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1INTRODUCTION

In this paper,axisymmetric thermal stresses in a semi-infinite
elastic solid have been obtained when there is a constant supply of
heat over an elliptic area on the bounding plane surface, the rest
being kept at a constant temperature. Temperature and the potential
of the thermo-elastic displacement are obtained in terms of Matheiu
functions employing the curvilinear coordinates due to C.B.Ling

443,

2. MetHoo OfF SoLuTioN

Let wus introduce elliptical coordinates (f,n) connected with

cartesian coordinates in the form

x+iy = h cosh(f+in) (1)

where 05 5 =<2n, and 2h is the distance between the foci. Let the
bounding surface of the gemi-infinite elastic solid be given by z=0,
the axis of z being drawn into the body. The temperature field in

the steady state is given by the differential equation (3]

vV'T =0 (2)



and the boundary conditicns are

-« 2 -q, g« , z=0

oz

T =0, &%, 2=0

T =0 at infinity

where K = thermal conductivity
Q = rate of flow of heat per unit area.

Equations (2) and (4) are satisfied, {f we take [10)

0 “nz
T = § ®nCe Z,q) Ce (n,q) e

where ¢ is a constant to be determined

from
zn

conditions (3) and

® (zn)
c «&,q) = L A cosh(2rZ)
?zn r=0 2r
0 (zn)
Cc (n,q) = L A cos(2rn)
ezn r=0 2r

are Mathieu functions of Integral order (21,

obtainable from Mathieu’s equation [10).

the
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(3

(4)

(5)

boundary

q being a constant
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On the plane 2=0, the following relations are to be satisfied

®

L nc ¢ £,q) C (n,q) = Q/K , Z<Z

n=0 *" ©qn O2n e

®

)X €, ne (€,q) Ce n,q) = 0 , t)fo (6)
n=0 2n 2n

Multiplying both sides of(6) by Ce (n,q) and integrating w.r.t. n
2n

from O to 2n and w.r.t. & from O to :o we obtain

where in general (101

(m) r m! r
A H (1) ———t, r 20, m>0
mé2r r!(m+r)!

and t is a function of gq.

Therefore, czn = 2QMn /K

where

n (7
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The temperature T i8 ,therefore, given by

“nz

g,q) C in,q) e
n=0 ezn ®2n

(8)

w
T = g% h Mnc

To determine the stresses, the potential of thermo-elastic

digplacement yw will be wused. This related to the displacement

components u,v,w by the equations

EZ = u, QZ = v, 2! = W (9)
N ay az

From the stress-strain relation in problems of thermal stresses and

the equation of equilibrium [17] we have

@ v = pT
2 , & “nz
=g fLMec, T C (g e (10)
e e
n=0 an zn
1+ -
= Poission’s ratio, a is the coefficient of

where 3 = is & ¥

linear thermal expansion.

A particular integral of equation (10) is given by

@ Nz

z -
" =_.__..°1K’ n‘Mnce £,9) C_ (n,q) e (11)
- e

n=0 zZn r 31
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N —~ TN -\
Now the stress components (I¥ )__', (nn)_r, (zz)T, ((z)_r are calculated

as
(E;' )1- -2 L4 @ -1
% = 2(h(cosh(2¥)~cos(2n)]1 g%— En™M [sinhZ{c‘ Z,q)C (n,q)
n=0 n ®n ®2n
Mz oo @ “nz
-sin(2n)lc <Z,q) C (n,q)]e - Y Mec Z,q) C (n,qle +
e e n e e
2n 2n n=0 2n 2n
2 - 8%
+2[h* (cosh(2¢)-cos(2n))1 * 2 ¥ |
.4
—
(i) -2Q32 o] -
50 =2lh(cosh(2¥)-cos(2n)) 1 T rn Mn[sin 2y Cq (t,q)C'e (n,q)
n=0 2n z2n
Inh(22) . -nz 203 © ~nz
-8in c’ yq) C (n,q)]e - % E M c (¢,q9)C n,qle +
ezn ezn n=0 n ezn , ezn ,
1 o‘y

+20h* (cosh(2f)-cos(2n)) ]~
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(;})T 2073 @® ‘ - ( : -nz
—T— T e —-R—- nM_c &,q Nyqg’e '

H n=0 " %2n €2n
(E\) o

z

T _ I‘ P 2 -1 - , G ( )
—o - cosh 2f -cow 2 L n M (nz 1){91nh(2{)c F,q N,9
E% n=0 n €2n ®2n

-nz
- sin(2n)ce ¢,q) C; (n,q)] e (13)
2n 2n

(E;)T and ({E)T do not appear due to symmetry. Here prime stands for

differentiation w.r.t. £ and 7.

Pamn
It is observed that the normal stress (zz)T vanishes for z=0. The
stress (E;)T, however, does not vanish. In order to suppress it, the

stress system (Ct)c, (;;)c, (E;)c, ({z)C obtained on the hypothesis

that there is no temperature distribution is to be superposed.

3. COMPLIMENTARY STRESSES

In order to determine the complimentary stresses we use Love's

function ¢ satisfying the biharmonic equation (9]

e =0 (14)

with the boundary conditions



l(z:)cl 220 ° 0
—~ ~~
@z, + X2 | .0 =0

and ¢ = 0 at infinity.

Let us agsume the function ¢ in the form

@ “nz
¢ = T (C+Dnz.)ce Z,q) Ce (n,q) e
n=0 a2n 2n

where C and D are functions of n.

