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LARGE DEFLECTION ANALYSIS OF A SQUARE
PLATE OF NONBOMOGENEOUS
MATERIAL, SUBJECIED TO
NORMAL PRESSURE
AND HEATING*
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Berger's / 4./ approximate plate theory for large deflection
plate problems suggests, in deriving the differential equations from
strain energy, to neglect the strain energy due to second strain
invariant in the middle plane of the plate, so as to obtain a fourth
order differential equation coupled with a nonelinear second order
equation. The maximum deflections obtained in this process tally with
the known values whenever avéiiable from moréjexact theories or from
experiments., Thig ﬁecpnique is also fol;owed‘by vgrious authors like
Nash and Modeer / 31_7, Nowinski and Ismail / 32_7, Das £ 15.7,, 177
and Basuli 4,3_/. o |

Strain Energy'method and Berger's [,4_7 technique are

i

et et s

employe@ here to_tagkle the present large deflection problem of a &
square plate of uniform thickness made. of nonhomogehéoﬁs-maﬁeriai ‘
where the plate is under normal pressure and heating, and-the ease of ‘
an infinite strip of nonhomegeneous maier}al.with uniform thickness g

subjected to normal pressure and heating is also dealt with. The ' §

* Accepted for publication in Journal of Mathematical and Physical
Sciences. , ’
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Young's modulus is supposed to vary directly as the distance in one
direction whieh is evident in many'noﬁzhomogeneous StruEtéres, parti- ﬁ
cnlarly when they are made of concrete or when they are raw planks
from the branch siée toward the root side, used extensively on temporarY'
bridges in war time. In both the eases temperature plays an important ;
~role to dehydrate the structure and thereby change the strength of 1t.,
'Nnmerical results are obtained for special type temperature!distribntions.
‘The effect of this. nonhonogeneity for an infinite strip is shown in graphg

It is interesting ‘to note that the deflection for such a case is nearly

f

‘one fourth of the deflection for the homogeneous strip. !
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" The following nomenclature is used here. The x - y plane is
the undeflected middle plane of the plate and 2 - axis 1s perpendicular
to it in the downward direction. )

q '= normal load intensity,

W = lateral displacement,

u,v = displacement components in the middle plane of the plate,
uniform thickness of the plate, . o

E = Bx = Ybung s modulus, E, a constant,
- 3
B = flexwral rigidity of the plate = oD
3 o 12(1- V2)
5 Eoh® : . | . -.
o = , = constan !
1BVt R

5 = Poisson's ratio,

K = Co-efficient of linear expansien,
exx, vy and Qxy are the middle surface strain components,
e = exy + eyy, the first strain invariant,

.gg'= ex§ eyy -3 e xys the second strain invariant,
Vvie ¥ + 2
T _ Qy



3. Analygls,

Combining the strain energy of a plate loaded normally
without temperature undergoing large deflection and the strain energy

due to heating only, one gets, Berger / 4/, Williams £ 43_7,, 4¢.7,
Boley and Weiner /7.7,
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The strain energy due to second strain invariant is neglected here as
done by Berger., The symbol ff indicates integration over the surface

g .

of the plate. Assuming that the temperature T(x,y,2) can be written as

T (x,5,2) =T, (tyy) +g (2) T (x,¥)

.o (2)
and '
S acx)ci‘x'=F(J3\)
=h
2
f% N
g 790 9z = £ (B . (3)
-5
where F =

F(h) and £ = £(h) are constants,

_‘the equation (1) with the help of equations (2) and (3) can be 5
rewritten as o
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For minimum value of the strain energy V Euler's variational eciuations

give ' '.
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where W, = ow s Wy W ete.
oL x? es (5)

We apply the equation (4) to all.the equations of (5) and obtain-the
following equations | .
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From equations (6) and (7)

ﬁzﬁs
e - €(109) (LR TF) |- G
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where /&2 is a real normalised constant and e = u#-!- vy-*é‘(wx2 + w?, ).
| .+ (10)

Let the inhomogenelty of the plate be characterized by E=Eox, so that
= Dox., The differential -equation for determining the normal deflection A

i

W now comes from the equations (8) and (9) for D = Dox, whieh is
2 A | Xf i E)
' E, D -9

o (ll) ‘
We shall assume W = wy ¥ w2, for the complementsry part of this |

equation., And for the complementary function of equation (11) we get

v(xv-——)w—aO*V(XVW)-——V«/+V(1V )
which is ciearly satisfied if we choose
2
=0
V¥ | e (12)

———
and % — _é.. =
| AV W, E W, = 0

..(13)

This method is alsoc adopted by Gran Olsson or Reissner and quotéd in
Timoshenko and Woinosky = Krieger / 40_7 for problems of rectangular
Plates of variable thickness.

