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DIFFRACTION OF SH-WAVES BV A GRIFFITH CRACK IN NONHOMOOENEOU.S 

ELASTIC STRIP 

1. INTRODUCTION 

The natural or artificlal materials are. usually inhomogeneous; so 

in recent years great attention has been given to the study of 

d i t t r act i o 1i -o L e l as t i c -waves by cracks or obstacles in 

inhomogeneous media in .vie~ of their application in fracture 

mechanics. Many- pr:·obTems· have been solved involving one or more 

cracks in an infinite homogeneous elasti-c medium. Loeber and Sih 

t 19 6 0 > and· M a I ( 19 7 0 -b) have s t u d i e d the pro b l em o t d if t r act i on o f 

elasU.c waves by a Gtiffith crack in an infinite medium. The 

problem 6f flhite crack at the interface of two elastic 

halt-spaces has been discussed by Srivastava et al. <1980d)and 

Bostrom t1987>, Singh et .al. (1977, 1980> considered the probiem 

of scattering of a SH-wave by cracks or strips in a nonhomogeneous 

infinite elastic medium. Papers involving cracks located in an 

i n t i n i t e l y I on g e I as t i c s t r i p are very f e w . The pro b I em o.f an 

infinite elastic strip containing an arbitraiy number of uneqti~l 

Griffith cracks, located parallel to its surfaces and opened by an 

arbitrary internal pressure, has been. treated by Adams t1980>. 

Finits crack perpel''idicular to the surface of the infinitely long 

elastic strip ha• bs~n studied by Chen (1978l lfor an impact roadJ 

and by ~rivastava et a!. t1981> (for normally incident waves>. 
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Recently Shindo et a!. (1986> considered the problem of impact 

re~ponse of a finite crack in an orthotropic sttip. 

In our paper, the diffraction of normally incident SH-waves by a 

Griffith cr~ck situated in an infinitely long inhomogeneous 

alast.ic strip has been discussed. 1'he shear modulus (1-J) and the 

density <p> of the material have been assumed to vary in the 

vertical direction. Applying the Fourier tr.ansform, the mixed 

boundary value problem has been converted to the solution of dual 

i n t e g r a I e qua t i on s . T he d u a 1 i n t e g r a I e quat i on s have. been f i n a 1 I y 

reduced to a Fredholm integral equation of second kind by applying 

the Abel transform. Expressions for the stress intensity factor 

and crack opening d i sp I acement have been derived. The numer i ca I 

values of stress int~~sity factor and crack opening displacement 

have been dep 1 oted- by ni~ins o-t· ··graphs to show the at f ect ot 

material inhomo~eneity: 

2. FORMULATION OF THE PROBLEM 

Consider the problem of diffraction at SH-waves by a Griffith 

crack in an inhomogeneous elastic strip of width 2h The crack is 
:1. 

located in the region -aSx Sa, 
:1. 

-oo<y <co, 
:1. 

z =0 
1 

(fig.U. Normalizing 

ah f:fie ·lengt:hs· with respect to a and putting x /a=x, 
:1. 

Y /a=y 
:1. ' 

.z.:1_; ii:=Z:,· f-i·t_1 a:=h it 1 s found that tl'le 1 ocat 1 on of · the crack is 

-1~-x:~·f,- =oo<-y·<.oo, z=O referred to a cartesian co-ordinate system 

tx~y~z>. Let a plane harmonic SH-wave originating at z=-oo impinge 
. . 

on the crack normally to the .><-axis. The v~riation of the shear 
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1 

f'lli. I. l'rnck in the inhomogeneous strip. 
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modulus ~and the density p is taken in the vertical <zl direction 

h 1 it ( I ) :1./2 
in such a manner that the s ear ve oc y ~0 p

0 
is constant. 

The on 1 y non- van i s h i n g y- com pone n t o f the d i s p I ace men t w h i c h i s 

independent of y is v = vtx,z 1 tl. 

The equation of motion is given by 

a ( av) ax ~ax t :z (~:~) = p::: 
It we consider vtx,z,tl in the form 

vtx,z,t> 

then (2. 1> becomes 

= WCx,z,t) 

~~tz> 

Putting Wtx,z,t> 
- ·· ··-iu.ll 

= Ftx>Glz>e -~nd ptzl = p f(z>, p(z) 
0 

in equation t2.3> wher~ p
0

, p
0 

are constants, such that 

( 2. 1l 

( 2. 2) 

(2.3> 

= c is the shear wave velocity, it is found that Ftx> and G<z> 
2 

satisfy the tal lowing equ~tions 

a2 F z + n F = 0 ( 2. 4) 

t ( 2. 5) 

provided flz> is of the form 

_ ~ [at /t) 2 

+ 1 (a2

t It) = b2 
4 az 2 az2 (2.6> 

where n and b are contants. 

Let us assume f<z> in the form 

( 2. 7) 

so that equation <2.6l is automatically satisfied. 



92 

Now the shear modulus ~tzl and d~nsity of the medium p(z> are 

i-J = i-J cosh
2

Cbz> 
0 

2 
p = p cosh Cbz) 

0 

Using equations t2.8), t2.2> and Wtx,z,t> 
-\.wl 

= Wlx, z)e , 

t2.1> takes the form 

where 

= k = 
2 

aw 
c 

2 

t2.8> 

equation 

( 2. 9) 

The displacement component 
( i. ) 

v tx,z,t> and stress 
( i. ) 

T lx,z,t> due 

to i n c i den t w a.v e a r e g i v en by 

<i.> 
v tx,z,t> 

and 

where A i~ a constaht. 
0 

= 
A 

0 

\.<kz-Wl> 
e 

-{;I cosh(bz) 
0 

(2.10) 

(2.11> 

Henc~torth the time factor ~..:.i.wt. --~ill ·be suppressed in the sequel. 

Solution ot' e.q'::'_ati.t;m ___ (~.9) is 

Wtx,z) = [ B C~le-{1z cos<~xld~ + [ C·<{>cosh<olx>sinC{z>d{, 
. 0 i 0 i 

(2.12) 

where { >k , ~>I<. 

c <k • 

Not" displacement vtx,z> and stresses T tx,z), T Cx,z> due to 
yz xy 



scattered field are 

v t x , z > = c 
0 5 

~ t b z > [ [ B c l; > e -(3 z co 5 ( ~ x ) d( + [ C c ( > co 5 h tax > s i n l ( z > d(] 

(2.13) 

,'\: 

Ty:ztx,z> = -,u
0

b sinh<.bz>l Jo Bt~ >e_1 ;~ cos<.~x>d~ + 

where 

C t( >cosh t01 x > sin<( z > d( ,u coshCbz> x 
0 

(3BC~ >e-(3z cos<t;x>dt; + [ (CC( >coshta.x>cos((z>d(] 

+ [ a.C C( >sinh tc:xx >sin l( z > d( J 

B ct; > = 
1 

~ 
0 

B C{ ) 
1 

C C( ) . = C C( >. 
:l . 

The boundary conditions are 

T . ( )( , 0 ) = -T 
y:z 0 I xI~ 1 

v ( )( ' 0) = 0 -, 1~ I xI~ h , 

T C±h,z) = 0 
xy 

where T ·. = ikA -/;-;- . 
o - -· o ~"""o 

(2.14) 

t2.15> 

(2.16> 

<2.17) 

(2.18) 

From the boundary cond~tion (2.18> CC() is found to be expressible 

t n t. ~ t m s o t Ei ( c;··> as fo T l 6 w s 

CC() - 2( [ l;BCl; >sin<<h> d, 
nasinh(ah> 

0 
2 2 ~ 

{ +a 
(2.19> 
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Next, the use of equation <2.19) in the boundary condition (2.16> 

and <2.17> yields the following dual integral equattons from which 

the unknown function B<~) is to be determined 

and 

where 

[ F,U+MCF, >JBCF, )cos<F,x>df, = p(><) , 

ptx) = 

[ B<F, >costf,x)df, = 0 , 

Mtf,> = ( t- 1 l 
T 

0 

1-Jo 

3. METHOD OF SOLUTION 

I xI~ 1 <2.20) 

<2.21> 

<2.22) 

( 2. 23--). 

ln order to solve the dual integral equations <2.20> and <2.21>, 

BCF, > is taken in the form 

B ( f. ) = T 
0 J:t. t¢ ( t ) J . (f. t ) d t , 

1-Jo o 0 
( 3. 1 ) 

so that equation <2.21> is automatically satisfied. 

Substitution of the value of BCf,) from equation <3.1> in equation 

<2.20>, yields a Fredholm integral equation of second kind 

where 

¢< t> + Io
:l 

L <u, t> 
1 

u (L :t. < u , t > + L 
2 

< u , t >] ¢ ( u ) d u 1 .. ' 

=[ F,MCf,)J <F,u>J Cf,t> df,, 
0 0 

<3.2> 

(3.3) 
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L (u, t> 
2 = -[ 
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2 -ah ( 1 (()It) 1 (OIU)e 
0 0 

a sinh(ah) 
d( ( 3. 4) 

Using contour integration technique _tSrivastava et a1., 1980ii) the 

infinite integral arising. in the kernel L < u, t > :l can be converted 

to a finite int·e-grar ·at'ld- i"s given by 

L t u, t > = - i 1<2 J:l t 1-n 2 
> :l /

2 J < l<n t > H' L > < l<n u > ctn , 
:l 0 0 

0 . 
u> t, 

Now 

L tu, t> 
2 = J: 

< 1 -n 2 > L /
2 J < kn u > H' :l > < kn t > ctn, 

0 0 
u<t 

2 ( J (a t> J (a u) 
0 t. 0 t. 

