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LARGE DEFLEc;riON O.F A CIRCtJLAR PIJ1.TE ON ELAS~IC FOUlllDAfiOrl 

ArfD SUPPORTED AT SEVERAL POINTS ALONG !fHE BOUln>ARY '-~ 

Int:roduetion : 
.._.....~ 

Sl!sll deflections of thin plates plaeed on elastic foundations 

have been examined by s .. T1moshenko_ and s~ Woinowsky ... Kriegel"' (1959) 
,-

·. 

and ·sevt1ral other aut!'l.J.'):r.S on .the asstwption that strain. due to 

s tretch:tng of the middle surface of the pla·tt9 is uegl1gib1e. When the 

deflections· are moderately lst,ge~· that is, on the order. of the 

thiclmess of the plate, then the forces in· the middle surface o£ tb.e 

. _plate. must be taken in·oo account. In the case of such large deflections 

of p~a·tes, three differential oquat:tons for displacements a,.9).d 

de~lecrtions may be written14 but it is usually difficUlt to obta;Ln the 

solutions of these e~lations because or thai~ nonlinear charaoter9 

On the other nand, v.a:t~ious problems of large deflections of 

plates not resting on elastic foundations have' been examined by s. tl/ay 

( 1934), s. Levy ( 1942) .a11d many other authors. -Bttt the methtH.\s uned 

by them require considerable oomputationo A simple and approximate, 
~ . -
yet fairly acaura.te, metrlPd o£ analysing large deflections o£ plates 

was su.ggested by H. r.f. Berger (1955). fhe metbod uses the teahnique 

----·-~------·--·--~-----·~-M-ft--.~-------)-U----------------------------------------, 
* PUblished in the Jour:nal ot the Indian Ins'ti tu te of 
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of neglecting the second strain invariant df the m:f.d~a surface 

strains in the expression corresponding to the tota~ potential energy 

of ·the systems. ·Berger's method reduces ·oomputa·tion -and althottgh no 

completa eXPlanation of th.t's method is offered in~ the stresses and . . . 

deflectiom} obt;ainGd for both rectangular and cit-~Ular plates are in 

good agreement ~rith t~1oss found in pr-actical analysis. This approxima·te 

method 11as been appl.ied successfullY by Nowinski (1958) to his plate 

pmblailS• Nash a'l.d Modeer (l9~) investigated the 1n~oblems having no 

~1 s;vmraetey fol.lat.P:ing this metoo.d~ 

~e technique of_ negleet~ng the secoi'ld strain 1nva1,1ant has 

been su.ceesstully applied by Sinl'l£1 ( 1963) to .determine large deflection 
. . ' ' 

of circUlar and rectangUlar plates . placed on elastic foundations and · 

ttnder.uniform lateral loads •. 

In th:ts .paper large deflection of a ·eirculal.' plats placed on 

elastic f?undation a~d supported at several points along the boundary 

has beGn. solVedo The load is assumea to be uniformly tU.stributed _&nd 
' ' 

the ~o_unoatio-? .is of the t.J1nkl.ar type. A complete analysis of a . . 

· li1onnula.tion of probiem i 

For moderat~ly ·largo deflections, the ·strain displacement. 

· ;s.,eiationships a~d ·the strain ene.rgy of' the ·middle plana of tb.e plata 

a"'- . .L low)2, 
E~ == 1)i + 2. :'?i'i , 
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invariants, respeotivelye Neglecting eg and by adding the potG&'ltial 

energy of the transverse load a~d of the foundation reaction~ K the 

modified energy 0qtta tion becomes ,-Sinha ( l9G3) J o. 

< 

f cfw )'L}. · k 1- 2q;w J d d 
- \'oxoY - _ -r J)w- T .x y 

.Applying ·EW.er's variational method to· Eq~(31!15l the i'ollm-ting 

d.ifi'e:rential ·equat:i.ons in polar co ... ord:tna·tes are obtail'led 

~ . ~ ~- . K -
'\/ W-o<\JW-t--W ' :D 

-~rhere · o( is a.- constant given by 
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Solution .of problem ~ 
~; . . ... , 

Let the e:l.rcUlar plata (Figs Bel) be ·or radius. a, sft!)ported at 

several points along the boundary and placed on th.e elastiQ -·foundation. 
. . . 

Let the centrG of th~ plate be the origin and a diameter a~ thG 

initial l:In.e, 9 :: 0 ... tet the general solution of EqQ-(3.6) b~ 1n the 

w q. •· (3.9) 

.in t·rt1icb ':No is the large deflection of a plate placed on .~la.stic 

.foundation an(\ simply suppo1•ted along th€ €:£'\tire bOu.rtdary m1.d· w, 
sat.isfie.s the equation 

4 '2.. '2.. K 
. \J w\- o< v w, ;- .:D w\ -== o 

0 

. . K. 
==]) !Ia • (3el2) 

·Considering the numbe:t~ .of points o£ suppor·t is .:1.2 ~"ld den.oting the 

conc~ntrated rca.e.tions at these .points r~1 , !i2,- .... I'!:h the t:)A'Pl .. ession 

f'o~ caeh reaction · N.L is 
. oG 

~ r -k -r I_ c.tn W\ e.i.l L Vl'l~l LJ 
wher(;) G.t_ = G -~-i_ , 'VIi.. is the angle defin:L"lg the position of the 



The i.i!ltensily of the reactive forcos at any. point of tile boundary is 
I 

the..Yl t5iven by the exp~ession 

. 
.A oC 

r_~(~+ Ie~Wla~J . 
..t= I WI~\ 

1.'t1 1-rhicb. the summa:cion is extend~d over all the concent:r.ated reactions$ 

Assuming that the platG is solid and consid~ring that deflectio~s and 

monents at the centre mttst .be finit.e~ the appropriat(J) solution ot 

Eq~(3o9) can be taken in the form 

W\ = A~I0 l~n) -t Bolo (g_IL) ;-

+ t [ Aw;trn lP, n) -t Bm lm lfl,_n.)] C..cn W\S -t 
VI'\ = \ 

-;- ~ . [ A'W\ 1m l~ n) -r S"11M lPlt)Js \.u W\S . 
m:\ Pi)O (3~14) 

in ~1hich 10 is the modified Bessel function of the fi:rst !tind and 

I 

For det;ermining the constants we ~1.ve the follo'ttring conditions a·t 
' 

the boundary .. 
\ 

0 

0 

.... 
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~~ = -]~ Lc~2:_o<~)wJ· 

. 'l. 

, t.A\o\~ = '1-v)D [j_· () w, -_I ow,l . 
'y'•t\7 '- '1 onoe "1,_ os J 

consider a particular case when the p~ate is supported at ~~o: points 

which are the tt-to end points ot th.e diameter· talten as the initial line 

from whieh. S is measured-~~ fhen 

~, -= 0 J lV2 = 7\ 

OOnsidering the above bound~ry conditions· and remembering that 

deflection is zero at these tvo points of support one gets ·after 

solving tor the eot1stants 

· . P 9 t."h ra..) 
B = -- r 'o' 0 . 7\l)ct . 

BW\= 
p Am(cA) -· (3.21) 1\DlA. f3t'r) lQ0rnl'0- A~l'91mL'\) 

. .;. .. 

A'W'\ ::: . o B~ ·-· (3.22) 

I 



to tal load on the plate 

• u (3.29) 
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Tht1S the complete solution of Bq.(3.6) is obtained 1n the f'ollcnving 

fom 

~ . 

. + L [A~ Im (Yt7L) -t Brr,lm (Pl-n) J C.Os K-\S 

W\ -::: ~} 4) ') . . . " 

where 

••• (3.31) 

. . 
• 41., (3.3~a) 

••• (3.31b) 
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St!bstitut:tng the ~alnes of the constants Jl~ , B~ , A0 , D0 , Am, and 

13m into Eq~(31!30) one gets taking.~= ~a4 

[P:r:(P,_G\);- P2.~ I, (P:a.G\)] Io(P.h) l + 
cplPG9 - J . 

as obtained by ~imosbenko (1999) in the corresponding small· deflection 

pl'Oble:~~.l for a p1ate w~J;hontt:·foJ:Indation and supported at two points on 

the bo unda~y •. 
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fb.a t'lormalised constant o( can be .determiru-ld £rom Eqs.(3 .. 7) ru&d (3.~ 

Since we are ~1terested only in the lateral displacar4e~t w, the radia 

and cross radial displacements u and v have baen eliminated by choosb 
' . . 

~taitable ~xpxoessions for u and v, compatible _~tJith their boundary 

conditions aild integl'*ating over the 1<1hole area of the plate •. ~e radii! 
I ' • ~ • • 

.... (3~25) 
f 

su.bj ect to the boundary oondi tions · U l '9 =. V ( '0 :::: · 0 

!·iul t:tp lying beth sides or the EC]:II ( 3 9 7) by n. dn. dG . atld in tegl.'"a ting 

between the lj.mi ts 0 to at and 0 to 2 7\, , one ge·ts 

~ ' 2.7\ C\ 2Ti . 

Jo ~0 ll u' ( n) CJI> WI & J.n.d.a . -f 1 Lull\) e.O> WI s J.n_ J.e 

. C\ 2.7f 

+ J):vl':)~W~&Jn.ole + ~J)/l(~fchuh 
0 0 i 



Mte~ ~looting the integrals the following equation leading too( 1s 

obtainodQ 

oc 

+ L' [A~ ~l-{-~~~[~\In)-2.LftC\)+ It\1 Cftq)}2.-
Wl= 2.A1 '~ .. . 

