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I\101HFIEI> SPIIEHICAL 11:\Hi\IONIC METIIOD AND ITS APPLICATION 

I. lntnulul"lion : 

A. Raydwudllllri uud S./1. araujai, Dt•ptt. t~( Matltt•llwtio·, 
1\'ortll lku~:al l/uisw.\·i~J', IJ'e.\"1 IJL'IIJ:ttl 734 4.W ( ludia) 

The 111at hemal ic.:a I d i nicull ies of" urh ing ''it h the intcgro- di fll.·rcnt ia lcquat ions ha\·c rcsulled .in 
1111111her of approx irnate methods of soh in!! the l"quat i ion of radiatin: trans !Cr. Approximate: sol uti ic111 of 
this equal ion t::lll he ohta ined by me:111s of f\1 i Inc-Eddington /\pproximat ion and Schuster-Sdl\\ arzch i ld 
approximation. The Spherical! larmonic 1\klhod. the Moment 1\kthod and tlie Discrete ordinate Method 
arl' more elaborate schemes that may provide higher order approxinwlion. 

In Eddington Method. the basi" of approach is an approximation to the angular distribution of 
rad i!1tion of intensity such thai the inte!!ro-d i ITerent ial equation of rmliat ive transfer is translimned into an 
onl inary d i fie rent ial equal ion. In case of Schuster-schwarzch i ld Method. the integro-di lferenl ial equal ion 
l\1r an isol ropic.:ally scallering. plane-para llclmed ium can be transf(,rmed into a pair ofonl inary d i l"fi.:rential 
equal inn. 

The Sphericalllannonic.: MctiH1d provides a means to obtain a higher order approximate solution 
to the equation of radial ive transfer at the expense of additional labour and cakulation. The essential idea 
of the method. which is due to Eddington. lies in seeking a solution oft he equation of transfer in the form · 
of an expansion of intensity l(r,u) in a "cries of Legendre polynimoals P,!Jl). These li.mn a complete set 
of orthogonal functions in the interval(- I .I) whid1 is just tlwt through \\hichfl v:1ries. • 

2. Thl· Sphl·rical llarmonic i\ll'thod : 

I.e.! us consider the equal ion of radiative trans!Cr for plane para lie I scattering atmosphere with constnn~ 
net flux. 

(2.1) • 

where p(Jt ,111) -= .. f-'p(fl ,tjJ; fl 1
• rj/)drf/ is the phase function through a ray scattered (i·om the direction 

(p,r/J) into the direction lJL',1i). . 

I( r ,11) is the spcci fie intensity of radial ion at an optical depth rand in direction <P with the out ward 
drawn normal. 11 =cos (r/J) and r is !!in·n by 

T = r kpdz where fl is the density of the meduim and k,. is the absorption coeflicicnl. 
' 

The phase lillie I ion is assunll'd to he rl·prcsl'llled in a series of Legendre polynomials as 

., 
P(u,u') =-= 2)2m+I)I:,P,.(u)P..(u)P,.(p'). f,,= I 

m·U 

The intensity of rmlint ion I (r. fl) can he exp:mdcd in a series of Legendre polynom i:ll.s in the form. 

.• 2111 II 
1 (T fl) = 'i.' --------------- (' (II )I/' ( T) 

t L-J Ill • Ill 

111 u 4 ... "7 

lftlll·li.Jm:lions r;• (r)arc kmmn.tlr~· radiation intensity can be determined from(2.3). Thcreli.lrc 
Ill .. ... 

we shall he concerned with the dctcnn i11at ion of 'I'...(T ). 

{Ising the L'Xjl<llr-;ipns pf(2.2) :11HI (2.3) in (2.1) and considerin!!orthogonal properties ofl.cg.cndre 
polynPrnial as well as the rccurTcnce rchti\1ns nne gels: 

., 

L[lll(d/dc)r/',..{7)1',
1
(11) I (111' l)(d/dr)rf',.,(r)l',,..,('/') I (2111 I 1)(1: .. -IJI'...(plrf'...(r) -o () 

111 II 



... 

