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LARGE DEFLECTION ANALYSIS OF A SQUARE 
PLATE OF NONHOMOGENEOUS 

MATERIAL SUBJECTED TO 
NORMAL PRESSURE 

AND HEATING* 

/' 
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Berger • s L4J approxillia~e plate th~ory for .large deflection_; 

plate problems suggests, in d~i,r:l.ng the differential equations from 

strain energy,· to neglect the strain energy due to second strain 
.. . 

-invariant in the middle plane of the plat_e, so .as to obtain a fourth 
. -

order differential equation coupled with a non•linear second order 

equation. The maximum. deflections obtained in this process tally w1 th 

the known values whenever available from more· exac·t theories or from 

experiments. This technique is also followed by various authors like 
. - - ·- - - -

Nash and Modeer C31.7, Nowinski and Ismail L-32J, Das /_-15J ,L-17 J 
and· Basuli L-3_7. ~ 

Strain Energy method and Berger • s L-4J technique are 

employed here to tackle the present large deflection problem of a 

square plate o~ uniform ·thicknes.s made. or nonhomogeneous material 

where the plate is under_ normal pressure and heating, and the ease of 

~n infinite strip of nonhomogeneous material with uniform thickness 

subjected to normal pressure and heating is_also dealt with. ~he 

* Accepted for publication in Journal of Mathematical and Physical 
Sciences. 

:\ 
~ 

l. 

I 
( 
·j 
; 



2 
Young 1 s modulus is supposed. to v~y directly as the distane~ in · one 

...... · - : ,,. 
direction which is evident in .many non*homogeneous structures, p~ti-

~. . 

cularly when they are made of concrete or when they are raw planks 
' ' 

from the branch si.~e toward the root side, used extensively on temporary ' 
' .. \ . . . ~ ~-=-. t 

·' 

bridges in w~ , time •. In both the eases temperatUre plays an important 
·~ . 

role to dehydrate the structure and ther.eby change the strength of it. 

·Numerical results are obtained. for special .type temperature distributions. 
. I • 

·The effect of. this. nonbomog.enei ty for an infinite strip is shown in graph. 
- ' 

It is interesting to note that the deflection for such a case is nearly: 

·one fourth of the deflection for the homogeneous strip. .f 
. ( 

2. Nomenclature. 

· The following nomenclature is used here. The x • y plane is 

the undef'leeted ·middle plane o~ the pla.te and z - axis is perpendicular: 

to it'in t~e downward direction. 

q = normal load intensity,­

w = lateral displacement, 

u, v = displacement components. ·in the middle plane oi the plat~, 

h = uniform thickness of. the plate, 

E = EoJt = Young • s modulus, E0 a constant, 
Eh3 

D = flexural rigid! ty of the plate = ~~~~ 
3 12(1· \)t.~ 

~h . 
= ~onstant, 

:'• 

Do= 
.12(1-).}2.) 

-0 = Poisson's ratio, 

o( = Co-efficient of linear expansion, 

~' eyy and exy are the middle surface -st:c.a1n components, 

e = exx + eyy, the first strain invariant, . 
I -

e . ~ 2 . n. = ex:x eyy - -~ e XYt the seeond strain invariant, 
'• 2. 2. ' I d~ 

"'\! = .1_\ + -.t. . 
- 0~ . "'?JJ . 



3 • Analvsi s , 

Combining the strain energy of a_plate loaded normally 

w1 thout temperature undergoing large deflection and the strain e1:1ergy 

due to heating only, one gets, Berger L-4J, Williams L-43J,C44J, 

~:e~J[~;:::w~:~ e1
- ~(1-V)[ ~· d~1- ( t:~at]] 

. ..e, 
9.1 w] dx J(J - Jf ~ '- f.o( T(-.t, 'a.<) [-e- :t \1

1
W J j"- J.(f ,J.. . 

. . s -fl Cl-v) . 
l. 

•• (1) 

The strain energy due to second strain invariant is neglected here as 

indicates integration over the surface . - . 
done by Berger. The symbol f S 

s 
of .the plate, Assuming that the temperature T<x,y,z) can be written as 

and 1h. 
~ 2- '(JC'.) ch " F(~) 
--h . 

:2. 

~ 

~ -;: l (jC'9 J. = f (~J 
-~ 

2. 

where F = F(h) and f = f(h) are consta~ts, 

. -the equation (l) with the help of equations (2) and (3) can be 

rewritten as 

.,(2) 

•• (3) 

3 
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• • (4) 
. . 

