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"FORCED VERTICAL VIBRATION OF TWO RIGID
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The problem of: two-dimensional- oscillations of a pair of parallel rigid strips, situated:
on a homogeneous isotropic semi-infinite elastic solid and forced by a specified normal
component of the displacement, is considered. The resulting mixed boundary value problem
is solved by the application of an integral equation method. The normal stress just below
the strips and the normal displacement away from the strips are derived. By using a similar
procedure, the antiplane problem due to the motion of two strips on a semi-infinite elastic
medium has also been solved. Finally, graphs are presented which illustrate the salient
features of the displacement and stresses in both the cases.

1. INTRODUCTION

The study of the effect of a vibrating source of pressure in different forms on the surface
of an elastic medium. is almost classical. Reissner [1], and later Millar and Pursey [2],
treated the case of a uniform vibrating pressure distribution applied to a circular region
on the surface of an elastic half-space. The problem of most physical interest occurs when
a displacement corresponding to indentation by a rigid body is prescribed over a given
region and the surface tractions outside the region are zero. Analytical treatment of the
dynamical response of footings and soil-structure interaction are usually available.in the
literature only for circular and elliptical footings and infinite strip loadings. Such results-

- are important in view of their application in the design of foundations for machinery and
buildings, and also in the study of the vibration of dams and large structures subjected to
earthquakes. Awojobi and Grootenhuis [3], Robertson [4], Gladwell [5] and others have
considered the problem of a circular footing in detail. Roy [6} considered the dynamic
response of an elliptical footing in frictionless contact with a homogeneous elastic half-
space. For low frequencies, both vertical and horizontal vibration were treated. A low
frequency solution for the vertical, horizontal and rocking vibration of an infinite strip on
a semi-infinite elastic medium has been obtained by Karasudhi, Keer and Lee [7] by
reducing the governing dual integral equations into a single inhomogeneous Fredholm
equation of the second kind. Wickham [8], however, removed the flaws occurring in the
above paper and worked out in detail the problem of forced two-dimensional oscillation

" of a rigid strip in smooth contact with a semi-infinite elastic medium using a different
technique. -

To improve the dynamic models of buildings and other structures, it will be fruitful to
have analytical results for foundations of more complicated nature. In what follows here
the problem of vertical vibration of two rigid strips in smooth contact with'a semi-infinite
elastic medium is.considered. The problem is also important in view of its application in

. the study of the vibration of an elastic medium caused by running wheels on a railway-
track. The resulting mixed boundary value problem is reduced to the solution of a triple
: 1
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2 . S. C. MANDAL AND M. L. GH()SH

integral equation. which is further reduced to the solution of an integro-ditTerential equa-

- tion. Finally. an iterative solution valid for low frequency is obtained. The integral equation
was solved in a manner similar to that employed by Lowengrub and Srivastav [9] in
solving static problems for two coplanar cracks in an infinite elastic medium. Jain and

- Kanwal [10. 117 also used the same technique to solve the problem of diffraction of elastic
waves by two coplanar Griffith cracks and also by two coplanar rigid strips in an infinite
elastic medium. In this connection, recently Itou [12] has also solved the problem of
diffraction of SH-waves by two coplanar Griffith cracks in an mﬁmte elastic medium using
a different technique.

From the solution of the integral equation, the stresses just below the smps and also
the vertical displacement at points outside the strip on the free surface are found. Finally,
in the limit as the distance between the strips tends to zero, the results are found to become
identical with the results given by Wickham (8] for the vertical vibration of a single strip
on a semi-infinite elastic medium. A low frequency solution due to anti-plane motion of
two strips on a semi-infinite elastic medium is also derived.

2. FORMULATION OF THE IN-PLANE PROBLEM

Consider the normal vibration of frequency @ of two rigid strips having smooth contact
with a semi-infinite homogeneous isotropic elastic solid occupying the half-space
~w0<X<om, Y20, —0<Z< o (see Figure 1). It is assumed that the motion is forced
by prescribed displacementt distribution vy €7’ normal to the two infinite strips located in
the region —a<.X<—b, b<X<a, Y=0, [Z]<oo, where v, is constanl. Normalizing all
lengths with respect to.a and putting b/a=c, one finds that the rigid strips are defined by
cgx|<!1, ¥y=0, |z|<oo.

With the time factor e™*** suppressed throughout the analysis. the displacement bompo-
nents can be written as :

u(x, y)=0¢/0x—0dy/dy,  u(x,y)=@é¢/Cy+cy/ox.  w(x,y»)=0, (2.1)
where the displacement pot_emials o (x, y) and y(x. y) satisfy the Helmholtz equations
FP/ox*+ 3¢/’ +kip=0, y/ex*+&w /0y’ +k w=0, - (22)

in which k3 = 0’a"/c} and k3= 0%a’/c3. Consequently, the values of the stress components
Ty, T,y and 7., are

ty=p(20¢/0x 8y + Py /e - Ey /e,

r=—ul(k3+28%/0x")p -2 Py jox &), r,=0. (2.3)

> X

L ' ' y
Figure 1. Geometry of the strips.
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FORCEID VERTICAL VIBRATION 3

The boundary conditions are
v(x, 0)=vp, csixl<l,
15, 0)=0, x<c, IM>1, 7,(x,0)=0, —co<x<o. - (24)
The solution of the Helmholtz equation (2.2) can be written as .

¢=j i A(&E) exp (iEx—y,y) d&, W=I B(&) exp (iEx—y,0) A&, (2.5)

—n
where

.={(¢2—'k})"’, lélzk,-}

—w-gyn, <k ThE (2.6)

- and A(&) and B(&) are unknown functions, to be determined from the boundary
conditions.

By using the last of the boundary conditions (2.4) it can be shown that

B(&)=—{2i&y,/(E+7D}A(E).

Then the displacements and stresses given by expressions (2.1) and (2.3) become

u(x, y)= f lé[exp( m')— exv( rzy)]A(é)CXP (i&x) d¢, (2-7)>

6

2

7 exp (- 7’2)’)]A(§) exp (iEx)dg,  (2.8)

v(x, y)= J —rn[eXP( 7”)_g )

T,-_\-(X,)’)=—#J [(kz—Zéz) exp (—71y) + 57"72'=xr>( 72}’)]
o £+73

x A() exp (iEx) dE, (2.9)
Tolx,y)=p f 2iEri[—exp (—717)+exp (~12)IA(E) exp (i€x) dE.  (2.10)
Next, upon using tfle fact that A(&) is an even function of &, and puttin_é
P(E)={[(282 ~K)* —4&%, 73/ 1287 - KB} A(£),,

the first and second of the boundary conditions (2.4) lead to the following dual integral
equations in P(€£):

j.”(é)0055xd€=0, IX<e,  W>1, : (2.11)
o0 v kZ
.[(252—57)'2_24527%P(é)‘mé“‘é:%”‘h <<t (2.12)
0
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3. SOLUTION OF THE IN-PLANE PROBLEM
Consider the solution of the integral equations (2.11) and (2.12) in the form

P(&) =J .\'.f(.\'f) cos Exy dxy, (3.1)

c

where f(x7) is an unknown function to be determined. The relation (2.11) is therefore
satisfied automatically and equation (2.12) becomes

71/\2 !
x 2 X1 =130, S E S P
jl \:f(V.)J~ (22— k- 452}"72cos§\coséjv.d§dr. 30 eyl (3.2)

Using the relation

sin £x sin &x, _ f‘ J"" wo Jo( Ew) Jo( Ev) dv dw
o Yo

62 (,\'2 _ w2) 1 /2(_& _ Uz)l)'z

converts equation (3. 2) to the form

* [ wol(v,w)dodwd
"_xlf(xl)'—‘J‘ I wol(v u’) vdwdx, _, c<li<l, (3.3)
0 .

. 3U0
O0x; (= wH'2(xd - vH)'? ’

where

-] k2 N
Li(v, W)= Jo (2§z—k§);|2—24§27,72 Jol &w) Jo{ £0) dE. (3.4)

By a simple contour integration technique [13], L,(v, w) can be written as

Li(v, w)=—it" Jl (1= %) 72" = 7°)° Ha "(kim) Jotkyo)
’ @n*=* + 160 (" = 1)(* = n?)
L [P = 1) (22— 0?7 HeP(kyipw) Jo(kyno)
—4it 2 4 4,2 2 2 d
0 Q=)+l (n"—D(t"—n")
2 \2 gy ,
+”irz[(77 D' Hq ’(kuﬂ“)Ju(kﬂlv)] o
Qu(’l)

—ig? [i J(l n)‘ZH"’(k,nw)Jo(k.nv) -’
16(1—1-2) ; -1

n=ro

0

J(T n)"2Ho‘”(kn)w)lo(kmv) ]

77 —TJ

2 gn\12 (1)) , ,
_mz[(n 1) Hg (k'n“)lo(/\mv)] wso, (35)

0u(n)

n=ro

where T=ky/ki=ci/c2, Qo(n)=20" =2 —4n*(n*—1)'*(n*—19"? and 7, is the root
of the Rayleigh wave equation Qy(n)=90. 7,, 72 are the roots of the equation
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Q=) +4n (n* =13 (n* = 13)'2=0. Qi(n) denotes the derivative of Qu(n) with
respect to n and

p,-=(2rf—r2)/ll(r,2—tf), sj=4rf(rf—l)/[l(rf—r,?), i, j=0, 1, 2 and i #j.
The corresponding expression for L)(v, w) for w<v follows from equation (3.5) by inter-

changing w and v. For a Poisson ratio o =1/4, the values of 7, 74, 7, and 7, are given by

a_ 3 Tf=*3 and r2=3/4
(1-20) (0:9194)>’ 2+2/3) e

Hence in this case 7, <1, <1<1<1. }
. By using the series expansions of Jo and H¢" and evaluating the integrals arising in
equatxon (3.5), one finds, after some algebraic manipulation,