! 
.! 

! 
f. 

! 
I 

l 
I 

't 

. ·.-.... 

·-----. ..-.: -

) 

~!.(In I I )I dl d r )•/' •• ., ( r) 1111( didr)•J• •• , I> ) 1 (2m 1 I )I 1: .. - I )'/',..1' )ji'.Ju ) - 0 (2.) 
If the equation (2.5) slwuld be valid for aiiJI, the cm:flicil.'nls ofP111 (11) lllllsl vanish identically. 

This requin.:ment n.:sults in the ordinary d i lkn:nt ia I equal ion It \I" the rune I illl\ 1/' I II ( r) , nl " 0.1.2 ........ . 

(m+ 1)1/'m+l +mrf'm-1 l·(2m+l)(f111 -l}r/'m '-·0. Ill 
\ 

wher~ 1~ 1 ~= 1. the prime denotes dirtl:rentiatinn \\ .r.t. r. l2') !J. 1.2 ..... 

For isotropic scallering all f111 an: equal to ;-em cxcq>t t;, \\here t;," I. 
) 

Equations (2.6) are in lin ire set of coupled ordinary difll:rential equarions for the fi.u11.:tion tj• 111(r). 

In practict:, only a finite number of equations Ill"" Narc cnnsidcred and the termrJ• is.llc!.!lt:cted. 
. N• I ~ 

Pulling successivl.'ly Ill=-: 0.1.2 ...... ,N-I,N one geh 

1/'1'==0 

21/''2' + 1/'o' +3( ~'1 - I )1/'1 = 0 

)1/'J' + 211'1' + 5( 1"1 - I )1/'2 """o 

Nrf'N' + (N- 1)1/'N-2' + (2N- 1)(fN-I- l)if•N == 0 . ( 

Nlf'N. + (2N + I)( fN - I )1/'N == 0 \ 2.7) 

Equations ('2. 7) provide (N+ I.) simultaneous linear di lkrent ial eqr1ations for N 1 i unknown li1m:t1on 
Y'o·V' 1 , ...... ,1/JN and is called the PN approximat inn . 

The desired solution nf the system of equation (2,7) can he written as a linear sum of the 
solution. 

We seck a solution of the form 

!/'111(r) = gmek•, m==O,I,2, ......... N 

where gm are arbitrary constan.ts and k is the exponent arc to be dctermint:d. 

Substituting (2.8) in (2. 7) or (2.6) one gels, 

kj(m+l)gm+l + mgm-1 J +(2m+ I) (fm- l)gm := 0 

f{)r m =0, I ,2, ,N, f~ = I , SN+ 1 == 0 

For isotrpio scattering f111 == oo!n = J I for m=O, 0 other wise 

nnd equation (2. 9) becomes 

kl(m+ I )gm+ 1 + mgm-IJ·t (2m+ I )(c) om- I )gm = 0 ( 2.10) 

Now if the system of homogeneous algebraic equations (2.12) should hav~.: <t nontrivial solution 
lhl.'nlhe (h:terminalfl of the coenieiL·IftS lllUSt vall ish. Incase of isotropic scallering. we have rmrn (2J) 

this requ ircmcnt yields 

() k () () () ........ () () () () 

k -.1 2k () () ..... ... () () () {) 

0 2k -5 Jk 0 ....... .0 () () () 

0 () Jk -7 ·lk ...... .0 () () () 

. . . . . . . . . . . . . . . . . . . . . . . . . . . . ...... . . . . ·- () 

0 () () () 0 ...... (N-2)1-. -12li-J)k (N-I)k () 

(:'i(r 

I 
I 

I , 
! 

