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. ABSTRACI‘ o,

Large deflection of a simply supported semi-circular plate placed on
elastic foundation”and subjected to a uniform load has been investigated
following Berger's approximate method. Expressions for the deflections
and bending moments are obtained and the theoretical recults have been
presented in the form of graphs

1. INTRODUCTION

SMALL deflections of thin plates on elastic foundation have teen examined
. by Timoshenko and Woinowsky- Krieger! and several other authors on
the assumption that the ‘strains of the middle plane of the, plate can be neg-
lected. But when the deflection is modezately large, that is, of the order of
the thickness of the plate, then the strain ofthe middle plane should te
‘considered. Thus for moderately large deflections,  solutions of differential
equations for deflections and displacements become difficult because of their
non-linear character.,. Way? and many other authors have examined mode- "
rately large deﬂect1ons of plates not restrng on elast1c foundatlons and the
methods used by them involve . considerable computatron Berger3 sug-
gested that the strain’ energy due to the second strain invariant of the middle
surface strains  may“be neglected ‘in anilysing moderately large deflection
of plates having axisymmetric deformation. Berger’s technique of neglect-
ing the second strain invariant’ ip the - expressmn couespondmg to the total
potential energy of the system Teduces cdmputation and although no com-
plete explanation of this method isoffered, the stresses and deflections obtained
“for-both 'féttangular and’ circuldr plates 'are in’ good agreement ‘with .those
found in practical analysis. Berger’s- iethiod His been applied - -successfully
by Nowinski* to his different plate problems Nash and Modeer5 investi-
‘gated the problems having no axial symmetry using Bergers technique.
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Berger’s technique of neglecting the second strain invariant in the middle
plane has been applied by Sinha® to determine large deflection of circular
and rectangular plates placed on e]astlc foundatlon and under umform lateral
load. N ! S :

- In this paper large statlc deflection of a 31mply supported semi-circular
isotropic plate placed on elastic foundation and under a uniform load has
been solved. ‘Foundation is assumed to be such that its reaction is pro-
portional to the deflection of the plate.

2. FORMULATION (OF PROBLEM ' 7

For moderately large deflections, the strain displacement relat1onsh1ps
and the strain energy of the m1ddle plane of the plate are:

+2(b;v) | | .. | (1)~
eg;%”Jr%(%M : ' - L@
vzy = + iy g;v o | )

« Vl;é—)ff[(vzw)f{-',ll—feﬁ—z(l — ) {}ll_fe
e

Neglectmg e; and by adding the potentlal energy of the transverse load and
of the foundatlon reactlon the modlﬁed energy equation becomes

{ bx2 b_y

_(bxby)}+f)w AD]dxdy' | &)
* Applying Euler’s var1at10nal method to (5) the following dxﬁ'erentlal equa-
tions .in polar co-ordmates are obtamed
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where o is-a constant given by

§2}7 bu w 1 oW
RV fr () ()
and
02 12 1 L
, 2 1o 122 g
v "ar2+r a:+: 262

3. -SOLUTION OF PROBLEM

. %

@

Let the plate be in the form of a semicircle (figure 1) and simply sup-
ported. Let the centre be the origin, the bounding diameter be the initial
line and the plate be uniformly loaded To solve equatlon (6) let us put

it in following form:

(V:— P2 (V2 — Pzz) %

' /

where
P? + Py = a®
K
P Pt =]
| X
| §
I
T LOAD,
'S1 - LATYE.
W\

NN "
F OUNDATION,
RARLLRA, a M-

Figure 1. Semi-circuldr plate on foundation.

&)

©)

(10)
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Expanding the load into the appropriate Fourier series,

4q - sinmf S
1= % Z.l n 89
m=l, 3.5 . .
and assuming
W= )::,‘o Ry sinmb (12)
me=1,3,5 ) )

where Ry, is a function of r only, and substituting (11) and (12) in (8) one
gets '

d2 1d _ m? o N(dE 1d  m? . 4
dr? + rdr r¥ Py ) (ZT§+ rdr ¥ PZ“) R = =Dm
i (13)
The appropriate solution of (8) is given by
w= Z ‘ Apdm (Pyr) + Bylm (Por)
m=1, 3,5 ’ "
4 T X
_ + L Py Seaas,m (qur)] sin m0 4
where
A_ (= 1par)
TR mH @ —m? . {2+ 257 —mE
and g
Sates, m @iP,r) ,

5 Cipargen
= . G F2)2—m% ... {(d F 25 F 2n)  — m%

is the Lommel’s function which is uniformly convergent. The required
boundary conditions are .

(Whea= 0 (15)

[ T Cg:v rlzb;é)l: ],_a=b'. | a9
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Considering equations (14), (15) and (16) and solvmg for the constants A,,
and B,, one gets

[aP2 1 (Pa) + “Pol (P Z s Soiss, m (Poa)

§=2)

=0 .

4 + v Z (1_132—;44—% S’s_+2s. m (ina)}]

Am = 7Dm * I (Psa) {aP, 21, (Pya) + vP,I, (Pa)} ‘
- . — Iy (Pia) {aPy2 I, (Paa) + v Pyl (Pya)}]

(17)

[{aPl - (Pya) + v P, (Pa)} Z (lP )4+2s S3+03 m ({Psa)

gm0

— Iy (P1a) { Z (IP )4+2s Sitas, m ((Paa)

=0

v o7 s;‘g& S'3105, m (IPa) ]
4 ; (IPy+ }

Bm=— aDm " [Im (Pea) {aP,* 1, (Pia) + vPiI, (Pld)}
— Iy (Pya) 1aPy? I, (Pya) 4 vP,l,, (Pya)}]

- (18)

To determine o, let
u= X U(r)cos md _ (19)
v= 2 V()sin mbo : (Zd)

- subject to the boundary conditions Ufa) = V(a) =0.

Multiplying (7) by rdfdr and integrating within the limits 0 to a and
0 to = one gets

jf}tZU’(r)cosmﬁdﬁdi +2 f f bw) d6dr
+ f f DU cos mb dédr + f f ZmV(r) cos mé dodr
J J £ J |
+%f f %(gg)z d@dr'-_ul— f frdﬂdl -
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After evaluatmg the integrals the followmg equation Ieadlng to- a

43 obtained:

oo

D [an (-8 tna i) + 10 P

m=1, 3,5, ... . -

[ (m ) ] I, (Pla)j %2 {ZIJ- [Im (Pla) + Iy (Pra)]?

[ + (ﬂ}_i_ 19)2:| I, (Pla) + %i i e 2m+2n+2t)

n%t

T B P Z Z¢(P o) Zia[lm_z (P2

n=0 t—-

+ In (P +-[1 + 8 @)

2 . o 1)? 5 .

- % {[[m (Pza) + Im+2, (Pzﬂ)]“'f“ [1 + (n;,;az) J Lot (Pza)})
16¢2 pn? (4 + 2s + 2n)? gBHisHan

+ 2D2m2{ (zP)s+4s[Z 8 +4s + 4n

pniit (4 4+ 25 + 2m) (4 + 25 + 21) qsrastansat
+Z Z . 8 4s F On T 21 }}

n=0 (=0
n7it

[ () (g amom
+ 2 AmBmP1P2 Z Z @m-+4-2n+2t) |n |t T’ (m+n) I'(m-+1)

n=Q =0
n¥t

( P MA1-21 ( % )m+1+2t; a2m+2n+2t+4 B
+(2m—}—2n+21+4) i TmTnF)TmF 7LD

I 4’ (%)m—uzn (%2>m+1+2t + ‘/’ (%)m+1+2n (%)m—u_zt:‘}
+ 4dmPy qum 2 (in)sts {i i [I"n‘r/’ (P o

SR e |
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' + 4B P, WDm Z (iP, )4+zs {Z [P'n%[’ < )m—1+2L

0 =
. nsk .

+ Bty (%)mﬂHt +m? (A2 Z ‘ﬁz (Pl)2m+4n.

+ A;i Z.j% <p 2m-+-2n+-2t LR Zxﬁ (P2)2m+4n

‘n=0 to
n&

e L D)™ i e

S
A DR L L
+ 24mBin Z Z (2m+2n§2;:27t(%()::f:izt::t+1)
"0t
et S Z¢ (-
+ 8B Z AL Z Z“n% @] ==

Q1)

where

. (__ 1)1! (LP )4+2s+2n
Hn {(4 252 — m% -+ {(& + 25 1+ 2n)F — m%}

. (— 1" (iPy)+2s+2t
WS @ 2T —m% . {3+ 25 + 207 —m

a2m+2n+2t+2

¢ ~(2m-}-2n—}—2t-i—2)'n [t I'(m _n) T'm+1t+2)
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- , a4+2s+2n+2t+m .
¢ = @ +.2s +2n+ 2t +m) tTm~+t+1)

4+ 25 + 2n) a4+2s+2n+2t+m
A sy TS TR DN R A TR

(4 + 25 + 2n) gorestentebm
b= T I Tt a+mLTm T i)
a2m+4'n.
= @m + 4n) {n I'(m +n + 1)}"
a2m+2‘n+2t

¥ T C@mF2n 2t Tm+nt DL+ 1)7

&~
[

Pl —)O, P2—-)0

Equation (14) reduces to

_qa® 4y 1
=D Z {F mm (16 — m?) (4 — m?)

m=x, 3, 5, .. R

L. Fm  m 454 ’
a®™ mmr (16 — m® 2 +m) [m + 5 (1 + v)]
pmte m-+ 34+

avn+2 mr (4 + m) (4 — mz) [m + (1 F )]} sin m6

as obtained by Timoshenko! 'for the corresponding problem of small deflec-
tion without any elastic foundation.

4. NUMERICAL CALCULATION

™™ To obtain deflection for a given value of plate radius ‘@’ and founda-
tion modulus ‘ Kz’ one has to start from (21) with an assumed value of
‘o’ in order to obtain the corresponding value of the load function (ga*/Dh).

Once this relationship is obtained the corresponding deflection w/h can be

calculated by (14) with the help of (17) and (18). For @ = 80 mm, » = 0-3,

and K. = 350 deflections have been plotted in figure 2 for various values -

of load function (qa*/Dh). .
_ 5. DISCUSéon

On. éxamination of eq (14) it is clear. that the radius of symmetry
of the plate undergees' theé ‘fitaximum deflection with respect to other radii.

ek
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The expression for the deflection at a given point on the radius of symmetry
can be expressed in the form w = B (ga*/D), where ;8 is a numerical factor.
Deflections at various points on the radius of symmetry are plotted, in
figure 3 for a given value of load function. From figure 3 it is observed
that maximum deflection occurs at the centre of gravity of the plate.

ARED%”
20 / v ><<Q9’§5L_'53_5_Q

// ) \_LE"".H' K;=O

30
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Figure 2, Deflection curve.
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Figure 3, Deflection curve.
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, Th’é.‘pllé'te ‘s subjécted t6 bending' moments in rddial andtangential
directions as well as to a twisting moment.’ ‘"The expressions for bending
and tw1st1ng moments are C T

' . o o - ’ 1
M, = Z —D I:A"’4"P1 {Im+2 (P1") + 21 (Plr) + I (Plr)} :

m=1,"3, 5, .00

< 2 n‘ I
=i BmP2 {Imie (Por) + 2In, _(Pz")_ + ]m:g (Pzr)}

+'V {AmPI mP2

[Im—l (Pl’) + Im+1 (Pl’)] +- Um- (Pz’)

N 2 .
+ Inaa (P)] — " [mlm (Pyr) + BT (P)]}

4 v A , . , .

s 7 veres ] Ssies, m ((Por) + z Ssres, m (IPar)
aDm (iP,) r

§=0 !

\

Y s, m (Par )}] sin mé - (22)

M, = Z —D LAmP1 4 {linae (Py1) + 2Im (Prr) + Im=s (Pll)}

Me1, 3,5, ..

+ BmP2 v {Im+2 (Pyr) + 2]m (Por) + Im—2 (P2’)}

<

+ {Im— (P1r) + Imsi (Plr)}

+

B ’gf im0 % I (P}

- SEL {Amlm (Pli) -I- BmIm (P2r)} + 7rDm Z (IP )“28

!

{VS 3+2s, m ({Pqr) + S 842¢, m (le’)/ -y

_ ';12 Sysas, m (z’Pzr)}] sin o © ()
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. X 4P, 7
Myy=(00—vD 152 m [ 5y Uma (Pur)+ Imaa (P}
- ' m=1,3,5,,.. ) ¥

Bmpz

+ {Ima (Pzr) + Iy (Pyr )}

1 -
T {AmIm (Prr) + Bumlm (Por)} +, me Z (lP )4+25

1 o
{ S 3+2s, m ({ByR) — Sa+2s m (lP of )}} cos mé. (24)

Eqgs (22), (23) and (24) show that the bending moments M, and M, are both
maximum on the radius of symmetry and:the twisting moment M, is maxi-
mum on the bounding “diameter.

- The bending moments can be expressed in the form

= Byqa®; M, = Byga® (25
Bending stresses can be calculated from the eXpressidn's '
6M. 6M, .
op = TJ 0y = —hT" - A (26)

Expressions for shearing forces can be obtained with the help of (14)

Of=—D’ Z [AmP13 I (Pir) '+ B P2 I3 (Pyy)
m=1, 8,5,

4q = ) o
+ 'TrD‘fn g (jPz)i+2s '5,‘3:*:2'- m (IPZI‘):I

5 [Am PELL (B + B PATL(P)

- dq °°.- As " . ]
T aDm [ (iPy)*% Sutsm (ll’.gr) .

\

=0

R (0-2 + :,-ng) [A.mP1 U'm (Pyr) + BmPyl'm (Por)

A+ "gin / ‘(1 Plgsq.i.zs X 8’3405, m (Por )]} sin mé @7

&=0
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Qy=,— %) Z m (Am]?izsl; (Pr) ’l‘Bmpz2 I, (Pz’.')
¢ m=1.3,5, .
-4q oo\x)\S: :5’.?\

+ 77)71 (1'—1’2’)%—23 a+2, m (1P21)

l ~ ,
v ‘J‘*(Ampl m(Plr)"l‘BszI (Pr)

ﬂ'Dm Z @ P )4+zs S s2sem (tP2r))

-—. (.OJ“? -l-?;) (Amlm (Plr) -+ BmIm (fl)z”) A

* >7rDm Z (,p )4+zs S342s, m (ler))] cosmb ..~ . (25)
The shearinig stresses can be calculated from the expreslsmns _
~ Trg = 624‘23-0, Trz= % Q/f Tg2= %% (29)
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ABSTRACT

. Large deflections of a unifor. mly loaded circular plate placed on elastic founda-
tion and supported at several points along the boundary have been analysed follow-

ing Berger’s method. A particular case, where the number of supports is two, has

been treated fully. Numerical results have been pr esented in the Sorm of graphs.

