CHAPTER «I3T

LARGE DEFLEGPION OF A CIRCURAR PLATE ON BLASTIC FOUNDATION
AND SUPPORTED AT SEVERAL POINTS ALONG ©HE ROUNDARY ©

PAPER =1

Introduction :

smell deflections of thin plates plaeed on glastie foundations
have beon examingd by S T@@eshenko,enﬁ Ss wcihowsky-a Krieger (1952)
and several other authors on the assumption that strain due o
gstretehing of the miéﬁle surface of the plate is n@gligibleslwh@n the
déﬂleetianS'are moderately lavrge, that is, on the order of the
thickness of the plate, then the fovees in'the middle surface of the
,iplat@.must bo taken inito account. In the case of such large deflections
of plates, three aifferential oquations for displacements and
defiéetiéns‘may be‘writteng bub it is asuallyﬂéifficult to ebtain the
solutions of these eguations because of their nonlinear charaétara

Cn the othef-hanﬂ, various problems of iarge aeflectionslaf
plates not resting on ¢lastie fcﬁnda%i@ns have been examined by 8. Way
(1934), 8. Levy (1942) ang many other authors. But the methods used
by them réqmire considerable computation. A simple and spproximate,
}eﬁ fairly accurabe, method ol analysing large'defiactioné of plates

was suggested by H. M. Berger (1985)e. The method uses the bSechnique
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ai‘ueﬁlaeting the second straih iﬁvarian% of the middle suriface
strains in the expr@ssimn emrregpon&wng to the ﬁatal potential energy
of the s;steme Borgerts method re&&ces computation and.alﬁh@ugh no
complete explmnataan @f this method is @?fare& in. %the stresses and
ﬁ@fleéti@ﬂs‘@bﬁaineﬁ.fér both reetangular and eireular glateé are in
gaﬁé agreoment with ﬁhase-faun& in practieal analysiss This approximate
sethod hag been applied smc@essfully*by~ﬂbwinski (IQ%@) to his plate
problems. Nash and Modeer (1989) investigated the problens ha?ing ne
anial symuetey fbilswingtﬁis nethod,
The technique of neglecting the seeond strain invariant has

- bean suecessfully applied by Sinha (1963) ﬁg.déﬁermiﬁe large deflection
cfyei&cular and r@etangular,plates:ylaced on alaseic fomdations and
under uniform lateral loads. | |

| In this paper large ﬁeflécﬁi@n of'a‘eircalar plate placed on
alastie W@unﬂaﬁieﬁ'aﬂd suﬁm@rteﬁ at several paints along the boundary
has been solved. The lead is assumed to be unifarmly dis t?ib&tea_and
%ﬂa fowmdation is @f the Winkier typse A eemwlate analysis of a

partieular case, where the nuuber of aunparts iﬂ twn, is given’

‘Formulation of pr@blem 3

For maderately large aeflecti@ms, the strain digplacement.
‘relatiansh;ps and- the strain enecwgy of the middle plana of the plate

are’
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in which. ej and ep are the first and second midﬂl@ surfage strain -

invar lants, respeetivelyu Negleeting eg and by adding the potential
energy of the transverse lead and of the fvundation reaction, K the

modified energy equation basomes 4?&‘;3.:11’1& (1963) 7.
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Applying Buler’s variational method o Eqe(3.5) the following -

differential equations in polar co-ordinates are obtained
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‘Solution of problem 3

Let the cireular plate (Fige S.1) be of radius &, shiported ab
several gmm'i;c—z aliong the bmmﬂary aml ,place@ on the clas tie faund&tion.'
I.@‘i; the em’é.ra of the plate be the origin a,na a dﬁ.&mmer &as t’ie
inldial 1line, O = O o ,Iaei;.the gmeral solution eﬁ:‘ Ecic(&@) be in ﬁh@

form

& -

W = Wo "\‘W| . v.c.-(aog)

in whi eh Wo is the large defleetien of a plate placed on elastic
.f@ﬁndatien and smpl}r auppm'ted alcmg the eatire boundary anﬁ W,
satis £ies the equation -
v 2 K : . .
V W\—wil—\-_iw\-:o YL (309)

Eqe (3.@) can be written in the form

(Vl—' P\1> (v?:_ E:-) W\ = 0 . - (3.1(3)
where \ ' .
P;L—\" ?:j = O<L . ) ’ ' oo e (3611)
L 9_' . j_(_ '
?\ e)— B :D CE N €39 12)

‘Cansidaring‘ the number of points of support Is 1, and denoting the
congentrated reaetions at these points Ny, Na,-.... i, the expresé;ion

for caeh reacticn Ni is

. OC . . "
ERERS
: — + ) CoawmB
Ao L2 Zv,—:‘ * aes (3.13)
" whers & = § —‘P,L s Y;  4s the angle defining the pasiﬁi@a of lﬁhe

support i.



The intensily of the reactivc. i‘orees at any point of the boundary is

then given by the exares@ian
NL Y < . o (3.13a)
zﬁ 2+ZCO’SW\9,(]‘ A h
- m=\ . .

in vhich the summabtion is extended over all the concentrated reactionss
Assuming that the z:sla%:e is solld and ceonsidering that def ?eetmns and
mopents at the centye must be finite, the sppropriate sclution of

Eq:(3.9) can be btaken in the form
W, = Aélo (P\T\) + Bolo CP:.TL)"-

Al Z{_. [_Am-[m U)ln) + Bmim ((’,_'ﬂ)] CosWd +
m=1

£ [T (R7) + Bnln(B)] stams
m=\ . ' eew (3,14)

in which I, 1s the modified Bessel function of the first kind and
zero order, and I, 48 of the first kind and wih exders

For determining the eonstanis we have the following conditions at

the /baunéar\'y' '

. eF & (3»15)

(W>T\:0\ = 0
&6=0,n
Pw . D ow, D dW, _ |
’6—7{2"‘ T an‘ -+ Tl?_'ae?.] — oL _ O _ roe (3.16)

ess (3:17)
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where
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conslder a particular case when the plate is supported a%

&

vos (3'17&-)

. L (3517b)

o points

whieh are the two end points of the ﬁi&nete‘?r%&km as the initial line

fron whieh Q is measurad. Then

\ﬂ’: 0o, %Qi; K‘

. Considering the above boundary conditions and remembering that

defleetion is zero at these two poinks of support one gets afber

solving for the cm‘astanté

Ao = 7\D0< P%@)
Bo= 1“ ;ﬁ)‘a P ('Po(a
- P S
A Ty ROy AT OIS
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B
AR @k, (@@,
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where

P=Ao’q =  total load on the plate

[Am(® I (BN — A @ L, (B

[/3 m‘(a)/“h,« (@)~ A (@) @)_] X [Io EDE,@ —Iol(Pl "9%(“)] |

o = R0 + 2 8LE%

P, = ?I (Pa)+ PI.(Pa)

Hnl®)= BT (6 + 21, 60) - 2T (6

/3,“(0\)_ i PI,,,(PQ) (1- v){.._ Ih(ﬂq)_ I /(P )}

7\m(°\)— R T (B0) ——PI (P,a>_

'\‘\q (0\) = P|1 Pz Il',n (Pz“) - O'v){%: Ih, (PLOQ— %LI,; (P,_a)}

eea {3.23)

cos (3e22)

see (3.25)

ese {3.28)

e {3.97)

oo (3.28)

®as (31@)



Thus the complete solutlon of Iq«(3.6) is obtained in Ghe following

form
W = W, + AT (M) + Byl (A1) +
ot Z EA'“I (P\’L)-r Bm-[m(PzTL);l Cos mB oes (3.30)
= 2 4)‘ e * ‘
where
Wh = ﬂfk_ + AL (Pn) + BoT, (B Ceer (3.31)
9T (RN +R2T(RY) o
AO - _.._K-[ o ] . eoo {3+31a)

(7o)

- ] PiIL'(ﬁa)+f’|3()zI.(ﬁ“)]
K .

P 0

eos (3.310)

P(P2) = {18 BT (B9 ~ T, (BN R 1o (R} +

+ %{P;I.LP&)IO(&&)-ﬂx,(aa)lo(aa)} ev (3.316)



Substituting the valmes sf the constants A@ g '@ > B39 By s 4y 0 and

By into Eq.(3.30) one gets teking Kp = LDa_

)[ " [ﬁ'LIé'(P‘Q*ﬂ%I-(ﬂ“)] (R
“F{ P (P

W
e

wx”@ @)+han (R Io(Ph)}
DD

o 5] T - R -

/M W1,..(R7Y —7\m(q_)1,,, R
B Z [ /6 m (@) Mm(2) =AM (@) ]C°Sme]
m=12,4,6 ,
e (8.32)

s P>0 and PL—0 5 Eqe(3.32) veduces to

W= W+ 27r:D (;_,,w){ztegz )+ ‘fg (‘zb}z )

S 1. 2.(1+v)
—_ Z EM("'\"') + ml(m-p@—v) (yn-f)]ko‘) CUSW\G}

m=2,4,¢,-. -
s 4K (3933)

as obtained by Timoshenko (1959) in the corrvesponding small defleetion
problen for a plate withoutcfoundation and supported at two points on
the bomdarye



The normalised constant o can be determined from Hgze(3.7) aad (3.3
Since we are interested only in the lateral ﬁisplaeemént v, the radia
and crose radial ﬁiuplaeem@nts ® and v have baen eliminated by choogia
'sm“{;ablca erpressions for u &nﬂ ¥, ﬁﬁmﬁaﬁﬁﬁlé with thely boundary

ecm_imons and integrating over the zmele area of the plate. The radla

and eross radial displacenents have been assumed in the foms

= z'.u(n)cmw\e | cos (3434)

V= z \/@1) QB
. L. (3035)

subject to the boundary conditicns U(Q) = V(&) =

Mult:iplying bctn sides of the EG&(GQ? )} by )'\.O\)xcle and mtegmtmg
between the limits O %o & and O @ 2K, one gets.

a 2R | A of
| ! dnde = n)e o\chL
SO gonu(n)mme o + HU() 3w é
-+ ﬁia\ \/@@me doncls +-'ij:[ n ($%) otno\e
e R I

0



© a8

After evaluating the integmls the fol 19wing eauamm leading to X is
th}&iﬁeﬂa '

'—*EA’Oz ot {4 [Io(ﬁa)ﬂz(ﬂ“)]?-— [+ ﬂl&] IT(P@} -

B:)zlo'z_ ?-{_L [I (Ra) + I,_(PL

] Ilz (Pza)} +
+2 A/O Bé Pl R 'F-%'PT:. ["‘ ’IZ'_' R‘I|(P:.0‘) {Io(ﬁa) + 1\1@\ C\)} +
+ -‘2~ RL (8 0«)(10 (Ba)+ 110’1“)}] +

