ON SOME PROBLEMS OF

TE

ERMO-ELASTICITY

Thesis Submitted For the Degree of
Doctor of Philosophy ( Science )

of The
University of North Bengal

By ‘
Tapati Haldar
June, 1998



Ref.
6920.112
K159,

116347
29 APR 1997



ACKNOWLEDGMENT

I express my deep gratitude to Dxr. B.Das, Department of
Mathematics North Bengal University, for suggesting the
problems to me and continued interest and helpful guidance

during the progress of this work.

For giving me all facilities required to complete my research
work, 1 wish to express my sincere gratitude to the Head and
all other teaching and non-teaching staffs of the Department

of Mathematics, North Bengal University.

Further, I am thankfull to all my colleagues in the Sahidgar

High School, Mayanaguri, Jalpaiguri, West Bengal.

Sahidgar High School Tapat.i Halder

Mayanaguri, Jalpaiguri,
West Bengal, India.
June, 1995.

Or
Oip  Siliguri
Po: Siligur;
DTtJ uri Bazar

ALPAIGUR)



CONTENTS

INTRODUCTION 1

NOMENCLATURE 23

CHAPTER - I

STRESSES DUE TO NUCLEUS OF THERMOELASTIC STRAIN IN PRESENCE OF

Paper ¢

Paper 2 :

Paper 1

Paper 2 :

ELASTIC NUCLEUS

Thermoelastic stress concentration due to nucleus
of thermoelastic strain tn an infinite elastic solid

with two rigid circular inserts. 30

Thernvelastic stress concentration due to nucleus of
thermnocelastic strain in an infinite solid with two

spherical elastic inclusions 42

CHAPTER - II

THERMAL STRESSES IN LAYERED MEDIA

Stress concentration in an elastic layered media

(Two layered caseD 80

Stress concentration in an elastic layered media

(Three layered case> 80O



Paper 1

Paper 2

CHAPTER - III

GENERATION OF THERMOELASTIC WAVES
On the generation of thermoelastic waves due to the
distridbution of stress produced by a periodic heat

nuc leus 101

On the generation of thermoelastic waves due to the
distridution of stress produced by an impulsive heat

nuc leus 113

CHAPTER -~ IV

STRESSES DUE TO HEAT EXPOSURE ON THE BOUNDING SURFACE OF

ELASTIC SEMI -SPACE

Paper 1 Axisymmetric stress distribution tn a semi-infinite
elastic solid with constant heat flow over an
elliptic area on the plane boundary. 137
Paper &2 Three dimensional thermal stresses due to periodic
supply of heat on the straight edges of a
semti-infinite thick plate. 149
Paper 3 Thermal stresses due to prescridbed flux of heat on
the surface of a thick plate. 163
Paper 4 Thermal stresseczs due to prescribed flux of heat on
the boundary of a semi-infinite elastic solid. 178
BIBLIOGRAPHY

191



INTRODUCTION

The theory of thermo-elasticity is concerned with the influence of
the thermal state upon the distribution of stress and strain and
with the inverse effect ,that of deformation upon the thermal state
of an elastic medium. Duhamel [(46] in 1838, initiated the subject
deriving equation for the distribution of sgstrain in an elastic
medium containing temperature gradients. Subsequently, these results
were rediscovered by several authors but Neumann gave the present
form known as Duhamel-Neumann relations. The basic theory was
applied by Duhamel to a number of problems and later used by Neumann
and other authors as the basis of the detailed study. These
investigations were ingtrumental in developing techniques for the
solution of thermo-elastic problems but not until the present
century did the subject received the practical stimulug. There have
been a rapid development of thermo-elasticity stimulated by various
engineering sciences Iin the post war years. A considerable progress
in the field of air-craft and machine structures,mainly with gas and

steam turbines,highway engineering especially in the preparation of

air base,and the emergence of new topics in chemical and nuclear

engineering have given rise to numerous problems in which thermal

stress play an important role and frequently even a primary role.

For most ©practical problems,the effect of the stressea and
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deformations upon the ‘temperature distribution is quite small and
can be neglected. The procedure allows the determination of the
temperature distribution in the solid resulting from prescribed
thermal! condition to become first,an independent step of a thermal
stress analysis;the second step is then the determinatiqn of the
stresses and deformation of the body due to this temperature
distribution.Before proceeding further, it will be worthwhile

mentioning briefly equation of heat conduction and steady state,

dynamic state of thermo-elasticity.

EQUATION OF HEAT CONDUCTION

Let in the space (Xr) a solid body B be bounded by the surface S and
T(Xr,t) denote the temperature at the point (Xr) and at the time t.
Then temperature differences between the points of the region B

results in a flow of heat. Across a surface element do at the

point(Xr) the quantity of heat flowing in the time interval At is
vQ = -kT,nda At

where A is the coefficient of internal heat conduction, T, = g% is
the normal derivative of the temperature at the point (X ot the
r

surface element , in the direction of heat flow.

Now we investigate the equilibrium due to heat in a region B
1



bounded by Si, constituting a part of B. The quantity of heat

flowing into the region B‘ acroés the boundary S1 in the time At is

given by

AQ = XI T, do At
S n

1

If W denotes the quantity of heat generated in unit volume in unit

time,then the quantity of heat generated inside the region under

consideration is

AQ' Y = I W dv At.
B

1

On the other hand , AQ = AQ'+ AQ’° can be determined from

AQ =J qu dv At
B

where p is the density and ¢ is the specific heat of the boady.

The condition AQ = AQ’' +AQ’'’ implies the equation

J (cpT-W)dv ~ xj T, do = 0
B : s "

1 1

which by divergence theorem becomes



Since this 1is true for all arbitrary region 81,hence

- T z - (1)
T,kk T/s Q/s

where 8 = A/pc, W = Qcp.
We have used tensor notation ,i.e

_ aT -
T 3% Trg” T

L .
L

in a cartesian coordinate system. Dots represent derjvatives with

respect to time.

Solution of equations (i) determine temperature as a function of
position and time. If the temperature is independent of time and it

there are no heat sources ingide the region B, then (1) can be

by Laplace equation

T’kk= 0 (2)

and hence in this case,temperature funection 1is a potential

function.



EQUATIONS OF THERMO-ELASTICITY.

Generation of stress and st;aln in a body takes place due to
non-uniform distribution of temperature. The temperature T
represents the increment of the temperature from the initial stress
less state. We assume that the change in temperature is small and

therefore it hags no influence on the mechanical and thermal

properties of the body.

We ghall confine ourselves to an {isotropic homogeneous body with
respect to both 1its mechanical and thermal properties. Let
ui(i=1,2,3) be the components of displacement vector ﬁ*

eu(i,j=1,2,3) be the components of displacement of gatrain tensor

and aﬁ(i,j=1,2,3), the components of stress tensor.

In the linear theory of elagticity, the strain tensor e  |is
i
considered with the displacement vector by the relation
e = (u + u, )/2, i,3=1,2,3 (3)

The strain tensor {8 symmetric, 1.e, e = e
\.J Ju

gsince they should have the

y The components of

strain tensor can not be arbitrary,
following six relations— the so called comparablility conditions:

e + e e - = = )
ij,ktl ki,ij jlsik ei.k,jl 0, L 3k, 1,2,3 €4y



which are satisfied identically 1{if e',.‘i is expressed ‘by u in

accordance with (3) when the displacement field is continuous.

In thermo-elasticity strain tensors are made up of two parts. The
first part e?j i a uniform expansion proportional to the
temperature rise T. Since this expansion i3 the same in all
directions for an isotropic body, only normal strains and no

shearing strains arise in this manner. If a, is the coefficient of

linear expangion and 6{ is the Kronecker’s symbol, then
]

e = aT 6  , 1,3=1,2,3 (5

The second part e;j comprises the strains required to maintain the

continuity of the body as well as those arising becaugse of external

loads. These strains are related to the stresses by means of the

Hooke’s law of linear isothermal elasticity. Hence

.

L4
L CAR es }/2u, 1,3=1,2,3 (68

where H, is the shear modulus, v is the Poission’s ratio and & = okk

is the sum of the normal stresses. Hence finally we have

e. = e  + @ = + .«
¥ g 0 ottT 6,”_ [ % X 9(5,”, ]/2,_.1 7

the so called Duhamel-Neumann relation.



Denoting © = e we have from (7)

kx'

1-2v - (8)
9 - SQtT = —é——- e, E 2{.{‘(1‘*!))

where E i3 the Young's modulus

Solving (7) for stresses, we have

= (9)
a_‘j 2“19Lj + (ke—yT)&ij, 1,3=1,2,3

where A,y are Lame’s elastic constants given by the relations

- A -
v = (N » ¥ (BN +2u Doy,

Now, in order to find the equations of elastic equilibrium,let us
consider a body B with boundary S loaded in an arbitrary way and
placed in a stationary temperature field. Let us consider the
equilibrium of a sub-domain B‘ with boundary S1 .17 F& denotes the
components of the body force per unit volume and P, the components
of surface tractions acting on the surface S‘, then from the
condition of equilibrium we obtain the following three equations for

the region B‘:

I ;Ft dv + J P, do =0, 1 = 1,2,3.
Bi Si

Taking into account that P,= aunj , where nj denotes the components

of unit normal vector of surface S1 y we get , on making use of



divergence theorem

J ( F+o )dv =0
B 1 i)
1
Since this is true for an arbitrary region B1 , the equilibrium
equations take the form
o + F = 0 |, i= 1,2,3 (10)

[f in these equilibrium equations,

and then by displacements,

which the

we express stresses by gtraing

we obtain a system of three equations in

unknown functions are the components of displacement
vector:
+ —_— =
p‘utkk +( A H )uk,kL + F,L ¥ 'I",L 0 (11)
ik 1,2,3.
In cylindrical coordinates (r,8,2), let u,v,w represent the
components of displacement vector ﬁ,o s ©_._., © represent normal
rr o0 zZ :
stresses and T2 Ter Tre represent shear stresses. In the casge of
axial sgsymmetry about the =z-axis, equations (11i) reduce to two
equations.
¥y - r 2y + 1 _ 2(p+1) -
(1-2p) e,r (1-2v) atT’r °
2 1 2(v+1)
VWVt T &, Ty 4T 0 (122,



where
a* ) o
e = g—\:‘."'g +ﬂ, v2=-—-—-2—+——-—-— +—-—-;
ar T az ar r dr a3z

To solve the equations (11) in the absence of body forces i.e. Fi=0,

Goodier [35] introduced a thermoelastic potential ¢ in terms of

which the displacement vector is defined by the relation
= (13
u a¢/axi

and ¢ is a particular solution of the Poission’s equation

Ve = T(x) (14)

A well known particular integral of (14) is

oin s - LI T ) dV(E )
r

4m

(15)
y R(x_,& )

where R(xr,tr) is the distance between the points (xr) and (¢ ).
r

Integrals of the type (15) were employed by Borchardt (78] in a

general discussion of the theory of thermo elasticity and also to

solve certain special problems involving asymmetric distribution of

temperature in solids with spherical on circular boundaries.

Problems concerning spheres and cylindera are dealt in [15, pp.
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362-67). the problems of thin elastic plates, under fairly general
distributions of temperatures have been considered by Galarkin,
Nadal, Marguerre (551, Sokolnikoff (731 and Pell [74]. Several
approximate solutions of the engineering problems concerned with
thermal stresses in plates and rods are discussed in chapter 14 of

Timoshenko and Goodier’s " Theory of Elagticity"™ [17].

The calculation of the steady-state thermal stresses in an isotropic
elagtic half-gpace or slab with traction free faces has been the
subject of several 1investigations. The distribution of thermal
gtress due to special temperature distribution in infinite and
semi-infinite solids have been discussed by a variety of authorg,

i.e. Mindlin and Cheng (48}, Myklestad 1[52] , Sternberg and

Mc'’Dowell [70], using an extension of Boussinesqg-Papkovich method of

isothermal elasticity solved the problem of half-space, The basgis of
the method is that the solution of the equation of equilibrium (11)

may be expressed in terms of the four Boussinesq-Papkovich

functions, one of which is the solution of Poisson’s equation and

remaining three are of Laplace equation. These equations have been

studied extensively, particularly in potential theory, and general

procedures of their solutions are known. Sneddon and Locket [72)

approached +this class of problems by direct solution of the

equations of thermo-elasticity wusing a double Fourier integral

transform method, the results being transformed to Hankel type

integra) in the case of axial symmetry. A further approach due to
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Nowinski {751 exploits the fact that in steady-state
thermo-elasticity each component of the displacement vector is a
bi-harmonic function which can be expressed as a combination of
harmonics. Possibly the most economical method of solutions of the
type of problems is that of Williams [77] who expressed the
displacement vector in terms of two scalar potential functions, one
of which is directly related to the temperature field. Further, Muki
£203 has introduced the displacement and stress components In the

form of Hankel transform for the particular solution of the thermo

-elastic equations.

It 1s to note that Nowacki [13) has made thorough survey of the

problems of both elasto-static and elasto-dynamic in presence of the

temperature excellently.

ABOUT THE THESIS

In the present age of science and technology it is inevitable to

have a study on the problems of thermo-elasticity because of the
increasing rarge of applications of the theory and analysis of the

thermal stresses in industry, and especially in advanced

technologies such as Aerospace Engineering, Laser Engineering,

Design of Turbines, Micro electronics Industry. The subject hasg

tremendous importance in compliance with its application 1in
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Geophysical and Seismological problems. The interest in this tield
ot gscience  has been incréasing among mechanical engineers,

Semi-conductor engineers and chemical engineers.

The work of this thesis 1is occupied with some important and
interesting problems of thermo-elasticity. In this elastic problems
displacements and stresses have been derived in the presence of
temperature with endeavor to obtain results which shall be
practically important in applications to applied mathematics,
engineering and technology in which the material of construction is
solid. Here, both statical and dynamical types of problems of
thermo-elasticity have been dealt with. The complete work is divided

into four chapters and the problems in each chapter are relevant to

each other.

In the process chapter | contains two highly interesting inclusion

problems of thermo elasticity each of which is treated satisfying

composite boundary conditions. The first one is a plane problem and

the second one is considered in the case of solid body.

A general series form of stress function in bi-polar coordinate

system was given by G.B.Geffrey [38). It has been applied to the

problems of a semi-infinite plate with a concentrated force at any

point [511, a semi-infinite region with a circular hole under

tension parallel to the straight edge or plane boundary [38] and

under its own weight, and to the infinite plate with two holes [60),
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or a hole formed by two intersecting circles [45). Solutions have
been given for the circular disk subject to concentrated forces at
any point to its own weight when suspended at a point [49]1, or 1in
rotation about an eccentric axis [50], with and without [62] the use
of bipolar coordinates, and for the effect of a circular hole in a
gsemi-infinite plate with a concentrated force on the straight edge
[795. The equilibrium problem of thermo-elasticity for region
bounded by two non-concentric circular inserts does not appear to
have received any previous attention. In this particular instance,
the region is infinite and containg two circular inserts of the same

radius. The nucleus of heat is placed in the middle of the line

joining two centers of the inserts, moreover both are agsumed to be

symmetric with respect to the common axis of symmetry. Bipolar

coordinates [14) are used to obtain thermal stresses in the form of

series following method of G.B.Geffrey [38) and then the approach of

Das [30). The series solution is based upon the boundary stress

function approach. Numerical evaluations of the distribution of the

plane thermal stregses have been performed by the method due to

L.N.G.Fillon [84]1. To begin with the second problem it is found that
in a paper, E.Sternber and M.A.Sadowsky [67]1 determine a solution in

series for the stress distribution in an infinite elastic medium

which possess two spherical cavities of the same size and both are

assumed to be symmetric with respect to the common axis of symmetry
of the cavities and with respect to the plane of geometric symmetry

perpendicular to this ax;s, the solution is based upon the boundary
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stress function approach and apparently constitutes the first
application of spherical dipolar coordinates in the theory of
@lasticity. The thermal stress problem in an infinite elastic solid
at zero temperature except for a heated region has been gsolved by
Goodier [35). In a paper, B.D.Sharma [69] has derived stresses and
displacements on the surface of a spherical cavity when the heated
element is at some finite distance from it and a solid sphere at
zero temperature having a heated nucleus inside it in an infinite
solid. Chatterjee and Dutta [37] have determined stresses due to a
nucleus in the form of a center of dilatation in an infinite elastic
solid with rigid infinite inclusion. An axially-symmetric
thermo-elastic problem of the infinite cylinder has been solved due

to nuclei of thermo elastic strain of unit intensgsity. Regarding the

above solutions ag the Green function, a number of particular cases

of discontinuous temperature fields were investigated in detail in

the paper of M. Sokolowski [63]. E.Sternberg, R.A.Eubanksg,

M.A.Sadowsky [64) have considered a problem where they have used

spherical harmonics corresponding to either to the exterior or to

the interior problem for the sphere. W.Piechocki, J.lgnaczak [66)

have derfived thermal stresses due to a thermal inclusion in a

circular ring and a spherical shell using Heviside function for the

temperature digtribution. The problem of action of a nucleus of

thermoelastic strain in a solid circular disk was solved in another

way by B.Sen [80). J.lgnaczak [41) has solved a problem with a

hemispherical pit at the free surface in an elastic half-space in
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the form of series of spherical functions and analogous subsequences
of solution for the problem. of a hemigspherical pit was given by
R.A.Eubanks [42). In a paper, stress have been determined due to a
nucleus of thermoelastic strain in an infinite elastic solid with a
spherical elastic inclusion of a different material by S.C.Bose [25)
uging spherical harmonics. The present problem is not only
interesting but also important from physical point of view. Here an
infinite elastic solid 1s considered to have two spherical
inclusions of different materials while the nucleus of heat is
placed in the axis of symmetry. This rotationally symmetric torsion
free and mixed boundary value problem is solved by the application
of spherical dipolar harmonics (64) employing Boussinesq [(76]

appJ:ach. Numerical calculations are made to show the distribution

of displacements and stresses of this problem.

Chapter 11 containg two very useful problems of thermoelasticity (i)

a double layered problem (ii) a three layered'problem.

The design of highways and airport runways as well as the foundation

proeblems in soll mechanics, especially when the earth mass

supporting a heavy structure has different soil strata over it, it

is highly needful to louok to the endurance of the solid or land on

¢

which there is generated a thermal stress either due to impulse

shock or owing to some local heating nucleus. Investigation of the

stress distribution in a layered system was made by Burnister [27)
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in a series of papers. In a later paper, Acum and Fox [22] attacked
a problem in a three layered system only by the method of Burnister.
R.D.Mind!in and D.H.Cheng [48]) who employed Galerkin vector tor the
center of dilatation to obtain stresses for semi-space. Paria [59)
in his paper, determined elastic stress distribution in a three
layered system due to a concentrated force. But when a plane bombs
from above on the surface of the two layered system or a three
layered system such as highway or airport land, an emmense heat is
generated on the surface and as the heat 1is assumed to be
distributed through layers, therefore the stresses are generated and
in each layer and the underlying mass also. The upper layer of the
double layered system, as in high ways is considered to be concrete
pavement and the underlying mass {8 natural soil and in case of
three layered system, the upper layer ig of concrete pavement, the
middlie layer is of gravel base course and the lower mass ig the
natural soil as in the case of airport runways. The method of
solution consists in taking the Hankel! transform (18] of the stress
function instead of stress function itself. Stresses in each

layer

due to the distribution of temperature and ultimately total stress

in the underlying mass have been determined for both the cases. The

type of heat flux function, if possible from physical point of view,

is taken to be linear and graphical representation of the stress

-distributions in the underlying mass are shown in the figures.

Experimental results of the elastic constants are taken from

international eritical tables [8).
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Chapter 11t is concerned ~ with two dynamical problems of
thermo-elasticity. In the first problem, components of digplacement
and stress are determined due to disturbance produced by a periodic
heat nucleus and the second problem is on the generation of waves

produced by an impulsive heat nucleus.

The problem of calculating the components of stress at a point in an
elastic solid when it is deformed by the application of surface
tractions which vary with time is8 of considerable {interest Iin soil
mechanics, in the theory of foundations and in the branch of applied
mathematics. There has been extensive discussion of the
corresponding statica! problems. But Sneddon (711 in his palerno
lecture discusses dynamical problemg of this type in a systematic
way. Special problems have been sclved by Lambs [42] .

In a problen, Eason, Fulton and Sneddon [33) have dealt with the

determination of distribution of stresses In an infinite elastic

gsolid when the time dependent body force act upon certain region of

the solid. Assuming strains to be small, the general solution of the

equation of motion for any distribution of body forces is derived by

the four-dimensional Fourier transforms [14] and from that general

solution 18 derived for the isotropic solid. The solution of the

equation of motion in the case in which the distribution of the hady

force is symmetrical about an axis 18 also derived. the solutions of
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some typical two dimensional and three dimensional problems are
considered and exact analytical expressions are found for the
components of displacement and stress. In the present discussion, at
first detailed solution of the three dimensional thermo-elastic
problem is obtained and the distribution of displacement and stress
have been derived when the time dependent body force and
temperature act on certain region of the solid. Then the problem
consists of deducing the displacements and stresses due to the
disturbance produced by the insertion of a periodic heat nucleus in
the solid. Weber’s Bessels function [19] of the sgecond kind 1{is
ultimately realized for those cases. Capitatising the above
procedure another interesting three dimensional problem is taken
into account to determine components of displacement and stress when
an impulsive heat nucleus act in the solid. Dirac Delta functions
(4] are utilized in the time dependent body force and temperature

acting at the origin in order to obtain the solution of the

equation of motion. In each case, straing are assumed to be

infinitesimal so that the equations of the classical theory of

elasticity [7) are applicable. Fourier transform technique [14) is

applied in both the caseg gseparately.