' ' 
oc oc:. iWI-t2.Y\+2..t 

t!to~ol4-)·<P J~+ 
\'\ t:.t ,' 



' . 

- to..l~{r.., {!iQ)-t 1.,~,_lP,_o.)}\ { 1-r t~~~} r~ .. , (r,o.>] + 
. . 

-\- 2A,B,{ t t l~f+>n(:~:)"'+~\y} ~':] -
l'l=O t=-() 

l'l-:ft 
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ivn -r 2.n-r 'l.t. + 2.. 

·cp - G\. 

. ~-
\ 

2..W'I + 2..n -r 2. t Gl. . 

Thus· the defleet1on, w is completely dete~m1ned. The GJq>ressions tor 

tile bending and twisting moments a.re 

't f_ [P,,A,.;t;;.lr.'ll) -t p~ r-,,.,1~ (_P,n)] e..n 1116 

h"\=2.,4)" 

J oC ' 

·+ -k '[[P.Am1~lPth)-r P:l-B~I~(._Pl.'n)] e.tn mS 
h'r== 'l. J4 J (, 

••• (3 .. 37) 



oc . ' 

- ~'1. L w)l. [A~rtn lP.n) -r B\")!tt~ (Pl.n)] C.cr.HY\& 
~=2.,4,G 

oC ' 

-t L [P.'l.Atnl~ (.P,n) + p~2-Bw.l~lPl.'9~ ~ W\f) £ 
\'Y\=1,4,, 

(3,.38) 

oC 

. T ~'l. L WI [AMih\ l~'L) +. Bh) 1m (f:Ln)] s~ h1 s 1 
l"t\:.2.~4~'-

~"!;I (3.39) 

~e· stress·es due to t1"- >Me amd M"-9 can be calcUlated from the 

expressions 
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To· obtain deflection tor a g1vm ·value or. plato. radi~s· •a.• and 

tound~tion modulus 'l(F' one bas to -start fmm the. ~~(~•-36> with .an 

assooaeu value of ., · o( ' .in order to o~tain tho ~rre$oncU.ng ·value of' 

t!Uf load :l.'lll1<:tion - '~t • ck.c<:! this :relationship 1s obtaina\'1 the 

corres}Jonding deflection _ .... -l·r· ~- be calcUlated frcrn ~;)(39~2)• FOr 
a.· :. 50 mm, h e o·. 75. mm, V t: 0.3, Md t{p ::: SO deflections ie.V~ been 

p~_sented in' F.ig., . a. a. 
. . . ~ ~!nation or the ~.3.$2 will raveal that -the deflection 

a..tt8].e, 9 " Pt>r· a given value of the :toad- function Eq.(3.32) can be 

wr1 tten as · 

·(\jJ) 
~ 'tt=~ 

. e = 1\f2-

wb.er4) Kt and K2· are two numer!ca.l constarf:ts, K2 being greater than ttl.• 

Bec~use. of tb.a reactive forces at the tw-o points of support, deflactlohl 

on the aimneter at G = 0 will b.a l~ss th.a~ those O$l the diameter 
~ •. 

at· 9 .:..._ 1\,/2. ~ ltsximutn tiefleetion w~l occur at. the b~Uil()a1'7 

at S = ± 7%_ •. Deflections aet::ording to the lix&ear theory have also 

bean plotted in F!g.s. 2 ana it ts clear that the er1<0;rd ot the linear 

theoey increases as the load increases-. In o~aar to study the 

~a1,1a tion of moments,_ Eq•• ( 3G~37 )0·. (a. as) and ( 3.39 > -ar.e plotted in 
' 

Fts;.3 •. 3 for" various values of ( 1:~a) and fol' the angles at whiQh they 
- ! • ' ' ' - . 

·; 
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their magnitudes being unequali · are ae-~eloped at n= 3o..(4 ... e = :t 1\"/2. 
I • ' ' ' 

a..t.\d ·_the. twi£:rting moment is m$lt1mum at If = a, e = :t o/4 , .:!:' 311"/4 . 

As .tbe pJ.at~ must bG ill ~Utltl)rtum on the _supports, the 

fo~a&tO!ng analysis· for two s!.mple s~ports represen~ ·th~ w'orst· 
• •• • < • •• • •• • ' 

.· ' 

condi t1on wben. the deflections ~d stresses $re_ maxim~ for a giy-en . .. . ~ ~ ' . . . 
' . 

loa.d function• _With _the m~rease_ ill thG numb~&- or snpportsi:. w1 1n 

Eq.s.s ddcreases• Fo~ an inf:in1tel1 large number of s~ports, t-1 1n 
. . . ~ ~ . . ' 

·Eq.3•8 will approach to w0 in tb.e limtt and the point of maximum 
' . . . . ' ' ' 

·bending moments 'tf'Ul shift to the centre· of the plate. (Mr>max. being 
• . ., ,· . ' 11: . . l ' . • • ' ' ' .• 

equal to (Ma >max. in that casth 
. . .~ . 

The present stuoy can be ·extended to any number of s~pports, 
' , • ' I ,., . ~ . . 

provided the suppottts are so cht>sen as not to disturb the eqUU1.br1um 
\ . . ' 

., ' 

of tba plate. Fo~ example, ·it three · sqttid!stant sUppo~ts are 
. ' ; 

(, ~ '. 

ohot,;;en ~ ~ o, '412... = 12oo ·, Y'3 = 2-4o' , the· ditferSl'ltial equations 

tog0ther w~th the boundary con~itiQtUl remain1ng unctum.ged. lf' the 

plata is c;Lart1pe_d on the s~pports, the boundary conditions and .the 

concentrated .reactions at· the eilpports wUl change to tall)' demanding 
' . - . . . ~ 

a separate investigation~ · 

. / 

. \ 
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In this pap ex- the large defleotion at a ~wnped circular plate 

on elastic fourulat!on ot Winkler type under a concentrat~d load at tne 

c~trt.t of the plate has been in'Q'est.igated follow:ing Berger's app;ooximata 

methOfh The detlecti_.ons are obtained inVolving Bessel•s f'uziet.tans arld 

ths theoretical rssu.lts ba~e been V'erifled experimentallfo Gra.phs ar& 

plotteti. both for theoretical and experimental. ValllG:? for a. giv<m value 
,•, 

ot: foundation modulus. fne theoretical resUlts have been compared with 

othe~ ~own re$Ults. 

f!)~qL~l,Q.N., .o?, PROBlf.lt! 

·. ID:>r maderat~ly large deflections ot plates unde.r a concentrated 

load. Eq.,(3.4). is modified to 

D Jf - 2 2 12 .. 2 
v ·=a. L'" w> +V ·~ . { 'o2w ' 

tQ a c 1 .. )) > - 2 ..... ox 

•Published in the Journal of Applied t.fechanics, Trans. 
A·S•t·!•E·~ Vol• 42~ tro* a, 1975. 
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Applying. EUler's variational .. method to. Eq.(34t42) a.n.d using polar eo.. 

ordinates the following differ~ntial .equations have been obtain~ 

where 

2 
\1 

( 2 \1 ..... 
~ K 

o( ') w +- w = 0 except at the load 
D· point •. 

u au dw 2 - + __... +i(--) --r dr 

. 2 . a2 ' 

v =- + . ' . dr2. 

dr 

l d· --·-r dr 

o(2h2 

12 

and 

o( ·= a constant given by Eq.(3~t44) 

tbnsidering tile .IQdiaJ. st~ess and shearing stress on a concentric 

cirtmlar area of radilus r, ·the concentrated load P at the centre, and 
dW since u and- al~e both zero at the centre. ona gets ' . . dl't ~ 

SOLUTIO:t-1 OF ~.RP}3JJH, 

To solve the problem for .a circUlar plate ot .radius ta,t and 

thickness •n• solution of Eq.(3.43) can be taken in the i'ollowing 

convenient f'orm 

w = A Io <Pir> + B Io ~·Pa r)+ c L-IO(P1r> '"". Ko(Par) J ., .... (3.46) 

h ·n2 + n2 ~2. w are. r ,. = "' l 2 c.iio (3 .. 47) 

- .K --v ••• (3.49) 
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A, Bl) and C are constant$ to 'be determined from the boundary cond1 tion• 

Boundary condi t1ons for clamped edge are 
dw 

(W) = 0 = ( - ) 
r=a · dr r:.::a 

Imposing Eq~(3.45) on Eq.(3 •. 43) one gets 
. ' . ' . 

p 

Consi.dering Eq.(3"'46} and Eq,.(3~4B) one gets 

A :.: 
_-it - Ki(P1a)P1IotPaa) ... lfo(P1a)Pgi1<Paa) _ 

CL . . . ·.· . - . J 
•• Q (3.51) 

P:ei1(Pga)l'o(P1a) .. P:ti1(P1ali00'~) 

+ 

1 
i -liQ(Pga)P1 :£1(PJ,a) • K1(Pga)Pg$)P21o(P1ai) 5 

10 
(P~) 

P2I1(P~)I0(Pla)- PJ.Il(P1a)lo(Pg9-) . 

