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Phase plane of a non-canonical scalar field model and cosmological consequences
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This work deals with an investigation of phase plane analysis for a non-canonical scalar field in
the background dynamics of spatially flat, homogeneous and isotropic Friedmann-Robertson-Walker
(FRW) universe. Here, gravity is nonminimally coupled to scalar field having a real scalar field
potential explicitly depending on cosmic time ‘¢’. Nonlinear field equations are reduced to an au-
tonomous system of ordinary differential equations by the suitable choice of dynamical variables.
From the analysis of critical points, we have found the future decelerating phase of evolution of the

universe.

I. INTRODUCTION

According to a number of astrophysical observations [1, 2], our universe is presently expanding at an
accelerated rate, and there was a changeover from a deceleration phase to an acceleration phase in the recent
past. Theoretically, such acceleration of cosmic evolution has been addressed by introducing some exotic
type of fluid in Einstein’s equations called Dark Energy (DE) which has huge negative pressure and is
responsible for present acceleration.(Equation of State parameter w < —% ). According to various sources
of observations, it is believed that near about 96% of energy density of the total is coming from dark sector
in which nearly 73% is DE and remaining 23% is Dark Matter, another mysterious object of the universe.
The "Cosmological Constant" is the most straightforward of the several dark energy models that have been
examined in the literature [3—7], but it has some theoretical problems like ‘Cosmological Constant problem’
or ‘fine tuning’ problem and the ‘Coincidence problem’ [8] . The cosmological constant problem can be
solved by introducing dynamical dark energy models such as ‘Quintessence’ [9] based on the canonical
scalar field and ‘k-essence’ [10] is an example of noncanonical scalar field model. The canonical scalar
field plays an important role exhibiting the nature of DE due to its simple dynamics but cannot cross the
phantom divide line (w < —1). The non-canonical scalar field [11] is a more general description of the
canonical scalar field. The non-canonical scalar field’s biggest advantage over the canonical scalar field is

its ability to mitigate the coincidence problem without requiring fine-tuning.
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In this case, we examine a non-canonical scalar field whose potential term, *V’is explicitly dependent
on cosmic time, ‘¢’ Next, we use dynamical system analysis to investigate the dynamics of evolution.[[12—
18]]. We transform the evolution equations into an independent system of ordinary differential equations
because they are extremely non-linear. Next, we make first-order perturbations to the system near critical
points. By analyzing the linearized Jacobian matrix’s eigenvalues, the nature of crucial spots is examined.
We expand upon the work of [19], which examines a non-canonical scalar field with particular scalar field
potential selections in the context of dynamical system analysis. J. Dutta et al. [20] recently looked into
non-canonical scalar fields with the means of dynamical analysis.

The organization part of the work is executed as follows: In the next section, we construct the au-
tonomous system of ODEs from cosmological equations and the cosmological parameters with suitable
dynamical variables. In section-IIl, we discuss about the critical points and the corresponding physical
parameters, Eigen values of linearized Jacobian matrix and the phase plane analysis in detail. Section-IV
consists of a short discussion about the possible future cosmological consequences of critical points and

section-V concludes the work.

II. FORMATION OF AUTONOMOUS SYSTEM AND COSMOLOGICAL PARAMETERS

With the coupling parameter and scalar field, the action for a non-minimally coupled scalar field to

gravity takes the following form

R 1

A= [ oyl — SN u0%.6 VO + [ d'av=gLn. M)

where the gravitational coupling constant is k2 = 87G, the coupling function of the scalar field ¢ is A(¢),
the scalar field potential is V'(¢), and the matter Lagrangian density is L,,.
When the action is changed relative to the metric in the spatially flat FRW model of the universe, the

Friedmann and acceleration equations are obtained as follows

3H? = pm + po 2)

.1
H= §(pm + pp + Pm + Do) 3)

where we suppose that a(t) is the scale factor that depends on cosmic time "t," k? = 87G = ¢ = 1, and
H = % is the Hubble parameter. The energy density and thermodynamic pressure of the non-canonical

scalar field, which is non-minimally coupled to gravity, are as follows

po = SN +V(9) o)
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po = SNO - V(9) 5)

respectively, where A(¢) represents the coupling in the scalar field; the scalar field behaves as quintessence
when A\(¢) = 1. The scalar field’s equation of state parameter is
wy = 2. (6)
¢ Po

