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PART ONE > A

MASS TRANSFER AND FREE CONVECTIVE MHD |
FLOW THROUGH POROUS MEDIUM’

2.1.1 INTRODUCTION

The phenomenon of natural convective flow is not often-caused entirely by
the effect of temperature gradient but also by differences in concentration of
dissimilar chemical species for example, in atmospheric flows there exists
differences in H,O concentration and the flow is affected by such concentration

differences. Also, in a number of engineering applications, the foreign mass are
injected and due to such mass transfer it has been observed that there is reduction
in the wall shear stress, the mass transfer conductance or the rate of heat transfer.
In such cases time dependent injection or suction velocity plays an important role.
The §igniﬁcance of suction or injection for the boundary layer control in the field
of aerodynamics and space science is well recognized. On the other hand, flows
through porous medium are very much prevalent in nature and therefore, the study
of flows through porous medium has become of principal interest in many
scientific and engineering applications [1,2,3]. In recent years the subject of
magneto-fluid dynamics has attracted many authors in view not only of its own
interest but also of the applications to geophysics and engineering. When the fluid
is a conductor of electricity, the free-convection and mass transfer can be
influenced by an imposed magnetic field. MFD phenomena result from the mutual
effect of a magnetic field and a conductivity fluid across it. Thus an
electromagnetic force is produced in a fluid flowing across a transverse magnetic
field and the resulting current and magnetic field combine to produce a force that
resists the fluid’s motion. Examination of flow models will reveal the influence of
magnetic field on the velocity profile, temperature profile. Raptis and Kafousis [4]

studied heat transfer in flow through a porous medium bounded by an infinite
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vertical plate under action of a magnetic field. Raptis and Perdikis [5] discussed
magnetic effects on the flow with a great magnetic Reynolds’ number by the
presence of free convection and mass transfer. Later Chauhan and Jain [6]
presented three dimensional MHD flow and heat transfer in the presence of a
naturally permeable boundary of very small permeability. Recently Rajput et al. [7]
studied free convection MHD flow of a stratified fluid past an oscillating porous
plate with mass transfer. Hence it is of interest to make an investigation in order to
analyze the effect of suction/ injection on free convective flow with mass transfer
of an electrically conducting viscous fluid past an accelerated vertical infinite
porous plate in a porous medium. The suction or injection velocity is taken to be
time-dependent of the form a(w#)">. The behavior of velocity distribution,
temperature distribution and concentration distribution is discussed for different

parameters. It is observed that velocity decreases as magnetic parameter increases.

2.1.2 MATHEMATICAL ANALYSIS

We consider a two-dimensional flow of an incompressible and electrically
conducting viscous fluid along an infinite vertical accelerated porous plate
embedded in porous medium. A magnetic field of uniform strength is applied
transversely to the direction of the flow. The magnetic Reynolds’ number of the
flow is taken to be small enough so that the induced magnetic field can be

neglected. s,

Porous medium Porous Plate

2.1.1 Sketch of the physical problems
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The fluid is assumed to have constant properties except that the influence of
thedensity variations with temperature and concentration is considered only in the
body force term. At time £<0, the plate and the fluid are at the same temperature in
a stationary condition but at time £>0, the plate starts moving with velocity U (¢) in
its own plane and the plate temperature an-d concentration level is also raised to
T, (#T ) and C, (#C.). In order to formulate the problem mathematically, we
write down the equation of fluid motion, through a porous medium in Cartesian co-
ordinates, with x -axis along the vertical porous wall in the upward direction and y-

axis normal to it.

Under above assumptions, the physical variables except pressure P are
function of y only. Following usual Boussineseq approximation, the unsteady free
convective and mass transfer flow in an electrically conducting fluid, is governed

by the following equations.

a 14
_"7:(), . (2.1
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~+v' —=D——-. ..(2.1.4)
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The corresponding boundary conditions are
'=0, u'=U(!), T'=T,, C'=C,
g () . ... (2.15)
Yy oo, u'—0, T'>T, C">C, >0

From (2.1.2) we have for free stream
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oP'
O=——-pl g ....(2.1.6

Eliminating —% between (2.1.2) and (2.1.6),

2.1

! ! au ﬂ ' 2 9
J:g(pw—p )+'u6y'2 ik —oBju, e (2.1.7)

! a_u, +7 ou’
p at’ @)’

where p. is the density of the flow in the free stream.

The equation of state is

g(p,—p)=2pp (T'-T.)+2h" (C'-C.). e (2.1.8)

Substituting (2.1.8) into (2.1.7), we obtain

k! p’

[ ' 2.1 2
ou +v’§lf_=gﬂ(T’——T;)+g,B*(C'—C;)+vaZ —(V o5

= > )u'. .(2.1.9)

In equation (2.1.3) the heat due to viscous dissipation is neglected, being very
small in comparison with the conducting term. This is a valid assumption because
of the small velocities usually encountered in free convection flows. In the same
equation Joule heating term is also neglected because it is of the same order of

magnitude with the viscous dissipation term.

From equation (2.1.1)

I
3
v'=—a(%] : e (2.1.10)

where o represents the velocity of suction(a > 0) or injection(a < 0) at the plate.

By introducing the following non-dimensional quantities
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po U U W, U (D) L (C-C)
v v vt Uy (L-T) T (CL-CL)
I_ r * i _ r !
Gr = gﬂV(T;, Tw), Gm = ghv(C, Cw), Prz—vp (;p, Sc:i,
k=KUY py- Yo
v’ U,

where U, is a constant with dimension of velocity.

In equation (2.1.2)-(2.1.4) and taking into account (2.1.10) we get

Sl 2
L 2%=6—3+Gr94+GmC—Lu, e (2.1.11)
ot Oy Oy
1 2
pe| 20 _ 399 =ﬂ3-, - e (2.1.12)
Ot o) 0Oy
1 2
se| 26 79| 9 f . (2.1.13)
, Ot o) O

where L = M+L.
K

The boundary conditions are as follows:

y=0,u=U(t), 6=1, C=1
. ... (2.1.14)

y—>o,u—>0,0->0,C—>0

Assuming the parameter (L) to be small, we expand the non-dimensional

velocity« as follows:
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u(,t) =uy(y,0)+ Ly (y,1) + O(L*). ... (2.1.15)

By substituting (2.1.15) into (2.1.11), (2.1.12) and (2.1.13) and equating the

coefficients of the same powers of L, we get

2
Ouy at—% Ouy _ 0u,

Zh —2+Gré+GmC, .- (2.1.16)
ot oy oy
1 2
L L AL W e 2.117)
ot o Oy
1 2
Pr(a——at 199 —a—f, .. (2.1.18)
ot oy
1 2
se| € _ g7 %C =af. ..(2.1.19)
0. o) oy

The corresponding boundary conditions now become,

y::O’ uo-._—U(t), ul=0, 0=1, C=1

. .. (2.1.20)
y—>o, u, -0, y, >0, 650, C—>0
Introducing the new variable
1 -1
77=5yt 2 .. (2.1.21)

~and assuming the solutions of equations (2.1.16) and (2.1.17) is of the form

u0=tf0(77), u1=t2f|(77) .- (:1.22)

equations (2.1.16)-(2.1.19) are reduced to

L) +2(n+a) f5(n)-4£,(n7)=-4Gré —4GmC, ....(2.1.23)
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Sn)+2(n+a) f(n)-81(n7)=-41£(n), e (2.1.24)
0" (n)+2(n+a)d =0, | . (2.125)
C'(n)+2(n+a)C' =0, | ... (2.1.26)

where prime denotes differentiation with respect tozand for simplicity the

Schmidt and Prandtl numbers have been taken to unity.