The complimentary stresses are given by (161

Ty 2u 9 2 -1
c 1-20 3z 1 LZ

- 2u 8 2 -1

(nn)c = m —— [vv ¢ -— hz enn]
az

- _ 2u @ _ 2

(zz)c = 1oep — [(2 vV ¢ — ezz]
az

.o . 2u Q9 2

(zZ)C = -1—72—1; ;; [(1"1))9 ¢ - ezz]
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(15)

(16)

(17
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where N = h: = 20h%(cosh(2Z)-cos(2n))>) * hy = 1.

'

Using (16) in (17), we have

GO,

I 1-2»1

“nz

Q
T 2vn‘Dce €,a)C, (m,a)e —2Ch(cosh(2f )-cos(2n)))
n=0 2n sn

®
r n(D-C-Dnz)[-sinh 2 c; ({,q)Ce (nyq)+sin 2n o &,q)C (n,q)]

= e
n=0 2n 2n 2n 2n

-NZz 2
xe  -2(h%(cosh(2Z)-cos(zp1 ™t 222 } ,

2z ot
~
(nn)c 1 © s -nz
—3~ * =35 L »n'De, &,q)C, (m,qe -2Lh(cosh(2Z )-cos(2n)]1 2
n=0 zn zn
o]
P n(D-C-Dnz)[sinh 2¥ ¢’ £,q)C n,q)- 8in 2n ¢
n=0 ] e

&,c. o q>]
an a2n ezn ezn ’

-nz 2
xe —2[h2(cosh(25)~cos(2n)] + 9 g—% ,
4z I
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(z2) 1 © -nz
S = £ n [D-2vD+C+Dnz]ce (t,q)Ce (n,qle
2u 1-2v n=0 ' - 2n 2n
Ve
&2z _ @
"’T&E = [(1-20)h1 " f;(cosh"zz—cos’:en)ngon’<2vD—c-Dnz>[s1nhczg) x
-nz
¢’ (¢F,q)C n,q9) - sin(2nc &,q) C (n,q)] e (18)
e e e e
2n 2n 2n 2n
In view of the first boundary condition
C = - D(1-2w) (19
The second boundary conditions gives
MnBQ(1—2v)
D = (20)

Kn3

With these values of C and D, the components of complimentary
stresses are known.

Therefore, the resultant principal stresses are given by
P e T . e N
({t)-({:)7+(EZ)c

-~ FanS —
(nn)=(nn)14(nn)c (21)
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s 0]
Fz) = ﬁﬁggiﬁlil T MJc  (Z,q)C. (n,q)-2[nh(cosh(2)-cos(27))] *x
n=0 | %n “ %n

[sinh(2{)c‘ (t,q)ce n,q) - sin(2n)ce ({,q)C; (n,q) - (cosh(2¢)~
€2n 2n 2n 2n

nZh? -nz
cos(2n))[1- _E"-°°Sh(zz)}°e (c,q)ce (n.q)] e ,
_ 2n z2n
— _ @
(nn) = m—ggiz—il T Mn Ce (E.q)Ce (n,q)+2[nh(cosh(2f)-cos(2n)]-2x
n=0 2n 2n

[sinh(2{)c; (t.q)Ce (n,q)-sin(Zn)ce &,q)C, (n,q)-(cosh(2)-
2n 2n z2n “2n

2.2 -nz
cos(2n))[1- n2h cosh(2n)]ce (f,q)Ce (n,q)]}e

2n 2n
(22)
On the plane z = 0, we have from (22)
.. auQaw-1) 2
[({t)+(nn))z=o = —F EM ¢ (£,q) C (n,q) (23)
n e e
n=0 2n 2n
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P /\)] -
{EZ)-(mym 2=0

w 2.2
= __Tapmfi:ﬁ[cosh(ﬂ)-cos(mn-‘ T n M [2— n h (cosh(2n)¢cos(2n))]x
n=0 n

c Z,q)C (n,q)-(cosh(2§)—cos(2n))-‘[sinh(22)c; ({,q)Ce n,q)-
®2n €2n 2n 2n

sin(21;)ce &Z,q) C‘e (n,q)] (24)
2n 2n

So the stresses are determined and the problem ig solved.
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1INTRODUCTION

This is & thermoelastic boundary value problem of three dimensions
when these thermal] stresses .are produced in a body by unequal
distribution of temperature which may be regarded as a specified
function of coordinates and time. In this paper stresses due to
periodic supply of heat produced by the blow of a jet flame on the
straight edges of a semi-infinite 1isotropic elastic thick plate

distributed over a finite portion of it, have been considered.

2.SOLUTION
1. If T denotes the temperature at the point (x,y,2) and «, the
coefficient of linear thermal expansion, we have the three

dimensional equation of heat conduction as [3)

aT
—=kvj'r (1.1)
at

where
2 2 2

We have the foliowing stress-strain relation in three dimensional

problems of thermal! stresses [13]



g -aT = E-‘-[ ax-v(ay+ oz)]

sy-aT = E* Ewy—v(ax+ az)]

€ -aT = E " Eaz-v(ay+ ax)]
_ 2(1+p) L 2(1+)

?’xy" —E Txy ’ ?’yz" —F Tyz y 7

Solving for the stresses

E
2% T
o = B
y 1+p
o = —E_
z 1+

where e= & + € + &
X Yy

Hence from the equations

Xz

of equilibrium

we find

c + Ev o~ EaT
x (1-2v)(1+v) 1-2v

e + Ev - EaT
y (1-20)(1+p) 1-2v

e + Ew - EaT
z (1=-20)(1+p) 1-2v
E .1 E
7w Yyz ' Txz 2 1Tww 7

2(1+v)
T E T

151

(1.2)

