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7.1 Introductioh

This chapter also deals with the ordinary twin paradox but with a difference. Since
the advent of SR hundreds of papers on twin paradox have appeared in the litera-
ture. Barring a few, most of the éuthoré have asserted that there is no “paradox”.
Indeed once “paradox” gets resolved the term “paradox” should never be used in
the concerned context. Yet almost all the authors dealing with the topic concerning
twins continue to refer to it as the twin paradox. There is no point however to give
excuses for using the phrase “twin paradox” or raising this sementic issue at the fag
end of this thesis. But there is a reason. If the counter-intuitive issue had really
long been resolved it would not remain still one of the most enduring puzzles of
physics.

As for example in 1918, Einstein came up with the resolution of the paradox, in
terms of his own general theory of relativity; on the other hénd say about elghty
years after Kinstein’s 1905 paper an. article appears in a reputed journal with the
provocative title “T'win paradox: A complete treatment from the point of view of
each twin”[1] indicating as if so far complete treatment was not available! Some
relatively recent papers[2, 3, 4] even challenge SR in the context of the paradox.
Unnikrishnan[2] claims to have shown “Logical and physical flaws” in Einstein’s
analysis and further remarked in some context that- “special relativity principle
formulated originally for physics in empty space is not valid in the matter filled
universe.” Some of Unnikrishnan’s arguments however was promptly cha_llénged by
Gron[5] as it was rightly shown that there was serious error in the former’s analysis.

A few years ago (2006) there had been a considerable hype in the media stating
for example “...scientist solves Einstein’s twin paradox” referring to a paper that

appeared in J.of theo.phys. Students of Physics would be puzzled since it would
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mean that twin paradox was being solved for the first time! What we would mean
to say is that in spite of various authors having remarked that clock paradox or
twin paradox have long been solved the debate on the issue still continues. Pesic[6]
had rightly remarked “.. numerous papers continue to illuminate the problem.
Alternative situations have emerged that surely would have delighted Einstein”.

One of such alternative situations concerns the so-called non-abrupt turn-around
scenario where the rocket bound twin B during turn-around gets finitely decelerated.
Let us consider this now.

In the twin problem. as said earlier, the traveller Barbara (B) faces some ac-
celeration during turn-around by virtue of which she lies in an accelerated frame.
whereas Alex (A), the stay at home one remains in an inertial frame. Since Lorentz
transformation (LT) holds only between two inertial frames, one cannot use LT to
compute the ages from the perspective of the accelerated observer B. In case of
abrupt turn-around however, one can work with LT by assuming that the acceler-
ated motion of B-can be decomposed into two uniform motions for her forward and
return journeys. But a correction is to be introduced in the calculation of time due
to Chaﬁge of simultaneity when B jumps from one inertial frame to another. The
main problem arises when one considers a more realistic situation where the acceler-
ation faced by the traveller is finite. Here the question arises can one deal with the
situation in the same way when the turn-around is non-abrupt (finite acceleration).

It is often believed that one needs general relativity (GR) to deal with the
situation[l, 7, 8, 9]. For example Perrin in his paper “Twin paradoy':: A complete
treatment from the point of view of each twin”[1] set up a round-trip situation as-
suming finite (proper) acceleration of B and worked through from the perspectives
of each twin. In particular the author obtained the time elapsed on the clock of

the stay-at-home twin during the periods of acceleration by solving the Einstein’s
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field equation and the geodesic equation in the frame of reference of the traveller
twin. The calculation is quite involved and one may have the feeling that the result
thus obtained cannot be obtained purely from special relativistic considerations.
However we will show below (Sec.7.3) that the A-clock time can be calculated fully
in the context of SR provided one synchronizes the coordinate clocks suitably in
the frame of reference of the traveller twin.

