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Propagation of élecfromagnetic waves in hallow
conducting cylinder of elliptical cross~§ection was presented
by Chu (1938), Kinzer and Wilson: (lQh7). Velenzuela (1960),
Pietke (1964) and others, Problems relating to Dlasma fllled
'cyllndrlcal waveguide of elliptical cross-section was discussed
'By Gajewski (1972), Van Den Berg et, él (1973), Strauss,(1974).
Dwar et; él (1974) and others.

The main advantages of.elliptical waveguides are -
thét long continuous 1ines“aré easily maanaetured and transe
portéd. Fuvthérmore,-there is no mode splitting or rotation
of the polarization plane for slight deformations of the cross;
section whilé‘simple matched connecting parts of recfangular
~and circular waveguides are possible., Although, elliptical
waveguides are commercially availaﬁle and have already been
used in several applications sucg as multichammel communication
and rader feed 1ines there still remain a lot of unresolved
problems in this doméin. o

_In this chapter.wé considér the propagation -of
waves in plasma filled perfectly conductingvcylinder of
elliptical quSS-section. This chapter.consists of three

section, In the first section we discuss the propagation bfg';



eiectromagnetic waves in cpld‘plesma filled cylindrical
Qevegui&evoﬁfelliptieal crosessection. Mathieu functieneﬁ

1§nd modified Mathieu functions are used to derive the
diepefeiOn‘relatioh;‘The time rate of energy flow through

fthe waveguide is calculated as 1ntegral of Methleu functions.
'Lestly, wave propegatlon through cold plasma filled - cyllnder
of cxrcglap;crossesection is derived as a limiting process.

iﬁ the seeo;d section<aﬁtem§s'ere-made to discﬁss the nature
of plasma oscillatibﬁ\or space charge waves in an elliptic
plashaleolumn in the‘;resence of finite and infinite axial
magnetie field;;fhe dispefsion relations for finite and

. infinite-;agneﬁic fieid\ere derived and shown graphicall}.
Lastly, ‘the diepersion relation for circuler wavegulde is
derived as a limitiné process and it ie interesting tofndﬁe

- that these dispersion relation are-seme as was obtained by
'Trivelpiece and Gould (1959);‘The,third‘section comprises

the propagation of electbomagnetic waves in.werm nlasma

filled cylindrical waveguide of- elliptlcal croos-sectlon. To
consider the temperature effect we use the compressible plesma
theory. The dlspersion relat;ons for TE- modes and TMe mo@es

are derived and shown' graphically. The time rate of energy -



flow through the warm plasma is derived as integral of
. Mathieu functions. With the usual limiting process the
dispersion relations for propagation of TE- and TM- modes

- : N

in circular wd@epuide have been deduced and these are found
| )

+to0 agree with ﬁhose obtalned by Azakami et. al, (1972)

\
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SECTION ONE
"* o
 FROPAGATION OF ELECTROMAGNETIC WAVES IN PLASMA FILLED

E;piETIC wAvEGUiDEs.

‘ ‘2.}3ia‘ INTRobUcfiokz

'“;; :. | WQVe propagation in piasﬁa-filled rectanguler and
 Q§rcu1ar'wavégtidesAwas inﬁéstigatéd by many authors such
-és-Stix (1957); Korper'(195f)gﬁnawson and Oberman (1959),
© willett (1963), Trivelpieeeand Could (1959) etc. In this
{%eétion we discuss the problem of wave propagation in a
’?1asmaffilled péffectlj cqnducting‘eliiptical waveguide.

- To splvé'the"ébovg pfoblem we use cold plasﬁa theory.
Mathieu functibns and-modified Mathieu functions are used

‘ﬁp_qalculaté the dispersion relations,

% ‘
Published in the Czech. J. Phys,,Vol. B 32, p. 1225 ~ 1230

< (1982)s .
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2.1.2, BASIC EQUATIONS:

To study the préblem wé assume that the density
of the plaéma is finite, zero pressure corresponding to i,¢
Zero témperature and immerséd in a uniform axial constant
external magnetig field -;0 « We also assume that the effect;
of resistivity, viseqsity, gravity and electron inertia s@re

- negligible. On the above assumptions the Magnetohydrodynamic

equations takes the following form:

F’%;%' = 3 ox g.°/c K l | (2:2)
E+Z7 x'ﬁoao,-. | (2.2)
vxﬁm%’lg-*%‘%%'”, | - (23)
vii--1 2, : (2.5
“.B=0, o (2.5)
@.Euo, (2.6)

- -

where /s, 3,’ j, C, E, B are respectively the unperturbed
plasma density, plasﬁa velocity, current density, velocity of
light in vacuum, electric field and magnetic field.

, EQuatioﬁ (2.3) canlbe put in the following'form

by using equations (2.,1) and (2.2)
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[(WXB) XB))XB, = -tmpe 2B +L (2ExB) xB, (2.7)

Let us take \th‘é time dependence of the field quantities in

-0t na B

the form e in the direction of z- axis i.e,

0

-

B, =2 B,s» where 2 is a unit vecter along positive z-axis.

Then equation {2+4) and (2.7) takes the forms

- i .- ,
¥ X E =3‘-’°B, . (2.8)
and ‘
!
: - ATy A Auiwee = i = oy 2 A
_[(ng)Xz]xZ=-Bf§-—a_-5-(ExZ)xZ, (2.9)
. o

H
{
!

We introduce elliptic coordinates ( M, &, z)

defifned by x = a cosh M cos®, y = a sinh Msing, z = z,

. 2 22 -
where a = ( A - BY) and A, B are the semi-major and
| . \

semf-minor axes of the boundéry of the elliptic cylinderfig-(2:1.).

