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MODIFIED SPHERICAL HARMONIC METHOD ANDITS APPLICATION

A Raychaudhuri and S.Karanjai, Depit. of Mathematics,
North Bengal University, West Bengal 734 430 (ludia)

I. Introduction :

- The mathematical difficulties of working with the integro- differential equations have resulted.in
number of approximate methods of solving the equatiion of radiative transfer. Approximate solutiton of
this equation can be obtained by means of Milne-Eddington Approximation and Schuster-Schwarzehild
approximation. The Spherical Harmonie Method, the Moment Method and thie Discrete ordinate Method
are more claborate schemes that may provide higher order approximation.

In Eddington Method, the basis of approach is an approximation to the angular distribution of
radiation of intensity such that the integro-differential equation of radiative tramsler is transformed into an
ordinary difterential cquation. In case of Schuster-schwarzehild Methad, the integro-differential equation
for an isotropically scattering, plane-parallel medium can be transformed into a pair of ordinary differential
cquation.

The Sphierical Hanmonic Method provides a means to obtain a higher order approximate solution
to the equation of radiative transfer at the expense of additional labour and calcufation. The essential idea
of the method, which is due to Eddington, lies in seeking a solution of the equation of transfer in the form -
of'an expansion of intensity I(zge) ina series of Legendre polynimoals P (). These form a complete set
of orthogonal functions in the interval (-1, 1) which is just that through which g varies.

2. The Spherieal Harmonic Method : .
L.et us consider the equation of radiative transfer for plane parallel scattering atmosphere with u)nsl'mk

net flux.

pAfoT)N T ae) = Kre) - ', Jpuegd ) g )ded! @n 't
where p@egt’) = J7pleg; g, @ )dg' is the phase function through a ray scattered from the direction
(#¢,¢0) into the direction (¢, ).

I(rg¢) is the specific intensity of radiation at an optical depth r and in direction ¢ with the outward
drawn normal, s¢ = cos () and 7 is given by

T= f'k'/)dz where p is the density of the meduim and ki the absorption cocfTicient.

7
The phase function is assumed to be represented ina series of Legendre polynomials as
P(u g’y = 2(""1' nre (ll)l’ GQOP ), f =1 22
m -0
‘The intensity of radiation I(z, g¢) can be expanded in a series of Legendre polynomials in the form,
. 2m o+l
(T, ft) = Y ommmmemmmmeeeae P ey (1) 23 2

I the functions i ryare known, the radiation mlcnsnvmnhc determined from(2.3). Therefore
we shall be concerned w |lh the determination of y (1).
Using the expansions of (2.2) and (2.3) in (2.1) and considering orthogonal propertics of Legendre

polynomial as well as the recurrence refations one gets:

Ej[m(({/(ll)'/'m(‘l)P"'I(,II) s Ddddeyy (o Gyt Qme v e -DP ey (1) 7 0 Q‘l




}:l(m | I)((I/(lr)c/:m.l(r)tm(d/dz’)f/'m L) Qo D Dy (0P ey - 0

If the equation (2.5) should l)L valid for alt g, the coefficients of Py, (z0) must vamish identically.

This requirement results in the ordinary ditfecentiad equation for the functiony, (0 o= 0,12

{m+ l\)’/"'m'l-l Ay - Cot Iy - Dym-oom w120 ) LZ.()
s . <o ..

where f, = 1. the prime denotes differentiation wort v

For isotropic scattering all 1y, are equal to zero exeept £, where £, = 1.
Al
Lquations (2.6) are infinite sct of coupled ordinary differential cquations for the function g, (7).
In practice, only a finite number of equations m = N are considered and the term . is neglected.
Nt

Patting successively m = 0,1.2......N-1,N one gets

=0
2!/'2' -+ l/!()' '(-3(“ - l)l/'l =)
Iyt 2 S - Dy = 0

| Nyns + (N - Dy + N - Doy - Dy =0 : (
27

NN+ N+ IIN-Dyn =0
Equations (2.7) provide (N+1) simultancous lincar dllluum.llLqu.llmns for N+ 1 unknown function
P ] tPN and is called the Py approximation.

