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The problem of two-dimensional oscillations of a pair of parallel rigid strips, situated 
on a homogeneous isotropic semi-infinite elastic solid and forced by a specified normal 
component of the displacement, is considered. The resulting mixed boundary value problem 
is solved by the application of an integral equation method. The normal stress just below 
the strips and the normal displacement away from the strips are derived. By using a similar 
procedure, the antiplane problem due to the motion of two strips on a semi-infinite elastic 
medium has also been solved. Finally, graphs are presented which illustrate the salient 
features of the displacement and stresses in both the cases. 

1. INTRODUCTION 

The study of the effect of a vibrating source of pressure in different forms on the surface 
of an elastic medium· is almost classical. Reissner [I], and later Millar and Pursey [2], 
treated the case of a uniform vibrating pressure distribution applied to a circular region . 
on the surface of an elastic half-space. The problem of most physical interest occurs when 
a displacement corresponding to indentation by a rigid body is prescribed over a given 
region and the surface tractions outside the region are zero. Analytical treatment of the 
dynamical response of footings and soil-structure· interaction are usually available. in the 
literature only for circular and elliptical footings and infinite strip loadings. Such results 
are important in view of their application in the design of foundations for machinery ami 
buildings, and also in the study of the vibration of dams and large structures subjected to 
earthquakes. Awojobi and Grooten.huis [3], Robertson [4], Gladwell [5] and others have 
considered the problem of a circular footing in detail. Roy [6] considered the dynamic 
response of an elliptical footing in frictionless contact with a homogeneous elastic half­
space. For low frequencies, both vertical and horizontal vibration were treated. A low 
frequency solution for the vertical, horizontal and rocking vibration of an infinite strip on 
a semi-infinite elastic medium has been obtained by Karasudhi, Keer and Lee [7] by 
reducing the governing dual integral equations into a single inhomogeneous Fredholm 
equation of the second kind. Wickham [8], however, removed the flaws occurring in the 
above paper and worked out in detail the problem of forced two-dimensional oscillation 

· of a rigid strip in smooth contact with a semi-infinite elastic medium using a different 
technique. 

To improve the dynamic models of buil<;lings and other structures, it will be fruitful to 
have analytical results for foundations of more complicated nature. In what follows here 
the problem of vertical vibration of two rigid strips in smooth contact with a semi-infinite 
elastic medium is.considered. The problem is also important in view of its application in 
the study of the vibration of an elastic medium caused by running wheels on a railway 
track. The resulting mixed boundary value problem is reduced to the solution of a triple 

I 
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integral equatton. whi~:h is further reduced to the solution of an integro-dttferential equa-. 
tion. Finally. an iterative solution valid for low frequency is obtained. The integral equation 
was solved in a manner similar to that employed by Lowengrub and Srivastav [9) in 
solving static problems for two coplanar cracks in an infinite elastic medium. Jain and 

· Kanwal [ 10. II] also used the same technique to solve the problem of diffraction of elastic 
waves by two coplanar Griffith cracks and also by two coplanar rigid strips in an infinite 
elastic medium. In this connection, recently ltou [ 12] has also solved the problem of 
diffraction of SH-waves by two coplanar Griffith cracks in an infinite elastic medium using 
a different technique. 

From the solution of the integral equation, the stresses just below the strips and also 
the vertical displacement at points outsid~ the strip on the free surface are found. Finally, 
in the limit as the distance between the strips tends to zero, the results are found to become 
identical with the results given by Wickham [8] for the vertical vibration of a single strip 
on a semi-infinite elastic medium. A low frequency solution due to anti·-ptane motion of 
two strips on a semi-infinite elastic medium is also derive~. 

2. FORMULATION OF THE iN-PLANE PROBLEM 

Consider the normal vibration of frequency m of two rigid strips having smooth contact 
with a semi-infinite homogeneous isotropic elastic solid occupying the half-space 
-oo<X<oo, Y~O, -oo<Z<oo (see Figure 1). It is assumed that the motion is forced 
by prescribed displacemet1t distribution v0 e-;"'' normal to the two infinite strips located in 
the region -a~X~-b, b~X~a, Y=O, IZI<oo, where v0 is constant. Normalizing all 
lengths with respect to. a and putting bfa=c, one finds that the rigid strips are defined by 
c~lxl~ I, y~O. 1=1< oo. 

With the time factor e-;"'' suppressed throughout the analysis. the displacement compo­
nents can be written as 

u(x, y) =of/> fox- oiJI I oy, v(x, y) = cf/J/cy + ciJI fox. w(x,y)=O, (2.1) 

where the displacement potentials q, (x, y) and IJI(x. y) satisfy the Helmholtz equations 

(2.2) 

in which kf = m2a~ I cf and k~ = m2a2
/ d. Consequently, the values of the stress components 

rxp r_,. ... and r =r are 

r=_,.=O. (2.3) 

-b -o 0 b 

y 

Figure .I. Geometry of the strips. 
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FORCED VERTICAL VIIIR/\TION 

The boundary conditions are 

v(x, 0) = Vo, 

r_.._..(x, 0) = 0, lxl < c, lxl >I, 

c~lxl~l. 

r_,_..(x, 0) = 0, -oo <x< oo. 

The solution of the Helmholtz equation (2.2) can be written as 

cp= f"" A(~)exp(i~x-y 1 y)d~, 
-<;tO 

. IJI= f"' B(~)exp(i~x-y2y)d~, 
-..Y) 

where 

3 

(2.4) 

(2.5) 

(2.6) 

and A(~) and B(~) are unknown functions, to be determined from the boundary 
conditions. 

By using the last of the boundary conditions (2.4) it can be shown that 

B( ~) = -{2i~r./( ~2 + r~) }A(~)-

Then the displacements and stresses given by expressions (2.1) and (2.3) become 

(2.7) 

(2.8) 

r_,._,.(x, y) = -p fao [<k~- 2~2) e~p ( -y, y) + 4s::• ~2 
exp ( -y2y)J 

-ao ~ Y2 

x A(~) exp (i~x) ds, (2.9) 

. r_,y(x,y)=p fao 2isy,[-exp (-y,y)+exp (-y2y)]A(s) ~xp (isx) ds. (2.10) 
-oo 

Next, upon using the fact that A(.;) is an even function of.;, and putting 

the first and second of the boundary conditions (2.4) lead to the following dual integral 
equations in P(.;): 

f""' P( ~)cos ~x d~=O, 
0 

lxl<c, lxl>1, (2.11) 

(2. 12) 
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3. SOLUTION OF THE IN-PLANE PROBLEM 

Consider the solution of ti>le integral equittions (2.11) and (2.12) in the form 

., 
P(.;) = j x,.f(xT) cos .;x, dx,, 

( 

(3.1) 

where j"(x~) is an unknown function to be determined. The relation (2.11) is therefore 
satisfied automatically and equation ( 2.12) becomes 

c ~ lxl ~I. (3.2) 

Using the relation 

sin ~x sin ~x, 

~2 

converts equation (3.2) to the form. 

where 

c~lxl~ I, 

foo y,k~ 
L,(v, w) = , 2 2 2 J0 ( ~w) J0 ( .;v) ct.;. 

0 (2~--k2) -4.; YtY2 

By a simple contour integration technique [ 13], L, ( v. w) can be written as 

n·>v, 

(3.3) 

(3.4) 

(3.5) 

where r=kdk, =ct!c2, Qo(IJ)=(21J2
- r 2

)
2 -41J2(rJ 2 -1) 1

/
2(r72

- r 2
)

112 and r 0 is the root 
of the Rayleigh wave equation Q0(7J)=O. r 1, r 2 are the roots of the equation 
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(211 1 -r1
)

2 +411 2(1J2 -I) 172(1J2-r2
)

112 =0. Q0(1J) denotes the derivative of Q0(f7) with 
respect to 'I and 

i, j = 0, I, 2 and i ;f.). 

The corresponding expression for L 1(v, n•) for w<v follows from equation (3.5) by inter­
changing wand v. For a Poi~son ratio u= 1/4, the values of r, r 0 , r 1 and r 2 are given by 

2 2(1-·u) 3 

' ' (1- 2u) 

2 3 2 . 
r 1 = .J and r 2=3/4. 

(2+2/ 3) 

Hence in this case r 2 < r 1 < I < r < r o. 
. By using the series expansions of J0 and HJil and evaluating the integrals arising in 
equation (3.5), one finds, after some algebraic manipqlation, 

{

(2/n)r2
[ { r +log (k 1w/2)- (ni/2) }M + N- (P /4)(w2+ v2)kf log kJ] + o(kf),} 

w>v 
L 1(v, w)= · , 

(2/n)r2
[ { r +log (klv/2)-'- (ni/2) }M + N- (P /4)(w2+ v2)ki log k1] + o(ki), 

w<v 
(3.6) 

where r = 0· 5772157 ... is Euler's constant, 

M= -n/4(1- r 2
), (3.7) 

N 
1t [

41 
4 ~ .J(l-r]) . _1.j(I-r]) .J(r~-1) .J 2 = 2 og-·+L..PJ tan Po log{r0 + (r0 -l)} 

32( I - r ) r J'- 1 r1 r1 ro 

+ I SJ .J( r2 ~ r]) tan -I !_( r2 ~ r])- so .J( r~- r2)·1og { ro + .J( r~- ~J}], 
1~ 1 rJ '1 ro r 

(3.8) 

1t [ 2 2 ( '2 )] P= 2 L p1(~-rJ)+ I s1 --rJ . 
32(1-r) 1.,o 1-o 2 

(3.9) 

Next, differentiating both sides of the relation (3.2) with respect to x, we obtain 

II foo k2 2 Y1 2 • 
x1j(x1) · 2 • 2 2 . 2 ~ sm ~x cos ~x 1 d~ dx1 =0, 

c 0 (2~ -k2) -4~ YIY2 

Following a procedure similar to that for deriving equation (3.3), one obtains 

I
1
xJ/(xi) II 2 afxf.Y'wvL2(v,.w)dwdvdxl . 

x 2 _2 dx1= xlf(xi)-·-. 2 ,2 112 2 2 112 ,c::;;Jxl::;;l, 
c x -.'I:J c o:x1 0 0 (x -n) (x1-v) 

(3.1 0) 

where 

(3.11) 
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For small valu~s or k 1 and k~ Stlt:il I hal k 1 = o(k~). one can usc the. contour integration 
technique mentioned above and obtain 

w>v. (3.12) 

