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CHAPTER ‘I .

INTRODUCTION



I.1. Introduction

Heavy ion colllslon experlments present a rapldly
developlng fleld of research in- atomic and nuclear phys1cso
"I¢ 1s now possible tq)study qtqmlc‘phy5105’far beyond the
vegion of stable elements. Thi; includes the interesting
electrodynamic phenomena associated with an overcritical
coulomb i’leld1 5 that can effectlvely be obtained when two
heavy ions (atoms) come close enough to form, for a short
while, a quasi molecule., It has been recognised that a
careful study of the posiirohsiemitted from thisg system
should be able to provide useful information regarding
the basic problem of the interaction of an elzciron with
a strong coulomb field. Al though éonvénfional perturba=
tion techniques are not applicabie here, significant
progfess has nevgrtheless been achieved in interpreting
qualitatively tﬂe accumulating data on‘thé over critical
field problem. The interpréfation'of the results is,
however, complicated bécause of the fact that positrons
may be produced through a number of mechanisms, Apaft
- from a spontaneous decay of the ﬂeufrgl vaéuum6'there is’
tLue possibility of dynamically induced transitions bet-
ween adiabatic electronic states,-leading to positron |
 emission} This may occur also for states that are not
overcritical. Positrons produced by thgse procésses, are,
'however, distinguishable. While the positrons produced in

spontaneous vacuum decay should have the energy of the
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bdﬁndxgtgpe resonancg;'the energy spectrum in the induced
decay sﬂdﬁlq be mﬁbh broader., Positrons could also be
produced gsla 'shake=off' of the strong vacuum polariza;
tion cloud7 close to the nuclei. Lastly; positrons could
be produced as a result of nuclear processes. Thus,'one
of the nuclei could be coulomb excited and the high
energy photon emitted éould be intérnally converted., It
is.obvidus that a carefﬁl study of all these processes
should be made.before one can confirm the theqretical
concepts. The strong time-dependence of the collision
ﬁrocess plays an important role in the theoretical for-
, mulatién of the problem, Durihg the collision, the

length of the vector fﬁ connecting the two nucleil
changes in‘time and ﬁ also undergoes a rotation.
Some relief, however, comes through the fact that the
motion 6f the_nuclei can be described to a goond accuracy
from a semiclassical consideration, and in some cases,
éimply‘hy RutherfordlSGattering formula,

Apart from dtomic physics, heavy ion experi-
wients have also oPenéd‘up new fields of study in nuclear
phyéics. The nucleus has now been subjectedlto much more
severe perturbations than wefe'eérlier possible with
lighter projectileé. New reaction processes have become
accessible owing to the availability of higher kinétic
energy and angular'mOmentum. Also, fhe sgafch for
2.cotic phenémena like the pfoductibn of shock waves and

superdense matter with the associated phase transition



is continuing. Although the studies 6f‘proton and pion
spectra and their mﬁltiplicities have not yet given any
signéi for tie occurance of these bhenomena, the possi-
bilities are not yet ruled out.lsome progress hés‘also
‘been made in the study of very neutron rich light nuclei
using heavy ion reactions at 16w energiess;,The study
of-huclear states with high angular iomenta has become
another subject of interest in heavy ion physics. Also,
the possibility of transférring a large number of
partiéles prbvidés a.new technique fo probe into
excited states of nuclé11 These deep ihelastic trans=
fer phenomena have also been studied within the
frame work of étatistical mechanics with remarkable
succéss. It is expected that the studieslon the enﬁire‘
range of heavy'ion-reactions,'elastic, inelastic,
transfer phenomena and fusion will provide us a deep
insight into the propérties of nuclei and the nature
of nuclear rorce in near future. The heavy ion reac-
tions herald the begining of a new area of physicsﬁ
. which will dgvelop, giving rise to many new concepts
" as the-experimentél information and the theoretiéal
interpretation bécome mofeAprécisé. |

The collision of @wo ions or atoms is a
complicéted many body problem and a detéiled analysis
is called for'toxextract the relevant information |
~from the heavy ion data. A crucial role is played by

the elastic scattering cross-section. Attempts have been
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made tokstudy yarious elastic scattering procesées assum=
ing different 6ptica1 modél potentials between the colli=
ding nuclei. It iéigenerally hoped,thquh not confirmed,
that a suitable complex optical potential will sﬁffice

to describe the elastic scattering results. The interac-
tion pofential.may be useful also for solving the equa<
ti&n of motion for heavily damﬁedpcollisibn, because the
&riving force is the gradient of the interaction‘potenf
tial. The concept of scattering from a complex potential
has, therefore, been subjected to considerable scrutiny

in connection with the heavy ion reactions. The data from

.elastic scattering experiments with a variety of projec—.

tiles and targets are now available and some-attempts
have been made to fit these data with potential models,

mostly of the Woods—Saxon type. Although a direct

numerical method of computing the phase shifts and

hence the cross-section still remain the wost depen-

dable way of studyiﬁg the heavy ion scattering, it has

been realised since the early days of heavy ion physics
that semiclassical methods may be quite useful in this

field. The large value of the Sommerfeld parameter

M= BEeel

. . ' . . 4
reduced mass induce a more classical behaviour than wien

and the large value of the

the projectile is a light particle. Naturally, conside-

rable attention was paid to the study of heavy'ion pro-

" cesses in the semiclassical approach. This also helped



in model building because one could follow the interact-
ing ions during the whole reaction time.

While the extensive work on the semiclassical
methods in connection with the heavy ion scattering
brought out many new interestihg features, no semicla-
ssical method has ;o far been found suitable for an
accurate calculation for a realistic heavy'ion sca-
ttering. It appears that further work is needed in this
field to exploit fully the versatility of the seﬁiclassi-

cal approach,

I.2. Aim of the work

The aim of the present work is to study the
accuracy and efficacy of a particular semiclassiéal
&ethod; first suggested by Miller and Good; for appli-
cation to the étudy of heavy ion elastic scatteringo
This we intend to do in steps. The accuracy of the
method is first checked by considering some simple
real as well as complex potentials. The method is

160 - 160 elas-

next applied to a typical case, viz,
tic scattering. The eMphasis.has been on testing the
applicability and thus highlighting the practical
-difficulties, if any, in working with the semic}assi-
cal method, rather than studying the %0 - 18

" scattering process very accurately. Thus, we have

considered the optical model poﬂential obtained by
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Maher et al, although it is known that this potential

3. . .
does not fit the experimental -data for energies greater

than 25 Mebo We have considered & simple generalization
of the Miller?Good method suitable for complexitrajec-

tories and the extensive work of Knoll and.Schaeffer
in this.field has been very useful in choosing the ‘

"contributiﬂg trajectories when more than one turning

- points are relevant.

I.3. Summary of the work -

The scheme of presentation is as follows:

(a) In Chapter II, we haveldiscussed.briefly the

Miller-Good semiclassical method and its generalization
for cqmplex frajectories, which we inténd.to apply for

the study of some scattering phenomena, including a

typical heavy ion elaétic scattering process.

(b) In Chapter III, we have applied the Miller-
Good method to two types of potentialst (i) real poten—
‘tials like Ywkawa and Ekponential and its complex

generalization and (ii) a complex potential of the

'typé 5%-— £§; . o The calculated»results for

the real poteﬁtials'weré compared with exacﬁ results
and the accuracy of the method for reél{potentials
were checked. The complex potential (ii) is interest-
ing also because the relevant Schrodinger equation

is exactly solvable énd the exact coumplex phase

shifts can be obtained analytically. The generalized



semiblaébical method is then*applied to this potential.
.The semiclassical phase shifts have been shown t6 be
rairly accurate over a wide range of walues of the

* parameters, and even at fairly. low engrgieé; This
encourages one to apply the méthod to the study‘of
realistic problems, e.g. heavy ion scattering phenomena.

(¢) In Chapter IV, we have first considered the

16 16,

‘effect of the nuclear coulomb field in the ~ 0 -
elastic scattering by applying'the real Miller—-Good
umethod, and treating the absorptive part of the poten-—
tial perturbafively. In calculating heavy ion scatte-
ring cross-section; it has been the usuval practice to

. treat the'coulbmb'effect approximately. Thus the poten-—
tial taken is obtained. either by (a) considering a’
point charge and a éphere of uniform'charge density or
(b) that between two uniformly charged spheres. When

. the nuclei are heavy and have Fermi itype of charge
distributions, the approximation is a good one. But

it is not obvious that the approximation will be valid

for light nuclei like ( ‘2¢, 1©

0 etc.) in the region
where the charges overlap. We have, theréfore, made
semiclassical célculétionstaking two types of
charge distributions: (i) uniform and (ii) modified
harmonic Welltdistributidn, which is the accepted
distribution for p-shell nuclei. It has been seen

that the difference of phase shifts in the two cases

is noticeable at least for some low L valuess,-



Thé cross—sections in general do_notvshow much difference.
However, it has been pointed out that there is some justi-
- fication fbr chooéing the realistic charge distribution
for lighf nuclei like’ 12C, '160 when one tries to fit
an entire range of experimental results of heavy ion
scéttering, like elastic_séattering, tfansfér phehomena,
fusion etc. |

' We have next applied. the complex Miller-Good
method to study d typical 160 - 160 elastic scattering
phenomena at a high energy. The prescription of Knoll
and Schaefier has been'followed in the selection df
importanf trajectories. The perturbative method of
treating complex potential has also been considered for
this problem. The two results have been compared. The
‘difficulties in applying a cdmpiex sémiclassical method
for a quahtitative calculation have been pointed out.