Let the contour of the square plate be given by a4 x £ 3a
and - a { y < ala ) 0). The equations that must be solved fér this
plate with variable loading and temperature are equations (9) and (11).



To solve these eqﬁétions u,vv and w canuoeuexpgnded in appropriaté
series. Since the cholce of the type of series that is best suited
. to the problem will depend on the boundary conditions, mno general
solution for complptély‘érbitrary boundary conditions will be given:
for the plate. | . |

As an illustration, we conslider the. solution when_all " the
‘edges are simply supported and hence the boundary conditions are
Timoshenko and Wbinowskyhﬁrieger 4_40_/, Basuli" 4,3_/, Berger 4_4_/,

AY

_ Dw C o . 1
n=w= Y;x" = Q, X=a, x@g
v=ws bﬁﬂ' ==0a y=2a

T o L el(14)
Now wl of equation (12) which will satisfy the boundary conditions at

the edges y =|3~a may pe represented by the Fourier series

oo ’ . A .,‘< “ .
Wiz ) W (A Sy -
n=13 ' ‘ \ |
.. - ‘ oo(lS)
2n ‘

‘where d,, = . Using this expression of w, in equation (12) one

gets‘

b e

. B ‘n'x B
Wy (x) =A1a;p(—‘-’—lz-].;+£x2exp(-§; X ).

Similarly for.equation.(ls) and the same boundary conditions at y‘=::na.

we choose
‘ . -
UU& = ,Z: &Jn(KQ'(<fbn GE%}}
n=1,3,5- |
‘ 4 i o .. (16)
We find on substitution of this Wy in eqﬁation (13)

RNV .
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The solution of (17) may be found to be, Murphy L 30/

Wi (1) = % €xP(- A—ax}[Aa.. (2,25 42)+ A (5,25 b L0

+2/am (O{ny + %(-g—)) j:,t}:}

..Asyl (x)+A4f (x), say '(18)

in which g = .[3_.- and :
al*\'E.o '
the confluent hypérgeomf;tric series
™
Apn) = 'S.J?t T(EXV 400 Ap®) + -
F (525 = (+F A + ZEED (A + A (0
vhere A, = E(E+D - - (f—f”"“') _
2.3 o (24M-)
‘ ..(19)
m -
/(,;m:r_____-————-—‘cg_‘-)HM W\ Z A 4
I (m+ [(E) . TEY 24T vt
=0
The particula.r integrai’ of (li) can be taken as c{’ E" x"
' 23 D

where "" [c\/ - V [TE)]is assumed to be a function of y only,

say _eL_ and it ecan be expanded in Fourier series in the form

DO
o, (%) . 4%, —
o - ~ ._.L
D “—6 EZ; ;\ 2

.+ {(20)
Finally, -
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Using the boundary conditions on w one can determine the constants-

Al, A2, Az and A4 of the above equation which are as follows,.
A = (-1) (a;ag" a, 6)/(62/615 “9) /‘} [d/ dqj/(d Ay = a‘,)
) A3=—5"[3a)bz, 5 (b 5 D, A= (% b - ~7(3a) b, , Sheve

D= a7, (39) =7, 3B,

. T N
b, = A\-Q)E}:(Bnn)—i-ﬁ,_exl?(—ann)_ LINATS
- . [!’lbo““ ;

| b, = Ay EXp(n) + Az_exh(—nﬂ) ~ 22" ‘(IQ Eo
promm

Q\"[_D ﬁ-e)&[anﬂ)'g(a) QXF("ﬂ)f (3‘9} Dal {e"Ff3'\ﬂ)$ @)~ Qx{;(my? (39‘E]
Ry = [_Di-ex{’(ﬂmys (a) exFénnf.S (3a)} ) a {P—XHBNDS (9) - exls( n)g‘ [39}j

_ Ay = 2%%1 [D iqa's (a«)-ag’ (309] Q_D{,S (a) ~< (3vﬂ L
Ay = (_D fXF(awrr){s (-5 (wydmj ex[:(nrr){g -5, @at,,}]
Qg = &D b (- anm) {'5 (309.- &) g (3,,9} D QXF(_,,,T) {S /(a)_c;,,, 5, (“)}j