5 LA ATt

m=2,4,6,.
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where

Im 42N+ 2Lt 2
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Thug the deflection, w iz completely deterained. ‘i?he oxpressions fop

the bending and twisbting moments are
| i
Mn = —DLR*(As+A0)T) (AN) + B (Bot BT, (B
.°<,’ " 9 " p
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Mo = -DlHAcAIL ) + & (Bl+ oy (Rn)

+ Z LRARL.(B1) + BB I,,,(Pn)] Cos mg
m=2,4,¢ | ,

= 55 AL B+ Bl )] cosmo

m=2,4,¢

+ V{RAHAY (R + B (Bur B L (A
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+ Z[PI"'AMIM(PR)-V-F Bm h(P'ﬂ)]Cc—;me}]
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: sae (338}

, Mm=2,9¢

Mne = (1- V)DL m[RaT (ﬁn)-\.\’B (BT Gams.

o<
T 55 ) M[AnIn (87) + By L (B3] S
M=214)G
. |-~ ] (3'% )
The stresses due t© My ,Mg amd Mpg can be ealculated frvom the

expressions

kG' ) —~ §_M__fl (69)— %;\P,l = Q:;ne , .QM (?,4@)



. RESULTS

UIERIRLORE AIT, -

To ehﬁém deflecction for a given valne ef piaw’rédiusa Ly and

foundation moduwlus ‘Kp' ons has to i‘:ari; from the quca.:aa) with an
. agsumed value of 7 o ¢ :1n m'der to obtain vm emxvmspending value of
~the load i‘meﬁcﬁ w%-%:-_ « Once this x-glawansmp is obtained the |
c@w’espmﬁing defleetion .._%@ can be csleulated £rom Eaa(aasz); For
a =8 mm = 0,76mm, V & 53.3, and I{F 80 deficetions have been
presented in Flge .2 L

- n exemination of the Eq.:msz will mveal t&:at the 6eflezctian :
w%m depends on Kp 9 the plate ma;us Ya', and gn the value of the
angle, © . For a given value of the load function Eqe(3.32) can be
writien as ‘ | o o |

(g = 505), (s -«fﬁ“")

 whera K and K’g arse two numerical awnstants, Ko being greater then Kl.

Il “

Eeemxse of the reaative forees at the two paint’s cf vuaport, aeflecman
on the dianeter a% Q@ = 0 will bae less than tho@e on the diamster

at . 9=7kh . Maximim deflection will ocour at the boundary

at 0=1w, » Deflections according to the liangar ﬁh@ﬁry ﬁm‘rev also
bea;a zalatt'eé in FAg.3.2 and ii: is clear that the error; of the linear
theory inereases as the load increases. In order to study the
variation of moments; Egw.( 3;3’7 )5(3e38) anad (3.39) are p:}‘oﬁ%:e& in
mgaaq.a f@% various valdes of (r,/a) and ‘i’ér the angles at_ which vthey
beeome maximum. It is observed that the maximm befndingf moments,

o/
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the:&r magnimd@s being uneqmg are ﬁwelspeﬁ at M= 30L/4 e * 7‘/9_
and the twisting moment s zxmzimum at ¢ = a, O=tny,t 3n/4

As the plm‘za mest be in eqtzilibr:’e’.m :m the suppcwt Sy 'i‘.he
faregaing analysis for o simple snppar*ss z'epresents the worst
eondition when. the ﬁefleeti@ns azw s%msms are maximm far a ‘given
‘ load fmmtmm W:u;h %‘ne inerease in the nuher ai’ suppartsg vy in
Eqe 3.8 ﬁéer@ases» mr an mfiniteiy large numsr crt suapar"a 5 w in
Bjes3:8 win appmaeh o wa in the 1:¥.mit- and tha peiﬂt ot‘ maximm ,
‘banﬁing m@mants wﬁ.l s.ahiﬁ: m i'.he cam:re of me plamg (Hr)mam being
equal o (Mg ) ‘;m 'thaﬁ ea -

The presani: study ean be extamieﬁ to axw mmzber of supports,
pmvi@eﬁ the :aupports are so chosen as m'& to ﬂis%u;'b the equiubmum
" of the plato. Ebr emmple, if three squiéis uant. suppwﬁ;s are |
:.cchmseza Y = 20, Y =120", ¥ =240, the aiffercutial equations
together with the boundary ean&itiws remaining mzeﬂangad. Ir ‘ﬁ:he
plate 1s clamped on the supports, the boundary eonditions and the
_concentrated reactions at the sipporte will change totally demanding

& separate investigation, -



~ FIG.31 CIRCULAR PLATE ON
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DEFLECTION ALONG
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LARGE DEFLECTION OF 4 CIRCULAR PLATE ON ELASTIC
FOUIDATION UHDER A COVCENTRATED LOAD AT THE -
CENIRE®

PAPER « II

In thig paper the large deflection of a elamped cireular plate
on eiaé;tie foundation of Winkler type under a ceneentmi;e& 1aaé at the
centre of the plate has been invest-igated following Berger's approximata
method. The deflections are obtained invelving Bessel's functions and
the theorstical results have been verificd experimentally. Graphs ave
pletﬁg@mm for theoretieal and exporimental values for a given value
of i‘om&atim moduiuge. Tﬁé theoretical results have besn mpamd with

otheyr known results.

' For moderately large deflections of plates under & coneentvated
load Bg.(3.4) is meodified to

D 22 128 5 {‘62@«3%:
B womie @, o B (1w ) . ey -
Y E”L{V e e s ROV E 5 T
2% 21 X y
< ( e ) - w m LY X2 (8.42)
3T } * - 7 ¥ ,

*Publisheﬁ in the Journal of Applied Meehanies, Trans.
A-nbﬁaﬂgg Vol 4225 ﬁﬂe 29 1975% .
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Applying Buler's varlabional method %o. Egs(3.42) and using polay co-
ordinateos the i‘ollcwing differential equatiensl have besn obtained
K

a Vg" O(g) Wbk w =0 except at the loaei ' soc (3a43)
v n _ point.
s P cummmin % (-n-a-n) = e Y T (31%)
» ar dr 12 '
whare 2
: 2 as - 1 a4
vV ¥ S » wee  ang

'8 & esnstant given by Bge(3.44)

Gonc'idering, the radial stx’esg and snearing éi‘:re.as cn a eoncentric
ciroular area of mdius ¥y the congentrated maﬂ P at the cenire, and

sinece u and % are ‘bath zoro at the centz*e, one gets

Ling DT oo (’ ( V= ¢ }__/ B aowe s P (3%45)
. SOLUTION OF PRODLEM

" To solve the problem for.a cirewlar plate of radiss 'a’ and
thickness 'h! golubtion of BEg.(3.43) can be taken in the following

convenlient form

= A I, (_Pir) +* B Iy (’Pg o)+ C LK (PyE) = K (Pgr) 7 wos (3446)

wWhere P§ + Pz = 0(2 S Co | . eio (Budk?)
2 58 . X S . - ’ o

Pl P2 - -nﬁ-u hae (30@)
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A, By and ¢ are constants o be deternined from the boundary condliions

Boundary conditions for clamped edge are

{ % (2y2) = Ro(pge)} 7

1¢ dotermined completely.

« W
(1‘}) =0= ( B ) 280 (3.49)
r=g ér =g,
Imzm;;;l;ag e { 3e45) on Eg.{3.43) one gets
o i
¢ = ‘ T » te s Q
27\13(?2«-932;) ceve (3,50
Considering Bgs(3.46) and :Eq.{f‘(i;@) oné gets
~% = K3(Pga )Py 15(Pga) = - Ko(Pye)Paly(Pea) _
A= g/l ers {3451)
B - ‘l Kg(Paa)Plll(Pla) « Ky({Poa Pol,(P1a} _ (3.52)
T PgI(Paa)ip(Pia) = PyI1(Pia)ln(Pga) een RTeERd
Thus | -
& ~ Ry(P1aIPyI,(Pga ek, (Pya )PoT1(Pga)
W= e:/;‘“{ - - ' - } L ()
- Pl (Pgl Mo(Pya)ePy I3 (P12 )i (PeR)
{ 2 - Ko(Pg )Py 1, (P18) = Ky(Pon )Pon)Poly(Pya) } (o)
g
Pl (Fea)Is(Pia) - plzlcplaszowgw 2
ves (3eE3)
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Setting » —> 0 in Eq.(3.46) one gets the naximum defleciion at the

contre sf‘ ishe plates

R

Thus wmax SA+BeC log, [ —2= 7 | | cos. (3.54)

Py

If"P’l—.} 0y Pg —>ot OT Pl—;s@,‘ ?2——> 0, ona gets the correspending large
deflection for isotropic cireular plate not resting on elastic
foundation as obtained by Basuli (i961) in the form o

W o= 4 — LT (K@) =1 T ¥ )

27D «° 8I; ¢ « a )

+ ID' (o ®) (&K (B)+ o{a Ig( o(a)&oge(%) + Bl o r)
X 0(& Il ( 0( a)j ) L . ’ | : eda (3055)

IP r = 0 Bge(3.85) leads o

P ,
2w I,{ x8) 2+ a K,( X &) -
¥nax, Eﬂno(a xl(xa)éf K 0( lo(.

o(%l Il ( 0('3.) iﬁge( ' o; al ),:7 ’- ‘ _ soe {3256)

To determine the displacement u, one gets from By.(3.44)

, o 2nBpl aw ;

where g 1s the constant of Integration.



After evaluating the integrals and using the boundary condibion
u—->0 as r— a, i‘;h-e following aqﬁ&iﬁien determining u Iis cbiained.

u

P
. [2 2 { r Iewlrnli 1) LI Iz(Plﬂr % r (plr)rz}

+BP2

I, (Pgr)l (P rJ | g . |
2 z{ 178 + % zi ;Pg;r')rgo ¥ If.wa”“g} *

Py

2.2, .22 - DT T
X p2{3 o® K2 (pyre & B (Pyo)t 5 (22}

+ %2 {% 52 62 (pyr) § & (Pyehe? = KPa) Ry Lo

P” e P,
2= Py
26%p. Py o ' : '
- SR (PR, (Bye) - PR (REIRE) | -
Pg - Pl
2ACP,P, T |
- =R {zﬁg;z}_u»,_r)xowar) » Py (Por) To(Py®) | =
92 . p& '
8BC PiPor | - -
- 1g {plzlcpara Bo(P12) + Pgky(Py7) Io(Pgw) } »
2 o p i
1 .