01 sin (01 h) 
t. :l 

i.a h 
e t. 

d( - [ 

2 -ah 
( I <at> 1 tau>e 

0 0 

01 sinhCah> 

( 3. 5) 

d( 

= s: (

2 

J <a UJ <a u)cot-(a h)d{. + iJok (
2 

a o :1 o :1 :1 a 
:l :l 

J (a t > J (a u ) d( 
0 :l 0 :l 

-[ d( 
a sinh(ah> 

where 

Putting_ 
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<3.6) 

4. STRESS INTENSITY FACTOR AND CRACK OPENING DISPLACEMENT 

From equation <2.14) the stress T 
yz 

on the plane z=O can be 

written as 

T t X, 0) = !J
0 

[ - [ {38 <Z:) cos<< x) d( +[ ( C ( ( ) C 0 S h ( Cl. X ) d( ] . { 4. 1 ) 
yz 

Sub~tltuting the value of CC(-) and Bt<~ fro~ equations <2~19> and 

l3.1), the e~pression for the stress can finally be pres&nted as . 

r (X,0) = 
yz 

T X 
0 

¢<1> + 0(1) 
(. ;/-1 ,~/2 

Defining the stress intensity factor N by 

tve obtain 

N = Lim 
1 :t./2 . 0) tx- > r tx, 

- yz 
T 

0 

N = 1 I ( I =n <I> 1) • 

Now the crack opening displac~ment 6vtx,O> = vlx,O+} 

be obtained from equation· (2. 13> as 

(4.2) 

vtx,O-> can 
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substitution of the value of B <~ > tram equation (3. 1)' 

which, an 

takes the farm 

2-r s:· t¢ ( t) I xI~ 1 ( 4. 3) 
t.vtx~O> 

0 dt = ' 1-Jo ( t 2- )( 2 ) j. /2 

·-
5. NUMERICAL RESULTS AND DISCUSSION 

... ~ ·. .... . 

Using the method of Fax and Goodwin (1953>, the Fr~dholm integral 

equation given by equation t3.2) has been solved numerically for 

different values of the material inhomogeneity parameters. ln this 

method the integral in equation (3.2) has been represented at 

first by a quadrature formula involving the values of the desired 

function ¢tt> at the pivotal paints inside the specified range of· 

integ·ration, and then converted to a set of simultaneous· linear 

algebraic equations; their solutions yield .. the first 

approximations to the required pivotal values of ¢Ct). Applying 

the ditfer·ence-carrectian technique, the first .appra)(imat·ions hav_e. 

been improved. After salving the integral equation (3.2) 

numerically, the stress intensity factor N and the crack opening· 

displacement 1-J ~vtx,O>I< have been calculated numerically 
() 0 

and 

plotted separately ag·ailist the dimensional frequency k CO.S:S:k :S:i.> 
2 2 

and dirtlet!sionless distance xt0:S>c:S1), respectively, for different 

values of the material inhomogeneity parameter b and strip width 

2h. 

In fig.2, the effect of the width of the strip on the stress 



iO 

fJ 

CB 
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b=O 
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intensity factor for a homogeneous material has been shown; the 

effect of. inhomogeneity of the material on the stress intensity 

factor tor different widths of the strip has been depicted in 

figs.3-5. 

1 t is found that in both the homogeneous and nonhomogenf;!ous. cases, 

the effect of the strip width decreas~s wi·t~ the increase of the 

frequency, and the graphs of the stress intensity factor N become 

flat with.the increase of strip width 2h. From fig.3 it "is clear 

t h a t ·f he e 1' f e c t o 1' i n homo gene i t y p a r am e t e r b i s p r om i n en t f o r 1 ow 

frequency 

values of 

I< 
2 

and stress intensity factor 

the inhomogeneity parameter b. 

is greater for higher 

In figs.4-8 the crack opening displacements against dimensionless 

d i s tan c e x f or d i 1' f e r en t v a L u e 5 o f t he mate r i a l i n homo gene i t y 

parameter band the strip width 2h have been illustrated by means 

of graphs. Case b=O corresponds to the homogeneous case(fig.4). 

tram figs~4-6 it is seen that for a fixed value of inhomogeneity 

parameter b, the crack opening displacement is greater for lower 

values of h when the fr~q~encies are small, but th~ reverse effect 

is found for higher frequencies. 

Next, in tigs.7-8 we see that for a fixed value of h, the crack 

opening displacement is greater for higher values of the 

i nh~mogenei ty parameter b when the t requencies are sma II, but for 

higher freq~encies the effect is just reverse. 

F ina I l:Y it is found in a l 1 cases that 

d i s p I ace men t .. r ~-ac h.e s ... _ . ~ t !? ni a X i mum a t about 

gradually d~creases and becomes zero at x=1. 

the crack opening 

x=O, and tben it 
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INPLANE PROBLEM OF DIFFRACTION OF ELASTIC WAVES BY A PERIODIC 

ARRAY OF COPLANAR GRIFFITH CRACKS 

1. INTRODUCTION 

The problems involving cracks or inclusions in elastodynamics are 

of much. importance in view of their application in geophysics and 

earthquake engineering. Upt i I now many prob I ems have been so I ved 

involving one or two cracks in an infinite homogeneous elastic 

medium. Loeber and Sih <1968) and Mal t1970.b)have studied the 

problem of diffraction of elastic waves by a Griffi~h crack in an 

infinite medium; The problem ot.a finite crack at the interface 6f 

two elastic half spaces has been discussed by Srivastava et a! 

t 1 9 8 0 q ) and B o s t r om ( 1 9 8 7 J • F i n i t e eTa ck p e r pend i c u 1 a r to the 

sur·face of the infinitely-long elastic strip has been studied by 

Chen <1978) for impact load and by Srivastava et al· <1981) for 

normally incident waves. But elastodynamic problems involving two 

t 
or more Griffith cracks have not yet received much attention. Jain 

and Kanw'al <1972a)have studied the _problem of scattering of elastic 

waves by two Griffith cracks for normally incidBnt waves and the 

same problem has been considered by ltou C.1980.b)for impact load. 

Angel and Achenbach t1985> have studied the problem of reflection 

and transmission of elastic waves by a periodic array of cracks in 

an infinite isotropic medium. The problem of diffraction of 

EN Gd\i"G.. l=RAC . M ECH. ( ll'f PI<E.s.§:) 
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SH-waves by a of cuts in nonhomogeneous 501 i d was 

investigated by De Sarkar (1983). The steady state vibration of an 

infinite isotropic medium with a periodic system of coplanar 

cracks has been discussed by Parton and Morozov (1978) using the 

method of the finite Fourier transforms to reduce the relevant 

mixed relations. 

In our paper, the diffraction of norm~! ly incident time 

harmonic elastic waves by a periodic array of coplanar Griffith 

cracks in infinite elastic medium has been analyzed. Due to 

geometrical symmetry the problem has been reduced to the ~olution 

of the problem of a single crack in a strip whose boundaries are 

shear tree and constrained in a way not to permit normal 

displacement. Applying Fourier transform the problem has been· 

canver.t.ed to the solution of dual integral equations. The dual 

integr-al equa t to.ns-... f.JDa 1 I y have been reduced to a· Fr.edha l m 

integral equation of second kind by applying Abel's transform. 

Expressions for stress intensity factor and crack opening 

displacement have been derived in closed farm. The numerical 

·values of stress intensity factor and crack opening displacement 

have be~n presented graphically to bring aut the salient features 

of ·the problem. 

2. FORMULATION OF THE PROBLEM · 

~ 

We consider· a homogeneous, isotropic, l i_near l y e l as·t i c, ·unbounded 

solid weakened by a infinite number of collinear cracks of equal 

length which are equally spaced on a line taken as the x -axis; 
1 
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The length of each crack is 2a and the peri~d of the crack-array 

is 2h as shown in fig.1. 
1 

The cracks 1 ie in the plane x =0 and 
2 

extend to infinity in the x -direction which 
3 

the plane of the figure. 

is perpendi cuI ar to 

For convenience we make all the lengths dimensicnless by writting 

x /a=x, 
1 

x /a=y, 
2 

x /a=z, 
3 

h /a=h. 
:1. 

Let an incident time-harmonic body wave travel in the direction 

of the positive y-axis. The steady state term 
-i..Wl 

e which 

common to alI field variables, has been omitted in the sequel. 

is 

By ·simple symmetry considerations, the displacement and stress 

distribution due. to the scattered field in the entire xy-plane can 

be derived by'considering only the isotropic elastic strip 
I 

with a central crack lxl~l, y=O; the boundaries o.f the strip x=±h 

·being shear free and constrained in a way- not to. pe.rmit normal 

displacement. 

The displacement components are 

u = a¢ alfl 
ax ay 

( 1 ) 

and v = a¢ + 
injl 

ay ax 
-· . ~-··-.. •. -

where ¢ and ljl are scalar and vector potentials satisfying the 

tol lowing equations 

a2¢ a2¢ 2 a2¢ 
+ a = 

ax 2 ay 2 2 
at

2 
C . 

.1 

l2) 

iJ2¥' 02¥' 2 a2 a + = _____J:_ 

ii'x 2 ay 2 2 
at

2 c 
2 
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- .. :1./Z 

where . c = 
:1. 

L-; 2fJ) . -. and c 
2 

f~).1/2' 
= t% . are the dilatational and 

·shear wave ve .. l.o.cities,-·-~-., fJ are the Lame's constant, p is the 

density of the material. 