For minimum value of' the strain energy V Euler 1 s variatiorta.l equations 

We apply the equation (4) to all the equations of' (5) and obtain~the 

following equations 

•• (6) 

•• (7) 

I 

·and 2. ; 

. t.Jov'"w- DC 1-V) Wq3 + T,f ~J t ~~[D'i7~- DC 1-V) ~" + T,f ~] ,; 

- + d [2 Wx~ DC 1-~ J] - Q_ ~ [ E e {; - ~ ( T h + T F)l 7 lAi J . 
o-t.a(J . ·q . -ox..L 1--04 

1- -v o ' J x. 

tH 7:J-,_- ~-(T.Ii + TJ)j wei'} -11 = o. ..<s) 

, . 



From equations, (6) and (7) 
1 

.3 

J (J:ff. 
E.[.e~- o<.( \+,)) Clo~ + T, F) =- 12 

•• (9) 
2. 

where (3 
.· 2 2 ._ 

is a real normalised constant and e = 11x+ vy+t<wx + Wy ) • 

5 

' •• (10) 

Let the inhomogeneity of the plate be characteri,ed by E::Eo:x:, so that 

D = D:oX• The differential-equation for determining the normal deflection 

w now comes from the equations (8) and (9) for D = Dox, which is 

•• (11) ' 

We shall ass~e w = w1 + w2 . for the complementary part- of this 

equation. And for the complementary function of equation (11); we get 
. ~ ~ 

'V'-(xv'L__ ~)w=- o ov \J:L{xV21Al)- !}_ V1V.fV 1(x.~W- @_ t.JV=-o 
Eo 1 /:. I 2 £ 

0 0 

which is clearly satisfied if we choose 
2. 

\/ w1 = 0 

and 

•• (12) 

•• (13) 

' This method is also adopted by Gran Olsson or Reissner and quoted in 

Timoshenko and Woinosky - Krieger L-4oJ for problems of rectangular 

plates of variable thickness• 

,• ,, 

' 

Let the contour of the square plate be given by a f. x .(. 3a 

and- a~ y ~ a(a) O). The equations that must be solved far this 

plate with variable loading and temperature are equations (9) and (11). 

' ' ' 



,, 
v j 

To solve these equations u, v and w can be.exp~nded in appropriate 

series. Since the _choice of the type of series that is best sui ted 

· to t~e problem will depend on the boundary eondi tions, no general 

solution for eompl~tely arbitrary boundary conditions will be glyen · 

far the plate. 

As an illustration, we consider the. $Olution when., all the 

edges' are simpiy supported. and hence the boundary conditions are 
Timoshenko and Woinowsky-I<rieger L-4oJ, Easllli L-aJ, Ber-ger L-4J, 

u = w = 'h = o,· 
()?t2-

6 

v =w·= 'Ql.w·. =O, -. 7J(j2-

x=a, x~~ } 

Y =.:!'a 
•• (14) 

Now w1 . of equation (12) which will satisfy the boundary condi t:ions at 
. ,. . 

the edges y = .:!' a may be represented by the Fourier series 

o() -

w, ;:. · r_ t.v'"' c ?CJ ,A·~ ll ~ a 
, = l 3· .. 

- .I 

\. 

2n rr -where d . = · 
n ---a 

• Using tl'p.s expression· o~ w1 in equation (12) 

gets 
"'~·r .. _~:: l 

.•• (15) 

one 

- I 
J 

\ 

I , 

- (J 7() .. 
· wn (x) = A1 exp ; . . :+ ~ exp ( - ; x ) • 

1 
i i 

Similarly for equation (13l and the same boundary eonditions at y ·= .t- a ' 

we choose 

c(j . . 

vJ2.. = .[_ Wn C.X) ~~-n d~ (1 

1:1::.1} 0.1 5···· 

' 
We'find on substitution or this w2 in equation (13) 

•• (16) 

., 
' 

., 
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•• (17) 

The solution <~>t" (17) m,ay be found to be, Murphy L-3oJ 

,:V"('Jl) "'- 'X. -ex\='(- d~ '!J[A4,F, (<;, 2.; d.,;()+ Altt'~ ( s, .2; J."-) t cJ..,-0 
+ ~ 1L (J~ JCl+ r{~-D. J__. JJ 
~~:~~ ;.; . ~(~) d~ 7l 

(x) + ~ f (x), 
. "1 

say 
•• (18) 

in which$ and· 

~ 

the confluent hypergeom~trie serie~ 
( 

1- , 

F Cs 2. ·d..,x) = 1+1- JY\-x + c; ~+'J(ct"'x) + ., ....... + ./\1\'\(d,-x.l +- .. .. 
I I .) J 2- 2.3.l.e / ./ 

where :AWl:::. s {5+Q · · · · ·'· .... ( .S+~ -1) . 
2 . ..3 ...... - •... (~+ h1-1) ~ 

rc~+~ HW\ 
A~=- b .1m+l r(~J. 

