2 - 3ki> U, = 2\74’ az (8)
and I
d? - 17
38— — k)W, =2ip 2, 9
( dz? 2) t dz ®)
where
5% A4 2u
= p 4 2, — o? = 3f2 = .
Pt =t 42 ﬂ2 ﬂ :
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Using the conditions that the displacement components vanish as z approaches oo,
the solutions of (8) and (9) are

U =Ae " 4 Be b, (10)

: — : 2 ,
W, = i(Akl e 4 1"_Be-’~'zz) . (11)
wp ky .
Using (5), the above equations become
— 1 :
= Ae ' L Be k2 12
S + ) (12)
and
n2 T .
w, = ; Ak e=%* 1 g—ge"kﬂz . : ' (18)
1p(l + &z) k,
A and B have to be determined from the conditions
du.
o zpwl and — ipugu; + 3;1,0—— = ——L on z= 0
dz dz  ipv — s

which are obtained by taking first thé Fourrer and then the LAPLAOE transform on
both sides of equations (4). It is found that
ipPek, + k3 p%) W P(2kyky + eky)

_A = 5 B == — " >
to(ipv — s) (kiky — 2% f(p) tolipv — s) (knk, — 1) f(2)

where
f(p) = (p* — 3kyky) — 3e(ky + k) — 3e2.

" Substituting the values of 4 and B in (12) and (13) and taking FoURIER inversion,

we-geb
[oe)

= iP f Pleky + K + p%) o™ — phy(2ky +6) e dp
27pto(1 + &2) (ipv — ) (krky — D7) f(p) '
% (14
and . A
= P f Faleky + I3 +p%) R 922k + £)e TR g
2mug(1. + &2) (tpv — s (klk — ) f(p)
—% - (15)
4. Laplace inversions
‘We assume .
_ P '
U= (I, - L), ‘ (16)

27py(l - ez)
where :

o
I_fmm+@+mrwm
=

= dp
(ipv — 8) (kyky — p?) f(p). .

-0
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and

9 —kzz—-ipz

(ipv — s) k170 — 1% f(p)

To find the inversions of I; and I,, we adopt CAGNIARD’S technique as modified

by Dz Hoop [4]. Accordingly, we put p = —shk in I,, which then reduces to the form
L= ih(ské.—{— sk 4 sh?) ¢ (k2 —ika) ah, _ _ (17)
: (thv + 1) @(h) W(s, k) '
—co
where
, 1
k12=}.7'2+072'>; ——hz""ﬁ

D(h) = (8kks, — h2) (B2 — Fyks) = —(B* — 4k1k2 + 8kyks) .

It has to be noted that @(h) = 0 is the RAYLEIGH wave velocity equation correspond-
ing to the homogeneous medium with 2 = g, = u and

3se(loy 4+ k2) 3s2
P(s, h) = ! 3 e emy)
(5. ) Sk —J - sk, g ¢ e (6 —em)
where
e o 31+ ko) £ [9(ky — ka)® 4 12027
1,2 = ; ’

2(3kiky — B

m, and m, are both negative. Breaking up (skz + sk2 + sh? /‘I’(s k) into partial
fractions, the equatlon (17) can be written as

; 4 —s(kjz—ihz)
I, = zh(l tho) e ‘ M © N dh - (18)
, (1 + h%2) D(h) §—e&my §— Emy

—o0
similarly,
, . .
_ —s(klz—1ihz)
Iz _ ’Lh(l thy) e =% s T b 19)
(1 -+ A%?) O(h) s —emy 5 — emy
n (18) and (19),
pr B R Bl
- My — My My — My
and
o Bt ombE o ombl
o My — My My — My
First let us consider the integral
e — —5(k{z—1ihx)
th(l — thv) e~y ) M dh . - (20)
(1 4 h2v?) D(h) s — &emy . AR .

—c0

22 Gerl. Beitr. Geophys. 87/4 -
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which oceurs in equation (18). In this integral the path of integration with respect to &,
which is the real axis, is deformed in such a way that

1 1j2
z(hz—}——g) —thr=gq,
N (x -

Fig. 2

where ¢ is real and positive. The deformed path of integration is the branch I (Fig. 2)
of a hyperbola, whose equation is

' 2 2\1/2
iqx:{:z<q2—x:;z>

=
z? + 2%

In the course of deformation of the path of integration it is essential to know all the
singularities of M/[(1 + h%?) ®(h)] in the h-plane, which are the poles at 4 (ifu),
+(#/vr) and the branch points at 4 (¢/x) and 4-(/B), where vy is the RayLEIeH wave
velocity corresponding to the homogeneous medium when 2 = y = p,.

Since the hyperbolic path I, does not cross any of the singularities during its
deformation, it is possible by virtue of CavcrY’s theorem and JORDAN’s lemma to
replace the integration along the real k-axis by an integration along the hyperbolic
path 1. We write

Lg <L oo,

(@ + 2
’ (2.4

_ then

2 2\ 1/2
iq:z:—l—z(qz—gE ;z)
by = x2 -+ 22 ’

L 22 | F\112
iz gt — 4 gz
dh . (q o? ) g

= 22 4 zz)l/2 :

o2

dg

(@ + 2°) (qz -

iqr — z(qz —

2

22 + 22 )1/2

3

a? - 2?
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Using the facts that - ‘
< dh

) dh, _ —
where & is the complex conjugate of &, the expression (20) takes the form
a [ hoM, e~  dh,
—2Im [(1 T },,;1,2) TR p) ]dq -+
(@2 L2212 He Ty
+ 20 Re [ By M, e dﬁ] dq
(@ L2n)1/2 (I+ h?*_’l)z) Dhy) 5 — emy, dq