., _2%OEO£ {qag”(ga) -5 (3a)} {a S, (W)-25, (“/}],

2pnjl
D = jgn(ay]m (3a)——7n [a)b’,, [3% D, = 7ﬂ[a):rn”[a), (% 7;,”[%

Y=, (395,697, (59)

ce(22)



¢ méans double differentiation with respect to its argument.
To determine /3 we know from (9)

'2— 2 YR L
A (1+2) - LY L L (2u W
B+ A (TRTF)= 2D v (3)+4(%8)
| .. (23)
In order to find ﬂ let us assume that '
S my
U= Z_ Mk (%) Con =
d kn\a
,an 9 = Z N (vL) Aun
k=1
- ..(24)

where this form has been chosen because we know that u is an even
function of y and v is an odd function of y. Combining equations
(21), (23) and (24) one can easily get |
Z_M (x) Co};‘i.léf _\-Z_ N, () =% kT cos __“A
k=1 ’
]
4 AnX)_ dm _dmX / /o LLEX)
+:‘2_ £ E)E%Alex\g("f) 2. A;_'ex‘:( 2 )’f‘A_;’]rC?Q ‘f‘Ai'Sh[?f) ——Q_Q—.Zp.n.ﬂ /Smég

Y_(Aexk(&«x)ﬁA%xF(‘ +A37](79+A‘,§[;9~ e )JHCMJ,,(Z/

_B% (1Y) ( T+ TF)
12E>f A 3

| .. (25)
Integrating this equation over the plate we get the required equation |
to determine /}. which is given in Appendix I,



Nonhomogeneous ecagse
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The solution of the

ﬁ{XB Eo

10

( E =Egx ). ,
If the plate is infinite in the y - direction only, then
the differential equation (11) will take the forn

) A 4 g iy ﬁzé{% ‘_[D iﬂ/ ﬁ’)oﬁ (TE)}]

= a_b_g_) Aay
% .« (26)
above equation is
"
w___-[BI (4% )+/3 K(z/f, x?—)J+B X+ 1By — ,?fLD
.. (27)

where (—

)

F==[§ I, ond K,

is the particular integral of the equation (26) and

being the modified Bessel funetions of the

first and second kind.

The necessary boundary conditions for simply supported case

axe

Using the equations

it
a

9] atx=a,x'

ay b-> 0 .. (28)

|
o

=p atx=a,x

(27) and (28) we find that 'B's ean be obtained

from { B) B, B, B } of which the augmented matrix is
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3 S N
r L(‘ﬁ) kl(fz) . ,fa. 100 a "’5;
, R % 6;
. 1 3 - A 2
I(R)  K(h) A T
Vo %
L(6) K (§) o o ’/'g'ZBo
‘ Yo UL~
(A K, (§ o o -
'() ‘ ) V \ /: Da ] .
a - L ee(29)
1 L - |
where [ =20 b° and f =2/ . '..(:_30)'

The equation for determining the value of /3 in this case reduces to

a<1+7)2 4L .t
z( >’le° (LA +0F)

BX

where To = to(x) and Tl = ¢4 (x), | . ..(31)

If u = U’(x) _simply, then

2
U(X)JrL[f{BI,(zfxz) &k(z,c;xz)}JrB_ﬁ;: DJ

/3 M(‘[’o +t F’)

\QE'&

-~ ' . - .o (32 )
Integrating the above over the strip between the limits a and b we get
the following equation '

H
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q@gébz
- &% {i%,(é‘)—zizg(é)?} £ 28,8 LEK(F)
>p, .
>0 - SEE
- Q.allo {1 k(i)—-:lz kz(Z)} - Bﬂ: Z‘f}}
Q.fosb 8“‘;29,
| 2f Vo
E\B'L - &b(2) i
~a BBl b(y- b
W iC\: } . .. (33)

where we have chesen
to(x) =t (1) = constant, t1(x) =t (1) x .
ol e SR - X .. (34)

2fe\lb
Bere  ¢(5)~ $(%) =f % L(D) k. (3) 4%

«+(35)
247 o

Eggogenegus'cage (E = Eo )

The governing equations for determining the normal deflection
w come from the equations (8) and (9). When the plate is infinite in
the y - direction only, the equation (8) becomes

O\L\\'\/ : /‘5 Alw ‘fn
:;;; E, Gt T D

(-]

LX) (36)
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where

A T
XEof .
V= V- =

N a
The solution of the above differential equation (36) is evidently

. 9, z
b/-5X Cox +Cp - Yoo A
W =€ exp (%) +Ca exp (-3%) + Cs Y e
«.(38)
_ %t |
in which 267 is the particular integral of (36). The arbitrary
0 % : .

constants in (38) can be determined for the same boundary conditions
stated in equations (28).