+ B¢ {Pg’ o L T1{Por) Ry(Par) + Is(Ppr) Ky (Por) 7 =
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Pgr £ 1,(Pg®) Ko (Pgr) = I, (Ppr) Ky (Par)7 |
AC {9;,?? L :l(plm X (Plr) + 1,(7, r)K ()T -

'5?13: 4_"'11(1311*)1{ (Plr) - I (Plr)K (Pg_r) ..7 }]

_at (pla)zlq Pya)

' ' 2 . 2 -
A2 T - R W:.a)aa"% Ip (Pyda o/ +
1 1
— 8L, (Poa)i;(Pza) ' 2 .
8%2 /2 i’a L +3 2Pl ¢ T(Pgla” 7+
. ,

DO e, B o - APV T § :
¢P] L% a"K(Pa) - & X, (Ppa) a= 7, K,(P &) 1/{1“’13’»7 *

Bel L7 a7 (Pn) & K (Pp) o 5 K (Peadey(Pa) T

2B P
= PaLy(Py0)Io(Pan) = PII(PRN, (Pa) T =

g L PiKy(Pga) Ky(Pja) « PoRy(Pya) Ky(Pga) 7 =

L7 Poly (Pya)K,(Pa) + PyK;(Pga) I(Pya) 7/ =

‘ZBe Pg_’Pga
Py = P2

L Plxl (Pep JB,(P3a) + szclcpla) I (Pga)_,/ ¥
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* Bf'z_ P, a?{l‘.‘lcxﬂ\?a)xl(?aa) * I (Pga) .o(P?a)} -

- Pga { Ii(l?ga:? Ku (Pga) ;,-;Q(Féa? ?;1(?;23) } ] -

- AC Z:' Piaﬁ { le F?la);{lgpla) _“‘,%f‘?f"‘: (Pla)}

- Pla{zl(Pla)Ké (Pya) - 3,(Pja) Ky (Pa)} 7 - d'h 2’ L ees (2058)

Alsc as 2> 0y u—>0 from symmebtry. Thus the equation for o is

given by

92 o - a (Pa)Z(Pa) ;
dha = A%2 s Yo (Faadhy 1_ +§_I§(Pa)a2-%lg(5’a3&%7"‘
, 7 ) &~ _ 1 o 1

12 | Py

8l (Poa) I(Poh) . B 2
« B% ;’ < gi S 4 L(Ppada® ~ ¢ L(Pg)a” T
2

L , |
e &8 £ § % (Pya) -  Ky(Pjade® -g; Ro(Pa)K,(Pya) 7+

+ 25 £ 4 G § K(Pa)a o Ky(PadE (Pa) T

Y22 [rala(piadio(Paa) = PyL(Pg) L(Ppa) 7 =

- ._?,_&5_?,_ é. P1K1€Pp amc,(pla) - Pgky(Pya) Ko(Pga) 7 =
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zac P1P2 a
- L PQI (Pla.)Ko(P a) + PlK (Pya) I (Pla)_/ -

2 2.
Pg = -Pl

'zacplpgaf | S e
T TET e L PyI (Pza)z{a(‘pla‘) + Poky(Pja) "10(?2&)_/. e
2 "1 : :

+ BCLTP] ag{ I(Pga) Ky(P) + I (pgw xo<z>2a) bo-

= P { )(PR) T,(PR) - I (Ra) k) (Pa)} 7 -
- AC 4“?? a” { I(P,a) K, (Pja) + 10'(P£a) Ko(Pla;)} -

- P, a {ilc'ela)j K (P.2) - i{: (Pja) K, (pia)' } 7 »

2aPe . =BG PR
+ = ok +AC
g 2 2 .2

P2- .Pi. Pg"' Pl

S ol P + P . ; P
-EC"P c01+-_.2-—~_._ lcge ‘—}] T TR (3.@)
pg - P2 Py -

If Py—> 0, P2—>  or Pl—n(, Py, — 0 Bqs(3.83) leads to

2 6
a 3( A a) : . .
72 = ) A
A Di / Y + log, ggga I ¢ o:(a) +Io(? 12_( :(&)-2
a 1 { a

I ( < -;i.)'c- 1] 2 : - ' |
= - ..9_,_( = XX (3;60)
¥ { S } 7



3

The above resu.,t was obtained by Basuli (1961) in determining
thcz large deflectian of a clampeﬁ circular plate under a concentrated
lcad at the centre without any elas't;ie foundations.

EXPERIMENTAL VERIEICATION

Deflection was meagured oxperimentally by an apparatus shown in
Fig.3:4, The thin cireular mild steel plate (A) of 0,75 mn thickness
wag placed between two washers and rigidly clamped over the base (B) by
means of eight bolte and a thick mild steel vring (M) of 6.0 mm thickness,
’izhe ﬁiazaeuor of the cavity (M) being 160 mm. Load was app‘! ied &% the
eentre of the plate through the load spindle-(C)e The load spindle was
aeccurately finished and made to move vertically through the bush (D)
vhich was closely fitted at the centre of the frame (5. The lower face
of the load spindle colle}r (F) was aceurately ground and polished.
ima&s were applied over the load pan (G) and the correspcnding
defleetion was measured by means of the dial indicabor (J) placed
agalnst the lower face ‘of the collars The dial indicator used can read
Upto 12 mm ‘withi an accuracy of 0,0125 mme ihe readings were baken firzst
with the cavity empty and these readings correspond to Kgp = O. The
cavity was thon completely filled in with sand and the experiment was
fepga‘é:@d- The value of the non&imensieml meé&zlus’x for sand uﬁéﬁ wés

determined experimentally to be Kp & 430,

To caleulate @eflections for plates resting on elastic
foundation one has to start from Ege(3:59) with assumed values of -%—

and o( leading to the corresponding value;‘s of the load funetions



Once the load function is obtained, the deflection is dfet‘emme&.-i’m
Eqs{3:.54) The %heamtieai rosults for plates with elasti¢ foundation
and without elastie goundation heve been veri.f:!.eci. by the experimental
rosultse "Tlfze corresponding graphs are shown in the Fige 3.5, Results
aecording to Timoshenke and K.tregeg}g a gcﬁ%?&_‘eg/ é%%ggsp@nﬁmg to Kp=Q
have also been presented for comparison in the same graph,

It is observed fvom Fig. 3.5 that the deflections caleulated
both for plates with and without any elastic foundation are in good
agreement with the values obtained experimentally. This jusbtifiles the
assumptions Berger made that the second strain invariant of the middla
pléne can be negleated for macticgl purposes. It is also observed thet
the deviation of the experimental curve from the theoretical one is mo
with higher values of the load functions This is due o the fact that
the assumption of K to be pz’épezvtianal t@ the defleetion is not
strictly correct as‘ K varies mnli’ii_eaarly with the deflection at the
ﬁigﬁzér values eﬁj Joads. |

The equation for bending moment is glven by

- - o S .17_,_
Mp =« DA P? I, (Pyr) + 592 %, ,..(.PQ@J; - (LY ) 4)(PT) -

- (1Y )-mzapg Ilﬁ"g!’) * G{Pl Kp(Py®) = s-* %y wzm

A (1 by }‘—“"P].chplr) - {1 b )“"“‘ ?aﬁl(pgr)} J oww {3'*61)

Bending moment at a point not very close to the eentre of the plate
may be ealeulated with the help of E 43»61) and the corresponding bendin

stregs 18 given by

. dn 2 - :;2 . (Mr} ‘ ' cwe (3.62.}
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On examinatlon of the Fq.(3+61) it is observed that the bending moment
becomes infinite at the eentres of ;ﬁe plates Hehce BEqe{3.61) cannot be
used to determine the maxinmun bending stress which occurs at the centre
of the plate. The conacntrated losd P at the contre of the plate may be
assumed to be uniformly distributed over a concentric cireular area of
& very small madius, ¢s The shear stress is given by

6 Qg n 2

(T )333 = h3 ( 4' -2 ) aos {3+63)

| g - 2 2
@ = GShear force = D«f—» LCve & Y7 we
1z

From the theory of bending of rectangular beams ( T )rz 1s zero on
the outer surfaces of the plate. The maximum compressive stregs at the

centre of tbe-ugper'féce of the plate is then given by

P - 1R '
6 = =6 = e [ 22Y (1 ey )8 7 cer (3.64)
Ne 2 ,

where S\ is the bending gtress calemlated by Eq.(3.62) for poinbts very

clése to the load point and /9 is a numerical factor depending on _22.,

the ratio of the diameter of the loaded arsa to the thickness of th:
plate / Timoshenko (1960), P.70 _7. The maximum tensile stress wiil
cccur at the centre of the inner surface of tne”plate ané 1ts value will
be less than the compressive stress at the corresponding point on the
upper surfaceo. There wiil be a nigh concentration of stress surrocundiag

the load poini,
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. '. LARGE DEFLECTION OF A CIRCULAR PLATE. ON. ELASTIC
FOUNDATION UNDER SWMMEIRICAL LOADS °

PAPER - TIT

INTRODUCTION -

Following Berger's approximate method, large deflections of
elamped eircular plates on éiastic foundation and subjected to some
special types of symmetrical trangverse loads, which are’fuﬁeﬁians
of the distance from the centre of the plates, distributed over &
eancgnﬁfic ¢cireular pertidn'bﬁ the plates have been investizated in
this papers Eefleetions, bending moments and bending streszses aré
calculated, fbr different values of foundation modulus, and. these are
_presenta@.in the form of graphs. Th@ results have been compared with
ather knawn resul tge

Let us coﬁviaer a elampsd cireular plaue af radiu; at, The
centre ef'the plate is taken as the origin. For moderaﬁely large
deflection of piates the governing differential equatlions in polar eow

ordinates are -

_ ¥ o

vw O(V w—'r])w = 7 sos 53#‘?5"

_\LL— ‘ (dw) —. O(l\ . --,;»;{3»66)‘
TL ,

*Puhlisheé in Journal of §tructural Mechanics, ﬂnivgrsxty of
nlmOng Usﬁu&é, V@lnscé) ﬁ@e QM"QOOQ 1974’“750



where | |
2 J? \ a
V = D + 3 dn
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If there be a symmetrical distribution of transverse load varying

as (8‘_9197\ s (\y~1) over a concentrie circular area of radius b < a ,

%’— :.C_t?_g-‘)z WE cUo"—n'ﬂ?\ wflen ribla

= 0O \ when b{r (s
Eqe(3+65) now is written as
2

. K ) ’
(v “0(2) Vgi,»,’, + - W =£f {(r)

The boundary conditions for clamped edges are

| .
(W rp=a T0= (e
(W)r=a (oo dpes

Let us assume the deflection W in the following fomm

~ | .
W= Z Ag [” Tg (Pgt) = Ty (Psa):’
S=1 : '

where 39

o (3u67)

«es (3,68)

e (3.69)

ses {3-70)

is the Bessel funetion of the {irst kind and sero order and Py is the

S-th root of §y (Pa) =0, J; belng the Bessel function of the first -

kind and first ordar.

