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ABSTRACT

The 20" century saw the rise of Point Set Topology, Generalized
Topology and the present century brought the concepts of Minimal
Structure as well as Weak Structure. These arose from the effort
to establish a solid base for Analysis and the Hausdorff’s book

Y

“Grundzige der Mengenlehre ” indicates that the development of
such topology and topology-like structures are intimately linked to
the progress in Set Theory. This thesis extends the fields by chang-
ing the domain of thoughts and using the properties of different
operators on a nonvoid set endowed with aforementioned topologi-
cal, minimal or weak structures and developing the theory of those
spaces in new settings. The richness of the theory presented in
the current thesis is shown by the fundamental fact that a nonvoid
set may be equipped with countably many p-structures, which are
connected to each other by some rules, where p € {topological, min-
imal, weak}. A careful study of most important topological notions

and concepts like density, closeness, separation axioms, various op-

erators and their components has been made in the new settings.

This thesis consists of seven chapters and among them the first
is preparatory or, may be called, introductory. The essence of the
first chapter of the thesis is to warm-up topologically. Some basic
definitions and results that are commonly used directly or indi-
rectly in different chapters of the thesis are also accumulated here

to provide source of ready references.
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In the second chapter, notions of K{)-closure operators, relative
closure operators, and their components are introduced. Further-
more, relation among themselves are investigated, additivity and
productivity behavior of such operators are observed and the se-
quential topologies (ST) induced by them are studied. Two dimen-
sional expansion, in some sense, of a sequential set by the afore-
mentioned operators plays the main and important role in this
chapter. K. Kuratowski introduced the concept of an operator
(classically known under the name “Kuratowski’s closure opera-
tor”) K : P(X) — P(X), X # ¢ from the power set of X into
itself which generates a topology on X and the closure operator on
this topological space coincides with the operator K. This chap-
ter starts with a change in the domain and codomain of the Kura-
towski’s closure operator. We consider the domain and codomain to
be (P(X))Y instead of P(X). It is observed that such a change leads
to remarkable consequences in the theory producing a topology-like
structure which we call sequential topology (briefly ST). Theory of
K(Q-interior operators has been developed analogously. Main re-
sults of this chapter are published in [M. Singha and S. De Sarkar,
On KQ and Relative Closure Operators in (P(X))Y, J. Adv. Stud.
Topol. 3 (1) (2012), 72 — 80.]

In the last few decades, closure operators, interior operators and
various compositions of them have been studied that produced dif-
ferent classes of subsets of a topological space. A large number
of papers is devoted to the study of such classes, possessing prop-
erties more or less similar to those of open or closed sets of the

underlying topological space. It is seen that different open and
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closed sets correspond to separation axioms of different forms pro-
ducing extremely interesting theories. Composition of K-closure
and KQ-interior operators in various permutations yields theory
of different types of open and closed sequential sets in STSs. In
the third chapter, considering the theory of semi open and semi
closed sets introduced by N. Levine as a model, we develop a the-
ory of semi open and semi closed sequential sets in newly intro-
duced K()-spaces by using the composition ‘Col’of K€2-closure and
KQ-interior operators ‘C’ and ‘I’ respectively. Some results of this
chapter are the generalization of the results published in [S. Das,
M. Singha and S. De Sarkar, Semi Open and Weakly Semi Open
Sequential Sets in Sequential Topological Spaces, Vesnik, BSPU, 9
2(19) (2009), 40 — 52.]

In the fourth chapter, development of the study of richness of se-
quential topological spaces (STSs) has been considered. In doing so
it is noticed that the existing theory related to separation axioms in
STS suffer from major deficiency because of the ambiguity in defin-
ing “distinct points” in such spaces. We get rid of such obstacles
by providing appropriate definitions and then develop the axioms
up to Ty. Results of this chapter are published in [N. Tamang, M.
Singha and S. De Sarkar, Separation Axioms in Sequential Topo-
logical Spaces in the Light of Reduced and Augmented Bases, Int.
J. Contemp. Math. Sci. 6 (23) (2011), 1137 — 1150.]

It is surprising to note that every composition of closure and in-
terior operators in a topological space are monotonic. This means

if ‘comp’ is a composition of closure and interior operators in any
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permutation then A C B = Comp(A) C Comp(B). Taking the
behavior of these compositions into account A. Csészar introduced
operator v : P(X) — P(X), possessing the property of monotony
to define v-open and 7-closed sets. The collection of all these ~-
open sets provides a structure on X known as generalized topol-
ogy (briefly GT) which drew remarkable attention of researchers
in this area. Once such an operator v is defined it is natural to
ask “What happens if both of domain and codomain of v are taken
as (P(X))N?”. One may wish to ask more specifically: “Does the
new operator resemble generalized sequential topology (GST) in
the same way as the v-operator does GT 7 7. In the fifth chapter
we answer these and similar questions in the affirmative sense and
obtain generalized sequential topology which provides many inter-
esting results. Notions of monotonic sequential operators and their
components (on and off) are introduced and studied sequential as
well as generalized sequential topologies induced by them. Some
properties of such operators and their components have been de-
rived using the concept of operators introduced by A. Csaszar and
investigated the relations among themselves. A generalized concept
of connectors of GTs is obtained and a version of Teitze’s extension
theorem in GTS has been established. Expansion or contraction
of a component of sequential set depends upon some other com-
ponents of that sequential set; this kind of dependence plays the
main role and yields plenty of results in this chapter. The paper
[M. Singha and S. De Sarkar, On Monotonic Sequential Opera-
tors, Accepted for its publication in Southeast Asian Bull. Math.]
is totally based on this chapter.
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We then turn our attention to some other lines of development
of the theory; namely, “theories of minimal and weak structures”.
Considerable development has been made in these directions during
the last twelve years. V. Popa and T. Noiri introduced ‘minimal
structure’ while ‘weak structure’ was introduced by A. Csaszar.
In both cases some condition in the definition of topology were
relaxed to obtain these new definitions. Currently many researchers
are engaged in developing theories with these new concepts and
studies are being made towards defining different types of open
and closed sets and related separation axioms. In this thesis, we
take up some problems related to separation axioms and continuity
(e. g., Urysohn’s lemma) in spaces endowed with minimal structure

and weak structure.

With necessary modifications and corrections of some results in
the existing literature on minimal structures we propose, in the
sixth chapter, a development in the related theory that enables us,
along with other important results, to establish a generalization of
Urysohn’s lemma in this new setting. In doing so, various separa-
tion axioms and different kinds of continuity related to Urysohn’s
lemma in minimal structures have been studied. Main results of this
chapter are included in the paper [M. Singha and S. De Sarkar,
Towards Urysohn’s Lemma in Minimal Structures, Int. J. Pure
Appl. Math. 85 (2) (2013), 255 — 264.]

What happens to various separation axioms and different kinds
of continuity in topological spaces, GTS and minimal structure

when the spaces are replaced by weak structures? We consider this
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question in the last chapter and it is seen that among many results,
a variant of Urysohn’s lemma is achievable in the later case. All
the results of this chapter are published in [M. Singha, Urysohn’s
Lemma in Weak Structures, Bull. Cal. Math. Soc. 104 (6) (2012),
547 — 552.]

It is hoped that our investigations in the present thesis have
thrown much light on the issues of several open questions in point
set topology, generalized topology, minimal structures, weak struc-
tures, sequential topology etc. and paved the way for further re-

search in this direction.
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CHAPTER 1

Topological Warm-up

1.1. Symbols and their meanings/definitions

)
reA
ré¢ A
A-B

A°

{Ay; A e A}
U{Ax; A € A}
N{Ax; X € A}

ACB

A¢B
A=B
P(X)
N, Z, Q and R

(1 N I

(I R

void set.

x belongs to A

just negation of z € A
complement of B in A
complement of A in whole set
family of sets.

union of a family of sets.
intersection of a family of sets.
BD>A

A consists of some or all elements of B

A is called subset of B and

B is called superset of A.

negation of A C B.

equality of sets A and B.

power set of X.

set of natural numbers, integers, rational
numbers and real numbers respectively

collection of all functions from X to R.



Prerequisites 2
1.2. Prerequisites

An amazing feature of present century mathematics has been its
recognition of the power of the topological approach. This abstract
approach has given rise to a plenty of new results and problems
and has, probably, led us to open whole new areas of mathematics
whose very existence had not even been suspected. In this thesis,
some such new areas e. g., Sequential Topology, Generalized Topol-
ogy, Minimal Structure, Weak Structure have been cultivated and
various kind of operators and their components has been introduced

for such investigations.

Open sets have played an extremely important role in much of
mathematics. They are the main tools to study Analysis. Con-
sidering the collection of such open sets as a model the definition
of Topology has been set up. Let X be a nonvoid set and 7 be a
collection of some subsets of X such that, it contains two extreme
subsets ® and X, it is closed under arbitrary union and it is also
closed under finite intersection. Then the collection 7 is called a
topology on X and the ordered pair (X, 7) is called a topological
space. The members of 7 are called 7-open sets or simply, open
sets (if no confusion arises) in the underlying set X and their com-
plements are called closed sets. It is immediate that the collection
of all closed sets in a topological space contains the two extreme
subsets of the space and is closed under arbitrary intersection as
well as under finite union. Different operators has been introduced

in terms of open and closed sets. Two important among them
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are closure and interior operators in topological spaces. Let (X, 7)
be a topological space and A C X. Then the intersection A or
cl(A) or c¢(A) of all closed sets containing A and the union A or
Int(A) or i(A) of all open sets contained in A are called closure
and interior of the set A respectively. The closure and interior
operators in a topological space possess several properties. Four
independent properties of closure operator in a topological space
are as follows; it is expansive, it has ¢ as a fixed point, it com-
mutes with finite union and it is idempotent. The interior operator
in a topological space is contractive, X is a fixed point of it, it
commutes with finite intersection and it is also idempotent. An
operator K : P(X) — P(X), X # ® having all the four properties
of aforementioned closure operator in a topological space is called
Kuratowski’s closure operator. The collection of complements of all
fixed points of a Kuratowski’s closure operator K : P(X) — P(X)
forms a topology on the underlying set X and the closure opera-
tor therein coincides with the operator K. Similarly, a mapping
I : P(X) — P(X) satisfying all the four independent properties
of an interior operator in a topological space is called an interior
operator. The collection of all fixed points of I forms a topology
on X and the interior operator in that topological space is I. A
Kuratowski’s closure operator K : P(X) — P(X) and an interior
operator [ : P(X) — P(X) both generate same topology on the un-
derlying set X iff they are related by the equation (K (A))¢ = I(A°),
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V A € P(X) or any equivalent form of it. As said before, differ-
ent operators on a topological space have been defined and studied
in terms of open and closed sets to characterize openness, closed-
ness of a set in that topological space and continuity of a function.
Three natural operations on a subset of a space are interior, clo-
sure and compliment. It is surprising and interesting fact that the
number of distinct sets one may produce using these operations on
a subset of a topological space is limited. In 1922, K. Kuratowski
proved that for any given subset A of a topological space there are,
at most, 14 distinct sets that may be constructed by applying com-
position of the interior, closure and complement operations on A
in different permutations. It is also observed that there exists a
subset (A = [0,1]UJ(2,3)UI(4,5) N QJUI(6,8) — {7} U{9}) of the
real line, with the standard topology, which yields 14 distinct sets
when operated on by every permutation of the interior, closure and
compliment operations. A number of mathematicians have used
various combinations of the axioms what Kuratowski assumed to
define closure operators. In 1963 N. Levin used the composition
colnt, where ‘c’ denotes closure and ‘Int’ denotes interior opera-
tors in a topological space and introduced the concept of semi-open
sets. He defined that a subset A of a topological space X is semi-
open if A C coInt(A) and shown that a set A is semi-open iff 3 an
open set O so that O C A C ¢(O). Complement of a semi-open
set is called semi-closed set. In the literature it has been seen that

mathematicians used various compositions of closure, interior and
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complements to define different type of sets in a topological space.
Some of them are as follows: A subset A of a topological space
(X, 7) is said to be regular open if A = Int(c(A)), regular closed
if A = c(Int(A)), d-open if for each x € A there exists a regular
open set G such that x € G C A, d-closed if its complement is
d-open, a-open if A C Int(c(Int(A))), pre-open or nearly open if
A C Int(c(A)), B-open or semi-pre-open if A C c(Int(c(A))), b-
open or sp-open if A C c(Int(A))JInt(c(A)), feebly open if there
exists an open set O so that O C A C scl(A), where scl(A) =
semi-closure of A = intersection of all semi-closed set containing
A, B-open if for each © € A there exists an open set U such that
x €U C ¢(A) C A and complement of #-open set is called 6-closed
set. Various separation axioms in topological spaces have been de-
veloped in literature using different open and closed sets mentioned
above. A topological space (X, 7) is called Ty space if for any two
distinct points there is an open set that contains one of them but
does not contain the other (i. e., if any pair of distinct points can be
separated by an open sets). If a topological space (X, 7) is not Tj
then there would exists a pair of distinct points x and y in X such
that every open set in (X, 7) contains either both of them or none
of them and so, any topological statement about one of them will
imply a corresponding statement about the other and vice versa.
A singleton subset of a T space may not be closed. A topological
space is called T7 space if for any two distinct points x,y € X 4
open sets U,V in (X,7) such that r e U, y e V, x ¢ V and y ¢ U
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(i. e., if any pair of distinct points can be separated by a pair of
open sets). A topological space is 17 if and only if every finite sub-
set of it is closed. A T} space is T but the converse is not true in
general. If for any two distinct points there are disjoint open sets
in (X, 7) containing them (i. e., if any pair of distinct points can
be separated by a pair of disjoint open sets) then the space is called
Ty or Hausdorff space. Every T5 space is T7 but the converse may
not be true. In a T, space limit of a convergent sequence is unique
which may not be true in 77 space. But uniqueness of limit of every
convergent sequence in a topological space (X, 7) does not imply
that the space is T5. A topological space is called regular if for any
point and any closed set not containing that point 4 two disjoint
open sets containing them (i. e., if any point and any closed set
not containing that point can be separated by a pair of disjoint
open sets). A topological space is regular if and only if for any
point x and any open set U containing x, 3 an open set V' so that,
r €V CV cU. In a regular space singleton subsets may not be
closed and so a regular space may not be 7} and so, it may not be
Ts. A topological space which is regular as well as T} is called T3
space. A T3 space is of course T, but the converse need not be true.
If in a topological space it is possible to separate any pair of disjoint
closed sets by a pair of disjoint open sets then the space is called
normal. A topological space is normal if and only if for any closed
set C' and any open set U containing C', 4 an open set V such that,
C c V CV c U. Singletons in a normal space may not be closed
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and so normal space need not be T7. A normal space which is also
T7 is called Ty space. Though T} space may not be Ty but every
Ty space is T7. P. Urysohn characterized normality of a space by
the help of continuous functions. He shown that a topological space
(X, 7) is normal if and only if for any pair of nonvoid disjoint closed
sets C' and D 3 a continuous function f : (X,7) — (R,U), where
U is the usual or standard topology on R, so that, f(C) = {0}
and f(D) = {1}. A point to be noted that, in the last result, 0
and 1 can be replaced by any two distinct real numbers a and b.
Using this result H. Tietze characterized normal topological spaces
by the help of extensibility of real valued continuous functions on
nonvoid closed subsets to the whole of the space as follows: a topo-
logical space (X, 7) is normal if and only if for every closed C' C X,
every continuous function f : C' — R has a continuous extension

F:X =R

A directed set 7 is a set with a partial order < such that for each
pair «, 3 of elements of J, there exists an element v of J having
the property that o <~ and § < . A subset I of J is said to be
cofinal in J if for each @ € J, there exists § € K so that a < £5.
Obviously, every cofinal subset of a directed set is derected. Let X
be a nonvoid set. A net in X is a function f from a directed set J
into X. If « € J, we usually denote f(a) by z,. We denote the
net f itself by the symbol (z4)acs or merely by (z,) if the index
set is understood. A net (z,)acs in a topological space X is said

to be convergent if there is a point x € X so that for any open set
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U containing x there is a v € J such that v < « implies z, € U;
point x is called a limit of the net. Let A C X. Then a point z € A
if and only if there is a net in A converging to x. A topological

space is Hausdorff iff every convergent net in it has unique limit.

As in [6, 57, 60, 62] any sequence A(s) = {A,,}, where A, C X
for all n € N is called a sequential set in X and A, is called n'®
component of A(s); we write P,(A(s)) = A,. Thus sequential sets
in X are precisely the members of (P(X))". If each 4, = X,
n € N, then the corresponding sequential set is denoted by X(s)
and ®(s) denotes the sequential set having each term equal to ®. If
F(s) € (P(X))N and A € P(X) then ,F4(s) denotes the sequential
set obtained from F(s) replacing n'* component of it by A. Let
A(s) = {A,} be a sequential set so that, A, # ¢ iff n € P C N
then P is called the base of A(s). A sequential set A(s) = {A,}in X
is called a sequential point if A, = {z} forn € P C N, P # & and
A, = ® for n € N— P and it is denoted by p = (z , P), if further
P = {n} then the sequential point is called a simple sequential
point and write p = (z , n) rather than p = (z , {n}). A sequential
point p = (x , P) is called a reduced sequential point of ¢ = (z ,
Q) if P C @ and in this case ¢ = (z , @) is called an augmented
sequential point of p = (z , P). A sequential set A(s) = {A,}
is said to be contained in a sequential set B(s) if A, C B, for
all n € N and it is denoted by A(s) C B(s) or B(s) D A(s). If
A(s) C B(s) and B(s) C A(s) then A(s) and B(s) are said to be
identical and write A(s) = B(s). So, two sequential points (z , P)



Prerequisites 9

and (y , Q) are identical if x = y and P = @. Two sequential
points (z , P) and (y , @) are said to be distinct if they are not
identical. p = (z, P) € (resp. €,)A(s) = {A,} means that x € A,
for all n(resp. for some n) € P. The union and intersection of the
sequential sets A(s) = {A,} and B(s) = {B,} in X are defined as
A(s)UB(s) = {A,UB,} and A(s)NB(s) = {A,N B, } respectively.
The complement of B(s) in A(s) is denoted by A(s) — B(s) and is
defined by A(s) — B(s) = {A, — Bn}. X(s) — A(s) is called the
complement of A(s) and it is denoted by A¢(s). Let X be a nonvoid
set. A subset 7 of (P(X))N is called a sequential topology (briefly
ST) on X if
i. T contains X (s) and ®(s),

12. T is closed under arbitrary union,

1¢. 7 is closed under finite intersection
and ordered pair (X, 7) is called a sequential topological space(STS).
The members of 7 are called T—open sequential sets or open sequen-
tial sets simply, if no confusion arises. A sequential set A(s) is said
to be closed if its complement is open. Let (X,7) be a sequen-
tial topological space and Y be a nonvoid subset of X then the

sequential topological space (Y, 1y (s)), where
Ty (s) = {A(s) N Y (s); A(s) € 7}

is called a sequential subspace of the sequential topological space
(X, 7). For any topology D on X, DN forms an ST on X, called
the ST generated by D and is denoted by 7 < D >. In an STS
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(X, 7) the collection D,,(7) of the n'" components of members of 7
forms a topology on X and is called the n!* component topology of
7on X. If A(s) ={A,} € 7, then A, € D,(7) for each n € N, but
the converse is not necessarily true. A sequential set A(s) is called
a neighborhood(resp. weak neighborhood) of a sequential point
p if there is an open sequential set G(s) such that p € (resp.€,
)G(s) C A(s). A sequential point p = (x , P) is called a limit
point of a sequential set A(s) = {A,} if for any weak neighborhood
H(s) = {H,} of p, either x € H,NA,, for somen ¢ Pory € H,NA,
for some n € N and y # x . Any reduced sequential point of a limit
point of a sequential set is also a limit point of that sequential set,
but the converse is not necessarily true. The union of all limit
points of A(s) is called the derived sequential set of A(s) and it is

written as A'(s). The closure (resp. interior) of a sequential set

A(s), denoted by A(s) or Cl(A(s)) (resp. A(s)® or Int (A(s))), is
defined to be the intersection (resp. union) of all closed (resp. open)
sequential sets containing (resp. contained in) A(s). A sequential
point @« = (x, P) is said to be an interior point of a sequential
set A(s) in the sequential topological space (X, 7) if there exists a
T—open sequential set B, (s) such that a = (x, P) € Ba(s) C A(s).
If a = (z, P) is an interior point of A(s) then the simple sequential
point = (x,n) is also an interior point of A(s) for each n € P. The
union of all interior points of a sequential set A(s) is the largest open

sequential set contained in A(s). In an STS (X, 7) the following

hold: (1). A(s) C A(s), (2). X(s) = X(s) and ®(s) = ®(s), (3).
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A(s) = Als), (4). A(s)UB(s) = A(s) U B(s), (5). A(s)NB(s) C
A(s)NB(s), (6). A sequential point p = (z , P) € A(s) if and only
if every weak neighborhood of p and A(s) are intersecting, (7). For
any sequential set A(s) , A(s) = A(s) U A'(s), (8). A(s)° C A(s),
(9). ®(s)° = P(s) and X(s)° = X(s) (10). (A(s)°)° = A(s)® (11).
(A(s)NB(s))° = A(s)°UB(s)° (12). A(s)°UB(s)° C (A(s)UB(s))°
(13). A(s) = X(s) — (X(s) — A(s))°. An STS (X,7) is called a
Ty-space if for every pair of distinct sequential points p and ¢ there
exists an open sequential set U(s) containing weakly one of p and
g but not the other. An STS (X,7) is a Ty-space if and only if
for every pair of distinct sequential points p and ¢ either is does
not belong to the closure of g or ¢ does not belong to the closure
of p. Thus an STS is Tj if and only if distinct sequential points
have distinct closures. A topological space (X, D) is Tp if and
only if the generated STS (X, 7(D)) is Typ. Component spaces of
a Ty STS are Ty. But the converse is not true. An STS is 7} if
for every pair of distinct sequential points p and ¢ there exist two
open sequential sets U(s) and V(s) such that p €, U(s), ¢ €Ew
V(s)p ¢v V(s) and ¢q ¢, U(s). Every component of a T} STS
is T1. A topological space is T if and only if the corresponding
generated STS is T7. An STS is 77 if and only if every sequential
point therein is closed. An STS is said to be a Hausdorff space or a
Ty-space if for any two distinct sequential points p and ¢ there exists
two open sequential sets U(s) and V(s) such that p €, U(s), ¢ €y
V(s)p ¢w V(s) and ¢ ¢, U(s). An STS is said to be a weak
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Hausdorff or (w)Hausdorff if for any two distinct sequential points
there exists two open sequential sets U(s) and V' (s) such that p €,
U(s), q €w V(s) and U(s) NV (s) = ®(s). An STS is Hausdorff if
and only if for any two distinct sequential points p and ¢ there exist
two open sequential sets G(s) and H(s) such that p € G(s), q €,
H(s), G(s) N H(s) = ®(s) and there exist two open sequential sets
D(s) and E(s) such that p €, D(s), ¢ € E(s), D(s)NE(s) = ®(s).
Every Hausdorff space is (w)Hausdorff but the converse is not true
in general. Components of a (w)Hausdorff space and hence that of

Hausdorff space are Hausdorft.




CHAPTER 11

K Closure and interior operators in (P(X))N

Polish mathematician Kazimierz Kuratowski (1896-1980) intro-
duced the concept of an operator K : P(X) — P(X), X # &
which generates a topology on X and the closure operator on this
topological space coincides with the operator K. Then a number of
mathematicians have used various combinations of the axioms what
Kuratowski assumed to define closure operators. In this chapter,
those concepts to study different operators from (P(X))N to itself
and their components are invited. It is also observed that what
do the operators and their components produce and what are the
relations among themselves.

Throughout the chapter, by ¢ = m(1)n, we mean i assumes the
values from m to n step by step, increasing 1 at every step, where

m and n are positive integers with m < n.

2.1. KQ-closure, KQ-interior and relative closure operators

DEFINITION 2.1.1. Let X be a nonvoid set. An operator C :
(P(X))N — (P(X))N, subject to the conditions:
i. A(s) C C(A(s)) for all A(s) € (P(X))N that is, C is expansive.
it. C(®(s)) = D(s), that is, P(s) is a fixed point of C.
iii. C(C(A(s))) = C(A(s)) for all A(s) € (P(X))N,
that is, C' is idempotent.
iv. C( U Ai(s))= U C(Ai(s)), where A;(s) € (P(X))N,

i=1(1)n i=1(1)n

13
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i = 1(1)n, that is, C' commutes with finite union,

is called a K§-closure operator on (P(X))N.

EXAMPLE 2.1.1. The operator C : (P(X))N — (P(X))Y defined by
C(A(s)) = A(s)U F(s) whenever A(s) # ®(s),
= ®(s) whenever A(s) = ®(s)
where F(s) is a fixed sequential set in X, is a K{2-closure operator

on (P(X))N,

EXAMPLE 2.1.2. The operator C': (P(X))N — (P(X))N defined
by C(A(s)) = {kQIAk}n for all A(s) = {4} € (P(X))Vis a KQ-

closure operator on (P(X))Y, where X is any nonvoid set.

THEOREM 2.1.1. Let C : (P(X))N — (P(X))N be a KQ-closure
operator. Then 7¢ = {A(s)¢ ; A(s) € (P(X))N and C(A(s)) =
A(s)} = {(C(A(5)))° ; A(s) € (P(X))"} forms an ST on X and
C(A(s)) = A(s) for all A(s) € (P(X))N where A(s) is the closure
of A(s) i (X ,7¢).

PROOF. Proof is omitted. m

DEFINITION 2.1.2. 70 = {A(s)¢; A(s) € (P(X))N and C(A(s)) =
A(s)} is called the ST generated or induced by the KQ2—closure op-
erator C': (P(X))N — (P(X))N.

DEFINITION 2.1.3. Let A be a nonvoid subset of a nonvoid set
X. A sequential set A(s) ={A,}, where A, = ® for alln #p e N

and A, = A is called a simple sequential set in X and it is denoted

by (A, p).
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ExaMPLE 2.1.3. Let X = {a, b, ¢} and A = {b, c}. Sequential
set (A, 1) in X whose all but first terms are ® and the first term
is A is a simple sequential set, that is (A4, 1) = A, &, &, &, ¢, P,

In Example 2.1.1 n'" component of the closure of a sequential
set in (X , 7¢) is equal to the closure of the n'® component of that
sequential set in (X , D,(7¢)) but in Example 2.1.2 they are not,
equal whenever n # 1. This kindles the idea of components of a

K —closure operator as follows.

