
CHAPTER 2 

~eighted Unconstrained Problems 

In t..his ·::hapter we shall discuss solution procedures of 

two facility Locaton probh:tms in the unconstrained cas:e with 

t~he minimax objective. The distance measure chosen for t.he 

purpose is rect..ilinear. Section 2.1.1 deals with t.he case in 

which the weights are symmetric and in sect.on 2.2.1 t.he 

weight.s have been supposed t.o be asymmet.ric. 

2.1.1 Solution oC a weighted one-centre problem under the 

L noJ'Jil. 
1 

The problem considered in this sect.ion now follows 

min PeRz max ~el w.d<P, P ) 
L i. 

(1) 

where P<x .• ~T) is a variable point. in t.he plane, I = 
{1.2 •...• n}, P.<a., b) 

i. 
are given point.s in t.he plane 

I. L 

belonging t.o a finit.e set. S, w are 
i. 

d<P, P. ), t.he rect.ilinear dist.ance from 
L 

d<P. p) = I X -- a + 
i. i. 

positive weight.s, and 

p t.o P.' is given by 
L 

y - b I· 
To solve (1.) we first. obt.ain t.he maxiJnum weight.ed 

rect.ilinear distance of t.he set. S from an arhit..rarily. chosen 

point. P in t.he plane and t.hen move P such t.hat. t.he weight.ed 

rect.ilinear distance of it. from another point in s is t.he 

same as t.he distance between P and ·the weighted farthest.. 

point. but. great.er t.han t.he dist.ance between p and any ot.her 

point. of S a · cri t.erion to be called primal feas:ibili t.y 

hereafter. This dist.ance is t.hen gradually diminished by 

moving t..he maint.ai ning primal reasibili t.y a.Ll t.he 

4-2 . 
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while, along a pat-h det-ermined by t...he pair ot point-s ot S 

unt-il ei t.her at. least. a t...hird point. ot S is . encount-ered such 

t..hat. all t..hese point-s ot S are equidist.ant. !rom t.he moving 

point. P or no such t.hird point.. at. all exist-s. We have 

developed t..ha algori t..hm by t..ranslat..ing t..hese ideas tor which 

we would pequire certain basic such as an 

equipolygon, a well-behaved point.· et.c. de :fined in Sect. ion 

2.1.2. In ord:1r t.o accomplish t..he task ot gradually reducin~ 

t..his dist..ance until t.he value ot t.he object.ive 

tunct.ion is achieved we have adopted a solut.ion procedure 

based on t.he methods ot t.wo dimensional analytic coordinat.e 

geomet.ry. Th.e st.rat.egy tor solvin~ t.he problem has been 

explained in :let.ail in Section 2.1.3. 

As re~:ards the scope ot applicat.ion o1- t.he minimax 

crit.erion we might. consider locat.ing a new tacilit.y, say, a 

polyclinic or· ·a tire st.at.ipn in a large met.ropolit.an area 

where t.he object.ive is t.o minimize t..he maximum rect.ilinear. 

travel dist..ance · of a pot.ent.ial user, weight.ed by some 

import.ance ract.or which is any posi t.i ve number quant.if"ying 

t.he nat.ure ot int.eract.ion bet. ween t.he tacilit.y and t.he 

category of •.Jiser. 

In t.he recent. past. Love, Morris and Wesolowsky [55] 

have made an in-depth study of model:s: concerning layout. and 

locat.ion of lacili t.ies. The equi weight.ed rect.ilinear met. ric 

problem has been investigated by Francis: [34] and Elzinga 

and Hearn C::?!J using geomet.rical properties:. By t.rans:f"orming 

int.o an equ..i valent.. Hnear· progranuning pt'oblem Francis and 
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Whit.e [36] have developed a solut-ion procedure via linear 

programming for t.he weight-ed version of" t.he locat.ion 

problem. The solut-ion procedure developed by t.hem requires 

-.::< and (5 {pp 384-389, [36]) t,o be calculat-ed for all t.he 
L j L J 

demand point.s t.o arrive at. a conclusion whereas our met.hod, 

being es:sent,ially an i t.erat.i ve one, requires no more 

invest.igat.ion. if t.he point. of" int.ersect.ion at t.wo equipoly-

gons lies on t.he rect-angle !armed by any t.wo at t.he point-s 

defining t.he equipolygons as: a result. of" which t..he remaining 

equipolygons are excluded from f"urt.her· considerat-ion. 

Wendel, Hurt.er and Lowe [77] have given e:f"f"icient.. algorit-hms 

tor :f"inding t.he .set. o:f" e:f":f"icient. locat-ions wit.h t.he L nor·m 
:1 

tor t.he single :f"acilit.y planar locat:ion modeL Drezner and 

. Wesolowsky [24] have · also ext-ensively st-udied one cent.re L 
p 

-dist.ance minimax locat.ional problems. Francis.. McGinnis and 

Whit.e [37] and Hansen, Peet.ers: and Thisse [44] have given a 

met.hod-or·iertl:-ed select-ive survey at t.he li t.erat.ure and 

·-
provided a comparison of" t.he dif"f"erentJ comput.at.ionally 

efficient. alg;or·it.hms. Morris [64] has present-ed an efficient. 

algorit-hm tor solving t..he const-rained mult.if"acilit.y locat-ion 

problems. For t.he mult..i:f"acilit.y minimax locat-ion problem we 

refer t.he l'eader t.o t.he excellent. works of", among ot.hers, 

Drezner [21J, Aneja, Chandrasekaran and Nair (2], Ko, Lee 

and Chang [49], · Dearing and Francis [18] and Wesolowsky 

[78]. 
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2.1.2 Procedure 

At. t~hH out~set, we shall t,ry t.o obt.ain t.he locus ot: a 

. Rz point. 1n from ·which t.he weight.ed rect.ilinear· · dist.ances of 

t,wo given locat.ion point.s are equal. 

Let. P (a • b ) and P (a , b ) ·be any t.wo point.s in t.he 
~- J. 1 2 2· 2 

plane wi t.h as:sociat.ed ·· weight.s w 
1 

and w 
2 

and Cx, y) any point. 

from which t.he weight.ed rect.ilinear dist.ances of P 
1 

and 

are t.he sarne. Wi t.hout. any loss of generali t.y we may assume 

a ~ a as ot.herwise we may always int.erchange t.he labels of 
1 2 . . 

the points. Furthermore, let. us suppose w 
i 

< 

t.he weight.ed rect.ilinear dist.ances 

we get. 

or p and P 
2. 

w . Equating 
2 

!rom Cx, y) 

w C lx - al + IY - b I> = w <lx - ·a I + IY - b I> 
i J. 1 2 2 2 

(2) 

Let. u~;· rewrit.e t.his equat.ion as FCy) = GCx) 

wh~;·re FCy) = w IY - b I - w IY - b 
21 i J. 2 

(3) 

and GCx) = w lx - al - w lx - al 
2 2 J. 1 

(4) 

For a given x = X 
0 

we want. t.o find an y such t.hat. F(y) 

= G<x ). In ot.her words, we want. t.o det.ermine t.he point.s of 
0 

int.ersect.ion of t.he curves u = G<x ) and u = FCt.). 
0 

Let. us now invest.igat.e the nat.ure ol t.he lunct.ions 

delined by (3) and (4). 

II b < b t.hen t.he runct.ion u = FCt.) is cont.inuous 
i 2 

everywhere, st.rict.ly increasing in (- m 

and st.rict.ly decreasing in (b • 
2 

m) and 

b ) and Cb , b ) 
:t :1. 2 

having it.s maxirnum 

posit.ive value of w Cb - b ) at. t. = b associat.ed wit.h t.he 
J. 2 i 2 

greater weight.. Also FCt.) ~ - co as t. ~ ± en. 

II., on the other hand. b > b t.hen the above runct.ion 
2 



st.ric't.ly increases in (- co, 
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b ) and decreases in 
2 

(b • 
z· 

b ) 
i. 

and Cb , oo) but. st.ill has t.he maximum posit.ive value or 
1 

w (b -: b ) aL t. = . b . 
1 1 2 2 

Since t.he func't.ion represent-ed by (4) has a 

ident.ical t.o t.hat. given by (3), it. immediatJely f"ollows t.hat. 

t.he !unct.:io;-1 u = GCt.) .is cont-inuous, st.rict.ly decreasing in. 

(- co, a ) and (a 
1.· j_ 

a ). and st.ri~:::t.ly increasing in (a , co), 
2 2 

having t.he :.ninimum .negat.ive· value of w (a - a ) at. t. = a . 
1 2 1 2 

Also G(t.) --~ + co as t. ---+> ± oo. 

Note: If w > w 't.hen t.he curves represent;ed by· (3) and (4) 
1 2 

will simply nxchange t.heir respect.ive forms. 

As max FC't.) > 0 and G(a ) · < 0 it. f"ollows !rom t.he 
2 

nat.ure of" t.he curve u = F(t.) .t.hat. it. will int.ersect. u = 

G<a ) at. t.wo point.s·. Hence we can conclude t.hat, t.he set. of" 
2 

(x, y) sat.isJ"ying (2) is not. void. 

