CHAPTER 3

Constrained Problems

In this chapter we propose to study two rectilinear dis-
tance constrained problems with the mlmmax ob_jeétive. Sec:
31.1 discusses the equiweighted case while sec. 3.2.1 solves
both the symmetric as well as asymmetric weighted problem.

3.1.1 Geometric solution of a constrained rectilinear dist-

ance minimax location problem

In a wide variety of situations persons interested in
facility layout.- and location are confronted with the problem
of locating a new facility in the . midst  of ex’is.t,ing
 facllities <(referred to as the one-centre problem in the
literature) in suéﬁ"a wAay“-t.'ha.{,At.he maximal distance from the
new fécilit.y to the existing locatio;us is minimised. The
equal-weight.ed unconstrained single facility minimax
location problem under the I_.1 metric has been well studied
by Elzinga and He:arn [311], Francis and White [361,
Wesolowsky [781 et al. 'The weighted and constrained minimax
problem undér-‘t,he L2 metric %n n-dimensional' space has been
solved by Scott et al. [69] using the concept of conjugate
duality. Duttaa and Chaudhuri [29]1- have gi\'/en an elegant
method of obtaining an éxact, solution to an equi-weighted
planar constrained problem under the l..2 or Euclidean norm.
Hansen et al. [43], Francis et al [37] Hansen et al. [44],
Drezner and Shelah [22]1 and Drezner [211 have also discussed

Facility Location Models at length. Morris [64] has also

* This paper was published in APJOR vol 7 1990D) pp 163-171. .
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considefed constrained multifacility minimax location
problem under I_.1 metric. Qur ob jective .ir} this 'sec@ion is to
present a geometric solution to the constrained version of
the problem in the plane in which the distancés’ are
raectilinear. As a Mpr;éc.t,ic:al“ application of the pfoblem
addressed in this section one might consider. locating an
emergency =service facility, for example - a health c¢clinic in
a rural area or a fire station in a larée metropolitan 'cit.y -
where the facility is restricted to lie wit.hin a given region

under the assumption that travel is allowed on a grid only.

3.1.2 Probleni statement

Assume tLhat. a set D is defined by

D = < P,L L= 1, 2,..,n > wllmere PL(aL’ bi) are the
n existing lozation points in the plane Ez' Also assume that
a new facility is to be located at T(x, y> in such a way
that the maximum rectilinear dispance 'bet, ween ‘t,he new
facility and the' n given locations is mihimised sub ject ‘t,o
the restriction that T is constrained t,d lie in a convex
polytope R. The rectilinear or rectangular distance between

T and P_L is given by

d(T, P> = |x~-a| + |y - b |, Pe D.
E v L i i

The minimax problem is

min max - dT, PO a
TeR 1< { * ‘

1A
o,

where R < Ez is given by
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To solve problem 1> we make use of certain elementary
properties of rectilinear distance function in a 'plane, the
proofs of which being obvious will bev omitted.

As may seén in Fig,ufe' 1, all the n given location points P_L
may be :cqvetred-:.'_‘by. a rectangle A1A2A3A4 by drawing a pair» of
parallel iine;; inclined at. 135° with t,l:.e x-axis through two
of these points P,L farthest. apart and another pair of
parallel lines inclined at 45° f,hrongh two similar points,
i.e,points farthest. from each other.

The Unconst;rained Case: As long- as point T lies to the right
of the vertical AaQ thrbugh Aa the rectilinear dist,.anc':e from-
T to any point on the side AzAa is greater than the same to
any point on the =side A3A4.' On AQQ itself these dist,al;ces
are equal. In the absence of any constraint this latter
distance continually diminishes as one moves upwards along
the vertical reaching its minimum value at Q, t,he‘ point iof
intersection of the perpendicular bisector KQ of the longest
side of the I-ec:t',éngle. an.d' AgQ and maini,a.i.ns this wvalue upto
the point K, the other point of intersection of KQ and the
vertical Atki through At. Any pointt on KQ is a possible
minimax locat.ion [31, 361.