Key words : Large deflections, elastic foundation

INTRODUCTION

Small deflections of thin plates placed on elastic foundations have
been examined by S. Timoshenko and S. Woinowsky Krieger [1] and several
other authors on the assumption that strain due to stretching of the middle
surface of the plate is negligible. When the deflections are moderately large,
that is, on the order of thickness of the plate, then the forces in the middle
surface of the plate must-be taken into account. In the case of such large
deflections of plates placed on elastic foundations, three differential equa
tions for displacement and deflection may be written, but it is usually difficult
to obtain the solutions of these equations because of their nonlinear
character. - ~

On the other hand, various problems of large deflections of plates not
‘resting on elastic foundations have been examined by S. Way [2], S. Levy
[3] and many other authors. But the methods used by them involve and
require considerable computation. A simple and approximate, yet fairly
accurate, method of analysing large deflections of plates was suggested by
H. M. Berger [4]. The method uses the technique of neglecting the strain
energy due to the second strain invariant of the middle surface strains in

- 427
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analysing large deflection of plates having axisymmetric deformation.
Berger’s method reduces computation and although no complete explana-
tion of this method is offered in, the stresses and deflections obtained for
both rectangular and circular plates are in good agreement with those
found in practical analysis. Berger’s method has been japplied success-
fully by Nowinsk [5] to his plate problems and Nash and Modeer [6]
investigated the problems having no axial symmetry.

The technique of neglecting the second strain invariant in the expres-
sion corresponding to the total potential energy of the system has been suc-
cessfully applied by Sinha [7] to -determine large deflection of circular and
rectangular plates placed on elastic foundations and under uniform latera
loads.

In this paper large deflection of a circular plate placed on elastic
"foundation and supported at several points along the boundary has been
solved. The load is assumed to be uniformly distributed and the foundation
is of the Winkler type. A complete analysis of a particular case, where
the number of supports is two is given.

"FORMULATION OF PROBLEM

For moderately large deflections, the strain displacement relationships
and the strain energy of the middle plane of the plate are

@ =5 t3(5) 0}

o =2y o

yxy=§§+§—§j+§—f\f§—; e
—lzsz (V2w)? + ]261 —2( —9)

% {% ¢t Daicg) b:y‘;) - (ab;a;? )2}] dxdy )

in which e¢; and e, are the first and second middle surface strain invariants,
respectively.
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Neglecting e, and by adding the potential enefgy of the transverse load
and of the foundation reaction, K, the modified energy equation becomes

~
=—212‘, f[(vzw)‘z—{—%elz-Z(l — )

2wotw b2 2qw ,
{axz K bxby ) + ]d dy. ©)
Applying Euler’s variational method to eq. 5 the following differential
equations in polar co-ordinates are obtained [7] :

K
V‘-‘w—azvzvv—}—ﬁw:% (6)
where « is a constant given by
a?h® _ du | 1w 1w dW\2
7 =5 +3(5) +E+15+ g 50)
% 10 1 22 |
v? =yt ey T e (M

SOLUTION OF PROBLEM

Let the circular plate (Fig. 1,) be of radius a, supported at several points
along the boundary and placed on the elastic foundation. Let the centre
of the plate be the origin and a diamefer .as the initial line, § =0. The
general solution of eq. 6 is

=Wy + w; - ' 8)

in which w, is the large deflection of a plate placed on elastic foundation
and simply supported along the entire boundary and w, satisfies the equation

V4w1——azvzwl+§w1=0 (9

Eq. (9) can be written in the form

(V2= P (V= P)w, =0 (10
where )

P2+ Py = a? (11)

PP =%, | - (12)

D
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Considering the number of points of support is /, and denoting the con-
centrated reactions at these points N;, N, ... N; the expression for each
reaction N; is (1, P. 293)

]Xé [% + 2‘0 cos mﬂi] R (13)
=1
where 6; = 6 — i, ; is the angle defining the position of the. support i.

The intensity of the reactive forces at any point of the boundary is
then given by the expression.

Z i—\g [} + ;Jo cos mei] (13 @)

- M1
=1

in which the summation is extended over all the concentrated reactions.
Assuming that the plate is solid and considering that deflections and moments

FiGg. . Circular plate on foundation.
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at the centre must be finite, the appropriate solution of eq. 9 can be taken
in the form

Wy = Aoly (Pr) - Boly (Por) - °2° [Amlm (Py) + Bl (Py)]

X cos mf + é‘ [A' mIm (Py1) + B Iy (Por)]sin mb (14)

in which 7, is the modified Bessel function of the first kind and zero order.
and I, is of the first kind and mth order. For determining the constants
we have the following conditions at the boundary:

w =’O
=aq (15)
6=0,n
[bzwl n vawy | v 32"’1] =0 (16)
YL roor r2 202 g
12 — 1 M 1 S
ot = LBfrs Soma] @
. {=1
where ‘
Or =—D ;7 (72— a®) w,] (174

Mry=(1—o)D[L20 . L2l

S0 T 30 (170)

Consider a particular case when the plate is supported at two points which

are the two end points of the diameter taken as the initial line from which
# is measured. Then

1,/11 = 01 1/12 = 7.

Considering the above boundary conditions one gets after solving for the
conslants

Ao = 1B (@ (18)

B(_, = —ﬂ_—gaﬁ‘i[’o (a) ‘ - (‘19.)
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_— i X pm (@)
A = = D B @ i (@) — A @ 7 (@)} 20)
_ P Am (@)
Bn = B4 B @ i @ = dn @) 7 @) @)
Ap=0=8Bp (22)
where P = ma? g = total load on the plate
p [Am (@) Im (Py@) — pan (a) I'm (P10)]
= B (@ pm — (@) Am (@) nma)] X [y (P2ad) o (@) — Iy (P a) o (@)]
(23)
bo(@) = P32 1y" (Paa) +  Pohy (Paa) (24)
$0(a) = P21y’ (Pya) + = Pily (Pya) (239)
pm (@) = P2 I"m (Poa) + ng I'm (Pya) — Vm —5 Im (Poa) (26)

1m

B (@) = Pt Pul' (Pra) — (1 — ) {25 I (Pua) — 0 ' (Pra)} 20)

M (@) = Pt I (Pa) + 2 Py ' (Pra) — 20

1m (@) = P12 Py I'p (Poa) — (1 — v) {m I (Poa) — Zl—m
Thus the complete solution of eq. 6 is obtained in the following form
w = wy + Aoy (Pyr) + Boly (Pyr)

+ 5 [Amm (P) 4+ By (Por)] cos mb (30)

where
Wo =g+ Ay Iy (Py) + By Ly (Pyr) G1)

[Pzz 1" (Po) + Py L (o)
=Tk # (Pa) Gla

—5 Im (P10) (28

m (Paa)} (29)
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qI:Pl‘?Io”(PN) + Plpd[l(f)ﬂ)]»
K

B =% 8 (Pa) (31 h)
¢ (Pa) = {Io (P1a) P2 Iy" (Pya) — Iy (Poa) P2 Iy (Pya)}
+ z{ PoI (Poa) Iy (Pya) — PyIy (Pya) I, (Pya)} (31 ¢)

Substitution of the values of the constants A,’, By, Ay, By, Am and B,, into
+ eq. 30 yields

qat [ { [Plz 1" (Pa) + P, %Il (Pla)] Iy (Pyr)
/7 ( T T T é(Pa)

[ PRI (Poa) + Py 2 L, (Poa)] ] (Plr)}
N ¢ (Pﬂ)

+ [% { Bl (@) Iy (Pyr) — Bpo (@) Ty (Pyr)

o i [le_(a) I (Pir) — A (@) I (Pz")] cos 1770}] )

B (@) pm (@) — Am (@) nm (@)

m=2,4, G, ...
(32)
As P,—0 and P,—0, eq. 32 reduces to
14+ 2
w_w+2D(3+ ){210,,2—1+ 21g2—-2)
B i‘ [ L, 20+
m(m—1)  mm—1)(1—
m=2, 4, G, ..o
(rfa) 7\
~ aim 1)] (a) cos m@} (33

as obtained by Timoshenko [1] in the corresponding small deflection problem
for a plate supported at two points on the boundary.

The normalised constant o can be determined from Eqs. 7 and 30.
Since we are interested only in the lateral displacement w, the radial and
cross-radial displacements # and v have been eliminated by choosing suitable
@xpressmns for » and v, compatible with their boundary conditions and
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integrating over the whole area of the plate. The radial and 01oss-1ad1al
displacements have been assumed in the forms

u= 2 U()cos mb ’ G4 -
4
v = 2 V(r)sin mo ' (35) ‘

subject to the boundary conditions U (a¢) = V (a) = 0. Multiplying Both
sides of the equation 7 by rdrdf and integrating between the limits 0 “to a .
and O to 2m, one gets :

a 2w a 2
f f rU’ (1) cos m0 drdf + f f U (r) cos m drd8
(3] 0 4] 4]
a Y d ‘ ' 1 a 27 ) o 2 §
4+ j‘ f mV (r) cos n1ﬁdla’0+-2 f f 7 (51—) drdf
0 4]
) 2
+ ff () /d0~f f“”,drda

After evaluating the integrals the following equation leading to o is obtained.

2 L2 2
e = — A Pra (G (Pa) + L (P

R T R ey
% {3 U (Poa) + L)Y — [1+ s | B2 (Pu0)]

ipo a
+ 24, B, P1P2P'—22__—Plz‘ [— % P, (P20) {1, (Py)

b 1 (P} + 3 Poly (Pra) {0 (Pot) + Ty (Pai}]

x>

—+ Z {Ang{Z {— é a® [}i Um—s (Pya) + 1 (Pya))?

m=2,4 G,e..

{1 + (lP 3 12) }Im (Pla)]

- é a? [Z {]m(Pla) + ]m+2A(P1")}2 - { + (n;)_i-ala) }
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X Ly (pla)] _,_% i—z (1_;1)2m+2n+2t . ¢} é

n7lt

T X {_- 1, [ {Im—s (Pott) + I, (Poa)}?

n {1 +(’P ; 12) } o (Pga)J — —a2[ {Im (P2a)

+ Ime (Poa)}® + { (’1113_[2— 12) } I (Pza)]
IS0 C VR

[ ( Pl)m+2n—1 ( P )m+2t—1 Jemeenot

Cm+2n+20)[n [t 'm+n)I'(m + 1)

f1pp

% )m+2n—1 ( P )m+2t-.-1 ’

M4-21--1 m4-2t—1
(P) (g) + g2m+-2ns-alt2

TOomF 2+ f Im+ ol m+nF2)

(%)m+2n+1 (gz)mwtﬂ a2m+2n+2t+4 ]}l

(2m—+2n+-2t-+4) n [t Tntn+2) I (in+t1+2) 2
+ Am2 {i (]il)zmHn Z Z (P1)2m+2n+2t }’_n_a
enel B LEE

i 2 B G E] o

+
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where

) a2n:+2n+2t+2
R T ) BT 4 (IS o (SR )
a2m+4n

P0= @ F A (TG b o T DR

a2m+2n+2t

¢ T CemEt MmO [ Tm A n+ DI m+r+1)°

Thus the deflection, w is completely determined. The expressions for the
bending and twisting moment can now be determined.

My = —D[P2(4g + 40) Iy (Pur) + Py By + B Iy’ (Par)
+ i (P12 A" m (Pyr) + Po? Bpd"m (Por)} Tos mé
+ oD U+ AR B+ DBy + BO T (P
+ % i [Podml'm (Pyr) + PoBmI'm (Pyr)] cos mé
- ’l i‘ m® A (Pyr) - B (Pyr)] cos mo)}]
e .
My, =—D [y +4) L () + T2 By + B I ()
4+ ’l i {PyAmIym’ (Pr) + PyBmyl m" (Psr)} cos mb
— %2 i m? {Amlm (Pyr) + Bindm (Pyr)} cos mb
et

+ v (P Ay + 49 Iy’ (P) + Py By + B Iy (Py)
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o0

+ Z [P® AmIm" (Pyr) + Po?® Bpln" (Par)] cos mﬁ}]
m=2, 4, 6, ...

“ (38)

1 ¥ , ,
M'ra = (1 — V) D [—‘ '; Z m {PlAm[m (Pll') + PngnIm (.Pg")}

m=2, 4,6, ...
. 1y

x sinmb + 1, Z m {AmIm (Pyr) + Bl (Pyr)}

X sin me] ) (39)

The stresses can be calculated from the expressions

6M 6M, 6 My
Oy h—zr 5 Op = *hTB 5 Trg = *;;zw (40)

NUMERICAL' CALCULATION

To obtain deflection for a given value of plate radius ‘¢’ and foun-
dation modulus * K’ one has to start from the equation (36) with an assumed
value of ‘a’ in order to obtain the corresponding value of the load function
qa*/Dh. Once this relationship is obtained the corresponding deflection
wih can be calculated by eq. 32. Fora =50mm, 7 =0"75mm, v = (-3
and Ky = 80 deflections have been presented in Fig 2.

CONCLUDING REMARKS

An examination of the eq. 32 will reveal that the deflection (w/4) depends
on K, the plate radius ‘¢’ and on the value of the angle, 6. For a given
value of the load function eq. 32 can be written as

(;l_/v)’r=(\ =K ((%Zi:) ; }%))ua =& (%a/:) (41)

g=0 9=m/2

where K; and K, are two numerical constants, X, being greater than K.
Because of the reactive forces at the two points of support, ‘deflections on
the diameter at § = 0 will be less than those on the diameter at 0 — /2.
Maximum deflection will occur at the boundary at § = + 7/2. Deflections
according to the linear theory have also been plotted in Fig. 2 and it ig
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Fic. 2. Load deflection curve.

clear that the errors of the lincar theory increases as the joad increases.
In order to study the variation of moments, egs. 37, 38 and 39 are plotted
in Fig. 3 for various values of (r/a) and for the angles at which they become
maximum. It is observed that the maximum bending moments, their
magnitudes being unequal, are developed at » = 3a/4, 6 = 4 #/2 and the
twisting moment is maximum at r = a, 6 = - 7/4, + 3x/4.

