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Chapter 5

DEFLECTION ANGLE AND

LENSING OBSERVABLES FOR

THE ELLIS WORMHOLE

5.1 Introduction

Gravitational lensing by a massive compact lens is considered as an e¤ective

tool to study the signatures of peculiar astrophysical objects like extra solar planets,

dark matter substructures, cosmological parameters (including dark energy), black

hole etc. There could be strong and weak �eld e¤ects on light de�ection, hence on

lensing observables. In any spherically symmetric gravity, one can de�ne a photon

sphere, which cannot be penetreted by ingoing light rays � they are captured right on
the surface of that sphere. The weak �eld limit occurs when the light passes very far

away from the lensing object, i.e., the closest approach to the lens is greater than the

radius of the photon sphere giving a small de�ection angle. The strong de�ection limit

occurs when light passes close to the surface of the photon sphere with larger bending

angle and sometimes wind around the lens before reaching the observer giving more

than one relativistics images. In the literature, many studies have been done on the

gravitational lensing in weak �eld limit using analytical and numerical method. For

instance, Rindler et al [1] used the analytical approach in weak de�ection limit and

con�rmed the dependence of the parameters appearing in the metric. This approach
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was successfully implemented by other authors also [2]. Amore et al [3] studied

both weak and strong limits simultaneously using a di¤erent analytical method but

the results are not very accurate. Nonetheless, all these investigations have indeed

provided us with a huge amount of information about the signatures of astrophysical

objects.

One such exciting astrophysical object, which we discuss in this chapter, is a

traversable wormhole. Wormholes are spacetime regions with two mouths connected

by a throat. They are the solutions of the Einstein�s equations of general relativity.

Since the throat by de�nition is not supposed to be inside the event horizon and with

no singularity inside, massive particles or photons pass from one side of the wormholes

to the other. Morris and Thorne [4] have shown that the matter required for the

feasiblity of wormholes must violate atleast some of the known energy conditions, the

minimal violation being that of the Null Energy Condition (NEC), that is, wormhole

matter must satisfy pr + � < 0. The matter for pr + � < 0 is known as exotic matter

(Deatils of wormhole has been discussed in the introductory chapter). Lensing by

stellar size wormholes is an attractive possibility and there is a lot of current interest

among the scienti�c community about this possibility.

Work in the direction of lensing by wormholes has been initiated by Cramer

et al [5]. Since then, gravitational lensing by various wormholes has been investigated

[6]. Safanova et al [7] examined the lensing e¤ects of negative masses on the light

rays from point sources. Tsukamoto et al [8] studied the di¤erence between black hole

and wormhole by their Einstein-ring systems. Recently, Rahaman et al [9] pointed

out that the galactic halos can support traversable wormholes. Observational lending

signatures of the wormhole will not only establish the existence of wormhole but will

also throw some light on the existence of exotic matter itself.

There exist numerous solutions of the Einstein minimally coupled scalar

(EMS) �eld theory. We shall consider a particular massive wormhole solution of

the EMS �eld theory, which is also known as Ellis II wormhole solution (the Ellis

wormhole). Even though there exist other classes of EMS solutions, called EMS II-IV

(III and IV are not considered here), EMS I (Ellis I) has received considerable atten-

tion . (See all the EMS I,II,III, IV solutions in [21,18]). For instance, gravitational

lensing of the massless Ellis I wormhole geometry was studied by Dey and Sen [10],

Abe [11] and Toki et al [12] in the weak gravitational �eld. Following Bozza [20],

Nandi et al [13] worked out the lensing properties of the singular Ellis I wormhole
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solution in the strong de�ection limit. (For related works, see: Perlick [14], Tejeiro

and Larranga [15]). Study of light de�ection by massless Ellis I wormhole done by

Bhattacharya et al [2] has shown that only the proper radial distance l describes the

two-way light de�ection rather than the standard radial coordinate rS. Nakajima

and Asada [16] recently clari�ed the reason for having di¤erent forms of expression

of de�ection angle due to massless Ellis I wormhole. For light de�ection in the Ellis

wormhole, we adopt the PPN method developed by Keeton and Petters [17] for �nd-

ing the gravitational lensing observables caused by compact objects, which allows one

to test di¤erent theories of gravity. The purpose of this chapter is to theoretically

examine how such lensing observables for the Ellis wormhole would di¤er from those

of the Schwarzschild black hole.