Let us take the z-dependence of the field quantities in the

u_férm ik, Then, the components of t;he equa-i:ibns (2.8) and

(2.9) are as followss:

i 2 .22 | | 1‘ » oB,,
L Lgq o, BmeCT _KEC g - 75 =% » (2.10)
© Boa_ W ~ a(sinhz/tl*‘sinzé)l 2 08"
2 22 . ‘
.20 kS g . S — %E?* ,  (2.11)
Bo w a(s:i;nhzlu"'sinzﬁ) /2 }1' -
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EZ = 0 3 X (2.12)
B/u B2 e a,—“-'- Eé 2 (2013)
ke
B@ = ""“ E/}J 5 - (20114)
e _ 1 [ 2 (anfoinn? g veinZe
B, = 1o = " [v/ul(a sinh® p+sin®® Ey) -
a“{sinh Jatsin &)

...é-% (a,\/sin_hz/u+sinzé' E/ﬁ)]

(2.15)
Now, from equations (2.10), (2.11) and (2.15), we have
P 2B . | o
D By % : A
'b/ud + 09{ + Zp(coshz/u - cos29) B = 0Q, ) (2.16)
where ,
2
bp = a® (B - k% 4 "“‘"‘2‘“ ) (2.17)
c B
2.1.3 THE SOLUTION AND DISPERSION RELATION:
The general solution of equation (2.16) is
(MacLachlan, Pe 347)
BI2 = mfoc Ce (/11915) ce, (&P)*- 213 Se,( my p)sey (6,15 )(2 -

~where C_, S are cgnstants, cem(&,p), se (&) are even and
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odd Méthieu funct;ons .‘w‘hile" Cep( Py p) end se( ps b ) are
thé ¢orresponding-modified Mathieﬁ functions. The other field
compbnenté are easily obtained by applying equations (2.10) -
(2.14). Bach individual solution in (2.18), for m = 0,1, 2 ...
corresponés to a different mode of propagation.

For any m we consider two types of sclutions,

B = Cp Cop (hﬁ{,p) cey (6,ﬁ>), (even solution) (2.19)

gnd

: Bims = 5, Sey ( /uolb) se,, (&, p), (odd solution)  (2,20)

a) Firstly, we determine all the field components and the

dispersion relation for the even solution given in (2.19).

From equations {2,10) - (2.,14), the field components
"in the elliptic coordinate system arve

iaw  Cp Cop (mrp) cor (8, b)

w ' .

Epy=s+=BAa = ¢ . (2,21)
P=Ke PR ;) ’
o bpe (sinhzfa + sinzﬁ) /2

, 4 o C cCe 6

Ee o -}-:%’ B/jﬂ . Zaw . m m (ﬁ-hf-’) ce, (lop) (2.22)
.,P(,: (sinhz/uf sin°®) 2 o \

B =0 . (2.23)

B z

B, = C, Cep Cpsh ) ooy (8,5). (2.24)
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The pfime’denotes-the derivatives with respect to /u‘ and €
as‘the case may be. The boundary condition at the perfectly
conducting waveguide wall requires that the tangenfial

compdnenﬁs of the electiic field vanishes at the'wall’i.e;,r

Eeﬂyu ='/uq) = 0, From equation (2.22) we have
. . / ' 4 )
' Cem (/UO.[’) = 0. _. - | | (2.25)
Now Mo is fixed, so we need those positive values of p,
say by for which Cé;(ﬁlo ,g;)“vanishe@Q»These may be
regarded as the parametrig zeros of the function, These roots
are used in equation'(Z.l?)'té get the.dispefsion,relatiqn

2 22 Lnpc? i |
(ko) e B8 (1 + =) -up (2.26)
c Bo , oo

The phase chéfaétefistié'fréqﬁéﬁcy (@b vs. waveﬁu&mém(k) are
shown graphically in éurve_Lf(Fig~N6%2JQ for the m=1l mode.

" The lines of foréé ofxelectriC‘and maéneticvvecﬁofs of a
qross;secpibn of an ellipticai waveguide are found to be

same as those obtained by Chu (1938).

b) In case of the odd solution given in (2,20) the field

components for the mth mode in elliptic coordinates are
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/
‘ tew = S Se. (i, D) se, (&,p) . -
W . m m

(sinth + sin 9) /

igm Sh Se ol pmep) se (8y0)

By -~ 2 By= = . (2.28)
$° " ke M7 T 1

fpe (sinh? p + sin 25) /2
Ez'f o o . (2.29)
B, = Sy Sey (uop) sy (80) (2.30)

The boundary condition of the perfectly conducting waveguidé

wall requires that EQ(/uﬂ/aO) = O, Thus, from equation (2.28)

1
we have

sey Cpige P) = o o (2.31)

'I‘he positive parametric zeros of equation (2@ 31) (say p )3 '

together with equation (2. 17) gives the dispersion relation

o 2 .2 : ; . ‘

2 a o, mec - o ]

