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DFFRAGCTION OF SH-WAVES BY A GRIFFITH CRACK IN NONHOMOGENEOUS
ELASTIC STRIP '

1. INTRODUCTION

Trhe natural or artificial materials are.usually inhomogeneous; so
in recent years great attention has been given to the study of
diffraction -of. e{astic__ygve;AAby - cracks or ohstaclesg in
inhomogeneousv media ip view of their application iIn fracture
mechanics. Many probléms have been solved involving one dr more
cracks in an infinite homogeneous elastic medium. Loeber and Sih -
(1960) and Mal (1970b)have studied the problem of diffraction of
elastic waves by a Griffith crack in an {infinite wmedium. The
 prohlem 6f ‘tinite crack at the 1nterfacg of two elastic
half-spaces has been discussed by Srivastava et al. (1980&)3hd
Bostrom (1987). Singh et .al. (1977, 1980) corisidered fﬁe'probiem
of scattering of a SH-wave by cracks or strips in a nonhombgeneous
infinite elastic medium. Papers invdlving cracks located in an
infinitely long elastic strip are very tew. The problem of an
infinite elastic strip containing an_arbitrafy nuﬁber ;f unéqual
Gritfith cracks, located paréllél to its surfaces and opened by an
arbifrary internal pressuré, has been. treated by Adans (1980).
Finite crack perpendicular to the gurface of the infinitely loﬁgA

elastic strip has been studied by Chen (1978) (for an impact load)

and by Srivastava et al. (1981) (for normally incident waves).
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Recently éhindo et al. (1986) considered the problem of impact
reSpoﬁse of a finite crack in an orthotropic strip.

In our paper, the diffraction of normally incident SH-waves by a
Griftfith crack sifuated in an infiniiely long inhgmogeneous
elastic gtrip has been discussed. The shear modulus (u) and the
density (p) of the material have been assumed to vary in the
vertical direction. Applying the Fourier transform, thg mixed
boundary value problem has been converted to the solution of dual
integral equations. fhe dual integral eqﬁations.have.been finally
reducea to a Fredholm integral equation of second kind by applying
the Abel transform. Expfessioné for the stress intensity factor
and crack opening displacement have been derived. The numerical
values of stress intensity factor and crack opening displacement
have been de}iéted“'by néans of graphs to show the effect ot

material inhomogeneity.

2. FORMULATION OF THE PROBLEM

Consider the problem of diffraction of SH-waves by 'a Griffith

crack in an inhomogeneous elastic strip of width 2h1. The crack isg

located in the region -an;Sa, —w(thn, 21=0 (fig.1>. Normalizing
all tré -lengths with respect to a and putting x /a=x, y /a=y,
z /asF; ﬁf/éfh 1t is found that thHe

i location of the crack 1is

_1‘.

IA

*El;  TomCy <o, 2=0 referred to a cartesian co-ordinate system

(xsvs2). Let a plane harmonic SH-wave originating at z=-o impinge

on the crack normally to the x-axis. The variation of ‘the shear
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FiG. 1.

Crack in the inhomogencous strip.
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modulus w and the density p is taken in the vertical (z)

12

in su¢h a manner that the shear velocity (po/po) is

The only non-vanishing y-component of the displacement
independent of y is v = vix,z,t).

The equation of motion is given by

22 ¢ %8y - Rl
ax| ax '62 oz Otz
1t we consider v(x,z,t) in the form
Vix,z,t) = Wix,z,t)
Jutz)

then (2.1) becomes ' '

y[82w+32w] +i[_1[_‘?f:‘_] a.z’p ]w=pazw

ax? ozt 2L 2nloz 322 at?

Putting W(x,z,t) = F(x)G(zre " “and p(z) = p tz), plz)

in equation (2

= c, is the shear wave velocity, it is found that F(x)

satisfy the following equations

+ nZF

"
G

az?

provided f(z) is of the form

2 2
_ 1 (ot 1 (3¢
z[?az/f] *3[2

where n and b are contants.

Let us assume f(z) in the form

f(z) =

coshz(bz)

50 that eguation (2.6) is.automatically satisftied.

.3) where M,» P, are constants, such thatv(.y;)"/po)1

direction

constant.

which is

(2.1)

(2.2)

= f(z)
Po

72

and G(z)

(2.4)

(2.5)

(2.6)

(2.7)
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Now the shear modulus y(z)_aﬁd density of the medium p(z) are

p = pocoshz{bz) . o = pocoshz(bz) (2.8)
- I - -lwt .
Using equations (2.8), (2.2) and W(x,z,t) = W(x,z)etw , equation
(2.1) takes the form
2 2
- ' (2.9)
ax az
where
kK2 = (k® - b%), ko= 29
2 2 (o]

Thé displacement component v‘L)Lx,z,t) and stress T(L)Lx,z,t) due

to incident wave are given by

Likz-wt)
A e

¢U(x,z,t) = ° . (2.10)

Vpo cosh(bz)

and

(R
T L(x,z,t)
Yz

il

’

A Y [ik cosh(bz) - b sinh(bz)1e" ™™, (2.11)

where Ao is a constant.

Henceforth the time fgctof éfw“"ﬁiii'be suppressed in the sequel.

Solution of @qgatipnm(?.g) is

- 2 .
Wix, z) =‘fm Bi(f)e 4 cos(¢&x)d¢ + Jm C;(C)cosh(dx)sin(tz)dt,
.40 (o]

(2.12)

where =~ «a = (£Z2-k*)'7% ok B = (g%-x%) 7%

’ L] -

» €DKk,

2
Lg%, rex =1 (k%)% | k.

Now displacemént vi(x,z) and stresses =

yz(x,z). Txy(x,z) due to
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scattered field are

where S T-.o=_ ikA Yu
o o o

1 [ me(Z)e_BZ cos (g x)df + ImC(C)cosh(ax)sin((z)d(]
o N

vix,z) = cosh(bz> °
(2.13)
~\ - .
T ({x,z) = ‘pob sinh(bz)[ j B({)e"‘ cos(¥x)dE. +
Yz o T -
+ Jm Crcoshtax)sin({ z)df ] + pocosh(bz) x
o
x [—Im BB(E)e-Bz cos(¥ x)dE + Jm CC(()cosh(ax)cos((z)d(] (2.14)
o o '
- ‘ . -3z o
T (x,z) = pocosh(bz) - EB(E)he sintZx)dé +
Xy o
+ Jm aC)sinhtax)sin z)dl ] (2.15)
(e}
where
1 - 1 ~
B(f)=——-Bi(f) R C(l_’)=———(,1(().‘
Ho "o
The boundary conditions are
Tyz(X,O) = -7, [x|51 , (2.16)
vix,0) = 0 ., 1S|x|$h , (2.17)
T _(th,z) = 0 | 2] < , (2.18)

From the boundary condition (2.18) C() is found to be expressible

in terms of B(F) as f6T1ows

FB(Z)sin(fh)

cwy = 2
noasinh(ah) o

dEI' (2.19)
f2_*_0(2



Next, the usetsf“éqﬁﬁ£féﬁh(2.19) in the boundary condition (2.16)
and (2.17) yields the following dual integral equations from which

the unknown function B(¥) is to be determined :

fm FL1+M(E)1B(£)rcos(Ex)dE = p(x) , [x[=1 (2,20)
Qo
and
'Jm B(¥)rcostEx)dé = 0 , 1| x|&h (2.21)
o A
where
Mcg) = [ g -1 ], - (2.22)
‘ T 2 2 coshtax) B(Z)éin({ﬁ)" s ’
ptx) = 2+ = (v a ar- . ﬁg" - — dz o (2,23)
u n asinh(ah) | 2, 2
o] o Qo £ ta

3. METHOD OF SOLUTION

In order to solve the dual integral equations (2.20) and (2,21),

B(f)» is taken in the form
_ T, .
B(gy = -2 [ tp(t)J (Ftrdt , (3.1)
Ho Jo ©

so that equation (2.21) is auvtomatically satisfied.
Substitution of the value of B(¢) from equation (3.1) in equation

(2.203, yields a Fredholm integral equation ot second kind

1
PLL) + J u[Li(u,t) + Lz(u,t)]¢(u) du = 1 ., (3.2)
. [e)
where

L tu, t) = [:EM(EL%(EUUO(ﬁt)dE , (3.3)
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21 (at)1 (awre
(o] o
L (u,t) = - -
2
(8]

o sinh(ah)

ar . - (3.4)

Using contour integration teghnique_ﬁSrivastava et al., 19804) the

infinite integral arising in the kernel Li(u,t) can be converted

'to a finite integrar'éﬁd‘fs given by

1 .
L tu, t) = -ikz.[ (1—n2)“2.}°(kntm;“(knu> dn, u>t,
. o _
2 1 2 1/2 1) .
= —ikJ (1-n") 725 _(knuiH * (knt) dn,  uct (3.5)
o
Now
k L2 (e )T ta w et," %1 (at) 1 _(owre™
L, (U, t) =J e ¢ ac - Jm o o dr
) atsin(aih) k o sinh(ah)
= J = Jo(ait)Jo(aiu)cot(aih)dC + ij . Jo(ait)Jo(aiu)dC
o 1 - (o] 1
£31 (a1 (owre™®
- r a¢ ,
k a sinh(ah)
where & =

(KZ-r 2,22,

Putting (2= kz(l-yz) in the first and second integrals

and
2_, 2 z , '
7=k (i+y” ) in the third integral, it is found that

1
2 2. 1,2
thu,t) 2 K [ I (1-y*yt” Jo(kyt)Jo(kyu)cot(kyh)dy +
o
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R N T I d
¥ ij (1-y™) Jotkyt)JO(kyu Y
Ko - .

- Iw (:|.+y2)_1'/2lo(kyt:)io(kyu)e_kyh cosech(kyh)dy] (3.8)
(o] .
4. STRESS INTENSITY FACTOR AND CRACK OPENING DISPLACEMENT
Froh equation (2.14) the stress =7 on the plane z=0 can be

Yz
written as

T (x,0) = po[ —Im BB(¢)rcos(¥xydf + Jm LC({rcoshtax)alf ]. (4.1)
Yz ) o . o - I ' '

supatituting the value of C({) and B(f5‘from equationg (2.19) and

(3.1), the expression for the stress can finally be presented as

T X
o]

T (x,0) = —2 _ a(1) + 01> ,  |x|>1.
vz (k2—1)1/2 .