As the plate must be in equilibrium on the supports, the foregoing
analysis for two simple supports represents the worst condition when the
deflections and stresses are maximum for a given load function. With
the increase in the number of supports, w; in eq. 8 decreases. For an
infinitely large number of supports, w in €q. 8 will approach to w, in the limit
and the point of maximum bending moments will shift to the centre of the
plate, (M )max being equal to (.M,ﬂ)mﬂ* in that case,
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FiG, 3. Moment curve.

The present study can be extended to an y number of supports, provided
the supports are so chosen as not to disturb the equilibrium of the plate.
For example, if three equidistant supports are chosen, J; =0, ¥, = 2n/3,
g = 4m/3, the differential equations together with the boundary condition
remaining unchanged. If the plate is clamped on the supports, the boundary
conditions and the concentrated reactions at the supports will change
totally demanding a separate investigation.
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NOTATION

The following symbols have been used in this paper:
a = plate radius '
Ay, Aoy By', By, Am, Bm = Constants

_ gy . ate o . BN

D = flexural rigidity of the plate = Za—
E = Young’s modulus
ey = first invariant of middle surface strains

= ez |+ ¢ in rectangular co-ordinates

= ¢ + ¢ in cylindrical co-ordinates

e, = second invariant of middle surface strains

= epey — %vs, in rectangular co-ordinates

= ¢reg in cylindrical co-ordinates in case ou circular symmetry
h = plate thickness _
I, Im = Modified Bessel’s function of the first kind and of the zero

order and mith order respectively.

K = foundation reaction per unit area per unit deflecton



Large Deflection of a Circular Plate

= dimensionless foundation modulus = b at.

= moment

= uniform lateral load

= polar co-ordinates

= radial and crossradial displacements
= strain energy

= deflection in z-direction
= direct stress

= ghear stress

= direct strain

= shear strain

= Poisson’s ratio

= Gamma function.’

441



for a bonded composite material, it should be assumed that inter-
actions between constituents occur between congruent particles.
Since the constituents can undérgo individual motions, this as-
sumption implies that during any motion of the material, interac-
tions between constituents occur between material particles which
can occupy different spatial positions. This is in contrast to the
usual continuum theories -of mixtures, in which interactions be-

" tween constltuents are assumed to occur ‘between matenal parti-
cles which are spatially supenmposed [3].

In [2]; the interaction force vector b between constituents was
assumed to be a function of the relative displacement upm) = x(py
— X(m) between congruent particles. Assuming that it also depéends
upon the relative velocity ii(om) = X(p) — X(m) introduces an inter-
esting difficulty in that the component of the relative velocity nor-
mal to the line joining the congruent particles is not invariant
under imposed rigid body rotations and thus does not satisfy the
principle of material-frame indifference (PMI) {4].

Formally, consider motions of the constituents

Xim = XmXms Dy Xy = XXy, D) @

related to the motions (3) by
Xm = QX(m) + ¢,

where Q is an arbitrary orthogonal time-dependent linear transfor-
mation and ¢ is an arbitrary time-dependent vector. The PMI re-
quires that a vector-valued constitutive variable v associated with
the motion given by equations (3) be related to its value ¥ associ-
ated with the motion given by equations (4) by ¥ = @ v. If this is
‘satisfied, v is said to be indifferent.

The relative dlsplacement between congruent partlcles is indif-
ferent, -

i(p) = QX(p) +c (5)

Uiy = QUipm)> - ®

but the relative velocity is not.
Upm = Q&(bm) + QU .M

Let a decomposition of iypm) into indifferent (n'n(p,,.)T) and nohin-
different (d/pm)") parts be sought,? i Bipm) = U(,,,,,)T + u(p,,.) , _such
that

BpmT = Qpm™s  Uem” = QUum” + QUym »(8?
It is easy to show that equations (8) are- sat:sﬁed if Gpm)” and
pm)™ are the:components of Gm) tangential and normal to U(pm).
For, defining

B, 1 e '
[‘LL—SLL'" . ]u(p.m) if Uy * 0

[

Wippy i Upmy = 0

the t_rénsformation equation is

BT
T (Fm) {pm) -\ a = Qu (10)
u = (pm) (Pm) 7
om” [ u(Pm) *Wipmy I
and then

~ o w NS N -

Uom" = Bpm — Uem™ = QUem™ Quem. (11

It is also easy to see that the decomposition is unique. Thus'inter-
actions between congruent particles can depend only on the com-
ponent &ipm)T of lipm).

A physical picture which helps to clanfy this result is to imagine

1

3 This is similar to the familiar decomposition of the velocity gradient into
indifferent (deformation rate) and, nonindifferent (vorticity) parts.

Journal of Applied Mechanics

469-474, 567-568.

U,y .
T _ )
“(pm) — (pm .(Pm) (9).

4

o : BRIEF NOTES
the congruent particles of the two constituents to be corinected by
springs and dashpots. The dashpot (relative velocity dependent)
forces do not depend on the relative velocity components normal
to the lines joining the partlcles but depend only on the tangential
components. .

Assuming that the interaction force vector b and the stress ten-

" sor in the elastic material t;,) depend upon U(pmy, Brpm)T and ihe
“strain of the elastic material, the linearized isotropic three-dimen-

sional forms of equations (1) and (2) are, in Cartesian tensor form,

'aﬁu( . . 9%
P(,,.)_‘_l—at"z'k = Limrgs 7 by p‘"”TI( o o= —p,, (12)
where '
’ timrg = Ay Oi€mpmn T 2K (m@mns:
by = vy, + o;‘(pm)kT’ (13)
and :
Cimmpy = E(u(m)},J  Umygn)- (14)

For one-dimensional compressional or shear wave motion, equa-
tions (12)~(14) reduce to the form of equations (1) and (2). How-

“ever, for more complicated motions, including combined compres

sion and she_ar, it.is interesting to note that equations (12)-(14) are
intrinsically nonlinear due to the term tpmxT, constituting what

- might be called a geometric material nonlinearity. :
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Large Deflection of a Circular
Plate on Elastic Foundation

. Under a Concentrated Load at
the Center

™7

S. Datta’

Introduction

-For moderately large deflections of thin plates, solutions of the
differential equations for deflections and displacements become
difficult because of their nonlinear character. Neglecting the sec-
ond strain invariant of the middle surface strains, Berger [1]2
solved the large deflection of circular and rectangular plates under
uniform load with ease and sufficient accuracy. Following Berger’s
method many investigators [2-6] have solved various large deflec-
tion problems and have obtained satisfactory results.

Following Berger’s method the large deflection of a clamped cir-

1 Head, Department of Applied Mechani :s, Jalpaiguri Govt. Engmcenng
Co}lege, Jalpa\gun W-Bengal, India.
2 Numbers in brackets designate References at end of Note.
Manuscript. received by ASME Applied Mechanics Division, May, 1974;
final revision, January, 1975.
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cular isotropic plate resting on elastic foundatlon of the Winkler
" type has been investigated in this study fora concentrated load
applied at the center. The fesuits have been experimentally veri-
fied.

Analysis . .

Using polar coordinates the governing dlfferentlal equation for a
circular plate of radlus a, witha concentrated 16ad P, at the center
is given by .

vi’-(vz‘ - atw + %w = 0 (except at the load point) (1)

where « is a constant determined from

v du |1 div_)z o’h?
-+ & o[22 —_ X
y 2 \dr 12 @
and ' ’
L 92.= W ;'d—r ; w= displacement

along z-direction;"K = foundation reaction per unit area per unit
defléction; D = (Eh3/12(1 — ,,2), E being the modulus of elasticity;
_h is the plate thickness,-and » is Poisson’s ratio.
‘Considering the radial stress and shearing stress on a concentnc
circular area of radius r, the concentrated load P at the center, and
_ since y and dw/dr are both zero at the center one gets .

d e _
lim. Dr [(V a)]w o

-0

Solutnon of equation (1) can be taken in the followmg convement
form s

W = AL(Py) + BIO(Pgr) + C[K.,(P,r)

. {3

K(Pn] (4)

. in whlch Io is the modified Bessel function of the first. kmd ‘and .

zero order and Ko is the modified Bessel function of the second
kind and zero order R
K

P+ p2 a?; PP} =

A, B, and C are constants to be determined from the boundary
_conditions. Clamped edge boundary conditions are

o . dw h
Wyay = 0 = (—) (5)
| (10)0 ar)... @
¢ Considering equations (3) and (4) one gets
. P
=l
¢ \ ZTTD(Pz - Pl)

" . Considering equations (4).and (5) one gets

1 1 .
A C a_ ’ B C a_ h
n o 177 . P
where ' .
¢ = Ky(Pha) Pilo(Pza) ~ Ko(Pia) P211(Pza)
© g = Paly(Paa)lo(Pya) — PIy(Pia)oPaa)
S = Kol Poa) Paly (Paa) — Ky(Paa) Palo(Pra)
‘Thus
1 1.
a . a 3
=C - I{Pyry + L{(Py)
+ {Ko(Py) — K(Pyn} | (6)

is determmed completely.
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Sett_ihg r — 0 in equation (4) one gets the maximum deflection

w o, at the center of the plate,

wy,=A+ B + cxdge(gf) (7

T§ determine the displacement u, one gets from equation (2)

o

N\ 2
% —%I(%) rdr + K*

where K’.is the constant of integration. After evaluating the inte-
grals and using the boundary condition u — 0 asr — g, the equa-
tion determmmg u may be obtained. Alsoas r — 0, u — 0 from
symmetry. Thus the equation for « is obtained as

(8

ur =

oh’a?
" 12

="-A_2P,:2‘[‘-_‘—’ﬂ(—l131"—;,1@—)ﬂ) + l1 Z(Pia).az - %Ioé(P,a)a.?]
o+ 13,2_19;,é [“—’01529—1&@ + 12(P2a)a - —Ioz(Pza)a]
; "C'Z{é',-z E%izzl{ﬁ('})la)- - —?:K(,’(P,a)a"’ - Eko(p,a)x,(Pla)]
+ b%g'_[%&zx;?(i)za) —%KOZ(Péa)az - %Ko(Pza)K,(Pza)]'
Al - P (Pa)i(Pa))

- PzKl(P,a)Kp(P.za)]

[P,1(Pa)K\(Pya) + P.K,(Pya)l(Pa)]

Bep,P
—"E’Tlﬁzg_ [PI(P)Ky(Pya) + PpK,(Pia)I,(Pya))

+:BCIP2aML(Pa)K (Pya) + L(Pa)Ky(P,a)}
— Py {[{(P,a)Ky(Poa) — L{P,a)K(Pa)}]

— ACIPa{I(P@)K,(Pia) + Ij(Pia)Ky(Pya)}

= Pa{l(Pa)Ky(Pa) - I(Pa)K,(Pua)}]

IfPy —0,Py—~caorPL~—~a,Py— 0,~one gets from equation (6)

R
m2Da’al (oa)

v
+ L{ar aaK (aa) + aal (aa) log, (;)

w = — [Io(da) -1- Io(a'r)

+ Ky(ar) aal,(aa)] 10

and equation (9) also reduces to

[ Pa?
nDh

l(aa)"

: 3
] = aa  L(oad) + caK (ca) — 2
v + log, 5~ 2 aal,(aa)

_ %{Io(aa) - 1} 2

I/ (aa) (11)
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A—TEST PIECE.

+ B—LOAD SPINDLE,
C—LOAD PAN,

D—DEFLECTION GAUGE.
€ —GLAMPING BOLTS.

o o,
T '
e e Y

Fig. 1 ~ Experimental apparatus for load deflection test’

Equations (10} arld_( 11).are the results obtained by Basuli {5].-

Experlmehtal and Theoretical Results
Deflections of a 0.75-mm thick mild steel plate-were measured

_ expérimentally using sand as foundation material. The sketch of

the apparatus used is shown in Fig. 1 and is self-explanatory. The
value of the nondimensional foundation modulus, Kr = (K/D)a*
for sand used was determined experimentally to be 430.

The theoretical results according to Berger’s approximate meth-
od and experimental results both for Kr = 0 and Kr = 430 have
been presented in Fig. 2. Results according to Timoshenko and
Krieger (7] and Schmidt [8] corresponding to Kr = 0 have also
been presented for comparison in the same graph. It is 'observed
that results obtained from Berger’s method spprosdch more closely
toward the practical values and the error increases progressxvely
thh the i inérease of load functlon

Aéknowledgment
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_of this Note.
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Motion of a Stretched String
. Loaded by-an Acceleratmg
Forcel

s .

M. J. Sagartz2 and M. J. Forre‘staI? .

The use of explosives to simulate distributed impulse loads. on
various structural shapes has recently motxvated several analytical

solutions for the response of structures to moving forces travelmg'

‘at & constant velocity. Solutions are available for stretched strings
[1-3},3 beams [4, 5], and circular rings [6]. A recently developed
rocket-propelled trolley facility at Sandia Laboratories, Albuquer-

que motivated this analyms ‘Unlike the problems which have fore- -

es moving at constant velocity, the trolley is propelled at nearly
constant acceleration along a steel cable’ suspended between two

1This work was supported by the U. S. Atomic Energy Comm:ssion

2 Shock Simulation Department, Sandia Labomtones. Albuquerque, New '_

Mexico. ,Mems. ASME

3 Numbéers in brackets designate Reférences at end of Note.

Manuscript received by ASME Applied Mechamc:s Division, December,
1974; final revision, February, 1975.

mouritain peaks. In order to estimate the cable motion, a wave so-
lution for the response of a pinned end, semi-infinite stretched
string loaded by a force moving at constant acceleration is derived.