2/n)7? [{y +log (kyw/2)—(7i/2)}M + N— (P/4)(W*+v )k2 log k, ]+o(k ),

; w>v
Ll(v) W)= 2 R - 2 212 2 ’
(2/m)r[{y +log (kiv/2) = (7i/2)}M + N — (P/4)(w’ + v*)ki log k] + o(k?),
w<v
(3.6)
where y=0-5772157. .. is Euler’s constant,
=—7r/4(1-1:2), o (3.7
l — —
N=—T [4log +z V=) e ST ‘/("’ ) 1o g{ro+J(zg—s)}
32(1 ) j=1 Tj T]
2 2_ 2 _ 2_ 2 2_ .2
by YT e o) I, {row(ro T )H (3.8)
j=1 T T.i To T
= (3] |
= + | —— . 3.
20— )LZO PG 1)) g,o NZ™ (3.9)
Next, differentiating both sides of the relation (3.2) with respect to x, we obtain
l * '}'Ik%
xi f(xd J sin Ex cos £x; dEdx; =0,  c<|x|<].
jc 6 o (8- k) - ag 7’17’2g e dx o
Following a procedure similar to that for deriving equation (3.3), one obtains
. x.f(\,) ! woLy(v,w) dw do dx,
L < '—Jc 'f(x')—J J oAyt SHIsh
(3.10)
where
2y, 84k}~ k2) ] :
- L J J dé. 3.11
2(v, n) J‘ |: 28— I3 —4E 117, 0(5}‘,)» o(&v) d& (3.1hH)

AALTTNINRA 18.0A_Q7 1K-4A-74



6 S. Co MANDAL AND M. L GHOSII

FFor small values of k, and &, sucii that &y = o(k;). one can use the contour integration
technique mentioned above and obtain ‘ '

Li(v ‘t’)=2ikf(1~12)J| =)@y’ -2y’ 1! ’(kl’l")Ju(/\l*iU)

- 0 =)+ 160 (= (2= 1)

20t -1’ -1 )"2 HO”’(k nn).!o(k,nu)
(2n*- r) +l677 (r; ~{7? —-r])

+4ik?(1 - rZ)J
0

—2riki(1 — %) [ (1" = 1) Hg (kypw) Jolk, o)
' Qo(m)

By a process similar to the one which led to equation (3.6), equation (3.12) can be written
as.

] ) w>v. (3.12)

n=rto

| Ly(v, w)=—(4P/7)(1 — k3 log k, + o(k}), (3.13)

where P is given by equation (3.9).
Now consider

SR =fo)+ 1 Tog ko fi(=h) + o(kD. (314)

Putting this expansion of f(x}) and the value of L,(v, w) given by equation (3.13) in
equation (3.10) and equating the coefficients of equal powers of k, yields

\f Alzﬁ)(Yl) dx =0, c<x|<], (3.15)
c X —X| . .
and
! .
j fof:l) =_‘_1£ (] — 1,'2) J‘ X]_ﬁ)(x%) dxh CSIXIS 1. ’ (316)

(o

Following Snvastava and Lowengrub [8] one finds the solutions of the mlegral equations )

(3.15) and (3.16) to be

D
ﬁ>(xf)=( T (3.17)
and
2_ 2 172 . B
f(XI)——PD“_T)[l—\,] +(x?—cz)'/2(l~x?)"’z’.:' ' G

where D and B are constants which can be calculated as follows. One substitutes the value
of L,(v, w) from equation (3.6) as well as the expansion of f(x}) obtained from equations
(3.14). (3.17) and (3.18) into equation (3.3). When the coefficients of like powers of k, on
both sides of the resulting equation are equated the following results are obtained:

Up

= : 3.19
27 {y +log (ki /2) — (xi/2) +log (1 - )} M+ N]’ (3-19)
5.2n2 o2 .2
13=?'TDP[.%(z;c2+c2+1)—ﬂ(1—12)(1—2x2+c2)~(—'—‘w2 ””"}. (3.20)
Vo T Tt°D
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FORCED VERTICAL VIBRATION 7

One can now obtain the values of the vertical displacement in the plane y=0 from
equations (2:8) and (3.1) as

. 2 ‘2 ¥ 172
Uo+ 2MT2I:D+,(% log k| {B‘*‘- (] - 1,'2)(] —CZ)PD}] sinh_' [.{‘l____.}z_}
/4

2 .2
_ATMPD(I— 1)) kilog ki {(1 =) —x)} ' +o(kD),  |xl<c

o(x,0)=Jvs,  c<IxI<I

2 2117
”°+2M2[D+kf log ki {B+— (-7 —cz)PD}] sinh™’ [T ‘2]
. T . .

i 4

2 _ 2 . :
LAMIDAZT) i fog {2 = (2=} 240K, Ix|> ]
s

(3.21)

The normal stress 7,,(x, ) in the plane y =0 just below the stnps can be found from the
relation (2.9) as

zplx| |
Tp(x, 0)= (1= %) 2(x2 = 3) 12 (D+ Bk log k1)
P 172
+4uxDP(1 —t )[ e ] ki logk +o(k}), c<ix<l.  (3.22)

Now p\mmg ¢=0 in (3.20) one can obtain the normal stress for a single strip, |x{<1,
y=0, —0<z< w0 as

n'uD u
T,,(x, 0)= a x),/2+ Yz),/zkzlogk[4P(l—r)Dx +7B]+ o(k}),
where
D= 2o
20%[(y +log (ki /2) — (mi/2YM + NY’
22 ’ i 2
p=2" DP[5(2x2+1)—ﬂ(1—12)(1—2x2)—(—'—§')—”‘3].
Vo T - mt°D

Upon defining Ao=1v,/n°D, ﬂo=—r2/27r(l —1%) and B,=—P/n? as done by Wickham
{8}, one has '

-2
E(_I;%)IT { — Bk log kz[A (_B—\—)]} +o(k3),
" oll— 0 0

which coincides with the result obtained by Wickham {8].

Ty(x, 0)=

3463330386 15-06-92 16:46:24



3 - S. C MANDAL AND M. L. GHOSIH
4. FORMULATION AND SOLUTION OF TIHE ANTI-PLANE PROBLEM

For an SH-wave the displacement and stress are w(x, ¥, 1) =w(x, y) e " and Tye(xp)=
1 Ow/¢y. As in the previous case one can write these expressions as

w(.\-,_r)=J‘ Q;g)exp’(iéx—yly) dé, ' 4.1

7%, y) = —ﬂ.f Q(&) exp (i5x — y2y) d&. (4.2)

where Q(£) is an unknown function to be determined from the boundary conditions,
which are

wix,0)=wy, x|, T,:(x,0)=0, |x|<c, Jx|>1, (43,44

where 1o is a constant. By using a procedure similar to that followed for the solution of
the in-plane problem, the values of stress 7,.(x, y) and displacement w(x, y) in the plane
y=0 can be found to be given by

—rulx
TJ':(xv 0)= (1 _xz)l_,'gf-xl_z!_cz)lkz (DI + Blk% IOg kZ)
mulx|Dy ,, = 2 2
+———k2 log kz 3 +0(k2), Cgll'lé 1, (45)
2 1-x .
. : R 12
(wo— n[D)+k3log ko{ Bi— Di(1~¢%)/4} ] sinh ™' [—1 ~ }

— (2D /A3 log ko[ (1 ) ~ )} P +o(k3),  Ix<c

w(x, 0) =ﬁ Wo, E N ES : (4.6)

2
4

) R '2_1 172
"""”[D‘*"i""gkz{&-Dx(l—c-)/4}lsmh“'[; } |

|+ (xDi/4)K] log k(= D= cD)) 2+ ok, x>

where

Wo

D= 27 4.7
) rr[(m'/Z).-—y—]og'(k2/4)_log (1—c)"7 (4.7)
| nD? [wo(l - , ]
=\ .p U - 4.
l 4wy D, - (I+c ) ( 8)

5. NUMERICAL RESULTS

The vertical and the transverse displacement fields for the in-plane and the anti-plane
problems, respectively, for points near the rigid strips are illustrated graphically in Figures
2 and 3 for a Poisson solid (t?=3). It is interesting to note from the graphs that the real
parts of the displacements decrease with an increase in the value of &, in both cases.
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Figure 2. Displacement vs. distance. —, Re {uv(x,0)} for in-plane problem; - - - -, Re {w(x, 0)} for

anti-plane problem. ¢=0-8.
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Figure 3. Displacement vs. distance. ——, Re {v(x, 0)} for in-plane problem; - - -, Re {w(x, 0)} for anti-plane

problem. ¢=0-5.

Graphs of the stress factors

t*=Re [ry,.{(l —xz)(xz_cz)} l/‘z] and 1=Re |:r.,._.{(l —xP(xE— Cz)} l/z]

HVo Hwo
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vs. dimensionless distance x for the in-plane and the anti-plane pr(;blems, respectively, are
shown in Figures 4 and 5, plotted for points just below the rigid strips. In both the cases

the magnitude of the stress factor is found to increase as one proceeds from the inner to ?
the outer-edge of the strips.
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We study the problem of a semi-infinite punch moving on the free surface of a semi-
infinite viscoelastic medium and producing horizontal shear waves. The mixed boun-
dary value problem has been solved by the use of integral transforms and the Wiener-
Hopf technique for both the steady and non-steady cases. Two types of viscoelastic
models, viz., the Maxwell solid and the standard linear solid have been:considered.
Solutions have been derived in close form in both the cases and graphs have been
presented to bring out the salient features of the prohlem.

1. InTRODUCTION

Problems involving the motion of a punch on the surface of an elastic half-space
or on the free boundaries of long strips are extremely important in view of their ap-
plication in road construction technology and also in geophysical research. Punch
problems within the classical theory of elasticity have been studied extensively by
Galin' and by Gladwell? in their books. The motion of a rough punch on an elastic
half-space has been treated in detail by Suhubi®. Recently problems involving an-
tiplane motion due to punches moving along the surfaces of an elastic strip have been
solved by complex variable methods by Tait and Moodie*. An analytical solution
to the problem of a long rigid.punch moving rapidly on a strip of a highly orthotropic
elastic layer has been solved by Georgiadis® using integral transforms and the

- Wiener- Hopf techniques®. :

‘However, natural or artificial materials have generally disipative behaviour
which often can be taken into account by viscoelastic models. Accordingly, problems
involving the motion of a punch on a viscoelastic medium have drawn the attention
of many scientists. The problem of a rigid cylinder rolling on the surface of a
viscoelastic half space has been solved by Hunter’. The contact problem of rigid
cylinder rolling slowly on a thin viscoelastic layer has been treated by Alblas and
Kuipers® assuming that the layer thickness is small compared to the width of the con-
tact region of the cylinder. The problem of a plane punch sliding without friction
on a viscoelastic half space has been considered by Golden®.