The equation éorresponding to the eguation (32) can be
derived from the equation (9) ﬂth the help of (38), This equation,

when integrated between the 1imits a and b, comes out to be

2 )
boa U t F.(b+%)
_Ii[z, a)+,zx(/+:))( ){1& , T}

- | laocl - f___ =2/ X %a - -
——E’-{_T exp (2/5%) 2-’- —e_xF[ 8%X) + ¢, x+3/o e 2%

X o ) -
ey xp(pn) ~ 5% [ enp(2n) - L g, apens

(] O | L
_2%% )y Loexpan| _ G 2
Y [%0‘}9( )+ : p J ry X

.. (39)
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5. Numérical Calculations.

1) Square plate :

As a t§st case we choose here a plate of thickness 2h having
400 séuare-inchparea i.e.y, a = 10 inches of which E, =l40!000 psi and
assume that the value of 3 1s such that | /3% = 10. As an example,
we treat here a special typé temperature distribution in the plate to
show that fhe variability of temperature function may also be included

and gssume

Tolx,y) = To(l)s constant, Tp(x,y) = Tl(l?;ZE
. - x
' 0 v S
‘and L’.”_;_‘f_’i’—”f,zro“i ik b }= spox 161, Wllens L7437,

and using these values in the equation 6btginab1e from the equation (25)
after integrating the same over the plate we get the corresponding load:
factor for that assumed ﬁalue of /3 in the form

e

= 0605 X /of'_"

The equation (21) with the above load factor helps us determine the
deflection of the plate at ( x = 20, y = 5, middle point of the portion
of the plate in the first quadrant ) as

< = 5.42

2) Plate of infinite strip s

We choose hare an infinite strip sueh that b =16 a and
‘@ = unit length. We further assumé that - B = 100 and B, = 40,000 psi

\
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both for homogeneous and nonhomogeneous cases SO that /;7 _= 0.5. For
both the cases, the strips are under the same temperature distribution

mentioned in (34) along with

) '
304D T en ETF | s /a3 7
e [to +425 B [ = 00375, Williams / 43_7.

~

Nonhomogeneous strip. ‘

With the above mentioned values one can easily find out the
arbitrary constants 'Bfs of the equation (27) from the augmented matrix
(29) such as B |

{ By B, B3~B4} = .0%: { 1.638 5.109 18.000 = sz.oooj |
" o+ (40)

Equation (40) when applied on (33) along with the chosen
values of the parameters the ébproprlate load factor comes dut to be
@%3§%\ = 65,078 x 107" ,

| .o (41)
When relations (40) and (41) are inserted in (27_), the nature of normal
deflection becomes known to us in térms of h and it is shown in the
graph.

Homogeneous Strip.

For the same chosen values of the parameters the arbitrary
constants ‘c's of (38) for the boundary conditions (28) are found to be

qO = € q = q =
C1 = .006 2, C, = 26.363 52 5 Ca= 32,000 0 and G,=~48.00 %g .
o o - Yo o

These values are used in (39) to pick up the appropriate load factor as

9% _ _ -2
ﬁzﬁ = ]36023 x 10

{3887
? 4 ks 1981

i
4

H
T
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The relation. (38) with these values of 'G s and the load faetor clearly.

. projects the nature of normal deflection in terms of h and it is depic-

. ted :I.p the same gra,ph.' '

6. Discussion.

The graph tells the fact that the normal detiect;oxi for the
nonhomqgenelous strip is always smaller -than that for the homoger_xeoqs
strip and roughly, we can say, hormal deflection in homogeneous case=4
times that in nonhdmogeneous case., The maximum deflection is, as usual,
neticed at the middle of the strip. 1n both the cases.

" It is noteworthy to mention that the most practical variation
of temperature in Z - direction is linear in Z so that g(Z) = Z and
therefore f(h) = ha_ and F(h) = 0 and £(h) Va;nishes when g(Z) is a
constant vhere as F(b) = h "% (that constant). For Isrge deflection
plate problems the deflection surface 1s vi-taily impdrfant and 1t is
known only when the lateral displacement w. is known. Stress distri-
bution can then be revealed with the help of w from well established

formulas given in any classical literature,

Appenciix -I. ‘ |

From the equation (25) the required equation for 42  may be
obtained as

{‘éz,fln,z}+%-°“’“”f/ nﬁ”F d"’(ﬁ

La[-n {-ex'b (6n1) - -ex{p (271) A" azn {exlb (- émrjwex‘b [—znﬂ}]