* Analysis

A wave solution is obtained by employing Laplace and Fourier
transform techniques, and the definitions for the integral trans-
forms given in [7] are adopted. For purposes of analysis the string

s considered infinite, and an image load is included in the equa-

tion of motion to satisfy the pinned end boundary condition. The
equation of motion is

paly/al I Taly/ox? = Polx — at’/2) — P&y + al’/2)
' 1

!
where p is mass per unit length, T is tension, y is deflection, ¢ is
time, x is the axial coordinate measured positive to the right, P is
the force magnitude, a is the constant acceleration, and'5 is the
Dirac délta function. The response is evaluated for positive x, and
the second term on the right-hand side of equation (1) is the image
load. The transformed solution is

‘ \"‘(E Sl 1 fo

exp [-s@a/a) (e " — ¢i¢%)
Ga/a (s v om0 @
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THERMAL BUCKLING OF SOME HEATED PLATES PLA_CED ON ELASTIC FOUNDATION
‘ ‘ S. Darta -
‘ Jalpaiguri Goverhment Engineering College, Jelpaiguri
(Reccived 2 December, 1974)

Thermal bucklmg of a heated equilateral triangular plate and & clamped elliptic plate placed on elastic Youndation .
has been investigated. The boundary of the plate is transformed conformally onto the unit circle. The critical buoklmg i
temperature is obtained with the help of error funetion.

Thermal buckh'ng of thin elastic plates is  of much practical importance in modern’ engineering.
Nowacki® has discussed the thermal buckling of a rectangular plate under different boundary conditions.
Mansfield? has investigated the buckling and curling of a heated thin circular plate of constant thickness.
Klosner & Forray® have studied the thermal buckling of simply supported plates under symmetrical

temperature distribution.

Stability of thin elastic plates having exotic boundaries sub]ected to hydrostatic m—plane loading can
easily be investigated with the help of approximate techniques such as collocation, finite difference, finite
. eloments; ete. Laura & Shahady4 have shown that it is convenient to conformally transform the given
domain onto a simpler one, i.e., the unit circle and the boundary conditions can then be satisfied identically.

In this paper thermal buckling of a heated equilateral triangular plate and a clamped elliptic plate
placed on elastic foundation has been investigated. ‘The foundation is assumed to be of the Winkler type.
The boundary has been transformed conformally onto the unit clrcle and solution has been obtained with.

«the help of error function. S -
- ’ NOTATIONS
The following notations have been used in this paper : ' . . 3
By, B, = constants ;

L Fo _
D = flexural rigidity of the plate = m .

B =jYoung’s modulus;

- h = plate thickness; .- _ . ‘ ~
_’b . . . [ )
Np=qoFE f 8 Tdz,
3
e :
- T ='temperature ; - ‘e
4, v = displacement in « and y direction respectively ; . O
W = deflection normal to the middle plane of the plate; . ' ) N

K, = foundation reaction per unit area per unit deflection ;
a = cosfficient of linear thermal expansion.

. THEORY - ) r

Let us consider a plate of thickness, k subjected to a temperature dlstnbutlon T which is mdepen-
dent of » a,nd ¢, but-varies arbitrarily through the thickness, i.e.,

T=T(@ . - v .

The plate is subJected to no external load and motion of all supports in the plane of the plate is pre:
vented. It justifies then, that under the above condition there are no dlsplacements in the plane of the
plate, ie., _ - .. - .

‘ =0 =0

Ly
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- On the above propositions the diffsrential equation for thia'displacement5 is e o

—0": )

Fora plate Diacpd on elastlc foundatlon hawng the foundatlon reactmn Kl, (1) becomes

DYAW 4 s N ww+m o e

- VEq. 2) masr*be.written‘ajs:' - { oo T : . , _
’ '/Y ' T:.“ - (vz‘—{—.Plz)'(V:z.,-l—»P‘f).W':‘ 0 . g . (3)

inwhiech . . o~ T T

BTt S

Do e e R
R YRS TR S e
. Ifz=a;-|- iy,,%_-: z =1y Eq. (3 )changes into o | ' |

o ) I o e

'~i‘ ‘ .,', K (4-%” +P2)( gza +P2). 0 \ (ﬁ)

B

N ’ T Let 2= f (g) be the analytlc function Whmh maps, the glven shape in the f-plane onto a umt circle.

. .

- Thus (6) ’rransforms into- complex co- ordmates as

S e e rea=

“Eq. (7)is Writfj&_h. as. - S . . )
o \”.* (VL+MHVL+&)W@,Y= O
©inwhich |, 5 T e -

Alz = P1 d z/d§)2 )\22 = P 2 dz/alg

veSaheen] e
Clearly the above form of W satisfies the edge condltlon W= 0atr=1. Puttmg (9) in (8) one
gets the error funection,, r,0 Galeriin’s procedure requlres that the exrror function-to be orthogonal over

-

the domain, ie., . : S L

S fc.ﬂwﬁnvwado—o =Lz KT . o

"_'Let“ C

Thls genera/tes (K X K) determlnantal equatwn -Tne lowest Toot of this nges the crltmal buck]mg
' temperature ) , .

-

APPLICATIONS S

(I ) Let us cons1der an equllateral triangular plate of side, 20, and plaeed 'on an elastlo foundatlon.

)

o

To solve the dlfferentlal (8) let us put o R ) R
R R W=me2 - Sy
. ,,4120 ,' » _ - - ___. - - r,.. . ) : - :_' _: :;'.- - . L i -

’.J”
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V2+2al Wy =0 (12)
‘ . (V2 4+ 23 Wy =0 S (13)
For the edge condition W = 0 along the boundary, let

. . ' K . K |
‘/ - Wz i~ ZB.n [ 1— (¢ ‘f_)” ] = ZBn (1— 7‘2”") . ' (14)
' Cm=1 o .

From (8) one gets

n=1

It is sufficient to solve either (12) or (13). The mapping function

' 1 5,0, 4
z=113562 0 [§+ 5 &t §7+ﬁ§’°] ‘ (15)

maps an equilateral triangular plate a unit circle in the ¢-plane.

With this mapping function putting (14) in (155) and remembering ¢ = feif one gets the re-
quired error function. After evaluating the integral given by (10) and taking K=2, the following deter-
minant is obtained. . - .

\

A2 ' BA2 4 .

6 1! o T3 o
BA2 4 42 0 =0 (16)
, 26 3 B
Solving (16) for the lowest roob, ons gats the critical buckling temperature.
- - 5-8 K, (1-1352 o2
D)y == 1— _ 1
, (Np)or= D ( v) [ (1-1352 a2 5-8D ] (17)

(II) Let us consider an elliptic plate having centre at the origin. Let 7 be the thickness of the Dlate.
For clamped edge boundary condition let us tale Win the following form. _

?V-= iBn[1~(£E)”]é o ' (18)

=1
Clearly
| ' 7 -
For the elli - i
or the ellipse 73 + i5) =
mapping function ‘ ) N ¥
' 2=10:99b (£ +0-12 £ 4-0-03 £ - 0-01 £7) - (19)
maps the above ellipse a unit circle in the ¢-plane. . With this mapping function putting-(18)
in (8) and remembering ¢ = rei one gets the required error function. After evaluating the
integral given by (10) and taking K = 2, the following determinant is obtained.
32 - 2 2 9 AR X22 ﬁ i 2 _ 2 33 s
T_?(Al + A )‘}‘T B B A2 Ay —I—Tm—/\l A2
Cloase 4 29 .., 5632 4 197 N

S a2 2 A /\ —_— )\2 A2 et 2 .
15 5()‘1 T )+ 576 - % 105 3 ( t +v-"')+ 375 M A (20)
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Solvmg (20) for the lowest root the crltlcal buckhng temperature is obtalned as

(NT)or—D(l—v) [ 446 +0-09¢ b2~11§

o _r29-2 2K1 /‘41{‘2—;«--- ) S
B i

-

e . CONCLUSION e

o

Solutlons obtamed in thls study are only approximate, because only the first term of the mappmg .
function is considered and K is taken to be - 2. More accurate results are obtained by considering the
remaining terms of the mapping functién and taking K more than 2. Solution of- the eigenvalue problem
governing the stability of the thin elastic plates having various conﬁguratlons such as regular polygonal
shape, circular boundary with flat sides, epitrochoidal boundary etc is easily accomphshed with: the help.
of the complex varlable theory apphed in th.ls study
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LARGE DEFLECTION OF A TRIANGULAR - OBTHOTROPIC PLATE ON ELASTIC FOUNDATION
R " 8.Darma : =
" " JTalpaiguri Govefninént"Engineering College, Jalpaiguri
(Received 30 July 1974)

“ Large deflection of an equilateral triangular orthotropic plate, resting on elastic' foundation has been solved for a
uniform load throughout the plate. General expressions for deflection and bending moment at a particular point
have been obtained and the limiting values of the theoretical results have been verified with the knowr results for

. small deflection and without any elastic foundation of the corresponding isotropic plate. Theoretical results have also
been presented in the form of graphs, - ) - - ) o

Triangular reinforced concrete slabs are sometimes used as bottom slabs of bunkers. Thus the design’
of this type of structure is of practical interest for Defence. These slabs may rest freely on soil or sand and
generally are subjected to a uniform load.- If the thickness of the slab is.small compared to the other dimen-

“sions, then it may be regarded as a thin orthotropic plate resting on elastic foundation and subjected to a
uniform load.  Within the elastic limit, the deflection of such plates may be large, i.e., the deflection is on
the order of the thickness of the plate. When a plate undergoes large deflection, three differential equations

for displacement and deflection may be written, but it is usually difficult to obtain solutions of these equa- -

tions because of their non-linear character,

. Various problems of large deflections of thin plates not-resting on elastic foundation have been examined
by Wayl, Levy2 and many other authors. But the methods used by them involve and -require
considerable computation. Berger® suggested that the strain energy due to the second strain invariant
of the middle surface strains may be neglected in analysing large deflection of plates having axis symmetric
deformation. Berger’s method reduces computation and -although no complete.explanation of this method
is offered in, Berger has shown that the deflections and stresses obtained for circular plates under uniform load
are in good agreement with those found in practical analysis. Since then numerous problems have been

solved with remarkable case and satisfactory approximation by using this method. Iwinski and Nowinskis -

generalised the procedure of Berger to ‘orthotropic plates and found out the deflections of cireular and
rectangular ple tes under uniform load and various boundary conditions. By using this approximate method
_BanerjeeS obtained deflections of a circular orthotropic plate under a concentrated load at the centre,

Berger’s technique of neglecting the second strain invariant in the middle plane has been applied by
Sinha’ to determine large deflection of circular and fectangular plates urider uniform load and resting
on elastic foundation. ' o : .

In this paper large deflection of an equilateral triangular orthotropic plate, such as reinforced concrete,
resting on elastic foundation has been solved for a uniform load throughout the plate. Foundation isassumed
to be such that its reaction is proportional to the deflection of the plate.

- - NOTATIONS '
@ = one-half of the length of each side of the plate:
e; = first invariant of middle surface strains ] .
&+ E,.in recta,ngular,_cdordjnates.: S
h = plate thickness ' o o
. K = foundation reaction per unit area per unit deflection-
- K

'Ky = non-dimensional foundation modulus = - at

g = uniform lateral load . . .
u;v =, displacement along x and y direction respectively
V,V, = strain energy C ‘ N T .
w = deflection in z-direction ) ' - '
€ = direct strain ' '
y = shear sfrain
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'FORMULATION OF‘PROBLEM -

For moderately large deflections, the stram dlsplécement relationships are

i o o gfw 2 e e e .
. . o0 \2 | _
€ = —.J +ua—2~ (-—37 ) e @) -
and ' .“ ' - ' '
| ad o w gw -
Yoy = T 5y T 2w oy - &)

Neglectmg the second mrddle surface strain invariant, the - ‘strain energy due to bendmg and
stretchmg of the middle surface of the plate of thlckness hy can be written as . e

22w - 9%w 2w ?;_( o
.”[ ( )+D132+D(ay)+4p””v('aw-ay)+/ .

in:;vl;ich | N . ' . - ‘
'61'_%% 1K, 2_;’_!__;_( ZZ_ )2_*__1%_(%)_)2 : 3 - ' (.6:)":

and B, , E'y, E, a'nd“G are> constants to characterise the elastio properties of the mdterial

By adding the potentlal energy of the uniform normal load; ¢¢’ and of the foundation reactron K
to the energy expression (4)s the modified energy expression is obtained as follows :

C oy a2w 2 ' :'02@0- 2 .
V*——ff[ (3902) + 2D 593—2"+DJ( ay® ) + 4Dy (ax ay) e
+ D,;lbf 31] dady —ff qu dwdy-'—i“ ff K'w2 dwd« ' . '(g)

Accordmg to the principle of minimum potentlal energy, the dlsplacements satisfying \the eth_
brium conditions make the potential energy ¥V minimum. In order for the integral of equation (8)
tobean extremumn, its integrand F, must satisfy ‘the followmg Euler’ s variational prmcrple

2F of _a_w(___) ' z‘( aF) i (2 ), @ (aF)

aw .—3—5( )— Y \ Wy + 32 \ 3y T 3y \ awy, T Y \ JWey =00
‘ 3a: (3%0‘) = O' o _ B (10)

and o S ‘ o |

.3 aF‘) o o -
Y ( vy . ) (11)
Applying (10) and (11) to- (8): respectively, we get . L .?- N _
: N ) i '

—a—w' (31) = . ‘ - _‘_ ___ :. . (‘2)

16
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o () = 0 : o L (13)
Thus

€y = 0/ . (14)
a normalised constant of integration to be determiped. Applying (9) to (8) and considering (14), we get -

o o 2Dy +2D) _g'w 130 (.3%0 L W) | K g
R A s Y TD Tp W

Introducing the notation o
R H = Dl + 2 'D.‘l'y
Equation (15) can be written as

2t w s tw CH gt w 120(32w 3%0) K _ ¢ 1
- . e e — L (0" _— _ = i 6
aot ThO 7y T, a2*ay? W\ g o Yay) T S b, (¥
For aslab with two-way reinforcement in the directions z and ¥, H can be taken ag?
H = (.Da) -Dy)%
Introducing now
=
D, \t
h=y ( -DT,) an
Equation (16) is reduced to the form '
K q . ’
2 ___ 2 2 - = =
(V3—0a?) V2 w 4 D, "=, , (18)
A in which o2 = % '
and o ‘
2 2 4 &
S az%  ayp®
/ ' SOLUTION OF PROBLEM
' ~ Let the plate be in the form of an equilageral
¢ “triangle, 4BQ (Fig. 1) having each side of length 2a,
™ © Let the centroid  be the origin, X-axis and Y-
3 ‘ " axis perpendicular and parallel to the base BO res
L pectively. Ifz,, 4, be the cartesian coordinates of any
' point, p, within the triangle p, Pz ps be the threo
X perpendiculars from P on 04, AB and BC respec-
® | ¢ tively, and » be the radius of the inscribed circle, then
2 ' B Hhvd
x ' : Co N