The boundary conditions (2.1.20) for a uniformly accelerated plate U(z)=t

become

£(0)=1, fy(0)~0]
£(0)=0, fi(=)—0|
6(0)=1, O()—>0|
C(0)=1, C(x)—>0]

e (2.1.27)

The solutions of equations (2.1.23) and (2.1.24) under the boundary conditions
"~ (2.1.27) are given as |

u(n,0)=tfy(n)+ L f;(n), | ....(2.1.28)
where, . »
B Hh, (\/5(7] + a)) Hh, (\/5(77 + a))
fo(n)=[1-(Gr+Gm)] Hho(ﬁa) +(Gr +Gm)— H}xo(ﬁa) ,

Hhy (N2 (7 +)) _(Gr+Gm) Hiy (N2 (n+ @)
Hh,(2a) 2 Hhy(V2a)

f(n)=[Gr+Gm-1]

+[1_(Gr+Gm)]Hh4(‘/§(77+a))
2 Hh, (\/Ea) .
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The solution of equations (2.1.25) and (2.1.26) under the boundary condition

(2.1.27) are
Hh, (\/5 (n+ af))
0= : ... (2.1.29)
Hh, (x/fa)
Hh, (\/5(77 + a))
C= , ....(2.1.30)
Hh, (\/Ea)
where the functions Hh, (n =0,+1,+2,.......... ) are defined in Jefferys and Jefferyé
[8].
Finally the expression for the non-dimensional skin friction 7 is given by
1
r=20] £;(0)+Li/(0)]. e (2.131)
where
Hh, (\/ia) Hh_, (\/Ea)
£1(0)= 2| [1=(Gr + Gm) |——L +(Gr + Gm)————L |,
0( ) I: ( )]H@(\/Ea) ( )Hho(\/ia)

V2a) ¥ +Gm Bl V2a
£(0)=—2 [Gr+Gm—1]zZ((\/;a;—(G 2G ):hho((J;a))

_(Gr+Gm) H(2a)
2 Hh, (\/Ea) .

-+

2.1.3 DISCUSSION

In order to study the effects of free convection currents, mass transfer,
magnetic field and suction or injection on velocity field numerical calculations are

" carzied out for different values of Gr, Gm, M and « . As usual Gr>0 represents an
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externally cooled plate and Gr<0 corresponds to an externally heated plate. The
velocity profiles for different values of Gr, Gm,ax, M and K are shown in Fig.
2.1.1, Fig. 2.1.2, Fig. 2.1.3 and Fig. 2.1.4. From these figures it is observed that
velocity increases as Gm increases fora > 0anda < 0. In case of suction, velocity
decreases steadily but in case of injection there is an increase in velocity near the
plate and then decreases for Gr>0. For Gr<0, velocity decreases steadily for both
suction and injection, but in case of injection, there is an increase in velocity near
the plate and then decreases for Gm=5. Fig.2.1.1 and Fig. 2.1.2 show that the
velocity decreases as M increases for @ >0anda <0. From Fig. 2.1.3 and Fig.
2.1.4, it is observed that velocity increases as K increases for both & > 0anda <0.
In case of Gr>0, velocity at the plate

wall is same for suction and then decreases steadily, but for injection, velocity

increases near the plate and then decreases.

The numerical values of skin friction (7) are given in Table 2.1.1. and Table

2.1.2 to study the effect of permeability of the medium and magnetic parameter for

Table: - 2.1.1
Value of skin friction (7) when K=2, t=0.2

a
Gr M -0.5 0.5
Gm
0 3 0.89088 0.46880
0.3 3 0.86637 0.44908
2 0 5 1.4118 091777
0.3 5 1.3815 0.89402
0 3 -0.15095 -0.42914
0.3 3 - 0.16400 -0.44080
-2 0 5 0.36996 0.01982
0.3 5 0.35118 0.00413
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different values of Gr, Gm and « .Skin friction () increases as K and Gm increases
for all Gr. Skin friction () decreases as M increases for Gr<0 and Gr>0, but
increases as Gm increases. We have also studied the behavior of temperature and
concentration distribution for different values of a (Pr=1, Sc=1) in Fig. 2.1.5 and
Fig. 2.1.6 respectively. For suction, both temperature and concentration increases

as a increases but in case of injection it exhibits opposite characteristic.

“Table: - 2.1.2
Value of skin friction (t) when M=0.5, t=2

a
Gr K -0.5 0.5
Gm

0.5 3 0.72748 0.33736
2 3 0.85003 0.43539

2 0.5 5 1.21020 0.75947
2 5 1.36140 0.87819
0.5 3 -0.23794 -0.50685
2 3 -0.17270 -0.44857

2 0.5 5 0.24476 0.08474
2 5 0.33866 0.00631
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Fig. 2.1.1 Graph of velocity against » for different values of M, « and Gm
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Fig. 2.1.5 Graph of temperature against y for different values of a.
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PART ONE > B

HEAT AND MASS TRANSFER TO UNSTEADY FLOW
OF MHD FLUID THROUGH A POROUS MEDIUM
BOUNDED BY AN INFINITE VERTICAL HOT
POROUS PLATE WITH CONSTANT SUCTION IN
PRESENCE OF HEAT SOURCE

2.1.4 INTRODUCTION

Convective heat transfer in a porous medium has been the subject of
intensive study for the last few decades owing to its application in different field
such as chemical engineering, geothermal, petroleum and reservoir engineering,
environmental protection, thermal insulation, cooling and processing of food etc.
Yamamoto and Iwamura [9] investigated the flow with convective acceleration
through a porous medium. Moreover, in nature, along with the free convection
current caused by the temperature differences, the flow is also affected by
chemical composition differences and gradients. The flow caused by density
difference, which in turn caused by concentration differences is known as mass
transfer flow. This phenomenon of free convection and mass transfer flow arises in
a fluid when temperature and concentration differences cause density variations
leading to body forces acting on the fluid’s element. There are many interesting
aspects of such flow, so in recent years many authors have presented analytical
solutions to such problems of flow. Raptis, Tzivamidies and Kafousis [10] studied
steady free convective and mass transfer flow through a porous medium bounded
by an infinite vertical porous surface with constant suction. Raptis [2] studied
unsteady free convective and mass transfer flow of an incompressible viscous fluid
through a very porous medium past an infinite vertical porous surface with
constant suction. Raptis er al. [3] studied the influence of free convection with
unsteady flow of viscous fluid through the porous medium when there is a

constant heat flux. The influence of magnetic field on viscous incompressible flow
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of electrically conducting fluid has its importance in many applications such as
extrusion of plastics in the manufacture of Rayon and Nylon, purification of crude
oil, pulp, paper industry, textile industry and in different geophysical cases etc. In
many process industries, the cooling of threads or sheets of some polymer
materials is of importance in the production line. The rate of cooling can be
controlled effectively to achieve final products of desired characteristics by
drawing threads etc, in the presence of an electrically conducting fluid subject to a
magnetic field. The effects of transversely applied magnetic field, on the flow of
an electrically conducting fluid past an impulsively started infinite isothermal
vertical infinite plate was studied by Soundalagekar et al. [11]. MHD effects on
impulsively started vertical infinite plate with variable temperature in the presence
of transverse magnetic field were studied by Soundalgekar et al. [12].The effects
of transversely applied uniform magnetic field on the flow past an infinite vertical
oscillating isothermal plate was studied by Soundalgekar ef al. [13]. Further, the
effect of constant heat flux on the ﬂov;' of an electrically conducting fluid plate
oscillating in its plate was studied by Soundalgekar e al. [14].Recently, Sriramulu
et al. [15] studied the effect of applied magnetic field on transient free convection
flow of an incompressible viscous fluid by taking into account of viscous
dissipative heat along with the heat due to free convection currents in a vertical
channel. We now proposed to study the effect of magnetic parameter and heat
source on the heat transfer to unsteady flow of MHD fluid through porous medium
bounded by infinite vertical porous plate with mass transfer. Solution of the

equation governing the flow is obtained analytically.