The particular integral of (11) can be taken as ( ~ 'to ~o x..2} 

•• (19) 

I [ o< f 2. 11 . ~(3 Do 
where ~ 'V- ~ V {-r,E)J is. assumed to be a function of y . only, 

say · OVo(~) and 1 t ean be expanded in Fourier series in· the form 
Do 

Finally, 

•• (20) 
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•• (21) 

Using the bo~dary eondi tions on w one can determine the constants · 
. . 

A1 , ~' Aa and ~ of the above equation_ which are as follows,. 

A
1

:: (-1) ( a.J_ a,- a.; a.5~a.1 as- ~-tJ.Lf), A2 :::.{a,~-~ a.ttJjca,as - ~ a4 ), 

J>, A
3 

= ),.. {3 o. J ~ ~· :f, rcy6; , D, 1t4 ·= J/'Y b1 -1" ( ~;J b2 1 . w ft. e. vee . 

' 
~ ' 
I 

D, ::. -sn <~Jl, ( ?>~ - ~t\ Ct:\) s,.. (;,~' 

. b, ::. A, -exp (3., nJ -+ ~.2. e.><: f.(- .:?n n) - ? 

•• (22) .. 



( )" means double differentiation with respect to 1 ts argument. 
; 

To determine f we know from (9) 

'l. 2. ~ 'L 'L 
/!3:_. + o<. ( I+ _j ( T. f1 + Tt F)= ~ + ~ + .L ( "0 Lt! J + L ( ~) 
tzEt?' -n o _ o?C. -o25 2. ax! _2. o(f . 

In order to find {1 let us assume that 

o<} 

. u ==- 2:- Mk e-x.) CoA> k~tt 
k,::o 

c>(} 

and lj = [_ Nk (>l) _hi,.._ k:_~ 
k=-1 

• • (23) 

•• (24) 

where this form has been chosen because we know that u is an even 

function of y and v is an odd function of 1• Combining equations 

(21), (23) and (24) one can easily get 

L M1L'lt) C'M ~· -t f_ Nk (1() '%.Co-'> k'dJ 
k.:. c) 1<. \<.:::.1 

.,(} Jm Jn I I L; E v '-+ .L ~ L( ~ A, -exF( ~)- 2: A2--exr c- --!)+- A3 ~ c-:9 + A1-s>) r"lf)- 2.% {J x ~ ~ bJ 
:l L;,~,)~Js--·· , f3·lb·nfl z o 

-' 

+~ f ( A,-exr ( ~ :>t)tA,~__-i>.xf(-¥)+ A31 (~+-A{r,{x_;- 2'1-~£. x ,_) ~ Co,h cb ::~ 7 ,_ 
~ n fo. ~.n.rr 2. :.~. CJ_J 

_ /t_~_: + o< ( 1-f~) ( TQ f; -t Tj F) 
- X I 2 Et> . . --t:v 

•• (25) 

Integrating this equation over the plate we get the required equation 

to determine p which is given in Appendix I. 



10 
4. Plate striP of iptintte length. 

Nonhomogeneous case ( E = Eoz: ) • 

If the plate is inf'ini te in the y - direction only, then 

the differential equation (ll) will fake the form 

x d~~· t -< 4 _ !!..,_ c:f!E = [i. ~ cv- o<f{fy ~ cr. E.Jj~ 7 
J.;4 dx 3 E.o ofx1. . 11, L 1- ~ obc 2 1 J 

::: , 0 .J0\"1 _ _, 0 

Do 
•• (26) 

The solution of the above equation is 

~ .L ). 2. 

w~ ~ [ B11 1 (..<t:X:z.)-+- /32 1<1 (2(o x2-) ]+ BJ ?( +·13~- J-o~ 
fa . '(oo 

•• (27) 

is the particular integral of the equation (26) and 

being the modified Bessel functions or the 

first and second kind, 

The necessary: boun<iary conditions for simply supported case 

are 

u = w = 0 at x = a, x = b 

a, b· > 0 •• (28) 

=0 

Using the equations (27) and (28) we find that • B* s can be obtained 

from . { B1 B2 Ba B4 J of which the augmented matrix is 



.e> 

J 11 
l ~ ~2. it 3 

l<, ( f,.) cvoa"'i 
t, c.FlJ f!a. --0 0 .:wD 

2. _i' 
~ 

fo ~ l 'fl~b"'i 
r,Cf\)_ Kdf,) b [;b2. -.2. q, 

~ 
.'-

I, ( fi) K\ (fi} 
'flo a.. 