DEFINITION 2.1.4. Let X be a nonvoid set and C' : (P(X))N —
(P(X))N be a KQ—closure operator. A function C,, : P(X) —
P(X) defined by C,(A) = n'* term of C((A,n)) if A # ® and
C,(®) = @ is called n'* component of C, n € N.

EXAMPLE 2.1.4. nth

Example 2.1.1 is C,, : P(X) — P(X) defined by
Cn(A) = AUF, whenever A # &,

component of the K{)—closure operator in

= & whenever A = @

where F), is the n'® component of F(s), n € N.

EXAMPLE 2.1.5. nth

component of the K{)—closure operator in
Example 2.1.2 is C, : P(X) — P(X) defined by C},(A) = A for all

A€ P(X),neN.

THEOREM 2.1.2. Let X be a nonvoid set. If C : (P(X))N —
(P(X))N is a KQ—closure operator then each component C, : P(X)
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— P(X), n € N is a Kuratowski closure operator(closure operator
(13, 42, 63]). Also D, (1¢) = ¢,7, where 7¢ is the ST on X induced
by the KQ—closure operator C : (P(X))N — (P(X))N and ¢, 7 is
the topology on X induced by the component C,, : P(X) — P(X)
of C', n € N.

PROOF. Let A € P(X) then (A,n) C C((A,n)) = A C C,(A).
By definition, ® is a fixed point of C,. Now (A,n) C (C,(A),n)
therefore C((A,n)) C C((Cy(A),n)) = Cp(A) C C,(Cr(A)).

Also C(C((A,n))) = C((A,n)) = C((Cu(A),n)) C C((A,n)) =
Cn(Cr(A)) C Cp (A) hence C’n(C’ (A)) = C,(A). Let A; € P(X),
i = 1n (T4, n) = TCA, n) = C(ZL__JTAi,n) -

n

iinC’(Ai,n) = Cp (ZU A;) = QC’ (A;). For the next part, let
A € D,(7¢0) therefore X — A is a closed set in (X, D,(7¢)). This
implies there exists a closed sequential set B(s) = {B,,} in (X ,
7¢) such that B, = X — A. Now (X — A,n) C B(s) = C((X —
An)) C C(B(s)) = B(s) = C,(X —A) C B, = X—-A. So
A €c, 7. Again let A € ¢, 7, therefore C, (X — A) = X — A. Let
B(s) = C((X — A,n)) then B(s) is a closed sequential set and its
n'" component is X — A. Therefore A € D,(7¢) and the proof is

done. m

THEOREM 2.1.3. Let C : (P(X))N — (P(X))N be a KQ clo-
sure operator and A C X. Then Cy : (P(A)N — (P(A))N de-
fined by Ca(B(s)) = {AYNNC(B(s)) is a KQ closure operator and
(Ca)n(B) = ANCL(B) for all B € P(A).
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PROOF. It is straightforward that Cy : (P(A))N — (P(A)N
satisfies all but the following condition to be a K2 closure operator
and C4(Ca(B(s)) = Ca({A} N C(B(s))) = {A} nC({A}" n
C(B(s))) c {AF nC{A) N C(C(B(5))) = {A N C(B(s)) =
Ca(B(s) = Cyx : (P(A)Y — (P(A)N is a KQ closure operator.
And (Cy)n(B) = n'h term of {ANNC((B, n)) = Ann'™ term of
C((B,n)=ANC,(B). =

THEOREM 2.1.4. Let {Cy : (P(X)))N — (P(X))N ; X € A}
be a family of KQ—closure operators, where Xy N X, = ® for any
two distinct \, p € A. If X = )\LEJAX)\, then SCy = (P(X)N —
(P(X)N defined by SC\(A(s)) = )\LEJAC’,\(X,\(S) N A(s)) is a KQ-
closure operator and (SC\), = ®(Ch)n [42]

PROOF. For A(s) € (P(X))N, SCy(SCx\(A(5))) = SC,\(/\LEJACA(XA(S)
NA®S) = U O(Xa(5) N (U (XA NAW)) = U Cr(Xa(s)N
Cr(X(s)NA(s))) = U CA(CA(XA(s)NA(s))) = U CA(CAXA ()N
A(s))) = )\%JAC’,\(X,\(S) NA(s)) = SC\(A(s)), other conditions to be
a K —closure operator fallow from the definition of SC'\ and the
proof of Theorem 3.3 [42]. Also &(Cy)n(4) = /\LGJA(C,\)n(X,\ﬂA) =
n'l term of /\LEJAC'A(X/\I’WA ,n) = (SCy)n(A) for all A € P(X). This

~—

proves the theorem . m

DEFINITION 2.1.5. Let {X); A € A} be a nonvoid family of
nonvoid sets, X = /\E[AX » and SP(A) be the collection of sequential
points in any nonvoid set A. Then the map Py : SP(X) — SP(X))
defined by P\((z , P)) = (mx(x) , P) for all (z , P) € SP(X),
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where 7y is the projection map of X into its A\** factor is called

Sy—projection map of SP(X) into SP(X}).

THEOREM 2.1.5. Let {C) : (P(X))N = (P(X\))N, A€ A} bea
family of KQ-closure operators, then the operator PCy, : (P(X))N —
(P(X)N, where X = AIETAX)\, defined as follows, for A(s) € (P(X))Y,
a sequential point (x , P) € PC\(A(s)) if and only if for any finite
cover {A;(s);i = 1(1)n} of A(s) there exists iy, 1 < ip < n and
k € P such that P\((x , P)) € C’,\(PA(kgPAik(s))) for all A € A is
a KQ-closure operator and (PCY),, = @(C\), [42].

PROOF. Since only finite cover of ®(s) is {P(s)}, PCy(P(s))
= ®(s). Let A(s) € (P(X))N and {4;(s), i = 1(1)n} be any finite
cover of A(s). Therefore (z , P) € A(s) = (x , k) € A(s) for
all k € P = (x, k) € A;(s) for some ig, 1 < i < n = P((z
, k) € Py(A;(s)) € C\(Py(A;(s)) for all A € A = P\((z ,
P)) = U Rz, k) € U OMPAAi(s)) = Ca( U Pa(Ai(s)) =
CA(PA(kgPAik(s))) forall A\ € A= (z, P) € PC\(A(s)). A simple
sequential point (z , k) ¢ PCy\(A(s)) U PC\(B(s)), where A(s),
B(s) € (P(X))N = there exist covering {D;(s) , i = 1(1)m} of
A(s), {D;(s) , i = (m+1)(1)n} of B(s) and indices X\;, i = 1(1)n
such that Py, ((z , k)) ¢ C(Py(Di(s)) for i = 1(1)n.= (z
k) ¢ PC\(A(s) U B(s)). If a simple sequential point (z , k) ¢
PCy\(A(s)), where A(s) € (P(X))YN, then, there exists covering
{A;(s) , i = 1(1)n} of A(s) together with indices \;, i = 1(1)n,
such that Py, ((z , k)) ¢ Cy, (P (A4;(s)) for ¢ = 1(1)n. If possible
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let (z , k) € PC\(PC\(A(s))), since {PC\(A;(s)) , i = 1(1)n} is
a covering of PC)(A(s)) there exists 7, 1 < i < n so that Py((z ,
k)) € CA(PA(PCA(Ai(s))) C CA(CA(PA(Ai(s))) = Cx(PA(Ai(s)) for
all A € A which is a contradiction. Therefore PCy : (P(X))N —
(P(X))Nis a KQ-closure operator. At the end z € (PCy),(A) =for
any finite covering {A4; , i = 1(1)k} of A there exists i, 1 <i < k
such that P\((z , n)) € O\(P\((A; , n))) for all A € A = my\(z) €
Cr((ma(A;) , n)) for all A € A = my(x) € (Cy)n(ma(4;) for all
A€ A= xe®(C\),(A) and conversely. m

DEFINITION 2.1.6. Let X be a nonvoid set, F(s) be a sequential
set in X and C : (P(X))N — (P(X))Y be a KQ—closure operator.
A function CF'® P(X) — P(X) defined by cF (3)(A) = n'" term
of C(,Fa(s)), where ,, F4(s) is the sequential set in X obtained from
F(s) replacing n'* term of it by A, is called n'® relative closure

operator of C' with respect to F(s).

If C: (P(X)N — (P(X))Nis a KQ-closure operator then obvi-

D(s)

ously C,, """ = (), and consequently oo T = C,T.

THEOREM 2.1.6. Let X be a nonvoid set and C} ™ : P(X) —
P(X) be a relative closure operator of the KQ-closure operator C'
(P(X))N — (P(X))N with respect to a sequential set F(s). Then

(i) CE®) is expansive,

(i1) CF®) is idempotent,

(2i1) C ) commutes with finite union,
(

iv) ® need not be a fized point of CF(S)
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PrROOF. (i) Let A € P(X) then ,Fa(s) C C(,Fa(s)) = A C
Cf(s)(A) , SO AT expansive.
(17) Let A € P(X) then, A C C’f(s)(A). Therefore
nFA(S) C,F F(s)( )(8)
=  C(,Fa(s)) C C(,F s)(A)(s))
= Cy¥(4) CF(S)(CF (4)).
Also  C(C(nFals))) = C(nFals))
= C<nFcf(5)(A)<5)) ( (5))
= CY(CP(A) c Cr(A).
Hence CF ) g idempotent.
(ifi) Let A; € P(X), i = 1(1)m. Now C( U’ Fa(s)) = '_

CluFa(5)) = CluFin () = U ClaFa(s) = CrO(U'4y) =

ZEJTC{ (8)(142-). Therefore O} ) commutes with finite union.

(iv) Let X be a nonvoid set. Define a function C : (P(X))N —

C(A(s)) = X(s)if A(s) # @(s),
= O(s) if A(s) = D(s).
Then for any sequential set F(s) # ®(s) in X, CL(®) = X for
all n € N so that ,Fy(s) # ¢(s). m

THEOREM 2.1.7. Let X be a nonvoid set and O ) . P(X) —
P(X) be a relative closure operator of a KSQ-closure operator C :
(P(X)ON — (P(X)N with respect to a sequential set F(s). Then
croT ={X, A°; A€ P(X) and Cf(s)(A) = A} forms a topology
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on X and on P(X) — {®}, the closure operator in the topological

space (X | CF(S)T) and C5(5> are identical.

PROOF. Proof is omitted. m

DEFINITION 2.1.7. The topology CFOT = {X,A;Ae P(X)
and C) (8)(A) = A} induced by the relative closure operator cle) .
P(X) — P(X) is called the n'" relative topology induced by the
KQ-closure operator C' : (P(X))N — (P(X))YN with respect to a
sequential set F'(s).

THEOREM 2.1.8. Let A(s) = {A,} be a sequential set in a non-
void set X, C : (P(X))N — (P(X))N be a KQ-closure operator
and Cp,, n € N be the n'™ component of C. Then (i) C(A(s)) D
{C(An)} and the equality holds if A(s) is a closed sequential set
in (X,7¢). (i) If C(A(s)) = {Cn(Ay)} and A, is closed in (X
, 0,7) for each n € N then A(s) is closed in (X , 7¢). (ii7)
C(A(s)) = {Cn " (A}

PROOF. Proof is omitted. m

In an STS (X , 7), if A(s) = {A,} is closed then A, is closed
in (X , Dy(7)) for each n € N but the converse is not true [6].
Theorem 2.1.8 provides a pair of if and only if conditions for a se-
quential set A(s) to be closed in an STS. We list up these conditions

in the following

COROLLARY 2.1.1. In an STS (X , 7) a sequential set A(s) =
{A,} is closed
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(¢) if and only if A(s) = {L,} and A, is closed in (X , Dy,(T)) for
each n € N, where L, = n'* component of m

(13) if and only if A, is closed in (X , r,T) for each n € N, where
R, is the n'™ relative closure operator of the closure operator in (X

, T) with respect to A(s).

THEOREM 2.1.9. If{F\(s) ; A € A} is a chain of sequential sets
in (P(X)N | C) then {omeT . A€ A} is a chain of topologies on
X for eachn € N, where C : (P(X))N — (P(X))N is a KQ-closure

operator.

ProOF. It is sufficient to show that F(s) C G(s) = ,cwT C
oFe T Let A € cOOT = Cg(s)(X —A) =X — A= n" term of
C(nGx_a(s)) = X — A. Therefore n'" term of C(,Fx_a(s)) C

X-A=>0P(X-A)CcX—-A.SoA€ ro7. m

COROLLARY 2.1.2. If{;,Fa,(s); A€ A}, where { Ay ; A€ A}
is a chain in (X, C) then {C:,FAA(S)T , A € A} is a chain of topologies
on X for eachn € N—{m}.

DEFINITION 2.1.8. Each member except possibly X of CFET 18

(
a subset of X — Cf(s)(q)) and so rT is called (X — Cf(s)(q)))—cut

Cn
of ¢ 7.

THEOREM 2.1.10. Let {K, : P(X) — P(X)} be a sequence of
Kuratowski closure operators. Then the operator C' : (P(X))N —
(P(X)N defined by C(A(s)) = {Kn(A,)} for all A(s) = {A,} €
(P(X)N is a KQ-closure operator.
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PROOF. Proof is straightforward. m

DEFINITION 2.1.9. Let X be a nonvoid set. An operator [ :
(P(X))N — (P(X))N subject to the conditions:

(1) I(A(s)) C A(s) for all A(s) € (P(X))Ni. e., I is contractive,
(13) 1(X(s)) = X(s) i. e., X(s) is a fixed point of I,
(4ii) T(I(A(s))) = I(A(s)) for all A(s) € (P(X))N

i. e., I is idempotent,

(iv) TNy Ai(s)) = Nizy I(Ai(s)), where A;(s) € (P(X))N, i =

1(I)n i. e., I commutes with finite intersection,

is called a K{-interior operator on (P(X))N.

EXAMPLE 2.1.6. The operator I : (P(X))Y — (P(X))N defined by
I(A(s)) = A(s) for all A(s) € (P(X))N

is a K{-interior operator.

EXAMPLE 2.1.7. The operator I : (P(X))N — (P(X))Y defined
by I(A(s)) = { () Ai}>2, is a KQ-interior operator.

For, (i) Let A(s) = {A,}, € (P(X))N. Then, P,(I(A(s))) =
(N A; C A, for all n € N. Therefore, I(A(s)) C A(s).

=n

(ii) Clearly, I(X(s))=X(s).
(iii) 1(1(A(s))) = ({ﬂA toz1) = {ﬂA}OO1 = I(A(s))-

(iv) Let A;(s) n(P(X)) 1(1)n.
We claim that, I(() A4;(s)) = N 1(Ai(s)).

=1 7

D:
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THEOREM 2.1.11. Let I : (P(X))N — (P(X))Y be a KQ-interior
operator. Then 11 = {A(s) : A(s) € (P(X))N, I(A(s)) = A(s)}
forms an ST on X and I(A(s)) = A(s)°, for all A(s) € (P(X))Y,
where A(s)° is the interior of A(s) in (X, 7).

PRrOOF. (i) By definition of KQ-interior operator,
I(¢(s)) C o(s)
= 1((s)) = &(s) [ Since, ¢(s) C I(¢(s))]
= ¢(s) €y
Also  X(s) € 77. [ Since I(X(s))=X(s)]
(ii) Let A(s) C B(s) then
A(s) = A(s) N B(s)

= I(A(s)) = I(A(s) N B(s))
= I(A(s)) = I(A(s)) N I(B(s))
= 1I(A(s)) C I(B(s)) — (1)
Let Ax(s) € 77, A € A. Then I(Ayx(s)) = Ax(s) for all A € A

Let A(s) = U A)\( ). Therefore,
Ax(s) C A(s) for all A € A
= I(Ax(s)) CI(A(s)) for all A€ A [by (1) ]
= Ax(s) C I(A(s)) for all A € A.
Therefore, Y AA( ) C I(A(s)). Thus, A(s) C I(A(s)). Again since
[is contractlve I(A(s)) C A(s).
Therefore, I(A(s)) = A(s) = A(s) € 7. Thus, )\LEJAAA(S) € 1.

(iii) Again let A;(s) € 77, ¢ = 1(1)n and B(s) = () 4i(s). Now,
i=1
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= B mA SIS

Therefore, (X, 77) 1s a sequential topological space. At the end,

A(s)° = U{B

= U{B(s):

Now, B(s) C A(s) = I(B(s)) C I(A(s)) = B(s ) (A(s))
and {B(s): B(s) C A )
Thus, A(s)” = I(A(s)).

\//\

DEFINITION 2.1.10. 77 = {A(s) : A(s) € (P(X))N, I(A(s) =
A(s)} is called the sequential topology (ST) generated or induced
by the K{-interior operator I : (P(X))N — (P(X))N.

DEFINITION 2.1.11. Let X be a nonvoid set and I : (P(X))N —
(P(X))N be a KQ-interior operator. A function I,, : P(X) — P(X)
defined by [ (A) " term of 1(,X4(s)),if A# X and I,,(X) = X

is called the n'* component of I, n € N.

In Example 2.1.6 the n!* component of the interior of a sequen-

th component of

tial set in (X, 77) is equal to the interior of the n
that sequential set in (X, D, (77)) but, in Example 2.1.7 they are

not equal.
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EXAMPLE 2.1.8. n'" component I,, : P(X) — P(X) of both the
K operators in Example 2.1.6 and Example 2.1.7 is defined by
I,(A)=A, forall AC X.

THEOREM 2.1.12. Let X be a nonvoid set. If I : (P(X))N —
(P(X)N ds a KQ- interior operator then each component I,
P(X) — P(X), n € N is an interior operator. Also D,(17) =1, T,
where 17 1s the ST on X induced by the KQ-interior operator I :
(P(X)ON — (P(X))N and 1,7 is the topology on X induced by the
component I, : P(X) — P(X) of I, n € N.

PROOF. Let A € P(X). Then, I(,Xa(s)) C nXa(s) = I,(A) C
A. By definition we have X is fixed point of I,,. Now,
nX1,(4)(8) C nXa(s)

= 1w Xp,)(s) C I(nXa(s))
= In(In(A)) C L(A).
Also, I(I(nXa(s))) = 1(nXa(s)).
Clearly, I(nXa(s)) C nXp,(a)(s) = I(I(nXa(s))) C I(nXp,(a)(s))-

Hence, 1(,Xa(s)y C I(nX1,04)(5)) = In(A) C I,(1,(A)).
Therefore we have, I,,(1,(A)) = I,(A).
Let A; € (P(X)), i =1(1)n. Now,

~~
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Hence I, is an interior operator.
For the last part, let A € D, (77). Thus A is an open set and hence
there is an open sequential set B(s) = {B,} in (X, 7) such that
B, = A. Now,

B(s) C nXa(s) = I(B(s)) C I(,X4a(s))

= B(s) CI(,Xa(s)) =ACI,(A)CA

= 1,(A)=A¢c T
Again let A € j, 7. Therefore, I,(A) = A.
Let B(s) = I(,X4(s)) then B(s) is an open sequential set and its n'®
component is I,,(A) = A [ Since, A € ,7]. Therefore, A € D, ()

and the proof is done. m

NoOTE 2.1.1. The KQ-interior operator in Example 2.1.7 gener-
ates an ST on X but it is not discrete though every component of

this operator induces discrete topology on X.

DEFINITION 2.1.12. Let X be a nonvoid set, F(s) be a sequential
set in X and I : (P(X))N — (P(X))N be a KQ-interior operator.
A function I,7® : P(X) — P(X) defined by I,7®)(A) = n' term
of I(,Fa(s)) is called n'* relative interior operator of I with respect

to F(s).

NoTE 2.1.2. If I : (P(X))N — (P(X))Y is a KQ-interior oper-

ator then obviously InX (5) — I,, and consequently [ XOT =1, T

THEOREM 2.1.13. Let X be a nonvoid set and IL) P(X) —

P(X) be a relative interior operator of the KQ-interior operator
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I:(P(X)N— (P(X))N with respect to sequential set F(s). Then :
(i) IF® is contractive,
(i7) IF®) is idempotent,
(i11) IF®) commutes with finite intersection,
(

iv) X need not be a fixed point ofI

Proo¥r. (i) Let A € P(X). Then
I(,Fa(s)) C nFa(s)
= IFG)4) c A

Therefore [5 %) is contractive.

(i) Let A € P(X) then I ®)(A) C A. Therefore

”Flf(s)(A)(S) C nFA(S)
= [(nF]{(S)(A)(S)) - ](nFA(S))
= IFOIIOA) c IFOUA). — (1)

Also, I(I1(,F4(s))) = I(nFa(s)). Since
](n ( )) C FF(S (A)(S)

S IGFAS) € I Fyr ) (5)

= I( ( ))C[( FF(S)(A)(S))

= ;P(4)C IF(S)(IF(S)(A)) — (2)
Combining (1) and (2), we get I (A) (IF(S)(A)). Hence

Lf (5) is idempotent.
(iii) Let A; € P(X), i=1(1)m. Now
(0 nFa(s) = NIFa(s))

1=1
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= I(Fy, () = N 1(GFa(s))

= 1F<5>(,’€%1Ai) = NIFO)(4,).
That is, Lf (s) commutes with finite intersection.

(iv) Let X be a nonvoid set. Define a function I : (P(X))Y —

I(A(s)) = ¢(s), whenever A(s) # X(s)
= X(s), whenever A(s) = X(s).
It is KQ-interior operator and for any sequential set F'(s) # X (s)
in X, Lf(s)(X) = ¢ for all those n € N so that ,Fx(s) # X(s) m

2.2. Connector and its Applications

In this section we make a tool called connector that connects two
topologies in such a manner that a sequence of connectors connect-
ing a sequence of topologies on a nonvoid set provides a sequential

topology on the underlying set.

DEFINITION 2.2.1. The operator C' : (P(X))N — (P(X))N de-
fined by C(A(s)) = {K.(A,)} for all A(s) = {A4,} € (P(X))N is
called a KQ-closure operator induced by a sequence {K,, : P(X) —

P(X)} of Kuratowski closure operators.

DEFINITION 2.2.2. Let D and E be topologies on X. A subset
K of EP such that
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(1) Ox € D and f, € K, A € A =there exists f € K so that
FUON) = U f2(On),

AEA
(17) O; € D and f; € K, i = 1(1)n =there exists f € K so that
F(NO;) = N fi(0:), and
i=1 i=

(1i1) E - U f(D) is called a connector of D to E.

fek

ExAaMPLE 2.2.1. Let D and E be two topologies on a nonvoid
set X. A function f: D — E defined by f(O) =U for all O € D,
where U is a fixed element of E is called a constant function from D
into E. Now let K be the collection of all such constant functions
from D into E. If Oy € D and f) € K , A € A then f\(O,) € FE for
all A € A = U f\(0,) € E. Consider the function f € K which

AEA

maps each element of D to U f\(O,). Since UO, € D we have

AEA AEA

f(UOy) = U fr(Oy). Againif O; € D and f; € K, 1 = 1(1)n then
AEA AEA

f € K defined by f(O) = szfZ(Ol) for all O € D, is the desired
function to satisfy the second condition to be a connector. Also for
each U € E define a function fy : D — E by fy(O) = U for all
Oe€eD. Then K ={fy: D — E, U € E} and fy(D) ={U} =
ULejEfU(D) =F= ngf(D) = FE. So, K is a connector of D to E.

DEFINITION 2.2.3. Let D and F be two topologies on a nonvoid
set X. Then the collection of all constant functions from D into E

forms a connector of D to E. This is called the discrete connector

of D to E.

One can connect a sequence {7,} of topologies on a nonvoid set

X by any sequence {F},} of connectors and each connection provides
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a unique ST on X Theorem 2.2.1 which is denoted by 7 < {7,} ,
{F,} > such that D,(r < {7}, {Fn} >) = 7, for n € N and it is
called the ST generated by {7,,} and {F},}. If further each F, is the
discrete connector of 7, to 7,11 then the ST is said to be generated

by {7} and is denoted by 7 < {7,} >.

THEOREM 2.2.1. Let {K, : P(X) — P(X)} be a sequence of
Kuratowski closure operators. Then for any sequence {F,} of con-
nectors such that F, connects y, 7 to j,,, 7 for all n € N there is
a unique sequential topology T < {k,7}, {F.} > on X such that
D, (1 <A{k,7} , {F.} >) = r,7 and the components of the closure
operator on (X, 7 <A{k,7} , {F.} >) are K,,, n € N. Also for any
STS (X , 7) there is a sequence {F,} of connectors such that F,
connects Dy (1) to Dypy1(7), n € Nand 7 =7 <{D,(7)} , {F.} >.

PROOF. Let F = nﬁan, | = {I,} € Fand O € 47. Define
Ay =0, and A, = l,—1lp—9.....01s110, n > 1 assuming [,,0 = [,,(O)
for all n € N. Let AL(S) = {A,} € (P(X))N and consider 7 =
{X(s), ®(S)}U{AL(S); I € F and O € y,7}. Consider A)(S) =
AgA(S) € 7, A € A, where A is an index set and O = ,\LeJAO’\ €
i, 7. For lyy € Fy and O € g, 7 there exists [y € F} such that [;O =
,\LeJAl’\lO’\ s v € F and [,—1ly—9.....1s11O € 7 there exists [, €
F,, such that [,l,,—1.....1s5[10 = )\LGJAZA”Z)‘”_I ..... [x2lx\10,. Obviously
ALEJAA>\(S) = )\LEJAAgA(S) = AL(S) € 7, where | = {l,,}. Arguing in
the same way it clearly can be shown that 7 is closed under finite

intersection. Therefore, (X, 7) is a sequential topological space.
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The third condition to be a connectors ensures that D, (1) = 7

for all n € N. At the end, for any A € P(X), (A, n) is the smallest

closed set in (X , 7) having n'* term K,(A). For the next part,

- n, n+1
+1on 1 by A(s)={An}PB(s)={B,}

for each n € N define a relation p
if and only if A, = B, then, p™ "*! defines a partition of 7 say
{C(A(s)) ; A(s) € 7L C 7}, where 7 " is a family of open
sequential sets taking exactly one from each part of the partition

of 7 defined by p™ "1 and let F™ "1 = TIC(A(s)). Then each

A(s)erm ntl

| € F " defines a function f; : Dy (7) — Dpyi(7) by fi(U) =
Up+1, where U € D, (1) and U(s) = {U,} € [ with U,, = U. Then
for every n € N F,, = {f;; | € 7™ "1} is a connector connecting

D, (1) to D, 41(7) and properties of connector ensure that 7 =7 <

{Dp(7)} , {F.} > =

COROLLARY 2.2.1. If{7,} is a sequence of topologies on X such

that T, = D for alln € N then 7 < {7,} >=7 < D >.