The desired solution of the system of equation (2.7) can be written as a fincar sum of the
solution.

We seek a solution of the form

YD) = ekt m=0,12,.......N y (2:7

where gy, are arbitrary constants and k is the exponent arc to be determined.

Substituting (2.8) in (2.7) or (2.6) onc gets, '
K{(m+Dgm+ 1 + mggy- 11+ Cm+) (- Dgpy =0 Q 29
for m=0,1.2, N, fy,=1,gN+] =0

For isotrpic scattering iy, = ‘SOm /] for m=0, 0 other wisce

and equation (2.9) becomes

KIm+1D)gm4 1 Fmgm-q 1 CmHDO g - Degm =0 2.10
Naow il'the system of hamogencous algebraic equations (2.12) should have a nontrivial solution

then the determinant of the coelticients must vanish. i case ol isotropic scattering, we have [rom (2.3)

this requirement yields

0 N 0 0 0. ....... 0 0 0 0

k 32k 0 D........ 0 0 0. 0

] 2k -5 3k O........ 0 ] ] 4]

0 0 3k -7 Kool 0 0 0 0
........................................................... -0
0 0 0 0 0...... (N-D)h -20-3)k (N-1)K 0




sk S e oG s e

i oo 0 0 0 0., 0 (N-Dk -(2N-1) Nk
0O 0 0 0 0....... 0 0 Nk aN+D| @

Solving (2.11) one gets adifferent setof values of K, say kji = 0,1.. .. N, then from cach kj a set
of g(kj)s m=0_1.2... Nis determined from (2.9) and a solation is a lincar combination of these, viz,

1)
‘. N
T Pn(t) "':2(:) Agki)eRip . m=00, ... N @2)

The unknown coeflicients Aj associated with (2.12) are determined from the boundary condition

of the problem. Once the function i, (1) is known the distribution of radiation intensity is determined
from (2.10).
3. Works done so far :

The spherical harmonic method was used by for solving problems of radiative transfer and
neutron transport in case of both plane and spherical geometry.and subsequently some other authors
used several modifications of the intensity to solve the radiative transfer problems by double interval

: spherical harmonic method.
: Reference
' L WanE.S,WikonSJSaKK. 1977 LQ.SRTATITI
. 2. Wan I, S...Wilsnn SJ.SenK.K. 1986 : Astrophys Sp. Sc. 121,309
3 Kourganolt, V. 1952 Basic methods in transport problems.
: 4 SenK.K.& Wilson'S.J. TSI Ann. Astrophys. 27,47
5. Sen K. K. & Wilson S.J. 19640 Ann. Astrophys. 27,47
i 0. Sen K. K. & Wilson S, 1edh Ann. Astrophys. 27, 654
:' 7. SenK. K. & Wilson S 1, 19650« Ann. Astrophys. 28, 3-8
;; 8. Sen KK & Wilson 8., 1965b Ann. Astrophys, 28, 855
! 9 Sen K. K. & Wilson S.J. 1965¢ Can.J. Phys. 43, 432
10 " Raychaudhuri A. & Karanjai, S. 196a V.U.J. Phys. Sc. 2,10
1. Raychaudhuri A. & Karanjai, $. 19950 Bull. Guma (Accepted)
- 12. Raychaudhuri A. & Karanjai, S. ®oc Res. Bull. (sc.) Punj. Univ (Submitted)

, 13. Raychaudhuri AL & Karanjai, S. 1996h - INPS. Gurukul Kangra Univ. (submitted)




A new Modification of spherical harmonic method in

solving transport problems
ANJAN RAYCHAUDHURI AND S. KaranuAl

Department of Mathematics, North Bengal University
: W.B. 734 430, India.

Abstract :

A new modification of the form of intensity in the double interval spherical harmonic
method has been introduced. The equation of radiative transfer in isotropically
scattering atmosphere has been solved with this modified spherical harmonic

method.

