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CHAPTER I

LINEAR AND NON-LINBAR ANALYS8ES OF CIRCULAR
AND RECTANGULAR PLATES

ABSTRACT

This chapter containing four problems, is devoted
to study the static, dynamic and thermal behaviours of circular
and rectangular plates undaer different edge conditions. These
analyses are based on the limear and non-linear theory and
eonfined to simple plate geometry.

OI PPERENTIAL EQUATIONS
Pollowing 1inear theory the well known differential
equation for free vibration of plates is

b 2y
v4 W e -%.- “aé--;io- = O (I.l)

For heated plates the above differential equation takes
the following form
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Molloving non-linear thecry the well known
Von Karman's equations ( in polar co-ordinates ) expressed
in term of displacement components are
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A. VIBRATIONS OF CIRCULAR PLATES SUPPORTED
AT SEVERAL POINTS ¥

Let us consider a circular plete of radius ’a'
supported at several points along the boundary. Let the centre
of the plate be the origin and a diameter as the initial
l1dne © =0 ( Mg. I.1).

Let

1wt
W(ryegt) = wlfr, 9)€ (1.8)

with the substitution of this value of W in equation (I.1l)

one gets
rw, - k%u, = 0 (1.6)
where K4 = ...?.P.i.oi..--
D
From (I.6) we have,
(Va-kz)(vgnzg)wlao a.?)

Nov the solution W; for equation (I.7) can be put in the fora

/‘
WI = AﬁJo(b)*BOIQ(h) + z‘ / { A. J'(b ) +

| 7
+ B.I.(kr)} ¢os mob + {G.J. (kr) + D.I.(kr)} sin 19-// (1.8)
vhere Ac B° ’ ‘- ’ B- s eeoes @ta. are constants.
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Considering the number of points of support is 'i’
and denoting the concentrated reactions at these points ly
B1,Ng «oc Ny the exprossion for each reaction Ny 1s

Ny /i 2 7 .

where ©;= 6 - %; and ; 1s the anglo dofining the
position of the support 4.

The intensity of reactive forces et any point of the
boundary is then given Ly the expression

i -
2 NN /1 & 7
=1 "a . 2 n;l ~

in which the summation 1s extended over all the ccncentrated
reactions.

| For determining the constants of equation (I1.9) we have
the following boundary conditions.

‘”l),,"‘ (4] (1.11)

O= at the supports

/- o L} J owy ") agﬂl

/ wmeoneesr P oo mmmne P omeee --------/' 4] ‘ I. 12)

< Ord r ar r2 002 /pog



PO W "2 E e/am
> — woe Mo t 2 - wow [ e aos M 1 .
4 r o8 '~/rea 1: naL 2 n=l
where
/g 7

Qp = = D -2 / w / (X.14)
r ar [ Vv W y .
and

(L-v) D /- 1 2%v t .2n /7 1.18)
“r,t. T i r Orde T oe _/ )

With these above boundary econditions we have

Cu = Dy = © a.16)

Jo (ka)a,+1, (h)Bo+L/ Z{J.(h)ﬁ-ﬂ.&a)ﬁ.} cos n9/7

n=l "/Ga at the
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= O (I. 17)
7\1404'9\8804- Z {?\3 Ayt 7\‘3.} cos md® = O (x.18)
a=l

o0
D A ghgt D AN gBy+ D Z_ {7\71.4- 7\33.} cos mo

msl
o0

N /1 7
= - - onuwan / e P Q08 n e 1 / ‘IQ 1’)
im]l a L 2 ma=nl 4



Eliminating the four constant 4, Bgs Ay and By we get the

frequency equation in the following form,

Jo(ka) I (ka) Jp(ka) Ig(ka) 0
Ay Ne 0 0
(1.20)
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NUMERICAL RESULIS

The frequency eguation (I.20) has been solved
approximately by expanding the determinant. The fellowing
table shows the frequencies for different numbder of
supports.