0 0 ~ 

te..D 
0 0 

t.r(f.) 1{, (~) 0 0 
'flo b{;'t. 

~2.0 
() () 

•• (29) 

.L .L 
where ~ = 2fob2 and fz = 2~ Cl2.. •• (30) 

The equa. tion for determining the value of (3 in this case reduces to 

au. + j_c ~ J"'" t':.f.: + c<[t+-"1 c u• + tf F} 
0 'X. 2. o ?L 11. Eo ">1. {. 

.•• (31) 

•• (32) 

Integrating the above over the strip between the limits a and b we get 
' 

the following equation 
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~ L)fi + 4.<.(1:~(.~{b-rA) [ t,w + t!;!. b~tt] 

= t ... t ~\ I~Ci)- r; (i) J:... ~i_2 [ K: (~ )-l<:(i) J + B~ f. 2~ ... 
q, 'l. -{, - - ,. 

+ .-!-r .. 1: -t2 B,f33 (o ~ I,(l) '. . . ... 
Cf~t' ()2- ,/ 

lo c 

~ '\Jo { i.3I
1 
(i) - ;tl 2!~ (i} 1 

2P!!o1) J 
IO o . . 

B2:'b .l i 3
k 1[i)- .:ll

2
l<2 (iJ}-

2 j/ i>o · . 

• • (33) 

where we have chosen 

t
0 

(x) = t
0 
(l) =:: constant, t1 (x) = tl(_l) :. 

, 2 I •• (34) 
' ' 

Here 
2.f~(b 

~C. b)- t(o.J =- [ i rociJ Jc. 0 c:V -'*i 
•• (35) 

Hgmogeneous case ( E = E0 ) 

The governing equations for determining the normal deflection 

w come from the equations (8) and (9). When the plate is 1nfin1 te in' 

the y - direction only, the equation (8) becomes 

•• (36) 

·' ., 
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where 

. • • (37) 

C?.;. '1;-~ 
Vo 1-v 

-- i 
The solution of the above differential equation (36) is evidently 

•• (38) 

~ x'l..) 
in which (- ~i"p, is the particular integral of. (36). The arbitrary 

constants in (38) can be determined for the same boundary conditions 

stated in equations (28). 

The equation corresponding ·to the equation (32) can be 

derived :from the equation (9) with the help o:f (3S). This equation, 

when integrated between the limits a and b, comes out to be 
' 

/) 2. . . (!) ( 1) 

lo { ctfJ((/+,)'(b-~)[ t · -1- t, F 
- h-C1.)+ '/ l> -:s;-· 
b { 2. -yl. 

• • (39) 

' ··' 
\ 

' ' . 

' 
; I 
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6. Numerical Calculations. 

1) Square- pJ.ate : 

As a test case we choose here a plate of tbif!kness 2h having 
' . . . 

400 square•inch-area i.e., a = 10 inches of which E0 = 40,000 psi and 
l --

assume that the value of fo is such that P . = 10 • . As an: example, 

lfe treat here a special tY.Pe temperature ·di-stribution· in the pl.ate to 

show that the variability of temperature function may also be included 

and assume 

I 

' I 
, I 
1: 

I 
I 

! i 
1 ; 
,, ' 

,, 
I 

" ! 

and using th~se values in the equation obta,inable from tl'!e equation (25) .. 
I 
I 

after integrating the same over. the plate we get the corresponding load I' 

factor for that assumed value of j3 in the form 

""" -1 D~ .=. lO~ ·or;- X /0 
I) 

. . 
The equation· (21) w1 th the above load factor helps us determine the 

·. I 

deflection of the plate at ( x = 20, y = s, middle point or the portion t 
. 1 

· -of the plate in the first quadrant ) as I 

. ? 