1. Introduction

Kourganoff (1952) analyzed the method of single interval spherical harmonics for solving the
equation of transfer and suggested a possible modification. Wilson and Sen (1963, 1964, 1964a,
1964b, 1965a, 1965b, 1965¢) solved several radiative transfer problems in plane and spherical
geometry and also a nuetron transport problem using some approximations to the intensity with the

spherical harmonic method.

Bishnu (1968) solved the equation of transfer for plane parallel isotropic scattering using a different
approximate form of the intensity.

Karanjai and Talukdar (1992) solved the equation of transfer with general phase function using the
form of intensity given by Bishnu (1964) and deduced the resuits with phase functions like (i)
Planetary, (ii) Rayleigh, (iii) Henyey Greenstein from the general solution.

Wan et el (1977, 1986) used another form of intensity function to get the solution of the equation
of transfer.

Karanjai and Biswas (1992, 1993) applied the same method with the form of intensity given by Wan
et al (1986) to solve transfer equation with Rayleigh phase function and with

P() =1+ 0P (1) P, (') + 0P, (WP, ().
Here in this paper we like to introduce i* new form of the intensity viz,

|
I*(.1)=1(0,0) [4)(1)*'\1'(“)*‘Z DL P, @u-1)]0<p<1

1=0 1.1
I0
I=(x,n)=1(0,0) [aiy(t)'*\v(u)'fz(ZH1)h(u);»l P, @u+1)]-1<pu<0 (1.2)
=0
where ¢(t) : a function of T only and y(p) is given by,
y=1if0<pu<1 (1.3a)
y()=0if-1<p<0 (1.3a)

2. The Equation of Transfer and boundary conditions
The equation of transfer for plane paraliel isotropically scattering atmosphere is given by

10 VUJPS 1996



+1,

2 Ko = e = ) 1 e,y | @1
Ex =}

Where | (t,p) is the specific intensity of radiation at an optical depth t and in a direction 0 with the
outward drawn normal and p =cos(6). The optical thicness is given by

t =f kpdz . : (2.2)
where k is the ab;orption coefficient. _
The Equation of Trasfer (2.1) is to be solved subject to the boundary conditions,
(a) Absence of incident radiation from outside at the free surfacet=10, i.e.,

l(t, ) =0 for-1<u<0 : (2.3)
(b)The convergence of intensity as t tends to « i.e, '

I(z, p)e— - Oas 1o« (2.4)

We shall seek a solution to equation (2.1) so that I{z,u) can be represented by two different
expressions I*(z,)) and I-(z,p) for pin the intervals (0,1) and (-1,0) respectively in the form given
by equations (1.1) — (1.3).

With these two representations the equation of transfer (2.1) takes the following forms,

’ : +1 0
o @ =t e -+ | ] e Jre, W) (2.5)
& ° -1
+1 o
wat (e = e =4 [ [ reesaans | re, wau] : @8)
ot ° . -
We shall use the recurrance_ formulae,
1
P (2ptl) = ———[(+1) P (2ptl) + Q1P (2utl) + 1P (2utl)] 2.7
1 2(21+1) +1 { i~1

* We shall take advantage of orthogonal properties of P, (2u—1) and P, (2u+1) in (0,1) and (-1,0)
respectively.

Using these we find that

+1
L rawdn=100.0)[6@+1+3017+ 1) (28)
and )
Jﬁr@ Wdp=1(0,0)[6 @) +3(-17,+ 1)) (28)
using (2.8a) and (2.8b) in the equation of transfer (2.5) we find that,

w3 () = I* () ~ 1-4(0,0) [2¢(:) 1+ L@~ +1 + ro)] : (2.9)
ot

11 VUJPS 1996



Similarly using (2.8a) and (2.8b) in the equation of transfer (2.6) we find that

pal (tp) = F (z.0) - 4-10,0) '[24»(:) LRI U i A )] T @210)
at .
Using (1.1) in (2.9) and then multiplying by P (2u~1), we find after integrating over [0,1),
1 1 -1+ + 12P+18P-21-4 -
5 ve, @u- 1o+ [— 1 vau+ L
o ' 42+1)  21-1 -2 1 (21+3) (2 - 1) I
+ R+314+2 +:
vatr1 st ] = wtooe, et —— [0
+1 2143 142 o 221+1) |~
+EH) L @D, - 15, -5, [l’o- P ,] (2.11)