TABLE I.1

No. of [Supports (fundamental { Value of X Other
Supports { at [ frequency [ fundamental X frequencies
ﬁpomu I oecurs I frequency (ka)l oeccur for

i for I present study (
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DI 3CUSSION

It is interesting to note that the fundamental
frequencies occur for m = 3,4 and 5 i.c. vhen number of
support is three, four and five respectively.

Fromn the above analysis we see that the
frequency of vibration of a eircular plate increases
with the increase of the number of supperts. When the
number of suppert is infinity 1.e. the plate is
entirely simply eupported and the pleta vibrates with
frequancy Ka = 2,2361. Thus it can be concluded that
for this type of vitration the maximum frequency
is ka = 2,236l
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B. DEFLECTIOE OF A KEATED CIRCULAR PLATE SUPPORTRD
AT SRVERAL POINTS

Let us consider a e¢ireular plate of radius ‘s’
supported at several points along the boundary. Let the sentre
of the plate be the origin and a diameter as the initial

line © = 0O,
Por simply supported plate it is sufficient te solve
the following equation . Noweeki, Thermoelasticity, page #M6_/

Vol ' (1L+V)oc,Ts O (Z.81)

In polar go-ordinates the above eguation reduces to
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We take the general expression for the defiection in the
flleving form

in vhish Wy, 1s the deflestion of the plate siwply supported
aleng the entire boundary and W; satisfies

\VaAd S (1.30)
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Nov solution for W; in the above equation can be pat in
the fora

[>.2]
W = A +Z:n, ™ ocos moO | (1. 25)
n

where A and By are constants to be evalueted.
Considering the number of points of support is ‘i’ and

denoting the concentrated reactions at these points ty
N1, Ngjy... Ny, the expression for each reaction Ny 1is,

.7;:“4/ --z- *Z_ cos m6g _// (1.26)
m=l
wvhere ©O4 = O - 'f,. and "(‘1 is the angle defining the
position of the support '1i°,
The intensity of raactive forc¢es at any point of the
boundary is then given by the expression

Ny 7/ T 1 ?co 7
cnes [/ woe * (-1-7 . 6‘_ / a- 27)
Ta £ 2 4

i=l Asl

in vhich the summation is extended over all the concentrated
reactions. It 13 evident that the ooncentrated reactions in
(1I.27) are all functions of the thermal load (C .
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For determining the constants of equation (I.25)
we have the following boundary conditions

(W ) » = a = O (1.28)
@ = at the supports

- i -
7 Ny /1 7
/ Qr- - 2. Mpoy /--Z ———/ -*Z cos mOy / (1.29)
r 1=178( 2 ‘mal <

vhere

QI‘ 8B - D-s;‘ L/ vz w,l ...// (1.30)

and

~i

- 2
/1 o W b | 2L
x - (l‘ \)) D / - - - -omowwn @ wme - - (1.31)
Fit ® L ® op 26 r2 Do/

With these boundary conditions we have

@© 2

N a
A X ecoece= - U G T -y ‘I. 33)
A z _ (vel) Da( m - 1)
ma2 _
and
. = (1. 33)
B wosees - - T e i W S W e ‘33
o n (1-v)Dmn (m-1)

Where Nl. lz' '3 M| oevsrsssnossceB Ri B wew, b § b.’-n‘
the number of supports.
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It C = constant / Nowacki, Thermoelasticity, page 469 _/
deflection W, is given by the expression

Ko (L +V)T '
Ho = -..-.t.---o----m-‘c .am ra )

e

(1. 34)

Thus for a thermally loaded plate the total deflection is given
by

L 2
O('_t (1L ++ )'C e 2 K ; a
w = o—--------.—-( a-r ) + -.:-u-/ - e g W
2 AL (v-1) Dm (m=1)
Ty
v <]
N < a?2 B o0 mo
+ o bl 2 L X 2 2 = Y 2 T - ¥ ¥ !t » 2 J

v ~ (1-v)bma( m~ 1)

2-.m_m
= ol-:.- K (‘2'_1.2) + f -—----v}-b-.o-‘-o + .un-fum--f.-.---u
2 L (v- 0 7"m(me1) (1= V)m(m-1)
n=)
| o2
cos m6’ Ka (I.38)
vhere 4



NUMERICAL RESULTS AND DISCUSSIONS

Maximum deflection occurs at the centre of the plate.