The chapter is organised as follows. In Sec.5.2, we discuss about the line ele-

ment of Ellis wormhole solution. In Sec.5.3, we outline the procedure of the Keeton-

Petters method based on PPN appoach and obtain the Taylor series expansion of

the de�ection angle of light ray in terms of
M

b
. In the next Sec.5.4, we determine

image position, magni�cation, time delay, weighted-centriod magni�cation and total

magni�cation by obtaining its Taylor series expansion in terms of the dimensionless

parameter " that represents the angle substended by the gravitational radius nor-

malised by the Einstein radius. We summarize the chapter in Sec.5.5.

5.2 Ellis wormhole

Ellis II wormhole (or simply the Ellis wormhole) is a soution of the EMS

theory, which can be found in [21,18] among other two classes (I and III) of solutions.

The action of the EMS is

A =
Z
d4x
p
�g
�
R� {g��';�';�

�
(5.1)

and the �eld equations are given by

R�� = {';�';� (5.2)

�2' = 0 (5.3)
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where { is a constant and ' is the massless scalar �eld and { = �1 represents the
ghost scalar or exotic matter as it violates all energy conditions.

Here we present the Ellis wormhole in isotropic coordinates, which are ob-

tained by solving the above two Eqs.(5.2) and (5.3). It is given by,

d� 2 = �P (r)dt2 +Q(r)
�
dr2 + r2

�
d�2 + sin2 �d'2

��
P (r) = exp

h
�2�� + 4� tan�1

� r
B

�i
Q(r) =

�
1 +

B2

r2

�2
1

P (r)

�(r) = 2� tan�1
� r
B

�
(5.4)

where 2�2 = 1+�2 and �; B, � are arbitrary constants. This solution has a conserved

total energyM = 2B�: Nandi and Zhang [18] have pointed out that the Ellis solution

represents a traversable wormhole of the Morris-Thorne type having a coordinate

throat at

r�0 = B
h
� �

p
1 + �2

i
(5.5)

also at zero mass limit, viz., � = 0, the metric does not represents a massless worm-

hole. One interesting fact of this solution is that for �2 = �1; or � = �i, the above
solution can be converted to the well known Schwarzschild black hole solution in

isotropic coordinates though this is neither trivial nor widely known as yet.

5.3 De�ection angle by Keeton-Petters Method

Before going through the bending angle and the lensing observables, we

brie�y outline the Keeton-Petters method [17]. It is a method based on the post-

post-Newtonian (PPN) approach (the metric can be written as Taylor�s series in
m

r
).

To study the gravitational lensing by a compact de�ector with mass m; Keeton and

Petters introduced an analytical approach, where the whole lensing scenerio must

satisfy the following assumptions:

[A1] The gravitational lens is compact, static and spherically symmetric
with an asymptotically �at spacetime geometry su¢ ciently far from the lens. The

spacetime is vacuum outside the lens and �at in abscence of the lens.
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[A2] The observer and the source lie in the asymptotically �at regime of the
spacetime.

[A3] The light ray�s distance of closest approach r0 and impact parameter b

both lie well outside the gravitational radius m =
GM

c2
; namely,

m

r0
� 1and

m

b
� 1:

The bending angle can then be expressed as a series expansion as follows in
m

b
:

b�(b) = A1

�m
b

�
+ A2

�m
b

�2
+ A3

�m
b

�3
+O

�m
b

�4
: (5.6)

The coe¢ cients Ai are independent of
m

b
, but may include other �xed parameters of

the spacetime. Since b andm are invariants of the light ray, Eq.(5.6) is independent of

coordinates. Note that the subscript of Ai conveniently indicates that the component

is a¢ liated with a term of order i in
m

b
:

We start with an isotropic form of a general spacetime metric given by

ds2 = �A(r)dt2 +B(r)
�
dr2 + r2

�
d2� + sin2 �d'2

�	
: (5.7)