We shall use the following definitions and notations in our -
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subsequent discussion.

Dominating side: The side or sides of the rectangle having '
+he maximum contribution towards the rectilinear distance
function at a point will be called the dominating side at

the point.

Cone of Descent Direction: Let f be the objective function
and x any point in R . The cone of descent direction of f at
x is defined by
D, Cx>=<d:3a>0with £fCx+add<fCxD
VO<as<ard.

Let a line 1.be ’Adr,awn.t,hrough x € R parallel to the
dominating side at x . |

Also let H+ denote the closed half-space containing the
dominating side defined by 1. Then the cone of' deséent
direction in ‘Ché present case wili be given by Né( x >N H+

+
or R n Néc Xx > mn H according as x is an interior or a

boundary point of R, NéC x 2 being a neighbourhood of x.

By 3R we shall denote the boundary of the region R.

The Constrained Case The direction of movement is
determined ky the direction of descent which in turn is
related to the cone of descent. direction. The cone of
descent direction as defined above is obtained from the

dominating side of the rectangle.

Let C be the intersection of the cone of descent direc-
tion and the region R. The value of the objective function
d.e.,, the maximum rectilinear distance from TY does not

increase along any ray lying within C - rather, it has a
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gradually diminishing value along JdR constituting an extreme
edge of C provided 3R is not paréllel to a dominating side
or C is not ¢1égenerate.

Either of the following instances determines a stopping
criterion. |
I. The intersection of the two (lsones of déscent, direction
reduces to their common vertex, which is the point of.
intersection of'an a'cf,iv'e boundarf, with either the Yertical
through A1oi> A , or the horizontal through A or A;.
II. The cone of descent direction degenerates into a point
coinciding wit.h an-éxt.reme point. of an active boﬁndary.
The algorithm of the present problem, which follows shortly,
is= justified by the lemma given belbw, the pr&of of -which is
gi\Alen in sec. 31.7.
Lemma: For any poir;t, ot,helj than the oné obt.aix;ned by ‘usingv.
either of the stopping criteria the rectilinear distance

will be greater.

3.1.3. The Algorithm '

Define the quantities c, through ¢ as follows:
. 4

c1 = min ( a, + b >; cz = max ( a, + b >;
. L L . L L ’
1 €S1<n 1<i<n
c = min (-a + b >; c:4 = max (-a + b ).
L L
1 €i<n , 1<i%n h b

The points P, define a rectangle S the sides of which
L .
are given by
: + = H : -+ = H —-x+ = C ; - L=
11 x+y c, 12 x+y c, 13 x+y c 14 x+y c

Label 1A 1, 1M 1. 1A 1, L7 1 as A. A, A and A
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respectively.

Denote {.he segment of perpendicular bisector of one of
the longer lsides of S intercepted by lines through Azand A‘
drawn parallel to .t,he x~axis <{(or through A1 and Ag drawn
parallel to the y-axisd by.' KQ, K having a greater ordinate
t.han Q. Any poin.t. on K(é lis a possible” rﬁ_inimax location in
t.he unconstrzazined case.

Without any loss of generality choose lines through Az
and A3 parallel to the axés as the coordinate axes and
change the equations ‘of constraints and the coordinates of

the vertices of S accordingly.

Step 0 dnitialization Step?

If R contains the whole or an;ll part of Ké then go to
step 4. St.a.x-tiing from any point PX,Y> € int R move towards
Oy, the y-axis along the line 11 y = Y. If the point 1 N Oy
= (0,¥Y> €R then move towards the origin along the y-axis till
the point,.M = 3R N Oy is reached and go to step 1(a). Else
denote the point 1 n IR by M and go to step 3. -
Step 1¢ad. I M satisfies a stopping criterion then stop. M
is the required point. Else go to st,ep.» 1C(bD.