Defining the stress intensity factor N by

(X‘l)x/zT (x,0)
. z .

N = Lim ’
. i T
Kol o]
we obtain

1
N = 75 [¢(1)|. ) . (4.2)
Now the crack opening displacement Av(k,O) = vix,0+)» - v(x,0-) can

be obtained from equation (2.13) as

Avix,0) = ZJm B(Zf)cos(Ex) df , [x|<t ,
o
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which, on substitution of the value of B() from quatéon (3.1),

takes the-form

2T 1. |
“"o : t¢(t) dt xi<i (4.3)
Avix,0) = - J ’ ‘ ‘—

TN (tz~x2)1/2

5. NdﬁERICAL RESULTS AND DISCUSSION

Using ‘the method of Fox and Goodwin (19533, the Freqholm integral
equation given by equation (3.2) has been solved numerically for
different values of the material inhomogeneity parameters. In this
methaod fhe integral in equation (3.2) has been represented at
first by a‘quadrature formula involving the values of the desired
functibn #tt) at the pivotal points inside the specified range of-

integtatidn. and then converted to a set of simultaneous’ linear

algebraic equations; their solutions yield ﬂihe- first

approximations to the required pivotal values of ¢(t)._App)ying
the difference-correction technique, the_f;rst,approximét{dns héyg,

been improved. After 'so}Qing the integral equation (3.2)

numerically, the stress intensity factor N and the crack opening

displacemént yoAv(x,O)/ro have been calculatéd numerically and
plotted separately against the diménsional frequency kz(O.SSkzsi)
and dimensipnlesé distance x(0sx=<1), respectively, for different

values of the material inhomogeneity parameter b and strip width

]

h.

In fig.2, the effect of the width of fhe strip on the stress
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Fig 2. Stieas intensity tactor N ovs, dimensionless frequency kp for homogencous medium (b = Q).



99

intensity factor for a homogeneous material has been shown; the
etfeci of»inhomOgeneity of the material on the stress in;ensity
factor for ditferent widths of the strip has been depicted in
figs.3-5.

It ig found that in both the homogeneous and‘nonhomogeneops.cases,
the effect of the strip width‘decreaéééJQ{th:fhe increase of tﬁ;'
f requency, and the graphs of the stress intensity factor N become
flat with.the increase of strip width 2h. From fig.3 it 'is cléar'
that the etfect of inhomogeneity parameter b is prominent for low
frequency kz and stress intensity factor is greater for higher

values of the inhomogeneity parameter b.

In figs.4-8 the crack opening displacements against Aimensionless
distance x for different values of the material inhomogeneity
parameter b and the strip width Zh have been illustrated by meané
of éraphs..Case b=Q corregponds to the homogeneous case(fig{a}.
From figs.4-6 it is seen that for a fixed value of 1hhomogeneity

parameter b, the’grack opening displacement i& greater for lower

values of h when the frequencies are small, but thée reverse effect

is found for higher frequencies.

Next, in tigs.7-8 we see that for a fixed value of h, the crack

ppening displacement is greater for higher values of the

inhomogeneity parameter b when the frequencies are smafl, but for

higher frequencies the effect is just reverse.

Finally it is found in all  cases that the crack opening

displacement  reaches. its maximum at about x=0, and then it

gradually decreases and becomes zero at x=1.
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FiG. 3. Stress intensity factor N vs. dimensionless {requency ka.



Mo AV(X,O) l
T

|

101

T T >~ k, 209
¥ \\\[2 ‘ h b=0
L ~ h=15
\ .
- \\ ——— h=18
N
N
‘‘‘‘‘ == N
e T == 05 AN
~x \
0.7 = N
) ~ \.\
a7
o \\\\ \\
\\\\\ b5
\\\\
/ \\ ~
L 09 \\:\\
NN
\\\\\
Ol a2 03 04 05 06 a7 08 09 «x

Fig. 4. Crack openmg displicement vs. dimensionluss distanee oh = 0y




yaAV((X,O:‘
tﬂ

|

102

1 i 5

0 ol 02 03 04 05 06 a7 08
Fig S. Crack vpening displacement vs

. dimensionless distance (b = 0.2).



|

Avix.0)
tﬂ

l_p,

103

28 : : .

24

e —t —_——

20 T T T T =

——

16

12

Q8 .

b=0¢

hels
0-‘ —— e h:’_a

1 1

0 @ 0z 03 0 05 06 07 08 049

Fic. 6. Crack opening displacement vs. dimensionless distance (b = (0.4),



104

28

;J,AV(X.O)‘
T, :

|

L. A I\ - i 1

.0 )] 02 a3 04 05 06 67 08 08 «x

- 1 1

Fig. 7. Crack opening displacement vs. dimensionless distance (h



u 4_',1‘(.',0/'

105

28
k,=09
2‘ o ’
08
AT T T T AT —
20 07 e
05 N~
L \\\\\‘ - ~ ~
16 \\\ \\ \\\
7~\\ \\ \\
7
12 0 AN \\
/05 N
! SN : \&
08 | \\\ . .
h:»)a \\
=02 D5 \
nu b b0 \\\»\ \
——— b:04 i\
\
0 o 02 03 04 05 08 07 08 09 =«

Fi6 8. Crack opening displacement vs. dimensionless distance (/1 = [.8).




106

INPLANE PROBLEM OF DIFFRACTION OF ELASTIC WAVES BY A PERIODIC
ARRAY OF COPLANAR GRIFFITH CRACKS

"1. INTRODUCTION

The problemé involving cracks or inclusions in elastodynamics are
of much importance in view of their application in geéphysics and
earthgquake engineering. Uptil now many probféms have been solved
involving one or two cracks in an infinite homogeneous elastic
meﬁium. Loebér and Sih (1968> and Mal (1970b)have studied the
problem of diffraction of elastic waves by a Griffith craék in an
infinite medium. The problem of a finite crack at the interface of
two élastié_half sﬁaces has been discqssed by Srivasfgﬁa e£ al
(1980Q) and Bostrom (1987)i Finite mCTéék'.pérpenaiculér to the
surface of the infinitely‘long elastic strip hasrbeen studied by
Chen (1978) for impact load and by Srivastava et al. (1981) fgr
normally incident waves. But elastodynaéié problems involving th
or more Griffith cracks have not yet received muéh attention. Jain
and Kanwh! (1972ahave studied the problem of scattering of elastic
Qaves by two Griffith cracks for normally incident.haves and the
same probpem has been considered by [tou (1980.b)for impact load.
Angel and Achenbacﬁ (1985) have studied the problem of réfleétion
and transmissionvof elastic waves by a periodic array aof cracks in

an infinite 1isotropic medium. The problem of diffraction of

ENGNG. FRAC. MEcH. (1N PrRess)
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SH-waves by a seriss of cuts 1in nonhomogenecus solid was

investigated by De Sarkar (1983). The steady state vibration of an

“infinite isotropic medium with a periodic system of coplanar

cracks has been discussed by Parton and Morozov (1978) using the
method of the finite Fourier transforms to‘réduce the relevant
mixed relations.

In our pépef. the diffraction of ndrmélly incident time
harmonic elastic'waves-by a periocdic array 6f coplanar Griffith
cracks in infinite elastic medium has béeh anél§zéa. Duev to
geometrical symmetry the problem has been reduced to the solution
of the problem of a single crack in a étrip wﬁosé bDUﬁdaries are
shear free and constrained .in a way not to pe:ﬁit normal

displacement. Applying Fourier transform the problem has heen’

convenied to the so\ution of.daai'fntegraf ‘equations. The dual

integral equations. ..fiinally have been reduced to a Fnedhofm

integral equation of second kind by applyihg Abel’é' transform.

Expressions . for stress - intensity factor and crack opening

displacement have been derived in closed farm. The numerical

‘values of stress intensity factor and crack opening displacement

have been presented graphically to bring out the salient features

of ‘the problem.

2. FORMULATION OF THE PROBLEM °

We consider a homogeneous, isotropic, linearly elastié;'hnbounded

infihi?e“number of collinear cracks of equal

length which are equally spaced on a line taken as the x -axicg.
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The length of each crack is 2a and the pgpfod_of the'cpéck-arrgy
is 'Zh1 as shown in fig.l.“The cracﬁngie-in the plane x2=0 ana
extend to infinity in thé xa—direéfion which is perpendicular to
the Q{ane.of the figure.

For convenience we make all the lengths dimensionless by writting

X /a=x, X /a=y, X fa=z, h /a=h.
1 2 3 1
Let an incident time-harmonic body wave travel in the direction
-ioot . .
of the positive y-axis. The steady state term e‘w , which 1is

common to all field variables, has been omitted in the sequel.

By 'simple sSymmetry considerations, the displacement and stress
distribution dug,to the scattered field in the entire xy-plane can
be' derived by‘cénsidering only the isotropic elastic strip |x|<h
with a central crack |x|$1, y=0; the boundaries of the strip x=zh

‘being shear free and constrained in a way not to - permit normal

displacement.

The displacement components are

u =92 _ %
ax oy
S0 oy - -
and v = 3y f_E;

wherg ¢ and yw are scalar and vector potentials satisfying the

following equations :

.4

7, e 2k e
ax ay~> c.f at?
(2)
%y R vy - a_z 3y
Ix*? ayz CZ at?
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z

where .c = F‘ H] and c = &ﬂ
<1 o _ ' 2

"shear

wave velocities, A, u are

"density of the material.