..1;! (3.53) 
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Satting r ---7 0 in Eq.(S.~) one gets the maximum deflection at the 

centre of the plateo 

If P1--7-7- o, P2.--::; et.: or ~l ___;BC.t · P 
2

---7 o, ot1e gets the eor·l"esponding laJ:ga 

deflection for isotropic circular plate not resti.ng on elastic 
• o • • • M 

toundation a.s obtained by Basttli (1961) -in the form 

w :.a~ 
___ P_.;:;.--_______ . L-:ro ( o( a) - l. ... lQ ( o( r ) + 

2 tr D o( 
3 ai1 ( 0\ a ) -

-X o( a. Il ( o\ a )../ . • •• (3~55) 

ib dstermi.vte t.~e displace:!lent u, onG gets from E:J,~(3 .. 44) 

Ill' = -· . ' r B ... * ( - ) rdr + K-
o( 2n2r2 J dw a . ...1 

24 . · dr . 

where r. is the constant of integration. 



'--i. 
-._-. 

+ 

'--­·,r 

After evaluating tbe integrals and usins the boundary condition 

u ~ 0 as r ~ a, the :following squation (lete:rmin.ing u is obtailletl. 
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.. 

<.:) ~ ai (P~):t1(P2a) "" 2 . 2 -
+ .~c.p2 L- 0 

;

2
. · + ~ I~<P2a)a(J ... i I0 <Paa)a -.7 + 



Al.so as 1:·--?- o, u--? 0 from· sflllmetry. ~hus the equation for o( is 

given by 

61 
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If P1 -7 0~ ~2--7 o( or P1-70(, Pg ~ o, Eq.(3.59) leads to 

L.P a:_72=Jf~<~q--~a .• )a _______ ~~~-----------------
"A Dli ·L-y + loge ~ -.. I 0 ( o( a) + o(e. K1( o( a) -2 

2 
o(. a I1 ( q a ) 

= t j I 0 ( · o( a) ·""' 1 } 2 _
7 

\. I1 E o( a) 
• • • (3.60) 
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The above result was obtained by Basul:t (1961) in determining 

tne large deflection of a clamped circular plate under a ~~noentrQt$d 

load at the. centl.'e ~qithout any. elas·tic foundation. 

hf'lection vr.as measured ~xperimentall,. by an apparatus shown in 

F1g.3.4. The thin circUlar mud· steel plate (A) of 0.75 rrt"n thickness 

"rns placed bat,qeen t-wo wasners and rigidly clamped ov~r the base (B) b7 

m.eans of eight bolts and a thick mild steel ring 01) or 6.0 mm thickness, 
J'' • .• - "" 

the diameter of the cavity (H) being 160 ,mm. Load was applied at the 

eentrG of the plate through the load spindle, (C). The. load spindle was 

accurately finished and made to move vertically through the bush (D) 

which was closely fitted at the centre of the frame (E)• The lower fa.ce 

of the load spindle collar (F) was accurately ground and polished. 

Load.~ were applied over the load. pan ·(G) and tl'le corresponding 

def'leotion was measured by means of the dial indicator (J) placed 

a.gai..Ylst. the lower. face of the collar. The ~¥11 indica tor tlSed can read 
' ' 

uyto 12 mm with an accuracy of o.Ol25 mm~ The :readings ware t-~lten first 

with the caVity empty and these readings ·correspond to IT :::; Oo The 

cavity was then eomple·tely filled .:tn with sand and th~ experiment was 

rapeated. Th~ value of the nondimensional modulus tor sand used b'1ls 

dst~,~rnnined ·0>:;perimentallY to be KF = 430. 

1b calculate deflections for plates resting on el?stic 
. K; 

founda:~ion one has to start from Eq.(3~59) with assumed values C!f'T 

and o\ leading to the corresponding values of the load f~~ction. 



Once the load f~ction is obtained,. the deflection is dete~ined t~ 

Bq,(3~54), file thoo~etical resUlts f'o:r ·plates with eJ.ast1~ foundation 

and witb)~t elastic found$tion hav~ been vex-if'ied by th~ experimental 

:results*, ~ha corresponding g~phs are shown in the Fi~h s.s. ResUlts 
. . ..._ 

11
_ ,~ · Cl959,P.4l5) (1968) . 

according w ~.~.~uos.,.enkQ and Ktrege!tand SeliiU.a.:;corresponding to 1\F=O 

have also been .Presented for compa~son in the same graph. 

lt is obse~~d from Fig. 3.5 that the deflections calcUlated 

both for plates with and vrithout any· elastic foundation are in good 

agreement 'lith the values obtained e~erimentally. fh1~ .Jtist:ttiss tl'le 

assumptions Berger madG that the second strain invariant of the middlE~ 

plane can be neglected f'or practical purposeo lt is also observed that. 

the dClviation of th.e e~eriraental curve trom the theore~ioal onG is mo. 

with bigb.er 'Values of the load function~ lrb1s 1s dUe to the fact that 

tlla esat.Wption o~ :K: to be proportional· to the deflection is not 

str.1ctly co~~~t ae K varies noriltnearly with the deflection a.t the 

b.igb.er values o£ loa.ds~ 

~ @quation tor bending moment 1s given by 

Mr = • D L-A Pi fo (P1r} +- BP~ I0 .~P2r)- (1...,)) ) .~ · AP1I1(P1r)­

""' (l ... ).) ):~ EPg l1(P~) + c{ :P~· Ko<P1~) • ;p: Ito. U)g'f') 

••• (3.61) 

Bendin~ moment at a point not very close to the cantre of tbs plate 

may be calcttlatetl with th~ help of Eq..(3 .. 6l) and the cox·responding bendin 

.stress iS given by 

••• (3.62) 
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On ~amina.t1on of the 'Pk!.(3.-6l) it is obsel"Ved that the bending moment 

becomes infinite at the centre of the plate. Hence Eq.(3.6l) cannot be 

used to· determi..vu:! the max1JnWn bendinS stress which occurs at the centre 

of the plate. The concentrated load P at the ·cantre of tile plate may be 

assumed· to be uniformly distributed over a con. centric circUlar area of 

a very small rad.i us, o. The shear stress is given b7 

Q = Shear force 
.· d - 2 

=~»-L (\J• 
dr 

g. . 
o( >J' w. 

From the theory at bending o£ rectangular beams ( 'T )r.z 1s zero on 

the outer surf'ac$S of the plate. The m.ax1mum compressiv.e stress at the 
. . . 

centre of th:e upper face of tho plate is then given by 

where 6', is the bonding stress calculated by Eq.(3o62) for points very 
2c 

close to the load point and ~ is a numerical factor depending on h' 
the ratio of the diameter of the loaded area to the thickness of the 

plate L- Thtoshanko (1959 ), · Pc70 _7, The m~imum tensile stress wUl 

occur at the centre of the inner surface or tbe plate and its value will 

be less than the compressive stress at the corresponding point on the 

Upper surface. There will be a high concentration of .stress surro.unding 

the load pointo 
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LAROE DEFLECTION OF A CIRCULAR PLATE ON. BLASTIC 
' 

FOWfDATION UNDER ~~1ETRICAL LOADS ~ 

P APF;R .... III . 

Following Berger; s- approximate. method, large deflections of 

elamped circular plates on elastic foundation and subjected to some 

special· t~es or symmetrical transverse loads, which are functions 

of the distance fl'om the centre of the plates, distril)uted over a 

conc.entric circUlar pot>tion ot the .plates have been investigated in 

this paper. Deflections, bGD.ding_.nwments ana bendi.n~ stresses are 

caleUla ted. for. difter~nt values of foundation modUlus. and. these_ are . . . ' . . 

.•, . 
. '·: 

J!O&u;r!ON Of PI\OBlJH 

t·et Us consider- a clamped circular plate of r~u:11l1S •a 1 • The 

~ent.~~ of_ the plat~ -_is. tr.~.kan_·.a$ the :ol_'igith: For .moda~te1y large 

deflection of plates the governing differential equations in polar co;. 

ordinates ~re .' 

"\/4W - o(?..'V'l.W-+ ; w i: 
ll d..tA. 1 r_dw)2. _ o<~t. 
""K + d.n. + 2 \_~- -· [i"· 

•• 41. (3.65) 

$Published :in .tournai of Structural Mechanics, University or 
1llmois, t141 S•A•t Vol4)3(4) No.~ ooo-ooo» .1974;..75. · 
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where 

If there be a symmetrical distribution of tr~verso load varying 

as ('J--~·?)" , (7\ >-0 over a concentric circular area of radius. b <. a , 

= 0 

Eq.(~.-65) now is written as 

< v 2 ... ex 2 ) v 2t·r. + ...=..- w = r (r) 
D 

when b < r .(a 

The boundary conditions for clamped edges are 

. -o-, eM>. (W) r ==a ...,. · - ......._. . ~ r-a 

Let us ass\lne the deflection t>J in the following form 

c.a 

W ~ L As ,- Jo (Ps~> - Jo (Psa) J 
S= I 

where J 0 

.... (3.67) 

••• (3.68) 

• ... (3.69) 

••• (3.70) 

is the Bessel function of the first kind and aero order &~d Ps ts the 

&a th root ot 31 (Pa) = o, J 1 being tha Bessel function of the first 

kind and first order • 

. ·It is evident that the boundary conditions for ·clamped edg~ 

are satisfied by the above configurations ot w. 