By a process similar to the one which led to equation (3.6), equation (3.12) can be written 
as 

L 2(v, w) = -(4P Jn)( I - r 2)k} log k1 + o(k}), 

where P is given by equation (3.9). 
Now consider 

(3.13) 

(3.14) 

Putting this expansion of f(x}) and the value of L 2( v, w) given by equation (3.13) in 
equation (3.1 0) and equating the coefficients of equal powers of k1 yields 

I·' x,_fo(xf) 
2 2 dx,=O, c::;;lxl::;;l, 

c x -x, 
(3.15) 

and 

(3.16) 

Following Srivastava and Lowengrub [8] one finds the solutions ofthe integral equations 
(3.15) and (3.16) to be 

fo(xi) 
D 

(3.17) 

and 

[ 

2 2 ]1/2 . 
2 4 · 2 x 1 -:- c B . 

fi(x,)=-PD(I-r) --2 + 2 2112 2 1·2• 
1r 1-xl (x1-c) (1-x,)' 

(3.18) 

where D and Bare constants which can be calculated as follows. One substitutes the value 
of L 1(v, w) from equation (3.6) as well as the expansion ofj(x}) obtained from equations 
(3.14). (3.17) and (3.18) into equation (3.3). When the coefficients oflike powers of k 1 on 
both sides of the resulting equation are equated the following results are obtained: 

D= . Vo _ 
2r2

[ { y +log (k 1/2)- (iri/2) +log (I- c2
)

112
} M + N]' 

(3.19) 

B=2rzDzP[~(2x2+c2+ I)- M (I- rz)(I -2x2+cz)- (1-cz)(~- rz)Vo]. (3.20) 
Vo 1r 1rr D 
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One can now obtain the values oi the vertical displacement in the plane y =:o 0 from 
equa'tions (2;8) a;1d (3. I) as 

Vo+ 2Mr
2
[ D+kf log k, { 8+; (1- r

2
)( I- c

2
)PD}}inh-

1 [~:-= ;;]112 

- 4r2 M PD( I- r2) k~ log k, {(1- x2)(c2- x2)} 1/2 + o(k~), \xi< c 
TC 

v(x, 0)= Vo, c~\xi~ I. 

v0+ 2M
2

[ D+ki log k 1 {s+; (1- r
2
)(1 -c

2
)PD}] sinh-

1 [-~
2

~c~ r2 

4r2MPD(I- r 2
) · 

+ k~ Jog k.{ (x2
- I )(K- c2

)} 
112 + o(k~), \xi> I 

TC 

(3.21) 

The normal stress 'fyy(x, y) in the plane y=O just below the strips can be fomid from the 
relation (2.9) as 

TCJl\X\ 2 
•rr(x, 0) = 2 112 2 2 112 (D+ Bk, log k1) 

(1-x) (x -c) 

x -c 
[ 

2 2]1/2 
+ 4J1XDP( I - r 2

) I _)! k~ log k1 + o(k~). c ~\xi~ I. (3.22) 

Now putting c = 0 in (3.20) one can obtain the norma] stress for a single strip, \xl ~ I, 
y=O, -oo <z< oo as 

TCJL D Jl 2 2 2 2 
'fyy(x, 0) = 2 112 + -? 112 k, log ki[4P(l- r )Dx +reB]+ o(k 1), 

(1-x) (1-.) 

where 

D= Vo 
2r2

[( y +log (k./2)- (rci/2))M + N]' 

Upon defining ,tj 0 = v0 jrc2D, Po= -r2/2rc(l- r 2
) and P2 = -Pjrc2

, as done by Wickham 
[8], one has 

which coincides with the result obtained by Wickham [8]. 

346$$$n386 15-06-92 16:46 :24 



8 S. C MIINDIIL ,\:-<D M. 1. CiiiOSll 

4 FORMULATION AND SOLUTION OF TJIE ANTI-PLt\NE PROHLEI\-1 

For an SH-wave the displacement and stress arc •rfx. y. I)= u·(x. y) c ·""'and r,Ax. y) = 

Jl iJu)cy. As in the previous case one can write these expressions as 

f''· Q( 0 . 
w(x, y) = --- exJ1 (l~x- Y2J') d~. 

.. , Y2 · 
(4. I) 

(4.2) 

where Q( ~) is an unknown function to be determined from the boundary conditions, 
which are 

w(x, O)=wo, c:::;;;ixi:::;;; 1, r_,Ax,O)=O, ixi<c, lxl>l, ( 4.3, 4.4) 

where 1r0 is a constant. By using a procedure similar to that followed for the solution of 
the in-plane problem, the values of stress r_.Ax, y) and displacement w(x, y) in the plane 
y = 0 can be found to be given by 

_ -rrplxl . 2 
ry:(x, 0)- 2 1, 2 2 2 112 (D 1 + B1k 2 1og k 2) 

(l-x) · (x -c) 

+ nplxiDI k~ log k2 x - c2 + o(k~), 
[ 

2 2]1/2 

2 l-x 

•••0 - n[D 1 + k~ log k2{B1 - D 1(1- c2)/4}] sinh -I [~2 - -~2 ]
112 

1-c " 

- (nDI/4)k~ log k2[(l - x2)(c2
- x2

)fl
2 + o(k~). lxl < c 

(4.5) 

ll'(x,O)= Wo, c~jxj::::;;J (4.6) 

where 

ll'o -n[D1 + k~.log k2 { B1 - D1(1- c2)/4}] sinh- 1 [x
2

- ~ ]
112 

1-c 

+ (nD,/4)k~ log k2f(x2
- I)(.'/- c2)]

112 + o(k~). lxl >I 

B n:D~ [ll'o( 1- c
2
) 1 2 J 

~=-- ( +c) . 
4w0 nD 1 · 

5. NUMERICAL RESULTS 

(4.7) 

(4.8) 

The vertical and the transverse displacement fields for ttie in-plane and the anti-plane 
problems, respectively, for points near the rigid strips are illustrated graphically in Figures 
2 and 3 for a Poisson solid ( r 2 = 3). It is interesting to note from the graphs that the real 
parts of the displacements decrease with an increase in the value of k 2 ·in both cases. 
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Figure 2. Displacement vs. distance. --, Re { v(x, 0)) for in-plane problem; 
anti-plane problem. c == 0· 8. 
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Figure 3. Displacement vs. distance.--, Re { v(x, 0)} for in-plane problem;-- -, Re [ n·(x, 0)} for anti-plane 
problem. c=0·5. 

Graphs of the stress factors 

*-R [•n·{(l-x2)(x2-c2)} 1/~J 
•• - e 

JlVo 
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Figure 5. Stress factor vs. displacement. --. rT for in-plant: problem; -- -, r! for anti-plane problem. 
c=0·5. 

vs. dimensionless distat;ce x for the in-plane and the anti-plane pr~blems, respectively, are 
shown in Figures 4 and 5, plotted for points just below the rigid strips. In both the cases 
the magnitude of the stress factor is found to increase as one proceeds from the inner to 
the outer·edge of the strips. 
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We study the problem of a semi-infinite punch moving on the free surface of a semi­
infinite viscoelastic medium and producing horizontal shear waves. The mixed boun­
dary value problem has been solved by the use of integral transforms and the Wiener­
Hopf technique for both the steady and non-steady cases. Two types of viscoelastic 
models, viz., the Maxwell solid and the standard linear solid have been'considered. 
Solutions have been derived in clos·e form in both the cases and graphs have been 
presented to bi-ing out the salient features of the problem. 

1. INTRODUCTION 

Problems involving tile motion of a punch on the surface of an elastic half-space 
or on the free boundaries of long strips are extremely important in view of their ap­
plication in road construction technology and also in geophysical research. Punch 
problems within the classical theory of elasticity have been studied extensively by 
Galin 1 and by Gladwell2 in their books. The motion of a rough punch on an elastic 
half-space has been treated in detail by Suhubi 3• Recently problems involving an­
tiplane motion due to punches moving.along the surface.s of an elastic strip have been 
solved by complex variable methods by Tait and Moodie4

• An analytical solution 
to the problem of a long rigid punch moving rapidly on a strip of a highly orthotropic 
elastic layer has been solved by Georgiadis 5 using integral transforms and the 

· Wiener-Hopf techniques6• 

However, natural or artificial materials have generally disipative behaviour 
which often can be taken into account by viscoelastic models. Accordingly, problems· 
involving the motion of a punch on a viscoelastic medium have drawn the attention 
of many scientists. The problem of a rigid cylinder rolling on the surface of a 
viscoelastic half space has been solved by Hunter 7 • The contact problem of rigid 
cylinder rolling slowly on a thin viscoelastic layer has been treated by Alblas and 
Kuipers 8 assuming that the layer thickness is small compared to the width of the con­
tact region of the cylinder. The problem of a plane punch sliding without friction 
on a viscoelastic half space has been considered by Golden 9. 

In the present paper, we have examined the stress and displacement field pro­
duced by a long punch moving on the boundary of a semi-infinte viscoelastic medium 
and producing Horizontal Shear waves. Two types of viscoelastic models viz. Max­
well solid and Standard Linear Solid have been considered and loading is assumed 
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to be such that Mode III conditions prevail. The mathematical technique which is 
employed here consists of the application of integral transforms and the solution of 
the resulting Wiener-Hopf equations for the transformed unknown variables. Both 
the steady and nonsteady solutions of the problem have been derived. Displacement 
and stress on the free surface and at points below the punch have been derived 
analytically and the nature of their variations with the velocity of the moving punch 
has been shown by means of graphs. 

2. FoRMULATION oF THE PROBLEM AND hs SoLUTION FOR STEADY STATE MoTION 

Let us consider a semi-infinite viscoelastic medium which was set into motion 
by a semi-infinite rigid punch moving with a constant velocity v in the direction of 
the x-ax.is. The y-ax.is is taken vertically downwards into the medium (Fig. 1). 

0 X 

y 
FIG. 1 

For horizontal shear waves, the displacements along X and Y directions are zero· 
and only the displacement W = W (X, Y, t) along z-direction exists. The stresses. 
under the punch are 

a 13 = a 13 (X,, Y, t) and a23 = a23 (X, Y, t ). 