COROLLARY 2.2.2. If{K, : P(X) — P(X)} is a sequence of
Kuratowskr closure operators and
C' is the KQ-closure operator induced by {K,} then 7¢ = 7 <
{1} >, where 7, is the topology on X induced by K, , n € N.




CHAPTER 111

Density Property and Semi Open Sequential Sets in
KQ-Spaces

Semi open and weakly semi open sequential sets in sequential
topological spaces are introduced and studied in [22]. [22, 15, 17]
kindle the idea to think about Kuratowski space and K€)-space.

3.1. Density Property of Sequential Sets in K{2-Spaces

We have seen that, in the second chapter of the thesis, K{2—closure
operator expands a sequential set and K{)—interior operator con-
tracts. This section mainly deals with two kinds of sequential sets,
one is extremely expansive and other is extremely contractive under

some K{2—closure and K{2— interior operators.

DEFINITION 3.1.1. Let X be anonvoid set. Suppose C' : (P(X))N
— (P(X))N be a KQ-closure operator and I : (P(X))N — (P(X))N
be a KQ-interior operator, then (X, C, I) is called K€)-space.

DEFINITION 3.1.2. Let (X, C, I) be a KQ-space. The closure
operator Cr : (P(X))N — (P(X))Y induced by the KQ-interior
operator I : (P(X))N — (P(X))N is defined by C7(A(s)) = X(s) —
I(X(s) — A(s)) for all A(s) ={A,}>2, € P(X)N.

DEFINITION 3.1.3. Let (X, C, I) be a K{-space. The interior
operator Ic : (P(X))N — (P(X))YN induced by the KQ-closure
34
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operator C' : (P(X))N — (P(X))Nis defined by I¢(A(s)) = X (s) —
C(X(s) — A(s)) for all A(s) = {A,}2, € (P(X))N.

DEFINITION 3.1.4. A sequential point o = (x, P) in a K-
space (X, C, I) is said to be a C-limit point of a sequential set
A(s) = {A, 15 in X if for any sequential set B(s) such that a €,
Io(B(s)) = {Hn}22, either

(a) x € H, N A, for some n ¢ P

or (b)ye H,N A, for somen € N and y # x.

DEFINITION 3.1.5. A sequential point a = (z, P) in a K{)-space
(X, C, 1) is called I-limit point of a sequential set A(s) = {A4,}> in
X if for any sequential set B(s) such that « €, I(B(s)) = {H,}%,,
either

(a) x € H, N A, for some n ¢ P

or (b)y€ H,N A, for somen € N and y # x.

DEFINITION 3.1.6. In a KQ-space (X, C, I), a sequential set
A(s) = {A,}22, is said to be I-open if I(A(s)) = A(s) and C-open
if Io(A(s)) = A(s).

NoTE 3.1.1. Let D be a topology on a nonvoid set X. Then
Cp : (P(X)N — (P(X))N defined by Cp(A(s)) = {cl(A,)}52, for
all A(s) = {A4,}>°, € (P(X))N is a KQ-closure operator, where ‘cl’

denotes the closure operator in (X, D).
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NoTE 3.1.2. Let D be a topology on a nonvoid set X. Then
Ip : (P(X)N — (P(X))N is a KQ-interior operator defined by
Ip(A(s)) = {int(A,) )2, for all A(s) = {A,}22, € (P(X))N, where

“Unt” denotes the interior operator in (X, D).

DEFINITION 3.1.7. A sequential set A(s) in KQ—space (X, C,
I) is said to be (w)C'—dense if C(A(s)) = X(s). If further C,(4,) =
X for all n € N then A(s) is called C—dense in (X, C, I).

DEFINITION 3.1.8. A sequential set A(s) in KQ—space (X,
C, I) is said to be (w)I—dense if C7(A(s)) = X(s). If further
Cr,(A,) = X for all n € N, then A(s) is called I—dense in (X, C,
I).

NoOTE 3.1.3. Let C' and I be the closure and interior operators
in an STS (X, 7). Since 7¢ = 77 = 7, the space (X,7) can be
identified with K Q-space (X, C, )

EXAMPLE 3.1.1. Let X = {1,2,3,4} and 7 ={¢(s), A(s), B(s),
C(s), D(s), E(s), F(s), G(s), H(s), M(s), N(s), P(s), Q(s), R(s),
S(s), T(s), X(s)}, where

A(s) ={An}21; Ay = {1}; whenever n is an odd,
= ¢; whenever n is an even.

B(s) ={Bn};>1; B, = {3}; whenever n is an odd,
= ¢; whenever n is an even.

C(s) ={C,}>2y; C, = ¢; whenever n is an odd,

= {1}; whenever n is an even.
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D(s) ={Dn},>1; D, = ¢; whenever n is an odd,
= {2}; whenever n is an even.
E(s) ={En},2q; = {1,3}; whenever n is an odd,
= ¢; whenever n is an even.
F(s) = {Fn}zo:l; F, = {1}; for all n € N.
G(s) ={Gn}72 1 = {1}; whenever n is an odd,
= {2}; whenever n is an even.
H(s)={H.};21; H, = {3}; whenever n is an odd,
= {1}; whenever n is an even.
M(s) ={M,};"¢; M, = {3}; whenever n is an odd,
= {2}; whenever n is an even.
N(s) ={N,}>>1; N, = ¢; whenever n is an odd,
= {1,2}; whenever n is an even.
P(s) ={P,};21; P. = {1,3}; whenever n is an odd,
= {1}; whenever n is an even.
Q(s) ={Qn}t2y; Qn = {1,3}; whenever n is an odd,
= {2}; whenever n is an even.
R(s) ={R,},21; R, = {1,3}; whenever n is an odd,
= {1,2}; whenever n is an even.
S(s) ={Sn}>1; Sn = {1}; whenever n is an odd,
= {1,2}; whenever n is an even.
T(s) ={Tn};21; T, = {3}; whenever n is an odd,

= {1,2}; whenever n is an even.
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The sequential set U(s) = {U,}°,, where
U, = {1,2,3}; if n is an odd,
= {1,2,4}; otherwise
is C'—dense in the KQ—space (X, C,I), where C' and I are the clo-
sure and interior operators in the STS (X, 7). We reason as follows:

The closed sequential sets therein are

A%(S) = {{2,3,4}, X, {2,3,4}, X, .},

B(S) = {{1,2,4}, X, {1,2,4}, X, ...},
C°(S) = {X,{2,3,4}, X, {2,3,4}...},

De(S) = {X,{1,3,4}, X, {1,3,4}..},

Ee(S) = {{2,4}, X, {2,4}, X, .},

Fe(S) = {{2,3,4},12,3,4},{2,3,4},{2,3,4}, ...},
Ge(S) = {{2,3,4},{1,3,4},{2,3,4}..),

He(S) = {{1,2,4},{2,3,4},{1,2,4},{2,3,4}..},
Me(S) = {{1,2,4},{1,3,4},{1,2,4},{1,3,4}..},

Ne(S) = {X, {3,4}, X, {3,4}...},
Pe(S) = {{2,4},12,3,4},{2,4}, {2, 3,4}...},
Q(S) = {{2,4},{1,3,4},{2,4},{1,3,4}...},
R(S) = {{2,4},{3,4},{2,4},{3,4}..},

S(S) = {{2.3,4}, {3,4},{2,3,4}, {3,4}..},
Te(S) = {{1,2,4},{3,4},{1,2,4},{3,4}...},

¢(s) ={0,0,0,¢,...} and
X(s) ={X, X, X, X..}.
Here only closed sequential set containing U(s) is X(s), i. e.,

C(U(s)) = X(s). Again, X is the only closed set in (X, ¢,7)
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containing U, for all n € N. Hence C(U(s)) = X(s) with the
property C),(U,,) = X for each n € N. Therefore, U(s) is C—dense
in the KQ—space (X,C,I).

THEOREM 3.1.1. Let D be a topology on X. In the KQ—space
(X, Cp, Ip) if a sequential set A(s) = {A,}22, is (w)C'—dense
then it 1s C'—dense.

PROOF. Since A(s) is (w)C—dense, then Cp(A(s)) = X(s).
Again from the definition of C'p we have Cp(A(s)) = {cl(A,)}22,.
Thus X (s) = {cl(A,)}>2,= X = cl(A,). Hence the proof. m

NoOTE 3.1.4. In the KQ—space (X, Cp, Ip), C'—density and
I —density are same. For,
Cip(Als)) = X(s) = Ip(X(s) — A(s))
= X(s)—Ip{X —A,}
= X(s)—{int(X — A,)}
= {X —mt(X — A,)}
= {cl(An)}
= Cp(A(s)).

NoOTE 3.1.5. Let KQ—closure operator C' and K{2—interior op-
erator I be connected by C'(A(s)) = X (s) —I1(X(s)— A(s)), for any
sequential set A(s) in the underlying set X. Then C'—density and
I—density in the corresponding K{—space (X, C, I) coincide.
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DEFINITION 3.1.9. A sequential set A(s) in KQ—space (X, C,
I) is said to be (w)CI—nowhere dense if I(C(A(s))) = o(s). If
further 1,,(C,(A,)) = ¢ then A(s) is called C'I—nowhere dense.

ExAaMPLE 3.1.2. In Example 3.1.1 the sequential set V(s) =
{Vn}oo, where
V., = {2}; when n is an odd
= {3}; otherwise
is C'I—nowhere dense. Because, C'(V(s)) = {2,4}, {3,4}, {2,4},
{3,4} .o and so, IC(V (s)) = ¢(s) along with I,,(C,(V,,)) = ¢.

NoTE 3.1.6. From the Definitions 3.1.7 and 3.1.9 we observe
that C'—dense and C'I—nowhere dense sequential sets are also (w)
C'—dense and (w)CI— nowhere dense sequential sets respectively.
But the converses need not be true as seen from the following ex-

ample

EXAMPLE 3.1.3. Consider X={1,2,3,4} and 7 = {¢(s), A(s),
B(s),C(s), D(s), X(s)}, where
A(s) ={An}o2y; An = {1};nis an odd,
= ¢;n is an even.
B(s) ={Bn};21; B, = {1,3};n1is an odd,
= X;n is an even.
C(s) ={Cu}pl1; Cn = {3}nisan odd,

= ¢;n is an even.
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D(s) ={D,};>1; D, = {1,3};nis an odd,
= ¢;n is an even.
Then the sequential sets U(s) = {U,}>2; and V(s) = {V,,}>2,
defined by,
U, = {1,3};nis an odd,
= ¢;n is an even.
and
V., = {2};nis an odd,
= X:;n is an even.
are (w)C'—dense and (w)C'I-nowhere dense respectively in the K€)-
space (X, C,I), where C' and I are the closure and interior opera-

tors in the STS (X, 7). But neither U(s) is C'—dense nor V(s) is

C'I—nowhere dense in (X, 7) as shown below:

The nontrivial open sequential sets are
A(s) = {{1}, 0. {1}, ¢, ..}
B(s) = {{1,3},X,{1,3},X,..}
C(s) = {{3}¢,{3},0,..}
D(s) = {{1,3},¢.{1,3},0....}.
Therefore nontrivial closed sequential sets are
Ac(s) = {{2,3,4}, X,{2,3,4}, X, ..}
(s) = {{2,4},0.{2.4}, ¢, ..}
Co(s) = {{1,2,4},X,{1,2,4},X,..}
(s) = ({245 {X} {24} {X},.. }

S

B¢(s

DC

S
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Since there is no closed sequential set containing U(s) except X (s),
C(U(s)) = X(s), i. e., U(s) is (w)C'—dense.
But o,7 = {{1},{1,3},{3}, ¢, X}; if n is odd,
= {¢, X}; when n is even.
Therefore, C,(U,) = X; whenever n is odd,
= ¢; if n is even.
— U(s) is not C-dense.
Similarly, C(V(s)) = A%(s) N C°(s) = {{2,4}, X, {2,4}, X...}
But 1(C'(V(s)))= largest open set contained in C(V (s)) = ¢(s).
Also, C,(V,,) = {2,4}; if n is odd,
= X, for else
Now, I,,(C,(V,)) = ¢; for odd n

= X; when n is even.

i.e, V(s) is (w)CI—nowhere dense, but not C'I—nowhere dense in

the KQ—space (X, C, I).

THEOREM 3.1.2. Let D be a topology on X. In the KQ—space
(X, Cp, Ip) if a sequential set A(s) = {A,}>2 is (w)CI-nowhere

dense then it 1s C'I-dense.

PROOF. Proof is omitted. m

THEOREM 3.1.3. Let A(s) be a sequential set in a KSQ-space
(X, C, I) so that C(I(A(s))) C Cr(1(A(s))) and Ic(I(A(s))) =
I(A(s)). Then C(I(A(s))) — I(A(s)) is (w)CI—nowhere dense.
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Proor.  Assume that I(C(C(I(A(s))) — I(A(s)))) # o(s).
So there exist at least one sequential point a = (z, P) such that
o = (5, P) € I(C(CU(A(5))) — I(A(s)))). As I(C(CI(A(s)) -
I(A(s)))) is I—open, there exists a [—open sequential set G(s) =
{G,}>2 such that,

aeG(s) Cc I(C(C

C

— C(I(A(s))) — I(A(s))fsince I(A(s)) is C-open]

C CHI(A))) - T(A(5)).
We claim that none of the sequential point belonging to I(A(s)) is
an [—limit point of C7(1(A(s))) —I(A(s)). If B = (y,Q) € I1(A(s)),
then there exists an [—open sequential set G1(s) such that 5 =
(y,Q) € G1(s) C I(A(s)). Since Gy(s) is any I—nbd of 3, then it
is also a [ —weak nbd of 5 with G1(s) N (Cr(I(A(s))) —I(A(s))) =
o(s). So B ¢, Cr(1(A(s))) — I(A(s)). Since G(s) C Cr(I(A(s))) —
I(A(s)) = B ¢, G(s). Therefore we have I(A(s)) C G¢(s), this
implies C7(I(A(s))) € Cr(G%(s)) = G(s). Thus we get G(s) C
Cr(I(A(s))) — I(A(s)) C G(s) — I(A(s)), which is a contradiction.
Therefore, C'(I(A(s))) — I(A(s)) is (w)CI—nowhere dense. m

I(A(s))) = 1(A(5))))

(
(A(s)))) — I(A(s))[since I is contractive]

REMARK. A similar discussion can be made in (X, ¢,7) what
we call a Kuratowski space, where ¢ : (P(X)) — (P(X)) is a Ku-
ratowski closure operator and i : (P(X)) — (P(X)) is an interior

operator.
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3.2. Semi-open and weakly semi-open sequential sets in

KQ)-Spaces

Compositions of closure and interior operators in different permuta-
tions in a topological space generate a class of subsets and several
mathematicians contributed to present some intellectually stimu-
lating studies with those subsets. N. Levin [36] introduced the
concept of semi open sets in point set topological spaces using one
of such composition. He studied semi open sets in a topological
space by using the closure and interior operators of the underly-
ing space. We study a new kind of semi open set defined by using
any Kuratowski closure and interior operators. This section also
introduces C'I—semi-open and (w)CI— semi-open sequential sets
using the composition C' o I of some K closure operator C' and

K<) interior operator 1.

DEFINITION 3.2.1. Let X be a nonvoid set. Suppose ¢ : P(X) —
P(X) be a Kuratowski closure operator and i : P(X) — P(X) be

an interior operator, then (X, ¢, 7) is called a Kuratowski space.

DEFINITION 3.2.2. Let (X, ¢, i) be a Kuratowski space. The
interior operator i, : P(X) — P(X) induced by the Kuratowski
closure operator ¢ : P(X)—P(X)is defined by i.(A) = X —c(X—A)
for all A C X.

DEFINITION 3.2.3. Let (X, ¢, i) be a Kuratowski space. The
Kuratowski closure operator ¢; : P(X) — P(X) induced by the
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interior operator i : P(X)—P(X) is defined by ¢;(4) = X —i(X —
A) for all A C X.

DEFINITION 3.2.4. A point « in a kuratowski space (X, ¢, i) is
called a c-limit point of A C X if for any B C X with a € i.(B),
i.(B) N A contains a point other than a.

DEFINITION 3.2.5. A point « in a kuratowski space (X, ¢, i) is
called an i-limit point of A C X if for any B C X with a € i(B),
i(B) N A contains a point other than .

DEFINITION 3.2.6. Let (X, ¢, i) be a Kuratowski space. A C X

is said to be ci-semi open if there exists a B C X such that

i(B) C A C c(i(B)).

THEOREM 3.2.1. Let X be a non empty set. A C X 1is ci-semi

open in a Kuratowski space (X, ¢, i) if and only if A C c(i(A)).

PROOF. Let us first suppose that A be ci-semi open. Then there

exists B C X such that i(B) C A C ¢(i(B)). Now

i(B)C A

= i(B) C i(A)

= c(i(B)) C c(i(A))

= A C c(i(A4)).
Conversely, let A C ¢(i(A)). We know that i(A) C A. Therefore
i(A) C A Cc(i(A)). Hence A is ci-semi open. m
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THEOREM 3.2.2. Let X be a nonempty set and A C X. Then

i(A) is ci-semi open in (X, ¢, i).

PrROOF. Since i(A) C i(A) C ¢(i(A)), it follows that i(A) is

ci-semi open. m

THEOREM 3.2.3. Arbitrary union of ci-semi open sets is ci-semi

open in Kuratowski space (X, ¢, i).

PrROOF. Let {A) C X, € A} be a family of ci-semi open set
in (X, ¢, 7). Then there exists By C X, A € A such that

i(By) C Ax C c(i(By)), A € A.

Ui(By) € U Ay C U eli(BY) C e U (i(By):

Therefore z'(/\LGJAz'(B,\)) C ALGJAAA C c(i(ALGJA(z'(B)\))).

Hence)\UAAA is ci-semi open in (X, ¢, 7). m
€

THEOREM 3.2.4. Let X be a nonvoid set and (X, ¢, i) be a
Kuratowski space. Let A be a set in Kuratowski space (X, ¢, 1)
such that i.(A)=i(A) and B be a ci-semi open in (X, ¢, i) such
that i.(B) = i(B). Then i(A) N B is ci-semi open in (X, ¢, i).

PROOF. Since B is ci-semi open in (X, ¢, i), then B C c(i(B)).

Now

B C c(i(B))
= i(A) N B Ci(A) N e(i(B)).—s (%)



Semi-open and weakly semi-open sequential sets in KS2-Spaces 47

We claim that, i(A) Nc(i(B)) C c(i(ANB)). If i(A)Nec(i(B)) = ¢,
then the proof is complete.
If i(A) Nc(i(B)) # ¢, then there are two possibilities :
(1) a« € i(A) and « € i(B).
(17) o € i(A) and « € (¢(i(B)) —i(B)).

In the first case, a € i(A)Ni(B) =i(ANB) C c(i(AN B)) and the
proof is done.
In the later case, a € (c(i(B)) — i(B)), it comes out « is a c-limit
point of i(B).
Let i.(G) be any set containing a. Then a € i(A)Ni.(G) = i.(ANG)
s i(A) = iu(A)].
As « is a c-limit point of i(B),

i(B)Ni(ANG) # ¢

S W(B)Ni(ANG) # 6

= i.(BNA)Ni.(G) # ¢.
It follows that, « is c-limit point of i.(BNA). So « € ¢(i.(BNA)) =
c(ic(B)Ni(A)) = c(i(B)Ni(A)) = c(i(ANDB)). [ Since i.(A) = i(A)
and i.(B) = i(B).]
This implies i(A) N c(i(B)) C c(i(AN B)).
Consequently i(A) N B C c(i(AN B)) [by (%)].
That is, i(A) N B C ¢(i(i(A) N B)). Therefore i(A) N B is ci-semi

open in (X, ¢, 7). m

DEFINITION 3.2.7. Let X be a nonvoid set and (X, C, I)
be a KQ-space. A sequential set A(s) = {A,}5°, is said to be
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(w) CI—semi open if there exists a sequential set B(s) such that

I(B(s)) C A(s) Cc C(I(B(s))).

THEOREM 3.2.5. A sequential set A(s) = {A,}22, in a KQ-
space (X, C, 1) is (w)CI—semi open if and only if A(s) C C(I(A(s))).

PROOF. Since A(s) is (w) C'I—semi open, there exists a sequen-
tial set B(s) such that I(B(s)) C A(s) C C(I(B(s))). Since I is
idempotent,

I(B(s)) C I(A(s)) [ 1(B(s)) C A(s)]
= C(I(B(s)) C C(I(A(s)))-
Therefore we get A(s) C C(I1(A(s))).
Conversely, I(A(s)) C A(s) € C(I(A(s)). So A(s) is (w) Cl-semi

open. m

THEOREM 3.2.6. Let A(s) = {A,}22, be a (w) Cl-semi open
sequential set in the KQ-space (X, C, I) with A(s) C B(s) C
C(A(s)). Then B(s) is (w) Cl-semi open.

PROOF. Since A(s) is (w) Cl-semi open sequential set in the
KQ-space (X, C, I), then there exists a sequential set D(s) such
that I(D(s)) C A(s) C C(I(D(s)). Now

A(s) € C(I(D(s))
= C(A(s)) C C(I(D(s))). — (i)
On the other hand A(s) C B(s) C C(A(s)) and I(D(s)) C A(s).

Combining these two and (i) we get
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I(D(s)) € B(s) C C(I(D(s))).
Hence B(s) is (w) Cl-semi open. m

THEOREM 3.2.7. Arbitrary union of (w)CI—semi open set is
(w)CT—semi open in K space (X, C, I).

PROOF. Proof is omitted. m

ExAMPLE 3.2.1. Consider the KQ-space (X,C,I) as in Exam-

ple 3.1.3 and the sequential set S(s) = {5, }°°; defined by
Sn = {1,4}; when n is odd
= {2}; if n is even

Here we see that,

I(A(s)) = A(s) € S(s) € C(I(A(s))) = C(A(s)) = C(s).
Thus S(s) is (w)CI-semi open. Now,

Cn(I,(B)) = ¢, whenever n is even; for any B C X

Thus for no B C X and no even n, S, is contained in C,(I,(B)).

Hence 5, is not C,,I,,-semi open, whenever n is even.

ExAaMPLE 3.2.2. Consider X = {1,2,3,4} and 7 ={¢(s),A(s),
B(s),C(s),X(s)}, where A(s) = {An}32y, B(s) = {Bn}3Zy, Cls) =
{Ch}5° are defined as A, = {1}, B, = {2,3}, C,, = {1,2,3}, for
all n € N. Let C' and I be the closure and interior operators in
(X, 7). For the sequential set F(s) = {E,}>°,, where E, = {1}
for odd n and E,, = {2, 3} for even n, each component £, of E(s)
is CI,—semi open in (X, C,, I,,), but E(s) is not C'I—semi open
in (X, 7) as shown below. Here, E(s) = {{1},{2,3},{1},{2,3},...}
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and the closed sequential sets are

A9S) = {{2,3,4},{2,3,4},12,3,4}, ..}

BYS) = {{1,4},{1,4},{1,4},..}
c(S) = {{4},{4}. {4}, ..}

o(s) = {¢,6,0,..}

X(s) = {X,X,X,..}

Here only ¢(s) C E(s) and C(I(¢(s))) = ¢(s), i. e., E(s) is not
(w)CT—semi open in (X,C,I). Now A, C F, when n is odd and
B, and X are only closed sets in (X, D,(7)) containing A, for
odd n. Therefore A, = B,NX = B, = {1,4}. Thus we have
A, C E, C A, when n is odd. Again we see that B,, C E, when n
is even and A,,“ and X are only closed sets in (X, D, (7)) containing
B, for even n. Therefore B, = A,°N X = A,° = {2,3,4}. Thus
we have B,, C E,, C B, when n is even. Therefore each component

of E(s), i. e., B, is CyI,—semi open in (X, C), I,,) for all n € N.

Above Example 3.2.1 and Example 3.2.2 force to make the fol-
lowing
REMARK. There is no relation between the (w)CI-semi openness
of a sequential set and the C),,-semi openness of its components

in the sense as follows:

A sequential set A(s) is (w)CI-semi open < n!" component of

A(s) is CyI,-semi open.

DEFINITION 3.2.8. A sequential set A(s) in KQ — space (X,

C, I) is said to be C'I—semi open, if there exists a sequential set



Semi-open and weakly semi-open sequential sets in KS2-Spaces 51

B(s) such that, I(B(s)) C A(s) C C(I(B(s))) with the property
I.(D,) C A, C C,I,(D,) for each n € N and for some D,, C X

depending on n.

Every C'I—semi open sequential set in a K{-space (X,C, ) is
(w)CI-semi open but the converse is not true in general as seen

from the Example 3.2.2

THEOREM 3.2.8. Let D be a topology on X. A sequential set A(s)
is CpIp—semi open in (X, Cp, Ip) if and only if each component
A, of A(s) is Cp, Ip,—semi open in (X, Cp,, Ip,).

PROOF. First suppose that A(s) is CpIp—semi open in (X, Cp,
Ip). Then there exists a sequential set B(s) such that Ip(B(s)) C
A(s) C Cp(Ip(B(s))) with the property Ip, (F,) C A, C Cp, Ip,(Fy)
for each n € N and for some E,, C X depending on n. Since
Ip,(E,) C A, C Cp,Ip,(E,) for some E,, C X, it follows that each
component A, is Cp, Ip,—semi open in (X, Cp,, Ip,).

Conversely, let each component of A(s) = {A,}°°, is Cp, Ip, —semi
open in (X, Cp,, Ip,), then there exists some E,, C X such that
Ip,(E,) C A, C Cp, Ip,(E,), foralln € N

= {Ip,(En)} € {An} € {Cp,Ip,(En)}
= Ip(E(s)) C A(s) C Cp(Ip(E(9))).
Hence A(s) is Cplp—semi open in (X, Cp, Ip). m
THEOREM 3.2.9. If A(s) is CI—semi open in the KQ—space
(X, C, I), then each component A,, of A(s) is CyI,—semi open in
Kuratowski space (X, Cy, I,).



