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tlNTRODUCTION

In this p a p e r,axisymmetric thermal stresses in a semi - inf inite 

elastic solid have been obtained when there Is a constant supply of 

heat over an elliptic area on the bounding plane surface, the rest 

being kept at a constant temperature. Temperature and the potential 

o f the thermo-elastic displacement are obtained in terms of Matheiu 

functions employing the curvilinear coordinates due to C.B.Ling 

[44].
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2 -  Me t h o d  O f  So l u t i o n

Let us introduce elliptical coordinates connected with

cartesian coordinates in the form

x+ iy = h cosh(jf + i>7) ( i)

where OS r) S2rr, and 2h is the distance between the foci. Let the 

bounding surface of the serai - inf inite elastic solid be given by *=0, 

the axis of z being drawn into the body. The temperature field in 

the steady state is given by the differential equation t33

7't = 0 (2)
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and the boundary conditions are

-K £I . Q, <? , 2 = 0
dz

T = 0, K>K . 2=0O

T = 0 at infinity (4)

where K * thermal conductivity

Q * rate of flow of heat per unit area.

Equations (2) and (4) are satisfied, it we take 1103

00 ~nz
e (5)

n = 0 an an

where is a constant to be determined from the boundary

conditions (3) and

00 (2 n )
c = r A cosh(2r?)e 2 ran r = 0

00 (2 n )
C (rj.q) = E A cos(2rT))

2n r = 0

are Mathieu functions of integral order C2], q being a constant 
obtainable from Mathieu’s equation [103.



On the plane z=0, the following relations are to be satisfied
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oo
E nc c (?,q) (Y7,qJ = Q/K ,
n*0 an an

CD
2 °2n°e = 0 . ? (6)
n=0 an an

Multiplying both sides of(6) by C and integrating w.r.t. t)
®*n

from 0 to 2n and w.r.t. 3̂ from 0 to ? we obtainO

2 „ (2n)
“ ir *„ = “in ° °e

JO zn

where in general CIO]

(m) ^
\  + 2r ^ r!(m+r) !

and t is a function of q.

Therefore, c = 2QM /K an n
where

(an)
A

«n * =--------  C7)

Jo ®an



The temperature T is ,therefore, given by
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To determine the stresses, the potential of thermo-elastic

displacement y will be used. This related to the displacement 

components u,v,w by the equations

«v; = £v; . „ o ,
dx dy 3z

From the stress-strain relation in problems of thermal stresses and 

the equation of equilibrium [17] we have

20 ® ‘^2 
= -R E (r),q) e (10)

n=0 atn zn

where ft = a ,  u = Poission’s ratio, a is the coefficient of
linear thermal expansion.

A particular integral of aquation (10) is given by

Q/?2 ® -1 “"2
^  ~ --- iT" ^  " ”n°e C (r), q) e ( I Dn = 0 zn zn
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Now the stress components (zz)^, 2 are calculated

as

)T
w  ' 2Ch(cosh(a!')~ c o s (2»7) 3~* T n"*M

n«0 "
sinh2jfc* <y),q)

*n an

-Sin(2y7)c^ (?,q) C' (r>, q )
2n an

e - E (? ,q) C (r),q)e
n*0 an an

+ 2th*(cosh(2!f )-cos(2r)) ) ,
«r

(r?r)) 00
— ^  =2Eh<cosh(2? )-cos(2rr) ) ] E

n*0
sin 2r, (? ,q)C'̂  (r>,q)

an an

■alnh(2ir)c‘̂ (?,q) C (r),q) 
an an

2Q/3 ®
e _ E  M„Ce (T).q)

n®0 an an

-nz 
e +

+ 2C h“ <co8h(2i| )-cos (2r>)) 3

( 1 2 )
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- - E <?.q>C <r>,q)e
n = 0 " ®2n an

(22) nrt ®

^osh* 2?-coa*2r/ ^  *M^lnz-l
n*0

sinh<2f)c' <?,q>C^ <T?,q)
2n ®an

sin(2r))c^ <?.q) C'̂  <rt, q )  
an an

-nz
(13)

(Fn) and (rfz) do not appear due to symmetry. Here prime stands forT T
differentiation w.r.t.  ̂ and 77.

It is observed that the normal stress (zz)_̂  vanishes for 2=0. The 

stress (Jfz)̂ , however, does not vanish. In order to suppress it, the 

stress system (if?) , (7)7) > , (zz) , (if 2 ) obtained on the hypothesisC G O G
that there is no temperature distribution is to be superposed.

3. C o m p l im e n t a r y  S t r e s s e s

In order to determine the complimentary stresses we use Love’s 

function <fi satisfying the biharmonic equation [93

(14)

with the boundary conditions
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(15)

Let us assume the function in the form

ao -n z
= E (C+Dnz)c (?tq) c (r>,q) • 

n*0 »n in
(16)

where C and D are functions of n.