Thus
Y 14 (xaz) - 1 (x.z) . 38)
- B wawmew s lwane f e S o Sl W O e o - .u
h MaX- g h 2;2&-1):«-(:-1) h

It is interesting to note that for two supports one must tak
n=2,4,6, 8.... ete., for three supports m = 3, 6, 9, 12..
ete., for four supports m = 4,8, 12, 16 .... ete.,
for five supports m =5, 10, 15, 20 .... ete.. For simply
supported plate m 1is infinite.

wo graphs have been plotted. Fig. I.£ shows
variatioa of maximum deflections with number of supports for
the same load .5.‘.‘;:.-- = 5. Flge 1.3 shows different
values of maximum dsflections for different loads.

From the figures following observatione can be
mada,

1) Mg, I.2 shows that deflection increases with the
number of supports but after five or six supports the
deflection attains almost the same as that of infinite no. of
supports. Physically it is reasonable because when the
number of support exceeds four ths stablility of the plate is
almost same as that of ¢ entirely simply supported plate.
e
Lo pos™ o .,m”‘:‘ .

I |
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) From Pig. 1.3 it is clear that as the load
increases the deflection increases but this rate of inerease
diminishes after three supports. |
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C. LARGE DEFLECTION OF A CIRCULAR PLATE UNDER
SYNMETRICAL LOAD

Let us consider a clamped circular plate of radius
'a’' with the centre of the plate taken as the origin.
Let there be a symmetrical distribution of transverse

( e 2

/
load varying as b - 2°) 2 over a concentric ecireular

area of radius bd<{a. Hence

1
q ]"t(r) uc(ba-rz) /2 for r<b<a

—— _ (1.37)
D LO for b<rda

where C = e constant.

The equation (I.4) now becomes

14 /7 a% a® 1 aw) 212 awjaw u 1 awe) 7
-, esan / P vt wum « o --J- o T {-.“‘ Voot ae ( -.) P43 f(r)
l a )

r dr/ dr3 dr2 r dr) n2 dr(dar r r
ees s (Ilg)
The boundary conditions for clamped edges are
aw
(w )r-.' 0O = (-—d;- ),,‘ (X.39)

Let us now assume the deflection W in the form

= /- 7
W= ? / I, (Pgr) « Jo(Pga) / (I.40)
sziAaL o 8 (] 3 Y,
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where J, 1is the Bessel function of the first kind and
sercth order, Py is the Sth. rootof J3(Pa)=0,J;
being the Bessel function of the first kind and first
order.

The equation (I.40) clearly satisfies the boundary
eonditions for clamped edges.

From equation (I.3) we get after substitutiag
for W

a% 1da a y-1 Zm{eaa
Cnmd w wm * mE L - » ASPIJJ. (P.r) +A'Akp.?le(Pgr)Jl (Pk!')}

2 2
dp® rdr r 2r 35l K=l
(8 3k)

*e e (I.n)
Solving equation (I.41) one gets
w
us=Ar + % B, ro0*3 (I.42)
n=o

wvhere
t [ 3 ] | |

Bn X 0 0 W o s -0 S S W A (IQ ‘3)