Semi-open and weakly semi-open sequential sets in KS2-Spaces 52
PROOF. Proof is straightforward. m

Example 3.2.2 shows that the converse of the Theorem 3.2.9 is

not true in general.

THEOREM 3.2.10. If A(s), B(s) be sequential sets in KQ—space
(X, C, I) such that I(A(s))NI(B(s)) = ¢(s) and D(s) is sequential
set with I(B(s)) € D(s) C C(I(B(s))). Then I(A(s)) N D(s) =
8(s) if Te(I(A(s))) = T(A(5)).

PROOF. Given I(A(s)) NI(B(s)) = ¢(s) = I(B(s)) C X(s) —
I(A(s)) = C(I(B(s))) € C(X(s)—1I(A(s))) = X(s)—I(A(s))[since
Io(I(A(s))) = I(A(s))] 1. e., C(I(B(s))) € X(s) — I(A(s)).
Also D(S) is a sequential set with I(B(s)) C D(s) C C(I(B(s)))
= I(A(s)) N I(B(s)) C 1(A(s)) N D(s) C I(A(s)) N C(I(B(s)))
C I(A(s)) N (X(s) — I(A(s)))[Since C(I(B(s))) € X(s) — I(A(s))]
= ¢(s) C I(A(s)) N D(s) C ¢(s).
Thus we have I(A(s)) N D(s) = ¢(s). Hence the proof. m

THEOREM 3.2.11. Arbitrary union of C'I—semi open sequential

sets 1s C'I—semi open.

PROOF. Let {A*(s)}rca be an arbitrary collection of Cl-semi
open sequential sets in KQ—space (X, C, I). For every A € A,
there exists a sequential set B*(s) such that I(B*(s)) C A*s) C
C(I(B*(s))) with the property I,(D}) C AN C C,(I,(D))) for each
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n € N and for some D) C X depending on n. Now,
I(B(s)) € AN(s) € C(I(BX(5)))
A A A A
= UI(BY(s)) € UANs) C UCU(BYs))) € C(UI(BYs))
A A A
= I(/\LGJAI(B (s))) C ALEJAA (s) C C’(I(}\LEJAI(B (5))).
Similarly it can be shown that,
A A A
In(ALeJAIn(D”)) C ALeJAA” C C”([”(ALGJA[”(D”)))’ for each n € N

Hence the theorem. m

The following Example 3.2.3 shows that, complement of a CI—
or (w)CI—semi open sequential set may not be (w)CI—semi open
and intersection of two CI— or (w)CI—semi open sequential sets

may fail to be (w)CI—semi open.

ExAMPLE 3.2.3. In the KQ—space (X,C,I) as considered in
Example 3.1.1 the sequential sets K (s) = {K,}22, L(s) = {L,}02,
and W (s) = {W,}>2, defined by

K, = {1,4}; for odd n
= {2,3}; for even n
L, = {3,4}; for odd n
= {1,3}; for even n
and
W, = {1,3,4}; when n is odd
= {1, 3}; otherwise
are C'I—semi open but neither K (s) N L(s) nor W¢(s) is CI—semi

open. Let’s explain the facts below:

Here G(s) C K(s) and B¢(s), C°(s), H%(s) and X (s) are the
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only closed sequential sets containing G(s) in (X, 7). So, C(G(s)) =
Be(s)NC(s)NH(s)NX (s) = H(s). Also K(s) C C(G(s)). Thus
we have I(G(s)) C K(s) C C(I(G(s))). Also C,(G,,) = H¢, =the
n'" component of H¢(s) and K,, C C,(G,,) for each n € N. There-
fore K(s) is CI—semi open in (X,C,I). Now B(s), C(s) and
H(s) are the open sequential sets in (X, 7) that contained in L(s).
C(B(s)) = A°(s)NC(s)D(s)NF(s)NG(s)NN(s)NS(s) = S°(s).

But L(s) is not contained in C'(B(s)). Now C(C(s)) = A%(s) N
Be(s)ND(s) N E(s)NG(s) N M(s) NQ(s) = Q(s). But L(s) is
not contained in Q¢(S). Finally, C(H(s)) = A°(s)ND(s ) C(s)
G(s) and L(s) C G°(s) = C(H(s)). Therefore I(H(s)) C L(s) C

C(I(H(s))). Also C,(H,) = G, and L,, C C,(H,,) for each n € N.
Therefore L(s) is CI—semi open in (X,C,I). Now K(s)NL(s) =
{{4},{3},...}. Here ¢(s) is the only open sequential set contained
in K(s) N L(s). Thus K(s) N L(s) is not CI—semi open.

On the other hand, R(s) C W(s) C C(R(s)) = X(s) and so W (s)
is C'I—semi open but since ¢(s) is the only sequential open set

contained in W¢(s), W¢(s) can not be C'I—semi open.

THEOREM 3.2.12. A sequential set A(s) in KQ—space (X, C, 1)
is Cl-semi open if and only if A(s) C C(I(A(s))) with the property
A, C Co1,(A,) for each n € N,

PROOF. First we suppose that A(s) is Cl-semi open. Then

there exists a sequential set B(s) such that, I(B(s)) C A(s) C
C(I(B(s))) with the property I,(D,) C A, C C,I,(D,) for each
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n € N and for some D,, C X depending on n. Now, I(B(s)) C
A(s) = I(B(s)) C I(A(s)) = C(I(B(s))) € C(I(A(s))). There-
fore A(s) € C(I(A(s))). Similarly it can be shown that A, C
Cnln(A;,) for each n € N.

Conversely, let A(s) C C(I(A(s))) and A, C C,1,(A,) for each
n € N. Therefore I(A(s)) C A(s) € C(I(A(s))) and I,(A,) C
A, C Cy1,(A,) for each n € N.

Hence A(s) is Cl-semi open. m

THEOREM 3.2.13. Let A(s) be sequential set in KQ—space (X,
C, 1) such that Ic(A(s)) = I(A(s)). Let B(s) be a (w)CI—semi
open sequential set such that Io(B(s)) = I[(B(s)). Then I(A(s)) N
B(s) is (w)Cl-semi open. If further 1(A(s)) = {I,(A4,)}>2, and
A, N By, is Cyl,,—semi open for each n € N, then I(A(s)) N B(s) is

CI-semi open.

PROOF. Since B(s) is (w)CI—semi open sequential set, then
B(s) Cc C(I(B(s))).
Now, B(s) C C(I(B(s))) = I(A(s))NB(s) C I(A(s))NC(I(B(s))).
We claim that, I(A(s)) NC(I(B(s))) € C(I(A(s)) N (B(s))).
If I(A(s))NC(I(B(s))) = ¢(s), then proof is done.
Let I(A(s)) N C(I(B(s))) # o(s) and o = (x,p) € I(A(s)) N
C(I(B(s))). Now there are two possibilities:
(i) o € I(A(s)) and o € I(B(s))
(i) @ € I(A(s)) and a € C(I(B(s))) — I(B(s)).

In the first case the proof is complete. In the later case, a €
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C(I(B(s))) — I(B(s)), and it follows that « is a C-limit point
of I(B(s)). Let Ic(G(s)) be any set containing a. Then, a €
I(A(s)) N Ic(G(s)) = Ic(A(s) NG(s))[since Io(A(s)) = I(A(s))].
As a is a C-limit point of I(B(s)), thus
I(B(s)) N Ic(A(s) N G(s)) # ¢(s)
= Io(B(s)) N Io(A(s) NG(s)) # ¢(s)
= Io(B(s) N A(s)) N IcG(s) # ¢(s).

Therefore « is a C-limit point of I(B(s)NA(s)), soa € C(Io(B(s)N
A(s))) = Clla(B(s))Nlc(A(s))) = C(I(B(s)NA(s)))[since I(A(s)) =
Io(A(s)) and I(B(s)) = Ic(B(s))].

Hence I(A(s)) N B(s) is (w)Cl-semi open.

Moreover, if I(A(s)) = {I.(A4,)}3>, then P,(I(A(s))) N B, =
I,(A,) N B,. Since A, N B, is C,I,—semi open for each n € N, we
have A, N B, C C,1,(A, N By)

= I,(A,)NB, C A, N B, C C,I,(A,NBy,)

= I,(A,) N B, C C,1,(A, N B,).

Hence I(A(s)) N B(s) is semi open. m The following Example 3.2.4
shows that analogue of Theorem 3.2.6 for C'I—semi open sets may

not be true in general.

EXAMPLE 3.2.4. Consider a set X={1,2,3,4} and 7 ={¢(s),A(s),
B(s),C(s),D(s),E(s),F(s),G(s),H(s),M(s),N(s),X(s)}, where
A(s) ={A.}21; A, = {1};nis an odd

= ¢;n is an even
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B(s) = {Bn}uZ1; Bn

C(s) = {Cn}nly; Cy

D(s) = {Dn};Z15 Dn

E(s) ={En}r21; En

F(s) ={Fu}pz1; Fu

G(s) = {Gn}pZi; Gn

H(s) = {Hn}pZ; Hn

M(s) = {Mpn}p2y; M,

N(s) ={Nn}pZi; Na

Also let C' and I be the closure

Consider two sequential sets

S(S) - {Sn}ﬁo:ﬁ Sp =

{1,3};n is an odd
X;n is an even
{3};n is an odd
{2};n is an even
{1,3};n is an odd
¢;1n is an even
{3};n is an odd
¢;n is an even
{1,3};n is an odd
{2};n is an even
{3};n is an odd
{1};n is an even
{3};n is an odd
{1,2};n is an even
{1,3};n is an odd
{1};n is an even
{1,3};n is an odd

{1,2};n is an even.

{1,4};n is an odd

¢;n is an even

57

and interior operators in (X, 7).
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and T'(s) ={T,}o"¢; T, = {1,2,4};n is an odd

= {4};n is an even
Here A(s) is the only 7 open set contained in S(s). Now, C'(A(s)) =
C(s)NE“(s)NG(s)NH (s)NX (s) = H(s). Also, S(s) C H*(s) =
C(A(s)). Again

Cn(An) = {1,2,4};nis an odd
= ¢;n is an even

and S,, C C},(A,,) for each n € N. This shows that S(s) is CI—semi
open sequential set. Also C(S(s)) = C%s) N Es) N G(s) N
H¢(s) N Xs) = Hs) and S(s) C T'(s) C H(s) = S°s). Again
A(s) € T(s) € C(A(s)), then T(s) is (w)CI— semi open. But
T, ¢ C,I,(T,) = ¢ for every even n. Thus T(s) is not CI—semi
open. Now [(7T'(s)) = A(s) U @(s) = A(s). Therefore C(I(T(s)) =
C(A(s)) = H¢(s). We have T(s) C H¢s) = C(I(T(s))). Also
I(S(s)) = A(s) U ¢(s) = A(s), therefore C(1(S(s))) = C(A(s)) =
H¢(s). We also have S(s) C T(s) C C(I(S(s))). Hence S(s) is
C'I—semi open with the property S(s) C T'(s) C C(S(s)). More-
over, T'(s) C C(I(T(s))) and S(s) C T'(s) C C(1(S(s)).




CHAPTER 1V

Separation Axioms in Sequential Topological Spaces

Separation axioms up to regularity in sequential topological spaces
are studied by Bose and Lahiri in the year 2002 [6]; some defini-
tions and results regarding sequential topological spaces, that will
be used to explore the study, are given in chapter I of this thesis. As
in [6] two sequential points (z, P) and (y, @)) are said to be distinct
if either © # y or none of P and () is a subset of the other. But
according to this definition two sequential points may be neither
distinct nor identical as seen in the following example: sequential
points (z,2N) and (z,4N) are not distinct. Also these two sequen-
tial points are not identical since they do not satisfy condition of
equality of sequential sets. We propose to present an appropriate
definition as follows:

Two sequential points p = (x, P) and g = (y, Q) are said to be iden-
tical if x = y and P = @); otherwise they are distinct. Let P and ()
be respectively the bases of the sequential sets A(s) = {A4,}>2, and
B(s) = {B,}>2,. Then B(s) is said to be a reduced sequential set
of A(s)if A, C B, Vn € Q C P. In this case A(s) is said to be an
augmented sequential set of B(s). A sequential topological space
(X, 7) is said to be T, space if for any two distinct sequential points
p = (z,P) and ¢ = (y,Q) 3 an open sequential set U(s) in (X, 7)
such that p €2=9 U(s) and ¢ ¢, U(s), whenever ¢ is a reduced

29
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sequential point of the sequential point p; otherwise 3 an open se-
quential set U(s) in (X, 7) such that p €, U(s) and ¢ ¢, U(s). A
sequential topological space (X, 7) is said to be T} space if for any
two distinct sequential points p = (z, P) and ¢ = (y,Q) 3 open
sequential sets U(s) and V(s) in (X, 7) such that p €29 U(s),
q€w V(s), p §£5_Q V(s) and ¢ ¢, U(s), whenever ¢ is a reduced
sequential point of the sequential point p; otherwise 3 open sequen-
tial sets U(s) and V (s) in (X, 7) such that p €, U(s), ¢ €, V(s),
p ¢ V(s) and g ¢, U(s). A sequential topological space (X, 7) is
said to be Hausdorff or T, space if for any two distinct sequential
points p = (x, P) and ¢ = (y,Q) 3 open sequential sets U(s) and
V(s) in (X, 7) such that p €09 U(s), ¢ €, V(s), p %5_62 V(s)
and q ¢, W, whenever ¢ is a reduced sequential point of the se-
quential point p; otherwise 3 open sequential sets U(s) and V (s) in
(X, 7) such that p €, U(s), ¢ €, V(5), p ¢w V(s) and q &, U(s).
A sequential topological space (X, 7) is said to be weak Hausdorff
or (w) Hausdorff if for any two distinct sequential points p = (z, P)
and ¢ = (y, Q) 3 open sequential sets U(s) and V (s) in (X, 7) such
that p €2-Q U(s), ¢ €, V(s), U(s) NV (s) = ¢(s), whenever q is
a reduced sequential point of the sequential point p; otherwise 4
open sequential sets U(s) and V(s) in (X, 7) such that p €, U(s),
q €w V(s), U(s) NV (s) = ¢(s).

The above definitions of Ty, T} and 15 spaces are different from

the corresponding definitions given in [6], but in spite of the dif-

ferences, all the results related to these spaces given in [6] remain
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unchanged. For this reason we exclude those portions of separation

axioms in this study.

We present an example which reveals the fact that how the
changes in our definitions affect the further study and what con-
sequences we are going to encounter. Consider X = {a,b} and
D = {¢,{a},{b}, X}, then (X,D) is a regular topological space.
Also consider the sequential topology 7 < D > generated by D
on X. Then (X,7 < D >) is not a regular sequential topological
space according to the definition of regularity in [6], since for the
closed sequential set F'(s) = {F,}5°, where

F, = {a} forn=1,2
= ¢ forn=3,4,5..
and the sequential point p = (a, {1,2,3}) ¢ F(s), # open sequen-
tial sets U(s) and V(s) in (X,7 < D >) such that p €, U(s),
F(s) Cy V(s),p ¢4 V(s), F(s) C X(s) — U(s). Thus with defini-
tions in [6] regularity of (X,D) does not imply that of (X,7 < D >)
(cf. Theorem:15, [6]). Here we define regularity in an appropriate
manner and establish the truth of this result in our setting. Also an
attempt of defining 75 -spaces according to definition of regularity
in [6] leads to simple contradictions. In this study we develop the
concept of T5 -spaces, normal sequential topological spaces and T}
-spaces and obtain some important results. [28, 35, 7, 5, 62] provide

some basic clues towards establishing such a theory.
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4.1. Regularity in the Light of Reduced and Augmented

Bases

DEFINITION 4.1.1. A sequential topological space (X, 7) is said
to be regular if for any sequential point p = (x, P) and any closed
sequential set F'(s) with p ¢ F(s), 3 open sequential sets U(s)
and V(s) in (X, 7) such that p €2=Q U(s), F(s) Cy, V(s),p ¢ “
V(s), F(s) C X(s) — U(s), whenever F(s) is a reduced sequential
set, with base (), of the sequential point p; otherwise d open se-

quential sets U(s) and V (s) in (X, 7) such that p €, U(s), F(s) Cy
V(s),p ¢u V(s), F(s) C X(s) = U(s).

DEFINITION 4.1.2. A sequential topological space (X, 7) is said
to be weakly regular or (w) regular if for any sequential point
p = (x, P) and any closed sequential set F(s) with p ¢ F(s), 3
open sequential sets U(s) and V(s) in (X, 7) such that p €~@
U(s), F(s) Cyw V(s),U(s) NV (s) = ¢(s), whenever F(s) is a re-
duced sequential set, with base (), of the sequential point p; oth-
erwise 3 open sequential sets U(s) and V(s) in (X, 7) such that
pEWwU(S), F(s) Cy V(s),U(s)NV(s) = o(s).

DEFINITION 4.1.3. A sequential topological space (X, 7) is said

to be a T3 space if it is regular and T3.

REMARK. A Tj space is a T5. That the converse may not be

true is shown by Example 4.1.3.
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REMARK. Example 4.1.4 shows that a regular sequential topo-

logical space may not be a Tj.

DEFINITION 4.1.4. A sequential topological space (X, 7) is said

to be a weakly T3 space or (w) T5 if it is (w) regular and 77.

THEOREM 4.1.1. A sequential topological space (X, T) is reqular
if and only if for any sequential point p = (x, P) and for any closed
sequential set F(s) with p ¢ F(s) 3 open sequential sets G(s) and
H(s) in (X,7) such thatp €7=9 G(s), F(s) Cy H(s),G(s)NH(s) =
®(s) and 3 open sequential sets D(s) and E(s) in (X, T) such that
p €09 D(s),F(s) C E(s),D(s) N E(s) = &(s), whenever F(s)
1s a reduced sequential set with base ) of the sequential point p;
otherwise 3 open sequential sets G(s) and H(s) in (X, T) such that
p € G(s),F(s) Cyw H(s),G(s) N H(s) = ¢(s) and 3 open sequen-
tial sets D(s) and E(s) in (X,T) such that p €, D(s),F(s) C
E(s),D(s) N E(s) = ¢(s).

PROOF. Suppose (X, 7) is regular. Let p = (z, P) be any se-
quential point and F'(s) be any closed sequential set such that p ¢
F(s). Then 3 open sequential sets U(s) and V(s) in (X, 7) such that
pELCU(s), F(s) Cu V(s), p 0 ° V(s), Fls) C X(s) = U(s)
whenever F(s) is a reduced sequential set, with base @, of the se-
quential point p; otherwise 3 open sequential sets U(s) and V (s) in
(X,7) such that p €, U(s), F(s) Cu V(5), p &w V(s), F(s) C
X(s) — U(s). If we take G(s) = X(s) — V(s), H(s) = V(s),
D(s) = U(s) and E(s) = X(s) — U(s), then we are done.
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Conversely, suppose the given conditions are true. Let p = (z, P)
be any sequential point and F'(s) be any closed sequential set such
that p ¢ F(s). Then 3 open sequential sets G(s) and H(s) in (X, 7)
such that p €79 G(s), F(s) Cy H(s), G(s) N H(s) = ¢(s)

and 3 open sequential sets D(s) and F(s) in (X,7) such that
p €9 D(s), F(s) C E(s), D(s) N E(s) = ¢(s), whenever F(s)
is a reduced sequential set with base () of the sequential point
p; otherwise 3 open sequential sets G(s) and H(s) in (X, 7) such
that p € G(s), F(s) Cw H(s), G(s) N H(s) = ¢(s) and 3 open
sequential sets D(s) and E(s) in (X,7) such that p €, D(s),
F(s) C E(s), D(s) N E(s) = ¢(s) Taking U(s) = G(s) N D(s)
and V (s) = H(s) N E(s) the theorem follows. m

COROLLARY 4.1.1. If (X, 7) is reqular, then it is (w) regular.

THEOREM 4.1.2. A sequential topological space (X, T) is reqular
if and only if for any sequential point p = (x, P) and an open
sequential set G(s) with p €, G(s), 3 an open sequential set H(s)
in (X,7) such that p €=9 H(s), H(s) Cw G(s) and 3 an open
sequential set B(s) in (X, 7) such that p €2=9 B(s), B(s) C G(s)
whenever X (s) — G(s) is a reduced sequential set, with base Q, of
the sequential point p; otherwise 3 an open sequential set H(s) in
(X,7) such that p € H(s), H(s) Cy,, G(s) and 3 an open sequential
set B(s) in (X,7) such that p €, B(s), B(s) C G(s).

PROOF. Suppose (X, 7) is a regular sequential topological space.
Let p = (z, P) be any sequential point and G(s) be an open se-
quential set such that p €, G(s) i.e p ¢ X(s) — G(s) = F(s)
(say). Then 3 open sequential sets U(s) and V (s) in (X, 7) such
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that p €P=9 U(s), F(s) Cy, V(s), U(s) NV (s) = ¢(s) and 3 open
sequential sets D(s) and F(s) in (X, 7) such that p €£=¢ D(s),
F(s) C E(s) D(s) N E(s) = ¢(s), whenever X(s) — G(s) = F(s)
is a reduced sequential set with base () of the sequential point p;
otherwise, 3 open sequential sets U(s) and V(s) in (X, 7) such that
peUl(s), F(s) Cyw V(s), U(s)NV(s) = ¢(s) and 3 open sequential
sets D(s) and F(s) in (X, 7) such that p €, D(s), F(s) C E(s),
D(s) N E(s) = ¢(s). If we take H(s) = U(s) and B(s) = D(s) we
are done.

Conversely, suppose given conditions are true. Let p = (x, P) be
any sequential point and F'(s) be any closed sequential set such
that p ¢ F(s) i.e p €, X(s) — F(s) = G(s) (say). Then 3 an open
sequential set H(s) in (X, 7) such that p €7~ H(s), H(s) Cy, G(s)
and 3 an open sequential set B(s) in (X, 7) such that p €£~9 B(s),
B(s) C G(s) whenever F(s) is a reduced sequential set, with base

(), of the sequential point p; otherwise 3 an open sequential set

H(s) in (X, 7) such that p € H(s), H(s) C, G(s) and 3 an open
sequential set B(s) in (X, 7) such that p €, B(s), B(s) C G(s).
Considering U(s) = H(s), V(s) = X(s) — H(s), D(s) = B(s) and
E(s) = X(s) — B(s) we are done. m

THEOREM 4.1.3. A sequential topological space (X,T) is (w)
reqular if and only if for any sequential point p = (x, P) and any
open sequential set G(s) with p €, G(s), 3 an open sequential set
H(s) in (X,7) such that pet=9 H(s), H(s) C, G(s) whenever
X (s)—G(s) is a reduced sequential set, with base Q, of the sequential
point p; otherwise 3 an open sequential set H(s) in (X, T) such that

pEw H(s), H(s) Cy G(s).
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PROOF. Suppose (X, 7) is (w) regular. Let p = (x, P) be any
sequential point and G(s) be an open sequential set with p €,, G(s)
iep ¢ X(s)—G(s) = F(s) (say). Then 3 open sequential sets U(s)
and V (s) in (X, 7) such that

p LR U(s), F(s) Cy V(s), U(s) NV (s) = ¢(s).
whenever F(s) is a reduced sequential set, with base @, of the
sequential point p; otherwise, 3 open sequential sets U(s) and V' (s)

in (X, 7) such that

p Ew U(s), F(s) Cy V(s), U(s) NV (s) = ¢(s). If we take
H(s) = U(s), then we are done.
Conversely, suppose the given conditions are true. Let p = (z, P)
be any sequential point and F'(s) be any closed sequential set such
that p ¢ F(s) i.e p €, X(s) — F(s) = G(s) (say). Then 3 an open
sequential set H(s) in (X, 7) such that p €29 H(s), H(s) C, G(s)
whenever X (s) — G(s) is a reduced sequential set, with base @, of
the sequential point p; otherwise, 3 an open sequential set H(s) in
(X, 7) such that p €, H(s), H(s) Cy G(3). If we take U(s) = H(s)
and V(s) = X(s) — H(s), then we are done. m

THEOREM 4.1.4. If the sequential topological space (X, T) is reg-
ular, then for any closed sequential set A(s) in X, A(s) = N{N(s):
N(s) is a closed nbd of A(s)}—————— > (1)

PROOF. Suppose (X,7) is a regular sequential topological
space. Let A(s) be a closed sequential set in X. Let p = (z, P) be a
sequential point in X with p ¢ A(s). Thenp €, X(s)—A(s) = G(s)
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(say). Then 3 an open sequential set B(s) in (X, 7) such that
p €P=Q B(s), B(s) C G(s) whenever A(s) is a reduced sequential
set, with base @), of the sequential point p; otherwise d an open se-

quential set B(s) in (X, 7) such that p €, B(s), B(s) C G(s). This
implies A(s) C X(s) — B(s) = H(s) (say). Again p ¢ X(s) — B(s)
and hence p ¢ H(s).

Thus (1) holds. Hence the theorem . n

REMARK. Converse of Theorem 4.1.4 may not be true, which

is shown by Example 4.1.1.

ExAMPLE 4.1.1. Let U be the usual topology on R. Fix a € R.
For every open set G € U, we consider sequential sets U%(s) =
{U7 1721 and VE(s) = {V,7}32,, where

U¢ = VE=GVn+#2,
US¢ = {a}ifae@G
= R—{a}ifa¢d
VY = Rifaed@
= ¢ifa ¢ G.
The collection 7, of sequential sets U%(s) and V%(s) V G € U
forms a sequential topology on R. Any closed sequential set F'(s)
in (R, 7,) is the intersection of all closed nbds of F'(s) but (R, 7,) is

not regular.

THEOREM 4.1.5. A topological space (X,D) is regular if and
only if the generated sequential topological space (X, 7 < D >) is

reqular.
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PROOF. Suppose (X, D) is regular. Let p = (x, P) be any se-
quential point in X and F(s) be any closed sequential set with the
base @, such that p ¢ F(s).

Case 1: Suppose F'(s) = {F,}>2, is a reduced sequential set of the
sequential point p. Let U € D such that [} C U for some j € Q.
Let i € P — Q. Consider open sequential sets U(s) = {U,}>2; and
V(s)={Vp}>2,in (X, 7 <D >), where U; = U, U, = ¢ V n(# 1),
Vi=U, Vu=0Vn(#)).