Dark matter has a barotropic equation of state and is a perfect fluid

= 2 7
Pm

where

0 dark matter behaves as dust fluid
Wi, =

1 dark matter exhibits radiation fluid behavior

The energy conservation equations for DM and scalar field are given by

pm + 3Hpm(1 4+ wp,) =0 ®)

P+ 3Hps(l+wy) =0 9)
and the evolution equation for scalar field [from Eq. (9) using Eq. (4)] is given by
1. ,. . .
5)&;52 + X+ V' +3HN =0 (10)

Due to complicated nature of evolution [Eq. (2), Eq. (3), Eq. (8), and Eq. (10)], one cannot obtain the exact
analytical solution, so to get a qualitative nature of solution, we develop an independent system of ODEs
from which the phase plane image is derived. For this, we choose the dimensionless dynamical variables as
follows:

2 A9

:Eﬁ’ 2/2:7 (11)

v 3H?

The Hubble scale is used to normalize them.

The autonomous system (after some algebraic calculations ) is

d$ 3 2 2 2 2 3 2 V,

== 3r+Sa{1 - m(l— 22—yt — /2 12

y i a:—|—23:{ +z° —y* +wn(l—2° —y°)} 2yVﬁ (12)
dy \/§ v’ 3 2 2 2 2
== = {1 - 1—a22— 1
AN Y 2V\/X+2{ +x Y° 4 wm( x 3/)} (13)
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where the e-folding parameter is NV = In(a).

It is possible to select the scalar field’s potential function V' (¢(¢)) and coupling \(¢(t)) so that % is
either constant or a function of z, y, or both. In the work, the authors have studied for V‘f—ﬁ is constant and
is a function of z only. They have considered V' = Vja, where scale factor a(t) is expressed in terms of the

scalar field ¢ and in a 2D autonomous system they obtained Einstein’s empty universe only. Here, we shall

extend the analysis. considering

1% y
= —\/5—
VvV T

so that the potential takes the form

1
(t+ Vp)?

where ¢ is the function of the scalar field ¢. Then the autonomous system [Eq. (12) and Eq. (13)] reduces

to
dx 3 2 2 2 2 \/§y3
R VAT § I m(1 — 22 — 14
i 3x+2x{ +2° =y twn(l—2—y°)} + . (14)
d 3
dT%f =y —\/§y+ 5{1 + 22 — o2 +wp(l— % — y2)} (15)

There is a mathematical singularity at z = 0 in Eq. (14). The following are the pertinent cosmological

parameters expressed in terms of dynamical variables:
22— g2
$2+y2

Matter’s density parameter: ,, = 1 — 22 — /2

Equation of state parameter for DE: wy =

Parameter of density for the scalar field DE: {2, = x? + 92
Parameter of the effective equation of state: we s = 2%(1 — wy) — y2(1 + W) + Wi

Deceleration parameter: ¢ = —1 + %{1 + 2% - y2 + wm (1 — a? — y2)}

III. CRITICAL POINTS OF THE AUTONOMOUS SYSTEM AND PHASE SPACE ANALYSIS

The critical points of the above autonomous systems [Eq. (14)-Eq. (15)] are as follows:
A(1,0) B (-1,0)
C < WAEESS Vﬁl) ~ (0.66,0.75) and

6 723
D (- @%) ~ (—0.66,0.75)

We have taken critical points C and D in the above form for mathematical simplicity only. Although there are

other critical points (i@, @) for wy, = 0 and <i2 \/5 , %) for wy, = % obtained from the autonomous
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system, but they do not satisfy the energy conditions (i.e., out of phase boundary 0 < 2% 4+ 32 < 1). The
value of () is greater than 1. These points are discarded from our analysis

Table I displays the critical points and the physical parameters that correspond to them, when dark matter is
taken as pressure-less dust matter (w,, = 0) and in Table II for radiation (w,, = %). The tables also display

the linearized Jacobian matrix’s eigenvalues appropriately.