3

Using the convolution theorem, the LAPL.ACE inversion of the above integral is

hy M, =) gh,
dr | —2Im |- _
f Tf m [ HEoh) B ]5(1 q) dq +

B M, et dp,
d 20 R * Sy —
+frf v e[ W0t D) ](r q) dq,

where ¢, = (2 + 2%)"2/x is the arrival time of P-waves. By use of the properties of
the d-function, the above integrals can be written as

t

3 ho M, emst=7) g
H(t —t, —21 btk —*l g
(6 —t) f m{(l 1507 B(hy) dr} v

le
|4

+ (2w e [ PeMyem ™ dbi) | ©(21)
(I + ho?) Bhy) dz |

It should be noted that in the integrand of the above integral ¢ has been replaced by z.
everywhere.

In a similar manner the LAPLACE inversion of the other part of I, in (18) can be
determined. It is found to be a similar expression as the expression in (21) except that
M, and m,, have to be replaced by N, and my, respectively. Thus the LaPracE
inversion of I is

t

h
H(i — ¢ —2Im|— "% M, emltD N el
( “)f m[(1.+hgvz) Dk, j 1Mre T N.e 32 ] T+

o

t

h2

t — N M ey, (t—7) N eMm (8 —7)

4+ H{( ta)ff?m Re [(1 iy 1)2) B —{M,e + N, e } ]
t

(22)
22+
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Next we shall calculate the LAPLACE inversion of I, that occurs in (19). As before
here also we define :

12
<h2 +/32) —thx =1,
where 7 is real and positive. So,
a? 4 22\12
)

wrx + 2z ( 72 —

hy = 2% + 22
Case 1: A path along which r isreal and non-negative isthe hyperbolic path [}
(Fig. 2) represented parametrically by the above equation with 7> (a? 4 22)4%/8,
provided the path where it cuts the imaginary axis, viz. b = ia/B(2? + 22)1/%, lies
. below the branch-point ¢/, which occurs when z < fz/(x* — B2)!/2. In this case the
path I', (Fig. 2) does not cross any of the singularities during the deformation. Follow-
ing the same procedure as that done in case of I, the LAPLACE inversion of I, is

’ found to be

(23)

¢

h dh
H{it —t —21 -+ S emy (¢ —7) T em,, (t—7) +1 4
( ")f m[(l TR dy L e ] Tt
tﬁ .
L ‘ dh
H{t —t wRe| ———*t A9 emlt—n 1 gemal~a) T g
o ")f” e[<l+hiv2)¢(h+>{+e o .}dr] ’
# (24)

where t; = (¢ + 2%)!2[B is the arnval time of 8-waves, and kb, occurring in the above
expression is obtained by replacing » by 7 in the expression for &, as given in (23).

Case 2:If > Bz/(x® — B2)*/2, the point iw/f(z? -+ 22)V/2 lies above the branch point
/. Therefore, the path of lntegrablon in the %-plane has to be deformed to the path
Ty (Fig. 2) round the branch point i/x as shown in Fig. 2.

We consider the integral

Yl — i  —s(kjz—ihz) :
th(l — ihv) 8 ¢~y b . (25)
(1 + 2%02%) D(h) s — emy ' .

— 00

océurring in I, of equation (19). Here too we put
1 1/2
(hz /32> — thx =r.

On the two finite straight line portions of the path I5, & is given by

. $2+Zz 1/2
Ay
hj:=:t77+ - ﬂ ’

Tl A4 2% i
where finally # should be made to tend to zero, and on the remaining portions of the

path of I,
o a? + 22\12
)

ire 4 z(r2 —

22+ 22

hy =
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On the straight line portlons of the path I, r variesfrom r = £, to .= tﬂ, where
tp = zfoi + 2(1/* — 1/a2)M/? is the arrival time of PS-waves. The expression in (25)

can then be written in the form
13
8

iho( —ihyw) S,  dh, ih_(1 — ih_v) L
—_—— — r
(1+h 08 D(hy) (s—emyy) dr (LK v%) D(h_) (s—em,_) dr
n zh+(1 — zh+'v) S, dh., th_(1 — th_v) dh .
TR B —emas) dr — L+ FZ0%) B (s~ emy) dr '
B ’ _ (26)
. Noting that h. = ——h+, dh_{dr = —(dh,/dr) and S_ = S+ on the path I3, the ex-
pression (26) takes the form
t
B
hS. e~ h2 8 :
—21Im 2vRe —— - *
f T U ) B(hy) s — emy, dr ar + f AT By |
tof lap
e dh, L BS, e
—Zdr —2 Tm hy
s — emy, dr T f (1 + B%0?) Dh,)s — sm1+ dr PRl

S e—5 dh .
2R + rar. .