+A7‘J"Z_) 7‘/5((‘&’) [Im+/s+.z 71]

m,A=o0

3a
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i
C

e M e e e s ol
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LARGE DEFLECTION ANALYSIS OF ANNULAR
PLATE OF NONHOMOGENEOUS MATERIAL
SUBJECTED TO VARIABLE
NORMAL PRESSURE
" AND HEATING* -

1. Introduction
Strain energy method and Berger's 474_7 techhique aré u;ed

here also for the large def}ection problem of an annular circular;pldte
"of nonhomogeneous material whege the'platé is uhder variable normal
pressure and is subjected to tﬁo dimensional temperature distribution
i.e. the temperature varies along the radius and phe'width of the plate;
The Young's mgdulus 1s supposed to vary as any power of the radius and
it characterizes the'nonhomogeneity of the plate, Caleulations for the
specifie cases of both clamped and simply supported plates subjected to
linearly varying-pressure and a general t&pe temperature distribution

for two different types of nonhomogeneity are presented,

- 2. Nomenclature

a,b = the outer and inner radii of the plate,
h ‘= thickness of the plate,
VY = 9 ()= normal load ifxtensit&,’
T=T(r,z) = the temperature distribution in the ﬁlate,
£ = co=efficient of linear expansion of the material of
the pléte, o

* Hccepted for publication in indian Journal of Technology( CBIR 7.

i Published in * Indiar Jourhal of Teshnology " 7.3.I.R%
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E = B = Young's modulus of the material of the plate

" at a distance r from the centre,

A\ %
n

Poisson's ratio of the material of the plate,

3 3 2m
=:32€(\‘ ) = lEZOCle-\?)‘j' =D, v - the flexural rigidity of the

plate,

ﬁ, '} = radial and lateral displacements,

strains, _

e = e;; te, © first strain invariant,

€ = Cpp- €y, = second strain invarian?,< .

€pr = €y - 2 i‘j,___s ,f_o?e ?(eb_aﬁ -£ A;((%) y €ggs three

\ dimensional thermal strains,
N, e eonctante.
p) = Lame's constants,
'6é = lateral stress,
. .
vtz %;,_-r J;. jr

v = Potential energy of deformation,

'Ug, U;, Ua = membrane»strain energy, bending strain energy,
and energy contribution frem pressure loading,
respectively, in absence of heating or cooling,

WT = energy contribution frqm heatinge. %

3. Theorve.
- The undeflected middle plane of the plate is ¢hosén to be the
plane of reference and its centre is taken as origin. The Z_- axisiis

‘perpendicular to the reference plane in the down _ward direction. The

potential energy of deformation may be written as
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V = Uy +Um-Ué-WT .. (1)
. « y ; PR |
in which Uy = ﬁ]; D[v W—Q(I—J)J;, ;\‘Ar/ ;\:"]YAY’ -‘”(2)
% o 4 :
U, = 0 ( L-C-—ZC\ 9)61\‘ v,
° .o (3)
[« %
U =21 wor dr :
: K‘ . oo la)

and lastly the expression for Wp is given by, Hemp [ 22 /4 Williams
L4387, L44T,
| |
Wy dT(Y 2 [€W + €go t+ e—il‘] Y&GO\.Y'G[?’ !
P £ . y
L X ] (5)

p\fv

Now the plane~stress assumption of an isotropic npnghcmogeneous thin

plate leads to the relation, Williams / 437, [ 447, g

0 = N (€t Copt Taz)t A’ €z =

or, ,
- X N .
e - () (For
- ) ;
Hence €y T €0+, = -\l-?;) (f—*V1W :
ee(7)
From (5) and (7) Wp becomes
a f
2
Wy = 2 nf Eji‘.))l'[e -2 VW wvdz

L_ .
%9' 00(8)
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The temperature T(r,z) is assumed to take the following form

T(r,2z) = Tolr) +glz) Ty(r) ;.(9)

and we suppose that
£y
‘ L; @A =58 | .. (20)
-& ‘ .
' 4
and g 2 %(%)d\%_, \:({) _
N o (11)
2

with the aid of equations (2), (3), (4), (8), (9), (10) and (11) the:

equation (1) becomes, on neglecting the strain energy due to second
strain invariant,

lze L 20 dw dw
7= nﬁn (AW)-\—YI( R
_27/(4/—2&-0( e('l;ﬁ+TF) f(’R)T(r)v w}] alv'

e (12)