Similarly using (1.2) in (2.10) and then muttiplying (2.10) by P, (2u+1) and integrating over [-1,0]
we find that,

0 1 R=1 = ~ 12P+182-21-4 -

R AR [ | -2l .
A 42H1) -1 K2 1 @R @-1)

= P32 1 -

PTTIRSRaLGa I VGIP, Qe )+ ——— — -
. W1 243 W2 - 201+1) © 1-1

Q)+ ()0, ] 18,—-L13 [l -+ 40 ] (2.12)
where I’ ‘are derivatives of |, with respect to the optical thickness t.

Separating the equations for I=0 and |I=1 from rest of the equations in (2.11) wé have

I=0: )
1, 1 [ A ]
@ |2 A = (F )~ - H ) , (2.13)
I=1: ‘ ' ‘
@, + a1 e L) - 21+ 3+ 27 ) = 26 () | 2.18)
120, 1: - '
1 RP-1 + + 12P+ 1812 -21—-4 +
¢' (1) JuP, 2u—1)dp + [ |+ 211 |
o 4241 2-1 2 1 (2+3) 2 - 1) I
+ P+31+2 1 +
201+ — 1| =J P, @uc s ——
+1 2i+3 1+2 0 2(21+1) 1-1
(21+1) I'1 + (+1) I'M ] (2.15)

12 VUJPS 1996



Similarly separating the equations for 1=0 and I=1 irom rest of the Equations in (2.12) we have,

1=0:
20" (1) + [‘r‘ 2+ ’l"]— e () = o T
A CRE S B UPat IR LY Rttt Gl I Rl Ul IR Y (2.16)
I=1:
(2, + 314, + 2 ) =21 =30+ 27 ) = -2¢() @17
120, 1:
) . 1 P—1 - ~ 1P+ 18R —-21-4 -
¢ (z),[ WP, (2p + 1)dp + I +211 + |
-1 4241)  21-1 12 1 (2#3) @1-1) |
- Re3n2 0 1 -
—20e)1 4 —— 1 ] | WP, @ustdu + —— [ -
S 141 243 B2 - 2241 1-1
@H1) 17+ (1) T, ] (2.18)
Using the condition given ir (1.3} we find that equations (2.15) and 2.18) reduce for 120, 1:
1 | 1 P-1 + + 12P+18R—-21—4 +
¢ (z)I-pP, (2u = 1du + P20 + I
o 421+1)  2-1 1,2 1-1  @+3)@-1) [
+ 432+ 1 1 +
201+ —— 1 ] =L oo, @utyan s —— [
141 243 12 ) 2(21+1) -1
R+ )T, ] (2.19)
and
0 1 r—1 - = 12P+182-21-4 -
¢ (r)j uP, (2 + 1)dp + [ | =20 + I
1. 4@+1)  20-1 1,2 11 @H3)(2-1) ;
= 432 1 - - -
—20+)1 4+ ——— 1 | = —[u —(2+ 1]+ (1)1 ] (2.20)
+1 2143 W2 2@#1) 1 -1 | | .

We take the form of ¢(t) as

" ¢(r) = Ae + Be* where tis small and A and B are constants. Equations (2.13), (2.14), (2.16),
(2.17) are to be solved subject to the boundary conditions (2.3) and (2.4).