In a s:imilar manner it. can be <;!.educed t.hat. t.he curves u 

= G(t.) and u = FCb ) will int.ersect. at. exactly t.wo point.s_, 
2 

say Ot and ("f ( > Ot ), given by 

(3 = [ w a - w a + w <b - b )] /(w - w ) 
22 11 12 1 2 1 

{ 

[ w a -·•·r a -w (b -b )] /(w -w )it'F(b )) 
2211121 21 2 

I.)(= 

[ w a +•a a - w (b -b )] /(w +w )if"FCb )S 
2 2 :L 1 1 2 i. 2 ... 2 

provided a ~a. 
1 2 

and 

G(a) 
1 

GCa) 
1 

If a = a t.hen (5 = a + w (b b )/(w 
j_ 2 1 . 1 2 :1 .2 

w) 
:1 

and Ot - a - w Cb - b )/{w - w ) 
1 1 2 :1 2 :1 

If" x < <:..'( or x > (3 t.hen since OCx) ) FCb 
2 

), t,he cuPves (3) and 
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(4) will no~ in~ersec~ a~ all. 

If", on ~he o~he-r hand; we consider anv x . 0 
E (ex., (D ~hen 

~here an such t.hat. Cx • 
0 

v ) 
·o 

sat..isf"ies (2) which 

implies t..ha·i, t.he curve u = FCt.) int.ersect.s u = G<x ) a~ ~wo 
0 

dist.inct. poin~s. A~ x = ex or x = (S t.here exist.s only one 

value of" y, viz. y = b , such t.hat FCb ) = GC<...-x) = GC(D. 
2 2 

From t.he above discussions we, ~hex•ef"ore, have ~he 

!allowing lemma. 

Lemma 1. The locus of" Cx, y) as g-iven by C2) is a closed 

polygon having wit.hin i~ t..he ,pain~ asso~ia~ed wi ~h the 

gx•eater weit~ht... 

In what follows we shall call t..his locus t.he equipolygon 

of' P and P and- denote it.. by EP<i-2). This equipolygon cut..s 
1 2 

t.he line jofning p 
1 

and P bot..h int..ernally and externally in 
2 

t..he inverse rat..io or ~he weight-s at.. t..he extremit..ies, their 

coordinat.es being given b·y 

( Cw a + kw a )/(w + kw ), Cw b + ·kw b )/(w + kw >) 
i_j, 22 1. 2 i1. 22 1 2 

where k = 1 in t.he f"ormer case and k = -1 in ~he lat..t..er. 

We s~at.e wi~hout. proof" t.he !allowing corollary t.o be· 

required in ~he sequel. 

Corollary 1: The weight-ed rect-ilinear dist..;;;,ncg 

point.. P in R
2 

t.o ~he locat.ion point. cor•r•esponding t.o t..ht~ 

great-er wei¢.;·ht. is great.er t.han t.hat t.o t.he ot.her point. when 

t.he point. P is outside t..he equipolygon, a closed cont..our in 

t.his case, a11d vice versa. 

To have a closer look int..o t..he nat..ure of" t..he equipolygon 

we divid€~ the ent..ire plane~ int.o 9 1··egions I t.hrough IX 
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depending on t,he posit,ion o1 Cx, y) as !allows; see 1igure 1. 

I X :::; a ,. y ~ b ·' I I X :::; a . b :::; y :::; b ... 
1 i. 1 J 

I I I X :::; a y ~ b IV a .:::; X :::; a y :::; b ; 
1 1 2 l 

v < X ·< a b < y < b VI a < X < a y > b a > . ·' 
1. 2 j 1 2 J 

VII X ~ a . y :::; b . VIII X ~ a . b :::; y :::; b ... 
2 2 J 

IX X ~ a . y ~ b . ' 2. J 

where b. s b.; i, j = 1, 2 and i ~ j. 
l J 

In each or t.he above reg-ions i1 t.he equipolyg-on is delined 

t.hen it may be represent-ed as shown below. 

I x + y = .:;; + b whei'e a = Cw a 
2 2 

w a )/(w - w ) 
1. 1. 2 1. 

and b = (w b - ·w b )/(w 
2 2 1 1. 2 

w ) 
1. 

II Cw 
2 

- w )x + kCw 
1. 

+ w )y = 
2 

Cw a 
2 2 

- w a ) + k Cw b 
1. 1. 1. 1. 

+ w b ) 
2 2 

I I I x - y ·- a - b 

IV Cw + w )x + Cw 
1. 2 2 

w ) y = C w a . .+ w a ) + C w b - w b ) 
:1. :1. 1. 2 2 2 2 :1. :1. 

V x + k y = c + kd, where c = Cw a + w a )/Cw + w ) 

VI Cw + w )x 
1 2 

VI I x - y = a - b 

(w 
2 

2 2 :1. 1. 2 1. 

and d = ( w b + w b ) / ( w + w ) 
2 2 :1. :1 2 :1. 

w )y = Cw a + w a ) - Cw b 
1. 1. 1. 2 2 2 2 

·v.. b ) 
:1. :1. 

VIII <w 
2 

w )x - kCw + w )y = Cw a 
:1. :1. 2 2 2 

w a ) kCw b +w b ) 
:1. :1. 1. :1. 2 2 

IX X + y = a + b 

c: if" b >b 
where k 

2 1. = 
ii b <b 

2 1 
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Defini t.ion 1. R2:: represent-s t-he smallest. bounding rect.angle 

const.ruci:.E!d. t.hrough t.he lour point.s of" a f"init.e set. L:, 

having minimum and maximum ordinat.es and minimum and maximum 

abscissas respect-ively~· by drawing lines parallel t.o t.he x 

and y axes. When A. 
2" A}·· t.hen t.he smallest. 

k 

bounding rect-angle is denot-ed bv RCA • A , 
. 1 2 

A )_ 
k 

Let. -us now make a det.ailed st.udy of" t.he st.r·uct.ure. or 

t.he equipclygon vis-a-vis: t.he regions of" def"init.ions. 

Let. l amd s denot-e t.he lengt.hs of" adjacent. sides ·::> r 

RCP • P ) whet'e l = 
:1" 2 

and s · = b !- Let. l > s. 
:1 

If' w > w and Cw /w ) < CZ/s) t.he locus of" Cx. • y) consist.s 
2 :1 2 :1 

of" six st-raight. line segment.s lying in r·eg;ions IV t.hrciug;h IX 

joined end t.o end !arming a closed polygon as: shown in 

f"igure 1, "l'lhereas: if" w ) 
2 

w 
:1 

and (w /w ) ~ 
2 :1 

segments: in regions V, VI, VIII and IX or IV, V, VII and 

VIII according- as b < or > 
:1 

b ~ see 
2' 

f"igure 2. If", 

ot.her hand. w > w t.hen t.he equipolygon comprises 
:1 2 

on t.he 

line 

. 
segment-s belonging t.o regions I t.hrough VI in t.he f"ormer and 

I. II, IV .21nd V or II, III, V and VI in t.he lat.t.er cases:. If" 

l s t-he regions wit.hin which segments forming t.he 

equipolygon will lie. may be _obt..ained in an analogous manner. 

If b = b 
},• 2 

t.hen t.he locus: is: a four-sided equipolyg0 n, 

t.he sides being locat.ed in regions: IV. VI, VII and IX or I, 

III, IV and VI according as w < 
:1 

or > W-
2 

In a · similar 

manner when a = a t.he equipolygoh has sides belonging t.o 
i 2 

regions II, III, VIII and IX or I, II, VII and VIII in t.he 

res:pect.ive cases. 
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If w := "' t.he locus represent-ed by (2) is no longer a 
1 z 

closed polygon and consist-s of a line seg·ment. t.hrough t.he 

cent.re of t.he rect.angle lying wi t.hin region V flanked by 

serni-in:Iinit.e lines parallel t.o t.he y-axis con·t.ained in 

regions IV and VI. This is illust.t'at.ed in figure 3 in case 

l > s .If l < s t.hen t.he locus is made up of a line segment. in 

zone V bounded by semi-infinit-e lines parallel t.o t.he x-axis 

cont.ained in regions II and VIII. When l = s t-he locus con-

sist.s of e!it.her diagonal t..oget.her wit..h any t..wo half-rays wit..h 

vert..ices .ott. t..he ext..rerni t..ies of t..his diagonal in regions III 

and VII or I and IX according as b < or > b _ 
i 2 

In our subsequent. discussion we will make use of t..he 

following de:Iini t.ions and not.at.ions. 

De.Cini tion. 2. Wit..h r·espect. t,o any point. (h, k) E we 

denot..e by LCh, · k; a., b ) t..he pat..h consis:t.-ing of" :t.wo line 
L \_ 

segnient.s joining Ch, k) t..o Ca., k) and (a , k) t.o Ca._, b ). 
t. i · t. L 

De.Cini tion 3. · r.. will repres_ent. t.he pc;>rt.ion o:I EPCi- j) 
lJ 

int.ercept-ed by t.he boundaries o:I RCP , P )_ 
\_" j 

Defini t.:ion 4. M denotes a port.ion o:I EPCi-j) from any 
i.j 

point. upt.o t..he nearest. oR<P.. P _) along t..he direction of 
L .1 

descent.. This is illust-rat-ed in figure 1 where M consists 
12 

of t.he lirw s:eg:ment,s 84 and 45 o:I EPCl-2). 

De.Cini t.ion 5. Q will be called a well-behaved point. wit.h 

respect. t.o suffixes i, j e I, i ~ j, if 

w. dCQ_, P.) = w _d(Q_, P ) ~ wkd<Q, Pk), for all k e I - {i,j}. 
L L J j 

De:Cini t.ion 6. A di~'ecLion of descf?nL is: one bv moving along 
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which t.he v;:tlue of t.he object.ive :Iunct.ion does not, increase. 

To br :;ng- t.he ideas cont.ained in t.he last. de:Iini "Lion 

int-o a sha:r·p !ocus let. A, 8 be t.he consecut-ive vert.ices of" 

t.he edge AE~ of" an · equipolyg-on EPC1-2) and P be any point. on 

AB. Then t.he direct.ion PA will be called t.he direct.ion of" 

descent. at. P wi t.h respect. p it d(lJ. p ) ~ 
2 1 

U being- any point. on t.he line seg-ment. AP. 