Step 1(b). Move a.xlox;g ‘t.,he e#t;reme edge of t..he. direcf,ivon of
descent until any o.r.xe of the following' four possibil-ities.
materializes:

{i> an extreme point, say V, is ‘reached : go to step 2Cad

(ii> the point of intersection of the direction of

s .

descent and the line through ‘Ai parallel to the y-axis is

attained : calli this point M and go to step 1dlad.



(iii> the ‘point, say N, of interséction of the direction
of de‘séent. and the x~axis is arrived at: go to step 2(bd, or
(iw;') the point. of intersection of the direction of desc-
ent. and the line -t,hrough A4 parallel to the x—axis is attain-
ed : call this point N and go to step 2¢bd.
Step‘Z(a). If V satisfies a stopping criterion then stop. V
is the required location. Else obtain the adjacent edge
through V, drop the current edge and go to step 1(bd.
Step 2<(b). [f a stopping c:rit,.e.rion holds good for the point
N then stop. N..is ti,he‘Asought, afi:,er location point. Else .gcr
to step 1C(bD.
St,e;p 3. Obtain the extreme edge of the direction of descent
at M and move along it. If it meets the y-axis then call
this point M.‘ and go to step 1(ad. Else -go to step 1<(bd.
Step 4. If- R n KQ = & t;hen any point T €« R n KQ is aA
minimax location.’

Note: When an active constraint is parallel to a dominating’
side of the rectangle S then the required facility location
will be anv point belonging to the whole stretch of the

active boundary included between the axes or between lines

parallel ﬂo tLhem.

3.1.4. Analysis of Time Complexity

For constructing the rectangle S we are required toé det-
‘ermine real.- numbers = through c,- Again calculating any of
these four quantities. .. necessesitétes <n—-1> comparisons.
Hence S can be obtained 'in Odnd time. Then m given liﬁear

constraints defining the region R determine the extreme
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peints of a convex hull. To get; t,hé .convex hull we have to
find the slopes of all the constraints requiring m
mm;ipiications and sort the angles of inclination in
Olmlogm> time. The extreme points are then obtained.' by
solving each pair of consecutive constraints arranged in
sorted angular order émploying method of Gaussian
eliminat.ién for which a total of 5m multiplications is
necessary. A few additional multiplications are needed for
obtaining tixe point of intersection of the line y = Y with
an active boundary or t,hé y-axis as the case may be, as well
as that of t.heﬂdirec"t,ior-) of descent wit,h.leit,her or both the
axes of coordinates and ~/ or lines parallel to them. Hence
the worst case time conmplexity of the algorithm is

max{0d{n>,0(mlogmd>.

3.1.5. Sensitivity Analysis.

Introduction or removal of a location point If insertinhg
an additional location point or deleting an existing one- does
not alter the configuration of ‘the r-ectané,‘le S or alters
only any of its non-dominating sides then the current
solution ' also remains unaltered. If, on the other hand, the
above procedure affects a vertex of S with respect to which
the current. location point was obtained, then we regard the
present, sclution as the starting . =solution, . apply the

algorithm amd obtain the new optimal solution.
-Introduction or removal of a constraint

If we remove a non-binding constraint or introduce a-

9]

onstraint which. besides altering the region R, does not
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have any immpact on the currently active boundary with
respect to which the optimum solution was obf,ained.
modification of the solution is necessary. On the contrary,
imposition of an additional constraint may result in either’
of the following ca.se‘s.

I. The c<urrent optimal point T may now lie within the
modified region R. P «— T and go to step O.

II. The current optimal point T may lie outside the
modified region R : denote the newly introduced constraint
by L < 0. If the slope of L = 0 is non-zero then move
parallel to the x-éxis until the point . of inbéfsection, say
N, of L = 0 and y = 0 is reached. If N € 48R then go to step
2¢(b); else move towards an extreme point V alongv L = 0 and
go to step 2¢ad. If, on the contrary,. the slope of L = 0 is

zero then move parallel to the y-axis and reach M, the point

of intersection of L = 0 and x = 0. If M & R then go to
step 1<(ad; else move towards V along L = 0 and go to step
2¢ad.