In the present paper, we have examined the stress and displacement field pro-
duced by a long punch moving on the boundary of a semi-infinte viscoelastic medium
and producing Horizontal Shear waves. Two types of viscoelastic models viz. Max-
well solid and Standard Linear Solid have been considered and loading is assumed
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to be such that Mode III conditions prevail. The mathematical technique which is
employed here consists of the application of integral transforms and the solution of
the resulting Wiener-Hopf equations for the transformed unknown variables. Both
the steady and nonsteady solutions of the problem have been derived. Displacement
and stress on the free surface and at points below the punch have been derived
analytically and the nature of their variations with the velocity of the moving punch
has been shown by means of graphs.

2. Formuration oF THE ProBLEM aND ITs SoLuTioN For Steapy State Motion

Lét us consider a semi-infinite viscoelastic medium which was set into motion
by a semi-infinite rigid punch moving with a constant velocity v in the direction of
the x-axis. The y-axis is taken vertically downwards into the medium (Fig. 1).

G2 '—>\9

—-————%

Fic. 1

For horizontal shear waves, the displacements along X and Y directions are zero-
and only the displacement W = W (X, Y, ¢) along z-direction exists. The stresses.
under the punch are -

o3 = 03 (X, Y, 1) and g33 = 033 (X, Y, )., ..

The non-vanishing strains are
e3 = — —— and ey = — ——. , (2)

Considering a ‘standard linear solid’ as the viscoelastic model, the stress strain rela-
tions are . ’

doj
at

d
+ foz = 2 <—§;3— + « €i3> , i .= 1,2 ...(3)

where o, (3 are positive constants and p is the instantaneous elastic modulus of rigidi-
ty of the material.

The equation of motion is

aa|3 + 3023 _ 82W : 4
ax oy P o ()

wheré€ p is the density of the material.
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Thé boundary conditions of the problem are
WX, 0,t) =wy, , X-vi<O0
W (X 0, 1)=0 , -o<X<op ..(5)
03(X,0,t) =0 , X-vw>0

Since we are going to investigate the steady state propagation of a purch, it is conve-
nient to define a moving co-ordinate system (x, y) whose origin coincides with the
tip of the punch and whose axes -are parallel to the fixed (X, Y) axes, respectively
(Fig. 1) o
Hence putting x = X - vt, y = Y eqns. (1) to (4) become respectively

o3 = 03 (X, ¥) , 03 = 033 (X, ) ...(6)
=2 e e =t 7
13 2 ax "y ’ 23 2 ay y Y v
v 3013 " B v 62W +4 aW
- g3 = - @
ax 3= B ax? ax
C > ...(8
. 30,3 rw oW @)
-V + 6023 = K -V +
aIx . dxady ay
and
3 j ' 2w
o, Ym0 8 (9)
dx ay ax

The boundary conditions (5), now become
W(x’0)=w0, x<0 )
W (x, ©) = 0, —o<x< ...(10)

023 (x,i O) = 0, x> 0.

Now introduce Fourier transform

lh ‘o:f » .-
- - HIEX
f (E’ y) m S f (x, }’) e dx

[~

sothat f(x,)) = ér S F (£, y) e dx.

Taking Fourier transform of (8) and (9) we get

(iEv + B) o3 = p (Fv - k) W . (12)

Il

(kv + B) a2

I

u (iEv + a) ﬂ ...(13)
dy :
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and
day

I'E(;” + =~ pVZEZ W
Eliminating &,,, 653 from (12), (13) and (14) we obtain,
aw - ‘

where

The branches of v are so chosen that

Re(y) >0 for -a<Im() <O

(¥ e 7
where a—<?-—v~> / <I—C2>.

Now the solution of eqn. (15) bounded a3 y— o is
W (& y) =B (§)e"
Let us consider

W (x,0) = wy = Wye,

x < 0, e > 0and e will be }hade to tend to zero finally

Wop (x) (say) , x>0

03 (6, 0) =0, x>0
= Wyt (x) (say) ,x<0
where p (x) and r (x) are unknown functioﬁs such that
p(x) ~0 (") as x—~ o, k; >0
LX) ~ O (%) as x—~ 2o, ky > 0.
Taking Fourier transform of (19)

Wy Wo

p_V _ R

where

(=]

P.(§) = Sp (x) e dx, (] = a+i 7).

0

~.(14)
...(15)

...(16)

L(17)

...(18)

..(19)
..(19)

.20

.21

..-(22)

In (21) the first term on the right-hand side is analytic in the lower half plane
Im (¢§) =7 < e and P, (£) is analytic in the upper half plane 7 > - ky (k) < a, say).

Again taking Fourier transforms of (20)
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W . 2
i (£, 0) = Fi T. (§) (23)
0
where T (§) = S t (x) e™*dx. ...(2%)

T_ (&) is analytic in the lower half plane 7 < k,. Therefore, W (&, 0) is analytic for
-k, < 7 < € and a,3 (£, 0) is analytic in the lower half plane 7 < k».

From (13), l:(ifv + B) 623} = [u (itv + a) ﬂ}
' y=0 dy |,

=0
Using (18), (21) and (23) this becomes

T (§) = - H (§) [P+ ) - —— ] - (29
&~ e

, : ' <E i >”2 R
14 - . 2 2
where H($) = ——’_VB—— £ {(l - —:7> £+ (:_—f - %)]” . ..(26)
(e - —) - |

] v o

It may be noted that the problem has been reduced to-a form suitable for the ap-
plication of the Wiener-Hopf technique. Now H(§) can be written as

"H (§) = H, (¢) H_(§) : .27
. 2 ) : ~ \ %
H, ¢) = u [(1 -"—2> £+ <v—f - 3)] ...(28)
. ‘ C \ C y . .
and <£ ) ii)./z . R "
. v

H() =~—"""—. ..f(29)

where

H, (¢) is analytic in the upper half plane 7 > - a and
H_ (&) is analytic in the lower half plane 7 < 0.

Applying well' known Wiener-Hopf technique we get,

ja \172
E__——«>
T_(£)=,'p‘l,'v_§_g‘ll/2 < v
c

v - - as e — 0.

E__._

14
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So from (23)

o3 (£, 0 = —= .1

|
X
Py
'
r
-
AN
‘tz
<
|
| R
N——
| E—
=
. [ 8]
S
Jor
|
<|§
\/
=<
N

Therefore for x < 0

) . o (E ia )llz
023 (x; 0) = _'u_fo_”"[i <B_v - ﬁ>]”2 S ___V___ e—iEx df. '

...(30)

Considering a branch cut along the positive imaginary axis starting from £ = ia/v
and changing the path of integration from real £-axis to the path around the branch
‘cut it can easily be shown that the integral

. <£ e ) | |
I= S N V] eirge (assuming 8 > «)

L)

can be converted to the following integral

i *

-- =X o -ux
3 1 ) -
I=2% ¢ g _ v e B .31

e
' v v

where x has been replaced by -x;, X' denotes the prinéipal value of the integral. For

8

. 0 T
large values of (8 - @) x;/v = mx;, where m = (8 - «)/v the integral (36) can be
evaluated in the form

xi @
L2y
-2e 4 v r'3/2) - I'es/2 T'(7/2
= 22 [( ), e, s +J .(32)
xlz' mx, m X1 m X1
and for small values of mx; it can be shown that
[ = 2¢m4 grexi v [T o : ...(33) .
X )

Therefore using (30) and (31) we obtain for x < 0,

oo

) W Bv o\ . u” e
on (x, 0) = - —2F (—7 - —> et j : du, x <0.
T ¢ v

o
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Using the value of the integral arising in (34) by (33), we get for small values of mx,,

o e [ (B a\[? .. .
X, 0) = ——— —_— - — e/’ x - 0%, ...(35)
o, 0) = L2k .[m (c2 : )] o ‘.

Also with the help of (34) and (32), for large values of mk, (x < 0)

o3, 0 = ———c—|m|(— - —
n x, 0) % Vmx, ¢z v

2 /2 I'7/2
rés2) + I‘(Sz 2) (3 3) + |- ...(36)
mx, . moxy. m-Xxy P
Now from (21) we get as e — 0
B w - _ L o,
W0 = S0 Via o a = Yoy (-4,
2r ¢E(¢ + ia)” c v c
Taking inverse Founer transform
“eo-id " .
) iW -itx .
W(x,0)=-’—°\/ﬁzg — —d,x>00<d<a).
2x y £ (¢ + ia) ...(37)

Transforming the mtegral in (37) to an integral along the contour around the branch
cut from -ia to -ioo, it can be shown that

Vx .-

where W, , is the Whittaker function'®,

_ o s el U2
W (x, -ax owi/d 112 S - dU (x > 0)
o . . U+tax
0
which can be written as
W (x, 0) = Wo e o (hx)"" W (ax) (x‘> A'0) ' (38)
'Y = -V, - A » e

Therefore, for small values of ax (x > 0).we obtain from (38) ' 4'

L 2W, L , .
W (x,0) = Wye™- \/_o e (ax)”:, x = 0* . (39).
1 HAYE : . . T . B

and for large values of ax (gx'ESHO)‘ ‘

o ¢ ',x—oo.(x>0’).,l,--' AU Tt L..(40)

W0 =" o
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3. Steapy State SorutioN ForR MaxweLL Sorip

For *‘Maxwell solid’ the stress-strain relations obtained from (3) putting a = O are

doj3 des . A
+ =2u—i=1,2. : ...(41
TG | _ “h
* The stress can be found by putting « = 0in (34) as (forx < 0, y = 0)
_ W, 12 gux, g% .
o (5, 0) = - Db (B ¥ £ 'Y ..(42)
x c c¢) W - B/v)
For small values of -E'x, x < 0, putting « = 0 in (35) we get
v
: -Wor (B v\ (B/v)'7 .
xX0)= —(—. —)] —m— ...(43
w0 = 25 (5 7) e “

x — 0%, (x = -x).