2.1.3. Solution of" the problem 

dCP, p ), 
1 . 

Our algorit.hm is based on t.he movement. in t.he direct.ion 

o.f descent. along- an edg-e of" an equipolyg-on. It. is, t.here.!ore, 

proper now t.o int.roduce a rule !or it.s det-erminat.ion. 

Deternrination of" the Direction of" Descent, 

Let. P be any point. on an edg-e of" an .equipolyg-on 

EP(1-2). Le1~. us const.ruct, a diamond [36] t.hroug-h P cen·t-red 

at, eit.her t.he point,.s .P . P. 
2 

Then t.he port.ion of" t.he 
1 

edge of" E:PC1-2) direct.ed t.ov,rards t.he diamond g-ives t.he 

direct.ion o.f descent. as shown in Fig-ure 4. 

For· unequal weig-ht.s t,he or·ient.at.ions of" t.he dil-ect.ions 

of" descent. of· t.he equipolygon vis a vis t.he dif!er··ent. 

regions al'E- g-iven below. See Cigure 1 !or an illust.rat.ion. 

Region Orient.at.ion 

IV !rom 1 t.o 6 

VI !rom 4 t.o 5 

VII from 2 t.o 1 

VIII from 3 t.o 2 

IX !rorn 3 t.o 4 or 4 t.o 3 
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In cast: t-he weight-s are equal t-he direct-ion or descent. 

will be t.owaJ.·ds t-he longer side o! t-he r·ect.angle RCP , P ). 
1 2 

Let. us now discuss t-he st.rat.egoy t:or solving problem (1). 

.. -. 

The opt.imal object.ive value wi t,h respect. t.o any t,wo point-s A 

and B occu!"'s in RCA,B). Moreover, RS cont.ains all RCP. ,P .). 
J 

P., p E S. Consequent.ly, t.he minimax solut.ion or problem (l.) 
c j 

lies on RS. 

At. a part.icular i t.er·at.ion it t.here exist.s a. 

well-behaved point. e- RCP , 
1 

P> 
2 

on an edge of' an equipolygon 

EPCl-2), t.he well-behaved point. associat.ed wit.h t.he 

immediat.ely ~,;:ucceedingo it.erat.ion may be obt.ained as !allows. 

We consider t.he int.ersect.ion ·o~ t.he direct.ion of 

descent. or ·Lhis edge of EPC1-2) wit.h · t.he equipolygoons formed 

by P 
1 

or P 
2 

and each of t.he ot.her <n-:-2) point.s and find t.he 

one nearest. t.o a well-behaved point.. If none exist.s t.hen t.he 

ext.reme point. or t.he edg-e o! EPC1-2) serves as t.he next. 

well-behaved point.. Mat.hemat.ically, if t.he end point-s of" an 

. 
edg-e of" EPCt-2) t.hroug-h P be denot.ed by A, B such t.hat. PA is 

t-he direct.ion or . descent. 

p ) 
:1 

= w d<U, 
i. i. 

P.>. 
L . 

i E I 

wi t.h respect. t.o p • 
1 

·{1, 2}, provided u 
i. 

p 
2 

is: 

t-hen w d<U., 
:1 L 

on PA and 

such an U e.xist.s. Let. PU = min <I!PU. p·. We choose U as t.he 
L 

well-behaved point. !or t.he next. it.erat.ion in case such an U 

is available; ot.herwise, we choose A. 

We ne,.,·t.. prove t.he following lemma t.o be subsequent.ly 

required f"or developing- our algorit.hm. 

Lenuna 2. Le:L us consider t.he 't..wo g-iven locat.ion point-s P .. • i 
l 

= 1. ·2 and !inq· · t-he g'I.'c?at..E.,r- or t,he wei&ht.ed rect.ilinear 
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dis-Lances ot- t.hese _ !rom any point. Cg, h). It . t.he pat.h 

corresponding; t.o t.he maximum dist.ance be repi'esent.ed. by 

LCg,h; a ,b ) t.hen t.here exist.s a point. P E LCg, h; a_, b_) 

such t.hat. ~.he weig;ht.ed rect.ilint~ar dist.ances of P 

from P aPe equal. 

Proof: Ir t.he weight-ed dis-Lances of P. 
1' 

p 
2 

Il'Oll\ 

l 

i = 1. 2 

h) be 

equal not.hing; remains t.o be proved. Consider_. t.here!ore, t.he 

sit.uat.ion in which t.he t.wo are not. t.he same and t.he great.ei' 

dist-ance corresponds t.o P We 
1, 

de tine a !unct.ion f(x, y) as 

tallows : 

!Cx, y) = t Cx, y) - · 1 Cx, v) where ' . 1 . . 2 ' . 

1 i. <x, y) = w i. (I x - ai.l + I y - bi.l ). 

Clearly, !<x, y) is a cont-inuous· tunct.ion, !Cg, h) > 0 and 

f(a , b ) = 
1 1 

· 1 (a , -b ) < 0. Hence t.he proof' o! t.he lemma 
2 1 1 

is complet-e. 

We h,;,ve t.he !allowing corollary, t.he proo! of which, 

being obvio•Js, is lett. out.. 

CoPollal"y z. Every equipolygon EP<k-D, p~ is t.he 

weight.ed !.;;trt.hest. · point~ from (g, · h), i E I {k}, int.er·sect.s 

LCg,h; ak, b
1
? at. least. once. 

Suppose t.hat. we are moving along t.he direct.ion of' 

descent. o! t.he equipolygon EPCi- j), w ~ 
i. 

w along A A and on 
j 1 

reaching A, let. w_dCA, P) = 
l i. 

since w d<A, 
k 1 

p ) 
k 

w d(A, 
\. 1 

w.dCA, 
J 

p) 
i. = 

p) 
j 

= 

w .dCA ,P_) 
J ,. 

we 

p ). 
k 

Then 

conclude 

t.hat. t.he t:;quipolygons EPCi-k) and EPCj-k) passing t.hrough A 

will have ~~orne port.ions at. least. o! t.hem on ei t.her side of 

A A in U"lE> neighbourhood of A. In part.icu.l.al'. it.. is obvious 
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t.hat. a port.ion of t.he ·boundary of EPCi-k) will be wit.hin 

EP<i- j) irl.'espect.i ve of t.he rnagnit.udes or w. 
t 

and and 

t.hat. or EPCj-k) will be out.side EPCi- j) as shown in figure 5. 

It. i .. ~ t.o be not..ed !urt..her t.hat.. it t..he point. A be 

out.side R(P., P ·' Pk) t.hen A cannot. be a minimax locat.ion 
t J 

for, any movement. from A t.owards t.he nearest. aRCPi., Pj' P k) 

along t..he direct..ion perpendicular t..o the boundary will cause 

the objecf.ive function value t.o diminish. The direction of 

movement. is goi ven by t..he following cri t.erion. 

Cri t.erion C 

The rule of select..ing one from three or more 

equipolygons meeting at. a non- optimal point. Let. PCg, h) 

be t.he point. from which t..he weighted rectilinear dist.anc1?s 

of Ca., b .. E s £ s .. the cardinali t..y of s being r <~ 3), 
\. i. 1 1 

are equal but. those of point.s E s '- s are less. We take 
i 

any t.hree point..s of s Since p is not. an opt.imal point., one 
:l 

or t.he !allowing possibilit..ies must. be true. 

1. All t..hree point..s lie on t.he same side of' x = g but. any t..wo 

of t.hem lie on one side and t.he third on t..he other ol y = h. 

2. All t.hree point..s lie on t.he same side of" y = h while any 

t. wo of t.hem lie on one side and t..he t..hird on t.he other of 

X = g. 

As an example let. us assume that. each of b , b.. b > h 
L J k 

and a a .• > g. We 
J 

retain Ca., 
\. 

b ) and consider· the 

direct.ions of' ·descent. of .. EPCi- j) and EPCi-k) at. P. We next. 

const~ruct. a diamond wi t.h respect. t..o P. (a. ,I.>. ) passing through 
L \. 

P. 01 t..wo equipolygons EP(i-j) and EP(i-k) t..he one 
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having- a sana Ller angle of inc.tinat.ion wi t.h t.he sidei! of" t.he 

diamond passing t.h.rough p will be select-ed lor t.he 

subsequent. i Lerat..ion. Figure 6 illust.rat.es t.he case of" 

EP<1-2) being :::hosen. 

In t.he algorit-hm t.hat. follows we assume t.hat. t.he 

movement. always t.akes: place along t.he direct~ion of descent. 

of an equipolygon in such a way t.hat. primal feasibilit-y 

condi t.ion is: never violat-ed. 

2.1.4. Algori,thm 

St.ep 0. ( Ini t,ialisat.ion St.ep) 

- -
Take an•; ext.reme point. (x. y) ..s aRS and calculat.e t.he 

maximum wei~:ht.ed r·ect.ilinear· dist.ance . of it. !"rom t.he set. S. 

Let.. t-his max:J.mum occur Ior i => 1. Now det..ez-mine a point, A on 

L(x, y; a , b ) such t.hat. 
.1 :1 

Jl\aX { .,..., d(A, P ) = w.d(A, P) 
:1 .1 ~ 

i E I - {1}} 
A E L<x,y :a. ' b ) 

1 1 

holds. Let. P e S be t.he point. sat-isfying t.he above; go t.o 
2 

st.ep 1. 