It is evident that the boundary conditions for clamped edges

are satisfiled by the above eonfigurations of W
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o~ d A 2
- ... Aol (P P) = E {P.1
‘ ar® . p ar J Jg(%.?) s Yo (Pg2dy

’pu.t'ising; Bgs(3.70) into Bq«.{3.63) one gets,‘

Z Ag /"'P J'O(Psr) + o @ Ps J’g(Psr) +.=.....{ J (psr, .
s=1 -

To (Pa)} 7 =22y Ll (3.

If it is possible to éxpa_ixd i‘(r) in a peries of Bessel functionm,
one gets, —_— |
% g2 [ { g2 (Psr)

‘Aésa[bg (p§+o( (p r)*As-%.
o .

. - . ) A a ’
~ J5 (Pga) Jy(Pgr) | Twar = g - £(r) I (Pr) rar
. '0 " .

2 ' e e . a | }
0r a5 £ 2% P ez T 0, )= g £(r) X
' ‘ UL o Jo

X Jo (Pgr)rar S " eee (3.79

| B U |
Putting *r = b 8ind and £(r) = ¢ (b% r2) in the integral of
Ba.(3.72), one gots
a b %
E £(r)T (P _r)rdr = f cr (b3 %) J_(Pcr) dr
o 0O 8 . ._ o | +] ‘

= gpH A 1) f 5  8ing sy
5]

Jo (Pgb 8in6 ) do
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- 2( A *1)3 ‘eE (?sh) ( A '3‘1) ‘ .o (3‘73)
(g b)“’ 2 -

_‘i‘his iz a special form of gonaine's first definite integral containing
Bessel f‘zmeéia:i /“%ratsen (1052) _7',, where 7\>

Substituting the value obtained from Eq.(3-73) in Eq.(isa?g) one gets
after simplification

am) ™ L g (Pepd [ A o

i Ay = . : ses {3.74)

D e M Pg v PN E 758 (5a)

Thus

g o ¥ NS 5 J;wl (pgb)g_:rocpsr)a I5(Pa) 7

W oe e & 7 s

a® ' g1 /7 Ps P? + o(g)ﬂ‘:’ At EE-_/J@(PSa)
s completely deternined. - L ees (3478)

The deflection will be maximmn at the centreaw From Bge{3.75) zaaximm
deflection is ebtain@d muttlng r = 0.
~ Thus )

0(2’0) F(?u-:u o< JMlcpsb) a 1 - Jo(Pga) 7

W n
ks b a2 S=1 L_‘P 7\-;-3(},’2 + 0( )"‘ P;\‘*’l . ]Jg (Ps&)

L X B 4 (39?6)

- To deternine the uisplacemem. u, one gets fr@m Bqe{3266) and BEgs(3.70)
3 U 22 : 2
Sz L ..%( .

-
-y

ar 'S 12
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Lo 2> 428857 ¢ ;};% > B
12 1 s S wm, oW sH
o S¥m
X I REIr) e (3077
redre |
Mulﬁiplymg qu(a.?'?) by 4 and integrating with respact to
one getg,
22 9 @ g ‘ o I
e = = - % Z &sPst {(1-‘?“’2’ *
. | o _ ® o | .
X Jig(Psr) +*Jy (.Psl")} J. . Z Z_;_ Ag Ay PgPp X
5= n=l1 '
Sym

PeTa(Per) J1(Pgr) Paliy(Pe?) TolPur) |
- — b7+
P o |

XL"';'{ =
S

# Kensvssveenvon o.:.5G:{3+78) vhere K is the coastant ol integration.

Boundary condition imposed on u is
(), ., =90

Thus
@D 2.9 2
R= Z ,Ag Pg 82 32 (P a) = A 1;4 a "emw (3&79)
5=1
ALso as P> O, ué@, from symmetry.
Themi’ere the equation to detemine < leacls to
"(gh a” . ‘Z a2 p2 &% Jg (Pga) soe (3480)

S=1
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Puiting in Bg.(3.75)
A= 2, K=0
the defieetion W is glven by,
)

W o= gl A L3, (Pe?) = Ty (Pgr) T

2°¢ o p ()

= g— L75(P.2) = &, (Psa) 7
A ess {3.81)
2,9 4 .4
| - P2y P§ v* -
where P (Ppb) =% / 3 = == e -
(Pgb) =% 4 2.5 244547 -/
As X tends to zero 1q.(3.81) leads to
b3c @ P b)(_é‘ (Pgr) « (Pea) 7
W o= 3 22 =AML e {3.82)

Eqe(3.32) is the result obtained by Sen (1938) in his corvesponding

small deflectlon problem. | |

Let us sxemine another type of transverse lead functicn varylag as

( 22w bd) over a Concentrie Cireular area of bl a.

In this ea«e,- o) =[c (r% v?) '.r(O‘é re S b'<a5

o ) {”O‘; f -(gg RS al). " wes (3.83)
; B .

AN

el I S -

‘Expanding { rL) in the semes of Besvel function and proceeding in the

sane manner one ge”‘cs,
2 2
3 - Pg b“) Iy (Pb
AS, & 2be (4 - ) 4 ( S ) eon (3984)
o/ PL (P2 + 42) + PS &/ J8(Pga)
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Thug
3gbe L (4-P5 b2N (P ) To(Pe®) = To(Pga) 7

a® g=1 £ P'g (P§ - o(z)_‘-r- PS "“%"4-("0 (B a)

.
-

Tose {3.85)

is completely determined. befleetlon is maximun at the centres

The central deflesction is obtained putting » =0,

Thug - Lo . - .
ssbe @ (4.P2 b3) Jy(Pgb) L1-3o(Pga) 7 -
WE&X ‘= ‘ . 2. . - sae (3&86}

2 £ -7, 2 B 8 K 2,
a® =1 LPi(Pg & )4 By ?J.aocpsa)

By substitubing the Bq.(3.84) in Eq.(3.78) and Bq.(3.80) one gets the
equation for u and £ prespectively for the type of lcad function
in Eg.(3.83).

The equation for bending mo@ent is given by

=0 By 2,1 Ow >3y - ; .
M 2w [ cemmachion BV (oo  omcmi— ‘l,'-'L- s w J vos (3:87)
S T TR Tme Y 87
Since W is a function of r only, the equation for bending moment
becoites |

_.au 1 a | |
ar” T dy : _

- Considering Hqe(2.75) and Eq.(3.88) thé value for bending moment for the

type of leading in Hgw(3.567) is ohitained as
I @ retag O %

r' ) a2 $=1 z_"p;\ *’3(95‘34 0(2)4- pg‘ﬂ V%"'Jacpg ai)

X L7 g Jo (Pg?) (V) ~1) -% T, (g ®) 7 | ese (2489)
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For clamped edge the bending moment will be maximum at the c‘eixtre-.

Thug

 pe(zh) AT e 1)
(Mr)m&_}ﬂo - ‘ a2 ' i

x5 25, (7 )
S=1 / P?u-s(pa *0(2) + P 7\*1 .E.E.._/JE(P a)

The maximum bending stress is given by

L

= ./

see (3.90)

ese (3491)

For tuhe load funetion given by Eq.(3¢67 ), the maximum deflections,

' maximum bem.img moments and maximmn bending stress for A = 1 are given

as follows 3

b ® JIfPgh) L1=7,(Pga) 7
Unax, = B
max, &1 LPHPD + oP)e P2 K.?«T U"sa)

4pch® o 3'2( ps ”;’1 -7

SN cpg 2)* =77, %(pg 2)

2apep® @ Iz (Pgb) L 3. * ”;1 .7

¢ Gr)max. = - 2 2

a“ h~ 8§=1/ Ps(sz_f X 4)'?"'71-)-‘/30 (P &)

aye ‘3‘92)

eer (3.93)

eos (3.94)
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If > 0 and X = 0, the eorresponding results for small defleetions
problems are obtaineds o | .
Thug for small deflections

% B Fo(Psb) /7 1= Jo(Pge) 7
Wnax, = o2 g Z;'l ’ o6 - 32- I a) =
T8 Ve _ 8.

eos (3.96)

2 .
wev” 2 Ip (B B) - Vol w - R
(Ml')iﬁ&}h = 2 g [.. 1+ 7/ cos (3.96)
& =1 P I, (Pg2) = 2
y e S I N P
(Gr) > S XL L F e [ ess (3497)
a%n® ‘s pd T3(Pgn) 2 .

The above resulis will be utilised for numerieal computations and for

side by side eamparisoﬁ.

REguhmg‘

Nmnemeal re*ults are presented here for the case of the
circu‘!ar plates with elampsd edge. The type of load function considered
is as in Eg,.( 3.67) and the value of A is agsumed to be 1, radius of
the plate being a = 2b., The maximun deflections, maximum bending
stresses are ealculated for varlous values of the load funckions and
fop ﬁarisus values of the f@!mdétipﬁ mbétﬂugg These are presen;ted in
the form of graophs. Central deflection and maximum bending stresses

are also caleulated for small deflections and these are also presenied
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in the fom of grephs for eczapaxvi.-son.' Variaﬁian‘of the bending moment
along the mdius is also calculated both for small defleetian and large
deﬂectiang S . :
In calculating the central deflection, one has to start fron
Eq.(3.80) with an assumed valua oi‘ ( X a) leaaing to & particular
value of t;he 1oad fmctiom Once this relationship is obta:l.ned the
maxinum value of the deflection can be ochtained from Eq-(3.92} for
various va.lues of the foundation modulus. These rosults are presmteﬁ
| 10 Fig.3.6 to 3.9, On examination of the Bqo(3.92), 1t is vevealed
that as the radlus of the plate inereases, the central deflection
also inereases for a given va:!.ue of the load function, For small
defleetion Eq.(3.95) is to ba useﬁ for calculation of the central
deflcetion. o N . |

In caleuleting the bending :;xoment for various values of (’-eg- N
'Equ3.89) 1s to be used putting the value of A = 1. The variation of .
the benéins moment along the radius of the plate is presented in
Flge 3+10. Variatlon of ‘lthe beﬁdirig moment along the radius according
to the linear theory can be éalculated with the help of the Equ(3.89)
,putﬁmg the vaiue oi‘ o( =0 and A = 1. The maximm ‘bending stresses
~ both i‘er large and mall ﬁeﬂeetf.cn and for various values of
.fomdatian mod!ﬂ.ns are presented in the. Fig. 3elle

For the type of loading In Eq.(3,83) the central dai’leetmn for
varﬁ.ous values of load ftmctiau and foundai:ion modulus can be caleulated
with the help of Bqe(3.86) in conjunctien with the corresponding |
e@atﬁ on for Valuoa of the bending moment and bending stresses
can also ha easily calculate&.