Now using the PPN formalism, we �rst express the coe¢ cients of the metric (5.7) in

a PPN series upto third order as follows

A(r) = 1 + 2�1

�
�

c2

�
+ 2�1

�
�

c2

�2
+
3

2
�1

�
�

c2

�3
+ :::; (5.8)

B(r) = 1� 2
1
�
�

c2

�
+
3

2
�1

�
�

c2

�2
� 1
2
�1

�
�

c2

�3
+ :::; (5.9)

where � is the three-dimensional Newtonian potential with

�

c2
= �m

r
(5.10)

and �1; �1; �1, 
1; �1 and �1 denote the Eddington-Robertson parameters and they

are so chosen that the Schwarzschild metric has �1 = �1 = �1 = 
1 = �1 = �1 = 1:

Finally the de�ection angle is written in terms of the impact parameter b as,

b�(b) = A1

�m
b

�
+ A2

�m
b

�2
+ A3

�m
b

�3
+O

�m
b

�4
; (5.11)

where the coe¢ cients in terms of Eddington-Robertson parameters can be found to

be [17]



71

A1 = 2(�1 + 
1); (5.12)

A2 =

�
2�21 � �1 + 2�1
1 +

3�1
4

�
�; (5.13)

A3 =
1

3

�
70�31 + 90�

2
1
1 � 36�1
1 � 2
31 + 9
1�1 � 60�1�1

�18�1�21 � 27�1�1 + 3�1 + 9�1
�
: (5.14)

To apply this formalism to Ellis wormhole (5.4), we �rst express the metric functions

into PPN series upto third order

P (r) = 1� 2M
r
+ 2

�
M

r

�2
+
(1� 8�2)
6�2

�
M

r

�3
; (5.15)

Q(r) = 1 + 2
M

r
+

�
2 +

1

2�2

��
M

r

�2
+

�
5 + 8�2

6�2

��
M

r

�3
: (5.16)

Then comparing Eqs.(5.8), (5.9), (5.15), (5.16), we get the following relations

�1 = 1; �1 = 1, �1 = �
2

3

(1� 8�2)
6�2

; 
1 = 1; �1 =
2

3

�
2 +

1

2�2

�
; �1 =

5 + 8�2

3�2
.

(5.17)

Thus from Eqs.(5.12-5.14) the coe¢ cients in the expansion of the bending angle are

A1 = 4; A2 =
�

4

1 + 16�2

�2
; A3 =

16

3

�
9 +

1

�2

�
; (5.18)

and our de�ection angle with respect to the impact parameter b reads

� = 4

�
M

b

�
+
�

4

1 + 16�2

�2

�
M

b

�2
+
16

3

�
9 +

1

�2

��
M

b

�3
: (5.19)

Also we can arrive to Schwarzschild bending [17] upto order of M3 just by putting

�2 = �1; i.e., an imaginary �:
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Fig. 5.1. Variation of de�ection angle is shown with

respect to the dimensionless impact parameter
b

2M
: Solid

blue line gives the Schwarzschild bending (�2 = �1),
dashed line gives EMS class II solution (taking � = 0:5).

Next we calculate the image positions, magni�cations and time delays of the

primary and secondary lensed images using pertubative series solution of the lens

equation.

5.4 Image position, Magni�cation and Time delay

We start with a general lens quation (For details, see [17]),

tanB = tan#�D (tan#+ tan (b�� #)) ; (5.20)

where � and # are angular position of source and image measured from the optic axis,

D =
Dls

Ds

; Dls and Ds is the source-lens and source-observer distance respectively andb� is the de�ection angle.
We rescale the angular parameters as

� =
B
#E

; � =
#

#E
:
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i.e., both � and � are the scaled angular positions of the source and image respectively.

Here #E is the weak de�ection angular Einstein radius,

#E =

r
4mD

Dl

;

where Dl is the observer-lens distance, m is the gravtational radius of lens, m =
GM

c2
and M the physical mass.

