Chapter 1
The Non- hner Vlbratlon Analysis of Elastic Shells

- The main purpose of the thesxs is to make an extenswe study on the apphcatlon of o

"Constant Deflection Contour Method". In previous Chapters. it has been shown that the
application of this method, on isotropic elastic plate problems is effectlve and the analy51s -
‘ appears to be easier than the other existing methods. S v Lo T

To make further mvestlgatmn the application of this method to shell structures wﬂl be o

._made in this chapter. However the projection of the curve of - intersection of the plane z —_0._: o
with the structure must be known in all cases, how much comphcated the structure may be .

Though several studies [ 8 9 38,39,40,54,59,109,115 ] have been made on v1bratlon_

i “analysis of shell structures in which most of the problems deal with linear analysis. The study .
.." of the non-linéf analysis is very restrictive in nature and it appears that more detalled study L
. on large amplitude v1bratxon of shell structures should be made o : LT

o Regardmg the apphcatlon of " Constant deﬂectlon contour Method "on shell structures' " ‘
Mazumdar and Jones[115] had made some useful studies on shell structures. HHowever, all of
' them concerned with the linear approach. Recently Banerjee [109] has made an attempt to .~

""" extend the "Constant{yeflection Contour" method to shell problems. But no specific illustration

" “has been made in Support of the theoretical study. This prompts the present investigator to

" make an attempt to do some work in this sphere in support of the applicability of " Constant _
Deﬂectlon Contour" method to shell problems mvolvmg statlcal or dynamlcal cases T e

Let a:nelastlc 1sotrop1c shallow shell be consrdered The. equatnon of 1ts mlddle surface C

| referred to a system of orthogonal Co-ordmates , y, z) represented by

For a shallow shell b" (X+? ) < s small compared to the radn of ,

curvature Ri, R, aid Ri2 everywhere in the reglon R1 Rz, ald R12 may be taken to be oonstant

' The well-known Von Karman equatlon extended to a dynamlc case for shallow shell -
may be written as [109] - ' o | ’ . P
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Ky, and Kz are principal curvatures.
If u=u (x,y) defines the lines ofequal deﬂection equations (G.1) and (6.2) becomes
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In tegrating equation (6.3) and (6.4) over area
e
; /KH[A dwo dF +Aéo@ (& oer:jom
ﬁfbg[A oﬂF+A O{ZZF o{%JL ﬂ”/oﬁ »
+. ffp om - Ies]
a0 4

M | |
ﬂ AOP,F_FACOQQM?, A%Jr;gém dfL

A oRE e
SL .

+ Eff“;% * AQ@T AL Lo

For an elliptical shell the lines of equal deflection are represented by
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Where u=o defines the boundary and u=1 is the centre of concentric ellipses, where the
deflection is maximum under an uniform load p

Deflection and stress functions are assumed to be
E o AF (u)%) [6-7]

For such a variable u, equ-aiions (6.5) and (6.6), on integration reduce to
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Compatible with the boundary conditions for a clamped boundary, A‘ s arc cevaluated. Let a
rough approximation be considered with the first term only.
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With W= Au?, the first ilil,(agral of equation (G.9)
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Whilé the second integral becomes :
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B: and Bz are constant subject to immovable condition

2 ! ‘ Vi
2i-wWdFE  _ (1-¥)dF =0 [6.127]
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Further equatlons(6 10) and (6 11) are valid for whole domain bounded by C then for u =0
e AF | 3]
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Foru=1, equatlon (6 11) becomes

RE__ Ay +—~TEALV(t)+B +By, =0 [6-15]
30 b P ,

Solving equations ( 6.12) , (6.13), 6.14 and (6.15) one gets
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Taking the first derivative of equation (3.8) in agrcement with the proposed theory
explained in ch lpl( r-vV

Z,DPBI«LL) 4 W. 4(!-%)09 W 4 zoﬂlwt{ AYCE)

L8R _d [(,.-u)oa:: o&ij i) +2TRP [(f—u)dF ]/—W (t)

ab du

+/°1QA Wu’ (t) —p =0 [o17]

Substituting equatlon (6.16) mto equation (6.17) and using Galerkin procedure to minimize
the error one gets.
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Equation (6.18) can be put in a simpler form
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Free lmor vibration ; :
[For free vibration putting p=0in equdtlon (6.19)
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The lmer frequen(,y parametor is given by