(ka) =. 02. (1 + B 2 )"' Ll' pm')) o - . (2032)
' o o

The phasé characteristlc frequency (w) Vs, wavenum,ber(k)
are shown graphically in curve II (Fig. 1\70.2 2. for the
‘m=1 mode. In this case also the lings of force of the
 electric and magnetic vectors of a cross-section of an

ellipticél waveguide are same as those of Chu (1938).
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“even modes.
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V‘The,pfobagétion éf“wavés Qithbut7fhe compqﬁents
of Epn end By are gener'e;lljf in;j‘;qossible in éuipti;al
waveguidesg'BécauSe their non‘exiétance demands the
independehée of Bz.f¥om 9; as may be seén by putting
E)Aa 0 in equation (2.,10) and Bg = 0 in equation (2.14).
But B, cannot be independent of 5, sincé equation (2.16)
contains a term'in cosv26; In case of circular cylindrical
waveguide the waves can propagate in absence of tﬁe compo=
nents Efz and Be, becagse in this case <¢os 28 is negii-

gible compaired to cosh 2M in equation (2.16).
2014, POWER TRANSMITTEDIIN'THE DIRECTICN OF WAVE PROPAGATION§

The power passing through each unit area of the cross-
section in the direction of wave propagation, i.e., the time
" rate of energy flow per unit area, may be caleculated with the

aid of the complex poynting vector S , Ferraro (1970).

The total meen power for the mth mode can be obtained
by integrating

axg;. - -E ﬁ | 2.
S, = &= (EPHQ “p Hp) - (2.33)

over the cross-section of the cylinder, where Hy and ,H};
denotes the complex canjugate of the components H@ and Hﬂl'

respeetively.
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'if‘he total mean power for the even solution can be

bb‘taine'd}_.' by substituting the values of B e E_,é. H fae H

from equations (2.21) and (2.22) into equation (2.33):

l S lC 32' | _ PO 2n
= i p
We' B 1, (ax2 K2 émpw2 )2 f f [ c8 (/“p) ce (g’*D) *
. - 2
] | BO

-2 o o
+ Cém(ﬁ oP) cem(e;:p)]d}; dae .

(2.34)
On using the relations (McLachlun , p. 24, 264)
2%
J cefl (6,p) A6 = &
5 , ‘
e '
i) fa’eé (6opldo=n 2%,
o ‘
the above equatibh finally takes the forms
. kwlc |2" | : ~ o
. ' . . /uo ro 2 '
. Wea 4 f [Cem(}) 'p.)*. )}m Cem (/u’p)}d,i.
; o - | C (2.35)

Similarly, the total mean power for 'odd solutions can be
obtained by.substituting the values of Ens Bgs ﬁ,),iﬁe
from equations (2.27) and (2.28) ‘into equation (2. 33) and

using relations (McLachlun po2h, 264)
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or
[ seg (6,p) 4@ =
,

2n
j' se (9.p) de = 7 w

in the following form:

| S| /u° ‘
Wy = 'KOZ .g T haee? )2 o /14, (/“'P)* 5, sepl pop)lap
8 _ k b .

o
2.1.5. CIRCULA?{}’_-;WAVEGUIDE (AS A LiMxTING CASE)
When a boﬁ?ocal ellipse 6f semi-major axis f tends to
a circle with rédius Ty p™=, 20 such thét a cosh/u - e
For this limiting case equatlons (2.25) and (2.31) take the form

{ McLachlan , p. 358)

3! {klr) =0, | - (2.37)
with o kya = ( 2p) /2}, (2.38)

From equations (2.17), (2.37) and (2.38) the dispersion for

a circular waveguide can be written as

| 2 2 2 |
2 & hrog® 5 2 . .
o] .

where qy ~ are the »th root of'equatiOn’(2.37)a' 
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-%.1.6. DISCUSSIONS:s
The basic eguations to detérﬁine the electromagnetic"

fﬁfld components in elligtic coordinates are derived and then
f.%%é_éomponenﬁs of field vesctors for even and odd tjpeévoﬁ
ljsélution are&obtained in terms of Mathieu functions. Here we
| sgg that the components of field vectors in plasma filled .

?' ellwptical wavegulde are different from those of empty 81115;

| tical waveguide Cnu (1938) but the electric and magnetic lines.
of force of or crossesection of the alasmamfi11ed el icnl
waveguide are the same as those oﬁ Chu.(1938). The grOpagation

_ 6f'waveslwiFhouﬁ the components of éE/u and By éré genéraiy
fmpossible in elliptical waveguides but the vanishing of E n
énd 'B@ does not effects the propagation in circular wéveguidee
fheqhthe dispersion reiatibns are derived for even aﬁd 0dd sola
ﬁtiéns to éalcu;ateLthe pulsatances of the modeéq The phase
.cﬁarécteristiés forﬁthe two types of solution are shéwn graph=
'ieally. The time rate of éﬁergyxinW-thrcugh the ellipsiéél

’“Wév%éUide in the directicn‘of wave promaéatibn is obtéiﬁéd.as'
. iﬂc g¥als of Mathieu functlons with the usual llmlting process

-{ffthe.dismePSLOn relqtions for wave propagation in clrculdr~f

Qé?éguides have been deduced. It is interesting to note that

: Ehls dldpers1on relation represents both even and odd Solutlwﬂs

. \\ —
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 SECTION TWO

"SPACE CHARGE WAVES IN PLASMA-FILLED ELLIPTIC WAVEGUIDES
IN PRESENCE OF MAGNETIC FIELD.

: 20 2e1 INTRODUCTION 2

. Trivelpiece and Gould (1959) have discussed the
nature of plasma oscillation of a circulér cylindrical'
plasma column in the presence of a constant axial magnetic
field., In this sectiony we discuss the nature of plasma
6scillation 6? space charge wave of'ah elliptic plasma |
column in the presénce of finite and infinite constant
axial magnetic f£icld, Mathieu functions are used to

~derive the dispersion relations. First, we derive the
dispersion relation for infinite axial magnetic field, The
phase charaéteristic for a particular mode are shown
graphi&aliy. Then, we derive the.dispersion-relation for
finite axial magnetic fieid. The phase characteristié for
a particular mode are also shown graphically. The phase
characteristic in both the cases are of same nature as
that of Trivelpiece and Gould. Lastly, the dispersion
‘réiation for circular waveguides is derived as a - limiting

- case.