Then p €£=Q U(s), F(s) Cw V(s), p ¢. 9 V(s), F(s) C X(s) —
U(s).

Case 2: Suppose F(s) = {F,}>2, such that x € F, Vn € @ and
F,=¢VneN-=-Qwith PNQ = ¢. Let U € D such that
F; C U for some 7 € Q. Let i € P. Consider open sequential
set U(s) = {U,}52, and V(s) = {V,,}°°, in (X,7 < D >), where
U=U,U,=¢Vn(#1),V,=U,V, =0V n(#j).

Then p €, U(s), F(s) Cw V(5), p &w V(s), F(s) C X(s) — U(s).
Case 3: In any other case different from case 1 and case 2, we pro-
ceed as follows,

p ¢ F(s) = 3 a closed set F' in (X,D) such that x ¢ F.
Since (X,D) is regular, 3 U,V € D such that = € U, F C V,
UNV = ¢. Now consider open sequential sets U(s) = {U,}>2; and
V(s) ={Vn}2, in (X,7 <D >), where U, =U Vn, V,, =V Vn.
Then p €, U(s), F(s) Cu V(5), p &w V(s), F(s) C X(s) — U(s).
Combining Case 1, Case 2 and Case 3, (X, 7 < D >) is regular.
Conversely, suppose (X,7 < D >) is regular. Let = be any point
in X and F be a closed set in (X,D) such that x ¢ F. Then
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p = (z,n) is a sequential point for any n € N and F(s) = {F,}>2,
where F,, = F' V n, is a closed sequential set in (X, 7 < D >) such
that p ¢ F(s). Hence 3 open sequential sets U(s) = {U,}>2,
and V(s) = {V,}22, in (X,7 < D >) such that p €, U(s),
F(s) Cyw V(s), p¢w V(s), F(s) C X(s) —Ul(s).

Letting U = U, and V = X — U,, , U,, being the n'* component of

U(s) we are done. m

THEOREM 4.1.6. For any topological space (X,D) , the gener-

ated sequential topological space (X, 7 <D >) is (w) regular.

PROOF. The proof is omitted. m

THEOREM 4.1.7. If a space (X, T) is reqular its components
(X, Dy(7)) are reqular.

PROOF. The proof is omitted. m

REMARK. Converse of Theorem 4.1.7 may not be true, which

is shown by Example 4.1.2.

EXAMPLE 4.1.2. Let X be nonvoid set and a € X. Then the
sets ¢, {a}, X — {a}, X forms a regular topology on X. Consider
sequential sets A'(s) = {A}>2,, Bi(s) = {B!}>, and C(s) =
{Ciy>2, (1= 1,2,3......... ), where A = B! = C" = X — {a} V
n # i and Al = {a}, B! = ¢ , C! = X. Then the collection S of
all sequential sets A%(s), B'(s) and C%(s) (i = 1,2,3......) and ¢(s)
forms a subbase of a sequential topology say 7 on X; (X, 7) is not

regular, though the component spaces are regular.
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ExAMPLE 4.1.3. Let R be the set of real numbers. We define
a topology D on R as follows - for any non zero point in R, the
D-nbds are as the usual topology in R. The D- nbds of 0 are of
the form N — A, where N is a nbd of 0 and A = {1,1/2,1/3......}.
Then since D is finer than the usual topology U and (R, U) is Ty,
(R,D) is a Ty- space. Hence (R, 7 < D >) is Ty-space but it is not

regular.

ExXAMPLE 4.1.4. Let X ={a,b,c} and D = {¢, {a},{b,c}, X}.
Then (X, D) is a regular topological space but it is not a 77 space.
Hence the sequential topological space (X,7 < D >), where 7 <
D > is the sequential topology generated by D, is a regular sequen-

tial topological space but it is not 77,

4.2. Normality in the Light of Reduced and Augmented

Bases

DEFINITION 4.2.1. Two sequential sets A(s) = {4,}22; and
B(s) = {B,}>2, are said to be weakly disjoint if A, N B,, = ¢ for

some n, where at least one of A,, or B,, is nonvoid.

DEFINITION 4.2.2. A sequential topological space (X, 7) is said
to be normal if for any two weakly disjoint closed sequential sets
A(s) = {A,}52, and B(s) = {B,}:°, with bases P and () respec-
tively i.e A,, N B,, = ¢ for some m € N, where either A,, # ¢
or B, # ¢, 3 open sequential sets U(s) = {U,}>2; and V(s) =
{V,}2, in (X,7) such that A(s) cP=9 U(s), B(s) C, V(s),
A(s) cP=9 X (5) =V (s), B(s) € X(s5)—U(s), Ay, C Uy, By C Vi,
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whenever B(s) is a reduced sequential set of A(s); otherwise 3 open
sequential sets U(s) = {U,}>2, and V(s) = {V,}22, in (X,7)
such that A(s) C, U(s), B(s) Cu V(s), A(s) C X(s) — V(s),

B(s) € X(s)—Ul(s), Ay, C Uy, B C Vi

DEFINITION 4.2.3. A sequential topological space (X, 7) is said
to be weakly normal or (w) normal if for any two weakly disjoint
closed sequential sets A(s) = {A,}22, and B(s) = {B,}>2; with
bases P and () respectively i.e A,,NB,, = ¢ for some m € N, where
either A,, # ¢ or B, # ¢, 3 open sequential sets U(s) = {U,}>2,
and V(s) = {V,,}>, in (X, 7) such that A(s) cL=Q U(s), B(s) Cy
Vi(s),U(s) NV (s) = ¢(s), Am C Up, By C Vi, whenever B(s) is
a reduced sequential set of A(s); otherwise 3 open sequential sets
U(s) = {U,}5°, and V(s) = {V,,}22 in (X, 7) such that A(s) Cy
U(s), B(s) Cy V(s), U(s) NV (s) = ¢(s), Am C Upn, B C V.

DEFINITION 4.2.4. A sequential topological space (X, 7) is said

to be a T} space if it is normal and 7.

REMARK. A normal sequential topological space may not be T;

, which is shown by Example 4.2.1.

ExAaMPLE 4.2.1. Consider the Sierpinski space (X, 7), where
X ={0,1}, 7 = {{0}, X, ¢}. Let A(s) = {A,}5°, where A,, = {0}
Vn € N. let 7" = {¢(s), A(s), X(s)}. Then (X, 7’) forms a normal

sequential topological space but it is not 7.

DEFINITION 4.2.5. A sequential topological space (X, 7) is said

to be weakly Ty space or (w) Ty if it is (w) normal and T3.
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THEOREM 4.2.1. A sequential topological space (X, T) is nor-
mal if and only if for any two weakly disjoint closed sequential
sets A(s) = {An}2, and B(s) = {Bn}%, with bases P and Q
respectively i.e A, N By, = ¢ for some m € N, where either
A # ¢ or By, # ¢, 3 open sequential sets G(s) = {G,}5°, and
H(s) = {H,}°, in (X,7) such that A(s) =9 G(s), B(s) Cu
H(s), G(s) N H(s) = ¢(s), A, C G, By, C Hy, and 3 open
sequential sets D(s) = {D,}>2, and E(s) = {E,}22, in (X,7)
such that A(s) cP=9 D(s), B(s) C E(s), D(s) N E(s) = ¢(s),
Ay C Dy, By, C E,, whenever B(s) is a reduced sequential set
of A(s); otherwise 3 open sequential sets G(s) = {G,}5°, and
H(s) ={H,}5° in (X, 7) such that A(s) C G(s), B(s) Cy H(s),
G(s) N H(s) = ¢(s), An C Gm, Bm C Hy and 3 open sequen-
tial sets D(s) = {D,}5°, and E(s) = {E,}>° in (X, T) such that
A(s) Cw D(s), B(s) C E(s), D(s) N E(s) = ¢(s), Am C Dpn,
B,, C E,,.

PROOF. Suppose (X, 7) is a normal sequential topological space.
Let A(s) = {A,}>2, and B(s) = {B,}>2, be two weakly disjoint
closed sequential sets with bases P and () respectively i.e A,,NB,, =
¢ for some m € N, where either A,, # ¢ or B,, # ¢. Then 3 open
sequential sets U(s) = {U,}>2; and V(s) = {V,}2°, in (X, 7) such
that A(s) CL=9 U(s), B(s) Cu V(s), A(s) '@ X(s) — V(s),
B(s) € X(s) — U(s), An C Un, By C Vi, whenever B(s) is a
reduced sequential set of A(s); otherwise 3 open sequential sets

U(s) = {U,}2; and V(s) = {V,}22, in (X, 7) such that A(s) C,
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U(s), B(s) Cw V(s), A(s) C X(s) —V(s), B(s) C X(s) — U(s),
A C U, By C Vi If we take G(s) = X (s) =V (s), H(s) = V(s),
D(s) = U(s), E(s) = X(s) — U(s), then we are done.

Conversely, suppose the given conditions are true. Let A(s) =
{A,}>°, and B(s) = {B,}>2; be two weakly disjoint closed se-
quential sets with bases P and @ respectively i.e A,, N B,, = ¢
for some m € N, where either A,, # ¢ or B, # ¢. Then 3 open
sequential sets G(s) = {G,}>2, and H(s) = {H,}>2, in (X,7)
such that A(s) cP=% G(s), B(s) Cy H(s), G(s) N H(s) = ¢(s),
Ay, C Gy, By, C Hy, and 3 open sequential sets D(s) = {D,,}>2,
and E(s) = {E,}°°, in (X, 7) such that A(s) =% D(s), B(s) C
E(s), D(s) N E(s) = ¢(s), A C Dy, By, C E,, whenever B(s) is
a reduced sequential set of A(s); otherwise 3 open sequential sets
G(s) = {Gp}>2, and H(s) = {H,}>% in (X, 7) such that A(s) C
G(s), B(s) Cw H(s), G(s) N H(s) = ¢(s), A C G, By C Hypy,
and 3 open sequential sets D(s) = {D,}>°; and E(s) = {E,}°, in
(X, 7) such that A(s) Cy D(s), B(s) C E(s), D(s) N E(s) = ¢(s),
A, C Dy, B, C E,. If we take U(s) = G(s) N D(s) and
V(s) = H(s) N E(s), then we are done. m

COROLLARY 4.2.1. A normal sequential topological space is (w)

normal.

REMARK. Converse of Corollary 4.2.1 is not true. This is shown

by Example 4.2.2.
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EXAMPLE 4.2.2. Let X = R%. Let D denotes the product topol-
ogy on X. Now consider the sequential topology generated by D
on X i.e 7 <D >. Then (X,7 < D >) is not normal.

Now let A(s) = {A,}52; and B(s) = {B,}, be two weakly dis-
joint closed sequential sets with bases P and () respectively i.e
A N By, = ¢ for some m € N, where either A, # ¢ or B,, # ¢.
Case 1: Suppose one of A(s) and B(s), say B(s) is a reduced sequen-
tial set of A(s) i.e A, C B, Vn € Q C P. Now consider open se-
quential sets U(s) = {U,}>2; and V(s) = {V,}20,in (X, 7 < D >),
where

U, = A, VneP-—Q,
= ¢, otherwise.

and
Vo, = B, YneaQ,
= ¢, otherwise.
Then A(s) L9 U(s), B(s) Cy V(s), U(s) NV (s) = ¢(s), A, C
U, Bm C Vi
Case 2: Suppose none of A(s) and B(s) is reduced from the other.
Since in R? every set is clopen, so are A, and B,. Now con-
sider open sequential sets U(s) = {U,}°2, and V(s) = {V,,}’2; in
(X,7 < D >), where U,, = A, Uy, = ¢ Vn # m and V,,, = B,,,
Vi = ¢ Vn # m. Then A(s) Cy U(s), B(s) Cy V(s), U(s)NV (s) =
&(s), A C Upy By C Vi Hence (X, 7 < D >) is (w) normal but

not normal.
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REMARK. A normal sequential topological space may not be

regular, which is shown by Example 4.2.3.

ExAMPLE 4.2.3. Consider the Sierpinski space (X, 7), where
X ={0.1}, 7 = {{0}, X, ¢}. Let A(s) = {A,}>2, where A, = {0}
Vn € N. Let 7" = {¢(s), A(s), X(s)}. Then (X, 7’) forms a normal

sequential topological space but it is not regular.

THEOREM 4.2.2. A normal sequential topological space which is

T1 s a reqular space i.e a Ty space is a T3 space.

PROOF. Let (X,7) be a normal sequential topological space
which is T7. Let p = (z, P) be a sequential point in X and F(s) =
{F,}>2 be a closed sequential set in (X, 7) with p ¢ F(s). Since p
and F(s) are weakly disjoint closed sequential sets in (X, 7), 3 open
sequential sets U(s) and V(s) in (X, 7) such that p €29 U{(s),
F(s) Cy V(s), p €79 X(s5) = V(s), F(s) C X(s) — U(s) =
p €07 U(s), F(s) Cuw V(s), p ¢ ¢ V(s), Fs) € X(s) = Uls),
whenever F'(s) is a reduced sequential set with base @) of sequential
point p; otherwise 3 open sequential sets U(s) and V(s) in (X, 7)
such that p €, U(s), F(s) Cu V(s), p € X(s) — V(s), F(s) C
X(s) —U(s) = p €, U(s), F(s) Cy V(5), p ¢u V(s), F(s) C
X(s) —U(s).

Hence (X, 7) is regular. m

REMARK. Example 4.2.4 shows that converse of Theorem 4.2.2

1s not true.
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EXAMPLE 4.2.4. Let X = R? and let D denotes the product
topology on X. Now consider the sequential topology 7 < D >
generated by D on X. Then (X,7 < D >) is not normal but it is

regular.

THEOREM 4.2.3. If (X,7) is a regular sequential topological

space, where X is finite, then it is (w) normal.

PROOF. Let (X, 7) be a regular sequential topological space,
where X is finite. Let A(s) = {A4,,}°2, and B(s) = {B,}>2, be two
weakly disjoint closed sequential sets in (X, 7) with bases P and @)
respectively i.e A,, N B,, = ¢ for some m € N, where either A,, # ¢
or By, # ¢.

Case 1. Suppose one of A(s) and B(s), say B(s) is a reduced
sequential set of A(s) i. e, A, C B, Vne @ C P.

Here A,, # ¢, B, = ¢ and m € P — Q. Let z € A,. Then
p = (z,m) ¢ B(s). So 3 open sequential sets U*(s) and V*(s) in
(X, 7) such that p €2~ U”(s), B(s) Cy V7(s), p €79 VE(s),
B(s) € X(s) — U*(s). Corresponding to each r € A,,, we can
find such U*(s) and since A,, is finite, so 3 finitely many open
sequential sets in (X, 7) say Ui(s), Us(s), Us(s),........ , Uk(s) such
that p €29 Uy(s), B(s) C X(s) — Ui(s), i =1,2,3........ k.

Let U(s) = {Unk5 = UK, Ui(s), V(s) = (V1) = M (X(s) —
U;i(s)) = X(s) — UF_,U;(s). Then A(s) cL=9 U(s) and B(s) C
V(s). Thus U(s), V(s) € T such that A(s) cL=% U(s), B(s) Cy
V(s) and U(s) NV (s) = ¢(s), Am C U, B C V.

Case 2. Suppose none of A(s) and B(s) is reduced from the other
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and let A, # ¢. Let v € A,,,. Then p = (x,m) ¢ B(s). So 3 open
sequential sets U*(s) and V*(s) in (X, 7) such that p €, U*(s),
B(s) Cy VZ(3), p ¢u VZ(s), B(s) C X(s)—U=(s). Now proceeding
in the same way as in case 1 we can find open sequential sets U(s)
and V(s) in (X, 7) such that A(s) C, U(s), B(s) Cy V(s) and
U(s)NV(s) = d(s), Am C U, B C V.

Hence (X, 7) is (w) normal. m

REMARK. That a regular sequential topological space (X, 7),
where X is infinite, may not be (w) normal is shown by Example

4.2.5.

EXAMPLE 4.2.5. Let U be the usual topology on R and let
a € R. For any open set G € U, let us consider sequential sets
A%(s) = {AT}021, BO(s) = { By }p2y, C9(s) = {C 12y, D%(s) =
{DE1oe | where AY = BSY = CY = DY = G V¥n # 2 and AS = {a},
B =R — {a}, C§ = ¢, DS = R. Then 7,, the collection of all
sequential sets of the form A%(s), B%(s), C%(s), D%(s) VG € U,
forms a regular sequential topology on X. But (X, 7,) is not (w)

normal.

REMARK. A (w) normal sequential topological space may not

be regular, which is shown by Example 4.2.3.

THEOREM 4.2.4. Let (X, 7) be a normal sequential topological

space, then (X, Dy (7)) is a normal space for each n.

PROOF. Let A and B be two disjoint nonvoid closed sets in
(X, Dy(7)). Then 3 closed sequential sets A(s) = {A,}22; and
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B(s) = {B,}>2, in (X, 7) such that A, = A and B, = B. So 3
open sequential sets U(s) and V(s) in (X, 7) such that A(s) C,
U(s), B(s) Cuw V(s), A(s) C X(s) =V (s), B(s) C X(s) — U(s),
AcCU,, BcV,. Taking U = X — V,and V = V,,, V,, being the
n'" component of V(s), we have A C U, BCV,UNV = ¢. Thus
(X, Dy(7)) is normal. m

REMARK. Converse of Theorem 4.2.4 is not true. This is shown

by Example 4.2.6.

EXAMPLE 4.2.6. Let X be a nonvoid set and a € X. Let 7 =
{¢,{a}, X —{a}, X}. Then (X,7) is a normal topological space.
Now consider sequential sets A’(s) = {A!}%2,, Bi(s) = {B.}>,,
Cl(s) = {Ci}°,, i = 1,2,3..., where A’ = B! = (" = X — {a}
Vn # i and A% = {a}, B! = ¢, C! = X. Then S, the collection
of all sequential sets A'(s), B'(s), C'(s) (i = 1,2,3....) and ¢(s)
forms a subbase of a sequential topology say 7/ on X . The sequen-
tial topological space (X, 7’) is not normal though the component

spaces are normal.




CHAPTER V

Generalized Topology, Monotonic Sequential Operators
and Generalized Sequential Topology

5.1. Urysohn’s Lemma and Tietze’s Extension Theorem

The year 2002 brought the raise of generalized topology by A.
Csaszar [16]. He started with any monotonic operators on power set,
of any nonvoid set into itself and collect all those subsets of the un-
derlying set which are expanded after operation. Then he observed
that such collection always contains the void set and is closed un-
der arbitrary union. Considering this into account, he named any
family of subsets that behaves like those collections as generalized
topology (GT) and studied it. One such collection is the collection
of semi-open sets introduced by N. Levine. Clearly every topology
is a generalized topology. But a generalized topology may fail to
be a topology. In this section we examine separation axioms, con-
tinuity, Urysohn’s lemma and the extension theorem in the light of
generalized topology. Very recent, generalized topology was studied
by J. Li, W. K. Min, R. Shen, E. Ekiki, B. Roy, GE Xun, GE Ying,
C. Cao, B. Wang, W. Wang etc. [11, 19, 20, 32, 38, 43, 56, 67].
They extend the field by introducing notions of various separation
axioms, continuity and a version of Urysohn’s lemma in this context
but the Tietze’s extension theorem is not extended to this field. We

observe that a

79
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variant of Tietze’s extension theorem in normal generalized topo-
logical spaces is achievable. At first we give some basic definitions

and outline of the results relevant to this extension formally.

DEFINITION 5.1.1. Let X # ¢. A family g of subsets of X
is called a generalized topology (briefly GT) on X if it contains
the void set and it is closed under arbitrary union; the ordered
pair (X, g) is called a generalized topological space (in brief GTS).
Members of a GT ¢ are called g-open set and their complements

are called g-closed sets.

EXAMPLE 5.1.1. Let v be the collection of arbitrary union of
members of § = {(—o0,s),s € R} U{(t,00),t € R} then v is a GT
on R but not a topology on it.

In such cases we call v is a GT generated by the basis (.

DEFINITION 5.1.2. As in general, a GTS is called normal if for
any pair of disjoint g-closed sets 3 a pair of disjoint g-open sets

containing them.

The above GTS (R,v) shows that the class of normal GTSs
is nonvoid. A GTS that does not contain the underlying set is,

vacuously, a normal GTS.

DEFINITION 5.1.3. A function f : X — R from a GTS (X, g)
to the set R of real numbers is said to be an upper(resp. lower)
semi-continuous if for any upper(resp. lower) open ray R in R with

usual ordering f~1(R) € g.
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As in general case, an upper(resp. a lower) semi-continuous
function may not be lower(resp. upper) semi-continuous but unlike
in point set topology an upper as well as lower semi-continuous
(upper-lower-semi-continuous) function from a GTS (X, g) to R
with usual topology 7 may not be (g, 7)-continuous as shown in the

following

EXAMPLE 5.1.2. The identity function I : (R,v) — (R,7),
where v is the generalized topology generated by the base g =
{(—00,s);s € R} U{(t,00);t € R} and 7 is the usual topology on

R, is upper-lower-semi-continuous but not (v, 7)-continuous.
Characterization of Normality

THEOREM 5.1.1. A GTS (X, g) is normal iff for any g-closed
set C' and any g-open set U containing C' there is a g-open set V
and a g-closed set V* such that C CV C V* CU.

PROOF. Proof is omitted. m

THEOREM 5.1.2. A GTS (X, g) is normal iff for any pair of dis-
joint g-closed sets C' and D there is an upper-lower-semi-continuous
function f: X — [0,1] so that f(x) =0V z € C and f(x) =1V
reD.

PrROOF. Let C' and D be any disjoint closed set in a normal
GTS (X,g9), Vi = X — D and V,* = C. Since the g-closed set

Vo™ is contained in the g-open set V4, by using normality there is a
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g-open set V1 and a g-closed set V%* so that Vu* C Vic V%* c .
Applying the hypothesis on (X, g) to each pair V{", Vi and V3 * VA,
we have g-open sets V1, Vs and g-closed sets Vi " Vs * so that V" C
Vic Vi* cVic V%* CVsC V%* C V4. Continuing this process
one can define g-open sets V, V; and g-closed sets V*, V;* for any
dyadic rational s and ¢ in [0, 1] of the form 2%, k=1,2,3....... 2" —1
andn € Nsothat s <t =V cV,cV, " cV, cCcV*cW.
If s is any other dyadic rational, let V, = ¢ for s < 0, V, = X
for s > 1, and V" = ¢ for s < 0, V;* = X for s > 1. Note that
Vi for s > 1 may not be g-open and so V" for s < 0 may not
be g-closed. Now consider a function f : X — [0, 1] defined by
f(z) = inf{s;x € Vs} = inf{s;x € V;"} V2 € X. Then f(z) =0,
Vo e Cand f(xr) =1,V x € D. Definition of the function f and
construction of the sets V; and V,* for dyadic rational number s
show that x € V;* = f(z) < sand z ¢ V; = f(x) > s. Now for
the ray [0, 1] (which is left as well as right open ray in [0,1]) U is
an g-open set containing xg so that f(U) C [0,1], where U = V}
if f(xg) = 0 and if f(xp) = 1 then U = X — V{*. For any left
open ray [0,d) in [0, 1] containing f(x¢) choose a dyadic rational ¢
such that f(z9) < ¢ < d and consider the V. Since 0 < ¢ < 1,
V, is g-open set containing zy because otherwise f(xo) > ¢. Also
f(Vy) € [0,d), since x € V, = f(z) < q. And for any right open
ray (c,1] in [0,1] containing f(xo) select a dyadic rational p such
that ¢ < p < f(z¢) then, X — V" is a g-open set containing z( so

that f(X —V,") C (¢, 1]. Converse is trivial so we exclude it. m
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Some Other Properties of Normal Generalized Topological Spaces

THEOREM 5.1.3. Inverse image of closed set C in R with usual
topology under upper-lower-semi-continuous function on a GTS (X, g)
is g-closed if C is of the form (—oo,a] or [a,00) or |a,b] or {a},

where a,b € R

Sum and product of upper-lower-semi-continuous functions on GT'Ss

need not be upper-lower-semi-continuous as seen in the following

ExXAMPLE 5.1.3. Let us consider R with generalized topology
v generated by the basis f = {(—o00,s);s € R} U {(t,0);t € R}.
Then the functions f; : (R,v) — R, i = 1,2 defined by
fi(z) =2V 2z €R and
fo(x) = 0OVx>0
= 2zVzr<0
both are upper-lower-semi-continuous but none of
(fi+ fo)(x)=|z| V2 €R and
(fr-f1)(x) = fi(@).fr(z) =2V €R

1S SO.

DEFINITION 5.1.4. Let (X, g) be a GTS; a function f : (X, g) —
R is called weak M (g) upper (resp. lower) semi-continuous if for
any © € X and any left (resp. right) open ray R containing f(z)
U, €g,i=1,2,3,.....nsuch that z € ﬁlUi and f(ﬁlUi) CR f:
(X, g) — R is said to be weak M (g) upper-lower-semi-continuous if

it is weak M (g) upper as well as weak M (g) lower semi-continuous.



Urysohn’s Lemma and Tietze’s Extension Theorem 84

Obviously in the above definition replacement of GT ¢ by a
topology reduces the weak M (g) upper-lower-semi-continuity to
continuity. It is also straightforward that upper (resp., lower) semi-
continuity implies weak M (g) upper (resp., lower) semi-continuity

but the converse is not necessarily true as seen in the Example 5.1.3.

THEOREM 5.1.4. Finite sum of upper-lower-semi-continuous func-

tions on a GTS (X, g) is weak M(g) upper-lower-semi-continuous.

PROOF. Let f; and f5 be upper-lower-semi-continuous functions
on a GTS (X, g) and f be their sum. For any right open ray (r, c0)
in R such that f(z) € (r,00) choose real numbers r1, 79 > 0 so that
r < fi(x)—ri+ fa(x)—ry. Since f1 and fy are lower-semi-continuous,
U= fi"'(fi(x) —r1,00) and V = fo~'(fa(x) — r2,00) both are g-
open sets containing . Now f1(U) C (fi(z)—r1,00) = fL1(UNV) C
(fi(x) —r1,00) and similarly fo(U NV) C (fa(z) — r2,00). Hence
fUNV) C (fi(x) —ri + fo(x) — re,00) and so f is weak M (g)
lower-semi-continuous. Arguing in the same way it can be shown

that f is weak M (g) upper-semi-continuous too. m

THEOREM 5.1.5. Finite product of weak M(g) upper-lower-semi-
continuous functions on a GTS (X, g) is weak M(g) upper-lower-

semi-continuous.