To understand this synchronization issue it is worthwhile to first discuss briefly
the conventionality of simultaneity thesis (CS—thesis)[lO, 11,12, 13, 14, 15, 16, 17] of
SR. According to CS-thesis!, in relativity theory various conventions can be adopted
in synchronizing distant clocks in a given inertial frame. Einstein’s synchronization
convention which asserts that the one-way-speed (OWS) of light is isotropic and
is equal to its two-way-speed (TWS) ‘¢’ is just one among these possible modes
of synchronization. Now if we can obtain a synchronization scheme where there
is no change of simultaneity when one shifts from one inertial frame to‘ another,
then in the twin problem the effect due to the change of synchronization of the
coordinate clocks of B can be eliminated. In such a mode of synchronization, time
should be absolute. The proposed synchr‘onization scheme is known as absolute
synchronization. Indeed in a previous chapter we have seen that correction of time
due to the change of simultaneity in the traveller’s frame during turn-around sug-
gests how naturally absolute synchronization emerges as the best synchronization
in the context of acceleration. In the relativistic world if the dis’canf clocks in an

inertial frame X are synchronized according to absolute synchronization, then the

LA comprehensive review of the thesis is presented in a paper by Anderson,Vetharaniam and

Stedman[18]Also one can study the papers of Ref[12, 13, 19]
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transformation equation thus generated is given as

&= (%o — uto), (7.1)
t =",
where u is the relative velocity of X with respect to the preferred frame ¥ and
v = (1 —«?/c®)7"/? is the usual Lorentz factor. The transformation Eq.(7.1) is
known as the Tangherlini transformation (TT)[12, 13, 14, 20, 21] or often inertial
transformation[15].

Coming back to the context of the twin paradox, when the traveller B faces some
finite acceleration, she continuously changes her inertial frames. In case of abrupt
turn-around however, since as we have airéady mentioned, one can easily find the
correction term that is to be added for the change of simultaneity between these two
mertial-frames. On the other hand, for finite acceleration one will need to find ways
to incorporate the effects due to change of simultaneity in a continuous manner.
However any endeavour towards this e_nd is not witnessed in the literature.

We propose to deal with the situation by choosing the absolute synchronization
from the onset so that one does away with the need to incorporate corrections due
to change of simultaneity that we discussed earlier. Thus, using T'T we will be able
to recover the expression for the A-clock time (that have been obtained by Perrin|1]
in a complicated manner by solving Einétein’s field equations and the geodesic
equations) from B’s perspective.simply from the consideration of SR alone?. To our
knowledge no such “complete treatment” of the paradox involving finite acceleration
in the context of SR is available in literature. In this paper we shall present such an
analysis. We hope that this work will provide a deeper understanding regarding the

subtleties of the problem. Perhaps this will also put a stop to the long controversy

2It may be noted that the context of SR does not change for merely choosing a different

(coordinate) clock synchronization scheme.
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regarding the necessity of the involvement of GR in the resolution of the twin
problem. Before presenting our main calculations we shall give in the next section
a brief review of Perrin’s{1] analysis. Sec.7.4 will be devoted to summarizing our

results and conclusions.

7.2 A Brief Review of Perrin’s Paper

Robert Perrin in his paper “Twin paradox: A complete treatment from the point of
view ol each twin”[1] divided the rﬁun&mtrip of the traveller into acceleratién phases
and uniform velocity phases. He divided the round-trip into six phases as follows:
Phase 1 is the acceleration phase where the traveller leaves the earth -with a proper
acceleration g until her velocity increases from 0 to u relative to the earth twin.
Phase 2 is the uniform velocity phase where the traveller covers a distance Ly with
the constant velocity w.
Phase 3 is the deceleration phase where the traveller moves with an acceleration
f—g’ and turns around.
Phase 4 is the moment after turn-around where the traveller suffers the same amount
of acceleration and travels toward earth with velocity —u.
Phase 5 is again the constant velocity phase where the traveller moves toward earth
with velocity —u.
Phase 6 is the final acceleration phase where the traveller suffers the acceleration g
and ends up at rest on the earth:

From special relativistic consideration it has been calculated that the time elapsed
on earth for the entire round-trip of the traveller is

74244 oo (7.2)
q (7

The above result is obtained in detail in the next section.
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To compute the time recorded in the traveller’s clock, the stay-at-home sibling uses

the standard time dilation result following LT. This time comes out to be

— 2
T = _c_ln(l_t?_‘_/f
g ‘l—ufc

)+ 27‘1@. (7.3)

U .
From the point of view of the traveller twin the author similarly divided the trip
into six phases and interpreted the acceleration phases as the turning on of a grav-
itational field along the z-direction. From the perspective of the traveller the time
elapsed on her clock is the same as that calculated by the earth-bound observer
and that elapsed on earth during the uniform velocity phases are obtained using
the length contraction formula. But in order to calculate the time elapsed on earth
during the accelerated segments of the journey Perrin solved the gravitatioﬁal field
equations and the geodesic equations of motion. He claimed that these calculations
cannot be completed without involving GR.