(1.3)
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2—(0 )+g—(rx )+g—(1xz) = 0
ax ay y az
2z 148 (o 142z g =0
ax ay y az y
2 (v »+%(x z>+2—<az) = 0 (1.4)
ax *%* ay Y% o2z
We get when expressed in terms of displacements
22 +(1-2)F*u =2(1h)a aT
ax Ix
L] +(1-20)%y =2(1w)a oT
ay ay
22 4(1-20FPw =2(1+ra 2T (1.5)
dz 1 dz
Assuming that [17]
u=® &, (1.6)
dx ay az

where y is8 a

(1.5) reduces

function of x,y,z and also of time t, the relation

to



153

(1-0)2 Py =(1ara &
ax ax

(1-0)2- Py =(1a)a aT
dy ay

(1-0 2 Py =(1rra T (1.7
2z * az

These three equations are evidently satisfied 1if we take the

function yw as a solution of the equations ([(17]
1+

Differentiating equations (1.8) with respect to t and substituting

for 3T/dt from relation (1.1) we get

V: = ilg ok V:T

t-v

~e

We may therefore take

dy _ 1+

< T @ KT (1.9

2.Congidering a semi infinite thick plate bounded by the plane with

edges y=0,z=0, the axes of y and z being into the plate we can write

the solution of (i1.1) as
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~a (y+2)
T = fn Almde ™ cos(pt—ﬂﬁy) cos(pt-ﬂmz) cos(mx) dm (2. 1)
o

where

(2.2)

and A( m) being an arbitrary function of m. From equation (1.9) the

function y corresponding to this temperature becomes

1+ akK —am(y+z)
T vl A(m) e sin [2pt-3 (y+2)]) cos(mx) dm (2.3)
-V 4p 0 m

[ors
<

The relation (2.3) represents a particular solution of the general

equation (1.5). The corresponding displacements and stresses can now

be calculated from relations (1.3) and (1.6)

~a_(y+z)
1+p ak “m
u = — v ap f: mA(m)e sin[2pt—ﬁm(y+z)] sin(mx) dm



~-E
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+ K ~a_ (y+2)
10 o . [« sinl2pt-p, (y+2) 1433 cosl2pt-f (y+2)]]
xcog(mx) dm (2.4)
-a (y+z)
ak m 2 _ 2v z2_ 2 _
Zp oA(m)e [n“sinl2pt B, y+2) 1+ T (B o V)sinl2pt-3

%" T-%

x(y+2)1-

b §
Zamﬁmcos[2pt-ﬁm(y+z)J}+4pK cos(pt-3_y)cos(pt Bmz)]cos(mx)dm

-E ak -am(y+z) 2 2
(TS 7P f:A(m)e [{(Bm— am)sin[2pt - Bm(y+z)]

2
-quﬂmcos(2pt-ﬁm(y+z)]} + vm sin[2pt-ﬂm(y+z)]+

+ 4p(1-v)K~‘cos (pt-ﬁmy) cos(pt-ﬁmz)]cos(mx) dm

E oK g ytrz)
T =T % e [mmA(m)e [{a sinl2pt-3_(y+2)]
o m m
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+ﬂmcos[2pt—ﬁm(y+z)]}sin(mx) dm

E oK -am(y+z) 2 2
Z o e ( - ) (2pt- (y+2)1]-
Tyz =0 4Pf:A(m)e [{ o Bm sinl2p Bm y

+2amﬁmcos[2pt~ﬁm(y+z)]}cos(mx)dm (2.5)

The stresses obtained in relations (2.5) are produced by the thermal

expansion. This expansion gives rise to certain stresses on the

boundary of the plate. We shall therefore make the boundary free

from stresses by the addition of the extra terms obtained on the

hypothesis that there is no temperature distribution. In order to

nullify the stresses on the boundary yz=0 we are to superimpose a

complementary stress -system (ax N4 1, 0T ' T s T ) such that

X 4
1 y1 1 yl y 1 z x1

(¢ ) = =(o ) , (_) = -(0_) , (T ) = =(7
z z X

zx 2x (2.6)

Congidering the stress function

-m(y+2z)
¥ =J® [@(m)+yD(m)+zE(m)]e cos(mx) dm (2.7)
0



which satisfies the biharmonic equation, C(m),D(m)

arbitrary functions of m, we have stresses (8]
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and E(m) being

= oz ¥ T = : 1’4 T = az ¥
= - , = - , = -
xy‘ axady y21 dydz th Ixdz
So we get the complementary stresses as
2 “m(y+2z)
o irn 2m [C(m)+yD(m)+zE(m)]—2m[D(m)+E(m)] e cos(mx) dm
xl 0
~m(y+2z)
o = —Jw 2mE(m)e cos(mx) dm
Vs 0
~m(y+2)
o_ = ifn 2mD(m)e cos{mx) dm
-4
1 0
2 -m(y+2z)
Ty = " m [C(m)*yD(m)+zE(m)]~mD(m) e sin(mx) dm
yt 0

-m(y+2z)

Tyz1= -J: {mz[C(m)+yD<m)+zE(m)]-m[D(m)+E(m)]}e

cos(mx) dm
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-m(y+z)
T = -Jm {m’[C(m)+yD(m)+zE(m)J-mE(m) @ sin(mx) dm
zx, 6

Using relations (2.5),(2.6) and (2.8) and solving we get

- ~EakK 2_ 2 2 _
D(m) = E(m) = T (1-5)8pnm A(m){(ﬁm am+vm Ysin(2pt) Zamﬁmcos(2pt)+