The complimentary stresses are given by [161

(^?) 2fj d
c l-2i^

(rm > = —c dz
v7*<^ - h ‘e 1 2 T)Y)J

( 2 2 )
2/j a

c l-2v -  e
dz »- zz

(?2).
dz L 22 (17)
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where h* = h* » 2C h* C cosh< 2? )-cos ( 2y) ) > 3 h
i  2 * = I

Using (16) in (17), we have

(??) 00 -n z
£  2i>n"Dc (?,q)C (r),q)e -2C h (cosh (2? >-cos (2r>) ) ]
r.mo ® —an *n

00

E n(D-C-Dn2 ) 
n=0

-sinh 2? c'̂  (^r.q)C^ (r),q)+sin 2r) (r),q)
an zn zn zn

-nz 2
xe -2th (cosh(2Jf )-cos(2f)> 3 ----- ^

dz df*

<r,r,)c _ 1

“ 5]ir
00 -nz
E 2vn*Dc^ (if,q)Cg (Y),q)e -21 h (cosh ( ) -cos (2r)) 3
n=0 zn zn

GO
£ n (D - C - D n z )  

n -0
sinh 2f c'̂  {^r,q)C^ (y>,q>- sin 2t7 c^ (?,q)C'^ (T), q )

an zn zn zn

-nz
xe -2th*(cosh(2f )-cos(2r)) 3"‘ —

^z
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(zz) . 00
® j; n [D-2i>D+C+Dnz3c (?,q)C^ <r),q)e

,̂ -0 2n 2n

(^2) 00
75-2 = C(l-2p)h3“‘ |2(cosh*2Jf -cos*2y)> E n* (2y D-C-Dnz )

n=0
• lnh(2ir ) X

*n zn zn an

-nz
(18)

n view of th» first boundary condition

C = - D<l-2v) (19)

The second boundary conditions gives

D =
l-2v») 

Kn*
(20)

With these values of C and D, the components of conp 1 imantary 
stresses are known.

Therefore* the resultant principal stresses are given by

(r)T)> = (r)T)),+ (T)T))̂T C (21)
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(« ) = -  - E
n*0

c (?,q)C (r), q)-2tnh(cosh(2f )-cos(2r))) 3 x
®zn ®zn

sinh(2?)c' (?,q)C ( r ) , q )  ~ sin(2r))c^ <r).q> " (cosh(2?)-
2n 2n 2 n *n

cos (2t) ) )
_*u*

1- -^ij^cosh(2? )
*n an

-n* 
e ,

oo

n = 0
c (if,q)C (r),q)+2Cnh(cosh(2f)-cos(2r)>3 X 
an 2n

sinh(2?)c^ (?,q)Cg (t> , q )-8 in (2>7 ) c (f,q)C;^ (r?, q ) - ( cosh (2? )-
an 2n *n ~zn

r n* h*
c o s ( 2>7 ) > | i -  — cosh(2r)) Cg <17. q>

2n zn

-nz

( 2 2 )

On the plane z = 0, we have from (22)

= w < i ^  (f,q) <r>.q)
n = 0 an zn

(23)
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CD
)-cos(2y>) 3“‘ E

n**0

- 2 . 2   ̂
2— — ( cosh ( 2t) )+CO* (2r)) ) IX

c (?,q)C (t), q) - (coah(2f )-cos<2r)) )-4
2n 2n

sinh(2f)c' (?,q)C Ir), q )-
2n 2T1

iin(2r>)c (?,q) C' (Y7,q) 
®2n ®*n

(24)

So the stresses are determined and the problem is solved.
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T h r e e  DlME^4SlONAL T h e r m a l  S t r e s s e s  Du e  T o  p e r io d ic  S u p p l y  O f  He a t  O n  

T h e  S t r a ig h t  Ed g e s  O f  A Sem i I n f in it e  T h ic k  Pl a t e



U n t r o d u c t i o n

This is a thermoelastic boundary value problem of three dimensions 

when these thermal stresses are produced in a body by unequal 

distribution of temperature which may be regarded as a specified 

function of coordinates and time. In this paper stresses due to 

periodic supply of heat produced by the blow of a jet flame on the 

straight edges of a semi-infinite isotropic elastic thick plate 

distributed over a finite portion of it, have been considered.
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2 .SOLUTION
1. If T denotes the temperature at the point (x,y,z) and a , the 

coefficient of linear thermal expansion, we have the three 

dimensional equation of heat conduction as [3]

a t

where

+ —  +

We have the following stress-strain relation in three dimensional 

problems of thermal stresses [13]
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e
X

-c iT  = e ' ‘  [  + <y^ ) ]

^ y -a T = E‘‘ [o'y-V'(o'̂ +

£ -aT = E' [o'̂ -vCcy + o'̂ )]

2(1+1^) _ 2 (1 +1̂ ) _ .. _ 2 (I +v ) _ / , o ̂
''.y' ---T - ’̂ xy'>'yz---- i—  ^yz • ---- E ~

Solving for the stresses we find

E  ̂ Ev EaT
‘̂'x* 1 +v (1 - i (1 +vy i-

E  ̂ , Ev _ EaT
*̂ y" l+î  (l-2v)(l+t>)® l-2v>

= _E_ + Et> _ EotT
*Z~ l+l> ^2 ( l-2v*) ( l+l>)® l-2v

= 1 _E_ . I E  _ 1 E
xy~ ^ 1+iJ ^xy ’ ^yy ~ 2 i+v ^yz ’ ^xz~ 2 i+v ^ xz

Hence from the equations of equilibrium

(1.3)
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dx dy ' 92.