Since 
l 

: + ~------
r 

d 2 --J Jc)(Psr_) =- P J 'i(P r) 
d~ s _0 s ' 

t As !.."1>1 JotPil + ~2 1": .10 (l'sr> + ·.! • { J(,U'sr>• 
S=l 

'70 

••• (3.71) 

It it is poss1ble- to eXJ}and f(r) in a series of' Besse~ function, 

one ge·ts, 

J
a. -;...2 2 2 2 , , · K .. ·As L Ys (Ps + o( ) Jo (Psr) +As D . 
0 - ' 

I . ·' 

f(r) X 
( ' ' ! ~ 

.... 
Putting X" = b ·sin 0 and t( r,)' = c (b~ r2)1\. in the integral of' 

Eq .. {3~-72), one gets 

' . .,. ' 

= Cb2< A.. +ll f 2 sine 
0 

,.._ 2/1. +1 
vvS E). X 

Jo (Psb Sine ) de 

(3.7~ 
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?\. +1) .., 

This is a special tol"'lil of' ~on~ine•s first definite integral containing 

Bessel f"ttn.ction L'11atson ( 1952) _ J ~ where f.../ ~ J... 

SUbs·tituting the valu,e obtained· from Eq.(3•73) in Eq.(3o72) one gets 

after sL~plif1cat1on 

. ?\ +l 
C( 2b) _ ~+l ( Psb) \ ( ?\. +l) 

. As = o•• (3.74} 

fhus 
~+l 

C{ ab )' . l { 1\. +1. ) . 
'' 

2 a 
·W = 

. ' 

is . completely determined. ..... (3.75) 

The de:flection T.>11ll be maximt'tm at the centrsij!. From. Eq.(3~75) maximum 

defleation is obtained putting r'= o. 
Thus 

--

••• (3.?6) 

.. To detei'Iiline the displacement u, one gets from Eq.(3.G6) and. Eq ... (3.70) 

du u · o<. %2 dw · 2 
- ..,. -= -tc- > dr r :ta . dr · 
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. . 

X J 1 (Psr) J1 <Pmr> ••• (3.77) 

J(.dJt-

Mult1plying Eq.(3.77) by t. and integrating with respect t.o r, 

one gets, 

o<.2h2 rg . 
u rt = - . . - i 

'' . 

24 

+ K .. ~ •••••••• -......... Eq.{3.?8) where K is the constant of integration. 

Boundary c:onc1it:i.on imposed on tt is-

(u)r = a = o 

. Q) 2. 2 2 2 
K = t L A P a J' 0 (_P s a) -

B=l s .a 

AlSO as P-7 o, u -7 o, :f"rom s~etry. 

Therefore the equation to detemine o( leads to 
o(~2 a2 C» 
---~- = 2: A2 p2 a2 J2 (P ·a) 

- 6 . S=l s s o s 

••• (3e:79) 

• '. (3.80) 



7'-= t t K=O 

~~t':? deflection W is given by, 

w = 2!)3c ~ P(Psb~ c;c.<Psr> - J0(P~a).) 
a2 &:::l· P.s Jo (P sa.) . . . 

'?3 

- .. . J 

Eq.-(3.82) is the resUlt obtained bf Sen (1935) in his eorrespondlng 

small deflection p roblen~. 

Let us examine another typa of transverse loatl function varying as 

( r4 .. b4) ov-t:r a Concentric CircUlar a.~ea of b <a. 

!~-~~: __ Qase t(r) =Jc (r"\. b4) · ~ ( o: < K < -b~<c:tj~ 
.· - (-cJ----:1 · ·c b ~ /(.. < a.. ) . • •• cavss> 
. ·. I . 
:. " 1 ~ '( 

i \ 
. --.·--:------ ..... -_- ..... · .lt..~-----...---- ~ -;--_- .._. ___ -! 

·EXPanding f(:Ji) in· the series or Bessel functi.on and proceeding 1n the 

same manner one gets·, 
32ba (4- P~ b2 > J1 (Psb) . • •• (3.84) 
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The ce.."ltral deflectton is obtained putting ~ = o• 
fhus 
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(3eS5) 

••• (3.86) 

By substituting the &1•(3.84) ·in Eq •. (3.78) and Eq.(a.so) one gats the 

equation for u and o( respeotively for the type of load funotion 

in Eqt (3.83). 

The equation .for bending moment is given by 
' 

. . 

ow. +..1... 
or . r2 

Since n is a function of r only~ the equation. for be.."'ltling moment 

becomes 
. '2 __ dW l dw ·_ 

n L ~ + v c-- ·. . .. ·l J 
d r""' r dr 

•••• (3.88) 

<bnsider!ng Eq.(3.75) and Eq,.(3.88) the value for bending mo:nent ror th$1 

type of, leading 1n Eq~tC3.67) is obtained as 
. J\.·)ol . . . . • 
DC(2b) r ( 7\ ofol) m Ps v l\. +l (Psb) 

Mr = . a2 . . ~ l.--P-s~"'.,;;.~-a(•-P•;---+·o<.~a~)-+_P.,..;.._,.._+_l _____ ~_,-J ___ J-.:~=-(-Ps----a'!W")-
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~-

For el.amped edge the balllding moment wUl be maximum at the centre. 

Thus ..... 
DC(2b) i'"+l r ( 'A + 1) 

••• (3.90) 

The maximum bend.ing stress is given by . 

·( 6 r) = ·-maxo ••• (3.91) 

For the load function given by Eq.(3~67), the ma,cimum. deflections, . . . . 
maJd.till:RJl bending moments and ma,xlnltml bendi<."lg stress for?\ = 1 are given 

as f'ollO'!.;s s 

¥-
' ~~· (3-.92) 

.... (3.93) 

---

;..,.~ 
'-· 



+ 

~--

76 

If o(-7 0 and !C = o, the corresponding results for small defl~ctions 

problems are obta1ned4 

Thus fo'l! snwJ.l d.eflections 

= ·-· RJ. ": .... 

a2 

o:> Ja <Ps b) 

Ll. p4 . ~2 (·P.. .. } 
s;: ·s"o sa 

- )) .-1 -l 1 + -· 0 IT g,.; 
- 2 _, 

••• (3.96) 

••• ( 3.96) 

•••• 

The above results will be utilised ror numerical computations and for 

sid~ by side comparison. 

n E s u .l£ ~ i · 

Num.erical rettll ts ara· p1•eser.t.ted here for the case of tho 

circular plates with c_lampad edge. The type of load function consi·dsred 
' .. 

is as in Eq .. ( 3.67) and the value o£ ?\. is assumed to be l:t r-adius ot 

thG plate bai..'lg a = gb. 'lhe maximum deflections, maximum banding 

stresses are calcUlated f'or various values o.f the load. functions and .. . . 

for various values of" ·the fou..Til.d.atipn !nOdl\lus$ ·These ~re presented in 

the form of gl'tlphs. Central deflection a.."ld maximum bending stresses 

are also calcuJ.e,ted fo.r small deflec~ions and these are also presfl..nted 



77 

tn the tc:an of gr&pbs for' comparison~. vartation 'ot the bending moment 
• • \ t 

&long ·the radius ~s a;so .caJ.ctU.ated both for small deflection and. lat~se 

deflec_~io~·~, 

. L1tl calcuJ.at.ing the c_ent~ deflection, one has to start from 

.Eq.(3 .. 80) with.an a::isumed v~iua ot ( c( a) leading to a p~rtioUla:r 

VAit'I.Ei of tb.e load. fUnction., One~ this re~a tionsb:lp · 1s obtAined the 
. .. 

~a.~imQ!l valus of the deflection oan .be obtained frotn ·gq.(3.9e) for 

various values of the toundat.ion modUlus. !besa l!astJl,ts are presented. 
•, ' ·, ' 

1n Fig~3.6: to 3~9~ on e~ination of the Eq.(s.9a),· it is r~~ed 
• • ' <-

that as tlla radius or th$ _plate inc~eases, the central defleg~ion .. 

also increases for a given val"e of' the load .tanction.. For small 

defleetion Eq.(3.95) is to be used for calcUlation ot the central 
. . ' . . 

~ . . . ' 

deflectian. 

lh calculating _the· b.ending ~oment £or various· ·values of' (.! )• 
Eq.(3.,89) is to be used putting the value ot 1\ ~ l• fhe variation of 

• , ' • ' • ' I • 

t~e bend;l.ng moment . along -the ~adiUs of tpe plate is pres en ted 1n . . 

Fig •. 3.10.-Variation of the bending moment along. the rad1us according 
. . . . . . . . . 

to_ the ;tin~a~ theory· can be .calc~ated .~itb the help of the Eq.(3.89) . . . 

putting the val_ue or o<. = 0 and . A = l. !he max1mtrn bending stresE:H~S 
. . ~- .. ·. ' . . . . .. ' . . ' . '' . ' . ... . 

both for large and small detlection and for :uarious values of 
•I ' I I I lo ' 

foundation modulUS are presented in the. Fig.~ 3 .. 11. 
. ' ' 

For ·the type· of loading in Eq.(3.83) the central deflection for 
- . ' 

various values of load function and foundation modulU$ can be ealeulatea 

witt~ _the hel,P. ot Eq.( 3•86) :.tn· eonjunction with the eozsrespond1rig 

eqqation for o( • Vaiuea of the bend1n~ moment and bending stresse'f 

·can also be easily calculated. 