Therefore, sﬁbstituting $lx,y, )

-iwt

wlx,y)e ~, our problem reduces to

2 2
2 ¢ [ 9, k2¢ -
2 2
ax oy
2 2
a y + 9y + K2y =
2 2 2¥
ax oy
subject to the boundary conditions
T (x,0) = -ptx)
Yy 'p.
T (x,O)—= o
»y

vix,0) = 0

T (*h,y) = 0
xy

utzh,y) = 0

?
where k,t = aw/c¢c, (i=1,2).
. 1

Solutions of the equations (3) are

2 v - '

@Pix,y) = = Jm Ai(()e oy cos{x d{
‘_0.

and

. 2

wix,y) = = Im.B (e By sinf x dr
Lo

where A;(c)"Az(f)’ B

the Lame’'’s

12
are the dilatational and

constant, p is ﬁhe

—-iwt

= ¢lx,y)e and wix,y,t) =

the solution of the equations

0
(3)
0
*T*1<i' - ':' - 4y
| x[<h : (5>,
1| x| <h | T
|y | <o (7
RARCS : (8)

+
(o] é
O
[m)
(1]
La
<
[= 5
a3
ed

A (£)cosh(a x)
2 1

.rn (E)sinh(ﬁ X) sinfy d¥¢
o

L& Bz(f) are constants and
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o = (2K , f,>-k1 B = (F-k2H .k

- = —i(kf—f,z)‘/z . Lk, = —i(k:—z;2>‘/2 . Lk,
a = cfz—kj)"z . E‘>k1 | B, = (fz—k:>"2 £>k,
= -i(kj-zz)‘” gk = —ickz—fz)‘/z , £k

Now the stress 71 can be expressed as
: xy S _

= - - i
catr (x,y) = E _“J@ (-Z(aAi(()eay v L2eptB (e ’??']sincx ar

o

Z
C é
—

-2fx A (E)sinh(a x) + (¢%2+5%)B_(£)sinh(s x)]sinfy dg
12 1 12 1

(10)
The boundary condition (5) yields
B (L) = ;?Caz A D) Co(11)
L +3 -
Assuming —CAi(C).= ACC) atAz(E) = C(¢&) , —EBZ(E) = D(g)

and using the relation (11), expressibﬁsz.fdr' displacements and

stresses finally can be written as

2 - 2 - .
u ﬁ“I; fm [e oy ——%ﬁ—; e ﬁy]A(() sin{x df +
' o) 207 -k
_ 2
3 A
o [C(E)sinh(aix) + D(E)sinh(ﬁix)]GOSEy d¥¢ (12)
o .
2 -t o2z 3 - |
v = J—; Jw [e Y o- —;‘————2- e y]a( * AL) cosfx df -
o - 207 -k .
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- J—z JQ [&of‘C(E)cosh(oc X) +
I R 1 1

[(ZCZ-kz)e_ay
2
o

Bf D(f,)COSh({? x)lsinfy df,
Y J?I!
y M

(13
sopt? py].-
o _BaBt - Y]g *AL) cosCx dr -.
2(2-—k2
2
S (2o kD) : '
- HJZ[D[ Y 2 Cc(rcoshla x) + 2B D(¢rcosh(f x)]cos&y d¢
T a " 1 .t
o 1
F
8w  Hlm o

o L
3. SOLUTION OF THE PROBLEM
The boundary conditions (4 and (6) yield the
integral equations
) L .
Im E[1+H(C)]B(f)sin(x df = R(x)
0 .

I 1
- (

B({)cos{x 4L = O
where,

i<lx|=h

2a(ki-k:)A(C)

[ e Y - efﬁy ]ZaA(() sinfx df -

(14)

[°EC(E)sinh(a1x) + E_i(ZEz—k:)D(f)sinh(ﬁix)]sinfy ag

(15)
following twa
(186)

(17)

(18)
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(2(2_k2)2_'4aﬁC2 o
H(Z) = 2 ~ -1 _ (19)
' 2ol (KZ2-Kk2)

1 2

H&CY) -« O as [ ~» oo.

' 2 -1 X
R(x) = I; g_aJ pixddx -
(o]

2
o
1

. 2 2
(2o +K ) ,
- fm[ .tz Cgrsinnla x) + 2D(E)sinhtﬁ1x)]df (20)
O

Let us consider the solution of integral equations (18> and

(17) in the form -
@ 1 ,
B() = I; (J tf(t)Jo((t)dt ] (21)
o : B

so that the-integral equation (17) is automatically satiesfied.
Now, substituting the value of B() from (21) in (16) and using
" Abel's transform we obtain the following Fredholm integral

equation of. second kind :

4 . .. :
f(t) + [ uf(u)Li(t.u) du = Qt) - : (22)
- — . -0 . e e . . .
. Wwhere,
R 2a d t 2 2. 1.2
Quty = ont at J (t"-z2") ptz)dz -
(o]
- Ig otz K31 (e YCEY + o2p 1 y
7)o LSRN £ 2, o(ﬁit)D(f)]dE (23)

and
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-

L(t.u)=.r3CHM)J (Cuw)J (Ltradr (24)
1 [} O

8]

Ffom the boundary conditions (7)) and (8), the unknown functions

Cté) and D(¥) can be found to be related to B({) as

C(g) = —= = [ —fzjcé g, (£.LHBWHAL +
K (KB -¥%)sinh(a h) ot
2 1 2 1 -
(28%-1%) | , |
- —_— fw g2<g,c)s<c>dc] (25)
) 5 _

D(F) = 2 [ngm g, (5, 00BHAL - gzjm gzif,c>3(c)dc]
nki(kf~k:)sihh(ﬁ1h) o o

(28)
where,
_ 237 + k2 2ol +K2
g (&0 = : : - : = [ sin@h
. LORIER Lo
(27)
2 (3% +1%) 2aj+kz
g (£,0) = 2‘ 2 - ——  sin({M)
* £%+p? £ 4o

Next, subétituting the value of B({) from (21) in the éxpressions

of C(£) and D(f) given by (25) and (26) and using the result

(Gradshteyn et al., -1965) - .

fm féiﬁ((h)Jo(Cu) -Au
o

T

ag =

240 <
- §

]
i
o.—
Q
»
:.
)
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C(¢) and D(f) can be

written in terms of f(t) as

1 -a h
Clgy = E __1-—-[ [ (262 +k2)1_(a we * ]E‘;—i;—?é%
< 2k*-%%) Jo 1
1 2
(28)
: 2 1 -3 h :
- 31 ¥ 1 uf (ul)du
D) = - __———J [l(ﬁ'u)e ]———
2 - Jo o "1 51nh(B1h)
1 2
Using the .above relations (28) in (23) we obtain
' za d [ [z =2 t
= — = - . )+ . (
Qut) ot dt_[ t pltz)dz + J u[tht,u) La(*;_u)]f(quu (29)
o o
where, ‘:' ' N u. ,.
i : -t h
Lctow = - — 2 V1ot (262 +%%521 (o )1 (o we b |—9E
2 . "2 2 1 1 2 o 1 o 1 sinh(a h)
2(k -k )Jo 1
1 2 .
(303
: - . -3 h ,
- < . 2 2 1 dag
Ly(towr = —p ff EG1W?1+kz)lo(ﬁ1t)lo(ﬁ1U)e ]ETFFTE—FT
(k=-k) O 1
1 2 ,
" (31)

- Next substituting Q(t)> from (29) in (22) and assuming p(x)>=p and
. o
fity= apog(t)/y we finally obtain the following Fredhol!m integral

equation of second kind for the determination of gt

. St ‘
git) +,[ uglwLit,u) du = 1t , (320
. (8 .

where - Ltt,u) = Lilt.u) - Lz(t.u) - La(t,u) (33)
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and L (t,u), Lz(t,u) and La(t.u) are given by (24),(30) and (31)
1 s .

regspectively.

It is to be noted that the kernel Li(t.u) represented by the semi-

infinite integral given by eguation (24) has a slow rate of

convergence. In order to make the numerical analysis easier, the

semi-infinite integral has therefore been converted to finite

integrals . By " dsing. simple. - contour integration technique
(Srivastava et al. 19804)and is given by
ik 'l 2 2
L (tyu) = - — 2 J 42 1) 5k pwH P (k ptydn ¢
1 N . 2 2.14/2 o 2 ] 2
2(k_-k > o (y -n)
2 1
' * 2 2 1,2 < 1)
+ 4+ - ; 3
J; no1-5" Jo(kznq)Ho (kznt)dn , t>u (343

where y=k1/k2. The corresponding expression of Lu(t,u) for t<u

can be obtained by interchanging t and u in (34),

4. STRESS INTENSITY FACTOR AND DISPLACEMENT

The normal stress Tyv(x.y) in the plane y=0 in the vicinity of the

crack Eip can be found from equation (14) and is given by

, [ A
T (x,0) l
LYY

B({)cosf{x df + D(1), x>1

)

p_x

1)
1

g(1) + 0CL) , x>t
x“-1
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Defining the stress intensity factor by

(x,0)
K = Lt Tyy 7 AT
=

x 1+ (o]

it is found that T .
K = g(i) _ IR - (35)
{2
Now the crack opening displacement Av(x,0) = v(x,0+)—v(x,0-) can

be obtained from (13) as

2
Av(x,0) = - kK f® % B({Ycos( x)d , | x|{=1
VIR (ki -k2) Jo

which on substitution of the value of B(f) from (21) takes the

form

ap 1 _ _ '
Avix,0) = — 2 J‘ _talt) dt | x|=1 ¢36)

pet-2%y Jy (£%-x%H*7?

5. NUMERICAL RESULTS AND DISCUSSION

Using the method of Fox and Goodwin leSS) the Fredholm integral

equation given by équation (32> has been solved numerically for

different vafuéé ‘of dimencsionless - frequency k2 and h, the

separating distance of ‘the cracks. At first the integral in (32>

has been presented by a quadrature formula involving values of the

desired function g:%) at pivotal points inside the specified range
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of integration andmtheh converted to a set of linear algebraic

simultaneous equations, solving which the first approximation to

the required pivotal values of g(t) has been obtéined. Applying
difference-correction technique the first approximations has been
improvéd: Standard numerical integration technique has been used
to evalu?te the kernals Li(t.u), Lz(t.u) and La(t,u) given by
(34>, (30> and (31). After solving the +integral equation (32)
nﬁmerical[y, the stress intensity factor k and the c¢rack opening
displacement pAv(x.O)/ap0 have beeﬁ calculated numericaily and
blotted separately against dimensionless frequency k2(6<kzsl) and
dimensionless distance x(0<x<1) respectiyely for diffetredt vaers_
of h. The value of p 1is taken to..Bem.1)¥§. From fig.2 it is
interesting to note that the number of oscillations in stress
intensity factor K increases with the increase in the values of H.

Thelé;acﬁ opehiﬁg displacement(fig.3) ié greater fof.higher~vaiué5«

of h and also for higher values of dimensionless frequency k_.
N . . 2
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0.7

0.5+

0.3+

Fig.2 'Stress nlensity factor K vs dimensionless frequency k,
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-

——— h=1.5
\\ ——-——h -_—108’

- Fig.