Fig. 1~ Equilatera] triangular orthotropic plate. 2 .2 2 o
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P =7 —&,
Py + Py Py=3r=4/30= K2 = constant,
and
® 2

22— — . -
9 ' gy
_32+32+32 * 9 8
aP? ' gPg2 ;.)P2 3P18P2 3P, 3P, aP; 9P,

Using the trilinear Coordinates® pl, Doy p; the deflection w can be taken in the form’

Z‘” . 2n7r P, ommP, 2n1rP3]
[ + sin x, -+ sin K, (19)
n=1 ) -

where A, = a -constant, - .
The above form of w satisfies the following-boundary. conditions of simply supported edges :.
" w=08t P,=0, P,=0, P,=2

Expanding the transverse uniform load ¢, into Fourier Sine series

XN 2 [, Py . 2mPp | . ZanP,
_Z n—"[‘sln T:{— smv K, -+ sin K, ] (20)

and substituting (19) and (20) into (18), we get

2 ‘ R |

[+
e Z o | |
nwDy [(_2__’n7r) R (277,71' K (21)
n=1 KZ + o K2 + —D‘“ ] ‘
-To determine «, Equamon (6) is tra,nsformed into gz, 3, ocoordinates in the following form
a2h2 3 oo 1 ow \2 1 o0\ '\,\\‘.\ ,
12 . T T (e—wf) Ty ( amn ) (22)
The boundary condlthns on % and v are _ ’ \ )
%=0at Py =0 (23)
S ),
V3v+u=0atP,=0 N (20)
o : V3o—u=0atP =0 e T )
The following forms of w and v satisfy the above bo&ndar}ébﬁaiti'onél T "
: T 2 P P I: ’ | N '\,
W u= zvsBﬂ.[ n e Bt Dy g 2"‘”(P¥+P3) ] (26)
. K, K; )
: m=1 ; S : e
. . .
. P, + P,) . 2w (Py 4 Py)
- B [ 2 ( 3 m 2 3 ] o7
? Z \/ B kK, ™ K, - @0

'

in which B,_,', ;s a constant;
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Datra : Deflection of a Triangular Orthotropic Plate

Substituting the expressions for u, » and w into (22) and integrating over the whole area of the plate,
the following equation-determining o is obtained:

27,2 2.2
ock _z 3A,L ne (28)

 Thus w is completély determined in the following form in z, ¢ coordinates

) 1 T 1 T
w= A, [ 2 sin 20 (? 4+ -2—(/%) cos _‘,———VKI?/ 4 sin 2 @ (—3— -5 )] (29)

If Dy=D,= D,a->0,and K = 0, (19) and (21) give the deflection equation for an isotropic plate not

resting on the elastic foundation in the following form :

[o2] : . .
. Z' gKL [ . 2nmP . 2na P, . 2nmwPy
w = S SD [sm ——K2 - sin K, ~+ sin K N (30)
n=1 -

The corresponding equation as obtained by S. Woinowsky-Krieger for 2 plate having each side of length

—IS ~

Vs
q 3 9, 2 2 \ 4 3 4 2 2 2
W= e w—3ym——a(m-+y)+7a o @2y (31)
At the origin (P = Py= P,), w is given by (30) as '
' 27qa* a*
= 87751) Z ”;’LF sin = -0J9 qD ’ (32)

which is numerically equal to that obtained from (31) for the plafe having each side of length 2a as

_ qa4 L qall
), o= Tosp = 95

NUMERICAL CALCULATION
To caleulate deflection atany point within the plate, we have to start from (28) with an assumed value of

4
D Once thisrelationship is obtained, the
x
borresponding deflection can be obtained from (19) with the help of (21).

(« @) leading to the corresponding value of the load function

At the origin maximum deflection is obtained and is given by

sin ___2n il :
() 2, :
=—\ 53 1 2 2 A2 2
h P D2 S n[ 167-; 7 + 47 n3oc i +KI«‘] (33)
in which the non-dimensional foundation modulus '
K at
K = D, (34)

For Kp ='0 and K = 100 graphsare plotted in Fig.2 showing the deﬂection—z at the centroid

of the plate against the loads, Fig 2.. also contains a graph plotted according to the linear theory.
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"CONCLUSION - v

From Fig. 2 it is clear that design calculations
should be made according to the non-linear theory,
becatise deflections calculated sccording: to small de- -
flection theory will be far from the actual values for -
higher values of load function. The effect of the foun- -
dation is to reduce the deflection for a given value of
load function. : &

Because the deflection, w, has been -deteriniﬁed,
bending moments and stresses can be computed easily,
The bending montents -M, and M, at the céentroid

—— r x ; r ,  of the plate are obtamed as -
100 300 - 500. 700

c’a/Dx, ‘ i - . o
Fig. 2- Doflection curve, T . .- o _ _
. Ca— -
' . 2n ar e
’ ® ° 7 sin —5
My = & (14 v ge? z [ 16 =% 5t 4 4}:2 n2 o2 g2 x ] " . - (35)
e n=1 9 5 . , | ,

v, 1s the Poisson’s ratio for concrete.
For is-obropic pla,te'without elastic foundation and undergoing small deflection ~ », — v, B = 1,

Ky =0, o~ 0 and for a plate having each side of length 35 and (36) Jead to"

V—J

qa2

My = M, = (1+ ») (37)

which is the same result obtained by Timoshenko?. L
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Buckling of a non-homogéneous réctangular plate on

elastic foundation

S. Dattax

Critical buckling conditions of a non-homogeneous éimply supported rectangular plate l‘mder the action of
combined bending and compression and placed on an elastic foundation are investigated with the help of the

error function. Results obtained are presented in the form of graphs.

Critical buckling conditions of homogeneous thin
rectangular plates subjected to combined bending
" and compression were investigated by Timoshenko
and Gere', Johnson and Noel?, and many others.
The object of this paper is to use error function to
obtain the approximate solutions in the case of
buckling of a mon-homogeneous thin rectangular
plate under thke action of combined bending and
compression in the middle plane of the plate. The
plate is placed on an elastic foundation and is simply
supported. Bradley® used finite difference approxi-
mations to the governing differential equations to
investigate stability of equilateral triangular plates.
There are other numerical methods for the solutions
of these types of buckling problems. But these
methods are time consuming.

Since the governing differential equation obtained
in this paper cannot be exactly solved, approximate
solutions have been sought with the help of error
function and by applying Galerkin’s principle. It is
observed that the results obtained from this method
for the homogeneous plate not resting on foundation
“are in good agreement with the known results obtain-
ed by strain energy method. Flexural rigidity of the

plate is assumed to vary exponentially and the foun-

- dation is taken of the Winkler* type. Results obtain-

ed have-been presented in the form of graphs.

ANALYSIS

‘Consider a simply supported rectangular plate of'

varying flexural rigidity, and along -whose sides
x =0and x = « (Fig. 1) distributed forces, acting
in'the middle plane of the plate are applied. The
intensity of the forces are given by the equation

)
Ny (1 —as )
where Ny is the intensity of compressive force at edge
y=0and « is a numerical factor. The plate is
placed on an elastic foundation having the reaction,
K, per unit area per unit deflection and is subjected
to a uniform transverse load, g.

N

(N

The governing differential equation of equilibrium
of an element of the plate not resting on foundation
is (Timoshenko and Krieger?)

Pw
ox>

°M,
Ox*

02 My
oxdy

02M. [
Bt (+qu

) @

*Assistant Professor and Head, Department of Mechanical Engineering; Jalpaiguri Government Engineering College,

Jalpaiguri.

-~
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: ' ‘otw - Pw
where Mx = — D(sz-i-v 5})—2\) )
, . 2w 22w R
i Pw !
My, = D(1—v) o9y

D being the flexural rigidity, v the Poisson’s ratio, and -

w the deflection in z-direction. - Substituting Eq. (3)
in Eq. (2) and observing that the flexural rigidity is a
function of the co-ordinates x and y, one gets the

. differential equation of equilibrium for a plate resting

on elastic foundation

(2D o2 o*w 2D  w
Vz (Dv2w) ~ (1—v) ia o T 3xdy 8‘68}1
2D Pw e
3Faﬂ}+mw—q+m @

For simply supported edges the deﬁectlon can be
represented by the double series - :

o0 i E L
W = z 2 C,,,,, sin mmx sin nzy ) 5
m=1

As the ﬂexural rlgldlty is varlable, let
D = Dy g2y xla o ’ ()
whre Do and oy are éoﬁstaﬁts.;: : »

Eq. (5) is an approximate solution of Eg. (4) and
therefore substitution of Eq. (5) into Eq. (4) results
in 'thé following eiror function, Ex,y)

’ 292
E(x,y) = Cmn Do [{( TZ’/’T) + (_];1—1' ) }
" 4af ma\® [ am\2)] o
S Y] e
‘ nwy

Cun K1 sm Tsin 5 9

. mnx .' nw
X sin e sm% +

. 2
- C,,,,,No(n%r) (1 ——% y) sin ’% sinn—zy
.

According to Galerkin’s principlé, the following con- '

dition is imposed on the error function, E{x,y)

a b

jjmmwmm@@%q @®

00 —

-

Substituting Eq. (5) into Eq (8) and observing that

» .

ysin®™ sin LV gy = Ppori— i —
Iysm 5. sin < dy = 4_forx-—j—
1] . . . . :

0 for
i # jand i 4 j an even number
4 i
2 (l 2)2

and 7 + j an odd number

for i#j

one gets the following

6 . 2% \2
gal (1—6"2“ ) z EC,,,,,[ 772(17’1 + nb‘: )
m=1 n=l .
4“‘( "t b? )] (mm? o)

’ 00 00 . 16 4noo
2 __‘1“_
R S ECM - E Emn

me=1 n-=1

o0

_—Eﬂa mC —-— m C .
o 1 n= = '

) me=

L6 R R
B % zzcmt (_ng'_,iz)z}] =0 )
n=l i ) o

Where the nondimensio‘nal foundation -‘modulus,

Kr = K1Da and n + iis always odd
~’0
. Taking n = the deﬂectxon W is obtained from
Eq‘ (9) ‘ oo
1600 X N> 1 1
y — 2099° 2 gin X my o«
W De 2 — sin® p sin B X i

m=l n=l

where,

- [£5ES S

m=l ‘n=l

n2a2)

: ’ 2 42 2
]\ro’.rrda2 - & 5 o ’
— 22N (“T) , (10)
m=1 . A
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From Eq. (9) the crmcal buckling condition is obtain-
ed when

RIS Sre 130 (3e
m=l np= m=l
16 O o -
ni
gt 2 Ecml (nz_iz)z}]
n=1 i

e | —e—2a zoo Eoo 242 \ 2
. ( e 1) C nea )
- mn bz

me=l N1

.— 4t (m2+v ' )] e

5 ]| @+ od)

0 o0
Cmn

m=1 n=1

4+ Lk (11)
T .

The plate may buckle in such a way that there can be
several half-waves in the direction of compression
but only one half-wave in the perpendicular direction.
For one half wave buckling m = 1, for two half-
waves buckling m = 2 and so on.

If the plate buckles in one ‘half-wave, one gets

from Eq. (11) by taking m=1 a system of equations
of the following kind

(l—e 2x.) n"’az) _
.C“"[ S e 7 (1)
n*a* - Ky a*h( «
(1 +v B )}+ —T’_T'—/O'crﬂ_z—Dn kl”_ ) )]

a%h ni
25 ghn o o

—8occ,,.,

where oo = (No)er/h, h being the plate thickness.

The lowest root of the determinental equation thus
formed will yield the critical buckling load. From
the first approximate Ilowest root, one gets by
taking n = 1
2
oo = KT Do

b*h (13)

where

1—e™3

K= 1_2/2 [ 2a1(7® +a2) {

) b? . Kr b?
— 4u.§ (—a?-{- v)} ﬂ_f v :I

Thus the buckling Iéad‘is a function of a/b and the
foundation modulus, Kr.

a

For a = 0, the critical buckling load, o., is obtained
from Eq. (11) by taking n = 1 -

D,
Oor = K 75 (14)
where ‘
. 1—e~2y b a\?
K= 2a1(w2m2+a§){"2 (’"2 a ™t E)
b® Kr b*
— 4a1(m’ —5 -+ v)}—{— "Tn:z E
m=1,2,3,.) (15)

For homogeneous material, Do — D when a«; — 0.

Setting a3 — 0 in Eq. (13) one gets the critical buckl-

ing load for a homogeneous plate on elastic founda-
tion for one half-wave buckling

2D
Ger = K’; 3, (16)
1 b, a\* K b?
where K =17 [(?z + 5) T a‘"]
For Ky=0, Eq. (16) is the result obtained by Timo-

shenko and Gere!. For m half-waves buckling, K in
Eq. (16) can be expressed :

b a-2

2
asK:%_z(mz\_*__)_*_ Ke 1 b

.n.d. m! aZ (17)
The ratio.a/b for which o, becomes a minimum for
uniform compression is obtained from Eq. (15) and
denoting this ratio by (a/b)er, one gets for a homo-
geneous plate

:

|5 )c,= - (Ke + it (18)
and for a nonhomogeneous plate -
ay m‘,- + Kr -2a1(112m2+a§)_ 4atm? 1/4
b Jer asm? (1 —e?*y) w2
B (19)

The ratio a/b at which the transition from m to m--1
half-waves buckling occur can also be computed
from Eq. (15) For homogeneous plate under uniform
compression, transition from one to two half-waves
occurs when

a KF 1/4
B o
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and transition from two to three half-waves occurs
when ’
Kp \13_ e
— (36— Ke ) -
ki

Eq. (13) gives saﬁsfactory results for small values of
. An improved result is obtained by taking two equa-
tions of the system Eq. (12) with coefficients Cy; and

g
b

Ciz and setting the determinant equal to zero. Thus
for one half-wave buckling
2D
o = K220 ’;2 = (20)

where

{0 _('1‘ 5)
) + [-0013 ot — -041( 1—% )z]
oot BT

_ (1—a/2) (B + 2KFr/7*) ]

1
K = [{0065a2—2(1

2Kr

(B+

2064 o — 2 (1—a/2)? a*
gmd
I l;]'_e—2oz 2
4= {'2‘—u1(w2+a§>} i (1 +55)

e o+ )
e (140

_ 1___3—2u1 2 a2 . LA}\
= Zu(@Tal) {” (” 10 -+ 174 )
‘ 2
— 4 a§(2 SVF)}

For pure bending when « = 2 Eq. (20) reduces to

’;,f"[z 77b—(A+B ZF 4 or KF )/] @1)

CGer =

Setting a1 - 0 in Eq. 21 one gets the buckling load

under pure bending for a homogeneous plate for one

half-wave buckling

2
o_”:K'n'D

T (22)
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where

. b2 a2 2 4a2 2
K=27722[(l+b—2~)‘(1 %)
K 1/2
+(2+10 +17b4)ﬂ4+ F] »

For m half-wave buckling K in Eq. (22) can be writ-
ten as

1 b? L a* \? 4a®
2 172
+ (2m4+ 10m22—2+ 172 ) Fy KF ]’
(23) -

The presence of the foundation modulus, Kr in
Eq. (10) reduces the deflection, w and hence the
bending stress. Therefore Egs. (20), (21) and (22)
resulting from two term api)roximation of Eq. (12)
may be tzken as fairly accurate.