PROOF. Proof is omitted. m

Now it is straightforward that finite product of functions on

a GTS (X, g) some of which are upper-lower-semi-continuous and
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others are weak M (g) upper-lower-semi-continuous is weak M(g)

upper-lower-semi-continuous.

THEOREM 5.1.6. Let {f,} be a sequence of upper-lower-semi-
continuous functions on a GTS (X,g) so that |f.(x)| < M, for

(0.9]

each n € N, where > M, is a convergent series of real numbers.
n=1

Then f(z) = > fu(x) exists and is a weak M(g) upper-lower-semi-
—1

continuous fun;tion f:(X,9) —R.

PROOF. It can be shown that, as in general case, f(z) =
iojfn(x) exists Vx € X. For the second part, let zp € X,e > 0
?Eén |f(x) — sn,(2)] < V2 € X, where ng is a positive integer
as large as required and in particular [s,,(zo) — f(20)] < §. Now
Sne © (X, g) = R is weak M (g) upper-lower-semi-continuous there-
fore for (s,,(zo) — 5,00)3AU; € g,i = 1,2,3,....... p (say) such that
$n0(1U5) C (3n0(20) = §,00) = 50y(x) € (sny(w0) — §,00)¥z €
ﬁlUi. Thus for those x € ﬁlUi Sno(T0) — § < Spp(T), (8pp(7) — § <
f(z) and f(z0) — § < spy(20); adding all these three inequalities we
have f(xog)—e < f(x) and so f is weak M (g) lower-semi-continuous.
Similarly one can show that f is weak M (g) upper-semi-continuous.

THEOREM 5.1.7. If (X, g) is a normal GTS then for every g-
closed set C C X, each upper-lower-semi-continuous function f :
(C,g|C) = [—=m,m] has a weak M(g) upper-lower-semi-continuous

extension F : (X, g) — [—m,m], where m is any positive integer.
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ProoF. First let |f(c)] < m on C and construct a sequence
{rn} of real numbers, where r, = 2(2)", n € N. So, 2r, = 3r,
V n € N; in particular m = 3r; . |f(¢)] < 3r; on C. Let
Ay ={ce C;f(c) < —ri} and By = {c € C; f(¢) > r1}. Then
A1 N By = ¢ and Ay, By are g|C-closed; since C' is g-closed, A;
and B; are also g-closed [18]. Therefore 3 an upper-lower-semi-
continuous function ¢; : (X, g) — [—r1, 1] such that g;(A;) = —r
and ¢g1(By) = r1 by virtu of Theorem 3.3 of [18]. Rename f by fi
and set fo = f1 — ¢1|C, where ¢1|C is the restriction of g; on C.
Then |fao(c)] < 2rp = 3rg on C. Set Ay = {c € C; fa(c) < —ra}
and By = {c € C; fa(c) > ry} then for the same reason 3 an upper-
lower-semi-continuous function g, : (X, g) — [—72,72] such that
g2(Ag) = —rg and go(By) = ro. Set f3 = fo — go|C' and continue
this process indefinitely. These result two sequences { f,,} and {g,,}
stch that fur1 = fu—galCl, [fa(©)] < 3ra on C and |gu(z)] < 1y on
X V n € N. Since irn = %i(%)” < 00, by Theorem 5.1.6
and Theorem 5.1.4 itn:fé)llows thT;;ch : (X,9) — R defined by

F(z) = > gn(x) is weak M(g) upper-lower-semi-continuous on X.

Let ¢ € C. Then F(c) = ilgn(c) = 7}1_)1101027_1:.9@(6) = lim Zn:[fl(c) —

n—oo

=1
ﬁd%Zﬁ&QM@—hMH—ﬁU—fUWMmFBw
extension of f. Also |F(@)] < 4 3 = (3 =m.m

We conclude this section Wlth the following

Problem : Semiopen sets in a topological space form a generalized
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topology. Does there exist a topological space so that semiopen sets

therein forms a given generalized topology on the underlying set?

5.2. Monotonic Sequential Operators and Generalized Se-

quential Topology

In the last few decades, closure operators, interior operators and
various compositions of them have been studied what produced dif-
ferent forms of open and closed sets, namely, g-closed sets, *g-closed
sets, *g-semi-closed sets and §-closed sets [9], semi-open sets [36]
(called f—sets in [47]), regular open sets [45], a—open sets (called
a—sets in [47] ), feebly open sets [39], preopen sets [41], 5— open
sets [1] (called semi-preopen sets in [24]), locally closed sets [10],
A—sets [64] (called A—sets in [45]), B—sets [65], 6-open sets and 6-
open sets [66], d-preopen sets [55], d-semiopen sets [50], b-open sets
3], semi-f-open sets [23], g-open sets [37], gs-open sets [4], gp-open
sets and ag-open sets [51], d-g-open sets [26], gb-open sets [33], 6-
g-open sets [27], gds-open sets [52], gsp-open sets [25], gdp-open
sets [31], fgs-open sets [46], gv-open sets [29], ag-open sets [40],
gu-open sets [48] etc.. A common generalization of these classes
has been the concept of y-open sets introduced by A. Csdszar [14]
which form generalized topology [16, 17, 19]. The key idea behind
such generalization was the use of mappings v : exp X — exp X
from the power set exp X of the underlying set X into itself, pos-
sessing the property of monotony [14, 15, 16, 17, 19]. The purpose

of the present work is to change the domain of thoughts and to
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exhibit the relations between A. Csdszdr’s and ours results [60].
A significant contribution to the theory of K2 and relative closure
operators in (P(X))Y and their components has been made in [57],
where P(X) is the power set of the underlying set X (denoted by
exp X in [14]). Here we introduce different monotonic operators
M : (P(X))N — (P(X))N and their components, investigate the
relations among themselves and study some of their properties and

observe what such operators produce.
Monotonic sequential operators and their dual

We consider the operators M;;1 = 1,2,3,4,5,6,7, and some prop-
erties enjoyed by them.

(1) My : (P(X)N — (P(X))N defined by M;(A(s)) = A(s) U F(s),
V A(s) € (P(X))N, where F(s) (# ®(s)) is a fixed sequential set in
X.

M is expansive; commute with finite union and it is idempotent
[57].

(2) My : (P(X)N — (P(X))N defined by My(A(s)) = A(s) N F(s),
V A(s) € (P(X))N, where F(s) (# ®(s)) is a fixed sequential set in
X.

M is contractive; commute with finite intersection and it is idem-
potent.

(8) My : (P(X))N — (P(X))" defined by My(A(s)) = {U A}, ¥
Als) = {An} € (PCOY.

Mj is expansive; commute with finite union; ®(s) is a fixed sequen-

tial set of Mj3; and it is idempotent.
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(4) My : (P(X)N = (P(X))N defined by My(A(s)) = {ﬁlAi}, v
A(s) = {An} € (P(X))".
My is contractive; commute with finite intersection, X (s) is a fixed
sequential set of M,; and it is idempotent.
(5) M5 : (P(X))N — (P(X))N defined by M5(A(s)) = {A,UA, 11},
v A(s) = {Au} € (P(X)N,
Ms is expansive; commute with finite union; ®(s) is a fixed sequen-
tial set of M5 but it is not idempotent.
(6) Mg : (P(X))™ — (P(X))" defined by My(A(s)) = {A,N Ay},
¥ A(s) = {A} € (PO
Mg is contractive, commute with finite intersection, X (s) is a fixed
sequential set of Mg but it is not idempotent.
(7) M7 (P(X))" = (P(X))" defined by M7(A(s)) = B(s) = {By}
VA(s) = {4y} € (P(X)).

B, = {A,UA,1}, when n is odd,

= {A,N Ay41}, when n is even.

It is neither expansive nor contractive.
Article [57] mainly deals with those operators (called KQ—closure
operator) which satisfy the four properties of M;3 as mentioned
above. The collection 7o of all fixed sequential sets of any K-
closure operator C' : (P(X))Y — (P(X))Y forms a sequential topol-
ogy on X called the sequential topology [6, 62] generated by K€)-
closure operator C' : (P(X))N — (P(X))Y. Evidently different
operator M;, (i =1, 2, 3, 4, 5, 6 and 7) possesses different class of

properties, but interestingly, all these operators have monotonicity
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(A(s) € B(s) = M;(A(s)) € M;(B(s))) which is not listed above
but can be obtained by simple derivation. Our motivation rests on
the use of monotonicity of operators from (P(X))Y to (P(X))Y as
the key to unlock the door of a new truth. Let S((P(X))Y) be the

N

collection of all monotonic sequential operators M : (P(X))
(P(X))N; we write S if the omission of “(P(X))Y" does not create
a confusion. Here domain of the operator M : (P(X))N — (P(X))N
is the denumerable cartesian product of P(X) with itself; P(X) is
called factor of the domain of M. If 7 is a sequential topology on X
then Cl,, Int, € S((P(X))Y) we rename them as C' and I respec-
tively. An operator M : (P(X))N — (P(X))N is said to satisfy the
property p = ®, X, E, C, I, U, N and Cy if ®(s) is a fixed sequen-
tial set of M, X (s) is a fixed sequential set of M, M is expansive,
M is contractive, M is idempotent, M commutes with finite union,
M commutes with finite intersection and M (M (A(s))) C M(A(s))
V A(s) € (P(X))N resp.. By S, we mean the subcollection of S,
where the operators M : (P(X))Y — (P(X))YN satisfy the property
p and for the sake of simplicity we write S,, = S, N S,;. The opera-
tors M3, My, Ms, Mg, M7 ensure that S, for all those p mentioned
above are nonvoid. The operator M°// . P(X) — P(X), associ-
ated with M € S((P(X))Y), defined by M/ (A) = P,(M(,®4(s)))
(i. e., n'™ component of M(,®4(s))) V A € P(X) is called the n'
off-component of M and the operator M2" : P(X) — P(X), associ-
ated with M € S((P(X))Y), defined by M2 (A) = P,(M(,X (s)))
V A € P(X) is called the n'® on-component of M, we call M?//(A)
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is the null action of M on A at n (without interference of all
but n'* factor of the domain) and M2"(A) is the full action of
M on A at n (in the full interference of all factors of the do-
main). Obviously M € S = M, M°// € T [14], M € S,
p=® X, E C, I Cy= M" M)/ €T,,n=01,+, —,
2, —2 resp. [14] and M € S,, p = U, N = M M2/ € T,
n = U, N resp., where I'y and I'n bear their similar meanings that
Sy and Sn do mean resp.. We denote the generalized topologies
(GTs) formed by M¢"and M%//—open sets [16] by gazen and Gppors
resp.. Let M € S((P(X))Y), a sequential set A(s) in X is called
M —sequential open if A(s) € M(A(s)). A(s) is M—sequential
open = A(s) C M(A(s)) C M(,Xa,),VneN= A, C M"(A,),
VneN= A,is M?—open, n € N; but if we let X = {a, b,
c} in the definition of M7 then A(s) = {A,}, where A; = {a},
Ay = {b}, A3 = {a, b} and all others A, are ® is M;—sequential
open, whereas Ay is not (M7)5//—open, this forces to conclude
that n'» component of an M —sequential open set need not be
Mo —open, n € N. If M € Sc then a sequential set A(s) is
M —sequential open iff A(s) = M(A(s)) and if M € Sg then ev-
ery sequential set is M —sequential open and hence each compo-
nent of M —sequential open set is M°"— as well as M°//—open
because for any A C X, ,Pa(s) € M(,P4(s)) and this implies
A C MYT(A). Let G,a be the collection of all M —sequential
open sets in X. Clearly ®(s) € Gy and Ax(s) € Gru, A €
A=V el Axs) C M(Ax(s)) C M(}\LEJAA,\(S)) = )\LéJAA)\(S) C
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M()\LéJAA)\(S)) = ALeJAA’\(S) € Gy 1. e, Grpy is closed under ar-
bitrary union. If we agree in saying that a sub-collection G, of
(P(X))N is a generalized sequential topology (GST) on X if ®(s)
is a member of GG, and G is closed under arbitrary union we can
say that any M € S((P(X))Y) generates a GST G,j on X. Like
sequential topology, n'" components, n € N, of members of G, form
GT on X called n'* component generalized topology of G, and it is
denoted by D,(G,). Thus for any M € S((P(X))Y) and n € N we
have three GT's on X in hand namely, D,,(G;ar), gyeon and Gapoii-
Since ,Pa(s) Cn Xa(s) VA € P(X), n € N, gyorr C gugn V
n € N. Also, A € D,(G;y) = 3 a sequential set A(s) € Gry

" component is A, but then A(s) C,, X4(s) which implies

whose n'

A(s) € M(A(s)) € M(,Xa(s)) = A C M"(A) = A € gper and

hence D,,(Grpr) C gaon. Now consider the operator in the

EXAMPLE 5.2.1. Mg : (P(X))N — (P(X))N defined by Mg(A(s))
= B(s) = {B,}, where X = {a, b, ¢} and
B, = (_QlAi) N {b}, when n is odd,

= (61&) U {c}, when n is even.

The definition of the operator Mg shows that {a} € g V
even n € N. We claim that {A,} = A(s) C Mg(A(s)) =no A,
is {a}. A, # {a} for all odd n € N is obvious , if possible let
A, = {a} for some even n = e, then since A(s) C M(A(s)),
a € A, Vn < e but then A, € P,(M(A(s))) ¥V odd n < e
which is a contradiction. Thus if A(s) € Gy, then A, # {a}
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Veven n € N = {a} ¢ D,(Gp,) V even n € N and therefore
9ouyyr £ Dn(Grag) Voeven no€ N Again A € gy 0r = A C
MOT(A) =, ®u(s) C M, Pa(s) =n Pal(s) € Grr = A €
D, (Grpr) and so e D, (Grpr); the operator M7 shows that
9yess # Dn(Grar) in general. Now like [16] let G, be any GST
on X and M : (P(X))N — (P(X))N be defined by M(A(s)) =
U{O(s); O(s) € G, and O(s) C A(s)} then M € S((P(X))N),
M(A(s)) C A(s) and hence any M —sequential open set in X be-
longs to G Also O(s) € Gy = M(O(s)) = O(s) D O(s) = O(s)
is an M —sequential open set. Therefore any GST on a set X can
be rediscovered by a monotonic sequential operator on (P(X))N.
Associate with any M € S((P(X))Y) there is a sequential opera-
tor Inr : (P(X)N — (P(X))YN, called M —interior sequential op-
erator, defined by Ij;(A(s)) = union of all M— sequential open
sets contained in A(s); obviously Iy;(A(s)) C A(s) which implies
1(®(5)) = 0(s), Als) € Grar = Tn(A(5)) = A(s), Tu(A(s)) €
G V A(s) € (P(X))YN which implies Ins(In(A(s))) = Inr(A(s))
vV A(s) € (P(X))N, (B(s) € Gy and B(s) C A(s)) = B(s) C
In(A(s)) and A(s) € B(s) = In(A(s)) € A(s) € B(s) =
In(A(s)) € Iny(B(s)), i. e, Iy € Scre. Also M € Scre =
M(A(s)) € Gy and M(A(s)) C A(s) ¥V A(s) € (P(X))N, there-
fore for any B(s) € G,y with B(s) C A(s) B(s) € M(B(s)) C
M(A(s)) C A(s) = Tu(A(s)) = M(A(s)) ¥ A(s) € (P(X))"

Iny = M and hence Ij,, = I for any M € S((P(X))N). It is
also observed that Iy, € Sx iff M € Sx and a sequential set
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A(s) is M —sequential open iff A(s) = Ip/(A(s)) which happens
iff A(s) is Ipy—open. For any A € P(X), iy0s(A) = U{B; B C A,
B c M2/ (B)} = U{n™ component of ,®5(s); n™ component of

" component of ,®5(s) C n't

th

2®P5(s) C n'™ component of ,® 4(s), n'
component of M(,®p5(s))} = n™ component of U{,®Pp(s); n

component of ,®p(s) C n'™ component of ,®(s), n'

component
of ,®p(s) C n' component of M(,®5(s))} = n'" component of
U{nP5(5); n®P5(s) Cp Pals), nPr(s) C M(,Pp(s))} = n't com-
ponent of Ij;(,P4(s)) since any sequential set B(s) that contained
in ,®4(s) is of the form ,,®p(s) for some B C X and therefore
(L))ol = Upgoft = Upypefs where 7, ,0s; and Uy)e)! Are the M2//
and (I37)%// —interior of A [14], but (I3;)%" # ipen for, see the
Example 5.2.1, where iyen({a}) = {a} but (Iyy)7"({a}) = &. It
can be shown that the interior operators in the generalized topo-
logical spaces (X , gugr), (X, Dn(Grar)) and (X, gy0rr) are dpgge,
(Inr)o™ and (Ip7)%// resp.. Now A(s) € Grp,, < A(s) C Iy (A(s)) C
A(s) & Iy(A(s)) = A(s) & A(s) € Gy consequently G, =
G,y and D, (Go1,,) = Dp(Grar) ¥V n € N. Also (Iy)%/ = ippolf =
It = Yot vV n € N but Example 5.2.1 shows that gjen may
not be g(z,,)en Vn € N. If the change of the components of sequential
set by some sequential operator M € S((P(X))Y) do not depend on
the other components then M (A(s)) = {M2//(A,)} = {M(A,)}
vV A(s) = {4} € (PN = gugr = Du(Grmr) = gyporr ¥
n € N. As in [14] we say A(s) € (P(X))Y is M —sequential closed
for some M € S((P(X))Y) if X(s) — A(s) is M —sequential open.
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By Cu(A(s)) we mean the intersection of all M —sequential closed
sets containing A(s) called M —sequential closure of A(s). It is
straightforward that (Gra) = {X(s) — A(s); A(s) € Grar} is ex-
actly the collection of all M —sequential closed sets. Some prop-
erties of M —sequential closed sets and M —sequential closure C),
are directly fallow from the last sentence which are enlisted in the
Theorem 5.2.1. Considering the equation, what maintains the rela-
tion between interior and closure operators in point set topological
space, as a model we define an operator M? : (P(X))N — (P(X))N
by M°(A(s)) = X (s)—M (X (s)—A(s)) V A(s) € (P(X))N associate
with each M € S((P(X))N) and call it the dual operator of M. For
any M € S, M° € S follows from the fact that A(s) C B(s) =
X(s) — B(s) € X(s) — A(s) = M(X(s) — B(s)) € M(X(s) —
A(s)) = X(s) — M(X(s) — A(s)) € X(s) — M(X(s) — A(s)) and
also (M°)°(A(s)) = X(s) — M°(X(s) — A(s)) = (M°)°(A(s)) =
X(s) — (X(s) — M(A(s)) = M(A(s)) = (M°)° =M. M € S,
p=®, X, E,I,C;UandN& M€ S;,q=X,®,C, I, £,Nand
U resp., also (Cyy)° = Iy, the proof is as simple as that in [14]. Now
consider the operator M7 with X = R and choose A(s) = {A,} in
R in such a way that A,,1 C A, for odd n and otherwise A, 1,
A, are incomparable; this sequential set is neither M;—sequential
open nor Mr—sequential closed but it is (M7)°—sequential closed
set. Actually a sequential set A(s) is M°—sequential closed <
X(s)—A(s) C M°(X(s)—A(s)) = X(s)—M(A(s)) & M(A(s)) C
A(s). Since for each M € S, M° € S, all the results for M
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extracted from the above discussion are true for M too. Now
Cr,(A(s)) = N{B(s); B(s) D A(s), X(s) — B(s) is Ipy—sequential
open} = X(s) — U{X(s) — B(s); X(s) — B(s) C X(s) — A(s),
X(s) — B(s) is Ipy—sequential open} = X (s) —Ir,,(X(s) — A(s)) =
(Inr)°(A(s)) = Cu(A(s)) V A(s) € (P(X))N = Cy,, = Cyr and
it is straightforward that Io,, = E = the identity operator on
(P(X)N = E° = (I¢g,,)° = Ce,,. Since Cpport = (ipposs)°s Ciry)el! =
(z'(j )%ff)o [14] and 4 0rr = Upyalts Capaft = Cipypert but ¢ppors #

c(IJ:;%ff one of the witnesses for this is the Example 5.2.1. For
any A € P(X), (M°)p//(A) = Po(X(s) — M(X(s) = Pa(s))) =
X = Bu(M(nX(x-n)(s)) = X = M7"(X — A) = (M7")"(A) =
(M) = (M°)%// and similarly (M°//)* = (M°)°". All other
results related to dual operators listed in the Theorem 5.2.1 can
be proved using these last results. Now for M € S((P(X))Y) de-
fine v : P(X) — P(X) by v(4) = nOL;JJan(IM({A}N)), obviously
v € I'(X). The ~ defined in this way defines the generalized topol-
gy gy = grm = {A4; A = n§1A”’ where A(s) = {A4,} € Gru}
on X for, let A € g, then A C v(A) C A = A = y(4) =

noL_ijn([M({A}N)) but Iy ({AYY) € G, therefore A € g, and
B € gy = 3 B(s) = {By} = Iny(B(s)) such that B = nilen =
n&:lpn(fM(B(s))) C nolePn(IM({B}N)) C v(B) = B € g,. We close
this section by listing the results emerged from the above discussion
in the Theorem 5.2.1 followed by a diagram representing interrela-
tions between different classes of operators. In the diagram, a pair

of lines indicates “equality”, arrow mean “obtained from”.
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THEOREM 5.2.1. Let M € S((P(X))Y), X # ® then
(1) Grar forms a GST on X.
2) M € S,(P(X)N), p=@, X, E, C, I, U, N and Cy = M2/,
M ely(X),q=0,1,+, —, 2, U, N and —2 respectively.
(3) gmeon D Dyp(Grar) D Gpporr V€N
(4) if the change of the components of sequential sets in X by M do
not depend on the other components of the corresponding sequential
set then grgn = Dn(Grar) = gppors YV €N
(5) any GST on X can be rediscovered by a monotonic sequential
operator on (P(X))N.
(6) Inr € Scra((P(X))Y).
(7) If M € Scre((P(X))Y) then Iyy = M and hence Ij,, = Iy for
any M € S((P(X))Y).
(8) Inr € Sx((P(X))") iff M € Sx((P(X))Y).
(9) a sequential set A(s) € Grar iff A(s) = In(A(s)) and In(B(s))
is the largest open set in Gy contained in B(s).

(]‘O) (IM) o = ZMOff - /L(IM)%ff - ZMoff and (IM)On - [M)n #
Uiprgn = LMg

1y = Grar and so Dy (Grp,,) = Dn(Gray) ¥V n € N.
12

13

(11) ¢

(12) gpporr = 9g,porr and gurge # gnyes € N

(1) iy, = ()37 and g, = (Car)

(14) ngon inen and Cpron = CM;;n.

(15) ip,(Goa) = (Ia)2" and cp, (.. = (Car)2/7.

(16) intersection of M —sequential closed sets is M —sequential closed.
(17)

17) Cy € Spix (P(X))N).
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(18) Cur € Se((P(X))Y) iff M € Sa((P(X))Y).
(19) sequential set A(s) in X is M—sequential closed< A(s) =
Cr(A(s)) & A(s) is Iny—sequential closed.

(20) Cpr(A(s)) is the smallest closed sequential set in Gy contain-

ing A(s)

(21) M° € (P(X))N and (M°)° = M.

(22) M € S,(P(X)N), p=®, X, E, I, C, U, and N = M° €
S,(P(X)N), g=X, ®, C, I, E, N, and U respectively.

(23) (Car)° = I hence (Ip)° = Cy.

(24) a sequential set A(s) in X is M°—sequential closed iff M(A(s))
C A(s)

(25) Cyp,, = Cr.

(26) I¢,, = E = E° = Cg,,, where E is the identity operator in
(POOY.

(27) cppors = ! = Ciyorr = (Cum)y" and cagn = Ciygn #
e = (Ca)i.

(28) (MHT)" = (M) and (M) = (M°);//.

(29) (L))" = (Car)7 and ((Ing)7")* = (Caa)3? .

(30) ((Can)i7)* = (Ina)7 and ((Can)7)* = (Inn)7?.

(BL) i(canar = Ceam = Cionyalt = kot = € = €7, where e is the
identity operator on P(X).

(32) grm = {A; A= noL_len, where A(s) = {A,} € Gy} forms a
generalized topology on X.

(33) 7« P(X) = P(X) given by 5(4) = U Pa(lur({A}") ¥
A € P(X) defines the generalized topology g4 = G-
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Clon)y=—=e== Ycw)," Coy=—E == I, %oy /== Yon)’
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Pictorial Representation of Relations among Different Monotonic Operators
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Monotonic sequential operators in generalized sequential

topological spaces

We recall that a subfamily G, of (P(X))N is said to be a generalized
sequential topology (GST) on X if it is closed under arbitrary union
and contains ®(s); the ordered pair (X, G,) is called generalized
sequential topological space (GSTS). It is obvious that every ST is

GST. But the converse is not true as follows from the

ExAMPLE 5.2.2. Let X = {a,b,c}, A(s) = {A,} and B(s) =
{B,}, where
Aspn—2 = {a,b}, As,—1 = {b,c} and As, = {c,a}, Vn € N
Bsn—2 = {b,c}, Bs,—1 = {c,a} and Bs,, = {a,b}Vn € N.
G, ={®(s), A(s), B(s)} is a GST but not an ST on X.

The elements of a GST are called generalized sequential open
(GSO) sets and their complements are called generalized sequential
closed (GSC) sets. Let D, (G,) be the collection of n'® components
of all GSO sets of G;; since ®(s) € G, ® € D,(G,). Also O, €
D, (G;), A € A implies there are O)(s) = {079)} € G, VI€EA
such that OT(LA) = 0\ V\Xe Aso U O,({\) = U O\ € D,(G;)

AEA AEA
because )\L€JAO,\(S) € G,. Thus D, (G,) forms a generalized topology
(GT) on X called n'* component GT of the GST G, on X. It is
straightforward that if A(s) = {A,} is a GSO set in GSTS (X
G;) then A, € D,(G;) ¥V n € N but the converse is not true as

shown in the following
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EXAMPLE 5.2.3. Consider the Example 5.2.2 and a sequential
set C(s) = {C,}, where
C, = A,, when n is odd and

= B,, when n is even.
Here C), € D,(G;) ¥V n € N but C(s) is not a GSO set in the GSTS
(X , G;). Thus we have the following

THEOREM 5.2.2. (1) Every ST is GST but the converse is not
true.
(2) D,(G,)-the collection of n™ components of all GSO sets of G
forms GT on X.
(3) If A(s) = {A,} is a GSO set in GSTS (X , G;) then A, €
D, (G;) V n € N but the converse is not true.