+ iig 4p coszpt }
2 2 2
(3 -a_ _+vm ) amp
- EakK _ m m m
Cim)= 7:——————2A(m){[mam A EVYY) ]sin(2pt)+[mﬁm+ TT:Q;T]COS(zpt)
-»)a4pm
- %%%éi%; cos® pt } (2.9)

With the value of this constants substituted from relation (2.8)

(r;; —a; swom’)
(I-Zom (mytmz-L)

g0
o, = J —Eokm A(m)[[amsin(2pt)+ﬁ cos(2pt) )
i 0 ((1-v)2p m

a

“m(y+2)
, m 4p(1-v) m
sin(2pt) + 1= v)m(my+mz-1)cos(2pt)— R%Tfig)coszpt}e cos{mx)dm
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= = EaK 2. %+ un?)sin(2pt)- 2a /3 cos(2pt)
°y, %z~ (1—2v)(1—v)4pf: A(“"{(‘?m apt vmisin(zp o’m P

- -m(y+2)
+4p(1-v)K ‘cosng}e cos(mx) dm

(3% -o wwn®)

_ - EokKm - m
Ty = Tzx = ‘fn-—-————— A(m)[amsin(Zpt)+ﬁmcos(2pt) 51505 m (y+2z)

1 1 Ol(1-v)4p

a - ~-m(y+2)
gsin(2pt)+ TTgZETm(y+z)cos(2pt)— %%ééﬁgz(y+z)cosng}e cos(mx)dm
2_2 2
, (3 -~o_ +vm )

Tyz = —Jm EoKA(m) [m(1—2v)[a sin(2pt)+3 cos(2pt)1- g

1 0 (1-p)(1-2u)4p m m

(my+mz~1)sin(2pt)+amﬁm(my+mz-1)cos(2pt)— % p(l-v)(my+mz+2)coszpt]x

-m(y+z)
e cos(mx)dm (2.10)
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Thus the resultant stress components are given by

2 2
Bz-a +tvm

(o0 ) = EoK mA(m){[(a_sin(2pt)+3 cos(2pt)]- n_T — (my+mz~-1)
X'R m m 2(1-2)m
(1-v)2p JO
=} - -m(y+2)
sin(2pt) + Tngg7m(my+mz-1)cos(2pt)— %%%é§E;coszp€}e cos(mx)dm

E ak ' 2 - 2 2 2
- T2 %p oA(m)[m sinl(2pt Bm(y+z)3] T {(ﬁm—am)sint2pt-ﬁm(y+z)J-

- (y+2z)
4 ot
2amﬂmcos£2pt-nm(y+z))} + Rgcos(pt-ﬁmy)cos(pt—ﬁmz)]e n cos(mx)dm

- - EaK 2 _ 2 2
(ay)n (az)u (T-B (T-07%p [[: A(m){(ﬂm-am+vm )sin(2pt)-2amﬁmcos(2pt)

~m(y+z)

-4 2 -am(y+z)
+4p(1-v)K "cos p{}e cos(mx)dm irnA(m)e [{(B;—a:+vmﬁ)x
6]

sinl2pt - ﬁm(y+z>]‘~ 2amﬁmcos[2pt - ﬁm(y+z)]} +4p(1-v)K~‘cos(pt—ﬁmy)
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ca-(pt~ﬂmz)]oo-(mx) dm]

EaK

- A (y+2)1}sin(mx)dm- mA(m) Ja_sin(2pt)+3 cos(2pt)-sin(2pt)
m (1-2)4pJ 0 m m

2 2 2
(ﬁm am+vm ) a 2p(1-1) m(y+2)

m 2
ST -opy —(Ytz) ¢ TT:§;T(y+z)cos(2pt) Ri1=55, (Y+z)cos p{}e

x gin(mx)dm

(r ) = _ aKE

A(m)[ ml1-2v)la_sin(2pt) + 3 _cos(2pt)) -
yz = (1-1) (1-20)4p f: m m

By~ 00 2
—" (my+mz-1)sin(2pt) + amﬁm(my+mz—1)cos(2pt)— Rp(i—v)(my+mz+2)

2 -m(y+2)
cos pt]e

- (y+2)
E aK ‘ “m 2 2
cogs(mx)dm + -i_—v —A—s o A(m)e {(am" ﬁm)51n[2pt -



ﬁm(y+z)] +2amﬂmcos[2pt-ﬂm(y+z)]}cos(mx)dm

3. Suppose on the plane surface yz=0 we have

T = P cos'pt | x| <a

= 0, [x]>a

From the relation (2.1) we have on the edges y=0, =0

-3
n

Jw Alm) coszpt cos(mx) dm
0

Hence

)
i

fm A(m) cos(mx) dm
(o]

Then by Fourier’'s cogsine transform

e
Alm) = 2P sint(ma)
tm

with this value of a(m) the complete

relation (2.11)

solution 1{s given

162

(2.11)

by the
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THERMAL STRESSES DUe To PRESCRIBED FLUX OF Heat ON THE SURFAce OF

A Thick PLATE

Cow»mw'ni«Ca&oL for }szifcafiows .



164

1. SoLution OF THE EQuATiONs OF THERMOELASTICITY

We shall consider the temperature and displacement fields 1In an
elastic plate of finite thickness but infinite radius which 1is
conducting heat. It will be assumed that there is symmetry about the
z- axis and any point of the solid may be expressed in terms of
cylindrical coordinates (r,e,2). For symmetrical deformation of the
solid, the displacement vector will have components (u,0,w) and the
only non-vanigshing components of the stress tensor will be rr, eeo,
zz and rz.