In the last ahap}er, thermal stresses have been derived for the

problems in the elastic semi-space due to heat exposure on the

bounding plane of isotropic media and assume that there are no heat

sources ingide the gemi-space. It T(x‘,xz,O) = f(x ,x) is
1’ 2
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prescribed then the determination of the gtate of stress due to a
heating of the plane X, = 0 has been the subject of many
investigations. E.Melan and H.Parkus [(81] investigated the action of
2 concentrated heat source situated in the plane x, = O of a
thermally insulated semi-space and proved that in this case a plane
state of stress exists. The same conclusion was obtained by
A.l.Luyre (82] who applied a different method, with respect to both
the semi-space and a layer. E.Sternberg and E.L.MacDowell [68] in
their investigation presented a solution to the problem by means of
a method which was an extengion of the Boussinseq-Papkovioh method
{761 to thermal problems. A different procedure employing the
Fourier integral +transform wags chosen by [I.N.Sneddon and
F.J.Lockett [721. The solution can also be derived by introducing
the thermoelastic digsplacement potential and satisfying the boundary

condition by means of the Love or Galarkin function [54].

In the first problem, thermal stresses in a semi-infinite solid have

been obtained for an 1interesting problem in which there is a

constant supply of heat over an elliptic area on the bounding plane

surface, the rest being kept at a constant temperature. In a paper,

Nowacki 1[54) has solved the problem of thermal stresses in an
ealstic half-spacg, the bounding plane surface of which is keét at a

constant temperature T = 'To inside a circle of radius 'a', the

exterior of the circle being thermally insulated. B.R.Das [32] found

thermal stresses in a semi infinite elastic solid with a constant
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heat flow over a circular area on the plane boundary. The analysis
involves dual integral equation (3] and Bessel function (11] tor its
solution. Goodier ([35) has given a complete solution of the
thermo-elastic problem of an infinite solid at temperature =zero
except for a heated ( or cooled ) region. The semi infinite solid is
considered by R.D.Mindlin and D.H.Cheng [48). The cases of such a
region in the form of an ellipsoid of revolution and semi-infinite
circular c¢cylinder, uniformly hot, have been worked out by
N.O.Myklested [52). In this problem, elliptic coordinates are used
and the bounding surface of the semi-infinite elastic solid is given
by’z=0, the axis of z being drawn into the body. Temperature and the
potential of the thermo elastic displacement y are obtained in terms
of Matheieu function (10]). Love function 1is considered for the
solution of biharmonic equation [(9]1. Components of displacement and

stresses are obtained in curvilinear coordinates as given by

C.B.Ling [44]. Numerical evaluations have been made for a suitable

case collecting experimental results from Bickley and Molaohlan [21.

The second problem is a thermoelastic boundary value problem of
three dimensions when these thermal stresses are produced in a body

by unequal distribution of temperature which may be regarded as a
specified function of coordinates and time. In this paper, stresses

due to periodic supply of heat produced by the blow of a jet tlame

on the straight edge of a semi-infinite isotropic elastic thick

plate distributed over a finite portion of it, have been obtained.
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The third problem deals with the determination of thermal stresses
due to prescribed flux of heat on the surface of a thick plate. The
thermal stress problem of a thick circular plate at zero temperature
except for a heated regions on the plane faces was considered by
Nowacki [531. The solution obtﬁined by him satisfied the boundary
conditions concerned with the stresgs on the edge surface iin an
approximate manner only. The object of this paper is to find the
exact solution of the thermo elastic problem of a thick plate of
infinite radius ot an isotropic material, with stress free edges
subjected to two different temperature distributions. In the first
case, we assume a constant flux of heat within a circular region of
exposure, the exterior of the circular region being free of any flux
of heat. Secondly we assume a paraboloidal distribution of
temperature within the «c¢ircular region, the exterior being
ingsulated. Numerical calculations for the variation of (rr + @)

on

the free surface have also been obtained in the second case.

The last problem is concerned with the distribution of stresses and

digsplacements in a semi-infinite isotropic elastic solid when a

prescribed flux of heat is applied on a circular region of the upper

surface. The problem of determining the steady-state thermal

stresses and displacements in a semi-infinite elastic medium was

treated by Sternberg and McDowel!l [701} by the use of Green's

functions. They proved that the stress field induced by an arbitrary
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distribution of surface temperature is plane and parallel to the
boundary and obtained the solutions in closed forms for a cirocular
region of exposure with uniform or hemispherical distributién ot
temperature. This problem was discussed by B.D.Sharma ({831 by using
integral transform methods. He discussed the same problem in case of
isotropic material. Nowacki [54)] solved the problem of thermal
gtresses in an elastic half-space , the boﬁnding plana surface of
which ig kept at a constant temperature inside a circle of radius
'a’, the exterior of the circle being thermally insulated. Sneddon
and Locket [72]1 discussed the same problem by using double Fourier
transform methods and arrived at the same result. In this problem
two types of flux function, one being congtant and other parabolic
have been prescribed in a circular region of the bounding plane, the
rest of the surface being képt free of tiux of heat to determine

thermal stresses and numerical results have been obtained.
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NOMENCLATURE
X,¥,2 Rectangular coordinates
r,o,¢ Polar coordinates
r,e,z Cylindrical coordinates
a3, ¥ Orthogonal curvilinear coordinates
I, Elliptical coordinates
Y,2 Components of a body force per unit volume
X,Y,Z Components of a distributed surface force

per unit area.

(o) , () ,(o) Normal components of s8tress parallel to
x T y T zZ'T ,
x-,y- and 2- axes In the presence of
temperature.
" — P
(xx)r,(yy)r,(zz)f Normal components of stresg parallel to

x-,y- and z- axes in the pregenca of

temperature.



_~

(rr)T,(ee)T,(¢¢)T

—~~ P ~~
(rr) ,(00) ,(z2)
T T

T
(&&)T.(ﬁﬁ>T
(EE)T, (SB)T
(ox)c,(ay)c,(az)c

(xx)c,(yy)c,(zz)c

(rr)c,(ee)c,(¢¢)

Normal components of stress

coordinates in the presence

Normal components of gtress

coordinates in the presence

Normal components of stress

coordinates Iin the presence
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in polar

of temperature.

in cylindrical

of temperature.

in curvilinear

of temperature.

Normai components of stress in elliptical

coordinates in the presence

Normal stress components

ot temperature.

in cartesian

coordinates in the absence of temperature.

Normal gtress components

in cartesian

coordinates in the absence of temperature.

Normal components of stresgs

in polar

coordinates in the absence of temperature.



(rr) ,(€8) ,(22)
Cc [ o] Cc

Caa) _, (AR _

(L) o tam)

(. ) , (o) , (0

—~~ —— ——
(xy)T,(yz)T,(zx)T

- —~ —
(re) , (&) , (re)

(re) , (ez) ,(zr)
T T T
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Normal components of stress in cylindrical
coordinates in the absence of temperature.
Normal components of stress in curvilinear
coordinates in the absence of temperature.
Normal components of stress in elliptical
coordinates in the absence of temperature.
Shearing stress components In rectangular
coordinates in the presence of temperature
Shearing stress components in rectangular
coordinates in the presence of temperature
Shearing stress components in polar
coordinates in the presence of temperature
Shearing stress components in cylindrical

coordinates in the presence of temperature.



N ~ -~
(aﬁ)T,(By)T,(ya)T

(tn)T,(nz)T,(tz)T

(

(re)
[ o]

(=]

-

)
Xy

)
c Xz ¢ zy' ¢

N Cann
) (89) y (r)

(ro) , (6z) ,(rz)
[~ a [ o]

u
T

v
U

» W
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Shearing stress components in curvilinear
coordinates in the presence of temperature.
Shearing stress components in elliptical
coordinates in the presence of temperature.
Shearing stress componentgs in cartesian
coordinates in the absence of temperature.
Shearing components of stress in polar
coordinates in the absence of temperature.
Shearing components of stresgs {in cylindrical
coordinates In the abgsence of temperature.
Shearing components of stress fn curvilinear
coordinates in the absence of temperature.
Shearing components of stress in elliptical

coordinates in the abserce of temperature.

Components of displacements in the presence
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of temperature.

Components of displacements in curvilinear
coordinates.

Components of displacements in polar
coordinates.

Components of displacements in cylindrical
coordinates.

Components of digplacements in the absence
of temperature.

Components of strain in the presence of
temperature in the x,y z directions
respectively.

Components of strain 1in the absence of
temperature in the x,y z directions

respectively.



0,}’

u=G, A= vE

(L+20) (1-2v)
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Components of strain in polar coordinates.
Components of strain in cylindrical
coordinates.

Young's modulus.

Modulus of elasticity

Poission’s ratlo.

Lame’s constants.

Stress function

time

Absolute temperature

Temperature

Coefficients of linear thermal expansion.

Young's moduli in the x and y directions

respectively.
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Ratio of the contraction parallel to x axis
to the extension parallel to y axis.

Ratio of the contractiorn parallel to y axis
to the extension parallel to x axis.
Coefficient of linear thermal expansion in
the x axis.

Coefficient of linear thermal expansion |In

the y axis.

Coefficient of linear thermal expansion in

the z axis.



CHAPTER - I

STRESSES DUE TO NUCLEUS OF THERMOELASTIC STRAIN IN PRESENCE OF

ELASTIC NUCLEUS

Paper 1 : Thermoelastic stress concentration due to nucleus
of thermoelastic strain in an infinite elastic solid

with two rigid circular inserts.

Paper 2 : Thermoelastic stress concentration due to nucleus of
thermoelastic strain in an infinite solid with two

spherical elastic inclusions
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THERMOELASTIC STRESS CONCENTRATION DUE To NucLeus OF THERMOELASTIC
STrRaIN IN AN INFINITE ELASTIC SOLID WITH

Two Rigib CIRCULAR INSERTS.
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ASoLuTionN
Let us consider an infinite elastic solid at zero temperature. 1If
there be situated a nucleus of thermoelastic strain at (0,0) the
corresponding displacements can be derived as the gradient of a

potential function (7] yw where

v = Qorz]ogr (1)
in which
i 140
Qo 2n 1-v O‘o'ro ds (2>

To obtain the particular solution we introduce bipolar co-ordinates

by means of the transformation [{14,38]

8 sinh « - a sin 3
¥ ¥ Zosh aF cos R’ Y % Zosh a+ cos 3 (3
2 _2 cosh a- cos 3
d a cosh a+ cos 3 (4)

in which the ranges of the curvilinear co-ordinates « and 3 are

~wl{ctw , -m £ 3 2 n.

As it 1is convenient to deal with hy instead of w itself in these
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particular co-ordinates, we calculate displacements and stresses for

the function [35]

® -2 i © -4 not
hy = Q a[ I n cos n3 + Eloga En e ] (5)
o
n=0 n=2
where
z 2
e o= ax + y
o aa
Now, the displacements and stresses are
© o [=
»n
(ua)r = (cosh a tcosg f3) 5 loga ¥ e
n=2
©
(un)T = =-(cosh a + cos 3)Q L sin(n3)/n (6)
® n=0
(aca) = -Q a[(cosh at+ cos )Y cos(n3) + lloga sinh a T} e —
T o 2

sin 8 F sin(nB)/n -cos a {z n zcos nE o+ %logaz n 1™ }]

o _ 1
(aﬁB)T -Qoa[(cosh a+’cos ﬁ)ilogaz ne™® %loga sinh a ¥ e™®
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- sin ¥ sin(nB3)/n + cos B{: n 2cos w3 + %logaﬁ n te™® }]

(aay3) = O ’ (7)

The stresses obtained in (7) are obviously produced by the thermal
expansion. This expansion gives rise to certain stresses on the
surfaces of the two circular inserts a = tat. It is to be noted that
each of the circular inserts lies entirely on either gide of the
line «=0. We shall, therefore. make the boundaries free from
stressegs by the addition of the extra terms obtained on the

hypothesis that there is no temperature distribution.

Let us congider a stress function which gives no stress at infinity

and no stress over a=0 and such that on the surface a = ta‘
(aco) = — (aaax)
a T
— P
(aaf3) = - . (any3)
(u c = - (ua)r

£
S
L
]
c
A

pRe = A 8)

Now, considering stress function in the form
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w

hy = £ {e_cocosyd) + wh(a)sin(nﬁ‘)} : (9)
n=2

which is a solution of the biharmonic equation

4 4 4 < <
[" a2 2 2 v22 +1](hx) =0 (10)
Aot actaz® opt odu an
with
¢n(a)=Ahcosh(n+i)a+Bncosh(n-1)a+Chsinh(n+1)a+Dnsinh(n-1)a (11)
and
wn(a)xA;cosh(n+1)a+B;cosh(n—1)a+C;sinh(n+1)a+D;sinh(n-l)a (120

It may be readily seen that the conditions (a&&)c ,(a&ﬁ)c shall
vanish over «=0 i{s satisfied,if ¢n(0)=0, ¢;(O)=O and wn(0)=0,w;(0)=0

for n 2 2, and hence from (11) and (12),

(n+1)C + (n-1)D =0
n n

Al + Bl - o
™ n

(n+1)C*"+ (n-1)D" = O
n \al

So,

(s 0]
hy= 22{An[cosh(n+1 )a—cosh(n—i)a] +En[(n—1)sinh(n+1)a—(n+1)sinh(n-1 )a]
n:
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®
}cos(nﬁ)+ T {A;[cosh(n+1)a-cash(n—1)a]+ E;[(n-l)sinh(n+1)a -(n+1)x
n=2

sinh(n-l)a]}sin(m?) (13)

where

E =C /(n-1) and E‘=C"/(n-1)
n n N n

So, the complementary displacements and stresses are given by

0

(u) = a *(cosh a tcos ) L {IA sin n3+A cos n3)[(n+1) sinh(n+Da -
[~ 3 o n=2 n n

(n-1) sinh(n-i)a]+(nz-1)£E;sin TWI+E cos n31{cosh(n+)a -cosh(n-l)a]}

@K

(u)_ = a *(cosh a +cos B) L n {IA’cos n3 -A sin nﬁ][co:h(n+1)a -
$c n=2 n n

cosh(n—l)a]+[E;cos W3-E sin m31[(n-1) sinh(n+1)a -(n+1) sinh(n-l)a]}

(14)
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(a&;) =
]
© . .
-(cosh ao +cos (3) L n {[A;sin 3 +Ahcos nﬂ][cosh(n+1)a —cosh(n—l)a] +
n=2

[E;sin n3? + E cos nﬁ][(n-i) ginh(n+i)a - (n+1) sinh(n‘i)a]} +8in 3 x
n

[+ )
L n{lA sin n3-A’cos n3lfcosh(n+i)a -cosh(n-1)a] +(E_sin n3-E’ cos ng3)
n=2 n n n n

O
[(n-i) sinh(n+l)a -(n+1) sinh(n—i)a]} -sinh a § {[A’sin n3+A cos n31l
n=2 n n

[¢(n+1) sinh(n+l)a -(n-1) sinh(n-1)a] +(nz-1)[E;sin n3 + E cos n3)
n

@

[cosh(n+1)a-cosh(n-1)a}} +tcosh a ¥, [A;sin 1'E] +Ahcos nﬁ][cosh(n+1)a~
n=2

cosh(n-i)a]++[Ehcos 73 +E’sin n31[(n-1rsinh(n+)a -(n+1)sinh(n—1)a]}
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—~~ @ . 2
(ap) , = (cosh a +cos B)AEZ [A’sin n3 +A cos n31[(n+1)" coshinta-

(n-1>% cosh(n-1)a] + (n*-1)[E'sin n3 + E cos n31[(n+1) sinh(n+Lia -
a

(n-1) sinh(n—l)a]} -stn3 I'n {[Ansin n3 - A’ cos m@][cosh(n+1)a -
n=2

cosh(n-l)a] + LE_sin n3 -E cos nBJ[(n-l)sinh(n+1)a-(n+1)sinh(n-1)a]}

e}

- sinh a [ [A’sin n3 + A cos me][(n+1>sinh(n+1>a - (n-l)sinh(n—l)a]
n=2

+ (nz—l)[E;sin n3 + E cos n3l[cosh(ntiia - cosh(n-l)a]} + cos 3 x

w .
T {[A'sin n3 + A cos nﬂ][cosh(n+1)a - cosh(n-l)a] + [E cos n3 + E’
n=2 ™ n n n



38

x sin n3 J[(n-l)sinh(n+1)a—(nf1)sinh(n—1)a]}

[s )
(a&ﬁ)c= (cosh a +cos f3) zzn [Ansin n3 - A;cos m?][(n+1) ginh(n+t+lla -
n:

(n—l)sinh(n-l)a]+(nz-1)[E“sin n3 -E/ cos w31[cosh(n+1)a -cosh(n-l)a]}

(15)
Using (8) on the surface a = tai, we have
cosh(nat)cos(nﬂ)
E = -aQ loga 2
n e 2(n“-1)[cosh(n+1)a - cosh(n-1a ]
Y 1
cosh(nai)sin(nﬁ)
E’ = -aQ loga 2
" @ 2(n“-1)[cosh(n+)a -~ cosh(n-Da ]
1 1
= o 2 1
An = aQ°{2[(1 n “Jcosh a‘+ cos ﬁ]cos ry3 + )oga[sinh o ginh na - = %

2
cosh a_ cosh nai]cos nﬁ} {[cosh(n+1)a1- cosh(n-l)a1][2cosh a - 2n"x
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-1
(cosh a_+ cos $>] -2sinh a‘[(n+1) sinh(n+ia - (n-1) sinh(n-l)at]}

2
cos ngd

nz[cosh(n+1)a -cosh(n-1a_]
1 1

_aQ

O

-1

n

A = aQw{[(l-n—z)cosh a + cos ﬂjsin 2n3 + loga[sinh a  sinh na - n

cosh a cosh nx )sin nﬁ} {[cosh(n+1)a - cosh(n-Da J[2cosh a_ - 2n®x
1 1 1 1 1

it §
(cosh a_+ cos )] -2sinh a_[(n+1) sinh(n+Da - (n-1) sinh(n-Da ]}
1 1 4 1

cos(nB3)sin(nf)

_aQ
° nz[cosh(n+1)a -cosh(n-Da ]
1 1

(16)

With these values of the constants complementary stresses are



known, .

the surface «

(ada)

From (17) we have

a(aa+33)

(aaa)c

(ag3p)

—

c

——
(aoq?)c
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Thus the components of resultant displacement and stress on

ia‘ are given by

+ (aoa)
T

+ (3R

+ (a&?;)T (17)
(ua)C

(g (18)

Q_atcosh o tcos 3)(nloga cosh na -2cos nﬂ) + Qba(cosh at

cos ﬂ){[(l—ﬁa)cosh a tcos ] cos np +loga[sinh a sinh na‘-ﬁdcosh o

oosh na]} {[(2n+2) cosh(n+i)a -(2n-2) cosh(n-1)a ]} {[cosh(n+1)a -
1 1 1 1

z
cosh(n-1a ][cosh a - nl(cosh o+ cos ﬁ)]-sinh a‘[(n+1)sinh(n+1)a‘—
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g §
(n-l)sinh(n-l)aJ} (19)

2NUMERICAL RESULTS

The numerical resultg of equation (19) when o&=1,a=1,n=2 for

different values of /3 between 0° and 180° are tabulated below:

r 0° 30° 60°
(aaq*rﬁr?) -0.5508 -0.1234 -0.4558
o
£} 90° 120° 150° 180°
(@ +3A)

a -2.905 ~-2.565 3.418 -2.580

o
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1SOoLUTION:

Let an infinite elastic solid at zero temperature contain an element
of volume dr at (a,0,0) which is heated to a temperature T. In this
case, the displacement is given by the gradient of the scalar

function x [17] where

_A 1
X " 36

(1)

2 2
Ir - 2racose + a

in which

at(1+v)
Az - e e T dr

4n 1~-»
<§,G,v being respectively coefficient of linear thermal expansion,

coefficient of elasticity in shear and Poisson’s ratio.

The components of displacement and stress in space polar coordinates

due to x are given by (861].

2Gu = — A(r - acose)

r 2 2 3,2
(r" - 2arcose + a )

2Gu = — Aa sine

2 2
(r" - 2arcose + a y372
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(2)
u, = 0
¢ .
—~~ 2r2+3azcose—aracose—a2
rr = A —

2 8-/2
(rz- 2arcose + a )

5 - A [ 3a’sin’e _ 1 ]
(rz- 2arcose + 32)5/2 (rz— 2arcose + a.z)a/2

- A

¢ = -

2 2 372
(r°~- 2arcose + a )

~— A 3asind(r-acose)

2 2. a8-2'
(r" - 2arcose + a )

Py
r¢ = e = 0. (3

We denote this displacement and stress fields derived from x by x.