Again for large values of Bx/v, (x < 0), from (36)

o235 (%, 0) =

Wo (ﬁ v\'2 (B/v)'"?
Vx ) V.X| B/v

c ¢ .
v /3 v? 5\ ¥ 7
X | — -} + = — )+ - —}+...]. ..(44
=[G 7= [G)wa [G)] e
Putting o = 0 the displacement on the free surface (¥ .= 0, x > 0) is obtained from
 (38)as K 4 - ’
x
B v v?
h, k=|—.— ] - —
w ere‘ (c c) / ( c2>

which for small values of kx > 0 becomes by help of (39)

W (x, 0) = 7":"— e (kx)™ Wy _y (kx), x > 0 ...(45)

2W,

W (x,0) = Wye™ -
' x

e* (kx)", x=0% ’ ...(46)

and for Iafge values of kx > 0, using (40) we obtain

-kx

W (x, 0} = f x=— oo, (x>0). ..(47)

Vkx ©

aE
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4. Sovrution or THE ProsLem ror Non Steapy State Morion

In this case it is assumed that at time 1 = 0 a semi-infinite punch starts to-move

with a constant velocny vat X = Y = 0 on the surface of the semi-infinite viscoelastic
medium,
The ‘standard linear solid’ is taken as the v1scoelast1c model. Shifting the ongm
a 9 3 d
at X=vt and putting X - vt=x and Y=y so that — = —, = — and
: F Y X ax ' ay ay
time derivative equal to - v a— + ar the stress-displacement relations. given by
(8) become in this case

) 90,3 4 dou do13 + Bo v W N *w N oW
- - = - a By .
ax o BT ax? . arax | ax

...(48)

30,3 B0y A *w a’w W\ -
-V + — + 60’23 =M -V + + o
ox at dx ay ar dy ay

Both these ‘equations can be reduced to ordinary dlfferennal equations by the
" application of the Laplace transform over ¢ and the Fourier transform over x.
Let us denote the Laplace transform by a single bar

. oo . LTl

f=fxyp = S e“"-f (x, y, t) dt...(49) -

0
and Fourier transform by two bars

.%o

J o= f(s,y,p) S &% ] (x, 3, p) dx....(50)

'I
-0

Applymg these transforms to (48) we get

(v + p+ B) 5y = n (VEX - itp - ifa) W (51
(ity + p+ By oy = # (ViE + p + a) —;17 . ...(52)

Now the equation of motion given by (4) becomes
9 ] aw .. 3w 3w
9913 + 9923 _ P <V2 -2 + ) .
ax ay

v
ax? dxat ar?
which after taking Laplace and Fourier transforms takes the form

- do: . L= '
- o + .;yu =p (- Vi + 2vitp + P W. ..(53)
Subsmutmg for a3 and 023 from (51) and (52) in (53) we have
-y¥w=0 i ? ...(54)

dy2
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where y2e—— {e2yit i pra)y+ 2 (Vie+p)? (Vi£+p+6)}, .(55)
(ViE+p+a) 2 :

The branches of 'y are defined by Re (y) > 0.
Since the stresses are bounded as y — oo, Wi(x, y, t) and hcnce also W ¢, 93, 0
must remain bounded as y — oo. Hence, the solution of eqn. (54) is given by -

W np =AEp e
Now the boundary conditions are
Wi(x, 0,1) = Wy H (1), x <0

Wix o 1) =0 e < x <o L6
oy (x, 0, 1) = 0, x> 0. |
Taking Laplace transforms with respect to 1, these conditions become
- W,
Wx, 0,p) = —>, x<0
p ...(57)
oun(x, 0,p) =0 , x>0.
Let us consider
W (x, 0, p) = Wop(x) (say),x >0 {58)
and 32 (x,.0, p) = p Wyt (x) (say), x < 0-}
The functions p (x) and ¢ (x) are such that
Pp(x) ~O(e*™)asx — o, k>0
and p(x) ~ 0 (e*)asx — -, k, > 0.
Taking Fourier transform of (58) and (59) we obtain -
W (&0, p) = P+ () o -.(59)
where P, (§) = s e p (0 dx, (£ =0 + in)
0 ) e )
and. 3 (£, 0,p) = pWo T () : ©..(60)
- 0

where T. (§) = S e 1 (x) dx.
The -integral of v (£, 0, p) over (- oo‘ 0) converges if and only if Im (¢) =

7 < 0 and integral over (0, «) converages if 7.> - k,. 023 is analytic over { - oo O)
if 7 < k.



~ VISCOELASTIC SEMI-INFINITE MEDIUM 857

Now (52) becomes with the help of (56), (59) and (60)

A (Vi£+.p+ﬁ) L@ _ ;‘+ P, (&): . ()}
(Vit+p+a) v ip§ )

In this form of equation Wiener-Hopf tech‘nique.can easily be applied.

5. Non Steapy State SoLutioN For MaxweLL SoLip

For general a and 8, v does not readily factorize. Expressions for the roots of

= 0 can be obtained but these are difficult to handle. We dlscuss here-the case
of the Maxwell sohd where o = 0.

In this case 'y reduces to

p . 2 ‘ + o + ] TN
2 v\ JE ¥ ‘p f + 2 » f) 2_H ;
¥ = ]__2_ c l_v_ &2 -1__v_ , Cc=—.  ...(62)
' c ) - : c? P

. ° - 2 ' - : . ‘ A ) ’
Hence + = 4’(1-- "—2) (£+iX,)"’ (-iX))®, Re Xy, Xy > 0. ..(63)
B . N ; c . - - . .

' 1. 2 2 [ v2g?
where X, = — [ v ( p2+B). ‘ Jp (p+8)+ 132 :I
2(1- v c c - 4c
ct)
o ...(64)
1 -v (2p+B) " 2. f vig?
X2= 7 l: (f B) + - P+5)+ Bz] o
v c K 4c
2 <l - —2>
- c N N - .
Branches are chosen so that y — + o as § — x oo,
Thus for a Maxwell solid, (61) can be written after simplification as
) re
- (, _V_> v T (X)*
S (- (-ix)"  itp.
X % _ . A . N ’
= LERIX) T - @XDT L ehix” Py (E). : ...(65)
. ip¢
Applying the Wiener-Hopf technique we get
iX 2] i )
Po(g) = — ) » 68

ipE (E+iX))” ipE
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ip: o
: £ - —) (§ - iX3)
and T (§) = - (1 - v—z) ")_(') . ' ...(67)
| )k XY
v
Therefore, W (£, 0, p) given in (59), with the help of (66), takes the form
o = Wo (iX))"
| ipt (E+iX))*
Taking inverse transforms, one gets
¢’ +io
Y Y WA t
W(x,O,l):—l; ‘_‘.,0 g Mdpx
o 2xi i J D
o-id "
- ‘a=ifX
X — . ___L—;‘:— dt,
2x ¢ (E+iX))
~oo-id .
O<d< k,x>0. ...(69)

Taking the path of integfation around the branch cut along negative imaginary
axis from - iX, to - ic the integral

w-id . -.E

: -ikx - >

£ (§+iX))
~oo-id
can be converted to the integral
p L . -Urs-172
I = ‘28'”4 e-X,x (x)‘/z _e_(]_ du
: U+XX1 ’

which is finally evaluated as
I = 2V ™/ 0 (x) % (X)) Wy (X))

‘ Putting this value of the integral in (69) we obtain

¢’ +im
, W, e
Wix 01 = —2. —1‘ g (xX0)™" Wy v (xX)) dp, x>0.
Vx o 2xi ' D )

' e ...(70)

Now for small p, v -

: ' 2 , ' )
X, = <_v_ . E) / (1 - 12—) = k (say) - ‘ B 7D

c. ¢/ C . . . o

“and for large p, X, =
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px X 1 px px \™*
therefore for large —, W.,, v, — ) ~exp|~-— — — .
°r g -y T < c—V) p( 2 c—V> (c—V)

..-(72)
So in eqn. (70), putting the value of X; for small p given by (71), we obtain for large
time ¢,

W (x 0,1) = —g’_"— ek (kx)™* W_y, i (kx) ee(73)
~ , :

which is same as the result for the steady state case for all x > 0 given by (45).
For large p, i.e. for small time ¢ and for all finite x such that px/ (c-V) is large,
using (72) we obtain from (70) .