The non-vanishing strains are 

1 aw 
e13 = - -- and e23 = 

2 ax 
1 aw ---
2 ay 

. .. (1) 

... (2) 

Considering a 'standard linear solid' as the viscoelastic model, the stress strain rela­
tions are 

-'- + /3a;3 = 2p. -'- + a e;3 , i = I, 2 aa-3 ( oe·3 ) 
at at . ... (3) 

where a, /3 are positive constants and p. is the instant~neous elastic modulus of rigidi­
ty of the material. 

The equation· of motion is 

aal3 aa23 -- + ax aY ... (4) . 

where p is ,the density of the material. 
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The boundary conditions of the problem are 

W (X, 0, t ) = W0 

W (X, oo, t) = 0 

a23 (X, 0, t ) = 0 

, X- vt < 0 ] 

-oo<X<oo 

, X-~~> 0 

849 

... (5) 

Since we are going to investigate the steady state propagation of a punch, it is conve­
nient to define a moving co-ordinate system (x, y) whose origin coincides with the 
tip of the punch and whose axes ·are parallel to the fixed (X, Y) axes, respectively 
(Fig. l) 

Hence putting x = X- vt, y = Y eqns. (I) to (4) become respectively 

a13 a13 (x,. y) ai3 = a23 (x, Y) 

1 · aw 1 aw 
e13 = 2 ox (x,y) , e23 = 2 ay (x, y) 

oal3 ~.~. (- v a2w · aw) - v + {3al3 +a--
ax ax2 ax 

aa23 
=y.(-v 

a2w aw) - v + {3a23 -- + a--
ax axay ay 

and 

· a2 w 
·v2 p. --2-. 

ax 

The boundary conditions (5), now become 

W (X, 0) = W0, X< 0 

00] W (x, oo) = 0, -00 <x< 

a23 (x,_ 0) = 0, x> 0. 

Now introduce Fourier transform 
·co 

f (~. y) ~- r f(x, y) eit;x dx 

-00 

00 

so that . f (X, y) I J (~. y) e-iEx dx . 

Taking Fourier transform of (8) and (9) we get 

(i~v + {3) 0'13 1.1. (~ 2v - i~a) W 

dW 
1.1. (i~v + a)-­

dy 

... (6) 

... (7) 

... (8) 

... (9} 

... (10) 

... (12) 

... (13) 
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and 
- d a23 2t:2 w-iEa13 + -- = - pv ., . 

dy 

Eliminating u13 , u23 from (12), (13) and (14) we obtain, 
2-

d w 2-

where 

----yW=O 
dy2 

The branches of 'Y are so chosen that 

Re (-y) > 0 for - a < Im <n < 0 

where a = ( ~ - : ) · / ( 1 - ~: } 
Now the solution of eqn. (15) bounded as y-oo is 

w (~. y) = B <n e-"YY 

Let us consider 

where 

W (x, 0) = w0 = W0 e'X. 

X < 0, f > 0 and f Will be made tO tend tO zero finally 

= W0 p (x) (say) , x > 0 

a23 (x, 0) = 0 , x > 0 

= W0 t (x) (say) , x < 0 

p (x) and t ("X} are un~nown functions such that 

p (X) - Q·(e-k,x) as X- oo, kj > 0 

t (x) - 0 (~+k2-r) as X - .:.. oo, k2 > 0. 

Taking Fourier transform of (19) 

where 

- Wo Wo w (~. 0) = + - p (~) 
fu (E+i~) ..fh + 

"' 
P +(0 = 1 p (x) ei~x dx, (~ = a+i T). 

() 

... (14) 

... (15) 

... (16) 

... (17) 

... (18) 

... (19) 

... (19) 

... (20) 

... (21) 

. .. (22) 

In (21) the first term on the right-hand side is analytic in the lower half plane 
lm (0 = T < f and P, (~)is analytic in the upper half planeT > - k 1 (k1 <a, say). 

Again taking Fourier transforms of (20) 
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- Wo 
a23 (E. 0) = _,.. T_ <E> 

v2'lr 

0 

T_ (t) = 1 I (x) ei~x dx. 

-00 

851 

... (23) 

. .. (24) 

T_ (E) is analyticin the lower half planeT < k2• Therefore, W (E, 0) is analytic for 
-k1 < T < E and a23 (E, 0) is analytic in the lower half plane T < k2• 

From (13), [(iEv + /3) a23] = [IL (iEv + a) dW] 
y=O dy y=O 

Using (18), (21) and (23) this becomes 

where 

T_ (t) = - H (t) [P + (0 - _; -. ] e-u 

[.( v2) ( v{3 a )]1/2 e. 1 - 7 e + ; 7 - --; . 

... (25) 

.... (26) 

It may be noted that the problem has been reduced to a form suitable for the ap­
plication of the Wiener-Hopf technique. Now H(E) can be written as 

where 
- [( . vl ) . ( v{3 a -)_ ] v, 

H + (H = 1L 1 - ----;?" E + t _ ----;?" - --; 

and 

( 
ia )!lz e-- e 
v 

H_(e) = ( i{3) e--
v 

H + (E) is analytic in the upper half plane T > - a and 

H_ (E) is analytic in the lower half plane T < 0. 

Applying well known Wiener-Hopf technique we get, 

... (27) 

... (28) 

... (29) 
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So from (23) 

W0 . [· ( {3v a )]I/2 -- • lp. I - - - • 
..a:ir c2 v 

Therefore for x < 0 

a23 (x, 0) 

... (30) 

Considering a branch cut along the positive imaginary axis starting from ~ = ia/v 

and changing the path of integration from real ~-axis to the path around the branch 
cut it can easily be shown that the integral 

I= 
f (~- ~) 
J ( i{3 ) 
-0> ~ - -;-

(assuming {3 > a) 

can be converted to the following integral 
'lri ()( 
-- -XI 

1=2e 4 ev ·~ uv' e~uxl 
~ ------du 
0 u- (p_- ~) 
' v v 

00 

... (31) 

where x pas bee~ replace~ by -x~o f denotes the prin~ipal val~e of the in~egral. For 

0 . 

large values of(~- a) xi/v = mxi, where m ({3- a),/v the integral (36) can be 
evaluated in the form 

. 'lri ()( 

- --XI 

I = _-_2e_4 -:-:-~,-v _ [r(3/2) · + r(5:~) + r(7:~) + .. ·l 
XI . fflXI m XI m XI 

and for small values of mxi it can be shown that 

. I = ie"it4 e-<>x, tv . r;-_ 
' '\}~ 

Therefore using {30) and (31) we obtain for x < 0, 

00 

... (32) 

... (33) ' 

a23 (x, 0) - w; p. ( ~~ - : r' e-"x, /1' J 
00 

..,------,---[ u-( -~ ~: ) l du, x < 0. 

... (34) 
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Using the value of the integral arising in (34) by (33), we get for small values of mx" 

: - Wo ll [ ( {3v a )] 112 ax ~~ + 
a 23 (x, 0) = ...fViiX: m - 2 - - e- 1 , x 1 - 0 . 

'lrfflX1 C V · 

Also with the help of (34) and (32), for large values of mx1 (x < 0) 

a23 (x, 0) 

Now from (21) we get as t -;- 0 

Taking inverse Fourier transform 

·aa-icJ 

r(512) 
+ + ···]. 

... (35) 

... (36) 

W (x, 0) = - iWo ..fia f 
2'1r J 

e-iEx 
----~ d~. x > 0 (0 < d < a). 
~ (~ + ia) v. ... (37) 

-oo-id 

Transfonning the integral in (37) to an integral along the contour around the branch 
<;ut from -ia .to -ioo, it can be shown that. 

1 .. 

W (x, 0) -i Wo _ ~ · · 4 1 2 1 -- viae-ax er'l X I 
7r' 

e-U u-112. 

--- dU (x > 0) 
U+ax 

0 

which can be written as 

W ( 0) Wo -'il ax(. )-'h W x, . = ..fi. e ax -v.. ~ v. (ax), (x > 0) 

where Wk.m is the Whittaker function 10
• 

Therefore, for small values ofax (x > O).we ~btain from (3~) 

W (x 0) =Woe-ax)_ 2.Wo e-ax (ax)v'! x- 0"': 
t j; • fir I. : • • t 

'\ ; .' ~: I '; 

and for large values of ax (x ·> 0) . ; . 

W (X, 0) 
Wo e-ux .:·· . 
-- --·, x- oo.(x > 0) .. v1r vax 

' ~ : 

... (38) 

; ~ 
... (39). 

. .. _., 

... (40) 
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3. STEADY STATE SotliTION FOR MAXWELL Souo 

For 'Maxwell solid' the stress~strain relations obtained from (3) putting a = 0 are 

aal3 Q '3 ae,.3 . -- + '"'a,1 = z.J.L --, 1 = 1, 2. ·at at . .. (4.1) 

The stress'can be found by putting a = 0 in (34) as (for x < 0, y = 0) 

. WoJ.L ( {3 v )112 r . e-ux, uv. 
a23 (x, 0) = - ~- -. - du. . .. (42) 

r c c . (u - {3/v) 
. 0 

{3 . . . 
For small values of ·- x, x < 0, putting a = 0 in (35) we get 

v 

a23 (x, 0) 
- Wo J.L (.!!_ . !_)1!2 ({3/v) 1/2 

Vi _c c .Jx1 {3/v 

X 1 - 0+, (XI = -X). 

Again for large values of {3x/v, (x < 0), from (36) 

au(x, 0) = --· -.-Wo J.L ( 13 v )112 ({3/v) 112 
· Vi c c {x1 {3/v 

... (43) 

I(~)+ I ( ~) + ···J . . .. (44) 

Putting a = 0 the displacement on the free surface (y = 0, x > 0) is obtained from 
. (38) as -

w. -
W (X, 0) = d e-V•kx (kx)-\4 : W-14. -\4 (kX), X > 0 

( 
·13 v) ( v2

) wherek = -;; . -;; / 1 --7 
which for small values of kx > 0 becomes by help of (39) 

W(x,O) = W0 e-kx_ 
2
;;0 e-kx(kx)v.,x-o+ 

and for large values of kx > 0, using (40) we obtain 

Wo e-kx 
W (X, 0', = -- -- X - oo, (X > 0) . ..[7; ..fk:x ' . 

... (45) 

... (46) 

... (47) 
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4. SoLUTION OF THE PRoBLEM FOR NoN S-tEADY STATE MonoN· 

In this·c~se it is assumed that at timet = 0 a semi-infinite punch starts to move 
with a constant velocity v at X = Y = 0 on the surface of the semi-infinite viscoelastic 
medium. 