The union of all GSO set in a GSTS (X , G,) contained in
a sequential set A(s) in X is called generalized sequential interior
(GSInt) of A(s) in the GSTS (X , G,) and it is denoted by I(A(s))
hence I5(A(s)) = U{B(s); B(s) C A(s) and B(s) € G,}. General-
ized sequential closure (GSCI) of a sequential set A(s) in a GSTS
(X , G;) is defined by the intersection of all GSC sets containing
A(s) and it is denoted by Cg(A(s)) that is, Cg(A(s)) = N{B(s);
A(s) C B(s) and X(s) — B(s) € G+}. Some results easily followed
by the definitions of GSInt and GSCI operators are given in the

following

THEOREM 5.2.3. Let A(s) and B(s) be sequential sets in a
GSTS (X , G;) then
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C Ca(A(s)) and hence Ca(X(s)) = X (s).
C B(s) = Cg(A(s)) € Cq(B(s)) that is Cg is monotonic.

is GSC iff Cq(A(s)) = A(s) and hence Cq(Cq(A(s))) =

A(S) is GSO iff Ig(A(S)) = A(s) and so Ig(Ig(A(s))) =
Io(A(s)) that is I is idempotent.
s)) is the largest GSO set contained in A(Ss).
s)U B(s)) D Ia(A(s)) U Ia(B(s)).

s) N B(s)) C Ia(A(s)) N Ia(B(s)).
Ca(A(s)) = X(s) = Ia(X(s) — A(s)).
Ia(A(s)) = X(s) — Ca(X(s) — A(s)).

—_
w
~
@
I/ /N
N
/N N N

We produce some examples to justify the relations (3), (7), (10)
and (14) in Theorem 5.2.3. For (3) and (10)

ExaMPLE 5.2.4. Consider X = {a, b, ¢} and G, = {P(s),
A(s) ={A,}, B(s) ={B.}, C(s) = {C,}, where
Asp_o ={c}, Asn—1 = {a} and A3, = {b} Vn € N,
Bs,—o = {a}, Bs,—1 = {b} and By, = {¢} Vn € N and
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Csp—2 = {c, a}, C3,—1 = {a, b} and C5,, = {b, ¢} Vn € N.

Here I(X (s)) = C(s) and Cg(P(s)) = D(s) = {D,} with Dg,_o =
{b}, D3p—1 = {c} and D3, = {a} Vn € N.

For (7) and (14)

EXAMPLE 5.2.5. Consider X = {a, b,c} and G, = {X(s), ®(s),
P(s) = {Fu}, Q(s) = {Qn}, R(s) = {Rn}}, where

P, = aforn=1 @, =0bforn=2 R,=cforn=23
= Xforn#1 = X forn # 2 =X forn#3
Let A(s) = {A,} and B(s) = {B,}, where
A, = {b,c}forn=1 B, ={a, c} forn=2
= & otherwise = & otherwise.
Then Cg(A(s) U B(s)) Q C(s {C’n} = Cg(A(s)) U
Ca(B(s)) and I (P(s )ﬂQ 2 E(s) = {En} = la(P(s))N

I6(Q(s)) where
= {b, ¢}, Cy = {c¢, a} and C,, = ¢ otherwise;

= {a}, By = {b} and E, = X otherwise;

The n*™® component of the GSInt Ig(, X 4(s)) (resp. GSInt Ig(,P4(s)))
of the sequential set , X 4(s) (resp. ,Pa(s))) in a GSTS (X , G,)
is called the n'® on (resp. off) interior of A in the GSTS (X , G,)
and it is denoted by (I5)2"(A) (resp. (Ig)%//(A)). Similarly n'® on
(resp. off) closure of A in a GSTS (X , G,) which is denoted by
(Cq)o(A) (resp. (Cg)9//(A)) is the n'® component of the GSCI
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Ca(nXa(s)) (resp. GSCI Cg(,P4(s))) of the sequential set , X 4(s)
(resp. ,P4(s))) in the GSTS (X , G;). Some results concerning
components of GSInt and GSCI operators in a GSTS which follow
from the discussion in section 5.2 with a bit manipulations, are

listed in the following

THEOREM 5.2.4. If (X , G;) is a GSTS then the following hold;
(1) (I6)? € T and (Ic)? € Ty iff X € Du(G.).
(2) (Ig)%F € Toa_ and (I)°/) € Ty iff n®x(s) € G..
(3) (Co)g!! € Thay and (Co)9l! € Ty iff X € Do(G-).
(4) (C)? € Tiay and (C)o" € Ty iff n®x(s) € Gy
(5) 9i1y2rr € Juayz = Dn(Gr).
(6) (Ig)°" coincides with the interior operator and (Cg)%// is the
closure operator in the GTS (X , Dn(Gr)) i. e., ipya,) = (Ig))" =
itreyer and cp, ey = (Ca)o = cppyon.

(7) ig(IG)%ff - ([G)%ff and Cg(IG)fo - (CG)(T)LTL

Now let (D , >) be a directed set and X x N be the collection of
all simple sequential points in X, then any function z : D — X x N
is called simple sequential net (SSN) in X (s) and it is denoted by
{z;}jep or by {z;} if no confusion can result. In particular if D is
replaced by the set N of natural numbers with usual ordering then
x is called simple sequential sequence (SSS). If £ is a cofinal subset,
of D then {z;}cp is called a sub-SSN of {z,};ep. An SSN {z;},ep
in X (s) is said to converge to a simple sequential point (x , n) in
X with respect to a GST G, if for any O(s) € G, containing (z
,n) 3 jo € Dsothat jo <je D= x; €O(s); (z,n) is called
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a limit of {z;};ep and the SSN is called convergent. In a GSTS
(X , G;) it is observed that if an SSN {z,}ep in a sequential set
A(s) (i. e, z; € A(s) V 57 € D) converges to (z , n) then (z ,
n) € Cg(A(s)) and an SSN {z;};ep in X(s) converges to (z , n)
iff every sub-SSN of it converges to (z , n). A GSTS (X , G;) is
said to posses SSN-closure property if for each sequential set A(s)
in X and (z , n) € Cg(A(s)) 3 an SSN in A(s) converging to (z ,
n). In a GTS (X , g) if for each A C X and x € A 3 a net in A
converging to x then the GTS is said to have net-closure property
[61]. Now Consider the n'" component (X , D,(G;)) of a GSTS
(X , G;) which possesses SSN-closure property. Let A C X and
x € A (closure of A in (X , D,(G,))). Then the simple sequential
point (z , n) € Ca(n®a(s)), since A = (Cg)%//(A) by (5), (6) of
Theorem 5.2.4. Therefore 3 an SSN {z;};ep in ,P4(s) converging
to(x,n). Let x; = (y; , n) €, Pa(s) Vj € D then {y,};ep is a net
in A that converges to z € A. This proves that if a GSTS possesses
SSN-closure property then every component of it does posses net
closure property. The following example shows that the converse is

not true in general.

EXAMPLE 5.2.6. Let X = {a, b, ¢} and G, = {P(s), X(s),
A(s) = {An}, B(s) = {Bn}, C(s) = {Cn}, D(s) = {Dn}, E(s) =
{E.}, F(s) ={F.}, G(s) ={G,}}, where

Asn—o ={a}, Asn—1 = {b} and Az, = {c} Vn € N,
Bs, 2 = {b} B3,—1 ={c} and B3, = {a} Vn €N,
Csp—2 = {a,b}, Cs,—1 = {b,c} and Cs, = {c,a} V n € N,
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Dy ={a} and D, =X, VneNn#1,
Ey={a,b} and £, = X, Vn e Nn # 1,
Fy={c}and F,, = X Vn e Nn#2,
Gy ={b,c} and G, = X Vn € Nn #2.

This GSTS (X ,G,) does not posses SSN-closure property but
every component of it possesses net closure property. This example
also leads to conclude that components of a GST which is not an
ST may be topologies. We summaries the results obtained from the

last fold of the discussion in

THEOREM 5.2.5. In a GSTS (X , G;)
(1) if an SSN {z;};ep in a sequential set A(s) (i. e., x; € A(s) V
j € D) converges to (x , n) then (x , n) € Cq(A(s)).
(2) an SSN {z;};ep in X(s) converges to (z , n) iff every sub-SSN
of it converges to (z , n).
(3) if a GSTS possesses SSN-closure property then every component

of it does posses net closure property but the converse is not true.

We end this section by answering the question “How one can
check whether a GST is an ST or not ?”. Let (X , G;) be a
GSTS and consider A(s), B(s) € G, then C(s) = X(s) — A(s)
and D(s) = X(s) — B(s) are GSC sets in (X , G;). If G, satisfies
SSN-closure property and (z , n) € Cg(C(s) U D(s)) then 3 an
SSN {z;}jep in C(s) U D(s) converging to (x , n). {x;}jep has a
sub-SSN {z,}ep either in C(s) or in D(s); let {z;},;cr be in C(s)
and by Theorem 5.2.5 (z , n) € Cg(C(s)) = C(s) C C(s) U D(s).
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Thus C(s) U D(s) is GSC set and hence A(s) N B(s) is GSO set.

This proves the assertion of the following

THEOREM 5.2.6. A GST G, on X containing X (s) and pos-
sessing SSN-closure property is an ST.

On generalized connectors

This subsection concludes the chapter by introducing generalized
connector that connects y—operators introduced by A. Csdszdr.
We call a family K C (g,,)9" a generalized connector of y; to v,
or g,, to g, where 1, v2 € I'(X) [14, 15, 16, 17, 19] if

(1) 3 f € K so that f(®) = P,

(2) for Oy C 71(0,) C X, that is Oy € g,, and f), € K, A € A 3
f € K such that f(/\LEJAOA) = /\LEJAf,\(O,\),

(3) gn = Y F(9)-

Now consider any A(s) = {A4,} € (P(X))Y; each B C X so that
ir,(B) C A; and each sequence {f,}, where f, € K, such that
JoSn—teee f1(14,(B)) C Aps1, n € N generates a sequential set de-
noted by (1,18(5) ais) = {Bn}, where B, = fu_1fn2....... f1fo(i~, (B))
V n € N with the understanding that fy(i, (B)) = i, (B), we call
(.1B(8)a(s) @ worm sequential set in A(s) with foot B and se-
quential direction {f,}. Define M (A(s)) = union of all such worm
sequential sets in A(s). Then M : (P(X))N — (P(X))Y is a mono-
tonic sequential operator, Ip; = M and hence ([p;)?" = M =
iD,(G,ar)- Lhe third condition to be a generalized connector en-

sures that D, (Gra) = ¢y, that implies ip (G.,) = fg, = %y
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therefore (Ij/)?" = i,,. Now let M be any monotonic sequential
operator. As in [57] for each n € N define a relation R™"*1 on
G by A(s) = {A R " B(s) = {B,} if and only if 4, = B,
, then, R™ "1 defines a partition of G,y say {C(A(s)) ; A(s) €
G:_}\}Hl C Gy}, where GZ}W”H is a family of open sequential sets
taking exactly one from each equivalence class of the partition of

G, defined by R™ "1 and let ™ "+ = I C(A(s)). Let

A(s)eGT ™!

| € FHL for any U € D, (Grar) 3 a unique U(s) = {Up} € G
as a component of [ so that U, = U, this defines a function f; :
Dy (Grar) = Dpy1(Gra) defined by fi(U) = Upyr. Then Fy, = {f3;
| € F»""1} is a generalized connector connecting D, (Gryr) to
Dy 1(Grar). Also ip,,.) = Un)y" = i@,er. Thus there is a
relation between A. Csdszdr’s ~v—operator and our M —sequential

operator what is exhibited in the

THEOREM 5.2.7. For any sequence {v,} of A. Csaszir’s y—
operators and any sequence {K,} of generalized connectors so that
K,, connects v, to v,+1 3 a unique monotonic sequential operator

M and conversely so that (In)o" = i,.

COROLLARY 5.2.1. Any sequence {g,} of generalized topologies
and any sequence {K,} of generalized connectors so that, K,, con-

nects g, to g together define a GST G, and conversely so that

n+1’

D, (G;) = g,

REMARK. Separation axioms, continuity and other topological

properties like compactness, connectedness, paracompactness etc.
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can be studied in the influence of a sequence of topologies connected
by a sequence of connectors. Particularly if one choose a sequence
of copies of a topology (resp. generalized topology) and connects
them by a sequence of connectors (resp. generalized connectors)
then it will give rise to a new topological space (resp. generalized
topological space), where the open sets are constrained, that is,

they are connected by some rule.




CHAPTER VI

Minimal structures with special emphasis on separation
axioms

Minimal structure, as the name suggests, involves least possi-
ble requirements for a class of subsets of a nonvoid set to have
some “structure” from the view point of topological studies. This
unique concept, emerged in 2000 (V. Popa and T. Noiri [53]), drew
the attention of a number of researchers in the related field. Very
recent, it was further studied by Carlos Carpintero, Ennis Rosas,
Margot Salas [12], A. Pushpalatha, E. Subha [54], R. Parimelazha-
gan, K. Balachandran, N. Nagaveni [49], Sunisa Buadong, Chokchai
Viriyapong, Chawalit Boonpok [8], Won Keun Min, Young Key
Kim [44] etc.. We extend the field by introducing notions of various
separation axioms, continuity and establish the Urysohn’s lemma
in this context. At first we give some basic definitions and outline
of the results relevant to this extension. As in [53, 12, 54, 49, 8, 44]
a family m of subsets of a nonvoid set X containing the void sub-
set and the whole set is called a minimal structure and we call the
ordered pair (X,m) a minimal structured space (briefly MSS). El-
ements of a minimal structure m on X are called m-open sets and
their complements are called m-closed sets. For any A C X, i,,(A)
(m—1Int in [44]) denotes the union of all m-open sets contained in A
and ¢,,(A) (m — Cl in [44]) denotes the intersection of all m-closed

sets containing A; presence of the void set in m well-defines i,,(A)

110
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and ¢, (A). i, is contractive ¢, is expansive, both are monotonic
and idempotent and their relationship is i,,(A) = X — ¢ (X — A),
for any A C X. x € i,,(A) iff there is an m-open set B C A con-
taining = and = € ¢, (A) iff BN A # ¢ whenever x € B € m. All
these are similar results to other topology-like structures (topology
or generalized topology or weak structure) but unlike in topology
or generalized topology i,,(A) may not be m-open and ¢,,(B) may
not be m-closed, for A, B C X; though they will be so if A is m-
open and B is m-closed. In the present work we have shown that
how this dissimilarities propagate differences in separation axioms,

continuity and Urysohn’s lemma.

6.1. Correction of some results appeared in [44]

Let’s begin with the following example.

EXAMPLE 6.1.1. Let us consider the minimal structure myx =
{¢$,{a,b},{b,c}, X} on X = {a,b,c}, A = {a,b}, B = {b,c},
C = {c} and D = {a} then m — Int(A) = A, m — Int(B) = B,
m — Int(ANB) = ¢, m — Cl(C) = C, m — Cl(D) = D and
m— Cl(CUD) =X.

This shows that the statement in Theorem 2.5 (5) [44] is not
true and it must be replaced by m — Int(AN B) C m — Int(A) N
m — Int(B) and m — Cl(A) Um — Cl(B) C m — CI(AU B).

In the proof of the Theorem 3.8 [44] and Theorem 4.20 [44]
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monotonicity of the operators I,,, and Cl,, have been used but none

of them is monotonic as shown in the following example;

EXAMPLE 6.1.2. Consider the minimal structure my = {¢, {a, b},
{b,c¢},{c,d}, X} on X = {a,b,c,d}, A = {a,b,c}, B = {a,b}
and C' = {a} then I,,(A) = ¢, I,(B) = B, Cl,,(B) = B and
Cln(C)=X.

The statement of the Theorem 3.8 [44] is wrong because(3) <

(4) there. The following examples are supporting witness.

EXAMPLE 6.1.3. Let X = {a,b,c},Y = {1,2}, mx = {¢, {b}, X},
my = {¢,{2},Y} and f : X — Y be a function defined by
fla) = f(c) =1, f(b) = 2; f is M*-continuous and Theorem 3.8 (3)
[44] holds but f(Clhyy (A)) = F(X) = {1,2} € {1} = Cly, ({1}) =
Climy (f(A)), where A = {c}, shows that Theorem 3.8 (4) [44] does
not hold.

EXAMPLE 6.1.4. Let X = {a,b,c}, Y ={1,2,3}, mx = {¢, {b},
X} and my = {¢,{2},Y}. Then the function f : X — Y de-
fined by f(a) = f(b) = 1, f(¢) = 2 is not M*-continuous and
Theorem 3.8 (3) [44] is not true for this function but it can be
verified that Theorem 3.8 (4) [44] holds.

The Theorem 4.20 [44] seems to be incorrect, we put it in the

revised form in the following
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THEOREM 6.1.1. A bijection f : (X,mx) — (Y,my), where

myx and my are minimal structures on X and Y respectively, is

M*-open if and only if I,(f~Y(B)) C f~(I,,(B)) for each BCY.

A corrected version of the Theorem 3.8 [44] is included in the

Theorem 3.11 of the following Section 3.

6.2. Separation axioms, Continuity and a version of Urysohn’s

lemma

DEFINITION 6.2.1. A minimal structured space (X, m) is called

m — T if for any two distinct points x,y € X there are m-open sets

Uand Vsothat t e U,yeV,x ¢ Vandy ¢ U.

EXAMPLE 6.2.1. Let X = {a,b,c}. Onthis X, m; = {®, X, {a},
{b},{c}}, mo = {P, X, {a,b},{b,c},{c,a}} are MSs and the corre-
sponding MSSs are m — Tj.

The above MSSs in Example 6.2.1 show that a finite MSS may
be m — T} without being P(X).

DEFINITION 6.2.2. Let (X, m) be an MSS. An element A of

P(X) is called a fixed point of ¢, if ¢,,(A) = A.

THEOREM 6.2.1. A MSS (X, m) is m — T} iff every singleton is
a fized point of c,,.

PROOF. If z # y € ¢,,({x}) then every m-open set containing y

will contain x and (X, m) would not be m — Ty. Thus in a m — T}
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MSS (X, m) every singleton is a fixed point of ¢,,. Conversely for
any two distinct points z and y in a MSS (X, m), where every
singleton is a fixed point of ¢, ¥ ¢ cn({z}) and = ¢ ¢, ({y});
this implies there are m-open sets U and V containing =z and y
respectively such that U[({y} = ® and V[ {z} = &, so (X, m) is

m—Tl. |

Note that those singletons may not be m-closed, (X, m;) in

Example 6.2.1 is one such wetness.

DEFINITION 6.2.3. An MSS (X, m) is called m — T if for any
two distinct points x,y € X there exists disjoint m-open sets U and

Vsothat z €U,y e V.

In Example 6.2.1 (X, mq) is a m — T, but (X, my) is not m — T
though it is m — T7. Obviously an m — Ty MSS is m — T;.

DEFINITION 6.2.4. We say that a sequence {z,} in an MSS
(X, m) converges to x € X if for any m-open set U there exists a
positive integer N so that z € U for all n > N; in this case {x,} is

called a convergent sequence and x is called limit of it.

THEOREM 6.2.2. In an m — Ty MSS every convergent sequence

has unique ltmat.

Proor. If x,y are two distinct limits of a sequence {z,} in
an m — Ty MSS (X, m), then for any two m-open sets U and V

containing x and y respectively there exists a positive integer N so
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that z,, € UNYV for all n > N and this contradicts the fact that
the MSSism —T,. m

DEFINITION 6.2.5. An MSS (X, m) is called m-regular if for any
point x € X and any m-closed set C' not containing x there exists

disjoint m-open sets U and V so that x € U and C C V.

THEOREM 6.2.3. If (X, m) is m-reqular MSS then for any x €
U € m there exists V€ m so thatx € V C ¢,,,(V) C U.

PROOF. Let (X, m) be an m-regular MSS and U be any m-
open set, then for any point x € U the m-closed set X —U does not
contain x, so there exists m-open sets V' and E such that x € V,
X —-UCFEand VNE = ¢. This implies V C X — E and hence
cm(V) € X —FE C U, since X — F is m-closed. Thus for any
x € U € m there exists V. €msothat t € V C¢,,,(V) CU. m

But the converse of the Theorem 6.2.3 is not true as seen in the
MSS (X, mq) of the Example 6.2.1 which is true in regular topolog-
ical spaces.

We call the family M(z) = {U;x € U € m}, where m is a minimal
structure on X, a minimal-star at x and by the help of the family
{M(z);x € X} of minimal-stars we define i*,,(A) = {zx € A; A €
M(z)} (= I,(A) in [44]) and ¢, (A) ={r € X;X — A ¢ M(x)} (=
Cln(A) in [44]). Now i*,, agrees with 7,, in m and c*,, agrees with
¢m in m¢ = {X —U;U € m}; also if A ¢ m then i*,,(4) = &
and ¢, (X — A) = X. So, i*,,(A) C im(A), cn(A) C c*n(A). Let
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X ={a,b,c} and m = {®, X, {a}, {b,c}} then i*,,({a}) = {a} D
¢ = *,({a,b}) and ¢*,,({b,c}) = {b,c} C X = *,,({b}), hence *
and ¢* are not monotonic on the power set P(X) of the underlying
set X. Now let z ¢ X —i* (X —A) &z € i'p, (X — A) &
re X-—Aeme X—-—Aec Mx) & x ¢ cn(A). Thus
m(A) = X —%,(X — A) and similarly i*,,,(A) = X — ¢*,(X — A)
for all A C X. The purpose of the definitions of *,,, and c¢*,, is the
fact that i*,,(A) = A= A€ mand ¢*,(A) =A== X—-Aecm.

Thus we have

THEOREM 6.2.4. Let m be a minimal structure on X. Then
P m(A)=in(A) Y Aem

m(X —A)=c (X —A) VYV Aem

*m(A) =@ and ", (X — A) = X whenever A € P(X) —m.
i*m(A) Cin(A), and cp(A) C (A YV AC X.

i*m and ¢, are monotonic on m but not on the power set P(X)
(zfm # P(X)) of the underlying set X.

6. (A =X —i"p, (X —A)VACX.

7 i'm(A)=A=>Aecmand ' (A)=A=X—-Aecm.

>I<
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THEOREM 6.2.5. An MSS (X, m) is m-regular if for any x €
U € m there exists V€ m so thatx € V C ", (V) C U.

PrOOF. Now in an MSS (X, m), let for any = € U € m there
exists V € m so that x € V C ¢*,,(V) C U. Let = be any point
of X and C' be any m-closed set not containing x, so x € X — C

and X — (' is an m-open set and therefore by the hypothesis there
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exists m-open set V such that r e V C ", (V) C X —C =2 €V
and C C X — ¢*,(V) =T (say). Then since VNT = ¢, the MSS
(X, m) is m-regular. Thus an MSS (X, m) is m-regular if for any

x € U € m there exists V€ msothat t € V C ", (V) CUm

EXAMPLE 6.2.2. The MSS (R,m), where m is the collection
of all right and left open rays including ¢ and R shows that the

condition in Theorem 6.2.5 is not necessary.

THEOREM 6.2.6. If an MSS (X, m) is m-regular then for any
x € U € m there exists V€ m so that x € V C ¢,,(V) C U.

The MSS (X, m;) in the Example 6.2.1 ensures that this con-
dition is not sufficient. We search a necessary as well as sufficient

condition for an MSS (X, m) to be m-regular.

THEOREM 6.2.7. An MSS (X, m) is m-regular if and only if for
any point x € X and any m-open set U containing x there exist

m-open set V' and m-closed set V* so that x € V C V* C U.

PROOF. Let an MSS (X, m) be m-regular, = be any point in X
and U be any m-open set containing x. Then X — U is m-closed
set not containing x. So, there are m-open sets £ and F' such that
reFE, (X—-U)CFand ENF =¢. Hence E C (X - F) CU.
Taking V = E and V* = (X — F) we have V is m-open, V* is
m-closed and x € V C V* C U. Conversely, let for any point
xr € X and any m-open set U containing x there exists m-open set

V and m-closed set V* sothat x €¢ V C V* C U. Let x € X and
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E be any m-closed set not containing x. Then x € (X — E) and
(X — E) is m-open. Hence by the hypothesis there is an m-open
set V and an m-closed set V* so that x € V. C V* C (X — E).
Therefore E C (X —V*),alsoVN(X -V HCVNX-V)=2¢
hence VN (X — V*) = ¢ which implies (X, m) is m-regular. m

DEFINITION 6.2.6. An MSS (X, m) is called m-normal if for any

two disjoint m-closed sets C' and D there exists two disjoint m-open

sets U and V so that C Cc U and D C V.

THEOREM 6.2.8. Let C' be any m-closed set and U be any m-
open set containing C. Then there exists an m-open set V so that
CcVcd,(V)cU= MSS(X,m) is m-normal = there exists
an m-open set V' so that C CV C ¢, (V) C U.

THEOREM 6.2.9. A necessary and sufficient condition for an
MSS (X, m) is m-normal if for any m-closed set C' and any m-

open set U containing C' there is an m-open set V' and an m-closed

set V* such that C Cc V. CcV*CU.

DEFINITION 6.2.7. A function f : X — Y from an MSS (X, my)
into an MSS (Y, my) is said to be M-continuous at a point x € X
if for any V€ M(f(z)), there is U € M (x) such that f(U) C V; f

is called M-continuous if it is so at each point of its domain.

THEOREM 6.2.10. For any function f : X — Y from an MSS

(X,mx) into an MSS (Y, my), as in general case, it is observed
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that the following are equivalent:

(1) f is M-continuous.

(2) f(emx(A)) C cmy (f(A)) for AC X

(3) cmx (fTH(B)) C f~Hemy (B)) for BCY.
(4) f~ imy (B)) Cimy (f~1(B)) for BCY.

DEFINITION 6.2.8. A function f : X — Y from an MSS (X, mx)
into an MSS (Y, my) is said to be M*-continuous if for every B €

my, [~1(B) € mx.

Obviously M*-continuity implies M-continuity but the converse

is not true as seen in the following Example 6.2.3.