^ ( T  )+£-(o- )+— (T ) = 0
"y dy y

£-(t )+— (t )+— (cy ) = 0 (1.4)_ xz - y2 Zdx dy ' dz

Ue get when expressed in terms of displacements

—  + ( l - 2 v ) 7 * u  = 2 ( l + y ) a  —  
d x  * d x

~  + ( l - 2 u ) 7 * v  =2(l+t>)oi  —  
5y * dy

—  +(l-2v)V*w =2(l + î )« —  (1.5)
dz * 5z

Assuming that [17)

u  ̂ ^  , v - ^  , w = ^
t>x dy dz

( 1 . 6 )

where y* la a function of x,y,z and also of time t, the relation 
(1.5) reduces to
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(l-i>)”L  7*^ *(l+i>)ot —
dY.

(l-v»)£_ V*y/ =(l + t>)a (1.7)
9z *

Thase three equations are evidently satisfied if we take the 

function as a solution of the equations C17]

I -V (1.8)

Differentiating equations (1.8) with respect to t and substituting 

for d l / d t from relation (1.1) we get

i. 9t  l-t> i

We may therefore take

dy/ _ 1 +v

2.Considering a semi infinite thick plate bounded by the plane with 

edges y=0,z=0, the axes of y and z being into the plate we can write 
the solution of (1.1) as
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T =
roo -a (y + z)

A(n)e "* cos(pt-^-y) cosCpt-^ z) cos(mx) dmm m ( 2 . 1 )

where

a = m I"*" £*+ P* **
4 4k‘J

i/2

m T

* 2n
E  + £
4 4k-l

i/2
( 2 . 2 )

and A( ro> being an arbitrary function of m. From equation (1.9) the 

function y/ corresponding to this temperature becomes

i+v aK
1-v* 4p

rOD -a (y + 2 )
A(m) e "" sin [2pt-^^ (y + z) ] cos(mx) dm (2.3)

The relation (2.3) represents a particular solution of the general 

equation (1.5). The corresponding displacements and stresses can now 
be calculated from relations (1.3) and (1.6)

u = — 1+y aK
i-v 4p

rOO

JO
-a (y+z)

mA(m)e sint2pt-/? (y+z)l sin(mx) dmm
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l+i> c*Kfoo -a_,(y + 2 )
A(m)e " [a^8in[2pt-^^(y+z)]+^^cosC2pt-^^(y+z)]]

xcos(mx) dm (2.4)

-E aK roo -a (y + z)
A(m)e "* rm*sinC2pt-^ (y + z)]+ -oi* )sin[2pt-/?^L tit 1 in Dd in

X (y + z) ]--2a^^cost2pt-^^(y+z) ]ĵ + 4pK~‘cos ( pt-^^y)cos (pt-^^z)] cos ( mx) dt n

<y = <y -E <xK fOo - a  (y  + z )

y z (l - 2 v ) (l-v>) 4p A(m)e ID a*' m m )sin[2pt - ft (y+z)3 m

-2c» ft cos[2pt-/? (y + z)]l + t^m*sInC2pt-/? ( y + z ) ]  + m m  m j m

+ 4p(l-iJ)K ‘cos (pt-/?^y) cos(pt-^^z)]|cos(mx) dm

T = T = -3---xy zx 1-v 4p
E aK fOO -oi ( y + z )

mA(m)e m [•fa^sint2pt-/? (y + z)] m m
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+/3^cosC2pt-/5^(y + «) 3^sln(mx ) dm

T = -J_ A(m)e *V/(a*-^*)sin[2pt-^^(y+z)]-yz 1-v Ap - m in m

+ 2a^^cos[2pt-^i^(y + 2 ) l^cos(mx)dm (2.5)

The stresses obtained In relations (2.5) are produced by the thermal

expansion. This expansion gives rise to certain stresses on the

boundary of the plate. We shall therefore make the boundary free

from stresses by the addition of the extra terms obtained on the

hypothesis that there is no temperature distribution. In order to

nullify the stresses on the boundary yz = 0 we are to superimpose a

complementary stress -system (o' ,cy ,<y ,t  ,t  ,t  ) such that
’‘i

(<y ) = -(O' ) , ) = "(O' ) , (T ) = "(T ) , (t  ) = -(t  ) ,
0 ^ 0  0 ^  0 0 ’‘ ^ 0  0 *‘ ^ 0