The temperature field is given by Laplace’s equation

= 0 (1)

in the steady state and in abgsence of thermal sources.
Stress components are obtained by using the potential of

thermo-elastic displacement y given by [17]

u = ;‘Y.' W = ﬂ (2)
dr az

From the stress strain relations in problems of thermal stresses and

the equations of equilibrium we have

a 3

Where T 1is the deviation of the absolute temperature from the
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temperature of the solid in a state of zero stress and strain, a,

being the coefficient of linear thermal expansion of the solid and »
is the Poigsion's ratio. -

A particular integral of the equation (3) is

J (ar) ) e ) }
w= grA > {z(l-—e 222y (1+e **%H) (1472 (1-0 20“")(1+e"°“’>’2}
Jo

xe2 (274 4, (4)

where A {s a function of a only and 2d is the thickness of the

plate.

From the relations (3) and (4) we obtain,

T = r A(1+e'2°‘z>(1+e'2°‘d)"J°<ar)e°“z'd) dox (5)
0

which satisfies equation (1).
The stress components and the displacements can now be written as,

— o’w 2002 -2ad ., -1 -2002 202 | -1
rz = 2G = -Gf3 A(l+e J(1+e ) l1taz(li-e Y(1+e )
0

ardz

-adu—e'“‘d)(1+e"°‘d)"}J (ar)e®* 2™ 4o
©
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2 - - - hat {234 —20.2 4%
zz = 2G[‘1—2”i - v’w] =Gﬁr Ax(1+e 2%%) (1407299 ‘{z(i-e )(1+e )
dz 0

- - - -d)
~-d(1-e zO"ﬂ)(:l.'re zcxd) ‘}Jc‘(ou‘)e‘m(z d dot

2 - - -, Ll - -
F?;zc;[i’;;’- ~ V’w] =Gﬁr A(1+e 2%%) (1497209, ‘[a{zu—e 2XZ) (147202
dr 0

J (ar)
-d(1-e72%%) (147229 ‘}{ = -J (ar)} -2J <ar>]e°“z 9 g
ar © o

$)
=]

N
(7]
" |-
Ry
'
<
N
<
i

—GﬁrA( 1+e 242y 1+e-—zad)-—a [a{z( 1-e292,
0

Iy lor alz-d)

+2J (ou')] e
(-]

(1+e"’°‘z)"‘~d<1-e"°'d)(1+e"°‘d>"} da (8)

| =

"
SR

n

i
iR

—rA(ue’“‘z)(1+e‘2°‘d>"‘{z<1—e'z°‘z>(1+e'z°‘z)"-d(1—e'2°‘d>
0

x(1+e-3ad)—"}.}‘ ar)e* (24 dau
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& - - - -
wed¥ - gj At (14687292 (147299, ‘{uazu—a'“‘z)(ua 2AZy7t 4 x
az

(1-9'2"“’)(1+e‘2°‘d>"}.1°(ar>e°“z'd’ dot (7)

The subscript T denotes that the stresses and displacements are due

to thermal expansions only, G being the modulus of elasticity in

shear.

We observe that the normal stresses ;;7 vanishes at z=td, the stress
;;; however does not vanish. To satisfy the boundary conditions on
the planes z=%*d we superimpose a complimentary stress system. The

components of stresses and displacements are expressed by means of

Love's function ¢ by the relations (7)

2
;;'—' ZGL[pvz¢-_o_£]

c 2
ar

5;;= 26 2— [vv‘¢ -rt 22 ]

1-2v 9z dr
N 2

22 = 26 2 [(2-v>v’¢ -2 ¢]
1-2v 22 az?

N 2

rz_= 26 2 [(1-v)v’¢ -3¢ ] (8)
1-2v ar 3zt
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u = 1. 2¢
¢ 1-2v 9rdz
1 e
w_ o= [2(1-v>v‘¢ - ——;] (9)
@ 1-2v 9z

v % =0 (10)

A solution of equation can be assumed in the form

¢ = é—r {B(1—e'2°‘z)+0az(1+e'z°‘z)} Jocar)e"‘z da (11)
0

where B and C are functions of a to be determined.

The components of complementary stresses and displacements are given
by

r C(1-2v)- B}(1+e e z)—Cazu—e"“z)]Jomr)e“z da

r {2Cv+8}(1 e %@ z)-Caz(1+e~zaz)]J‘(ar)eaz dex (12)
0

Now the boundary conditions to be satisfied are,
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zz =0, [rz+ rz = 0 (13)
[zzc:l z=%ad [ ¢ T]Z‘ﬂtd

Now the first relation of (13) wil)l be satisfied, it
B = c{1—2v—ad(1-e°z°‘d>(1+e'z°‘d>"} (14)

Again, In view of the second relation of (13), we have from (8) and

12)

c = $1-2v) e-adA (15)
-zad)

aa(l*-e

Consequently, the remaining stresses and displacements are given by

F?;Gﬂr A(1+e72%2) (147200 [{2+az( 1-e72%%) (1+e72%%) T 4a(1-072%9)
0

_ - J (ar) J (ar)
x(1+e zad) ‘}{J (ar)— : } +2v £ ]ea(z d) da
[ ar ar

8)

c=Gﬂr All+e 232 (14720001 [{2+az( 1-e 2%%) (14295 La(1- 24,
)

J (ar)
- d - -
x(1+g 200, ‘—z;}-Lm_ + 2vJ°(ar>]e°“z D (16)
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c
Li