( 

( 

/ 



. , . .... . ,, 
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·t ·, . . ,. 
~~ 
'· ._'I; I 

'1! :.j 

;.:,!f. 
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4f 

I ~ -· ... 
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. ·.l' 
• :?i 
.:-~ 
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() 

() 
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() 

() 
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() 

() ........ () 

() ...•..•. (J 

(N-1 )k -(2N-I) Nk 

0 Nk -(2N+ I) (2.11) 

Solving (2.11) one gds a dif'fCrL'llt set of,·alues ofk, say ki.i"" 0, I .... N. then fi·om each ki a sd 
ofg111(ki)s m-=0. I. 2 ... N is determined from (2.9) and a solution is a linear combination of these, viz, 

The unknown coeflicients Ai associated with (2.12) arc determined from the boundary condition 
oft he problem. Once the function l/•111 (r) is known the distribution of mdiation intensity is determined 
fh>ln (2.1 0). 

3. \Vorks done so f:1r : 

The sphcricallwrmonic method was used hy 'lor solving problems of radiative transfer and 
neutron tmnsporr in case of both plane and spherical gcomctry.nnd subsequently some other authors 
used several modifications of the intensity to sol\'e the radiative transfer problems by double interval 
spherica I harmonic method. 
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A new Modification of spherical harmonic method in 
solving transport problems 

ANJAN RAYCHAUDHURI AND S. I<ARANJAJ 

Department of Mathematics, North Bengal University 
WB. 734 430, India. 

Abstract: 

A new modification of the form of intensity in the double interval spherical harmonic 
method has been introduced. The equation of radiative transfer in isotropically 
scattering atmosphere has been solved with this modified spherical harmonic 
method. 

1. Introduction 

Kourganoff (1952) analyzed the method of single interval spherical harmonics for solving the 
equation of transfer and suggested a possible modification. Wilson and Sen (1963, 1964, 1964a, 
1964b, 1965a, 1965b, 1965c) solved several radiative transfer problems in plane and spherical 
geometry and also a nuetron transport problem using some approximations to the intensity with the 
spherical harmonic method. 

Bishnu (1968) solved the equation of transfer for plane parallel isotropic scattering using a different 
approximate form of the intensity. 

Karanjai and Talukdar (1992) solved the equation of transfer with general phase function using the 
form of intensity given by Bishnu (1964) and deduced the results with phase functions like (i) 
Planetary, (ii) Rayleigh, (iii) Henyey Greenstein from the general solution. 

Wan et el (1977, 1986) used another form of intensity function to get the solution of the equation 
of transfer. 

Karanjai and Biswas (1992, 1993) applied the same method with the form of intensity given by Wan 
et al (1986) to solve transfer equation with Rayleigh phase function and with 

P(ll.!l') = 1 + oo,P, (!l) P, (ll') + oo2P2 (ll)P2 (Ill 

Here in this paper we like to introduce •' new form of the intensity viz, 

10 

1•(-r,!l)=I(O,O) [4>(-r}+'l'(ll)+Lr (21+1)1,(1-l)ll P, (21-l-1)] 0 ~ 11 ~ 1 
1=0 

10 

1-(-r,)J.)=I(O,O) [4>(-r)+'l'(ll)+L(21+1)1,(1l)ll P, (2J.l+1)] -1 ::; ll < o 
1=0 -

where 4>(-r) ' a function of -r only and '1'(1-l) is given by, 
'1'(1-l) = 1 if 0 :5 ll :5 1 
'1'(1-l) = 0 if -1 :5 ll < 0 

2. The Equation of Transfer and boundary conditions 

(1.1) 

(1.2) 

(1.3a) 
(1.3a) 

The equation of transfer for plane parallel isotropically scattering atmosphere is given by 

10 VUJPS 1996 



+t 
.2_1(T,J!) = I(T,J!)- t-f I (T, J!' )dJ!' (2.1) 
iJT -1· 

Where I (T,J!) is the specific intensity of radiation at an optical depth T and in a direction e with the 
outward drawn normal and 1.1 =cos(e). The optical thicness is given by 

"t =f kpdz {2.2) 
z 

where k is the absorption coefficient. 