Jur conclusions are also sumiarized.,

I.4.. Computafional work

| We have written down two programs for calcu-
lating (i) the phase shifts by the semiclassical Hiller-
Good method including the fifst order correction term

in ﬁq'fOr some simple potentials and (ii) a program to

| calculate the phase shifts and cross-sections for
_elastic scattering of p-shell nuclei with couiplex tfajec-
tories for cases where there is contribution from only

ne complex turning point. The charge distribution could



be either (i) uniform or (ii) modified harmonic well
type. The phése shifts have been calculated explicitly
upto .L.; 100 and for higher L, the phase shifts have
been assucied to be given by‘those of the coulomb
field. The cross=section has been symmetrized for ‘

identical nuclei and the ratio of the cross—section

to Mott scattering cross—section has also been computed.
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COMPLEX MILLER = GOOD METHOD
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IIoi. Introduction

The JWKB seﬁiclaeeicel approximatioh'is one of
the mosf versatile techniqueslor-qnanfum mechanicé. The
applicability of the method, however, could not be fully
‘exploited because of a gserious drawback which shows up at-
<the_c1aesica1 turning pointe,~1.e. points where the classical
-velooity'or the particle vanishes. Unfontunately; claesieal
turning.poihte_appeaf in most problehs'of physical interest.
-'In‘a_scattering eveﬁt, the incident wave is reflected from
at least one turning'ﬁoint, ﬁhereas for a bound state, there
are at least two turning points. The JWKB wave function
-becomes.singular'at~these pointe.'ln order to get a finite
wave function, one has to make use of the conneotion formula
anross the turning point. Also, - the correction terms of
: higher-order in 'h diverge badly ‘at the turning pointsﬂ
.The'method‘is.suitabie'for ﬁotentiale which vary so elouly _
that the momentum of @he-particle remainsg neerly conetent
‘ofer ‘many wavelengths. The method.obvioﬁely fails ﬁhen the
1part1c1e energy is low. | 4 o
| | ' o overcome theee difficulties, Miller and
Good1 proposed a modification of the JWKB method. The
method has been developed ‘further by a number of workers,
.Rosen and Yenn1e2, Lu and MeaeureB, Hald and Lu4 and
Berry and_Moun§5. The first step in this method is to «
choose a 'model equation' which is exactly solvable-ahd ,
-also similar to the'eqnation.to be solved. The solutions
of both the_eqﬁations should have similar behaviour
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.asymptotically. It is the difference in their asymptotic
phases which will be determined by a bemiclassieel appro=-
ximetion. It is no longer necessary to use any>connection '
formula across the turning points,

The generalized Miller - Good method even with
only the first order correction term is fairly accurate.
This has been tested for real potentials by a number of
6,7,8

authors o« In the next_chapter we shall also consider

a few simple cases to exhibit the accuracy and the efficacy
of the method, The application of the method to e complex
~potential, however, needs further consideration. The role
of complex trajectories in the semiclassical approach

has been a subject of intensive study by Balian and

10 11

Bloch?, Knoll and Schaeffer
12

’ Koellng and Malfliet

15 and a number of

Rowley and Marty™ =, Brink and Tagikawa
other authorsi4.‘Their results are not,in general, directly
applicable to the complex Miller-Good (cMe) Qethodt In the
latter case, only thetdifference in phaees'are:determined
by the semiclassical method, while in the former, the
phase shift is determined directly. However, the role of
complex trajectories in the Miller-Good'method remains
to be studled.

The presentation will be as follows. The
method has been briefly reviewed in section II.2. In |

section II.3, we shall consider a generalization of the

method for a complex potential, with special reference

to a Woods-Saxon pdtential.
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1X.2. 'Miller-Good method for a Real potential

!
[N

Let us assume that it is poséible to write
the Schréodinger ;adialleQﬁation for the problem as

( 12_ - tui-ziﬂ ) G (Y) -'-' 0. 000(2°:,")

- . Consider another equation

& o (s)

(— «+ ) -u (s) = 0, ...(2;2)
d82 ﬁl

. which permits an GXact;solution. We shall call equafion -
(2.2) a 'mddelyeduafion',for the probléﬁ, provided ti(y)
and t2(s) are 'similar'! in the following senses '

\ (1) They Qhould héve equai'nnmber bf turning points,

| i.e. fOor every real physical 1y, , whiéh makes 1(yt) =0,
| there should be a real, physical 5 giving t2(st) = 0.
It is alsoaesirable that the tuo functions should have the
- game number of extrema, a condition which is useful when

higher order corrections are taken into account. _ P

(2) . . Thetﬂo functions should have similar bebaviour
peér thg respeqtive singular points.'However; fairly accu=,
rate phase shifts can be dbtained-in some cases, even'when
.fhis‘bonditiOn is not éétistiéd; particﬁiarly in cases
Whepg the singularityfis'in thé-classipallj inaccessible

régaéﬁo We uhali'return_to this point later on.

ﬁuﬁ(ﬁﬁb . ;| h ﬂ "’ 3
W LIBRABY G247
qoprok:

2 4 APR 1366



' If both these conditions are satisfied one

considers a transformation T (y) so that

W - JORNR (y)]. coe(203)

where 8 18 considered to be a Iunction of. yo Sub-
stituting (2.3) into eqpation (2.1) and ‘making use of
the. equation (2,2), we get the consistency condition

87ty = by = T I C eee (244)
and |
| T _1 s ‘ v

T 7 T2 a0 reel2:5)

where the primes imply differentiation WeXote the
respective’ arguments. A solution of (2.5) is found

‘ easgily

-. T :.= ’ 1 R ) : | 000(206).

y‘s‘(Y)

Substitution of (2.6) into the equation (2.4) gives

.

2 ) _ iq_ ;g ~ gt ti_.
'™ t, ‘_ti - | 4 ] -8—'§ 2 . ] .
| e ee (207)

‘IWe may now expand 8 (y, and ta(é) in powers offﬁZ
'énq consider terms uppo—a given;order in  f* to satisfy

*he condition (2.7). Thus the conditidn can bhe written

16



a 'és Iolloqss

(i) _ fo the lowest order in h" k
Jg,0) & = /E(s) a8 eee (2.8)

which may be integrated to obtain
Yy . s - .
Y - JUE | |
- St

where Yo B8y are the respective qlassical turning points.

(1) - The condition (2.7), upto terms of order 4%
becdmesA oy - - . ‘ ' ‘
Oy 4 g G R o
{7p, 4 +—8—§(-3—F'—3 —2—‘;'—2)ow
Yt 9 : Ll . 7
‘ . 12 - 1
S oo 42 (S b | ),
= &p,_lds +—8—S (3. ;3_—.2 'IDfL)dS’
Sy T S.‘_.- .2'_ z .
| 4 L | o +ee(2.10)
Cwith t(¥) = B, t(s) = B *eee(2011)

. The iﬁtegrals in (2.10) appear to be divergent at the

- lower limit, i;e. ét the turning points. Of-course,‘the

; divérgence_may be eliminated in'somé.caseé by following
the method of Bertocchi et a114,“which consists in con- -

verting the integrals in (2.10),iﬁt6 contour integrals



18

xn:the' s (or y) planes. The choice of the contour is
as follows. One takes .a contourufrom oe -1e¢ tooC +ic R
going'round the turning point in a cleckwise direction,
On integrating by parts and using the result

95 Wde = Lim [u.ca)]w +: - ng;cieu |
‘ é —0 B '

o< -le

= # SéwaLu . o -...'(z 1)

repeatedly, we can eliminate the #3 from the denominatore.
4

‘_Going back to the original contour, we obtain, upto terms

of order hl

M’@ : +._50@mmdﬂ

S (James # T_;S o@[tu_]‘/’cq_(s) ds
. St Y : '

- . (2-13)
where
. "'l‘ ti.' ti.. . ti" , |
9@[}] = _L -4 - + 3 — ] 000(2014)
t1? ' ‘t'4,

i
- the primes indicating the number of times the functions
are differentiated Werete their respective arguments.

Uhile the relation (2+14) does not have b: in the

dqnominator, the problem is solved only if FL does not
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have any zero within the range of integration. If P;
does have an extreumum, Oone may still try to evaluate the
integral, excluding the singularity4. 1t may be empha-
sized -that the singularity appears only be#ause‘one is
considering only upto a given order of f& . If it

weré possible té consider all terms of 'all orders, the

.singularity will cancel out.

S (iii) Upto terms of order h4' , one may write

M o M
gﬁm st %_S ‘@ [ ]/ < 14405 G‘E‘]md%
SV 6,09 945 + 5 SO@E:]W:,_(S 14403-6[] £.(5) ds

(2.45)

Gakeve

: Cga [F{] is given by equation (2 ) and

NiT ¥ I 2
.l oo 5t 44t +76‘ct "r47 4
G['t‘] - T3 T :
=1 t14
X, 2 i 1y V244
222t i +680%; +14o+:

!
"

" 2 '
1540 £1 2 4 g0 &8

3

— -
+;
2205 t; ¢ 735 ¢ °
t3 tl 8 g
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with - |
\{m — _d;-fi} Q-t'c.-.
17 ANt

cor (2.1%)

It may be useful- to indicéte,how;the‘bonsistency condition
leads to.thg determination of the phase shift, relevant
for the equation (2.1). Suppose the asymptqiic behaviour

. 02 the functions G(y) and u(s) are written ass

G'(y)v —> 8in (y « £, (y) « &) eeo(2.18)
Mo < . .

. and

u(s) —> sin (s fz(s) + S..).“‘ oee(2.19)

Since, by assumption the two solutions have similar beha=

‘viours‘at infinity, one may write -

.G o= Eg +'-L1m .(sv- y + 2£,(s) - Ii(y))'
. o —> o0 - .
S—> g
’ 000(2020)

-~

The right-hand side can be determined from theiconéistenéy
condition upto a given order of K% . Some applications

of this method will be considered in subsequent chapters.



II.5, Generslization for complex p_otezit’ials
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The Miller-Good method outlined in the last section

cannot be generalized for complex potentials in a straight-
~iorward manner. The difficulty stems mostly from the fact

' that the turning points are in general'complex'and also
'too many in number. With a Woods-Saxzon notential, which

is commoniy used in the optical model treatment of heavy -

ion collisions, the situation is eéven worae, there being .

an infinite number of tnrning points due to the complex-
poles of the Wbods-Saxon function, One has to decide if
all or enly some of them will contribute and also to find
out how to combine these contx"i_.b'ut:lens in calculating the
phase shiftao ‘ | | |
" The flrst attempt to study the complez potential
was rather casual. Instead of writ1ng for the wave vector -
K (r) = [xz-f-(-li;-;—’:);'- z—h’; (vg + 1‘vi)il ,
| . ..:.(2.21)

one expands and keeps terms upto first order in V.. The
resulting JWKB expression. for the'phase shifts involves

. integration over the real path from the classical

.turning points, determined entirely by the real potential,-.

the imaginary part contributing only a damping factor to
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“each of the partial waves. The approximation seemSvtd be
reliable for a small absorption. However, as the energy
increaées, more and more inelastic chdnnéls open up, makihg
this treafment completely unsuitable. It was, therefore,
necessary to look for an alternative w&y of studying
complex potentials in the semiélassical'approach.