In case of torsion free, rotational symmetry and in the ébsence of

body forces, the general solution of the displacement equation of

equilibrium following Boussinseq, is represented as the sum of the

two displacement fields (64)



2Gfu,v,wl] = grad ¢

2Glu,v,w]l = grad (z,y) - [0,0,4(1-v)y]

provided ¢(r,2z) and yw(r,z) with r =sz+yz+zz, are arbitrary harmonic

functions (641, {.e.

vﬁp = 0, Vzw

0.

Now, introducing Spherical Dipolar Coordinates by means of the

transformations [67)

cosy

where

cosha, q

o]
n

sinha

P = cosf3, P sinf3

The ranges of the curvilinear coordinates (o,3,7) are

0£pR=<n, 05 y £ 2n so that

45

(4)

(5).

7

- oolafm®
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12q<w, -0<{q<w®

-i<ps<t, 0<pst.

To obtain the particular solution, we introduce the exterior and

interior spherical dipolar harmonics of integral order as generating

stress functions.

We congider the dipolar harmonic stress functions [64]

¢ (a,3) = puC ()P (p)
n 1 a) n
(exterior)

wh(a,ﬂ) = pSn(a)Pn(p), n=0,1,2,...... (7)
and

¢;(d,ﬂ) ) uCn(a)Ph(P) {interior)

w;(a,ﬁ) = pS“(a)Pn(p), n=0,1,2,...... (8)
where

M= Jq— . Cn(a) = cosh(n+1/2)a, Sn(q) = ginh(n+1/2)a

and Pn(p) is the Legendre polynomial of degree n.

The particular solution generated by ¢“,wn and ¢;,w; will Dbe

distinguished by Z;,$n and 3;,;; . Solutions for ¢ are
| a)
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T 2
u, = oe [ qcn(a)Pn(p)jkp Sn(a)Pﬁ(p)],

. PH o2 .

un Y [ Cn(a)Ph(p) 244 Cn(a)Pn(p)],

u = 0. (9)
'

-2
P -2 2 ¢ - 2
— K 5 7 ]Cn(a)Pn(p)+ P H Ch(a)Pn(p)+kqp Sn(a)Pn(p)},

2 =2, 2 ey
]Cn(a)Pn(p) + (pu” -2p u Cn(a)Pn(p)

N -

kapzsn(a)Pn(p)},

3 - ‘ L
2C“(O()P“(p)*r(pq 1)Cn(a)Pn(p)* 5 qun(a)Pn(p)},



Solutions

~ 3 - 2
- - : ‘(p)+
7 an(a)Pn(p) % QM _Ch(a)Pn p)
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slw

kyzSn(a)Pn(p)-

1 4 . ¢

5 kut Sn(a)Pn(p)] (10)
2n+l, n=0,1,2,...... and
= 0.
for y_are

1 _ _ 2 - 2
= ZEﬁ[{(7 Bv) (qp-1)+qu }Sn(a)Pn(p)+kqu Cn(a)Pn(p)],

I
éqvl
Tio:

2 ’
[ (7 8v)Sn(a)Pn(p) 21 Sn(a)Pn(p)],

(11)

r L2 . 2
=~y t l| k -4r8 - 2 KkKT+2-4p - 2z, 7-8v -3
H {[ —— QA M+t —F——— qp u'+ 7 9 Sh(a)Phw)
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--2 2 - ~2 _ _ 2
+ (1-2»)qp u Sn(a)Pn(p) + k[q +(1-») (qp 1)]y Cn(a)Pn(p)}

2 2
-1 k™ -6+80 - 2 k +6-4p -~ 2, 7-8v -8
°p = H {[ —4 A H - —z—— 9P K ¢ 7 9 ]Sn(a)Pn(p>

-2 -2 . 1. 1:2_ _ 2.
+ [(3-2v)p qp+1]qy Sn(a)Pn(p) + 5 [q 20 (qp 1)]p Cn(a)Pn(p)}

. —oup) g C1+o052)0 .
07 M { (q 2vp)2 Sn(a)Pn(p)+ (pgq-1+2vp )an(a)Pn(p)+

Ly [52—2v<qp-1>]c ()P (p)}
2 n n

. - =1)l1-2v 2 7-8v -2 1, -2
Taﬁ = pu {[ ) Q- =z q ]Sn(a)Pn(p)+ E[Sq +(2-4v)(qp~1)]

2 , _ k(5-4p) - 2 1 -2 .
Iy, Sn(a)Pn(p) —F— W Cn(a)Pn(p)+ 3 kqu C“(a)P“(p)} (12)

where k = 2n+1i, n=0,%1,2,......., and
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—
¢

Similar solutions will be found for 3Q'Wn‘

2.-SoLutioN OF THE PROBLEM
Infinite elastic solid with two axisymmetric spherical inclusions,

the heated element being situated outside the spherical surface isg

considered in this section.

We consider two spherical inclugions of the same radius and of

different materials whose surfaces are taken as

az=a, oa=-a, o>,
o o

The heated element is at (0,0,0).

In order to fit the conditions on the spherical surfaces, we must

have on a = iao
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a = 0, 0£ B3 < n, 0OS y $ 2n, 1 and e stand for interior and
o

exterior regpectively (13)

Also, all the components of digplacement and stress must be finite

when a =< iao and zero at infinity. In the region a 2 zao the stress

systems En and ¥ are uniform and hence we can superpose them on the
n

solutions S and S’ to the problem subject to the boundary conditions

(13) in the forms

v = 3 vk :
8 T [ah¢h * by ‘] (inside) (14)
S=x+71 [ah¢“ by ] (outside) (15)
Now, for the solution ¥ on a = to
A Hy - 2
u = - —
» z 2[ qosh(ao)Pn(p) yokcn(ao)Pn(p)]cos(nn),

P IjC - 2 2 .
3 e P E[ n(ao)Pn(p) 2 yocn(ao)Pn(p)]cos(nn),
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>
T

[+
—t—
r——
=
~

+

-

'S

+
O
hﬂc |

1
=
»

-2 , .
]Cn(ao)Pn(p)+ P uocn(ao)Pn(p)
= 2
)
kqo posn(ao)Pn(p)}cos(nn
o - 3 - 3 - 2 '
T3 > P z[— v qosn(ao)Pn(p) * 5 9, yosn(ao)P“(p)

3 2 1 < .
-2 k pocn(ao)Pn(p)+ 3 k pocn(ao)Pn(p)]cos(nn) (186)

So, if we satigfy the four conditions of (13) the values of the four

constants an.a;,bn,b; of (14) and (15) are determined. Thus

A
L
oy

x
N
o+
-
™
&
+
wola e
N
t
>lul

2
-2 2 . I _
]Cn(a)Pn(p)+ P u Cn(a)Pn(p)+kq H Sn(a)Pn(p)}

2 2
ket k" -4+80° - 2 k" +2-4p’ - 2, 7-8v' -3
b* {[ — qq u° + — qp M+ 7 q ]Sn(a)Pn(p) +
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pli ~ 2
+ (1-2v')q pzp‘sn(a)P;(p) + k[q2+(1-v‘)(qp-1)]p Cn(a)Ph(p)}

-2 ,
]C“(ao)Ph(p)+ p yoch(ao)Pn(p)+

K241 o

- 2
+ +
+kqoyosn(ao)Pn(p)}cos(nn) anu{[ i H

2
]Cn(a)Pn(p)+

Nl
&lo

+ pzyzcn(a)P;(p)+kquzsn(a)Pn(p)} - by t {[ E_Zﬁiéﬁ qq w2+ 5_%2_£z

ap p+ 7"3” aa]sh(a)Pn(p) +(1-20)q szzsn(a)P;(p)+ k[iz+(1—v>(qp—1)]

p’cn<a>Pnip>} (17)

Nl w

.= [3 - 3 -2 3
ahpu[z aC_(a)P_(p)~ 3 qu Cn(a)P;(p)*zkyzsn(a)Ph(p)~ %k p‘Sh(a)P;(p)]
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, = ~1Jf1-20° 2 7-8v’ -2 1[352 4 (2-407 ) (qp-1) |u®S (o)
+ bnpp {[—-—2——- au — —— 9 ]Sn(a)Pn(p) + -Q[Sq 2-4v qp H S

>

, _ k(5-42') - 2 1 -4 YP' (p)
Pn(p) ——— W Cn(a)Pn(p) ts kqu Cn(a Pn p

Y2A u
_ o = 3 - 3 - 2 ' 3 2
= — p{— Z qosn(ao)Pn(p)+ 5 9, poS"(aO)Pn(p)— A k uocn(ao)Pn(p)+
1 4 . = 3 - _ 3 - 2 .
§k poCn(a)Pn(p)]cos(nn) + anpp[ Z an(a)Pn(p) 5 9 H Cn(a)Pn(p) +

3 2 1 - . - -1 §f1-20 2 7-8v -2
Zk H Sn(a)Pn(p) 7k o Sn(a)Pn(p)]+ bhpp {[—E—— qQH - — q ]Sn(a)

11 -2 2 k(5-4p) - 2
foud + - - ' - Dl
Pn(p) + 2[3q (2-4v) (gp 1)]p Sn(a)Pn(p) A q M Cn(a)Pn(p) +

%ki p‘C (a)P'(p)} (18)
n n
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b'

T b 2 | - 2 (7-807 ) (qp-1)+ z}s ()
a’ Eﬁz[qcn(a)Pn(p)+k 7 Sn(a)Ph(p)] Zﬁ:ﬂ[{ v qp qu n

Au

- 2 _ - _ 2
Pn(p) + kq u Cn(a)Ph(p)] = [ an(ao)P“(p) k pocn(ao)Pn(p)]

2v2G6*

b
H—= 2 _ n - - + 2
cos(nm) ta }a[qcn(a)Pn(p)+k u Sn(a)Pn(p)] ZE;[{(7 Bv)(qp-1)+qu }

- 2
Sn(a)Pn(p)+ kq u Cn(a)Pn(p)] (19)
and
lﬁ“_ - 2 4 __.Ba - -
a’ 4G1[Cn(a)Pn(p) 2u Cn(a)Pn(p)] bn za:;[(? 8v )Sn(a)Pn(p)

Ap
2y25n(a)P;(p)] = o p[C @ )P _(p) - 2 yzcn(ao)P;(p)]cos(nn) +

il - z ’ Pq - 2
YE an[Ch(a)Pn(p) 2 Cn(a)Pn(p)] Y bn[(7 8v)Sn(a)Pn(p) - 2u
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s (g)?‘(p)] (201
n n
where

v' = Poigssion’s ratio for the material of the inclusion,
G = Coefficients of elasticity in shear for the material of
1

inclusion.

Solving (17)-(20), we get

a‘:Aﬁ" b’ :ﬁﬁz
" G A ™ G A
a = A f} . b = A f}
n Ga '’ n G A

where A’Ax’Az’Aa and A4 denote the determinants, the elementg of

which are the coefficients of a;,b;,an,bn and the constant term of

the equations (17)-(20). The values of these coefficients together

with the equations (14),(15),(2),(3) and (9)-(12) constitute the

complete solution of the problem.

The components of displacement and stress on the surface « =

= a0 are
©
[ola - to, o pon fo To C ta ) + ku’S (a)|P (p 1
—A7G L 276 ac 76 %% % R P R 2 Y v T v



2 - 2
[{(7—8v‘)(q°p-1)+ q°p°} Sn(ao)Pn(p)+ kqopocn(ao)Pn(p)],

[uﬁJa = ta a; = 2 P’ (p) b; P
: <]

- ’ - 2 ¢
[(7 8y )Sn(ao)Pn(p) 2 posn(ao)Pn(p)],

-2
- P -2 2 .
Hot = Ay ]Cn(ao)Pn(P)+p uOCn(a)Pn(p)

b’ 2 2
- 2 n -1 k" -4+8p’ - 2 kT +2-4p' - 2 7-8v
kqouosﬁ(ao)Pn(p)} h Y VZE {[-—————— q QM t —————— g - x
q°|S (a YP_(p) + (1-207)q PPu*S (a IP (p) + k|@® + (1-07)(q p-1)]|x
o n (-] n o on o o) o o

2
pOCh(ao)Pn(p)}
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[t = 3 - - 3 - 2 3 2
aﬁ]a = ta n 3 _ y + 3y
— A /G e = L %7% “op[a 9 (0 P, (P 2 qo“ocn(ao)Pn(p) z° Ho

- b’ ‘
1 “+ Y n -1- 1-2p 2_ 7-Bv' -2
sn (ao)Pn(p) §k “osn (ao)Pn (P)] * L A/G “o P {[ 2 qo“o 4 qo

1 -2 2 k(S5-4v') - 2
= -4 - YP! - 2= 7
Sn(ao)Pn(p) + 2[ 3q° + (2-4v )(qop 1)];408“(01° Pn(p) i q M

o O

1 -
= YP!
Cn(ao)Pn(p) t s kqopocn(ao Pn(p)}

where »’' and G1 are Poigsion's ratio and coefficients of elasticity

in shear regpectively for the material of the inclusion.

3.NUMERICAL REsSULTS

Here the numerical calculations are made for the case n=0, on the
gsurface a =tab=1 of the spherical inclusions taking numerical values

(61 ' = 1/3, v = 1/4 and G/G‘ = 2,
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Numerical values of ua,u and % for different values of {3 between

e

0° and 180° are given in the table below :

I 0° 30° 60° 120° 150° 180°
ua
-10.453 -1.037 3.6904 -8. 429 -17.371 -9.117
A/8G?
1
Yn
- ~-9.967 -4.241 1.381 3.629 -3.709 9.252
A/8G
1
a(!
-8.241 -5.975 3.333 -12.146 -35.153 13.541
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1STATEMENT OF THE PROBLEM
Let the material under consideration occupy the lower half of the
plane z=0 and the axis of z being taken positive when drawn into the
material. Physical quantities involved here are all symmetrical
about z-axis. Lower boundary of the upper layer s given by the
plane z=h1 and the underlying mass extended to infinity. interfaces
are supposed to be perfectly rough so that stregses and

displacements are continuous across it.

2MeTHOD OF SoLUTION
Since the physical quantities involved in the problem are all
symmetrical about z-axis, so four non-zero stress components

o Lo ,O'Z,Tz

T o

r and two non-zero displacements ur,uz are retained in

terms of the stress function ¢ satisfying the differential equation

(9]

2
v4¢=(-q__z_+:x‘1l_+g__]¢=o (1)
The stress and displacement components are given by [17]

o =3-[a;vz¢-i’f-?]

(2)
r az 6r2
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o =3—[v2¢-r' ﬁ’i] (3)
© az ar
2 2 3%y
o = -—{(2-wv @ - .._;] (4)
Z a2z az
a‘ey
T = -——[(1-»)V2¢ - -—] (5)
zr ar az
2 .
+ 0
u_ = - 1 +va¢ (6)
E drdz
1+ 2 ‘e -13¢
u_ = o [(1—21»)\7 p + =L +r —] (7)
z E ar ar

Here the stress function ¢ due to Hankel transform (14] will take

the form G, defined as

G(f,2z) = fm r¢(r, z) Jo(fr) dr, (¥>0,2>0) (8)
0

where Jo(fr) denotes the Bessel function (19] of

order zero, whose
inverse is given by
¢(r,z) = [m EG(E, 2) Jc(fr) dar (9)
0



Applying Hankel transform on (1) and (4)-(7) we get

d2 2Y}2
[ — ¥ ] G(Z,2) = 0
2
dz

3
r ro_J (Er) dr = (1-v) E—-—S- - (2—1))22 29
0 z o dz dz
2
Jm rr . J (&r) dr = [ v L8 4 (1-0)g? G]
) t az

ru_J (Fr) dr
r o1

o é
]
-
m s
m\
Q I o
N

2
r ru_ J (fr) dr = 2 1% [(1-2u>."__9 - 2010982 G]
0 V4 o 2

dz

Computing inverges of (11)-(14) we get

o, = r([u—w d f - (2-0)g% EE] J (Fr) df
o} dz dz °©

63

(10)

(11)

(14)

(15)

(16)
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u = 1 + 2 Jm tz E_G_ J‘(gr) dt (17)
T E o) dz -
+ de 2
u =Lt r [:(1—2:»)-—- - 2(1-0)2 G] J_@r) & (18)
z E ) dz*

Let the solution of (10) be given by

Lz £z
G(¥,z) = (A+Bz)(2sinh¥z + e ) + (C+Dz)(2coshfz - e )

where A,B,C and D are functions of ¥ to be determined from the

suitable boundary conditions.

3SoLuTtioN OF THE PrOBLEM

To determine the stresgses, the potential of thermoelastic

displacement y, related by the equations

e

(u )
r

N

(u )T (19)

is considered in the steady state of the temperature field given by



(31

vT

"
o

(20)

Since upper layer and the underlying mass have different thermal
properties, different potential displacement functions are chosen.
From the stress-strain relations of thermo-elasticity _and the

equation of equilibrium [17], we have

Vw,L = ﬁiT (21)
where
1+v,L
ﬂi. = 1 a\.

Applying Hankel transform on (20) and (21) we obtain

a* 2
[“‘;" :] M(£,2) = O (22)
dz
and
2
d 2
(S5 -¢) raa = pr,a, ie,2 (23)
L 8
dz
where M(T,z) = fm rTJO(Er) dr (24)
0

L_L(t,z) = J:rwiJo(tr) dr (25)



The corresponding thermal

displacement components (ur)T,guz)T are given by

a wL vz
(02) T. = 2Mi. z ¢\.
1% az
ozwi
(v _ ),.= 2p
zr Ti ‘' dradz

Now we consider the transformations

components

(o

(26)-(29)

z' T’

&3

into

2T

‘1

and

(28)

(27)

(28)

(29)

relation

involving Lﬁf,z) and M(¢,2z). The results of computations are

Jm r(az)TiJo(fr) dr =
0 i

J: r(Tzr)Tfn(fr) dr =
t

8% @, 2)

—zl-‘-\'f — Li_(f12)

(30)

(31)
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[D r(u ¥y J (¢r) dr = - ¢ L (£,2) (32)
rT 1 ) L
0 i -
-4 (33
r(u )TJ (Er) dr = — H}:,z)
0 2 he dz

Applying Hankel inverse transform, we get

Q0
- |
= (34)
0,0 2,uiJ €L & ,2))_&r) &
i 0
- 2 d
(7,07 au_‘r L@, @) A (35)
1 0 dz
- - 2
(ur)T, = ‘[m b4 Ll({,z)J‘({r) ds (36)
i (6]
(ud,. = r: € LE,20I ) dr (37)
4 T i [
i 0 dz
Let the solution of (23) be
n i
L& 2) = LA (1-z)e £z (38)

2

then the solution of (22) is



where A is a function of .
o

Applying (38) we have tfrom (30)-(33)

by

- - Lz
r(az)TJo(tr) dr = HJﬂon(i z)e

i

o &

= - ¥ - Xz
r(Tzr)Tfh‘fr) dr pJﬂAo(zz E-1)e

L

= - 1 - -
r(ur)Tﬁ‘(tr) dr = -§/%A°(1 2)e

¥z

o &

= 4 oy Lz
r(uz)TtJo(tr) dr = o B (X -L-1A e

s 8

Taking solution of (10) for different layerg {58] as:

For the upper layer

-z £z
G1(f,z)=(A1*B‘2)(291nh Iz +te )+(C1+Diz)(2005h Ez -e

For the underlying mass

~{z {z
Gz(t,2)=(Ah+Bzz)e +(Ch+Dzz)e y (E50,250)
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(39)

(40)

(41)

(42)

(43)

(44)

(45)
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It ts to be noted that stress and displacements in the underlying
magss vanish as z tends to infinity.So, the components of stress and

displacement for the upper layer obtained from (11)-(14) as
J‘IJ r(o_ ) J (Zr) dr =
2 4 Q
0
2 Lz 2 £z
= (1-2v‘)f Bi(ZSinh Tz + e ) o+ (1-21)‘)8 D‘(2cosh gz - e )

-z £z
+{8(A1+B‘z)(e ~-2cosh £2z) + z’(c1+Diz>(e -2sinh ¢ 2) (46)

fz Ez
2
J: rar, 0 J @rydr =20 ¢*B (2cosh Zz- e ) + 2vtsz1(251nh £z- e )

3
**(A+B 2)(e  +2sinh £2)+£7(C +D 2)(2cosh £z - & ) (47)

1+ Lz £z
o x‘(ur)1 J‘({r)dr i Z[B‘(Zsinh Zz + e ) o+ D1(2cosh fz - e )

2 Tz
+{(A1+B1z)(2cosh gz -e: )+{(C‘+Diz)(251nh Tz -e ) (48)
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1+p £z
= 2 - - + 2(1-20 )D
Jz r(uz)‘ Jo(tr)dr —F: £[2(1_2v1)81(2cosh &z e ) D,

Zz - {2z
(2sinh £2- e - t(Ai'rB‘z)(Zsinh Ez + e tz)_ {(CI+D12)(2cosh Tz-e )
(49)
Stresses and displacements for the underlying mass
r(o_ ) J (Fr) dr =](A_+B z)e-zz-(c +D z)etz :a +
0 2’2 o 2 2 z 2
+(1-2p ):‘[B e %%p e"‘] (50)
2 2 2
= £z LV Ez]l 8
JZ r(Tzr)z Ji(tr) dr [(A2+Bzz)e +(Cz+Dzz)e 4
- 2 fz_ o Lz
2v2{‘ [Bze Dze ] (51)
1+v2 £z ¢
r(u ) J ( ) = N2 z
J: r’2 1:'1' dr Ez [Z(A2+Bzz)482]e [E(C2+Dzz)+Dz]e }

(52)
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1+

_ 2 £z fzl,2
I: r(uz)s Jo(:r) dr = - E {[(Az+Bzz)e +(C;+D;z)e ]E +

2

2

+2<1‘2;}2>t {Bze'“m R ]} (53)

4 BounDARY CONDITION
In order to nullify the stresses on the boundaries the following

conditions are to be gsatisfied:

At z=0, -(uP)T‘ = (ur)t

-(uz)Tt = (uz)‘

-{x ) z (o )
2

T zZ'1
4
-(t_ ) = (1t _ ) (54)
zZr T‘ Zr' 4
At z=h , -(u ) = (u )
4 r'T 2
2
-(u )T = (u 2
2
-( =
o )T (oz)2
2
’(‘rzr)T = (sz‘)z (55)

Conditions (54),(55) with the help of (40)-(43) and (48)-(49) give



the values of constants as

where

D

B

z

2

- 2., 2
4(1% vz)t s,

B 2 2
41 vz)f

A°A , A
1

1 ©°

B‘'A, B
1 o 1

E §

3
(1-v ¢

r
2 1

2

A_E

2 2

L |
+10
4140 ) £

=8 -5 + 8
1 2 3
=5 -5
2 a
=S -85 -8
1 2 3
= -85
3

[p‘(lﬂat)-t E‘]

[p1(1+v1)+(2z+1)E1]

[ H, (140 ) (242 =F hi-ht)f'Ez] A

.9 2
d + - -
{{ (& 1)(h1 1) {‘,uz(lﬂ)z)

1

[pz(lﬂaz)(th‘-h‘-{)+(1+2§-2Eh‘)Ez]A° = DA

(=]

72
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1 ¢ - ’
+ =T, [(2h1{ 4 +1)r B +(1 Z)Z)S‘DZJ}AO
ﬁzEz ri
C,= —————— (1-h)r + = [zfAz +(th1-1)82] - (th1+1)Dz A
(l—vz)s1 1

Thus the constants A:,B:, C:,D:, i=1,2 are independent of Ao.

