
CHAPTER 3 

Constrained Problems 

In this chapter we propose to study t.wo rectilinear dis-

t.ance const.rai.ned problems wit.h t.he minimax object-ive. Sec;· 

3.1.1 discusses the equiweight.ed case while sec. 3.2.1 solves 

bot.h t.he symmet-ric as well as asymmet-ric weight-ed problem. 

3.1.1 Geometr;.c solution of" a constrained rectilinear dist-

* ance minimax .location problem . 

In a wid~~ variety of" situations persons interest-ed in 

f"acility layout. and .location are confront-ed wit.h t.he problem 

o:f" locating a new :f" acili t y in t.he midst. of" eXisting 

racili ties (re:ferred t.o as the one-centre problem in th~ 

literature) in such a way that. t.he maximal distance f"rom the 

new facility t.o the existing locations is minimised. The 

equal-weighted. unconstrained single facility minimax 

location p.t•oblem under the· L 
;t 

metric has been well st.udied 

by Elzinga and Hearn [31], Francis and White [36], 

Wesolowsky [78]· et al. The weight-ed and constrained minimax 

problem under· the L met.ric in n-dimensionai space 
2 . . 

has been 

solved by Scot,t. et. al. [69] using t.he concept. o£ conjugate 

dualit .. y. Dut.t.;a and Chaudhuri [291 · have given an elegant. 

method o£ oh t.ainiQg an exact. s:olut.ion t.o an equi- weight-ed 

planar const.r·ained problem under t.he L or Euclidean norm. 
2 

Hansen et. .aJ · [431, Francis et. al. [371 Hansen et. al. [441, 

Drezner and Shelah [221 and Drezner [211 have also discussed 

Facility Locat.ion -Models at. length. Morris [6.41. has also 

* This paper· •vas published in AP.JOR vol 7 (1990) pp 163-171. 
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considered const-rained mult.if'acili t.y minimax locat.ion 

problem under· L met.ric. Our ob ject..i ve in t..his sect.ion is t.o 
1. 

present. a ge-omet.r·ic solut.ion t..o t,he const.rained version of' 

t.he problem in t.he plane in which t..he dist.ances are 

. . 
rect-ilinear. As a pract-ical applicat..ion of' t.he problem 

addressed in t.his sect.ion one might.. consider locat.ing an 

emergency ser.vice f'acilit.y, f'or example a healt..h clinic in 

a rural area or a f'ire st..at..ion in a large met..ropoli t..an ci t.y -

where t..he f'a.cilit.y is rest.rict..ed t..o lie wit..hin a given region 

under t..he assumpt..ion t..hat.. t..ravel is allowed on a grid only. 

3.1.2 Problen;,\ s:tat..ement. 

Assume Chat.. a set.. D is def'ined by 

D = { p = 1_, 2, ... ,n } where P. Ca., 
I. L L 

n exist..ing lo ;:::at..ion point..s in t..he plane E. 
2 

Also 

b) 
i. 

are 

assume 

t.he 

t..hat.. 

a new f'acil.iit .. y. is t..o be lcicat.ed at. T<x.. y) in such a way 

t.hat. t..he m;"'ximum rect..ilinear dist-ance bet. ween t..he new 

f'acilit..y and .t..he n given- ldcat.ions is minimised subject.. t.o 

t.he res:t.rict..ion t.hat.. T is: const-rained t.o lie in a convex 

polyt.ope R. The rect..ilinear or rect..angular dist.ance bet.ween 

T and Pi. is given by 

d <T 
1 ' 

p) = jx - a.j + 
L 

The minimax problem is 

min 
TeR 

ntax 

1~ i ~ n 

where R c E is ~;i ven by 
2 

P ED. 
i. 

d CT. P) 
1 . i. 

(1) 
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{x [:" a 

a r AX s b A 
·2 1. m1.. , 

R = = 
a ' a 

12 22 m2 

b ::.. [b b ,. .... .• b ] l X= [ x .• y ,, } 
1 2 m 

To solv1: problem (1) we make use of cert.ain element.ary 

propert...ies: oJf rect...ilinear dist...ance func£ion in a ·plane·, · t.he 

proofs of which being obvious will be omit...t.ed. 

As may seen in Fig,ure. 1, all t.he n given locat.ion point.s p 
i. 

may be coyer·ed:· by a rect.angle A A A A by .·drawing 
1 2 3 4 

a pair of 

parallel lines inclined at. 135"' wit.h t.he x-axis t.hrough t.wo 

of t...hese point...s P fart.hest. apart. and anot.her pai-r of 

parallel lines inclined at. 45 t.hrough t.wo similar point.s, 

i.e.,point.s fa:Pt.hest. from each ot.her. 

The Unconstrained Case: As long as point. T lies t.o t.he right. 

of t.he vert.lcal A Q t.hrough A t.he rect.ilinear dist.ance from . 
3 3 

T t.o any point.. on t.he side A A is great.er t.han t.he same t...o 
2 3 

any point. on t.he side A A 
9 4 

On A 0 
3 . 

it.self t.hese dist.ances 

are equaL In t.he absence of any const.raint. t.his lat. t.er 

dist.ance cont-inually diminishes as one moves upwards along 

t.he vert.ical reaching it.s minimum value at.. Q, t.he point. of 

int.ersect.ion of t...he perpendicular bisect.or KQ at: t.he longest. 

side of" t.he 

t.he point. K ·' 

rect.angle and A Q and maint.ains 
9 

t.his: value 

t.he ot.her point. of int.ersect.ion ot: KQ and 

upt.o 

t.he 

vert.ical A K t.hrough A . Any point. on KQ is a possible 
1 1 

minimax locat.lon [31 .• 36]. 