St..ep 1. If A e aR<P . P ) or if we can move upt..o a point. B e 
1 2 • 

BR<P ,P ) in such a way t.hat. any point. P E M is a 
1 2 iZ 

well-behaved point. with respect. t.o indices 1, 2 in which 

case A - E:, t.hen go t-o st.ep 3(a). Else go t.o st.ep 2. 

St.ep 2. For a point. P e M· such t.hat. 
:12 

w .d<P,P _) = w d<PtP ), 
.} J :1 l 

j E I {1 t :2} and t.he dist.ance of" P from A measured along 

M is a minimum, if" P e R<P , P , P ) t.hen go t.o s:t.ep · 3(b). 
12 1 2" 
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Else apply cpiter'ion C "to de-termine "the dil.'ec"tion of' nex-t 

movemen-t, A <.--- P, r·ename t.he corresponding point-s def'ining 

t..he equipolygon as p 
:1. 

and P and go t.o st...ep 1. 
2 

St.ep 3(a). If any ot..her equipolygon in-tersect-s r a"t p 
:1.2 

t.hen 

any point.. E AP is a possible• minimax locat-ion. O-therwise~ 

any point. E r· will be a required locat...ion. 
lZ 

St.ep 3{b). Fr·om P we f'ollow "the pa-th along r sat...isf'ying 
kt. 

criter-ion C, kl being any combinat...ion of" 1., 2 and j, unt...il 

we obt...ain t...he point.. o:f" int...ersec"tion Q of" r~ 

kl 
and ano"thel' 

equipolygon, in which case any point.. E PQ is a possible 

minimax locat.ion. O-therwise, any poin-t E "the s:t,re t.ch of" r 
kL 

from P t.o t.he point.. of ini~ers:ect...ion of r 
kL 

and t...he boundary 

of" R<P k:,P
1
_) :d t...uat.ed along "the direct,ion of descent, is a 

required loca1·,ion. 

2.1.5. Analysis o£ t.ime complexit.y 

Let us "take t...wo loca-tion poi~t...s P and P t...he weighted 
.· i. j 

:r:·ect...ilinear dl.:st...ances of which from some Ch, k) are equal. 

Let t...he edge· of EP<i- j) con-taining <h, k) meet R<P., P .> at 
~ J 

<p, q). We nHxt.... det...ermine if t.he point of" intersec-tion of" 

t.he seg-ment. joining <h, k) and· Cp, q), and some other 

EP<i-D closest, t...o <h, k), belong-s t.o "this segmen-t. 

Our algc.;:-i thm chooses one of" t.he corner point-s of" ~ . as 

a. st.art.ing- S:•:·lut.ion. Taking t.he right. hand bot.t.om corner as 

the init..ial choic~, .. <h .• _ k) ~y initially belong t.o one of" 

t.he zones IV,. VII or VIII -wit.h l'E~spect... t.o P and P. If" it 
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is in zon·:! VII, since t.wo equipoly~ons in t.his zone, being 

parallel. cannot. int.ersect. each ot.her, it. cannot. remain 

t.here in t.he !allowing i t.erat.ions, t.hus signalling · t.he 

railure t.c obt.ain an Ch , k )_ If", on t.he ot.her hand, t.he 
. :1 :1 

non-opt.im.::-..t point. Ch, k) belongs t.o zone IV ini t.ially, it. is 

t.hen obvious t.hat. (h k ) also belongs t.o zone IV. 
:1' :1 

By t.he 

very derini t.ion or zone IV. if" Ch , k ) be 
:1 :1 

non-opt.imal · t.hen 

t.he ordinat.es or t.he t.hree point.s will be g-reat.er t.han k 
:1 

whereas Vwo or t.hem will be on t.he one side and t.he t.hird on 

t.he ot.her or X = h . Criterion c det.ermines which one or t.he 
:1 

t.wo point.s on t.he same side or x = h is t.o be ret.ained in 
:1 

t.he next. i t.erat.ion. Thus each or t.he ret.ained 

generating t.he next. i t.erat.ion has · ordinat.e great.er 

while cont.inuing- t.o 

indicat.ing t.hat. 

remain on 

k ) 
:1 

st.ill 

eit.her side or 

belongs t.o zone 

point.s 

t.han k 
:1 

X = 
IV 

h 
:1 

wit.h 

rGGipect. t.o t.h9 updat.ed point-s. If' more t.han t.hree point.s 

have t.he sante weig-ht.ed dist.ance f'rorn (h • 
:1 

k ) 
:1 

t.hen by 

repeat-ed applicat-ion of' CPi t.erion C one can conclude t.hat. if 

t.he it.erat.ion at. some st.age be rest.rict.ed t.o zone IV it. will 

cont.inue t-o remain so unt.il opt.imalit.y is achieved. On t.he 

ot.her hand, if' no Ch , k ) belonging t.o t.he line seg-ment. 
:1. :1 

t.erminat.ed by Ch, k) and Cp, q) exist.s Lht~n any one of" t.he 

zones I o:r VII may have t.o be t.raversed. By t.he same t.oken 

we may draw a paJ.'allel bet.ween t.he arg'ument.s given [or zone 

IV and t.hose f'or zone VIII. 

The -procedure developed by us -is based on t.wo 

equipolygc,ns int.ersect.ing aL most- once in a g;iv•.?n zone. ::If' 
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i , i be 1,he indices corresponding t.o a well-behaved point. 
1." 2 

in a par~~icular non-opt.imal it.erat.ion •. t.hen t.hese indic;~s 

are not. r·:-:quire~ t.o be considex-ed any f"urt.her unt.il opt.imal 

solut.ion is. obt.ained. Thus in t.he worst. case t.he algori t.hm 

has a t.ime complexit-y. Had we ·t.ried t.o solve t.he LP 

f"ormulat.ion of" t.he present. problem via simplex met. hod it. 

wouldn't. have been possible for us t.o conclude beforehand 

t.he order of" polynomial t.ime complexit-y. 

2.1.6. Numerical Example 

Let. us lind t.he solut.ion t.o t.he problem considered by 

Francis and Whit.e [3:61 by making all g_ = 0. The locat.ion 
l 

point.s are <3, 3), (3, 6), (6, 3) and <7, 8) wi"Lh ass:ociat.Pd 

weight.s 2. 3,. 4 and z respect.ively. We const.ruc"L t.he 

rect.angle RS and t.ake a point. (3, 8) E oRS. The weight.ed 

fart.hest. point. is found Lo be p = 
1 

(6, 3). We next. .find Lhe 

point- A t.eo be (6, 6) E LC3, 8· , 6_, 3). We designat.e "Lhe -point. 

(3, 3) as p following st.ep 0 of t.he algoi'i t.hm. Clearly A e 
2 

R<P, p ). Moving along EPC1-2) reach t.he point- p ( Ell 
we = t 2 

7~ ) from which "Lhe weight.ed rect-ilinear 
:14 

p and p (3_, 6) are equal. Since p 
2 :SI 

applying cr-i t.erion c we can move along 

descent- of" EP(1-3) upt.o Lhe point- T = ( 
36 

7' 

:1.4 

dis-Lances of" p 
' :1 

E R(P , p 
2' 

p ) 
1. 9 

t.he direct.ion o:f 

33 

7 
) from which 

t.he weight.f~d rect-ilinear dis-Lance o:f each o:f P , P and P = 
:1 2 • 

(7, f3) is t.he same. Hence by st.ep 3(b), any point- e . PT is a 

required minimax locat-ion. 
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2.1.7. Computational Experience 

No. ol .Point,s Frequency ol convergence in 

1 it,erat,ion 2 it,erat,ions 3 it,erat,ions 

500 18 5 2 

550 19 5 1 

600 17 5 3 

650 17 7 1 

700 18 6 1 

750 19 5 1 

800 15 9 1 

850 18 6 1 

900 18 7 0 

950 19 6 0 

1000 21 2 2 
-------------------------

- Table 1 

This .-s~ct,ion de_als wi t,h t,he coinput,at,ional t,est, of t,he 

algorit-hm. Wit,h t..his end in view we developed t,he Pascal 

code ol the algori t,hm. Three set..s ol .r-andon1 nurnbers 

corresponding t,o x. , y_ and w. were generat.ed 25 Limes lor a 
c c 

given n (500 :S: n :S: 1000) over a rec"t,angle RS chosen in 

advance having unequal adjacent, sides by f?mploying st.andar·d 

Turbo Pascal Procedure Randomize and Funct,ion Random. n was 

next. allow1~d t.o vary and t,he same procedure repeat.ed 

Random dat..a generat.ion t.echnique was resort..ed ~o on account. 

ol non-av.ailabilit.y ol act.ual dai.a required lor large size 

pr·oblerns. [L is intel'estin~; L<:• not.e thaL in no case the 
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algori t.hm required more t.han t.hree i t.erat.ions t.o converge. 

The results of comput..at.ion are summarised in Table 1 above. 

2.1.8 Sensitivity Analysis 

At. early st.ages of problem formulat-ion some fact.ors may 

be overlooked and in many pract.ical si t.uat.ions dat.a may not. 

be known in advance e.xact.ly. Sensit.ivit.y analysis t.akes care 

of t.hese fact.ors and updat.es t.he current. opt.imal solut.ion 

wit.hout. performing t.he expensive t.ask of resolving t.he 

problem rrom scrat.ch. Let. us now see how t.hese ideas can be 

implement.ed t.o obt.ain t.he current.. opt.imal solut.ion from t.he 

previous solut.ion. Le.t. us conside1• t.he following inst..ances. 

· (i) Int.r·oducing a new demand point. 

(ii) ·Removing an e.xist.ing demand point. 

( i i i ) Changing t.he weight. associat..ed wi t..h a given demand 

point.. 