(t ) = ( t ) (2.6)
0 0

Considering the stress function

V' =
00 -m(y + z)

[C(ra)+yD(m)+zE(m)]e cos(mx) dm (2.7)



which satisfies the biharmonic equation, C(m),D(m) and E(m) being 

arbitrary functions of m, we have stresses [9]
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Cf » •r 1.y/ , Cr “ •f 1 V'. or a . 1
X

1
-  St - *
dy ^2 j d z *  ,

Z
i dy* d x *

¥ , T,
i  d x d y

So we get the complsmentary stresses as

ayaz dxaz

rOD

0
2m*[C(m) +yD(m) +zE(m>] -2m[D(ro) + E (m)]

-m <y + z)
cos(mx) dm

roo -m(y + z>
2mE(m)e cos(mx) dm

0

-m(y+2)
o ' j , - "I 2mD(ra)e cos(mx) dm

m*[C(m)tyD(m)+zE(m)] -mD(m)
-m(y+z) 

e sin(mx) dm

fCO
m*JC(m)+yD(m)+zE(m)J|-m£D(m)+E(m)J

-m(y+z)
cos(mx) dm
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fOO
T  »  -

zxt
m*|[C(m) + yD(m) + zE(m),] -mE(ra)

-m(y+ z)
sin(mx) dm

Using relations (2.5),(2.6) and (2.8) and solving we get

-EaKD(m) • E(m) = < i i " 2 ^ ) apn = in(2pl)-2a^^cos (2pt) ♦

C(m)= —
(^*-a*+j^m* )̂  m m
i2( i-2t>) sin(2pt)+ cos(2pt)

2p(1-M) 
k( i-2i>) cos• p t ) (2.9)

with the value of this constants substituted from relation (2.9)

^  (  EotKm r (̂ *-ot*+i>m^ )
J -------  A(m) 1 [ a  sln(2pt)+/? cos(2pt) ] - — S-rr"-7s:-x (my + mz-l)0 |^(l-v)2p t *" 2(l-2i^)m

sln(2pt) + — .̂ E ., m(my^mz-l )cos(2pt) - cos*pt^e
-m(y+2 )

cos(mx)dm
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EtiK
”  (T-^iHTT-TrrSp^ 1 1

roo
a*+ vm*)sin(2pt)- 2ot^^cos < 2pt)

. -m(y+2 )
+ 4p(l-v)K ‘cos*pt\e cos(mx) dm

rOO
T = Txy zx

■̂4 i

EoKm
(l-i>)4p

art 9 n(i- i -m(y + 2 )
sln(2pt)+ ^ ( y  + z ) cos < 2pt) - (y + z) cos^ptle cos(mx)dm

-m(y+2 )

rOO
yz.

EaKA(m)
0 (l-t») (l-2y)4p

m (1-2V ) [oî  s in(2pt) cos (2pt) ] -
-a* )ID m

(my + tnz-l)sin(2pt)+oi^^^(my + m2 -l )cos(2pt)- | p( 1-v) (my + mz + 2)cos*ptjx

-m(y+z) 
e ccs(mx)dro ( 2 . 1 0 )
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Thus the resultant stress components are given by

EoK
(l-v)2p

-«* +i> m* in HI[ (a^s in(2pt) +f3^cos (2pt) ] - 2( i - ^  )m ̂ ">y"'■'"2“ ̂ ̂

sln(2pt) + -^-j^^^^(my+mz-l)cos(2pt>—  ̂co ŝ  p e cos(mx)dm
-m(y+z)

E aK 
Wp

<0 O f
A(in) [m*sin[2pt-^^(y + 2 ) 3] + sinC2pt-^^ (y+z ) 3-

2anj/3|jjCO*t2pt-^^(y + z )  3^ + ^ c o s ( p t - / 9 ^ y ) c o s ( p t - ^ ^ z ) ] e  ®
(y+z)

cos(mx)din

y \ ~  a.~ (. i -H iu ) (l-o>)4p
rOO

A (m)-^(/5*-a*+vm* >8ln(2pt)-2a ̂ ^co» (2pt)

-m(y+z)
+ 4p(l-v)K “cos'ptVe cos(mx)din*cos*pt^

foo -a (y + 2 )
A(m)e m +vm* )x

slnC2pt - /9^(y + z)3 - 2a^r?^cos 12pt - ^^(y + z)3ĵ  +4p (1-v ) K~‘cos ( pt-^^y)
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ooa ( )] oo* ( mx ) dm

foa -a_(y + 2 )m ̂ ̂  ' rmA(m)e Na^sinC 2pt-/?„(y + z) 3+/9„cos£2ptn m m

m- /3^(y+z) ]^sln(mx)dro- EaK r f mA(ni) a sin(2pt)+/3 cos (2pt)-s i n (2pt) m m

m ^ V m  ̂ x ,« i. •> 2p(l-i^). . 2 .1aTvr^ijy— <y+2> + -f̂ 3̂ 2 p^(y+z)cos(2 pt) - (y+z)cos ptje
-m(y+2)