The Equation of Trasfer {2.1) is to be solved subject to the boundary conditions, 

(a) Absence of incident radiation from outside at the free surface -r = 0 , i.e., 

1(-r, 1.1) = o for -1~ w~ o 
(b)The convergence of intensity as -r tends to a i.e, 

1(-r, J!)e .... -+ 0 as T ~a 

(2.3) 

(2.4) 

We shall seek a solution to equation (2.1) so that 1(-r,J!) can be represented by two different 
expressions 1•(-r,J.l) and 1-("t,J.l) for J.1 in the intervals (0,1) and (-1 ,0) respectively in the form given 
by equations {1.1)- (1.3). 

With these two representations the equation of transfer (2.1) takes the following forms, 

. +1 0 

j.lOI+ (-c,J.l) = 1• (-c,J.l)- T [ f I+(T,J.1)dJ.1 + f 1-(T, J.1)dJ.1] 
(it 0 -1 

(2.5) 

+1 Jo 
1.1a1- <•.1.1> = 1- ("t,J.1)- + [ f J•<•.l.l)dJ.L + 1-('r, J!)dl.l] (2.6) 
a. . 0 -1 

We shall use the recurrance formulae, 

1 
1.1P (2jrl1) = --- [ (1+1) P (2Jrll) + (21+1)P (2Jrll)-+ IP (2Jrll)) (2.7) 

1 2(21+1) 1+1 I 1-1 

We shall take advantage of orthogonal properties of P
1 

(21.1-1) and P1(2J.L+1) in (0,1) and (-1,0) 
respectively. 

Using these we find that 

:t-1 t ;• (-c, J!)dJ! =I ( 0, 0) [ cp (-c)+ 1 + t( 1•0 + I~)] 
and 

{, r (-r, J.L)dJ.L = 1 < o. o > [ ~ <•> + ~H-o + 11->] 

using (2.8a) and (2.8b) in the equation of transfer (2.5) we find that, 

_@I• (T,J!) = 1• (-c,J.1)- +!(0,0) [ 2$(-:) + 1 + ~(J+o- ro + J•o + r0 )] 

a. 
11 

(2.8a) 

(2 8b) 

.(2.9) 
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Similarly using (2.8a) and (2.8b) in the equation of transfer (2.6) we find that 

J.lOI- ("r,J.l} = J- (-r,J.l} - +1(0,0} -r 2~-r) + 1 + tWo- ro + J•
1 

+ r,)] , (2.10) 
Or 

Using (1.1) in (2.9) and then muHiplying by P
1
(2J.L-1), we find after integrating over [0,1], 

J1 1 F-1 +' +' 12P+ 18P-21-4 -' 
~· (-r) ~~ (2J.l-1}dJ.l + [ -- I + 211 + . I 

o 4(21+1) 21 -1 1-2 1-1 (21+3) (21- 1) I 

+' J2+31+2 +' J 1 1 + 
+ 2(1+1) I + I ] = 'V(J.l)P, (21:1- 1)dJ.l + [II 

1+1 21+3 1+2 o 2(21+1) I - 1 

+ (21+1) r +.(1+1) ,. - J.~ -l.~ [1· -.- + 1· + .-] 
I 1+1 2 01 4 .,. 0 0 1 1 (2.11) 

Similarly using (1.2) in (2.1 0) and then muHiplying (2.1 0) by P, (2J.l+1) and integrating over [-1,0] 
we find that, 

Jo 1 F -' 1 -' -' 1211 -r 18!2 - 21 - 4 -' 
~· (-r) _J,lP, (2J.l+ 1)dJ.l+---[-- I -211 I 

-1 4(21+1) 21-1 1-2 1-1 (21+3)(21-1) I 

-· J2+31+2 • I o 1 
- 2(1+1) I + I l = 'V(J.l)P, (2J.L+ 1)dJ.l +---]II 

1+1 21+3 1+2 -1 2(21+1) 1-1 

(21+1) r + (1+1) 1- ]- J.~ -l.~ [1· -.- + ( + .-] 
I 1+1 2 01 4 0< 0 0 1 1 (2.12) 

where 1'
1 
·are derivatives of 1

1 
with respect to the optical thickness -r. 