From Bq .. (3.92) it :l.s observ~d that the central deflection of 

tb~ circUlar plate depends on the radius 1a.' of the plate ancl on the 

value of the foundation modUlus. But tor a given value of the 

foundation modttlus, deflection increases mainly due. to inc~ease ot 

radiUS, bGeause the ~ffect ot the value of P~ • · ~ is little in 

comparison with other terms when the plate radius is increased.. for 

a givm valua of. the plate radius, as the foundation modUlus increases 

the Eq.(3.,5S) behaves as the linear equation or the t~e 

4 "' ~ K W . o//'"'·.· "l w -.:- D = -r. u •• 0 (3.98) 

This is also seen from the Fig.3.6 through 3.9 where the detlsction 

curves for higher values ef the foundation InQduJ.us KF tend toward:; 

linearity •. The nature of the curves of the F1g.3.6 through 3.,9 tor 

KF = 0 are !l'l good agreement with tb.ose as :found by other authors. 

For value of ?\. = i in EQ..(3.67) and for KF = o, the deflection curve 

1s presented in Fig. 3.,12. This is i,n good agreement \-11th the resUlt 

o bta.ined by Banerjee B L-( 1967 )~ 5 J . 
· to 3.9 

From the ·Eq •.. ( 3.9_2.:"): and also from tha F1g.3.§/1t is seen that 

with the increase o£ foundation. modulus, the deflections of th.a plates 

decrease,. This is expected. Beeauso bettor foundations will give larger 

upwa.rd pressures to reduce the ~ffect or applied loads. 

For the type or loading in Eqo(3.67), the load on the. plate 

at r = !. b is zero and the deflected shape of the plate is show in 

the F1g.3"l3. From the. F1g.3ol0 it ~s seen that the bending moment 

varies from + iva to - . ive value along the raclius .• _ fhe deflection of 
!1 ' • • • / 

the plat~ along the radius ttTill be as shown in Fig.3.l3. ~his sbows that 
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:11-
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the direct. stresses in- the· Upp·e_r_. ana loilrer. f1bras of tho plf;ltGs will 
. - ' ~ ' 

change. 'tirbtli t.~sil$ to compressive with th~a: va~ue of -aero $tress at 
- . . . .... . . . ' ' ,.,, ' . .. 

-the· po:1nt' of ·oo d.efl$ction. ·Ma.:¢1mum.- bending -~tress -will occur at the . . .. . . . . . .. ' 

·centre of the :pl'ate. WitQ: the increase ot. lqad maximum ben~ing stresaes 

~iil vary' linearly w1th ·the ioad·-and the stra~ses will-~~ ·-nonlinearly 
. . .. ' . . .~ . ' 

with the · detlectlon~ The effect -of: the foWld~ t.ton · modQl.U$ 1_s to redttce . . ' . . 

th~- ben,din.g ·stresses.· Errors in :the results -ot the deflection ob~ined 
. . . . ,·· .' 

from the· WO apprOXimate equations (?.65) ~d (3.66) WUl be less- for 
- . 

tha values of KF other than zeroll But the resUlts for the bend_tng 

moments and bending stresses w1ll not be as accurate as the,.~efl~ction 

beqauae their -values dspend on ·the derivative of the d1splacEm1ent 
•. . . . ' ' . 

an~ deflection~ 
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LA..llGE PEFLEC_TION OF, :A' > SWI• CIRCtitAR' PLATE ON ·ELAS~IC: 
F()tlNDA!lON UNDER A U!liFOllM LOAD* 

' ' 

' ' 

.· 

liil'g$ detlect1on of a $1tzipllf' .supp.ori;ed . sanicircular pl.a te piaced 

on elastic t'oundation of: W~er t)?p~- and SUb3ected tO 'a uniform 'load 

bas. been investiga teti following Betger 's approxitnat& metbOd~ Exprossio.ns 

for the deflections' and bendibg moments a~a' obta'ined and tne 'theoretical 

·resUlts bPl.ve .been p~es.entatt in the form ot g~pbs. 
,·· . 

· ~et us take_.a Pfat~ in_. the form.ot_~ s~iotrcle, F1g.3.14 and 

l~t tt_ be .s_:tmp~y suppo~t~ and placed on an elastic. foundation ha.v:l.nc 

.thE). ree..~~~n. :tt. pe,. W11t area .per-unit deflection. Let the centre be the 
• ; '. . ' •• • • I I ·' ' . . . 

Qrlg!n, t4~ ~ttnding .cU.ametar b$ the .. 1n1t1al fine ~nd the. plate b~ 
I ' ,· '• ' ' • ' I ' • f • 

4 2 2 K ,.. ·q v,""' ct. "' w + -.-.w .. = -
· D "; · D 

*Accepted tor publicatio~ in tha proceedings of the 
Ind1tin. Academy o-r Sciences, Sangalo:re,. ~dia. 

,{PUt~ ~J v~.t~_xxx Ill,. ~.A, rv.o,f_, tq 76), 

••• (3.99) 



where o( is-~ cons~t given by. 

2g 
_o<.h ·-' ........ 

12 

' . . . 

' ' ~ ~ ' 

.,· . 4q . Cb sin me . : · · :·/. · . 
q = ... >:, -~ ~ ' . ; ' . : .· .. · . . :' ·.::. 

"A ·· !:-'. · .. :- rn · · · · . . . m-1,3,.5.. ·: 

1G Sin me 

Ov 
. , eYe 

. ··, ; 

... 

(3.101). 

~ u ~ • • 
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where an is a function of r only, and substitut.ing mq.(3"104) and 

( 3•105 >. in ( 3.l0i) one gets 

'd 

dr 

~q 
= ·-· 5 .... 

Am» 

·~e 'appropriate solutio~ of Eq.(S.lOl). is given or 

w ' 
w. = L L-Am J;n. <P1J.-> + Bmlm<Par> + ;i; x 

m=1,31 6. · 

(X) 

SS+2s,m(i P2r) = ~ 
n=O { 2 2\ 1 · 2 2l (4 + 2s} - m J- .. l (4+2s+2n} •m J 

1s the tomme1 1s ~ction which is vnifor.mly convergent. 

The required boundary conditions are 

(u)r=a = o 

1)' .1 ow 
+ --1! or 

••• 

••• (3.100) 



C>nsidering eqs.(:·J.l07);(3.10S) and (3•109.) and solving for the 

constants M1 and .8m one gets 

.. Q) /(19 
- Im<Pga) 1 a~ . '"' s'' (1 P2&) + l. L ( 1· p .... )4+2s. 3+2s,m 

s=O · ?; 

·-

{ 
m As 

'!"'_ ~(P1a) . a 2:. . .. 
s=O (1 Pg)4+2s 

R 
S (1 P~) + 
3+2s,~· 

•••• 

91 

• it e' (3elll) 
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where dashes represent differentiations with respect to 11 •· 

Since we· ara inte~ssted only 111 the- lateral d1splac$nent w,: let us 
. . . ' ~ . . . 

dete~ine o( ~J' f.i)liminat.in~ -~.and v fro~ Bq.(3ttl00) .... ':.·· 

tet ·. 

. ••• <a.ua> 

. v = ~ \}(r) Sin m6 

Mnlt1pl¥inf: aq,(3.100) by ·rdadr $!1d integrating witbin the limits o to 

a and 0· . ·w 7\ one .gets 

.~.' . 
•' 

·'-

ll:· ' ·;r ' 

• J J z::: 11(z:1 <»11 !lie 
Q ·. 0 . 

'' 

a -,-

de dJ.' + J .· (L m V(r) eos me 46 dl' + 
0 0 

a n. 

J L " d6 dJ.' 0 o. 

' . -

After evalt18.tilig . th~ integrals~ the following Qquation l_~c.U.ns to o( is 

obtaine~., 



-~· 'I . 

·.~-

. .. (~) 
!t ~.- 2: . n=O 

A%<4i-2$+3'1)a a.8+4s+4n. 
+ 

S+4s+4n 

93 
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~·· 

' . .... .... . 

(2n+2n+2t+4) Ln (.t l (m~+2) I (m+t+2) 

Pl. nP1+2n · ... P2 m+1+2t . 
+ c:p ~ ( 2 - ) <-g . ) ' . ' + 

. m 
. A p ·q v-+ ·~ ~ _. 1 f P ... 8!R17 ~ 

- · .~ Dm s=O 



. .'' 

' 

X { 

().) CiO 

+ ~Aml\n I: L 
n=a t=O 

J1:t:t 

C) 
0 q. + 0 .1!..... ........ L. .. 

'""m 7\ Dn ~ =0 

q : 
+ s ~ _7\_])n_ 

co 
L 
s=O. (1Pa) 4+2s 

9·5 

+ 

<:p 1 (:~. ) m+2t 
'2 

~·· (3.ll4l 



where 

-t 

¢= 

cpl::: 

\.\l = l 

(i?ln+2n+2t+2) {..n Lt /(m+n) /(rn+t+2) 

(4+2S+2n.+2t-tm) Lt /tm+t+l) 

( 6+2s+2n+2tim) Lt /(m+t+2) _ 

2I\+4n a . . 

96 
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< an+at+at > 1..J1 t..t /fm+n+l > /tm+t+l > · 
. ' 

m+S+).)· -·- ...... 

m+3+ 0 

--------------~------~----·------- }shtme m 7r(4~·)(4-m2> L-~ + i (. :L + l.l ) _/ 
--

as :obta!ned by Timoshen!to ( 1959) tor the corresponding problt:m of small 

deflection with6ut ~ny elastic foundation. 