From his quite involved GR. analysis he showed that the time elapsed on earth (as

calculated by the traveller) during the acceleration phases comes out to be

u  Lou
DI S 219,. + *505” (7.4)

where £; and t;;; are the time elapsed on earth during the acceleration phases I and
11T respectively.

With this value for the earth-clock time, perspective of both the twins matches,
thus resolving the paradox. In the next section we shall show that the time elapsed
on the earth clock can be obtained from special relativistic considerations alone by

solving some simple equations.
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7.3 Tangherlini Transformation and the Twin Para-
dox

As mentioned in Sec.7.1 clock synchronization is a matter of convention and different
conventions yield different sets of transformation equations. Selleri suggested that
in general the space-time transformation between the preferred frame ¥y and an

arbitrary frame 3 with relative velocity u is given as

—~
-~
(@2

A

which represents a set of theories equivalent to SR. The free parameter ¢ depends
on the simultaneity convention adopted in the frame % and is a function of the
relative velocity w. For different values of € we get different scts of transformation

equations. For example, for standard synchrony

€= —fFy/c= —uy/c’. (7.6)

For this value of ¢ Eq.(7.5) reduces to LT. From Eq.(7.5) one can also obtain the
OWS'’ of light along the positive (¢, ) and negative (¢_) z-directions in the frame 2

as
+ey,

€ fred

..’[

+

GM' IS

(7.7)

S
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+ 67‘1]

Ul

Putting the value of € given by Eq.(7.6) one can easily check that the OWS’ of
light in 3 comes out to be the same as its TWS c. as is demanded by the standard
synchrony. -

For € = 0 Eq.(7.5) reduces to

v = Y(m — uto), s

t = ,let()’,
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which is the same as Eq.(7.1). So for e = 0 we get the Tangherlini transformation
(TT) representing the relativistic world with absolute synchrony.

The inverse of TT can be calculated as

o = vz +yPut) = vz — o),

(7.9)
t() = "‘/t,
where v is the relative velocity of ¥y with respect to X which is given as
lv] = !-’yQUI (7.10)
To obtain the A-clock time from the perspective of B we consider that the stay-

at-home twin (A) is attached to the frame 3y and the traveller (B) to X. We
follow closely the approach suggésted by Perrin{l] and hence divide the round-trip
similarly into six phases—two uniform velocity and four acceleration phases.
Below we shall compute the ages from the perspective of both the twins A and
‘B step-wise.
Step 1:
Before calculating the ages from the individual perspectives let us first write down
the time dilation formulas and the length contraction formulas.
Time Dilation Formulas:
The transformation equations (7.1) and (7.9) suggests that the twin A attached to
the preferred frame observes tin;e dilation whereas the other twin B observes the
time to be contracted. So from the perspective of A we get a time dilation formula
(TDF) but from the perspective of B we obtain a time contraction formula (TCF),

.Whi(‘,h are
TDF Atp(A) = v Ata(A), (7.11)

TCF A’TA(B) = ’YAtB(B). (712)
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In the above ATx(Y'), (where X and Y stands for both 4 or B) denotes the time
recorded in X-clock for two events which occurred at the position of X, as inferred
by another observer Y, drawn from Y's coordinate clock record Aty (Y') and the
relevant TDF (in case Y represents A) or TCF (in case Y represents B). Also
the interval A7x (Y} is based on a single clock measurement and hence it, refers to
the proper time of X. So the 'z."—symbol. stands for the proper time. The interval
Aty(Yj, as mentioned earlier, is the coordinate time of Y and it gives the difference
in clock readings for the same set of events (which occurred in X-frame) measured
by two spatially separated (synchronized) coordinate clocks stationary with respect
to the frame of reference attached to Y. However for the round trip of the observer
X, only a single clock (of ') is required to measure the interval Aty (Y"), but even
then it still represents the coordinate time, so t-symbol is used instead of 7.
Length contraction formulas:

Similarly from the set of equations (7.1) and (7.9) we obtain two length contraction
formulas, more correctly contra.otion frdm the perspective of A and dilation from

that of B which are
LOFT: Lp(A) = 7"1LB(B), (7.13)

LCF2 - La(B) = vLA(A). (7.14)

Where L4(A) and Lg(B) are the rest lengths of rods in the frames‘ of A (ie Xp)
and B (i.e X) respectively. The lengths Lg(A) and La(B) are the corresponding
lengths noted by the observers in the other frames (A and B respectively). In the
twin problem the only distance of interest is that of the point of turn-around from
A which is clearly a rest length in A ie. L a(A) = Ly (say). Hence the relevant

LCF is that given by Eq.(7.14), which is

L = ~y Lo, (7.15)
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with L = LA(B).
Perspective of A:
Step 2:

Phase 1, as said before, is the acceleration phase where the acceleration of 2-

frame is
du u? , .
gu=g =0 )", (7.16)
or
(1 - zﬂg/ g

The phase 1 ends when B attains a velocity u with respect to A, hence on integrating
the right hand side from velocity 0 to u we can get the total time elapsed in A-clock

during phase 1

1. pu du YU
A A = = SN e 1

Note that in the notation At4(A),, the subscript 1 denotes the phase 1.
Now the entire journey is composed of four such acceleration phases, i.e, phases

1,3,4 and 6. Hence considering all these phases the total time elapsed is

Yu

At A(A), = 472 (7.19)
g

Step 3:
The remaining two phases i.e 2 and 5 are the uniform velocity phases where the
twin B traverses a distance Ly with the constant velocity u. Hence the total time

elapsed during these phases is
20t 4(A), = 2= (7.20)

Step 4:
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Considering all the six phases the total time measured in A-clock comes out to
be
Lo

Ata(A) = 43;3 +22, (7.21)

Step 5:

The time recorded in B-clock as observed by A can be obtained by applying the
TDF given by Eq.(7.11). For the uniform velocity phases this formula can be used
directly but for the acceleration phases the speed is not constant and hence the

TDF is differentially true. For the acceleration phases therefore we have
dtB(A.) = ’}/_:lth(/i)7 ‘ (722)

On integrating the above equation we obtain the time recorded in B-clock during
each acceleration phase as

v u du c 14+ u/c v
ond ~ g = S S, i . ¥ .2’3
Atp(A); /o v dta(A) ]{) - Z;)g 29&71(1 - u/c> (7.23)

Step 6:
For the uniform velocity phases the calculation is simple and the time recorded
in B-clock as computed by A is

Atg(A), = v At4(A), = 7“1%. (7.24)

Step 7:
The total time recorded in B -clock as observed by A thus comes out to be

Ats(A) = 4AL5(A), + 20t5(A), = Cin(LEYCy 4 27—1%9. (7.25)

g 1l-—u/c

Step 8:
From Egs. (7.21) and (7.25) the differential aging from the point of view of A
can be calculated as

X L
SH(A) = 22001 — 41y g 28 20y, L/
u g g l—wu/e

). (7.26)
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Perspective of B:
Step 9:

From the point of view of the' traveller B the journey can be similarly divided
into six phases. The phase I is as before the acceleration phase. From the principle
of equivalence one may interpret this as the turning on of a gravitational field in the
—z direction until the earth-bound twin attains a velocity —v. During this phase

the acceleration experienced by the earth-bound twin is

dv 4v? e
or
dv
dtp(B) = dt = (7.98)

1+ 572y
Hence the time elapsed in the B-clock Atg(B); can be obtained by integrdting the

right hand side between speeds 0 and ’U?‘ thus giving

I dv c . |2 42\ /2
At B y = - / e T ey !>___ S . ’f"r" 3
B(B); g Jo (1‘*‘%};)1/2 59 inLC +<1+ cz) J (7.29)

Replacing v by v?u in the above equation gives

c I +u/c
AtB(B)I = —i;ln(i‘i— u§C

). (7.30)

which is the same as Atp(A), given by Eq.(7.23).