PO . . . - . Ya ' .
W (x, 0, 1) = 220 /C v (r- X > H<t- X > (14)
x X c-V c~-V k

Now, using (67), (60) becomes

2\ %
uWo (1 - —v,z—) X)) <z - —> (& - X"
C v
itp <£ - R (p:m >

After taking inverse transforms it converts to

2\ u :
v o0
e ("‘z‘) e 5, 1
' ¢ g — (X)) dp. —
j/ 2

;23 (Es Ov P) =

a3 (x, 0, 1) =
* - 2xi Ll

'w-id‘ e—iEx <E _ _%_) (£ = I;Xz)%

x -
comid g.(g-ﬂ)

de. .79
v

Evaluating the integral with respect to ¢ for small x, it can be shown that

[J.Wo. (1- V.z/cz) 6

a3 (x, 0, 1) = - — -B,as-x=x —-0* - ..(76
:02:?( ) Vox, , 1 (76)
(for all # > 0)
where L
R C +io v ép' V
‘B = —1— S X", .17
.2 . p
c’-im

The e‘vaiuatign of B foy all ¢ (f > 0) has been done in thei appendix.
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For small p i.e., for large ¢, u_sing from (71) the result th‘at‘X, ~ k,

, _Vvi- (B . _v
“fehaye Bf\/;—\/<c c>/ <l c‘z)': . ._..(78)

Substituting the value of B given by (78) in (77) we obtain

. v\ %
, . kW <% : _c_> : T
a3 (x, 0) = - 4 rx; — 07
23 (. ) | Vo | 1 |
which is same as the result for the steady state case giveh,by (43). The variation-of
the nondimensional values of B given by B* =(1 - v*/c?)"*" x B Vc/8 has been plot-
ted against nondimensional time ¢; = B¢ for various values of v/¢c = 0.5, 0.7 and
0.9 and has been shown by means of the following graphs (Fig. 2)

3 o

=05,
]
X
ol L 1-'|~-| | A 1 ! 1 4
.0 0V o2 03 04 05 06 07T 08 09 1} 12 13 1 1S
t,— ' '
Fic. 2

Now for allrvalues of x i.e., for géne‘ral value of ¢ the integral
=-id ity (E - 2‘) - iXy)"
. v _'

1
™ _ E[E—'(‘HB)].-’

dt -

~oo-id
v

appearing in eqn. (75) can be converted to the integral

; . v P
3 ® 2 _ P 4
: _:z”_ p g™/t eXa X e u <u+X2 v>
Iy =e gy (X" + - /& — TN B du,
] ' - A
p -1r 0 (ll+X2) <U+X2> —'p > '

o

< ”+ﬂ.>'x2> VT | (19)
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considering the path of integration around the branch cut along positive imaginary
axis from iX; to ico, :

So using (79), (75). becomes

¢’ +ioo
W, 2\%n ] pt o
(5%} (X, 0! ’) = -. addd (l - v—2> » — S . e__ (Xl)'/z exzx
T c 2ri p :
' . oy . T¢'- joo ’
o P uv: U+ X, - £_
X . +B ] du+[l,W0<1——2> -T
0 (u+-X2)<u+X2 - -p——-> c i
: Y
¢’ +io
¢ (XX)" d
S, pig KX ap
¢’ -ic . , 3 . |
For large ¢ (i.e., for small p using X, = k,; X; = 0) and for all x (x < 0) we obtain
from (80) - -

W, Vi . ux
o (6, Q1) = - £22 (E.l> 8 eut
. .

c ¢

- (24 (-3)

5

= ——-——-- MAXWELL SOLID (=/8=0)

. Ny “STANDARD UNEAR SOLID(%B=02) -

[

-3
Sl
e - ]
= 1
<
ult '
_5-_:

:'

-6

x{ = ﬂx:/c —>

Fic. 3
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6. Resuuts ano Discussion -

The stress o3 (x, 0) just below the punch (x < 0) and the displacement
W (x, 0) on the free surface (y=0, x > 0) have been computed numerically from
eqns. (39) and (43) for different values of parameters v/c and /8. The case a/8 = 0
. a3 (x) 0)
. Wo B/C
has been plotted against non-dimensional distance x{ = fix; /c for values of the
paramter v/¢=0.5, 0.9 and for values. of the parameter a/83=0 and 0.2.

corresponds to Maxwell-Solid. In Fig. 3 non dimensional stress r* =

For the same séts of the parameter values non. dimensional displacement W* =
W/ W, has been plotted versus non-dimensional distance x* = 8x/c in Flg 4. w*
varies from 1 to zero as x* changes gradually from x* = 0 to oo,

--—=- MAXWELL SOUD (¢} =0)
~————STANDARD LINEAR SOLID(¥8-02)

v Fic. 4

It may be noted from the graphs that variation of the values of W* with x* is rapid
with the increase in the values of the paramter v/c. Further it is found that the graphs
become steeper with the decrease in the values of the paramter a/8. From Fig. 3 it
-is found that nondimensional stress 7* changes rapidly with the decrease in the values
of v/c where as for a fixed value of v/c graphs become flat with thc increase in the
values of a/S. :
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"APPENDIX

I. Evaluation of the Integral B
The integral in (77)

' ¢ tim v B vip?
1 S o Ve <p+2>+\/p_(p+6)f dp

4c?

27I'i 2

v ' v ' . p
C 1__ (‘-Im_. .
( c2>' .

has a simple pole at p = 0 and branéh points at p“=-- I¢]

B S vRY
ay =‘-7<—]+ l—?

B8 v2
=2 (-1-_1-=).
. 2< cz>

Taking the branch cut along the negative real axis from «, to -o the integral can
be considered as a contour integral around the path as shown in Fig. 5.

1

C+iR.

c-iR

Fic.5
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R
N e ) R RIS

. C
. o _
Let 1= — S € . “dp

27 p

vB Y
which can be written as [ = f + I, where ,— is the contribution to the
c

integral from pole at p= 0

Let 7, =1+ I where I, is the -value of the integral Il around the branch cut from
a; to a, and I3 is its value round the branch cut from a5 to -
Now it can be shown that :

R‘ - x.
- v/ eh af-n —2—
L = _@ S ¢ dr.
x J (af = 1) '
In the interval (a3, - )
6 ‘/l_- VZ/(“ e | (ﬂl - ")J’:——x'_’_ .
L= — S dr.
oy (at-r)
where Q) = 6al.! dZ = BGZ‘) tl = B(s
v (1. v? > )
- N L R [
c (2 ’ c? ] ¢

T-Wd ot (af-1)

c T

' @-n
v? v :
1 - — : .
: C<. ‘cz> : .

> e (.a,'—‘r) J—x"
L) ey,
{at~r) )
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ANTIPLANE DYNAMIC CRACK PROPAGATION IN AN INHOMOGENEOUS
VISCOELASTIC SOLID

S.C. MANDAL and M.L. GHOSH (DARJEELING)

1. Introduction

Until now many authors, BAKER [1], CHEREPANOV and AFANASEV [2] and others have
investigated the dynamic crack propagation in a homogeneous elastic medium. This
problem presents an interest for a better understanding of the brittle behaviour of the

material. However, natural or atificial materials ‘are usually inhomogeneous. There exist .

very few solutions to the problem of dynamic crack propagation in inhomogeneous elastic
media. ARKINSON and LisT [3] and ATKINSON [4] considered steady-state crack propagation
in different types of inhomogeneous elastic media. In addition, if the materials are dissi-
pative, that effect can be taken into account by considering the material to be viscoelastic.

Crack propagation in viscoelastic medium has been studied by WiLLis [S}, ATKINSON and

List [6], Coussy [7] and others. WiLLIs [5) considered steady-state Mode III crack propa-
gation for a standard linear solid under general type of loading on the crack surfaces.
ATkINsON and List [6] studied nonsteady SH~wéve type crack propagation starting at
1 = 0 and moving with a constant velocity in the “Maxwell Solid” or using the viscoelastic
model suggested by Achenbach and Chao. Finally, SiLLs and BENVENISTE [9] and Coussy
[7] studied steady state crack propagation of SH-type at the interface between two visco-
elastic media. , '

In our case. we have considered steady and nonsteady cases of Mode III crack propa-
gation in an inhomogeneous viscoelastic medium. Two types of viscoelastic models, namely
Maxwell Solid and Standard Linear Solid have been considered. Material properties have
been assumed to vary exponentially in the direction perpendicular to the direction of crack
propagation. We have studied how the material inhomogeneity affects the stress intensity
factor and also the crack opening displacement when a Mode 111 type crack propagates
through the inhomogeneous viscoelastic medium.

2. Formulation of the Problem and its Solution for Nonsteady Case in Maxwell Solid

Let us consider an inhomogeneous viscoelastic medium which was set in motion by
a semi-infinite crack suddenly appearing at ¢+ = 0 and moving with a constant velocity V
in the direction of the X-axis. The Y-axis is taken perpendicular to the X-axis (Fig. 1). For
SH-waves, the displacements along X and Y directions are zero and only the displacement
W = W(X,Y,t) along the Z-direction exists.

The shear modulus is x(Y) = poexp(28Y) and density o(Y) = goexp(28Y), where 8, o,
and o, are constants,
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FiG. 1. The crack geometry.

The non-zero stresses are

(V3)) , Oyz = oyz(X,Y,t) and oxz = 0xz(X, Y, 1),
and the nonvanishing strains are
@2 exz = [2(OW/0X),  exz =[,(0W]2Y).

Considering a Maxwell Solid as the viscoelastic model, the stress-strain relations are
" (Boyz00)+ Byoyz = 2u(Y) (Beyz/0r),
(0oxz[0t)+Br0xz = ZF(Y)(aexz/at),

where f, is a positive constant.
~ The equation of mption has the form

29 - (20x2/0X)+ (8/0Y 12) = o(¥) (2 wior),
and the boundary conditions of the problem are

(23)

W(X,0,1) =0, X-Vi>0, >0,
(2.5) 0yz(X,0,1) = ~agH(t), X-Vi<0, >0,
Uyz(X,Y,"t)—’O as X%4Y2 - o0,
It is convenient to shift the origin of coordinate to the tip of the crack at X = Vz. New
coordinate axes (x, y) are parallel to the respective fixed ones (X, Y).
Hence, putting x = X—V1, y = Y, we obtain (9/0X) = (8/2x), (8/¢Y) = (9/2y) and

the time derivative transforms to —¥(8/dx)+(8/at). Equations (2.1), (2.2), (2.3) and (2.4)
"become

@9 R S N Sy
@ ex = 1o[OW(x, 7, D/0x],” e, = [[0W(x, y, 1)[3y],
gy ~VOOIONH(@0,u] 00+ Bi0re = uO) = VG WIox )+ W),
| — V(80,./0%) + (80.,00) + By 05s = 1) [~ V(O W[0x7)+ (22 W[01 9x)]
and

2.9) (90,;/0x)+ (00, [0y) = g(y)[V’(a’W/axz)—2V(65W/6x61)+(azW/atz)].
The boundary conditions (2.5) now assume the form ‘

' W(x,0,)=0, x>0,
(2.10) q,,(X, 0,t) = —cH(1), x<0,

g, (x,y, 1) >0 as xZ+y? - 0.



Antiplane dynamic crack propagation in an inhomogeneous viscoelastic solid 375

Let us denote the Laplace transform by a single bar
[es]
=7, 9.0 = [ fix,y, exp(—pt)at,
. 0 ’
and the Fourier transform by two bars .
F=7Ey,p) = 1[y@n) [ fix, y, pexp(iéxydx.