RESUJ,TS ....... -- .. . -
ib ~btain d~flGctton for &.. given value of plate radius 'a' and 

' foundation modUlus •KF' o~e has to sta~t from· Eq.(3 .. ll4.) with a~ assumed 

value of ' . o( • in order, to obtain the eorrespobaing value of the load 
~4 ' 

function ( .. J ). once this relationship· is obtained the corresponding 
Dh 



·~ 

• ·,~ :·.: J• ,- -
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deflection <-f-> can be calcUlated from Eq.(3.107) with the help of 

Eq;:. ( 3.·110) and ( 3o 111 >'· Pbr a.:::aomm, 1) = · • a, and .Kp' = 350 deflections 

have been plotted in -l?ig.S.lS :tor variot;tS valUes of load function <is~). 
On examination of tlle Eq.(3.107), it is clear ·that the r•d1\lS 

. . . . . 

of s~"lleti, of the plate undergoes the maximum deflection witb. respect 

·to othet.- radii. The. expression for the de:fl~tion at. a giyen ~oint on 
·-t: the radtus or sYnmietry ·can ba axpressed in the form w ~ f ~~ ... ,. whare 

f3 ·:ts a numerica.~ ·factor. Deflections at various points on the radius 

of symmetey ·are plotted in Fig•3-l6 for a given value of load .function• 

From Fig.3.16 it is observed that mrucimUlfi deflection occurs at the 

eentre of gravity of the platei! 

The pla. te is su.bj ected to bending moments in radial an.d 

tangential direet1ons7 as wsll a$ to a twisting moment~ 2!he moment• can 

be easily compu~aa, 'because the deflection w is known. 'rho expressions 

for bending and .t?.rtisting. moments ara 
\ 

Mr " [: - DC ~L { :IQ'I'2(P1r>+ 2lm0'tl')+ ~~P1r> } + 
m=1,3,5 



.. ;.j,.,__ 
: T· 

• 

+ . ' . 

2:.-

.4.Q. 
+-"'-

7ltm 

.k Bm. P.a { ·~ Jtn-.1<Jr.Ar) + 
2r G 

!:f 

+ ~+l(Pgl?) r 4> ~: { ~ Jin (Plr) +lim. 3fa (P2r) }. + 

+ 
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., 

·4q 00 f\..s { 1 ' +- :~ L • ~ sa+as m.<1 Par) .. 
~D~ (iP )4+28 r 

. f. 
s=o s 

, •• (3.117) 

' 
1-fe are both maximum on the roa1us of s~otry, tho twisting moment 

·~G · ·is ~a.x~urn on the 'bounding dit.Uiloter. fh~ bending moments can be· 

axp res sed in the to• 



•.• _«;\ 

Expressions for shearing ·f'orcos ca.l'l be obtained with the l'J.alp cr 
~.(3~107) r~ the ·expressions 

D = , .......... 
r 

x Sin ms 

101 



D 
eye = ~ .---. 

. r. 

4,q .,. - ....... 
A' »a 

As 
Jf r &. •••• • ..-. e-
(1P.2y1+2S 

fhe shearing stresses can be calcUlated from the ~ressions 

6 lire 3 Qtc_ 3 Qe 
1 ~a = - ha ' '~rz = a il'"' '~ez = "a• -r;--

102 . 
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t~'lGE D2FLECTIOrl OF A tRiiJiGULAR O~UOfOOPlC 

PLATE ON ELt1STIC l?OUNDA'ilOlf"' 

''f'ianguiar re1.~forced concrete slabs are sometimes used as botto. 
. ' ' 

·slabal of bunk(!rs• Thus the des:ign of tbis type of struetw:-e is of 

p~actieal tntorest for Defenceo !bes~ slabs ~Y. r~st t~ealy on aoil or 
sand and generallf are sub~eeted to a unifom load. lf the thickness Qt 

tho slab 1s .$mall com.,oared to. the o thor dim ens ions; then. 1 t may b8 

rega~ed a$ a thin ortllotropic plate ~esting on elastic foundation and 

suba.eeteu to n. ~ito~ load. Following 13erger•s mGtbbd nm1erous, 1sotrop1• 

plat$ problans ~v0 been solv~d. with ~s$ anc! accuracy. Iwinstr.t and 

·Nowinski (19.57;) senetoa.lised tbG procedure of :aerger to Ortl¥>trop1e plat• 
. ' 

and ·f'o~tiJ.:·.·.2.:le uotleetio11s of' circuJ.a.r and r0ctans!llar pla.tas under 

uniform load,zunaar various· bo~dary ·conditions. 

In tbl$ Paper large t1etlect1on of an equUateml triangUlar 

ortlotmpio plate, sueh as remtorcod conerete, resting on elastic 

:f'ot'Uldatiort has been solved following :Serger•s methOdo !be plate :ls undet' 

uniform· load and the: :foundation is a.ssumGd to be such that its reaction 

is prl)po·rtional to the <lotlect:J.on o£ the pla,te. 

iW .•.• .., •. .;.,-.... Ji::itill''-ill .. 1 'uaz eii (I! l . W l ·,A I; i . L. ··~ 1· \1. b M fi!:-a:&-1.' 

*Pu.bl1$hed in the Defence se1enee Journal, , \bvt. of Ind!a, 
. Uev_., Delhi, Vo1.25, flow3~ 1975~ , 



For. mode-tel)' la~,ge ~·tteetioi'llt· the stra1n 4:isp1aocumt 

rtaa t:1onshtpa area 

· Neglecting the seec;na .middle s'ur.race stl'l:lin invariant., ·the svaln 

m•rgy due tQ. bending and stl'etcbing. ot the m1dt!le surface or the 

pla. te of tht(lknees., b,: ean be written as 

. . ' 

••• (3.124) 

in whiell 

E' h3 E' h3 E" h3· 
D.z a ,x ,,_ t Dy· a -~ u • J)l • • ·' ••• t 1\:y = 

12 12 ·12 12 

ow 2 
(..anT SRI IF ~ ) 

ou-



,........J 

\ 

-~ 

' '10? 

t .t n . 
. . an~ -~ * Ey, 1 , and G ar~ const®.ttt to characterise the elastic 

. /~ ' 

pl')perties Qt the material. ay addlng the potont1al energy(£ the 

· .. unifo~- ~~Ql loa6,. q, and of the foundation. reaction, K, to the 
' . . . . . \ 

' ' . 
et'lergy a"tPress!on ot !q~3-l24) the moatt!ed oo.0r-g expr•sion is 

: obtained ~s r._.,llowa • 

' ' 

• »x ~~2 -~ jdXIi~ • s r 'fit ~df •• If K ..,r~ dXdV 

·-. . 
According; 1;() the p;i_JJ1ci!;i~ ot l!lintm.tl!n potential e..11ergy, thG · 

d1splacene:nts satisfying ~· eqU1_1ibr1ll'll conditions ma~-. the po_tential. 

~erg, _v, mlni!=stl!lt In orcter tor t.be'1ntegral. ot Sq~3J.~lto be an 

«ct!."(IU_tl!lt 1ts . .tnteg~dt ~'• must. satisfy. the ~lJ.QvL'lg EUler's 

vari~tional pr1ne1pie _: 

011' 
( ow,. ) + 

OF 
'I ±Ja ) C 0 
OWxy . 

•• • (3olS'/} 



lOB 

-----

tftiC 

0 
) (3.130) o:~· < al = 0 ••• 

!i\~s 
"' 

el tr: c ~ IJ \Ill. '(3.131} 

a nea~e11eed constant of integration to· be determined\) Applying 
. . 

Eq.(3.126) to F.q.(.S$1~5) emu cort .... '11t1ering Eq.(3.131) one ge·ts 

2(D1+ 2 D ) x.r +· ,.. - tifa .. 

D,; 



·r 

:Fbr a slab with two irr~7 reinforcement :tn the d:J.ract1ons x and y, 

H can be ta.keri as (..- T'~os henlro ( 19.£9) , P. 366 J 

Introducing now 

D.. J.. -"'!"'.o...,._.,._ \li' ·n , 
y 

•• it (3.134) 

Bq~3.133) is reduced to the form 

1."1. which 

o<a - l2C - h2 

and oa ()2 
~ = +. 'V<'* •• ··------ox? oy2 

l 1 
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'lb solve equation -~3.135) tri-linea~ QO-ordinatlis. as shown 

b7 s~, n. (1968.) has been used, Lot the~ plate be in tbe f>rm ot an 

equUateml triangle, ABC (F1:g•3•l7) having f.Jacb side ot length,2a. 
. . . 

Let tha ~trotd, o,_\ be the origin, X- '-~is and Y .. wt1s porpcdlcul.o 

- and pate.llel t!) the base ac, respectively. It x1, f'
1 

be the 

cartesian ·co-o~dinatas oT any pointt P, vithtn tha trianglot _ P1,P2,P3 
I 

be the ·tnrae perpendicUlars trom ~ on CA,. AB, _ a.Yld Be resp~etivel,., 
. . 

and. ~1 tha radius .. ot th~ inscribed eirele8 than 

- x, 
Pl=t-+......._. 

ana -

ft -
'Q 

, ./3 
.1_ -- ,- .... t 

a 



_j 

\ 

-~ 

lU 

Using the trUinea:r co-ordinatas ( P1 , P2 , P3 ) the deflection, w can 

be take..'11 :1n the form 

••• (3.136) 

wher~ 

An = a constant. 