We shall usa t.he !'allowing def'ini 'Lions and not.at~ions in. our 



91 

subsequent. discussion. 

Dominating s:.ide: The side or sides of" t.he rect.an~le having 

i:.he maximum cont.ribut.ion t.owards t.he rect.ilinear dist.ance 

funct.ion at. a point. will be called t.he dominat-ing side at. 

t.he point.. 

Cone of Desr..:ent. Dil'ect.ion: Let. f be t.he object-ive ft..inct.ion 

and x any point. in R . The cone of descent. direct.ion of f at. 

x is def"ined by 

- . 
Df ( X ) = { d! : 3 0t ) 0 wit.h 1 ( X + Otd ) ( 1 ( x ) 

VO<ot:$a}. 

Let. a l:i.ne 1 . be . drawn . t.hz·ough x e R parallel t.o t.be 

dominat.ing side at. x .. 

+ 
Also let H denot.e t.he closed hall-space cont.aining t.he 

dominat.ing . side de lined by 1. Then t.he cone of" descent. 

direct.ion in t.he pr-esent. case will be given by Nc5( X ) 
+ 

II H 

+ 
01:' R II Nc5< X ) (") H according as· X is an int.erior or- a 

boundary point. of" R~ Nc5< X ) being a nei~hbourhood of" X. 

By oR we sh.o::1U denot.e t.he boundary of" t.he l'egion R. 

The Const.r• ained Case The dir-ect.ion of movement. is 

det.er-mined by t.he dir-ect.ion of" descent. which in t.urn is 

relat.ed t.o t.he cone of" descent. direct.ion. The cone of" 

descent. dirE~ct.ion. as def"ined above is obt.ained f"rom t.he 

dominat-ing :.s:ide of" t.he rect-angle. 

Let. C be t.he int.ersect.ion of" t.he cone· of" descent. direc-

t.ion and t.he region R. The value of" t.he objoct.ive f"unct.ion 

(i.e.. t.he m.:rximum rect.ilinear- di:st.ance f"rom T) does not. 

increasa? alo.rtg any ray lying \y'i t,hin C rat.hf?r, it. has a 
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gradually diminishing value along aR const.it.ut.ing an ext.reme 

edge of C pPovided oR is not. parallel t.o a dominat.ing side 

or C is not. degenerat.e. 

Ei t.her ,""Jf t..he f"ollowing in.st.ances det..ermines a st..opping· 

cri t..erion. 

I. The int..ersect..ion of t..he t.wo cones of descent. direct.ion 

reduces t..o t..heir common vert..ex, which is t.he point. of. 

int.ersect..ion of an act.ive boundary, wit.h eit.her t.he vert..ical 

through A oi' A , or t.he horizontal through A or A . 
~ 9 2 • 

II. The con& of des~en~ direct.ion degenerat..es int..o a point. 

coinciding wi1':.h an ext.reme pointJ of an .<;~.c;t..ive boundary. 

The algorit..hm of t..he present. problem, which follows short.ly, 

is just.ified by t..he lemma given below, t..he proof of which is 

given in sec. 3.1.7. 

Lenuna: Fox• any point. ot..her t..han the one obtained by using 

eit..her of Lhe st..opping criteria t..he rect..ilinear dist.ance 

will be grea·t.er. 

3.1.3. The .t.lgori t..hm 

Define t..he quant..it.ies c 
~ 

t..hrough c 
4 

as follows: 

c 
1 

c 
9 

= min ( a 
~ :~ i. ~n 

i. 
+ b 

i. 
) ; 

= min 
1 ~ i..::;n 

<-a+b.)~ 
L L 

c 
2 

c 
4 

= 

= max < a 
i. 

+ b 
i. 

max <-a + b ) . 
i. i. 

) ; 

The point..s Pi. define a rect..angle S t..he sides of· which 

are given b~, 

1 : x+y = c ; 1 
1 . ·i 2 

Label 1 ll 
i 

l 
3 

x+y = 

l 

c 
2 

1 :-x+y = c ; 1 :-x+y ·= 
3 3 4 

1 (I 
2 

1 • 
4 

l 
3 

as A 
1 

c 
4 

A 
2 

A 
3 

and A' 
4 
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respect.ively. 

Denote 1.he segment. of" perpendicular bisector of" one of" 

t.he longer sides of" S int.ercept.ed by lines through A and A 
2 ... 

drawn parallE'.l t.o t.he x-axis (or through A 
j. 

and A 
9 

drawn 

par·allel to ·t,J;-,.e y-axis) by KQ.. K having a great.er ordinate 

t.han Q. Any point. on KQ is a possible minimax location in 

the unconst.r.ained case. 

\o/it.hout. any loss of" generality choose lines through A
2 

and A paraUel t.o t.he axes as tJhe coordinate axes and 
3 

change the equations of" const.raintJs and the coordinates of" 

the vertices of S accordingly. 

St.ep 0 <Init.ializat.ion St.ep) 

If R contains t.he whole or any part. of" KQ t.hen go t.o 

st.ep 4. St.ar·t.ing from any point. P<X. Y) e int. R move t.o-w·ards 

Oy, t.he y"""axis along the line 1: y = Y. I:t~ t.he point. 1 . n Oy 

= <O.Y) eR t.hen move towards t.he origin along t...he y-axis t.ill 

t.he point. M :: oR n Oy is reached and go t.o st.ep 1(a). Else 

denot...e t.he point... 1 n oR by M and go t.o st..ep 3. 

St.ep 1Ca>. Ir M satisfies a st...opping criterion t.hen st.op. M 

is t.he required point.. Else go t.o st.ep 1{b). 