» = [5P (& p+O 81261 ER/)] L
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The variation of Wa [P/Ea, for elliptic circular shell are shown in Table (4l )

b) Non- llner frge vibration
For non-liner free vibration P o
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If we designate ¢y* and @ as the frequenmes of non-linér and liner vibration

respectlvelz | ‘ 5 b,
W — f+;—— _C__a_ -— _é.(cz,
o 4 C, 6 \ G
) !
Ei is the nop- d1mens1onal relatlve amplitude 2
Pr 5 5238 m*E 5508(5E) ™ 5
i+ 2m 3" [0 2hh%t+0: zoar(m’) (Bre2ms3) {o -ZhH2+0° 2031(2?) }
x Jor =03
_A

Numerical results showing the variation of &  with relative amplitudej =0
> _ &y

for elliptical shell have been shown in the table (42—46 )

C  The static deflection of the same problem may be evaluated from equation (6.18)

neglecting the inertial term as
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The numerical results showing (he deépendence of central (leﬂectxon on load parameter
are shown in tables [ 47 - 51

I

Vanatlon of linear frequency in units of corresponding flat-plate frequency for a

Table : 4
complete spectrum of aspect ratio and ( )
m=1 m=1.5 m=2
Present [115] Present, [115] Present, [115]
Study . Study Study
0 1. 1.05 1.68 1.77 2.71 2.85
0.5 1.099 1.15 1.88 1.93 2.98 3.12
1.0 1.35 1.40 2.279 2.36 3.67 3.80
1.5 1.694 1.75 2.85 2.95 4.60 4.75
2.0 2.08 2.16 3.50 3.64 5.64 5.87
3.0 2.91 2.99 4.90 5.73 7.91 8.12
5.0 4.66 4.51 7.68 7.59 ‘12.69 12.25
10 9.17 7.62 1544 12.83 2491 20.69
20 18.26 14.1 30.21 23.74 49.61 38.29
Table:42. Varlatlon of (*) on relative amplitudes _59. for different
valuesof " . o, W ‘ 4
w’ =03 %_ 0
wyw
Ao [R. L m= | m='5 m=2
0 ' 1.000 1.000 1.000
0.2 1.007 1.0044 1.0020
0.4 1.0272 1.0176 1.0082
0.6 1.0617 1.0392 1.0185
0.8 1.1073 1.0688 1.0327
1.0 1.1633 '1.1056 1.0506
1.2 1.2283 1.1490 1.0722
1.4 1.3010 1.1982 1.0971
'1.6 1.3801 1.2527 1.1251
1.8 1.4645 1.3117 1.1561
2.0 1.5535 1.3746 .1.1897

¥




X
Toble : 473 ‘DePerdemce of % on ’éﬁ‘

S-03 2¥_, |
2 —;?;‘ -
Ao/‘R’ w*/w .

. m=1 m=1.5 m=2.0
0 1.000 1.000 : 1.000 -

0.9925 0.9953 _ - 0.9978
0.5 0.9699 o 0.9811 0.991
1.0 0.8734 ' 0.9224 0.9648 -
1.5 0.6831 0.8153 0.9191
2.0 - 0.228 0.6356 - 0.8508
2.5 0.2622 0.7541

: ' x
Table: ( 44 ) DePew\deMe 03(—7% m%

AR w*/w
m=1 m=1.5 A =2
0 1.000 1.000 1.000
) 0.9925 0.995 0.9977
1.0 0.9700 : 0.9813 0.9914
1.5 0.8876 : 0.9562 0.9806
2.0 0.8740 0.9230 0.9654
2.5 0.7945 ' 0.87678 ' 0.9453
x
Toble : 45 Deporvence of O e A
¥ =03, 2¥ - 10
B[R ¥/ W ‘
m=1 m=1.5 m=2
0 1.000 -1.000 ' 1.000
b 0.9979 0.9983 0.9994
1.0 0.9919 0.9935 | 0.9977
1.5 0.9818 0.98564 0.9946
2.0 0.9674 . 0.9740 0.9905
2.5 0.9486 0.9591 0.9852
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Toble :/.5 Depeorvenee oﬁ_%i o __1;3_

_ ' ¢ TR
Ao/‘R/ : ’ CO*/CO
m=1 m=1.5 m=2
0 1.000 1.000 1.000
% T 0.9994 0.9996 0.9998
1.0 0.9979 0.9986 0.9993
1.5 0.9953 0.9970 0.9986
2.0 0.9917 0.9947 0.9975
2.5 0.9871 0.9981 0.9962
Table « 47 Depeo%e/nce OJP Corbal Deﬁ@eol‘zm» L‘/0 %LOML Pavamelir
i Jor difforont values of m
=03, 27’ =0
, a““/ ERT
W, /8. m=1 . - m=IS ) m=2
) .0 . 0 ' 0
0.2 1.1742 3.3599 8.6918
0.4 . 2.4619 ‘ 6.9636 » 17.6711
0.6 4.1725 11.03668 27.2251
0.8 6.1017 15.8192 37.6413
1.0 8.6206 21.5478 49.207
1.2 1‘1.802 28.4587 60.4852
1.6 20.6818 46.7742 93.6747
2.0 33.818 < 72.6576 134.427