Koeling and Malfliet'! studied this problem and
suggested a generalization of the sewmiclassical method which
includes contributions from all possible complex trajectories,
Knoll and.Schaefferio have studied the problem anal&tically
-and showed iuut 1 iS notlt necessary to coisider all the con-
plex trajectories. Although the results of Knoll and Schaeffer
are not directly applicable to the Miller-Good method, it
will be useful to recall some of their results. The relative
importancé of the contributions for siﬁgle reflections from
differént turning points and of possible rmltiple }eflections
zion be estimated following their analysis. Thceir prescrip=-
tions cannot be given in simple mathematical expressions and
may evén be difficult to use in some cases., In the case of
one dimensional problems, one has to study the toﬁology of
Stokes lines around the turning‘points.and in cases of
nigher dimensions one has to consider the fopology of saddles,
vileir positions and heights. But in cases of interest to
us, i.e. heavy ion scattering, the‘topological structure =
will remain almost unchangéd in the range of laboratory

energies and for any standard model for the optical potential.
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It has been shown that in most of the cases only a few of the
complex trajectories make dominant cdntributions°
We consider a specific example to emphasize the

160 scattering in which the

16

point, Let us éonsider 0. -

.nuclear potential is given by a. Woods—Saxon function

N

~(Vveivw)

_ . eee(2.22)
VN = N

1 +exp(F° R )

a

with V = 50 Mev, and W = 20 Mev, R = 6.65 fm and

a = 0,6 fm,  If we consider only the real part of the
poténtial including the centrifugal term, the potential
has a pocket for some low values of L, 5ut it decreases
monotonically fdr a large L. One, therefore, gets one
real turning point ry .at high energies, but three reali
3 turning points -ri > f37 ry at lower energies. The
fransition energy between the two cases 1s given byls

( for a Z& R)

E, = 3V, +V [(R-22)%+2a"] /zar

«++(2.23)

which for fhe values chosen is given by Eot:'SS Mev. If
'we‘ﬁow include the absorptive part, the real ‘turning point

rif moves into the co&plex plaﬁe, but two other complex

tufning points Tos r3 also appear. While for larger -L values,

only -the couiplex trajectory from r,; contributes, at lower L
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values, contributions from both ry and T,

considered. This is the case even at lower energies., This

will have to be

anowé clearly that one cannot simply continue the formula
.or real trajectories into the complex plane to account
for 'the absorptive part of the potential. However, there
13»som§ simplification if the absorption is fairly strong.
Tpe.turning point r, 'is usually well within thg poten=
tial so that the refleéted wave from r2 is heavily
.démped. This leaves the contribution from the outer turn-
ing point as the dominant one. Knoll and Schaeffer assert
that for a fairly good approximation one needs coasider
only the ouier turning,poiht Ty if the absorptive poten-
tial is strong. In chapter IV of this thesis we shall’
consider heavy ion scattering in which the prescription
of Knoll and Schaeffer will be useful,

The observation of Knoll and Schaeffer
makes it easy to generalize the Miller-Good method for
" a realistic heavy ion scattering. We need to locate the
outer,turning point r, and evaluate the integrals
sccuring in the expressions (2.13) along a complei
trajectory. The contour is ihen distorted without
crossing any singularity of t, (y) as shown in .Fig.2.1.
The méthod is applied to various pfoblems in the follow—
ing chapters. The sfmplicity‘of this préscription makes
it possible to obtain. 1fl'correction term also by a
simplé\calculétion. It should be emphaéized‘that neglect

of the contribution from r2 introduces an error and

this may make any higher order calculation meaningless.



Fig., 2.1, The distorted contour for path intigration.
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CHAPTER IIX

SIMPLE POTENTIAL SCATTERING
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III.1. Introduction

The semiclassical methqd discussed in thé previous
chapter has already been applied to some problems involving
- real potentialsi’z. The method has'remarkable'simplibity
and a fair degree of adcuracy and, therefore, appears to
be a suitable candidate for adaptation for a complex poten-
tial., To study the efficacy of the method for a complex
potential, we have considered in this.chapter three simple

-examples?

(A) The first example3

involves a potential consisting

of a.rebulsivé coulomb term and an imaginary term of the

form iﬂ/rz. The Schrodinger radial equation with this

potentiallcan be solved exactl& and the phase sﬁifts can

be obtained analytically. The semiclassical phase shifts,

" obtained by complex Miller—-Good method, (CMG) have been

}shown to agree very well with the exact phase shifts, We
have also studied the variations of the phase shiffs with

.B, which gives the strength of the.absorptive ﬁart. Al though

the heavy ion potentiél is much more complicated fhan thié

potenf;al, both share the commdn feature of a short range

absorptive part and a long range'couloﬁb.tail._To check

the accuracy of fhé CMG method we have also considered

two other™ simple exampless

(B) Exponentials V = - 'voe"’r and (C) Yukawa! V = - _Yg_ e Ir

. r
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The semiclassical phase shifts calculated for real potentials
of-type (B) and (C) have been compared with their exact values
(obtained ﬁumericaily) and alsc with some other results
obtained by differentﬁapprOXimation methods. The semiclassical
metﬁod gives fairly accurate phase shifts, even at lower

energies, say for K+~ 1 fm-l

« The potentials were then _
made complex by making; VO complex, and the CMG phase shifts
were computed. For the sake of completeness, we have also
presentéd a treatment of the complex potential, in which the
imaginary part of the potential is treated as a perturbation
and only terms of the first order are considered.

The method, as expected, is accurate only for a small

absorption.

I11.2. An exactly solvable model

We shall consider here the scattering from a
ﬁotentigl Ofn - iB/r2. The presentation §f the
results will be as follows. In the sec. iII.2.1, the
problem has been studied exactly. The éection II1.2.2
gives the semiclassical treatment for the same problem,
while the section 11I.2.3 giveé the perturbative treat-
ment. In section IITI.2.4, the semiciassical as well as
perturbative results have been presentéd.and compared

with the exact results.
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III.2.1, Exact coinplex. phase shifts

The radial Schrodinger equation with a potential
V(r) =o./r:_. :L:S/r2 is given by - .

_;.2 4. [rz dRL] 4[1{2- 2nK L(L+i)-13]?< f"L(r)___o’

r dar dr r r2
. .o.(.301)
where .
JUN VA e2 ' 2 :_V2
N = —————, K= (2HE/§* )",
. ] _h‘Z:K

LetJ; =p+1iq, p,0 , be a solution of the equation

L(L+ 1) =L (L« 1) =18, eee(3.2)

Let us niake the substitution

eiKr Ty (r)

RL(I‘) =‘rl'
in Eq. (3.1), which gives
rgti(r) + (2ikr ¢+ 20+ 2) £(r) + [20K (L 1) - 2nk | X
fe(r) = 0. . ..‘.(3..3)
The solution of this equation can be written as

sz(r) = C, 1F1_ (.2.4- 1 +in, 24+ 2, - 2iKr)A, eee(3.4)



33

where Cjy 1is the normalization constant. We will have to
impose the appropriate ,boundary -condition on (3.4). In
particular, one has 1o ensure .that there is no éttenua-
tion of the 1ncom1ng wave. The asymptotic form of Rl(r)

is then glven by

F(22+ 2) /2 /2 1
Rﬂ(r) — ¢y —_— ' — —_— X
(k)" Kr * [(p + 1+ig-in) 2i

K e'® - (4« iB)e-is] , ...(3.55

where

I'(p ¢+ 1 + iq = in) -
A <+ iB = r - e qu ’ 000(3.6)
l"(p+1+iq+in) .
and
S "= Kr -,% P = n ‘n.?.KI‘ PO 000(307)

The case 0of a real coulomb potential is well known, The

corresponding solution has th_e asymptotic behaviour

my@+1vﬁ [“(2L+g)

(2K) Kr (L o+ 1+ in)

X

RL(r) — C

Sin (I{r - EIJE' - nln 2Kr «+ U—E ), ooo(3.8)

where

G‘E = arg r (L +1« iﬁ)'. | «ee(3.9)
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Since the imaginary part of the potential vanishes for
large r, it should be possible to rewrite the Eq. (3.5)
in the form (3.8) with the inclusion of an additional
phase shift., We, therefore, define the complex phase

- shifts 'q = M ¢ 1 A through the relation
L

L . i i . -i
Sin (Kr - _E; «nln 2Rr « L + i) ) = 5T [ e % -(A+iB)e s]o

eoe(3.10)
The complek phase shifts 'q are then given by
L
) i
- L =1 L 1 2 2.2
0, = (L-p) 3~ 5 tan =~ (B/A) + 35 In (4%B%)° .
cee(3.11)

The phase shifts v  have been determined for n = 0,5,
' [
2.0 and 10.0 and different values of L and B8 and have

been given in Tables I - III.,

III1.2.2. The semiclassical method

The Schrodinger radial equation for the problem

. can be written in the form

ol t .

d Q (Y) + 1(5) T[(Y) = 0, 000(3112)
> " L ‘ ,
dy

. where y = Kr, 000(3013)
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s L2 2n y . - h
ti(y) ='h'[}‘ ;r“‘ £(£ h 1% . iB-] o ...m(3q14)
. Aé,the model equation, we choose, at the first instance,
. the radial equation for scatterihg,from a point dharge,
‘with the same Sommerfeld parameter n. The model equa=

‘tion can be written as -

dzy% ( S):

) -
12 (s 74 (S) eeo(3.15)
s° - A
whefe ‘ . _
to(s) =£1[1 - _2_13 - L(ﬂ_;-i_)] . | eee(3.16)

]

The wave functions have the asymptotic forms

r*i

- n |ln 2y + Gcomplex),

TQ(Y) > Sin (y

nlR

.Sbﬂ(S) ——> Sin (s ‘Q‘% ."’Il; ‘nl 2s‘+ G‘c )e

S—>O(.’ ) . . ) - . ooo(3018)

Regarding s as a function of y, and using the relation:

(2.20), we have, '

© G Complex =-0¢ = Lim(s-y-n in %)
S ' N0 ‘ : .
S0 T eee(3.19)
C .
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,JWe shall use Langer 8 substltution and the superscript L
will indicate that the function ti have been Langer subs-

:’t;tuted. There are two compleanoots of;the<equat10n

‘.1n the present problem. One of these, howeVer, does not
quallfy as a turnln p01nt because it has a negative real
Afpart.i Let yt denote the complex turnln p01nt for the

~fi2present problem.- The turnlng point, the traJectory, and

o the phase shlfts are a11 .real for. the model equatlon. It

iﬁis nevertheless p0581b1e to obtaln the transformatlon (2.3).