So, on the surface 2z=0,the resultant displacement and stress

components are

Jw r(ur)R .h(tr) dr Im r[(ur)1+(ur)T ].k(fr) dr =
0 i 0 1

1+v‘
= [ E1 (zA'1+B"-EC‘+D'1)- Bz]A (56)

[~

j: r(uz)R Ja(fr) dr Im r[(uz)1+(uz)T ] Jo(fr) dr =
1 0 1

1

1+
P [} ] - -~ ’ o’ {+1
[—E—- z{g(A‘+ Ct) 201 2v‘)(B‘+D‘)} + 7 ﬁa A° (67)

1
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= ) =
JQ r(oz)R Jo(fr) dr Jm !‘[(¢:>"_':)‘+(o'2),r ] Jc(fr dr
0 1 0 1

2 o ¢ - ’ ¢
= E[,utﬂi—t {(A1 C1)+(1 21)‘)(Bi+D1 )}]Ao (58)

Jz r(Tzr)R’ J1(tr) dr =J<: r[(rzr)iﬂrzr),r‘] Ji(fr) dr =

- 2 » ’ [ .Y
= [‘“""‘J’ﬁ £ {(,4»1+c1>+2v‘(13.1 D! )}]Ao (59)

At z=h ,
k!

Jz r(ur)R J‘({r)dr = r r[(ur)2+(ur),r ] J!(z_‘r)dr =
2 0 2

1+

2
= ( - - ’ - ’ ’ .
[ﬁz ht 1)2r1+ B {[5A2+(1 h‘)Bz]1‘1~‘[{C2+(lvhi)Dz]s‘}]A° (60)

2

Jz r(uz)R Jo(tr)dr =J® r[(uz)z+(uz),r ] Jo({r)dr =
2 0 2
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% +
hif 1 1+v

- . 2 - - ¢ ‘)-(A" -C" ) }IA (61)
= —-F———;——-— {'321‘1"' T:{(lwz thﬂ 2)(1"182"‘5‘[’2) (AZ CZ }] o

J: r(az)RzJo({r) dr =J: r[(oz)2+(az),r JJQ(tr) dr =[pzﬂz(1-h‘){r‘*

2

2
‘r -C - .- - |a (62)
g5 (AL r ~Cls 4 (Eh ~20 +1IB -8 X (Eh +20, 1)02] .

J:r(-rzr)Rz J‘((r)dr =J(:r[('tzr)2+(-rzr)1.z] J‘(tr)dr =[,uzf32({h‘—(-1)r‘+

3 ’ ¢ 2 - . ¢
b4 (Azt‘*Czs‘H’r‘t (fh1 2vz)Bz*s1{ (.{h1+2v2)D2]A (63)

o

5.Fuux OF Heat ON THE BOUNDARIES

Let the flux of heat in a region of the surface z=0, distributed

through layers in the underlying mass be

aT
az

f(r/a), 0<r<a (64)

= 0, r>a
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using dimensionless variables

EA (£) = aX(&a), n=fa, p=r/a, [=2/a
o

where a is some length and ¢, a new variable of integration, we get
from (24) and (39), on 2z=0,
at

AN r nXn)J (em) dn (65)
az 0 °

By Hankel inversion theorem

1

X(n) = -a ‘I pt(p)I_(pn) dp (66)
0

For a simple physical situation we consider a 1|inear temperature

distribution f(p) =Ko, K = constant, then

. K
Xtm) = - == J () (67)

an

So, the unknown A°<E) being known the problem is completely solved.

6 -NuMerRiICAL ReEsSULTS

If the upper layer be concrete pavement, and the underlying mass be

natural soil, then elastic constants for those materials are [8)
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E, = 2.18x10" gms/cm” a = -6x10°°%/0°C
i -G
E, = 1.1x10%* gms/ecm® a, = 7.5x10 /0°C
8 2
v = 0.15 , H, 0.94x%x10 gms/cm
1
] 2
v = 0.25 , M, = 0.43x10 gms/cm
2
K, = 6.4x10 ° , K, = 6.7x10 °

So, evaluating constants for a given value of n when a=1 and h1=2'

we have

s, = 10.8x10%; 5, = 7.605%x10%; 5, = -50.6x10°

Thus

A= -32.1845x10% VB = -42,9945%10% ! = 53.8045%x10° D = 50.6x10%,

A'z=o.9794x102 ,B;=1.8723x102 .c;=1.2163x103 .D;=-7.559x103,

So, appiying dimensioniess wvariables on

(56)~-(63) sgubgtituting the

value nf X(yw) from (67) and the values of constants , we get

( ) J = )
er ur R ‘(nr)dr fwr[(ur)R +(ur)R ] Ji(nr)dr
0 0 1 2
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= -0.19593.\(10-3%0-2.1‘(7)) (68)
_ -3 -2
f:r(uz)R Jo(nr)dr = 0.00324x10 Kn Ji(n) (69)
2 -2
[:r(oz)R Jo(nr)dr = -99.,2487%x10" Kn Ji(n) (70)
Inversions glives
-3 Ji(n)J‘(pn)
|(ur)R| = 0.19593x10 Kfm dn (71)
0 n
-3 Jt(n)J (on)
| (udp| = 0.00324x10 Kr ° dn (72)
0 n
2 J‘(n)J (on)
| (e, )p] = 99.2483x10 Kr hd dn (73)
0 n
Thus
(2p)—1F(1,O;2;p-z), o>l
_ -9 1
|(Ur)RI = 0.19583x10 K 5 p=1 (74)

.50 F(1,0;2;p2) , p<1
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F(.5,.5;130°) , p<t
= -8 2 =1 (75)
| (uyp| = 0.00824x107°K { =, , o
.5F(.5,.5;2;0 2), p>t
2
F(.5,.5313p0 ) , p<1
2 2 =1 (76)
|0 do] = 99.2483x10° K { = , . P
z'R n
LSF(.5,.5311p0 ), p>1

F denotes hypergeometric function.

Discussions
Solution of the system of equations (40)-(43) and (46)-(49) for the
unknowns AUBL’ i=1,2,3,4, depend on Ao, where Ao is a function of
Z. So existence of uniqueness of the solutions depends on the
uniqueness of Ao. A° is unique for a definite type of distribution

of heat flux on the boundary. So, the salutions AL’Bt are unique

subject to the condition that Ao is unique.

Here the distribution of heat flux is taken to be linear but it

would have been physically more {interesting and suitable {1f it ig

considered other that linear.

Figures (1) and (2) show how the radial component of displacement

and component of stress in the z- direction vary with o-.
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1STATEMENT OF THE PROBLEM

Material under consideration ogcupy the lower half of the plane 2z=0
and the axis of z being taken positive when drawn into the material.
Physical quantities involved here are all symmetrical about z-axis.
Lower boundaries of the first and second layers are given by the
planes z==h1 and z=h2 and the underlying mass extended to infinity.
Interfaces are supposed to be perfectly rough so that stresses and

displacements are continuous across {t.

2MeTHOD OF SOLUTION

Physical quantities involved in the problem are all symmetrical
about z-axis, so four non-zero stress components ar,ae,az,rzr and
two non-zero displacements u.,u, are retained in terms of the stress

function ¢ satisfying the differential equation [9]

V‘¢=(az+r—ta_+o__]¢=0 (1)

The stress and displacement components are given by [17]

2
= 9—'[UV2¢ -2 ¢] 2)

T a2 ar?



o = .?.._[pvz¢ - p_‘ @] (3)
e az ar
) a%e
o = ———[(2-v)V2¢> - 2] (4)
2 a2z 9z
3 2 3’y
T = ——[(1-»>v ¢ - z] (5)
2r ar az
2
y = - 1 + va ¢ (6)
r E draz
1 + 2 62¢ -1d¢
u_ = [(1—2v)v @ + > + r -] OS]
2 E ar ar

Here the stress function ¢ due to Hankel transform [14) will take

form G, defined as

G(E,2) = r rpir,z) J_(¢r) dr, (£350,2>0) (8)
0

where Jolfr) denotegs the Bessgel function [19]) of order zero, whose

inverse {s given by

$(r,z) = rzstz,w J e dz (9)
)



Applying Hankel

Computing inverses of

T

2

dz

Jm ro_ J (¥r) dr

o) Z o

.[D rreri(Er) dr
0

Q0
J ru J (Er) dr
ra

Jm ru_ J (¥r) dr
0 2 o

z - J: ([(1~v)

- 2
zr f: £ L’

transform (141 on (1) and (4)-(7) we get

[ - c’]’ G(Z,2) = o.

3
25 - 2az? a6

dz dz

= (i1-v)

2
= [v 46 4 (1-0g? G]
2
dz

1)

1 + v ¢ dG
E dz

2
1 v [(1-2:))———"2 - 2(1-0)E2 G]

E dz
(11)-(14) we get
a’a 2 dG
- (2-v)Z —-——] J (¥r) dF
dz dz °
2
da” G 2
= + (1-0)E G] J (&) dg

83

(10)

(11)

(12)

(L3

(14)

(15)

(16)
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u =1*"J®5299J(zr>df (17)
r E 0 az *
d* G 2
u = 1 + v j@ [1(1-212)——{ - 201~ G] Jo(tr) ar (18)
r E o) az

Let the solution of (10) be given by

G(¥,2) = (A+Bz)cosh £z + (C+Dz) sinh Zz

where A,B,C and D are functions of ¥ to be determined from the

suitable boundary conditions.

3SoLuTion OF THE PROBLEM

To determine the stresses, the potential of thermoelastic

digplacement y, related by the equations

ay

ar = (ur)T

gy .

3 (uz)T (19)

ig considered in the steady state of the temperature fileld given by

[3)
9T = 0 (20)

Since different layerg have different thermal properties, different

potential displacement functions are chosen. From the stress-strain
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relations of thermo-elasticity and the equation of equilibrium [171],

we have
2
= = ,3
v v, [?,LT , 1=1,2
where
1+,
= b (s}
ﬁi. 1-v i

Applying Hankel transform on (20) and

a* 2
[ -~ & ] M(¥,z) = 0
2
dz
and
dz 2
[—-—.. ¢ ] L (£.2) = B M(Z,2)
2 L L
dz
where M(Z,2z) = !m rTJ (fr) dr
O -]

= ( )
Li(z’Z) f: rwiJo r) dr

The ccrresponding thermal stress components

displacement components (ur)T’(uz)T are given by

2
9 vi 2
P S
Jdz

(21)

we obtain

(22)

(23

(24)

(25)

(OZ)T'(Tzr)T and

(26)



B6

v 27
(t_) = 2u. (27)
zr Ti. ‘' draz
%, (28)
(ur)'l‘_ - T3
L
aw.L 5
T — (
(uz)T, 2z 29
L
Now we congsider the tranaformations of (26)-~(29) into relation
involving L,‘(z,z) and M(Z,z). The results of computations are
= 2
r r(oz)T‘Jo(tr) dr 2;.4,3 L,\(t,z) (30)
0 i
r(rt Y J (Fr) dr = -28u 9——- L (§,2) (31)
o zr ' T "a i i
i dz
r r(ur)T.Jt(tr) dr = —~ F Li({.z) (32)
0 i
d
r(u ), J (r) dr = — L (¥, 2) (33)
2 T, [} L
0 i dz
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Applying Hankel inverse transform, we get

= 3 ¥ (34)
(oz)T, &Jirt’ Lt(t,z)Jo(.,r) dr
i 0
2 d
(r )T = -Zplfn b4 -——lk(f,z)Jttfr) a¥ (35)
2r 4 Jo dz
- - 2
(ur)T_ Jm L4 H}t,z)dt(Zr) dg (36)
i 0
d ~
(u ), = Jm I — L (¢,2)) (¥r) dr (37)
4 T, L -
[ 0 dz

Let the solution of (23) be
3. _
L(Z,2) = - -2 A (142278 %7 (38)
L 2820

then the solution of (22) is

M(Z,z) = Aoe"fz (39)

where Ao is a function of 7.

Applying (38) we have from (30)-(33)

= {z
IZ r(az)TJo({r) dr yJaAo(1+{z)e (40)

L
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- - {2 (41)
Jm r(Tzr)Tfh(tr) dr = pJﬂAofze
0 P
r(u . J (Fr) dr = =0 BA (14F2)e * 7 (42)
r’'T "1 28 ie
0 i
r(u)od (Er) dr = £ (28 e %2 (43)
0 2°T o 2"V o
1%

Taking solution of (10) for different layers [59) as:

For the upper layer

G (F,z) = (A +B z)cosh ¥2 + (C +D 2z) sinh &2 (44)
1 1 S E S E

For the middle layer

G (¥F,2) = (A +B z)cosh fz + (C +D 2) ginh ¥z (45)
2 2 2 2 2
For the underlying layer

-¥2
G (£,2) = (A +B 2)e , E>0, z>h (486)
3 8 8 2

It is to be noted that stregss and digplacements Iin the underlying
mags vanish as z tends to infinity.So, the components of gtress and
displacement for the upper and middle layers obtained from (11)-(14)

when J=1,2 are



89

r(er ), J (¥r) dr = (1-2»,){2B.cosh Fz +(1-2v,)?;'2D_sinh ¥z
0 2°3 "o - 3 ] 3 2]

-(Aj+B‘z){zsinh £z -(Cj+Djz)tzcosh ¥z (47)
2
t(r_ ), J ¢r) dr = 2v B . sinh ¥z + 2 D cosh £z
J:rzrj‘e ! i 2 i 2z ]

+ {3[(Aj+sz)cosh £z +(C 4D z) sinh 2] (48)

By e P
J: r~(ur)j J‘(tr) dr = Ej z [ (Aj+ sz + ?—_)sinh ¥z

B
+ (C. + Dz + 1)
i Jz F cosh :z] (48)

1+vj 2 2D,
d(y- -
J: r(uz)j Jo(tr) dr = TJ—— ¥ [[ ——2——(1 2»)_) (Aj+sz)]cosh Zz

2B
3

s [ =2 (1-22 H-cc )
[ ¥ ; j+Djz ]sinh {z] (50)

For the underlying mass
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) d A+ B z + B——’u 2 )]z’ e %2 (51
= z -2y
r(az)sJo(tr r [ s s 7 s
0
B -
rc ) J Fr> dr = |A + Bz + -2 20 g% 702 (52)
0 zr' 9 & s ) b4 s
1+p 2 83 £z
rcu ) J (fr) dr = 2 r 2 -A -Bzle (53)
r's 1" E > I3 s s
o 9
1+ 2B -
r(u ) J (¥r) dr = 9 y2fa + B2z + —2 (1~ r]e¥?  (54)
o 23 o E, L 3 s |

4 BounDArRY CONDITIONS

In order to nullify the stresses on the boundaries the following
conditions are to be satisfied:
At z=0, -(GZ)T; = (az)‘
~(r ) = (7
zr T, ?zr)t (55

At the interfaces,
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z=h , | | = |te ) |, | v, 0.0 = [0,

So at z=h1, —(az)Tz = (o'z)1
-(zzr)T = (Tzr)1
2
- = (o )
and (az)Tz 2

]
~
~
~

i
~
~q

= ) (56)
zr' T zZr 2

Since at the interfaces

z=h2, I(az)zl = '(az)a' and ‘(Tzr)zl = '(Tzr)s
So at z=hz, -(az)Ts = (az)2
—(Tzr)T = (Tzr)a
3
and ~ (e ) = (o)
z' T zZ 2
3
-('rzr)Ta = (Tzr)z (57)

Boundary conditions relating to the continuities of displacement are

assumed to be identically satisfied at the interfaces.

Conditions (55) with the help of (40),(41) and(47), (48) we have

21)‘ D‘ .
A1‘= — F (58)




2
- ﬂtytAo+z Ct g

(1-2»‘):2

B (59)

1

Using (40),(41),(51) and (52) on the first two conditions of (57) we

get
2v9A°
AL = = ﬁsps (60)
L4
B = Apu &2 (61)
9 08“3

From the boundary conditions (56) and last two of (57)

2
h,a,2

- — - ‘2 - -

(7 I POD T 1o 67 AT [ﬁz“z‘“’f“ﬁe R T:zr ]'Ss
(62)

(q +¥h p ¥ 24,9 *Th p

1 14 - - -2 14 474
tq1h10‘+ 1= X Ct- Aoz ﬁ1p‘ =5 - + S5 = Sa (63)

(1- - - -~ -~ - - =

[ 2v2)p1 th‘qt]Bz+[(1 2u2)q1 :h1p1]bz §q1A2 -tp‘Cz S‘ = 0 (64)

[szq‘+{h‘p‘]Bz+[2vzp‘+§h1q‘]Dz+ tp‘A2+ Eq‘Cz' Ss =0 (65)



[(1-2“2)pz-:hzqz]az+[(1-2l)z)qz-tthz]bz— zquz- (poz- sz

[ZIquz+€thz]Bz+[2vzpz+zhzqz]Dz+ (P2A2+ :qzcz— 94 =0

where

Solving

(62)

SA 3 S
1 o 1
S'A ; S
z o 2

S'A; &
3 o 3

S’A ; &

4 o <
SA ; &
3 o 5
SA; S
G o <
and (63)

i

1}

-Eh
(14¢h e ‘

-t’ hz
(1+£h2)e
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(86)

(67)
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C = C’A and D = DA
4 © 1

1 1 o
where
o 1-2v1 thtqts;—(q1-th1p‘)sd
2 2.2 2 _2.2 2
Z - ] hapa J htqa
and
fh‘q186+(q‘+8h p )S5

Ni»

1
2 2.2 2 2.2
qt- £*nipl-z¥nq

| .Y

Putting the values of C’ and Diin (58) and (59),
A = A'A and B = B’A
1 G- 1 1 o

where

’ (4
fh‘qisd+(q‘+:h p )S5

»

' = - ~t
A‘ 213‘?,‘

N
N

2 2.2 2 _2
q,- ¢ h p T haq

-
»

u

1 3
B’ ————ee (B u ETC)
foa-pgt *

Equations (64)-(687) are then solved to find Az,Bz,Cz and D and are

written Iin the form

Subsequently numerical values of A:.Bf, i=1,2,3 and €¢',D’, {=1,2 are
L A9 L



a5

obtained. Here A3 = A;,B3 = B;. So the relations (58)-(67) give 10

constants A;’BUC:’D;’Az’Bz’Cz’Dz’Aa and Ba in terms of Ao. So the
formal solution of the problem is complete.
The regsultant stresses in the direction of z-axis are

On z=0,

Jw t(az)R Jo(tr)dn = Im r[(az)‘+(oz)T ] Jo({r)dr =
0 1 0 1

2,_,8_.
[(1 20 5% -C1Z B‘p‘]Ao (68)

At z=h ,
ES

Jw r(az)R Jo(tr)dr = jm r[(az)z+(oz)T ] Jo(Zr)dr =
0 2 0 2

- - 2., 2 8
=} ( - - ’
[ 1 2»1){ Bzcosh :h‘+(1 2v‘)t D;sinh (ht (A;+Bzh‘){ sinh th‘

..zh
- ’ v 8 - 1
(C,+Dyh ){"cosh £h ~@ u (14Zh de ]Ao (69)

At z=h
2

f: r(cvz)R JQ(Cr)dr =.rn r[(oz)9+(oz)T ] Jo({r)dr =
3 0 3



2, 2 , i 3 2_ 2
=[(1~2v°)£ B‘ e +(A3+B’hz)£ e Bs“a(1+:h5)e

-Zh £ h - h
]A (70)

’ ’ [ 4 ’ ’ ’ ’ !’ ’
Constants At’B;’Cg’Dx’A;’Bz’Cz’Dz’Aa and Baare independent of Ao.