: = 5.42 

2) Plate of intini te strip : 

We choose here an infin1 te .strip such that b = 16 a and 

a = unit length. We further assume that - j3 =. 100 and E0 = 40,000 psi 
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both for homogeneous and. nonlwmogeneous cases so th8.t fa = 0.5. For 

both the cases, the strips are under the same temperature distribution 

mentioned in (34) along w1 th 

v t(l} 
30o((/f )[t(l) f.t·2'5 J] = 

-A'Z.. o+ --fv 
o·31-Ji, 

Nonhomogeneous strip. 

With the above mentioned values one can easily find out the 

arbitrary constants rB•s of the equation (27) from the augmented matrix 

~29) such as 

{ BJ. l3:a ~B4 J = ~ { 1.638 5.109 
:Do 

18.000 - 32.0001 

' •• (40) 

Equation (40) when applied on (33) along w1 th the chosen · 

values of the parameters the appropriate load factor comes out to be 

<::'\ Cf.to 
-· ---:? = 65.078 X 10-4 :DI>n 

•• (41) 

When relations {40) and l41) are inserted in (27), the nature of normal 

deflection becomes lmown to us in terms Qf' h and it is shown in the 

graph. 

Homogeneous Strip. 

For the· same chosen values of the parameters the arp1 trary 

constants •c•s of (38) for the boundary conditions (28) are found to be 

C1 = .oos qo c2 = 26.363 ~ , c3= 34.ooo ~ and c4=-4s.oo ~ • 
Do ' Do . . Do Do 

These values are used in (39) to pick up the appropriate load factor as 

qo 
D0 h 

7~)Q07 e.bO ,J 

~ 4 f" - ··: 
~ e ;-~~. ~ ·~ 

= 

19 81 

136.23 X 10-4 ~.~8"'-··~4':'\. ( ,./ ' ~~" t- ..... ~ 
: !nlilifj., ,.. n 

·~ ·,.fftt*J 
. ~~~~.&~~/ 
~-/ 
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. ,l 

The relation. (38) w1 th these values of 'C's and the load factor clearlY-

, projects the nature of normal deflection in terms of h and it is depic-
' . l . 

ted in the same graph. 

6. Discussion. 

•' 

fhe graph .tells ·the fact that the normal dE'd~leetion for the 

nonhom()geneous stltip is always smaller .. than that for the homogeneous 

strip and roughly, we can say, normal d.ef'leetion in homogeneous case=4 

times that in .nonhQmogen~ouS cas~. The_ ~aximnm detl~ction is, as usual, 

noticed at the middle of the strip: in path the ·cases. 

! 
I 

{~ r , 
. ' 

' 

-It is noteworthy to mention tbi:t the most· practical variation , · 
! 

of temperature in Z - direction is linear in .z so that. g (Z) .= Z and 

therefore f(h) =it and F(h) = 0 and f(h) ~anishes when g(Z) is a 
' 12 : . . . 

constant where 'as F(h) = h --% (that constant) •. For l~ge deflection 
. . 

. . 

plate problems the deflection surface is vi-tally important and it is 

known only w:Qen the lateral displacement w. is known. Stress distri-
. ' 

bution can then be revealed with the help of w from well established 

formulas given in any classical literature •. 

Appendix - ~. 

From the equation .(25) the requir,ed equatfon for j3 may be 

ob~ained as · 3 ~ ~ .. 

5· ft.'f'l. L., 3 J + & ~c 1+0 .f j Tofi + 1i ~ J."-J.u 
l 3Eo · a ~ . -It- · "" . . _a 

== A,l. ~ {-f.)(f(611rr)- -exf(:J.:n·nj- ~A~ t [ex;{- t"rrJ•_~xp{.-2.rdl}} 

+ A: J) ~ Am ?t~(Jnj"'+rS [ JC~J,, J ~~ 
17 1 L- · . »1t'r+..2J 71 

m,A::.o · a. . 

f ~ 

:: 

, I 

I I 
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I (~) __ -exy(-~~)) ?t'\ l'n?lm-1 ;- .. ··~ + ~ } 
. ~ 'n - d_ ~ L . ~ . . ( J,jtn 

,_ . 'L 

}'t\ (1l) =- l C">9 - !~ · ?l + ~ · 't - ....... ·· 

t (~).:. lo~ ?l 
• 'Y\ () e.. 

J._ 
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C H A P T E R • I 1 

PJ,PER - II. 