Therefore, substituting ¢Cx,y,U 
-\.Wl 

= ¢Cx,y>e and ~.p(x,y,t) = 
-i.t.A)l 

~.plx,y>e our problem reduces to the solution of the equations 

subject 

where 

to the 

a2¢ 
+ 

a2¢ 
+ k2¢ = 

ax 2 ay 2 1 

a2~.p 
+ 

a2~.p 
+ k2 

2l.p = 
ax 2 oy 2 

boundary conditions 

T (X,0) = -p(x) yy .. 

T tx,O> = 0 xy . 

vtx,O> = 0 

T C±h,y> = 0 
xy 

ut±h, y> = 0 

ki. = aw/ci. < i=l, 2>. 

Solutions of the equations t3> are 

¢tx,y> = ]] [r A, <( ) e -<>y cos{ x d{ 

and 

~.ptx,y) = J1 [r B cr > e -~~ sin{ x d( 1 ' 

0 

0 

'. j·xT <1. 

jxj:Sh 

IYI<oo 

I Y I <oo 

+ J: A <<>cosh(~ x) 2 1 
0 

+[ B << >sinh ({1 x > 
2 1 

B cr >, 
:1. ' B2 <{> are constants and 

( 3) 

(4) 

t 5) . 

( 6 .) 

( 7) 

( 8) 

cost; y d{] 
( 9 ) 

si nt;y d{] 
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Dt = tr2 -k2 //2 t>k (S = ((2-k2l:1/2 (>k 
• 1 • :1 2 2 

= _ i c k2 -r 2 > 1/Z ( <k = - i c k2 -r 2 //2 (<k 
1 • . 

1 2 • 2 

Dl = tfz -k2 ):t/2 ~ >k (S:l = (~2 -k2 //2 f>k 
1 , :1 :1 2 , 2 

- i ( kz -~ 2 ) 
1/2 < <k -i (k2-<2 )1/2 < <k • = • = • 1 1 2 2 

.. .. 

Now the stress T can be express-ed as 
xy 

( -2rDt A tfJsinhCDl x> 
' 1 2 ' :1 

+ < ~ 2 
+ (3: l B 

2 
< ~ l 9 I n h < (3, x l) 9 I n{ y d{] 

(10) 

The bound~ry condition (5) yields 

Assuming 

B < () = 
:1 

-(A <( > = A (( > , ot A C( ) = C C( ) 
1 . :1 2 

( 11> 

-( B ( ( > = D < ~ > 
2 . 

and us in g the r e l at i on ( 11) , express i ·an s · . t a r d i s p 1 ace men t s a hd 

stresses finally can be writ.ten as 

2 C>l{S e -(Sy] A ( ( ) sin( x d( + 
2r 

2
- k

2 
, 2 

( 12) 

.-,r z rs ] ~ ' e- Y. ot( -
1 

A t r, J co s( x . d( -
2( 2- k2 

2 
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- ~ [ [~Dl-~C(~ >cosh(Dl x) + (1 ~-~J)(f, >cosht(1 x)]sin~y df, 
~rr 1 1 1 1 

0 
( 13) 

ar =-!-If] 1-o [c2( 2 -k:)e-Dly- 4 Dl{1(
2 

e-(1y](-1 AC(> cos(x d(-
YY ~IT J 0 2( 2 - k2 

2 

( 14) 

( 15) 

3. SOLUTION OF THE PROBLEM 

The boundary conditions (4) and (6) yield the following two 

integral equations : 

r ~ ( 1 + H C ( >) 8 t ( >sin( x d( = R t x > 
0 , 

( 16) 

[ 1 
(B C( >cos( x d( = 0 (17) 

where, 

Bt(> = (18) 



H <( > = 

11 J 

2 2 
201( ( k - k ) 

1 2 

- 1 

H C( ) -+ 0 as ( -+ oo. 

- [[ 2 
01 

1 

C 0" ) s i n h ( 01 x ) + 2 D ( < > s in h t f1 x ) ] d< 
• 1 1 

Let us consider ~he solution of integral equations 

<1.7> in the form 

(20) 

<16> and 

t21> 

so that the integral equation C17> is automatically satiesfied. 

Now, substituting the value of B<(> from <21> in C16> and using 

Abel's transform we obtain the following Fredholm 

equation ot second kind 

·.where, 

and 

f ( t) + s: 
2a d 

uf<uJL <t,u> du = 
1 

Q t t) . 

2 2 1/2 . . 
Q t t) = 

J .. mt dt Ct -z ) ptz)dz -

-~r [01-
1 

t 201
2 

+ k 
2 

J I C 01 t > C C t; > + 2/1 I C f1 t > D C r >] d j;' ~rr o 1 1 2 o 1 1 a 1 . ~ 

<22) 

<23> 
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L t t, u > = r r H (( > J C( u > J <( t> d( 
1 , 0 0 

0 

(24> 

From the boundary conditions (7) and (8), the unknown functions 

CC<) and DC<> can be found to be related to BC(> as : 

c.<< ) = 
2 

.[ -(
2 ~ .. ? 1.C~,( >B C( > d(·· + 

JO' 

<25) 

DO;>- 2 2 22 . [<2[ gf.<<,(>B<(>d(- f,2ro· g2U:,(>BCt;">d(] 
rrk tk -k >sinhC(1 h) o 

2 1 2 1. 

where, 

g t( • c ) 
1 

g <F,,(l 
2 

= 
{ 

2 ((12 + k2) 
1 2 

r 2 +~2 
• ,. 1 

} Sin((hl 

<26) 

t27) 

Next, substituting the value of B<() from <21> in the expressions 

of Ctf,) and Dtf,> given by t25> and (26> and using the result 

tGradshteyn et al.,-1965>··· 

2 2 
( +01 

1 

Tl 
d( = r; 

.:... 
I (ex u>e 

0 :l 

-au 
.1 
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C<~> and Dt~) can be written in t~rms of f(tl as 

8 s: [ 
-01 h 

] uf(u)du 1 ( 2c/ + k
2 

) l. (01 u)e :1. c tf) = 
sinh (01

1 
h > 2 ( k2

- k 2
) 

:1. 2 0 :1. 

:1. 2 

j; <2 s: [ 
-~ h 

] uf(u)du I (~ u)e :1. 
D t~ > = -

sinhC~1 h> ( k2- k2) 0 :1. 

1 2 

Using the .above relations C28> in <23) we obtain 

where, 

L tt,U) = 
2 

L lt,UJ = 
3 

1 [[ -:1. 2- 2 2 . -OI1h 
----- 01 < 201 +. k > I C 01 t ) I C 01 u l e 

22 1 :1.2 01 01 
2Ck -k l o 

1 2 

.-, .... r. -~ h ] . 2 2 1 d~ 
[ (3 <(3 +k >I l{i t> I C(i u>e i hC(3 h> 
112 o 1 o 1 sn 

u 1 

l28l 

(29) 

<30) 

( 31) 

Next substituting QCt) from (29) in <22> and assuming pCxl=p and 
0 

fltl= ap gltl/~ we finally obtain the following Fredholm integral 
0 

equation of second kind for the determination of get> 

. I:l. + ' 
. 0 

uglu)Llt,u) du = 1 (32) 

where - Llt,uJ = L lt,u> - L lt,ul - L <t,ul 
:1. 2 3 (33) 
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and L <t,u>, L ·ct,u> and L <t,u> are given by <24>, <30> and <31) 
J. 2 '3 

r e s. p e c t i v e I y . 

It is to be noted that the kernel L <t,u) represented by the semi­
J. 

infinite integral given ·by equation (24> has a slow rate of 

convergence. In order to make the numerical analysis easier, the 

semi-infinite integral has therefore been converted to finit~ 

integrals s im.p [e. contour integration technique 

<Srivastava eta!. 1980d)and is given by 

L <t,u> = 
1 . [I: { 2.,..,2 -1 ) 2 

'' J < k u > H < 
1 

> · <k .,.., t ) dr:1 + 
0 2 n o 2 ., 

( 2 2) :i/2 

where /"==k /k • 
J. 2 

2<k -k ) 
2 J. 

Y -n 

The corresponding expression of 

can be obtained by interchanging t and u in (34>. 

t>u 

L <t,u> 
:i 

4. STRESS INTENSITY FACTOR AND DISPLACEMENT 

(34) 

for t<.u 

The nor-mal ·stress r <x,y> in the plane y=O in the vicinity of the 
yy 

crack tip can be found from eq~ation <14) and is given by 

= -
p )( 

0 
g<l> + 0(1) x>t 
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Defining the stress intensity factor by 

K = Lt 
X ~1+ 

it is found that 

K = 

T <x.0) 1 _
1 yy "'X 

I g<1 >I 
.[2 

(35) 

Now the crack opening displacement Av(x,O> = v<x,O+J-v(x,O-> can 

be oh'ta i ned t r'om ( 13 > as 

Ay ( x, 0) = 
1 
( BC{>cos<r,x>d( 

which on substitution of the value of 8 <r. ) from ( 21) takes the 

form 

Av<x,O) 
apo J: tg<t) dt I X I ~1 (36) = 

2 (t2-x2)1/2 J.1 ( 1 -y ) 

5. NUMERICAL RESULTS AND DISCUSSION 

Using the method of Fox and Goodwin C19S3) the Fredhol'm integral 

equation given by equation <32) has been solved numerically for 

different· valuis ·of d i'ineri's i onJ ess frequency k and 
2 

h, 

s epa r a. t i n g d i s tan c e of · the cr a c k s . At f i r s t the i n t e g r a 1 1 n ( 3 2 > 

has been presented by a quadrature formula involving values of the 

desired function g' ~) at pivotal points inside the-specified range 



118 

of integration.. and then converted to a set of linear alg~braic 

.simultaneous equations, solving which the first approximation to 

the r-equired. pivotal values of gttl has been obtained. Applying 

difference-correction technique the first approximations has been 

.improved. Standard numerical integration technique has been used 

to evaluate the kernals L <t,u>, L Ct,u> and L <t,u> given by 
:1. 2 3 

t 3 4. > , < 3 0 > and C 3 1) • A f t e r s o 1 v i n g the i. n t e g r a l e quat i on C 3 2 ) 

numerically, the stress intensity factor K and the crack opening 

displacement ~~v(x,O)/ap have 
0 

been calculated numerically and 

plotted separately against dimensionless frequency k <O~k S1> and 
2 2 

dimensionless distance xCOSxSU respective,ly for di.ffei'erif values 

of h. The value of y is t"l3.ken to be 1/-13. From tig.2 it is 

interesting to note that the number of asci !lations in stress 

i n tens i t y · f a c t o r K i ncr e as e s w i t h t he i ncr ea s e i n t he v a I u e s of h . 