The 'standard linear solid' is taken as the viscoelastic model. Shifting the origin 
. a a a a · 

at X=vt and puttmg X- vt=x and Y=y so that -· -· = -, - = -and 
· a a ax ax aY ay 

time· derivative equal to - v -·- + - the stress-disp]acement relations. given by 
ax at 

(8) become in this case 

... (48) 

Both these ·equations can be reduced to ordinary differential equations by the 
application of the Laplace transform over t and the Fourier transform. over X. 

Let us denote the Laplace transform by a single bar 
. <» 

J = J (x, y, p) = ) e-Ptj (x, y, t) dt ... (49) · 

0 

and Fourier transform by two bars 
.<» 

T = T (~. y, :p) =. ·r eiEt J (x, y, p) dx .... (50) 
J I' 

-00 

Applying these transforms to (48) we get 

(i~v + p + {3) !f. 3 

(i~v + p + {3) ~J 

p. (ve- i~p:... i~o:) W 
dW 

p. (vi~ + p + o:) --
. dy 

Now the equation of motion given by (4) becomes 

Oun + au23 = P (v2 a2
W ....: Zv a2

W + a
2W) 

ax CJy ax2 axat at2 

which after taking Laplace and Fourier transforms takes the form 

. = du23 2 2 - . · 2 = 
- I~ 0' 13 + -- = p (- Y ~ + 2 · Vl~p + p ) . W. 

·dy 

Substituting .for u 13 and c'J23 from (51) and (52) in (53) ,we -~ave 

d 2W ': . ;, · 
-- - -y 2 w = 0 ., 

dy2 

... (51) 

... (52) 

... (53) 

... (54) 
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where -y 2 = . 
1 \e(Vi~+p+a)+~ (Vi~+p) 2 (Vi~+p+(3)1_ ... (55) 

(Vl~+p+a) l JJ. · j 

The branches of"' are defined by Re ("') > 0. . '""-' 
Since the stresses are bounded as y - oo, W(x, y, t) and hence also W (~. y, p) 

must remain bounded as y - oo. Hence, the solution of eqn. (54) is given by 

W (~. y, p) = A (~. p) e--rY. 

Now the boundary conditions are 

W (X, 0, t) = W0 H (t), 

W (X~ oo, t) = 0, 

a23 (X, 0, t) = 0, 

X< 0 

-00 < X < 

X> 0. 

Taking Laplace transforms with respect to t, these conditions become 

- Wo J W(x, 0, p) = --, X< 0 

a23 (x, 0, p) = : , x > 0. 

Let us consider 

and 

W (x, 0, p) = W0 p (x) (say), x > 0 ] 

a23 (x, 0, p) = JJ. W0 t (x) (say), x < 0. 

The functions p (x) and t (x) are such that 

and 

p (x) 

p (x) 

0 (e-klx) as x - oo, k 1 > 0 

0 (e-kr") as x - -oo, k2 > 0. 

Taking Fourier transform of (58) and (59) we obtain 

W (~, 0, p) = Wo ~- Wo P+(U 
ip~ 

"" 
where P + (0 = 1 eiEx p (X) dx, (~ = a + ir) 

0 

... (56) 

. .. (57) 

... (58) 

· ... (59) 

and a2, (£, 0, p) 7 JJ.Wo T_ (~) ... (60) 

0 

where T_ (~) = ) ei~x 1 (x) dx. 

-00 

The integral of W (E, 0, p) over (- oo, 0) converges if and only if Im (£) = 
7 < 0 and in,egral over (0, oo) converages if r. > - k 1• o23 is analytic over ( - co, 0) 
if T < k2. 
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Now (52) becomes with the help of (56), (59) and (60) 

.. (Vi~ +p+/3) T_ (~) = _1_ + p + (~); 
( Vi~+p+a) -y ip~ 

857 

.... (61) 

In this form of equation Wiener-Hopf technique can easily be applied. 

· 5. NoN STEADY STATE SoLUTION FOR MAXWELL Souo 

For general a and {3, -y does not readily factorize. Expressions for the roots of 
-y = 0 can be obtained but these are difficult to handle. We discuss here the case 
of the Maxwell solid, where a = 0. 

In this case ,. 2 reduces to 

where X 1 = 

Branches are chosen so that -y - + oo as ~ - ± oo. 

Thus for a Maxweil solid, (61) can be written after simplification as 

- 1--
( 

v2 )-v. 
. c2 

(~-;(~)) 
(~- ;~) 

Applying the Wiener-Hopf technique we get 

p = (iXI) Y: 

+<~> "t:(t: ·x·>v. IP<;. <;. +• I . ip~ 

T_ (~) 

... (63) 

... (64) 

... (65) 

. .. (66) 
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( 
v2 )v. 

T_ (0 = - 1 ----;? 
(~- ~)<~- iX2 )v. 

(~ _ i <~+P>) 

Therefore, JV a. ·o, p) given in (59), with the help of (66), takes the. form 
. . v. 

JV (t. O ) _ W0 (iX1) 
10

' ' p - ip~ ( ~ + iXJ) "" 

Taking inverse transforms, one gets 
c' +ioo 

W (X, 0, t) 
Wo =---
i I (iX1) v. eP' 

~__;_;___ dp X 
p 

r:'-iOD 

oo-id 

1 .-

1 
·e-iEx 

X - d~. 
2..- ~- (~ + iXJ)"" 

-oo-id 

0 < d < k,, X > 0. 

... (67) 

... (68) 

...(69) 

Taking the path of integration around the branch cut along negative imaginary 
axis from - iX1 to - ioo the integral 

oo-id 

I= 1 _e-iEx 

~ (f+iX,)"" d~ 
-oo-id 

can be converted to the integral 

I ~ 2e..-i14 e-X1x. (x)_ V. dU 
. . 1 e-Uu-112 

U+xX1 
0 

which is finally evaluated as 

I = 2fi e.,.;14 e:v.xx1 .(X) v. (xX1)-314 W-!4,-!4 (xX1). 

Putting this value of the integral in (69.) we obtain 

c'+ioo 

W (x 0 t) = -- · -
. ·wo 1 ). 

• . Vi . 2..-i (xxl) -!4 W ( X) d 0 -V.,-V. X I p, X> • 

Now for small.p, 

and for large p, X 1 = p 

c- v 

c·-ioo 
p 

... (70) 

= k (say) ... (71) 
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. · px ( x ) ( 1 px ) ( px )-\4 therefore for large -v' W_,A,-\4 p -- - exp - - -- -- . 
c- c-V 2 c-V c-V 

... (72) 
So in eqn. (70), putting the value of X 1 for small p given by (71), we obtain for ll,ll'ge 
time t, 

w (x, 0, t) = ~ e-\nkx (kx)-\4 w-\4,-\4 (kx) ... (73) 

which is same as the result for the steady state case for all x > 0 given by (45). 
For large p, i.e. for small timet and for all finite x such that px/ (c- V) is large, 

using (72) we obtain from (70) 

.:· . · . · 2W0 F7-V ( . X )y, ( X ) W (x, '0, t) = -- --- t - -- H t - -- . 
r x c-V c-V 

Now, using ·(67), (60) becomes 

w. 1 v c·x >\n l: . 'P c~:·_. ,·x2·>Y, 
( 

2 )ln ( . ) = -p. 0 - 7 l 1 <; - -; <; 

i~p (~- i (p:{J)) 

After taking inverse transforms it converts to 

1:' +ico 

< ~3 (x .. 0 .. I) = 

~,.,. W0 ( 1 - *) ln 
2ri 1 

X 1 
-aa-id · 

c'-iQ) 

e-iEx (~ - ~) (~ -' iX2) y, 

~ (~- i (pv+{J)) 

d~. 

Evaluating the integral with respect to ~ for small x, it can be shown that 

p.W0 (1- v.2fc2)~ 
,C!23 (X, 0, I) = - -=--,,.......;;-_-==--- · .B, as- X = X1 - 0+ 

..frx1 

where 

. 1 
B=-

2ri 

(for all t > 0) 

c'+ie» 

1 
c'- i co 

The evaluati()n of B for all t (I > 0) has been done in the appendix. 

...(74) 

..;(75) 

... (76) 

... (77) 
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For small p i.e., for large t, using from (71) the result thatX1 - k, 

we have B dk ~ .)( ~ . ; ) I (I - ;: ) ... (78) 

Substituting the· value of B given by (78) in (i7) we obtain 

(
{3 v)v' ILWo - . -
c c 

i123 (X, 0) = - ----=:,---- • X1 - 0 + 

~ . . 

which is same as the result for the steady state case given by (43). Thevariation·of 
the nondimensional values 6f 8 given by B• = (I - v2! c2) 'h. x B ..fCi{3 has been plot­
ted against nondimensional time t 1 = {31 for various values of v/c = 0.5, 0.7 and 
0.9 and has been shown by means of the foliowing gr.aphs (Fig. 2) 

6 

!=O·T 

o~~~~~~--~--~--~--~--~--~--~--~--~-~-~-~ 
o en o-1 o·3 o·-4 o;s o~ 0·1 o·s o-9 1·1 1-1 t·J 1·4 1·s 

t1-
FJG.2 

Now for all values of x i.e., for general value .of~ the integral 

<»-id ·. e~iEx: ( ~ ·_ i~ ) (~ · _ ;x
2

) '12 

r d~ 
21ri _}id ~ [ ~ ·_ i (pv+ {3) l· : .. 

appearing in eqn. (7.5) c'an be converted to the integral 

co eux u •;, (u + x2 - !!_) 
eTi/4 ~X2 x ·1 . . . _ -~--- du, 

hi 

'/• = e 4 . P (X2) v, + 
p+{3 . 'If' 0 (u+X2> (iax~)- p:f3) · 

I" ·c .. ·p:{3-~x2) ... (79) 
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considering the path of integration around the branch cut along positive imaginary 
axis from iX2 to ioo. 

So using (79), (75) becomes 
c' +ic:D 

I ePI 
(Xd 112 ex2x 

p 
w. ( v2 )

1

12 1 
a23 (x, 0, n_ =. -. ll'll' 

0 1 -- . -
· c2 21ri 

c'- ioo 

00 

du+!LWo (1 -~r,. c2 21ri 

c' +·ioo 

For large t (i.e., for small p using X 1 = k, X 2 = 0) and for all x (x <: 0) we obtain 
from (80) oo 

ILWo ( {3 v )v' ~ eux uv, 
a23 (x, Q, t) = - -'11'- ---;- ·---;- ~ ( {3 ) . du 

k ~ ( > ~)I (1 -;:) 
0 

u- -; 

which is same as the solution for the steady case f6r all values of x ::> 0 given by (42). 