Tb.E!l above form of" \~ ·.satisfies the following boundary conditions ot 

simply supported edges : 

,, 

w "2.. :;: o ~at· .Pl. = o, P 2 = o. 1? 3 = 0 
::::::1 W-=..c. j 
Expanding the transver:Ja unifom load, _q, into Fciuriox- sine series 

IH• (3*!137) 

and subst1tutine Eqs .. (3.136) and (3.131) into Eq.(3.l35) one gets 

G!Q 

An ~ [ n .. ;~~· ~---~-:r2n_tr __ ~4-~c-~"'~ .. 2 I K ·...;· 
II ""X <..,.. '1, ) +0( 1 o ?_·::IIC . ) + -;:;:- J 

n=l . Kg n.-" -x 
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To d.etQmtne o( , Bq.(3.12~b) is tl!anstormed :lnto x1 , 1J. co-oro,1nates 

in th~ following form 

The boundary ct)ndi t1ons on u an(,\ . v are · 

u = 0- ••o 

The follovring. forms of u arul v satisfJ the above boundary condition&• 

.... 

in wh:i.Gl:h Um is a. e·tnis tan t •. 

Substituting the express.iotlS for U;. V' anti w into 1?4•(3.133) anc.l 

integ.t>atH~g over the whole arQa. of tha plate, the following Qf!}Uation 

de'termi.'fling o( is obt~1nad. 



· .. 2 2 
e('b 

-•nu .± : 

12 
•.!ll ~- U i_ II( • II I lti:J. 

thus v1 is eo:npiQt$11' detemirled in the following rom in x,y 

e~ordL"La.tes 

' I 
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If ~ = Dy = D,o(~ o, and lt::;: o,· ~th(3.l3$) and (3.139) give tho 
; 

~all deflection result tor an 1aotrop1c plate not resting on the 

elastic foundation in tho ~ollowing fo~ : 

i'be corresponding equation as obtai~ed by s •. WoinovskF ... Krieger 

l..-3900, P.313 Jtor a ·plate having each s~ae ·o.£ length~ :la 

.... (3.147&) 



W tl a4 
w $: «MII111 iVGe 8W~ 

a "A 0 D 

(» . 

\ t · ... 2n7\ L --a s.n ... · = 
n=l tl 3 
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vhieh is n.u.~er1eall)f •qual to that .obtai.Jieu· t.rom ~.(3.147a) tat ·the 

plate having each s!d:e or· ltmgth.. 2a as 

4 
• tv'!C;. . _qa .. 
~-~:;; .......... 

J) 

1b ea.leUlat$ daf.lection at atlY point within. tha plnte_. one bas 

to start i':O:e! Bq.(3.116) -with Wl assumed vnlu.e ot ( o< a) leading to the 

oorre5pondling value" of the land function bs~:. Onee ·thts relationship 
X ·.~ . 

is obtained, the corl'tGsponding deflection ean be obtained fr.:::;m, tho 

'&to(3,.l.-'3G} and w-ith the help of f.q;t(3.13S)e 

At the origin ma~L'llttri deflectir)n is obtained. a:ttl is given b1 · 

I "r;.ti4-!IID .C ~ 

h 7\" 

1n 't!thich tile ni:>ndiLlionl!'iona.l rount1attou modUlus 

Ka4 
Kg f:l ~ 

Dx 



115 

Po~ x, -~ o aru1 ~ = aoo grap~UJ ·ar~ plotted 1n Fts.s.1s anovma the 

deflect!on tr1 at the, centrotd of the plate against tile loa4. r1a.3.~ .. ·-· .. h . . - ' . 
also eonta!ns a graph plotted. according to thtJ linear theo~ • 

. ~m ns•3·1i :lt h Clear tbat ~eaj.gn caleulat!ons smu.ld b• ma4e 

acccaung to the nonlinear theo~Jt,. bec-.use d~ecti<na calculate4 

aaeo!din'S .. 1» smsll d.tl~t1on theory will be fa~ fronl th$ actual Yal.Ues . . . . . . 

tor · bighet Values ot load f•ction. b Gtteet ot tb.e .foundat.1on 1& 

to r•dUce tha dtttlectlon tor a give value ot load ·fmct1on. 
- . 

l;}ecause til~ detlectton, w~· has been detennined, bandlni1Hilents 

and l9ti'GSSO$ can be coBJPUted eao!;I.V• ~ bendtng moments ~, ana H, 
at tbe e~trotd of .the plate _a~· obtalneti 8$ 

1n which. v0 Is tba !'oicson•Q ratio tor concrete. 
. . . 

ltlr toott\'>pl.o plato vithotlt -elastic -touneat1Qll om.d undergoing ~1 

det'leCt_i(;ll 'Vc = )) ·• x1 = 1, Kp e o, -o(~ 0 and to~ 1\ pl11te. ba~lnC 

.. •c~·si_de ot.lensth : , 81•(3 •. 1~) and (3.160) l$ad to 

- .. . a 
Mz = •1,- ~ < 1 +. )) ) ~4· ,. •• (3.151) 

vhtcb !s. tbe same·result obta1n$d by W1moshenlto·L,.-39S9;. P. 314j. 
. . 
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:t,ARG~, l)EFLEC!fXOH OF A HEATED SL~lPfiC PLA~E 

ON ELAS'liC. i'QUNDATION. * 

.. . 
In recent years there ·has been a rapld development ot 

118 

thermoelast!cit;y stimulated by various eng~eering sciences. In the 
..... - . ,__ . .,._ - ' ' 

field o:f ~act:t~e struc~~~es_, .~a~~~ witb air-craft, steam and gasturbinea 

and in chemical ~d ~uele~~ _engineering, thermal stresses play"an 

ilfiportant and frequently even a pr1mal'Y' role •. Determination t)f .thermal 
. . .- - . . . 

deflections or plates, .~s~ac~ally .. o:r thin plates; is of vital importance 

in the design of machine structures, because excessive deflections may 
. . . . .. . . . .... 

~a.use heavy und~sirab~e ~he~al stresses. 

FOllowing Be~ger many non-linear plate problems have been stived 
•• •• ·-· • • • ,, j 

I 

under various edge conditions and d:U'terent types ot loads. BE:lrger•s 
' .. -··. ~{' -. . . . . 

technique of neglecting the second inva;riant of the middle surface 
. ' ..... · . .; •.,..,, .. ;~ '. .. .. ~ ;. .... ·~ ~ . . ' . . . ' . . . 

strains bas 'been extended bY ·aasul1 (1968) to the large Q.eflection 
"".- ·.>'- , .... \. . . -- .··- ~ .,.,._ •' ·- ·- • .-- ... ' . "' . 

' ' 

prob;tems _of heated plates to obtain the large deflections of heated 
"• ~·'•7" •-'>' """.-'"" • , '• ··1- " · · ' • ... ..,. I ,. . "' . • _- · - · . " • 

rectangular,. circular and right-angled triangUJao plEtes without any 
··.·-J·--· •'·.··-·.·'. ····· '-·· '~ 

. elf:As~'f!ic .. ~otm(ia.tion, and tmder uniform load ·and ,_s~~t;"~ temperature 
·~ ~ . 

' ' . 

'* ~ublished in the Journal of the Indian Insti tuts of 
. SCience, Bangalore, Vol. ss; N0.5, l976e 



~-

dlstribttUon. Sinha L'il63.] baa extendld tbh atQtbQd of' Be•pr to 

invest1S4te the lara•· aetleot1ona of clroUlu an« JteetanCU].a:r pl.&.ttll 

on elastic foundation ot W1nkle:r t1P•• 
In ·tbia ·paper the autho%' hu applied the aetbld of »asull U4 

Slnba to mvestigato the larg• cletlec·tion ot an ~lipt1c plat• pl&e04 

on •lut1c f'oundatlon and heated mde~ atat1onary 'tempeature 

distribution. ·fbe detle.ction 1s obtained 1n temaa ot' Mathieu tunctlon 

o.f the fl:rat ldnd. and or zero ord•r· [ ~eri~al results have been)~ 
'}. - . ____ , ,-

jpresente~ i~t!:_!__~rm·~-f -~-:ap~~~-- · . . · : : . . . 
·----- -~-- -. - --~- - . . - - - ----.--- ------....:. -----~ 

fU strain .nergy du• to bending _and •tretch1ng. or the· m1ddl• 

" su.rtaea ot the plate 1e given by · 

,.· 

??w '2..}] ( ) dxdy - OXO)I 

cb:ab!ftiac th8 potential energy of tb& foundation reaction a!'lt1. also the 

potential energ du<t to heating v.1tb t;q.(3.162) and neglecting eg, tb4t 

rao41f1ed energy express ion for the total ene•g beooaea 



in wh.ioh t' is the tempe:ra.ttli'$ .distribution a.t any point 8iven 

. b7 L-~Ul.1, Cl96S) J 

-f,j2. 

) z slz.)dz ~ j(~ 
-~/'1--

• 

-+ twjdxd:~ - SJ~ {Tae,h -1(-JYTv'w}dxd~ 

••• (S.l5S) 



Acet~~ing to ~··thfl prlnc~le of mlnb:nllll pctentl&l ••~gy,. t~(t 

41splae«!Qnts that satisfy the ~u.Uibr1uet con41tion• matt~. the pottnttel 

fl'UJt:ift v, sd.nklua; X!l order tor the tntegral of Bq.(3.15S) to lle an 
a:t~«All!·, the irite;l'ltnd, :r, atuat sat1s~ th• f'o11ov1ng EUler•• 

.;ql.i$t1ons ~'t .tbe calculue ot va-riation 

.Ap~lication ot the lqs. (3a-167a), (S.l57b) and (3.157e) to lct•(3.lfS6) 

7!G'lds 

••• (3.169b) -

4 \2.{ ( u'\o(-r.\. 1 · K Eo<.f(-f.JV'l.T - 0 ••• (3.loao) 
"\/ W- ~2. € 1- H· / loJ'\7 W+ ])W + -:D(I-'U) -



~'l.. 
e 1 -(H·~o(To • constant = f3l2. 