2.1.5 MATHEMATICAL ANALYSIS

We consider heat transfer to unsteady flow of MHD fluid through a porous
medium bounded by an infinite vertical hot porous plate in presence of heat source
with mass transfer. The x'-axis is taken along the plate in the upward direction and

the y*-axis is normal to it. A transverse magnetic field is applied in the direction of
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y'-axis. Siﬁce the motion is two-dimensional and length of the plate is large
therefore all the physical variable are independent of x'. All the fluid properties are
assumed to be constant except that the influence of the density variation with
temperature and concentration is considered only in the body force term. Under

these condition the problem is governed by the following system of equations

»_

=0, ... (2.1.32)
a})l
2,
ou' ou' op' o u '
’ + ’ - — —po+yu——m—="——u —ocB“u R (2133)
R
v _ o K, e (2.1.34)
at, a)}l K!
aTI aTI azT' i
pC, +v' =K +8'(T'-T7), ... (2.1.35)
at' ay' 6)”2

! 14 2 ?
oc 9 _poc o (2.1.36)
ot 6y’ ay’z :

where «', v’ are the velocity components in the x’ and y’ directions respectively, g is
the acceleration due to gravity, p’ is the pressure, u the viscosity, K' the
permeability of the porous medium, C, the specific heat of the fluid at constant
pressure, k the thermal conductivity, 7" the temperature, C’ the concentration and

D the chemical molecular diffusivity.

The boundary conditions of the problem are

W=0, T'=T,+s(T.-T.)?", C'=C, aty'=0
e (2.1.37)

{

u->U, T'-»T., C->C. asy' — o
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where T, T, and C',, C', are the temperature and the species concentration on

the porous limiting surface and in the free stream respectively. Also U, is the free-

stream velocity and ¢ a positive constant (e<1).

The continuity equation (2.1.32) gives

1
V=,

. (2.1.38)

where vy (>0) is the constant suction velocity of the fluid through the porous

surface.

For the free stream, equation (2.1.33) gives

' ., Hu 2
O=—"—- -—U_—-oB~“U._.
ax' poog K' @ 0 0

Eliminating op”0x' between (2.1.33) and (2.1.39), we have

[ ou' ou' , u 2
—_——y,—|= +—=U_+0B,“U
p (at, 0 @11) pcog K, S 0 o

and taking into account the equation of state

g(p.-p)=gBp'(T'-T.)+gf*p'(C'-C.).

e (2.1.39)

... (2.1.40)

e (2.1.41)

( B is the co-efficient of volume expansion and £~ is the volumetric co-efficient of

expansion with concentration)

From (2.1.40) and (2.1.41), we write

ou -vo?i,=gﬂ(T’—T;)+gﬁ*(C’—C;)

EE
2., 2
al;+ —V—,+GB‘,’ (U,-u),
- \ K »p

where v is the kinematics viscosity.

+v

e (2.1.42)
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Again from (2.1.32) and (2.1.33) we can show that &poy™=0.

We introduce the following non-dimensional quantities:

! 1 2 4 [ 1 '
y: yvo bl t_ tvo 3 u=L’ C: CI _Ca: 2 a):ﬂ’
v v U, C., -C. v02
! vC
_I'-L , Sc= —(Schmldt number), P= PV (Prandtl number),
T -T! K
2 vgB(T. -T.
K=2 2K (permeability parameter),  Gr = gA(T, 3 ) ,
1% U.v,
ovB 2 S’
M= 02 , S= 5 (heat source parameter),
P P'Cv,

* 14 14
and Gm = veh (sz— C.) (modified Grashoff number).
U,v,

Substituting the above non-dimensional quantities into equations (2.1.40), (2.1.35)
and (2.1.36), we get

5 ,
@«—Q‘i_GrT+GmC+a—+(M+ )(1 u), . (2.1.43)
ot Oy 6y2
or or 19°T
AT ot + ST, (2149
oo oy P ay '
ac_ac_145°C (2.1.45)
ot oy Se 8y R

and the boundary conditions (2.1.37) become .
u=0, T:I+8eiwt, C=1 at y=0

... (2.1.46)

u—1, T -0, C—-0 as y—> o

To solve the system of equations (2.1.42)-(2.1.44) under their boundary conditions

(2.1.45), we assume that



w(3,) =ty (3) + €€V (9) ¥ oo \

T(3,0) =T, () + 8P T, () +corvoven

C(y,t)zC’o(y)+geia)tCI (¥)+ e

A
.

Substituﬁng (2.1.47) into the system (2.1.42)-(2.1.44) we have

and

Uy + U, —(M+%)uo =-GrT, —GmC, —(M+%)

U +u, —{(M+%)+ia)}ul =-GrT,-GmC,,

T;+ PT, + PST, =0,
T+ PT+ P(S - iw)T, =0,
Cy +8cCq =0,

C/+ScC, —iwScC, =0,

and the boundary conditions (2.1.45) now become

u,(0)=0, 7,(0) =1, C,(0) =1,

4 (0)=0. 7,0)=1, €,(0)=0,

Uy (0) =1, T,(0) =0, C,(x)—>0,|
u () >0, T;(0) >0, C (x0)—>0
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. (2.147)

. (2.1.48)

(2.1.49)

e (2.1.50)
..(2.1.51)
. (2.1.52)

.. (2.1.53)

. (2.1.54)

Thus the solution of the problem is obtained by solving the differential equation |

(2.1.48)-(2.1.53) as

u(y,t)=1- L,e_R'y - Lze_Scy

+LBe_R3y +8L4eiwt(e_R4y —e " ),

T(y.t)= e_R‘y + geiwte_Rzy ,

e (2.1.55)

e (2.1.56)
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C( _ —=Scy
y)— e , .. (2.1.57)

where the quantities L;, i =1,2,3,4 and R; j =1,2,3,4 are defined in the Appendix.

We can write the expression for the transient velocity profiles as

u(y,t)=u,(y)+&(N,coswr — N;sinwt), .. (2.1.58)
where N, +iN,=u (y)

and for ot = ﬁ,
2

u(y,%a))z uy(y)— N, » e (2.1.59)

2.1.6 DISCUSSION

In order to have a physical point of view of the problem, numerical
calculations are carried out for different values of M (magnetic parameter), K
(permeability parameter), S (heat source), Gr (Grashof number), Gm (modified
Grashof number). The velocity profiles are shown in Fig. 2.1.7- Fig. 2.1.11. From
this figures it is seen that velocity decreases as magnetic parameter M increases.
But reverse character is seen in Fig. 2.1.8 and Fig. 2.1.9. Velocity increases as
permeability parameter X and source heat parameter S increases. In Fig. 2.1.10,
Grashof number represents the effects of the free convection currents and the case
Gr>0 corresponds to an externally cooled plate while the case Gr<Ocorresponds to
an externally heated plate. It is also observed from Fig. 2.1.11, velocity increases
as modified Grashof number Gm increases. Here in all cases, we consider Pr=0.71
which corresponds physically to air while Sc=0.24 is chosen in such a way to
. represent hydrogen at 25°C and 1 atmosphere (approximately). Table 2.1.3 gives

the values of velocity for different values of the frequency w.