1 
~~ 0 ., 

- '<.. . ~ . -t .. ~ 
~ 

•" !-' -5 

-6 

I 
I 
I 

'I 
I 
I 

0'~-- --"o"6 __ __ _p·1 __ ___ g-s _____ .9· __ 

x: = (3X1jc---+ 

FJG.3 

MAXINEU. SOLID(o</!J=O) 

STI\NDAAD UNEAR SOLID(~ =0·:2.) • 
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6. REsULT·s AND DtscusstoN 

The stress u23 (x, 0) just below the punch (x < 0) and the displacement 
W (x, 0) on the free surface (y=O, x .> 0) have been computed numerically from 
eqns. (39) and (43) for different values of parameters v/c and a//3.The case a!/3 = 0 

corresponds to Maxwell-Solid. In Fig. 3 non dimensional stress r• = <1
23 (x, O) 

. JLWo /3/c 
has been plotted against non-dimensional distance xj = {3x1 /c for values of the 
paramter v/c=0.5, 0.9 and for values.ofthe parameter a//3=0 and 0.2. 

For the same sets of the parameter values non. dimensional displacement w• = 
W!W0 has been plotted versus non-dimensional distance x• = /3xlc in Fig. 4. w• 
varies from 1 to zero as x• changes gradually from x• = 0 to oo. 

0•7 

O·& 

1 o-s 

~t.i (t<l 

,.11 

!t ctJ 

0"2 

o·J 

0 

------ MAXWELL SOUD ("'tt3 =0) 
--STANDJ\RD UNEAR SOLlD(~o0'2) 

------ ---
--------- --- -----

~ H ~ ~ " ~ n ·n " 
-x·= ~-­

FtG.4 

It may be noted from the graphs that variation of the values of w• with x• is rapid 
with the increase in thre values of the paramter v/c. Further it is found that the graphs 
become steeper with the decrease in the values of the paramter a//3. From Fig. 3 it 

· is found that nondimensional stress r• changes rapidly with the decrease in the values 
of v/c where as for a fixed value of v/c graphs become flat with the increase in the 
values of a!/3. 
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I. Evaluation of the Integral B 
The integral in (77) 

B=-
2-lri 

APPENDIX 

has a simple pole at p . = 0 and branch points at p = - {3 

a1 = · ~ (- 1 + j I- ;: } 

Taking the branch cut along the negative real axis from a 1 to -oo the integral can 
be considered as a contour integral around the path as shown in Fig. 5. 

p-piG.ne 

-~ 

C:-iR 

FIG.5 
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Let I= -dp 

which can be written as I = -/vii + / 1 where /vii is ,the contribution to the ~~ ~~ . 
integral from pole at p = 0. 

Let / 1 = lz + h where h. is the-value of the integral/1 around the branch cut from 
a.1 to a 2 and h is its value round the branch cut from a 2 to - oo. 
Now it can be shown that 1¥ 

R•- x• 
~- v2tcJ- ell (cr~- r) 

12 = ..fi3 l 2 dr. 
'll" J (aj-r) 

0 

In the interval (a2, - oo) 

ell (cr~- r)~ -x·. 
-------- dr. 

(aj- r) 

where a 1 = {30:j, a2 = {3a·i, t 1 = {31, 

x• = : ( ~ _j 1 - . :~ - r) ~ y• 

- ·(, 1 r.-7) ~ ~ 
x• •_ = - : r - ~ ~ 1 - ? -- Yr r - ~ ( 1 ~- ?-) . 

Finally, we obtain 

00 

~ 
el1 (aj- r) ~-X 

+ 
.(aj- r) 

\ l - ,.~,,~ 

•• dl 

ell (aj-r)~ 
-------- dr + 

(aj- r) 
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ANTIPLANE DYNAMIC CRACK PROPAGATION IN AN INHOMOGENEOUS 
VISCOELASTIC SOLID 

S.C. MANDAL and M.L. GHOSH (DARJEEUNG) 

I. ln"ocluctlon · 

Until now many authors, BAKER [1], CHEREPANOV andAFANASEV [2] and others have 
investigated the dynamic cr-ack propagation in a homogeneous elastic medium. This 
problem presents an interest for a better understanding of the brittle behaviour of the 
material. However, natural or atificial materials are usually inhomogeneous. There exist 
very few solutions to the problem of dypamic crack propagation in inhomogeneous elastic 
media. ARKINSON and LIST (3] and ATKINSON [4] considered steady-state crack propagation 

- in different types of inhomogeneous elastic media. In addition, if the materials are dissi­
pative, that effect can be taken into'account by·considering the material to be viscoelastic. 
Crack propagation in viscoelastic medium has been studied by WILLIS [S], ATKINSON and 
LJST (6], CoussY [7] and others .. WILLIS [5] considered steady-state Mode III crack propa­
gation for a standard linear solid under general type of loading on the crack surfaces. 
ATKINSON and LIST [6) studied nonsteady SH-wave type crack propagation starting at 
t = 0 and moving with a constant velocity in the."Maxwell Solid" or using the viscoelastic 
model suggested by Achenbach and Chao. Finally, SILLS and BENVENISTE [9] and Coussy 
[7) studied steady state crack propagation of SH-type at the interface between two visco-
elastic media. . 

In our case. we hav~ considered steady and nonsteady cases of Mode III crack propa­
gation in an inhomogeneous viscoelastic medium. Two types of viscoelastic models, namely 
Maxwell Solid and Standard Linear ~olid have been considered. Material properties have 
been assumed to vary exponentially in the direction perpendicular to the direction of crack 
propagation. We have studied how the material inhomogeneity affects the stress intensity 
factor and also the crack opening displacement when a Mode Ill type crack propagates 
through the inhomogeneous viscoelastic medium. 

l. Formulation of the Problem and its Solution for Nonsteady Case In Maxwell Solid 

Let us copsider an inhomogeneous viscoelastic medium which was set in motion by 
a semi-infinite crack suddenly appearing at t = 'o and moving with a constant velocity V 
in the direction of the X-axis. The Y-axis is taken perpendicular to the X-axis (Fig. 1 ). For 
SH-waves, the displacements along X and Y directions are zero and only the displacement 
W = W(X, Y, t) along the Z-direction exists. 

The shear modulus is ,u(Y) = ,u0 exp(2PY) and density e(Y) = e0exp(2PY), where p, ,u0 , 

and Qo are constants. 
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'L 
. X X 

FIG. 1. The crack geometry. 

The non-zero stresses are 

(2.1) 
1 

t1rz = t1rz(X, Y, f) and t1xi = ttxz(X, Y, t), 

and the nonvanishing strains are 

(2.2) 

Considering a Maxwell Solid as the viscoelastic model, the stress-strain relations are 

(ottrz/ot).f-/11 ttrz = 2p.(Y)(oerz/ot), 

(ottxz/ot)+/11 t1xz = 2p.(Y)(oexz/ot), 
(2.3) 

where /11 is a positive constant. 
The equation of ~tion has the fonn 

(2.4) 
and the boundary conditions of the problem are 

W(X, 0, t) .= 0, X- Vt > 0, 1 > 0, 

(2.5) ttrz(X, 0, t) = _:_ aH(t), X- Vt < 0, t > 0, 

arz(X, Y, t) --. 0 as X 2 + Y2 
--. oo. 

It is convenient to shift the origin of coordinate to the tip of the crack at X = Vt. New 
coordinate axes (x, y) are parallel to the respective fixed ones (X, Y). 

Hence, putting x =:= X- Vt, y = Y, we obtain (of oX) = (of ox), (ofoY) = (ofoy) and 
the time derivative transforms to- V(ofox)+(ofot). Equations (2.1), (2.2), (2.3) and (2.4) 

"·beCome 

(2.6) 

' (2.7) 

(2.8) 

and 

au = t1.u(x, y, t), tt,, = tt,,(x, y, t), 

e:n = 1
/ 2 [oW(x,y, t)fox],. e,, = 1 / 2 [oW(x,y, t)foy], 

- V(~a,,fox)+ (oa"=fot)+ /1 1 a,: = ,u(y)[- V(o2 Wfoxoy)+ (o2 Wfotoy)], 

- V(ott:ufox)+ (ottx:fol) + {1 1 ax: = ,u(y)[- V(o 2 WJox2 )+ (() 2 Wfot ox)] 

(2.9) (oa:ufox)+ (aax:foy) = e(y)[V2 (o2 Wfox2
)- 2V(o2 Wfoxot)+ (82 Wfot 2 )]. 

The boundary conditions (2.5) now assume the form 

W(x,O,t) = 0, x> 0, 

(2.10) a,.(X, 0, t) = - aH(t), x < 0, 

a,.(x,y,t)--.0 as x 2 +y2 -.oo. 
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Let us denote the Laplace transform by a single bar 
CXl 

J=fix,y,p) = J f(x,y, t)exp(-pt)dt, 
0 ' 

and the Fourier transform by two bars 
CXl 

f=ft$,y,p) = 1/V(bt) J f(x,y,p)exp(i$x)dx. 
-co 

Applying these transforms to Eqs. (2.8) and (2.9), we get 

(2.11) 

(2.12) 

and 

(2.13) 

(i;V+p+f3t)an = ~t(y)(Vi$+p)(dWfdy), 

(i$V+p+f3t)Ji.u = ~t(Y)(V;z-;;p) W 

Eliminating Um ay .. from Eqs. (2.11), (2.12) and (2.13), we obtain 

(2.14) 

where 

(2J5) 
C

2 = /1-ol!!o • 

The branches of y are chosen so that Re(y) > 0. 

Since W must remain bounded as y--. ± oo, so solutions of (2.14) are 

(2.16) 

and 

(2.17} 

where W'1 >, and W<2 > denote the displacement in the upper and lower half-plane, respect­
ively. 