!n whleb f is a noa&lisGd. c;on•tant ot intearatioa• and 

-e. = ~ ()y _L cow)'l. 1 (_dw)l. 
I . ox + ~ + 2 @ -T 2:\.~ 

•••• 

t•t us take an elliptic plate of th1ctn•ss, h· the centr• at 
the pl•te J.n tho middle surface 1s taken as tho origin. and the z - u.ts 

downwards. 

lf there is no source of heat inside ths plata the following 

differ~tial equations must be satisfied for stationar; tempc~ture 

dietr!bution L~waokl ,( 1962 >J 



1ft vhioh e, and 6!2. denote tciap8ra.turea at tho app~r and lower ••1& 
ot the plate reapect1Vel7• 

••• (3.163) 

/.l 'l. ( ). 12. 
1~1 = I+E ~ 

franat•nmc to elliptic eo-ordinate• ( ; , 'rJ ) d•tined by 

)( -t \.y == d c.o.s~ (-; + l ~) t where 2d is the tntertocal dis tanc& of tt.. 

.••• (3.165) 

Solation ot Eq~(3.16S) can be taken in the following toa 

o<Z 

L C2m Le2.m c~ ,-!") fe"l~Yl (~,-'V) 
111=0 

function and ordtna~ Mathieu f'unctton ot the first kind and or ord•r 

2 vYl NSPC)Cttve:ly, and 

··~· 
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while ao1vS.ag a probla ot bentling ot a plate vitb an e1~1ptic ~le, 

b7 taking • sinal• Mathieu .function ot the aecoi\4 oftlezr m•tead er 
t$ktns H&tbieta functions ot all orae:rra, lfaabd! (1955) baa. ebowa tb.a' 

tho resUlts are aat;tstactoq for laJ~gO»' ellip-tic bQlel~ In thlst pap•r 

also sb!Uar approxw•tion :le madtt by taking Matb!eu tunot1on •t suo . . 

HUlt1pl11ns Bq.(a •. l,$) by ~C>(~>-'lj and in.tecJ:attng w1th nspectt 

'W ~ tl'O»l o to 2if and 11siha the orthosonal!ty relat1Gll ana. 

mt=al1sat1on t_'ild.acblan j one get• 

' 

.in. wb1eh A~) 1s the first Fourier coef':t1c1ent in. the ex.Pa:n8ien 

ot Jleo (~,- '0 ., 



·~ .... •· •.• (3.171) 

.S.S detGmlne4. 

Cbe.ng:tnc ;q.(S.160) tp elllptlc, co-o:r41nntea an.4 subst1tut1q tho 

.x,p.ress1Qn tor 'Y2.T one cots 

1n which 

'l.. 

- "•'•f ••• (3.113) 

- K - -'D 
••• (3.174)· 

•n• • (3.l?S) 

••• (3~176) 

w • 



P.,1 d l.. '1-d l.. 
Or )' .Q~ -- g_LI v,.= T v2.- ' 

••• (3.110) 

lt the outer boundarr of the plate 4 = 4o be elampGd, the boun.daq 

eol)d!tt~na are 

Using Sq. (3.181) in BQ.• (3.180) one gets tne follav1ng two condi t!onal 

•quations 



____ \ 

· Multiplying Eqe.(3.18a&) and (3.l.S2b) by ~eo{~,- CV0 and intesrat!q 

·vttb respeot to ~ hom o to 2.if and us1ne the orthogonal1'J 

:relation and- ~oxma11sat1on f)n• seta 

-(.o) 
A2.Jt. J 



- __ j 

!he oonstllnts 130 and :DC) thus o·etng determined, th& deflection. W 4.1 

Jtnowrs. 

r..t "To = eon.s~t "hich is clearly solution of the <.\itferential 

equ.e.tion (3,.161). 

to determine tb.e constant /.32. , Rq •. (3.tm) 1s ·transf"oaed into ell1pt1• 

co-ordinates 1n the fora 

~n·whi.cb 

"..{, I : ~ 2. =: -.---;==1 ;:::;=::===:;;: 
d Js(M~'l.i-t s~'2.1 

!ho boundar¥ eonCJ1t1~ns tor lA~ and u.~ are 

0 :::: 

Let 

oC . 

lA.; - ·LP(1) L.os2.Vl~ 
n=o 

oC 

I_ ~(-;)~~2-Y\1 
Yl= l 



·~ 

.· . .. 

SUbstituttns Bqs.(9.1SO), ·($.18?) an4 (3.taa.) in Bq.(a.taS) and 

!ntsgratinc over the eurtace ot the plate em•·· nt• 

. n~·{ l%'ft-+ c~n dqd, 

= d'" 1~;:-+ 2 (t+") -<•·} n f( sW.'1 + s<..'-1) J1 ~ 
l 0 0 

After .-.aluati.~a the mtegrele the follow1ns tq•t1on 1-.din& 

to j3 .ts obtained• 



'130 

~· 

o<: oC. o<:· 

;- ~~~~)o/4 +±~~I;=~~'\-~~ A:t;;_ A";; If's J] + 
'h":f:.A 

oc:! ~ 

+~ LL / 

~\ 1.):::: I 

'1'*,.6 



___ _j 

~ c;<:. 

+ L L lM ~~)~(-O~ .A';! ·a.;~~} T 
~=I ~=I 3 

)\:fl.. 
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. o(. o<. . 

+ -I'[ 1. \4C:-9~ a.~ (~'f, ~ J -1-

'r\::j=h 
\ 

••• (3.190) 



I~ 

· in vhtcb 

to) /(o) 
al.h, , A 2..tl ,.,1!\td A"(o) an.· ... ,..6 Fo=lor coe.tf1ctenw in ttl• ~ana1ou wl!. '2.)\. uuw ~ 

"Vl -
S"""'-~ .!l}t ~o ~o . 

8h. - 2:." ) 

S.L....h ih=2h 1o 
~Ul-Lh ' 

~ - S~t,4A.~0 ~0 - ;- - ) 
~n l. 

S.~~ .l)l+l.& 1o . <;~~ 2tt-2.,6 ~0 
~s -- -;- 2'1-2.~ l.h.~lb 

~ .find the deflection at a given pomt• one bus to atal't 

t~om, 14•(3.~0) with an UIU.'Hd value ot (3 l.ad1ns to the ooz-r••pqnd1n. 
Wllu. of Eo<.:H-40 k, . • Witb tbis value ot Ea<f(-ty k, · aQ4 

. 'Dlt-'>') . J>(t-"))) 

consitt•r.tns JJqa. ( 3.183) and ( 3.194) ttie detl.eetion wlll be obta:!M4 

f!'ont Eq.(3.lSO). 

Fo:t nt~avical calculation the t'ollowina valt.J.M h~v• been 

assQIU4~ 



I 

~-

•', 

d
2 . = 2.. 57 h =-I 7 . f (h) =- h, 

\ 0 0 :J E = 0 . 0 3 ' V.:::: 0 . .3 ' ol To ::::. 2. 5 X l 0-3 

2he 1n.to:rtoaa:t dist&Uee bGills ••••d ~the v&las ot J3
2 

,·. zf aa4 

PI -~ knol'IQ1 tne ov(llues of '1; , . Cft, ~d . cy:z. an 4et•rm1M4. 

a, , ev, , and CV 2.. 'be ina known ths eorrespcnainc value• ot tbtl . router 
-~ I . 

eoett4.o1e1lta •s nll as those· of Mathieu functiona· aH «stemlned• 

b. mu.tmqa ~fl•et;ion Wo is obtained at tba cen-tre· ot the plate. 

files~ deflections at&· grapbieallJ ppsented 1ft. nr. 3.» in whicb. ~0 

to~ i;r = o and x1 = 100 are p~otted agfltnst the nondlmensional load 

tunet1onJ\. B)' sot tins ;9 --'7' o the detlect1ona according to the 11nea~t 

th~ory ls obtain.Qtl~ For comparlson 11&.3.19 also tnclu48s a 
st:rug~tl;t.n• vhi.ch represents small dotlect1ons fo~ ~ ~ o. !be 

resUlts ob~!Md ln. this study cotald not be compared in abaenoe 

of ~ lt.mwn r~aults.· 

~· fie• 3.19 it is obsened that tbs e:rNr aoco.rdinl to the 
' . 

liMU tb.flory inorliase$ prog"ssivel.f with the lnerease 1ft load 

tunct1on" ;,n. e:olution pNpoaed in tbis stui51 111 rapit)17 convercent 

and no eoraput.ationfil o.uta.c~tr ot~r than computational •:etort ia 
itlvolve~ twa pa~aneteJ: q, tor' th• stri•s .£..e_ (r:~~ cv) mq ba r&l\1 ~­

Jma&~ and t.he corrS$POrtdint; coefficients can be eomptited ·:with 

~c~aq. file nQAerical. resUlta pt'esented in this sttldi' are obtune4 

bJ takillS . the. t"lrat W<t terms oC tbe a~u.-1es anc1 autt':lc.!ent fo.~ 

p~acticai. PIU'.POi&8o Since tho deflection at an¥ point. 1• knoW t!w' 

coJ-raBPOnding stNsses can now be E.ta81ly ost-bu~t•«. 
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