LARGE DEFLECTION ANALYSIS OF ANNULAR 
PLATE OF NONHOMOGENEOUS MATERIAL 

SUBJECTED TO VARIABLE 
NORMAL PRESSURE 

. AND HEATING* 

1. Introduction 
. . 

Strain energy method and Berger. s L-4J tec~que ar~ used 

here also for the large deflection problem o~ an annular circular· plS:·te 
, "'• I 

·of nonhomogeneous material where the plate is under variable normal 

pressure and is subjected to two dimensio~l temperat~e distribution 

i.e, the temperature varies along the radius and the. width of the plate, 

The Young 1 s modulus is supposed to va:ry as any power of the radius and 

it characterizes the nonh0mogeneity ot. the plate. Calculations for the 

specific cases of both clamped and simply supported plates subjected to 

linearly varying pressure and a general type temperature distribution· 
. -

for two different types of nonhomogeneity are presented. 

2. Nomenclature 

a,b = the outer and inner ra~ii or the plate, 

li = thickness of the plate, 

'tJ = ~ ~r) = normal load intensity, 

T=T(r ,z) = the temperature distribution in the plate, 

~ = co-efficient of li~ear expansion of the material of 

the plate, 

* Accepted for publication in Indian Journal of Technology( CSIR ). 

Published in '' Indiar Journal of :re~hnology '' ~. s. I.E:~ 
-- I 
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= Y~ung's mod~lus of the material of the plate 

at a distance r from the centre, 
.. - t 

I 

= Poisson's ratio of the material of the p~ate, 
r .o3 'Z.h1 '2.'17\ ·f , 

co h · Y ::. t> Y = the flexural rigidity of the 
\2, (t-l>:J- - D 

plate, 
.. _, - . --

u, w = radial and lateral displacements, 

= du. + t ( d.wJ:2..- -e = u. radial and tangential err ~ JT-- ·'. 69 y. 

s~a,~~s, 

e = err + e~9 = ·ri:st strain invariant, 

e2 = c:Lr . e = second strain invariant, -
-r -9-6 . ' • 

J,1u.J - (i JtJ 
err = err - z ;r-;'1. __ ' . -e~e = (e~-~ :) .. ~ "JY.) , ezz' three 

. AI At 
I ) 

dimensional thermal strains, 
I = Lame's constants, 

'6 i = lateral stress, 

'\1'1.. 
7-- . 

:c:L +.Ld 
- c\y'L. 'Y' J"y 

1, . 

v = Potential energy of deformation, 

·Um, ub, uq = membrane str'ain energy, bending strain energy, 

and energy contribution from pressure loading, 

respectively, in absence of heating or cpoling, 

= energy contribution from heating. 
\ 

., 

a. TheprL. 

The undeflected middle plane of the plate is chosen to be the 

plane of reference and its centre is taken as origin. The Z- axis; is 
. ' ; . 

·perpendicular to the r-eference plane in the down-:_ward direction. The 

potential energy of deformation may be written as. 



Q. 

uq = 2 n f q.w.r dr 
lo 

and lastly the expression for 
- -.- . ---· 

L-43J, L-44J, · 

WT = rn ~: ~: 
2. 

24 

•• (1) 

•• (2) 

•• (3) 

•• (5) 

..... 
Now the.plane-stress assumption of an isotropic n~n~homogeneous thin 

plate leads to the relation, Williams L-=-43J, L-44J, 

0~: )1 (-e~.,.t ~~+ ~I)-t,()i1 ~7: ~o, 

or, 

f 
: •• (6) 

•• (7) 

From (5) and (7) WT becomes 

WT=2nrt 
b -~ 

2,.. •• {8) 



The temperature T(r ,z) is assumed ·to take the following form 

and we suppose that 
~ 

. f 2. X(!CY c\,. = fC ..:; 
-~ 

2.. 

and 

•• (9) 

•• (11) 

with the aid of equations (2), (3), (4), (8), (9), (10) and (11) the· 

equation (1) becomes, on neglecting the strain energy due to second 

strain invariant, 

i·. (12) 

For minimum of V EtUer 1s variational equat~ons are 

.•. (1.3) 

•• (14) 

The equations (12) and (13) lead ta 

2(~-~( 17 or ~ 2 1- v To~+ T, F) J =- o' I 

•• (15) 



.. 

from whi.ch 

·.. . ( 
i.'.r / I 

1 
• • .. . / 

.I l 

w~ere (3 is ,,a ~ormal~zed constant of integration. 