+f ’ e(1+h v%) O(h,)s — emy, dr 4 (27)
: tg

To transform the other integral of I, occurring in (19), a similar procedure is
" applied, and finally I, in (19) takes the following form:
t

on [ e

+ f i {(1 + Z+ 22> D(ls) (s ;S:m T —q;:nﬁ) d::} i

. fzv Rod ey B3 e ) )

+¢f e {(1 ¥ héi%”@(m) (s —ngn T —Te:n%) %:} - =

ﬂ .
It must be remembered that the value of %, when 7 lies in [f,4, t5] has to be taken as

: 12
i{m —'z(xztzz—-rz)l}
k+= ﬂ >

x% 4 22
and for r lying in [t;, o),
2 2\1/2
irx—i—z(r2 _Z —f;z )
h+ = ﬂ

22 - 22
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Next the LAPLACE inversion of I, in (28) has to be calculated. By applying the
convolution theorem, the LAPLACE inversion of the first integral of I, in (28) is found

to be
|1 lﬁ |
h,e 5 S T dh

a2 : - 2t N\ — ) dr =

J ‘:‘ﬂ/‘ N {(l + 450" Phy) <S' — My + § — 8m2+> dr} (wndr
¢ 00
R Ty B
(L4 B%0%) D) \s —emy, 5 — emy,) dr

- hpe™¥ S T dh.] . 3
dv | —2T : + + o —nar,
‘[Tf m{1+h2+1)2)¢(h+)(8—sm1++s—sm2+) dr} (v —r)dr

and it takes the followmg form when the J-function property is used:

[

- h dh
H(it —t —21 + S efmalt—) 1 gemay(t—ony Pl g
( “ﬂ)f m{(1+hiv2) Gy e e )dr} '

tap
I3 . .
h dh
—H(—t —2Tmd "t (. emlt—) P eema b2y g
( af {(1+h1v2)¢(h+)( Lot g, )dr} .
¢
(29)
It can be shown that the last term of (29) is cancelled with the LAPLAGE inversion of

the second integral in (28).
Similarly, the LAPLACE inversion of the other integrals of (29) can be determined,

and finally, after simplification, we get the LAPLACE inversion of I, as
¢

N h ' | dh

H(E — ¢t —27T N S emy 4 (t—7) T etmaa(t—7) + dr —
( “")J m{(1+hiv2)¢(h+)( +e e )_d-r} ’
taf i

B dh,
H(t —t, 2v Re S, M+ (E—7) T, gemaslt—) de .
”)f { T hson B " e )dr} i

af .

- (30)
Combining the results of the inverse LarrAce transforms of I; and I, from (22)
and (24) it follows that
P

ape(l 4 &2)

hy ; dh )
X |H@E —¢ M, eeMsll—7) L N gemaslt—7) +
“)f { +h2v2)®(h)( +¢ +e )df}d”r

u(x, z, t) =

h2
H(t — Red ' (M* e N emult—) .
+ H( mfv e{(1+h102)¢(h+)‘ +N,e )2 }dr

12
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—H({t — ¢ by S, emi=7) | gomaitt—) dr —
( ﬂ)f {(1 Ty ST T } ’
Lo dh,
H{it —t emy (£ —7) T M (t—7)
ﬁ)f { Tt By Or° T Ll Var } v
(31)
for # < fzf(x® — ', and when > fz/(a® — )%, from (22) and (30} it follows that
u(x, 2, 1) = il X | |
s wpg(l +- &2)
¢ .
‘ b dh
— -1 + M smyg (E—T) N smz.,,(t—r) hathded d
X H(t ta)f ‘m{( T 750t B, )( e. +N,e d } T+

t —t ) vR ( + € 5m1+(t_7)+N esmz-e-(t"‘f) dh+ dr —
A+ v2> o(hy) _

dh
—H@E—t —I S efmst~n) eﬂmu(t—-r) ldr—
( aﬂ)f m{ q(h+)( N + +

tag

- - h2 (t—7) (¢t—7)
H(t—t Red——— & (8, emel=?) T eomaslt=T d

~H(t—tap) | v e{(l,hivw(h)( ¢ + e }r

tap .

(32

Carrying on a similar procedure as done for the evaluatlon of the displacement
along the w-direction, the expression for the displacement along the z-direction can
also be determined from (13} and is found to be equal to

P

w(@, 2,t) = —————— X
“.“Jo(l + e2) ,
k; dh.,
H{t —¢ Red—— =1 (M, emlt=Dp N gomaelt=2) dr
e )f e{(1+h T n ke } "
' [ kyhy _ Gk,
H t_ta Imd—_ -+~ M esmuu T)+N e"”"(' 1)) d +
T {u Tt By |
h2
H(t—t R S eny (¢ ~7) T, enty . (L—T) d
e ")f e{kz+ TRt By O T % } i
: b’ dh
H(t—t I + emﬁ.(t—r) T, emg (t—)y Y0+
A ")f ° m{ké+(1+hiv2) @(h+)(S ‘ e )dr} 4

(33)
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for z < pz/(a? — ,82)1/2,_ and if z > Bz/(a® — B

w(x,z,t):mx

: 2 _
— Red— 7% _ et N emtgs(t—7)
X H(t t,)f o {(1 T B (M e +N.e ) } T+

tx

ki+h+ emyy{t—7) | N gfmaa{t—T) dh. dt
+H(t a)fﬂlm{m(M+e N =+ +€ )d +

t

taf

B b
t—t¢ R S et (=) T, em2+(t—1) de
A ”41%@ALM'+M¢M)(6 e )d} +
: ' top |
. h3
H(t—t,z) [ vIm{ + (S, esm1+(t—r)+ T, eomast=7) }
+ i ( ﬁ{/ {k2+(1—}— }L‘ivz) (h+) ) dv

: . : (34)
It should be remembered that in the first two integrals of the equations (31), (32), (33)

and (34) ]
2 2\1/2
itx-f—z(rz—x -{;z) ‘
by = "‘ . t,STst,
2% 4 2% ;
and in the last two integrals of those equations
- 2\1/2
irz—{—z(tz—x ;;z)
by = P , =1 <t,
where as in the last two integrals of (32) and (34)
2 2 1/2
i{m;—z(x;;z,—zz) }
by = : y la=STt=ti.
* x? 4 2% p=r="