Let us c~msider the case when for y = 0 _ 

(2.18) 
W< 1>- W< 2 > = h(x, p), X < 0, 

= 0, 

where h(x, p) is an UI!known function such that 

X> 0, 

lz(x,p)~O{exp(k1 x)} as x-+-oo, k 1 >0, 

Applying the Fourier transform to Eq. (2.18), we get 

co 

(2.19) W< 1>-W<2> = B1 -A2 = I/j/(21i) J h(x,p)exp(iex)dx, 

= H_(E,p), 

where H_(~.p) is an analytic function in the lower half-planeT< k1 and~= O'fiT. 
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Now from Eqs. (2.11 ), (2.16), and (2.17), we obtain 

(2.20) a~!> = _ __Q'".~+EL_ - ,u(y)(aw<l)foy) =·- .u<Y>B~ (P+JI(P2 +r2>) x 
(V,~+P+P,) · 

xexp(-(P+J/(pz+y2))yJ-(V~~~;!~;), y > 0, 

~2, = (V~;P+:~~>- · ,u(y)Az (-P + JIUF +r2
) )exp[(-P + V (P2 +r2) )y), y )(.0, 

where oW and ~;> are the stresses on the upper and lower surfaces of the crack. 
Since the stresses are continuous for y = 0, 

Using Eqs. (2.20), we obtain 

(2.21) 

Using Eq. (2.21), (2.19) becomes 

(2.22) 

~gain let us assume that for y = 0 

=tl) - =-(2) 
a~= - a~· . 

(2.23) 
- . -( l) -(2) . [ (, )]/ a, .• = a:;• = a1• = - a 0 exp 11X p, 

= e(x), 

Here e(x) is.an unknown function such that 

X< 0, 

X> 0. 

e(x)- O{exp(-k2 x)}, x--+ oo, k2 > 0. 

Taking Fourier transforms of Eq. (2.23) we get 

00 0 

= I/y(2n) J a~~'exp(i~x)d.\"+ tfl/(2n) J a~;>exp(i¢x)dx::: 
0 -00 

where 

00 

(2.25) E+(~, p) = 1/((m) f a~!>exp(i~x)dx 
0 . 

and is an analytic function in the upper half-plane -r: > -k2 and a0/[iy(h)(~-il)p] 
is analytic in the lower half-plane T < .t 



Antiplane dynamic crack propagation In an inlwmoge~oiu viscotdastlc solid 377 . 
~--. -~ -----· ._· ____ .. -·-

· From ·Eqs~ (2.22) and (2.24), we get. 
- . ' . 

(2.26) JloO'l~+p)yzH-:(E,p) = E+(E,p)-u~/[v(m)().+iE)p). 
- _ 2(ViE+p+/1,) l!(pz+yz) .-

It may be noted that the problem has been red~ced 'to- a form suitable for application of 
the Wiener-Hopftechnique. · · 

Now 

(2.27). 

where 
. . 

(2;28) -X1 = 1j1 (1:-V2 /c 2)~ 1 {(2p+PdV/c2 +J/ {(2p+/11)
2

- V2 /c4 + ,i;;:: _ _ _ • 

+4p(p + p1 )(I__:. V 2 /ci)/c 2 }j, 

(2.29) X2 = 1 /2(l-V2 /c2)- 1 [-(2p+fJ,)V/c2 +y{(2p+-f3~)i V2 /c4 + -
+4p(p+/1,)(1- V2fc 2)fc2 }j 

and 

_. (2.30) 

where 
. . 

· (2.31} Y1 ,;, 
1
/ 2 (1-V2 /c2

)- 1.[(2p+p1)V/c2 +/{(ip+/11)i V2 fc4 + 
+ 4 {p(p+ Pd/c2+P l ~I':_ vz /c-2

) 11; 

(2.32) Y2 = 1 / 2 (l-V2 /c2)-'[...:.(2p+/1 1 )V/c2 +)1'{(2p:t=~;)i V2/c"+ _ 
+ 4 fp(p + /1 1 )/c2 +{fl fC-1 - V 2f(c 2

)}]. 

Using Eqs. (2.27) a~d (2.30), (2.26) b~comcs 

.Uo(L- V2/c2
).112 (E ~ ;;;V) (E- iXz) H _(e. p) . Uo(i). +iY,)I/l ----- +- . . 

2[E ...:.f(p+ /11)/V] (E~iY2) 1 '2 1/ (2.."t) i(E- O.)(iJ.+ iX1)P 
(2.33) 

(E+iYI)IIZ£+(E,p) . - uo . .l (E+iY;)Jiz (i).+iY,)I'zl 

- (E+fX
1

) -~i(2.."')iP.(E--l).) ·_ (;+iX1) ---QI.+iX;) . 

The functions o'n the R.H.S. of Eq. (2.33) are a~a!ytic a_nd non-zero in th~ upper half-plane 
T > -kl, and functions on the L.H.S. are analytic and nOD"Zero in the lower half-plane 
T < ). (). < ki). Since both the functions are analytic in the strip -k2 <: T < )., the 
principle of an analytic continuation states that each of them represents an ~:ntire function. 
MU) in· the whole ~-plane. 

Now the L.H.S. of (3.33) approaches zero as 1;1 -+ oo. It may then be concluded by 
Liouville's theorem that M(e) = 0, and. therefore . 

(2.34) ·H_(~, ;) = 2ao(i).+iY,)Ifi(e-iYz)'f2(l-V2fc2)-•lz(;-i(p+/1,)fV). 

Jlo 1/ (2:ri:) ip(f- i).)(iJ. + iX1) (;- iXz) (E- ip/V) 

I 
"I 

I 
I 

I 
l 

i 
l 

' I 
l 

. : 

I 
I 

! 
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-and 

(2.35) - E+(e,p) = __ -= '!u__ _______ _ ·_ao(iA+iYy)''
2
a+iXj} 

· ·- ll(m) ip(;.:....i).) y'(m) ip(E-i).)(iA+iX,)(,+iY,)'' 2 

From Eq. (2.34) it follows that 
- . -
- . - . 2a0 (1- V 2/(cZ)-tl1(i).+iY1)1/2 

JL(~.P> = - - -=------- -.,--- -- e-Jt:i, ~--- oo. 
llo J/ (2.n) ip(O. + iX,) 

Application of the inverse Fourier transform _yields 

4 (.:l+Y1) 112 
h(x, p) = . Uo (I- V2 jt2)-ll2( -x)ll2n-1/l - X- o-. 

Po - ().+X,)p •-

- Again, takiqg, the inverse Lapiace transform,- the displacement jump acros-s the surface of 
the>crack near the.crack tip is · 

(2.36) W(l)_ WC2) = (4uo//loHI-:- V2jc2)-lf2( -x)lfl,n-1/2 x 

From Eq. ·p.35) 

E
- J: - ~o(iA+iY,)t/2 
+(,.,p)=- .J:-1/z .,1:-oo. - - y (2n) ip(il+iX1) '" ' 

Taking the inverse Fourier transform we obtain 

- (). y )1/2 
e(X p) = C1 .7t-1f2(x)-l/2 + I - X -·o+ • 

- '_ 
0 

' O+X,)p , 

Again,_ taking the inverse Laplace transform 

c•+;co 

(2.37) _:t/2(- )-IJz(l/2 ") f ().+ Y,)'/2 ( ) I a = a0 n. x nt --------- ----- cxp pi cp. 
n . (J.+X )p -

• 4 c'-1~ 1 

lf .i1 H· is the displacement jump, the~ the crack opening displac~ment ncar the crack_ tip 
isgivcn by 

(2.38) p 0 .i1 W = 4u0(1- V2 /c2)- 112 ( -x)'Jln- 112 ·A, (-I ~ x < 0), -

and the stress near the crack tip is 

(2.39) 

where 

c'+l<» 

(2.40) . A ~ (I f2.;'tiJ f 
c·-ic:c 

(A+ Yi)'lz. 
().+X,)p exp(pt)dp == 

c'+I<X> 

f (Y,)I/2 = (I/2ni) . . - - exp(pt)'dp, 
X,p 

. c'-I<Xl 

). -+ 0. 
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Evaluation of the integral A given by Eq. (2.40) corresponding to constant stress --" i1o on 
the crack surfaces is presented in the Appendix. 

In the fracture mechanics, it is customary to write 0')., = (O+, 0, t) in the form Kf v(:ba), 
where K is the stress intensity factor. In our case 

(2.41) 
. . 

Putting P == 0 in the expressionfor A,we obt~in the stress intensity factor in a homogeneous· 
viscoelastic medium as 

where 

which agrees with the results of ATKINsoN and LIST [6] 

3. St~dy State Case for Maxwell Solid 

Steadystate solutions are the results of Sect. 2 corresponding to the case oft approaching 
infinity. So for the steady state case, passing to the limit p -+ 0 and using the Tauberian 
th~orem we obtain from Eq; (2.34) 

2ao(i~ + iYI)l/1(~- iY1)1/1(1 '- V1 fc2)~1f1(~ ~;pi fV) 
H.:.(~, p) = ---='------:::=;-------'------,-'--....:.....::..:----'-

P.o V (2.n) i(~- i).)(O.+ iX1 ) ~i. 

Applying the inverse Fourier transform we obtain 

·2a~(ii+.iY,)If2(i _ V2jc2)._1/2 
Jjt(l)_ W( 2 l = X 

p.02ni(ii..+ iX1 ) 
(3.1) 

oo-1• 

X J 
-oo-la 

(E-iY2) 112 (E-i/ltfV)_ . (- ·1: .) ·11: _ 
(~-0.)~2 exp . lr,;X (" -

·= 2ao(i~-: ry_~~t/2 , (1- V2fc2)-lf2J, 
"/Lo21ll(l).+IX1) .. 

where 

For x <. 0, the above integnil can ·be replaced with the integral taken along the positive 
imaginary ~-axis and routid the branch point at·~ =. iY1 , together wi'th. the contribution 
from the poles at¢ = 0 and¢ = ;). as shown in Fig. 2. · 
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f=O. 

FIG. 2. The path of integration of the integral .I. , 

Thus it can be shown that · 

(3.2) 

. 00 -

-(2li)(fldJ.V-'-I) { utf·exp(-uxt) du] + 
· . - u+(Y2- I.) 

0 . 