St.ep t(b). Move along t.he extreme edge of t.he directJion of" 

descent. unt,i I any one of" the following four possibilities 

materializes: 

{i) an ext.,r·eme point.~ say V. is ·reached go t.o step 2(a) 

(ii) t.he point of intersection of" t.he direction of" 

descent. and t.he line through parallel to the y-axis is 

attained : call this point. M and ti"O to step 1{a). 



CiiD t,he point,, say N.. o:f int-ersect-ion o:f t-he direct-ion 

o:f descent. and t-he x-axis is arrived at.: go t-o st.ep 2Cb), or 

Civ) t-he. point. o:f int-ersect-ion of' t-he direct-ion of' desc-

ent. and t.he line t-hrough A parallel t.o t.he x-axis is at.t..ain-
. 4 

ed : call t-his point. N and go t.o st.ep 2Cb). 

St.ep 2(a). Jf" V sat.isf"ies a st-opping crit-erion t-hen st.op. V 

is t.he required location. Else obt-ain t.he adjacent. edge 

through V, dr-op t.he current. ed~e and go t.o st.ep 1Cb). 

St.ep 2<h ). If" a stopping. cri t..erion holds good tor t.he point. 

N t.hen st.op. N .. is t.he sought, af"t.er locat.ion point.. Else go. 

t.o st.ep 1(b). 

St.ep 3. Obt.ain · t.he ext-reme edge of' t.he direct-ion of' ·descent. 

at. M and move along it.. If' it. meet-s t.he y-axis t.h~n call 

t-his point. JV.( and go t.o st.ep 1Ca). Else ·go t.o st.ep 1Cb). 

St.ep 4. lf"c R n KQ ~ ~ t.hen any P~?int. T e R n KQ is: a 

minimax locat.ion. · 

Note: When an act-ive constraint. is parallel t.o a dominat.ing' 

side of' t.hs r·ect.angle t-hen t.he r·equir-ed f' acili t.y locat.ion 

wilf be any point. belonging t.o t.he whole st.ret.ch of' t.he 

act.ive boundary included bet.ween t.he axes or between lines 

parallel t.o t.hern. 

3.1.4. Analysis o£ Time Complexity 

For constructing t.he rectangle S we are :r·equired · t.6 det.-

ernrine real-· numbers c 
1 

t.hrough c. 
4 

Again 

t..hese f'ou:r- quant.i t.ies . .. necessesi t.at.es 

calculat.ing any of" 

Cn-1) comparisons. 

Hence S cat.'l be obt..ained ·in O(n) t-ime. Then m given linear 

const.raint.s defining t.he re~~ion R det,er-m.ine t.he ext.reme 
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points of" a convex hull. To get. t.he convex hull we have t.o 

lind· t.he slopes of' all t.he const.raint.s requiring m 

multiplicat-ions and sort. t.he angles Ol inclination in 

O<mlogm) t.:i me. The extreme point.s are then obt.ained by 

solving eacJ"J. pair of" consecutive constraints arranged in 

sorted an~;-ular or·der employing met. hod Ol Gaussian 

elimination f'or which a total of' 5m multiplications is 

necessa:r.~y. A 'lew additional multiplications are needed 1o:r.~ 

obt-aining t.be point.. o1 int.ersect.ion of' t.he line y = Y with 

an active boundary or t.he y-axis as the case may be,. as: well 

as: that. o1 t.he direction o1 descent. wi t.h ei t.her or· both t.he 

axes: oi coordinaLes: and / or lines: paralh=~l t,o them. Hence 

t.he worst. case Lime complexity of' t.he algorithm is 

max{O(n) ,O(mlogm)}. 

3.1.5. Sensitivity Al'lalysis. 

Introduction or removal of' a location point. If' insert.il':tg 

-
an addi t.ionc.<l location point. or deleting an existing one· does 

not. alter t-he configuration of' t.he rectangle S or alters 

only any c.f its non-dominat.in.g sides then t.he current.. 

solution also remains unaltered. I.f', on the other hand> t.he 

above procedure af"f'ect..s a vertex of' S wit..h respect. t.o which 

t.he current. locat.ion point. was obt-ained, then we .regard ·t.he 

present. soJ.ut.ion as t.,he st.art.ing . s:olut..ion, apply t..he 

algorithm and obt.ain t..he new optimal solut..ion. 

Introduction or removal o£ a constraint 

If' "''e a non-binding cons: t.ra int. or int-roduce a· 

c:onst.raint. ~~·hich. besides alt.Hrin.g the region R, does not. 
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have any on t,he current,ly act,ive boundary wit-h 

respect, t,o which t-he opt,imum solut,ion was obt,ained, 

modif"icat,ion of" the solut,ion is necessary. On t,he cont.rary, 

imposi iion of' an addi t.ional const-raint, may result, in ei t.l)er · 

of' t,he !allowing cases. 

I. The ·::urrent, opt-imal point, T may now lie wi t.hin t,he 

modified region R. P +---- T and go t,o st,ep 0. 

II. T.he current, _opi..imal point, T may lie out.siqe t,he 

modified reg ion R denot,e t,he newly int-roduced const.raint, 

by L ~ 0. If t,he slope of" L = 0 is non-zero t,hen move 

parallel t,o i,he x-axis unt,il t,he point. ·of' int,ersect,ion, say 

N, of' L = 0 ::tnd y = 0 is reached. If' N E oR t.hen go t,o st,ep 

2(b); else move t,owards an ext,reme point. V along L = 0 and 

go t.o st,ep 2(a). If", on t,he cont,rary,. t,he slope of' L = 0 is 

zero · t.hen nK1Ve parallel t,o t,he y-axis and reach M, t,he point, 

of" int,ersec:t,ion of' L = 0 and X = 0. If M E oR t.hen t?O t.o 

st,ep l(a); eJse move t.owards V along L = 0 and go t.o st,ep 

2(a). 