It is assumed that when we are working in the I™ approximation,

r,=I., =0 2.21)

1+

13 . ' VUJPS 1996



3. First Approximation
We try a solution of the form -
F@=g,e*+g, e +g e (3.1a)
F@=h _e*+h e +h e (3.1b)
For first approximation solution we have | = 1

Hence (1.1) and (1.2) give us

1" (z,1) = 1(0,0) [$() + w() + I’ (u + 3P (DuP,(2u-1)] 0 < u 2 1 (3.29)
I (r,1) = 1(0,0) [$() + w(pw) + 1 (DI + 31 (IuP,(2u+1)] - 1< 20 (3.2b)
Taking I", = O we get from (2.13)
(1 + 20 )=+ T+ 1", =) =2[1-¢' (V)] | (3.3)

Similarly from (2.16) we get
(L1 =2F )=+ I+ ¥ =) =2[¢ @) -1] . (3.4)
Likewise (2.14) and (2.17) give us
@7+ &1 ) =207 +3°) =~ 2¢' (v (3.5)
(2, + &) =2(,+3r)=-2¢' (1) : (3.6)

Substituting (3.1a) and (3.1b) in (3.3), (3.4), (3.5) and (3.6) and then equating the coefficients
of e on each side we obtain the following equations,

(1 + isL)gO.n + (1 + 2K)g1.n +h0.u - hl,u = o
@+2Kg,, +6(1+%g,, =0
gﬁ,u +g1_u+(1 - 4SL) hu,u - (1 - 2K)h'l_u = 0 - (3'7)

—(2-2Kh, +6(1-%)h =0

The determinant corresponding to (3.7) will be

1+ 142K 1 -1
D, (K) ={ 2+2K 6(1+%) 0 0

1 1 Co1- —1+2K

0 0 2-2K L B(1 %)

where D, (K) = 0 gives us
(16K%/225) (81K2-270) =0
K=0, 0, +1. 8257
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Retaining the positive root we have K=1. 8257.
We have a set of boundary conditions,

P @) =170 =0, Iy (t) £ T, (z) = 1 (3.8)
Using the first equation in (3.7) on ¢(xr) = Ae + Be” we obtain A= 5.5166547, B=4.5166547

Again equating the coefficients of e* and e on each side we obtain,

5005 +30,, *hy, — g i =-2A (3.9a)
59, +39,, *h,, = h,, =-2B ‘ (3.9b)
29,,+ %9,, =-A \ (3.90)
%9, =8 (3.9d)
Gop* 9y~ % ho.p +h, =-2A (3.9¢)
9,,*+9,,+5h, —h =2B (3.9
% h:.p =28 . (3.99)
-2, + Zn, =-8 : (3.9h)
On solving the set of equations in (3.9) we obtain
g,, = 21.1952 h,, = — 46.6974
g,,=-8.8717 h,, = 13.7915
g,, = 18.6307 h,, = 48.0470
g, =~7.5276 h,, =~ 5.6467

Now solving the set of equations in (3.7) and using the values of g, ‘s and h, 's obtained from
(3.9) and using the boundary conditions (3.8) we find that, ' '

g,, = —39.9259 h, =-13.0211

O

g,. = 16.3993 h,.=—7.4875

1.
Finally from (3.1a) and (3.1b) we have
I = 6.508, I, = ~2.6912, I, = 1.94549610 =, I-, = —2.050410-

4.Second Approxiamtion

In this case we will take |, = 2 and as before we will consider (2.11) and (2.12). We shall take
d(r)=—Ae™ + Be,t is small. For | =2, the equations (1.1) and (1.2) respectively become

I* (e) = 1 (0.0) [ $() + v () + 1", (W + 31, @ P, (2n—1)

+ 51, (P, @p—1)] 0<p>1
(4.1a)

F ) =1(0.0) [¢(@) +y () + 1 (Dp + 317, (u P, 2 + 1) »
+ 5, (uP, 2u+1)] 0<pu=0
(4.1b)
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Therefore when i=0 we have from (2.11)
=0 : :
(S0, 420+ 2 =I5 + [+ 1, - T =2-20' ()
and from (2.12)
1=0: )
( ‘;l-‘o - 2'-‘i + %I—.z) + [l.o + l_o + '.1— l-J =-2- 2¢' (T)
For I1=1 Equation (2.11) gives
I=1:
@r,; + ’f I, +417,)=2[1°, + 31", + 2I°,] = - 2¢’ (v)
and from (2.14)
I=1:
(=2r, + 2;‘1", +41-) =21, + 3, + 2I-2] =-2¢' (1)
Finally for 1=2 from (2.11) and (2.12)
1=2: '
(%'..o v+ 201_01;2) —-[2r, + Sl’z] =-5¢' (1
and from (2.12) )
I=2: A
L _» _ _ - g
(3F,=2r+ 21) - [2r, - 5F, == 5¢' (1)
We will take a trial solution of the form
() =g, e*+ g,,e"+g, €