X *ln(mx)dm

( T  )yz B
aKE roo

(1-v) (i-2i>)4p [A(m)| m (1-2t>) ta^s I n (2pt) + ^^cos(2pt)] -
ID

n -ot +t> m ' m m
2----- (my + mz-1 )sin(2pt) + (my + mz-1) cos (2pt)- ^p(i-v ) (my+mz + 2)

cos* pt
-m(y+z) 

e cos(mx)dm -t- E cxK fOO -ck (y + 2 ) -m ■
1 -V 4p l ‘“ m‘ <>»lnt2Pt -



/5^(y + z)D +2a ̂ ^cos C 2pt-/9^ (y + 2 > l^cos (mx ) dm
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( 2 . 11 )

3. Suppose on the plane surface y z - 0  we have

T = P cos pt

0 ,

X I <a

|xj>a

From the relation (2.1) we have on the edges y*0, i:=0

rOO
T = A(m) cos pt cos(mx) dm

Hence

f<X>
A(m) cos(mx) dm

Then by Fourier’s cosine transform

A(m) 2P sln(ma) 
nm

with this value of a(m> the complete solution is given by the 
relation (2.11)



163

T h e r m a l  S t r e s s e s  D u e  T o  P r e s c r ib e d  F l u x  O f  He a t  O n  T he  S u r f a c e  O f

A  T h ic k  P l a t e

-for .



1. S o l u t i o n  O f  T h e  E q u a t i o n s  O f  T h e r m o e l a s t ic it v

We shall consider the temperature and displacement fields In an 

elastic plate of finite thickness but infinite radius which is 

conducting heat. It will be assumed that there is symmetry about the 

z- axia and any point of the solid may be expressed In terms of 

cylindrical coordinates (r,©,z). For symmetrical deformation of the 

solid, the displacement vector will have components (u,0,w) and the 

only non-vanlshing components of the stress tensor will be rr, ee, 

zz and rz.

The temperature field is given by Laplace’s equation
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£!I ,  .-‘ 5 1 .  £ 2 = 0 (1,
S t dr 0z

in the steady state and in absence of thermal sources.

Stress components are obtained by using the potential of 

thermo-elastic displacement v' given by [17]

^  ^  < 2 >
dr 9z

From the stress strain relations in problems of thermal stresses and 
the equations of equilibrium we have

+ r"‘ ^  = /IT: - - 1+
dr* d r  dz

Where T is the deviation of the absolute temperature from the



temperature of the solid in a state of zero stress and strain, 
being the coefficient of linear thermal expansion of the solid and v 

is the Poission’s ratio.

A particular integral of the equation (3) is
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ft
roo J (ar) o

a

a(2-d) .xe dot (4)

where A is a function of a only and 2d is the thickness of the 

plate.

From the relations (3) and (4) we obtain,

rOO
T = A I-4 ̂  -201 z.,.^ -2otd.-t, , . a(z-d) .A(l + e )(l + e ) J (otr)e dotO (5)

which satisfies equation (1).

The stress components and the displacements can now be written as,

= 2G = -
drdz

roo
O ft

•J dotO
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Z2 * 2GT [75 - == GT3
roo

0
A / 4 . ̂ -20ld -IAa(1+e )(1+e )

, , . a (2-d) .J (oir>e doto

rr =2GT = G^ A( 1+e"*"^) (l +
■

a-
M r  -J 0 I- .

,, -zaz . , ,  , - zaz  . -1 z (1-e )(1+e )

•d(
J (ar)
-i _ _  - J (o(r) otr o -2J (otr)o

a(z-d) . e dot

©e = 2GT (I ^  = -
a r  J

rOO
A  1 ,  -20ld -4 I -zaz.A(l + e )(l + e ) a-{z(l-e )x

1 4

J («r>
+2J (or) ar o

a(z-d) da (6)

5̂
2
rOO

Jo

da
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w = ^  
az

■CD

0

, , . 0((2-d) .J (oir)e dot (7)

The subscript T denotes that the stresses and displacements are due 

to thermal expansions only, G being the modulus of elasticity in 

shear.

Ue observe that the normal stresses zz^ vanishes at z=±d, the stress 

Tz^ however does not vanish. To satisfy the boundary conditions on 

the planes z=±d we superimpose a complimentary stress system. The 

components of stresses and displacements are expressed by means of 

Love’s function (p by the relations [7)

rr = c
2G
l-2i> dz 9 t

2G a

i~ 2 v  dz

d4>

l-2i> dz dz

TZ - C
i-2i> dr

(l-v)V*^ -
dz

( 8 )
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u

w » c i~2u
2(1

dz
(9)

where satisfies the biharmonic equation C173

(10)

A solution of equation can be assumed in the form

fCD
<P = J (ar)e^^ da ( 1 1 )

where B and C are functions of a to be determined.