‘=CThe complex phase shifts in the Zeroth order is glven by

>_v O y"” .‘ c [ . .
G Complex . = G—L + Lim ( s - y - n\n -§r0
E . Sy ': - 'j—&w . -
) ‘ Q>0
PR S g[ 0% Zany - (L + -;:-)?na] ay
RS M ‘ L . y
- Ty, c o
o >

A [_5“'2 - 2uny - (L}%)?] ‘+‘n\n {3,‘_ - [?,2__211?_@%)2] }

ol

ST ’ o
ala [ 22 a(d)?] (i ){Sx-n‘i_[ W+ (e 3) 4 _

y [n +(L+ 1)2]

ol

i8 - Sln-i n§ *(’.“1“ -) l -, _? ,
2(L+ '§) K\M}’" [I‘-l2+(‘L . 1)2]

ﬂvt J-' Sin-i[ | ;, n. _X—X S _v;pﬂ" -
e B [ o+ (L+ -)2]‘/2 o (320)




with (TE given by (3.9). _Th‘e" second term on the right
hand side is obtained by_a compl ex integration. The in-
tegration contour has been shown in Fig. 2.1‘ in chapter 1II,

.The first order correction fer_m AL is: given by

.- g (1] [t G e

St

o :' I '__- g ’ |
. -}égc@ K_Ti(y)] | [tli‘ (y)r ay, | veo(3.21)
N : :

_ where -@[Ti—l is given by (2 14) and
2 ,L - 2 L ‘
T1 =Y t1 (Y), . T2 =8 t2 (S). ‘ : 000(3022)

The expression for (3.21) can be simplified to

AN =

- 24 n2+(L.+—) ]

g [tL (Y)]

.Q.(3.23)
"t (Y-.n) -

~and is easily evaluated along the original contour. In

‘Bq. (3.22), ti‘ (y) ana tlé' (s) are given by -
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| )% - 18
L~ - 2n ) :
L - - 2 - 2 . - ® e 0 3024
ty (s{ =1 S -z

The semiclassical phase shifts are then obtained as

o 0 . ,'és N
L ='.Ufbomp1ex ¥ ~Le  eee(3025)

'It is instrﬁcfi%e to repeét the calculations.

with another model equation, which is glven by the

radlal equation for a fleld free particle, viz., ’

&2 éél(s)f .ié(s)'

et ’ - ~ = ‘ .l.. 06
s
ﬁith‘_ LL 4 1)
- . . o+ 1 cee .
t,(s) =1 = — - - (3.27)

The phase shifts in this case are given by



- .
G, =Lim (s -~y + nin 2y)
M - o0
g >

i | .
:SLy2-2ny-(L+%)2.+iB] %-n
pel '

Nl

. L A
2
-E§2f2n§f-('L+%)2] +

|n{‘§';n+ [_y ~2ny-(L+F- 21%

| - 1.2
(L + 3) Ksm'i[ o+ {Le3)
2 | 5 [0 +(Le %)2]4&

[l e
. .

- st t | - ‘nizi/] S 2
[n2+(L-@§)]2

39

+ ——— n
2 (L +§) 5 [n2+(L+%)ﬂ2
' - n : !
- Sini { ) . . LX +.AL,
[n2+(L+%)2]" | o
...(3.285

where A L the first order correction term, is giveh
n. N ’ R
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X
/ : : , .
AL = %K 4 ,jd'j 0000(3029)
. . 'j ' .

__and",ti (y)_is given by the Eq. (3.24).‘ The integrations
in (3;28)'énd (3.29) are to be performed along the con-~

tour mentioned earlier..

- III.2.3. Perturbative treatment .

A

It may be interestlng to note at this stage '
the results that one obtains by the perturbative treat-‘
ment of the cox.nplexv potenti__al by the semic{lass‘ical method,
The'real'part of the phase shift is obtained by a straight-
 forward application of the JWKB method to the problem -
under'conéideratiqﬂ-ﬁith ?he peal pari of the potgntial

onlyf‘The rea1 part of the phase shift is given by

Re Y.L“'L = (L,+%') % - Kr, +§ [K(r) - K] dr,
k() =x [1- L) .v<r>_,],

: C¥° r? ‘_'. E
K(rg) =0, . e (3.30)

. where 1r, is the classical turning point. Obviously,
thése results cannot be reliable since the real part of

the phase shift given by (3.30) is seen to be indepéndent
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" of B , whereas the exact phase shifis show a fairly good
variation as B changes (Tables I - iiI and Fig. 3.1).-
' The imaginary part of the phase shift in first order in B

is given by

oo .
| B . ' © @y .
v, y2 [1 - (L g}) - Eﬁ]
y y

The perturbative imaginary phase shifts- are compared with
" exact and semiclassical results for n = 0.5 and different

values of L and B8 and are shown in Fig.3.2.

iII;2.4. Results and discussions -

The CMG phase shifts calculated for n = 0.5,

2.0, 10.0 and:various B for the two model equations
‘are given in Tables I, II and iII. It may be pointed
out that both the real andAthe}imaginary parts of the
phase shifts agree IairlY'weil‘with the exact results.
The results for L = 1 'are, however, much better than
for L = O, The accuracy;imp;oves with higher L. We
'can draw the following céncluéions:

| (a) The real part of the phase shift show a
éiénifiéant dependence on the imaginary part of the poten-

tial, For L = 1 the real part even changeé sign as the



Fig. 3.1. The variation of the real and imaginary
parts of the phase shifts with B8 for

various values of L.
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Fig., 3.2. Imaginary part of the phase shifts
obtained by exact numerical, éemi-
classical and perturbative methods

for.L = 0 and 1;
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EXACT AND SEMICLASSICAL

-——- PERTURBATIVE

FIG. 3.2 .




TABLE I, The exact
: for n

46

and the semiclassical phase shifts -

0.5 :

- Imaginary imaginary

-0.5302
-0,7677
-0.8273
~0.9425

-0.2694
-0.3220
~0.4498
- =0.5811

-0,7685
-0.8280

-Q 09439 R
-1.0526 =1,

~0.2642
-0. 3210
-0 . 4:496

~0.5808

-0.7681
-0 08277

-0,9428

1. G, and o’
0.60091 0.0000
0.2069 = 0.2071
0.3873  0.3880
0.6835  0,6840
d¢92541 0.9263
1.2287 1.2290
1.3188 . 1.3190
1.4869 - '1.4870

1,6419

0.2196

" 0.2173

0.2106
0.1848

0.1449
0,0660

0.0361

-0.0278
-0.0941

0.2196

0.2172
. 0.2105

0.1846

 0.1446

0,0357
V-Q,0278
~0.,0946

0.2200
. 0.2177

0,2110

0.1851

0.1451

0.0660

0.0361

<0.0273

Q.0000 0.0000
0.1047 - 0,1048,
10,2089 - 0.2090
0.4130 0.4132

. 0.6090 0.6093

0.8843 0.8846
6.9709 .6.9712
11368  1.1370
1.2934  1.2936
1.4418 1.4419

Tablé_i Contdeses



.............

I%. © Real G Realvy »'Imaglnary Imaglnary
AR E N e
L ‘ - ' ~ .

0.00 " 0.4646 24646'Tu 4646 “,,0;0000 ~°0,0000
0.25  0.4640 . 0 .4639: 0.4640 0.0688 . 0,0688

",f:ﬁ.qésq-t o;4§é2', .4621,5, .4622: 0.1375 | 0.1375,"'

71,00 004551 04550 0.4551  0.2745  0.2745
1,50 0.4435 - 014434, 0.4435  0,4105  0,4105

- 2, 25‘f ':&iié 04178 0.4179 - 0.6416. . 0.6417

2450 ¢ 0.4074 = 0.4073. 0.4075 - 0.6777 0.6778

",@f;.pq .o, 3835 | 0.38340.3835 7 0.8083  0,8084

350 ;o?3§§§ﬂ1550 35615;:0;3562 © 0.9365  0,9366
. 4.00 . 0.3360 - lo 3258}?*0;32597 21,0622  1.0622
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TABLE IX. The exact and semiclassical phaseAShifté for n = 2.0,

L=0 |
"—ﬂf_—éﬁif-éﬁ&_géﬁf_E@QQQ_EQQQQ-—_
. , 0, 07 ama o/

0,00 0.1296 - 0,1295 0.1293  0.0000 0.0000
0.25 - 0.1290 0,1287 0,1285 0.0655 0.0624

10,50 0.1369 - 0.1267 0.1265  0.1248 . 0.1247
1.00 - 0.1188  0.1188 0.1186  0.2487 0.2487
1,50 0.1059 001659 10,1058  0,3709 0.3708
2.25 . 0,0785  0.0785 0.0785 0.5499 . 0.5498
2,50 0.0675  0.0675. 0.,0675  0.6082 - 0.6082
3,00 0,0432 ' 0,0433 0,0432 o.7zgé 0.7228
3.50 0,062  0.0162 0,0162  0.8345 '0.8345
4;00 -0.0130 -+ =0.0129 =-0.0129 | 0,9433 0.9433

L=1

0.00  1.2368 - 1.2367 1.2367  0,0000 0.0000
0.25  1.2364 1;2363 1.2362  0.0542 0.0542

1 0.50  1.2352  1.2351  1.2551  0.1083 0.1083
400 1.2304 © 1.2304 14,2303  0.2162 0,216

. 1.50 1.2226 © 1.2225 1.2224  0.3235 0.3234
2,25 142054 1.2054 1.2053 0,4825 0.,4824
2.50  1:1983  1.1983 1.1982  0.5350 . 0.5350
3.00 - 1.1823  1.1823 1.1821  0.6387 0.6387
3.50  1.1639  1.1638 . 1.1638  0.7409 0.7409
4.00  1.1435 1.1435 1.1434 | 0.8415 0.8415

Table II Contd....
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L =2
8 Real ’rlL Real 6] Real G'I‘_I Imaginary  Imaginary
1. W and 7
0,00 2.0222 2.0221  2,0222  0,0000 0.0000
0.25 2.0220  2.0220 2,0219  0,0450 0.0449
0,50  2.0244  2.0213 2.0213  0,0900 0.0899
1.00 | 2,0189 2,0188 - 2,0187 0,1799 0.1799
1.50 2.0147 2.0146 2.0146 0,2695 0.2695
2.25 2.,0055 2,0054 2,0053  0,4034 0.4034
2,50 2.0016  2.0016 2.0015  0.4478  0.4479
3.00 1.9927  1.9926 1.9926  0.5363 °  0.5363
3.50 = 1.9824 1.9824  1.9824 0.6242 0.6242

4.00 1.9706  1.9705 1.9705  0.,7114 . 0.7114
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TABLE IXI. The g£xact and semiclassical phase shifts for n = 10.(