RESULTS

Numerical results are  obtained for two 'cas.es~ (a)
when the plate is under. uniform compression, and
(b) when it is under pure bending. For uniform com-
pression of a homogeneous plate, the values of K are
calculated for different values of a/b with.the help of
Eq. (16) for one half-wave buckling taking Kr = =%,
and « = 0. For two half-waves and three half-waves
buckling Eq. (17) is used with the same value of KFr.

These results are presented in-the form of graphs in
Fig. (2). For a non homogeneous plate tinder uniform
compression, the -values of K are calculated for one
half-wave, two,. and" three half-waves buckling by
taking the same value of Kr and «1=0"1 in Eq. (15).

“These results are presented in Fig. 3. The values of

K when the plates are not on the foundation are
also presented 'in Figs. 2 and 3 for comparison.

i
ol .
< | _ v X
N\, Y
b s 7
. K-
Yo ¥y
- Y
FIG. 1 RECTANGULAR PLATE
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FIG. 2 HOMOGENEOUS PLATE UNDER UNIFORM
COMPRESSION

WITH FOUNDATION
~0—€—¢— WITHOUT FOUNDATION

Ma2

WITH FOUNDATION -
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FIG. 4 HOMOGENEOUS PLATE UNDER PURE

VIiTH FbUNOAﬂON .
B—&—8 WITHOUT FOUNODATION

ARIAED g

m=1

15
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e
[t
O
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PRV § T

BENDING

Foundation increases the buckling load

Resistance offered by the foundation is more for

one half-wave buckling compared to muitiple

(iii)

(iv)

half-waves buckling. When buckling is in more
than one half-wave, the foundation resistance
remains practically constant. -

Foundation increases the (a/b).r ratio and reduces
the a/b ratio at which transition takes place as
compared to a plate not resting on foundation. .

A non-homogeneous plate will have 10wér‘
buckling load as compared to.a homogeneous’
plate.

ole
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FIG 3 NON-HOMOGENEOUS PLATE UNDER UNI-
FORM COMPRESSION

-~For-pure bending of "a“homogenebus plate
Eq. (23) is used for calculation of K for different

values of a/b taking Kr = #! and the results are

" presented in Fig. 4. In the same figure the corres-
ponding results for K Wlthout foundation are ~also
presented for comparison. A

v

CONCLUSIONS

From the foregoing analysis and from Figs. 2, 3 and
4 the following conclusions may be drawn:

104
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NOTATION
al b Length anzl bréadth of the plate respectively
D Flexural rigidity of the plate = B

N 12 (1—v?)
E Modﬁlué of elasticity ‘
h Plate thickness

A numerical factor )

q Léteral distr@b_uted load
W Deflection in z-direction )

-
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x,y  Cartesian co-ordinates ' REFERENCES

Dy Flexural rigidity of the plate at the edge x=0
1. Timoshenko, Stephen P., and Gere, James M.,

K F Ound'fltlon reaction 129_1'@5'1“.@@ area per unit ““Theory of elastic stability”, McGraw-Hill Book Co.,
deflection Inc, New York, N. Y. Second Edition, 1961, p. 373.

. i K
- Kr -Non-dimensional foundation modulus =— a*
F - v Dy 2. Bradley, W, A.; “Stability of equilateral triangular

N.  Normal force resultants per unit length in Plates’, Journal of Engineering Mechanics Division,
* - p gt ASCE, Vol. 89, No. EMI, 1963, pp. 37-56.

middle plane of the plate

No Intensity of compressive force at the edge y=0 3. Winkler, E., “Die lehre von der -elastical und festi-

o, &3 Numerical constants gkeir”, Prague, Dominicus, 1867.

No)er Critical buckling load o :

(‘ Wer . . & 4. Timoshenko, S. p., and Krieser, S. W., “Theory of

Oer Critical buckling stress plates and shells”, McGraw-Hill Book Co., Inc., New
York, N. Y., 1959, p. 379.

v Poisson’s ratio

g
{
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Large Deflection of a Circular Plate on
Elastic Foundation under Symmetrical

Load

S. Datta

DEPARTMENT of APPLIED MECHANICS
JALPAIGURI GOVERNMENT ENGINEERING COLLEGE
JALPAIGURI, W. BENGAL, INDIA

ABSTRACT

The large deflection of a clamped circular plate on elastic foundation under

" nonuniform but symmetrical loads has been investigated following Berger’s

approximate method. The deflections are obtained in the form of an infinite

series involving Bessel functions. Graphs are plotted for deflections, bending

moments, and bending stresses for various values of foundation modulus and
load functions.

INTRODUCTION

Timoshenko and Woinowsky-Krieger [1] and several other authors have
examined small deflections of thin plates on elastic foundations on the as-
sumption that the strains of the middle plane of the plate can be neglected.
When the deflection is moderately large, that is, on the order of the thickness

331
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of the plate, then the strain of the middle plane of the plate must be con-
sidered. In that case the analytical solution of the differential equations be-
comes difficult because of their nonlinear character. Way [2] and many other
authors have.examined moderately large deflections of plates not resting on
elastic foundations, and the methods used by them involve considerable com-
putation.

Berger [3] has suggested that the strain energy due to the second strain
invariant of the middle surface strains may be neglected in analyzing moder-
ately large deflection of plates having axisymmetric deformation. Berger’s
technique reduces the computational effort considerably, yet the stresses and
deflections obtained for both rectangular and circular plates are in good

" agreement with those found by exact analysis. Berger’s method has been
extended by Nowinski [4] to the case of orthotropic plates. Nash and Modeer
[5] have investigated problems without axial symmetry by using Berger’s
technique. The same approximate method has also been applied by Sinha [6]
to determine the moderately large static deflections of circular and rectangu-
lar plates resting on elastic foundations and under uniform load distribution.

In this paper we study moderately large static deflections of circular plates
on elastic foundation and subjected to special classes of symmetrical trans-
verse loads, which are distributed over a concentric circular portion of the
plate. Deflections, bending moments, and bending stresses are calculated for
different values of foundation modulus, and these are presented in the form of

graphs.

FORMULATION OF THE PROBLEM

For moderately large deflections the total potential energy of the system is
given by

V= Ejj[(VZW)Z + ;z‘ie% - 2(1 - V)(Wxnyy - ny + h_zez>

K _, 2qW
+DW > ]dxdy (D

in which the last two terms in the integrand represent the potential energy of
the foundation and of the applied load, respectively, and e, and e, are the first
and second invariants of the membrane strains. If, following Berger [3], e, is
neglected, then the variation of V" with respect to the in-plane displacements
leads to the drastic simplification that e, is constant.
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In polar coordinates, and under the assumption of circular symmetry, the
governing equations become

de u  1/dW\? o?h?
elEE+;+§W =1—2=COIlSt (2)
K q
4 22 — = =
VW — PV + W = @)
in which
d* 1d
2 . —_—
v =dr2+rdr “)

- To these equations must be added a suitable set of boundary conditions. As
has been observed in a recent note by Nowinsky and Ohnabe [10], the present
simplified method leads to acceptable results if these boundary conditions
involve fixity against in-plane displacements. This assumption has been
adopted in the following examples.

SOLUTION OF PROBLEM

Let us consider a clamped circular plate of radius a, with the center of the
plate taken as the origin. Let there be a symmetrical distribution of transverse
load varying as (6> — r3*, (A > —1), over a concentric circular area of radius
b < a. Hence

q finy=Cc@®*-r» (r<b<a)
4 - 5
D {0 b<r<a) ©)
and Eq. (3) now becomes
(V2 — )V W + —gW = f(r) ©)

The boundary conditions for clamped edges are
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Let us now assume the deflection W in the form
w =S;AS[J0(PJ) — Jo(Pa)] (S)

where J, is the Bessel function of the first kind and zero order and P; is the
Sth root of J; (Pa) = 0, J, being the Bessel function of the first kind and first
order. '
This automatically satisfies the boundary conditions for clamped edges.
Since

&P 1d ,
[‘F + ;d—r:lfo(f’sr) = —PgJo(Py)

substitution of Eq. (8) in Eq. (6) leads to
y ASI:P;‘JO(Psr) + > P2Jo(Pr)
S=1
K
+ 5 Uo(Per) — Jo(Pa)} | = f(r) e
or, by expanding f(r) in a series of Bessel functions,
@ a2 N ™ ¢
A 7| PL(BS + &8) + 5| Jo(Psa) = | fr)Jo(Pyr)r dr (10)
0
Setting » = b sin 8 and f(r) = C(b* — r?)* in the integral of (10) one obtains

E * A o(Par)r dr = 'r Cr(p* — r)AJ,(Py) dr
0 1]

/2

= Cp*¢+D j sin § cos>**1 9 Jo(P,b sin 0) db
o

_CRPO L (PHA+ D) 1

- (Psb A+1 R ( )

This is a special form of Sonine’s first definite integral containing Bessel
function [7], where 4 > — 1. Finally, with the value obtained from Eq. (11)
used in Eq. (10) one gets, after simplification,

4 = C@BY 3 1 (PHTE + 1) (12)

§ K
@ P1ar + o) + P e
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and hence

CERHMTA+ 1) i Ji0 1(PBWIo(Pyr) — Jo(Psa)]

W = az K (13)
s=1 |:P“3(P2 + a?) + PA+1 :IJO(P a)

Except for the as yet unknown value of « this determines the deflection
curve W(r), including the maximum deflection

CEBY*IT(A + 1)

Wmax = W(O) = a2

i i1 (PD)1 — Jo(Psa)]
s=1 I:P‘”(Pz + o?) + P! ﬁ]]%(Psa)

(14

To determine the displacement u we obtain, from Egs. (2) and (8),

A2P2J2(P r)

._.
(%

NI —
Ms

1 @D o0
- 5 Z Z___ AsAmPstJl(Psr)Jl(Pmr) (15)
S+

(16)

. [ {PSJZ(Psr)Jl(P }r)g _ll")le(Psr)Jz(Pmr)}] + K

where K’ is the constant of integration, whose value is determined from the
boundary condition

@)= =0 {n
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Thus

© 2h2 2 .
Y A2P2a2Ji(Pa) - S =0 (18)
& st ol 2

Bl

K'=

where the second equality follows from the regularity condition

(=0 = 0 19)
Hence
212 © .
= 3 Aea @)

determines the value of «. For example, let
A=4% K=0 : 1)

then the deflection W is given by

W =SZ:1AS[JO(Psr) — Jo(Pa)]

_wC g o2b)
=7 X PN + O3 Pa)

Jo(Pyr) — Jo(Psa)] 22

in which

1 P2b? Pib*
Q(P’b)=§[l_2x5+2x4x5x7_”']

As is common in Berger’s approximation the large deflection effect is con-

tained entirely in the value of «. With « = 0, Eq. (22) agrees with the result

obtained by Sen [8] for the corresponding small deflection problem.
Another type of transverse load function to be considered is given by

Cr*—-bY (@O=r=b<a

0 (b=sr=ga

10 =4 @

Expanding f(r) in a series of Bessel functions and proceeding in the same
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manner we find

4 = 32bC(4 — PZb*)J,(P.b) 4)

s K
azl:PZ (P2 + o®) + P} B:IJ 2(Pa)

or
32bC i 4 - szz)Jl(P,b)[Jo(P r) — Jo(Pa)] 25
§=1 [}ﬂ()?2 +a®) + P ] 2(Pa)
The central deflection is obtained putting r = 0, that is,
W - 326C & (4 — P2b?)J,(P)[1 — Jo(Pa)] 6

2
@ 5= I:P7(P2 + a?) + P} K]JZ(P a)

Once again, u(r) and « are found by substituting Eq. (24) in Eqs. (16), (18),
and (20).
With W a function of r only, the radial bending moment is

M, = —D[%VTV+ v(%-‘%y):l (27
Coﬁsidering Egs. (13) and (27) the value for the behding moment for the type
of loading in Eq. (5) then becomes
DCBY*TU + 1) & PJ, . (PD)
a s=1 I:P;” (P2 + o) + PIH %]J?,(Psa)

M, =

x [PJO(Psr) +0- 1)}J1(Psr)] 28)

For clamped edges the bending moment is a maximum at the center, that is,

DCRBYHTA+1) 1+
3 X
a 2
< P4 1(Ph)
K
s=1 |:P“3(P2 +a?) + P}T 5 ]JO(P a)

(Mr max =

x (29)
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The maximum bending stress is given by
6

(0',. max = Zi (Mr)max _ (30)

Hence, in summary, the maximum deflection, bending moment, and bending
stress for A = 1 are as follows:

W = 4I(>;C 2 Jo(PHL — Jo(;sa)] 6D
F [ pier + ) + PG |3Ra)
2 Cbz Jo(P
M =2 49 ¥, AF D 32)
=t [PZ(PZ + a?) + ]J%(Psa)
12DCh> & Jo(Pb
o = — 21 4 F PH) @)
= [Pzwz +o?) + ;,—] J3(P.a)
For small deflections (¢ = 0) and for K = 0:
40°C & J(PH) — Jo(P,a)]
o = 8 B S o
200" | & Jy(P
(M) max = +v) Z P4j(()(},)‘1) (35)
12DC5* | P
(O )max = — &z +v) 2 P42( (f)a) (36)

The results are now used for the numerical computations and evaluation.