*Published in thé JeInstn, Electronics and Telecon, Engrs.,

Vol. 26, No. 10, P, 536 - 539, (1980).
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2,2,2 BASIC EQUATIONS:

We assume time dependence of the perturbed field
quantities and currents in the form e %% | Then the
linearized fluid equations relate the charge density and
culrx'efx.tl in the plasma to the electric and magnetic fiélds
in the plasma. The Maxwell’s eqguations for the perturbed

variables in t'ei'msof dielectric tensor €. are taken in this

forms 1 '
v X E:l = .1".’51 | | (2.40)
- B, = miwe 7 (2.61)
A gl =0, (2.4:;):'
V. (€. Ey) =0 | (2.43)

where the dielectric tensor € is given by

,-réa 16 |
€= e, & 0 | ' (2.44)
| E 0 & |

when the ion motion and electron-collisions are neglected,

€0 €, and 6.3_ are given by



. W
) B =@
o c
wa
€y =g R
‘ ° w(w -wg)

. wg
63 = 60{ 1 - p/wz }

awhére,iwc = (eEb/m‘) is the electron cyclotron frequency

_ 1
Jand' wp = (nea/m%) /2

Loew

2.2,5 SPACE-CHARGE WAVES IN A PLASMA-FILLED ELLIPTIC
CYLINDER IN AN INFINITE AXIAL MAGNETIC FIELD,

Consider a perfectly conducting elliptic eylinder
filled with cold plasma and immerised in an infinite axial

magnetic field. Due to infinite axial magnetic field, the

is the electron plasma frequency{

44

(2,45)

electrons are constrained to move only in the z-direction

_(i,e., along>the axis of cylinder) and hence cannot
interact with modes that have only transverse electric

field components. This means that, for this case,

transverse electric (TE)-modes are unaffected by the presence

of plasma. The transverse magnetic (TM)-modes have an eleectric

.component inithe direction of the steady magnetic field and

théy are affected by the presence of plasma,.
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For infinite axial magnetic field the electron

cyclotron frequency tends to zero, so the dielectric

tensor € in equation (2.44) takes the form:

faso L

0
1l

o ©

(2.46)

P

0 0 1l-

N

€

From equetions (2.40) and (2.41), we have

. =4 22 _w2e T
V(V'El)“v El“w eb El.

The z=-component of the above“equation gives

2

2 .9 L) N —'-'- - o »
E, + w2 -;%— JE, = [%(wEy)], N (2247)

W

From equations (2.43) and (2.44), we héve‘
; ' : 2 - '

- W, 2 o) B : |
.:. [V\(VQEI)]Z 5‘;;%“’ *‘2—2% : : (2;48)

Therefore, from equations (2.47) and (2.48)
: 2 )

. . . 2 .2
VE, + v (1 .-;%- )E, -2

vwz ,-a’zz !

Let us assume the z-dependence in the form exp(ikz),

then equation (2.49) takes the form:



(v, +1°)E, =0 B o (2.50)
where, <2 -52 + 0°
+ 'sz "@Y ? '
2 2y o2 2 |
= "E%“ ) (w%¢, = k%). | (2.51)

In elliptical coordinate system i.e., using

x = a coshu cosé, vy =a sinhpn sing, we have

T ,
Q2 25, 2.
Moo= ' ops - oe?

aa(coshé/u-éoséﬁ)

Then, in this ¢oordinate system, equation (2.50) takes the

. forms
o%B E?E
2 22 + 2+ 2p%(cos hzﬁl -cos26) B, =0 - (2.52)
om 06 ‘
* where | 252 #'aZTz/z - ' o - (2.53)

Let us take the:genéral solution of equation (2.52) in the

" form (Mchachlan,‘P. 174)

Ez N mzoCZm CQZm (/J' p) Ceom (etp)l S (2.54)
where o C
Cop (pop) = 3 A o5 "
- .Ce p) = 2 A ‘eosh 24
“2m /u’ reo 2T M
: e (2m)
ce2m (6,p )= I A,. cos 2re
I‘rr-o -

(Zm)

are real functlon of p.

CPm are constants and A
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The boundary condition at the perfectly conducting
wall requires that the tangential component of the electric
field vanishes at the wall i,e., Ez(/g = png) =0,

Thus

sc. Ce, ( p? ce, (8, p) = O.
mo 2 2m Mo? 2m 7 o

for the mth mode,
| = 00 . 20 5
Ce2m Crg e p) | (2.55)
As P is fixed, we need those positive values of p, say
Pomy for which ceZm(/uo s D) vanish. These may be
’ .
régarded as the positive parametric zeros of the function,

The robts of equation (2.55) are used to obtain the '

d:4dspersion relation.