Table- 2.1.3.
Variation of the velocity when Pr=0.71, S=2, K=0.5, M=0.6, Gr =5, Gm =2,
Sc=0.24,¢=0.2, wr=n?2

Y @=0.5 w=1 =1.5
-1.192E-07 -1.192E-07 -1.192E-07
0.25 1.0859 1.0702 1.0572
0.5 1.5742 1.5505 1.5304
0.75 1.7169 1.6868 1.6615
I 1.6708 1.6337 1.6043
1.25 1.5344 1.4898 1.4576
1.5 1.3695 1.3178 1.2846
1.75 1.214 1.1566 1.1246
2 1.0893 1.0283 ' 0.9996 s
Appendix
B 1 [ 1
2 2 2 . 1\12
R =0.5 P+(P —4SP) } R,=0.5 P+{P —4P(S—za))} ];
_ | 1 i | |
1|2 1 )2
R, =05[1+:1+4| M +— ; R, =05|1+:1+4| M +—+iw ;
K . K
Gr Gm
L= . Bt L= 5 Ty
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PART THWO > A

UNSTEADY FREE CONVECTIVE AND MASS
TRANSFER FLOW THROUGH POROUS MEDIUM
IN ROTATING SYSTEM

2.2.1 INTRODUCTION

The flow through porous medium, under the influence of temperature
differences and concentration differences, is one of the most considerable and
contemporary subject, because it finds great applications in geothermy, geophysics
and technology [1, 2]. Yamamoto and Iwamara [2] expressed the equations of flow
through a highly porous medium. Raptis et al. [3,4] using the above equations
studied the influences of free convection and mass transfer on the steady flow of a
viscous fluid through the porous medium, which is bounded by a vertical plane
surface, when the temperature and concentration on the surface is constant. Raptis
et al. [5] also studied the influence of free convective flow on the steady flow of
the viscous fluid through the porous medium, when there is a constant heat flux on

the above-mentioned surface.

On the ofher hand, the geophysical importance of the flows in the rotating
frame of reference haé attracted the attention of a number of Scholars. Raptis [6]
analyzed the steady free convective and mass transfer flow through porous
medium in presence of a rotating fluid. Later Mahato and Maiti [7] investigated
unsteady free convective flow and mass transfer in a rotating porous medium. The
object of the present paper is to study the free convective and mass transfer flow of
viscous fluid through a rotating porous medium bounded by a vertical porous plate
subjected to a constant suction velocity in presence of constant heat flux at the
plate. The temperature and concentration at the free streams are constant but the

free stream velocity of the fluid vibrates about ‘a mean constant value. The
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analytical expressions for velocity, temperature and concentration distribution are

obtained and the results are presented graphically.

2.2.2 MATHEMATICAL ANALYSIS

We consider unsteady free convective and mass transfer flow of viscous
fluid through a porous medium occupying a semi-infinite region bounded by a
vertical porous plate subjected to constant suction in presence of constant heat flux
at plate wall in a rotating frame of reference. The velocity of the fluid far away
from the surface vibrates about a mean value with direction parallel to the plane
z=0. The temperature and species concentration at the free stream are constant. A
uniform magnetic field of strength By is applied in vertical upward direction. The
porous medium is in fact a non-homogeneous medium, which may be replaced by
a homogeneous fluid having dynamical properties equal to those of a non-
homogeneous continuum. We consider that the vertical infinite porous plate
rotates in unison with a viscous fluid occupying the porous region with constant
angular velocity € about an axis which is perpendicular to the vertical plane
surface. Cartesian co-ordinate system is chosen such that x, y-axes, respectively,
are in the vertical upward and perpendicular directions on the plane of the vertical
porous surface z=0 while z-axis is normal to it. u", v*, w' are the velocity
components in x, y and z direction respectively. With the above frame of reference
and assumptions, the physical variablés, except the pressure p are function of z and
time t only. Consequently the equation expressing the conservation of mass,
momentum, energy and concentration, neglecting the heat due to viscous

dissipation, which is valid for small velocities, are given by

dat

2 -0, e 22.1)
+ + + 2

O ot gt U gyt | Y 9B (u++U+)

o Oz ot kt p
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T +gﬂ(T+—T:)+gﬂ*(C+—Cj), e (22.2)
622
+ +
v ot ot aout-
ot 0z ot
2 2 +
v B (y+—V+)+va .23
Kt P oz
0= —%g—f—%wﬂ e (2.2.4)
K
+
+ + * 2o+
I o OT e (2.2.5)

act  Loct _d*ct
AP =DS=
ot oz Oz

) ... (2.2.6)
where v is the kinematic viscosity , ¢ is the time, p is the density, K * is the

permeability of the porous medium, 7" is the temperature and C* is the

concentration.

The boundary conditions relevant to the problem are

+ 3
u+=0, v+=0, or =2 , C+:C: at z=0
0574 *+
K

+ +

u” =U" (t)=U,(1+&cosgt), . e (22.7)
v =rt(@)=0, TV =1}, cT=C" as z-»

o0

where ¢ is the frequency of oscillation and ¢ is a small positive quantity.
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From equation (2.2.1), we get

ot =-a, e (2.2.8)

Let equation (2.2.2) and (2.2.3) can be combined in complex form, as

+ + + 2 2 +
09" 4 3 it =22 oot | V1 T5 (q+_Q+)+V‘9 9
or oz ot o p 2

+gﬂ(r+—rj)+gﬂ*(c+—CI), e (229)

and equations (2.2.4) and (2.2.5), using equation (2.2.8) can be written in the form

as

+
ot  ort «F Tt

o8 & pC, 52"

. (2:2.10)

+ + 2 ~+
oc _woac =Dag . e (2.2.11)
ot oz bz

We introduce the following non-dimensional quantities:

2 + 2 Vg,b’(]}f—T:)
77=&z, r=th, q-=g—, K=2%—K+, Gr = 5 ,
4 v U, v . Uyw;
+ At
vgp (Cw —Cm) +  ~t C
Gm _ 2 ’ E Q—;, C _ C Coo , P — /'l P ,
U,y [ C,j' —C: K*+
+ ot 2 +
Sc_—_L, T=T Tw g =GVBZ() > =g"a a:¢_‘2/.
D s PO, Us Wy
«F
K o,

Using the above stated non-dimensional quantities, the equations (2.2.9), (2.2.10)
and (2.2.11) reduce to
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9% aq+2E =@+21EQ
or O0n or
2
(M+ j( —Q)+——+GmC+GrT . (2.2.12)
3 2
n
or or 1 62T
—_——— . (2.2.13)
or - 67] Pr 677
oC _oC 1 a2c
...(2.2.14)
toks 677 T Sc 577
with boundary conditions
\
q=0, —21=—1, C=1 at =0
7 . ... (2.2.15)

q=1+§(eiar+e—iar), T=0, C=0 as np—oo

2.2.3 SOLUTION

Let, the solutions of equations (2.2.12), (2.2.13) and (2.2.14) are assumed,

respectively, as

q(n,t)= 9, (m7)+ %{ql (”)eiar +4, (”)e—iar} , ... (2.216)
T(n,7)=T,(n)+ & (1) %" +......... : e (22.17)
C(n,7)=Co(n)+5C (7)€" +.coreo... . (222.18)

Using equations (2.2.16), (2.2.17) and (2.2.18) in equations (2.2.12), (2.2.13) and

(2.2.14), we obtain following equations
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go+qy—(L+2iE)q, = —%e—P ™ _ Gme 5, e (2.2.19)
gi+q —{L+i(2E+a)}lq, =—{L+i(2E+a)}, .. (2.2.20)
g3+ ¢y~ {L+i(2E-a)}q =—{L+i(2E-a)}, e (2221)
T'+PrT; =0, | ... (2.222)
T+ PrT)— ia.PrTl =0, . (2.2.23)
Cy+8cCy =0, . (2.2.24)
C"+ ScC! —iaScC, = 0. . (22.25)

Using (2.2.13), (2.2.14) and (2.2.15) in (2.2.12), the boundary conditions are

reduced to
9%=9=9=0, _To':_l’ I'=0, ]
G, =1, C =0 _ at n=0
‘. .. (2.2.26)
%=¢=9=1 T,=0, T1=0,
C,=0, C,=0 as n—)ooJ

The solutions of equations (2.2.19) to (2.2.25), under the boundary conditions
(2.2.26) and in view of (2.2.16), (2.2.17) and (2.2.18) are given by |

g(n.7)=1-(1-R, —Rz)e_Rm —R,e—Prn

_R,e 5S¢ +§{(1 _e R )e"“f +(1 _e R )e“"‘”}, e (2227)

where

4o(7)=1-(1-R ~R,)e " _ P17 _ g o=5¢M e (22.270)
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R ,
g, (n)=1-¢ " . (2.2.27B)
" and q, (n):l—e_Rsn, ...(2.2.27¢)
=L Prm ... (2.2.28)
T(n)= - ,
C(n)=e > (2.2.29)
n)=e 1. . 2

The expressions for constant are given in appendix-I.