The crack opehing displacementtfig.3> is greater to; higher v~lues 

of h and also for higher v~lu~s uf dimensionless frequency k. 
2 
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AN ELASTIC STRIP WITH THREE CO-PLANAR MOVINO GRIFFITH CRACKS 

1 • INTRODUCTION 

ln fracture mechanics, the problem at diffraction at elastic waves 

by cracks 'of finite dimension in a strip of elastic material has 

been examined by several investigators. Sih and Chen (1972> 

investiga~ed the problem of propagation of a crack of finite 

length in a strip und~r plane extension. Closed-form solutions tor 

a finite length crack moving in a strip under anti-plane shear 

stress were obtained by Singh et al. (1981>. Using a finite 

Hilbert transform technique developed by Srivastava and Lowengrub 

t1968), Lowengrub and Srivastava t1968·b)solved the static problem 

of distribution' of stress and displacement in an infinitely long 

elastic strip containing two co-planar Griffith cracks. Recently, 

several dynamic problems of determining stress and displacement 

due to moving Griffith cracks have been solved by Das and Ghosh 

< 1991, 1992a, 1992b, 1992cJ and by Das t1993, 1992>. Dhawan and 

Dhaliwal <1978) also solved the static problem of determining the 

stress distribution in an infinite transversely isotropic medium 

containi~g· th..re~ co-planar __ Griffith cracks. 

In this paper, the prob I em of propagation of three co-planar 

PUBLISHED IN ENONO. FRAC. JdECH. VOL. 47. NO.4, PP. 493-502 (:l994) 
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Griffith cracks in a fixed direction with constant velocity V in 

an infinitely long but finite width elastic strip is considered. 

Employing the Fourier integral transform, the problem when the 

lateral boundaries are assumed to be.clamped and displaced by an 

equal amount has been reduced to solving a set of four integral 

equations which are solved using the finite Hilbert transfor-m 

--
techniq~·e and Cook's result <1970) to derive the exact form of 

stress intensit-Y. Jact.or_~_. _ _p.nd crack opening displacement. Numerical 

results tor stress intensity factors are presented graphically to 

sho~ their variations with orack speed, crack length and the 

separating distance between the cracks. 

2. STATEMENT OF THE PROBLEM 

Consider an infinitely long elastic strip occupying the region 

weakened by three co-planar Gr i f.f 1 th cr·acks g\OVin_g 

steadily at a constant velocity V in th~>·x:..:ciirection, referred tc:i. 

a fixed co-ordinate system (X,Y,Zl as shown in Fig.1. 

In dynamic. problems of anti-plane shear, the non-vanishing 

compon·ent of displacement W directed in the Z-direction satisfies 

the equation of motion : 

w + w = 
• XX • YY 

1 w 
C2 ,TT 

2 

where C2 =<~/p)t."'
2 

is· the shear wave velocity, p is the material 



12.3 

y y 

~--------VT--------~ 

b 

X X 

z 

Fig. I. Ci.:omctry and l:oordinatc ,y,t.:m 

l 
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density and W,X represents partial derivatives Of W With respect 

to X. 

For cracks moving at a constant velocity V in the X-direction, it 

is convenient to introduce the Galileart transformation : 

x=X-VT, y=Y, z=Z, t=T (2) 

where tx,y,z) represents the translating co-ordinate system shown 

in Fig.!. 

Let thr.ee co-planar Griffith -cracks cif fintt:e length located along 

the X-axis be moving steadily with velocity V in the di~ection ·at 

the X-ax~s so that their position~ referred to translating 

co-ordinates· tx,y,z> are -c<x<-b, -a<x<a and b<x<c on y=O .. The 

edges of the strip y=±h are assumed to be clamped and displaced by 

an equal amount W • where W is a constant. 
a· o 

T~e boundary ccinditions of the proposed problem are 

0' <x,O> = o, lxl<a, b<l><l<c yz 
(3) 

Wtx,±h) = ±W -oo< x <oo l4) 
0 

Wlx,O> = 0 ' a<.\x\<b lxl\>c. (5) 

In order to apply the integral transform technique it is required 

to solve a different but equivalent problem which can be obtained 

from the clamped strip problem <without any cracks> while the 

uniform strain is applied. The equivalent stress conditions on the 

cracks are . 

c; tx,O> 
yz = -

1-lw .. 
o·· 

t) Jxl<a, b<Jxl<c (6) 
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and the boundary conditions for the displacement are 

W.Lx., ±h).:;:. ·o ., .-.oo<x<a>" ( 7 ,\ 

WtK,01 = 0 , a<\ K\ <b \K\>c ( 8) 

In the moving co-ordinate system, the equation of ·motion becomes 

independent of time and takes the form 

s
2 w + w = 0, 

,XX , YY 
(9) 

with s = <10) 

introducing 

( 11> 

in equation <3>, the solution of equation <3> is obtained as 

( 12) 

with 

0' tK,y) = 
y:z ( 13) 

Using the ·eKpression for W<x,y> given in <6> in equation <9>, it 

has been found that 

c (~ ) = 
:l 

c ·(~ ) = 
9 

c (~ ) 
1 

- zl:hQ - e 

( 14) 
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where the unknown function C<{) is to be determined. 

From conditions' (8> and <10> it is determined that C<{ > satisfies 

the following quadruple integral equations 

and 

where 

[ 
l;CU~ >coth<~hs>cos(~x>dl; 

0 

[ cce>cos<l;><>de = o, 

rrW 
0 = 2hs ' 

x e I , 
1 

>< E I ' 1 2 • 

3. METHOD OF SOLUTION 

I 
3 

<15a,b> 

( 16) 

In order to solve the quadruple integral equations given by 

equations <15) and <16), let us take 

co;) = ;,=.[ h(u)sinll;u>du + f[ g<v 2 )sech2 (ev>sin<{v>dv, (17) 

where h<u> and 2 g tv ) are the unknown f1,1nctions to··be d-etermined 

tram the boundary conditions ~f the proposed problem. Substituting 

the value of C<{> given by ( 17) in (16) and using the following 

result 

{ 
7l u>x>O 2' 

[ sin(l;'u>cost{x> d{ 7l u=x>O = 4 , 
~ 

0 ' x>u>O 
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it is found that this choice of c<e> leads to the condition 

Rewriting equation C15a> as 

~ x [ C < ~ > co t h < ~ h s > s i n ( ~ x ) d~ = 
rrW 

0 

2hs ' 
X E I 

1 

<18) 

( 1 9 ) 

and inserting the value of C(~) from equation <17> in C19>, it is 

found that h<~> is the solution of the followin~ singul•r integral 

equation : 

[ 
with 

f (X) 

h . 1 'tanh<ex>+tanhleu>'d 
lu> og tanh<ex>-tanhleu> u = rrf(x), XE I • 

1 

r[ z hz hz . ~b. egt.v >sec <ex' >sec Cev>tanhlev> 

tanh2 Cev) - tanh2 (ex') 

<20> 

where the following result <Gradshteyn et al~ 1965> has been u~ed: 

. ro CO t h ( ~ h S ) S i n ( ~ U ~ S i n ( ~ X ) d~ 
Jo 

= 1 lo 'tanhCex>+tanhteu>·t 
2 g tanh<ex>~tanh<eu> ' 

Tl 
e=2hs 

( 21) 

Now using Cook's resu_lt <1970>, the solution of <20> has been 

obtained wit~'ih~ aid-~f ·the following result : 

[tanh2 tex>-tanh2 leu) ][tanh2 lev>-tanh2 lex)) 
dx 
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n = 2tanhtev> 
y[tanh2 <ev>-tanh2 <ea)l 

tanh2 
t ev >- tanh2 

( eu > 
for ue I and ve I , 

t 9 

. 2 
-2e tanhteu>sech leu> 

rr [ tanh2 
( ea) -tanh2 

( eu) l [ wo[ 
_ hs 0 

y[ tanh2 lea> -tanh2 t.ex > l dx + 
tanh2 (ex}- tanh2 

( eu) 

-{[tanh2 <ev>-tanh2 <ea> l (22> 
2 2 . 

tanh tev>-tanh (eu> 

Subs~~tuting the resulting value of CC~>, obtained using equation 

<22> in equation <17>, in condition C15b) and making use of the 

following, results 

[ 
· e sech 2 teu>tanh 2 teu> du . 

2 . 2. 2 2 2 2 

0
[tanh <eu>-tanh le%)][tanh <ev>-tanh leu>JY[tanh <ea>-tanh leu)] 

= n · [ tanhtev> 
2 . 2 2 . 2 . 