From Eqe(3.92) it is observed that the central deflection of
the cireular plate depends on the radius *a' of the plate and on the
value of the foundaticn modulus, But for a given value af‘ ‘the
foundation modulus, deflection increases mainly due to increase of
radius because the effect of the value of P » -»%‘- is 1ittle in
comparison with other terme when the plate radine is increased. For
a given value of the plate radius, as the fbundation modulusg inereases

the Bge(3.65) behaves as the linear equation of the type

e .-%.- w= /o | | oo (3.98)
This is 2lso seen from the [Mig.3.6 through 3.9 where the deflsetion
curves for higher values of the foundation modulus Kp tend towards
linearity.: The nature of the curves of the Fig.3.6 through 3.9 for
Kr = 0 are in good agrecment with those as found by other authors.
For value of A= ¢ in Eq.(3.67) and for Kp = 0, the deflection curve
',is presented in Fig. 3.12. This is in good agreement with the result
obtained by Banerjee B (_“(196’?), 5\_7 .

From the Eq. ( 3.92)) and also from the Fig-&@_/fg j?s.gseen that
with the inerease of foundation modulus, the defleetions of the plates
decreasos This is expected. Because better foundations will give larger
upward pressures 4o reduce the effeet of applied loads.

For the type of l@ading in Eq.(2.67), the load on the plate
at = ¥ b is zoro and the deflected shape of the plate is shown in
the Fige3.13. From the Fig.3.10 it is seen that the bending moment
varies fyom + ive to - ive value aieng‘ the radius, The daﬁecﬁ@on of

the plate along the radius will be as shown in Fig.3.,13. This shows that



the gizect stresses in-thé'upperfand lower. fibres of the p;a;es w;ll
chégigé- f‘mm tensile to eompreéssive ﬁ;th the value of 2810 'si;ress at
the point of no a?efiéctiem Maxinum bending stress will occur at the
csészéra of the plate. With the increase of load maximum beﬁdmg strosses
will vary 11near1y'w1th -the load.and the stresses will vary nanlineariy
zwith the deflectiana The effact of tha foundation modulus 1s to rsduee
‘ﬁhe bending stresses. Brrors in the results of the defisction abtained
fram the tyo approxinate equations (3.65) and (3.66) will be less for
the values of K@ other than zZero. BPut the results for the bending

- moments ang bending stresses will not be as ageurate as the»defleetian
because their values depend on - the desivative or the diaplacement

and deflection.
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LARGE DEFLECIION OF A SEMI-CIRGULAR PLATE ON ELASTIC
- .. FOUNDATION UNDER A UNIFORM LOAD®

PAPER '« IV

large deflection of a simply .suméi'ﬁed,semicircular plate bl&ceﬁ
on elastlc foundation of Winiler eype and subjected to'a uniform load
has been imvestigated following Be‘rgez' 's approximate method. Expressions
for the deﬂections and bendmg moments are obtained and the uhaaretical
vresults have been presentad in the form of gmyhs‘

. SOLUTION OF P

" Let us take a plate in the form 0f a semicircle, Fig.3.14 end

. let it be simply supported ang placed on an elastic. Foundation having
the. reaction K per unit area per unit éeﬂeetion. Let the centre be the
Iariging the bounding dlameter be the. Anltial line and the plate be
miformly loadeds Tha gaveming differential euuatmns in polar
coorainates ave '

v%w 0(_2 vgw _E_&)W = g | _ s e (3099)

®Accepted for publication in the proceedings of the
Inaian Academy of Seiences, Bangalore, Inﬁia.

(P{,{L(A/JL\LOL \/5@ {_xxxu!; See A, lvol (9 7¢)



where X ds & coﬂsmt givan by .

o(zha
iz Or r r oz 00 2%

eos (3s 10%)

? 'v‘ & . ,,,.,' ' :
r2 2’934

_Brg s S B
To solve Bqe(3.90) let us put it in the following fom

2 2. . g , : : Sy
- Pg JW ='...§~ ' o ¢ oe (—301913~

2 2 2 ' | N '
Pl‘E‘PQ ”O( S | ' 03 (3@1@2)

e R e (30w

2
PP

0w

.

, E@anding'i‘:he load into the '-a:p:pmjr_:'-'x"iéte Fonrier séries,

Q= 49 - . Smme Lo

Sy, S L —— o ua;,' (301{)4)

and assuming
@ - | |
W= % HmSinmng | © ol ase (34105)
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where m is & i‘unctien of » only, and subsﬁitating Eq.(seme;} and
(3.208) in (3.101) one gets

. . 2 2 2 2
a m a 1 4 me | e
Ll Ap SIS D AREREES  &B P ) ( + " = - p )
dr“ r. dr 2 .1 &t o oar R
. | .
= ":’ig"" eea (3-103)
A mb '
'The ‘appmpriatel solugion of Bqe(3.101) i= givexi by
:
© i
{Py) + (Pol) + wiee x
g Am Tn (Py) + Bpin(Por ﬂm |
@
Ne L |
x S349g,m¢t P2r) / Sln mo ees (3.107)

(2235 (1 pp)™
(2% u2) (4%~ 0 {(2 « 25)%n®]

where 7,\8 =

442s +
(-1) (i Pgl} =R

M + 28 e } {(4¢2s+2n) }

. L &0
' n=0

is the lommel's function which is uniformly convergent.

The reguired boundary condi tions are

(W)rsa =0 _ ese (3e10%)

veo (301689.)

o~
= .
- A
i
o

-éaw) 7v= 0 | eae {-‘3.109)
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Considoring eqs.(3.107),(3.103) and ( 3. 1053 and solving for the

eonstants &m and Bm one gets

L { PB 3:m (P a) * Y Py Im (P a)} Z S3epg,ntl P2R) =

(i pp}d.&-i-zs
- Im(P?&i{ az AT E (L Poa) +
- amp ( 1Py )4"23 St2ssm
- () 7\ . _ ) -
+y e Sgupe m(t P)} 7

gm0 (1 Pp)as

= 24,
Tom . [/ :m(xaga){a p2 I (Pla) Y Py Xy (Pla)}

. . . . .' -
o I (Pea) {a Pg Ig(Pga) + V Py I (‘Pga}} _/' : cas (3:110)

N~

"“{a ? xﬂl (Pla)* Pl&l (Pla)} Z (i 3§4+25 . L4 3+2n£gi Pg&) -
2 ” :

. (53 Ae Poa
L(P1a) { aS Troyim 3-:«2(, )+

o , &2 7\5 1 . .
" s:;o (1 pgyd¥es 834p6,m (1 P2 a7

A D Im(Pza){a p2 Im(P a) + vplxm (Py a)} -

- In c_;?la) {a- Po I (Poa) + U pg%cpga)} 7 ere (3.111)
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whors aashes represent ﬁifferentia"‘a ions with respeet t0 2.

Since we are interested only in the la'-:eral digplacement wg let us

| aetemine « by eliminating » and v from Eq.(3.100)
a2 ) Ulr) cos me L ase (34112)

= S V() 5in mo ves (3.123)

Multiplying Eqs{3+100) by rdodr and integrating within the limits 0 to
a and O to A one gets

a 7

s Ir'Z U(r) Cos mo a0 ar + % J“Jr(_.l}z;.? agar #*
o ‘© '

& 7 - ' a T -
*J J Z'ZW:),ms me de dr +J _- gim V(r) Cosmp 46 ar +

e o o ©

a T ghz a T S
+~%[~:, ; .-..:.;.( -'5-—-56" )2 ao ar = °<12 ‘o [a,r\de ar

e

After evaluating the ﬁntegrals the following equation leadm.g to  1is
abtaineﬁa
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B s 1)
> o (£ Lo oo e 7% e 27
m=1e By B .1

- Pl ma—gmm 2 o
“‘Im««ﬂplﬁ}} % Z ZdD( )*Bm Py X
n=0 =0 '
ht
. Py Pasanedt o2 - L =2
s(F L L { e 77
S . n=0 t0 | )
n#t

1?2 2 -
PO e TP ) = o { LT (P Tap(Pep) 77
: a2 ' ,
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£ 2 onl% n )2 . Z Y
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P, m=itn. P mele3t
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Py meletn Pp melsSt
& qD & -mz;n cnn;%-} } +
+4AQP'--«-:°~I‘ = s P Py |- Let
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where - |
;e (ipg»~_4*23*m

/t“n = {(4"‘25)2 " . m‘?'} 'Y ; . { (4‘1‘28*2!1)2-'512} ‘

(1) (3__92)4«:».%@1;
4 ke , {( 4495)2 - mf?'} eses {’( 4.#254—2%32 fma }

q) a:aa-:»zn»z»%«aa
: (2n+2n426+2) /n £t /Toen) [Tmeten)
o ééx-rzse-zmaﬁm _

1 (4+2s9on+2tam) £t /Tmated)
" (4s2g42n) gH1Es*Rntibm
T ( éijgs-i-sm-g%m) Lt [(aet)

" (4+2s2n) ae*zs-s-mwtﬁn
p~4 ” - Eataas .

1 (6425+Zn42tim) [t /{m+E+R)
, gdm * 4n |
\VQ‘ (2n4dn) '{Ln /Zm-m*l)} e
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m*&a@t

o=

( zfn-i-m-bat ) / n [_t /‘fmm*l) ﬂm-ﬁ-’c-ﬂl)

85 By—> 0y Py—>0, Eqe(3.107) reduces to

o@* & dr? -
D ®m=1,3,5| a nA (16-n°) (4-m<) :

= m+ 8+ V-

. .
a® | ma(16 -n?) (2 m)Am 4-%(1*1))_/

‘ m+s

- I m+3 eV ‘ : }Smme
aR*2 mﬂmxmz)(_ n +-g (1+v )7

as obtained by Pimoshenko CJ.QS@) for ahe ccarrespondi g problen of small
deflection without any elastic fozmdatwn.