Again removal of a binding constraint renders “the
present facility point either an interior point or a
boundary po:nt. In the former case go to step 0; in the

latter go to step 1d(bd.

3.1.6. Numerical Solutions

We demonstrate the algorithm given above by means of
the following examples

Problem 1.

Let. the convex polvtope be defined by R = ¢ X : AX < b
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where

2 585 2 0 -t -1 -5
-3 -1 1 1 1 0o -4
X =[x, yl' ;b = [-6, 4.5, 10, 11, 15, 7, 20 ]
and suppose that the set D consists of the following points,

their respective coordinates being noted alongside each

P = (2.00,10.00>; Pz = (0.00,12.50>; Pa = (~-0.25,12.50>;
1 0

P = (7.00,9.00>; P_ = (3.00,13.00>; P_ = (3.60,10.45);
<4
P, = <4.50,11.50; ?B = (5.00,12.25>; P_ = (7.00,12.003;
P = (¢6.25,8.75>; P = (7.00,10.65>; P = (7.35,9.80);
10 11 12
P = ¢8.30,10.55>; P = (3.25,15.45>; P _ = (3.80,14.15);
13 ’ 14 15
P = €1.00,14.00>; P = ¢1.20,13.85>; P = <3.95,14.60)>;
16 41?7 . 18
= (5.15,12.45>; P =.¢6.30,12.20>-
19 20 .

Let P be the point  (-3.00, 150> e« int- R. Here KQ is given
by the line segment joining K = ((5.00, 12.50> and Q = (3.00,
10.50>. Since R N KO = &, M is calculated to be (075,
. 180> by step 0. Now move along the descent direction of the
active constraint given by the equation 2x - 3y = -6 t'.mt,ill
the extrems point V = (150, 3.00> .is reached. Drop this
edge by step 2¢ad and pro‘ceed along the next boundary given
by the equation 5x - y = '4.5. After successively execu*tixxé
three iterations attain the required facility pointt N =
(-0.25,10.50), which, in this case, is the point of
intersection of the binciing constraint having equation 2x +
9 = 10 and. the .line- t,hrough A, = (850, 10.50> parallel to

the x-axis.

Problem 2.

Let us: consgider  the effect of introducing an additional
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in Problem 1. -The

b

constraint dafined by L : -x + 05 = 0

current. facility point N now belongs to int R. Since the

slope of L = 0 is non-zero by section 5 move parallel to the

x-axis and reach the point M = C 050, 1050 > of
intersection of NA“ and L = 0. Since this point M & R move
along L = 0 towards the extreme point- V = (0.50;9.00 > and

following step 2¢a> of the algorithm V is ‘the required

optimal location.

3.1.7. Appendix

Proof of Lemma 1. Let us suppose that the point N of
intersection of aﬁ active boundary with the horizontal
through A2 is the sought for minimax location. Then the
maximum rectilinear distance of N from the set D is given by

NA2. For any other point U € R or JdR lving above or on NA2

the maximum rectilinear distance being given by the
horizontal line sezment included between U and the
dominating wide AiAz’ produced if necess;ar_v. is clearly

greater than or equal to NAz' Suyppose U lies below NA2 and
on the same =side of the vertical through Aa as N. Then the
maximum rccbtilinear distance of U from AaAz »2the dominating
side, "‘measured }xoriéontally is also easily seen to be
grgater than .'NAZ. Furthermore, when U and N are on opposite
sides of the wvertical through Aa the maximum rectilinear
distance of ! from the set D (being given by the horizontal
distance from the dominating side AaAj)sAnt?he_}e-S?naE:’ilx?lgm

rectilinear distance of U from A A  which is greater than or
EN)

equal to NA . Hence for all positions of the point. U the
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rectilinear distance of U is no lesls than NA?_' Thus NA2 is
the minimum rectilinear distance. The same holds when the
facility poinl is the point of intersection of a boundary
and the horizontal through A‘.