Reg~:u·ding case (i) if t.he weight.ed dist.ance of t.he rec-

ent.ly addHd point. be less· t.han or equal t,o t.he opt.imum objec-

t.ive valu~~ calculat-ed at. bot.h t.he e.xt.remit.ies of t.he st.ret.ch 

(prior t.o insert.ion of t.he demand point.) const.i t.ut.ing t.he set.· 

of opt.imum solut.ioms t.hen t,he solut.ion set. remains t.he same 

as before·; else if t.his dis:t.ance be less: t.han t.he opt.imum 

value of t.he object.ive funct.ion obt.ained at. one. ext.remit.y 

only t.hen we have t.o recalculat-e t.he st.ret.ch; el:s:e we choose 

-eit.her e:~o,.tremit.y of t.he s:t.ret.'ch as (.x., y) and repeat. t.he 

algorit..hm described in sec. 2.1.4 aft.er making allowance for 

t.his addi Lional point.. 



As re~;ards case Cii) it- t.he delet.ed point. be not. an act.-

ive demand point. t.hen t.he set. ol opt.imal solut.io_rlS remains 

unchanged; t~lse we choose any end point. OJ t.he st.r·et.ch as t.he 

- -
st.art.ing point. Cx. y) and pr·oceed in accordance wit.h t.he dir-

ect.ions indicat-ed in sec. 2.1.4. 

In case Ciii) ir alt..ering t.he weight. associat-ed wit.h an 

exist.ing demand point. dest.roys pr·imal !easibilit.y at. eit.her 

end point. or t.he st.ret.ch t.hen we rollow a procedure similar 

t.o case (ii) t.o rest.ore primal 1 easibili t. y. 

As an illu.st.rat.ion let. us int.roduce a new demand point. 

at. 2) wi t.h associat-ed weight. 5 in addit.ion t.o t.he !our 

already exist.ing ones considered in -sec. 2.1.6 t.o t..hrow 

light. on t.he . obser·vat-ions n1ade above. As: t.he weight.ed 

l'ect.ilinear dist-ance- or t.he newly added po'int. rrom bot.h t.he 

end point.s: o! t.he s:t..ret.ch is great.er· t.han t.he pr·evious 

opt-imal solut-ion violat-ing pr·imal !eas:ibili t.y, we tallow t.he 

procedure rci.ent.ioned in Ci) t.o get. t.he new s:t.z'et.ch ext.endi'ng 

trom (5.05, 4.24) t.o (5.00, 4.29). The st.r·et..ch belongs t.o 

t..he smallest. r·e·ct.angle tormed by t..he !ourt.h and t..he newly 

int..r·oduced point..s: whez'eas in t..he original problem t.he 

st..ret..ch is t.he line segment. tr·om C5.1-!, 4.71) t..o (5.79, 5.36) 

lying wi t..hin t..he smallest. rect.ang le const.ruct.ed wi t~h t.hf'! 

second and t.hird demand point..s:. 
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2.2.1 Solut:~on of an . asymmetric rectilinear· distance minimax 

location pC'oblem 

In t.his section we consider a minimax location problem 

usih{;. a rHct.ilinear measure of· distance lackin{; symmetry so 

t.hat. wi t.h each demand point. is associated lour dillerent. 

wei~ht.s correspondin~ respect.ively t.o t.he main !our direc-

tions. This lack ol symmet.ry is typical ol rush hour t.rat"!ic 

where t.he speeds towards and away lrom t.he commercial centre 

of" a met.ropolit.an city are di!lerent.. There are ot.her pract.i-

cal situations also where distance bet.ween t.wo points is not. 

a symmetric !unction - !or an air cralt. .• lor example, !lying 

in the prt:!sence ol steady wind !lowing- in one direction only 

the speeds in the direction· ol current. and opposite t.o it. 

are dit"le1~ent.. Again.. lor motion on an inclined plane the 

upslope spned is dillerent. lrom t.he downslope speed. 

PresHnt.ly we would discuss brielly how t.he above 

ment.ioned model may be gainlully applied t.o the t.ea industry. 

The nort.hnrn part. of" West. Bengal abounds in t.ea gardens. The 

Terai regir::>n ol Dar jeeling district. and t.he Dooars region of 

Jalpaiguri district. account. respect.i vely for approximat-ely 

50 and 260 gardens. Tea is one. of the chief a{;ricult.u:r;al 

produce e;:trning foreign exchange. It. is conventionally grown 

at. a place where there is no waterlogging< despite abundant. 

rainfall. For this reason it is natural that. the sub-Himalayan 

region of'" West. Bengal should be· select.ed for tea plant.at.ions. 

But., as a matter of fact., most. gardens umploy conventional 
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met.hods !or ~rowin~ and pluckin~ ox t.ea. For an increase in 

t.he yield as ·also :f"or t.he prot.ect.ion and sust-enance o:f" t.he 

plant.s, 

cleanin~ 

it. requires, among at. her t.hings, pruning, · kni:f"•~ 

and depilat.ion, chillin~, li~ht.. hoe in~ .• t.rimmin~, 

sprayin~ •::JI pest.icides and weed killers, pluckin~ out. ot: 

creepers.. infillin~, const.ruct.ion and maint..enance o:f" drains 

et.c. As an example, by simply improvin~ on t..he exist.in~ 

draina~e syst.em t..he Trihanna Tea Est.at.e increased t..he yield 

by about. 12.5% Ct.he int..ernat..ional market. value at: t.his ext..ra 

yield bein~ est.imat.ed at. $ 0.2 million). To check soil ero­

sion and prevent. wat.er :f"rom accumulat..in~, each garden deve­

lops it.s own draina~e syst.em dependin~ on it.s t.opography. 

The gardHns .are s:it.uat..ed on an inclined plane ext-ending 

nort..hward :f"rom t..he base. For an incline o:f" less t..han 1 in 50 

t..he usual pract.ice is t..o const..ruct. nort.h s:out..h drains 

int.e:rs:persed at. re~ular int..ervals wit.h east. west. ones: while 

lor inclin~s exceedin~ it., cont.our drains are preferred. The 

places :f"rdm which · t.he above operat.ions o:f" plant. t.reat.mH.'!.t. 

et.c. are bein~ carried out., t.o be called t.he facility point. 

herea:f"t.er, are not. normally located in accordance with t..he 

prescriptions s:u~~est.ed by :f"acility layout. and location 

models. ThE? Pani~hata Tea Est.ate in t.he lower Terai otTers a 

case in point. (total area 6.17 hect.ares:, area under 

cultiva~ion 4.25 hect.ares: o:f" an irre~ular · shape and an 

elevat..ed nort.hern side_, maximum widt..h 2.5 kms). The facilit..y 

point. is: .located at.. one end o:f" t.he ~arden while t.he ot.her 
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end is 4 kms aparth Our research was motivated by the 

problem of locating the f"acility point so that the maximum 

distance !.rom it to a plant - a demand point is minimised. 

Moreover.. lor a considerable time of" the year there is a 

steady westwind blowing over the garder~. Thus on both 

counts the minimax criterion involving asymmetric L 
~ 

metric 

f"or a single f"acility is the most. appropriate one I.or t.he 

declared ol· ject.i ve. 

Dykstra et al. (30J consider the cost of" log harvesting 

in which t.he logs are displaced !rom 'prebunching sites' by 

means of" helicopters. Hodgson et al. [46] and Chen [131 have 

proposed solutions to the p-cent.roid lo.cat.ion problem of" log 

harvesting on an inclined plane. Dr·ezner and Wesolowsky [251 

have pr·ovided an ef"f"icient. algorithm lor an asymmetric 

rectilinear distance minimax location problem while 

and Chaudhuri [10] have given a geometrical 

solution procedure lor the constrained two-'- dimensional 

minimax problem using weighted rectilinear norm. Tamir [73] 

has given a complexity bound improvement.. f"or the 1-centre 

rectilinear 

plane. 

asymmetric distance location problem in the 

For a survey of" selected locational li terat..ure we would 

like t..o r·ef"er t..o t..he excellent.. works of", among others., 

Francis et. al. [37], Hansen et al. [44] and Love et al. 

[55]. 

A plc;:,t..hora of" publ:lcat.ions dealing with t.he minimax 
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crit..erion :for t..he unwei~ht..ed as well as t..he wei~ht..ed 

rect..ilinear met..ric is available (Francis [34], Elzin~a and 

Hearn [31], We~olowsky [78], Morris [64], Francis et.. al. 

[38], Hansen et.. al. [43], Drezner [21] and Bat..t..a et.. al. [4]. 

But scant.. lit..t..le at..t..ention has been given t..o t..he a.symmet..ric 

L - distance locat..ion problems. Ours is an ef"f"ort.. t..o n.ll 
:1. 

t..his gap. We have <:leveloped an it..erat.ive t..echnique based on 

a well-def"ined st.opping cri t..erion. 

The solut.ion procedure which we have developed, at.. 

f"irst f"inds a point.. P f"rom which t..he weight..ed rectilinear 

dist..ance of" at. least t..wo points of" t..he set. S of" given 

location point.s are equal while t..he weight..ed dist.ances of" P 

f"rom t.he .Jt•emaining point.s of" S are . great.er. The point. P is 

now moved unt.il opt.imalit.y is reached by maint..aining t.he 

above men-t-ioned propert.y of" dist.ance t.o be called primal 

f"ea.s:ibili t.y hereaf"t.er. All t.his is accomplished wit.h t.he 

help of" pl.c1ne analyt.ic geomet.ry. 