Again Y."emoval of a binding const.raint. renders · t,he 

present, facilit,y point, eit.her an int.erior point, or a 

boundary po:Lnt,. In t.he f'ormer· case go t.o st,ep 0; in t,he 

lat.t.er go t.o st.ep 1(b). 

3.1.6. Numerical Solutions 

We demonst.rat,e t.he algori t.hm given above by means of' 

t.he following examples 

Problem 1. 

LeL Lh•-- convex polvt.ope t.~-. derin<?d l.>v R - ( X AX < b } 
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where 

2 0 -1 -5 ]l 
-4 1 1 1 0 

L 
X = [X • y] • b = [- 6 • 4. 5 • 10 • 11. 15 ~ 7. 20 ] 

and suppose t.hat. t.he set. D consist-s of t.he following- point-s, 

t.heir respect.i ve coor·dinat.es being not-ed alongside each 

p = (2.00,10.00); p = (0.00~12.50); p = (-0.25,12.50); 
.1 2 3 . 

p = (7.00,9.00); p = (3.00,13.00); p = (3.60,10.45); 
" !5 6 

p = (4.50,11.50>; p = (5.00,12.25); p = ·(7.00,12.00); 
7 8 9 

p = ( 6 . 25 , B . 75 ) ; p = (7 .00,10.65); p = (7.35,9.80); 
.10 .1.1 .12 

p = (8 .30~'l0 .55). p = (3.25_.15.45); p = (3.80,14.15); 
.19 J.4 .1!5 

p = (1 .OO,:l4.00>; p = (1.20,13.85); p = (3.95,14.60); 
.16 J.7 .18 

p = (5 .15,:l2 .45); p = (6.30,12.20)·. 
J.9 20 

Let- p be t.he point. <-3.00; 1.50) E int.· R. Here KQ is given 

by t.he line segment- joining K = (5.00, 12.50) and Q = (3.00, 

10.50). Since· R 11 KQ = ~ ~ M is calculat.ed t,o be (-0.75, 

1.60) by s"t.ei.J. 0. Now move along- t:.he descent, direct.ion of' t-he 

act-ive const,rain"t. given by t-he equat-ion 2x 3y = -6 unt-il 

t-he ex"LI'ern-=• point. V = <1.50, 3.00) . is reached. Drop t-his 

edg-e by st.ep 2(a) and proceed along t.he next- boundary given 

by t.he equat.ion 5x y = 4.5. Aft-er successively execut.in~ 

t-hree i"t.erat.ions at-t-ain t.he re.quired f'aci~it,y point, N = 
(-0.25,10.50), which, in t-his case, is t-he point, of 

int-ersect-ion: of t-he binding constraint. having equat.ion 2x + 

y = 10 and · t-he ··line.. t-hrough 

t.he x-axis. 

Pr·oblem 2. 

A 
4 = (8.50, 10.50) parallel t-o 

Let. u.:;:: consider . t-he e1fect. of in"LI'Oducing an addit.ional 
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const.raint. d.:;1f"ined by L -x + 0.5 < 0 in Problem 1. ·The 

current. f"acilit.y point. N now belongs t.o int. R. Since t.he 

slope of" L = 0 is non-.zero by sect..ion 5 move parallel t.o t..he 

x-axis and 

int..ersect..ion 

reach 

of" NA 
4 

t.he point. 

and L = 0. 

M = ( 0.50, 10.50 ) of" 

Since t..his point. M <Z! oR move 

along L = 0 t.owards t..he ext.reme point.· V = (0.50;9.00 ) and 

!allowing st..8p 2(a) of t..he algorithm V is t.he _required 

opt.imal locat.ion. 

3.1.7. Appendix 

PE•oo£ o£ Lemma 1. Let. us suppos·e t..hat.. t.he point. N of 

int.et•sect..ion of an act..ive boundar·y with t..he ho.rizont..al 

t.hrough A 
2 

is t..he sought. for minimax location. Then t..he 

maximum rect.ilineat~ dist.ance o:I N :I rom the S€1t. D is given by 

NA . For· any ot.her point. U -= R or 
2 

t.he maxim urn rect.ilinear dist..ance 

hor·izont..al line segment. included 

oR lying above 

being given 

bet.. ween u 

or on NA 
2 

by t.he 

and t.he 

dominat..ing· .;;:ide AA, 
i 2 

produced if necessary. is clearly 

greater t..han or equal t.o NA . Syppose 
2 

U lies below NA and 
2 

on t..he same .s:ide of t~he vei•t..ical t..hrough A as N. Then t..he 
3 

maximum rccf,ilinear dist..ance or U ·from A A , t..he dominat.ing 
3 2 

.s:ide, · measuJ: ed horizont..ally is also easily seen t..o be 

gre_at..er t.h.an NA
2

. Furt.hermore, when U and N are on opposit.e 

sides of t..hr" ver-t..ical t..hi~ough A 
3 

t.he maximum r-ectilinea1~ 

d.ist.ance of l1 fr-om t..he set. D (being given by 

is 
distance fr·om t.he dominat.ing side A A ) 