REBULTS

T obtain doficetion for a, given velue of plate radius 21 and
fom@at‘? on modu.,.us 'Kp! one has %o start from Eg.(3.114) wifsh an agsumed
value of ' & ! in order to obtain the correspoiding value of the icad

ad
funetion (“ﬁf{* Yo Onee this relatianship is obtained the corresponding
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| deflection (ﬁ-) can be caleculated from Eq.(B.J.G? ) with the help of
Eq={3,110) am‘i (3:111). For a=30mm, = .3, and Kp = 380 &ei‘lactmnz
have been plotted in Fig.3.15 for various values of load function ().

0n exemination of the nq.(s.m?), it is clear that the redius
of @ﬁim:natry of the plate undergoes the waximum dei‘:!.eetion with respeect
to other radii. The expression for the dei‘lectien at. a given pfaint on
e radins of symmetry can ba expressed In The Porm W = [3 ﬂ.., where
@ isa numerical factors Deflections at various polnts on the radius
of symmetry are plotited in Fig.3.16 for a given value of load funchions
From Fig:3.16 1t is observed that maximum deflection oceurs at the |
centre of gravity of the z&latei—

The plate is subjected to bending moments in radial and
tangential ¢irections, as well as o & twisting moment. The moments can
be easily computed, because the deflection w is known. The expressions

for bending and _ﬁwisting,moments are

%)
Mp = Z - DL “""'i-— { Tpen(PyT)e %’1&,(?13)1- Zn_ea(?lr) }
+ ;2 { In+o(Pgr)+2 In(Por) + In.o(Por) }

by Pe - BP |
PN B L1 (P () 7+ 2 =

o PO
X £ Ip. 3 (Por)+I; 49 (Por) J= 3 L faIn(Pae) +
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| (Per) 7 49 v As %
* G InlPg®) } # amiine e yaan :
% Pz Alm =0 (ipg)PES
| 5. (1Pgrd & e &' c,w ) -—;’)l 8§ | (1P, r)} v 'ssm ®mo
s ¥ id :a e ‘ 3 )
* { a't'ﬁsgm a¥ ® 3+38 2 v J428,m 2 ,

soe §3:115)

\. Ay % 1\) . ,.
Mg= ) = DL {Img.g(ﬁ‘ii’) * 8 By(Py¥) * Ty o(Pyr) |

2
ﬁm?g\) ,
o e { TP 8 T (Pord ¢ Ty o(P) |

Aﬁ )

* Tyt b = B {h 3y o) o2 Ty () ) ¢

' ., o) y
P s {\) (; »
P it A »Q. iPor) +
Am | =0 ¢ 1?2 3&*?)3 3“3"‘33 ‘

x’
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-, ; , o
+-§- SmpolAPoT) = e (1?21‘)} -/ sin no ves €34118)
342 2 T T2 wa,m -

A:a
Myy = (=9 ) D Zm Y WA{&»z‘P”’*Imﬂww} *
m=31,3,5 .

By Po . _ , | 4
ool { 1, ,(Por) + Iml(pz,.;} - ..i.é { By Tp(Pa)* EnTy(Ppr) |

. 0 As - |
. - -+ { = B34p,aft PP -

: . 4488
ABa  GZp (19g)™

- N (= }_f/ s me veo {32117)

qu.'( 3,115'),1 (,.3-. 116} and (3+117) show that the bending momends M, and
My are both maximun on the redius of symmebry, the twisting moment
My, ds maxi;nm on the bounding dlemeter. The bending moments ean be
expresgsed in the fcmx_

< 6g® M, =pa? ese €3.118)
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The stresces can be c.alculai;eﬂ from the expregsions

ne

( Ox Y pan 23X, , (O ) ,_e? B
B ® 2a%e h*

Ly ™ (39139)

¥xpressions for sheariag forces can be obtained with the help ﬁ%f“
Bqe{3,107) from the expressions |

2 > D S ;
Bp == Dmé-.- { Vye o(gW), Qo '~‘~’~&;~ wsaa"ﬂ( V ¥ 0(2'5'7)

op
Cowa (3.12@)

For the simicireular plate @.(3.1?’5) can be expresr,ﬁed in ths form

e 4q
Q&"’ = ":DZ { L %Pl Im (?3‘3’) ‘*Bp;-g Tm QP‘}!’) * -

m‘“’lg ;,

.4

#E

X Z (ip?)ﬁigs * 33"5'23 (i p'ﬁ?) ..7* ml. A@?i Im(? Y+ H Pa % {? 1‘} &

&

Y B

Abn g=p (ipg)H¥2s 3*""} P2 2fn (K % 1 ¢ P
' R
(Plrh Pl {Por ) - -m- e ) 74 x
%} sza I a=p (1923 28 ’34*2& m e J}

® 8in me . . . adee (3:121)



AN @ | 2 « ‘. | 4q .
.-.-a....._. Z ms” Amplxmw r) ¢ ByPoly (Pov) + e X

f m‘"lg 3, 5

7\9 ot ‘ , . ¥ .
% L e ss-zu?s §1 Poz) * ""”"'{ AoPyTy (Pyed* B PpT(PoR) ¥
—, T(irg) s ,.

4q < 7\3 ; ' 21
T Am ;ﬂ (ﬁ?g)@'ﬁ'ﬁa o ﬁmzsﬁx?s, 2’-‘5} ( « % 2 } x

" | | | @ A
X { A L, (P o Lk P : n$3b * ; a. o € 3 ey .
x {A:x I (Py™) + Bplp(Por) + 2 - ;@ rarEs sa*zggggm b 7x

% Cos mo eos (3.122)

The shearing stresses cson be ecaleulated from the exproessions |

6 M 3 ¢ !
o n2 rz 2 h 84 2 &

Voo (3:123)
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LARGE DEFLECTION OF A TRIANGULAR ORTHOTROPIC
| PLATE ON ELASPIC FOUNDATION®

PAPER - V

INTROPUCIION |

Triangulax- relnforeeﬂ eamre&e slabs are sometimes uscd as botion
slabg of bunkers. Thus the aesign of this type of structure is of
practical inborest for Defence. These glabs may rest freely. ::m.sa:u, or
gand and generally are subjeseted tv & uniferm loads, If the thickness of
the slab 1s small compared to ‘the othor dimensions, then it may be
regazded as a thin art&mtmyié plate resting on elagtic foundation and
suhsectad to o unifam loads F‘ollawmg Bergerts method nmemus ieotwph
plate problems have been golved with esase and accuracy. Ivinshki and
‘Howingki (395?;} genepalised the procedure of Berger to Orthotropie plate
and f’ounﬁ | Jthe defieetions of cirewlar and rectangniar plates under
uwniforn 1@&1&%&%@ varions mmﬁary eonditions.

In thiz Papsr lavge deflection of an sgunilateral triangular
orthotrople plate, such as reinforced conevete, resting om elastic
- Poundation has baen s@lvéﬂ following Bergsr's method. The plate is under
uniform load and the foundation is assumed i:@' be sueh that its reaction
iz proportional to the defleetlon of the plate. A

*published in the Defence Scioncs a‘aumalg fovts of India,
lew Delhi, Vol.25, Hos3, 1975.
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For maemtew zaz'ge deﬁect&am, the stmm displacensnt
rolatioﬁsmps are ‘ ‘ ' '

= Qu ow_ 2
€= Sy tEisy)
¢ = 2% +-§(.P£m )2
'y o¥ oy
and V du ' bw Bw

'3"' "Bx X .0y

Neglecting the second middle surfase strain invariant; ‘the strain
energy due to bsnding and stmtehmg of the midtle surfage cx' the
p.‘late of tmcﬁmess; b, ecan be written as

. o . bew 2 ' Ba,r Q’
Voo ff e (2 sy
& wissouin & . 'Y Y] o L'k
Dy 5 =/ oxey | | .(_;3 124)
in vhich \ 4
BB E;h: BB G e
ia B 4 22 a2
#ae (361241)
du dw ow B, ™ Bw - '
T wasciaanee x e os £30 24b
ey ba%lbv-**( S }4-2 { By . (11‘ )

e S ses (3:2240)
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and B}, By, B', and G are constants to characterss the elasti
properties of the material. By sdding tho potantial energy o the

o uniform nornal z.aaé, L éra:d of the femﬁation' reactlon, K; to the
ehergy mmression of (3 124) the maimeﬁ energy’ expmssion is

* obtained as follows 2
? “‘%‘f(éﬁD#%%-}g@\ﬁ n;%—@gﬁ* 4] (W) 'l'éﬁxy(%) * -

-.«-—-‘"—*"—’

*n'-f%éjaxay qua;xang*w aay  ser (34125

Aecwdmb 73] the z:r:!.ncmle of minimm: potential energy, the
displacesents gatisfying ﬁm equﬂmﬂm conditions malw the potmtial
esmmgy, ¥ minimm; In order for the’ mtegm of Eq(3125)1‘0 be an

- axtremvey ity intagmnﬁ, ¥, must satisfy 'aho i‘cllcwing Fulerts
variational prinaiple 3

3’?«_ D (DF o  dF e ¥F 32 R
dw 0% dw, - OF 'b',_,y : DEP | Oy 042 Orgy
S | |
- bxb’by A ‘Bziy‘ L ees (3.226)
o o y .
— - — k’ i - sae s 127,
U ’b‘éL ,buZz‘) ’bLLx __.O{\ | (3.227)

- - e P
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and '
OF ‘@ ’DF ' ‘
- OF e {3e128)
XY, ’Bvc(fav% '33 ’av} =° : ’ ¢

1 .=

Mpplication of Bys.( 3,127) and (3,123) to Bae(3.41258) yields

. a. : , , |
. e { el ) = 0 : s (3.1@)
Jo; L . ,
-53;-( @) = 0 4 , | ees {3.230)
Thug
8 = ¢ ' . . esw (30£31)

a noimelligsed congtant of integration %o be aetex’mihado' Applying
Eqe{3+226) to Rge(3.125) and considering Eq.(3.131) one gets

2 4__551"'333;?*),.2?#-1?@(52“ X 75&!..)4-
bx‘:‘t 1 oyt Dy 2% dy® h¥  DxR 3 dy2

ofs 1} o = X ] *s P (3.1323

- By D, . » .