Thus the total thermoelastic stress (oz)R in the underlying mass is

j: r(oz)R Jo(fr)dr = J: r[(az)R + (oz)R + (ovz)R ] Jo(tr)dr (71)

5.FLux O Heat ON THE BOUNDARIES
Let the flux of heat in a region of the surface z=0, distributed

through layers in the underlying mass be

aT
az

f(p/a), 0<r<a (72)
= 0, r>a
using dimensionless variables
on(t) = aX(¥a), n=fa, p=r/a, [ =2/a

where a 1is gome length and v, a new variable of integration, we get

from (24) and (39), on z=0,
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LA r nX@)J_(en) dn (73)
az 0

By Hankel inversion theorem

1

X(n) = -a"f pt(P)J_(pn) do (74)
0

For a simple physical situation we consider a |inear temperature

distribution f(p) =Kp, K = constant, then from (74)
Xty) = -~ K_ J (75>
an 1 :

With this value of X(y), the problem is completely solved gsince only

unknown Ao(t) is now known.

6 -NuMERiCAL ReEsSuULTS

If the upper layer be concrete pavement, the middle layer be gravel

base and the underlying mass be natural soil, then elagstic constants

for those materials are [8])

tn
"

2.18x10* gms/cm®

"

, o -5x10°%/0°C

m
L]

1.1x10" gms/cmf

"

, o 7.85x10%/0°C
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E, = 0.4x10* gms/cm” a = 2.3x10°%/70°C

g 8 2
v = 0.15 R H, = 0.94x10 gms/cm
1
v, = 0.25 , My = 0.43x10" gms/cm”
v, = 0.50 s Hy = 0.14x10° gms/cmz
K = 6.4x10 ° , K, = 6.7x10 °
K = 2.9x10 °

So, evaluating constants for a given value of 15 when a=1 and

h =2,h =4 we have
1 2

AL = 3.504x10% , B, = 77.2671x10%, c = 47.73x10% DY = -166.8x10%,
AL = 0.005829x10%, B, = 0.01207x10 2, c, = 0.007071x10%,

D! = -0.02578x10%, A= -14.49%10°%, B, = 0.966%x10°

So, applying dimensionless variables on (71) substituting the value

aof X{(yn) from (75) and the values of constantsg in (71), we get

- z
Jz rlo )p J_(pm) do = 4.94423x10

3Ix

J‘(n)

whose Hankel transform is



99

~
L

2 J1(n)J°(pn)
(¢ = 4.94423x10" K dn
0

z'R n
= 4.94423x10% K F{uz, 1/2:1;pz] , p<t
= 4.94423x10° 2K/m, p=1
= 4.94423x10° % K F[1/2, 1/2;1;p”], o>t

F denotes hypergeometric function.

7 -DiscussioN

Jt is important to study the existence of uniqueness of the
solutions of the system of equations (62)-(67) for the unknowns
A;,B;, {i=1,2,3 and C;,D;, i=z1,2. Here, it {2 found that all the
above solutions depend on the quantities Ao. But A° is unique for a
particular type of distribution of heat flux on the boundary. So the
solutions A:,B;, 1=1,2,3 and C;,D;, 1=1,2 are unique subject to the

condition that Ao is unique for a definite kind of heat flux used in

this problemn.

For simplicity, linear heat flux has been applied on the boundary
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z=0 in this problem. It will be more interesting and physically
suitable {if the heat flux is considered in the form other than

linear one.

The numerical results of this paper have been compared with the
works of Paria (58] who solved a problem of this nature in absence

of temperature and the results tally completely with the results of

Paria.

Fig.3 displays the nature of distribution of thermoelastic stress

(az)n against p.
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Paper 1 : On the generation of thermoelastic waves due to the
distribution of stress produced by a periodic heat

nucleus

(ACCEPTED FOR PUBLICATION IN INT. J. MATH. AND MATH‘: SC. ,U.8.A.)
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distribution of stress produced by an impulsive heat
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1Basic FORMULATION

1f Ton be the stress tensor,me components of the body force and fm'

the components of acceleration of the infinitesimal element centered

at (x ,x ,x ) then from
3 2 3

(A)

where um, denotes components of displacement, t, time ¢, some
characteristic velocity and Tt = ¢t is a space-time coordinate
determined by time. The tensor form of well known equations of

motion in three dimensions with density p» of the medium in vector

form {85] gives

which by (A) becomes

Z
3 v
T + pF =
mn, n Pm Pe N L
To solve equations (1) by Fourier transform technique, let us denote

the Fourier transform {14) of a function ¢ by ¢ , in other words

-2 i(xlflﬂu‘r )
(2n) I PIX, X, X, T) e dS‘ = ¢((1,fz.(8,w)
S

4
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2
_ a @ f(x& +wr)
(2n) "f e L ds, = - (1g,,0")F (2)
oxl ot
4
where 1=1,2,3; .dS4 = dxidxzdxadr and S4 denotes entire X, %, X T
space.
Applying (2) {n (1), we get
— 2 2 -~
- = (3)
T pf-'m pciw” u 3
Reducing straing in terms of digplacement components UL t he
stregs-strain relations in three dimensional thermoelastic problem

for a temperature distribution T (13,171, we have

T = E'’(u +w'u +w'u - a'T)
11 1, 2, a8
Tu s u"zi- uz") (4)
where
B = E(1- ) . v ., _ - w
(i+ 21+ ) * Y 1= ¢ “1vyo
E aum

H 2 %5ttv 5 ' Ya,n ~

72" Tag’ T2a and T, &re derived by cyclic permutation of 1,2,3.
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Using (2) over (4),

T = —iE‘({tﬁ‘+v'£23;+v'(933 -{a'T)

14
T =- a u (5)
T2 iy({zu‘+ E‘uz)
T ,T ,T and T are derived by cyclic permutation of 1,2,3.
22’ "33’ 28 84

Substituting (5) in (3) and solving for Uy

u, = n’ROF’- £ (BL + QROT)][C’: R]™ (6)
o, = n’nofz— £ (BL + QR T] [c: R]™ (7)
u, <[ n’aoﬁs- £, (BL + QR ] [cil R]™ (8)

where R =R R, R =£2+2w®-#, R *+22 425207, F=a0+wu)/a+2u),
o o 1 2 3 1 2 k- |
B = ﬂz-l, Ci = pﬁz/p is chogsen for the characteristic velocity C,
- 2 e s Fouy T oay T
Q = 2101801/{?1 and L =g F + F + F.

So, (5) takes the form

T = - ¢ v _ 2 2 2 < - e §
7, ip[QR T{(v ““z*‘a““’}*ﬁ R M, BN‘L]R (9)
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= -1pﬁ-z[QR'T(8:+Z:)ﬂ62R°(tz?‘+(‘Fz)-2B t1t2(:1?1+{2F;)]R-‘ (10)

T
12

—_ —= 2 P 2
= ’ = 14 + .
where M‘ :’1F‘+v (82F2+{9F9), N t,"+v ((2 Za)

1

— —

Tzz’Tss’Tzs’ T., and Mz,Nz,Ms,Nsare obtained by cyclic permutation

of 1,2,3.

Applying Fourier inverse transform [14] over (6) - (10),

-2 2 -y —i(xltls*w-r)
u = (2nC > I [# Rofi—tt(BL+QR°T)]R e aw (11)
W
<
. ~i(x & twT)
r = 1e I [QR'T {(u'-1>(gz+zz)+wz} +*R M -BN L]R te U1 au
11 2 2 2 o 1 1 4
2n
W
L
(12)

=4 -2 . 2 .2 2 -
T,  =le 2 I [QR T(:z+:‘)+n R°<:2F‘+:1?z>*2a t‘tz(t‘F‘+£zF;)]R * x

W
.

—i(xltl +wT )
xe dw‘ (13)

where U‘ is the t‘tztsw space’and dw‘ = df‘dfzd(’adw.

u,u,T
’ 9’

2 22,1”,723 and Tss are obtained by cyclic permutation of

1,2,3. keeping C1 fixed.
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2.SoLuTION

For the solution of the equation of motion when the body force X and

temperature T, acting at the origin {in the direction of x‘

increasing, which vary harmonically with time period 2rn/p may be

written as [43]

Fp 6(x 16(x 16(x re AT (14)
1 2 3

»
i

ixr

-1
(15)
and T T°(2p) 6(x1)6(x2)6(x‘)e

where A = p/C‘.

The result of transformation [77) gives

X = (F/p) (2m) 2 5(wn) (16)
and T = (T_/2u) (2) "2 5(wn) (17
To obtain

the components of displacement and stress produced by the

insertion of the periodic heat nucleus by means of the formula

deduced in the last section, we shall adopt usual notation [13] viz.

u=u u = v u= w T = (o) T = ) =
1 T' T2 T’ T T’ 44 1 v’ 22 %2’r 'Taa (as)r'
T _=(t ) T = (tr_ ) and = ( .
12 12’y ' 23 2 T T
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3MeTHOD OF SOLUTION

For the sake of simplicity, we assume F1 only xt— component of the
body force, non-zero (33 ] i.e. F1=X, F2=F2=O. So, equations (1i1),

u,u,u take the form
1 2 E

-2 2 2 -4 s -i(xtttﬂor)
u = (2aC ) I [« R -B Z )R Y+t1QR T]e dw
W
L)
-2 e e —i(xlfl+wr)
v.= (2aC ) I [ £,QR" "T-BZ ¢ R X Je dw
W
4
-i(x £ +ot)
= -2 , "L “1z Ll
w.= (2rC ) I [ Z, QR T-B £ LR X ]e dw
W
4

Rewriting uv ,v ,w
8 " T, T’

u = (2nc‘)-2I [({i+g:+g:)—‘ Y{{:R;‘ﬂ?z (z:q:)R’—‘} +
W

L]

’ - “1Ox T tet)
+ ¢ Qr* T ]e dw (18)

< -2 , “dw 2 .2 .2 - - -
Ve (2nC‘) I [(zQR T+fizz({1+f2+fa) 1 Y(Rot_ r;zR' *)]x

W
4
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-i(xl{l+wr)
xe dw‘ (19)

-2 P ! 2 2 ,2 .71 “1_ 25, "1
w = (2rC ) I [(BQR T+z1:9(:1+zz+z:s) Y(Ro B R )]x
v
4

—i(xlfl+w1)
xe dU‘ (20)

Substituting the expressions (16) and (17) for X and T in (18)-(20)

and performing W- integration (771,

2 2 2 T
u = -Q e F[—_" ! m"[ F_ . 2._]1 ]+BQ 2 4 2 [v’x ] (21)
axl oxz 3 2 1 1 ax
2 1
IaT %1 2 Te ar o 2
Vf'-" "'Q‘e F[—*—z——-—; "ﬂ 11] *BQ1 %e o -—-[V 1 ] (22)
ax“ax ax :
1 2 2
2 T
wo= -q et F[ 2L -—ﬂzl‘]+BQ‘ e o f’—-.[vzl ] (23)
dx‘Oxs ax '

where
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[« o
-1
2.2 .2 2,..2 .2 2
[‘=!‘(x1.xz,xa,ﬂk)=ljj[({‘+fz+£a)(81+t2+t’ -ng )] X
—w .
xe_i(xzt1+xztz+xsfs) dF ar df
1 "2 '8
@
2,,2 .2 2 .2 .2 217
1=1(xi,xz,x’,k)=[II[(g‘+:2+ts)(£‘+fz+ta -\ )] x
-0

xe_i ¢ x1t1+x2:2+x9t3)

dz1dzzdts

Q.1=[(2rz)5/z uﬁ’]—‘ and ¥ is the Laplacian operator.

Now changing the variables by t‘= cosg sine, t2= sing sine, {sz

cose, x1= rcose sing, xé= rsinme sing, x8= rcosp, and performing the

integration with respect to © and ¢, we find that l(xt,xz,xa,x) is a

function of r and A alone and that [87)

21 . o fm {1_ .;3._; } J (pr) do
ar o] P - A

Making use of the well known result in the theory of Bessel function

(19], we find that
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where H:(xr) = Jv(Xr) + in(kr), YV(Xr) denotes Weber Bessel

function of the second kind.

Applying (24) in(21),(22) and (23) and writing the resuit in terms

of t, the time

- 2 .1 _ P 2 F 1 2 W1
UT-(Qzlr){Bax‘To[? H, (s ) Esz"z )]+ -ﬁ[ctH‘(s’_HZ(? czH:(sz)]

Fr 2 2,62, 2
- ?[x‘H:(s‘)+ Fe; (x2+xs)H;(sz)]}

X X
- 2 .1 _ P .t _ a2 1 _ a2
Vo (Qz/r){Baszot; Hz(sz) Esz(sz)] = F[Hz(s‘) B H;(sz)]}
2 .1 P .t X ¥a 1 2
wT=(Q2/r){BaxsT°[? H, (s )~ Esz(sz )] - = F[Hz(st)— R H:(sz)]}

- ipt
where c,= c‘/ﬁ is the second elastic velocity, Q2= Q‘ie P ’ s‘=pr/c‘

and = .
Sz pr/ci

So thermal stress components can be easily obtained form (4) uging
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derivatives of uT,vr,wr just QQrived.

So, algebraic sum of thermoelastic normal stresses as calculated

thus:

H

Fx 2
E L 3 2, 2 1 ~1.,1
+ ( )+
(at)T+(az)T+(oa)T =5 Qz{ [ 2 (x1+x2)[H‘(sz) Asz Hz sz

2
H! (s )1]-[EH‘(s ) + 8 H (s )]+ BaT [3" [H'(s ) + H'(s »1- B _ x
g 1 c 1 1 1 2 1 ol re 1 2 2 2 2
1 2 czr
2 2
2. 2 1 -1 .1 2 1 1 P x‘
(x"+x JIH (8 ) + 38 "H (8 ) — =— { H (s >+ .58 H (g )] — x
2 2 1 2 2 2 2 o2 2 2 2 a3 2 o r?
2

[H: (s )~ 48 *H'(s )1]}
2 "2 2 a 2
( y = 2,-1 4] s _ T 1 _
7.2 QzBaTopxtxz(czr ) {r[H‘(s‘) 492 Hz(sz)+ Ha(s‘)

-2px

P 1 'y .3 .1 -2 1.4 -
- P ry 3 (a2 _ "
Cz[ g(sz)+Hz(sz)J+r Hz(sz)} +Q Fx 1 { H1(s‘) (8x‘r 2)Hz(ss)

cr
1



112

2_ .1 -2 2_2__2z2, 2 2, 2 _ .2 9,2
-pA s H (s )+ [2(x2—x‘ x )-8 (5x_+x 3x3)]Hz(92)

+ 2Q Fx x X r { [H (s )- p° H (s >]+ p[ gec H (s )- c;*H:<51>]}

' 2.1} 4}, .1 -4.4 1 p
= - - )+ ( ) — —
(r“)T QzBaT°x1xsp(czr ) { r[H‘(sz) 492 Hz(sz H’ s, ] c,

2px
1 1 3 . -2 1 4 _ 2 _-~2_ 1
[H‘(sz)+H2(sz)] + 2 Hz(sz)} + Qzanr { % H (s ) (8x r 2)H2(s‘)

2 2.2 2.4 -2, 2.2 22,2, o2 pyut
- (pB /o, T (x +x_ =X OH (8 ) + [r " X~ Bx +x )3 2]Hz(sz)}

Thus the algebraic sum of normal thermal stresses and components of

shear stress are determined. Each of these expressiong contain

characteristic velocities e, and c. It is clear from the analysis

of the above expressions that the disturbance is propagated outwards

from the centre with velocities c, and e, = c‘/ﬁ.



113

ON THE GENERATION OF THeERMOELASTIC WAVES DUE To THe DISTRBUTION

Or StTrEsses ProbuceD By AN IMpPuLsive HEAT NucLeus

‘CO'rwmwMCa&oL :)Cor fswLLCWCM
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1 ABSTRACT

This paper is concerned with the determination of three dimensional
thermo-elastic waves in a solid disturbed by the distribution of
stresses when the time dependent body force and an impulsive hLeat

nucleus act upan certain region of the solid.

2 Basic ForMuLATION

Equation of motion in three dimensions with density o of the medium

are
dex OTX art
+ Y . xz pr - pfx
ax ay dz
OTx ar at
Y oYY o Y2, ofY = gV
Ax dy az :
arx ar at
z Yz zz sz - pfz
ax dy dz

X
where F7, Fy, FZ denotes components of body force at (x,y,z). The

acceleration of the infinitesimal element centered at this point 1is

A
denoted by 7, fy, £Z, Introducing displacement vector components

X z
v, vy, v® at such a point, we have
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tx - dzvx - C? a’vx
at? ac®
2.y 2 Yy
¢V = 9 vi z 2 :
at? o
2z z 2z
fz . 2 : = Cz 3 :
at Tt
where t denotes time, C is some characteristic velocity and t = ct

is a space-time coordinate determined by time. The equations of

motion may therefore be written in the form

o ot ar atv*
X ., Xy xz pr - pcz

ax dy az o’
ot o 3t atvy

xy , Ty, Tyz gy o 2 T
ax ay az ar?
o ot ar a*v?

Xz Z 22 2

+ —XZ + pF° = pC* — (1)

ax ay az ar

To solve equations (1) by Fourier transform technique [14) , let

us denote the Fourier transform of a function ¢ by ¢ , in other

words
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2 1(xltl+w1') _ _
(2> j Bix,x %, T) e a8, = B, 0,0,
S
L
i » 2% | 1(x§ +wr) .
(2n) 2 [-‘f’-,-——]e dS = - (1F ,w)P (2)
ax 01_2 L |8
S 1
<
where 1=1,2,3; ds‘ = dx‘dxzdxsdr and S‘ denotes entire xixzxsr
space.

Applying (2) in (1), we get

=X 2 2 —x
i8)( xx ¥ i‘ty Xy * i{rz‘rxz PF pCw v
- _ By _ 2 2 -y
ilx Xy + 1lyryy + 1{2 vz pF pCuw v
=2 _ 2 2 —2
igx Zx v ity 2y v i‘Ez‘rzz pE- = pCw v 3

From stress-strain relation in three dimensional thermo-elastic

problem for a temperature distribution T , we have

x y z
T = E‘( 2!— + v av + v 2!~A- a‘T)

XX Ix : ay * az
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X y z
T = E (v 21_ + A4 + v‘ av_ . ‘T)
Yy 1 ax oy az
% y z
T = E (v A + v v + gx— - 1T)
zz 1 1 s 1 ay az
X Y
=“(_a..!_.+§_\i_.)
Xy dy ax
¥4 Y
I av + av N
zy ay az
- X z
T RCA AN L A (4)
Xz az ax
where
E o= E(1- u) b = ¥ o = LtV . E
1 -2 a+r»’ Y T T YN T T M T s
Using (2) over (4),
— - -—X -y -2z _ e
Tux = iE‘(txv + vltyv + vttzv icaT)
- _ —X -y -2 _
Tyy = iE‘ugfxv + tyv +lﬂ:zv ia T)
T 2

- i Ve v -
22 IE, (v Z v + v‘{yv t v m‘T)
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-—X -y
= - ( + v )
gy = THE VO ez
- -2 b 4
= - ( v + v )
T2y iu ty g,
. -—X —_—2
e - (5
sz ip(tzv + Exv )

Substituting (5) in (3) and solving for V5, VY,V we get

vX =[(ez<zi+§;+z2—mz)?"-m"~1>(:f( ?"+zyzx?”+zzzx!'=z>+ 21?(3’-1)01‘?{,(
x(<:+g;+g:—w’)] [c:(:§+¢;+g22—ﬁ‘w’>(g‘;q?qz—aﬁ)]-‘ (6)

Y 2,4 2,.p2.0.2 2.mY =X 2=y w2 2”::2

vW o=[s (‘x"fy"‘z'“’ )F -<n‘-1)<:xzyF +zyf +:zzyr-' )+ po 3 —1)aT{y
x<gi+g§+52-m2>] [Cf(fi+{§+fz—wz)({i+{§+{zz—ﬁzwz)]-‘ (7>

— Y . 21c*
vi =g (:f(q;w:-m’)rz- (-1 2 F y:sz+:‘ze>+ -1 YaTe

At
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x (€548 4% -] [C] @hael el -’ &b eel v )] (8)

where ﬁz=4(k+u)/(k+2u) and Ci=uﬁg/p is chosen for our characteristic

velocity C.