2.2.4 RESULTS AND DISCUSSION

Equation (2.2.27) corresponds to the velocity distribution of free convective
and mass transfer flow of viscous fluid through a rotating porous medium. The
expression clearly shows the existence of thin multiple Ekman boundary layer of
order O(R;™") super imposed with a boundary layer of thickness of order O(Pr’)
and O(Sc™"). It is interesting to note that Ekman boundary layer is modified by the
presence of free convection and mass transfer. We also note that this layer
decrease with increase of rotation parameter and magnetic parameter and increase

with increase of permeability parameter.

The solution (2.2.27a) corresponds to the steady part which gives », as the
primary and y as the secondary velocity components. The amplitude and phase

difference due to these primary and secondary velocities for the steady flow are

given by
|A0|=(u5’Z +v02) and 6, :tan—l(&),

where

uy=1-{(1- P~ )cos Q7 (0, + 0 )sin O }e 37 — pe™ P17 _pe=Sem.
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Yo = {(Q2 +Q,)cos Q7 +(1- R, — B,)sin QBU}e_Pﬁ Qe Prn _ Qze_Scﬂ,

The amplitude of resultant velocity |4,| and the phase angle 6, for the steady part
are shown graphically in Fig. 2.2.1(a,b) and Fig. 2.2.2(a,b) for various values of
the rotation parameter (E£) and permeability parameter (K) for fixed values of
Prandtl number (Pr), Schmidt number (Sc), magnetic parameter (M), Grashof
number.(Gr) and modified Grashof number (Gm). It is seen from Fig. 2.2.1(a) that
in case of Gr>0 the amplitude |4¢| increase as K increases and nearly at # =2.5
these two values coincide but opposite behavior is seen for Gr<0 and decreases
with incréase in rotation. Fig. 2.2.1(b) 6, decreases with increase in K and
increases with increasing R (both small and large) for Gr>0 and increases as

rotation parameter increases for Gr<0 near the plate wall.

Variatidn of |4o| and 6, for different values of Prandtl number Pr and
modified Grashof number for Gr>0 are shown in Fig. 2.2.3(a,b) and Fig.
2.2.4(a,b). It is clear from these figure that amplitude decreases as Pr increases and
increases as Gm increases but phase difference 6, decreases as Gm increases and
increases as Pr increases. Numerical calculation are also made for Gr<0 and
shown in Fig. 2.2.5(a,b) and Fig. 2.2.6(a,b).It is essential to mention that equation
(2.2.27b) and (2.2.27¢) together give the unsteady part of the flow. This expression
also exhibits boundary layer of thickness of order O(R;”) and order O(Rs”)

respectively.

The amplitude and the phase differences of shear stresses at the plate #=0

for the steady flow can be obtained as:

1
> 1
T, = (r(% + rozy)z , 6,, = tan 1(%) ... (2.2.30)
Ox .

where 7o, and 7, are respectively the shear stress at the plate due to primary and

secondary velocity components.
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The numerical values for the resultant shear stress and the phase angle due to the

shear stress are listed in Table-2.2.1.

Table-2.2.1
Sl. No.| Pr | Sc K | E| M| Gm|Gr Tor O,
1 {071 03 | 1 1 105 5 | 10 | 157646 | -0.5104
2 7 1031 1 105 5 10 5.7257 | -0.1937
3 1071|066 | 1 1 {05 5 | 10 | 15.1004 | -0.4928
4 10711 03 | 5 1 105 5 | 10| 19.5276 | -0.7104
5 10711 03 | 1 5105 5 110 9.3067 | -0.2333
6 [071| 03 | 1 1 1 5 | 10 | 142511 | -0.4069
7 10711 03 | 1 1 | 05] 10 | 10 | 20.2386 | -0.5540
8 (071 03 | 1 1 |05 5 | 20| 263319 | -0.5768

These values clearly show that the shear stress i, increases as permeability
parameter K increases and decreases as rotation parameter R increases. Also the
increase in permeability parameter K lead to decrease in phase difference 6, and

the phase difference 8, increases as rotation parameter R increases.

Appendix-1

1 Gr

L=M+_E; R =R +iQ = 5 ;
Pr {Pr —-Pr—(L+2iE)}

1+ 1+4(L+2iE)
O p-peig - LI,
Sc? — Sc—(L+2iE) 2

R,=F,+iQ, =

b

1+ 1+4{L+i(2E-a)}

1+ 1+ 4{L+i(a+2E)} R —Pti0
; =P +iQ, =

R, =P +iQ, =
=B +i0, 5 . 5
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2
Gr(Pr —Pr—L) . 2GrE B
1)1 = 2 3 Ql = 2 >
Pr{(Prz—Pr—L) +4E2} Pr (Prz—Pr—L) +4E2}
.Gm Scz—Sc—L -
) 2GmE
1)2 = ) > Qg = 5 )
2 2 2 2
{(Sc —Sc—L) +4F } {(Sc -—Sc—L) +4F }
| , |
2
J2 +[(1 caL)+y(1+40)2+ 64E2}
P 0= 2\2E .
3 2\/5 R s 3 ;

[(1+4L)+\/(1+4L)2 +64E? ]%

e ={(1-B - B)Qisin 01 +(0, + 0) Os cos Qe 7

+{(1 —-£- Pz)COS Oy _(Qz +0, )Sin Q377} P3€—P377 +A Pre Pry + PzSce_Sc”;

oy ={(1-R~R)0,cos01~(0, +0)Q,sinir}e B

~{(1-R - B)sin Q7 +(Q, + O, )cos O} Pe™™ + O, Pre”"" + Q,Sce™.
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Fig. 2.2.1(a) Effects of K and E on the resultant velocity field for Gr>0.
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Fig. 2.2.1(b) Effects of K and E on the amplitude of the resultant velocity field
for Gr>0.
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Fig. 2.2.2(b) Effects of K and E on the amplitude of the resultant velocity field
for Gr < 0.
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Fig. 2.2.3(b) Effects of Pr on the amplitude of the resultant velocity field for
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Fig. 2.2.4(b) Effects of Gm on the amplitude of the resultant velocity field for
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Fig. 2.2.5(b) Effects of Pr on the amplitude of the resultant velocity field for
Gr<0.
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PART TWO > B

EFFECTS OF MASS TRANSFER AND ROTATION ON
FLOW PAST A POROUS PLATE IN A POROUS
MEDIUM WITH VARIABLE SUCTION IN SLIP FLOW
REGIME

2.2.6 INTRODUCTION

Free convection and mass transfer flow in porous medium has received
considerable attention due to it numerous application in geophysics and energy
related problems. Such types of application include natural circulation in
isothermal reservoirs, aquifers porous insulation in heat storage bed, grain storage,
extraction of thermal energy and thermal insulation design. Studies associated with
flows through porous medium in rotating environment have some relevance in
geophysical, geothermal. Many aspects of the motion in a rotating frame of
references of terrestrial and planetary atmosphere are influenced by the effects of
rotation of the medium. Raptis et al. [4, 8] studied both steady and unsteady free
convective flow and mass transfer of a viscous fluid through a porous medium
bounded by a vertical infinite porous surface with constant suction using
generalized Darcy’s law. Mahato and Maiti [9] analyzed the effect of unsteady
free convective flow and mass transfer during the motions of a viscous
incompressible fluid in a rotating frame of references. Alam et al. [10] studied
unsteady free convection and mass transfer flow in a rotating system with hall
currents, viscous dissipation and joule heating. Later Singh ez al. [11] studied free
convection in MHD flow of a rotating viscous liquid in porous medium. Recently
Singh ez al. [12] have studied free convective MHD flow of rotating viscous fluid
in a porous medium past infinite vertical porous plate. We now proposed to study
of unsteady free convective flow and mass transfer during the motion of a viscous
incompressible fluid through porous medium bounded by a infinite vertical porous

plate in presence of heat source with variable suction under the influence of



91

uniform magnetic field applied perpendicular to the flow of region in a rotating
system is presented. The porous plate and the porous medium are assumed to
rotate in a solid body rotation. The study of velocity, temperature, concentration,
" skin friction, rate of heat transfer and rate of mass transfer are presented

graphically and necessary conclusions are set out.