For minimum of V Eller's variational equations are
N _2 _, |
‘DLL ‘a\" auy 2 loo(lS)
7
‘a__-v- . _-_a_ 3_'\_/ + ?; Q_-_V =0
oWy wl, | ort QW
.o (14)

The equations (12) and (13) lead to '

%[%—“(3£+Tﬂ]_o

..(15)
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from whie'h '@S;%[z(r)'ﬁ.,_]/‘(r)./c/,g)_/:%po

ﬁl‘L
c['f.,', -..;}* ) g
R o , . e (18)
where /3 is.a hormal;zed constant of integration. :
Equation (12) and (14) yield with the aid of (16)
2
dr1d AW D Jdw <lp al
S Ao p\,.z)— AR - Y o)
r °«£fﬁdi7 T,
=v| 9 - {Ew (*)}J
00(17)
For E(r) = B, p20 ' |
. 0-(18)
in which E, 1s a constant and m may take up any value and for |
xf(R) 1¢ . ,2m n-lr b
a(r) -« 2. E,. 93y T (Wl=vy
) [-D { ‘()} (z:a?Y -
’300(19)

n being ahy_number gregter than «1 and ( F =20y 1y 2 seee ¢ ), the

equation (17) stands as

a K_ 2im| a_@ L Am4] ol w (zvrn?— /3 ”
z cAr

p&\v Y a\v3+ '\" . o\rz sz

~od
- _\_— nt+
) 2; lev
peo
O .:00(20).

The general expression of the lateral digplacement W may be found from
(20) to be - _
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for m A~ 13 where/u7'= 1+ %n%j%)
po= Loy .
= ' o .. (22)
n+t>+; |

and 7

Here J'( £) Y(l9 are the Bessel functions of the first and the second
kind, 5[/") is the Lommel's function and A3, Ao, A3, &4 are
integrati’yon constants. On assuming u to be zero on both the .

boundaries equations (16) and (21) lead to the result,



E{: [aza—n_:)_ bz[l—m)]_l_ o(i‘fHJ) [T(“) _ T(E)]

aeml
- A?_ 2 2 | :;/D i ) _ (ﬂ} /9
Sl e mag] Py v }]
b
¢ sl FLTOYD - 00 y(f’) - T W/]/o

; :
24 sz Z_ =) [/O{(uf'ﬂww/y“ﬂlg/‘l - Y SCA%M ] )

Y (L py st}

T (= [(2)5{—/“4')/"]-(/9500) - (/‘Y.gf_zﬁ(j% o

2A A,
‘J'»,cc/z)a-m) TR {(arE

_qpse
. -7,,_7_ (. ) [/0{(71“”"2/’1'/“) I(lo}S{-I(f/:}A M1 /‘ffoj ‘%;2_4_2/8 /‘i}]/z
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pzo A=zo

v (2 /s+/$.) 2(2+5+AD
Z DU ey o ]
JDl(H") (c./_’;)q' - o(2+/>+,s‘)L(‘_/u)......{(\42/5)1-/4*}]_[0‘. Y.... {(|+z/>.)1—/uf‘}] '
hryrareahy bt F2A+2
oy U”[’a ke ]

2A, T % -
+ L{_m)l"l Z m—\:ﬂ(‘ ;;) Z(H+7+2/5+2):)[(l—}11) (|+2/s)-/t}][(7+,) /u] (74_,,.2,,‘) /uZ] o
b=

D . Aos Ko
3 .
*'i,*‘",c ) I)A(_.lb [ LH'7+’],+2)S+?- lbq+7+7)+2./5+2}>,
(p)" % : n) " 5
1@_,“)4 Z ZC 77+/°+J("+/°+:) L/5 A5 s (94}?+7+z»+z/>,)[{¢7+9 Ji o (O 420 41) }]X
p=o B=o [(7.|,|) —,“} {(7+z/>l+l /c}]

.. (23)

in which we have taken
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d
(BT FB T, ] =

= £

* ‘ .‘(24)
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£op - A
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4, Relevant Equations For m = 1.