Throu~hout. our discussion we shall use a single let.t.er .• 

or a juxt.aposed pair of" let..t.ers: .•. subscript.ed or ot.herwise, 

in bold lace Roman t.ype t.o denot.e vect.ors. 

2.2.2. ProbJem formulat.ion 

Let u.s consider t.he . f"ollowing problem: 

Min 
Cx, y) E R

2 

where (x, y), a 

Max 
i. E I 

variable 

w* z 
1. i. 

point., denot.es 

(1) 

t.he proposed 

locat.ion of" t..he f"acilit.y point., I = <1.. 2, ... ,n}, P.Cx., y,) 
L L L 
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are t.he exi:st.in~ locat-ion point.s belong-ing- t.o t..he set. 

S = { P. <x., Y. ): i. e I }, 
\. \. \. 

z = and 
"'

*. ... represenvs 
\. 

t.he t.rarispose of" 'Wi. = [ ~~ .J, 

u and 
i. 

vi. being- g-iven by 

U if X ( X, 

{ 

i. \. 
u = + i. U if X ) X, 

i. \. 
v = { i. 

vi. if y < yi. 

+ 
vi. if y > yi. 

We have not. at.t.empt.ed t.o define ui., vi. when x = x or y = Y. 
j i ~ 

since t.hey have no cont.ribut.ion t.owards t.he object.ive owing-

t.o t.he fact. t.hat. lx - x.l = 0 for X = X 
i. 

and IY - Y.! 

for y = y,. 
\. 

We shall 

discussion 

use 

p<P, 

To st. art. 

\. 

t.he f"ollowing-

d<P, p ) = lx - x.l i. \. 

P.) = "'~ z = u.!x 
\. \. i. \. 

wit.h let. us assume 

not.at.ions 

+ IY - .Y. I 
\. 

- x.l + v.!Y 
\. \. 

+ 
t.hat. u > i. 

\. 

·t.hrou~hout. 

-

u 
i. 

Y.l 
\. 

+ 
v > 

i. 

= 0 

our 

alt.hough s:uch an assumpt.ion is not. at. all . necessary t.o 

develop our algori t.hm. 

Using t.he· approach on page 227 of Francis et. al. f.:JBJ 

we can t.·r~anslat.e t.he above problem int.o t.he following- linear 

program <LP): 

Minimise z subject. t.o 

+ + 
u <x - X) + v <y - y,) ~ z 

i. i. \. 

+ 
u <x - x) + v 

i. 
<y -

i. 
y,) 

l 
~ z 

+ 
u <x - X.) + v ( - y) ~ z Y. 

\. i. l 
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Cx - x) + v 
i. 

2.2.3. · Solut.ion of t..he problem 

To solve problem (1) we 

Cy. - y) :S z 
L 

have developed a simple 

g-eometrical approach. For a problem of" moderate size wit..h n :S 

20, say, {1) may be solved by using t.he ruler and t.he 

compass. B-·:.It. when t.he problem size is large our met..hod can 

be easily implemented on a PC. 

We shall f"irst. obt.ain t..he locus of: Cx, y) sat.isf"ying 

w*z 
1 1 

* = "' z 2 2 
which imp 1 ies 

u lx ··- x:1 I + v1 I Y - Y 1 I = 1 

or what. is t.he same t.hing 

where FCy) = vi I Y - Y 1 1 -
and GCx) = u I X - ~21 -2 .. 

u lx- x21 + v 21 y-y21 (2) 
2 

as FCy) = GCx) (3) 

v 21y- Y21 (4) 

u11x -x11 (5) 

Without. any loss of" generality we may always assume x 
:1 

( X. 
2 

For, if" otherwise, we might. call t.he point. with t.he smaller 

x-coordinai.e Cx , y ). For convenience, let. us f"or t..he t..ime 
:1" 1 

being consider < 

subst..i t..ut.ion that. t.he 

((u: 

... 
x 1)/(u: X + u 

2 .l 

y. 
2 

It. 

point. 

+ ) ' + u 
:1 

can be easily shown by direct. 

(v: v: y 1)/(v: 
+ )) y + + v 

2 1 

E {ex, y'~· -. X :s X :s x2, y1 :s y :s y2} lies on t..he locus 
1 

represented by equation (2) wit..h u = 
1 

+ 
u:1, v = 

:1. 

+ 
v • 

:1." 
u = 

2 

v = 
2 

implying t.hat. t..he equation has a solution. 

"tti may ·be great..er t.han, equal t.o, or less t.han W . 
1 2 

u 
2 

and 

Clearly, 
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Case W > W . The !nnct.ion t. = G(x) is cont.inuous 
:1 2 

everywhere, st.rict.ly increasing in <- co, X ) 
:1 

decreasin~ in Cx 
. 1' 

X ) 
2 

and 

maximum posi t.i ve value ot: u 
2 

(x • 
2 

<x 
2 

co) • 

X ) 
:1 

G(x) ---+ - co as x -Jo ± co. See t:igure 1. 

having 

at. X = 

and st.rict.ly 

at.t.ained t.he 

X. 
:1 

Moreover, 

Since t.he t:nnct.ions FCy) and -GCx) have ident.ical forms, 

it. follows immediat.ely t.hat. t. = FCy)· is cont.inuous, decreas-

in~ in (-co,. y ) and increasin~ in Cy , y ) and Cy , co) wi t.h 
:1 :1' 2 2 

t.he mihimum negat.i ve value of v 
2 

Cy 
:1 

Y ) at. 
2 

y=y .Furt.her­
:1 

more, F(y) -Jo co as y -Jo ± co. Re.fer t.o fi~u.z:-e 2. 

It FCy ) > G<x ) t.hen t.here exist.s no y sat.isfyin~ 
:1 2 

FCy)=GCx) for any x ~ [a , a ] where 
:U. 1.2 

,. -
x 2)/(u: u:) Ot = ,v-<y - . ) + u X - u 

:1:1 2 1 y2 1 :1 2 

lv- Cy 
+ -

x 2 )/(u: + u:) and Ol = - y:l ) + u X + u 
12 2 2 1. :l 2 

whereas if F<y ) < G<x ) t.hen t.here is no y t.hat. corresponds 
:l 2 

t.o values c't: x ~ [{"· , r ] such t.hat. FCy) = G(x) where 
u.· 1.2 

~'u. = 

and r = 
12 

(J( 

:l:l 

(
v- <y 

2 2 

+ - y ) + U X 
:1 1 1 

in view of" t.he increasing nat.ure of G(x) in <-co, x ) and it.s 
1 

decreasin~ nat.ure in <x ' :l 
co). "We can t.herefore conclude t.hat. 

t.he locus represent.ed by (2) lies wholly within t.wo st.rai~ht. 

lines paraHel t.o t.he y-axis. 

On t.he ot.her hand, if G<x ) < F<y ) we cannot. get. an x 
1 2 

such t.hat. G(x) = FCy) for values of y ~ £(3
11

, (3 ] t? and 
12 ' (J 11 
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t 

1: = G(x) 

Fig 1 

t 

-~~j_--------~~~1--;L~~------------~ ~ 
~'-

t:: F(~) 

Fig 2 



~ be in~ ~i ven by 
2.2 

(3 u.. = (u- ('"' 
2 2 

(u- (x and (? 2. 2 = 2 2 

- X 
:1 

- X 
2. 

) - v 

) + v 

" 
+ 
:1 
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y:l + 

y:l + 

v: Y2 )/(v: v~) 

v: y 2 )/(v: + v:) 

while if G<x ) > F<y ) we ·could find no x such that. G{x) = 
:t 2 

F<y) holds fos- any y 

by 

6.u. = ~u 

IZ! [6 , 
:1:1 

6 ], 
:12 

6 
:1:1 

and 6 
:12 

being given 

·owing t.o t.he decreasing nature of F<y) · in <- oo, v) 
- i 

and it.s 

increasing nat.ure in <y , co). From t.he above it. 
2. 

readily 

follows t.hat. the locus: given by (2) remains: wholly wit.hin 

t.wo straight. lines: parallel t.o t.he x-~xis. 

Since the curve represented by {2) is: bounded in both 

t.he x and y directions we can immediately conclude t.hat. (2) 

symbolises: a bounded curve. 

Furthermore_, for any x E (Ot ,01 ) 
2.:1 :t2 

or <ru,r:t.2) there 

exist.s: exact..ly t.wo distinct. values: of y which, however, 

coincide in c;:se. X is: equal t.o ei t.her end point. forming . the 

int.erval. Arguing similarly it. can be shown that.. for any y E 

(?:12) o.r <6 u' 6:!.2) c,an have exactly two values of 

x .• which are c::oincideflt. when y i:s equal to either end point. 

forming the interval. The above reasoning clearly 

demons:t.rat.es: that. t.he locus of <x; y) is: a closed curve 

cons:is:t.ing of several straight. line segments: described 
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around <x:L, y '1 >, t.he point. ass:ociat.ed wit.h t.he great.er 

weight.. The number of" line segment.s const.it.ut.ing t.he curve 

·will be given ~hort.ly. We shall hereaf"t.el' call t.his locu~ 

t.he equipol.ygon of" t.he given pair ·of" point.s, as shown in 

. f"igure 3. For simplicity we denot.e t.he equipolygon of" t.wo 

point.s A and B wi t.h associated weight.s 'W and 'W by E . 
A B AB 

We next. st.at.e a lemma . t.he proof' of' which, being 

obvious, is lett. ·out.. 

Lenuna 1. Let. W 
> . 
-~ ... 