2.2.7 FORMULATION OF THE PROBLEM

We consider an unsteady heat and mass transfer flow of an incompressible,
electrically conducting, viscous liquid flowing through a homogeneous porous-
medium with constant permeability K, past an infinite vertical porous plate in the
presence of a constant heat source O=0Qy(7-T,,). The plate is subjected to a variable
suction w=—wo(1+ede™) at the plate, (where wq is a positive real number, A-
suction parameter) under the influence of the uniform magnetic field By. We
assume a Cartesian co-ordinate system choosing x-axis and y-axis in the plane of
the porous plate and z-axis normal to the plate with velocity components u, v, w in
these directions respectively. Both the liquid and the plate are in a state of rigid
body rotation (with uniform angular velocity Q) about z-axis. In this analysis
buoyancy force, Hall effect, effect due to perturbation of the field, induced
magnetic field and polarization effects are ignored. Following, Gebhart and Pera
[13], Soret effect is taken into account. Under the above stated restrictions, the

equation of motion, energy and concentration are as follows

2
%—w0(1+8Ael¢t) ~2Qv —3§—+gﬂ(r T,)

oz az

2
3
95, Ju, . (22.31)

+g,BO(C C) (K >

2 2)
@—wo(ngAe"”’) r20u=92Y | 2 9B |, . (22.32)
Ot oz 522 K p
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: 2 T-T,
?l—a)o(l+£Ael¢t)?—];: x 7T O °°), . (2.2.33)
ot oz pC, 622 pC,
aC g \oC - o’c T |
——w0(1+gAe )—:DM +D = ... (2.2.34)
ot oz 822 622

where the symbols have their usual meaning.

The boundary conditions are given as

u=eU? v vo0,T=T, C=C, atz=0
' Ay : .. (2.2.35)
u—>0,v>0, T>T , C>C, asz —> o
1
2—-m)L 2
where L, :(——ﬂ)— and L=u i 1s the mean free path-and m, is the
m, ( PP)

"Maxwell’s reflection co-efficient.

/

On introducing the following non-dimensional quantities

9 2
z*=9_0£, t*=&£, u*=—u—, ¢*=°lgg" V*:_V"K*:wOZK’
g g U, w, U, 9
3 o - C
c* =CC % LT =; TT°° , Sc=7;?_’ Gm=gﬁ3(cwz ), et
v Lo w Lo M Uy, K
HNT, -T
Gr = g ﬂo ( w oo) , R= ——a)OL' (rarefaction parameter),
U a)2
oo
T -T :
S, = 1?97 ((C: _C‘Z)) (T, herm_al diffusion parameter),
o) 2
M= g Bo 4 ( Hartmann number), a, = ___Q0-9 (Heat source parameter),

par; . Koy



E= —gig—(Rotation paraimneter).

o
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in equations (2.2.31)-(2.2.34) (after dropping the asterisks) can be written as

2
ou_ (1 Ae?! )——-2E 9 G T Gme— (M +—1——)u,
ot Oz 622 K

. 2
—(1+5Ae’¢t)—a—v—+2Eu 07y (M+Il<]

ot oz 622

. 2
Pr—al— Pr(l +-8Ae'¢t )27; = 9T _ a7,
ot oz oz

2 2
E—(nm ’¢’)6C LTt

ot oz Scz2 a2

which leads to

. 2
a—q—(1+eAe’¢t)§(1+ (M+—l—)+i2E qza—q+GrT+GmC,
ot Oz K : 522

8T igt or
—2—+Pr(l+eA )——P ——a,I'=0,
oz Oz ot
2 2
9 §+Sc(1+aA '¢t)——S o SOSca—§=0,
0z 24 ot Oz

where g=u+iv.

The boundary conditions (2.2.35) are transformed to

.. (2.2.36)

..(2.237)

.. (2.2.38)

..(2.2.39)

. (2.2.40)

.. (2.2.41)

.. (2.2.42)
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igt ., 0u
g=ge” +R—, T=l C atz . o (22.43)

qg—0, IT'->0, C>0. asz—ow

2.2.8 SOLUTION OF THE PROBLEM

In order to solve the equations (2.2.40), (2.2.41) and (2.2.42), we assume

the velocity, temperature and concentration in the neighborhood of the plate as

follows
q(z,t) =q,(z)+ &g, (z)ei¢t, ' ....(2.2.44)
T(z,1)=Ty(2) + €T} (z) e ... (2.2.45)
and  C(z,0)=C,(2) +£C,(2)e?". .(2.2.46)

Using equations (2.2.44)-(2.2.46) in equations (2.2.40)-(2.2.42), we obtain

following equations,
90 (2)+q,(2)—(M, +i2E)q,(z) = -GrT,(z) - GmC,(z), e (2.2.47)

ql"(z)+q1'(z)_[Ml +i(2E+¢)]qI (Z) =—Aq, (Z)

~GrT,(z)-GmC,(z), - (2.2.48)
T, (z)+PrTy(z) - e, T, (2) =0, ....(2.2.49)
I(z)+PrT(z) (o +igPr) T (z) =—APrT}(z), ... (2.2.50)
Cy(2)+8cCqy(2) = -8,ScTy(z), ... (2.2.51)
Ci(z)+8cC)(2) —igScC, (z)=—AScCy(z) - SoScT(z). e (222.52)

Using (2.2.44)-(2.2.46) in (2.2.43), the boundary conditions are reduced to
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du du
=R/, =1+R—, T =1,
9 dz 9 dz 0
I,=0, C,=1, C,=0 at z=0

> ....(2.2.53)

q,—>0,¢9,—0, T, 0,7, -0,

C,—0,C -0 as z —» o]

The solutions of equations (2.2.47) to (2.2.52), under the boundary conditions
(2.2.53) are

T,(z)=e 1107, e (2.2.58)
7.(z) : R (e“HOZ —e‘H*Zj, o (22.55)
C,(2)=(1+R,)e™5¢% — R 1107, . (2.2.56)
C (z)= Re M7 _peSczip 7y g ~HaZ .. (2.2.57)
q,(z)= —Rée_H of _R e &e"H 2, .. (2.2.58)
g (z) _ Rge_H'Z _Rloe—sz

1R 4R o g oHZ g Sz ... (2.2.59)

Substituting the values of g,(z), 4,(z), Ty(2), T(2). Cy(2) and C,(z) in

(2.2.44) to (2.2.46) we obtaing(z,t), T(z,t) and C(z,1). Atdt = %, we obtain,
u(z,%)=uo—gvl, ... (2.2.60)
v(z,i%) = v, + &u,, ... (2.2.61)

where

uy(z) = o b7 (P, cos Byz+ Oy sin B,z) — Pﬁe_HOZ —pe ez,
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vo(2) = o b7 (Qy cos B,z — Bysin Byz) — Q6e—H of e

_HO

u,(z)=F(z)- F,(z)+ F(2)+ F,(z)- Pye Z+P]4e_Scz,

Y (Z):fn(Z)—f2(2)+f3(z)+f4(z)_QBe_HoZ +Q,4e—SCZ,
F(z)=¢ %% (P cosBz+Q,sinBz) i=1,2,3 and 4,

fi(z)= & (0,5 c08 B,z P,,;sin B,z j=123and 4.