3 Crack opening displacement vs distance
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AN ELASTIC STRIP WITH THREE CO—PLANAR MOVING GRIFFITH CRACKS

1. INTRODUCTION ‘

In fracture mechanics, the groblem of diffraction of elastic waves
by cracks of finite dimension in a strip of elastic matetial'has
been “;xamined by several investigators. Sih and Chen (1972)
investigated the problem of pfopagation of a crack of ftinite
length in a strip'under plane extension. Closed-form solutions for
a finite length crack moving in a s8trip under anti-plane shear
stress were obtained by Singh et al. (1981). Using a fihité
Hilbert transform technique developed by Srivastava and Loweng}ub
(1968), Lowengrub and Srivastava (1968-b)solved the static problem
of digtribution of stregss and displacement in an 1nfinite}y long
eléstic strip ;oﬁtaining two co-planar Griffith cracks. Recently,
‘several dynamic.problemg of determining stress and displacement
due to moving Griffith cracks have been sdived by Das and Ghosh
(1991, 1992a, 1992b, 1982c¢c) and by Das (1993, 1892). Dhawan and
-Dhaliwal (1978) also solved the static'problem of deteymining the
stress distribution in an infinite transversely isotrépic medium

containing three co-planar Griffith cracks.

In this paper, the problem of propagatioﬁ cf three co-planar

PUBLISHED IN ENGNG. FRAC. MECH. VOL. 47, NO. 4, PP, 4_93;502 19004)



In dynamic problems of anti-plane shear, the

where Cz=(p/p)b’
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Griffith cracks in a fixed direction with constant velocity V in

an infinitely long but finite width elastiec étrip is.cﬁnsidered.

Employing the Fourier intggral transtorm, the problem when thé
1§£eral boundaries are assumed to be clamped and displaced by an
equal amount has been reduced to solving a get of fou: integral
equations which are 'solved using the .fini£e Hilbert transform

technique and Cook’s result (1970) to derive the exact form of
stress intensity factors and crack opening diéplaceﬁent. Numerical
results tfor stress intensity factors are presented graphically to

show their variations with crack speed, crack length and the

separating distance between the cracks.

2. STATEMENT OF THE PROBLEM

Consider an infinitely long elastic strip occupyingAthe régioh

-h=y=h, weakened by three co-planar Griffith cracks moving

‘steadily at a constant velocity V in the “X-diréction, referred to

a fixed co-ordinate system (X,Y,Z) as shown in Fig.1.

non—vanishing
component of displacement W directed in the Z-direction satisfies
the equation of motion :

a

1y
S XX . LYY Cz JTT » (1)
- .

2
is- the shear wave velocity, p is the material
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VT

Fig. 1. Geometry and coordinate svstem
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Qensipj and W represents partial derivatives of W with respect
to X.
For cracks moving at a constant velocity V 1in the X-direction, it
is convenient to introduce the Galilean transformation :

x=X-VT, y=Y, =z=Z, t=T | (2)
wheére (x%x,y,z2) represents the translating co-ordinate system shown
in Fig.1. 4
Let three co-planar Griftith cracks df*ffnffé.iehgtﬁ located aloﬁé-
the X-axis be moving steadily with velocity V in the direction*qf
the X-axis so that their positioné referred to translating
co—ofdinates'(x,y,z) are -c<x<-b, -a<x<a and b<{x<c on y=O._The
edgéS‘of the strip y=xh are assumed to be clamped and displaced by

an equal amount wd, where wo is a constant.

The boundary conditions of the proposed problem are

o (x,0) = 0, | x| <a, b<|x|<ec kB)
vz ' E
Wix,xh) = iwo , -0 < X <00 (4)
Wix,0)» = 0 , a<|x\<b', !x‘>c. (%)

Ih or@er to apply the integral transform tebhnique it is required
to solve a different but_equivalent problem which can be obtained
from the clamped strip problem (without any cracks)' while the
uniform strain is applied. The equivalent stress condiﬁidns on the

cracks are .

oyzger)‘= i~ lﬁl(a , b([xl(c (6)
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and the boundary conditions for the displacement are
T Wx,Eh) = 0, ek x <o _ (7)

Wix,00 = 0 , a<|x|<b , |x|>e : (8)

~In the moving co-ordinate system, the équation of;motion becomes

independent dtf time and takes the form
s° W + W = 0, _ (9)

with s = VLl—Vz/C:). ST}

Introducing

Wc(f,y) = Jm W(x,y)cos(€x)dx
o

(11)
2 = : -
Wix,y) = o W (§,y)cos(&x)dt.
o € Lo e
in equation (3), the solution of equation (3) is obtained as
Wix,y) = g[m [C‘(f)e-fy°+ ca(g>efy°]cos(fx>dg, (12)
o .
with .
o (x,y) = - B8 e e rredYeo ¢ (f)éfy° cos (¥ x)dg (13)
yz T |, 1 " 3 -

Using the expression for Wix,y) given in (8) in equation (9), 1t

- has been found that

C(&)
C (&) =
1 1 - e—the
(14)
-ths
CS(E) - Eiiii____

’
1 e 28 ha
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where the unknown function C(¢) is to be determined.
From conditions  (8) and (10) it is determined that C(£) satisfies

thebfollowing quadruple integral equations

W . :
_ o
fm EC(frcoth(¥ns)cos&x)ded = 5fs * X € 11, I8 (15%5a,b)
o
and
r C(E)rcos(Ex)dé = 0, X € 12, l4 ’ : (16)
o
where

}1=(0;§Y,Iéﬁfa}ﬁiQﬂgiib,c),14=(c,m).

3. METHOD OF SOLUTION

In 'order to solve the quadruple integral equations given by

equations (15) and (16), let us take

Cy = éja h(u)sintfuddu + % g(vZrisech® (evisin(¥vidy, - (17)
*Jo b

where h(u) and g(vz) are the unknown_fgpgfiqns to~be'db£ermihed

from the boundary conditions of the proposed problem. Substituting

the value of C(Z) given by (17) in (16) and using the following

result :

, u>x>0

, u=x>0

‘sin(fu)costEx)
I

o A nlA

y X2u>0 ,
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it is found that this choice of C(f¥) leads to the condition
‘ 2 2 . :
JC g(virsech” (evidv = 0. | o 18
b .- b -

Rewriting equation (15a) as

d nwo

I [j C(f)coth({hs)51n(8x)d8’=viﬁg , X & I1 A FlQ)
and inserting the value of C(¥) from equation,(17) in (19), it is
found that h(u) is the solution of the followingusingﬁlar integral

equation :

. ‘tanh(ex)+tanhteu). - A
I: htwlog | omR e —tanh el du = 7#f(x), xeli. (209
with !
' S Vo o2 eg(v?rsech®(ex’ )sech® (ev)tanh(ev) N,
f(x) = E -ﬁ-; - ;[— . 2 dv]dx’ ’
o b tanh’(ev) - tanh® (ex’) -

where the following result (Gradshteyn et al., 1965) has been used:

sin(fursin(Zx) .1 tanh(ex)+tanh(eu): L3
Jj coth(fhs) I3 dz 7 %8| fannie-tanhew |’ °"Zhs °

Now using Cook’s result -(1970), the solution of (20) has been

obtained with the aid of the following result

Yitanh®(ea)-tanh®(ex)le sech®(ex)

dx
o [tanhz(ex)—tanhz(eu)][tanhz(ev)—tanhz(ex)]
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n f[tanhz(ev)~tanh2(ea)]

ztanhtev) tanhz(ev)—tanhz(eu)

for uel and vel ,
1 )

-2e tanh(eu)sech” (ew) Eg V[tanhz(ea)—tanhzyex)]

hs

' dx +
n[tanhz(ea)-tanhz(eu)] _ o tanhz(ex)—tanhz(eu)

h(u) =

+ Jé Yltanh® (ev)-tanh (ga)] g(vz)sebhz(ev) sl | (255
b

tanhz(ev)—tanh?(eu)
Substituting the resulting value of C({), obtained using equation
(22) in equation (17), in condition (15b) and making use ot the

following: results :

e sechz(eu)tanhz(eu) du.

o[tanhz(eu)-tanhz(eX)][tanhz(ev)—tanhz(eu)]V[tanhz(ea)-tanhz(eu)J

- n ’ tanh(ev)

2l tanh®(ev)-tanh®(ex)] |¥YI[tanh®(ev)-tanh®(ea)]

]
‘tanh(ex)

Yitanh? (ex)-tanh?(ea) ]

e sechz(eu)tanhz(eu) du

i . .
o[tanhz(eu)rtanhz(ex)][tanhz(ey)-tanhz(eu)]V[tanhz(ea)-tanhz(eu)]

- 129 tanh(ex)

- z 2 4 2 2 J
Zltanh” (ex)-tanh™(ey)] YI[tanh” (ex)-tanh (ea)]

for x,v e 18 ang y' e l1 s

it can be shown ihét“"g(vz) is the solution of the following
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singular integral equation :

eg(vz)sechz(ev)dv

JC Yltanh®(ev)-tanh®tea) ]
b

tanhz(ev)fténhz(ex)

dy“

_ nwo Yitanh® (ex)-tanh®(ea)] + EJQ f[tanhztea)—tanhz(ey')]
" 2hs 2 . n 2 2., .
. sech” tex)tanh(ex) o tanh (ex)-tanh (ey’)

, for x e lg. (23)

Using the finite Hilbért transform technique (Srivastava et al,

1968) and the following result :

Jc J[ tanh?(ec)-tanh’ (ex) ]"x'“g
b .

tanh®(ex)-tanh®(eb)

< ZSechz(ex)tanh(ex) dx

[tanhztex)—tanhz(ey')][tanhz(ex)—tanhg(ev)]

o R:: j[ tanhz(ec)—tanhz(eyf) ]
y

e[tanhztev)—tanhztey')] ténhz(eb)-tanhz(eyf)

the solution of'equation-(ZB) is found as

2. o tanh?(ev)¥Yltanh®(ev)-tanh®(eb)]
BLVY = - s '