5. Wave front expansion
The wave forms of the solutions given in (31) to (34) are evaluated by apprommate
estimation of the above integrals in the neighbourhood of the time of the first arrival
of the different waves. To facilitate this evaluation we put T = 4 4 a, where 4 is
the lower limit of the integrals in question and @ varies from 0 to ¢ — 4. Then when
z < Bel(a? — f2)'2, from (31) we getb

e nl = i

t—tx

% H(t—ta)f —Tm hy

{(1 + k% 0%) (h+)

+N ebMa(t— ta—a))dh }da,-l—

da

(M eﬁmu(t ta—a) +
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t—ty

: , -
+H(t——ta)f v Re{ by (M, ermali—ta~a) |
. o ..

1 + B’ o?) D(hy)
+ N, gfMasll—ta—a)y dh }da, +
da

t—t
B
h
Ht — T -+ ey (t—1g —a)
A mf’%a+mmwmw” +

+ T eanH(t tp— a)) dh+} a+

t—t

B
. /58
H(t —t — v Re S, eFhs(t—tg—a)
- ﬂJ‘l’{u+m%¢mﬁ+e ot
+ T, emslt=tg—a) %} dal. (35)
da
For 2> fif(a — 212,
w(x,2,t) = —— X
zpe(l + £2)
t—t :
X | H(t —t,) —Im he (M, emslt—ta—a) 4
* (1 + Bie?) O(h,) "
0
_N esm‘u—(‘ ta— a)) dh }d _l_
, da
t—tx . .
R
H{t —¢ Re M, e#ms—ta—a)
+ = )f” {(1+hv2)(b(h+)( ¥ +
N, eas(t—ta—a)) %} da +
da
I—tap
h
H(t—1¢ I + 8, efM(t—taf—a)
- “ﬂ)(,f m{(l T B +
+ T+ eemﬂ(t—taﬂ—_a))(fih-*-} da +
t—tap
f { 5 s t—tap—a) 4
+H(t—ta) —9v9Red— M+ af—&,
’ (L hZot) D(hy)
0
1, emante—tap—a) P }da : (36) |
da

A similar type of expressions for w(z, 2, t) can be written by substitutingz = 4 4 a
"in the equations (33) and (34). For approximate evaluation of the integrals (35) and
(36) just after the arrival of the corresponding wave fronts it has to be noted that

emeti—d—0) 1, gmut—4-0) 5] and a—>0 as t—>4,
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where A is the arrival time of a typical wave front. So, when 4 = f,, using the facts
that

W . —x?
B _>OL(222 + 22)12° ey —><x2(x2 + 2%)
and
(M, + N,)

(A -+ k1o O(hy)
(272 + 22)2 064{1172(062 — 2ﬁ2) + 0622;2}
—> {22 —?) +a2e?} [ fPa%(322 —a?) — Box%A(w2+-27%) —4fae{ a0 —f2) o} )

as @ — 0 and that

s _ 1

Ty 2 211/2 12 4172
da {2 (a® 4 2% n a} a
104

the first two integrals of the equations (35) and (36) just after the arrival of P-waves
can approximately be evaluated to the form

u(x, 2, 1) =
1/2PH t—t,) wao®P (@221 {vrto(2?4-22)' %) {2%(a?—28%) +a%?) (t 1) 42
nuo(l + &2) {2%(a? — v?) + &%) [f22(32% — %) — Bo%2B(2? | 22) — 4w X
X {@?(x® — B2) Fa22}l]
Similarly, the approximate value of w just after the arrival of P-waves is given by
w(i, 2, 1) =
VEPH(t—t ) 22032 (2% 4-22) 4 {om o (22 +22) ) {?(x?— 2B2) o222} (¢ — ¢,)1/2
ﬂyo(l + e2) {x¥x® — v?) + cxzzz} [B2%02(322 — %) — Bo%%(x® + 22) — 4a?f X
X {xz 0‘2 ﬂZ) + oczzz}l[Z}
The same method is applied for approximate evaluation of w and w just after the
arrival of S-waves. It should be remembered in this case that

: 22 | 22\1/2
i-rx—l—z(rz—?gi) _
4 =tg, h, = o , ty v <t.

The effects of u; and w; on the displacement components u and v due to S-waves
just after their arrival are found to be
wy(x, 2, t) =
2]/2 PH(t—t,) x22x3%( x2+z2)1/4{vx+ﬁ(x2+22)1/2} R R O Y R (R AR
ﬂHo(l + ez) {x2(B2 — v?) + %2} [o%2(32% — a?) — 3f%2(a? | 2?) — daex X
X {f2 — at(o? — pPR,

wy(x, 2, 1) =

1\1/2 ' =
(_hi + _2> X
o «

¥

QIFPH(t——tﬂ)xzzocﬂ3/2(x2-}—z2)1/4{vx+ﬂ 22 -22)112) (B2 — a2(0?— /32 )y 5112

seug(l -+ g2) {@?(82 — v?) —|—/5’2z2} [a?2?(32% — %) — 3f%2(x? + zz) — 4200 X
X (B — ot — FY1P)

>
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for 0 <z < fz/(a® — B®)Y?, and in the region x> fz/(a® — §%)!/2, PS-waves exist and
arrive earlier than S-waves: '