Critical points| = | y | Q | Q | we | werr | g |eigen values
A 1 10 1 0 1 1 2 33
B -1 |0 1 0 1 1 2 3.3
C 0.66 {0.75/0.9981|0.0019(-0.127{-0.1269 0.31 | -0.39, -4.67
D -0.66(0.75]0.9981|0.0019|-0.127{-0.1269|0.31 | -0.39, -4.67

TABLE 1. Critical points, corresponding physical parameters and Eigen values for dust (w,, = 0)

Critical points| = | y | Q¢ | Qm | we | werr | ¢ | eigen values
A 1|0 1 0 1 1 2 2,3
B -1 |0 1 0 1 1 2 2,3
C 0.66 |0.75/0.9981(0.0019{-0.127|-0.12630.30|-1.383, -4.664
D -0.66{0.75{0.9981|0.0019{-0.127|-0.1263|0.30|-1.383, -4.664

TABLE II. Critical points, corresponding physical parameters and Eigen values for dust (w,, = %)

From the autonomous system, we obtain a 2D phase plane (x-y plane). In Table-1 for dust matter we have
obtained four critical points in the phase-plane. The critical points always exist in the phase plane. All
points are hyperbolic in nature in the plane because they have non- zero eigenvalues. Due to their entire DE
dominance (€4 = 1) and the stiff fluid behavior of DE, points A (1,0) and B (-1,0) have the same nature in
the phase plane. Since g = 2, there is always deceleration close to the points. Also, they behave as unstable
node in the phase plane which are shown in Fig 1. when DM is taken as dust. The points A and B have the
same nature when DM is taken as radiation like fluid. Figure 2 shows that the points A and B are unstable
nodes in phase plane. The critical points C (0.66, 0.75) and D (-0.66, 0.75) are same in all respect. Since all
of the eigenvalues are non-zero, they represent a hyperbolic mixture of DE and DM matter. Figure 1 shows
that w,,, = 0 and Fig. 2 shows that w,,, = % These nodes are stable in the phase-plane. Thus, the points
show the universe’s late-time evolution. Here, DE (€24 = 0.9981) as non-canonical scalar field dominates
over DM (£2,,, = 0.0019) in the evolution. But, the points are always decelerating in nature (see Table I
and Table II). This is an interesting prediction through these points that future deceleration is possible in a

non-canonical scalar field.
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FIG. 1. 2D phase plane of autonomous system [Eq. (14) and Eq. (15)] for w,, = 0. A and B points are unstable

nodes and the points C and D are stable sink.

FIG. 2. 2D phase plane of autonomous system [Eq. (14) and Eq. (15)] for w,,, = % Here, points A and B are unstable

points and C and D are stable points in phase plane.

IV. COSMOLOGICAL CONSEQUENCES OF CRITICAL POINTS

Autonomous system [Eq. (14) and Eq. (15)] has some critical points like A and B having similar nature
from a cosmological standpoint. Though the points are completely dominated by the kinetic part of the non-
canonical scalar filed, they are unstable (which is shown in Fig. 1 and Fig. 2, respectively). Additionally,
the universe’s expansion is always slowed down. Therefore, from a cosmological perspective, the points
behave in a totally non-physical manner. However, the phase plane analysis predicts some intriguing nature
from locations C and D. Throughout the progression, DE outperforms DM even though the points are a
combination of both. The points are always stable in the phase plane (see Fig. 1 and Fig. 2). So, from

the dynamical system perspective, the late time evolution of the universe can be realized by the points. The
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expansion of the universe near the points are always decelerating. Therefore, in the case of a non-canonical
scalar field, where the potential of the scalar field is as a function of time only, the points C and D attain a

late time DE dominated decelerated universe.

V. CONCLUSION

By converting the evolution equations into dynamical equations through a suitable transformation of
variables normalized over the Hubble scale, we have investigated the dynamical analysis of non-canonical
scalar fields against the backdrop of the flat FRW model of the universe, where the scalar field’s potential
is taken as an explicit function of time. We have identified four critical points in the phase plane, two
of which (A and B) are not physically relevant for this model since they yield unstable DE-dominated
solutions with a decelerating nature. The critical points are then computed by setting the right portion of the
autonomous system to zero. By analyzing the linearized Jacobian matrix’s eigenvalues, we can determine
the nature of critical points. Based on the phase plane analysis, we have two places, C and D, which are
both combinations of DE and DM and are consistently stable yet show the decelerating universe. Therefore,
when the potential is considered as an explicit function of cosmic time ‘¢’, one can forecast the universe’s

future slowing in the dynamics of non-canonical scalar fields based on our research.
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