Introdueing the notation

B2 Dy + 2 Dy
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Eq«(3.132)ean be written as

' - 4 : 2 ]
b%ﬁ +* Kz' hﬁk; + 2 H . 2 L lgc'( 9 Vo 4 KE«—ELEL) *

T 1 Tpy® T D @ 0y n? oxE L opyR
¢ e = (3.133)
" B i e e Jed
Dy By - '

For a slab with two way reinforcement in the dimctmng ® and ¥y
H cen be taker as /  Timoshenko (1250), P.366 7

intyrodueing now

Ei = XI

eew  (3e134)

¥y =5 { oo
1 _ Dy‘

Bq«(3.133) ig reduced to the form

e 2 2 . |
(V= K3 Vw-e.-&w . W ers  {34335)

b T
in whieh
12¢
AR L
X . .2
and : o )
[ = b o a
v Dx? dy2
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. T solve equation (2,135) trimlincar coeordinates &s shown

. by Sen, B. (1968) has been ﬁsedg Lot the plate be in .i'ﬁw Hrn of an
equilateral triangle, ABC (Fig.3.i7) having each side of length,2a.

Let the eentrodd, 0, be the origin, X - axis and Y - aris perpsndicular
and parallel to the base BC, respectively. If %y, y, be the
carfesion eo-ordinates of any peinty P, within the triangloy, PyyPoyPn
be the three perpendlculars from P on CA, 4By and BCG respectively,
and ¥, the radius of the inseribed eirele, than

| X, '
Plﬂl’*—é;-a M“‘,

'. Py # Py # Py =V3a = Ky = constant,

and
2. % D2
’Oxl. ’Oyi_
.22 22 22 a2 . a2 2B

.- j . P . - - . -
pe P 2 org 3?13?3 op, 0P, or, Bpl
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Using the trilinear co-ordinates ( Py, Ppy Py ) the deflection, w can
be taken in the fomm

en A P‘ 2n A Py,
Z.:\n 1.+ gin nrla, Bin —. 2
n=} l{g Kz 2
ver (3.136)
whersa

Ay = a constant.

The sbove form of W satisfies the following boundary condibtions of
simply supported edges :

W?_":: Qiaﬁ'?‘lz 0y pzz-. 0y 932 fs)
Y W=o .
Expanding the tranzverse miforn loady, q, i1into Fourier sine geries

22

2q nnw P, , an P AP
q *E z_amm--3*-+sm--ﬁm3+smm§j
nx L
n=) Kz 2 ‘ %2

. ses (34137)
and substitnting Bas.(3.1358) and (3.137) into Eqe{3.1356) cne gets

M) o o |
=1 Bx L Ko X X, - ere (34138)

Thugs w 4is deternined.
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T deteraline K Bga(3.124b) is gransformed into Xy 9 V5 go-ordinates
in the folliowing form

O 2, R R ey (2507 (2507 Ll (3am)
2 oy ' ayl .ax‘.!. : ayl '

The boundary conditions on R and ¥ are

Ty o= 0. ﬂst 93 = Q ) ) R XY (361‘19)
Bv+u=oat Py= 0 | eee (30241)
JBVvaeus= 0 at Pl = 0 ses (3.142)

The following foms of u and v satbigly the above boundary condlftionss

. o0 o nA (PB_*» '&’_3) = ¥ ¥ (Pf’ Pa) |
1 Ry %
= ' 237 (Py+ Pq) 2R {PoePa)
: . - AR Py , A {Po+k
=g VK a2 : Ry

in vhich By is a congtante
Subgtituting the expressions for iy v and w into Bge{3.13B )} and
integrating over the whole area of the plate, the Tollowing eguation

detemining o is obtalined.
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sae (3e145)

Thus W i conpletely determined in the following form in =,

gomoridinates

IE s Nt rE v TR T RN

ssr (32146)

Ir Ex By = Do —> 0y and K= Q, Bgoaf2 .136) and (3.,1398) give the

small deflection mmﬂt for an isotropic plate not resting on the
slastic foundation in the following fom :

LE X (3:l47)

The corresponding equation as obtained by S« Woinowsky - Kyleges
L1959, P.313 jfw a plate having sach &é_ﬁe of length % 1s
$ 2 3

W 4_* :3;@"{« ax% y%)e - ,,? 3]( 'é- 2t 2% y

vse {3 147a)
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At the origin r’rl =P, =Py )y W is given by Bge{ 3e147)

4 O L omg , 4 _
W = W o e G0 E-ﬂm = 000 wiiw sov (Sel47D}
a QX} n=1 ns 3 oo : B :

which ic numerically equal to that obtained from Bqe(3.147a) for the
plate having ench side of length % as

4 4 §
. 98 8B
H DN - * { }{ f‘;
¢ }2“3333 16850 i‘;‘

™ calewlate deflection at ahy polnt within the plate, one has
to start Lfron q.(*hMﬁ) with an sssuned value of { X &} leading %o the
correspending value of the lcad funetion ﬁ'ﬁ . Onece this relstionship
is obtalned, the corrcsponding defleectisn can bhe obiainsd £rom the
Be(2,136) ang with the help of Ey.{3.193%

AL me erigin maginma dofiection is obtained and is given by -

—

ek, © 3 3 S
Y A ‘oo T 4 7en2 42 g8 a
h D, h ol wﬁgj‘«&_m?i AL

=

2aw (3- l@)
in which the nondimensional foundation modulus
ah |

S‘-Bl 1 envmona

Uy



315

Por Xp & 0 ami KF = 200 grephs are plotted in Fige3.18 showing the -
deflection aq&— at the. centroid of the plate agsinst the 1oade Fige3s18
algo wnmi.as a graph plotted aaezsraﬁ.ng to the unear thwz'yo
From ﬁg.&m i1t is clear that design culculations should be nade
| a&m@g to the nonlinsar i:hen??a beestse defiecting salculated
ageording to gmall ,ﬁeﬁwti@ﬁ theory will be far from the actusl values
{or higher values of load function. The effect of the foumdaltion is
to reduce the defleet:tm for & given value of load functilon.

N Becauée the deflection, W, has been deternined, bmdi_né noments
and stresses oan be computed sasilys The bending moments M., and My
at the eentrold of the plate are obtained as

c,@ v AR

My =4 ( 1wcma

pew (3-1@)

Eﬁy o Kzgx ’ 1 o ' owo (3-1503

4n which Vo 5 the xﬁai.ssm 's ratio for concrete,
For fsotropie plate vithout alastic fnméatien and mﬁmmoiﬁg snall
deflection Vg =Y , K, = 3, Kp =0, %—> 0 and for @ plate having

.ea¢h side of length -\%-, Ej«{3.29) and {3.150) 1ead to
Vg = ﬁy a(31+Y) & ' o - ﬁ‘,'-il (3+251)

whieh is. the same resuls obtained by Timoshenko / zsm, Pe 314 7.
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LARGE DEFLECTION OF A HEATED ELLIPTIC PLATE
ON MSTIC FOUNDATIOH *

PAPER- VI

]_;n regéht' }?éaxfs, 'thg_re ‘has" bégﬁ@_a rapid _dev‘elopment of
thermoelasticity stimulated by various engineering sciences. In the
fleld of machine structures; mainly with air-craft, steam and gasturbines
- and in chemical and nuclear engineering, thermal stresses pléyban‘
important and freéuently__ even a primary .rojle.‘ Determination of thermal
deflections of plates, espacially of thin plates, is of vital importance
in the design of machine structures, because excessive deflections may
cause heavy undesirable thermal stresses.

L Following Berger many non-l:lnear plate problems have begen sﬂlved

inder various edge conditions and different ty_pes of loads. Berger's

teehniciue of neglecting the second invariant of the middls surface

_8trains hag been extended by Basuli (1963) to the large deflection

problems of heated plates to obtain the large deflections of heated

N reetangular, cireular and righ‘b-angled triangu]a- p]a-.es without any
~elastic foundation and under wniform load ‘and m-g&stienm temperabure

* Published in the Journal of the Indian Institute of
' Science, Bangalore, Vol. 58, Mo.5, 1976,
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aistribution. 5inhs /1263 7 has extendsd this method of Berger to
mvaéti.gata the large defleotions of circular and Fectsngular plates
- on elastle foundation of Winkler type. '

In this paper the thr hagz applied the method of Basull and
Sinba to investigate the large déflection of an slliptic plate pisced
on siastic foundation and heated under stationary temperature
distribution. The deflection 1s obtained in aam of Mathleu tnmmon
of the first kind end of zaro order.  Wamerical results have been| 1

lprmthe form of graphs. S L . _ -

The strain energy due to bending and stratching of the middle
Gsux-raea of the plate is given by '

2

: o " 2
) ((AORE - CRLICOICERS -2

( axby )ZH ddy

Combining the potential energy of the foundation reaction and alse the
potential energy due to heating with Bq.(2.1562) and neglecting ag, the
modified energy expression for the total energy begomes |

ese {3.152) |
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Vs 3’3—“ [(W%-‘"Q—Q?"Z(“”){%%'%f 'z%%)} !

___w:,dxc;y JJ'J%/ “E«T’ (e ZVW) dndydz
sos (3.153)

in whieh T’ is the temperature distribution st any point given
by £ Basuli, (1988) 7

rOouP = oW+ IDTE cve (3.158)
and
/> |
528@&2 =W 3 J%‘WZ =° '
R —‘%/L —_'e\/’- ; s ‘3!155)

m&bmmg Bqss (3.153), (3.154) ond (3.155) one gets

Vo= _-H[(vw) 2o (1 v){%_ ?_E;%f (‘a%l%)lﬁ

+-—WJO‘X<4:J J j {Toek &(@va}dmly ses (3.156)
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Mﬁémmg to t‘tt_w prin_,eipio of minimum potentisl energy, the
éilsplacanents hat sabisfy the squilibrium conditions make the potsntial
snorgy, ¥V, minimum, Ia order for the integral of m.(sasim to be an
sxtronm, the .‘zrztaamnd, P, must satiafy the following Ruler's
aquatima of the ealoulus of variation

22y (2= o T
%’5 - _aa'f((%%x) - %(é%) = 0 ses {3:.157b)

- 58 H88) o)
o
ayz(ﬁf—w> B m_j (-5—_)0!) = ses (3.1570)

. &m'iﬁamen of the Bgme (3.1572), (3.157b) and (3.1687¢) to Bqe(3.156)
¥lelds |

| gx{e —(l—i—v)o(T} =0 | voe (3,153a)
%{e, — (\+v)o<To} =0 eve (3.183b)

| EO(}G‘) o " ‘.’" W
AT 4‘1{2 (I—H))O(To R AL Ky ST =0 - (3.1580)
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Bgs«(3.153a) and (3.158b) prove that
{Ql—(|+))>o( TQ} is independent of x and y and therefors

Qo2

| h | a Tran
Ql-—'(l—r@O(To - Gﬂz-lﬁuﬁﬁ = @T‘S.- see (3e150a)
in which L2 is & nomulised constant of integration,; and
ow 9 ses (3,159b)
e = v .
P Tay t '5" "' ’“( o
onsidering Bqe(3.150a), Bg.(3.153a} reduces to
Eo(}(JA) ' ess {3:160)

2. 2 9 K |

JOLUTION OF PROBLEM
Let us thke an elliptic plate of thickness, h. The centre of
the plate in the middle surface is ¢sken as the origin and the 2 - axis

downwards.
If there is no source of heat inzide the plate the followilng

differential equations must be satisfled for stationary temperature
distribution /£ Mowseki (1962) 7

ses (32181)
V?-TO— QTO = - %‘i(e‘+92) * ‘ ’1 1)

_ _}h?:io_‘_é—)‘[ = _12-6 (S| 6) rae (3-162’
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in which O, &nd O, donote tauperatures &t the upper and lower medla
of the plate respectiveiy.