It can be shown in a similar way that the above conclusion
is wvalid wher: the optimal location is either the point M of
int.,ersect,ion of an active boundary rof R with the vertical

through Aa or Ax’ or is an extreme point. V.
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3.2.1 Geometric solution to some planar constrained minimax

*
problems inwvolving the weighted rectilinear metric

In mos. practical situations we have to locate a faci—'
lity point within a constrained. rather than an unconstr-
ained. region owing to the nature of space available for the
purpose of locating a facility. By incorporating constraints

the facility location problem more closely resembles a real

. life =mituation. The rectilinear metric is ideally suited to

urban applications in view of the assumption £hat travel is
usually restricted to a rectangular gpid. In this section we
have studied the one-centre problem, also, known as the
single facility minimax location prdoblem, in the pre‘sence of
linear constraints forming a convex‘ polytope in Ez wherein
we assume that besides being rectilinear the underlying
distance met.ric is weighted by some importance factor.

When the distance between two ppintls is a symmetric function
of their positions we assign a positive weight to each
demand point comﬁensurate with the intensity of demand at

that. point. But for peak-hour traffic and many similar

situations., when the distance is not a symmetric function,
we associal.e four weights along the four principal
directions - horizontally left or right and vertically up or
down - with respect to the demand point.

Our method of approach in this problem consists first

* This paper appeared in AP JOR vol ¢ (1992> pp 135-144
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in finding the maximum weighted rectilinear distance of the
set. of given locations from a point, arbitrarily selected
within the <,‘.onst.r.ained region. and subsequently reducing
this distance gradually so that primal feasibility is never
violated. With a view to achieving this we have.appealed to
methods of plane,anal_vtic: geometry.

A’lt,hough the solution technique has been developed for

polvhedral sets, it is applicable to any convex set.

3.2.2 Formuiation of the problem

Suppose: that, P,(x:, vy i eI = {1, 2, ..., ny are the -
L L 15
given demand points comprising the set S, (x, y) is the loca-

. U
tion of the facility (to be determined)>, W =( vL ] i=s the

L .
L

weight, associated with the ith demand peoint. where

UL for x < x. \'% for v < vy,
U = { + ' " and V. = { _:_ t
- U, for x = x, ‘ '’ for y = .y,
L . L L T
Let Fdx, y> = max { UL [ - xil + V,L lv = v | } Our problem
. 8
L .
may then be stated as follows.
minimize Fdx, v (&)

(x ¥) e E2

sub ject. to ax + by £ ¢, ; e 1, 2, ... » M>, a, b and
J ) ) ' AN ]

cj being constants defining the linear corist.x‘»aints, forming
the convex polyhedron R. For the symmetric distance case,
- +
U =U =V =YV for all i
L 1% |8 L

The unweighted 1-centre problem in the absence of const-
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raints has been elegantly dealt with by Wesolowsky [78] and
Elzinga and Hearn [31] using the rectilinear ' norm.
Megiddo [57, 581 has proposed a linear time algorithm " that
solves the weighted but unconstrained pPébJem. Francis and
wWhite [36}3 have given an extensive treatment to. inter alia,
single and wmultiple facility unconstrained minimax location
problems with or without weights. The equiweighted problem
corresponding to (1> has been solvéd by ‘Chakrabarty and
Chaudhuri [7]. The method of solution regquired four pairs of |
lines each pair .being drawn parallel to the axes of
coordinat.ésl' Chx-bt‘Jgi; a vertex of the smallest rectangle
enclosing all the demand points by two lines inclined at
angles of ;4550 and 135° respectively ‘with the x-axis. These
.four lines are actually the equipolygon with respect to a
pair of dominating points associated with the objective
function. These lines togethenr with the boundary were
sufficient to determine the optimal solution whereas in the
present case nC2 equipolygons in addition to . the boundary
need to be c:onéidered. The unconstrained version of the
present problem has been. studied using the symmetric
distance reactilinear metric by Chakrabarty.  and Chaudhuri
[8l. Batta el. al. (41 presented an algorithm to solve the
locational problem involving weights using L1~norm with
barriers of arbitrary shape and forbidden convex regions.
The solution to the as.ymmet,ric distance minimax problem has

been obtained by Dykstra et al. [30], Hodgson et al. [46],
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Drezner and Wesolowsky [25]1 and Chakrabarty and Chaudhuri
{91, Furthermore. Drezner [19] has presented an algorithm
for solving, among other cases, the weighted minimax problem

sub ject. t.o planar constraints.