2[tanh <_ev>-tanh Cex>l Y[tanh tev>-tanh le*>l 

! ] · tanh<ex> . 
2 2 ' 

~[tanh <ex>-tanh <ea>l 

= n tanh<ex> 
2 2 , 2 2 

2[tanh <ex>-tanh ley)) -{[tanh <ex>-tanh <ea>l - -· . - . 

for x,v e 1 and y• E 1 
9 t 

it can be shown tlia't·- g·<.v 2 > is the solution of the foflowing 
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singular integral equation 

= rrWo [-lltanh
2 

<ex>-tanh
2 ~ea> J 

2hs 2 . . sech tex>tanh<ex) 
+ ~[ -rr 

0 

-lltanh2 lea>-tanh2 ley' > J 

tanh2 (ex>- tanh2 fey' 

for x e 1 • 
9 

dy'] 
<23> 

Using the finite Hilbert transform technique <Srivastava et al., 

1968> and the following result : 

' - . . 

'h2 · t h2 
( · tan tee>- an ex> 

- 2 . - '2' 
tanh tex)-tanh <eb> 

.... . '···· .... ·. -
2sech 2 <ex>tanh<ex> dx 

X 
2 2 2 2( [tanh lex>-tanh ley') ][tanh lex>-tanh· evJ J 

= _e_[_t_a_n---'-h-2 -t.::.·:-:-> -_-t_a_n_h_2_l _e_y_'_>_J j [ 
2 2 

tanh <eel-tanh ley' ] ' t~nh2 { eb >- tanh2 
( ey' ) 

the solution of equation l23> is found as 

2 
glv > = 

X 

2eW 
0 

nhs -{{[ta-ryh 2 <ev>-tanh 2 <ea)][tanh 2 (ec>-tanh2 <ev>l} 

~ 
.. ·.-. -

j [ tanh2 <eo>·- tanh2 ·tex) 
. ' 2 ~ 2 lf'[ tanh (ex>- tanh ( ea) J 

dx 
2 .. 2 

tanh
2

<ex>-tanh
2

<ev> tanh <ex>-tanh (eb) 
-

[ j [ 
2 2 

l{[tanh
2

lea)-tanh
2

(ey' >l dy'] tanh <ec>-tanh (ey') 

tanh2 l eb > -tanh2
t ey• ) tanh2 lev>-tanh2 ley' )-

+ 
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C tanh<ev) 
:1 

2 2 2 2. 2 2 
·-{{[tanh <evJ-tanh Cea> ][tanh <ev>-tanh (ebJ ][tanh (ec>-tanh <ev>]} 

Next substituting the value of 
2. g ( v ) from equation <24> 

equation t22> and finally using the following result 

[ j [ 2 2 ] tanh lev>-tanh (eb> x 
2 2 

tanh lec>-tanh Cev) 

2sech
2

<evJtanh<evl dv 
X 

['tanh
2 

t ev)- tanh
2 

leu) J [ tanh
2 

.te.x' > ~ tanh
2 

tev.fJ 

= _e_[_t_a_n_h_2_<_e-:-> -_.,..t_a_n_h_2_< _e_x_'_)_l [ l[ tanh
2 

l eb J- tanh
2 

( eu > 

tanh
2 < ec >- tanh

2 
< eu > 

] -

tor u,x'el, 
1 

hlu) is derived in the term 

h t u j = 
2e\rJ 

0 

~ j [ tanh
2 

( eb > -tanh
2 

(ex' 

tanh
2 

( ec > -tanh
2 

(ex' l]· 

hns 2 2 2 
-{{[tanh (ea>-tanh (eu)J[tanh (ec>-tanh 2 <eu>Jl 

'z. 2 

X 

(24) 

in 

tanh lea>-t~nh ley' 

tanh
2 

l eb >- tanh
2 < ey' 

]
y[ tanh

2 
< ec)- tanh

2 
( ey' > l 

dy' 
tanh

2 
ley' >- tanh

2 < eu) 
+ 

[j[ 
2 . 2 2 2 

+ b tanh <ec>-:-tanh (ex> ]y[tanh <ex>-tanh (ea>J 
2 . 2 2 2 

tanh <ex>-tanh <eb> tanh <ex>-tanh <eu) 
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C tanhteu>sech
2

teu> 
:1. 

Substitution of the value of 

condition <18> yields 

2 
g ( v ) 

<25) 

from equation (24) in the 

C:l. 
__ _ 

2
rre w~os [[ 1 [ _t_a_n_h_

2_< _e_c_>_·· __ t_a_n_h_
2
_<_e_x_> ] 2 2 ~ y[tanh (ex>-tanh <ea>J x 

tanh2 Cex>-tanh2 Ceb) 

X ·{tanh
2

tex>-tanh
2

teb) X n(;, tanh:(ec>-tanh:(eb) ,q]IF<;,q>+l}dx + 
tanh

2
<ec>-tanh

2
<ex) tanh <ec>-tanh (ex> 

' 

+ [ 
I [ tanh

2
tec>-tanh

2
tes) ] 2 2 

~ y[tanh <ea>-tanh les)] x 
tanh2 <eb>-tanh2 tes> 

X·{ 1..,. tanh
2

(eb>-tanh
2

tes) n[~ tanh
2

<ec>-tanh
2

(eb) q]/Ft~ q>}ds 
2, 2 2 ' 2' ' tanh2 lec>-tanh2 les> tanh (ec>-tanh Ces) 

(26) 

where F<¢,q> and nt¢,n,~> are elliptic integrals of the first and 

third kinds respectively and 

q = j [· tanh
2

tec>-tanh
2

Ceb> ] • 

tanh
2 

<-eo>- tanh
2 

( ea > 

The relev_ant displacement and stress components in the plane of 

the crack can now be shown to be given by 

Wlx,O> [ h<u>du , O~x~a 

= [ 
2. . 

gtv Jcosh<ev>dv , <27> 
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and 

[ d t >< , 0 ) ] .. = ___ 21-l s -[ r':. I;! h < u > t an h ( e u > d u 
yz a<x<b n J o tanh 2 t ex ) -tanh 2 

( e u ) 

- [ 2 2 eg(v >tanh<ev)sech <ev> 

tanh2 <ev>-tanh2 <ex> 

[a tx,O>] 
y:z x>c = 2~· [I eh<u>tanh<eu>du 

+ 

2 . 2 
eg<v >tanh<ev>sech (ev> (28> 

tanh2 <ex>-tanh2 tev> 

Now insertion of the values of hCu> and g<v
2

> as J~ven by 

equations <25> and <24> in the expressio'ns -(2S) yields, after some 

algebraic manipulations, 

[ a cx·,o>] -
yz . a<x<b rrhs [-H 

. 

tanh2 tebl-tanh2 tea) 

tanh2 tec>-tanh2 Cea> 

x tanh<exl {[ F
2

Cu,x>du + lb·F
2

tv,x)dv} 
Y' [ tanh 2 

( ex > - t a'n h 2 
( e a > J o J b 

+ 1-JSh C {~ 1 - tanh<ex>/-{[tanh2 <ex>-tanh2 tea) l. + 
eo- t2 2 2 2 2 

o -{{[tanh <eb>-tanh Cea)J[tanh (ec>-tanh C~a)]} 
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... ..·. 2 .. 

+ etanh Cea> 
. 2 2 
~[tanh tec>-tanh tea>l 

and 

[o <x,O>] 
yz x>c 

2,ueW 
0 

nhs [-H tanh2 <eb>-tanh2 Cea) 

tanh2 <ec>-tanh2 (ea> 

x · · F <u,x>du + F <v,x)dv tanh<ex> · {[ [ . } 
-lltanh2 <exJ-tanh2 lea)] o 2 

b 
2 

2 2 2e[tanh tecJ-tanh <eb>J 
fl 

{.C F
2

<u' ,x>du' [ F•<c,ul F
9

<0,x,uldu + 

F tv,x>dv[.F <c,u) F <v,x,u)du} + 
2 4 3 

0 . 

+ 1-JSh ew 
- 2 2 

1 - tanh<ex>/~[tanh <ex>-tanh <ea>l 
+ 

0 

- eltanh (eb>-tanh lea)] + eJOC1 } 2 2 
F

4
<c,u> F~tu,xJdu -

11 
x 
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where 

F tu, x> 
1 

F lV,X) 
2 
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F ta.,v> 
" 

ta.nh2 (ec>-ta.nh2 <eb> 
F tu,v,x>dv + x 

8 · tanh2 (eb>-tanh2 <ea> 

[ . Ja. F , ) du'} + ~sh C t x 
X 0 F1 <u,x>du 0 F_. (c,u') 9(u,u eWO xt 

tanh<ec> 2 [ } + etanh (ea) b F
7

<x,v>dv 
~[tanh2 (ec>-tanh2 Cea}] 

tanh
2

<ec>-tanh
2

<eb> ] 

ta.nh2 <ec>-tanh2 lea> 

ta.nh(ex) 
2 ·2 

y[tanh Cex>-tanh lee)] 

tanh<eu> 

X 

= ( [ tanh:<ec>-tanh:<ev) ] ;'[tanh
2 

(ev>-ta.nh
2 

<ea.) l 

~ tanh <ev>-tanh <eb> ta.nh2 Cev>-tanh2 <ex> 

F tv,x,u> = 
3. 

tanh<ex> tan -t{ta.nh < eu) x 
tanh<exJ 

ta.nh2 lex>-tanh2 <ea) 

tanh2 <ea>-tanh2 <eu> n- ta.nh<ev> 

;'l ta.nh2 < ev > -tanh2 < ea >] 

<29) 

X 
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tan -t{tahh ( eu) I [ tanh
2 

< ev)- tanh
2 

( ea) J} 
x . tanhtev> ~ 2 2 tanh <ea>-tanh Ceu> 

2 sech <eu>tanhteu> 
F lW,U) = . . 2 . 2 3 2 2 -{{[tanh (ew>~tanh <eu>J [tanh <eb>-tanh leu)]} 

2 2 .. 2 { - 1 (tanh ( e u ) ) 
F

5
<u,x) = ~2tanh <eu>-tanh lec)-tanh <eb)] sin tanhlea) -

F lu,x,v> = 
d 

tanh lex> 
2 2 -{[tanh lecJ -ta·nh (ex> l 

- F
9

lO,x,ul} 

X 

1 0 
I tanh ( ex > --I [ tanh 2 < e c ) - tan h2 l e v ) l + tanh < e v >--I [ tan h2 

( e c > - tanh 2 
( ex ) ] 

g 2 2 _J 2 2 tanh<ex)-.,'[tanh <ec)-tanh <ev)J-tanh<ev),[tanh Cec>-tanh (ex)] 

tanh leu> 
X 

2 . . 2 -.,'(tanh <ec>-tahh <eu>J 

1 0 g tanh l e u > --I [ tanh: ( e c > - tanh: ( e v ) ] + tanh l e v ) --I [tanh: < e c > - tanh: ( e u ) ) I 
tanhteu>-{[tanh <ec>-tanh <ev>l-tanh<ev)-.,l[tanh (ec>-tanh (eu)] 

F lx,v> 
·? 