Apﬁlying these transforms to Egs. (2.8) and (2.9), welget

@11 | GEV+p+ BTy = 1) (ViE+p) (W [dy),
@.12) (V4P BT = u()(VE - W

and .

@.13) - =it (d5,fdy) = 0() (VP + 2Wikp+pIW.
Eliminating o, dy, from Egs. (2.11), (2.12) and (2.13), we obtain
(2.14) (> W]dy*)+2p(dW]dy) —y* W = 0,

where :

y? = 52_{;(l/c2)(Vi§+p)(Vi§+P+ﬂx),
€ = Wo/oo.

The branches of y are chosen so that Re(y) > 0.

(2:15)

Since W must remain bounded as y = + o0, so solutions of (2.14) are

(2.16) . W(l) = Blexp[—(ﬂ+)/(ﬂ2+y2))y], y >0,
and
(2.17) W = gexp|(-B+VB+)]. » <0,

where W, and W denote the d'isplacement in the upper and lower half-plane, respect-
ively. .
Let us consider the case when fory = 0
. WOH— W = h(x,p), x<O0,

(2.18) :
) =0, x>0,
where A(x, p) is an unknown function such that

h(x,p) ~ Ofexp(k;x)} as & — -0, k; >0,
Applying the Fourier transform to Eq. (2.18), we get

(2.19) WO—W = B—d, = 1/ @) [ hix, pexp(iéx)dx,

= H-(Er P), . .
where H_(£, p) is an analytic function in the lower half-plane = < k, and & = o +ir.
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Now from Egs. (2.11), (2.16), and (2.17), we obtain

Q20 &)= —(—V‘T’;—‘%%Ju(y)(aiﬁ”/ay) =~ p(0) B, (B+V T x

V
xexp | - (ﬂ+l’( B +v))y| - (VEEf;f)ﬂ) y >0,

%P = —(,%% u(y) Az (= + l/@aﬁ)expl(-N YV EF L » %0,

where o}’ and o2’ are the stresses on the upper and lower surfaces of the crack.
Since the stresses are continuous for y = 0,
oy =a'2.

Using Egs. (2.20), we obtain

@a1) 5, = _ L=BHVE+A]
[+v B +yH]
Using Eq. (2.21), (2.19) becomes _
2V +7)
(2-22) H_(¢,p) = —
' [B+VE+r) ]
égain let us assume that for y = 0
2.23) Gy = 0% = &P = —[ooexp(Ax)}fp, x <0,
) = e(x)’ X >- 0.

Here e(x) is.an unknown function such that -
e(x) ~ O{exp(—k,x)}, x— o0, k,>0.
Taking Fourier transforms of Eq. (2.23) we get

@24 & = ,—(,,f.:f% pod; [ B+Y T+

0

I/;/(2n) f 3 Pexp(itx)dx+ 1y (2n) } a,,’exp(zét)dx =

-~ o0

il

E (&, p)~ ooV @7) (A+idp],
where ’ '

(2.25) E.¢.p=1/YCD) j aDexpitx)dx

is analytic in the lower half-plane v < .
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From Eqs 2. 22) and (2 24), we. gv.t

R ()t e Y) . o )
( 2)‘ : 2WWik+p+ BV +79) . (5 P~ “/[V(br)( +:5)p]

It may be noted that the problem has been reduced to'a form suxtable for apphcat:on of .-

the Wiener-Hopf" technique.

Now . ; L ‘

Q27 N (l7-V’/c’)(5+i:\‘1)(§—iz\’gj,v’"

where ' _ ‘

(2:28) X, = ‘Jz(l—V’/C’) '[(2P+ﬂx)V/C +:/{(2p+ﬂl)1 Vict+ |

| S a +4p(p+ﬂm-vzzc2>/c e

229) Xi=1/ (l—V’/c’) 1~ (2p+ﬂ)V/c +}/{(2p+ﬂ)z Vies .
| S Y-y

and . - '

I R SR AT

where . o ‘

Q31 Y, = ‘/,(l—V’/c’) l[(2p+;3,)vlc +,/{(2p+5)2 Vz/c +

| , O +4{p(p I +ﬂ"(l V‘/c*)}l
'/z(x—v=/c=> *[—(zp+ﬁ,w/c +|/ (2p B Vijet+ _‘
| F4{p(p+ AN+ B~ r’z(c%>~}l.-

@3y Y,

Using Eqs. (" 27) and (2 30), (2. 26) beeomes

e o= Vi Y= H_(Ep) ooV _
2=ilp+BYVIE=IY) T (@) iE=i)(A+iX)p
_ (s+ir,)”’E‘+te,‘p)' R G O CEN ALRE
RS Y zp(e—'?n[ E+iX)  @A+iXy) ]

The funcuons on the R H.S. of Eq. (2 33) are ana'ytlc and non-zero in the upper half-plane
T > —k;, and functions on the L.H.S. are analytic and nonszero in the lower half-plane
T < 4 (A < ky). Since both the- functions are analytic in the strip —k, < 7 < 4, the

principle of an analytic continuation states that each of them represents an entire funcnon. .

M (&) in the whole ¢-plaiie.-

Now the L.H.S. of (3.33) approaches zero as l‘l — o0, It may then be concluded by

Liouville's theorem that M(E) =0, and therefore.

(038 (e gy = 2TV V’lcz-)'df"(é‘f"(’f*ﬁa)/*’).
ho V@) 19l — N1+ iX,) E—iXa) G — ipIV)
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~and _ E . :

S L go(A+iYp)R(E+iX,) r
235)  E.(E,p) = e O o O _ N
G BEDZ TGS T T VED wE— b (A X E+ T
From Eq. (2. 34) it follows that : S

. -Go(l—V’/(C’)'”’(MHY.)” g3 ,1" £ oo

to V 27y ip(id+iXy)

AppliCation of the inverse Fourier t_ransfqrm yields.

H. (5 P)

(A+ 1)
(A+X)p 7

_ Again, taking the inverse Laplace transform, the dlsplacement_]ump across the surface of
the crack near the crack tip is’ :

(236) WO~ WD = (4o, o) (1 - V’/C’)"‘A”(—J‘)”_zn"’2 x

h(x, p) = 4::"(l — V[t (= x)H2p-1i2 x=0",

¢4 i .
. A+ Y2
FromEq. 239 - .. -~ . - -
B ) . . 3 . . 1’2- ) . )
E.(,p) = — ao(iA+iY)) N 1 E L
- ;/ @n) ip@d+ixy) ~
Taking the inverse Founer transform we obtam ‘ '
: 2+ Yy
‘Again, taking the inverse Laplace transform
o V ¢ 4i .
. i
(2.37D ) gy: = -oron.‘”1(;\')““(1/2;'11')‘:'1;0'D —(a:_};)) exp(pt)dp.

IfAn is the d:splaccment jump, then the crack’ opt.mng dlbpld(,t.anl near the crack tip
is given by -

K]

(2.38) o AW = 400(1—V2/c2)"”’( x)n "’2 A (-1'€x<0),"

and the stress near the crack tip is

(2.39) . ’ Oy = o'on‘”;(x)‘llz . A’ (0 <x £ l)'
where . ' '
¢ +iw 3 12 .
; ' . A+ TV '
' tio (}’)lﬂ
= [ B i, 10,
(pm) | Sgoesnondp, 2

-
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>

Evaluation of the mtegral A given by Eq. (2.40). correspondmg to constant stress — o, on
‘the crack surfaces is presented in the Appendix.

, In the fracture mechanics, it is customary to writé o, = (0*,0, ¢)in the form K / l/ (2_7;'7) ,
" where K is the stress intensity factor. In our case :

ey K = 1/,00

Putting 8 =0in the expressmn for A, we obtam the stress mtens:ty factorina homogeneous :
viscoelastic medium as

K v
where _ » .
Ay = (1/220) Y 2T=V7]e%) x
T ep(pdp
e pt<2p+ﬂ,) Viet+y/ {2 {(2p+ﬂ,)2 V2t T4p(p+ﬂo(x-V2/c2)/c bk

- which agrees thh the results of ATKINSON and LisT [6]

3. Steady State Case for Maxwell Solid

Steady state-solutions are the results of Sect. 2 corresponding to the case of ¢ approaching
infinity. So for the steady state case, passing to the limit p — 0 and usmg the Tauberian
theorem we obtam from Eq. (2.34) '

200(11+le)"’(’c‘—th)"’(l = V’/C’)"”(E—lﬂx/V)
o V@R) i(E—id)(IA+iX))E

Applymg the inverse Founer trdnsform we obtam

20'0(1,7.+1}’,)”2(1—V2/c2)"’2
T pe2nlGAEIX) X

W—

' (5—1Y2)”2(§_151/V) _ o
X f (E—iné. exp(—iéx)dé =

_H-‘(f,p) =

G.1) Whowd =

-0 -is
= ”Uo(l}»+l)’l
/‘027“(1;+1X) (l V2/cz) x/zl
where
= o E=iY) 2 (E=iBy V)
= _;0_,, (E—i2)&2 exp(— lfx)df,

For x <.0, the above mtegral can ‘be replaced with the integral taken along the posmve
imaginary é-axis and round the branch point at'§ = iY,, together with the contnbutnon
from the poles at £ = 0 and & = i1 as shown in Fig. 2.
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E=i-
€0

—ho

FiG. 2. The path of integration of the integral 1. )

Tbus it can be shown that

(32 1= exp{- (m/4+x,Y,)}[(z/z)(ﬂ,/w—r) f iﬁ‘%‘—yﬂd i+

QR f D).y

, ,—(z/z)(ﬂ,/zv-l)[_%(r;(z__%)_d] .