The solution of the equation (20) for m = 1 gives the lateral
displacement w 1in the following form K

Nt p+)
W = Blv-\-_'?f.r“—-gv—\-fb "i il
rs Y k 173 [ Cnrpry {(n+p+) k)
.. (25)
in which k1=.2 (1 -2 ) + /37’ and K # t(n+p +1) 26)
. . .o (26

Even if k = (n+p +1 ) or - ( nip+k ) or both the iast term in (25)
would be slight;y changed throﬁgh indefihite integrations like |
j ¥ iog rdr or fv’e (log r)2 ar a;‘. the case arises. .
The equation correspénding to the equation (23) happens to
be

rm———

2

7— _.2k -2/‘j
' a l, -
.=%{;(B}+23163)(%T) +,2 )

/3%0"'- {03 (%)+a<__%/;‘,7)) [’((a)-"((b)]

qontal.
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Do (7)+}>+) {(YH—P-]-’)'L k} + T);—2("+/°*9(”+P+/+/<)7‘[n+,b+/—I<)
: Ff°

aP( 7\+P-\-\ -k h+|=+\-k )

wip+I+K it pt)+k
Qe |t

D, ('n+P+) (mp-’rl—k)" (n+pri+l

2n+}9+/9+2 204 P+ +2}
apay (@

(n+p+)(n+l°+l)i’(mp+l) k"}{(”’f/’ﬂ) "2.} (294 ptp +2)

.. (27)

5.1 Numerical Results.,
Clamped Boundaries .
| On a clamped edge we shall have
u=zws= a_‘}_\ty =0
v .. (28)

using the boundary conditions (28) for the edges r =a andr = Db we
get the constants 'A' 8 from (21) in a matrix form {Al Ay by A4}
from 1ts augmented matrix

%11 %12 233 1 bls

agy ags . 223 1 bog " (20)
S ('oa) ‘ ’ . ‘ [l

() A 0
(c/b ) ) B (Em): :& / Yf(& ) _ | ?35
) (’ob) » J‘ (Io
oM - EJ 0 b,
|
|
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where
‘ : kDA az(HA) |
a = . ;
1 2 (ip)"D, (- Z_ [F (p2) (31 {mﬂ)’“—/}}](:w .
fa
a.. =2 2(k- .)j‘(/%) 5(/’“) ff[/”“)f(@
12 U’/b) { }

0 = ﬁ_{@-,)y(,oa ) S'(fa) ~Y(/’a) S(Fa)}

) /“.l/" M-l oM
- A 215
\ o (‘_m '1+2 a(’ ) 7
b = -
15 (m_\)sbog AZ .L(b) 'X\+|>‘\’| {[C7-]—l) /4] ...... [[7+26+)_/(j[7+2+2/9
=0 A0

. Z (tm (A < (Fa)
58 m-D, ‘/5) (s SN T

? . (30)
Replaecing /21 by /i ‘in the expressions of 8115 8457 8199 15, b35

we get agys 89y 3oy b25’ b45 respectively.

For a particular case in which
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W F s T 1O Gty )

0(7:’0)_—_0'0/ cand Y - AT, VFh) _

D ,ﬁ?_ [ - -ﬁj _020

».. ] (3 1)
1

and where a =1, b=.0l, P=1=n,a, =0, V=0,25 n=0.5 ..(32)
and for an assumed value of 93 = 0.5, the augmented matrix (29) gives

{ .029930 D, 535250 =.000026 .001_02_1;37]
S S | <. (33)
Now (31), (32), (33) and 90 = 0.5 help us determine the appropriate
load factor from the equation (23) to be |

{hé%%}

L
D
4

Qa, . '

— = 8, 6631 e

) Da%‘ ) *9 (34)
The equations (33) and (34) clearly give the value of the arbitrary

_constants Ay, Ags Ay A, of the equation (21) as

{Al Ay By A4} = -8,6631 h { .029930 Dy .835250 -.000026 . °
,.0010137j |
| ' .+ (35)
against r 1in- Fig, 1.

- 3
. (,
For such a case we have plotted

& 663
Simply Supported Boundaries s

For the simply supported edges the required boundary

o [Ee ] e

¥=a \> L r=a b

"conditions are

R,

.. (36)
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.The corresponding augmented matrix for the evalution of tA' in this case

is

(o3

ra11 212 213 1 P1s
821 802 83 1 bas
%41 %2 243 0 Mo i
L ‘ e (37)
where |
o0 2A
D-m S(f’) -t-Z ("))JC'HA) fa "
a = —— o 2 S e
31 cﬂ(b)\ \= o, M ol CIQ_}&“)‘(S—/“ ) e (;(2/>-H)7L./J7'J
= 2D~ a) o IDO\ J— a
- &( SR SO PIOESE 1]
- \-m ) A
0o = [ (Y PR ﬂf.”}l
‘ - 7+)+14

j ’]+7— (- [7+/+2A)/a
= e— i=m V- -m
R Z(P) il '[( M)S(m(' )Z MO ""[‘7“/_’*)1-/*‘}

* .6 (38)
Replacing /’a by /0 b in the expressions of a31, 8303 8333 M‘l we' get
8417 3499 a43, M2 respectively. '
.For a particular case mentioned in (31) and (32) and for the
same assumed value of u/.7> = 0.5, the augmented matrix (37) gives
!