If 0,=6, 5 Eq.(3.162) becones

in which
2 |2
B = (1+ e)z\;_ / vesr (3.164)

Transferring to elliptic co-ordinates ( § s+ ) defined by
X—r'ty = dcosh (—q.f‘ul) ¢ where 2d is the interfosal distance of the

allipse, Bg.(3.163) reduces to

2 9, 'Ldl
aT aT _ P?'_ (Cas\rﬂ-ﬁ —~ Cos 9."])"‘ =0

T3
a§2. a‘] ses {3.165)

Solution of Eq.(2.165) can be taken in the followling form

o<
<= Z Com Ceam (‘%)-cy) FLeam (Y],—-CV) es {3.266)
m=0 ’

in which Coom (55°%) ane Lo, (1,-9%) are modified Mathieu
function and ordinary Mathieu function of the first kind and of order
2m respectively, and

Y = @_')E]—L | | sae (3,167)
4. _
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waile solving & problem of bending of & plate with an elliptic bole,
by faking & single Mathisu éunétim of the second order ingtsad of
taking Mathieu funedions of ®ll orders, Naoghldli (1955) has shown that
| the resuits sre zatisfactory for larger elliptic holess In this psper
alse simllar approximation is mede by taking Mathieu funcilon of zere
ordar andn an this sysumption Eq.(3,166) reduces to

T o= ,Coceo(ﬁfq/)/@eoqu/) : | L ese (3.168)

The faﬁﬁwing bowndary condition ie luposead en T

T = Constant = K, on ﬁ =3,
with the above boundary condition Bge(3.168) yields
X = CoCe,(fom ) £en (1-9) e (30269)

Hultiplying Bq.(3.158) by Le,(N,;~%) and integrating with respect
% | from o0 %o 27 and using the orthogonality relation and
nommalisation / Mclachlan 7 one gets

©

o = 2R KL I,
% = Cecﬁg'@ | . “ . . sese {3017C)

in whish (:) is the first Fourier cosfficient in the expansion

of Lo,(1-%) +
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Therefore
ZA(O)K |
Ce.$59)

Ce,(§-) Les(-9) - eer (30271

is determined. .
Chenging ¥q«{0:160) to eliiptic. ca-ﬂm&mxta: and substitu‘bmg tho
axpression for v T one gois

© e, x | :
(V "\Pl)(_vqi‘ﬁ_)\/\/ = ACQO(%)—GV)XQOQT],—W) ,’{.\ (3.172)
in whiech
PlL -+ f’:_- | = PL ' Se o (3-173)
e = K as
1 | 'D . L X ] -- (301?4)

A= Eo(&(e\) ;,_ﬁ}AQ

:D(l )9 Ce (gv cy)

“ew .(3-175}

z cov (3.176)

= 2 o |
OP’CCoshafi —CoszrD [ az* T 37]"‘]
Complimentary function of B3.(3.172) is given by

W = Boceo (g o q/l)ﬁeo(?] ’—@. + Do ceOG '_.a@}eo Cq’;@

vee (3.177)
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in which , |
i P ees (3.178)
q/\"- T > CV;_ = 4

Clearly the paprticulsr integral of Eg.(3.172]} is

x “ X
Cp?"‘)‘})(pll'ﬂl) Ceo C%,‘Gl/)ﬁeo @)"‘@ sas (3:179)

Thus the complete solution of Bqe(3.172) 4=

Woo BoCe, (§,1) 0 (%) + B (-9 e (1,799 +

A o
+ ey Ceo(d%) Lo (0, -9/
| E-ER) | ) eee (3+180)

If the outer boundary of the plate % = §o be clamped, the boundary
conditions are

(g = (%)%40:0 ves (3.181)

Bsing B1.(3.231) in Eq.{3.180) one gets the following two conditional
ﬁgmtians

Bo Cey ($-%) ﬁeo‘@r %) + Do Ce, (%o -@ﬁeo G\r‘@ .fr ‘

N .
Ce. (5 o) - -
N @fl}:’ﬁfj @1—‘?‘5 % (ﬁo' ‘ q/) /Qo @) q) = 0 eve (3.,182a)
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Bo Coy (0= %) oo, =) + Doe, (0 %) Les (1-%) +

N : ,
—\" W Cequof@ﬁeom’—Q/) =0

o (30182)

Multiplying Eqs.(3.182) and (3,182b) by 2o, (1,- %) and integrating
with respent to vl from © ta 27 end using the orthogonality
mlati.cn and normalisation one gets

BO s - ECE‘—#. [Ceo(q“‘C'fQ Ce’o (-Sofq_/) " Cﬂo(ﬁo’_q{) Céo (§°’— Ck)]

a“d e (st)
Bos geer cv) Cealom9) %@m@% (%))
ces (3.,234)
in whieh
\\) —_ | ______L—{—-:
(P:' "szj q‘; [ 'Fl) )
\V‘ = Cg (ﬁo’—queév(ﬁ“—%) - CQ"@“—%) Qé" (4°,~W9
&= 22980 4 i RO '
- =\
CP _ 2A(°) - (0) + Z ﬁ(j’)l. ()
° 2
wma A5
=(o) ©

LYY &nd A, are the Fourier coefficients in the expreszion
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of Lo,(-%) o+ Le,(n-%)  m L (1.-9)  respestively,

The constants (3, and D, i:ims being deternined, the deflethn. W is
knowrie

Let T, = constant which is clearly solution of the Aiff erentiel
equation (3.161). . ‘

To determine the constant 3" , Eq.(&l&) is ‘trensformed into eliipiis
Rowoprdinates in the form

U\
hh {y(—j ﬁ)}-&- 4\%{ }
— él_l_\-'(HV)O(T | see (3,1885)
— 9 o "'> »
In whioh
=, =
dfsmlhf—rsu}vl
The boundary econditions for uﬁ and LL,I are
U = = : = ‘ .
5 O = uq <t §_ i sse (3.186)

I—mt‘

ZPG) C(;SZVIVI - ese (2.187)
n=0 .

(3 cia2n  eee (3.288)
S N _
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- subject to the condiitons

Substituting £g8.(3.180), (3.187) amd (3-183) in &u(&«mﬁ) and
integrating over the surfuce of the p:late one: geis

(G @

20% °
oy [t s ar
o 0
eee $3.180)
After evaluating the integrels the following aquation lesding
to p 1s obtained.

e[+ o) P{E et o -

" Z tho LIS A

n=t A=\
g

uJ\m:?

+ Z% e U{(A"")H A’“’}: '(°)_

t ZA“’%‘-«JE%?:(D DL AR

n=t A=)
nEA
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oK

4 ;‘ZA‘_\(DW QD Aty

NFEA

VLR TR e

o<

1Y Y oueteral q(o)
; e )(D WA L\JB +

I

(B W)? X

s o< K |
Z@(A Yo+ b T @retaaly]

=\ =\ 4=\
#=A

A (et
X {—6- + 2 (l+v)o('ro} Swh2 g,

ode (30190)



- in which

e , _ '
C((f,)\ , A ,_,3 and A"ﬁ) ara the Fourler coefficients in the sxpansions

of  Co,(%-9) , Celd.-%) and Co(4,-%) respestivels,

| L\,z Siwhanf, & -

——
— L R —

8h 2z
y¢ = Sh 2n+251, Sk Tvarg,
3 27 42AH IN~2A ‘ ?
\V — SUJF\ 4h§° + i
4 ' [N 2 4
Y, = Sluh 2R+32 5, " Swh 2n-24%
Lh+42A 21-24A

Since /G iz detexmined, W is determined completely.

To £ind the deflection at a given péwt, one has to start
from B3.(3.190) with an assused value of ﬁ lsading %o the corraspondim

, ; E-O(J'U‘)kl . 2 : ; ' v Eo(_'f'(‘e\) kI
mu’ of ——D—U—_V)- « With this vaiue Ot :D(l-)’) - and

considering Eque(3.183) ant (3.184) the deflaegtion will be oblained
from Eqe(3.180)}. ‘

For numerical celeulation the talléw:ing valuns have been
. assumed.
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. 2 o
g=0, M=%, &=3, =25 h=l, fm =),

K.= K 54: \0p, €= 0703,¥=073, ALTo= 2"5x 072
F D °° . o

Tue intarfocsl éiattmca being assumed and the values of ,,5’2;_ ?f snd
B being kuown, the values of 9 , G, and g, are deberuined,

g, % y and 9, being known the corresponding values of the Fﬁm'&ar
eoefficlents &g woll as those of Mathien functions are detemin&d

- The naximun defleetion Wo is obtained at tha centre of the plate.
These deflections are grephlcally presented in Fig. 3.19 in whish HW
for Kp = 0 and Kp = 100 are plotted against the nondimensional load
funetion). By seﬁtins B-70 the defiections according to the linear
theory in obtained. For comparison Fig.3.19 algo includes &
straightling vhick represents small defiections for Ey = 0. The
resulis obtalnad in this study could mt be compared in abzenne

of any kmown résuliss | ‘

From ¥ige 3.19 it is obgerved that the error ascording to the
linear theory inereases progressively with the increase in load
Sumtioiau The solution péo;maed in this study 1s rapidly convargent
and po ¢omputationsl difficulty other than computationsl effort is
iovolveds Tne parameter 9 for the series Lo (£,9) may b2 rael or
imaginary and the corresponding coeificlents can be computed with
agcuracy. The numerical results presented in this study sreé obtained
by &a&:mg ‘the firgt two tems of the sories and sufficient for
practiesl purposes. Since the deflection at any point is known the
corprasponding etresses ¢an now be onsily estimated.



I'6 ;
/
/
2 L e
/ ’ =
/ “Ke=0
T | T
s L Ke=100
Wo /
h /
V) — — —__ LiNEAR THEORY,
4 )/ _
| i |
O 20 A0 60

7\——-—>-

FIG.319 LOAD-~ DEFLECTION CURVE

[34(0)