+ ('2:n,f J.) ((fltl J..V ..:_I)(- iYz)112 + (,8tfV) {x(- iY2 )
1

'
2 + (il2)(- iY2)-

112} + . 
- (fld J.V -'-l)(iJ.- iY2) 1l2exp(- J.x1)] = 

= (1/J.)exp( -ni/4)[(,81/J.V -l)(x1)-
112 (x1 Y2)~ 114 J/ n exp( - 1 / 2 X1 Y2) x 

x_ w-3f4,Jf4(xl Y2)+ (PtfV) v(nxJ) (x:J Y3)_ 3,4 exp( - 1 12XJ Yl) X 

x W~sJ4.-IJ4(xt Y2) +(I~ PtfJ.V)(x1)- 112(x1(Y2- J.) )- 1/"l/ n exp{- 1 /:zx1 (Y2 +A.)} x 

X w-3J4•1f4 (xl (Yz- J.))J+(2niJ.) [(,81/J.V -'1)( -iY2)112 + 
+ (i,81 IV) {1 I 2(- iY2)- 112 + ix1 (- iY2)112 } + 

+(I....,. {Jtf J.V)(O.- iY2 ) 112exp(- J.x1)], 

where··wt .... ·.is the Whittaker function· [9], 
Therefo~e the displacement jump L1 W ac·ross the surface ofthe crack (x <. 0) is given by 

(3.3) 

· where lis given by Eq. (3.2). 

Using the result that . 

w. ( ). · F( .,.-2m) ( -)1/2 +m· · ( . 12)· F(2m) . ( )112 , ( / 2) 
t,m z. = F(llz-m-k) z exp -_z + F(ll2 +m+k) z . - exp -z 

for small z, 
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we find that lor small x1 Y2 , Eq. (3.2) yields. 

(3.4) I= -4 y(nx1f exp(~ni/4), 
Substituting the value of I from Eq. (3.4) into Eq. (3.3) we get 

(3.5) -'-1·~ x <0, 

where 

(3.6) cx1 = 1
/ 2 (1 ':"" V2 /c2

)-
1((p1 Vfc2 ) + y'{(fifV2fc4 ) +4/32 (1- V2 fc2 )}} 

and 

(3.7) . . 
. . . - . 

Again, letting p -+ 0 and using the Tauberian theorem we find from Eqs. (2.35)' and (2.24) 
that in the steady-state case 

. a,z = -

Taking the inverse Fourier transform we obtain 

(3.9) 

where 

(3.10) 

ao(i.?.+ iY1)
1
'
2 

bti(iA.+iX1) 

= 2 yn exp(,.-ni/4)[(x)- 112exp(- Y1 x)- ().+X1)(x) 1' 2 (x(~+ Y1) )- 314 

,· ~ exp {1/lx().- Y,)} w_,,4,-lf4 (x(A.+ Y,) )]. 
Thus the stress at)' = 0 for ail x (x > 0) is given by Eq. (3.9). 

Now for smali ().+ Y 1)x 

(3.11) I 1 = 2 y (nfx) exp( -ni/4), 

so from Eq. (3.9) it follows that 

. (3.12) 

Stress intensity factor K is given by 

(3.13) 

where 

co < x. ~ 1), y ::; o· . 

K = y2a0 B, 
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Now putti~g {11 = 0 in the expression for cx1 and cx2 we- get from Eqs·. (3.5) and (3.12) the 
-displacement jump and stress intensity factor in an inhomogeneous elastic medium, 

(3.14) . 

and 

(3;15) . 

which agree with ihe results derived by ATKINSON [4] · 

4. St~dy State Solution for Standard Linear Solid 

In this case the stress-strain· relations are 

(4.1) 
C:Oarz/ot)+{JI ayz = 2,u(Y) [oerz/ot)+aerzl; 

(oaxz/ot)+{J1 ax.Z = 2,U(Y) [(oexz/ot)+aex:z], 

where /1 1 and ex ~re constants. 
Equation of motion has the form 

(4.2) 

Now, putting x ~ X.:.:. Vt andy = Y so that 

(of oX)= (of ox)~- (ofoY) = (t3foy), and (ojot) =-- V(ojox). 

Equations (4.1) _and (4.2) become 

- .-V(oa)'zfox)+{Jl au= ,u(y) [- V(o2 W/oxoy)+a(oW/oy)], 

- V(oaxzfox)+{Jl a:<z = ;u(y)[..:.. V(o2 Wfox2)+a(oWfox)] 
(4J) 

and 

(4.4) 

Introducing. the. f'ourier _transform denoted by 
co 

(~.5) [(;,y) = 1/V(bt) J f(x,y)exp(i;x)dx. 
-co 

_Equations (4.3) and (4.4) can b_e transformed tci 

(4.6) 

(4.7) 

and . 

(4.8) 

(i~V + {11)(i yz = ,u(y) (i~V + oc) (dWjdy), 

oev+fJ~)a:xz = ,u(y)(ev-;e~) w 

Eliminating Ci~z and iixz from Eqs. (4,6), (4.7) arid (4.8)we get 

(4.9) 

where . 

(4.10) 

Branches of yare choseri so that Re(y) > 0. 
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Since W must rer:miin bounded as y-+ ± oo, solutions of Eq. (4.9) are 

(4.11) 
W'1> = B1 exp[-{P+V(/F+y2)}y], y > 0 

W<2,·= A2exp[{-P+v(P2+y2) }y], y < o 
where W<1 > and W< 2> denote the displacements in the upper and lower half-planes. 

Let us consider the ease when for y .= 0 . 

W< 1>- W<2 ~ =- h(x), :X < 0, . 
(4.12) 

= 0, X> 0, 
. . 

where h(x) is an unknown function such that· 

and 

(4.13) 

· h(x) - O[exp(k1 x)J · as x -+ - oo and k1 > 0 

a,;z == ~a0 exp(.i-x), 

= e(x), 

X <-0, 

X> 0, 

where e(x) is an unknown func~ion satisfying the condition 

e(x) - O[exp( -k2 x)J as x-+ oo and k 2 > 0. 

In. this case Eq. (2.26) becomes 

(4.14) 

.This equation holds in the region of regularity of the functions appearing in Eq. ( 4.14). 
Owing to our former assumptions· regarding the behaviour of e(x) and h(x) at infinity, 
this region is represented by'the inequality -k2 < -r < l < k 1 where.~;, a+i-r. 

Now Eq. (4;14) is suitable for the application· of the Wiener-Hopf technique. Again,. 

(4.15) y2 = e(l- V 2 /c2)(~ + ia)f(~- ia./V), 

where 

and 

(4.16) -r2 +/12 = [~3 (1....:.. V2/c2)+i(Vfldc2- a.{V)e+ /12 (~-ia.JV)]/(~- ia./V). 

Since it is difficult tofactorize v' y2 + p2 , i.e. to represent it as a product of two functions, 
one analytic in the upper half-plane and the other analytic. in the lower h.alf-plane, we 
follow the approximate method of KOlTER [10] of solving Wiener-Hopf type equations. 

Acc~rdingly, we write P(~) = y' (y2 + fll) in the form .P(~) = P(;)P 1 (;); where the function 

P(~) is required to. behave at lEI -+ oo and at 1e1 -+ 0 in the same manner as P(e). The 
auxiliary function P 1 (e) should be non-zero and should have no singula'rity within the· 
strip -k2 < --r; < -r < -r2 < .i-; it has to be suitably chosen such that P(e) is non-zero 
and possesses no singularity within the strip - -r1 < -r < -r2 • Now we note that 
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and 

V(T2 +pl)-;:,:,'p as IEI--.0." 

Therefore we choose pin the form 

(4.17) 

which behaves in the same manner as P(E) for lEI --. oo and lEI --. 0. 

Now P(E) can be written as . 

(4.18) 

where 

(4.19) al = 1 /2[(VfJdc 2 -0:/V)+Y {(VfJdc2 -a:/V)2 +4a:jJ2(1 _; V2/~2)}1/(l- V2
/c

2
) 

and 

(4.20) a2 = 1 /:z[ _;(VfJtfc:z- a:fV)+ J! {/V/J1 /c2 
:.... cx/V)2 +4/J2(1- V2 /c2

) }j/(1- V2 fc 1
). 

It consequently follows that the assumptions concerning P 1 (;) are satisfied, and in view 
of the fact that P,(;)--. 1 in the strip -T, < T < .T:z forE--. oo, the fu~ction maybe 
represented in the form 

(4.21) 

where 

. oo+ld2 . 

P+(!:) = [-1_. f. lnP1 (~) d.] 
1 \i exp '"'-. I: 7J , 

,a,l . 7J - \i 
. -oo+ld2 

{4.22) 
00 +ld, . 

P -(1:\ = [ __ 1_ f. lnP1 (7J) d ] 
1 "'"' exp 2 . z: 1J , . m fJ-\i . 

" · -oo+ld1 

where - T 1 < d1 < d1 < 1'2 and the functions Pf(;) are regular in the respective half­
planes T > -T1 and T < T 2• 

It follows from (4.22) and from the fact P 1 (0) = P,(oo) = I that these functions 
satisfy the additional condition P[(O) = P[(oo) = l with the help of (4.15), (4.18), (4.21) 

and the relation P(;) = P(;)P 1 (~), Eq. ( 4.14) becomes 

(4.23) 

Jt1 (h) i(E- 0.) X 
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Using the same arguments· as in Eq. (2.l3) we get 

. 2rr~(l- V2fe2):... 1l2P((il..)(i1+ia1 ) 1 12 (~-ia2) 1 1i ··. . . 
(4.24) H.:.{~)= - · .. · y(2:n;) .Uo(~-'i).)().+a):t--:- · --- P!(e)(~-i{J1 /V) = 

as 

and 

(4.25) E+a> = l1o . _ ---~~- l1oPt~0.~(il..+ial)~~2(e+ia_) __ _ 
y'(2:rt) i(~-i).) y(2:n:) i(~-i1)(i1+ia)P((~)(~+ia1) 1 1 2 

·=- rtoPl(i1)(0.+iat)tf2 ~~t/2 as . ~ __. oo. 
V (2:n:) i(il..+ ia) · · 

Now taking the inverse Fourier transform we get from Eqs. (4.24) and (4.25) 

4rro(l- V2/d2)-1/2 P((O.) (l..+at)l/2 . . i 2 
(4.26) · h(x) == ------- - . ---· --·- ( -x) I, -I ~ x < 0 

,Uo(). +a) V :n; .. 

and 

(4.27) 

The corresponding results for the case of constant loading ify:. """' - rr0 (x < 0) oli the crack 
surface are obtained by putting ;, = 0 iri tl:ie above equation. if L1 W is the. displacement 
jump then the crack opening displacement in this case is given by 

(4.28) ,u0 Ll W = [4rr0 (1 ~ V 2 /c2)"" 112:n;- 112 (a1) 112 ( .:.._ x) 112]/a, -1 ·~ x < 0 · 

and also the stress near. the crack tip is 

(4.29) r1yz = [d'0:n;-ll2(a1)112(x)- 112]/a, 0 < x ~ 1. (since P((O) = 1). 