J

The expressions for constant are given in appendix-I.

2.2.9 SKIN-FRICTION, RATE OF HEAT AND MASS TRANSFER

The non-dimensional skin-friction at the plate is
T= (%) + g(f_]ﬂn_) ei¢t =7, +it,. ... (2.2.62)
dz )z -0 dz ), =0

Hence, primary skin-friction(z’p)due to primary velocity and secondary skin

friction is due to secondary velocity are given as
z,=1,,+&(J, cosgr+J,singr), e (2263)
7, =7,,+&(J, cosgr — J, singr). ... (2.2.64)

The rate of heat transfer at the plate in terms of Nusselt number (Nu) is

Nu=(d7TQ) +£(%27_?] 9. e (2.2.65)
2 /z2=0 z=0

Hence, the rate of heat transfer (considering real part only) is

Nu =—H,+&(G, cosgt — G, singt). e (2.2.66)
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which in terms of amplitude and phase, obtained as
Nu =—H +£|Glcos(gt+a).
The rate of mass transfer at the plate in terms of Sherwood number (S, )is

Sh:(ﬂ) +g[£) . o (2.2.67)
dz ), =0 dz ), =0

Hence, the rate of mass transfer is

S, = H,R,—Sc(1+ R,)+&(N,, cosgt — N, sin gt), ....(2.2.68)
wﬁich in terms of amplitude and phase, obtained as

S, = H,R, — Sc(1+ R, )+ £|N,|cos (g1 + B).

The expressions for constant are given in appendix-II.

2.2.10 DISCUSSION AND CONCLUSION

In order to have physical insight into the problem we have calculated the
numerical values of the primary and secondary velocity distribution, temperature
distribution, concentration distribution, skin-frict_ion, rate of heat transfer and rate
of mass transfer. The effect of magnetic parameter (M),Grashof number. (Gr),
modified Grashof number (Gm), rotation parameter (E), rarefaction parameter (R),
Prandtl number (Pr), Schmidt number (Sc), Thermal diffusion parameter (S;), Heat
source parameter ( ag), permeability parameter (K) and Suction parameter (4) on
primary and secondary velocity distribution are shown graphically. In Fig. 2.2.7
and Fig. 2.2.8, the primary and secondary velocity distribution is plotted against z
for Pr = 0.71, Sc = 0.3, Sp = 1, K=10, ag= 0.5, 4= 0.2. As expected it reveals
velocity jump near the plate and then decreases slowly and primary velocity
decreases as M and E increases and increases as Gr, Gm and R increases but

secondary velacity decreases as z increases and after attaining minimum value
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near the plate it increases as z increases. Secondary velocity v increases as M, E
increases but near the plate behavior is opposite and v decreases as Gr, Gm and R
increases. Fig. 2.2.9 and Fig. 2.2.10 show effect of Pr, Sc, Sy , K and ay on
primary and secondary velocity for fixed values of M, Gr , Gm , £ and R. Primary
velocity decreases as Pr, Sc, K and ag increases and decreases as Sy and A4
increases. These effects are observed in opposite sense for secondary velocity. It
is striking to note that in presence of He primary velocity is more than the
presence of CO,. The effects of all parameter on skin-friction are presented in

tables 2.2.2 and 2.2.4. The effects of Sc, 4, Pr, ¢, t, ag and Sy on rate of mass
transfer is shown in tabie-2.2.3.The effects of A, Pr, ¢, t and ag on rate of heat

transfer is presented in table-2.2.5.
| Table-2.2.2

SI;in-friction due to primary velocity (at ¢ =7,t =2 and € = 0.01)

SLNo. |- 1, Pr Sc M K ay Gr

Gm E So A R
1 5.41746 | 0.71 0.3 0.5 10 0.5 10 5 1 1 02 0.2
2 3.62861 7 0.3 0.5 10 0.5 10 5 1 1 0.2 0.2
3 5.30086 | 0.71 | 0.66 | 0.5 10 0.5 10 5 1 1 0.2 0.2
4 4.89957 | 0.71 0.3 1 10 0.5 10 5 1 1 0.2 0.2
5 5.50351 | 0.71 0.3 0.5 50 0.5 10 5 1 1 0.2 0.2
"6 5.46284 | 0.71 0.3 0.5 10 1 10 5 1 1 0.2 0.2
7 8.60009 | 0.71 0.3 0.5 10 0.5 20 5 1 1 0.2 0.2
8 7.65324 | 0.71 0.3 0.5 10 0.5 10 10 1 1 0.2 0.2
9 3.93275 | 0.71 0.3 0.5 10 0.5 10 5 2 1 0.2 0.2
10 5.60372 | 0.71 0.3 0.5 10 0.5 10 5 1 2 0.2 0.2
11 541159 1 0.71 0.3 0.5 10 0.5 10 5 1 1 04 0.2
12 3.88020 | 0.71 0.3 0.5 10 0.5 10 5 1 1- 0.2 0.6

Table-2.2.3
Rate of mass transfer in terms of Sherwood number (at € = 0.01)

Sl. No. Su Sc A Pr ) t - So
1 0.043933 {03 | 0.2 | 0.71 7 2 0.5 1
2 0.096618 | 0.7 | 0.2 | 0.71 7 2 0.5 I
3 0.043940 | 0.3 | 0.2 | 0.71 10 2 0.5 1
4 0.043784 | 03 | 0.2 | 0.71 7 5 0.5 1
5 0.124926 | 0.3 | 0.2 | 0.71 7 2 1 1
6 -0.084136 | 0.3 | 0.2 | 0.025 | 7 2 0.5 1
7 0.387953 | 0.3 | 0.2 | 0.71 7 2 0.5 2
8 0.388177 | 0.3 | 0.4 | 0.71 7 2 0.5 2




. Table-2.2.4
Skin-friction due to secondary velocity (at ¢ = 7,t=2 and € = 0.01)
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SI. No. T Pr Sc M K ¢ Gr |[Gm| E| Sp A R
1 [.2365311071{ 03 | 05| 10 | 05 | 10 | 5 |1 1 02 | 02
2 240522 | 7 03 | 05| 10 |05 ] 10 | 5111 1 02 | 02
3 2.07032 1 071 | 066 | 05 | 10 | 05 | 10 | 5 | 1 1 0.2 | 0.2
4 -1.82312| 0.71 | 03 1 10 |05 10|51 1 02 | 02
5 2482141071 03 | 05 { 50 | 05| 10 | 51 1 02 | 02
6 -1.91970 | 0.71 | 03 | 05 | 10 1 10 | 5|1 I 02 | 02
7 2451941071 | 03 | 05 ] 10 | 05 | 20 | 5 | 1 1 02 | 02
8 46371110711 03 | 05| 10 | 05 | 10 |10 1 1 02 | 02
9 -3.29854 | .071 | 03 | 05.].10 | 05 | 10 | 5 | 2 1 02 | 02
10 |-3.00924 |'0.71 | 03 | 05 | 10 | 05 10| 5|1 2 02 | 02
11 |-238147|071 1 03 { 05| 10 | 05 | 10 | 51 1 1 04 | 0.2
12 -337970| 071 | 03 | 05 | 10 | 05 | 10 | 5 | 1 1 02 | 0.6
Table-2.2.5

Rate of heat transfer in terms of Nusselt number ( at € = 0.01)

SI.No. Nu A Pr | ¢ t | %
1 | -1.14666 | 02 {071 | 7 | 2 | 05
2 | -071972 | 02 10.025| 7 | 2 | 0.5
3 | -7.07928 | 04 | 7 7 12105
4 |-11.45400| 04 | 114 | 7 | 2 | 05
5 | -1.14666 | 02 | 0711 10 | 2 | 05
6 | -1.41663 | 02 | 071 | 7 | 2 1
7 | -141712 | 04 | 071 | 7 | 2 1
8 | -141505 | 04 [ 071 | 7 | 5 1
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Appendix-I