F lu,V,)() = 
8 

tanh2 <ec>-tanh2 Cex> 

tanh2 
l ec >- tanh2 

( ev) ]J [. tanh2 Cev>-tanh2 <eb> 

tanh2 <eb>-tanh2 <ex> 

sech2 
( ev) 

X .. . 

··~nla:nh 2 Cev>-tanh2 <ea> ] 9
} 

t -~{tanh<ev> . an x· 
-.,'[tanh2 <ex>-tanh2 lec)) tanh<ex) · 

2tanh<ex> 

n 
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tanh2 <exJ-tanh2 <ec> 

tanh2 lecJ-tanh2 <ev> 

tanh<eu> 
X 

tanh< eu > -([ tanh2 
( ec >- tanh2 

( ev > l +tanh< ev >Y'~ tanh2 < ec >- tanh2 < eu > J 
log 

tanhteu>-f(tanh2 tec>-tanD2 (ev>l-tanh<ev)-([tanh2 <ec>-tanh2 <eu)] 

F <u,u'>­
" 

1 0 
tanh< eu >-([ tanh2 

( ea >- tanh2 < eu) J +tanh< eu )-([ tanh2 
( ea > -tanh2 

{ eu >] I 
, , 

g 2 2 I I 2 2 
tanhtsu)~(tanh <ea)-tanh (eu>J-tanh<eu)~(tanh lea>-tanh leu)] 

(30) 

The dynamic stress intensity factors are defined by 

N = lim "f[2<x-a>J[o <x,O>J· x -+a.+ yz a.<x<b 

I 

Nb =lim ~[2(b-x)Ha <x,O>l x ; b- · y z a.<x<b 

N = 1 i m y[ 2 ( K -c) ] [o ( K, 0) ] 
c x-+c+ y:z: x>c (31) 

Substitution of the results given by equations <29> in expressions 

(31> yields 

No.= l_[tan~·(.ea>]"[- ·'-[ tanh~Ceb_>.~t~nh2 <ea> ]
2

eWho {£ F <u,a>du + 
~ ~ tanh2 <ec)-fanh2 (ea) n o 2 

'··-... -
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1-JSC 
J. 

2 2 ] 2eW {[ tanh <ec)-tanh leb> ~ 
2 2 rrh tanh <ec>-tanh lea> o 

+ [ F 
2 

( v, c} dv} + 

X 

+ . 
1 

sech<ec> 
1-JSC ] 

2 2 2 2 y{[tanh <ec>-tanh <ea)J[tanh <ec>-tanh <eb)J} 

· <32a-c> 

Again insertion of the values of h<u> and 2 
g l v ) ' given by 

equations (24> and <25), in the expressions for displacements 
-

given by equations <27> yields 

CW<x,O>J < < o_x __ a. = 2(tanh2 <eb)-tanh2 (ea>J 

y[tanh2 <ec)-tanh2 lea>J 
X 

-2 ·· -- -2 - · · ]-tanh tev>-tanh <eb> ·- I[ 
'q ' ~ 

tanh2 < ev )·- tanh2 < ea > 

tanh'2 
( ec)- tanh2 

( ev) 
2 '2 tanh <ev>-tanh (eb> 

. dv [ [ x · - - n A. 
2 . 2 ' 

~lt•nh levJ-tanh lea>J o · 
tanh:< eb > ~t_anh: < eu > , q] x 
tanh <ea>-tanh leu> 



and 

where 

sink 

X J [ 
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tanh2 (ecl-tanh2 <eu) 

tanh2 
( eb)- tanh2 < eu) 

x -1 [ tanh 2 < e v ) - tanh 2 ( e a > J {F <A., , q ) + tanh 2 < e v ) - tanh 2 ( e b > x 
tanh2 <ec)-tanh2 Cev) 

2 2 tanh <eel-tanh <eu) 

tanh2 <eb)-tanh2 Ceu) 

x ~[tanh teal-tanh (eu)] FCk' ,ql- x z 2 { tanh
2
Ceb)-tanh

2
Ceu) 

tanh2 (ec)-tanh2 Ceu) 

= J [ 

tanh2 <ecl-tanh2 Ceb) 

tanh2 Cecl-tanh2 <eul 

X 

tanh
2

Cea)-tanh
2

(ex> ] 

tanh2 <ebl-tanh
2

Cex> ' 

1 

sink' = J [ 

(33a,b> 

tanh
2

Cec)-tanh2 Cex) ] 

tanh2 Cec>-tanh2 Ceb) 

and FC~,q>, TIC¢,n,q) and q have been defined earlie~. 

On putting b=c and simplifying, it may be noted that the results 

C33a) and (32a) become those given by equations <3.18) and (3.21) 
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of Singh ef al <1981! and for a=O the results given by <32b>, 

( 3 2 c > and ( 3 3b > co i n c i de w i t h tho s e g i v en by e quat i on s ( 4 • 21> , 

(4.22) and <4.17> of· Das and Ghosh <1991>. 

4. 'NUMERICAL RESULTS AND DISCUSSION 

Numerical results for stress intensity factor at the tips of the 

cracks for different values of crack speed, crack length and the 

separating distance between the cracks are presented in this 

section. The crack length dependence of the stress intensity 

factors and. it-s -variations .with VIC are shown in Figs.2-5. It is 
. - . . . .. . .. · .. Z: ·. . 

shown ·in Figs.2 ~nd 3 that stress intensity factors at the edges 

of the cracks·· decre-ase·· w i'th an increase in the va 1 ues of V /C 
2 

' and 

have a prominent variation when V/C .. 1. . 2 VariatJons of stress 

intensity factors at the edge x=a become more prominent than those 

at the tips x=b and x=c when the length of the inner crack 

increases. 

Variations of stress intensity factors at the edges of the cracks 

with a/b for different values of c/b and those with b/a tor 

different values of cia are plotted in Figs.4 and 5, respectively. 

lt is found th~t when the separatin~ distance betw~en the inner 

crack and outer pair of cracks decreases the stress ·intensity 

factors at the tips x=a and x=b become. more prominent than that at 

the edge x=c. 
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fOUR COPLANAR GRiffiTH CRACKS MOVING IN AN INF"INITEL V LONG ELASTIC 

STRIP UNDER ANTIPLANE SHEAR STRESS 

1 • INTRODUCTION 

ln recent years, scattering of elastic waves by cracks of finite 

dim€nsion in a strip of elastic material has been investigated by 

several ~nvestigators. The theory of cracks in 2-dimensional 

medium was first developed by Griffith (1920>. Sih and Chen <1972) 

solved the problem of a uniformly propagating finite crack in a 

strip of isotropic material under plane extension ... Stngh·· et al. 

(1981) also studied the problem of propagation for a finite length 

crack moving in a strip under anti-plane shear stress and gave the 

closed form solution. In the above analysis, the usual method of 

solving mixed boundary value problems by integral transforms is to 

reduce the problem to a Fredholm integral equation of second kind 

and then proceed to its numerical solution. 

As regard~ the crack problem research has been restricted mainly 

to the case of a single crack or a pair of cracks because of the 

severe mathematical complexity encountered in solving the problems 

of three or more cracks. Jain and Kanwal C1972··~n solved the ·low 

frequency so I uti on of diffraction of norma I I y incident 
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longitudinal waves by two co-planar Griffith cracks in an infinite 

isotropic elastic medium. Using a completely different technique 

ltou t1980b}solvad the diffraction problem of elastic waves by two 

co-planar Griffith cracks in an infinite elastic medium. Problems 

on three coplanar Griffith cracks moving steadily in an elastic 

strip has been solved by Das and Sarkar (1993>. 

To the best knowledge of the authors, the problem of stress 

distribution around tour co-planar Griffith cracks in a strip has 

not been investigated so far. In this paper we have considered the 

problem of propagation of tour co-planar Griffith cracks moving 

steadily in an infinitely long f"lnite- width strip under antiplane 

shear stress. Cracks are assumed to be moving stead i I y a.l eng a 

fixed direction with a constant speed V less than the shear wave 

velocity in ~he medium. The application of two-dimensional Fourier 

transforms reduced this problem to that of solving a set of five 

. integral equations with cosine kernel and weight function. 