So, (5) takes the form

Ty © -1p{2i::<rf-1>ai‘ t(vt—n(z;qZH “’Z“‘i"f;*‘z{ ey +3%x
(::+g;+z:2- w)(Z x?" w2 y'F"w‘: zF"') -(F-1) (zf‘w‘:;w‘:?x
<:x?"+{y¥"+zz‘ﬁz)}[(ciw;w:-m")(gi«ff;w‘{ Fw®)] - (9)
— - ZIC: 2 2 2 2 2 2 2 2
Tyy® -ip{ 7 (F-1)aT “”z'““x"z“ w 1(:x+:y+zz- o) +(%x

2 2 2z 2 =X -z
@ WHer F +{y?y+v1:ze)—(f32-1)(vt{iﬂ‘;ﬂa‘f:)x



-1
2 2 2
(:xl‘-‘"+zy¥y+z zﬁ%}[(z:'«:;qz- m’)(gi+z§+:z- o] (10)

~|

2
21iC
b - - 2 .2 2 2 42, ,2 2,47
z2z” -lp{ pe (#F-1)aT Lo, 1>(zy+zx)+ ) J({x+ty Z, o)+ x

2 2 2
(gi»fgtw‘z- wH g Flo g yFy+: zl-‘z - (F -1 @ 22w g 4

~1
& xi”‘+g ny"»fz z‘l‘-‘z)}[(:iq;q’;— w?) (:’:‘wzqz— Fu®] (11)

2
2iC
- _lpjT s 2 2, ,2, ,,2 ,2 ,2_ 22 2 r24p2_ 2
Tyx' r?{__ﬁ_z_(ﬁz 1)aT (:y+gx)(gx+gy+{z ﬁzw )+ﬁz(fx+€y+§z W Ix

het
T4 XFY+: y?" y-2(3%-1)¢ FC y't-‘hg XF" )}[<z:+g;+g‘z-m*> (ziq;»f:’z- ™

(12)
21c?

T = - i} s 2 2, ,2 2,2 ,2_ 22 2 .2 ,2_ 2
= (- 1HraT CHut SR EE It ot e >+ﬁz(€x+ty*tz W )x

Yz nt ﬂz
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-4
2
(¢ zF"»»z yl-'z y-2(3" -1 LI yry+g ZFZ)}[<<‘§+:;+:’Z~@’) ﬂ‘.‘i*tiﬁti- ™))

13

21
;zxz - é%{-—gzi(ﬂx-l)a’f (£:+t:)((:+{:+{:- ﬂzwz)+ﬁz({:+g;+{:- ﬁ’zwz)x

-1
(& Z'F"‘+z x?z y-2(3E-10¢ L€ X?"+z z'ﬁz >}[((1+z§+:’zw’) (zi+z§+z’z~ ™))
(14)

Applying Fourler inverse transform over (8) -~ (14),

x -2 2..2 .2 ,2_ @ 2.m=X_ .2 2 =X =Y z
v (2nc1) .[ Ua(zx+gy+gz w)HF (3 1)(:x F +zysz +gzgxf )+
M)

4

2ic?
1

2

-1
. (#F-1)aT zx<g‘;+z;+:’z—- w®] [c:(:i+z§+:zz- w’n:iq;w’{ o] x

-1(xtx+yz‘y+z§2+wr)

e dw (15)

y -
v =c2nc ) ’I [ﬂ’(zzq;»«::- w’)}‘-‘y-(ﬁ‘—i)(:xzy?"+:;?y+zzzyl~‘z)+
W

<



122

21c* -1
..-(-;{‘-((fq)a’f ty(z:+z;+z‘z- w®] [cftgi«'z:\\g’{ w‘)(zf‘:f:’;q’;- 0™ x

1 (x§ +yf +2F +wr)
e x Ty 2 dw (16)

vZ =<2nc‘)"zj [ﬁz(z§+{;+t:— w2>?z—(ﬂ2~1>(:X:Z'F"‘+tyzz'ﬁ"+z: T+

W
4

2
2iC -
1 2 2 2 2 ¥ 2 2 2 2 2 2 2 2 2
pr (B-1)aT zz<:x+gy+zz s )] [c‘<:x+:y+§z w )ch+zy+zz o] x
-1(x¥ +y¥ +2¥ +wT)
e x oy z dw (17
-2 21C: 2 2 2 2 2 2 2 2
T,.,5 ~letam) I pe (-1)aT uv‘-ncquzn w J(gx+gy+¢z— )+
v

4

2 2
ARG @ Flug Fag FOH-@®-naiwelwel @ Pl B
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2 2 .2 2 2 ~1 —1(x{x+y§y+zzz+w‘r)
z - - d (18)
zzF‘ )}[(tx+zy+{z w )({x+t Bw ] e w
21C
T s etz Lo -0 @5+ il e’ Futre
n*
W

i ({2+{';+{2- w®) 4 x}'xﬂf yF'yﬂ»‘t ze)- (-1 (v‘§i+(;+v‘zzz) & F ey y'Fy

~4 ~1(xZ _+yE +2F +er)
+ngz>}[(gi+g;+g:— wz)({i+{;+£zz- Fu®)] e x Ty oz dw  (19)

2 _ - 2 ,2 2 2 .2 ,2_ 22
1)aT L, 1>(zy+:x>+ w ](tx+£y4-tz a4+

2 2 2 2_ 2 X
Eakts x+{y+<‘ 2 w )l X'F g y7~‘5'+1: z?'z; - (-1 (vt{i+v‘g;+¢zz) & XFX*C y-ﬁ)',,

2 2 .2 .2 2 2 ,2 .2 2 2 27t THOE AL r2l ser)
)}[(tx+ty+:z SRR s SO ™ )] e y "2 dw (20)
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2
Y

+gz- mz)

~

21c*
- _.’_E’_.I { L@ -1raT 22yl - Furegt @ g
yx 2 2 Yy X x 'y 'z X
2n” 4, LB .
4

-4
2
(:XFV+:yF“)-2<n‘-1)zy:x(:yFV+ng”>}[<:i+g;+gZ— of)<zi+g§+g2-nﬁo)]

“1(x¥ _+yf +2f +wT)
e x Ty 2 dw (21)

2
21C
N -lip Iy - 2 2 2 2 2 _ 2 2 2 .2 2 2_ 2
v, = =2 J { S -0aT @ @l - BT ept @l v -
2af3 winp
4

-1
(:Z?Y+gQFZ)-2(3‘-1):ygzc:yFV+ngz>}[(z1+g§+gz-w’>(gi+g;+g§- Fo®)]

-i(xtx+yt y+ztz+w-r)

e dw (22)

21¢*

. —lp 4 2 2 2 .2 .2 2 2 .2 .2 2 2

= F - i

Tax 2::(32 '[u { ﬁz ﬂ: DaT ({x+gz)(gx+zy+z2 ﬁzw )43 (t,ﬁfy*fz’w ,
4



<:zFx+gxrz>-2(n'—1>txzz(:xr“+gérz>}[(:z+g§+g2-w?><zi+g§+g;..

~1(x¥ +yf +2f +wT)
e X Y 2 dw

= dw.
where w‘ is the {x{ytzw space and dw d{xdfydfz

2.SoLUTION
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2 2.4 °
)]

(23)

We consider the solution of the equation of motion when the time

dependent body force X and temperature T, acting at the origin in

the direction of X increasing, which varieg harmonically with time

period 2n/p. For such cases we may write

X = Fp *8(x)8(y)6(2)6(t)

and T = T°(2u)“6(x)6(y)6(z)6(t)
which gives us for X and T, the relations

X = (FC /p (2m?

and T = (T_C /2w (2n) "2

(24)

(25)

(26)

(27)
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since S(t) = C;&(r)

For the sake of simplicity, we assume o= X, = 0, Fz= O0.We shall

adopt the usual notations for this problem i.e. vx =uT,vy =vT,vz= wT

Txx=(ax)r’7yy=(ay)r’rzzz(oz)r’rxy=(Txy)r’ryz=(7yz)r’fxz=(1xz)r'

Putting FX = X, FYa 0, F%= 0 and using the usual notations we get
from (15)-(17),

) 21C
u_=(2aC)> ‘J' {ﬂz‘ #-0aT ¢ @ e, i R LA o
u4
1) -i(xZ_ +yf +2F +wr)
-(ﬁ’-uzf‘]ﬁ [(gf‘+::,+:‘z- w‘)(:i«?wz- Fe®)] }e Yy 2 dw

_ 21C
v =(2rC) 2J {ﬁz’(rs"‘q)a‘f £ (?: — e’ ]~((3’—1)zxzy‘x
W

4

2 “1) ~1(x¥ _ +yZ +2F twT)
[(zxw‘;ﬂ:‘z- w‘)(:§+z;+z22- Fe®] }e Ty e dw
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21c? -
wr=(2nc‘>'zj { Bg‘(ﬂ’—i)a? gz}:i+z;+zz- pEu®) ‘]—(ﬁ’—i)gxzzY
W

L]

-1 -1(xE_ +yf +z2f +wT)
Bzwz)] }e X Y 2 dw

2 2 2 2 2 2 3_
KSR SRR T S
Rewriting Ups Voo W We get

e
LS

21c?
u7=(2uc’>"j { (3 -1)aT zx(gz+z§+zi-ﬁ’w‘>"]+[g:<:i+z;+zz-w‘) +
W

P

4

2 - - —i(x{x+yfy+z{2+wr)

 § 1
I ST R SR T b 3 ol } e dw

(28)

21c? -1

= -2 42 o 2 .2 .2 2 2. -1 2 2 2 2

Vo (2nC‘) I { ﬁz (3 -1)aT ty(tx+gy+:z 3w ) ]+[({x+gy+(z- wy -
W

4

-i(x{x+ygy+zgz+m)

-1 -
ﬁz ({i*{';*{zz'ﬂzwz) ]YZ xty[zf(+:§+g2] }e dw (29)
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z < -

2iC 1
- 1 2 2 2 2 2 2.4 2 2 2__ 2 -
W =(2rC ) ’J' { (B -1aT £ @& - BRwT) ]+[<zx+:y+zz w?)
W

e

4

'i(xfx*)'(y*zfz*m)

-1 -1
Bz(gz-rgzyqz-(f@z) ]szgz[g:(w;w‘:] }e dw (30)

Substituting the vaiue of X and T from (26) and (27) into (28), (29)

and (30)

2
-FC 2 2 2 (3" -1 2 2 2

Yp T 4‘ [: zla*ﬁz{o 2 + 2 2 lz]— < aTOC‘a '6 z* 2 z+ > z}]z
16n y(?z X 3y az 16n pﬁz dx “Ix Ay az

(31)
-FC, 5° . 3*-1) o (22 o o
Vo © 4 2 (ls-ﬁ lz)— T e 2 oT Ct-{ z* * }l (32
1en*p® ayax tenu®  ° taylax® ayf o) 2
-FC, 5° . B*-1 2 (32 & o
W= — (1A 1- ——— aT;C;——{ ~+ + }1 (33)
16n*u3® 820x 16n* 3 2z%3x° ay® a2l 2

where
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et 8
2,,2, ,2 2. ,2, ,2_ 2, -
x j [ce5raipe ) @ipeee o] e

W
4

1(xgx+y{y+z{z+wr)dw (34)

-1
e-i(x:x*yzy*ztz+w7)dw ' (35)
2

1= J [<:§+z§,+z’z><z§+z‘y+z’,- ﬁ‘w’)]
W

4

After making necessary substitution and integration [19,33lwe find

that alz/ar is a function of r only, and that

4n® sin(pwﬁ-‘)

612/0r = - 7 J‘(pr)dp
o]
z!.
= - ‘"’z‘ , (tSfr)
#r

2
= - ﬁﬁr{(r -Jr’ -p* r’}. (t2f31) (36)
gr

A similar expression can be obtained for al‘ﬁar by putting =1 in

equation (36). Substituting these values into equations (28)-(30) we

obtain the formula
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0, r>r
FC 2 ,2_ 2 2
—t [ X (2-p2)7172 [ X "y -z (12—r2)‘/2], (t' <r<t)
2 2 2

4[,“7 te r T

«C 2 2 -2

; ) B DT (021272
4ur 3
FC 2 2_2_ 2
1 2[x (t2-p2 ) 472 + Q;(yz+zz)(7'z r2,172 X Y6 z <

Aunzﬂ r 2 r r
{(«r’-r’)"z— m(r"-rz)"z}] r<ce
FC: X 2_ 2. -1.2 2
— —%[(7 -r) + —;(Tz-rz)‘/z], (' <r<t)
T, Y r

aC1 _
—— BF-1IT y(zr 242,72

4un®p °

FC‘ X 2
+ — —%[(r SrE) TRl et p2ytoz 2
4un~p* r2

{(rz-rz)‘/z— ﬂ(r'z-rz)‘/z}] r<t’
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0 r>T
! -
FC
w = 1 _,.(._z-[('rz--rz)—‘/z + 2—;(1‘2-1‘2)1/2], (1’ <r<1)
T @3 o2 .
al -
: (n‘-i)Toz(r"—r‘) z
sur* 3
FC
R 1 53[(Tz_rz) 102 52 2y802 g;
aun®p® r r

{(1’2-1*3)‘/2- ﬂ('r'z-rz )‘/z}] r<t’

In these formulae 7 =Cit, r'=Czt=C‘t/ﬁ
So, the components of displacement vector are known completely.
Differentiating Ups Vo and L and substituting these wvalues |in

expanded and simplified form of (12) we obtain the resultant of

principal stresses as

2. 2 2 2 2 2

(4~ ) - -y - -

———QL-E—E—[(ax)T+(oy)r+(az)7] =[x(12-rz) asz_x 7y °2 x{(rz-rz) 1/z+
r

<n’—1)Fc‘ s

s 2 2 .4.2 - -
= (x¥-r®)yY } - f% (y2+zz){(rz~r2) trz o, 2; (rz-rz)"’} + X (2417,
r 4+
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(fz—rz)f/z* g§(2~r-z)(13-rz)—‘/z], T’ <r<T
r
= 0, r>r
2
Toa(ﬁ - 2 2. -2 rz 2 2. -8 2 2. . -B/2 2xs 2 2. 4i-2
= T - 4 —(T! " - + - + — -
————Fﬁ———— [Str r) 7y (T r) ] x (1 r = (T r)

2 2. -1-2 x* -y% - 2% 2_2.-w-2 2__2, "2 2 xZ-y%-2®
- 3T -r) + ———ZZ*— x{ 230" " -7 ) ~ (" -r") + __nlz___
r r

Ax{(rz~rz)‘/z _ B(T,z_rz)x/z} + 2: (2 -p2y372_ 26(T,z_rz)1/z

2_2 2
s X ya z Gx{Zﬂ(r'z-rz)‘/z— (Tz_rz)tzz}’ e <z (37)
r

4n - _ 2_2_ .2 - )
/£ (Txy)t=2yx2r 2 f2_p2,7972_ X -~y -z vd (122,102, §_(72_rz)1/2
yFC‘ r® r?
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(r5 -r , T’ <r<t
= 0, r>r
2T a(3®-1)
= 2 - x(r7%-,2,78, ZL{zxz(rz—rz) 8s2 ﬂG(yz+zz-xz)(r'z~rz)_9/2}
Fp3 2
xZ - z—zz 2_ 2 1,2 2_ 2 . 1/2 2 2_2 1.2 2_ 2. 1.2
- ~—~Z;~— By (* T -2")* 2 Log (0 2,2, + : (5 -r%)*72 _opipr2_,2,
r r

2 z2 , 2
+ - - —
+ 26 3x Zy{(rz—rz)‘/z-ﬁ(r'z-rz)‘/z}+ N (Tz_rz) ‘/2+ﬁ(1'2—r2) 4/2}

n<y2+zz~2xz)(r'z-rz>"”}, r<T’ (38)
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2 2 _ _ -
42 3 (r ) = 2yxzr (z2-p2)7872 _ ﬁ;(rz-rz) trz §_(Tz_rz)¢/z}
yzFC‘ yz = r r

T’ <r<dr

= 0, r>y

2T a(p®-1)
= ° : (r'2.p2y79, 2x:z (t2-p2,7 872 B(T,z_rz)-a/z} _ 16x:z x

r r

{(Tz_rz)azz_ B(T,z_rz)txz} _ erz{(rz_rz)-tzz_ B(T,z_rz)—z/z} r<re

r
(39)
2 2 2
4 o2 _ 2
3 (sz L= - X yd z ., (r2-p2)"8r2 §_(Tz_rz)t/z _ 2x" z x
zFC r r? r*
2_ =2 - - -
3(r®-p* )Ttz ﬁ?(rz-rz)1/2} + 2 (Tz-rz) oz, 3-(1-r z)(rz-rz)‘/z
r r? 2
J r
2_2 -3,2
2x (7" -p%) } T'<r<y
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r>7
= 0,

[1]

2

-1) - -8/2

2T°a(ﬁ (' 2-p2)7%, zz 2x2 (v2-1%) "’+ﬁ<y’+zz-x2)(r‘2-rz) i
F73 r

2 g2 -2 2 2. 4.2 ,2 2.1/2
X yo z Sz{(rz—rz)‘/z-2ﬂ(r'2-rz)1/2} -2z (5 -r" ) -2’ " -r ) }
r

z2, 2% -3 - z2_ 2. ~1/2
+22X___~_r_£_;__$_3_§__{(72_’z)s/z_ﬂ(T,z_rz)zxz}+ 2 | (c2-¢2) ‘/I+B(T' -r%) }

2
r r

2_2_.2 - [ -
X yo z z{(rz-rz) 1/2_26(7,2_rz) 4/2} _ 25 352 (¢2-p%) 742
r

T

ﬁ(yz+zz-2xz)(r'z-rz)-‘/:}, r<t’ (40)

From the analysis of the above expressions it is clear that the
disturbance 1s propagated outwards from the centre with velocities
C‘ and C2 = Cilﬂ. These waves are known in seismology as the P-wave
and S-waves respectively. The wave fronts are circleg, centre the
origin and radil 1=C£t, T'=C2t. At the wave front the components of

Sstress and of displacement have tfinite discontinuities. This {s of
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course, an impossible situation to arise in a perfectly elastic
solid; it 1s due to the representation of the impulsive applied .

force by the idealized Dirac Delta function.

3. NuMeEricAL RESULTS

The fig.4 shows the displacement q in the r- direction at the point
with polar coordinates produced by an impulsive heat nucleus and
body force applied at the origin at time t=0 in an infinite elastic
solid of Polission’s ratio .26 ( i.e. A=u). the solid curve
corresponds to 9=0°, the dotted curve to ©=45° and the broken curve
to ©=80°. In the tigure, variation of displacement components is
shown, The interesting fact s that the direction in which the
temperature distribution and body force are acting the wave front of
P- wave is an infinite discontinuity, but not so the wave front of
S-wave, which in a direction perpendicular to this, the wave front
of S-wave ig8 an infinite discontinuity, but not the wave front of P-

wave. In direction in between to these both wave frontg are

infinite discontinuities, This fact may explain some the

discrepancies existing in the interpretation of geophysical

observations, since in the firat case, the arrival of S- wave and in

the second that of the P- wave would not be apparent.
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CHAPTER - IV

STRFSSES DUE TO HEAT EXPOSURF ON THE BOUNDING SURFACE OF

Paper r

Paper = :

Paper 3 :

Paper 4

ELASTIC SEMI-SPACE

Axisymmetric stress distribution in a semi-infinite
elastic solid with constant heat flow over an
elliptic area on the plane boundary.

(PUBLISHED IN IND J. THEO. PHY., 4Q(1), 1992

——

Three dimensional thermal stresses due to periodic
supply of heat on the straight edges of a
semi-infinite thick plate.

(PUBLISHED IN IND J. THEO. PHY., 41(4), 100%)

Thermal stresses due to prescribed flux of heat on

the surface of a thick plate.

: Thermal stresses due to prescribed flux of heat on

the boundary of a semi-infinite elastic solid.
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AxisyMMETRIC STREss DisTRiIBUTION IN A SEMi-iNFINITE ELasTic SoLip

WiTH CONSTANT HEAT-FLOW OVER AN ELLWPTIC AREA

On THeE PLanE BounNDARY

Published Jnd. % Heo. P«Lz-fs. VOQ.A}O,No.i, jaaz



138

1INTRODUCTION

In this paper,axisymmetric thermal stresses in a semi-infinite
elastic solid have been obtained when there is a constant supply of
heat over an elliptic area on the bounding plane surface, the rest
being kept at a constant temperature. Temperature and the potential
of the thermo-elastic displacement are obtained in terms of Matheiu
functions employing the curvilinear coordinates due to C.B.Ling

443,

2. MetHoo OfF SoLuTioN

Let wus introduce elliptical coordinates (f,n) connected with

cartesian coordinates in the form

x+iy = h cosh(f+in) (1)

where 05 5 =<2n, and 2h is the distance between the foci. Let the
bounding surface of the gemi-infinite elastic solid be given by z=0,
the axis of z being drawn into the body. The temperature field in

the steady state is given by the differential equation (3]

vV'T =0 (2)



and the boundary conditicns are

-« 2 -q, g« , z=0

oz

T =0, &%, 2=0

T =0 at infinity

where K = thermal conductivity
Q = rate of flow of heat per unit area.