- = —K
(@ =h, e*+h e +h e

4.2)

(4.3)

(4.9)

(4.5)

(4.6)

(4.7)

(4.8a)
(4.8b)

If we insert (4.8a) and (4.8b) in (4.2) to (4.7) and then compare the coefficiens of e*on each side

we get.

59+t @K+ 1)g, +Tg, +h, - h,. =0
@2+2K) g, +6( 1+‘§ )9,,+ 4+4K) g, =0
30, @2K+2)g, +51+'%)g,, =0
gO.u+ go_u+ ( 1 —‘;K )ho,a+ (2K - i) hl,n_? h!,a = 0
(2K-2) h, +6( 1-%‘ ), + (4K—-4)h, =0
fho_u'& (2K-2)h, _+5(1- ‘?5-‘ )g,. =0

16

(4.93)
(4.9b)
(4.9¢)
(4.9d)
(4.9¢)

(4.9

VUJPS 1996



Similarly inserting (4.8a) and (4.8b) in (4.2) to (4.7) and then equating the coefficients of e~< and

e< on each side we get respectively,

2 .
7?go.u + Sgl.u +30,,* ho.u" ht.n =-2A
54
4go.n+ s gi.n+ 892.9 =-2A
5
lggo.u +4g,,+ 1% 9.5 =-5A
Gop* Gup~ %ho.n"' o= %hza | = 2A
) . _
?h,", =2A
3 25
PAUTREEA U =—5A
and
2
1?90.14- gl,y+3_92.1 +h0.7_ h1.7 =-28
6 _
?g,_y =-2B
i 25
;gﬁv— ;gz.v =-58B
go-7+ g‘.7+;_h0.u_3 h’.y+;f—h2.1 =-28B
5‘ —
—4h0"— Py hz,, —8h2_y =-2B
B 185 -
_3-h°~1— 4h'.7+ ; hz, = 5B
The determinant corresponding to (4.9) is
pd 2K + 1 z
3, 3
242K 6(1 +‘;‘) 4+4K
= | X 16k
D2 K) = " 2+ 2K 5(1+ 3)
1 1 0
0 0 0
0 0 : o]

when D2 (K) = 0, we have -

8K’ [.9404K" — 14.1061K’ + 24] = 0 so that

K=0,0 +36116, +1.3988

17

1 -1
0 0
0 0
1-% 2K-1

3 .
2K-2 6(1—‘51)
-* 2K-2

(4.10a)
(4.10b)
(4.10c)
(4.10d)
(4.10e)

(4.10f)

(4.11a)
(4.10b)
@.119)
(4.11d)
(4.11¢)

4.11f)

4K4

5(1-'%)
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Let us take K1= 3.6116, K2 = 1.3988

The boundary conditions hay be restated as

(4.12)

F@©=0 (4.13a)
|.1('[) e*0astoa andl" (e"s0astoa (4.13b)
Using the (4.19a) and (4.19b) we can write (See Wilson and Sen 1963)
n -
Lh +h =0 (for all 1) (4.14)
‘ =1 lLa [

Solving (4.9), (4.10), (4.11), (4.12) and using (4.14) we obtain

g("o'a =-180.8898
g"’m =101.9557
g‘“z‘u =38.5290
g‘z’oﬁ =-11.5438
g‘z’m' =-6.1007
g”, =13.8553

—18.944322

H

g

o.p

g

1

11.727565

g =-7.7392102
2p

g =-36.22498
0y

9 =-7.5277
1y

g =-29.112963
2y
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