3 4 A 

t.he hor-izont.al 

no less than 
t..he maxirnum 

rect.ilinear· dis"t.ance of" U from A A 
3 2 

";hich is ~·reat..er t.han or 

equal t.o NA<:. Henc1? foi' all posi Llc•t1S of Lj""l<-J- point. U t..he 
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rect.ilinear dist.ance · o:I U is no less t.han NA . Thus NA is 
2 2 

t,he minimum rect.ilinear dist.ance. The same holds when t.he 

:Iacilit.y point. is t.he point. o:I int.er'sect.ion o:I a boundary 

and t.he horizont.al t.hrough A . 
4 

It. can be shown in a similar. way t.hat. t.he above conclusion 

is valid when t.he opt.imal loca-L ion is ei t.her t.he point, M o:I 

int.ersect.ion o:I an act.i ve boundary o:I R wi t.h t.he vert.ical 

t.hrough A or- A , or· is an ext,reme point, V. 
3 1 

Fig 1 
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3.2.1 Geome't.:ric solution t.o :some planar constrained nrinim.ax-

. . ~ . * problems ir ... ·.·volving the weight.ed r·ectilinea1·· me<-I'IC 

In mos\.. pract.ical sit.uat.ions we have t.o locat.e a faci-

lit.y point. \lithin a constrained. rat.her t.han an unconst.r-

ained, region owing t~o the nai~ure of space available tor the 

purpose o:f locat..ing a facilit.y. By incor·por·ating constraint-s 

tJhe facili t,}' locat.ion problem more closely resembles a I'eal 

life sitJuation. The rect,ilinear met.ric is ideally suited to 

urban applic.ations in view of t..he assumpt.ion t.hat t..ravel is 

usually rest .. r-icted · to a rect.angular· grid. In t.his sect-ion we 

have studie·d the one-cent..re problem. also known as t..he 

single tacili t..y . minimax location problem. in t.he presence of 

linear const,raint:s for.mini a convex polytope in E 
2 

wherein 

we assume t.hat. besides being rect.ilinear the underlying 

distance met.ric is weight.ed by some import.ance factor. 

W'hen t.he dist.ance between t.wo point.s is a symmet.I-ic 1unct.ion 

ox t.heir positions we assign a posit..ive weight. t.o ~ach 

demand pain~, commensuratJe wit..h t.he int,ensit.}' of demand at. 

t.hat. point.. But. for peak-haul' t.rattic and many similar 

sit.uat,ions, •Nhen t..he dist..ance is not. a symmet.ric !unct.ion, 

we associ a I.e tour weight.s along t..he !our principal 

directions horizont-ally lett. or· l'ight. and vei•t,ically up or 

down - wit.h l'.'espect. to t.he demand point.. 

Oui' mei~hod of approach in t..his problem consist.s 1irst. 

* This paper· appear·ed in APJOR vol 9 (1992) pp 135-144 
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in f'inding Lhe maximum weight.td recLilinear dist-ance of' Lhe 

set.. of' given locat..ions f'rom a point... arbiLrarily select..ed 

wit..hin Lhe const..rained region. and subsequent-ly reducing · 

t..his dist..ance gradually so t..hat.. primal f'easibilit..y is never 

violat.ed. w'i t..h a view t..o achieving t.his we have appealed t..o 

methods of' plane analyt:ic geomet..ry. 

Alt..hough t..he solut..ion t..echnique has been developed lor 

polyhedral set..s, it.. is applicable t:,.o any convex set... 

3.2.2 Formuiat.ion o£ t.he problem 

SupposH Lhat.. P. Cx., Y. )·, i. E I = {1, 2, ... , n} are t.he · 
l l l 

given demand point.s comprising t..he set.. S, Cx, y) is t..he loca-

Lion of' t..he f'acilit..y Ct.o be det-ermined)·, =( 
u 

i. 
v 

i. 
) is· t..he 

weight.. associat-ed wit..h t.he i.t..h demand point.., where 

f'or x < x 
u == 

i. 
and v 

f'or x 2: x. 

Let.. FCx., y> = max { Ui.jx - x.j 
\. 

+ V.IY 
\. 

Y.l 
l 

may t.hen. be st..at..ed as tallows. 

minimize FC:x, y) 

(x. y) E E 
2 

subject. Lo ax+ b.v:::; c .• 
j J' J 

E {"1_. 2, ·····.• 

}-

Jll}, 

:I or y < y. 
l 

lor y 2: .y 

Out' 

a._, 
J 

l 

pi'oblem 

(1) 

b 
j 

and 

c being const..ant..s de:Iining- t..he linear const..x··aint..s, f'or·min..,.. j ., 

Lhe convex polyhedt'on R. For- Lhe symmet..ric dis:Lance case, 

u = u+ = v 
i. 

+ = V. lOJ.' all i.. 

The un\veig-hLed 1-cent..re p:r-obl&m in t.he absence of' const..-
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raint.s has been eleg·ant.ly dealt. wi t.h by Wes:olowsky [78] and 

Elzinga and Hearn [31] using t,he rect-ilinear norn1. 

Megiddo [57, 58] has pr·oposed i:.. linear Lime algorit-hm t.hat. 

solves t.he ·,..reight.ed but. unconst-rained problem. Francis and 

Whit-e [36) have given an ext-ensive Lreat.ment, t.o, int.eJ.' alia, 

single and mult-iple f"acilit.y unconst-rained minimax locat-ion 

problems wi t.h o1.·· wi t.hout. weig·ht.s. The equiweight.ed problem 

correspondine t.o (1) has been solved by Chakrabart-y and 

Chaudhuri [7]. The met-hod of" solut-ion required tour pairs of" 

lines each pair being drav..-r1 parallel t.o t.he axes of" 

coor-dinat.es: Lhr·ough a vert-ex of" t.he smallest, rect-angle 

enclosing all Lhe demand point-s by t-wo lines inclined at. 

angles: of" 4" and 135 ·r-espect-ively wit..h t.he x-axis. These 

. !our lines: <H'"e act.uallv t.he equipolyg-on wi Lh respect.. t.o a 

pair ot dominat-ing point-s associat-ed wit-h t.he object-ive 

tunct.ion. These lines t.og-et..he1·· wit-h Lhe boundaJ.'Y were 

sufticient. t..o det-er-mine t.he opt-imal solut-ion whereas in t.he 

nc equipolygons: in addi"t.ion t.o t.he boundary 
2 

need t.o be considered. The unconsLJ.'ained · version ot t.he 

present. pl'ublem has been st-udied using t.he symmet-ric 

dist-ance I'ect..ilineai' met..ric by Chakrabart.v. and Chaudh.uri 

[8]. Bat..t.a el.. al. [41 pl'esen.t.ed an algoJ.'it.hrn t.o solve t.he 

locat.ional pPoblem involving weig.ht.s using L -norm 
1 

wit.h 

barriers of" ar·bi t.rary shape aud tor bidden convex r•egions. 