Separating the equations for 1=0 and 1=1 from rest of the equations in (2.11) we have 

1=0: 

, , [ " •• 

0 

' 2 •• ] 1 1 + + 1 • - + -
-"'' ("t) + - -1 + 21 + -1 =- +- (I +I ) - -(1 -I +I +I ) 2'1' 4 3 0 , 3 2 2 2 0 1 4 0 0 0 , (2.13) 

1=1: 
•. 24 •. •. 6 •• + + •• 

(21 + -1 + 41 + -1 ' - 2[ I + 31 + 21 J = -2"''(-r) 0 5 f 2 5 Jl 0 1 2 'I' (2.14) 

l:;~tO, 1: 

~· (-r) rJLP, (2J.L- 1)dJ.L. 
1 [ F-1 +' +' 12Jl + 18!2 - 21 - 4 +' 

--I + 211 I 
0 4(21+1) 21,-1 1-2 1-1 (21+3) (21- 1) I 

+' J2+31+2 •. I 1 1 
]11 

+ 
+ 2(1+1) I + I ] ~ 'V(J.L)P, (2J.L-1)dJ.L + 

1+1 21+3 1+2 0 2(21+1) 1-1 

(21+1) ,., + (1+1) ,.1+1 ] (2.15) 
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Similarly separating the equations for 1=0 and 1=1 from rest of the Equations in (2.12) we have, 

1=0: 

- ~.!.' (~) + ~ [ :(- 2( + ~(] =- ~ -~ (- f +f)-~(( -I-+( +f) 
2'1' 4 3 0 I 3 2 2 2 0 1 4 0 0 1 I 

1=1: 

-· 24-" _. 6-" - - -· 
(-21 + -1 - 41 . + -1 \ - 2[ I - 31 + 21 ] = -2.!.'(t) 

0 5 1 ·2 .5 y 0 1 2 'I' 

l:;eO, 1: 

J
o 1 J2 - 1 -' -' 12P + 18F - 21 - 4 

q,• (t) llP, (2).1 + 1)d)l + --- [ -- I + 211 + 
-1 4(21+1) 21 - 1 1-2 1-1 (21+3) (21- 1) 

-' F+31+2 ' J o 1 
- 2(1+1) I . + --- 1-] = 'V()l)P, (2).1+1)d)l + --- [11 = 

1+1 21+3 1+2 -1 2(21+1) 1-1 

(21+1) ,-, + (1+1) 1-1+1] 

-· 
I 
I 

(2.16) 

(2.17) 

(2.18) 

Using the condition given ir. (1.3} we find that equations (2.15) and 2.18) reduce for 1 :;eO, 1: 

J
1 1 [ J2 -1 +' +' 12P + 18F- 21-4 

q,• (t) ).1P
1 

(2).1 ~ 1 )d)l + -- I + 211 + 
0 . 4{21+1) 21- 1 1-2 1-1 (21+3) (21- 1) 

+' J2+31+2 +' J 1 1 + 
+ 2(1+1) I + --- I ] = 'V(Il)P1 (2).1-1)dll + --- [II 

1+1 . 21+3 1+2 0 2(21+1) 1-1 

+ (21+1) 1·, + (1+1) 1·,.
1

] 

and 

+' 
I 
I 

1 J2 - 1 -' -' 12P + 18J2 - 21 - 4 -' 
lj>' (t) t llP, (2).1 + 1)d)l + --· -- [ -- I - 211 + I 

-1. 4(21+1) 21-1 1-2 1-1 (21+3) (21-1) I 

F+31+2 ' 1 
-2(1+1) I + ------ 1l = --- [II -(21+1)1- +(1+1)1-] 