Therefore, with the help of eqﬁaiion (2.53), We get

(ax)? = a® e, W - 2m' (2.56)

(1 - /wz)

- This is the dlspersion relation wh&ch glves the nature of. /

/;e
.

wave propagation. From the disnersion relation. it is cIEar
7

that the empty wavevuide cum-off frequency W =232m9V%f" and

the plasma filled wavegulde frequency is
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A

: 2 2 ~1/2

fhus we see that the plasma#filled‘weveguide mode cut—off}
| freqﬁeﬁcy is shifted upwards as iﬁ ease of circular
.waveguide. The graphical repfesentafion of the dispersion
relation and the posifion of the cut=off ffequency are

. shown in.(Figeis) fer m= 1 mode and for the first para-

. metric’ zero of the equation Ce (/%, p) =0 (1.e.,A

'a'/ft* 92,1 = 2 Al6) The upper paesband in the figure (2.3)

represents the’ Waveguide modes whlch in absence of plasma,

A
,.‘r.‘ e"-ff

would still pﬁopagate. The 1ower pesséband between. W =0

My

and & =.w%//depends on the»presence of plasma, and it
representS/the plesma escmllatlon in finite plasma,
. ( b . :

2,2.4, CIRCULAR WAVVCUIDE ( AS A LIMITING CASE)

In thl? case equation (2.55) takes the form

r(McLach lany p.\367)

X
}r‘.‘l \ f

sz(kir) = 0 B . - (2.57)
? L with 2p = kla.ff?'
i\ 7 ‘Then from equatlon (2.57) 5 using equation (2.53)

A(Tr) = aoyy L | (2.58)

e
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Fipgure 2.3. Frequency Vs, wavenumber diagram for the transverse
magnetic modes in a plasma filled elliptical wavegulde

in an infinite axial magnetic field,
9 -2
Hz a = 10 m,

(9 q = 24416, & = 9 X 107 Hz, a
e = —— X 10° #/m.)

&) Zo7
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is the wth zero of the 2mthmorder Bessel function,

where aZm,v
On .simplification, equation (2.58) cen be written in the form
2 - ,
2 o .
(kr) = ¢, wor? = - ngv _— (2.59) .
- (1 =% /,2) ;

i

The d@bove dispersionArelation is identical with that of

Trivelpiece and Gould (1959).

i

24245, SPACE-£HARGE WAVES IN COLD FINITE PLASMA IN A
FINITE MAGNETIC FIELD, L.

w:\‘\‘\ —

e N
SN
NG

In the previous<sub—sections,.propagation of space=

éharge waves in the presencé of an infinite axial magnetic

field has been discussed. In this subesection, the disperéion%?

i

£

relation for propagation of space~gcharge waves in the presendé
’ )
of a finite axial magnetic field is derived. For the purpes%/f

of simplification, we utilize the fact that the space-chargé

oy

waves are slow waves. Assuming that theé phase velocity of th? -/

"R e

wave solution of Maxwell’s equation is much less than the i/

U =

velocity of light, we can neglect the magnetic field asso= 7/
N - . ’ . ’/,
cliated with the wave. , : : : /

N

e

: Therefore, equation (2.40) gives

By = = 7 _ (2.60)



Substitution.of the value of E, from equation (2.60) into.
equation (2.43) gives S

2
2 R R , _
%ﬁﬁm+€3%? o - o (2.61)

Let us assume the z-dependehce iﬁ the form exp(ikz), then

equation (2.61) takes the form

2 263 | » .
(v, -k .ej_) ¢.= 0 , (2.62)

In elliptic coordinate system, (2,62) takes the form

2 2 o '
0_0 B & 2 . S
-t’a/tiz'*. 392 + 24 ('cqshaf_xwlcos 26) ~ 0, | (2.63)
i €
where, 2q2;é_0.5.a2k2(:4 B/él)o . | - (2.64)

Let us takKe the general solution of equation (2.63), as

\

before, in the form

b = mzéng‘Ceamt(/u.q) ceyy (€a) | | (2.65)
. _ )
. where o '
. CQZm(/J.gq-) = le" cosh Zlur .
, r=o © o
B - o e (2m) 3
'_ee2m(9.q)‘ = I By, cos 2re,
. r=0 o
(2m)

Dzm are constants and B2r are real functions of q.

We have af the bound&f’y (Fm fjo) 9 =0 ieCey
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L Do Cezm’(ﬁuo’Q) CCom (6,0) = 0

For the mth mode

Ce, (mgea) =0 (2-_66)

As before,

2 ' €
2 ~3
(ak) =14 q Zm;v(' ' /61.)’

where Qo o BT those positive values of q for which
, .
Ceop (ﬁlo°Q) vanish, On using equation (2.45) the above

equation can be written in the form

2 | - wz(w - 9 2_ Wy )

2
(ak) =4 q2m,v[ (w - 2)(@ -t 2)
p

" This is the aispéfsion pelation which gives the nature of
wave propagation. The phase characteristics {w Vs, k)Aobtained
fromﬁeéuation (2;57) for m=1l mode and first parametric zero of
the equation Cez(/“o’ D) = 0 are shown in figure (Zfﬁ for a .

strong magnetic field W, ? wp. and for a weak magnetic field

\ w, < wp are shown in figure (2:%). For the case w, > “b' in

addition to the mode (w 4 w, ) nredicted from the B

analysis, the upper hybrid mode ”c < W <fw/w + wcz s appears
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as a characteristic frequency in the plasmas This mode has
the intereéting feature thét'it is a backward wave. As the
magnetié field is further reduced (wp >-wc), it is seen
that waves propagate for frequencies less than the cyclo=-
tron frequency. The backward wave mode now propagates in

the frequency range wp < w <N/wp2 + wcz ¢ If the steady

magnetic field-strength-is reduced . to zero, the upper

/
pass-band reduce to the plasma resonance at w, and the lower
passband reduces towards & = 0. In both cases, the waves
céase %o propégate. That is, plasma filled waveguide
' yithout an external magné%ic field will not propagate'spacef
charge waﬁés. Thus from the above aéymptétic behaviour o£
the-solution at'B; w © gnd By = 0, we sée that the nature
of wavé.propagation in plasma filled eliiptical waveguide
is of same nature as wes obtained b?-Trivelpiece and Gould

‘in the case of circular wave guide (1959).