The solut-ion Lo Lhe_ asymmet.ric dist-ance minimax problem has 

been obt.ainf~ i by Dykst-ra et. al. [30], Hodg·s:on et.. al. [46], 
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Drezner and \1/esolo\'fsk.y [25] and Chakrabarty and Chaudhuri 

[9]. Furt.hermore. Drezner [19] has present-ed an algorit-hm 

!or solving, among ot-her cases, t-he weight-ed minimax problem 

subject. t.o planap con;=;:train\.s. 

3.2.3 Pr·elinrinal'ies 

We now provide requsi te de:fini tions. and notations !or 

developing our algorithm. 

1) R 
i.J 

denot.es the rect.angle having · sides parallel to the 

coordinat.e axes through diagonally opposite vertices P and 

p 
j 

2) P denot-es 
i.j 

the locus: of" points: at which t.he 

rect.ilinear· .dis:t.ances or p and P. are equal. This 
J 

weight.ed 

locus 

will be her€~artei~ called t.he equip'Olygon o:f P and P .· Re:fer 
J 

t.o f"igure 1 f"oi~ the diagram of" the equipolygon P .. 
~J 

3) LCP., P) :f•epresents an "L-s:haped" CUI'Ve having a s:t.raight 
l 

line s:egmen1~ thr·ough P par·allel to y-:-axis: joined end-t.o<-:end 

t.o another :;:egment through P parallel to t.he x-axis. 

4> Let P. X .and P. Y be lines dr·a\r;n through P. parallel t.o t.he 
L , L l 

axes: of" coo:r·dinates. The cone of descent direct·l.on. at. COt, (1> 

f"or the object.ive runct.ion at. (x , v.) is 
l - l 

t.hen def"ir)ed by 

t.he set. 

H = y) : u I X - X. I 
l l 

+ v. I Y - Y I 
L l 

+ V. I (3 - Y. I and bounded by P. X and P. Y wit.h I'l~spect. t.o 
l L - L l 

which the points (x,y) and (ex, (D lie in t.he same quadi'ant }-
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u+ v~ - vL 1 5) D .. = - u where k = - 1, l = 
i. j i. .. 

~J J 

or k = 1, l = - 1 accordin~ a:s: Y. < y, or Y. > y .• 
~ J \. J 

wit.h X ( X .• 
i. J 

6) r .. is t..he port.ion of p lyin~ wit..hln R. .• 
LJ i.j LJ 

7> .UR de:f"ines t.he boundary of R. 

8) d<A.. 8) indicat.es ·t.he rect.ilinear di.s:t.ance bet.ween A and 

B and p<A .• P ) denot.es t.he wei~ht.ed rect..ilinear dist.ance 
i. 

between A and P .. 
L 

9) Let. t.he index set. J c I be such t.h.at. p<Q, JS.) = p<Q, P .) 
\. J 

> p<Q, Pk) where. i .• j E: J and k e I '- J. If Q is not. an 

opt ... imal solut.lc;>n and mavin~ along t.he direct..ion of' dest::ent. 

of" P.. does not. violat..e t..he condit.ion. of primal f'easibilit..y 
LJ 

t.hen t..he ·pot.nt.s P., · P. are t.o be called t,he Dominating 
L J 

points at. . Q. For i t.s det.ermiriat.ion we shall make use of' a 

crit..erion given in sec. 3.2.6. 

S~opping Criteria CSC> 

I Let. Q be a point.. ·such t.hat. p(Q, P.) = p<Q, P ,) .:::::: p<Q, P ) 
\. J " . lc 

~ p(Q, p) 
l 

where· i., J, 1c E I and l E I {i., j •. k). If· a 

movement. away f'rom Q in t.he direct..ion of' descent. ·of' any 

equipolygon violat.es primal' f"easibili t.y t.hen Q is opt.imal. · 

II<a> When movin~ away from Q de:f"ined in I in t.he direct..ion 

of' descent. p 
i.j 

and maint.aining primal feasibili~y, if .no 

Qt exist.s suc;h t.hat. p<Q.t, Pi.) = p<Q.t,. P/ = p<Qt., P Jc)' k e I 

- {i., j) t.hen ·an ext.reme point. of' 1 is a un:lque op~imum if' 
i.j 
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D .. ~ 0 
1.J 

(sec .. 3.2.6).. If... however, D .. = 
LJ 

0 then t.he whole of 

r. . or t..he po:r·t..i.on cxt..ending f"rom Q t.o t.he extreme point. 
LJ 

beyond which prima~ feasibili t.y ceases t.o be valid, forms ~t;he 

set, of opt.imaJ. points according as Q fi! or · e R. .. 
LJ 

(b) I:f" D = 
i.j 

0 and t.he objectives at. Q, Qi. € r 
i.j 

are equal 

t.hen any poh""lt. on t.he. line segment. QQi. is optimal; else, if 

Q1 E r and Q fi! r . t.hen t.he part. of r .. from· it.s ext..reme _ 
i.j i.j LJ 

point., encountered f"irst, 
I. 

along t.he descent. direction up to 

Q , forms t.he set. of optimal ·points (sec. 3.2.6). 
'1 . 