Equations (2) and (4) are satisfied, {f we take [10)

0 “nz
T = § ®nCe Z,q) Ce (n,q) e

where ¢ is a constant to be determined

from
zn

conditions (3) and

® (zn)
c «&,q) = L A cosh(2rZ)
?zn r=0 2r
0 (zn)
Cc (n,q) = L A cos(2rn)
ezn r=0 2r

are Mathieu functions of Integral order (21,

obtainable from Mathieu’s equation [10).

the
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(3

(4)

(5)

boundary

q being a constant
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On the plane 2=0, the following relations are to be satisfied

®

L nc ¢ £,q) C (n,q) = Q/K , Z<Z

n=0 *" ©qn O2n e

®

)X €, ne (€,q) Ce n,q) = 0 , t)fo (6)
n=0 2n 2n

Multiplying both sides of(6) by Ce (n,q) and integrating w.r.t. n
2n

from O to 2n and w.r.t. & from O to :o we obtain

where in general (101

(m) r m! r
A H (1) ———t, r 20, m>0
mé2r r!(m+r)!

and t is a function of gq.

Therefore, czn = 2QMn /K

where

n (7
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The temperature T i8 ,therefore, given by

“nz

g,q) C in,q) e
n=0 ezn ®2n

(8)

w
T = g% h Mnc

To determine the stresses, the potential of thermo-elastic

digplacement yw will be wused. This related to the displacement

components u,v,w by the equations

EZ = u, QZ = v, 2! = W (9)
N ay az

From the stress-strain relation in problems of thermal stresses and

the equation of equilibrium [17] we have

@ v = pT
2 , & “nz
=g fLMec, T C (g e (10)
e e
n=0 an zn
1+ -
= Poission’s ratio, a is the coefficient of

where 3 = is & ¥

linear thermal expansion.

A particular integral of equation (10) is given by

@ Nz

z -
" =_.__..°1K’ n‘Mnce £,9) C_ (n,q) e (11)
- e

n=0 zZn r 31
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N —~ TN -\
Now the stress components (I¥ )__', (nn)_r, (zz)T, ((z)_r are calculated

as
(E;' )1- -2 L4 @ -1
% = 2(h(cosh(2¥)~cos(2n)]1 g%— En™M [sinhZ{c‘ Z,q)C (n,q)
n=0 n ®n ®2n
Mz oo @ “nz
-sin(2n)lc <Z,q) C (n,q)]e - Y Mec Z,q) C (n,qle +
e e n e e
2n 2n n=0 2n 2n
2 - 8%
+2[h* (cosh(2¢)-cos(2n))1 * 2 ¥ |
.4
—
(i) -2Q32 o] -
50 =2lh(cosh(2¥)-cos(2n)) 1 T rn Mn[sin 2y Cq (t,q)C'e (n,q)
n=0 2n z2n
Inh(22) . -nz 203 © ~nz
-8in c’ yq) C (n,q)]e - % E M c (¢,q9)C n,qle +
ezn ezn n=0 n ezn , ezn ,
1 o‘y

+20h* (cosh(2f)-cos(2n)) ]~
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(;})T 2073 @® ‘ - ( : -nz
—T— T e —-R—- nM_c &,q Nyqg’e '

H n=0 " %2n €2n
(E\) o

z

T _ I‘ P 2 -1 - , G ( )
—o - cosh 2f -cow 2 L n M (nz 1){91nh(2{)c F,q N,9
E% n=0 n €2n ®2n

-nz
- sin(2n)ce ¢,q) C; (n,q)] e (13)
2n 2n

(E;)T and ({E)T do not appear due to symmetry. Here prime stands for

differentiation w.r.t. £ and 7.

Pamn
It is observed that the normal stress (zz)T vanishes for z=0. The
stress (E;)T, however, does not vanish. In order to suppress it, the

stress system (Ct)c, (;;)c, (E;)c, ({z)C obtained on the hypothesis

that there is no temperature distribution is to be superposed.

3. COMPLIMENTARY STRESSES

In order to determine the complimentary stresses we use Love's

function ¢ satisfying the biharmonic equation (9]

e =0 (14)

with the boundary conditions



l(z:)cl 220 ° 0
—~ ~~
@z, + X2 | .0 =0

and ¢ = 0 at infinity.

Let us agsume the function ¢ in the form

@ “nz
¢ = T (C+Dnz.)ce Z,q) Ce (n,q) e
n=0 a2n 2n

where C and D are functions of n.

The complimentary stresses are given by (161

Ty 2u 9 2 -1
c 1-20 3z 1 LZ

- 2u 8 2 -1

(nn)c = m —— [vv ¢ -— hz enn]
az

- _ 2u @ _ 2

(zz)c = 1oep — [(2 vV ¢ — ezz]
az

.o . 2u Q9 2

(zZ)C = -1—72—1; ;; [(1"1))9 ¢ - ezz]
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(15)

(16)

(17



148

where N = h: = 20h%(cosh(2Z)-cos(2n))>) * hy = 1.

'

Using (16) in (17), we have

GO,

I 1-2»1

“nz

Q
T 2vn‘Dce €,a)C, (m,a)e —2Ch(cosh(2f )-cos(2n)))
n=0 2n sn

®
r n(D-C-Dnz)[-sinh 2 c; ({,q)Ce (nyq)+sin 2n o &,q)C (n,q)]

= e
n=0 2n 2n 2n 2n

-NZz 2
xe  -2(h%(cosh(2Z)-cos(zp1 ™t 222 } ,

2z ot
~
(nn)c 1 © s -nz
—3~ * =35 L »n'De, &,q)C, (m,qe -2Lh(cosh(2Z )-cos(2n)]1 2
n=0 zn zn
o]
P n(D-C-Dnz)[sinh 2¥ ¢’ £,q)C n,q)- 8in 2n ¢
n=0 ] e

&,c. o q>]
an a2n ezn ezn ’

-nz 2
xe —2[h2(cosh(25)~cos(2n)] + 9 g—% ,
4z I
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(z2) 1 © -nz
S = £ n [D-2vD+C+Dnz]ce (t,q)Ce (n,qle
2u 1-2v n=0 ' - 2n 2n
Ve
&2z _ @
"’T&E = [(1-20)h1 " f;(cosh"zz—cos’:en)ngon’<2vD—c-Dnz>[s1nhczg) x
-nz
¢’ (¢F,q)C n,q9) - sin(2nc &,q) C (n,q)] e (18)
e e e e
2n 2n 2n 2n
In view of the first boundary condition
C = - D(1-2w) (19
The second boundary conditions gives
MnBQ(1—2v)
D = (20)

Kn3

With these values of C and D, the components of complimentary
stresses are known.

Therefore, the resultant principal stresses are given by
P e T . e N
({t)-({:)7+(EZ)c

-~ FanS —
(nn)=(nn)14(nn)c (21)
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s 0]
Fz) = ﬁﬁggiﬁlil T MJc  (Z,q)C. (n,q)-2[nh(cosh(2)-cos(27))] *x
n=0 | %n “ %n

[sinh(2{)c‘ (t,q)ce n,q) - sin(2n)ce ({,q)C; (n,q) - (cosh(2¢)~
€2n 2n 2n 2n

nZh? -nz
cos(2n))[1- _E"-°°Sh(zz)}°e (c,q)ce (n.q)] e ,
_ 2n z2n
— _ @
(nn) = m—ggiz—il T Mn Ce (E.q)Ce (n,q)+2[nh(cosh(2f)-cos(2n)]-2x
n=0 2n 2n

[sinh(2{)c; (t.q)Ce (n,q)-sin(Zn)ce &,q)C, (n,q)-(cosh(2)-
2n 2n z2n “2n

2.2 -nz
cos(2n))[1- n2h cosh(2n)]ce (f,q)Ce (n,q)]}e

2n 2n
(22)
On the plane z = 0, we have from (22)
.. auQaw-1) 2
[({t)+(nn))z=o = —F EM ¢ (£,q) C (n,q) (23)
n e e
n=0 2n 2n
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P /\)] -
{EZ)-(mym 2=0

w 2.2
= __Tapmfi:ﬁ[cosh(ﬂ)-cos(mn-‘ T n M [2— n h (cosh(2n)¢cos(2n))]x
n=0 n

c Z,q)C (n,q)-(cosh(2§)—cos(2n))-‘[sinh(22)c; ({,q)Ce n,q)-
®2n €2n 2n 2n

sin(21;)ce &Z,q) C‘e (n,q)] (24)
2n 2n

So the stresses are determined and the problem ig solved.
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THREE DiMemsioNAL THERMAL STREsses DUE To periopic SuppLy OF HEAT ON

THE STRAIGHT EDGEs OF A Semi InFwnuTE THick PLATE

Publiohed Ind. Y. Zheo. PJ«v;/s. vol. 41, No- 4, 1993,
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1INTRODUCTION

This is & thermoelastic boundary value problem of three dimensions
when these thermal] stresses .are produced in a body by unequal
distribution of temperature which may be regarded as a specified
function of coordinates and time. In this paper stresses due to
periodic supply of heat produced by the blow of a jet flame on the
straight edges of a semi-infinite 1isotropic elastic thick plate

distributed over a finite portion of it, have been considered.

2.SOLUTION
1. If T denotes the temperature at the point (x,y,2) and «, the
coefficient of linear thermal expansion, we have the three

dimensional equation of heat conduction as [3)

aT
—=kvj'r (1.1)
at

where
2 2 2

We have the foliowing stress-strain relation in three dimensional

problems of thermal! stresses [13]



g -aT = E-‘-[ ax-v(ay+ oz)]

sy-aT = E* Ewy—v(ax+ az)]

€ -aT = E " Eaz-v(ay+ ax)]
_ 2(1+p) L 2(1+)

?’xy" —E Txy ’ ?’yz" —F Tyz y 7

Solving for the stresses

E
2% T
o = B
y 1+p
o = —E_
z 1+

where e= & + € + &
X Yy

Hence from the equations

Xz

of equilibrium

we find

c + Ev o~ EaT
x (1-2v)(1+v) 1-2v

e + Ev - EaT
y (1-20)(1+p) 1-2v

e + Ew - EaT
z (1=-20)(1+p) 1-2v
E .1 E
7w Yyz ' Txz 2 1Tww 7

2(1+v)
T E T
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(1.2)

(1.3)
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2—(0 )+g—(rx )+g—(1xz) = 0
ax ay y az
2z 148 (o 142z g =0
ax ay y az y
2 (v »+%(x z>+2—<az) = 0 (1.4)
ax *%* ay Y% o2z
We get when expressed in terms of displacements
22 +(1-2)F*u =2(1h)a aT
ax Ix
L] +(1-20)%y =2(1w)a oT
ay ay
22 4(1-20FPw =2(1+ra 2T (1.5)
dz 1 dz
Assuming that [17]
u=® &, (1.6)
dx ay az

where y is8 a

(1.5) reduces

function of x,y,z and also of time t, the relation

to



153

(1-0)2 Py =(1ara &
ax ax

(1-0)2- Py =(1a)a aT
dy ay

(1-0 2 Py =(1rra T (1.7
2z * az

These three equations are evidently satisfied 1if we take the

function yw as a solution of the equations ([(17]
1+

Differentiating equations (1.8) with respect to t and substituting

for 3T/dt from relation (1.1) we get

V: = ilg ok V:T

t-v

~e

We may therefore take

dy _ 1+

< T @ KT (1.9

2.Congidering a semi infinite thick plate bounded by the plane with

edges y=0,z=0, the axes of y and z being into the plate we can write

the solution of (i1.1) as
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~a (y+2)
T = fn Almde ™ cos(pt—ﬂﬁy) cos(pt-ﬂmz) cos(mx) dm (2. 1)
o

where

(2.2)

and A( m) being an arbitrary function of m. From equation (1.9) the

function y corresponding to this temperature becomes

1+ akK —am(y+z)
T vl A(m) e sin [2pt-3 (y+2)]) cos(mx) dm (2.3)
-V 4p 0 m

[ors
<

The relation (2.3) represents a particular solution of the general

equation (1.5). The corresponding displacements and stresses can now

be calculated from relations (1.3) and (1.6)

~a_(y+z)
1+p ak “m
u = — v ap f: mA(m)e sin[2pt—ﬁm(y+z)] sin(mx) dm



~-E
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+ K ~a_ (y+2)
10 o . [« sinl2pt-p, (y+2) 1433 cosl2pt-f (y+2)]]
xcog(mx) dm (2.4)
-a (y+z)
ak m 2 _ 2v z2_ 2 _
Zp oA(m)e [n“sinl2pt B, y+2) 1+ T (B o V)sinl2pt-3

%" T-%

x(y+2)1-

b §
Zamﬁmcos[2pt-ﬁm(y+z)J}+4pK cos(pt-3_y)cos(pt Bmz)]cos(mx)dm

-E ak -am(y+z) 2 2
(TS 7P f:A(m)e [{(Bm— am)sin[2pt - Bm(y+z)]

2
-quﬂmcos(2pt-ﬁm(y+z)]} + vm sin[2pt-ﬂm(y+z)]+

+ 4p(1-v)K~‘cos (pt-ﬁmy) cos(pt-ﬁmz)]cos(mx) dm

E oK g ytrz)
T =T % e [mmA(m)e [{a sinl2pt-3_(y+2)]
o m m
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+ﬂmcos[2pt—ﬁm(y+z)]}sin(mx) dm

E oK -am(y+z) 2 2
Z o e ( - ) (2pt- (y+2)1]-
Tyz =0 4Pf:A(m)e [{ o Bm sinl2p Bm y

+2amﬁmcos[2pt~ﬁm(y+z)]}cos(mx)dm (2.5)

The stresses obtained in relations (2.5) are produced by the thermal

expansion. This expansion gives rise to certain stresses on the

boundary of the plate. We shall therefore make the boundary free

from stresses by the addition of the extra terms obtained on the

hypothesis that there is no temperature distribution. In order to

nullify the stresses on the boundary yz=0 we are to superimpose a

complementary stress -system (ax N4 1, 0T ' T s T ) such that

X 4
1 y1 1 yl y 1 z x1

(¢ ) = =(o ) , (_) = -(0_) , (T ) = =(7
z z X

zx 2x (2.6)

Congidering the stress function

-m(y+2z)
¥ =J® [@(m)+yD(m)+zE(m)]e cos(mx) dm (2.7)
0



which satisfies the biharmonic equation, C(m),D(m)

arbitrary functions of m, we have stresses (8]
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and E(m) being

= oz ¥ T = : 1’4 T = az ¥
= - , = - , = -
xy‘ axady y21 dydz th Ixdz
So we get the complementary stresses as
2 “m(y+2z)
o irn 2m [C(m)+yD(m)+zE(m)]—2m[D(m)+E(m)] e cos(mx) dm
xl 0
~m(y+2z)
o = —Jw 2mE(m)e cos(mx) dm
Vs 0
~m(y+2)
o_ = ifn 2mD(m)e cos{mx) dm
-4
1 0
2 -m(y+2z)
Ty = " m [C(m)*yD(m)+zE(m)]~mD(m) e sin(mx) dm
yt 0

-m(y+2z)

Tyz1= -J: {mz[C(m)+yD<m)+zE(m)]-m[D(m)+E(m)]}e

cos(mx) dm
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-m(y+z)
T = -Jm {m’[C(m)+yD(m)+zE(m)J-mE(m) @ sin(mx) dm
zx, 6

Using relations (2.5),(2.6) and (2.8) and solving we get

- ~EakK 2_ 2 2 _
D(m) = E(m) = T (1-5)8pnm A(m){(ﬁm am+vm Ysin(2pt) Zamﬁmcos(2pt)+

+ iig 4p coszpt }
2 2 2
(3 -a_ _+vm ) amp
- EakK _ m m m
Cim)= 7:——————2A(m){[mam A EVYY) ]sin(2pt)+[mﬁm+ TT:Q;T]COS(zpt)
-»)a4pm
- %%%éi%; cos® pt } (2.9)

With the value of this constants substituted from relation (2.8)

(r;; —a; swom’)
(I-Zom (mytmz-L)

g0
o, = J —Eokm A(m)[[amsin(2pt)+ﬁ cos(2pt) )
i 0 ((1-v)2p m

a

“m(y+2)
, m 4p(1-v) m
sin(2pt) + 1= v)m(my+mz-1)cos(2pt)— R%Tfig)coszpt}e cos{mx)dm
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= = EaK 2. %+ un?)sin(2pt)- 2a /3 cos(2pt)
°y, %z~ (1—2v)(1—v)4pf: A(“"{(‘?m apt vmisin(zp o’m P

- -m(y+2)
+4p(1-v)K ‘cosng}e cos(mx) dm

(3% -o wwn®)

_ - EokKm - m
Ty = Tzx = ‘fn-—-————— A(m)[amsin(Zpt)+ﬁmcos(2pt) 51505 m (y+2z)

1 1 Ol(1-v)4p

a - ~-m(y+2)
gsin(2pt)+ TTgZETm(y+z)cos(2pt)— %%ééﬁgz(y+z)cosng}e cos(mx)dm
2_2 2
, (3 -~o_ +vm )

Tyz = —Jm EoKA(m) [m(1—2v)[a sin(2pt)+3 cos(2pt)1- g

1 0 (1-p)(1-2u)4p m m

(my+mz~1)sin(2pt)+amﬁm(my+mz-1)cos(2pt)— % p(l-v)(my+mz+2)coszpt]x

-m(y+z)
e cos(mx)dm (2.10)
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Thus the resultant stress components are given by

2 2
Bz-a +tvm

(o0 ) = EoK mA(m){[(a_sin(2pt)+3 cos(2pt)]- n_T — (my+mz~-1)
X'R m m 2(1-2)m
(1-v)2p JO
=} - -m(y+2)
sin(2pt) + Tngg7m(my+mz-1)cos(2pt)— %%%é§E;coszp€}e cos(mx)dm

E ak ' 2 - 2 2 2
- T2 %p oA(m)[m sinl(2pt Bm(y+z)3] T {(ﬁm—am)sint2pt-ﬁm(y+z)J-

- (y+2z)
4 ot
2amﬂmcos£2pt-nm(y+z))} + Rgcos(pt-ﬁmy)cos(pt—ﬁmz)]e n cos(mx)dm

- - EaK 2 _ 2 2
(ay)n (az)u (T-B (T-07%p [[: A(m){(ﬂm-am+vm )sin(2pt)-2amﬁmcos(2pt)

~m(y+z)

-4 2 -am(y+z)
+4p(1-v)K "cos p{}e cos(mx)dm irnA(m)e [{(B;—a:+vmﬁ)x
6]

sinl2pt - ﬁm(y+z>]‘~ 2amﬁmcos[2pt - ﬁm(y+z)]} +4p(1-v)K~‘cos(pt—ﬁmy)
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ca-(pt~ﬂmz)]oo-(mx) dm]

EaK

- A (y+2)1}sin(mx)dm- mA(m) Ja_sin(2pt)+3 cos(2pt)-sin(2pt)
m (1-2)4pJ 0 m m

2 2 2
(ﬁm am+vm ) a 2p(1-1) m(y+2)

m 2
ST -opy —(Ytz) ¢ TT:§;T(y+z)cos(2pt) Ri1=55, (Y+z)cos p{}e

x gin(mx)dm

(r ) = _ aKE

A(m)[ ml1-2v)la_sin(2pt) + 3 _cos(2pt)) -
yz = (1-1) (1-20)4p f: m m

By~ 00 2
—" (my+mz-1)sin(2pt) + amﬁm(my+mz—1)cos(2pt)— Rp(i—v)(my+mz+2)

2 -m(y+2)
cos pt]e

- (y+2)
E aK ‘ “m 2 2
cogs(mx)dm + -i_—v —A—s o A(m)e {(am" ﬁm)51n[2pt -



ﬁm(y+z)] +2amﬂmcos[2pt-ﬂm(y+z)]}cos(mx)dm

3. Suppose on the plane surface yz=0 we have

T = P cos'pt | x| <a

= 0, [x]>a

From the relation (2.1) we have on the edges y=0, =0

-3
n

Jw Alm) coszpt cos(mx) dm
0

Hence

)
i

fm A(m) cos(mx) dm
(o]

Then by Fourier’'s cogsine transform

e
Alm) = 2P sint(ma)
tm

with this value of a(m) the complete

relation (2.11)

solution 1{s given
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(2.11)

by the
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THERMAL STRESSES DUe To PRESCRIBED FLUX OF Heat ON THE SURFAce OF

A Thick PLATE

Cow»mw'ni«Ca&oL for }szifcafiows .
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1. SoLution OF THE EQuATiONs OF THERMOELASTICITY

We shall consider the temperature and displacement fields 1In an
elastic plate of finite thickness but infinite radius which 1is
conducting heat. It will be assumed that there is symmetry about the
z- axis and any point of the solid may be expressed in terms of
cylindrical coordinates (r,e,2). For symmetrical deformation of the
solid, the displacement vector will have components (u,0,w) and the
only non-vanigshing components of the stress tensor will be rr, eeo,
zz and rz.

The temperature field is given by Laplace’s equation

= 0 (1)

in the steady state and in abgsence of thermal sources.
Stress components are obtained by using the potential of

thermo-elastic displacement y given by [17]

u = ;‘Y.' W = ﬂ (2)
dr az

From the stress strain relations in problems of thermal stresses and

the equations of equilibrium we have

a 3

Where T 1is the deviation of the absolute temperature from the
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temperature of the solid in a state of zero stress and strain, a,

being the coefficient of linear thermal expansion of the solid and »
is the Poigsion's ratio. -

A particular integral of the equation (3) is

J (ar) ) e ) }
w= grA > {z(l-—e 222y (1+e **%H) (1472 (1-0 20“")(1+e"°“’>’2}
Jo

xe2 (274 4, (4)

where A {s a function of a only and 2d is the thickness of the

plate.