2.2.6, CIRCULAR WAVEGUIDE (AS A LIMITING CASE)

In this case, equation (2.66) gives

Ioplkor) =0 ' ; - (2.68)
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Pigure 2.9, Fraquency Vs, wavenumber diagram for & plasma
inix

riiled waveguide in a finite axial magnetic
field,
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( P, 4= 2.418,W, = g X 10 Hzy; & = 10 m,

o= G X 10 Hz.)



with = k,a = 2q

ioeag -

“22 = (= /g ) K | | (2.69)
Then, from equa’ci‘or;s (2.68) and (2,69), we can write

(er)? = g2 [ =¥l .WQ‘ 2 (2.70)

(==t 2)(w i, 2)

where, B’?m g is “the vith zero of the 2mth order Bessel
function. Equation (2.70) is :Ldentical to that of Tri\mlpiece

and Gould (1959).



SECTION THREE

PROPAGATION OF ELECTROMAGNETIC WAVES IN WARM PLASMA N
FILLED ELLIPTIC WAVEGUIDES.

2¢3+1. INTRODUCTION,

In this section we consider the wave propagationr
in warm plasma filled elliptical waveguide. A complete
analysis of this problem is not poséible within the /
framewérkvof fluid theory, unless an equation of state i;
donéidered. Even if an equation of state is chosen, pheno- "
mena which depend on the details of the velocity distribu-
tiony, such as Landau damping,-wiil of course, not appegr.in‘

a fluid description. Nevertheless, some of thé general
features of these waves can be étudied with the fluid equa-
tions. Here we consider a homogeneous field free plasma inside
elliptical waveguide allowing the electrons to have a finite
temperature. To study the pfdblem‘Mathieu functions are used,
Dispersion relations for transverse electric (TE) and trans—
vversé magnetic (TM) modes are derived and discussed gfaphica-‘
lly. Power trénsmission in the direction of wave propagation
for TE-~ and TM- modes are caléulated. Lastly, with the usual
limiting process dispersion relation in circular waveguide

"have been derived.
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2¢3.2. BASIC EQUATIONS:
- The equationé of continuity, momentum along with
Maxwell’s équations for warm plasma in absence of magnefic

and electric sources given by Waite (1968) are

RS ‘V.-\; s = Jap , " o (2471)

. mN( jw‘l' 1)) ?’ E'—.ING E - v Py ' (2572)
VXE ==JduugH 5 (2.73)

v.x .I; 2 jwao E - Ne-\; , (2,74)

where U( =eﬂﬁg )1/2 0 ﬁ, N, p,}’>' K 9 D ; f, e, V ,

_ﬁ énd H are réspeétivéiy the velocity of sound waﬁé

. pfopa gation in ward plasma, electron mass,:eiectron density,
plasma pressure, ratio of specific heats, Boltzmann’s
‘constant, eigptron'collision frequency; témpefature of thé
Ywarm,plaSma, electfon charge, electron velocity, elecéric
.lfield gﬁd magnetic field.' |
Ellmlnatlng p and ﬁ from equatlon (2.72) with the

help of equations (2.71) and (2. 74) we have

VX He jee,e (2.75)
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where
: (‘/J2
ep =1« p/&(w.,jv)
2 g (2.76)
G\Qp = (Ne /me-) ‘
0 . ' ,
andcap is the electron piasma ffequency. The equations (2.73)

and\(2s75) are the expanded Maxwell’s eéuation for warm plasma,

To find the solution of above set of equations, we
. assume that the waves propagate in the z-direction in the
form of exp(-jkz). We also assume that the electron collision

frequency w is much smaller than the wave ‘frequency e .

- .Let us now express the electric, magnetic and -
electron velocity vectors in terms of perpendicular and .

iaarallel components:

E=E; +2B, - He=H+

Fa
. A 2

Hz K

T X (2.77)
Vav, 2V V=V~ ki

where £ is the 'uni’c vector ‘along positive z—direction.’

‘Substitition’ of (2.77) into equations (2,73) and
- (2.75) yields,

T XE, = =3 @}LO‘Q H » L (2.78) -

-

(v, X ’:«E)Eé - jk (2'}( E) = - jo%f,o H (2.79)



-l . N\ 2 * '
V,X H,= jmaoep’iEz + 2(e kU /w) (V,+E, = JKE,) | (2.80)
. ; - - e 2 -
(WX 2) H, = J k(Z X H) = Jwe, e, Brj(To” /w) V(Y +E, ~JKE_)
' ' (2.81)
From equations (2{78) - (2.81) using simplified assumptions,

we get. the following differential equations for Eé and Hz:

2 2 2 o . '
(v, + kg ) (v, + k, ) E, =0 ' (2,82)
2 5 N
(Yo + k) H =0 - (2.83)

and we obtain equations for E, and H, in termsof E, end H_:

. - ) ) B i 2 .
- l N (u/e 2

2
.+ke EZ)’
(2.84)
2, | WP fw) 2 |
: e Jw) - \
k » A ~ Y g 2
e H_Lz-jkV_L}Iz-gfoeoep(z:_XV_‘)P.Z»J 2 ‘ (2 XD ( VL E,+k “E,) ,
o “ (2:85)
where ,
w2 \ 0 5 2
2 - @ 2
ke ;s-gﬁ Ep -k", ks = ;z ep - k . |
: , L 2 B (2.86)
2 ’ N
B £ - _ - Yp '
vo=l-7 /2 =l 2

Again, from equations (2.71), (2.72) and (2.74) we can get
YLintermslof.E4_and E, and V_ ;nterms of E_.

o 2 . | ,_
V, = jﬁz,[Elc.g—zz(% B, -3 kE)D ] (2.87)



e

. U - B
v, = j==[B, + i ;%-2 (%o E = jkE ) ] ‘ (2.88)
Now 1et us put

B, = By # Eo (2.89)

then from equation (2.82), we have

2 2. '

VS B, tkE, =0 (2.90)
2 o .