In <For a Boundary Point.) 

(a) Let. Cx , y ) be t.he weighted farthest point.. fr·om (a, (3) 
1 1 . 

e oR wit..h respect. t.o t..he chosen norn'l. If oR 11 H = <<a, (3)} 

t.hen we hav-e a unique optimum thereat.. But. if oR II H 

consists of a segment. of oR t..hen any point. contained in this 

segment. is op t.irna.l. 

(b) If t.he direction of descent. of P 
i.j 

at. Q = p 
i.j 

oR is 

out..side R arad, moreover, if any movement. along a direction 

defined by Q a.nd oR destroys primal f"easibilit.y, then Q is 

t.he unique opt..imum. We shall be making use of" t..he above 

criteria whilE-) developing our algo.ri.t..hm which now follows. 

3.2.4 Algori t.hm 

St.ep 0 Take .any P ·e Int. R as t.he starting point.. Find P. e. S 

so · t.hat. p<P, P) is 
i. 

point. Q E L<P ' 
1 

p) 

a maximum. Let. 

such t..hat.. p<Q .• p ) 
1 

1 +---- i.. 

= p<Q, 

l. 

Det.er·mine 

p )_. 
. j 

E I 

a 
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{1} and dCQ, p) is minimum. I:f Q ..: R t,hen Q - oR n LCP ' 1 

p) and go t.o st,ep t; else p - p If' Q E oR t,hen · go t.o 
2 j 

st,ep 2Ca); else go t,o st.ep 3. 

St.ep 1 If' Q sat,is:ffes SC-IIICa) t,hen sLop. Q is t.he required 

locat.ion; else move along t-he direct.ion of' descent. of' oR 

unt,il t,he f'i c-st. occurrence of' any one of' Lhe :Iollowing: 

· (i) an ex,,reme point, B of' t.he current.ly act.ive boundary is 

at.t,ained replace t.he boundary wi Lh Lhe succeeding one, Q 

- B and g·o Lo st.ep 1; 

Cii) a point, B E oR, f'rom which t,he weight.ed dist.ances of' 

t,hree or rrto:>re point,s are equal, .is reached: Q - B and go 

t,o s;t,ep 2Ca). 

(iii) a point, B E oR, :Irom which t.he weight.ed dis:Lances: of' 

Lwo locat,ion point,s: call t.hem P and P 
1 2 

are equal, is: 

obt.ained: Q-1-B and go t.o s:t,ep 2Cb). 

St.ep 2{a) I:I a single equipolygon passes t,hrough Q t.hen call 

it. P and go t.o s:t.ep 2(b). Fo:r· t.hree or more equipolygons 
1.2 

meet.ing at. Q apply SC-I. If' Q s:at.is:Iies: it, Lhen st..op; Q is 

opt-imal; else, choose t-he t-wo dominat-ing point-s: tl'Om among 

t-hem (sec. 3.2.6) required tor t-he next, it,erat.ion (call t-hem 

P and P ) and g·o t.o s:t.ep 2{b). 
1 2 

St.ep 2{b) I:I SC-IIICb) applies at, Q t.hen it. is t.he. opt.imal 

point.; else, if' one of' t-he point.s is non-dominat.ing, t,hen 

drop it. and go t,o st.ep 1_; else go t,o st.ep 3. 

St.ep 3 t>lovin~ in Lhe direct,ion o:I descent. of' P at. Q and 
J.2 
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maint.aining primal !easibilit.y, it· a point. Q
1 

.;e R can be 

!ound such Lhat. p<Q ' p ) = p<Q' p ) = p<Q' p ) k E I 
1 1 '1' 2 1 k 

{1, 2} t.hen Q +--- aR (\ p and go t.o st.ep 2(b); else, it Qi 12 

E R then a;, ply SC-I and, it necessary,. SC-II<b) <when D = 
12 

0), t.o Q1. I:f Qi s:at.is:fies t.he !or mer· or bot.h depending 

upon the value o:f D t,hen stop, with the optimal 
12 

solution; el5;e, if' Q1 sat.is!ies neither, t.hen Q - Q1., 

choose an equipolygon by dropping a non-dominat-ing point. 

:from among P, 
1 

p 
2 

and ·P· k' call it. p • 
12 

and 

else, if' no s:uch Q J. exists, then go t.o st.ep 4. 

repeat. step 3; 

Step 4 Apply SC-I!Ca) to obt.ain t.he opt,imal solution or 

solut.ions as t.he case may be. 

N.B. 1. For t,he symmetric 'dist-ance rect.ilinear ntet.l'ic D = i.j 

0 always. 2. The algorit.hm has: been designed in such a way 

< 
t.hat. t.he rnovernent. always t.akes place along t.he direct.ion of' 

descent. of' an equipolygon having a .fini t.e number· or sides: 

< sec. 3.2.6) or· an edge of' aR - t.he number o.f edges t.hat. 

t.hat. make R is also !ini t.e rnain.t.aining all t.he while primal 

!easibilit.y. This:. t.he1··e!ore, ens:ur·es: t.hat. cycling never 

occurs. 