NUMERICAL RESULTS

Numerical results are presented here for the case of the circular plate with
clamped edge. The type of load function considered is as in Eq. (5), with
A = 1 and a = 2b. The maximum deflections and bending stresses are calcu-
lated for various values of the load and for various values of the foundation
modulus. These are presented in the form of graphs. Central deflection and
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maximum bending stresses are also calculated for small deflections, and these
are also presented in the form of graphs for comparison. Variation of the
bending moment along the radius is also calculated both for small deflection
and large deflection.

In calculating the central deflection we start from Eq. (20), with an assumed
value of (xa) leading to a particular value of the load. Once this relationship
is obtained the maximum value of the deflection can be obtained from Eq. (31)
for various values of the foundation modulus. These results are presented in
Fig. 2. An examination of Eq. (31) reveals that as the radius of the plate in-

- a |
| \/ 13

Fig. 1 Deflected plate shape.

I\J// | A =1, @ =s,a=2b
[

=0, =0.

/ K =50. o =o0.
1SN

~Ke =100, o =o0.

50

3
/) =150, X = 0.
/ //// \;K: =200, A =0 /";’
y gl —
| S
/ %/, ><\ _
K. =0
i BZZZSSNE=
7 < N—F
MRAX /// \\_KF =109
h = \\ K =150
N K =200
cbé 350 loo 150 200 250
h

Fig. 2 Deflection.
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creases, the central deflection also increases for given load. For small deflec-
tion Eq. (34) is to be used for the calculation of the central deflection.

In calculating the bending moment for various values of (r/a), Eq. (28) is
used, with A = 1. The variation of the bending moment along the radius of
the plate is presented in Fig. 3. Variation of the bending moment along the
radius according to the linear theory can be calculated with the help of Eq.
(28) by letting« = 0 and A = 1. The maximum bending stresses both for large
and small deflection and for various values of foundation modulus can be
calculated with the help of Eqgs. (33) and (36). These values are presented in
Fig. 4.

For the type of loading in Eq. (23) the central deflection for various values
of the load and foundation modulus are calculated with the help of Eq. (26) in
conjunction with the corresponding equation for «. Values of the bending

4
\ A=l MOMENT  SCALE”
S V=13
1 SMALL DIVISION = 0%¢
\,
2
/_I_(F = 0.
‘ KF = 50.
|
MR
H=
0. ) Y 3 8 10
\ | J/_L(F:.-.O, A =
N K = =
NS
N
N
\\

Fig. 3 Bending moment.
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moment and bending stresses can also be calculated from equations similar
to (28), (32), and (33).

The results obtained are in good agreement with those found by other
authors (where applicable). This includes the case of 1 = 1/2 (see Eq. (5)) and
K = 0 as shown in Fig. 5, which was previously treated by Banerjee [9].

APPENDIX—NOTATION

The following symbols have been adopted:

radius of the plate
a constant less than a
a constant
3

flexural rigidity of the plate = 1————2(1 )

B O as=.

Young’s modulus

e, first invariant of middle surface strains

e, second invariant of middle surface strains

h thickness of plate

Jo Bessel function of the first kind and zero order
J1 Bessel function of the first kind and first order
J, Bessel function of the first kind and second order
K foundation reaction per unit area per unit deflection
q load

r, 8 polar coordinates

u radial displacement

V  strain energy

W deflection of plate in Z-direction

X,y rectangular coordinates

¢ strain in middle surface

K
K foundation modulus = 5 a*

v Poisson’s ratio
I" gamma function
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Abstract—A unified method for determining the lowest natural frequency of large amplitude free
vibrations.of thin elastic plates of any shape and placed on elastic foundation is given. The conformal
mapping technique is introduced and Galerkin’s method is used to calculate approximate values of
the lowest natural frequency. Time periods for circular, square and cornered plates placed on elastic
foundation have been determined for simply supported and clamped edge boundary conditions.
Practical values have also been determined experimentally. The results are presented in the form of
graphs and they are compared with other known results.

-INTRODUCTION

An approximate method for investigating the large deflection of initially flat isotropic
plates has been proposed by Berger [1]. Essentially, this method is based on the neglect
of the second invariant of the middle surface strains in the expression corresponding to
the total potential energy of the system. An application of this technique to the. case of
orthotropic plates has been offered by Iwinski and Nowinski [2] and further boundary
value problems associated with circular and rectangular plates have been investigated by
Nowinski [3]. Sinha [4] applied this method to investigate large deflections of circular
and rectangular plates placed on elastic foundation. Nash and Modeer [5] found the large
amplitude free vibrations of rectangular and circular plates by applying the technique
offered by Berger.

In this paper a unified method for determining the lowest natural frequency of large
amplitude free vibrations of thin elastic plates of any shape and placed on an elastic
foundation is given. Following Berger’s méthod a simple fourth-order differential equation
coupled with a second-order non-linear equation is obtained. If the boundary of the plate
is a curve natural to any of the common coordinate systems, the solution of the differential
equation can be expressed in terms of known functions. For more unusual boundaries, the
riatural coordinates must first be determined and after this is done, the solution would
inevitably involve some unfamiliar functions. The determination of natural frequencies in
this case will then be very complicated. Therefore a common coordinate system and its
associated functions is used for the case of plates with complicated boundaries.

In order to satisfy the prescribed boundary conditions, the domain is conformally
transformed on to a unit circle. Once the transformation function is known, the problem
is reduced to the solution of the transformed differential system. In this paper Galerkin’s
method is used to solve the transformed equation.

The ratio of time periods for circular, square and cornered plates placed on an elastic
foundation have been determined for simply supported and clamped edge boundary condi-
tions. The foundation is assumed to be of the Winkler type. Experimental values are also
obtained for circular and square plates under both boundary conditions. The results are
presented in the form of graphs and they are compared with other known results.

THEORY

Let us consider the large amplitude free vibrations of a thin elastic plate placed on an
elastlc foundatlon having the reaction k' per unit area per unit deflection.

337
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The strain energy V4, due to bending and stretching of the middle surface of the deflected
plate, may be written in the Cartesian coordinates in the form [6]

D[ ([ + 2t —aqom {12, 4 D20 (20

in which D is the flexural rigidity of the plate given by Ek®/12(1 —v?), E being the modulus
of elasticity, h the thickness of the plate, v Poisson’s ratio, and w the deflection in the
direction normal to the middle plane. Also, ey, the first invariant of the middle surface
strains, is defined by the relation

PRI 1) ST S
LEETH T T 2\ax) T 2\5y

6u “1 <6w>
&y = +
0x

(3
_@+1@ v
%= % T 2\ay '
e2, the second invariant, is defined by
€2 = g8y~ 1% o “@
du v ow ow S
®)

vxy=0_y+a+6x ay’

and u, v are the displacements in the x and y directions, respectively.
By adding the potential energy of the foundation reaction to equation (1) and neglecting
e; one gets

D( ) 12 *w 2w [9*w\2) K
V=5”H(V w)® + Pel} 2(1— ){— W‘(@) }+Dw }dxdy. (6)

The kinetic energy, T, of the vibrating plate is

P
= ‘-’2— ”(u2+02+w2)dxdy )
in which p 1s the den31ty of the plate material and 4,0, w are denvatlons with respect
to time.

Neglecting the inertia effects in the plane of the plate and applying Euler’s variational
equatlons to’ equations (6) and (7), one gets the following differential equation for w [5]

12 Pw K

V w— CFA)Vw + hz 2 5 + = oY= 0 | o o (8‘)
in which
_ h3 2p? ' ' 4
=8 TfO=en, and  JO=F). . o
Let C
w=wix, y)F(t) T e )
Comblmng equatlons (8) and (10) one finds |
12 - d*F kK
4. 2pdeag2,, £ r o K _
F(t)V w—a’F(t)V*w + P dr w DwF(t) 0. 1y

Equation (11) may be written as

Viw K i 2w 12 d?F
——=0. 12
(W )F(t) @ F2(t)— ta az =0 (12)




¢+ Large amplitude free vibrations of irregular plates placed on an elastic foundation 339

A solution of equation (12) is possible if

4 ,
| | V_Ww_ = k* (13a).
and . et _ '
| = -k (13b)
1n which k is a constant. From equation (13a)
(V2=k2)(V*+k*)w = 0. (14a)
From equation (13b)
(V2 +k*w = 0. (14b)

Therefore a solution of equation (12) can be obtained by satisfying equation (14b). To
satisfy the prescribed boundary conditions, let the domain be conformally transformed on
to a unit circle. If z = x+1iy, Z = x —iy, equation (14b) becomes

2

020z

Let z = f(&) be the analytic function which maps the boundary under consideration in the
¢-plane on to a unit circle. Thus equation (15) transforms into complex coordinates as

2 2 d 7
[V +h (dé) }w(éé) —0 (16)
in which & = re®® & = re” ' :

'The solution of equation (16) can be expressed in the form

+ k*w =0. ) (15)

if

wa 3 Bnl1—E@ (172)
or . " )

w R "21 Bn[1—(£&y]? _ (17b)

according to the prescribed boundary conditions. Equation (17a) is an admissible function
for the simply supported edge condition in the sense that this satisfies the kinematic
boundary condition w =0 at = 1, but does not satisfy the force boundary condition

= (0. The form of w in equation (17b) satisfies.w = 0 = dw/dr at r = 1 and can be taken
as an admissible function for the clamped edge condition. Substituting equation (17a) or
equatlon (17b) into equation (16) yields the error function, ¢, g, which does not vanish, in
general, since equation (17a) or equation (17b)is not an exact solution. Galerkin’s procedure
requires that the error function, ¢, ¢, be orthogonal over the domain under consideration, i.e.

Le",g(ﬁf)w(éf) de=0 :(n=12.3,...,N). - (18)

From equation (18) a homogeneous system of linear equations is obtained. Such a
system can have nontrivial solutions only if the determinant of the coefficients of the
unknowns vanishes identically. From this equation, the values of kZ,k%...k% can be found.
For the fundamental frequency the lowest value of k2 is to be taken.

Combining equations (12), (13a), and (13b) the following differential equation for
determining F(t) is obtained:

FO+MF@)+pF3() =0 ' (19)
in which , ‘ .
1 . 2,2 ’
A= - <k4 >h (20)

B = 1zo?k?h?c. 21)
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Equation (19) is to be solved subject to the initial conditions

F0)=1, F@©0)=0." (22)
The solution of equation (19) can be taken in the form I
F(t) = calwt, Aa) - (23)
in which w, and A, are positive constants given by
1 K
@i= (1 TeT Dk“) Wk @4
M= ! (25)

k2 k/
(e E )

and ¢, is Jacobi’s elliptic function. To determine «, equation (9) is transformed into
complex coordinates by the transformation z = x+iy, Z = x—iy. Thus one finds -

o%h? o 0 o 0 ow ow
Y SCAIAR PAIPY (AN M Sk tiAil 2
TR <az+az>“+’<az 32>U+262 oz (26)

If the mapping function z = f(¢) be introduced, equation (26) reduces to

o’h’dz dz  _Ou dZ Ou dz {60 dz  dv dz} dw ow

2V et et e

Now the normalised constant « can be determined from equation (17a) or (17b), and (27)

by integrating equation (27) over the cycle 2z. The terms involving u and v can be eliminated

(since u and v are of little importance in the case of large amplitude vibration) by

considering suitable expressions for u and v, compatible with the boundary conditions.
Finally the following integral will determine «:

o*h? dz dz ‘ ow 8w

Thus having determined k and e, the non-linear frequency, w; is completely determined.
The non-linear period, T, is given by

(27)

4K .
Ti="", (29)

K being the complete elliptic integral of the first kind. The linear period, T3, is given by

2r _
T = o (30)

in which w; is to be detérmined from the equation

FO)+MF(@©)=0 | _ (31)

in the form w3 = A;.-Thus the ratio of the periods, T;/T, is obtained as
2.2
L_2K, PRI (32)
Lom L
D -

APPLICATIONS

. (a)- Let us apply the procedure explained above to the case of a clamped cornered
plate. The mapping function is given by

z=Ha(E—AE +...). (33)
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Using équation (17b) with n = 1 an approximate value of k? is obtained from equation

(18), viz.:
. 24.55

k2 = ot (34)

With n = 2, an improved lower value of k? is obtained

21.71
K2 ==5 (35)

To determine o the followmg functlons for u and v are taken,

U= Z Um(r) cos mOF%(t) (36)
m=1,3,5,.

v=. OZO: Vm(r) sin moF(z). (37
m=1,3,5,...

Substituting equations (36) and (37) in equation (27) one gets equation (28) for determining
o. To determine the value of « for the fundamental frequency the value of n in equation
(17b) is taken to be 1. Substituting equation (17b) with n = 1, and equation (33) in equation
(28) the followmg value of « corresponding to the lowest frequency is obtained:

B2
0 = 2928 . (38)
Thus Ti/T; is obtained from equation (32) as
T, 2K 1
‘ (39)

Tow [ Bi[ 66 \T
W \471+Kr

" . in which the nondimensional foundation modulus, Ky, is given by Ky = (K'/D)a*.