| Depernerce of Central Defltion on Load. Panamelor

Table « 48
. 2r _
| »=03 =
Wo /R ba®[E2”
m=1 m=1.5 m=2
0 0 0 0
0.2 2.4765 6.5565 © 16.4539
0.4 5.5716 14.3336 37.0076
0.6 9.804 23.478 59.905
0.8 14.922 34.248 86.147
1.0 - 21.203 12.974 116.0125
1.2 28.751 68.681 149.774
1.6 48.18 98.168 230.182
1.8 60.40 ' 120.974 ' 277.396
2.0 74.392 146.54 329 668
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Table - 49

' Deponvence of Central Defloction on Load Pammefér/i

_ . )f: 03 2,% =5
S ‘ 1’\/O/’g/ - Pa"’/E,Rff -

m=1 m=1.5 m=2

0 0 0 .0

0.2 27.106 86.585 - 194.597

04" 54.43 180.347 401.823

0.6 91.108 281.529 605.763

0.8 128.256 390.354 833.706

1.0 169.04 507.08 1102.15

1.2 - 213.563 613.906 1362.76 |

1.6 314.372 906.928 1926.47

2.0 431.78 1217.2 2494.76

I N VI
Table - Dependence of Central deflection on load parameter FG— / ER - for different values

50 < of m
?{= 03 2T = |0
el
W Pt /ER
Oﬂa’ m=1 m=1.5 m=2
0 0 0 0
0.2 101.762 286.679 739.987
0.4 209.836 587.273 1504.943
0.6 324.336 902.61 - 2295.15
0.8 445.413 1232.30 . 311091
1.0 573.19 1576.9 3952.51
1.2 707.789 1935.11 4820.21
1.6 998.03 2495.9 6635.141
2.0 1317.2 35630.2 8557.92
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. Table - 5]

Dependence of Central deflection ( %_) on load parameter for different values m
. . \

5= 0O 2Fr _2
»=0"3 Ly = 0

Wk [ pa/ER" |
- m=1 , , m=10'5 \ m=2
0 0 -0 0
0.2 397.19 569.91 ©2909.12
0.4 806.856 1167.83 5867.89
0.6 1229.126 1793.97 8876.59
0.8 1664.133 2448.5 11935.98
1.0 2112.02 3131.9 15045.6
1.2 2572.86 - 3844.147 18205.07
1.6 . 3534.2 5356.37 24666.8666
2.0 4549.12 6986.4 31360.6
Table ( 44 ) shows that the results tally well with those of Jones & Mazumdz&r_‘

[ 115] for lower values of measure of shallowness ( 2{/§, ). The present values of the liner
frequency are little grater than these obtained in Reference [ 115 ] and the difference
increases for higher values of ( Q,Y/ f, )- This may be due to the rough approximation made

for deflection function.

Table - (.~ 42 ) shows the values of relative frequency for different values of m (=
aspect ratio) for ¥ =0.83and ( 2¥/k) = 01i.e. when the structure assumes that of a plate .
From table ( 42 ) the frequency ratio ( non- 1indt : liné¥ ) increases with the increase of
the value of [%o)(relative amplitude) for all values of m. However the variation of (W0 ) is
not so significant for higher values of m which is a obvious expectation as m increases
the structure behaves like a beam whereas the results of tables (43 — 46 ) in which the
variation of the measure of shallowness has been considered and the effect is just the reverse
‘what has been observed in the previous case (Tahle-42). In these tables the value of relative
frequency increases with the increase of ,?-: and the effect i lS most significant for m = 1 and the
eﬁ'ect of non-linearity decreases with the 'Increase of Q'f/ and m. :

As it has always been treated to find the static behaviour of the structure in all the
previous problems as a by-product of the ongoing analysis, tables ( 47- 5/ ) show the
dependence of central deflection Wo /&, on the load parameterPa/Ek,l" For 27/4. =0 the
results for m = 1 are in excellent agreement with those of Yamaki [ 22 ]. The effect of the
dependence become more significant with the increasing values of the aspect ratio m. However
as the measure of shallowness ( 2%4 ) increases the deflections are more significant. for
smaller values of m and it is a maximum for m =1 when a particular value of the load

" parameter is concerned.
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