The components of complementary stresses and displacements are given 
by

rco
Z2 =a l-2t>

■^C(l-2v)-eJ-'IC (1-2v )-B I-(1+ )-Caz (1-e~*®*^) J (ar)e"^ dao

roa
rz = c l-2i>

a ■|̂ 2Cv + bJ (l-e-*"*)-(x=<z(l + e~*"^ J^(ar)e^* dot ( 1 2 )

Now the boundary conditions to be satisfied are,
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(13)

Now the first relation of (13) will be satisfied, if

B = C^l- ^ -zad, , . . -2cxd -12v>-'ad(l-e )(l+e ) } (14)

Again, in view of the second relation of (13), we have from (6) and 

(12)

( 15)

Consequently, the remaining stresses and displacements are given by

fCO
rr =G/3 c ^ 2 +c*2 (1 -e~*"^) (1 +e"*"^) "* -ad (1 -e“*®^)

x(l + e"*"‘̂)"‘
J (otr)'i 

J (ar)— — ar + 2v
J (ar)n
otr

a(z-d) . e da

rCO

0

J (ar)
--- + 2uJ (ar)ar o

a(2-d) ,e da (16)
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rOD
u

J daX

rOO
W = . -1 ,. . ~»a 2. , . . -2o» d . -1 Aa (1+e )(1+e )

0

, /. "*<312 X,.. -2a2.-l. -20»d .l-otz(l-e )(l+e ) +<xd(l-e )

,, . -2a d . -1 _X (1 +e ) -2 v , , X o» (2-d) ,J (oir)e dot (17)

Applying (7) and (17) we have the final displacements given by,

rCt)
f i \ / i J. “2ad.-i, ,  ̂<X(2-d) .Aa (i + e )(l + e ) J^(oir)e da

rOO
w * /?( I - u ) (18a)

Also applying (8) and (16) we have finally.

rr = -2G/3(l-v)
. J (ar) 

or
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oe =2G^(l-v)
fOO
0

J (ar)
_i----- J (oir)

at  o
^a(z-d)^ (18b)

Hence we have,

roo
T~r+oo = O

tr~o& =2Gft(l-v)
fOD . ' J (ar)'̂-20(Z.,.. -20ldv-lA( 1 + e )(i+e ) J (cur)—o 2 ‘ar0

a (z-d) . e dot

(19)

2. Te m p e r a t u r e  D istribution

We shall supposa that on the free surface z*d, there is a flux of 

heat within a circular region, the rest of the surface being free of 

any flux of heat. So the boundary conditions are, on the plane z*d,

£T
dz

= f(r/a), for 0<r<a

* 0, f or r >a (20)

Now from (5),
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rOO
o

Therefore

£T
dz

roo

Now we corsider di mens ion less coordinates p,T)fC variable of

integration being r>, defined by the transformations

aA(o> = a;^(aa), ri-aa., p = r/a, C =z/a ( 21 )

Under these transformations , we have,

£T
dz

fOO

0

/ \/4 “2'OC ̂ / 4 -2r)d/a.-i- , . r?(C“d/a) .;t(T))(i-e '^)(l + e ' ) J (pyj) e ' ' dr)

So that on the surface z=d, we have

fOO
(l-e"*^‘̂''®> (l + e~*^‘̂ ^^)"‘j (pt)) dr> = f(p), QSp<l

Hence by Hankel’s inversion theorem C14]

r i
pf(p)J (pY)) dp (22)

Under the same set of transformations, we have on z=d,
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roo

rOO
w * /? (1 ) a Siai <pn>d„

Jo n

rOO
rr + e© = -2G/9(l-v)a

Jo T) o

rOO
r r - ©© = 2Gft (1 -i>) a dr) (23)

Let us assume that f(p)=k. Then from (22), we have

r l

0
p j  (pT)) dp = kY) ‘ j  (T))o 1

Hence

*(n> . kJ (24)

This value of ;̂ fT>) substituted in the relations for stresses and 

displacements gives the complete solution.

Ue find the value of [ 'rr ^^3 z = d this expression for as



17A

fOO

0

Wr1 t ing ,

«> -apTjd/a
(1-©“*’’ ^)(l+e’*’̂ )’̂  = 1+2 E e , we obtain

p=l

['T? 3 z = d
[

00 -2pT7d/a 
1 + 2 E  e
p=l

where

J (T))J (pY))dr) = <51 +2(5 1 
1 c X 2

(25)

= 2/n,

fo r  p < l  

fo r  p = l

j , 2 ; p ' * j ,  fo r  p > l (26a)

CD 00
•^= E Ep=l s = 0 s! (8+1) ! (p*+4p*d*/a* *®l (p*+4p*d*/a*)‘'̂ *■ t

2pd/a (26b)

and 6 » -2G^(l-v)ak (26c)



3. Pa r a b o l o i d a l  D istribution O f Te m p e r a t u r e

We consider a paraboloidal distribution of temperature over a 

circular region of exposure OSrSa while the rest of the surface is 
kept at zero temperature. We have therefore on the surface z»d,
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for 0<r<a