According to the formalism given by Keeton-Petters method, solution of the

lens equation (5.20) can be written as a series expansion of the form,

� = �0 + �1"+ �2"
2 +O(")3; (5.21)

where �0 is the image position in the weak de�ection limit and the coe¢ cients �1
and �2 are the �rst and second order correction terms respectively, which should be

determined. The dimensionless parameter " represents the angle substended by the

gravitational radius normalised by the Einstein radius. This quantity is taken as the

small expansion parameter and is expressed as

" =
#E
4D

:

With the above substitution, the lens Eq.(5.20) becomes,

0 = D

�
�4� + 4�0 �

A1
�0

�
"+

D

�20

�
�A2 +

�
A1 + 4�

2
0

�
�1
�
"2

+
D

3�30

�
�A31 � 3A3 + 12A21D�20 � A1

�
56D2�40 + 3�

2
1 � 3�0�2

�
+64D2�30

�
�30 � �3

�
+ 6A2�1 + 12�

3
0�2
�
"3 +O(")4: (5.22)

To �nd the value of �i; we �x the source position � and solve the lens equation

(5.22) term by term. The obtained solutions are as follows

�0 =
1

2

�
� +

q
�2 + 4

�
; (5.23)

is the zeroth order term. The �rst order term leads to

�1 =
�

4

16 +
1

�2

2

�
4 +

�
� +

p
4 + �2

�2� ; (5.24)
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and the second order term gives

�2 =
1

3(� +
p
4 + �2)

n
4 + (� +

p
4 + �2)2

o3 �2�16D1(�3 + 4D1)(� +

q
4 + �2)6

+2D2
1(� +

q
4 + �2)8 + 4

�
�256(�1 +D2

1)�
3

16
�2(16 +

1

�2
)2

+64

�
9 +

1

�2

��
+ (� +

q
4 + �2)2 f256(�2 +D1)(�1 +D1)

+128

�
9 +

1

�2

�
� 3
8
�2(16 +

1

�2
)2
�
+
1

�2

�
16(� +

q
4 + �2)4�

1 +
�
13� 24D1 + 22D

2
1

�
�2
	�	�

: (5.25)

Thus the image position � is given by Eqs.(5.21; 5.23, 5.24, 5.25): It should be noted

that for each � any source is imaged twice i.e., for � > 0 we �nd the positive parity

image �+ (primary) and for � < 0 negative parity �� (secondary) and both images

lies on the opposite sides of the lens such that ��(�) = �+(��): For a particular value
� = 0; we obtain the position of the Einstein ring.

We next study another important source of information i.e., the magni�cation

of the images. The magni�cation � of the lensed image is given by,

� =

����sin �sin �

d�

d�

�����1 ;
in which �t =

�
sin �

sin �

��1
is the tangential magni�cation and �r =

�
d�

d�

��1
is the

radial magni�cation. We now express � with respect to the order parameter " and

write the series

� = �0 + �1"+ �2"
2 +O(")3; (5.26)

where
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�0 =

�
� +

p
�2 + 4

�4
�16 +

�
� +

p
�2 + 4

�4 ; (5.27)

�1 = �
�
�
� +

p
�2 + 4

�3�
16 +

1

�2

�
2

�
4 +

�
� +

p
�2 + 4

�2�3 ; (5.28)

�2 =
�
�
� +

p
�2 + 4

�
3�

�
4 +

�
� +

p
�2 + 4

�2�5
"
�4096D2

1 � 4D2
1

�
� +

q
�2 + 4

�8

+64

�
� +

q
�2 + 4

�6�
13 + 12D1 � 18D2

1 +
1

�2

�
�2
�
� +

q
�2 + 4

�4�
256

�
�4� 12D1 + 17D

2
1

�
� 256

�
9 +

1

�2

�
+
9

8
�2
�
16 +

1

�2

�2)
� 1024

�
� +

q
�2 + 4

�2�
13 + 12D1 � 18D2

1 +
1

�2

�#
:

(5.29)

Thus the magni�cation is given by Eqs.(5.26, 5.27; 5.28 and 5.29): The above

coe¢ cients also have the positive parity and negative parity for corresponding values

of �; so that �+(��) = ��(�):