We approximately calculate the last two integrals of (36), which will give the
effect of u, on the displacement components « due to PS-waves just after their
arrival. In this case

. xZ 2 1/2
@{rx—z( ;;z —12>
A:tuﬂ: h+= ’ taﬁ'érétﬂ'

2?22
Then .
(1 1)1/2
1 ot
hy =1 ;‘——}— 1 TNz za ’
(ﬂz‘o?> o ~
. B ”
S i2v2a6(%2—l2> al?
AFmd By 1 1\®_ P
(1+ 4% 2% D(hy) (2 — o) x| = — = ——z}
' 4 ﬂ2 a2 i
and

. 1 1 1/2

W —— —
dh (52 az)
—_

where in these expressions terms containing higher order of a are neglected because
a—0ast —1, and we get

— 5{4
4V2PH(t — t,5) o8 L
. s B ol

Uy(2, 2, 1) = 1 1\172 3/2 (
. Srpg(l + &2) (0 — v) {ocm (—- — —) — z} _

ﬂz 2

b — t,p)%2.

Similarly, the effect on the displacement component w just after the airival of PS-
waves is given by

. 1 1\3/4
4V§PH(t—tap)0‘4([—3§—0§) o
1 (t _'ta )3/2 .
1 1\u/2 3/2 B
3mpe(l - &2) (x — v) {ocx (EE — ;> L — z}
‘We now find out the effects of u; and w, on the displacement components » and w
in the neighbourhood of the point C (Fig. 3), where S- and PS-waves arrive at the

same time. In this case 5 = ¢,5 and

4:PH(t _ ta}é) 23/4041/4/93/225/2
 Baue(l + ez) @ (x — v)

wy(z, 2, 1) = —

uy(%, 2, 1) = (¢ — t,5)°%%,

op
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4PH(t . taﬂ). 23/4“1/4/33/223/2

wa(x, 2 t) = (t - taﬁ)3/4 .

3auy(l + ez) 2¥i(x — v)

" Fig. 3

6. Concluding remarks

It is found from the integrals (31) to (34) that the effect of inhomogeneity enters
into the expressions for u and » through the factors ¢~ and e~ jn the cor-
responding integrands. So, if these two factors are absent, and that is so if ¢ = 0,
a parallel case for a homogeneous medium is obtained.

Also, it is interesting to note that in the neighbourhood of points just after the
arrival of the different wave fronts the displacement components are independent of
g, i.e., at any point, the effect of the first arrival of wave fronts on the displacement
components is the same for homogeneous as well as for inhomogeneous media. But
as time goes on, ¢ oceurring in the exponential terms of the integrals (31) to (34) for
« and w will have its effect, and consequently, the amplitude of the wave fronts will
decay exponentially with time due to inhomogeneity of the medium. -
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It is assumed. that a crack is developed suddenly alonga norizontal line at
4 finite depth below the surface of the earth which is assumed to be an iso-
tropic homogeneous elastic medium. The crack moves along a vertical

~ plane upto the free surface. Assuming the motion to be two dimensional
the surface displacement due to Rayleigh waves produced by nonuniformly
movmg crack has been determined by using Green’s function representa-
tion theorem and following the techmque developed by Knopoff and
Gilbert (1959). For different types of fault propagation, the displacement
compdnents derived in integral form are numerically evaluated and are
shown by means of graphs which may be of interest in earthquake engi-
neermg

1. INTRODUCTION

The study of dynamic crack propagation is very xmportant in geophysics and in
earthquake engineering science. In geophysics it is desirable to:formulate the earth-
quake source in terms of physical parameters and to study the long perlod ‘waves over

a large distance and for a long time. Also in structural engineering it is essential to
know the nature of surface waves covering a large distance. At a particular place the
ground motion produced by the earthquake is a very complicated function of the
nature of propagation of the crack and the geological properties of the place as well.
Most of the known solutions of the moving crack are restricted by the assumption of
constant velocity of propagation, which is not in general expectecL Mal (1972) dis-
cussed Rayleigh wave propagation by-a finite fault moving ‘with constant velocity.
He represented the shear failure by a jump in the tangential components “of dlsplace-
ment across the fault surface. Achenbach and Abo-Zeno (1972) analyzed the wave
motions generated by a vertical strike slip fault on which motion is opposed by a
frictional shear stress and which is assumed to increase linearly with depth. Freund

. (1973) discussed wave motions as expected in case of a nonuniformiy é'xpanding line
load. Fossum and Freund (1975) comsidered a model in which a plane strain shear
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crack moves from rest at a nonuniform rate under the action of general loading.
First motion response of an elastic half space due¢ to a nonuniformly moving disloca-
tion by Cagniard De-Hoop technique is determined by- Roy (1978). In a recent paper
Markenscoff and Clifton (1981) analyzed the motion of an edge dislocation starting
from rest and moving thereafter nonuniformly on its slip plane by means of Laplace
transform, where the inversion of the transform is accomplished by Cagniard
De-Hoop method.

In the present paper an idealised earthquake model is .considered. A fault
break along a horizontal line at a finite depth below the free surface is assumed to
appear suddenly and to move vertically upward with nonuniform motion upto the
free surface. A discontinuity in components of displacement across the fault break is
prescribed. ‘The displacement components on the free surface due to Rayleigsh waves
are determined for nonuniform motion of the crack.