+(2n/2) [(ﬁx/lV—l)(—le)"’+(ﬂ V) {x(=iY)'* + (i/2)(—in)"”}+f
—(B:/AV=1) (iA—iY,) Pexp(— Axy)] =

= (1/0)exp(—ni/4) [(B,/AV = 1) (x;)~"2(x, Y)- Udlln exp(—1/2%, Y3) x

x w_ 34, 1)a(X1 Y2)+(ﬂ1/V) l/(ﬂxx) (1 Y3)~ 3/4'3"})(—1/2)51 Y,) x

X W 5,4,_1,4(x1 Y2)+(l—ﬂl/2V)(t[) llz(xl(YZ 2))—”‘ l/ﬂ exp{—‘/zx,(Y2+2)}x
X W_spa, e (02 (V2= D)1+ @7/ 2) [(B:] AV = 1) (~iY2)' P +

_ (’ﬂx/V){ /2( —‘Yz)—llz‘*"xl(_‘yz)”z}'*'

+(l—-ﬂl/"-V)(il—in)"’eXP(-'L\'x.)],

where W, =18 the thttaker functlon [9] .
Therefore the displacement jump 4 W across-the surface of the crack (x <. 0) is given by

T A O e :
%ol l:r)z(ﬂ.g--Xl)’ e exp(zij4)- I,

(33) AW = —
" ‘where £ is given by Eq. (3.2).
Us‘iqg the 'result that
I'@2m)

)(Z) 2 CXP( 2/2)+m(7-) 12=mexp(~z/2)

W, w(2). = “m"/—'—‘

for small z
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we find that for small x, Y, » Eq. (3.2) yields

(3.4 . ' 1= ~4y/@@x)) exp(~ m/4),
Substxtutmg the value of I from Eq. (3. 4) mto Eq. (3. 3) we get
1/2
(3.5) AW = 400(1 ——AVz/cz)""z'(——x)"’;rz‘”2 (—1(;%;)2)—~ , =l<&x<0,

where ) o . .
B8 @ ==V e, V/c’)"+ V{BIVES +4p2(1-V2/cd)]
and : a '
ey v = By V(l—V’/c=) et | |
Agam, lettmg p — 0 and using. the Taubenan theorem we find from Eqs (2 35) and (2.24)
that in the steady-state case }
e T P ColA+IT)EIN)
S V@) iE=iD@+IX)E+I)2

. Takmg the i inverse Fourier transform we obtam

s

. o cd'(il+i_Yx)"2 ‘ _(§+iX1)exP(fiEx) o o-o(u +1Y1)uz .
(3.9 Oy, = — m J:, _ (5—11)(5'*“}’1)2“ df 2ﬂ[(l}.+le) 1
wliere . |

©—iz

. _ ($'+iXx)‘exp(—_i'£x) S '
(3.',10) L= f E-il)E+in)'* d = | » }
’ L— 2}/7: exp(—ni/4) [(x)"’zcxp( Yyix)— (}.+X,)(x)"2(x(1+ Yy))-3
' xexp{‘ [2x(A— Y)}IW_ 1/4 —1/4(3‘(1'*' Yl))]

Thus the stress at y = 0 for. all x (x>0)is ngen by Eq. (3. 9)
Now for small (J.+ Y)x

(3.11) ' I, =2y (=[x exp(—m'/4),
so from Eq. (3.9) it follow_s that
. 2 (A_*_ al)llz

(1) Ope = oo(e9 s G 0 < <"1),'- 3 = 0.
Stress intensity factor K is giifen by -
(3.13) ' K=V20,8,
where '
- B = il‘*'“x)l 2

(A+ap)
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Now putting B1 = 0'in the expression for «, and a, we get from Egs. (3.5) and (3.12) the

- _drsplacement Jump and stress intensity factor in an mhomogcneous elastic medium, ‘

GA. modW = dag(1=Ve)- - g ‘[2+ﬂ/1/(1 V*/c’)]""
and A .
@19 g, = oo ”21“[l+ﬂ/t/(l—V’/cz) ]"’

which agree wrth the results derived by ATKINSON [4]

) 4. Steady State Solution for Standard Linear Solid
In thrs case the stress-strain relatrons are.
(‘ao'rz/at)*‘ﬂr Uyz = 2u(Y) [aerz/af) + “eyz]
(3o'xz/6t)+ﬂl Oxz = ZP(Y) [(aexz/at)'*'“exz]

where 8. and « are constants.
Equatlon of motion has the form

“42  (B0x2/0X)+ (9042]0Y) = e(Y)(az W/atl)

Now, puttmg x = X Vtand y = Y so that L
@/0X) = (2/2x), (2/0Y) = (2[3y), and (3/8r) —— i/(a/‘ax).

Equations (4. ]) and (4.2) become . |

—V(80,,/0x)+ By 0y; = RO -V Wlaxay)+a(3W/6y)],

(4 1}

(43). = V(@01uf )+ = ) L= VAW 05 + oW 3]
and ) : .
GO (00l + (80,3 = o) ,,2(32 W/axz)
Introducing. the Fo\mer transform denoted by

ey e »=1aT f f5, PexpliEx)dx.

Equations (4 3) and (4 4) can be transformed to

(4.6)  @VHBE, = pO) GV + ) @),
@n L @VH)G. = kO EV-it) W
and . - '
“8 - Gy, = () = VW
Ehmmatmg a,, and ¢,, from Eqgs. (4:6), (4.7) and (4.8)-we get
4.9) : ' . (dl_PV/dyz),w%'?ﬂ(d Widy)—y* W = 0‘,
where . C S :
(4.10) Y= 52[(1—V2/C’)£+1(Vﬂ1/c —a/V))[(E~ix/V).

Branches of y are chosen SO that Re(y) > 0.
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Since W must remain bounded as y — + o, solutions of Eq. (4. 9) are
W = B,exp[ {ﬂ+|/(ﬂ’+y2)}y] y>0

W = dexp[{~g+V B+, y<0
where W and W denote the displacements in the upper and lower half-planes
Let us consider the case when for y = 0

W — e = h(x), x<0,_
-0 x>0,

(4.11)

(4 12)

where h(x) is an unknown functlon such that’ _‘ .
“h(x) ~ O[exp(klx)] a8 x-— —o0 and k; > 0
and ' -
@iy o ] (:;f*p“*?' ’ ;‘:'g’
where e(x) is an unknown funcuon satlsfymg the condmon
_ ' e(x) ~ 0[exp( ~k,x)] as x-— © and k2 > 0.
In thxs case Eq. (2 26) becomes

.19 — poVEATHE) | e
: O 22VIEHBYY B+ V@) iE~id) ,
‘This equation holds in the region of regularity of the functions appearing in Eq. (4.14).
Owing to our former assumptions regarding the behaviour. of e(x) and A(x) at infinity,
this region is represented by the inequality —k, < -t < 4 < k; where & = o +iv.
" Now Eq. (4:14) is suitable for the application of the Wiener-Hopf technique. Again, .

@.15) | ¥ = 81~V ) (E+ia)[(E—ia/V),

where

a= (VB[ =[P - V/c?)
and . E -
@16 4 = (= V) +iVBfea—alV)E 4 B2 E— iV = V).

Since it is difficult tofactorize /9% + 2, i.e. to represent it as a product of two functions,
one analytic in the upper half-plane and the other analytic in the lower half-plane, we
follow the approximate method of KoITer [10] of solving. Wiener-Hopf type equations.
Accordingly, we write P(£) = /(3*+B?) in the form P(&) = P(£)P, (&), where the function

' 7’(5) is required to.behave at |§| - o and at |§] - 0'in the same manner as P(¢). The:
auxiliary function P, (§) should be non-zero and should have no singularity within the’
strip —k; < —7; < T < T, < A;it has to be suitably chosen such that P(£) is non-zero
and possesses no singularity within the strip —r; < 7 < 7,. Now we note that -

PE) = V(@+F) = [A=V2 ) E+i(VB 2 —a/V) P as  |§] > o
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and A
VEFF B s -0,
Therefore we choose P in the form '

.(4.17) : P(E) = [(1- V’/cz)£2+i(Vﬂllc‘2_'.a/p’)§+ﬂ21112’

which behaves in the same manner as P(£) for |é| — o0 and |§] - 0,
Now P(£) can be written as: :

4.18) B®) = (1= V)2 (E—iay) (e + iay) '™,
where ‘ ) . . . .
@.19)  a = |~y + Y {VBile® —alV )2 +4af(1=V2 )| (1 =V?c?)

and
@20 ay = L= WBiles—a/V)+ V{IVBIG —alV)*+4BH(1=V* ()] (1 -2 [c?).

It consequently follows that -the assumptions concerning P,(S) are satisfied, ‘and in view
of the fact that Py(§) — 1.in the strip —7, < © < 7, for'§ — 0, the function may be
represented in the form

(@421 : Py(&) = PH(EPT(5)
where ' ’
-oo+ids 0P )
nry\n
PT(E) = cxp[ 2.7!1 —wfi.d n 6 7)];
“422) ' © +1d; »
(B _ 1 * InPi(n)
Pr(®) = efp[— B0l _iu —n—_g*d’?]’

where. — 1, < d, < d, < 7, and the functions P{(¢&) are. regular in the respective half-

planes T > —7,and 7 < .22
It follows from (4.22) and from the fact P,(O) P,(c0) = 1 that these functions
satisfy the additional condition P#(0) = Pf (00) = 1 with the help of (4.15), (4. 18) (4.21)

and the relation P(§) = P(§)P1 %), Eq. (4.149) becomes

@23) —— po(1 ~ V2 ()2 H_ ()82 00 PF (i2) (iA+ iay)"1
' C2E—ify/V)(E~ia)' PP (§) YV @R) iE—idy(id+ia)
| _ PIOE+)PE® o
E+ia) y’(?) i(E—i7)

. S x[p,*(f)(5+za,)”2 P} (iA) (iA+ia,)'? ]
C(E+id) _ (id+ia) )
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. Using the same arguments asin Eq. (2 33) we get
2:70(1 —~V2[e2)" V2P (i) (11+ta,)"2(5—1a )”2 -

(4.24) .H-"G) ,__(27! ,uo(G—I}-)(l-i-a)j Pr (5)(5—’ﬂ1/V) =
o 2ao(l—V2/cz) ’lzP(tl)(zl+1a,)‘/ £ a5 oo
V@) poli+a -
and . L L
@2 B = 00 P} (M)(zl+:a,)'/2(5+m)

V@m) i~ V@n) i~ a+ia)Pi OE+ia)? .
‘ ' _ o Py (id)y (A ia)M?
AP} t(xl+la)
Now takmg the inverse Fourier transform we get from Egs. (4.24) and (4 25)
4ao(1— Vz/cz)"’2P+(lﬂ.) (A+a,)'*

-12

~as & - ool

(426) - h(x) = T (=), —1<€x<0
{¢]
and . .
' = U2PH(iDN (1 12 . T
(4'27) e(x)‘= [+ £1%44 Pl (11)(1‘*‘01) (-X)-llz, 0<x <1,

(A+a)

‘The corresponding results for the case of constant loading (7,,' = —gg (x < 0)on thé crack.
surface are obtained by putting 2 = 0 in the above equation. If AW is the displacement -
jump then the crack opening displacement in this case-is given by

(4.28) . podW = [dao(1 = V2 [c2)=12n~112(g,)!I2(~ x)'ﬂ]/a —1<x<0
- and also the stress near. the crack tip is _ _ . ,

429 o, = [6on (@) (x)"¥fa, 0<x<1 (since PF(0)=
Therefore the stress intgnéity factor is equal to ' _ |

@4.30) K=y B, where B, = (a)'*a.