Yittanh?(ev)-tanh®(ea)1ltanh®(ec)-tanh®(ev) 1}

5 Jc J[ tanh® (ec)-tanh®(ex) ]vttanhzce&f—tanhz(ea)l dx -
b tanh®(ex)-tanh®(eb)

tanhz(ex)-tanhztev)

L Ia J[ tanh® (ec)-tanh® (ey’) ]V[tanh?(ea)-tanhF(EY')l dy’ | +
_ : — dy
' o]

tanhz(eb)-tanhztey') tanh?(ev)-tanhzte&')-
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Citanh(ev)

‘f{[tahhz(ev)—tanhz(ea)][tanhz(ev)-tanhz(eb)][tanhz(ec)—tanhz(ev)]}

. : (24)

Next substituting the value of g(vz) from equation " (24) in

equation (22) and finaliy using the following result :
- l

Ic J[ tanh®(ev)-tanh? (eb) ]
Jo tanhz(ec)-tanhz(ev)

" 2gech?(ev)tanh(ev) dv

[tanhz(ev)—tanhz(eu)][tanhﬁkaxi)7tanhztevidﬁm_

_ ' n J[ tanh?(eb)-tanh? (eu) ]

eltanh®(eu)-tanh®(ex’ )] tanh®(ec)~-tanh®(eu)

. j['tanhz(eb)—tanhz(exf)"]
s
tanh® (ec)-tanh®(ex’)
for u,x' el ,
1

h(u) is derived in the form :

- ze¥, sech®(eu)tanh(eu)¥[tanh® (eb)-tanh® (eu) y

P15 Jiltann®(ea)-tanh?(eu) 1l tanh?(ec)-tanh?(eu) ]}

1

htu)

y J° tanh (ea)—tanh (ey’) ]f[tanhz(ec)-tanhz(ey')]
o tanh? (eb)-tanh (ey’)

> P dy’ +
tanh-(ey’ )-tanh” (eu)

dx}| -

JC tanh®(ec)-tanh?(ex). ]¥[tanh2(ex)—tanhz(ea)]
b

tanhz(ex)4tanh2(eb) tanhz(ex)—tanhz(eu)
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C1tanh(eu)sech2(eu)

Y{ltanh®cea)-tanh®(eu) ICtanh® (eb)-tanh®(eu) 1l tann®(ec)-tann®ceur 1}

(25)
Substitution of the value of g(vz) from equation (24) in the

condition (18) yields

]V[tanhz(ex)—tanhz(ea)] x

c = 2Ewo tanhz(ecf;tanhz(ex)
1 rths b

tanh2(ex)—tanh2(eb)

»{tanhztex)-tanhzteb) [n tanhz(ec)-tanhz(eb) ]
= - x 0 » q

L JFE gr+1bax +
2 . 2 2 2 2 2
tanh (ec)-tanh (ex) tanh” (ec)~-tanh (ex)

2 , 2
+ Ia J[ tanhz(ec) tanhz(es) ]fttanhz(ea)-tanhzces)] x
o tanh (eb}-tanh (esg)

2 a 2 2 _ 2
) R tanhz(eb) tanhztes) H %’tanhz(ec) tanhz(e’b),q /F(%,q) ds,
tanh " (ec)-tanh (es) tanh (ec)-tanh (es)

- (26)

t

where F(¢,q) and‘n(¢,n,q) are elliptic integrals of the first and

third kinds respectively and

q = J[.tanhz(ec)-tanhz(eb) ]

tahhztec)—tanhz(ea)

The relevant displacement and stress éomponents in the plane of

the crack can now be shown to be given by

ra
Wix,0) = h(uj)du , 0<x=<a
R . 4
< 2
= g(vircosh(evidv , b<x<c: _ (27
Jx



132

and

: J1.- ' h(u)tanh(eul)du
Ed (x’O)]au«bnzwzps Jﬁ“A : zu - 2
Y= o tanh” (ex)-tanh™ (eu)

_ Ic eg(vz)tanh(ev)sechz(ev)
b

" 2 dv sechz(ex)
tanh” (ev)-tanh (ex)

[cyyz(x,cn]wc

2us J° eh(u)tanh(eu)du
o]

+
n tanhztex)—tanhzteu)
eg(vZ)tanh(ev)sech® (ev) 2
+ Jc gLy = : p dv]sech (ex). - (28)
b tanh (ex)-tanh (ev)

Now insertion of the values of h(u) and g(vz) as given by

equations (25) and (24) in the éxpressidﬁsﬁ128) yields, after some

algebraic manipulations,

[0 Cy 0] _— 299”0 _J[ tanh” (eb) -tanh® (ea) ]
, = —__°
ye L Taod ﬁhs tanh®(ec)-tanh?(ea)
tanh(ex)
x

- — Jq Fz(u;x)du + Jc F (v,x)dv} -
Yltanh® (ex)-tanh” (ea)l o b. 2 ’
2eltanh®(ec)-tanh®(eb)) ’
= Jo Fz(u',x)du'Ia F‘(c,u) FS(O,x,u)du +
[« o .

+ JZ Fz(v,x)va: F4(c,u) Fa(v,x,u)du} +

o g

T
| A

N

1 - tanh(ex)/V[tanhz(ex)-tanhz(ea)]_
Yiltanh®(eb)-tanh®(ea)ltanhZ(ec)-tanh®(ea) 1}

s
* el Cx{
o

+
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: 2 2
I: ' . el tanh (eb)-tanh (ea)]
+ e F‘(c,u) Fs(x.u)du} + = - x
o : - .

x Jc FZQV’,x)dv'JC F4(a,v) Fd(v',x,v)dv + Jq Fz(u,x)du
b b . [a] .
b 2 2
h"(ec)~-tanh (eb)
xJ F (a,v) F (u,x,v)dv - tan > c P
e ¢ e tanh“ (eb)-tanh (ea)
< ' sh C4 '
x F (u,x)du F (c,u">» F (u,u’)du’ - H o X
1 < o eW X
o o o 1
.x % - tanhlec) +_etéhh2(éa) Jc F%(x,v)dv sechz(ex)
V[tanhz(ec)-tanhz(ea)J ' b .

and

[0 (x,0] = 2Hebo _J[ tanh?(eb) -tanh® (ea) ]
’ ’ D —
& e i nhs tanhz(ec)—tanhzcea)

x - :anh(ax), 2 JQ Fz(u,x)du + Jc Fz(v,x)dv -
YItanh® (ex)-tanh“(ea)] o b

; 2 2 ) - :
) - l"‘ _ v
zeltanh tec)-tanh (eb)] { F (u',x)du'] F (c,u) F_(0,x,u)du +
ﬂ 2 o * 3

o]

+ JC F (v,x)vaQ<F (c,u) F (v,x,u)du} +
2 4 3
b o .
, Hsh ln 1 - tanh(ex)/¥Y[tanh® (ex)-tanh® (ea)] .
9”0 112 V{[tanhz(eb)-tanhz(eal]Etanhz(ec)-tanhz(ea)l}

. o ‘ . | R

+ eJ F4(c,u) F5(u,x)du} _ eltanh (eb)-tanh tea)]

n
o
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x “TF (v’ ,x)dv’ F (a,v) F (v',v,x)dv + Iq F (u, x)du
B 2 b 4 <] ° 2

tanhz(ec)—tanhz(eb)
x F (a,v) F (u,v,x)dv + > > _
b 4 e tanh“(eb)-tanh (22a)

T
>

[11]

N S Ct
xl F (u,x>duj F (c,u’) F_(u,uddu’ p + So— = x
1 4 o4
(o] o o] 1

x % taﬁh(EC) + etanh? (ea) JC F7(x,v)dv -
V[tanhz(ec)-tanhz(ea)) b .

f

_J[ tanh’ (ec)-tanh’ (eb) ] tanh(ex) 5

tanh®(ec)-tanh®(ea) V[tanhz(ex)—tanﬁz(ec)]

x Jq F (u,x)du + Jc F,(v,x)dv sech? (ex) , . (29)
o 2 b
where - i}
' tanhz(ec)—taﬁhz(eu) tanh(eu)
Ficu,x) = — T 2 2 2
tanh” (eb)-tanh (eu) tanh (ex)-tanh (eu)
" 2 2 2 . 2
E (v,x) = ][ tanh®(ec)-tanh” (ev) ] Yl tanh® (ev)-tanh® (ea)]
2 tanhz(ev)~tanh2(eb) tanhz(ev)—tanhz(ex)
Fatv,x,u) - :anhgex) _ rant :an:::u;
‘ Yitanh® tex)-tanh“(ea)) an X
2 2
x J[ tanh®(ex)=-tanh (ea) ] _ tanh(ev) 9
tanh®(ea)-tanh?(eu) f[tanhz(ev)—tanhz(ea))
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. tan-tlranhiew J[ tanh? (ev)-tanh’ (ea) ]
| tanntev) tanhz(ea)—tantheu)

.sech?(eu)tanh(eu)

F (w,u) = _ _ 2 ) 2
) Y{ltanh“(ew)-tanh“(eu) 1 [tanh” (eb)-tanh"(eu) 1}
= L2 ¢ 2, - 2 -1 (tanht(eu)
Fs(u,x) = [2tanh” (eu)-tanh” (ec)-tanh (eb)]{sin [tanh(ea)]
- Fs(ov X, U)}
thu,x,v) = tanh(ex) 5

Yitanh?(ecs-tanh®(ex)]

log tanh(ex)¥Y[tanh®(ec)-tanh®(ev)I+tanh(ev)¥Itanh®(ec)-tanh®(ex)]

tanh(ex)V[tanhz(ec)—tanhz(ev)]-tanh(ev)V[tanhz(ec)-tanhz(ex)]

tanh(eu)

>
Yltanh®(ec)-tanh®(eu’l

{

tanh(ew)Y[tanh®(ec)-tanh®(ev)l+tanh(ev)¥YItanh®(ec)~-tanh? (eu)l

taqh(eu)fttanhz(ec)—tanhz(ev)]—tanh(ev)thanhz(ec)?tanhz(eu)]