- - - - - —2a2Z - —zad
grm t (140 29%) (1497229, ‘{2+az(1—e 20Z) (1e@ 2NZ) Tt _yd(1-e )
0

x(1+e—2ad)-‘-ZV}J1(ar)ea(z-d) do

€
i}

%rm" (1+e 292, (1+e”°‘d>“{1—az(1—e"°‘z> (1+e 222y . hd(1-e 229,
0

x(1+e'2°“’>"—z»}Jomr)e"“z'd’ dov (17)

Applying (7) and (17) we have the final displacements given by,

c
"

ﬁ(l-v)rﬁa—‘(l're—zaz)(1+e_zad)—‘J‘(ar)ea(z—d) dox
0

£
W

mi-v)rm"u—e’mz)<1+e"°‘d)“.1°(ar)e°‘(z'd’ dox (18a)
0

Algso applying (8) and (16) we have finally,

~~ - - - J (ar)
rr = -2GB(1-v)JmA(1+e 202y (14 20dy 1 1 _ g2tzmd)
0 o
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J (ar)
- ~20d, -1} "4 a(z-d)
(> =2G{?(1-v)IOA(1+e 2AZ) (14072 ‘{ — - Jo(ar)}e da  (18b)

Hence we have,

- - - -d)
Tr+ee = —zsﬁu—wrmue 202 (4 ,7200d, ‘Jo(ane"‘(z d) 4
0

-z2ad | - J‘(ar) a(z~-d)
rr-00 =2GB(1-v)rA(1+e 2AZy (e 2Ty J_tar)— 22— }e dex
0

(19)

2. TEMPERATURE DISTRIBUTION

We shall suppose that on the free surface z=d, there is a flux of
heat within a circular region, the rest of the surface being free of

any flux of heat. So the Boundary conditiong are, on the plane z=d,

T
az

f(r/a), for O<r<a

for r>a (20)

]
o

Now from (5),
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- - - (z-d)
T = Jm A(L+e 29%) (1497200, ‘Jotame"‘ z dot
0
Therefore
2T . r Aau-e'z“z)(1+e'2°'d)"J°<ar)e°“z'd’ da
az 0

Now we consider dimensionless coordinates p,n,{ the new variable of

integration being 7n, detined by the trangformations
aA(a) = ay(aa), mn=aa, p=r/a, (=z/a (21)

Under these transformations , we have,

oT _ r x(n)(l_e-zn()(1+e~znd/a)-sJ°(pn)en((-d/a) dn
az 0

So that on the surface z=d, we have

r xcm<1-e”*’d’°><1+e"’7d’a)"J°(pn> dn = tip), 0sp<i
0

= 0, P>
Hence by Hankel's inversion theorem [14]
-1 -2nd/a -2nd/a, -1 1
n xn)ii-e J(1+e ) = J pf(p)Jo(pn) do (22)
0

Under the same set of transformations, we have on z=d,
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)
u = reu—wa’r &‘-2- J, (en)dn
0 n

w = ﬂ(i—v)azr Z‘-%’-’- (1-e72M9/3) (14672193, 75 (o) dn
0O n

Tr + 60 = -2Gﬁ(1-v)ar x5 (opran
o " =°

Pamnd N

rr - 68 =

J (on)
- XM ¥ (omy— 21 d (23)
2GR (1 v)af: o { o len P )

Let us assume that f(p)=k. Then from (22), we have

1
0ty (1-eNd/2, () 2nd/a, kJ pl_ten) dp = k3
0

Hence

x(y) = kJ‘(mu-e""d/a)(1+e"“d/a) o (24)

This value of x(7n) substituted in the relations for stresses and

displacements gives the complete solution.

We find the value of [ Tr +6é]z=d with this expression for y(n) as
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[ Tr +88) 4 = —2Gn<1-v>akrn"(1—e“’"d’a)(1+e"""”)".1 () J (en)dn
z=d 0 Fy c

Writing,
_ - _ o =-2pnd/a
(1-e Ma3/3,y (14e MaA/8, "4 o 440 L e , we obtain
p=1

—~ o~ - ® -z2pnd/a
[ rr +ee]z=d =6En [1+2;_:e ]J‘(n)Jotpn’dn=6l‘+26lz
p=1
(25)
where
11
11 = ng[;’" ;,1;pz], for p<1
= 2/n, for p=1
- 1 1 -
= (20) ‘2 ‘[-;, S12ip ’), for p>1 (26a)
: =g ;’: (-1)%(2¢) 127 (28%1) 2pd/a (260)
2 p=1 5=0 s!(s+1)1(p2+ap*a®/a® 287472 28} (240242 /02)

and &6 = -2Gf3(1-v)ak

(28c¢c)
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3. ParasotrowbAaL DisTRIBUTION OF TEMPERATURE

We consider a paraboloidal distribution of temperature over a
circular region of exposure 0sSr<a while the rest of the surface |s

kept at zero temperature. We have therefore on the surface 2z2=d,

-3
"

’rou—r’/a’), for O<r<a

o, for r>a (27)

By Fourier-Bessel Representation on the surface z=d

T = raJ (otr)dar'l‘ u(1-u2/3%)J (au)du
o Q o [=] o

- -4
2'I'°J(:oc Jz(aa)Jo(ou‘)dcx (28)

Again, from (5), we have on z=d,

T = JakJ {ar)da (29)
o ©

Comparing (28) with (29), we get,
Ata) = 2T o *J_ (aa)
o 2

Writing in the dimensionliess form, we get
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- -3
xm) = 2T°a Jz(n)
Subsgtituting in (23), we get