/ 2
H=Pr+ Pro+4da, M|=M+-]lz;

0 2 b)

H, =4 +iB =%|:Pr+ \/Pr2+4(a0 +i¢Pr)}

H,=4,+iB, =%|:SC+ SC(Sc+i4¢)];

Hy = A, +1iB, =—;—[l+\/1+4Ml +i8E];

H,=A4,+iB, =%[1+\ﬁ+4M, +i4(2E+9) |

ScS,H, . APrH
Ry = R =R+iQ = 5 0 ;
(H_o—SC) Hi +PrH,—(a,+igPr)
H Sc(AR, +S,R H ASe(1+
Ry = B+ ig, = LS4 + SRHL), R —ig, - i S+ R).
- H{ —Sc(H,+ip) ¢
SeS,HZR
R, =P +iQ,=— o N R, =P,+iQ,=R,—-R,—R,
. Gr—-Gm . Gm(l+
R, =P +iQ, = 5 R, : R, =P +iQ, = 5 ( Ro) :
Hy —Hy—M,—i2E Sc” —Sc—M, —i2E
RgzPsHQS=R6+R,+R{(Q6+Q,)(B3+iA3)+(H011+Scp7)};

(1+ 4R)
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GrR,—GmR,
HZ?-H ~M,-i(2E +9¢)

Ry=F+iQ0, =

GmR; '
H2—H,-M,~i(2E+¢)
AR H, .

HZ_H,-M,-i2E

RlO = Plo + ino =

R, =Fh, +iQ1| =

1+R|0+R|3_R11_R14_R9
(1+4,R)

R12 =Fh, +iQ, =

R{le (B4 +iA4)"'A3Pn + B0, +HyF,y —ScH, + AF, —B O, + AF, _Bleo}
* 1+ 4,R

2

AH,R,—GrR —GmR,
HZ _H,-M,-i2E

Ry= A+ Q=

GmR, — AScR,
Sc? —Sc—M, —i(2E +§)

RM = P|4 +iQ14 =

L
2

s |
4= b \KPr2+4ao) +16¢2Pr2+(Pr2+4a0) :
2 22

1
2

2
B=—1 \KPr2+4ao) +164% Pr? —(Pr2+4a0) ;

4, = %+ 2\1/5 [Sc{\/Scz +164% + ScH5 :
B, = ?\1/——2—*:50{\/Sc2 +16¢2 - ScHE;




1

| 1

1 \/ 2 2 2
A =4 —|J(1+4M ) +64E* +(1+4M,) | -
=5 Vo e ()

|-

2\/_[\/(1+4M )? +64E% — (1+4M1)}

4t

B, =5%[\/(1+4M, )2 +16(2E +¢)* —(1+4M, )]%:

AHPra;

ID|= s Ql:
a12+b,2

AH Prb,
2+b12 ’

2=

ScH, [ ay AR, +SyHy (a,P, — 5,0, )]
a; +b2

ScH,[ b, AR, + S,H, (a,0, +b P)]
2,4 52

a,

2:

. SOSC[(,{- _B,2)(a3Pl ~b,0,)-24,B,(a,0, +b3P|)}

a32 + b32 ,

0.- SoSC|:(A|2 _4312)(‘73Q1 +b3R)+2AtBl (a3Pl —b3Q,)]

. +5\1/—§|:\/(1+4M,)2 +16(2E + )% +(1+4M, )]2 :

1

a;2+b32 ,
PSV=—(P2+R,); Q5:Q3_(Q2+Q4);
_(Gr-GmR))a, _2E(Gr—GmR,)
° a2+4E2 T Co™ a? +4E2
4 4
P _a,Gm(1+R,) 0 _2EGm(1+R,)
" 2i4E? " a2 v4E?

a; +4E

102



103

_ B+P,+R{QB, +(H,P, +ScP,)}

= : = + 5

: (1% 4R) : Q=0+

_a (GrP GmP, )+b (GrQl GmQ4)

o a +b2

0, = a,(GrQ, —GmQ,)—b,(GrF, - GmP, ) P Gm(agP, - b;0;)
S a; +b2 ° a82+b82 ,

0, = Gm(ast “bsPs) . P = {aé(A I BBQ8)+b (ABQS +B P)}
P a2 ap? ) a2 + b2

A{as (40, + B,R) = bs (4,5, — B, )} )
a62 +b62

1=

P = (1"Pn +'Pl3_Pl4—‘R)+RO)
. (1+4,R)

R(QIZB — AR, + B0 + H R, — Sch, + AR, — BO, + 4R, — B,Q,,) |.
(1+4,R) ’

O, =G +Q13 0 =0 — Oy

_[a,(4H,B, - GrB,— GmP,)~ 2E(AH 0, ~ GrQ, - Gsz)]

o a? +4E2
Na (AHOQ6 GrQ, —GmQ,)+2E(AH P, — GrP, — GmP, )]
0 a? +4E2

__a,AScP +(2E+ ¢)(GmQ3 — AScQ,) |
" aZ + (2E+ ¢)2 ,
a;(GmQ, - AScQ,) AScP, (2E + ¢)

a: +(2E+¢)

Q=

=H52+PrHo—ao; b, =¢Pr;
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a,=H, (HO —Sc); b, = ¢Sc;

= A2 _B% _Sc4: b, = ScB +¢Sc—2A4B,;
a, = A" — B —Sc4,; , =ScB, +¢Sc—2A4B;;
a4=H62—H0—MI; aS=S6'2—SC—Ml;
a=A2-BZ_ 4 _-M,: b, =2A.B.— B, —2FE:

6~ “3 3 3 1° 6 343 3 Ed
a, =A% —B* -4 -M,; b, =2A4B,- B ~(2E+¢);
ay= A2 ~BZ —4,—M,; by =24,B, ~ B,~(2E +§).

Appendix-II

J,=HB;~ B, - AR+ B0, — K,Sc— AR+ BQ, + AR, — B,0,;

Jz = le + B3Pn + AsQn _H0Q13 + Q14Sc+ A|Q9 + BlP9 - szlo - A'zQw;

IV = ™, +iN,; tan ﬂ:ﬂ;
A Nlr
T, = HoFy — AR + B,Oy + ScPy; Tp = Ho Qs — 4,0y — By Fy + ScQy;
G, =AR—-H,F-BQ; G,=40-H,0 +BHF;
. . -G,
G:GI-*-IGZ; ) lGl:|G1+lG2|; tana:E;

Nlr = BzQs _Azps _HOP2 —A1P4 +B|Q4;

N, = 4,05 + B,Fs + H,0, — ScQ; + 40, + BF,.



6 Pr=0.71, Sc=0.3, Sp=1, K=10, ap=0.5, A=0.2

M Gr Gm E R

— 0510 5 1 06

— 1 10 5 1 06

8 , —~ 0520 5 1 06
05 10 10 1 06

05 10 5 2 06

0510 5 1 3

\4
N

Fig. 2.2.7 Effects of M, Gr, Gm, E and R on the primary velocity field.



Pr=0.71, S¢=0.3, K=10, S 3 =1, a (=0.5, A=0.2
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10
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Fig. 2.2.8 Effects of M, Gr , Gm , E and R on the secondary velocity field.




M=0.5, Gr=10, Gm=5, E=1, R=0.6

Pr Sc

0 K (0 9) A

\ 4
N

Fig. 2.2.9 Effects of Pr, Sc, K, Sy, ap and A on the primary velocity field



M=0.5, Gr=10, Gm=5, E=1, R=0.6

Pr S¢ S, K o A4
7 03 1 20 65 02
0.71 0.66 1 20 05 0.2
071 03 2 10 0.5 0.2
0.71 03 1 10 1 02

- 071 03 1 10 05 5

Fig. 2.2.10 Effects of Pr, Sc, K, S, a) and A on the secondary velocity field.
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