Employing finite Hilbert transform technique (Srivastava et al., 

"· 19 6 8 > , the c 1 o sed f o r m so 1 u t 1 on s are o b t a i ned when the 1 ate r a 1 

boundaries are subjected to shearing stresses. The dynamic stress 

intensity factors and the crack opening d i sp 1 acement have been 

evaluated numerically for various values of crack velocity and 

distance between the cracks and the results have been pres~nted by 

means of graphs. 
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2. FORMULATION OF THE PROBLEM 

We first consider a strip of elastic material occupying the region 

-h' 5Y5h' referred to a fixed co-ordinate system <X', Y' ,Z' > as 

shown in fig.1. The strip extends from -oo to oo in X'-direction and 

contains four coplanar Griffith cracks such that these cracks are 

located in the region -d'5X'5c' -b' 5X' 5-a' a' 5X' 5b' , c' 5X' 5d' , 

IZ'I<oo, Y'=O moving at a constant speed v in the X'-direction. 

In dynamic problem of antiplane shear, there exists a single non-

vanishing component of displacement w = W<X' ,Y' ~t> 

Z'-direction. The corresponding stress components are 

ow 
0 x.' z' = 1-lox• 

ow 
ov, z' = 1-liJ.Y' 

where 1-1 is the shear-modulus of elastic material. 

in 

The two dimensional wave equation for WCX' ,Y' ,t> is given by 

a2 w 
+ 

8
2 w 1 o2

W = - --
iJ.x•z · ai'· 2

· · · 
2 . 8t2 . __ c· 
2 

the 

( 2. 1 ) 

(2.2) 

··:..,;-:z 
where c

2
=t1-1/p) is the shear wave velocity and p is the density 

of the material. 

Using Galilean transformation, x' =X' -Vt, y' =Y', z' =Z', t' =t where 

tx',y',z'> represents the translating co-ordinate system as sho~n 

in fig.1 and also normalizing all the lengths with respect to 'd'' 

so that x' =d' x, y' =d' y, a' =ad', b' =bd', c' =cd', h' =d' h, W=d' w, 

equation (2.2> reduces to 



~I 

~------Vt----------~' 

c 

Fig.1. Geome~ry of ~he cracks. 
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2 a2 w a2 w 0 s + = ( 2. 3) 

ax 2 ay 2 

with 

2 
1 v 2 /c 2 

s = - . 
2 

( 2. 4) 

Since the geometry o-f the ·pr.oblem is ·symmetric about the y-axis, 

so introducing Fourier cosine transform 

and 

A l ><) = 3_[. A <{ >cos <{ x) d{ 
"IT i. 

0 

we ·obtain the solution of equation (2.3> as 

wtx,y> 

with 

0' (X,y) 
yz 

where, s 

[A~<{> exp l -{IYfs) +A
2 

<{ > exp <{lyts)] cos<{><> d{ 

(~~o) 

2 s[[ · = '- ~ 
0 

A~<{ >exp~-{lyls> - A
2 
(~ > exp <~fyts > J~ cos<{ x > d{ 

l ~~o) 

is the positive root of equation <2.4> and A <{ > , • 
are the unknown functions to be determined. 

(2.5> 

(2.6> 

A <{ > 
2 

In our c~s~ uniform sh~aring stress p is ~pplied to the upper and 

lo~er boundari~s y=±h of the st~ip. The equival~nt problem in ou~ 

case involves the application of the shear stress -p to the crack 

faces at y=O. Accordingly, the boundary conditions are 
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Cl (x,±h> = 0 0(K(oo (2.7) 
• yz 

w<x,O> = 0 )( e I 
t. ' 

I 
9 ' 

I <2.8a-c> 
!5 

Cl lx,O> = -p X e 1 2, 1 l2.9a-b> 
yz 4 

where I =<O,a>, ·1 =<a,b>, l =<b,c>, l ::( c' 1 ) , l =<1,oo>. 
i 2 ' 9 4 !5 

3. SOLUTION OF THE PROBLEM 

Using the e·xpressiot:l for w(x,y>trom <-2.5> in (2.7> it has been 

found ·that 

and 

A(~) 
Ai <{ > = 1 + exp<-2~hs> 

A <e > 
2 

= A<{ >expl-2{hs> 
1 + exp<-2~hs> 

where A<<> is to be determined from the boundary conditions. 

With the help of boundary conditions <2.8> and <2.9> A<<> is found 

to satisfy the following set of five integral equations 

and 

[ A<{>cosCc!;'x>d{ = o 

[ { H <{ hs) A<{ ) cost{ x) d{ 
:1 

xel, I, I 
t. 9 !5 

= n: p 
21-J.S 

x e 1 , 
2 

1 
4 

__ ( 3. la-c> 

<3.2a-b) 
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H (~hs> = 1 - e>Cp(- 2{hs) = tanh<~hs> 
~ 1 + expC-2{hs> 

<3.3> 

In order to solve the set of five integral equations given by 

equations l3.1) and t3.2>, let us take 

A<{ > = 1 r g<u2 >cosh<eu>sin<~u>du + 
fja 

(3.4> 

1 n e quat i on ( 3 • 4 ) , g ( u 
2 

) and h ( v 
2 

> a r e unknown f u n c t i on s to be 

determined from the boundary conditions and 7T 
e = --2hs 

Using the following result <Gradshteyn et al-, 1965) 

s i n ( ~ u ) co s ( ~ >C > d{ 
e = {; ' 

0 ' 

U)>C)O 

x>u>O 

it is· found that the cho1"ce of A<""> satt"sfies equatt"ons (3 1 ) ., . a, c 

Jb . 2 
~ .g.Cu Jcosh<eu>du = 0 <3.Sa> 

~nd 

[ 2 
h < v > cos h < ev > d v = 0 <3.5b) 

No.:w eq.uat:i9ii\Lfl ~~ .. ~~=\9)1 rt\12¥-y 13·e written in the form 

<3.6a-:-b) 
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Substitution of equation <3.4) in <3.6a) and use of the following 

result <Das, 1992) 

j i 1 1 I sinh lex> + sinh<eu) I J o Z! - t an h ( Z! h s > s i n ( Z! u > s i n ( Z! x ) dZ! = 2 o g s i n h ( e x > s i n h ( e u ) 

yields 

r. egtu2 >sinht2eu) 

Ja sinh2 <eu> - sinh2 <ex) 

= np 
f.JS coshtex) 

,. 

dv-

x E: 1 -
2 

(3.7) 

SubstitutJng coshteu> = U, coshle0l = S equation <3.7> is faun~ to 

reduce to the form 

n 2" F<X> , <A<X<B) (3.8) 

where X = coshtex> A= cosh{ea>, B = cosh<~b)~ C = co~hlec), 

D = coshte> , g<u
2 

> = G<U
2

), h<v
2 > = HtS2

) and, 

F<X> = p 
/-lSX 

(3.9) 

Using the finite Hilbert transform technique <Srivastava et at., 

1968> the ~elution of equation <3.8> is 

B 
:1. 

<A<U<B> (3.10) 
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The con·stant 8 is to be determined from equation <3.5a). 
. 1 

Using the resuJt 

X dX = n [?4z 
2~~ 

equ~tidn (3.10> can be rewritten as 

s2
- 8

2 s H ( s2 
> 

sz-Az sz -uz 
dS + 

8 
:i 

1 

X 

<A<U<B> (3.11) 

Substitution of expression for AU~> from <3.4) in (3.66> yields 

with aid ot <3.11) the following singular integral equation 

involving H<S
2 > 

[ SH C S
2

) 
dS 

where 

~­
~~ 

x2 t B2 -A2) 

Bz<X2-A2) 

2 
n,usBX 

X 

<3.12> 

and F<¢,k> , n<¢,n,k> are elliptic integrals 

of first and third kind respectively. 
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While deriving equation <3.12), the following results have been 

made use of. 

[J~ U dU 1! [J2-~] = 
Bz-uz < x

2 
- U2 

> c S2 -ll > 2 c V2 
-x

2 
> x2-B2 s2-u2 

A 

= -

and 

[ U dU 1! 
CC<X<D>. = 

2 2 
( X - U > ~ < U2 _A 2 ) C 82 _ U2 > 

Again, .. using finite Hilbert transform technique <Srivastava et 

a I . , 1968> it 

H ( s 2 
> = 2 

rc 

dX 
X 

is found that 

t Sz - A2 ) ( S2 - Cz ) [ _£ 
< sz- Bz ) < D2- s2 > J.JS 

-[ < D2 _ yz > <B2 _ y2 > 

< y2 _A 2 > c cz _ y2 > 

+ 

where we have used 

{[ c D2 - xz > < x2- Bz > 
X 

< x2- c2 > c xz- A 2 > 

<C<S<D> (3. 13> 



\ 

tSJ 

X dX 1 
= 

the constant B occuring in <3.13> is to be determined using the 
2 

condition given by equation <3.5b>. 

Next, substituting the value of HCS
2

) from equation (3.13) in 

equation l3.11> and using the following results 

S dS 1 = 

[ = ~ 
-2-c -u2-~-A-2-)- [ I~~:: -1 ~: ~ ~ ] S dS 

[ S dS = 

G<U
2

> may be written in the fcl Iewing form 

, q>} +. 
1 Fe~ B 2 

xz < Bz -A2 > 

B2 ( X2-A2 > 

<A<U<B>. 

c D:z- x2 > < x2- B2 > 

<X
2

-C
2

) cx2
-A

2 > 
X 



dX 

+ 

C D2 _ y2 ) C 82 _ y2 ) 

c y2 _ A 2 > c c2 _ y2 ) 

~ c 82- u2 ) c c2 - u2 >< D2- u2 > 

<A<U<8) (3.14) 

To determine the va 1 ues of the unknown constants 8 and 8 we 
:1 2 

substitute H<S
2

> and G<U
2

> given by <3.13> and C3.14) in <3.5a, b> 

and obtain 

where 

B 
2 

..• 

K <K -K - K CK +K > } 9 :1,2 . :1 • t + K 6 K t,s z.s . 