3.2.5 Numer-!ical ·Exam(>les 

We shall consider· Lwo e,.:.ampll.~S Lhe first. one involving 

asymmet.r•ic distance and t.he ot.her employing symmet.ric 

dist.ance- illust,rat.e how t.he algorithm wor·ks. In t.he 

computat.ion of' t.he opt.imal solut.ion in bot.h Lhese cases we 
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shall retain Ci~ures correct. to 3 decimal places. 

t. Asynunet.ric dist.ance case: Let us assume t.hat t.he locat.iort 

point.s and t.he .associated weights in t.he .four principal 

directions are as shown in Table 1 below. Also, let. t.he 

convex polyhedral region· R, wit.hin or on the boundai'Y o.f 

which the: rHquired .facilit.y point. is t.o be located, be given 

by 

-x- y ~ -10 (1) - 5x - 2y ~ -38 (2) 

-5x ~ 6y ~ 14 (3) 2x .+. 5y ~ 61 (4) 

5x - 2y ~ 31 (5) 2x - 7y ~ 8 (6) 

+ + u u v v 
L L L L 

p X Y. 
L L 1.. 

p 8 .4 0.8 1. 2 0.12 0.48 
1. 

p 3 3 1.6 2.4 0.24 0.96 
2 

p 9 5 0.6 0.9 0.09 0.36 
3 

p 4 2 1. 2 1. 8 0.18 0.72 
"' 

p 6 3 3.2 4.8 0.48 1.92 
5 

p 5 1 0.4 0.6 0.06 0.24 
6 

p 3 6 2.4 3.6 0.36 1.44 
7 

p 5 7 2.8 4.2 0.42 1.68 
8 

p 7 8 1.6 2.4 0.24 0.96 
9 

p 4 5 2.0 3.0 0.30 1.20 
:1.0 

Table 1 

Let P = CB, 3.;i) · E 11')1;. . 1?, be t.he in,i tial point.. Following 

step 0 o.f the algorit.hrn the weighted .farthest. point. P = (3, 
1 

·, 
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6), p = (6.. 3). and Q = C4.42L 3.500). As Q e R, Q +----- aR 
2 

ll LCP , P) 
1 

(6.500' 3.500). By st.ep 1. we move along t.he 

descent. direc:Lion of aR unt.il tJhe ext.rerne point. B = (6, ·4) 

is obt.ained. We next. replace t,he current-ly act.ive boundary 

of (1) wit.h the succeeding one corresponding t.o (2) and Q 

t.wo consecut-ivE~ it.erat.ions of st.ep 1 and 

anot.her of ~~t.ep .2Cb)~ .. we .finally obt.ain t.he opt.imal locat.ion 

t.o be any point. E t.he segment. of aR fr-om (5.253. 5.867) t.o. 

(5.220. 5.950) wi t.h t.he cor• r-esponding opt.imum object-ive = 

8.160. Refer t,o figure 2, which clearly explains how t.he 

opLimal solut.ion or problem 1 convei'ges relat.ive Lo t.he 

const-rained set.. 

2. Synunet.ric dist.ance case: We next. considEH' a pr·oblem in 

which Lbe ·::::oordinat.es Ol t.he locat.ion point.s and t.he 

const.raint.s de!ining . t.he polygonal region R ai'e t.he same as 

in problem 1. but. Lhe weight-s associat-ed wi t.h t.he I'espect.i ve 

locat.ion point.s ar·e lixed consLanLs ( shown alon~side each 

ent.ry in a separat.e column in Table 2 below) independent. of 

t.he direct,ions in order t.o demonst.r·at.e how symmet-ry in t.he 

dis:t.ance norm alrect.s t.he opt.ima.L locat.ion. 

Let. P =- (8. 3.5) E int. R as befor-e. By s:t.ep 0 of' t,he 

algor·it.hrn, P = 
f. 

(5, 7), Q = (7.500, 3.500) and P = 
2 

(3, 6). 

As Q E int. R we obt.ain following s:t.ep 3, Q = (4.833, 3.167) 
:1 

e R. Q +--- r::>R ll p = 
12 

(7.000, 3.000). Aft,el' t.wo moz'e it.era-

t.ions o:I st.eps: 1 and 2(b) t.he opt.imal is: :Iound t.o be any point. 

E t.he port.ion of' r 
12 

from (5.551. 5.122) Lo (5.786, 5.357) 
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and t-he corresponding opt-imal object-ive = 10.286. 

p X Y. "vi 
i. ~ l 

p 8 4 1 . 00 
J. 

p 3 3 2.00 
2 

p 9 5 0 .75 
3 

p 4 2 1.50 
4 

·p 6 3 4. 00 
!5 

p 5 1 0.50 
6 

p 3 6 3.00 
7 

p 5 7 3. 50 
a 

p 7 8 2.00 
9 

p 4 5 2:50 
:10 

Table 2 

The above example clearly validat.es t.he observat.ion made. 

regarding t-he simplificat.ions inherent. in t.he second problem. 

3.2.6 Appendix 

In oi•dei· t-o develop OUI' algori t.hm we have made use of 

t-he following result-s given in U~J. 

1. The .opt,irllal object-ive value wit.h pespect. t.o any t.wo 

locat.ion point.s P and P. occurs w i t.hin R. . in t.he absence 
J I.J 

of const.raints. 

2. The equiJ:·olygon of t.wo point.s: P and P wi t.h unequal 
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weight..s is -=• closed ligure having 4 or 6 vert..ices enclosing 

t..he point. associat..ed wit..h t,he great..er weight, as shown in 

Jigure 1. · In case t..he weight..s are equal it.. consist..s OJ. a 

st..raight.. linE! segment. lying wit..hin R. Jlanked by t..wo semi­
lj 

inlinit..e st..raight.. lines perpendicular t..o t..he sides OJ R . 
Lj 

3. The weight..ed rect..iline'ar dist..ance lrcim any point. out..'side 

t..he equipoly~on t..o t..he locat..ion point.. wi t..h greater w:eight.. is 

greater t..han t..hat.. t..o t..he ot..her point.. and vice ve1.~sa. 