3.2.3 Preliminaries

We nowv provide requsite definitions and notations for
developing our algorithm.
1> R, denot.es the rectangle having - sides parallel to the
L '

coordinate axes'through diagonally opposite vertices P and
. L

P,
i
2> P . denotes the locus of points at which the weighted
i) .
rectilinear distances of P and P, are equal. This locus
L J

will be hereafter called the eguipolvgon of P and P. Refer
. L ]

to figure 1 for the diégram of the equipolygon P .
L)

3> L(P, P> represents an "L-shaped' curve having a straight
L
line segment through P, paraﬂel to y-axis joined end-to-end
. T . .

t.o another =egment through P parallel to the x-axis.

4> Let P X .and P Y be lines drawn through P parallel to the

L L . L .

axes of coordinates. The cone of descent direction. at (x, 3D

for the objective function at (x, vy > is then defined by
18 L

the set

H = {(x, v> U |x - x| +V]y-vy| £U|a-x
L 1 L L L L

+ VLlﬁ’ - 'Vi.l and bounded by P_LX and P Y with respect to
1%

which the pcints (x,v) and (a. > lie in the same quadrant,}.
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53 b =0 v¢ - U V', where k.= - 1,1 =1
(%] 18 J J L .
or k = 1, Lt = - 1 according as y, < yj or vy, > yj,

with x < x.
3 J

6% ' is the portion of Pi.j lying within RLJ"
)

7> 8R defines the boundary .of R.

8% d<CA, B> indicates ‘the rectilinear distance between A and
B énd €A, PL> denotes the weighted rectilinear distance
between A and PL' ‘

9> Let the index sé@ J c I bé such that p<Q, PL) = pdQ, Pj>

> p€Q, P> where.i, j € J and ke I N\ J. If Q is not an

'c»pt,ima.l . solution and moving along t.he. difec,tion of descent
of P . does not  violate the condit.icl)n-‘ of primal feasibility

Ll

then the points P, P,
L

; are to be called the Dominating

points at Q. For its determination we shall make use of a

criterion given in sea. 3.2.6.

Stopping Criteria (SCO

I Let Q be a point.such that e<Q, PL> = pQ, PO = pCQ, ‘Pk)
J

z pCQ, P> where i i x € I and . € I - i j k> If-a

movement away from Q in the direction of descent of any

equipolygon violates primal feasibility then Q is optimal.:

IICa> When moving away from Q@ defined in I in the direction

of descent of Pijv and maintaining primal feasibility, if .no -

Q1 exists such that p(Q1, Pi.> = p(Qi,: Pj> = p(Q’., Pk>’ k e I

- 4, D then an extreme point. of I"';j is a unique optimum if
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D = 0O (é;ac., 3.2.6>. If, however, DLJ‘ = 0 then the whole of .
ij .

'’ or the po:r-tion extending from Q to the extreme point
L)
beyond which primal feasibility ceases to be valid, forms ‘the

zat. of optimal points according as Q & or e R'Lj'

¢b) If D = 0 and the objectives at Q, Q < T are equal
L

J 1 L)
then any point. on the . line segment QQ1 is optimal; elSe, if
Qt e I'' and Q « I', .then the part of rij from its extreme . .
L] L)

point, encountered fix;st, along the descent direction up to

0_1, forms the set of optimal points (sec. 3.2.63.