‘ZL;EZ2 + ke2E22 =0, , ' - (2.,91)

and the other components of the field vectors and electron

velocity from equations (2.8&) - (2.88) are
. o,

, |
2= A 2,92
kB, = = JkYE,, ¢ Jwu (2 X VH, + _g... “E,q (2.92)
kez HJ..:: - jkv"LHZ - j Waosp (é\x V_L) Ezz N (2093)
| 5 _

-3 A k w 2 .
Uy o e DRV, —op(E XVH- 2 (U VuEl , (2eo8)

HKe

e | i 2 | -
Vp =3 5;[.Ez2 +(ap) Byl - _ (2.95) -

Thus, we have obtained all the field components and the
electron velocity interms of Ez and H,.

Let us introduce the elliptic coordinates
A(/u, ©,2) defined by X = a c:sh/u cos 8, ¥ = a sinh/usine
zZ =2z , where a = (A - B ) /2 and A, B are the semi-major

and semi-minor axes of the boundary of the elliptic cylinder.



In this coordinate system equation (2.83) and
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equations (2.90) = (2,95) \respecti»vely take the following

forms B
e H 32 | 5 0 |
a/uﬁ ?)@2‘; +i2q.(‘cos.h p = cos e) H =0, (2.96)
2
?°E E o
' 3 z,l aa 21 + 2p (cosh ,u— cos e) E =0 (2.97)
/u A A
2 ZE R
B o)
Ss e (ol et ) gm0 (20
‘ | ( . E 2
5 1/ . QE_, "DH, kO
2( 312 2 o982 z1
| ak (sinh Mmoo sin“e) E,u A ) SR 3”}10'6‘9 j Ay
' ‘ | | (2q99)
. ) ‘ ' ‘ o)
1 OB OH k “OR
2 2 2o T2 22 2., _z1
ak (sinh” ju+ sin'®) /€ B -ji—ES + opoT t IR Ta
S, ol oH) 8,
ak (sinh po sin e) I:Llu" ;)k 7;- + jwe e D T ) (2.101)
1/  ®H, . . ®E .
‘ oz | 22 (2,102)
ak, (sinh /u + sin 9) Hg = -j);{a - 5waosp 5 m

e 2 2 2 9B
l,,0m k DE 3H ke wf 21
. 2 2.3"/2 e 72 e (bp ) ===

a(sznlq fl+ sin“e) V/um k 0-5-7; -ﬂwpo.a@ «--}-{—-( éP a/u r

el P Ve ey, R

a(s:i.nh /wi» sin 9) == Vg = " 5g T /° ou ' P e



) .
5 - o .
Vz = mco[ Bpo + (Ypap) By 1, (2.105)
where
2p = azksz and 2q azkez . 4 {2.106)

2.3.3, DISPERSION RELATION

We take a solution of equations (2496) = (2.98)
in the form | )
D

21 = ‘mz Com Ceop (/4 » P) ceyn (O p) (2.107)
=0 :

B

. ‘ .

H = 'mzonzm' Ceypy (/u, q) cesn (9,q) - (2,109)

whe‘re sz R 02 ﬂ;, D2m are constants and

o 2m .
FQZm (/u. p) = rEOAZr cqsh 2/ur

o 2m

(2.110)

: ' : Lo 2m
ce, (€, p) = rioAzr cos 2re

o 2m :
Ceop (8 ¢ a} = E B, €9s 2ré

_ r=0
2n _2m
AL BZ - ere functions of p and g respectively,
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At the boundary P }%59 we héﬁe

E, =’o; BEg =0and Vy =0 (2.111)
For a particular.m; the éq&ationé (2.89)9 (2.100), (2.103)
togethef with the béundary conditions (2,111) gives the
foiléﬁing dispersion relétion:

G a2 ) [5G0 iy #2)C024C pag #@)+( L) K Zeny pagr DG p pag o8

B, 2 A.B :
1 2 Tl 2 .2 , (2.112)
= [( B‘") kT MAB ,k.e ]CEZm(ﬂo’p}c‘?m (/ucr "»1} -
where . .
| © 2m | I ©' 2m
A= T A cos 2r © B= IB coOs 2r ©
r=o 2T ! r=o °F
> Aor (2r sin 2r o) 752 (2r stn 20 0)
A= T A 2r sin 2r @} _ B, = L B 2r sin 2r ©).
1 r=0 er N 2 ; =0 2r S

‘Thisvequation shows that we cah,easily clagsify these waves
into two modes of gravps TE and TM modes, only when v = o
and we cannot do.when'riﬁ 0, so they are hybrid modes. In

case of r = 0, the dispersien relation (2.112) take the form

> | |
CQZm (/uoo ) = 0. (2.113)
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, /
‘ceZm(/uop) K2 (“pﬁw)z Ceonl pora) -0 (2.114) .
CGZm(/AO,p) kez : ce2m(/900q) |