F _ 2 . 2 2
F GG v) = tan_1'J[ tanh” (ec)-tanh” (ex) ]J[ tanh® (ev)-tanh” (eb) ]
tanhz(ec)—tanhz(ev) 'tanhz(eb)-tanhg(ex)

sechz(ev)
- . x

Y(Ttanh?(ev)-tanhZ(ea) 1%}

Fe(u’v’”’ = - _2tanh(ex) tan~? tanh(ev)wx
. YLtanh® (ex)-tanh®(ec)) tanh(ex)
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J[ tanhZ(ex)-tanh®(ec) ]} tanh(eu)
x - + >

tanh®(ec)-tanh?(ev) Yl tanh? (ec)-tanh®(eu) ]

tanh(eu)f[tanhz(ec)-tanhz(ev)]+tanh{ev7¥[taﬁhz(ec)-tahhz(eu)]

lo —
tanh(eu)V[tanhZ(ec)-tanbz(ev)]-tanh(ev)¥[tanhz(ec)-tanhz(eu)]
F (u,u’) =
p -
iog tanh(eu)V[tanhz(ea)~tanh2(eu)]ftanh(eu)V[tanhz(ea)—tanhz(eu)]
tanh(eu)#[tanhz(ea)—tanhzteu)]-tanh(eg)f[tanh?(ea)-tanhz(eu)]
and X, = Y(Ltanh®(eb)-tanh®(ex) 1Ctanh?(ec)-tanhZ(ex)1}.
(307
The dynamic stress intensity factors are defined by
N = lim Y{2(x-a)lle (x,0)1:
a X+a+ vz adx<b
- lim VL2 y1lo  (x,0)1
. Nb = x?g_ 2(b-x) ayz(x, ) acsch
N = lim Y[2(x-a)1lo  (x,0)] ' (31)
=] XC+ K Yz x>e

Substitution of the results'givén by equations (29) in expressions

(31) yields

_ tanh(ea)|. tanhz(eb)—tanhz(ea) 2ew°
N = —_— 'l 1L s T - F (u,aj)du +
a . e th ° 2

tanh?(ec)-fanh?(ea)

. . .
+ J Fz(v,a)dv -
b .
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;.JSC1

: (
’y P > 3 ]sech ea)
Y{l[tanh“(eb)-tanh“(eal)lltanh“(ec)-tanh“(ea)l}

. usC .
Y{Ltanh®(eb)-tanh®(ea)Iltanh®(ec)~tanh®(eb) 1}

J[Eingisgl]sech(eb)

tanhz(ec)—tanhz(ea) o

<
+ J Fz(v,c)dv +
b

‘ 2 2 2eW :
N = J[tanh&ec)][_ J[tanh (ec)-tanh” teb) ] ° {Ja F (u,c)du +
c , e : h 2

ysC1
4+

. sech(ec)
f{[tanhz(ec)—tanhz(ea)][tanhz(ec)-tanhz(eb)]}] :

I

(32a-¢)
Again insertion of the wvalues of h(u) and g(vz), given by
equations (24) and (25), in the expressions for displacements

given~by equations (27) yields

W , 2 _ 2
(W(X,O)]o _ o 2ltanh”(eb)-tanh“(ea))

Zx<a hurn s

Yltanh®(ec)-tanh®(ea) ]

3 Jc 0 taﬁﬂztev);iaﬁﬁz(éﬁf"'a J[ tanh®(ec)-tanh®(ev) ]
k ’ - 4 3 X :
b tanh®(ev)-tanh®(ea) tanh®(ev)-tanhZ(eb)

. dv , _ jq 1l tanh®(eb)-tanh® (eu) al =
B 3 [
V[tanhz(ev)—tanhz(ea)] o tanhz(ea);tanhz(eu) ’
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y J[ tanh®(ec)-tanh® (eu) ] du _
tanh®(eb)-tanh®(euw) 4 YI[tanh®(ea)-tanh®(eu)]

CFON, Q)

ev¥[tanh®(ec)-tanh®(ea)]

and

[Wix,0)] = EEg_ tanh®(ec)-tanh®(ev)
X bExZc humrs > 2
b tanh“(ev)-tanh (eb)

tanhz(ev)—tanhz(eb)

tanhz(ec)—tanhz(ev)

% V[tanhz(ev)wtanhztea)]{F(K',q)+

, tanh®(ec)-tanh®(eb) tanh® (ec)-tanh® (eu)
x TIEA’, P > + Q¥ dv + > > x
tanh” (ec)-tanh (ev) ) tanh™ (eb)-tanh” (eu)

tanh®(eb)-tanh®cew)

tanhZCec)—tanhz(eu)

x V[tanhztea)—tanhz(eu)]{F(k',q)-

' 2 \ 2 c
% n{x: , tanh (ec)-tanh (eb) ,q}}dU] + __;_ F(A? ’q)] %

tanhz(ec)—tanhzteu)

x ! , (33a,b)

YILtanhZ(ec)-tanh®(ea)l

where

. tanh®(ea)-tanh® (ex) s~ e tanh®(ec)-tanh®(ex)
gink = > > s sinn® = 3 P
tanh (eh)-tanh (ex) tanh (ec)-tanh (eb)

and F(¢,q), Mg, n,q) and q have been defined earlier.
On putting b=c and simplifying, it may be noted that the results

(33a) and (32a) become those given by equations (3.18) and (3.21)
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of Singh et al (1981, and for a=0 the results given by (32b),
(32c) and (33b) coincide with those given by equations (4.21),

(4.22) and (4.17) of Das and Ghosh (1991).

4. 'NUMERICAL RESULTS AND DISCUSSION

Numerical results for stress intensity factor at the tips of the
cracks for different values of crack speed, crack length and the
separating distance between the cracks are presented in this
section. The crack length dependenée of the stregss {intensity
factors and its varigtions_with y{Qz:§re shoyn in Figsf2—5. It i=
shdwniiﬁ Figs.2 and 3 that stress Intensity factqrs at the edges
ot the érackstécrééﬁé”With an increase in the values of v/c, and
have a prominent variation when V/Cz+1. Variatjoﬁé. of ’strESs
intensity tfactors at the edge x=a become more prominent than those
at the tips x=b and x=c when the length of the 1inner crack
'increases.
Variationg of stress intensity factors at the edges of the c&racks
wiﬁh a’/b vfor different values of ¢/b and those with brsa for
different values of c/a are plotted in Figs.4 and 5,'respeétivély;
lt>is found that when the separating distanCe-betweég the innef
-erack and outer pair of cracks decreases' the stress -intensity

factors at the tips x=a and x=b become,mbré,promineﬁf'thén that~a£

the edge x=c.
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Fig. 4. Stress intensity factors vs b:u: (== =) AN [ H’.)\/::)' (= =) AN, 11 H’.;\./Zs (—==) hN_/p W,,\/;.
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FOUR COPLANAR OGRIFFITH CRACKS MOVING IN AN INFINITELY LONG ELASTIC

STRIP UNDER ANTIPLANE SHEAR STRESS

1. INTRODUCTION

In recent years, scattering of elastic waves by cracks of finite
dimension in a strip of elastic material has been investigated by
several investigators. The theory of cracks in 2-dimensional
medium was first developed by Griffith (1920). Sih and_Chen (1972)
solved the problem of a uniformly propagating finite crack in a
strip of isofropic material under.planehextensioﬁh.Sthgh“et al.
(1981) also studied the problem of pfﬁb;éagion for a finite lengﬁh
crack moving in a strip under anti-plane shear stress and gave the
closed form solution. In the above analysis, the usual method of
solvi;g mixed boundary value broblems by integral transforms is to
reduce f?e problem to a Fredholm integral equation of second kind
and then proceed to its numerical solution.

As regards the crack problem fesearch has been'réstricted mainly
to the case of a single crack or a pair of cracks because of the
severe mathematical complexity encountered in solving the probléms

ot three or more cracks. Jain and Kanwal (197248)solved thé’]ow

frequency solution of diffraction of normally incident
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longitudinal waves by two co-planar Griffith cracks in an infinité
isotropic elastic medium. Using a completely different technique
ltou (1980b)solved the diffraction problem of elastic waves by two
co-planar Griffith cracks in an infinite elastic medium. Problems
on three coplanar Griffith cracks moving steadily in an elastic
strip has been solved by Das and Sarkar (1993).

To thé- begt knowledge of the authors, the problem of stress
distribution around four co—plaﬁar Griffith cracks in a strip has.
not been investigated so far. In this paéet we have conéidered the
problem of propagation of four éo-planar Griffith cracks moving
steadily in an infiﬁitefy”ioﬁg-fiﬁife’Qidth strip Qnder antiplane
shear stress. Q;acks%éré assumed to be moving steadily a)ohg a
fixed direction with a constant speed V less than.the shear wave
velocity in the medium. The applicatibn of fwo—dimé;sional Fourier
trangforms reduced this problem to that of solving a set of five
.inteéfal equations withA cosine kernel and weight function.
Employing finite Hilbert transform technique (Srivastava.et al.,
1988); the closed form solutions are obtained when the léteral
boundaries are subjectéd to shearing stresses. The ‘dynamic sfress

intensity factors and the crack opening displacement have been

evaluated numerically for various values of crack veldcity and

distance between the cracks and the results have been presented by

meansgs of graphs.
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2. FORMULATION OF THE PROBLEM

We first consider a strip of elastic material occupying the rggipﬁ
-h'<£Y<h’ referred to a fixed co-ordinate system (X’',Y’,Z2') as
shown.in Yig.l. The strip extends from -® to ® in X’ -direction and
éontains four coplanar Griffith cracks such that these cracks are
located in the region -d’<X’'=<c’ , -b’'=X'<-a’ , a’'=sX’'sb’, c’'=X’'=d’,
|2’ | <0y, Y''=0 moving'at a constant speed v in the X’ -direction.

in dynamic problem of antiplane shear, there exists a single non-

vanishing component of displacement W = W(X',Y ,t) 1in the

Z'~-direction. The corresponding stress components are

_oew _ 4w
Txrzt - HaEXT ’ Cyrge T HyT | (2. 1)

where pu is the shear-modulus of elastic material.
The two dimensional wave equation for W(X',Y',t) is given by
%\ %\

+ =
ax'? . ay-Z

@
=

(2.2)

[¢]
N N
N

where c2=(;.z/p)‘/2 is the shear wave velocity and p is the density

cf the material.