N

-1
[ cr ¢ 9 ]z=d = —AGﬂ(l-v)Tof:n J,(n)J_(enddn

and

- e _ =1
[ rr -~ o0 ]Z=d = AGﬂ(l-v)Tqr: ) {Jz(n)Jo(pn) 2(np) Jz(n)J‘(pn)}dn

(31)
Thus we get finally,
F(1,-1/2,1;p%) <1
2 1 ’ ’ ’p 1] p
T~ N
[ rr + o0 ]z=d = -263(1-v)T_{ 0, o=1 (32)
0 [ p)l
F (1,-1/2,1;0%)— F (1,-1,2;0%) <1
274 ’ y 130 ~2"4 ’ y &3P ’ =4
P T~
[ Tr - oo ]z=d = 263(1-»)T_{ -1/2, p=1
-(20%)7t p>1

(33)
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4. NUMERICAL REsSULTS

SN

The variation of - {[ rr + ea,]zad}/ZG(?(i—v)T° tor different values

of p within the circle ps1 is given in the following table

P - { r + o0 ]zzd}/zmu—v)'ro
0.0 1.0000
0.2 0.9798
0.4 0.9185
0.8 0.8000
0.8 0.6002
1.0 0.0000

5. CoNnCcLUSION

Thus, we note that the value of — {[/r? + o8 1, d}/ZGﬂ(i—v)T isg
. = o

maximum at the origin, diminishes slowly at the initial stage, but
rapidly near the edge of the circle of exposure and zero value at

the edge of the exposure and outside it.
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THeERMAL STRESsEs DUE To PrescriBED FLux OF HEAT ON THE BounDARY OF

A Sem~INFINITE ELASTIC Souip

CO’rnmwwiCafo_pL for j:wbl,éCa-Em .
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1 MeTHoD OF SOLUTION

Let the bouncary surface of the semi-infinite isotropic elastic

solid be given by z=0, the axis of z being drawn into the body.The

temperature field in the steady state is given by Laplace’s equation
v T=0 (1)

To determine the stiresses , the potential of thermo-elastic
displacement yw will be used. This is related to the displacement

components u,0,w by the equation, if axially symmetrical coordinates

be assumed [17],

L ow o= ¥ (2)
dz

In this problem of axially symmetrical temperature field, the
nonvanigsing components of displacements are u and w and since we are
considering axially symmetrical coordinates the general values of

u,w are not taken.

From the stress strain relations in problems of thermal stresses and

the equations of equilibrium we have (17}
2
Ve = f3T; 3

where f = it t a (4)




a4
1
and v is the

A particular

fs

[N~

Substituting in (3),

T

[la

where Ala) 1§

being the coefficient of

A (Ot ) s

A(a)t

180

linear therma! expansion of the solid

Poission’s ratio.

integral of the equation (3) is

(8)

s sinhmz-tanhzaz coshaz}lJ (ar)da
tanhaz °

we get,

1

anhaz (6)

{sinhaz-tanhzaz coshaz}Jo(ar)da

s & function of a only to be determined.

The stress components [17] can now be written as,

—

rz = 2 9

2
G-¥
ardz

rr

2
= 262 ¥
. ZG[

Orz

= - - 1 _ 2
GﬁJ:aA(a)(i a;)m {sinhaz tanh oz coshaz}J‘ (ar)da

1
tanhaz

-Vzw]=zGﬁ azA(a)

{sinhaz-tanhzaz coshaz}Jo(ar)da
0

N 2 _ 1
v’w] = GBJ:[ I, (arr+(2 az)J (ar)]aA(a)m {sinhaz-

-tanhzaz coshaz}da
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N 1 2 ’ _ z 1 _
e, = ZG(; 3% -V w]= G?r:[ 2J°(ar) ?J‘(ar)]aA(a)T;FF;E {sinhaz

-tanhzaz coshaz}da (7)

The subscript T denotes that the stresses are due to thermal

expansion only, G being the modulus of elasticity in shear.

We observe that the normal stresses ;;T vanighes at z=0, the stress

?;; however does not vanish. In order to suppress it the stress

system (?}C,SBE,EEC,FE;> obtained on the hypothegis that there is no

temperature distribution is to be superposed.

2. COMPLEMENTARY STRESSES

In order to determine the complementary stresses we use Love's

function satisfying biharmonic equation

v 4 =0,
with the boundary conditions
N N\
[zz.] =0, [fz + Tz =0 (8)

z=0 c T z=0
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and ¢=0 at infinity.

Let us assume the function ¢ in the form,

1 | _ 2
¢ = I:[B+CQZ)TEFFZE {sinhaz tanh  az coshaz}Jo(ar)da (9)

where B and C are functions of ca.

The complementary stresses are then glven by ([17)

2
Tr 2 2 [urty - L2 ]
1-2v 8z Ar

53;= 26 9 [uv’¢ -r?t %¢ ]
1-2v oz ar

— 2

zz = 26 2 [(2—v)v‘¢ -2¢ ]
1-2v 2z az’

' 2
Tz = 26 2 [(1—v>v‘¢ -9¢ ] (10)

¢ 1-20 ar az*
In view of the first condition ot (8), we have from (10)

B=-C(1-2v) (11)

Then trom (9)-(11), we get
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—_ 2Gz
2z
1-2v

< 1 _ 2
f:ca Tanfaz {ginha? tanh az coshaz} J_ (ar)da

—~ 2G ot Jeinraz-tant? -az)d_(ar)
rzc T e e— rDGm Tantoz sinhaz-tanh"az coshaz}(l oz Jo ar)da
1-2v 40
e = -2 | [27 (ar— (-24az)] (ar)/ar]Ce” sinhoz
a °© 1 tanhaz
1-20J0
-tanhzaz coshaz}da
| ??‘ = _EE_ [(Zﬂaz)J (ar)-(2»-2+az)J (ar)/ar]Ca’ ——l——— sinhoz
c °o 1 tanhaz
1-2030
-tanhzaz coshmz}da (12)
The second boundary condition (8) gives
C = - B2 (13)