From the relations (3) and (4) we obtain,

T = r A(1+e'2°‘z>(1+e'2°‘d)"J°<ar)e°“z'd) dox (5)
0

which satisfies equation (1).
The stress components and the displacements can now be written as,

— o’w 2002 -2ad ., -1 -2002 202 | -1
rz = 2G = -Gf3 A(l+e J(1+e ) l1taz(li-e Y(1+e )
0

ardz

-adu—e'“‘d)(1+e"°‘d)"}J (ar)e®* 2™ 4o
©
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2 - - - hat {234 —20.2 4%
zz = 2G[‘1—2”i - v’w] =Gﬁr Ax(1+e 2%%) (1407299 ‘{z(i-e )(1+e )
dz 0

- - - -d)
~-d(1-e zO"ﬂ)(:l.'re zcxd) ‘}Jc‘(ou‘)e‘m(z d dot

2 - - -, Ll - -
F?;zc;[i’;;’- ~ V’w] =Gﬁr A(1+e 2%%) (1497209, ‘[a{zu—e 2XZ) (147202
dr 0

J (ar)
-d(1-e72%%) (147229 ‘}{ = -J (ar)} -2J <ar>]e°“z 9 g
ar © o

$)
=]

N
(7]
" |-
Ry
'
<
N
<
i

—GﬁrA( 1+e 242y 1+e-—zad)-—a [a{z( 1-e292,
0

Iy lor alz-d)

+2J (ou')] e
(-]

(1+e"’°‘z)"‘~d<1-e"°'d)(1+e"°‘d>"} da (8)

| =

"
SR

n

i
iR

—rA(ue’“‘z)(1+e‘2°‘d>"‘{z<1—e'z°‘z>(1+e'z°‘z)"-d(1—e'2°‘d>
0

x(1+e-3ad)—"}.}‘ ar)e* (24 dau
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& - - - -
wed¥ - gj At (14687292 (147299, ‘{uazu—a'“‘z)(ua 2AZy7t 4 x
az

(1-9'2"“’)(1+e‘2°‘d>"}.1°(ar>e°“z'd’ dot (7)

The subscript T denotes that the stresses and displacements are due

to thermal expansions only, G being the modulus of elasticity in

shear.

We observe that the normal stresses ;;7 vanishes at z=td, the stress
;;; however does not vanish. To satisfy the boundary conditions on
the planes z=%*d we superimpose a complimentary stress system. The

components of stresses and displacements are expressed by means of

Love's function ¢ by the relations (7)

2
;;'—' ZGL[pvz¢-_o_£]

c 2
ar

5;;= 26 2— [vv‘¢ -rt 22 ]

1-2v 9z dr
N 2

22 = 26 2 [(2-v>v’¢ -2 ¢]
1-2v 22 az?

N 2

rz_= 26 2 [(1-v)v’¢ -3¢ ] (8)
1-2v ar 3zt
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u = 1. 2¢
¢ 1-2v 9rdz
1 e
w_ o= [2(1-v>v‘¢ - ——;] (9)
@ 1-2v 9z

v % =0 (10)

A solution of equation can be assumed in the form

¢ = é—r {B(1—e'2°‘z)+0az(1+e'z°‘z)} Jocar)e"‘z da (11)
0

where B and C are functions of a to be determined.

The components of complementary stresses and displacements are given
by

r C(1-2v)- B}(1+e e z)—Cazu—e"“z)]Jomr)e“z da

r {2Cv+8}(1 e %@ z)-Caz(1+e~zaz)]J‘(ar)eaz dex (12)
0

Now the boundary conditions to be satisfied are,
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zz =0, [rz+ rz = 0 (13)
[zzc:l z=%ad [ ¢ T]Z‘ﬂtd

Now the first relation of (13) wil)l be satisfied, it
B = c{1—2v—ad(1-e°z°‘d>(1+e'z°‘d>"} (14)

Again, In view of the second relation of (13), we have from (8) and

12)

c = $1-2v) e-adA (15)
-zad)

aa(l*-e

Consequently, the remaining stresses and displacements are given by

F?;Gﬂr A(1+e72%2) (147200 [{2+az( 1-e72%%) (1+e72%%) T 4a(1-072%9)
0

_ - J (ar) J (ar)
x(1+e zad) ‘}{J (ar)— : } +2v £ ]ea(z d) da
[ ar ar

8)

c=Gﬂr All+e 232 (14720001 [{2+az( 1-e 2%%) (14295 La(1- 24,
)

J (ar)
- d - -
x(1+g 200, ‘—z;}-Lm_ + 2vJ°(ar>]e°“z D (16)
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c
Li

- - - - - —2a2Z - —zad
grm t (140 29%) (1497229, ‘{2+az(1—e 20Z) (1e@ 2NZ) Tt _yd(1-e )
0

x(1+e—2ad)-‘-ZV}J1(ar)ea(z-d) do

€
i}

%rm" (1+e 292, (1+e”°‘d>“{1—az(1—e"°‘z> (1+e 222y . hd(1-e 229,
0

x(1+e'2°“’>"—z»}Jomr)e"“z'd’ dov (17)

Applying (7) and (17) we have the final displacements given by,

c
"

ﬁ(l-v)rﬁa—‘(l're—zaz)(1+e_zad)—‘J‘(ar)ea(z—d) dox
0

£
W

mi-v)rm"u—e’mz)<1+e"°‘d)“.1°(ar)e°‘(z'd’ dox (18a)
0

Algso applying (8) and (16) we have finally,

~~ - - - J (ar)
rr = -2GB(1-v)JmA(1+e 202y (14 20dy 1 1 _ g2tzmd)
0 o
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J (ar)
- ~20d, -1} "4 a(z-d)
(> =2G{?(1-v)IOA(1+e 2AZ) (14072 ‘{ — - Jo(ar)}e da  (18b)

Hence we have,

- - - -d)
Tr+ee = —zsﬁu—wrmue 202 (4 ,7200d, ‘Jo(ane"‘(z d) 4
0

-z2ad | - J‘(ar) a(z~-d)
rr-00 =2GB(1-v)rA(1+e 2AZy (e 2Ty J_tar)— 22— }e dex
0

(19)

2. TEMPERATURE DISTRIBUTION

We shall suppose that on the free surface z=d, there is a flux of
heat within a circular region, the rest of the surface being free of

any flux of heat. So the Boundary conditiong are, on the plane z=d,

T
az

f(r/a), for O<r<a

for r>a (20)

]
o

Now from (5),
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- - - (z-d)
T = Jm A(L+e 29%) (1497200, ‘Jotame"‘ z dot
0
Therefore
2T . r Aau-e'z“z)(1+e'2°'d)"J°<ar)e°“z'd’ da
az 0

Now we consider dimensionless coordinates p,n,{ the new variable of

integration being 7n, detined by the trangformations
aA(a) = ay(aa), mn=aa, p=r/a, (=z/a (21)

Under these transformations , we have,

oT _ r x(n)(l_e-zn()(1+e~znd/a)-sJ°(pn)en((-d/a) dn
az 0

So that on the surface z=d, we have

r xcm<1-e”*’d’°><1+e"’7d’a)"J°(pn> dn = tip), 0sp<i
0

= 0, P>
Hence by Hankel's inversion theorem [14]
-1 -2nd/a -2nd/a, -1 1
n xn)ii-e J(1+e ) = J pf(p)Jo(pn) do (22)
0

Under the same set of transformations, we have on z=d,
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)
u = reu—wa’r &‘-2- J, (en)dn
0 n

w = ﬂ(i—v)azr Z‘-%’-’- (1-e72M9/3) (14672193, 75 (o) dn
0O n

Tr + 60 = -2Gﬁ(1-v)ar x5 (opran
o " =°

Pamnd N

rr - 68 =

J (on)
- XM ¥ (omy— 21 d (23)
2GR (1 v)af: o { o len P )

Let us assume that f(p)=k. Then from (22), we have

1
0ty (1-eNd/2, () 2nd/a, kJ pl_ten) dp = k3
0

Hence

x(y) = kJ‘(mu-e""d/a)(1+e"“d/a) o (24)

This value of x(7n) substituted in the relations for stresses and

displacements gives the complete solution.

We find the value of [ Tr +6é]z=d with this expression for y(n) as
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[ Tr +88) 4 = —2Gn<1-v>akrn"(1—e“’"d’a)(1+e"""”)".1 () J (en)dn
z=d 0 Fy c

Writing,
_ - _ o =-2pnd/a
(1-e Ma3/3,y (14e MaA/8, "4 o 440 L e , we obtain
p=1

—~ o~ - ® -z2pnd/a
[ rr +ee]z=d =6En [1+2;_:e ]J‘(n)Jotpn’dn=6l‘+26lz
p=1
(25)
where
11
11 = ng[;’" ;,1;pz], for p<1
= 2/n, for p=1
- 1 1 -
= (20) ‘2 ‘[-;, S12ip ’), for p>1 (26a)
: =g ;’: (-1)%(2¢) 127 (28%1) 2pd/a (260)
2 p=1 5=0 s!(s+1)1(p2+ap*a®/a® 287472 28} (240242 /02)

and &6 = -2Gf3(1-v)ak

(28c¢c)
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3. ParasotrowbAaL DisTRIBUTION OF TEMPERATURE

We consider a paraboloidal distribution of temperature over a
circular region of exposure 0sSr<a while the rest of the surface |s

kept at zero temperature. We have therefore on the surface 2z2=d,

-3
"

’rou—r’/a’), for O<r<a

o, for r>a (27)

By Fourier-Bessel Representation on the surface z=d

T = raJ (otr)dar'l‘ u(1-u2/3%)J (au)du
o Q o [=] o

- -4
2'I'°J(:oc Jz(aa)Jo(ou‘)dcx (28)

Again, from (5), we have on z=d,

T = JakJ {ar)da (29)
o ©

Comparing (28) with (29), we get,
Ata) = 2T o *J_ (aa)
o 2

Writing in the dimensionliess form, we get
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- -3
xm) = 2T°a Jz(n)
Subsgtituting in (23), we get

N

-1
[ cr ¢ 9 ]z=d = —AGﬂ(l-v)Tof:n J,(n)J_(enddn

and

- e _ =1
[ rr -~ o0 ]Z=d = AGﬂ(l-v)Tqr: ) {Jz(n)Jo(pn) 2(np) Jz(n)J‘(pn)}dn

(31)
Thus we get finally,
F(1,-1/2,1;p%) <1
2 1 ’ ’ ’p 1] p
T~ N
[ rr + o0 ]z=d = -263(1-v)T_{ 0, o=1 (32)
0 [ p)l
F (1,-1/2,1;0%)— F (1,-1,2;0%) <1
274 ’ y 130 ~2"4 ’ y &3P ’ =4
P T~
[ Tr - oo ]z=d = 263(1-»)T_{ -1/2, p=1
-(20%)7t p>1

(33)
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4. NUMERICAL REsSULTS

SN

The variation of - {[ rr + ea,]zad}/ZG(?(i—v)T° tor different values

of p within the circle ps1 is given in the following table

P - { r + o0 ]zzd}/zmu—v)'ro
0.0 1.0000
0.2 0.9798
0.4 0.9185
0.8 0.8000
0.8 0.6002
1.0 0.0000

5. CoNnCcLUSION

Thus, we note that the value of — {[/r? + o8 1, d}/ZGﬂ(i—v)T isg
. = o

maximum at the origin, diminishes slowly at the initial stage, but
rapidly near the edge of the circle of exposure and zero value at

the edge of the exposure and outside it.
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THeERMAL STRESsEs DUE To PrescriBED FLux OF HEAT ON THE BounDARY OF

A Sem~INFINITE ELASTIC Souip

CO’rnmwwiCafo_pL for j:wbl,éCa-Em .
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1 MeTHoD OF SOLUTION

Let the bouncary surface of the semi-infinite isotropic elastic

solid be given by z=0, the axis of z being drawn into the body.The

temperature field in the steady state is given by Laplace’s equation
v T=0 (1)

To determine the stiresses , the potential of thermo-elastic
displacement yw will be used. This is related to the displacement

components u,0,w by the equation, if axially symmetrical coordinates

be assumed [17],

L ow o= ¥ (2)
dz

In this problem of axially symmetrical temperature field, the
nonvanigsing components of displacements are u and w and since we are
considering axially symmetrical coordinates the general values of

u,w are not taken.

From the stress strain relations in problems of thermal stresses and

the equations of equilibrium we have (17}
2
Ve = f3T; 3

where f = it t a (4)




a4
1
and v is the

A particular

fs

[N~

Substituting in (3),

T

[la

where Ala) 1§

being the coefficient of

A (Ot ) s

A(a)t

180

linear therma! expansion of the solid

Poission’s ratio.

integral of the equation (3) is

(8)

s sinhmz-tanhzaz coshaz}lJ (ar)da
tanhaz °

we get,

1

anhaz (6)

{sinhaz-tanhzaz coshaz}Jo(ar)da

s & function of a only to be determined.

The stress components [17] can now be written as,

—

rz = 2 9

2
G-¥
ardz

rr

2
= 262 ¥
. ZG[

Orz

= - - 1 _ 2
GﬁJ:aA(a)(i a;)m {sinhaz tanh oz coshaz}J‘ (ar)da

1
tanhaz

-Vzw]=zGﬁ azA(a)

{sinhaz-tanhzaz coshaz}Jo(ar)da
0

N 2 _ 1
v’w] = GBJ:[ I, (arr+(2 az)J (ar)]aA(a)m {sinhaz-

-tanhzaz coshaz}da
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N 1 2 ’ _ z 1 _
e, = ZG(; 3% -V w]= G?r:[ 2J°(ar) ?J‘(ar)]aA(a)T;FF;E {sinhaz

-tanhzaz coshaz}da (7)

The subscript T denotes that the stresses are due to thermal

expansion only, G being the modulus of elasticity in shear.

We observe that the normal stresses ;;T vanighes at z=0, the stress

?;; however does not vanish. In order to suppress it the stress

system (?}C,SBE,EEC,FE;> obtained on the hypothegis that there is no

temperature distribution is to be superposed.

2. COMPLEMENTARY STRESSES

In order to determine the complementary stresses we use Love's

function satisfying biharmonic equation

v 4 =0,
with the boundary conditions
N N\
[zz.] =0, [fz + Tz =0 (8)

z=0 c T z=0
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and ¢=0 at infinity.

Let us assume the function ¢ in the form,

1 | _ 2
¢ = I:[B+CQZ)TEFFZE {sinhaz tanh  az coshaz}Jo(ar)da (9)

where B and C are functions of ca.

The complementary stresses are then glven by ([17)

2
Tr 2 2 [urty - L2 ]
1-2v 8z Ar

53;= 26 9 [uv’¢ -r?t %¢ ]
1-2v oz ar

— 2

zz = 26 2 [(2—v)v‘¢ -2¢ ]
1-2v 2z az’

' 2
Tz = 26 2 [(1—v>v‘¢ -9¢ ] (10)

¢ 1-20 ar az*
In view of the first condition ot (8), we have from (10)

B=-C(1-2v) (11)

Then trom (9)-(11), we get
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—_ 2Gz
2z
1-2v

< 1 _ 2
f:ca Tanfaz {ginha? tanh az coshaz} J_ (ar)da

—~ 2G ot Jeinraz-tant? -az)d_(ar)
rzc T e e— rDGm Tantoz sinhaz-tanh"az coshaz}(l oz Jo ar)da
1-2v 40
e = -2 | [27 (ar— (-24az)] (ar)/ar]Ce” sinhoz
a °© 1 tanhaz
1-20J0
-tanhzaz coshaz}da
| ??‘ = _EE_ [(Zﬂaz)J (ar)-(2»-2+az)J (ar)/ar]Ca’ ——l——— sinhoz
c °o 1 tanhaz
1-2030
-tanhzaz coshmz}da (12)
The second boundary condition (8) gives
C = - B2 (13)

20‘2

We have therefore the stresses ?;, 63. ;2 etec. given by
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do

J (ar)
— Ny ol (x) ] 2
= - - hotz
rr rrc+rrr= 2GR o(l v’tan 3 {sinhaz tanh"az cos } =T
— N - _ alA(a) - 2 _
o0 = 00_+ o6 = 2Gﬁ|o(1~v)tan = {sinhaz tanh“az cosha%}[Jo(ar)

J‘(ar)
.___.___..] da
ar

We write the solution in a dimensionless form on putting

aAla) = ay(aa), n=aa, p=r/a, {=z/a

where a is some length and » a new variable of integration. Ve

that the solution may be written in the form

Q0
= - . -tanh?
T jo x(n)tanhn( {sinhn( tanh™n{ coshn(}Jc(pn)dn

Correspondingly, we get,

J (on)
_ 1 2 1
rr = 2GR(1-v) N)e—————— ¢ 8in ~tanh cos ——
on REE Ty v { m{ ng hnC} oo W

o

(14)

(15)

find

(16)

J (om)
= 2GG(1-v)I:x(n)?E%REZ {sinhn(-tanh'n( coshn(}[Jo(pn)— -1————Jdn
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3. PrescriBED FLux OF HEAT ON THE BOUNDARY

We shall suppose that on theffree surface 2=0, there is a flux of
heat within a circular region, the rest of the surface being free of

any flux of heat. So the boundary conditions are, on the surface

z=0,

9T . t(r/a), for Osr<a

az

= 0, for r>a (17)

Now from (i6),

aT -

2! - ra ‘nx(m.xo(pm dv (13)

az (o]

Hence by Hankel's inversion theorem [14)

1

x(n) = a"‘l pt(P)J_(om) dp (19)

0

Then we have from the relation (14)

~~ Lamny 1
rr+ee = 2q6(1—v)[: x(n)TEFFET {sinhn(~tanh2nC coshnc} Jo(pn)dn
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J (om)
—~~ o~ 1 2 i _
rr-ea = 2Gﬁ(1-v)f: x(n)Tzﬁﬁﬁf {sinhn(-tanh nt coshn(}[Z——;ﬁ__
(20)
J°<pn)]dn 20
When z=0, take the forms
e~
[ rr+e0 ]z=°= ZGﬁ(l-v)f: x)J_(enddn
e J‘(pn)
[ rr-eo ]z=O= 2Gﬁ(1-v)I: x(n)[2——55—— -Jo(pn)]dn (21)
e~ o~ TS
We shall obtain expressions for [ Tr+ee ]z=0 and [ Tr-ee ]z=0 for
two particular functional value of f(p).
Case 1.
Let us assume that f(p)=k. Then from (19), we have
-1 1 -1
x(n) =a k[ pJo(pn) do = kf(an) Jt(n> (22)
0

Substituting this value of y(n) intothe relations (21), we obtain
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[ Tr+60e ]z=0 = %5 F(%,— %.l;pz]. for p<1
bt gék, f for p=1
an
= E%% F[%, %,Z;p-z], for p>1
[ ;;-;3 ]z=0 = %B[F(%,- %,Z;pé]—F[%,— %,lgpz]] for p<1
= %%%, ' for p=1
='§§£[2F[%,— %,Z;p—z]—F(%,%,Z;p-z]], for p>1 (23)

where & = 2GR (1-v)

Case 2.

We take the flux function as a parabolic one, so that we take

(o) = k(1-p*). Then from (19)

x(n) = ka-‘[lm—’.!‘ <n>-2n°zJ°(n>] (24)

Subgstituting this value of x(n) into the relations (21) and

integrating we get [14)
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~ Sk 1 i 2) _ .1 _3.,, z] ) tor o<1
[ ;‘:“"99 ]2=0 = ﬁ[SF(" ‘z"v' ;.iip ] AF( z’ zvlvp <
= g%%: for p=1

i 13 2 .
-SF[‘ -21—,“ ;—,1;pz] ‘AF(' ‘;';)239 ]] tor p<1
= 13ﬁ;’ for p=1

1 1 -2 1 3 -2
-SF[" ;,‘ ;—,lfp ]"'QF[' E‘,- ‘2'92; ]] tor p>1

4, NumMericaL REsULTS

Taking a=1, the variation of {[3-5&]2:0}/2Gk(1+v)a‘ for different

values of p, In the two cases is given in the following table
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{[f}-sb]vo}/zckuw)at

0.0 0.00000
0.2 0.00505
0. 0.02087
0.6 0.04988
0.8 0.09868
1.0 0.21212
1.5 0.27138
2.0 0.22519

. 0.15955
4.0 0.12203

Table 2.

&

——

]zzo}/ZGk(1+v)oa

0.00000
0.00990
0.03836
0.08140
0.13125
0.16968
0.14538
0.11686
0.08098
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5. CONCLUSION

In the first case of distribution of temperature we note that

the value of {[;;-é\e]zzo}/2Gk(1+v)ozt is zero at the origin, reaches

its maximum at a point shortly beyond the edge of the region of

exposure and then diminishes continuocously as o increases further.

In the second case of distribution of temperature we observe that
the nature of [rr—é%]zgo remaing unaltered but {ts value diminishes

rapldly outside the region of exposure.
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