= 0 , for r>a (27)

By Fourier-Besse1 Representation on the surface z=d

fOD fOD
cxJ (oir)da T u(i-u*/a*)J (au)duV o o

rOO
(28)

Again, from (5), we have on z*d,

rOO
T = AJ (ar>do(N O (29)

Comparing (28) with (29), we get,

A(c«) = 2T o* (oia)o 2

Writing in the dimension 1 ess form, we get
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X(.r)) * 2T a"‘j <Y))O 2

Substituting in (23), we get

r«o
0
r)"‘Jj, (r)) (pT)) dT)

and

rOO
rt
-1 (yj) (pT))-2 (r>p)  ̂ (y) ) (pr)) -dr)

(31)

Thus we get final}/,

f^F^(l,-l/2,l;p*), p<l

0 , 

0 ,

p = l 

p>l

(32)

(1, -1/2, l;p*)~^F^ (l,-l,2)p* ), p<l 

-1/2, p=l

t-(2p*)"‘ p>i

(33)



177

4-. Nu m e r ic a l  Re s u l t s

The variation of — [ rr + ea .j2»d /2G/3(l-v)T for diff«r«nt value*

of p within the circle p:5i is given in the fol Jawing table

• /2C^( l-v)T

0.0 1.0000

0.2 0.9798

0. 4 0.9185

0.6 0.8000

0.8 0.6002

1.0 0.0000

5. C o n c l u s io n

Thus, we note that the value of / 2 G f t i l - v ) T  isO
maximum at the origin, diminishes slowly at the initial stage, but 

rapidly near the edge of the circle of exposure and aero value at 
the edge of the exposure and outside it.
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Thermal Stresses Due To Prescribed Flux Of Heat O n  The Boundary Of

A Semi-Infinite Elastic Solid



1 M e t h o d  O f So l u t i o n
Let the bounaary surface of the semi-infInite isotropic elastic 

solid be given by 2 =0 , the axis of z being drawn into the body.The 

temperature field in the steady state is given by Laplace*s equation

7* T=0 (1)

To determine the stresses , the potential of thermo-elastic 

displacement y/ will be used. This is related to the displacement 

components u,0,w by the equation, if axially symmetrical coordinates 

be assumed [17],

u » w « ^  (2)
dr ’■ d2

In this problem of axially symmetrical temperature field, the 

nonvanislng components of displacements are u and w and since we are 

considering axially symmetrical coordinates the general values of

u,w are not taken.

From the stress strain relations in problems of thermal stresses and 
the equations of equilibrium we have C173

7*y/ = /3T; (3)
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where ft = (4 >



a b®lna th« coefficient of linear thermal expansion of the eolldi •
and V is the Polsslon’a ratio.

A particular integral of the equation (3) is
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rOO

Jo
slnhcMz-tanh a z coshaz J (oir)do( © (5 )

Substituting in (3), we get.

rOO
aA(a) tanhaz sinhotz-tanh az coshaz J ( a r ) d aO ( 6 )

where A(a) is a function of a only to be determined. 

The stress components C17] can now be written as,

t z  » 2G~-^  * -Q9 
d td z

rOO
sinhaz-tanh otz coshotz J (o(r)da 1

zz^= 2G
rOO

sinhaz-tanh az coshaz ■J ( a r ) d a  o

8 inhaz-

-tanh a z coshaz da
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oe 2G(i ^  -7V]» 2J (ar)- >]<»A («
V* J  J o

•Inhaa-

-tanh <xz coshotz da (7)

The subscript T denotes that the stresses are due to thermal 

expansion only, G being the modulus of elasticity in shear.

We observe that the normal stresses zz vanishes at z=0, the stressT
TZ^ however does not vanish. In order to suppress it the stress

system (rr ,zz , fz" ) obtained on the hypothesis that there is noc c c c
temperature distribution is to be superposed.

2. C o m p l e m e n t a r y  S t r e s s e s

In order to determine the complementary stresses we use Love’s 

function satisfying biharmonic equation

with the boundary conditions

[zzj • = 0. rzj = 0
z=0 z=0

( 8 )



and <̂ »0 at infinity.
Let us assume the function in the form,
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rOO
sinhaz-tanh*az coshaz J (ar)dao (9)

where B and C are functions of a.