L=0
B Real Yl,_ Real 07 Realyq, Imaginary Imaginary
‘ . UL amd of
0.00 13,8029 13.8030 13.8030  0,0000 0.0000
0.25 13.8029  13.8020 13.8029  0.0125 0.0124
0.50 13.8029 13;8Q28 13.8028  0.0250 0.0249
1.00  13.8028 13,8028 13,8027  0.0500 0.0500
1.50  13.8027 13.8026 13.8025 0.0750 0.0750
2,25 15,8025 ~ 13.8024 13.8023 0.1125 0.1125
2.50  13.8024 13.8024 13.8023  0.1250 0.1250
3.00  13.8022  13.8022 13,8021 0.1500 0.1500
3.50  13.8019  13.8019 13.8018  0.1750 0.1750
4.00  13.8016 15.8016 13,8015 0.1999 0.1999
L=1
0.00 15.2740  15.2741 15.2741 | 0.0000 0.0000
0.25 ° 15.2740 - 15.2740 15.2740 0.0424 . 0.0123
0.50 15.2740  15.2739 15.2730  0.0248 0.0247
1.00 15.2740  15.2739 15,2739 ‘0,0497 0.0496 -
1.50  45.2749 15.2738 15.2738  0.0745 0.0745
2.25 15.2736  15.2735 15.2735 0.1118 0.1;18'
2.50  15.2735 15.2735 15.2734 0.1242 0.1242
3.00 15,2733  15.2732 15.2732  0.1490  ° 0.1490
3450, 15.2730  15.2729 15.2729 0.1738 0.1738
4.00 15.2727  15.2727 15.2727  0.1987 0.1987

Table III Contd....
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:} Reai*clL Reath_ Reélct! Emagiﬁary .Iﬁaéinar{

, ., N, semw
0.00  16.6474  16.6475 16,6475 0.0000 0.0000
0.25 16,6474 16.6474 16.6474 0.0123  0.0121
0.50 16,6474 | 16.6473 16.6473 0.0245  0.0244
1.00 16,6474 16.6474. 16,6473 0.0490 10,0489
1,50 16,6473 16,6473 16.6471 0.0735 0.0755
2.25 16.6470  16.6469  16.6469 0.1103  0,1103
2.50 16,6470 16,6469. 16.6458 . 0.1226 0.1226
3400 'i'16,6467 16,6467 - 16,6466 0.1471 0.1471
3,50 16,6465 16.6464 16,6464 = 0.1716 0.1716

0.1961

16,6462

16,6462

- 16,6461

0.1961 .
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imaginary potential becomes stronger. The perturbative
mefhod, on the other hand, gives a real part which does
not depend on the imaginary part, as is evident from
Eq. (3.30).

(b) The imaginary part of the phase shift .
shows a monofonic increase as 8 increases, though
not as fast as is given by the perturbative method,
For‘small values-0of 8 , the perturbative results
are close to the exact values, but deviate increasingly
as 8 increaseé. Again, with an increase in L , Im‘l;
decreases. Physically this means that partial waves
with higher L are lesé absorbed because of the centri-
fugal barrier. |

(¢c) For the'potential considered, the correc=
tion term of order hq’ is smail in the case of the first
model equation. But for the second model equation this
contribution is significant. This is easy to understand.
In the case of the first model equation, there is a
cancellation between the correction terms that does not
happen in ihe other case. Terms of higher order in 'h2
depend on the higher derivatives of the function ti(y)
which are anyway small for the‘presentlpfoblem. However,
one may consider a potegtial whichAchanges rapidly in the
vicinity of the turning poinf. The correction terms may
ﬁé quite large in that case. For higher L , the correc=

tion terms become smaller.,
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(d) As is evident from the tables I - III, both
‘model equafi&ns)give almost equally good results.

(e) For fixed L and B, the phase shifts increase
with the Sommerfeld parameter n. For a large n, the problem
is almost the coulomb scattering problem as is evident from

Table III.

I11.3. Expgnenfial and Yukawa potentials

It may be useful to apply the CMG method to
some othér simple cases to test the accuracy and the
efficacy of the method. This motivated us to consider

Exponential and Yukawa potentials:

(a) Exponential: V=-V, e 7T, ore(3.32)
anad
Yo -7r
(b) Yukawa : V = = e cee(3.33)

T .
First, we have'COnsidered the real potentialé and com~

pared our results (calculated upto 'h? terms) with the

exact phase shifts as well as with the results obtained

‘with different app;oximation methods. The potentials are

then made complex by giving Vo a complex vélue (VO =9 +iw).
The path integration is done aloﬁg the contributing complex
trajectory. The variations of the real and imaginary parts
of the phase shifts with @ have also been studied. The
perturbative semiclassical calculation has also been done

for the sake of completeness.
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- III.3.1. Real po%entials

- The phase shirts for a real potentlal in the -

CMG method can be approximated as

y |
C_gL = Syth -d—z,f -V ‘92.‘- (L+3)°
+ (L + —) Cos™ 1 ( _Tg_ Tiz‘ @[T(Y)]\/W
. 9,
eos(3e 34)

where terms of order 'ﬁz‘lhave been included.

: In above, y, -is the turning point and ¥ is a
o al

" large value of y so that V ( —%f )& 1. " The function

T (y) is given by -

() = Y2_ -‘(i@)_'."_f (F)- (L« -;-’)2 ,'.p.'.(3.35)'

@ =TS e(356)

The <Q§{fT(Y)]_:1s given-by'equati6nl(2.14). In above,

Lanéenis subétifution has been made use of;_The Schriodinger
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'equatiOn'for a Iield-free particle has been chosen as the
model equation, The'caleulated phase-shifts‘depend only
weakly on the choice of_the_model equation. The'accuracy'of
this simple formula (3.34) is checked by comparing the cal-
'nculated phase shifts with-the exact phase"shifts and also:
the phase shifts obtained by different approximation methods.
We have chosen K = 1 fm 1, and have shown in Table IV the
different results. The exact results (A) have been taken
irom Uojtczakst The other results are? (B) the results
, obtained by us, (C) the results obtained by Swan6 using a
modified Born' s approximation and (D) the approximation
"results of Hthczak. It is seen that ‘for both the Expo- :
_nential and,Yukawa‘potentials, our’ results are accurate
even when the_energy is.not too high i.eey for K v 1 Imdio
| The accuracy improves‘considerahly as L _increasess
It may be pointed out that the method is better

~ suited for cases where an exactly solvable model equation
is readily available. The model equation-should preferably
have the same analytic form as the equation being studied.
'In particular, the two equations should have similar beha-
.viour near their s1ngular p01nts. Even when the natures of
51ngular1ties are different, the phase shifts calculated
iby this method often come out falrly accurately, particu-
1arly if the singularity is 1n the 1naccessible region
~ (say. at the origin) The accuracy of this method prompts

one - to con31der a complex generalization of this method.
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- TABLE 1IV. 1Phase; shi:fts for real potentials with

K =1.00 fm * ,°

e A B c D
Potentials L . praet our Swan  Wojtczak
V= -V, e 01,0890 _'-1.0833' 0.9844 1.1588 "
V,=5.2283 1 0.3931  0.3007 0.4039 = 0.3945

7 =1.5925 2 0.0985  0.0952 0.1103 - 0,1099

i =7r :
V=-v0-fe,_" o | o '
V,= 1.5933 4 0,3983 - 0.4044 0.4464 0.3822

7 =0.6279 2 0.1627 . 0.1658 0.2314 10,1914
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,111}3.20 Scattering from Complex potentials

fhe expressipn (3.34) for phase shifts can be
_used eveén when ‘,V-o in (3.32) and (3.33)are £iven complex
‘'values., ﬁbwever;'somevcommenis are in order. The,integral
" on the R.H.S. is now to be taken on a complek trajectory.
_The details of path intégratioh are discussed in section
II,S.:In‘the general semiclassical theory with aléomplex
‘poténtial,'there'is_a problem of choosing the trajectories
that will make significant contributions. The pr@ﬁlem
has been studieq by Knoll - and thaefierz,'particuiariy
in co@nection with heavy iohscattering. The problem is
more acute there because the Wbods-Saxoﬁ optical pqtential
leads to infinite number of complex turning points.'waever,
Knoll and Schaeffer have givenvsome prescriptions'for‘locé—
ting the turning point/points which can make significant
' conﬁributiqns. In mosf‘cases:Of physical‘int;feét in heévy
ion s?attering,Vonly one trajectory.makesfa dominant cont-
riﬁut;éno.At intefﬁediate energies, theré is a-range of L
falueéyﬁhen 2 or 3 tﬁrning.points'contribﬁté;‘but if the
absdrﬁtive pért:Q) is léggg, the‘turning'pointé déep
inside may not again be important because of a strong
vvabsqrpfion. The,éimple cases we.are studying here, Qf
course, present pb.suéhlprohlehs. The_tufnihg-point which
5;5 to 5e conéideredvislthé analytic continuation of the’
‘,féal root when () = O. The calculated values of gome
1

phase shifts for K = 1.0 fm . are shown in Tables Ve VI.
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' TABLE V. Complex phase shifts for K = 1,00 fu™1,

Potentials V==V, 'e '™, V, =1+ iw,

) Re'cﬂ__" Im &,
- - Salelel

- 0.001 1.,0394 0,0002 )
104,01 . 1.0395 0.0017
0,05 . - - 1.0396 . .. - 0,0088
0.10 - 1.0399 - 0.0176
0.20 11,0407 0.0355
0.30 71,0419 . 0.0535
0.40 ~ 1.0435 . 0.0716
0,50 1.0453 0.0898

2 LV =1 :
0.001 0.4061 | 0,0001
0.01 0.4062 0.0011
0.05  0.4064 0.0054
0.10 . 0.4070. - 0,0110
. 0.20  0.4087 . 0.0223
0430 04110 0.0337
0.40 . 0.4138 . 0,0452
0.50  0.4168 . 0.0567
: A i .