20‘2

We have therefore the stresses ?;, 63. ;2 etec. given by
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do

J (ar)
— Ny ol (x) ] 2
= - - hotz
rr rrc+rrr= 2GR o(l v’tan 3 {sinhaz tanh"az cos } =T
— N - _ alA(a) - 2 _
o0 = 00_+ o6 = 2Gﬁ|o(1~v)tan = {sinhaz tanh“az cosha%}[Jo(ar)

J‘(ar)
.___.___..] da
ar

We write the solution in a dimensionless form on putting

aAla) = ay(aa), n=aa, p=r/a, {=z/a

where a is some length and » a new variable of integration. Ve

that the solution may be written in the form

Q0
= - . -tanh?
T jo x(n)tanhn( {sinhn( tanh™n{ coshn(}Jc(pn)dn

Correspondingly, we get,

J (on)
_ 1 2 1
rr = 2GR(1-v) N)e—————— ¢ 8in ~tanh cos ——
on REE Ty v { m{ ng hnC} oo W

o

(14)

(15)

find

(16)

J (om)
= 2GG(1-v)I:x(n)?E%REZ {sinhn(-tanh'n( coshn(}[Jo(pn)— -1————Jdn
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3. PrescriBED FLux OF HEAT ON THE BOUNDARY

We shall suppose that on theffree surface 2=0, there is a flux of
heat within a circular region, the rest of the surface being free of

any flux of heat. So the boundary conditions are, on the surface

z=0,

9T . t(r/a), for Osr<a

az

= 0, for r>a (17)

Now from (i6),

aT -

2! - ra ‘nx(m.xo(pm dv (13)

az (o]

Hence by Hankel's inversion theorem [14)

1

x(n) = a"‘l pt(P)J_(om) dp (19)

0

Then we have from the relation (14)

~~ Lamny 1
rr+ee = 2q6(1—v)[: x(n)TEFFET {sinhn(~tanh2nC coshnc} Jo(pn)dn
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J (om)
—~~ o~ 1 2 i _
rr-ea = 2Gﬁ(1-v)f: x(n)Tzﬁﬁﬁf {sinhn(-tanh nt coshn(}[Z——;ﬁ__
(20)
J°<pn)]dn 20
When z=0, take the forms
e~
[ rr+e0 ]z=°= ZGﬁ(l-v)f: x)J_(enddn
e J‘(pn)
[ rr-eo ]z=O= 2Gﬁ(1-v)I: x(n)[2——55—— -Jo(pn)]dn (21)
e~ o~ TS
We shall obtain expressions for [ Tr+ee ]z=0 and [ Tr-ee ]z=0 for
two particular functional value of f(p).
Case 1.
Let us assume that f(p)=k. Then from (19), we have
-1 1 -1
x(n) =a k[ pJo(pn) do = kf(an) Jt(n> (22)
0

Substituting this value of y(n) intothe relations (21), we obtain
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[ Tr+60e ]z=0 = %5 F(%,— %.l;pz]. for p<1
bt gék, f for p=1
an
= E%% F[%, %,Z;p-z], for p>1
[ ;;-;3 ]z=0 = %B[F(%,- %,Z;pé]—F[%,— %,lgpz]] for p<1
= %%%, ' for p=1
='§§£[2F[%,— %,Z;p—z]—F(%,%,Z;p-z]], for p>1 (23)

where & = 2GR (1-v)

Case 2.

We take the flux function as a parabolic one, so that we take

(o) = k(1-p*). Then from (19)

x(n) = ka-‘[lm—’.!‘ <n>-2n°zJ°(n>] (24)

Subgstituting this value of x(n) into the relations (21) and

integrating we get [14)



188

~ Sk 1 i 2) _ .1 _3.,, z] ) tor o<1
[ ;‘:“"99 ]2=0 = ﬁ[SF(" ‘z"v' ;.iip ] AF( z’ zvlvp <
= g%%: for p=1

i 13 2 .
-SF[‘ -21—,“ ;—,1;pz] ‘AF(' ‘;';)239 ]] tor p<1
= 13ﬁ;’ for p=1

1 1 -2 1 3 -2
-SF[" ;,‘ ;—,lfp ]"'QF[' E‘,- ‘2'92; ]] tor p>1

4, NumMericaL REsULTS

Taking a=1, the variation of {[3-5&]2:0}/2Gk(1+v)a‘ for different

values of p, In the two cases is given in the following table
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{[f}-sb]vo}/zckuw)at

0.0 0.00000
0.2 0.00505
0. 0.02087
0.6 0.04988
0.8 0.09868
1.0 0.21212
1.5 0.27138
2.0 0.22519

. 0.15955
4.0 0.12203

Table 2.

&

——

]zzo}/ZGk(1+v)oa

0.00000
0.00990
0.03836
0.08140
0.13125
0.16968
0.14538
0.11686
0.08098
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5. CONCLUSION

In the first case of distribution of temperature we note that

the value of {[;;-é\e]zzo}/2Gk(1+v)ozt is zero at the origin, reaches

its maximum at a point shortly beyond the edge of the region of

exposure and then diminishes continuocously as o increases further.

In the second case of distribution of temperature we observe that
the nature of [rr—é%]zgo remaing unaltered but {ts value diminishes

rapldly outside the region of exposure.