JXI {(For a Boundary Point)

{ad Let (xi, yt)_ be the weight.éd farthest point from («a, (3
& IR with respect to the chosen nornt. If R N H = «a, 33> -
then we 'hav-e a unique optimum thereat. But if J8R h H
consists of a2 segment of 3R then any point contained in this

segment is optimal.

(b> If the (lirection'of descent. of P at Q = P n O0R is
Ll Ll -

outside R amnd, moreover, if any movement along a direction

defined by ¢ and JdR destroys primal feasibility, then Q is

the unique optimum. We shall be making use of the above

criteria while developing our algorithm which now follows:.

3.2.4 Algorithm

Step 0 Take any P ‘€ Int R as the starting point. Find P‘_~ €.S
so ‘that (P, Pi) is a maximum. Let 1 «— i. Determine a |

H

. point Q e LCP, P> such that o€Q, P> = pCQ, P | e I -~
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{1y and d<Q, P> is minimum. If Q = R then Q «— 3R N L(Pi,
P> and go Lo step 1; else P2 — Pj . If Q = R then go to

step 2(ad; else go to step 3.

Step 1 If Q satisfies SC-IIICa> then stop. Q is the required
location; else move along the direction of descent of 4R

until the first occurrence of any one of the following:

(i an extreme p'oint, B of the currently active boundary is
attained : replace the boundary with the succeeding one, Q

«—— B and go to step 1;

(ii> a point B & AR, from which the weighted distances of
three o1 more points are equal, is reached: Q «— B and go

to step 2<ab.

(iii> a point B = AR, from which the weigzhted distances of
two location points ~ call them F‘1 and P2 - are equal, is

obtained: Q+—B and go to step 2dbD.

Step 2<ad> Tf a single equipolygon passes through Q t.herf cali
it sz and go to step 2¢(bd>. For three or m(;.>r~e equipolygons
meeting at Q apply SCG-1. If Q satisfies it then st.op; Q is
optimal: else, choose the two dominating points from among
them ((sec. 3.2.6> required for Ll;e next it,efation Ccall them

P:. and P2 > and go to step 2(bd.

Step 2<(b> If .SC-IIIKb> applies at Q then it is the optimal
point; else, if one of the points is non-dominating, then

drop it and go to step 1;: else go to step 3.

Step 3 Mowving in the direction of descent of P‘2 at,. Q. and
1
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maintaining primal feasibility, if. a point Q1 < R can be
found such that p(Qi,Y P‘) = p(Ql, P2> = p(Ql, Pk) , k e I -
{1, 2> ngn Q e— R n P12 and go to step ZCb.); else, if Q1
€ R then a%;»pl_v‘ SC-1 and, if necessary, SC-II(b> d{when D12 =
0>, to Ql. If Q1 satisfies the former or both depending
upon the value of D12 then stop, with the optimal
solution; else, if O_1 éabisfies neit,.h@;ar. then Q <———- | Qi,
choose an =quipolygon by dropping a non-dominating point

from among Px" Pz and 'Pic' - ecall it Piz’ and repeat step 3;

else, if no swuch Q1 exists, then go to step 4.

Step 4 Apply SC-1Iad to obtain the optimal solution or

solutions as the case may be.

N.B. 1. For the symmetric ‘distance rectilinear metric Di.j =
0 always. 2. The algorithm has been designed in such a way
that the movement always takes place along the direction of
descent of an equipolygon having a finite number of sides
(¢ sec. 3.2.6> or an edge of dR - the number of edges that

that make R is also finite - maintaining all the while primal
feasibility. This. therefore, ensures that cycling never

ocCccurs.

3.2.5 Numerical Examples

We shall consider two examples - the first one involving
asymmetric distance and the other employing symmetric
distance- ton illustrate how the algorithm works. In the

computation of the optimal solution in both these cases we -
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shall retain figures correct. to 3 decimal places.