Using Galilean transformation, x’=X'-Vt, y’'=Y’, z’=2', t’=t where

(x*,y’,2’) represents the translating co-ordinate system as shoun

in fig.1 and also normalizing all the lengths with respect to ‘4'®

so that x’=d’x, y’'=d'y, a’=ad’, b’=bd’, c’=cd’, h’ =d’h, W=4d'w,

equation (2.2) reduces to
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2 2
2 9w + a w = 0 (2.3)
ax> ay’
with
s? =1 - vzlc:. (2.4)

Since the geometry of the”ﬁrb&iém'ié'symmetric about the y-axis,

so introducing Fourier cosine transtorm

Ai(f) = Jw A(x)cos(¥x) dx
o

and

A(x) = %Jw'Ai(E)cos(fx)'df

Q

we obtain the solution ot equation (2.3) as

Wik, y) =*§Im [At(g)exp(-gws)+Az(f)exp(&y&)]cos(fx)df (2.5)
o o . : (Y20)
with : ‘
ngjm[Ai(ﬁ)expg-éwb) - Az(f)exp(ﬂyﬁ)]fcos(fx)df
(o]
(922

o (X,y) = -
yz

(2.6)
where.s is the positive root of equation (2.4) and Ai(f)’ Az(f)

are the unknown functions to be determined.

In our cdse uniform shearing stress p is applied'to the upper and
lower boundariés y=th of the strip. The equivalent problem in ouf

cagse involves the application of the shear stress -p to the crack

faces at y=0. Accordingly, the boundary conditions are
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o (x,xh) = 0 , 0<x <

Yz .

wix,0) = 0 , X & It’ ls,ll5
ayz(x,O) = -p X e 12, l‘

where

3. SOLUTION OF THE PROBLEM

Using the expression for . wix,y)from (2.5)

in 2.7

found that

= ACZ) ._
Ax(e) "1 + exp(-2fhs)

and
Az(f’ - AlZ)exp(-2fhs)

1.+ exp(-2fhs)

where A(E)

it

(2.7)
(2.8a-¢?

(2.9a-b)

11=(0,a), 12=(a,b?, laf(b,c), If(c,i), 15=(1,m).

has been

is to be determined from the boundary conditions.

With the help of boundary conditions (2.8) and (2.9) A(¢¥) is found

to satisfy the following set of five integral equations

(€ =
Io AlE)rcos (¥ x)aE o, X e l1, ?3, 15
and

I H (Ehs)ACE) d¢ = P

. g . &nhs €rcos(E x)d¥f Zas  ? X & 12, l4

where.

. :13.1a-c)

(3.2a-b)
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_ 1 -.exp(—ZEhs) - ' ¢ )
H (Ehs) = 7 EXpC-2Fhs) tanh(&hs) 3.3

In order tb solve the set of five integral equations given by

equations (3.1) and (3.2), let us take

Ay = ljb g(uz)cosh(eu)sin(fu)du +

+ =1 h(v®)cosh(ev)sin(¢v)dv. (3.4)

In équation (3.4), g(uz) and h(v®) are unknown functions to  be

determined from the boundary conditions and e = E%E .

Using the folldwing result (Gradshteyn et al., 1965)

a .
fm sin(fu)cos (¥ x) dz = 5 s UXx20
° ¢ 0, x>ud>0

it is found that the choice of A(f) satisfies equatioﬁs (3.1a,c)

if g(uz) and b(gz) satisfy

]
(&)

b .
J»ngu?)cosh(equu ’ ‘ (3.5a)

[=3

and

(3.5b)

u
o

J‘1 h(vz)cosh(ev)dv
<

Now equations (3.22<HY #aéy be written in the form

d ' .
o g “Ihe » i D o = n D \
dxvio taﬁh(({hf)/#\((f));%ﬂm&fm»mf % - % & lxz' 1 (3.Sa—b)

4
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Substitution of equation (3.4) in (3.8a) and use of the following

result (Das, 1992)

sinh(ex) + sinh(eu)

- 1
I@ ¢ tanh(Ehs)sin(FWsin@ A = 5 108 | rpie == Trr(a0S
o ' o
yields
: 2 . oo I T '
Jb eg(u Jsinh(2eu) du * J‘1 e:(v )51nh(ze:) dv - (3.7)
a.sinh®(eu) - sinh®(ex) ¢ sinh™(ev) - sinh” (ex)
= P : x € 1.

@s coshtex)

Substituting coshteu) = U, coshtev) = S equation (3.7) is found to

reduce to the form

(3.8)

8 2 .
J YeUD) 4y = 2Ry, (ACX<B)
2 .2 2
A U"-%X
where X = cosh(gx) s, A = cosh(ea), B = cosh(eb), C = coshlece),

D = cosh(e) , g(uz) = G(Uz), hev?) = H(s?) and

D 2
Foo = Bo - %J 521551 ds | - (3.9)
H s®-x

Using the finite Hilbert transform technique (Srivastava et al,,

1968) the solution of equation (3.8) is

S “12_.2 |- 2_y2 | . =2
Gy = - 2 CheLu |- 5 .,-sz;.g]” SHS® 45 |
SREP |- 2BVl DA PaEV Gl e s*-x2
- x*‘ -d~x~_ P . B . ) v
x —— 4 ,  (AKUCBY . (3.10)
X" -U 2 a2, o2 2 . .
du?-a%) (822 :
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The constant B1 is to be determined from equation (3.5a).

Using the result

1B%-x* X_dX n |s?=B® 1
R SR Us oPld-n 2 |s?-a% 22
eduétidn (3.10) can be rewritten as
. ' z .2 2 2 z 2
G(UZ) nzg U' Az Bz x2 dxz - % Uz Az x
H g2 2_y B%-u

-U X"-A" U
A .

B
C.‘
-B* SS( 2) 4s + : ,  (A<ULB) (3.11)
-A* g%~y 2_,2, 2.2 - '

daz-a ) (B*-U%)

Substitution of expression for A(f) from (3.4) in (3.66) yields
with aid' of (3.11) the following singular integral equatidn

invdlving H(s?)

(3.12)

: _ B™-A ) -
where Q9 = 5 and F(g¢,k) , M(g,n,k) are elliptic integrals

of first and third kind regspectively.



§

152

While deriving‘equation (3.12), the following results have been

made use of.

u%-a? U du . n X-a% _ Js"'—A2
B2-0% (X2-U%) (s2-U%) 20vF-¥%) x2-p2 s%-y?
A .

B . .
2 .2 . . - 2 o2 . ao 2_,2 2_.2
U —5_ U du B -2 daz . .n X A2 Az[xz B ]H _ BZF
R BZ-u? (x%-u%) N 72-a%2 (U%-Z7%) 2BX2] X2 -B AxZ - p%
and
v du = i (CKX<D).

2 2 P
XT-UD T2 a2y (p2-0%) 2 [ (x%-a%) (X*-B%)

Again, 1uéing finite Hilbert transform technique (Srivastava et

al., 13968) it is found that

Heg?, = - 2 }CSZ-AZ)(SZ-CZ) p 1 0®-x%) (*-B%)
T ls%-8% (p®-8%) | H° (X2-c%) (x*-a%)

S S (D%-¥%) (B®-¥?*)  dY n |p?-a2 B,
(x2-g%) (Y2-A%) (c®-v?%) (s%2-Y%)

C®-A% (s%-a%)
+ : BZ JSZ‘A2

l(s2-%) (s2-¢c?) (p%-5?)
where we have used

(C<S<DY  (3.13)
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|p®-x* X_dX __n |D%-A% 1
o AXE-c? (X2-A%) (X%-5%) < 1c%-a2 (5%2-A%)

the constant B2 occuring in (3.13) is to be determined using the

condition given by equation (3.5b).
Next, substituting the value of H(S®*) from equation (3.13)

equation (3.11) and using the fallowing resgults

s?-¢? sds. ' _ _mn |c*-v? 1 -
o AD%-s® (s%-ut) (-5%) < 1p%-1% (x2-u®)

§%-c? sds n L S Lt
. p%-5% (s8%-a%)(s%2-U%) 2 (U%-a%) DZ- A% DZ-1?
S ds . = n " (ACU<B).

z_ 2 s
(ST-UD g2 ey (0%-52) 2 | (c®-u?) (p2-u?)

G may be written in the following form"

CU?) = gluz—A2 _p|__BZ-U%) Azn[n . X2(B%-A%) ‘q],,
NF y T
"1B%-u* M5 |BUZ (U2 -A%) 27 B2(x®-a?)

2 .2 2 2 2; 2
K (Uz-Az)F(% , q)} + % F(% , Q) - C2 U [(D X)) (X"-B™)
2 o XF-C®) (x®-a%)

- in



' dx N (D%-v%y (B®-Y*)  dy . (B*-v*)  ay .
x 5 5 -
KO GEIUAP I I (Y2-a%) (c®-v%) (v -u®) AJ(Yz-A“) (Y% -u%)

. . B
. ](DZ—AZ)(CZ-UZ) B, 2 {U%-A%
(c®-a%) (p*-u%) I(Uz_Az)(Bz_Uz)

1 (B%-U%) (c®-u?) (D2-U®)
(A<U<B) (3.14)

To determine the values of the unknpwn constants 81 and Bz', we

substitute H(S*) and G(U®) given by (3.13) and (3.14) in (3.5a,b)

and obtain

. Ka(Kiz—K; - KK K )
8, = RK K+ KK (3.152)
3 s
Cop [ RRGK K0 - K (K +K ) :
BZ = ;—TE RR K TR K (3. 15b)
4 G s
where ‘
D Mz(S)
K = JD M (X)ydX J as ) : : (3.16)
1.4 1 2 2
c c X'-8 :
M_(S)
K = JB M (Y)dY JD das (3.17)
1,2 1 2 2
‘ A c S -Y
D B Mz(U) '
KLS = I M_(X)dX J —— du ' (3.18)
c A X -U
B MZ(U) ) -
K = J M (Y)dy JB' au . (3.1
2,3 A 1 | A YZ_UZ .