In case, the position of the primary and secondary images are close together

to be extricable, total magni�caion and magni�cation-weighted centroid plays a vital

role to study the gravitational lensing. Using our result we �nd the total magni�cation

as,

�tot =
���+��+ ������ = 2 + �2

�
p
4 + �2

� 1

192��4
�
4 + �2

� 5
2

�
h
9
�
� + 16��2

�2
+1024�2

�
4 + �2

� �
�1 + �2

�
�13� 12D1 +D2

1

�
18 + �2

��	�
"2 (5.30)

and magni�cation-weighted centroid as,

�cent =
�+ j�+j+ �� j��j
j�+j � j��j ; (5.31)
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which can be written in terms of the expansion parameter " as,

�cent = �0 +�1"+�2"
2; (5.32)

where

�0 =
�+0 �

+
0 + ��0 �

�
0

�+0 � ��0
; (5.33)

�1 =
��1 �

�
0 + �+0 �

+
1 + ��0 �

�
1 + �+1 �

+
0

�+0 � ��0
; (5.34)

�2 =
(�+0 + ��0 )(�

+
0 �

�
2 � ��0 �

+
2 ) + (�

+
0 � ��0 )

�
�+1 (�

+
1 + ��1 ) + �+2 �

+
0 + ��2 �

�
0

��
�+0 � ��0

�2 :

(5.35)

Since the expression for �cent is too large to write, we skip writing the expression but

the calculation is straight forward and the reader can simply put the above results

and can �nd out the expression. Here + denotes the positive parity of image and �
denotes the negative parity.

After studying position and magni�cation of lensed images, we are now to

compute the time delays the light su¤ers while coming to us from both the images.

In series expansion, with respect to the order parameter " time delay b� is given by
b� = b� 0 + b� 1"+O("2) , (5.36)

where,

b� 0 = 1

2

8><>:1 + �2 � 14
�
� +

q
4 + �2

�2
� ln

264dol#2E
�
� +

p
4 + �2

�2
16dls

375
9>=>; ; (5.37)

and

b� 1 = �
�
16 + 1

�2

�
8
�
� +

p
4 + �2

� : (5.38)

The �nal expression for time delay is given by, Eqs.(5.36; 5.37 and 5.38):

To explore the physical content, we proceed to the various lensing observables

for Ellis wormhole graphically. For this, we assme that at the center of our Milky Way

galaxy (lens), there is the positive mouth of the Ellis wormhole with mass M = m�
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instead of the widely speculated supermassive black hole. So we take M = 4:31 �
106M� and the lens-observer distance Dl = 8:33 kpc: For the lens-source distance,

following [19], we have takenDls = 0:005�Dl. Furthermore, we consider that the lens

is situated at half way between the source and the observer i.e.
Dls

Ds

=
1

2
: Diagram

for the image position, magni�cation, total magni�cation, magni�cation-weighted

centroid and the time delay of Ellis wormhole is plotted in Figs.5.2-5.6 respectively

with respect to the source position �: Solid line corresponds to �2 = �1, and dot-
dashed line corresponds to � = 0:0005 respectively.

Fig. 5.2
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Fig. 5.3

Fig. 5.4
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Fig. 5.5

Fig. 5.6

Fig.5.2, Fig.5.3, Fig.5.4, Fig.5.5 and Fig.5.6 shows the variations of image po-

sition (�), magni�cation (�), time delay (�), magni�cation-weighted centroid (�cent)

and total magni�cation (�tot) respectively with respect to the source position �:

�2 = �1 represents the solid line (Schwarzschild) and � = 0:0005 represents the

dot-dashed line.
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5.5 Conclusion

We obtained the de�ection angle of light ray in weak de�ection limit for

EMS class II wormhole solution. Unfortunately, this solution hasn�t received a lot

of attention in the literature. PPN approach of Keeton and Petters is used to ob-

tain the de�ection angle, position, magni�cation, magni�cation weighted centroid,

total magni�ation and time delay of the relativistic images, where the lensing observ-

ables are expressed in series with respect to the order parameter ". Bending angle

of the wormhole solution is compared with the Schwarzschild bending which shows

that the light bending by Ellis wormhole is quite distinguishable from that by the

Schwarzschild black hole (�2 = �1). Also lensing observables are represented graph-
ically with respect to the source position �; which show considerable deviation from

those in the Schwarzschild black hole. From all the obtained results what we can say

that, these deviations could help distinguish wormholes from black holes by means of

gravitational lensing.
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