!
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{4y 5 4 A4} = - C% { o.078723 B, 1.2803 0.000008 0.000729 |
’ | .. (39)
The appropriate load factor is obtained from (23) with the help of (31),
(32), (33) and (39) in the form |

21
- .4:26 ) 3
D, h 10 _ " ee(40)

The arbitrary constants 4,, Ay Ay, A, of the equation (21) may now be
obtained from (39) and (40) in completely known terms as

»

{Al Ao Ag A4} = - 10,426 h { o°.078773D° 1.2803 0.000008 ;

o.ooo729]
ee(41)
N 100w ,
In this case also a graph of . __._ agalnst r is drawn in Fig.l.
10,426 h : o
5.2 Numerical Results For m = 1.
Clamped Boundaries :
Using the boundary conditions (28) for the edges r = a and

r = b we get the constants 'Bt .S from (25) in a matrix form
{ By Bp By 34} from its augmented matrix

log a ak | ﬁ_-k ‘ 1 Crg |
& T (~k) 15
k . . :
b b " :
log b < ) 1 Cog
1 ak a K 0 Cag
k -k
1 b b 0 c
45
B - | _

.. (42)
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where

ﬂ+|°+l

o
A
,015. \)o z a|° (m—p—H) {|<—(“+P*)}
. F’

n+ptl
P

= 4 '
C35 | Do Z OF (‘n"’P"‘D{kz—' (“*P*Dz}
N .

.. (43),
also 025, 645 can be wri utennfz;oz; :;-hi expres;sio;s:i Cig and C35
respectively on replacing a by b in each case.

For a particular case in whiéh
a=10,b=1, p=1l=n,a, =0, V=0.25 w=1l ey

’ _
and for an assumed value of /3 = 2,5, the augmented matrix (42) gives

a . o
—L (~7.49020 .728718 6.83065 3.,07341)
- D I ' S o oo (45)

Now equations (31), (44), (415) and ﬁ 2.5 are utilised to get the

{B B213334} = .

appropriate load factor from the equation (27) in the form

a1
Do B

= 0,15863 . .
 ee(48)

The equations (45) and (46) give clearly the value of the
arbitrary constants of equation (26) as

{ B, By B 34} = -Q.lsgsa h{ -7.48020 0.728718 6.83065
| '3.07:341}
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For such a case we have plotted W _against r in Fig. 2.
| 0.15863 h . |

Simply Supported Boundaries s A
~ Using the boundary conditions mentioned in (36) we get the

constants 'B! § from (25) in a matrix form {Bl By H, B } from i%s

angmented matrix

L k ko o
) 7] ) Q o i
1l — = 1 c
?g @ I« - ¢k) 15
) b 5" |
log b = vy 1 Cos
- | A _k :
19 U-a)-k)a (- 1)+k/a o) Nl
- s it
1= (1-9-Kb - (1-+K)b 0 N,
T ___J L
, .o (48)
R a, (9£n+8) atPtl
in which N Z and N2 may be
(71+P+){(7)+/9+l)2' kZ} - |
obtained from the express:lon of Ny Jjust by replacing an +p +1 by

n+p+1
b Y

. For the particular case mentioned by (31) and (44) and for,
the same assumed value of ﬂl = 2,5, the augmeni_;ed matrix (485 giz:ves
{Bl_ B, By 134} = - C—l—'.{ ~15.2107 1.10972 4.64860 1.7_9170]
Do . _ . ..(49)
The appropriate loa.d factor is obtained from (27) mth the help of (31),
(44), (49) and /3 2.5 in the form '

al,

= 0.28673
Do B es (50)
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The arbitrary constants By, Bp, B3, B, of equation (25) may be

obtained from (4¢) and (50) as

{Bl By By Bé} = -0.28673 h | -16.2107 1.10072  4.64860

1.7_9170}

In this case also we have plotted __ W - - against r in Fig.2,




39

CLAMPED £DGE.

SIMPLY SUPPORTED,

] 1 1 ’ |
= A O ) 0
Y ¢ L987.0
——— . .u..to&n.:m. Adwis g
£9824g1.0

~t—— - pedwe1D

M

F/GI Q-