4(n+2) (n+l)
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(-J.) F(3+2n) 12n+3 oneq 2
B' (‘),_J_)Z ................. - ( ) P . .
1= — nl r(;wrex){r(zm)}8 2 * b fra0
=l
Pﬁ
© © (5" r;(-n,-z.-n,e;~§-)
' 2 1l on
Bz'(‘\)-l) ------------------- (“') *3 P:P;n*ahk
ol bl n! [ (2) (n+2) 2
(s »k)
I X X 3 ‘I‘“)
P’
T— ‘-l) F (.n,-n.ﬂt" ’) 1 on+l ) on+2
Bégl_Z ------------------ g (-'2‘) Py Py Hghy
el o1 n! @) T (@)
N N ] (It“)
2
oo
l o
, Zc. R NS ERR 32 F2ome, me
2 ) ) ccemmmemeceem————a—ebe (o - A
4 Z nl (@) | @2) 2 37s e
8=l J=l
[ B J ‘1047)

and A 1s a constant to De evaluated for the boundary
eondition imposed on u.

Now ma =0 at r =a for immovable edge
0

Hence A = = > B, ‘z(nﬁl) (1.48)

n=o
Thus & is completely known for clamped immovable circular
pPlate.



Now from equation (1.38) we get after substituting
the values of W and u from equations (I.40) and (I.482)

® 122 g ;"
4
? 4437, (Py?)* = ZA,P,J, (yr)/(1ev) av
s=l s=l
o0 o0 oo
1N N
+ 7 ( 2ne3e V ) Bpronre +-£Z~_2 Ap PL 3T (Pyr )+
‘nwo k=1 1=l
k 1)
J1(Pyr) J4(Pyr) /712i PaJ 1 (Pgr)
+ A ‘P + - r
iy PyPyd g (Pyer) 34y }J hz’zi‘usis

- OO &0 Q0 :
/ 2nvl 1 NI 2
/) @mesed)mepimgy - ) ) {eapgrg pira gy
Nn=o

‘ 2 k=l 1=i

&k 1)

2 g2 2 2 2
- }PgAkJ 1(Pkr}+PkP13kAiJ° (Pxr)dg (Pyr)- - PPy Ay J § (Pyr )T (Pyr)

-
+ PkP:AkAlJO Pyriyy (Pyr) } J/= i) (I.49)
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Now expanding f£(r) in a series of Bessel functions

one gets
'5 e 12 o /’
a
Ag Py P: J:(P.a)+ T j A.Pf r Jth.r) /(L+Y) A+
ssl =
[ L ©
2n+2
E (en+3+ ﬂ))Bn;- Y +.-§ ZZ{A: P: Ji( Pk' )+
n=o k=l =l
(k 9=l)
Iy PiPydy Burd Byr) | sar
a oo - OO
12 / 2n+l
+ 2 J >.A,P,r JiPgr g (Pgr) / Z(au-s* V) (2n+8)Byr  +
o s=l < n=o
) § NERN 2
22
* =2 > {2&:70 a’k’”l“’k")‘gpk‘k’l(?k’) +
k=1 1=l
(k 9=1)

2
+ PPy AT Ppr )iy (A7) - .2 PPy Mgy 7y Pyr) T, (Pyx) +

2 7
+ PyPy A ayJ o (Pyr )3y (Pyr) }J/dr = r £l)r J, (P r)dr (1.80)
©
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The integration of the left hand side of equation (I.50) |
¢an be done numerically by well known Simpson's one- third rule.
The integration of right hand side of equation (I.50) ecan be
performed by setting »r = b sin © in f(r)= ¢ ( b »? )1/8.

Thus a

Jt(r)rJ.(P.r) dr = j or (%. r? ).ng Jo(Pgr) ar

4]

/2 .
3 e
=¢b June cos ©J, (Pgb sin ©) 40
o

3 3
°b” Jg3,p (Pgb ) T (-22)
= A D S D T W . - (IiSl)

3
(Pyb ) '3

NUMEBRICAL RESULT3 AND DISCUSSIONS

Evalueting the integrals of oguation (I.50) numerically
as stated before, a cubic egquation determining the deflection
of the plete is obtained.

The following Table shows the maximum defleetions of
the plate against the different values of the load
funetien --§.P.s...