A 
> W . If' P 

B 

p(P, B) els-a pCP, A) :S p<P_, B). 

lies. outside E 
AB 

t.hen p<P, A) > 

In addi t.ion t.o t.he def'ini t.ions and not.at.ions already 

given we shall make use of' t.he f'ollowing in t.he sequel. 

i) R(A, B) denot.es: t.he rect.angle wit.h A and B as opposit.e 

vert.ices aJ·,d sides parallel t.o t.he axes of" coordinat-es. 

H > By oR<:A_.B) we shall mean t.he boundary of' t.h~ region 

R<A,B). 

iii) L<P, A) denot.es an L-shaped curve consist-ing of t.wo 

line segment.s - one t.hrough P parallel t.o t.he x-axis and 

t.he ot.her t.hrough A parallel t.o t.he y-axis meet.ing at. a 

point., J>rcvided bot.h t.he coordinates OI p and A are 
,.:>_··. 

dit£erent.. 

N.D. In case x or y coordinat.es of' P and A are equal L<P, A) 

- degenerates int.o a st.raight. · line segment.. 

iv) r is t.he st.ret.ch T T of' E cut. of"£ by BR<A, B) where 
AB '1 2 AB 

T 
'1 

is t.he 

maint.aining 

ext.re~t.y of' r 
AB 

primal f'easibili t.y, 

f'irst. 

and 

OI 

T 
2 

all encount.ered, 

is ot.her 
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F 

III !X 

v VIII 

I rv VII 

fig 3 



ext.remi t.y. 

v) For any point. Q e r 
AB 

we 
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def"ine D <Q) by 
AB 

+ 
D CQ) = u 

k 
v ·- u 

l v where k = - 1, L = + 1 in case y < y 
A' A- B AB A B B 

.;nd 1c = + 1, l = - 1 in case v > y
8

, y and y st.anding lor 
. A A B 

t.he ordinat.es of" A and B respect.ively. 

vi) Let. p{Q, P.) = p<Q, P .) ) pCQ, Pic) where i, j e I and 
~ J 

k e I '-. <i, j}. If . Q is not. an opt.imal solut.ion and moving 

along E 
P.P. 

does not. violat.e t.he condit.ion of primal f"easi-

L J 

bilit.y t.hen t.he point.s P and P. will be called t.he Dominat­
J 

in~ point.s at. Q. 

We shall next. deliberat.e upon t..he number ox ext..reme 

point:s t.ht~ closed and bounded equipolygon represent;ing t.he 

locus· can have. Let. r = (x - X )/(y - y:l. ) denot.e t.he rat.io 
2 1 2 

of t..he leng;t.hs of" t.he adjacent. sides ox R<P , p ). If r E 
1 2 

( v:/u:. +/- ) v u which cor1··esponds: t.o t.he case G<x) < 1 2 1 

F<y) and F<v) > G(x ) t.he equipolygon cons:ist.s of four 
2 . 1 2 

corner point.s given by (Q( • y1 ), <x 1' 
•(1 ), (Q( 

12' y1 ) and 11 11 

<x 1' (3 12 ). If r coincides wit.h eit.her end point. t.hen one of" 

t.he t.wo vert.ices of" t.he rect.angle R not. occupied by a 

locat.ion point. will be a corner point.. 

If, +/- -/+ on t.he ot.her hand, I' > v u or r < v u 
1 2 2 1 

corresponding t.o G(x) > F<y ) -+ F<y) > G(x ) 01' 
1 . 2 1 2 

F<y ) < G<:x ) .,.. G<x ) < F<y ) respect.ively, t.hen t.he equipolv-. 
1 2 1 2 

gon has six ext.reme point.s which are C01. , y ) , (x , 6 ) , 
1:1 :1 1 :1.1 
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(a • y1 ), (y ·' y ), (x , 6 ) and (y , y2 ) or (y • y ), 
12' ·2 2 1 '12 1 11' 1 

<x 1' 
~ ), <x • 6 ), <y12' y ), (x 

2' 
0 ) and <x • ~ 12) ,as 

11 2. 1 1 2 :t' 

t.he case may be, where 
·'· 

(v + <y - x2 )/(u~· u:) y1 = - y1 ) + u X - u 
1 2 1 1 2 

(v+ <y 
+ -

x 2)/(u: u:) y2 = - y ) + u X + u + 
1 1 2 1 1 2 

(u + <x 
- y2)/(v~ v:) 0 = - X ) + v v - v 

1 :t 2 1 1 - 1 2 

(u+<x 
+ -

Y 2 )/(v: + v:) and 6 = - X ) + v y:t + v 
2 :t 1 2 1 2 

Not.e: By t,aking y > 
J. 

result.s similar t.o t.he above wit.h 

obvious chal'lges at. appropriat.e places may be obt.ained. 

Case W< w. The equipolygon, in t.his case, encloses 
1 2' 

t.he point. <x 
2' Yz? inst.ead and result.s analogous t.p t.he 

preceding will have been f'ound. 

Case ''W = 'W. The equipolygon here degenerat.es: int.o an 
J. 2 

open. polygon wit.h only t.wo ext.reme point.s: which are 

res:pect.i vely 

( 1) (a. , y ) and (a. , y ) when G<x ) > F<y ) =.;. G<x ) < F<y ) 
2 2. 1 1 1 2 2 1 

(2) <x , ~ ) and (x , n ) when G<x ) > F<y ) .,. G<x ) < F<y ) 
2. ;.:: 1 {J 1 2 1 1 2 

(3) (x .(~ ) and (a. ,y ) when G(x ) < F<y ) and G(x ) < F<v ) 
1' 1. 1 1 1 2 2 "1 

where 

(v- <v -
+ -

x 2 )/(u: u~) a. = y ) + u X + u + 
1 1 - 2 1 1 1 1 

(,;·+ <y. -
+ -

x 2 )/(u: u:) 
01 = y ) + u X + u + ;z 1 1 2 '1 1 1 

(l.!-- (>o: -
+ -

Y2)/{v: + v:) ~1 = >l ) + v y:t + v 
1 2 :1 1 1 
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and tor G(x) - FCy ) an ext.reme point. is Cx , y2 ) while tor-
:1 2 J. 

G(x ) = F<:y) t.he cor responding ext.reme point. is <x ,y ). 
2 :1 2 :1 

We c1:Jnst.ruct. t.he smallest rectani!fle - t.o be called SR 

hereatt..er cont..aining all t.he point..s ol S by drawing lines 

parallel t.o. t.he coordinat.e axes t.hrough tour properly chosen 

point.s having resp~ct.ively maximum and minimum abscissas and 

ordinat.es. 

A point. P lying out.side SR cannot. be t.he opt.imal 

locat.ion ir}. t.he unconst.rained case as a movement. t.hrough P 

perpendicular t.o t.he nearest. boundary ol SR and t..owards it. 

will t.he object.ive lunct.ion value t.o diminish. 

Consequent.ly, we shall have t.o seek t.he required solut.ion 

wi t.hin SR and wi t.h t.his end in view we shall concent.rat.e on 

r But. iri t.he const.rained case, besides an act.ive boundary 
AB 

ol t.he const.rained region, an edge ol t.he equipolygon lying 

out..s:ide SR may have t.o be considered in c.•rder t.o det.ermin<J 

t.he opt.ima.l locat.ion. 

The tJheorem st.at.ed below.. which serves t.o find t.he 

direct.ion ol movement. when t.hree or more equipolygons 

coincide at. a non-opt.imal point., will be used in developing 

our algori t.hm. 

Theorem t. \t/hile moving along an edge ol E 
AB 

and maint.aining 

primal f"ea...;;:ibilit.y let. a point. G be obt.ained such . t.hat. p(G, 

A) = pCG, B) = pCG.C), c e s-.....<A, 8}. By drawing lines 
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t..hrough . G parallel t..o t..he coordinat..e axes it. is easily sect, 

t..hat.. if G is non-opt..imal~ t..he point. occupying t.he same 

quadrant. wi;~h re~pect.. t..o G as t..he lat..est.. ent..rant.. C, is t..i:> be 

dropped. 

It. is t..o be not..ed furt,her t..hat.. when t..he number of 

equipolygons meet..ing at. a point. is more t..han t..hree, by a 

repeat..ed applicat..ion of t..he above t..he number of dominat..ing 

point..s can always be reduced t..o t..wo. 

The proof of t..he t..heorem follows as a direct. con~equence of 

lemma 1. 

We now st..at..e a cri t..erion which will be · useful in 

det..ermining t..he opt..imal solut..ion(s). The proof of t..he 

crit..erion is t..rivial and is, t..herefore; omit..t..ed. 

St..opping crit..eria <SC> 

Let. L 
i 

be t..he isoline of P t..hrough some point. P of t_!o 

equi polygon E Also let. H be t..he half-space defined by 
P.P i 

L j 
k 

L cont..ainil"":ig P. We define t..he cone ~ by ~ = n H ... where k 
i. i. L 

i 

denot..es t..he cardinalit..y of t..he set. of i.s:olines: pas::.s:ing 

t..hrough P :and having t..he same level value Then, clearly_, P 

is t..he vert:..ex of ~- If :L = ~ 11 R<P.·, P _) = {P} we have a 
l J 

unique opt..imum at. P as shown in ligurg 4. R.:;,£gr- t.o liguz-g 6 

for t..he case when P is not. opt..imal. 

If, ho·wever, :L degenerat..es: int.o a line t..hen we obt..ain a 

.s:t..ret..ch comprising t..he s;et.. of opt..imal point..s: one end of 

which is cleai'ly P. 
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(a) 

(b) 

U ni que 0 Pt i mum at P· 

Fiq 4 

(a) 

.(b) 

No Qpti mum at P 

Fiq 5 
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Be:for.e present.ing t.he algori t.hm o:f t.he current. problem 

we int.roduce a de:finit.ion t.o be required a:ft.erwards. 