155

B Mz(U) Mz(U)
K = I du , K = JB du
3 2 A C2-y? 4 A UZ-aZ
M (S) D MZ(S)
K = RID as ' K = —_[ : ds
5 o S2-a2 s 2 c s2-c2
2 2 2 2 2_ 2 2 2
M (T) = (D"-T )(T2 Bz) , MZ(T) . Az)(Tz Cz) T
! (12-¢%) (1%-A%) (1*-B%) (0°-T%) [C2 ]
and o
n |D%-A%
R="35 |Z =
C A

The corresponding

of the cracks may

wix,0)

and

‘ [oyz (%, O)]o<x<a =

4. STRESS INTENSITY FACTORS

disﬁlabement and stress components.in

be written as

B 2 V
= % J Egig—l auv X € l2
* Ju*-1
D 2.
= é I SH(S ) das |, x € 1
* 1s%-1 ‘
2usX [ j‘ UG (U%) U + J” SH(S%) ds]
n a VF-¥2 c S22

(3.21)

(3.22)

(3.23)

the plane

(4.1a,b)

(4.2a>
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’ ~ . 112 2
[0 (x,0)] = 2usX VG ) yy - | SHES) dS] (4.2b)
vz bdixce 11 a X2 _U2 c -Sz_xz
’ B 2 D 2
Ea (x,O)] = E&EE [ EELE_l du + Eﬂiﬁ_l ds]“ C4.2¢c)
Yz x>4 rz‘ A XZ_UZ Je xz_sz

With the aid of the results given by equations (3.13)> and (3.14)

the expreésions (4.2a-c) yield after some algebraic manipulation,

the results

B

[oyz( X o) ]0<x<a.

[oyz( X, 0 )]b<x<c

[oyz“( X, O)]xn

where

2us

= . [F(X)

I 4 1
- F (XD

5
=“"‘S[F(x>

k14 1
- F (XD

S5

_ 2us

(X))
S

!
n

(XD
2

~ F_(XO
-]

X0
2

F_(X)
a

F_ (XD
7

F _(X)
E]

F_(X)
7

F (X) -

4

FB(X) ]

F (X) -
<

Fo X0 ]

[ F.(X) - F_(X) + F_(X) + F_(X) -
1 2 3 4

- F (X)) - F_(X) - F_(X) + F, (X ]

F (X) =
1 nus.

2pX (p%-¥%) (Y2-B%)
(v2-c®) (v%-a%) |

(4,.3a)

(4.3b)

(4.3c)

(4.4a)



F(X) =
2

—_
>
~~
>
]

F XD
S

157

‘B : e
; 2 2 2 ,2 : . .
2pX (p%-v*) (B%-v%) n2 5
(c®-v%) (Y?-a%) 2(Y2-%%)

T =z 2 2 .2 .
w |LE B (A 'Xz? ¢ 22 x, vy | ay
(p?-B%) (B%-x%) A

Bix T (c2-8%) + JBP () (D%-A%)
o 1ot Ac (c%-A%)

2 2 .
B, X |— - {1—l——-——(A2 Xz) } + K0P
2 I(CZ—BVZ)(Dz—Bz) (B°-X) .
- ‘ dl 2 Y S 4 2.‘
. 2pX (0%-v%) (v?-8%) o
s (Y2-C%) (¥2-a%) | 2(¥Y3-x%
[z .2 2 .2,
< (DZVAZ)(C2 Xz) B LD,B(X’Y) ay
4 (D%-B%) (D*-x%)» .
B - -
_ 2pX l(b’—yzusz—yz) n o cE-x®
nHs (C®-v%y (v?-a%) | 2(¥*-x% | Ip2-%°

) 2 2 z 2
- JC‘Z-YZ Dz A, 12 (X, ¥
D% -y% - pD?-p? A

]' a

(4.4b)

(4.4¢)

(4.4d)

(4.4e)

(4.4¢%)
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i 2 2
R LS O SHN [ ELLs
A 1 dc®-2%
B X-{-_ .|, .2 _,2 e
Fooo = 3 | B2 =0 oo (4.4h) .
e . 2. (p?-g%y & _ :
(2 _2 2 2 2z 2z 2 =2
1‘:':(x,vj 3 s2 Rz (Yz Pz) can-t cuz P2>(Y2 Qz) )
' . - (v2-@%) (Q%-U%) (Y2-P%)
2 2 2 2
(w%-p% (@*-x» } U du 4.4

C (PZ—X?J -1
B ST N
(R7-X")

(Q?—Uz)(Pz-Xz) JkRz_Uz)(Sz_Uzja

2 .2 2_ 2 Mz o2 2_,2
L:’:(X,Y) - Sz Rz (F’2 Xz) tan—xJ(U PYy(Q -X") +
‘ . L-x J(Q -x%) @?-v® (P*-x% . -

N

(Y2-P?%) log (V2-P%) (@®-Y%) — I(Qz—uz)(Yz—Pz)
(Q%-v2)

L -p) (@®-v%) + 1 @@-v®) (v3-p%)

U du
x

1(R%-U%) (s2-U

(4.4¢)

};

(4.4
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J9S gy - { taﬁalzbz-P2)<Q2-x2) } u(s2-r?) du
P.R 2 12, n2_y2 ‘ .
p (Q™-UT) (P™=X™) IkRz_Uz)(Sz_Ug)s
e 2 .2 2 2
Q.S -1 [LU-PF) (P-X")
K (X) = tan >3 r—
PR (Q%-u*) (Q%-%%
P . .
-~ (0Z-P%) (@%-x% uc2u?®-r%*-s* du
x tan — 2 > - :
| (R°-VU )QP =X I?RZ-UZ)Q(SZ—UZ)Q_
X, = da%-x%) (B2 -x%) , X, = lc2-x%) (o2 -x2) .

The dynamic stress intens&ty factors are given by

With the aid of

that

ay;fx;bf
Na = Lt {2(a-x) ———5———— ocxca
o xoam :
_ ayz(x,O)
‘ Nb = Lt {Z2(x-) 5 boe
x+b+ .
) ) o (x,0)
N = Lt {Z(c-x)|-XZ
< p b<x(c
X »E -
' o (x,0)
N = Lt {Zx-1)| 22
1 P 1192 §
X+41+
the results given by (4.3) in
N = - psYA B
a 3

de(a%-1)172(p2_,2)

(4.5)

(4.4k)

(4.41)

(4.4m)

(4.52a)

(4.5Db)
(4.5¢)
(4.54)

it follows

© o (4.6a)
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’ 2 .2 2 2 .
N o= - usvB [_ ips JZB ~A :(CZ—B ) JaGi(Y’dY .
b ' - TH : (D* -B%) A
Je®-1'®
2 2 2 2 2A 2
- - (B% -a%)
+rG (Y)ady +' 2 (S BZ)(IZD AZ) 2 Bl. - I 2 2 2 2 BZ
et Jd (B%-a%) (Cc%-A%) (*-B% (c*-g%)» (D*-B8%)
(4.6b)
2 2 i . . .-
N = - us{cic?-a?) B (4.806)
< 2 2 .2 2 : :
lecz- 19172 (c2-p2) (p%-c®)
' : . [z_,2 2_ .2
N = - — us¥D [_ izs JQD A i(Dz c®) {JBGz(Y)dY .
. — : g
e (D2 -1)12 (D™ -B™) A
' : 2 2 ' 2 2 '
' J-DGZ(Y)dY * (ZD-_CZ) 2A B * 2 (D —AZ) 2 BZ
c (D*-B% )y (c®-a%) 1 (p%-¢c%)y (p%-B%
(4.6d)
where ‘
' 2 .2
G, (¥) = {0*-v? (4.73a)
J(v%-A%) (v2_p?) (v2-c2)
» 2 2 -
JcB -yY%)
G (Y) = (4.70)

1Y%-4%) (c2-v?) (p2-v%)

The crack opening displacements are obtained by using the
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expressions "for G(Uz) and H(Sz}'from equations (3.14) and (3.13)
in equations (4.1a,b).

‘Again letting - -a »“O"aﬁd-simplifying, it méy be nﬁted ‘that the
results (4.6b), (4.8c) and (4.6d) become those given by equations

(3.16) of Das (1883).

5. NUMERICAL RESULTS

The numerical! values of stress .intensity factors (SIF) Na, N, N

b c
and N1 given by (4.6a-d) at the tips of the crack have been
plotted against crack speed (V/cz) fQFﬁqi{?e@ent véluésfof créckA
lengths, separating distancés of the cracks and strip width(h);:
Keeping théblength of the outer cracks and_distance betwéen inner
; and opterlcracks tixed (b=0.6, c=0.8) SIFs ét-the ;{ps of the
cracks have been plotted against crack séeed (O.iSV/c2<1)“ for
different lengths of the inner cracks (a=0.2, 0.4) and strip width
(th=1,3,5). It is found from the graphs (fig.2-5) that SIFs
increase rapidly as V/c2 - 1 and with the decrease in the value
of inner crack length i.e. with the increase in the value of the
distance between inner cracks the value of SIF deéreases; |
When lengths of the outer cracks and the distance Betwéen innef
cracks are kep£‘fixed (a=0.2, c=0.8) it is noted from the graphs

(fig.6-9) that with the increase in the value of b (0.4, 0.6) i.e.

with the decrease in the value of the distance between inner and
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outer cracks S1F increases.:

Next, keeping the lengths of the inner cracks fixed (a=0.2, b=0.4)
it is seen from the graphs (fig.10-13) that the value of SIF N, is
higher for higher values of ¢(0.6, 0.8). But ‘the nature 1is
opposite in ease ot Na, Nb and N1.

In all the cases mentioned above the SIlFs increase with the
increase in the value of V/czgradually at e slow rate in the
begining but increase rapidly as V/c2 + 1. Also the value of SIFs
are higher for lower values of h in these cases.

The nature of SIlFs, when plotted against ‘a’ are exhibited in
fig.14-17. In fig.14 for fixed stripvwidth (h=2) SIFs have been
plotted against fa' for different values of V/czfo.i,O.B). From
the graph it is found that SIF NB “ftfsfly* increasesl~with the
increase in the value of *a’, attains a maximum and'then decreases
rapidly whereas £SlFs N and N‘ ‘decrease gradually» with fhe

b

increase in the value of ‘a’. Further it is found that SIFsvare
hiéher for higher values of V/cz.

In fig.lé—l?, SIFs have been plotted against ‘a’' for different
values of h(1,2,3,4) when V/c2 is kept fixed. With the increase in
the value of ‘a’, Nb first increases and then decreases shafply.
But NC and N1 decreaee~gradually (fig.16-17) with the inecrease 1{n
the value of 'a’. In all the cases (fi{g.15-17) values of SIFs are

found to be higher for lower values of h as expected from the

physical standpoint.
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