Equation (12) and (14) yield· with the aid of (16) 

For E(r) = E r2m 
0 

.. (16) 

•• (17) 

.•• (18) 

in which E0 is a constant and m may take up any value and for 

·,·. (19) 

ri being any number greater than -1 and ( r = o, 1, 2 •••• ' oC ) ' the 

equation (17) stands as 

0 , •• (20) 

T_he general expression of the lateral displacement 14-may be found from 

(20) to be · 



- 2. 2m(t-v) 
for m ;' 1; where j<- = 1 + (I _ ~ ~ 

f = 

and f = 
n+l'+l 
. 1-I!Yt 

.•. (21) 

•• (22) 

Here J{f) ycV are the Bessel functions of the first and the second 
~ ' ~ ' 

kind, S[l) i~ the Lommel's function and A1, A2, A:3, .A.4 are 
-- 1]JA . 

integration constants<» On assuming u to be zero on both the . 

boundaries equations (16) and (21) lead to the result, 



in which we have taken 



~ 1-"n t (iL ;:: 

1-m 

ip;_ I -11'1 
f'b h :=. -

•• (24) 

1-W\ 

=-

4. Relevant Equations For m = 1. 

The solution of the equation (20) for m = 1 gives the lateral 

displacement w in the following form 

(nt p+ y 1.. { (n-rp:ty'=- k'lj 

•• (25) 

1.. 
in which k 2 = 2 (1 - .V ) + j3 and k F t ( n + p + 1 ) 

•• {26) 

Even if k = ( n+ p + 1 ) or - ( n+p+l } or beth the last term in (25) 

would be slight_ly changed through indefinite integrations like 

J 'Y"e log rdr or J Y'e (log r) 2 dr a~ the case arises. 

The equation corresponding to the equation (23) happens to 

be 



a P (a. 'l'H\>+1-~ 6)1+~+1-k ) 

(?1-t p-t-!) (-n+p-f'-1- k )1. (01+ptl + '9 

5.1 Numerical Results. 

Clamped Boundaries • • • 

On a clamped edge we shall have ,_ 

u=w= .:=\-r =0 

using the boundary conditions (28) for the edges 

:10 

•• (27) 

•• (28) 

r =a and r = b we 

get the constants 'At S from (21) in a matrix form { Al 1la As ~r --

from its augmented matrix 

all a12 

a21 a22 

s (ft,.) 
Tf~J ~ 

(_i~) Po (1-l'nj. ,M 

s (flb) 
I 

Jf(1) olA 

c if!'J ~ o-rv 

' 

al3 1 

a23 1 

YCftA) 0 
fJ.-

Y}Ar ~) 0 

-

~5 
b25 

bas 

b4p 

•' 1 

•• (29) 

. ' ;• 
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where 

: •• (30) 

Replacing fo.. by fJ, ·in the expressions of a 11, a 12 , a 13 ' b15 ' bas 
we get a 21, a 22 , a 23 , b25 , b45 respectively. 

For a particular case in which 
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. cc..nd. 

•• (31) 

and where a = 1, b = .01, p = 1 = n, a 0 = o, ~= 0.25, m· = 0.5 •• (32) 

and for an assumed value of ~(3 = o.s, the augmented matrix (29) gives 

= -a.~ { .029930 D0 .535250 -.000026 .oo10lln} 

(I •• (33) 

Now (31), (32), (33) and ijJ = o.s help us determine the appropriate 

load factor from the equation (23) to be 

•• (34) 

The equation~ (33) and (34) clearly give the value of the arbitrary 
' - . 

constants A1 , ~' As' A4 of the equation (21) as 

For such a case we have plotted 

Simply Supported Boundaries : 

{ .029930 ~Q .535250 -.000026 

.• 0010137 J. 
J0

3
W 

against· r in· Fig. 1. 
&· 6~ 31~ 

For the simply supported edges the required boundary 

conditions are 
• '2. I 

. 1 ld w ,)_ ctw] · 
~"'G\ - + -- ..,- = 0 d l" ~ r- ~)' . 

Y'-" b - ) 

• • (35) 

.•• (36) 



The corresponding augmented matrix for the evalution of 'A • in this case 

is 
.. -
~~.>· 

all a12 al3 l ·bl5 

a21 a22 a23 1 ~5 

a31 a32 a33 0 Ml 

a41 a42 a43 0 M2 
' 

· .•• (37) 

where 

= f ( ~-m) J(fo.) -t- ~ (o. [ J(fG\) - J Cf~ }] L A - }1--1 ){+I 

. ' 

: •• (38) 

Replacing r~ by /h in the expressions of a
31

, a32 , 8.aa; M1 we1 get 

a41,. a
42

, a43 ; M2 respectively. 