1. Asynlmetri«c distance case: Let us assume that t.hé location
points and the .associated weights in the four pr-incipal
directions are as shown in Tablle 1 below.' Also, let the
convex polvhedral region R, within or on the boundary of

which the required facility point is to be located, be given

by
-x - y £ -10 1> - Bx - 2y < -38 2>
-5x + 6y < 14 (3> . 2x #.5y < 61 4>
5% - 2y < 51 5> 2x - 7y < 8 6>
P X, v, LA u? ' vf
P, 8 4 0.8 1.2 0.12 0.48
P, 3 3 1.6 2.4 0.24 0.96
P 9 5 0.6 0.9 0.09 0.36
P, 4 2 1.2 1.8 0.18 0.72
P_ 6 3 3.2 4.8 0.48 1.92
P_ 5 1 0.4 0.6 0.06 0.24 ]
P 3 6 2.4 3.6 0.36 1.44
P, 5 7 2.8 4.2 0.42 1.68
P_ 7 8 1.6 2.4 0.24 0.96
P, 4 5 2.0 3.0 0.30 1.20
Table 1
Let P = (B, 35> e Int R be t,‘he initial point,l. Following

step 0 of the algorithm the weighted farthest point P1 = (3,
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62, P2 = (6. 3>, and O =. (4.421, 3500>. As QO &« R, Q «— 0GR
M L<P1’ P) =z 6500, 3.500>. By step {. we move along the
descent direction of &R until the extreme point B = (6, 4D
is obtained. We next replace the currently active boundary
of 1> with the succ':eeding one corresbénding to ¢2> and .Q
«— B. Aftexr two consecutive iterations of step 1 and
another of step 2(b>, we finally obtain the optimal location
to be any point < the segme.nt, of 3R from (5.253. 5.867> to.
(5.220. 5.950> with the corresponding optimum objective =
8.160. Refer to figure 2, which clearly explains 'how the

optimal solution of problem 1 converges relative to the

constrained set.

2. Symmetric distance case: Ve next,‘ consider a problem in
which the <coordinates of the location points and the
constraints defining -£l1e polygonal region R are the same as
in problem 1. but the weighbs‘ associated with the respective
location points are fixed constants (¢ shown alongside e‘ach
entry in a separate colunn in Table 2 below) independent of
the directions in order to deménstrate how symmetry in the
distance norm affects the _opt,ima.l' location.

Let P = (8. 35> & int R as before. By step 0 of t,ﬂhe
algorithm, P;. = (3G, 7>, Q = (7500, 3500> and P2 = (3, 6.
As Q € int R we obtain following step 3, Q1 = (4.B33. 3.167>
€ R Q «—— &R n P12 = (7.000, 3.000>. After two more itera-
tions ¢;f steps 1 and 2¢b> the optimal is found to be any poini".,

= the portion of sz from <5.5351. 5.122> to (5.786, 5.357>



M

and the corresponding optimal objective = 10.286.

P N Y. W

L 1 L L
P 8 <4 1 .00
1

P 3 3 2 .00
p

P o 5 0.75
a

P 4 2 1.50
4

P 6 3 4 .00
5

P 5 1 0.50
o

P_;» 3 6 3.00
P 5 7 3 .50
a

P 7 8 2.00
<

P 4 5 2 .50
10

Table 2

The above example clearly validates the observation made

regarding the simplifications inherent in the second problem.

3.2.6 Appendaix

In order to develop our algzorithm we have made use of

the following results given in [49].

1. The .optimal objective value with respect to any two
location peoints P, and P, occurs within R in the absence
L i : L

of constraints.

2. The equipolygon of two points P and P with unequal
1 1
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weights is & closed figure having;' 4 or 6 velrt,ic:es enclosing
the point associated with the greater weilght,, as shown in
figure 1. 'In case t.he‘ weights are 'equal it consists of a
straight line segment lying within R‘L‘ flanked by two semi-

infinite straight lines perpendicular to the sides of R .
. Lj

3. The weighted rectilinear distance from any point outside
the equipolygon to the location point with greater weight is

greater than that to the other point and vice versa.