The complementary stresses are then given by C17]

2G a
i-2i> az d t

ee - c
2G a
l-2v dz

.7*^ -r-‘ ! ±  
9 t

ZZ  =c
2G d

l-2v dz
(2-v)7^

dz‘

rz -  c l-2v 9 t 9z*
( 10)

In view of the first condition of (8), we have from (10)

B=-C<l-2w) (11)

Then from (9)-(ll), we get
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zz 2Gz 

1-2*̂

rOO
sinhaz-tanh oiz coshcxz • J (ar)doto

2G

l-2î

fCD
Co• 1

tanhaz sinhaz-tar>h*o(Z coshaz (l-az)J (ar)dao

*
2G rOO

[ 2 v J ^ ( a r ) -  (2i>-2+az)J^ ( « r ) / a r ] C a * sinhaz

-tanh <az coshaz ■da

r r  =G f ( 2 - a z ) J  (ar ) - (2 i<>-2+az )J  ( a r ) / a r lC a *  , 
l „ 2̂ Jo»- o i  J tanha: sinhaz

-tanh a z coshaz da (12)

The second boundary condition (8) gives

C = ,  A ( g )
2«*

(13)

Wo have therefore the stresses 'r7, ee, "zz etc. given by
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fCb

TT rr +rr_* 2GfiC T
ocA<«) sinhoiz-tanh*az coahotz

J (ar)
*.____

CUT
da

(00

JO
haz-tanh a z coshotz [|J (otr)—

J («r)
-i---- 1̂d<*ar J ( 14)

Ue write the solution in a dimensionless form on putting

aA(a) = Ti^Sk, p - t / & ,  t; =z/a (15)

where a is some length and t) a new variable of integration. We find 

that the solution may be written in the form

<»
T = - sinhr)C"tanh y)C coshrjC J (pr)) dr)O (16)

Correspondingly, we get,

rOO
r r = 2(V? (1 -w ) X(V> tanh»7<; sinhr)C-tanh t)C coshT)C

(pr>)
PY) dY)

rOO
^^^’’ t̂anhT>C s inhi7C “tanh*y)C coshr><

J (prr))

[•'. <<=») >— *>



3. Pr e s c r b e d  F l u x  Of  He a t  On  T h e  Bo u n d a r y

We shall suppose that on the free surface 2=0, there is a flux of 

heat within a circular region, the rest of the surface being free of 

any flux of heat. So the boundary conditions are, on the surface 

z = 0,

185

dz
= t  ( r / 8 i ) , for OSr<a

for r>a (17)

Now from (16),

£T
dz

fCO

o ( 18)

Hence by Hankel’s inversion theorem [14]

;c(r>) » a
t i

0
pf(p)J (pY)> dpO ( 19)

Then we have from the relation (14)

rCO
rr+e© = 2(^(l-v>) sinhT)C "tanh*T)C coshir)̂ • J (pT))dr)O
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roa

T T = 2Gft (1 -v» >
JO

sinhY)C-tanh^YjC coshr>C
J (pT) )

P>)

J (pT))]dT) (20)

When 2=0, take the forms

[ r r + © © 3 j , ^ Q »  2<V3(l-v)|^ (Y) ) (pY>) dr)

M> J (pT))
[ rT'-eo 2 G f t ( i - u ) _ ;c (T)) ---- J^(pT))]dT) (21)

We shall obtain expressions for [ 'rr+^ 3 2=0 t rr-ee 3^=0

two particular functional value of t i p ) .

C as« 1.

Let us assume that f(p)=k. Then from (19), we have

=a ‘ k f  pJ (pY)) dp = k(aT7) (t) >
Jo ° *■

(22)

Substituting this value of x^y)) intbthe relations (21), we obtain



for p<i

Z5k for p=l

2S\i 
^an * for p*l
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£k
5ap (23)

where <5 * 2G|^(l-v)

C a s «

We take the flux function as a parabolic one, so that we take 
U p ) » k(l-p*). Then from (19)

a:(Y)) = ka -4 4t?~®J (T ) ) - 2 r )~ * J  (Y)>i o (24)

Substituting this value of into the relations (21) and

integrating we get [14]
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B6V 
5alfi * for p=l

2^kp
a

-6F

8<$k 
1 &an' for p=l

<Skp
3 F 6f [- i,- l,-2;p'*]+4F 1 3 , - 2

-BF ■- i,- l,l;p"*j-4F[- A,- |.2;p'*j for p>l

4. NuMERiCAL Re s u l t s

Taking a=l, the variation of F - ^ ] z . O /2Gk(l+w)a^ for different

values of p , in the two cases is given In the following table



Table 1.
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• /2Gk(l+v>)a

0.0 0.00000
0. 2 0.00505
0. 4 0.02087
0.6 0.04988
0.8 0.09868
1.0 0.21212
1.5 0.27138
2.0 0.22519
3.0 0.15955
4.0 0.12203

Ta b le  2.

{

/2Gk(l+v)a

0.0  

0 . 2 

0. 4 
0. 6  

0.8  

1.0  

1.5 
2. 0  

3.0

0.00000 

0.00990 
0.03836 
0.08140 
0.13125 
0.16969 
0.14538 
0.11686 
0.08098



5. C o n c l u s i o n
In the first case of distribution of temperature we note that
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the value of ■/2Gk(1 + w i s  zero at the origin, reaches

its maximum at a point shortly beyond the edge of the region of 

exposure and then diminishes continuously as p increases further.

In the second case of distribution of temperature we observe that

the nature of [rr-^] z«0 remains unaltered but its value diminishes
rapidly outside the region of exposure.