 0.000 . - 0,916 . .  0,0000
0.01 0.0916 .~ 0.,0002
0,05 - 0.0915 - 0.0009
0,10 040915 0.0018
 0.20 C.- 0,0914 -  0.0037
L0430 T . - - 0,0914 . 0.0057
10.40 . - . 0.,0913  °  0.0076
1 0.50 .. . 0.,0912 . . 0.,0096
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o - o : TABLE VI. Complex phase shli’ts for K = 1.00 fm 1.
! DR . Potentlalz 'V_ ‘- V .1 e~ 71', V »_19 v 1w,
E Lo 1‘;,xs 1. 5933 and ¥ 0 6279

Im&_ C !

rrrr -

001 ’c§57?1 1459;fi, -~ 0.0071

0,05 i T d.a4745 7T 040361

0.10 144510 . - 0.0753
0420 U 4,1626 0 . 041493
J0.300 T 4.1787. L. 042274
0040 o 11,1984 0 0 043074
0050 (. T 14220970 <. T 0,3894

© 0440 Y 0,4055 . 0,0208
T704200 . 004040 % 0.0587°
570030 © 7704026 - - 0,0881
Do " ouees . o.ra-

o0 oo, 3979 0.1466

. 0.05 .. T 0.655 7 0 0054
Do ouaess - om0
0420 - 041651 7 - 0.0223
- 0,30 - ,I*f:”ﬁ,‘,o;iéis"‘ﬁv .. 040335
0440 7T 0,164 ;i> 0.0447
L o.50 1ffﬁ_i§f...o 1639 o 040539
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III.3.3. Perturbative treatment

It has been'pointed ou£ in section IiI.2.3;,
that ﬁhen one ﬁses the«firsf order perfurbétiVe semi~-
‘classical method for complex potential, the real part.
of the phase shift is independent of ® while the
1maginary part is proportional to @ . For complex‘ '
.-Exponentlal potentlal the imaginary part of the phase
.Shlfts is given by -

I 5 o

ay

:00.‘ : : _‘."

g oy e Y/

X, - ' -

o \/yz nge:f/lm L+ )2

(‘3;3.8)

‘ ' For complex Yukawﬁ poténtial one gets a agimilar expression?
.' ° . LR »,
=M/ kd :

Joa <12
/yzmy-xemd_@w)

1, c§ /o

o‘s\/'\g

| eee(3.39)

| where' ' is théﬁcorreépdnding_turning point. The values
of I, é; obtaine&'from (3.38)-and (3.39) have been com—
"pared with the CMG values for K = 1 fm * and L = 0 and .

‘are shown in Fig. 3.3.

%



Fig, 3.3, Imaginary part of the phase shifts for
a complex YuKawa potential. The péra-

mcters are as in Table VI,
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IIT.3.4. Results and conclusions

o

The ¢udy of the pxponential and Yukawa potentials

‘leads to therfollowing,conclusionsz

t. The semiclaesical'results calculated b& the
, CMG method are fairly accurate and agree-well with the
~fexact results obtained numerically.

2, The real part. of the phase shifts varies .
slouly'as () varies. But the imaginary part shows a-rapid
change. If one follows‘a‘pefturbative approach for the
pimaginary part, one naturally gets, in the rlrst order

approximation in @ a linear relation between I ér
and.'G) « This .is a good approximation for small @ ,
as can be seen from Fig. 3.3 aiso.

3 We have considered here a case where both
the real and the 1mag1nary parts of the potent1a1 have
the same radial dependence. The situation where the radial
dependence is different may, in general, .be more difficult,
as has been pointed out by Schae,ffer8 in connection with
a coﬁplei Woods~Saxon type potential The complicatien is
ldue to the presence of an additional contribution from .
the sharp edge of the imaginary part of the heavy ion
potential,
| 4. The first 6rder Quahtum cprrection,ie signi-
,flcant here. On the average, the %2 term makes a contri-

bution whlch is about SZ 524 of the total phase shifts.



In cdnclusion, we havé shown that the MG
mefhod;has thé'acégracy desirable in a semiclassical
 ca1c#1ationvfof éimple pqtentia1 scattering. For
: héavy ion sCafteriﬁg,"the bétentia1s~are, of course,
lhdre involved,in'ﬁhé‘sensé.that~more than one turn-
ing points may gppear. Thus, apart from accufﬁcy,’
~ there is aisofthe question of the Suitability:of:fhe
| methoda;s a simple working technique. This is ‘the
-poin;\we would like to study in the next chapter by

considering a typical heavy ion scattefing experiment.
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CHAPTER IV

appLIcaTIoN: 1% - 1% mrastic

SCATTERING BY SEMICLASSICAL METHOD
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. IVe 1, Introduction

_Semiclassical methodsdhave already been used exten-
sively in the study'of heavy ion collision. The methods have
been found quite useful in determining various qualitative
aspects of the collision phenomena. However, the accuracy
of the semiclassical results in most of the cases are not
satisfactory. We intend to study here the:applicability,as
well as the accurac& of the generalized MillerfGood method
by considering a realistic problem e.g. 164 - }60 elastic
scattering. We have.considered this prohlem in two parts.
First, we have‘applied the real Miller-Good method. Since
the absorptive.part of thevnuclearipotential cannot be
neglected, we had to make use of a perturbative approach
for the imaginary part of the potentlal. Thus the turning
point is determined by the real part of the potential and

the phase integral is taken along a real traJectory. The
:1mag1nary_part only supplied-a<damping_factor to each of
the'partial waves.lThiSvapproximation is good if the
imaginary‘part is Small.‘lf the Miller-Good method is
found su1tab1e for a reallstlc problem, it may eliminate
~in some cases a lengthy direct numerical calculation,
particularly if. the accuracy demanded 1s not too high. In
this context we have’ also applied the complex Miller—-Good
" method to study the same problem. |

In the actual calculation, we have made a depar-

'ture from the usual trend 1n connection with the ch01ce of
Athe coulomb part of the potentlal. In the study of heavy

-ionvcollision, the coulomb part‘of the potential is usually
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taken'in an approximate uay. The'potential chosen is given
by either (a) that between a point. charge and a sphere of
unlform den31ty or (b) that between two uniformly charged

' ..spheres of appropriate rad;;. The approximation appears to'
be a good one_when the-nucleivare heavy and have Fermi
typefof eharge distributtons. However, it is not obvious'
‘Why this approximation'should be valid for light nuclei

‘igc, 16O,etc. which have been used asAprojectiles

like
for many experiments. Tnese p-snell'nuclei have a modified
harmonic well type'of charge distribution, which cannot be
represented we;l'by‘a uniform distribution. It is well-
known that the‘elastie scattering'of heavy ions depend |
" more cruclally on the real part of the potential around a
critical distance "Rwv 1.5 (A3 * A3 ) fm. Thus. the elastic
scatterlng normally places a very weak constraint on the
detalled structure of the potential However, considerln&
also phenomena like the fusion and the nucleon transfer
' reections‘one can determine thefpotential'nOre accurately.
Tne choice of the correct coulomb'potentiel will, therefore,
- be more useful when the entlre range of exper1menta1 results
"(elastlc scatterlng, fus1on and transfer reactions) are
'sought to be explalned with the _same set of potentlal'
:7parameters. It -seems, therefore,_worthwhlle to see if the
tinaccurecy7in the*charge’distribution:chosen is refieetedd

in theAmeasurable quantities; pertieulariy in the scatte~

r»firing cross-sections.‘With'this.view‘in mind we have

“considered here. two cases: (A) the case of two‘uniformly

charged_Spheres—of radii \/3/3 Rr m:s and (B) the case
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of the two diffuse oharge-distributions of the modified harmonic
well‘type. Thé coulomb potential 1n:both the cases cah be cal-
'oulated analytically by making use of the convolutloﬁ_theorem
of Fourier transforms. The nuclear potential between the nuclei
was- assumed to be givon by a complex Woods—Saxon function. The
phase shifts‘and the scattering cross—~sections for a pair of

p-shell nuclei (1° 16

0) were then calculated by the genera-
liied semiclassical method. The results indicafe some difference
ln phase shifts and in cross—sections in the cases (A) and (B).
lt may,4therefore, be.wortowhile to work with the correcf

VoL

charge distribution instead of the approxiﬁate distribution(A),
whlch is commonly used in heavy ion codes1 |
. The presentatlon of the mater1a1 is as follows. In
séction Iv.2., we Qave given the expressionS»for_the coulomb
potential between two oolliding,nuclei. The semiclassical
~method has been‘discussed ig seotion IV.3. Toe calculated
results are presented and analysed in section IV.d.. In.the

next section, we shall study the 160 4-16

0 elastic scattefing'
by the complex Miller-Good (CMG) method. The results will be
compared with other results, théorétioal‘and experimental. Our

conclusions are also summarized there.

IV.2. The coulomb potential | - v

To calculate ‘the coulomb potential between the
00111d1ng nuc1e1 we make use of - the following results.
If the charge form factors of the nuclei A and ‘B _

Cere ﬁ(%) and - .fm) ) G being the m"’“e"_t“‘“___f-



transferred, the potential between them in momentum space
is given by '
-\ 4TC 2 /> -
V(F): 7 BB L) £ ()
' | cee(4.1)
The expression (4.1)_follqws eaSily from the convolution

theorem of Fourier transforms. The potential in the

coordinate space is given by

’ eee(4d.2)

_aﬁd if the charge distribution is spherically symmetric,

()__2aze jg §z&_)§(@ £,€¥),

TTv
coe(463)

We shall consider two special casess$

Case I: When theiéolliding nuclei have charge distribu;
Atipns given.by the geéneralized sheil model (GSM).

It has been genérglly accepted2 that for nuclei
with an incompléte 1b_4sh¢11, the chargé‘distribﬁtion

is given by : B : - . a

] -_2— ‘. i . | 1 o( _pq_ ex},. —YF/Q:— ’
o) F mrag ( 7)ot (774)

70
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where

...(4.5)

E being the energy interval between two consecutive
levelé of the harmonic oscillator. The root mean square

radius ( @ ) of the distribution is given by

= Qe f—(2+5°<

2 (2 +3%)

ese(4.6)
with
. 3 <Z .')' oo e(4.7)

The form factor for the distribution (4.4) can be easily

‘evaluated and is seen to be given by

Y 2. ( sy
—_ QX -
F(% [1 (2(z+$9] F
[ ..(4.8)
Assuming that both the nuclei have charge distributions
of the type (4.4), we have calculated the coulomb poten-

tial exactly by using the relation (4.3). This can be

written as
V() = 2,70 -[%Eri’_ (o) + (8 + 7 D)o/ 1]

eee(4.9)



where
4 » .
B =[5a4, - 2(a + 4y B°] /aB’Vw
7
7 == AjA, / 8B Jﬁf
2 2 2
B = B1 + B2
with ' .
' - 2
Ay = % Qou /T2 + (2 + 3%3) ]
s i 2,
By = a°1//4 P
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oee(4.10)

eeo(d.11)

eoe(4.12)

-..;(4013)

eeo(4.14)

the suffix i (i = 1,2) refering to the i-th nuclei.