Step 10:

On the completion of phase I, phase 1l starts where A moves with a constant
velocity —v and covers a distance L = yLo. The time in B-clock during this phase
is thus

Aty(B),; = L vLy v Lo

l—v] "~ Y2u w

, (7.31)

where we have made use of Eq.(7.10).

Step 11:
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During phase III, the gravitational ﬁeld is again turned on as in phase I but now
in the opposite sense unless A comes to rest and reverses his direction. The return
trip of A is same as the outward trip with two acceleration and one uniform velocity
phases. The total time elapsed in B-clock (considering all these phases) thus comes
out to be

-1
)+ 27 uLO = Atg(A). (7.32)

, ¢ 1+ufc
Atg(B) = 4§§jn(1 -y

Step 12: |
In this step we shall compute the time elapsed in A-clock as observed by B during
the acceleration phase I (or during each acceleration phase). Note that during these
phases, as said ecarlier, a gravitational field is turned on, so Perrin|1] claimed that
GR is required for the calculations to be performed. In contrast we shall do the

calculation using SR alone.

To obtain this time assuming absolute synchronization we use the TCF (Eq.(7.12)).

During phase I this time is

v 1 v dv
At4(B), = / vdip(B) = - / | (7.33)
o gJo \/1—u2/02\/1+4f02/02
Solving the equation and writing v in terms of u, we get
Ata(B), = == (7.34)
g
Step 13:
The time elapsed in A-clock during the uniform velocity phase is -
Lo .
Ata(B);; = fyAtE(B)II = (7.35)

Step 14:

The total time elapsed in A-clock as calculated by B is thus

AtA(B) = 4AtA(B>I + ‘ZAtA(B)I” = 4:§£ + 29—9 = ATA<A) (736)
’ u
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On comparison of Eqgs.(7.32)and (7.36) we can sec that the differential aging from

the perspective of B comes out to be the same as that from the perspective of A
0t(B) = ot(A). (7.37)

The perspectives of both the twins match, thus dissolving the paradox completely.

7.4 Summary

The present analysis shows that the whole calculation can be performed considering
SR alone. Even for finite acceleration, during the acceleration phases one can easily
obtain the A-clock time fully in the context of SR if the clocks are synchronized
following absolute synchronization convention. To our knowledge the proposed
analysis is the first one to treat the twin problem involving finite acceleration lying
in the realm of SR. This treatment thus makes it evident that for the complete
treatment of the twin problem whose origin lies in SR only special relativistic eﬁects
are sufficient, any reference to GR in the context of the ordinary twin paradox is
redundant. The above treatment also shows that the twin problem does not arise
at all if the clocks are synchronized according to absolute synchrony. Hence it
reveals clearly the fact that at the heart of the standard twin problem lies the
adopted synchronization convention, i.e the Einstein synchrony since, as we have
seen, in the relativistic world if the clocks are synchronized according the standard
synchrony then there develops a contradiction between the predictions of the twins,
but if in the same relativistic world the clocks are synchronized following absolute
synchrony the contradiction vanishes. As said earlier, in the ordinary twin problem,
the rocket-bound sibling is subjected to a turn-around acceleration due to which
she shifts from one inertial fra,me't.o another. For the clocks synchronized according

to Einstein synchrony, the simultaneity being relative, a change in synchrony occurs
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at this point of turn around, and hence while computing the ages the twin B has
to take proper care of this effect, in addition to the time dilation effect®. In our
earlier works we have shown that the paradox gets resolved if the effect linked with
relativity of simultaneity is taken care of. It has been shown there that the reason
behind this desynchronization is that the clocks in the first frame of B refuse to
be synchronized in her second frame aatomatically. The clocks if left to themselves
define absolute synchrony; any other synchrony (with € # 0 in Eq.(7.5)) can be
achieved only through human intervention i.e artificially. Selleri therefore called

“nature’s choice”. The twin paradox thus arises when B

absolute synchrony as
misses out this desynchronization effect while calculating the ages. But for the
clocks synchronized according to absolute synchrony the desynchronization and

hence the paradox does not arise. So this work of ours makes it clear that the twin

problem is an artifact of Einstein's mode of synchronization.

3The stay-at-home twin A being in an inertial frame can correctly calculate the ages considering

only the time dilation effect.
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