Now putting x=0 rn.EQS. (4.28) and (4.30) we get the crack opening dis’p]aéerrient and
stress intensity factor for the Maxwell Solid

(4.31) po AW = [dao(l —V2[c?)2n= 12 (ay) 1 (~ X)12] e,
and ' _ _ '
(4.32) ; K = '/%‘: " where B= ()P[0l

which agree with the results grven by (3.12) and (3.13) in the Maxwell Solid corrcspondmg
oA =0,

. .5, Results and’ Discussion

_ 5.1. The Maxwell solid. In this case time variation of the stress intensity factor is given
by K= }/ 2004 where 4 is grven by Eq. (2.40) and has been evaluated in the Appendxx

10 J. Techn. Physics 3-4/50
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The dimensionless stress intensity factor K* = (K/a)(8,/c)!/? has been plotted against
t, = B, t for the range of values of ¥/c = 0.1, 0.3, 0.5, 0.7 and 0.9 for different values of
the inhomogeneity factor f* = 4f2c2/p3.

It i is mterestmg to note by inspecting the graphs given in an 3, Fig. 4 and. Flg 5 that

F1G. 5. K* vs. 1, for the Maxwell solid in non-steady state case. f* = 0.2.

the effect of inhomogeneity of the medium introduced through- the factor f* in the stress
intensity factor K* becomes more significant for small values of V/c, whereas for values
of V/c differing slightly from unity, the effect of inhomogeneity of the medium on the stress
intensity factor is negligible ‘

5.2, Standard. linear solid. In this case the stress intensity factor for the steadlly propa-
gating crack is given by K = 1/— ooB,, where B, is given by Eq. (4.30). '

We have plotted also the stress intensity factor K* = (K/oo)(B,/c)'/? against f* for
various values of V/c, V/c = 0.5, 0.6, 0.7,.0.8 and 0.9, and for different values of «/f, = 0,
0.1, 0.2: The.case «/f; = O corresponds to the steady-state values of K* for the Maxwell
solid. It is evident from the graphs given in Fig. 6. Fig. 7 and Fig. 8 that at large values of
«/B,, values of K* increase rapidly with the increase in values of g* if ¥, V/c is very small.
But for values of ¥/c close to unity thé variation of K* with the change in the value of
p* is small showing that the inhomogeneity effect is negligibly in this case. This is also
evident from the expressions (4.31) and (4.19).

10*



F:G. 6. K* vs, * for the standard linear solid in steady state case a/fy = 0 (Maxwell solid).

Szt

33t

29+

09t

1

Al 1

L

ol

L

054

02

04

06

08

ﬁ.

a9

05 5~

-

L

A

09

0

FiG, 7. K* vs. f* for the standard linear solid in steady state case. a/f; = 0.1.

1388}

06 .

08

'ﬂ'



Antiplane dynamic. crack propagation in an irhomogeneous iu'.icoéld:tié solid . .. 389

K* - ¥:05 )

nt

10

06

07

08
a9

Lo g

" L J G DR ¥ 1 i
J 02 04 06 e pe
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Appendix. Evaluation of the Integral A in Eq. (2.40).

The integral

¢ 4ico

7 \1]2
= (1/2xi). f (:‘—A), exp(pt)dp.
' ~{o0,

The integrand has poles at p = 0 and also at p= -5 whlch correspond to the zero of X,
Further the mtegrand has branch points at

= G[-1+y{0= Vi (-4},
62 =G |- 1-V A=V -],
8 = B2 |-1-V(T=49)],
b = B |-1+V T=P2[cH)],
| 8 = B2-1-YT-V3(A)],
where z = B2¢2/f? which is assumed to be less than 1/4.
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vadently, 64 > 61 > 62 > 6, > 8;.°
Now taking the branch cut along the. negatlve real axis from 4, to —oo the integral
can be considered as a contour integral around the path shown in Fig. 9.

c'+ico

p-plane

FIG. 9. The integrgtion contour to evaluate A for the Maxwell solid.

Now _
A=(22)yY2 - V’/c’)‘/z’

5 J " eo+Bovic+ @IV -3
s pleptBavic+ @iV [p=8a (= o))

exp(pt)dp.

It can be shown that '
4= ;/2 (1—V2/c=)*/2[*/z(c/V) ;/ (c/BY) V {V/c+ VP2 +az(I=VZ [} +
+V 2.1 —VZ/c=>m{;/(c/m) Ja} U+ 1~ 1~ 14,

- where

f ‘(/gfl 3) ]{: exp[ (é* —r tl]dr

b ,
. I.z —_ f '/[{R —(X;)3+(J’i'*)2xz _2x2y2 .VZ }/2] ‘exp[‘(éf»—'r)tddr,

J (8T—DR:
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by ‘
\ /(x¥*) x* v '

=]

where )
bi=F10%, 0= Bio%, O3 =fio%, du=fid%, 05 =Pi8%, 1 = - fut,
by =1V A=V I~y T=4) |, b, =V A=V DA-4z)],
by= /Y A=Ved) [1+Y (T -42)), "
=V a-v2e - 2| Wie)+2/ [ —r Y A=V7D) +(1—V2/c2)z],
x¥ = |V IA=V3cd) 27| (V/e), .
vt =2/ Y G=77 D -7,
R = eD2+0M% .
= [V {0=-VicH (=42} -2 /o),
¥ =2V VA=V (1-42)-r7],
2% = 2y [~ +r Y [A=VED A= +2(1-V?e?)],
RE* = (32 + (039 (692 + 0T,
RY = (@*+0%%%
* = ~[VHA=-VAU-4a} -2l + 2V I —r Y {AT-VZ[H (A= 43)]],
= W {0=7Z =%} -2 Wle),
y: = 2/ (1-V3(e) +ry - V=/¢2)(1,—4z)} -rl,
= (x3)*+(3)?
xi= h/{(l—Vz/cz) (1-42)} - 2r] V/c)— 2}/[r —ry {(I—Vzlcz)(l 4z)} z(l—V’/cz)]
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Streszczenie -

DYNAMICZNA PROPAGACJA ANTYPLASKIEJ SZCZELINY w NIEJEDNORODNYM
OSRODKU LEPKOSPREZYSTYM

Rozwazono model polm&skonczonej szczeliny w antyplaskim stanie odksztaicenia, ktém wchwiliz = 0
zaczyna propagowaé si¢ ze staly predkoscia w niejednorodnym, liniowo-lepkosprezystym ofrodku. Roz-.
wazono. makswellowski i standardowy model ciala lépkosprezystego oraz przyjeto, ze stale materialowe
zmieniaja si¢ wykladniczo w kierunku prostopadtym do kierunku propagacji. Zastosowanie transformacii
catkowych pozwala zredukowat zagadnienie do rozwigzania problemu Wienera~Hopfa. Zmienno$é czaso-
wa wspdlczynnika intensywnosci naprezenia Jjest funkcija predkosci propagacii su:zelmy i statych materia: .
lowych ofrodka. Zmienno$é tg zilustrowano wykrmmn

Peswme

JIUHAMUYECKOE PACITIPOCTPAHEHHE AHTHIUIOCKON TPEIIHHBI
B HEOJJHOPOJHON BXSKOYHBYFOH CPEIE

PaccMOTpeH2 MoAeNnb NOJIYGeCKOHEYHOM TPEIHHLI B aHTUILUIOCKOM AedOPMALHOHHOM COCTOA-
HMH; KOTOpasd B MOMeHT f = ( HauuHaeT DACHPOCPaHATHCA C HOCTOAHHON CKOPOCTBIO B HEOAHO-
POIHOHN, JHHeHO-BASKOYNPYrolt cpefe. PacCMOTPeHb! MaKCBE/UIOBCKAS H CTCHNAPTHAas MOXeIHn

.BASKOYOPYIoro TeJa H NPHHATO, YTO MATEPUAIEHBIE IIOCTOSHHBIE M3MEHSIOTCA 3KCIIOHEHIMAaIbH~-

BIM O6Pa3oM B TMePHEHIMKYIAPHOM HAOpaBJCHMM K HANpaBieHuM pacnpocTpanenus. IIpumenenue
MHTETPAILHBIX | npeo6pas‘oaauuﬁ NO3BOJIACT CBECTH 33JaYy K PeElIeHHI0 33Aaun Bunepa-Xomba

-Bpemenuast 1ePEMERHOCTE Koaq)qummema HHTEHCHBHOCTH -HAalD/KEHUA ABJAEICA ' GYHKUMEH CKO-

pocm\;{acnpocrpauexux TPEUMKBI M MaTEPHANLHbIX NOCTOAHHBIX CPEAbl. JTa NEPEMEHHOCTh HJLI~’
IOCTPRPYETCS QUArpaMMaMH.
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