Caée,II; When the colliding nuclei have uniform charge

distributionss

The charge distribution here is given by

eo for r £ R

o (v)

= o . . for r > R

eee(4.15)

R TDbeing the radius of the charged sphéfé. The corres—

‘pbnding formm factor is given by
o | o
F(v) = ‘Z:—?? [Sinﬁ,R - C[,R C-‘os‘_q;R]

" eee(4.16)
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From (4.3) and (4.16) one gets:5

(1) for -~ .r > Ry + Ry,
2
: Z,2 e
172
Vc(r) = 000(4017)
(ii) for r <& Ry = Ry,
2
2,2, 2
S LSRN S T
c - R 2 2 R 2 10
1 1 Ry
000(4018)
° & R P
(iii) for R, . o £ r & Ry Ry,
' 1 © 3
2 i ‘ . 3
Ve (r) = 2 4ye [ T+ 329_5 (P1+P2) ]
160 r (Pipz) J=o
vee(4419)
where
1 = ?*, ’ ..l(4‘20)
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- and

C, = - 30 P1P2 -1
¢, = 120 p,p,

Gy = 15 - 180 p,p,

03 = 120 pyp, - 40

Q
N
"

1

C5 = .' 24

Q
- N
il

4 5 ° . | ‘ . . 0f0(4o21)

For two identical nuclei, the potential can be written in

a simpler form, viz:

22
v, (r) Ze {.1 + 6 _

3

u

=—c (30 rir%- r 80 Ry
160 R e

* 192 Rsr- - 160 R6)} ’

r £ 2R
22 8
= Zre , r > 2R
eee(4.22)

. We ghall do the calcuiations'hefe with both the potentials.

. '(Case I) and (Case II) The nuclear part of the potentlal

16

-HIOr "0 - w111 be taken to be a complex optical model

pdtehtial, as chosen by Maher et a14, viz
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vy (r) _ = (V, + 1 W)

1 +‘Exp'(r.-1;o)  eee(4.23)

with Wb depending on the collision energy.

IV.3. Semiclassical phase shifts and cross~sections

We shall consider here a perturbative method for
‘treating the complex optical potential, assuming that the
imaginary'part of the potential is small. Thus instead of

. working with the wave vector

. , . : _ |
K (r) = [ K2 - -2_".,'— ( V-R +1ivV ) - L‘L + 1! ]

-52

eoo(4.24)

we expand and keep terms upto first order in VI; The cont-
ribution of the imaginary part in this approximation is
contained in a damping factor e’?S(L)“for each partial

wave of angular momentum L, where

28 “)'- .A'&i ar , ..
s(L) = +2 _f 2[1:'2'.- 28 o o L(L + 1) ]}';'
- % L 1—\2 R - 2 4

L T

...(4.25)

Apart from this damping factor,-the problem is now that

of a real pdfential. Conséqdently, the‘turhing.péint and



the trajectory are both real and the generalized semiclassical
method can be applied to this problem in a straightforwerd
manner. The ﬁarametere chosen for the Woods-Saxon potential4
for % - 1% gcattering indicate that W, 1s indeed
much smaller than Vo) at least upto-about E_, = 50 Mev.
AThus, the appfoximation‘made above May be acceptable.

| .The detailsvofvfhe semiclassical method have |
already been given‘in ehapter II. The methed'has been
found'to give accurate results even at_low enefgies, where
the conventional JWKB method is inaccurate. We shall con—
sider only'tefms of 1owes£ er&er in “z. . Ve have chosen
as the model equation, the radial equation- for scatterlng

from a point charge w1th the same Sommerfeld parameter,

2
n = '2-F|_}Jé "';'_2— ) . . ‘000(4026) ’
2K .

tﬁhere kgﬁ7gﬂvis the C.M; energy. To obtain.an expre-
'ssion for the phase shifts, we first writé the radial

equetiqﬂ for the problem as -

@r(y) .t (y) | |
_L(y—). ‘+ . 1(y R(Y) '=‘:0 , ...(4.27) |
av2 §2 BT R
dy
l-‘with:- - | |
hzti(y) ‘- LiLy; 2 - f_\“Kr (Vg + 7))

':;'...(4.28)
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"where y = Kr and Vﬁ(y) and - Vé(y) are the nuclear and
coulomb part of the botential respectively. The model-
_equation is also written as ‘

2

R (s)  t, (s)

+
as® 2

with S - :
‘12 t2(8) =1 = % .— M"I%ﬂ .'- 000(4.-030)
H .8 . ‘
Let us now introduce Langer's substitution
y = e ] ’ )
x/2 . : o

_M.RL(y) = e / GL(x) P : eee(4.31)

to obtain the transformed radial equation for the problem

- as

N 2‘ ‘ . ,
cTatep(x). () " ,
dxz . + - -hz G’L(X) = 0, | 000(4032)
where

H K

o .2 ; - 2 | il
L - _(Lw % )? |

.,.(4.33)
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whefe ﬁﬁ (x) and 'Vé (x) are the potenfials in the new
variable., We can make a similar transformation for the

-model equation, Viz}

s-_-eZ’

0 %/2 .0 ' - , o
R (s) =e /2eGL (z) | ees(2.34)
to obtain the transformedfmodel equation as

“op (1) 9@
az= R

> (2) =0 Cee(4.35)

where

SRR S

%zq, (z) = e

.We now apply the Miller-Good method to the set of equa-

. eee(4.36)

'tlons (4.)2) and (4.35). The phase shifts in . the zeroth
order can be expressed in terms of the or1g1na1 varlables
,_as o | '

o c . G;di‘f

[N e L ’ ' : 000(4'-37)

. :Whé‘r.e .

R | ;-'2f - e u(4.38)
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and
- 1 42
diss - ny + (L + = )
o = (L +'£ )| E - sin 1 2 )
L 2 ) 5 —
FVo2 + (L +3)

2

)2

'Y -n +V§é - ony - (L + %
+ n\n (
2
)

V/;2 + (L +
)
'/§:2 - 2ny - (L +% )2 +g\/t1(y) dy

My eoe(4439)

ol

where y; is the classical turning point, and ¥ is a
large value of y, which we choose. The choice is such
that the total potentiai between the two nuclei is given
very accurately by‘oniy,the coulomb term 2n/y.

One of the problems in working with a semi-
classical methdd is to decide on the turning points that
has to be taken into account in calculating?the phase
shifts. Here, we follow the pfescriptions of Knoll and
Schaeffer, who made a systematic analysis of this problem.
For intermediate energies, there is a range of L values
for which there are three real roots of fLi (x) =0.
We have showh in Fig. 4,1 the effectivg:potential with-
the charge distribution (4.9).We have also shown in
Fig. 4.2 and Fig. 4.3 a typidal casé for the C.M. energy
Eom = 31.5 Mév aﬁd for a potential given by‘(4.9) and
(4.22). According to the criterion of Knoll and

‘Schaefferjfor L values lower than the orbiting value



Fig. 4.1.

The effective potential Vgpo(r) which

includes the real part of the nuclear

potential, the centrifugal term and the

coulomb field generated by GSM chargé

xdistribuﬁion,‘for differenf_values of L.
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Fig. 4.2. The real function ti(Y) for different
values of L with GSM coulomb charge

distribution at Egp = 31.5 Mev.
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Fig. 4.3. ‘The real function ti(Y) for different
values of L with uniform coulomb

charge distribution at Ecm = 31.5 Mev.
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(when the maximum of the potential barrier equals Ecm)’

it is the inmer turning point r_, which contribufes. At

2
the orbiting value L, pit? the phase shift jumps, since

. then the outer turning point  r, -alone starts giving the

1
phase shift. At higher energies there is one real turning
point which contributes. It may be pointed out that even
for ; réal potential, one has éoﬁplex turning points,
-which should in principle, contrlbute for L values
for whlch a pocket in the potent1a1 appears. Phy31ca11y,
this contribution accounts for the quantum mechanical ref-
lection of the wave passing ovef a potential barrier,
Howevér, the effect of this term is small and we will not
consider it in the calculation that follows. The problem
of the choice of turning points for the complex trajecto-
ries is more involved énd will be taken up in
section IV.5. | .

To calculate the cross-éectlons, one has to

 take into account the symmetry of the proaectlle and

the target. Thus, one can write for the amplitudes,

?(9) = §(8) + §(w-9
| ‘5 (9) +—E(2L 1)(e2Sf(L)"XL 2'&)?(““

L even .

"where S(L) is given by (4.25) and »'-5‘“(9) ., the -
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symmetrized Mott scattering amplitude is given by

g<9)= _ n_ [COS‘“ + Cos‘ﬁ]
M 2K | sin%h  cosp

_11_[ Sin« Sin@]

2K '
sin®es  Cos%p ‘
' eee(4.41)
with
—c
0( = 2 go - Mlmn Sy & R
' vee(4.42)
C
e=25°"“"ﬁ€os§ s .
| 2 Ceei(4.43)
and .
~C c 4 .
é/o = Arg r (1 4in) ., - eee(4.44)
. The ratio l/q— ~ of the symmetrized scattering cross—

sections can he easily calculated from _the above relations.
The summation in’ (4 46) can be termlnated for a value of L
so that all higher §, and 5,_ , dli’i‘er by a quantlty

‘which 1s less than a prea351gned small number.-_
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1v.4, Results and discussions

We have calculated the phase shifts as well as
the scattering cross-sections for the 160 - 160 elastic
scattering in the energy range Ecm = 26,5 = 43.5 Mef.
The pbtential parameters were chosen as follows?

1. For the GSM charge distributions
X =2, @ =2.,625 fm,
20 For the uniform charge. distribution?
R = 3.39 fm,

3o . The parameters for the nuclear potential were

as follows4:

Vo = 17 Mev, Wo = 0.4 + 0.1 Ecm
RO = 6.8 fm’ a°= 0049 fmg

. The phase shifts were calculated exﬁlicitly‘upto L = 100,
beyond which the phase shifts were assumed to be . given
,b& the coulomb phase shifts., Some of the real turning
points for ceftain valﬁés of angular momenta are shown
in Table VIf.ATﬁese'turning points were used in evalua-
ting the integral of equation (4.39). Our results-are
_as'fdllows: o |
(a) Phase_shifts:ana itsAvariatibn with energys
The'calcﬁlated phase shifts show a smooth

~ variation with energy. Some phase shifts with G S M charge



TABLE VII. Turning points (real) with G S M and
uniform Coulomb charge distributions.

The nuclear potential is real and as

given in ref. 4.