1+1 21+3 1+2 2(21+1) I- 1 I I 

We take the form of lj>(t) as 

(2.19) 

(2.20) 

lj>(t) = Ae~· + Be' where tis small and A and 8 are constants. Equations (2.13), (2.14), (2.16), 
(2.17) are to be solved subject to the boundary conditions (2.3) and (2.4). 

It is assumed that when we are working in the 1m approximation, 

(2.21) 

13 VUJPS 1996 



3. First Approximation 

We try a solution of the f~nrn 

r (<) = g e -l<t + g e-" +g e' 
I I.a. . 1,(\ l.r 

For first approximation solution we have 1
0 
= 1 

Hence (1.1) and (1.2) give us 

(3.1 a) 

(3.1 b) 

1• (q1) =I (0,0) [~(<) + 'V(J..L) + r0(<)J..L + 31.1(<)J.1P 1(2J..L-1)] 0 s J..L ~ 1 (3.2a) 

r (<,J..L) =I (0,0) [~(<) + 'V(J..L) + r0(<)J..L + 3r,(r)J..LP,(2J..L+1)]- 1 s J..L ~ 0 (3.2b) 

Taking 1··
2 
= 0 we get from (2.13) 

< 3- (o + 2r·,>- (r0+ 1-0 + r1 - r,) = 2 [ 1 - .p· <•>I 
Similarly from (2.16) we get 

r ~ r" - 2r" > - cr + r + ,. - r > = 2 ["'' <•> -11 • 3 0 1 0 0 t 1 'I' 

Likewise (2.14) and (2.17) give us 

(2(0 + z;-r"1)- 2 (1.0 + 31.1) =- 2~' (<) 

(-2r"
0 

+ z;-r",)- 2 (r0 + 3r,) =- 2$' (<) 

(3.3) 

(3.4) 

(3.5) 

(3.6) 

Substituting (3.1 a) and (3.1 b) in (3.3), (3.4), (3.5) and (3.6) and then equating the coefficients 
of e-~<• on each side we obtain the following equations, 

(1 + ilL )g + (1 + 2K)g +h - h = 0 3 O.o. 1.a O,a · 1,a. 

(2 + 2K)g + 6(1 + ilL)g = 0 
O,a. 5 1.u 

g +g +(1 - 4lL) h - (1 - 2K)h = 0 
O,a 1,o 3 O,a 1,a 

-(2- 2K)h0_,. + 6(1- ~)h 1_a = 0 

The determinant corresponding to (3. 7) will be 

1 +ilL 
3 

1+2K 1 

01 (K) = 2+2K 6(1 + ~) 0 

1 1 1- ilL 
3 

0 0 2-2K 

where 0 1 (K) = 0 gives us 
(16K2/225) (81 K2 - 270) = 0 

.. K=O •. 0, ±1. 8257 

14 

(3.7) 

-1 

0 

-1+2K 

6(1-~) 
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Retaining the positive root we have K=1. 8257. 
We have a set of boundary conditions, 

1•
0 

(0) =I·~ (0) =.OJ r0 (rJ::: r, ('rc) = 1 (3.8) 

Using the first equation in (3.7) on ~('r) = Ae""' +Bet' we obtain A= 5.5166547, 8=4.5166547 