To find the solution of the problem the technique developed by Knopoff and..
Gilbert with appropriate modification is used. The technique is.found to be extrémely
powerful for tackling such type of boundary value problems. Ghosh (1972) applied
the method to show the possibility of attenuation of microseismic waves-due to the
p resence of an upward folding.of the ocean bottom into the liqhid. Following
Knopoff and Gilbert, the moving crack is replaced by a set of virtual sources located
at the fault surface HO. The displacement on the free surface is written as the sum
of the contribution of these sources with the aid of suitable Green’s fuaction repre-
sentation theorem. ' .

. Three particular cases of nonumform motion of the crack are considered.
Horizontal and vertical components of surface displacements due to Rayleigh waves
produced by the propagating crack are determined and shown by means of graphs.

. In the mathematical and physical structure of wave propagation. phenomenon,
,the model assumed here is although over simplified, yet it brings forth some major
features which are usually present in the ground motion.

2. FORMULATION OF THE PROBLEM AND SOLUTION

_ The origin of the co-ordinate frame (x, y) is at the epicentre 0. . It is assumed
‘that a crack suddenly appearing at the focus H moves vertically upwards upto the
free surface 0 with a nonumform speed. The length of the crack measured from H at
any time ¢ is A(t), which is assumed to be strictly monotomc increasing function of
tlme 1. ’ :

The Fourrer transform f(,\, ¥, m) of thc function: f(x Ps r) is deﬁned by

f(x,y, w) - f f(\,y, r)ew a LW
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0
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i
1
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Fic. 1. Geometry of dip-slip fault.

Let G (x, y | X¢, y0), (m, n = (x, )) be the component of Green’s function

G"(x, y | Xos j}o) at the point (x, y) in the direction of n due to a point source of
force in m-direction and situated at (x,, yy). If now u(x, y) and v(x, y) be the dis-

placement components along x and y directions respectively and P{) , P& and
P{¥¥) be the stress components then their Fourier transforms defined by (1) satisfy

the fol]oWing differential equations:

BP,‘(:’” an(_}"‘,V) _

OPM P - - .
T Ty TPt =0 )
SR 170,70 ppLe e %0l

x + 3y + pw? G:(xny | Xos o)

= —3x — x) 3(y — }’o) ' - (4)
\ E;X[ny(x"v | %0 ? o)] a'ﬁ)g;;x(x’y | %5¥o)] .

o + & + P2 GY(x, ¥y | X ¥0) =0 ..(5)

Bl 1] Bl [ )

3x + dy —-i_ ng_(l-‘%; (x’ y l xO) y()) = 0 ...(6)

6-P-£gy(x’y l x()) yO)] a?y[?y (x'v | Y yo)] _
T % + POEGUXY | X0 o)
= —3(x — %) 3y — ) (7

where p is the density of the material and &( ) is Dirac’s delta function.

ox
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Muitiply eqn. (2) by G¥(x, ¥ | X0 yo) and (4) by #(x, y) and subtract the latter

from the former. Also multiply eqn. (3) by @j(x, 3 | Xo, 7o) and (5) by v (x, ¥) and

subtract the latter from the former. These two resulling equations are then added and
integrated over the region R to yield the following equation:

H{ ;;[ésxx, 2 | Xor 90) Prsltts ¥) + G%, 3 | %00 70) Prslits V)
R

— Etl?,,x[G"(x, ¥ | Xo5 Yo) ]— ;I_’xy[:G;(xs ¥ 1 X0 yo) ]]

4 % [c‘:;‘;(x,y | o o) Paslt) -+ G5 3 1 %oy 70) Prolits ¥)

_ al;xy[(;x(x, | %, yo):l — ;ﬁyy[(;x(x,y | xo,yo)]]} _

X dR = U (x(J! }’0)-

.(8) .

For details of the analysis to obtain eqn. (8), we refer to the paper of Ghosh (1972).

Applying Green’s theorem, the integral in (8) over the region R .is converted
to an integral over the curves S, §,, S, (shown in Fig. 1) bounding the region R and
we have

{Ej(x, ¥ | Xo, o) Pas(tt, v) + G5(x. 7 | X0, ¥0) Pay (s ¥)

S+S +S
1 2
— APGH(x, ¥ | X0, ¥o)] = ;I?”,[G"x,y l xo,yo)]} ds = (xy, ¥o)r  .-.(9)

Since the stresses due to (i, v) are zero on the free surfaces S, S1, S, and the stresses
due to Green’s function are also zerc on the free surface .S, so we obtain from (9).

0‘1: {[ﬁ] -Exx[Gx(O) y I x[): .Vo)] + [al—;xy [Gx(oa .V I x()"y[))]} dy = E(x[)’ y())
...(10)

where [1] and [v] represent the jump discontinuity in displacement components across
.the crack HO and HO = | is the length of the crack. Since we are considering a dip-
slip fault, so there is no displacement discontinuity along x-direction across the
fault surface. Consequently [u] = 0. Also, as we are interested in surface displace-
ment only, so the equation (10) reduces to the form

| R

[0] Py [GX0, y | x0, O] dy = (3o, 0)- : (1)
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Conside"rin'g{‘lhe equations (2), (3), (6) and (7), following the same procedure, we get

;f [ Py [GXQ, 3 | %0, O] dy = » (xy ©). : .(12)

The Fourier transforms of the Green’s functions are-

%0 —if{x—x -
— 1 v, € ( 0) —v_y . -y y
Gx(x) > - pow JWR(Ej [ZE_,Ze r_ (2&2—1\'2) e 2 ] d&

_ 00 —-lf(x x ) vy
G';(x, ¥ | X0 0) 2‘”‘ S -R—E [2\11\!23 g (252 kz)e ]di
[-2]