—— ase e Em e W ey Gem e CEL e Aew SRS EED SR el CEG G S Gt e D GRS Gaap  Gems  Gwme G

. Real turgiﬂg points Y
: GSM UNIFORM
0 0.724 0.704
2 3,499 3.416
4 50955 5.856
6 8.118 8.038
8 - 10.075 10.026
10 11,895 11.876
12 13.628 13,633
14 15,314 '15,333
16 16.996 17,020
8 18,751 18.776
" 20 20.876 20.897
22 274190 - 27.191
24 '~ 29.866 29,866

89
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distribution at different energies are shown in Fig. 4.4.
(b) Effect of the imaginary potential:

The effect of the imaginary potential is to
supply a damping factor to each of the partial waves. In
the present problem, (Ecm = 31.5 Mev) partial waves upto
L — 24 are affected, the higher partial waves are not
absorbed. The effect of this damping on the scattering

cross—sections is showm in Tables VIII and IX.
(c) ' Effect of charge distribution:

.The phase shifts for the G S M charge distri-
bution and the uniform charge distribution show slight
differences as shown in Table X, particularly for low
values of L. For higher values of L(L - 26 and upwards)
the difference almost vanishes, as expected.‘The results
indicate that one will have to alter the radius of the
uniform distribution appreciably, if one w;ﬁts to fit the
G S M results wifh a uniform model.‘This may be possible,
since the scatterihg.does not deﬁend-critically on the
poténtial excepting in a cértain region, mostly on the
tail of the potential. But the consequent change of
poténtial elsewhere may'be reflected in the cross—sections
for other processes, viz. fusion or transfer processes. It
is, therefore, useful to consider the realistic & S M
_ charge distfibution in ﬁhe study of heavy_ion-collision
‘ 16 12

processes with nuclei like 0 and ~“C.



Fig. 4.4. Variation of the semiclassical phase

shifts with energy for elastic

160 - 160 scattering. The potential

chosen is given by Maher et al;4



Q
0

L = {00

26

1 I !
o o
o X e

- A (sNVIOVY ) 514148 ISVHJ

14

50.5

42.5

Ecm (Mev) - .

34.5

26.5

4.4.

FlG.



TABLE VIII. 160‘ - 160 elastic scattering

cross=sections with G S M coulomb

charge distribution,

Qc-m ! dq-—‘;'/ AT ot : | < <’"‘"/"“"P\OTT
(degrees) :(With W, = 0.0) '(With Wy, = 0.4 + 0.1 E )
20 | 0.241 0.241
25 0.193 0.196
30 0.999 0.992
35 0.023 0.022
40 ‘ 0,912 0.925
45 0.426 - 0.424
50 - 0.328 0,320
55 0,494 _ 0.499
60 . 0.087 0.091
65 . 0.901 0.890 ..
70 N 0,643 - 0.648
75 2.588 2,632
80 - 0.793 0,784

85 0.049 0.047

90 0.464 | T 0.469
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TABLE IX, o = 160 elastic scattering cross-

sections with Uniform coulomb charge

distribution.

Ocm ' : dm/dfTMof-r : dg—"/ 4 v
(degrees) :(With W, = 0.0) :(With W, =,0°4 +
' \ . 0.1 E_)
20 0,223 . 0.224
o4 : 0.466 0.471
28 | : “ 0,310 0.307
32 | 0..839 0.834
36 ' 0.036 0.037
40 0.873 0.883
44 0,204 0.208

48 0.848 | 0.841
59 . 0,063 0,060

— e gt e s A e e e mae  Gmes e s A et Sn et gmen e peem  Shas  Mee e GSer  Seed See B



TABLE. X. -The phase shifts for
scattering with G S M

charge distributions.

is given by a Woods—-Saxon potential~.

L !
P o o e ot o v e mm
' GSM
——————— ! — e ume ema e e e - G —
0 16,051
2 16°244
4 164605
6 . 17.018
8 17 .409
10 17.736
12 ' 17.968
14 18.078
16 ©18.029
18 17,760
20 17.114
22 16.110
24 | - 16.358

3o

16

o - 16

1) elasfic
and Uniform Coulomb

The nuclear,potential
4

16.195
16.366
16,687
17.060
17,421
17.728
17,950
18.057
18.011
17,746
17.106
16 .200°
. 16.358



Iv.5. Complex Miller-Good Method

In this section, we shall consider the complex

-Mil_ler-.Good' (CMG) method for studying the _1.60' - 16

0 elastic
scattering:phenomena. For simplicity,'we-shall consider
energies for which there is only one contrlbuting complex '
traJectory. This makes it necessary to consider an energy
greater than‘25 Mev in the C.M.-frame. We have chosen the
'optical potential parameters given by Maher et al. Itvis
known that this potential doesvnot reproduce the?experi-
mental results, at the energles con91dered but our aim
here is 11m1ted to the study of the efficacy of the CMG
method 1n the case of a reallstlc scatterlng phenomenon, '
-_We have cons1dered the scatterlng at E 31 5 Mev in

.deta11 and compared our results with (1) the resultsv'

'obtalned by the perturbatlve method, d1scussed 1n the

.. last sectlon, (11) the exact results and (111) the expe-

- rimental results. The last two results have been taken
from‘uaher et al. . : |
In applylng the CMG method, the first step ls to
select the complex turnlng p01nts whlch will make the
’domlnant contrlbution. In the case considered the compe»
lex turnlng point turns out to be the analytlc continua-
- tlon Ain the cﬁmplex plane of the zeros of the functlon

Re ti(Y) 0, which are first calculated. ‘We have-shown

in Flg. 4.5 the complex roots cons1dered for calculatlng

~

36




Some compiex turning points for different
values off‘L for the %60 - 160 system
at Ecm'=~31.5 Mev with GSM coulomb
charge distribution. The nuclear para-

meters are as in Ref, 4.



L=20

FIG. 4.5.

48
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the phase shifts. These heve‘been determined by an itera=
tiue'method, giving the real‘root of Re ti(y) as an input.
Our choice of the roots are cousistent with the prescription
of Knoll and Schaefrer. The pathsintegrationshave been done
along the contour shown in Fig. 2 1. The differeutial cross-
section is calculated by considering (i) complex phase
"shifts upto L = 20, (ii) perturbative semiclassical phase
shifts for L = 22 to L = 100, and (iii) coulomb phase shifts
for larger Lo’The radial‘waves for L = 2? and higher are notv‘
lmuch absorbed so that it is sufficient to consider complex

' integration upto L = 20,

.. ﬁe nAQe shown the differential cross=section in

~ Fig. 4.6 at Ecm = 31.5 Mev, The.solid 1iue gives the CMG
results obtained as inlehove, while the uashed_eurve gives
_the results obtained‘hy the perturbative method. The dotted
1ine gives the experimeutal results of the Yale grougTGThe
CMG results seem to glve better agreement w1th the experi-
mental results than the perturbatlve method, though the
agreement is still.poor. This is not surprising, because
.even the exact numer10a1 calculat1on of Maher et al.

shows poor agreement w1th the data (Fig. 4.7). The weak-

" ‘hess. of the potent1a1 is ev1dent from the structure of

the theoretlcal cross-sectlon near 50° and 80°, which are
out ef phase w1th the exper1mental results. The approxi-e
E‘;mate results obtalned by us . show almost the same'

5features. However, theuhumber-end.positions of thefpeaks‘
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‘TABLE XI.,  Some complex turning points with GSM coulomb

160.- 160 system

charge distribution for
at 'Ecm = 31.5 Mev. The nuclear potential
is as given by Maher et al.

L Real part Imaginary part

0 0.7092 -0.0823

2 344478 -0.3548

4 | 5.9005 -0.5043

6 '8.0682 -0.5808

8 | 10.0285 . -0.6288

10 11,8501 ~0.6683

12 - 13.5830 ~0,7082

14 - 15.2664 | -0.7544

16 ' 16,9411 ‘ -0,8169

18 . 18.6761 | -0.9276

20 ‘ 20,6635 =1.2689 "

22 27,2648 ~0.3408.

24 . 29,8674 . -0,0568

26 31.9916° =0,0160

28 34.0080 .- =5.0380 5-03'

30 . 73549950 .- - ~1.6309 E-03

2 . 3109747 - =5.3160 E-04

34 . : 39.9537 o -1.7329 E-04

6 © 41.93a1 -=5.6378 E-05
38 43.9161 | -1.8209 E-05

0 . 45.8998 © 7 =5.9257 E-06 .



Fig. 4.6.

16

16 0

Differential cross-section for (Ve
élastic‘écattering. The solid liné.rep:e- y

sents thelcross‘section obtained by the

- CMG method and the dashed line by the

perturbative treatment. The dotted line

joins the -data points of Ref. 4.
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Figo 4:073

16, 16

o - 0 elastic scattering angular
distributions reproduced from Ref. 4.
The solid line gives the exact results
and the dashed curvé interpolates the

experimental points.
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obtained b& the appfOXimate methods seem to‘agree well with
the exact reéults,-though théré aré’still qnantitative
discrépancies, particularly near the minima, where cor}ec-.
tion terms of_prdef “2_. shquld have béen coﬁsidéred.
It has been’suggested that the shaliow 17 Mev
optical pdtential is pot édequaté and either a repulsive
. core and/of'an L -dependant potential is needed along with
this shallow potential. Halbert et ai7,froilowing this
| suggestion, was ablé to get a better fit with the experi-
mental resuits at higﬁer energies. It is however,
'beyond-the scope of the present work to éim for an
accurate fitting of t,he'potentiai. We would rather
summarise our conclusions in the following: ‘
| “The Complex MiliérfGood me thod is an accurate
- method for-détermining the phase shifts, where the method
is'applicable'in a simple wéyo Howevery the cases where
. the real pért of ti(Y) has three or more réﬁl zéros, the
‘computation of the phase shifts becomes involved. Siﬁce
'in the semiclassical ﬁéfhod, eéch radial equation has its
own special feature and has to be studiéd‘séparately; it .
. is obvioﬁsly not é‘good alternatiié §§.an e;act numerical
'léaiculation. The sémiclassicéllcalpuiajion, nevertheless,
may- serve a usefui burpose, by‘giving'an approximate
- estimate of the phase shifts anq_;fogé%section§§ The
:hgeneral feaiufe revealed byitheseidpptoﬁimaté calculaf

tions may be used as a guide for a subsequent.numeérical
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computation, Moreover, where the gross features of the
scattering are all that are needed to be known, the semi-
classical method has already proved its utility. For
scattering froﬁ simple potentials, the semiclassical
methods often provide various bounds or exact results.
A}ready'in the realm of particle physics, the semiclassical
épproxiﬁations have found useful applications, pafficulafly
in the description of heavy quarkonia, the bound states of
a quark aﬁd its antiquark. These states ‘can be described
in terms of a Schrédinger's equation, because at small
distances the interaction potential which confines the
quarks is small compared to the constituent quark masses.

A number of usefui bounds and. exact results have been
obtained here from semiclassical considerétions? The

heavy ion scattering pfocesses are, of course, more
‘complex in nature. Stili, it is expected thgt the semi-
qlassical methods, because of its basic simplicity, can

. be quite useful in studying at least the gross features

of these complex manybody processes.
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