K 
:1,:1 =J: 

K 
:1,2 =[ 

K 
:1,9 

K 
2,3 

RK K 
. 4 6 3 !5 

M (X) dX JD 
t c 

M (Y)dY [ 
t c 

JBA M- CX>dX 
:1 

M c S > 
2 

M < S > 
2 

M < U > 
2 

dS 

dS 

dU 

M < Y) dY . 2 dU . 
[ 

M <U> 

" A Y
2 -u2 

C3.15a) 

c3.1Sb> 

( 3. 16) 

(3.17) 

(3. 18) 

(3.19> 
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1 

and 
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M C U > 
2 

M ( 5) 
2 

( 02 - T2 > ( Tz - B2 > 

C T2-C2) CT2-A2 > 

R = 

dU 

d5 

M C T > = 
2 

K 
6 

M ( U > 
2 

M C 5 > 
2 d5 

<T2 -A2 >CT2 -C2
> T 

C r -B
2 

> C 0
2 

- T
2 

> J Tz _ 1 

4. STRESS INTENSITY FACTORS 

(3.20> 

(3.21> 

(3.22> 

(3.23) 

The corresponding dis~lacement and stress components in th~ plane 

of the cracks may be written as 

wtx,O> = 1 s: UG < U2 > dU I - X E e J U2 -1 
2 

1 s: 5H C S2 > dS I <4.1a,bl = - X E e 
~52 -1 " 

and 

[a tx,O>] = 2,usX [[ UG < U2 > dU +[ SHt 52 > 
d5] <4.2a> yz _O<x<a. 1l u2 -xz sz-x2 
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[o- lx,O>]b 
yz <x<c 

= (4.2b> 

[ o- <x,O>] 
yz ><>1 

= C4. 2c) 

With the aid of the results given by equations <3.13> and (3.14> 

the expressions <4.2~-c) yield after same algebraic manipulation, 

the results 

[0' tx,O>) = 2~ 5 
( F:tCX>- F

2
<X>- F..,.<X> + F.<X>-

y:z · O<x<a. .. .. -

- F (X) - F <X> - F <X> - F <X> ) 
5 6 7 8 

(4.3a> 

[0' (x,O>] .. = 2~-J s [ F <X> - F (X> + F <X> + F CX> -
y:z b<x<c n :l 2 9 • 

- F (X> - F <X> - F <X> - F <X> ] (4.3b> 
5 6 7 8 

~~-

[0' lx,O>] = 2~-JS 
( F:t<X> - F <X> + F <X> + F <X> -yz x>:l n 2 3 • 

- F <X> - F <X> - F <X> + F <X> l (4.3c> 
5 6 7 8 

where 

[ F <X> = 2pX < 0z _ yz > < y2 _ 82 ) I 1l { ~ -:l ni-ls. ( y2-__ C2) < Y2.-_A?-.>. 2_< y2-X2·) 2 

.. ~t::~ }~+ D2-B2 
18

'
0 (X Y> 

A,C ' ] dY (4.4a) 



F <X> 
2 

F (X> = 
9 

[ 
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X 

F <X) 
4 

= B X [-----'---rr __ 
2 2 I<c2-B2> <D2-B2> 

2pX 
F <X> = 

!5 fli-J s [ 

F <X> 
6 

= 2pX JB 
fli-JS 

. A 

X 

(D2 ... y2 > < y2 _ B2 > 

, y2 _ c2 ) < y2 _ A2 > 

< D2- A2) c c2- x2 > 

< D2- B2 ) ( D2 - X2 ) 

< 02 _ y2 > < 82 _ y2 ) 

,·c2 _ y2 > < y2 _ A 2 > 

X 

( 4. 4b) 

<4.4c> 

} 
+ KD,D (X)] 

A,C 
(.4. 4d) 

LD,B (X y) 
C,A ' 

l4.4e> 

1°'8 (X Y> ]: dY 
C,A ' 

l4.4f) 
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I Q,S t X Y J 
P,R ' 

B X 
1 

1 . + 
2 

-1 
tan 
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+ I 
0

'
8

. (X A) ] 
C,A ' 

X 

-1 tan 
< u2 _ P2 ) < y2 _ Q2 ) 

< Q2 _ u2 > < y2 _ P2 > 

U dU 

l4.4g) 

(4.4h) 

(4. 4i) 

<4.4j) 



~ 

JQ.,S (X) = 
P,R 

Ko.,s (X) = 
P,R 

[ { tan-• 

[ { tan-• 

-1 
>< tan 
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<Uz-Pzl <Qz-Xz> } ucs
2

-R
2

) ctu 

< Q2- uz > CPz- xz > J CRz-Uz) CSz-Uz>g· 

tU
2
-P

2
> l P

2
:-X

2
> 

X 

< t.lz -uz > < Qz -xz > 

UC2U
2

-R
2

-S
2

> ,dU 

JcRz-Uz>g<Sz-Uz>g 

The dynamic stress intensity factors are given by 

- . 

\" (x,Oil N = L t ~ 2 ( a. - K ) yz 
Ci . p OCMCCi 

X~Ci- · ... · .. ·- . 

\0 lx,o>\ 
. Nb = L t ~ 2 ( K -b ) yz . 

b p b<x<c 
X~ + . 

- \0 lx,o>\ 
N = L t ~ :2 ( c- K ) yz 

c p bcx<c 
x~c-

\0 tx,o>\ 
N = L t ~ 2 ( K - 1 ) yz 

1 p x>:l 
x~1+ 

With the aid of the results given by (4.3) in (4.5) 

that 

N = f.:JS-f"A 
B 

Ci 

Je<A2-1>~/ 2 tB 2-A2 ) 
. _:l. 

(4.41<) 

t4.4l) 

<4.4m) 

C4.5a> 

t4.5b) 

l4.5c) 

(4.5d) 

it follows 

c4.6a> 



N = 
c 

N = -
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where 
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J e t Bz- 1 ) 1/2 
(

- 2p 
TlJ-lS 

[- ~ 
TlJ-l s 

G ( y > = 
~ 

G < y > = 
2 

B 
2 

B 
1 

<D2-A2) <D2-C2) 

(02-82) 
{[ G

2 
<Y>dY + 

+ 

t4.6b) 

(4.6c> 

(4.6d> 

<4.7a> 

<4.7b> 

The crack opening dis~lacements are obtained by using the 
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expressions ·tor G<U 2 > and HC_S
2

) from equations (3.14) and <3.13) 

in equations (4.1a,b>. 

Again letting . a ... ··o ·and· simplifying, it may be noted that the 

results t4.6b>, t4.6c> and (4.6d) become those given by equations 

(3.16> of Das· <1993>. 

5. NUMERICAL RESULTS 

The numerical values of stress .in~ensity factors lSIF> N, 
a 

N 
c 

and N given by t4.6a-d> at the tips of the crack have been 
1 

plotted against crack speed <VIc ) for dit_fe·:r,ent values of crack 
. 2 

lengths, separating distan.ces of the cracks and strip width<hL 

Keeping th~ length of the outer cracks and distance between inne~ 

and outer cracks fixed <b=0.6, c=0.8> SIFs at the tips of the 

cracks have been plotted against crack ~peed <O. 1SV/c <1) tor 
2 

different lengths of the inner craciks la=0.2, 0.4) and strip width 

th=1,3,5). It is found from the graphs <fig .. Z-5> that S!Fs 

increase rapidly as VIc ... 1 and with the decrease in the value 
• 2 

of inner crack length i.e. with the increase in the value of the 

distance betwee~ i~ner cracks the ~alue of SIF decreas~s. 

When lejtg_ths of the outer cracks and the distance between inner 

cracks are kept fixed ta=0.2, c=0.8> it is noted from the graphs 

(fig.6-9l that with the increase in the value of b (0.4, 0.6) i.e. 

with the decrease in the value of the distance between inner and 
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outer cracks s·IF- increases .. · 

Next, keeping the lengths of the inner cracks fixed <a=0.2, b=0.4> , 

it is seen from the graphs (fig.10-13) that the value of SIF Nb is 

higher for higher values of c(0.6, 0.8). But the nature is 

opposite in case of N, N and N. 
a. b 1 

In all the cases mentioned above the_ S!Fs increase with the 

increase in the value of VIc gradually at a slow rate in the 
2 ' 

begining but increase rapidly as VIc ~ 1. Also the value 
2 

are higher for lower values of h in these cases. 

of SIFs 

The nature of SIFs, when plotted against 'a' are exhibited in 

fig.l4-17. In fig.14 for fixed strip width <h=2> SIFs have been 

plotted against 'a' for different values of V/c <0.1,0.8>. From 
2 

the graph it is found that SIF Nb firstly increases with the 

increase in the value of ' ., 
a ' attains a maximum and then decreases 

rapidly whereas S!Fs N ·decrease 
:l 

gradually with the 

increase in the value of 'a'. Further it is found that SIFs are 

higher for higher values of V/c . 
2 

In tig.1S-17, S!Fs have been plotted against 'a' for different 

values of h<1,2,3,4) when V/c is kept fixed. With the increase in 
2 

the value of 'a', Nb first increases and then decreases sharply, 

But N and N decrease gradually (fig.16-17> with the increase in 
c 1. 

the value of 'a'. In all the cases <fig.lS-17> values of SIFs are 

found to be higher for lower values of h as expected from the 

physical standpoint. 
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