:The equation (2.113) gives the wave propagation of TE modes

and equation (2;11&)-gives the wave propagation of T™ modes.,

As p, is fixed, We need those positive values of q, say
Uom, 2 for which CQZm(ﬁlo’q} vanish, These may be regarded
as the positivé parametric zeros of the function, These roots.

of equation (2.113) are used to obtain the dispersion relation.-

Therefore, with the help of equation (2.106) we get

| .
.(ak)2 = ( f? )2 (=) -1} -2q,

“b

ey (2.115)

This is the dispersion felafion~which gives the natﬁré
of wave pfopagation for the TE- modes. The gbaphica1
representaticg oﬁ the dispersion relation fqr m= 1
mode/éndlfor the first pérametric zero of the equatidn

, , | : , o
cé, (fﬁf q) = Q are shown In figﬂ,(?fb.
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filled wavesgsuide for m = 1 mode.

o . v . 11
(a, = 1.499, 6 = 6 X 10 /S,
dy - 2

ioure 2.0, Freousney Vs, wavenumbaer diagram for

o warm plasme

—c



‘2.3s4. POWER TRANSMITTED IN THE DIRECTION OF WAVE
PROPAGATION,
The total mean power for TM and TE modes can be
-~ obtained by. substituting the values of E e Egs Hp, He

~ from equations (2.99) = (2,102) into equation (2.33).

- 2 .
Gyl wee e x Mo 2T 2
Uy = { £ [Ce,pl mraleé, (8,q) +
8nk ‘ o
e .
| ‘ = Mo 2n
2, . Cc, C,.,wce e 0O /
+ Cely (pya) oBy(9,0)lapae « 22000 [ [ GG, (M.P)
2 o o
. - 8nk k

{cegéw(};,g)ﬁé;m(ga,p)ceam(efg) ¢ Cepy Cjny @) Cepgy Cpuy D)

' ce;m( &,q) ee/Zm (& P) ] d,ude . (2.116)
I, | = ' o o &
’ we L 2
e Y I N A R RS
gk ° © :
e

C,Z 2 » _ |

+ eZm (/,1 pQ) QGZm (99 Q) ].d/ude | (2.117)

© On using relations (McLachlan, p. 23, 1964)

/ 4275 . ( Zm)

J g (e ) de 2.[ B ]2 T [ B(Zm) ]2
ce e 2T + T '
¢ “om V7 q. o , rel 27 g



68
f ce2m (8,p) ceyy (e,9) 46 = 5T [ A(?‘m) B(zm)].

=
o 2n 2 o © o (em) 2
| Zw (2m) (2m)
o (9,0) ce,m(e,n) @ =tz T [ 22 A
L0

I B
el 2r ar ’

the equations (2.,116) and (2.117) finally take the form

k |
!E gwc EOSp Mo o (2a) 2 5
Vg = fua’-!i?.._éweu { [{ rillgr Ay, 1) cefy (Foa) +
. (2,) o
e, 1+ T8, 1) oy (P 1aP

- .

e ey (), L,
8k k > ;‘) L ( :E [ Azln BZZ‘ ] ) ceZIB(/' QQ)C'QZm(/ui
e . : ‘ -

( E[L;Z (2 )(Qm)
« { L 4r

1 AZI‘ :” ezm( /uoq}cegm\/uyp)} dfp
=
- | (2,118)

and : ' | :

ip lg’ c/’io 1\ Mo (2m) |
WTE = Zm- . .!) [( I'Elker Agr ] ) C ezm (/u QQ) +

‘ 8ke '
(2m) 2 °° (2m) 2 ,2
+

(208, 1+ §.]EB21(' } Cegy (M, q,]d/“ (2.119)



69
2¢3¢5. CIRCULAR WAVEGUIDE [ AS A LIMITING CASE ]

. When a confocal ellipse of semi-major axes I
ten@s to 2 qircle with .rédius Ty o 8 0 such
that a cosh /u“' r . For this‘limit'."i.ng case equations
(2d13) and (2.114) take the form (McLachlan, p.368)

s/ (x r)=0 (2.120)
2m 1.7 4

w l N
with ky v = (2q) /2

and -
/ N .
J5  (k,r) 2 7
2m 72 k @p, 2 J. (k,r)
— ¢ ( _i'ca ) Lm —x _o
Jam (k;?r) keks J'2m (kl-r ) ,

’ (2.121)
with KT = (2q)1/2; .kar g,(zp)l/z o

For m = o modes the dispefsion relations (.2. 120) and (2.121)

coincides with the dipersion relation for circular wavegulde

obtained by Azakami et al, (1972).
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2¢3.6. DISCUSSION,

In this section the basic equations to determine the
electromagnetic field components and electron velociﬁy in warﬁ
?1asma filled elliptical Qavéguide in elliptical coordinates are
deﬁiVed and\then the components of field vectors and slectron velo-
city are cbtained in terms of lMathieu funCtioné. Here we see that
the waves combining the electron sound wave mode with the electr-
omagnetic wave mode can pfopagate in elliptical waveguide contain-
ing the warm'plasmaﬁvThe waves can be separated infu Ti-podes add
TE- modes only at r = O mode, end the other modes become hybrid
modes. These results cammot bé expiained upto the present‘by the
cold plasma approximatiog; fhe phase chéracteristics of the
eqﬁétion (2,113} are 111ustrated,graphically for é parbticular
cases Hefe we see'waves propagate above the plasma freqﬁency.
Las?ly, with the‘usual 1imiting procesé the dispersion relation
L forvimu and TE- modes.in ciréular'waveguide has been deduced
énd these ére.fognﬁ tolagree Qith those obﬁained by Azakami
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