EXAMPLE 6.2.3. Let X =Y = {a,b,c}, mx = {¢, X, {a},{b}},
and my = {¢, X, {a, b}} then the identity function is M-continuous

but not M*-continuous.

If x € i},(A) then there is a U € M(z) contained in A but
r € *(A) does not mean that every V € M (z) intersects A as
shown in the following Example 6.2.4.

EXAMPLE 6.2.4. Let X = {a,b,c}, m = {¢, X,{a}, {a,b},{b,c}}
and A = {b} then, a € ¢*,(A) = X and V = {a} € M(a) but
VNA=¢.

This fact together with the non-monotonicity of the operators ¢*

and c* cause the difference between M-continuity and M *-continuity.
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THEOREM 6.2.11. Let f : X — Y be a function from an MSS
(X, mx) into an MSS (Y, my), then the following are equivalent:
(i) f is M*-continuous.

(i) iz, (B)) C ity (f1(B)) for BC Y.
(i) iy (F(B)) € f ey, (B) for BCY.
If further f is a bijection, the necessity of it is given below, then all

these three statements are equivalent to

(1) J(chny (A)) C €, (F(A)) for AC X

EXAMPLE 6.2.5. Let X = {a,b,c},Y = {1,2}, mx = {6, X, {b}},
my = {¢,Y,{2}} and f : X — Y be a function defined by
fla) = f(c) = 1, f(b) = 2; f is M*-continuous hence (iii) holds
but £(c;,, (4)) = F(X) = {1,2} € {1} = ¢ ({1}) = 5, (F(A))
where A = {c} shows that (iv) does not hold. Also let X = {a, b, c},
Y ={1,2,3}, mx = {¢, X,{b}} and my = {¢,Y,{2}}. Then the
function f : X — Y defined by f(a) = f(b) = 1, f(c) = 2 is not
M*-continuous, so (iii) can not be true but it can be verified that

(iv) holds.

DEFINITION 6.2.9. Intersection of any right open ray (a, o) in
the linearly ordered set of real numbers with [0, 1] is called a right
open ray in [0, 1]; similarly define left open ray in [0, 1]. A function
f: X — [0,1] from an MSS (X, my) into the subspace [0, 1] of R
with usual topology is said to be mx-upper-semi-continuous (resp.
mx-lower-semi-continuous) [36] at a point x € X if for any left

(resp. right) open ray R in [0, 1] containing f(x), thereis U € M (z)
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such that f(U) C R; f is called mx-upper-semi-continuous (resp.

m x-lower-semi-continuous) if it is so at each point of its domain.

EXAMPLE 6.2.6. Let m; and m, be the collections of all left-
open rays and right-open rays respectively in [0, 1] together with ¢
and [0, 1]. Then the identity mapping e on [0, 1] is m;-upper-semi-
continuous, m,-lower-semi-continuous and m;Um,-upper-lower-semi-
continuous but neither it is m;-lower-semi-continuous nor m,-upper-

semi-continuous even e : ([0, 1], m;Um,.) — [0, 1] is not M-continuous.

We end this chapter with the following generalization of Urysohn’s

lemma.

THEOREM 6.2.12. For any pair of disjoint m-closed sets C' and
D in an m-normal MSS (X, m) there is a m-upper-lower-semi-
continuous function f : X — [0,1] so that f(x) = 0V z € C
and f(x) =1V z e D.

PROOF. Let C' and D be any disjoint m-closed sets in an m-
normal MSS (X, m), V1 = X — D and V{* = C. Since the m-closed
set Vp* is contained in the m-open set Vi, by using m-normality
there is an m-open set V% and an m-closed set V% * so that V" C
V% C V%* C V1. Applying the hypothesis on (X, m) to each pair
Vo', V% and V% * Vi, we have m-open sets Vi , Vg and m-closed sets
Vi*’ V%* so that V* C Vi C Vi* C V% C V%* C V% C Vg* C V.
Continuing this process one can define m-open sets Vi, V; and m-

closed sets Vi*, V" for any dyadic rational s and ¢ in [0, 1] of the
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form 2, k = 1,2,3....... 2" — 1 and n € N so that s <t = V" C
VeV,  cV, c V" ¢ Vi, If sis any other dyadic rational, let
Vi=o¢fors<0,Vi=Xfors>1,and V" =¢fors<0,V," =X
for s > 1. Now consider a function f : X — [0,1] defined by
f(z) = inf{s;z € Vi} = inf{s;xz € V;"} Vo € X. Then f(z) =0,
VaxeCand f(r) =1,V x € D. Definition of the function f and
construction of the sets V; and V," for dyadic rational number s
show that x € V" = f(x) < sand =z ¢ V; = f(x) > s. Now for
the ray [0,1] (which is left as well as right open ray in [0,1]) U is
an m-open set containing xy so that f(U) C [0, 1], where U =V}
if f(xg) = 0 and if f(zg) = 1 then U = X — V4. For any left
open ray [0, d) in [0, 1] containing f(z() choose a dyadic rational ¢
such that f(z9) < ¢ < d and consider the V. Since 0 < ¢ < 1,
V, is m-open set containing x( because otherwise f(z9) > ¢. Also
f(V,) € [0,d) since x € V; = f(x) < ¢. And for any right open ray
(¢,1] in [0, 1] containing f(z() select a dyadic rational p such that
c < p < f(xo) then, X —V,* is an m-open set containing xz( so that
FX -V (o1 m

REMARK. In Theorem 6.2.12, if the minimal structure m is a
topology then C' and D become disjoint closed sets in the corre-
sponding normal topological space, m-upper-lower-semi-continuity
corresponds to continuity and Urysohn’s lemma of point set topol-
ogy will follow. Thus Theorem 6.2.12 is not a translation of Urysohn’s

lemma, it is a generalization of Urysohn’s lemma.




CHAPTER VII

Towards a variant of Urysohn’s lemma in weak
structures

The year 2011 brought the raise of weak structure by A. Csaszar
[21]. Very recent, it was further studied by E. Ekici [30], A. Al-
Omari, T. Noiri [2], A. M. Zahran, Kamal El-Saady and A. Ghareab
68], A. Giildiirdek [34], myself [58] etc.. We extend the field by
introducing notions of various separation axioms, continuity and
established the Urysohn’s lemma in this context. At first we give
some basic definitions and outline of the results relevant to this
extension. As in [21, 30, 2] a family w of subsets of a nonvoid set
X containing the void subset is called a weak structure and we
call the ordered pair (X, w) a weak structured space (briefly WSS).
Elements of a weak structure w on X are called w-open sets and
their complements are called w-closed sets. For any A C X, i,,(A)
denotes the union of all w-open sets contained in A and ¢, (A)
denotes the intersection of all w-closed sets containing A; presence
of the void set in w ensures that 7,, and ¢, are well-defined. It is
to note that 7,, is contractive, ¢, is expansive, both are monotonic
and idempotent and they are connected by the relation i,(A) =
X — (X —A), for any A C X. x € i,(A) iff there is a w-open
set B C A containing x and = € ¢,(A) ifft BN A # ¢ whenever
r € B € w. Unlike in topology or generalized topology i, (A) may

not be w-open and ¢, (B) may not be w-closed,

123
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for A, B C X unless A is w-open and B is w-closed. In this chap-
ter we have shown, translating some results of [59] in the light of
weak structures, that how these dissimilarities exhibit differences

in separation axioms, continuity and Urysohn’s lemma.

7.1. Star-interior, Star-closure and Continuity

This is a preparatory section to reach our goal. Let’s begin with
the family W(z) = {U;x € U € w}, where w is a weak structure
on X and call it weak-star at z and by the help of the family
{W(x);z € X} of weak-stars we define star-interior i* and star-
closure ¢* operators as follows: *,(A) = {z € A;A € W(x)}
and ¢*,(A) = {z € X;X — A ¢ W(x)}. In this setting it is
observed that ¢*,, agrees with ¢, in w and c*, agrees with ¢, in
we ={X—-U;U € w}; also if A ¢ w then i*,(A) = & and ¢*,(X —
A) = X. So, i*y(A) Ciy(A), cw(A) C *w(A). Let X = {a,b,c}
and w = {®,{a}, {b,c}} then i*,({a}) = {a} D & = i*,({a,b})
and c*,({b,c}) = {b,c} C X = *,({b}), hence i* and ¢* are not
monotonic on the power set P(X) of the underlying set X. Now
letx g X —i*y( X —A)ecreci’y(X—A)ecreX-Acwe
X—-AeW(@) < xd¢cy(A). Thus ¢y (A) = X —i*, (X — A) and
similarly i*,,(A) = X — ¢*,(X — A) for all A C X. The purpose of
the definitions of 7*,, and ¢*,, is the fact that i*,(A) = A= A cw
and ¢*,(A) = A = X — A € w. Some results emerged from the

above discussion are accumulated in the following

THEOREM 7.1.1. Let w be a weak structure on X. Then
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i*w(A)=iy(A) YV A€ w

(X —A)=cy, (X —A)VAcw

i*w(A) = ® and ¢*,(X — A) = X whenever A € P(X) — w.

i*w(A) Ciy(A), and c,(A) C *w(A) V A C X.

. i*w and c¢*y, are monotonic on w but not on the power set P(X)
(if w # P(X)) of the underlying set X .

(A =X - (X —A)V ACX.

7 7w(A)=A=>Acwandcy(A) =A== X -Acw.

QJW‘.“.QG.‘@.N
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A function f: X — Y from a WSS (X, wx) into a WSS (Y, wy)
is said to be W-continuous at a feasible point x € X if for any
Ve W(f(z)), there is U € W(x) such that f(U) C V; [ is
called W-continuous if it is so at each feasible point of its domain.
Three equivalent definitions for a function f: X — Y from a WSS
(X, wx) into a WSS (Y, wy) to be W-continuous are given by the

following

THEOREM 7.1.2. For any function f : X — Y from a WSS
(X, wx) into a WSS (Y,wy), as in general case, it is observed that
the following are equivalent:

(1) f is W-continuous.

(2) flcwy(A)) C cuy (f(A)) for ACX

(3) cux (fH(B)) C f~Hewy (B)) for BCY.
(1) £ iy (B)) C i (f\(B)) for BC Y.

PROOF. As in point set topology. =
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A function f: X — Y from a WSS (X, wx) into a WSS (Y, wy)
is said to be W*-continuous if for every B € wy, f~}(B) € wy.
Obviously W*-continuity implies W-continuity but the converse is

not true as seen in the following Example 7.1.1.

ExaMpPLE 7.1.1. Let X =Y = {a,b,c}, wxy = {¢,{a}, {b}},and
wy = {¢, {a,b}} then the identity function is W-continuous but not

W*-continuous.

If x € i} (A) then there is a U € W(z) contained in A but
xr € ¢ (A) does not mean that every V € W (z) intersects A as

shown in the following Example 7.1.2.

ExampLE 7.1.2. Let X = {a,b,c}, w = {¢,{a},{a,b},{b,c}}
and A = {b} then, a € ¢*,(A) = X and V = {a} € W(a) but
VA=

This fact together with the non-monotonicity of the operators ¢*
and c* cause the difference between W-continuity and WW*-continuity.
A set of necessary and sufficient conditions for a function f : X — Y
from a WSS (X, wy) into a WSS (Y, wy) to be W*-continuous are

given in the following

THEOREM 7.1.3. Let f : X — Y be a function from a WSS
(X, wx) into a WSS (Y,wy), then the following are equivalent:
(1) f is W*-continuous.
(i) f~(iny, (B)) C iy (f7H(B)) for BC Y.
(iii) ¢y (f7H(B)) C f7H(chy (B)) for BCY.
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If further f is a bijection, the necessity of it is given below, then all

these three statements are equivalent to

(i) F(cl (A)) € (F(A)) for AC X,

ExXAMPLE 7.1.3. Let X = {a,b,c}, Y ={1,2}, wx = {¢,{b}},
wy = {¢,{2}} and f : X — Y be a function defined by f(a) =
f(c) =1, f(b) = 2; fis W*-continuous hence (iii) holds but f(c}, (4))
— F(X) = {12} € {1} = ¢, ({1}) =y (F(A)), where A = {c}
shows that (iv) does not hold. Also let X = {a,b,c}, Y = {1,2, 3},
wyx = {¢,{b}} and wy = {¢,{2}}. Then the function f: X — Y
defined by f(a) = f(b) =1, f(c) = 2 is not W*-continuous, so (iii)
can not be true but it can be verified that (iv) holds.

Intersection of any right open ray (a,o0) in the linearly ordered
set of real numbers with [0, 1] is called a right open ray in [0, 1];
similarly define left open ray in [0,1]. A function f : X — [0,1]
from a WSS (X, wy) into the subspace [0, 1] of R with usual topol-
ogy is said to be wx-upper-semi-continuous (resp. wy-lower-semi-
continuous) [36] at a feasible point € X if for any left (resp. right)
open ray R in [0, 1] containing f(z), there is U € W (z) such that
f(U) C R; f is called wx-upper-semi-continuous (resp. wx-lower-

semi-continuous) if it is so at each feasible point of its domain.

EXAMPLE 7.1.4. Let w; and w, be the collections of all left-open
rays and right-open rays respectively in [0, 1] together with ¢. Then
the identity mapping e on [0, 1] is w;-upper-semi-continuous, w,-

lower-semi-continuous and w; Uw,-upper-lower-semi-continuous but
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neither it is w;-lower-semi-continuous nor w,-upper-semi-continuous

even e : ([0,1],w; Uw,) — [0, 1] is not W-continuous.

7.2. Richness and a variant of Urysohn’s Lemma

In a WSS (X, w) there may be some points that are members of
no w-open set; we call the collection of all such points as the dark
set in (X, w) and denote it by D(X,w). Elements of D(X,w) are

called dark points and others are called feasible points.

ExAMPLE 7.2.1. Consider the WSs wy = {¢, {a}, {b}}, w1 =
{¢,{a},{b},{c}} and we = {9, {a,b},{b,c}, {c,a}} on X = {a,b,c}
then {c} is the dark set and ¢ is a dark point of (X, wg) but (X, wy)
and (X, ws) has no dark point.

Obviously dark set D(X, w) is subset of any closed set in (X, w)
and consequently it is a subset of ¢,,(A) and ¢*,(A) for any A C X.
Therefore neither closed sets nor ¢, (A) or ¢*,(A) for A C X can
be contained in an w-open set. These break the usual path for

studying separation axioms in weak structures.

A weak structured space (X, w) is called w — Ty if for any two
distinct feasible points x,y € X there are w-open sets U and V
sothat x € U,y € V, x ¢ V and y ¢ U. The above WSSs
in Example 7.2.1 show that a finite WSS may be w — T} without
being P(X).

THEOREM 7.2.1. A WSS (X, w) isw — T iff cu({z}) = {z} U
D(X,w), ¥z € X.
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Proor. If x € D(X,w) then ¢,({z}) = D(X,w) = {x} U
D(X,w). lf x ¢ D(X,w) then y € ¢,,({z}) for some feasible y # z
implies every w-open set containing y contains x and so (X, w) is
not w—Tj. Since z € ¢,({x}) D D(X,w) c¢,,({x}) = {x}UD(X, w).
Conversely for any two distinct feasible points x and y in a WSS
(X, w), by the hypothesis, ¢,({z}) = {r} UD(X,w) and ¢,,({y}) =
{y} UD(X,w). Clearly y ¢ c,({z}) and = ¢ ¢, ({y}); this implies
there are w-open sets U and V' containing x and y respectively such

that Uy} = ® and V{z} = P, s0 (X,w) isw—T;. m

Note that those singletons may not be w-closed, (X, w;) in Ex-
ample 7.2.1 is one such wetness. Thus in a w — T} WSS singletons

may not be w-closed.

A WSS (X, w) is called w — Ty if for any two distinct feasible
points x,y € X there exists disjoint w-open sets containing them.
In Example 7.2.1 (X,wy) is a w — Ty but (X, ws) is not w — Th
though it is w —T7. Obviously a w— T, WSS is w —T7. A sequence
{z,} in a WSS (X, w) is said to be convergent if it is not eventually
infeasible and d a feasible point € X such that for any w-open
set U > x there exists a positive integer N so that z,, € U for all
n > N; in this case {x,} is called a convergent sequence and z is

called limit of it.

THEOREM 7.2.2. In a w — Ty WSS every convergent sequence

has unique ltmat.

PRrooF. If z, y are two distinct limits of a sequence {z,} in a



Richness and a variant of Urysohn’s Lemma 130

w—"Ty WSS (X, w), then for any two w-open sets U and V' contain-
ing x and y respectively there exists a positive integer N so that
T, € UNV for all n > N and this contradicts the fact that the
WSSisw—T,. m

A WSS (X, w) is called w-regular if for any point z € X and any
w-closed set C' not containing x there exists disjoint w-open sets U
and V so that x € U and v(C') C V, where v(A) = A — D(X, w)
called feasible part of A C X.

THEOREM 7.2.3. If (X, w) is w-reqular WSS then for any x €
U € w there ezists V € w so that v € V C v(c,(V)) C U.

PROOF. Let (X,w) be a w-regular WSS and U be any w-open
set, then for any point x € U the w-closed set X — U does not
contain z, so there exists w-open sets V' and E such that x € V,
v(X —U)C Eand VNE = ¢. This implies X —F C UUD(X, w)
and V C X — E hence ¢,(V) C X — FE C UU D(X,w). Thus for
any x € U € w there exists V € w so that x € V C v(c¢,(V)) C U.

But the converse of the Theorem 7.2.3 is not true as seen in the
WSS (X, wy) of the Example 7.2.1 which is true in regular topolog-

ical spaces.

Let in a WSS (X,w) for any x € U € w there exists V € w
so that z € V C v(c*(V)) C U. Let x be any point of X and C
be any w-closed set not containing x, so x € X — C and X — C'is

a w-open set and therefore by the hypothesis there exists w-open
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set V such that x € V C v(c*p(V)) € X —C = x € V and
v(C)=C—-D(X,w) C X —c"(V) =T (say). If T is nonvoid then
the conditions for the WSS (X, w) to be w-regular will follow and
it is not possible unless V' is w-clopen (w-closed as well as w-open).

Thus we obtain the following

THEOREM 7.2.4. A WSS (X, w) is w-reqular if for any x € U €

w there exists a w-clopen set V' so that x € V C U.

Obviously the Theorem 7.2.4 will not be used to check w-regularity
of a WSS having dark points.

EXAMPLE 7.2.2. The WSS (R, w), where w is the collection of
all right and left open rays including ¢ shows that the condition in

Theorem 7.2.4 is not necessary.

Theorem 7.2.3 and Theorem 7.2.4 give clue to obtain a necessary
and sufficient condition for a WSS (X, w) to be w-regular. The

conditions are listed in the following

THEOREM 7.2.5. A WSS (X,w) is w-regular if and only if for

any point x € X and any w-open set U containing x there exist

w-open set V' and w-closed set V* so that x € V C v(V*) C U.

PROOF. Let a WSS (X, w) be w-regular, x be any point in X
and U be any w-open set containing x. Then X — U is w-closed

set not containing x. So, there are w-open sets £ and F' such that

r € FE,v(X—-U)CFand ENF = ¢. Hence v(X — F) C U
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and £ C (X —F) Cc U,sov(E) = FE C v(X — F). Taking
V = Fand V* = (X — F) we have V is w-open, V* is w-closed
and x € V C v(V*) C U. Conversely, let for any point z € X
and any w-open set U containing = there exists w-open set V' and
w-closed set V* so that x € V C V* C U. Let x € X and E
be any w-closed set not containing x. Then =z € (X — F) and
(X — E) is w-open. Hence by the hypothesis there is a w-open
set V' and a w-closed set V* so that z € V C v(V*) C (X — E).
Therefore V* — D(X,w) C X — F and so v(E) C (X — V*), also
VA(X-V*)CcVN(X—-V)=¢hence VN (X —V*) = ¢ which

implies (X, w) is w-regular. m

A WSS (X, w) is called w-normal if for any two w-closed sets C
and D with v(C) Nv(D) = ¢ there exists two disjoint w-open sets
U and V so that v(C) C U and v(D) C V. Some results related to
w-normality of a WSS (X, w) without proof, because of similarity

with regularity, are listed below

THEOREM 7.2.6. Let C' be any w-closed set and U be any w-
open set containing C. Then there exists a w-open set V so that
v(C) CV Cu(c*w(V)) CcU = WSS (X,w) is w-normal = there
ezists a w-open set V' so that v(C) CV C v(cy(V)) C U.

THEOREM 7.2.7. A necessary and sufficient condition for a WSS
(X, w) is w-normal if for any w-closed set C' and any w-open set
U with v(C) C U there is a w-open set V and a w-closed set V*
such that v(C) CV Cv(V*) C U.
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We conclude with the following generalization of Urysohn’s lemma.

THEOREM 7.2.8. For any pair of w-closed sets C' and D in a w-
normal WSS (X, w) with v(C)Nv(D) = ¢,v(C) # ¢ and v(D) # ¢
there is a w-upper-lower-semi-continuous function f : X — [0, 1]

so that f(x) =0V x € v(C) and f(x) =1V x € v(D).

PROOF. Let C' and D be any closed set in a w-normal WSS
(X, w) with v(C)Nwv(D) = ¢, Vi = X — D and V;* = C. Since the
feasible part of w-closed set V" is contained in the w-open set V7,
by using w-normality there is a w-open set V% and a w-closed set
V1" so that v(Vp") € Vi C v(V1") C Vi. Applying the hypothesis
on (X,w) to each pair V4, Vi and V%*, Vi, we have w-open sets
Vi, Vs and w-closed sets V1", V3" so that v(15") C Vi C v(V1") C
Vi (Vi) € Ve Cu(Va") C V1. Continuing this process one can
define w-open sets Vi, V; and w-closed sets V.,*, V;* for any dyadic
rational s and ¢ in [0, 1] of the form 2%, k=1,2,3.... 2" — 1 and
n € N so that s <t = v(\p") C Vs C o(Vs") C Vi C (V") C 1.
If s is any other dyadic rational, let V; = ¢ for s < 0, V, = X
for s > 1, and V" = ¢ for s < 0, V," = X for s > 1. Note that
Vi for s > 1 may not be w-open and so V" for s < 0 may not
be w-closed. Now consider a function f : X — [0,1] defined by
f(z) = inf{s;z € Vi} = inf{s;x € V;"} V2o € X. Then f(z) =0,
Vo e Cand f(xr) =1,V x € D. Definition of the function f
and construction of the sets Vi and V" for dyadic rational number
s show that = € V" = f(z) < sand z ¢ V; = f(x) > s. Let
zo be any feasible point in (X, w). Now for [0, 1] (which is left as
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well as right open ray in [0, 1]) U is an w-open set containing xy so
that f(U) C [0,1], where U = Vi if f(xg) = 0and U = X — V"
if f(zg) = 1. For any left open ray [0,d) in [0, 1] containing f(x¢)
choose a dyadic rational ¢ such that f(xy) < ¢ < d and consider
the V. Since 0 < ¢ < 1, V, is w-open set containing zy because
otherwise f(zo) > q. Also f(V,) C [0,d) since x € V, = f(z) < q.
And for any right open ray (¢, 1] in [0, 1] containing f(x) select a
dyadic rational p such that ¢ < p < f(zo) then, X —V," is a w-open
set containing z so that f(X — V,") C (¢, 1]; this completes the

proof. m
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(w)C'—dense, 36

(w) CI-semi open, 48

(w)CI—nowhere dense, 40

(w)I-dense, 36

(w)Hausdorff, 12

CI-semi open, 51

KQ-closure operator, 30

KQ-closure operator , 14

KQ-space, 34

M-continuity, 118

M*-continuity, 119

S\— projection map, 18

To-space, 11

T-space, 11

Ts-space, 11

T3 sequential space, 62

T, sequential topological space, 71
W*-continuity, 126

ci-semi open, 45

m-normal minimal structured space, 118
m-regular minimal structured space , 115
m — T} minimal structured space, 113
m — T minimal structured space, 114
mx-upper or lower semi-continuity, 121
w-normal weak structured space, 132
w-regular weak structured space, 130
w — T7 weak structured space, 128

w — Ty weak structured space, 129
wx-upper or lower-semi-continuity, 127

A
Augmented sequential point, 8

B
Base of a sequential set, 8

C
C-limit point, 35
c-limit point, 45
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Closed sequential sets, 9

Closure operator in STS, 10

closure operator induced by KQ-interior
operator, 34

closure operator induced by interior
operator, 45

Complement of sequential sets, 9

Component of K{)—closure operator, 15

Component of sequential set, 8

Component topology, 10

Connector, 31

Convergence of simple sequential net
(SSN), 105

D

Dark set, 128

Derived sequential set, 10
Discrete connector, 31

F
Fixed point, 113

G

Generalized connector, 107

generalized sequential closed (GSC) set,
100

generalized sequential closure (GSCl),
101

generalized sequential interior (GSInt),
101

generalized sequential open (GSO) set,
100

Generalized sequential topology (GST),
100

Generalized topology (GT), 80

I
I-limit point, 35
i-limit point, 45



I-open, 35

Identical sequential sets, 8

Interior operator in STS, 10

interior operator induced by K$2-closure
operator, 35

interior operator induced by Kuratowski
closure operator, 44

Interior point, 10

Intersection of sequential sets, 9

K
Kuratowski space, 44

L
Limit point of a sequential set, 10

N

Neighborhood and weak neighborhood,
10

Normal GTS, 80

Normal sequential topological space, 71

(0]
Open sequential set, 9

R

Reduced sequential point, 8

Regular sequential topological space, 62
Relative closure operator, 19

relative topology, 21
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S

Sequential point, 8

Sequential set, 8

Sequential subspace, 9

Sequential topological space, 9

Sequential topology, 9

Sequential topology generated by
KQ—closure operator, 14

Sequential topology generated by a
topology, 9

Simple sequential net (SSN), 104

Simple sequential point, 8

Simple sequential set, 14

star-interior ¢* and star-closure c¢*, 124

U
Union of sequential sets, 9
Upper or lower semicontinuity, 81

W

W-continuity, 125

weak M (g) upper or lower
semi-continuity, 84

Weakly T3 or (w) T3, 63

Weakly disjoint sequential set, 70

Weakly or (w) Ty sequential topological
space, 72

Weakly or (w) normal sequential
topological space, 71

Weakly regular or (w) regular sequential
topological space, 62