The Yleight.ed rect.ilineai' dist.ance !rom any point. Q on 

E t.o t.he f"ixed point. A is a positive quant.it.y. Also t.he 
AB 

distance :function, 'being necessarily cont.inuous, must. 

possess a lower bound which is at.t.ained by t.he !unction at. 

least. once. Let. t.he lower bound <or when there are more t.han 

one, t.hat. lower bound which, af"t.er maint.ainin~ primal 

f"easibilit.y, comes f"irst.) correspond t.o t.he point. we call 

ME 
AB 

There exist.s a direct..ion !rom Q along which t..his 

dist.ance monot..onicall y decreases as Q approaches ME Or it. 
AB 

may so happen t..hat. at. some point. p in bet.. ween Q and ME t.he 
AB 

condit.ion Ol primal f"easibilit.y may be violat.ed. In t.his 

lat.t.er case we leave E and move. :from P t.o U t.o ME U 
AB AB 

being t.he point. of" int.esect.ion of" E 
AB 

and t.he isoline having 

t.he smaller· gradient. (vide appendix). The pat.h !rom Q t.o 

ME con:s:ist.ing o:f sides of" E or a combinat.ion of" sides of" 
AB· AB 

E and an isoline, maint.aining primal f"easibilit.y, will be 
AB 

denot.ed by S <Q). 
AB 

2.2.4. · Algor:i thm 

Step 0. Select. any ext.reme point. P e oSR as t.he st.art.ing 

point. and :find t.he locat.ion point. P lor which "W* PP is a 
i. i. 

maximum. Df,1not..e P by A. and obt.ain a. point. Q e L<P, A) such 
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Wi t.hout. .any loss of" generalit-y the point. sat.isf"ying the 

above may be dehoted by B. Go to step 1. 

St.ep 1. 

If" a point. Q e S (Q) exists such that. p(Q ,A) = p(Q _.P. ), 
1 AB 1· . 1 I. 

P. e S "- <A,B} then go to step 2 
I. 

else go t.o step 3. 

St.ep 2. 

If" Q sat.is:fies SC then 
J. 

if" D <.Q ) ;JI! 0 t.hen Q is t.he unique optimal solution 
AB 1 1 

else 

if" Q ~'" r then the stretch QQ is t.he set. of" opt.imal 
AB 1 

so.l:ut.ions 

else t.he stretch T 0 of" r constitutes the set. of" 
1 '1 AB 

·:•pt.imal solutions 

else det.,?rmine t.he point.s f"or t.he next. it.erat.ion usi.ng 

t~he·~•rem t, rename t.hese point.s as. A and B, Q 

go t.o step 1. 

St.ep 3. 

If" D (T .) = 0 t.hen 
AB J. 

t--- Q and 
J. 

if Q ~ r then t.he whole of" r comprises t.he solut.ion· set. 
AB AB 

else t.he · st.ret.ch QT
2 

gives t.he set. of" opt.imal solut.ions · 

else if T sat.isf"ies SC t.hen T is the unique opt.imal point. 
~- J. 

else T is the unique optimal point.. 
2 
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2.2.5. NUJWE!I'ical example 

We now illus:t.rat.e t.he \'forking o:C t.he alg-ori t.hm by means 

of an example.. Let. t.he demand point.s be all locat.ed · on .o 

roug-h inc:lined plane of inclinat.ion 10 having- coefficient. 

of :Crict.ion 1-1 = 0.3, supposed uniform. The x-axis is: t.aken 

t.o be horizont.al and t.he y-axis upwards along- t.he line of 

great.est. slope. The :Corces necessary t.o overcome t.he 

combined effect. of g-ravit.y and :Crict.ion on a body of weight. 

W in t.he upslope and downslop~;? direct.ions are approximat-ely 

0.48w· and 0.12W respect.ively. 

p 
i. 

X 
i. Y. 

\. 
u 

i.. 
v 

i. 
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wind in 1Jhe horizont-al direct-ion. Thus it t-he wind blows 
·~~ 

st-eadily fl'om east. t-o -west. \ie may t-ake t-he pert-urbed values 

of t-he forces in t-he x-incr·easin~ and x-decreasin~ direct-ions 

t-o be L~~W and 0.8W respect-ively. In t-he calculat-ions t-hat. 

:Callow we ret-ain ligures correct. t-o 3 places o:C decimal. Let. 

t.he posit.ion and t.he weight-s in t-he four principal 

direct.ions West., East., Sout.h and Nort-h associat.ed wi t.h 

each exist.ing locat-ion point. be given as in t-able 1. above. 

Let. us t.ake P = (3, 8) E OSR as t-he st.art-ing point.. 

Using st-ep 0 o:f t.he algorit.hm we can easily :find A = (6, 3), 

B = C3, 6) and Q = (5.400, 8.000). By st.ep 1 it. immediat.ely 

tallows t-hat. p = 
i. 

(3, 3) and 

since Q 
1 

does not. sat.isf"y SC, Q 

= (5.280, 6.300). By st.ep 2, 

~ Q , drop t-he point. A, and 
.i 

A - P .. ·By t.wo successive it.erat.fons o:C st.eps 1 and 2, we 
L 

f"inally obt-ain Q
1 

SC and.. moreover, 

= 
D <Q) ~ 
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3.003). 

0, 

As clearly sat.isf"ies 

is · t.he unique opt.imal" point. 

and t.he corresponding ohject.ive value = 5.597 .. 

Computational experience 

To d,gvelop t.he Pascal code of' t.he algori t.hm we have ran-

dolllly gennrat.ed six vect-ors wit.h n component.s each - t.wo f"or 

posit.ion and :foui' :for associat.ed direct.ional weight.s by 

means o:f st.andard Pascal procedure Rando.nli.ze ahd f"unct.ion 

RandoJJL 'l'his has been repeat.ed f'or values o:f n bet.ween 500 

and 1000 over a preselect.ed rect.angular region. wit.h unequal 

cont.iguou:;;: sides, giving rise t-o 500 random samples 

varying sizes. Int.ere:s:t.ingly· enough,. in all cases t.he 
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algorit-hm l'equired at. most. t.hree. i t.erat.ions t.o converge. As 

act.ual_ dat..a t:or problems wi t.h ah n at: t.he st.at.ed size is not. 

readily available, we had t.o be cont.ent. wit.h random dat.a. 

2.2.6. Operation count. 

Since t.he object.ive value st.rict.ly decreases wit.h each 

it.erat.ion t.he same pah• ot: point.s, once excluded at. a part-i­

cular it.erat.ion t:or a given zone, will never recur and conse­

quent-ly, prevention ot: cyclin~ is ~uarant.eed. Furt-hermore, 

we are in a position t.o employ t.he int:ormat.ion, current-ly 

~enerat.ed, t:or t:ut.ure use. Our met.hod consist-s in mavin~ 

alan~ an equipoly~on maint.aining primal t:easibilit.y. In so 

moving we shall eit.her obt.ain the oi>t.imal solut.ion or at.t.ain 

a point. G such t.hat. p<G, A) = p<G, B) = p<G,C), C e S,{A., 

B}. From t.heorem 1 we know t.hat a pat.h dit:t:erent. t:rom t.he 

current. ana is t.o be chosen at. G. Moreover.. an edge of" an 

equipolygon· can not. int.ersect t.hat. ot: anot.her more t.han once 

in a pal· t.icular zone and t.here remain <n.-2) ot.her 

equipoly~ons. Thus it: a point. is excluded at. a part.icular 

i t.erat.ion it. will cease t.o be required it: t.he i terat.ion is 

rest.rict.ed t.o t.he same zone. Thus at. most. (n-2) pairs ot: 

linear eq•:tat.ions need t.o be solved t:or a part.icular 

it.erat.ion in a given zone. Again, inasmuch as t.he number ot: 

sides ot: ·an equipoly~on is at. most. six t.he number ot: 

operations is O(n 
2

) in t.he worst. case. 



2.2.7 App~ndix 

Choosin~ 

87 

t.he direct.ion of movement.: Let. E 
AS 

equipolygon enclosing A :where X 
A 

< X . 
S 

We divide t.he 

be an 

whole 

xy-plane int.o nine zones I t.hrou~h IX by drawin~ lines 

parallel t.o t.he coordinat.e axes t.hrough A and B. Let. us 

assume for· t.he preseent. y < v . E has generally six ed~es · 
A . B AS 

lyin~ in zones I t.o VI· as shown in fi~ure 3. In II, IV and 

VI t.he clirect.ions of movement. are from D t.o E. C t.o H and F 

t.o G respect.ively. In zone I t.he movement. is alan~ CD or DC 

accorclin~ as u 
1 

/ v > 
1 

or < u 
2 

/ v. 
2 

For zone III t.he 

clirect.ion is from E t.o F or t.he ot.her . way round depending on 

+ + 
whet.her u / v < or > u / v If it. is along· FE no 

~- 1 2 2 

movement. along E is possible wit.hout. violat.ing primal 
AS 

feasibilit.y. Hence, in order t.o reduce t.he object.ive furt.her 

we make .a det.our via t.he isoline ·having a smaller gradient. 

unt.il t.he point. U e FG in VI is encount.ered whence movement. 

will be along UG t.owards G. · In zone V t.he direct.ion of 

movement. is ~overned by t.he Stopping Cri t.eria. If y 
A 

> 

t.he direct.:ion of" movement. in ·n is :f"rom E tJo D and t.he roles 

of I and III discussed above will simply be int.erchanged. 

Similar remarks hold when E encloses B inst.ead. 
AD 