_ . —tf(x-—xo) i - Y .
—1 > vie tf(x_x | v v,y
Gy |30 0) = - I R® [‘252 ke T2 e

...(13)

Here k3 = w2/e?, kE = «?/B2, vy = VE* — kZ, v, = v/E* — k2 and R(E) = 482y,
— (E2+v3)% «, B are respectively P-wave and S-wave velocities, The values of v(E)
and v,(£) are to be so chosen that with such values the expression for the displacement
decay exponentially as y — oo for real v,(£) and vo(E): '

The Fourier transform of the stress Px,[G"(O y | x 0)] On the line of faulting
HO is given by

ny[Gz(o Yy | Xos 0)] S R(&) [(25 k2)€ s - 4E2V1V2 "ly:l dE. i
(14)

Since we want to determine the surface dlsplacement due to Rayleigh waves, we need
to determine the value of the integral in (14) for Rayleigh pole contribution only, for
which we refer to Mal and Knopoff (1968). The Rayleigh pole contribution to the
mtegral (14) is evaluated by following the method prescribed by Lapwood (1949) and

P,,[G (0, y | x, 0)] is found to be
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o~ o) o )}

X exp(i mcxo )for o>0
R
. : [
and . : L— LoL.(15)
ind, {exp (maJa2—c§y ).—-exp( ﬁén \/[3:_&;{ J’)}
}(exp(iu;);°),forw<0- J
where
1
‘ Al = 4CR .
N = )
X 2oz 12 [32—62 1/2
E (262_c2 )_ (3 R __az R —2,\[<0£2—(,‘2)((32—02>
B R R R
pr—c} @)

-..(16)

and cg is the Rayleigh wave velocity.

Similarly, the contribution from the Rayleigh pole to P,[G*(0, y | x,, 0)] is fonnd to

be
Bodexp{ — = 2__ 2 )—ex 1)
1 Y dep A| ¥ TCRY P ﬁcn B—(.Ry i
[
'Xexp(i(‘;x"),forw>0 : I
!
and . I? ..(17)
—B,w had / 2 —eX 2 ,
1 UCR\a—cR pﬁc B—cy {
o I
xexp( ) form<0 !
CR -J
where
1
B 2Bcr
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The discontinuity in displacement along the line of fa{ulting at any time s and at a
depth y below the free sufface is assumed to be
vl = DH[A(t) — (¢ — ¥ [H() — H(y — D]
= DH[t — r(] [H@y) — H(y — 1)] (19)

H( ) is Heaviside step function and r(y) = h~*(/—y), which is the inverse function of
h and it exists as A(t) is strictly monotonic increasing function. Fourier transform of
eqn. (19) is given by

bl = DIHG) — H — D { Hlr — r(y)le= dt
= DIH() — H(y~1)]r(f: eiet dt — DIH(y) — H(y — D]
X (173(0)) -+ %) einry), ...(20)

Putting the value of [;] from (20) in (11) and then taking Fourier inversion of (1)
and changing the order of integration one obtains

‘ 13 [o'e) .
(o, O 3 | dy | =0 (ad(o) + L )P [G(0, 7 | 0, O)] o
[N )

Substituting the value of J_Jx,, from (15) in the above equation we get

1

u(xo, 0) = ~ A;D j y E {[exp (— a(:R ,\/aﬂ—ci y)
9 )]

—cxp(— 56%\/32_6‘2‘ y):] cos (r(y) — t'—}- —ff;) ® }dw

or

2 [
ulx,0) _ _ AiCr j{ ay/ ot —cry ,
D a (22 —ci) y* + alicrr(y) — ICcr + x0)

BB — cky
—(ﬁz — cR) Y +picrr(y)—ter + xo)z} dy. -.(21)

Similarly, we obtain
2
Wx0) _ _ BiCr [ { a¥(cr r(y) — tex + %)
‘D T (e — ¢y + a®(crr(y) — fcr + x,)*

(equation continued on p. 1001)

0.
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Bcr r (J’) — ter + Xo) : ‘
(B2 — cR)y® + BAcr r(y) — ter +- Xo)? } dy. ) ...(22)

3. DIFFERENT CASES OF NONUNIFORM CRACK SPEED
In this section we determine the Rayleigh wave displacement on the free surface
for different nonuniform motions of the vertical crack. '
Case 1—Here it is assumed that 4(f) = c#, where c is the constant velocity of
propagation of the fault and we have

I_.
t == ). .(23)

Substituting the value of r(y) from (23) in (21) and (22) and integrating the resulting
equation one gets

u(x, 0) _ _ AG & 1{_1_ A2+X | er, A4
D - 4np CilL B 2 In T2 + s tan—?* —}
Gf1l G+Xx w0
H{ 2 In T2 + cG tan. T}] (24)
¥ 0) _ AU+ Gﬂ)i[i{ Capgger A1 Ak X
D 2nP crL Bl cr X 2 7z
1 G 1 @
ﬁ{ P tan™ — 5 In T }:l ...(25)
where : ,
I o - O
A \/ pZ “2’B~1+C§<1~—BT.“2),G:J1_BT
r & _ R 2 Ier __CR ter Xo
T PR A
and '
- n_A4 _ G _
P=21+G)— ¢ T — 24G.

T = 0 implies ¢ = %—}— %which is the time taken to reach the point (x,, 0) by
Rayleigh wave, which is emitted from the epicentre O when the crack reaches the
free surface and X = 0 implies ¢ = xo/cg Which is the time taken to reach the point
{xg, 0) by the Rayleigh wave generated at H as soon as the crack appears at H.