Again equating the coefficients of e• and e""" on each side we obtain, 

-i go.p +3g,_p +ho,p - h,,p 

.z.g +3g +h - h 
3 O,y f,y O,y · f,y 

2go.p + ~ g,_p 

i-9,,, 
9o,p + 91•11 - -! h0_11 + h,_11 

=-2A 

=-28 

=-A 

=B 

=-2A 

g + g + L h - h = 28 O,y 1,y 3 O,J 1,y 

~hl,jl =28 

- 2h0 + ~ h1 = -B ,y ,y 

On solving the set of equations in (3.9) we obtain 

g
0 

= 21.1952 
.P 

9, = -8.8717 .P 

9
0

_
7 

= 18.6307 

g,_y = -7.5276 

ho_p =- 46.6974 

h,_j! = 13.7915 

h
0

_
7 

= 48.0470 

h =- 5.6467 1,y 

(3.9a) 

(3.9b) 

(3.9c) 

(3.9d) 

(3.9e) 

(3.9f) 

(3.9g) 

(3.9h) 

Now solving the set of equations in (3.7) and using the values of g'·"' 'sand h'·"' 's obtained from 
(3.9) and using the boundary conditions (3.8) we find that, 

9o.a. =- 39.9259 ho.a. = -13.0211 
9,,a. = 16.3993 h,_a. =- 7.4875 

Finally from (3.1 a) and (3.1 b) we have 

,.0 = 6.508, J•, = -2.6912, ,_0 = 1.94549610-3, J-, = -2.05041()-5 

4.Second Approxiamtion 

In this case we will take 1
0 

= 2 and as before we will consider (2.11) and (2.12). We shall take 
cj>('r)=-Ae-t + Bet;r is small. For 1

0
=2, the equations (1.1) and (1.2) respectively become 

1• (r,J.L) = I (0,0) ( cj>('r) + 'V (J.L) + (
0 

('r)IJ. + 31'1 (r)J.L P, (2J.L- 1) 

+ 51•2 ('r)j.lP2 
(2J.L-1)] 0 ~ ll~ 1 

(4.1a) 

1- ('r,J.L) = I (0,0) [ cj>(<) + 'V (J.L) + 1-0 (<)J.L + 31-, (<)J.L P, (21-l + 1) 

+ 51-2 (<)1J.P
2 

(2J.L+1)] -0 ~ ll ~ 0 

(4.1b) 
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Therefore when 1=0 we have from (2.11) 

1=0: 

( !.r·· + 2r + !..r·· > - [r• + r + r - r 1 = 2 - 2~· (J.L) 30 132 0 011 

and from (2.12) 

1=0: 

( !.. ,_. - 21-· + !.. r-·' + [t• + 1- + ,. - r- 1 :=- 2 - 2~· ('r) 3 0 1 3 2' 0 0 1 1 
For 1=1 Equation (2.11) gives 

1=1: 

(21•'0· + ; 1"1 + 41 •. 2) -2[!+
0 

+ 31·, + 21·2] =- 2~· (t) 

and from (2.14) 

1=1: 

(-21-'0 + ; ,_.1 + 41-·2) -2[1-0 + 31-1 + 21-2) =- 2~' (t) 

Finally for 1 =2 from (2.11) and (2.12) 

I =2: 

( .!...1·· + 2r + ~I""' ' - [21·· + sr 1 =- ~· ('r) 3 0 1 21 2' 1 2 

and from (2.12) 

1=2: 

( .!...r-· - 21-· + ~~-· ' - [21-· - sr- = - ~· ('r) 30 1212' 1 2 

We will take a trial solution of the form 

t• (•) = g e-~« + g e-<+ g e' 
1 t,a 1.P 1y 

1- (-r) = h e-«'+ h e .... + h e' 
1 1,a 1.p 1y 

(4.2) 

(4.3) 

(4.4) 

(4.5) 

(4.6) 

(4.7) 

(4.8a) 

(4.8b) 

If we insert (4.8a) and (4.8b) in (4.2) to (4.7) and then compare the coefficiens of e-~«on each side 
we get. 

~9 + (2K + 1) 9 +~g + h - h . 
3 O,a 1.a. 3 2,a. O..a. 1,CJ 

=0 (4.9a) 

(2 + 21<) 9 + 6 ( 1+~ )9 + (4 + 4K) 9 
O,a 5· 1,a 2,a. 