Therefore the stress intensity factor is ~qual to 
-~· 

(4.30) K= y2rr0 B1 where B1 = (a1) 112 /a. 

Now putting IX = 0 in ·Eqs. (4.28) and (4.30) we get the· crack opening displaeement and 
stress intensity factor for the Maxwell Solid 

(4.31) 

and· 

(4.32) 

which agree with the results given by (3.12} and (3.13} in the Maxwell Solid corresponding 
to I. = 0. 

S. Results and DiscuSsion 

5.1. The Maxwell solid. In this case time variation of the stress intensity factor· is ~iven 

by !C = y20:~A where A is given by Eq. (2.40) and has been evaluated in the Appendix. 

10 J. Tcchn. Physics 3-'-'1/90 
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FIG. 3~ K* vs. ·ti for the Maxwell solid in non-steady state case. fl• = 0 (homogeneous medium). 

:;r l ... c-··u.· 

1..8 ~. 
l 
I 

4.0 

. 03 
32 

2.1. 

.05 

1.6 
0.7 

08 
09 

.o 10 20 30. 40 t, 
. . 

F1a. 4. K• vs. t1 for the Maxwell solid in non-steady ~tate case . .f3;. = 0;1 . 
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The dimensionless stress intensity !actor K* = (Kfa0 )({31 /c) 112 has been plotted against 
t 1 == {31 t for the range ofvalues of Vfc = 0.1, 0.3, 0.5, 0.7 and 0.9 for different values of 
the inhomogeneity factor {3* = 4{32c2 f {3i. ~ 

It is interesting to note by inspecting the graphs given in Fig. 3, Fig. 4 and Fig. 5 that 

t.B 

t.O 

3.2 
----------~~~~03 

2./, 

--~--------------~--~05 

------------------~--~----407 

QB 
--~----------------------~09 

0 10 20 30 1.0 t, 0 

1:'"10. 5. K* vs. 11 for the Maxwell solid in OOD"Sleady state case. p~ = 0:2. 

the effect of inhomogeneity of the medium introduced through the factor {3* In the stress 
intensity factor K* becomes more significant for small values of Vfc, whereas for values 
of Vfc differing slightly from unity, the effect of inhomogeneity of the medium on the stress 
intensity factor is negligible ' 

5.2. Standard linear solid. In this case the stress intensity factor for . the steadily propa­

gating crack is given by K = y'2 a0 B11, where 8 1 is given by Eq. (4.30). 
We have plotted also the stress intensity factor K* = (K/a0 )({3 1 /c) 1/2 against {3* for 

various values of Vfc, Vfc = 0.5, 0.6, 0.7, 0.8 and 0.9, and for different values of rx/{3 1 = 0, 
0.1, 0.2; The case rx/{31 = 0 corresponds to the steady-state values of K* for the Maxwell 
solid. It is evident from the graphs given in Fig. 6. Fig. 7 and Fig. 8 that at large values of 
rx/{3 1,values of K* increase rapidly with the increase in values of {3* if V0 Vfc is very small. 
But for values of Vfc close to unity the variation of K* with the change in the value of 
{3* is small showing that the inhomogeneity effect is negligibly ih this case. This is also 
evident from the expressions (4.31). and (4.19). · 
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F10. 8, K• vs. p• for the standard linear solid in_steady state ease. a./{J1 = 0.2. 

ApPendix. Evaluation of tbe Integral A Ia Eq. (2.40). 

The integral 
c'+loo .f (Y )1/l 

A = (1/l.ni). _ ·+ exp(pt)dp. 
c'-loo. p 1 _ 

The integrand has poles at p = 0 and also at p = - {J1 which correspond to the zero of X1 , 

Further the integrand has branch points at 

151 ·= ({J~ /2) [ ;_ I+ V {(I- yz /c2)(1-4z)}], 

«52 ~ (/11 /2) [:-1-J/ {(l-V2 /c2)(1-4z)} [, 

~53 = ({J1 /2) [.-I- y (l-4z) ), 

154 = <fJ1/2) (-I+ y (1- V2 /c2
) ), 

65 = ({J1/2)[- I -y' (1- V2 (c2
) ), 

where z = {J2c2/{J~ which is assumed to be less than 1/4 . 

. · 
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Evidently; 154 > 151 > 152 > 155 > 15~. ·. · . 
Now takingthe branch cut along the negative real axis from 154 to - oo, the integral 

can be considered as a contour integral around the path shown in Fig. 9. 

-j3, 

p-plane 

--r---'c'-i= 

F1a. 9. The integration contour to evaluate A for the Maxwell solid. 

Now 

A = (1/lni) 112 (1- V2 /c2)1/l x 
c'·+ioo 

X J. 
c'-loo 

It can be shown that 

A = y'2 (l-Y2 /c2
)

112
[

1
/ 2 (c/V) y(c/{11) y {VIc+ y' (V2 /c2 +4z(l- V2 /c2

)}] + 

+ j/2 (1- V 2 /c2
)

1l 2
{ y' (c/{11) /n} [[t + I:z-:- / 3- /4], 

where 
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where 

dt=-Ptc5~, c52·=f11b~, c53=Ptc5;, c54=Ptc5'L Os=Ptc5~, lt=:=Ptt, 

b1 = 1 /2)/(i- V2 /c2 ) [I-y (l-4z) J, b2 . = v' [(1- V2 fc2)(1-4z)], 

b3·= 1/2y(l-'-V2/c2) [1+V(l-:-4z)], 

xf* ~ lv(l-V2 /c2
) -2rf(Vfc)+2JI[r2 -r y(1-V2 fc 2

) +(I-V~fc2)z], 
x~ = IV[(t-vijC2) -2r](Vfc), 

I .F y~ = 2J! [r v (l-V2 fc 2)-r2
], 

R! = (xf)2 + (yt)2, . 

xf = h/{(l-V2 /c2)(1-4z)} -2r](Vfc), 

y~ = 2 y [r y' (1- V2 /c2)(1-4z)-r2] , 

y!* = 2J1[-r2 +r. y{(I-V2 jc2)(t-4z)} +z(1-V2 /c 2)], 

R!* = [(x!)2 + (yf*)2] [(x~)z + (yf)2]1/2' 

R~ = (x;)z + (y~*)2' 

x:• = · ..... (y'[ {(1- V2 fc2)(l-4z)} -2r]<Vfc)+2 y[r2 -r y' {(I- V 2 jc2)(1-4z)} J, 
x~ = [y'{(1-f2/c2)(1-4:z)} -2r)(Vfc), 

y~ == 2f[z(l- V2 (c2) +ry_{(l--·=v=-:.z/:-"':c2:::-)-=(l-.-___,4,-,z)-o-} -r2], 

R~ = (x!)2 + (yt)2' 

x! = hi { (1- V 2 fc2 ) (1 -4z)} -2r] (Vjc) -2y[r2 -ry {(I- V 2 fc2
) (l-4z)}-i(I- V 2 fc2)]. 
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Stre·szczenie 

DYNAMICZNA PROPAGACJA ANTYPLASKIEJ SZCZELINY W NIEJEDNORODNYM 
OSRODKU LEPKOSPR~ZYSTYM 

Rozwaiono model p61nieskonczonej szczeliny w antyplaskim stanie odksztalcenia, kt6ra w chwili 1 = 0 
zaczyna propagowae si~ ze Stall\ pr'<dkOScil\ w niejednorodnym, liniowo-lepkospr~stym osrodku. Roz-. 
waiorto. makswellowslcl i standardowy model ciala lepkospr'<zystcgo oraz przyjcrto, ze stale:. materialowe 
zmieniaj14 site wykladniczo w kierunku prostopadlym do kierunku propagacji. Zastosowanie tra:nsformacji 
calkowych pozwala zredukowa.C zagadnicnie do rozwiqzania probicmu Wienera-Hopfa. Zmiertnosc czaso­
wa· wsp61czynnilca lntcnsywnosci napr~CZcnia jest funkcjq pr'<dko5ci propagacji szczeliny i stalych materia•: 
lowych o5rodka. Zmiennosc t~:~ zilustrowano wykresami. 

Pc310Mc 

,IUiHAMHt.IECKOE PACIIPOCfPAHEHHE AHTHIIJIOCKOH TPEI.ijl1Hhl 
B. HEO.UHOPO.UHO'A: B~3KOYII~YrOH CPE.UE 

PaccMOTpeHa Mo,o;en& nony6ecJ<oHetiHoii: ·TpeutHHbl B aHTHnnocJ<OM ,o;eq,opMal.IHciHHOM cOCToH­

BHH; KOTOpaH a· MOMCHT I= 0 HatiHH8CT pacnpocpal{llTbCH C UOCTOHHHOH CI<OporniO B. HCOAHO· 

po.o;HOH, nHHeii:Ho-BR:3KoynpyroA cpe.o;e. PaccMoTpeHbr" Mai<CBWOBCJ<aH· 11 CTCHAapTHaH Mo,o;i:Jm 

BR3Koynpyroro Tena H npHHHTo, 'ITO MaTepHaJILHbie nOCTOllHHhle H3MeHR:IOTCH 3J<cnoHeHitl{an&H­

LIM. o_6pa30AI B nepneHAHKY.IIHpHOM HaripaBneHHH K H3Up3BJICHHH pacnpOCTpaHeium. flpHMCHCHHC 

HHTCI'pan&HblX.: npeo6pa30BaHHH U03BOJIHCT CBecTH aa,o;aqy K peineHHIO aa,o;atiH BHnepa-Xontl>a. 

BpeMeHHBH nepeMellHOCTb Ko3!f!tl>HIUreHTa HHT.eHCHBHOCTH HanpR:>HeHHJI HBn.lleTCH !f!YHK~ieii: CJ<o­

pocTri'q_acnpoi:TpmeHHH TpeutHHbl H MaTepHan&HblX liOCTOHHHblX CpCAbl'• ::ha nep·eMCHHOCTb Hnn•. 

IOCTpHPYe_TCH AHa.r'paMitlaMH. 
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