For convenience of the numerical calculation s = 1,2}
J=l,8 k=.,8 L=Jl,25 have been taken and these have
yielded sufficient adcurate results.



TABLE I.2

v = 0,3 a=g2b
? (W/p ) l
LI X
h { Present study [ Results o
X 1 Datta (19
X b
X I
0 I 0 )| 0
X X
25 } 1. 184 § l.18
50 i\ 1.61 § L.78
76 § L9l f 2, 00
100 X 2.125 3(‘ 2. 35
i i

Thus it 1is seen that the present study has yielded
results which are in excellent ugreements with the known |
results. Alec in the present study the numerigal results
have been obtained with less computational labour than
those obtained by Banerjee, B ( 1980 ) who used Von-Karman
equation and solved the differential equation for the
stress function completely.



D. NON-LINEAR ANALXYSIS OF A RECTANGULAR PLATE WITH
SIDES CLANPED AND SUPPORTED UNDER A CONCENTRATED
LOAD AT THE CENIRE

Pollowing m@r': approximation, in cartesian
eo-ordinates, the strain ensrgy V of a thin restangular plate
of sides 'a’'; 'D' and of thiekness 'h' is given Wy

a b - 8
i /T 8 18 28y o8y
V= won 5 !DIICVWO-Q'}-’(IPV){ -y

g J J ot ne _ox®  oy®
a‘w " 7 a b
- (cocmena) / dx ay - 5 J QW éx dy (1.58)
Oxoy w4 ® ®
1 / ow g ow g8 7
C X owen [ (”o-) + ‘”“ ) / (1-53)
g L Ox oy

and q is the load fumstioca, taken in t{he ferm

a »
PS5 . wee ) D - o) I.84
Q= (x . (y 2 ( )

P being the consentrated load at the centre of the plate.
Let us noy take W in the form [ Wang Lei, 1988 _/
/;m = 2 27
WnC / B oe o featBeon / ,gf..;!..zl.’ / (1.88)
¢ at @3 R L ¢ B RS
This clearly satisfies the boundary condition given in
figure 1.4, namely



ow ow
1) at X80, y=0 W=0 al eoce B wwee = O
: on B,
i1) at x=a, y=bd
o8%w oy
W and «e = = O,
OxB a"

dubstituting (X.83), (1.54) and (1.88) in the strain
energy relation (I.858) and then on integration we have

vave® + vot. “oess po (1.86)
‘where
/- 0.81743 a > 0. 117881
\Pl = / ( L 2 nm-o-) AP - \)
L 8 »? ad - ad
0. 117881 ]
* (2o V)amcnonaa |  (X.87)
ad J
and
0, 0008418
W - = (!.58)
8
ad
ov
Now puttiag S = 0 one gets

¢ c
(Qom ) * \VB ( C‘m) ‘ - \]U‘q ( xl ")
h )



I\p'
vhere \‘/a * eccceee , (1.80)
i
o Yy o e (eoee) (Z.02)
/ B ooeoomeees | cawe »
¢ gy, ba

NUMERICAL RR4ULZTS

Fumerical values of the coefficients 'y'g and /. in
equation (I.89) have been caloulated for different side ratiocs
of the rectangle. A graph ( Fig. I.5 ) has been plotted
showing the variation of the central deflection vith load for
side ratic -‘;‘- *=1 emt -% <3, The results folloving
linear theory have also been plotted side bWy side for
eomparison. It is interesting to note that the effeet of
non-linearity becemes prominent in the higher range of
loading and this effest diminishes vith the imcrease
of the side ratioe.



i
!

}

I I IIITIITI IV TIS

TI7ITTT

\~\\\.\'\\\N\,\\N\\.\7W4\1Nw

C

>

b

"

——

Fic. 1.4



A0

N

h

R

EEaYe} 200

Fig. 1.5

-
)

5
i

i

RN R AN o

400

Iy

;|d