·For ·a particular case mentioned in (31) and (32) and for the 

same assumed value or· i.;(3 = o.s, the augmented mata-ix (37) gives 
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0.078773 D0 1.2803 0.000008 0.000729_} 

•• (39) 

The appropriate load factor is obtained from (23) with the help of (31), 
# -. --I 0 ~ - - 0 -

(32), (33) and (39) in the form 

:· •• (40) 

The _arbitrary c_onsta~ts A1 , :A:a' _ ~-' A4 __ ~f th«3_ e9.uation (21) may now be 

obtained_from (39) and (40) in completely known terms as 

= - 10.426 h { o.078773D0 1.2803 

0.000729 J 
0.000008 

In this case also a graph of 
l03 W 

10.426 h 
against r 

•I! (41) 

is drawn in .Fig.l. 

5.2 Numerical Results For m = 1. 

Clamped Boundaries : 

Using the boundary conditions (28) for the edges r = a and 

r = b we get the constants 1 B*. S from (25) in a matrix form 

( B1 &a ~ B4 } from 1 ts augmented matrix 

-k k.· 
log a 

log b 

1 

1 

g_ 
c-kJ 
-k 

_b_ 
(-k) 

-k a 

1 

1 

0 

0 

•• (42) 
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where 

o<l 

=_l_\ 
t>o L 

r~o 

')'J+f+l 
Ct 

.. 

~~s~-~25 ~- ~45 _ .. c~~- ~e-~itte~ from the expressions of c15 and c35 

36 

•• (43) ' 

. n + p + 1 n+ p + 1 . 
respectively on replacing a by ,b in each case. 

For a particular case in which 

a = 10, b = 1, p = 1 = n, a0 = o, .Y = o. 25, m = l 
: •• (44) . 

2-
and for an assumed value of j3 = 2.5, the augmented matrix (42) gives 

) Bl B2 R.3 B4] = - a..D
0

1 (-7 .49020 .728718 8.83065 3 .07341) L •• C45) 
.._ • ~ ~ - • -- - ·- • • • -. • • ~ - - l• - ~ 

~9!'.~~~ti9ns_ (31~'- (44), (JJ:S)_ an~ _ ;9_ 1
_ = 2.5 ~-e ut~lised to get the 

appropriate load factor from the equation (27) in the form 

~---- = 0 .16863 D0 h 

~h~ ~~~~1~~ (45) a~d (46) give clearly the value of the 

arbitrary constants of equation (25) as 

{ ~ ~ fs B~} = -0.15863 h { -7.49020 0.728718 6.83065 

. 3.07341 j 

•• (46) 

1 •• (47) 
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For such a case we have plotted w against r in Fig. 2. 
0.15863 h 

Simply Suppo~~ed Boundaries : 

Using the. boundary conditions mentioned in (36) we get t~e· 
'• -- • • -· • ·" • ••• ••• ' •• • -- £ • • • • • • •- • ' ~ • • I 

con_s~~~~~ _'_B~ -~·_from (25) in a matrix form [ B1 B2 ~ B~] from its 

angmented matrix 

k.. . " 
a. a. - e:/l) t~ 

hk. r·k - -=--
k (-k) 

log a 1 

log b l 

u-v-kJa. "-
_I<, 

(t'-v+k)a 1-v 0 

I<. -k 
(1-v-I<Jb. ( 1-1>+19 b 0 1- v 

I. 
' 

· •• (48) 

. - . . . \ -~ -- - . 

in which N1 = j_ \ 
bo L 

and N2 may be 

.. - r~-~ 
o_btai!led from the expression of N1 just by replacing an + P + 1 by 

n + p + 1 
b 

For the particular case mentioned by (31) and (44) and for, - -- ... - -- . . . ~ -. - .. - - ·- . . ·!· 

the same assumed value of (J?.. = 2.5, the augmented matri?C (48) giives 

-- 1.10972 4.64860 1.79l7o) 

•• (49) 

The appropriate load factor is obta:i.ned from (27) with. the help of. (31), 
-- . -- . - .. 

'/.. 
(44), (49) and fo = 2.5 in the form 

al. 
~-- = 0.28673 
Doh •• (50) 



The arbitrar·y constan.ts . B1 , B2 , Ba' B4 of equation (25) may be 

obtained from (49) and (50) as 

{ ~ ~ Ba B~} = -0.28673 h f -15.2107 1.109'72 4.64860 

1.79170] 

38 

: •• (Sl) 

In this case also we have plotted ~~w~~~-~·· ~-_ against r 
0.28673 h 

in Fig.2. 
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