Case 2—In this case it is assumed that the crack starts to move vertically up-
ward with a finite velocity @ and has a retardation 5. Here at a time ¢ after the for-
mation of the crack

() =at — be?

1
2



1002 M. GHOSH AND M. L. GHOSH
so that

o 2 (1 — 2)
ro) = a 1 +[1 — @blla®>)(1-2)72" ...(26)

Substituting the value of r(y) in (21) and (22) we obtain

Az

o0 _ _ AG c 20— 2 :
P J [AZ“ o i X |

Gz
[4 2(1 — 2)
62 + L = X} | ] e

3 {2

P

o

1

g I(z ey tX) # e |

R I—z z
{2+ (2 Frymramam + %)}

X {Gzzz+(2%1+[1—12;5—z)1‘ R}

where F = bl/a® and the other constants have the same values mentioned earlier. It
may be noted that the integrands in equations (27) and (28) have a singularity at
= 0 provided

<R 1
a 1 FvVioar + X = 0, which 1mphes that

_ X0 2
e g VIi=G®)

This is the time to reach the point (xq, 0, by the Rayleigh wave emitted from the
epicentre O just after the arrival of the crack at this point.

Case 3— Finally let the crack at a depth 1 below the free surface, start to move
vertically upward with infinitely large velocity which gradually decays with time.
Accordingly h(z) is taken in the form ‘

h(t) = Dy \/ t.-where D;is a constant
or .

D/t =1—y.
Therefore

@) = [ — »)/Di o (29)
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As before substituting the value of r(y) in (21) and (22) and making a change of vari-
able of the integration, we have

u(xe, 0) K2AG i A
D - 4= P

- AP (KA IM A 7 - A+ M°

G
z4~423+(K262+2M+4)2 FaMA ] zdz . (30)

G LR 80 - 5)

1

g 2%z —2z+M)dz
x J KA+ @2+ M) {KZG-'z"+(z2,—2z+M)='}(

30

where K? = D3%/lcg, M = 1 — (tcg/l) (Di/lcg) + (xo/]) (D}/lcg) and the other con-
stants have same values as mentioned before. Again, the integrands in eqns. (30)
and (31) are singular at z = 0 if M = 0. This corresponds to ¢ = (xofcr) + (I3/D?)
which is the time of arrival at (x,, 0) of the Rayleigh wave which is generated at 0
just after the arrival of the crack on the free surface.

4. NUMERICAL RESULTS AND CONCLUSION

When the earth material is under tension or compression in a direction parallel
to the free surface, shear failure occurs on a fault plane. In general, this failure
moves with nonuniform speed. Numerical computations are carried out for poisson
solid (/8 = 4/3) and for cr/B = 0.9194. The quantitics 4, B, G, H, X, T, P, K, M, F
defined in section 3 are all dimensionless.

Figures 2, 3 and 4 show the variation of components of displacement with

4
R "
I
. It :
' 1" - -CC—R='B
Ca _.g TA— 1 C
- - R=2
Lo & : Al ¢
— Lz, > [
o - I,
2 1 : )
-1
Iy
6 [ 10 T 1. - L _ N

(@) ® :
FiGs. 2(a, b). Horizontal and vertical components of dAsplacement versus time, Case of crack
propagation with uniform velocity.
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-1 4

(b)
Fics. 3(a, b). Horizontal and Vertical components of displacement versus time. Case of crack
propagation with retardation and finite starting velocity.

time. The dimensionless displacement components are plotted against dimeasionless
time Ty and 7, indicated in the figures correspond to the arrival times at (x,, 0) of
the Rayleigh waves from the focus H and the fault break at 0. Figures 2(a, b)
correspond to the case 1 of section 3 where the constant velocity of propagation of
the crack (cpfc = 0.8 and 2) is assumed. Figures 3(a, b) correspond to the case
where the’ crack starts with a finite velocity ¢ and has a retardation 4. Here also two
cases cxfe = 0.8 and 2 with the assumption that F = 1/3, are considered. Figures
4(a, b) depicts the case 3 where the initial velocity of crack propagation is assumed
to be infinitely large and K is taken to be equal to 1.

From eqns. (21) and (22) it may be noted that u(x,, 0)/D and v(xe, 0)/D are
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Fias: 4(a, b). Horizontal and Vertical components of displacement versus time. Case of crack
propagation with retardation and infinite starting velocity.

functions (xo/l) — (crefl). Therefore in all computational works, without any loss of .
generality x,// has been taken to be equal to |, because any change in value of xfl
will merely cause a shifting of the graphs along the direction of cg#/l.

We find that in each case the strongest ground motion occurs at T° = cgt/]
which correspond to the arrival time of Rayleigh waves from the surface break at 0.
Also it is found that though the nature of the graphs in three different cases differ
between Ty and T, but their natures are almost the same after the arrival of
Rayleigh waves from the surface break. This may be explained from the fact that
the main contribution to the ground motion due to Rayleigh wave is from a small
portion of the fault near the surface after the arrival of Rayleigh wave from the
surface break. So the contribution from the details of crack initiation becomes in-
significant after T,. It may be mentioned in this connection that though contribution
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of Rayleigh wave to the ground motion is significant at large distances from the epi-
centre, the effect of body waves near the epicentral region cannot be ignored. This
effect may be incorporated if we consider in addition to the contribution from
Rayleigh pole, the contribution from the branch line integrals arising from the
evaluation of stresses due to Green’s function.
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