=0 (4.9b) 

~ g + (2K + 2) g + sd + 1~ > g 3 O,a 1,a 21 2.a 
=0 (4.9c) 

g + g + ( 1 - ~ )h + (2K - 1,) h - ~ h 
O,a O,a 3 O,a 1,a 3 2,a 

=0 (4.9d) 

(2K-2)h +6(1-~)h +(4K-4)h 
O,a 5 1.a 2,a 

=0 (4.9e) 

~ h + (2K - 2) h + 5(1 - 1~ ) g 
3 O,a. 1,a. 5 2.a =0 (4.9f) 
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Similarly inserting (4.8a) and (4.8b) in (4.2) to (4.7) and then equating the coefficients of e-~ and 
e" on each side we get respectively, 

~ gO.P + 3g 1.p + ~ 92.P + hO.P _: h,.P 

49o.p + ; 91.P + Sg2.P 

+g _!_h +h -~h 9o.p 1.p 3 0.11 1.P · 3 2.11 

!..h 
5 1.P 

!...h + ~ h 
3 0.11 21 2.P 

and 

!....g + g +~9 +h - h 
3 O.y 1,y 3 2.y O.y 1.y 

g +g +:..h -3h +~h 
O.y 1.y 3 O.u 1.J 3 2.y 

-4h - ~- h -Bh 
O.y 45 2.y 2.y 

!...h -4h + ~~ h 
3 O.y 1.y 21 2y 

The determinant corresponding to (4.9) is 

•• 
3 

2+2K 

D (K) = • -
2 

1 

0 

0 

when D (K) = 0, we have · 
2 

2K + 1 2k 

3 

6(1 +~) 4+4K 
5 

2+ 2K 5(1+ 1~) 
3 

1 0 

0 0 

0 0 

=-2A 

=-2A 

=-SA 

=2A 

=2A 

=-SA 

=-28 

=-28 

=-58 

=-28 

=-28 

=58 

8K2 [.9404K4
- 14.1061 K2 + 24] = 0 so that 

K = 0, 0, ± 3.6116, ± 1.3988 

(4.10a) 

(4.10b) 

(4.10c) 

(4.10d) 

(4.10e) 

(4.10f) 

(4.11a) 

(4.10b) 

(4.11c) 

(4.11d) 

(4.11e) 

(4.11 f) 

1 -1 0 

0 0 0 

0 0 0 

1-~ 2K-1 2k 

J 3 

2K-2 6(1-~) 4K-4 
5 

• 2K-2 5(1-1~) 
3 5 
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Let us take K = 3.6116, K = 1.3988 
1 2 

The boundary conditions may be restated as 

r (r) ""o 
1 

Using the (4.19a) and (4.19b) we can write (See Wilson and Sen 1963) 

n 

L h1'1 + h = 0 (for all I) 
I =1 '·" 'P 

Solving (4.9), (4.10), (4.11), (4.12) and using (4.14) we obtain 

g111 = -180.8898 h''' = -9.3888 
O.a. o ... 

g111 = 101.9557 h(l) = -12.2123 1.a I.a. 

g111 = 38.5290 h''' = 13.6550 2.a. 2.a 

g121 = -11.5438· h(2) = -2.9256 
O.a O.a 

g121 . =- 6.1007 h(2) = 3.0180 1,a 1,a 

g121 = 13.8553 h(2) = 6.0737 2,a · 2.a 

go,p = -18.944322 h = -12.2901 09 1.p 

9,_p = 11.727565 h = 9.1943 
1,p 

92.P =- 7.7392102 h = -19.728719 
2.P 

g = -36.22498 h = -155.71057 O,y O,y 

g = -7.5277 h = -8.869875 1,y l,y 

g = -29.112963 h =- 33.825808 2,y 2,y 
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