The mapping function of a square plate is given by
= 1.08a[ ¢ —1o&° +...]. (40

Using equatlon (17b) withn=1 and proceeding in the same manner as before, one gets
for-a clamped square plate
T, 2K 1

Fz;?'[l +B_%< 157 | )}1/?. (41)
' h* \400+12.3Kf
The mapping functioﬁ- fora cifcular plate is given by ,
o | L zZ=a @2)
and for a clamped circular plate one finds
Ty 2K 1 3)

72=7"1+§§ 30 \[7*
1% \400+9K;

(b) Let us consider the case of a simply'supported circular plate. Using equation {17a)
with n = 1 and proceeding in the same manner as before, one gets the ratio T1/T5,

i 2K 1

5 L ELET “
h? \36+Kr
For Ky = 0, equation (44) becomes ‘

oo x| B - (45)
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The corresponding result for the circular plate obtained by Nash and Modeer [5] is

h_2K__ - 1 ' (46)

T T 42 1/2°
L [1+6iJ%(KR)_J

h2

where Jo(KR) = 0, R being the radius of the circle. For a simply supported square plate

one finds
. 2K ' 1

T, =z . B.f 615 iz
T+ 2=
L T W \36+137K;

EXPERIMENTAL VERIFICATION

@)

Experimental verifications were made with circular and square plates having either
simply supported or clamped boundary conditions. The circular plates were 150 mm dia
and the square plates had 150 mm side. The plate material was mild steel 0.75 mm thick-
ness. Free transverse vibrations of different amplitudes and frequencies were initiated by the
apparatus shown in Fig. 1. The test piece, T, was statically deflected by the load spindle, L,

Fig. 1

and the central deflection was measured by the dial indicator, D. After giving a pre-
determined central deflection the spindle, L, was lifted quickly by the release spring, R,
and the corresponding frequency was measured in a vibration meter, M, with the help of a
noncontact type of vibration pick-up, P. Simply supported edge conditions were realised
by placing the edges of the plates over a knife edge placed around the periphery of the
cavity, C, the shape of which conformed to the shape of the plate used. Clamped edge
conditions were achieved by clamping the edges of the plates rigidly by means of eight
bolts, B, with the base of the apparatus. Experiments were carried out first with the cavity
empty and next by placing the plates over eight free helical springs, S, each spring being
located at the centre of eight equal areas of the plates. The combined reaction'of the
~ springs used was determined experimentally to be K = 6.2. Care was taken in selecting the
stiffness of the spring, R, so that the spindle, L, was released quickly from the plate without
obstructing the upward motion of the plates. )
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RESULTS

Numerical as well as experimental results for the case of simply supported circular and
square plates without any foundation have been presented in Figs. 2 and 3 respectively.

10
B
~ N Experimental
N
N
ool N
AN
AN
AN
0.8
= Eq{45), Ke=0
Nash and Modeer

07+

06—

05 — l ] |

02 0.4 0.6 0.8 1.0
B
h
Fig. 2. Simply supported circular plate.
1.0
————— Experimental
ool
0.8
Eq(47),K=0
e L
I 07 Nash and Modeer.
Chu and Herrmann.
0.6
0.5 1 [ | |
[o] 0.2 0.4 0.6 0.8 1.0

B,

h

Fig. 3. Simply supported square plate.

The corresponding results obtained by Nash and Modeer [5] for the circular and square
plates and the results obtained by Chu and Herrmann [7] for the square plates have also
been presented for comparison. Numerical and experimental results for clamped circular
and square plates both with and without foundation have been presented in Figs. 4 and 5
respectively.
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Fig. 5. Clamped square plate.

CONCLUSIONS

Lowest natural frequencies of large amplitude free vibrations of thin plates of any shape
canreadily be calculated by conformal mapping techniques used in this study if the mapping
functions are known. From Figs. 4 and 5 it is. observed that the results obtained with a one-
term approximation of the trial function, equation (17b), for the clamped edge boundary
conditions are in excellent agreement with the practical values. For the simply supported
edge conditions the theoretical results given in Figs. 2 and 3 are in somewhat poorer agree-
ment with the values obtained experimentally. By using higher approximations of the trial
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functions, equation (17a) and (17b) and with smoothed mapping functions the results for
both simply supported and clamped edge boundary conditions will be refined.

The periods for rectangular plates obtained by Chu and Herrmann [7] is dependent on
the aspect ratio of the plate, whereas the corresponding results obtained by Nash and
Modeer [5] are independent of that ratio. The mapping functions for rectangular plates
with different aspect ratios will be different and therefore the present study indicates that
the periods will depend on the aspect ratio. It should be pointed out that the theory used
in this study allows the solution of the eigenvalue problem under consideration from a
unified point of view since the trial functions used are the same for all shapes. For a
oné-term approximation the results obtained in this study are considered satisfactory for
practical purposes.

Acknowledgement—The author wishes to thank Dr. B. Banerjee of Jalpaiguri Govt. Engineering College for his help
and guidance in preparation of this paper.
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RESUME

On donne une méthode unifiée pour déterminer la plus
petite fréquence propre pour, des vibrations Tibres de
grande amplitude de plaques €lastiques minces de forme
quelconque placées sur un support elastique. On intro-
duit la technique de transformation conforme et on utilise
1a méthode de Galerkin pour calculer la valeur approchée
de la plus petite fréquence propre. On détermine les
périodes de plaques circulaires, carrées et en coin placées
sur un support glastique pour des conditions aux limites
en appui s1mp1e et encastrées. Les valeurs prat1ques ont
ega]ement été détermindes expérimentalement. On présente
les résultats sous forme graphique et on les compare avec
d'autres résultats connus.

Zusammenfassung:

Eine einheitliche Methode fir die Bestimmung der niedrigsten
Eignefrequenz von frei, mit grosser Amplitude schwingenden’
diinnen elastischen Scheiben beliebiger Form mit elastischer
Lagerung wird gegeben. Das Verfahren der konformen
Abbildung wird eingefiihrt und die Galerkinsche Methode wird
zur Berechnung von Naherungswerten der niedrigsten
Eigenfrequenz benutzt. Die Schwingungsdauern fur kreis-
formige, quadratische und eckige Scheiben auf elastischer
Lagerung wurden fur die Randbedingungen der frei aufliegenden
und eingespannten Kanten bestimmt. Praktische Herte

wurden experimentell bestimmt. Die Resultate werden in

Form von Diagrammen dargestellt und mit anderen bekannten
Ergebnissen verglichen.
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ABSTRACT

Following Berger’s method the large deflection of a heated elliptic plate with
clamped edges and placed on elastic foundation has been investigated under stationary
temperature distribution. The deflection is obtained in terms of Mathieu function
of the first kind and of zero order.

Keywords: Berger’s method; Mathieu function; Elliptic plate; Elastic foundation.

INTRODUCTION

In recent years there has been a rapid development of thermoelasticity
stimulated by various engineering sciences. In the field of machine Structures,
mainly with aircraft, steam and gasturbines and in chemical and nuclear
engineering, thermal stresses play an important and frequently even a primary
role. Determination of thermal deflections of plates, especially of thin
plates, is of vital importance in the design of machine structures, because
excessive deflections may cause heavy undesirable thermal stresses.

The classical large deflection of thin plate probléms usually lead to non-
linear differential equations which cannot be exactly solved: H. M.
Berger [1] has shown that if, in deriving the differential equations from the
expressions for strain energy, the strain energy due to second invariant in
the middle plane of the plate is neglected, a simplé fourth order differential
equation coupled with a non-linear second order equation is obtained.
Although no complete explanation of the method is set forth, the stresses
and deflections obtained by Berger himself for rectangular and circular plates
agree well with those found from more precise aralysis. This approximate
method has been extended to orthotropic plates by Iwinski and Nowinski [2]
and further boundary value problems associated with réctangular and circular
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plates have been solved by Nowinski [3]. Thein Wah and Robert Schmidt {4]
and Nash and Modeer [5] obtained satisfactory results following this method
Basuli [6] has éxtended this approximate method of Berger to problems under
uniform load and heating under stationary temperature distribution.

Berger’s technique of 'neglecting the second invariant of the middle
surface strains has been applied by Sinha [7] to circular and rectangular
plates placed- on ‘elastic foundation and under uniform transverse load.

In this paper the author has applied the method of Berger to investigat®
the large deflection of an elliptic plate placed on elastic foundation and
heated under stationary temperature distribution. The foundation is assumed
to be such that its reaction is proportional to the deflection. The deflection
is obtained in terms of Mathieu function of the first kind and of zero order.

NOTATIONS

The followmg notatlons have been ‘used in the paper:

"o RSP Eh® . _ -
-'D = Flexural rigidity of the plate = 0=
E,v,a = Young’s modulus, {Poisson’s ratio and Coefficient of thermal

.. . expansion reSpectlvely
b = Thickness of plate.

- stplacement along the x and y -axis respectlvely

. ﬁ,'fb =
W = Lateral displacement
- e; = First strain invariant;
= ‘a‘xﬂ—ﬁz( ) + 2(2;4;)
e, = Second strain invariant.
K == Foundation reaction pe1 unit area per unit deﬂectlon
vV = Laplacian operator.

" . FORMULATION OF PROBLEM

The strain energy due to bending and stretching of the mlddle surface
of the p]ate is given by: :

5B LS [ fe=20-) e
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bzw 22w
bx2 * by bxby

]dxdy o o L)
Combmmg the potential energy of the foundation reaction and also the

potential energy due to heating with Eq. 1 and neglecting e,, the modified
energy expression for the total energy becomes;: ,

=§ff [(V2w)2—]——1h—22e1 =21~ v){bx;vb:yw_

hiz

EoT".
(bxby) } ]dxdy ff f 11—
ta.—hi2
X (ey — zV*2 w) dxdydz ) o (2)
in which 7" is the temperature distribution at any pojnt giygn by (Basuli [6])
T »2)=Txy+g@ Tk, 3
and
hi2 iz
T aw@a=re; | s@d=0 @

Combining Equations 2, 3 and 4 one gets

“2 [ [ 200 (B
(bxay) } + %Wg] dxdy

= JJ 725 @weh =0 790 as. ®

According to the principle of minimum potential energy, the displacements
that satisfy the equilibrium conditions make the potential energy, ¥, minimum.
In order for the integral of Eq. 5§ to be an extremum, the integrand, F, must
satisfy the following Euler’s equations of the calculus of variation:

W 2 OF ‘ -
ﬁt—ﬁ: E)— ﬁz buy)— (6 a)

av' (aalf;) ay aTy)"—'O E l(ébl)'
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F 2 DF) 2 )+ 22
W dx\ dwg W bwy 2 bwm)

\ 32 ) 22 AF N

Apphcatlon on the Egs. 6 a, 6b, and 6 ¢ to Eq. 5 ylelds:

{31_ (I + v)aTo} =0
b—ay for— 1+ ) oTF =0.

v4w_—_{e1-—(1—l—v)aT0}V w+D

g grr—o.
Eqgs. 7a, and 7 b prove that: »
{e; — (1 + v) aTg}
is independent of x and yand therefore

‘32 h2

e, — (1 + v) Ty = constant = v

in which B 1s a' normalised constant Qf integration, and -

o=y 2 +2(°W) +2( .

Con51der1ng Eq. 8 a, Bq. 7c reduces to

. v‘z (sz _ Bz) w + 2= — DEEllf-Eh)y) V2 T

SoLUTION OF PROBLEM

60

(74

(75)

(7¢)

@ a)

(89)

®

Let us take an elliptic plate of thickness, 7. The centre of the plate in

the middle surface is taken as the origin and the Z-axis downwards.

If there is no source of heat inside the plate the following differential
~equations must be satisfied for- stationary temperature distribution

(Nowacki [8])
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V2T0_. ET[)=— %—)(01+ 62)

cvr-2aygr=— 200 Cy

in which 6, and 6, denote teﬁlperatures at the upper and lower media of”
- the plate respectively. :

If 6, = 6,, Eq. (11) becomes : ;-

VAT — BT =0 ' ' T Taey

In which ‘

I »‘)

pr=Q+9m @

Transferring to elliptic co-ordinates (£, 7) defined by x4 ij/ — d 60sh.
(€ + i), where .24 is the interfocal distance of the ‘ellipse, Eq. 12 reduces to:

22 22 1A

\;21-}— T ﬁl (c osh 2¢ — cos 29) T = 0. 0 (14)
Solution of Eq. 14 can be taken in the following form

T= m{oczm Ceom (6, — @) Ceam (0, — @) . (15)

in which Ceamn (£ — q) and ceam (4, — q) are modified Mathieu function
and ordinary Mathieu function of the first kind and of order 2 respectively,

and

g=PZ | @

While solving a problem of bending of a plate with an elhptlc hole by taklng
a single Mathieu function of the second orcer instead of taking Mathieu
functions of all orders, Naghdi [9] has shown that the results-are satisfactory
for larger elliptic holes. In this paper also similar approximation -is made
by taking Mathieu function of zero order and on this assumption Eq.15
reduces to .-

T=CoCoolbs — o =) - - - . . (1]

g

The following boundary condition is 1mposed on T

T = Constant = K; on ¢ = fn |
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with the above boundary condition Eq. 17 yields E
K:L = CoCeo (£0» — q) Ceo (£, — q) (18)

Multiplying Eq. 18 by ceo (i, = ¢) and integratitig with respect to n from
0 to 27 and using the orthogonality relation and normalisation (Mclachlan
{10]) one gets

24,9 K, ‘ )
Ceo (€0 — 9) : (19)
in which 4, @ is the first Fourier Coefficient in the expansion-of czo (,—¢)
‘Therefore

Co=

24,9 K, '
r= @7((357—_1?) Ceo (&, — ) ceo (9. — §) < 20)

1s determined.

Changing Eq. 9 to elliptic Co-ordinatés and substituting the expresion o
V2T one gets

(V2 — P2 (VE— Pp®) w = ACeo (£, — ) Ceo (n; — §) (20
' in which , .
P2 Pt = — B2 | (22)
K _ _ -
P2 P2 = 5 . (23)

E“f (h) 2[3122‘10(65 K

=— 24
A== 50— ) Coo G — @) @4)
2 22 22 :
V= B (cosh 2 — cos 29) [agz T3 ] (25)
Co'mplimenta.ry function of Eq. 21 is given by
. W= ByCeo (£, — g1 ceo (1, — g0
' F DoCeo (£, — g) Ceo (1, — o) _ (26)
in which ‘ :
2,72 - p2ge ' T
G = Pz s de =" X))

éiéarly the particular integral of Eq. 21 is

Bz — Pzz),}ﬂf - }’)12) Ceo (f, " GI) feo (9, — Q) (28)
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Thus the complete solution. of Eq. 21 is , , ,
W = ByCeo (é; = ) Ceo (1, — 92) + DyCeo (€, — qo) Ceo (ns + g2)

A e e Ne (% e A . v
+ BE— 15 (BE— P Ces (€, g)Ceo (i — §) (29)

If the outer boundary of the plate ¢ = £ be clamped, the boundary, conditions
are " o

= ' 30
go (bf é= go ( )
Using Eq. 30 in Eq. 29 one gets the following two conditional equations

ByCeo (§0, — 1) Ceo (9, — q1) + DCeo (€0, — ¢2) Ceo (1, — g2)

A . B
—+ BE— P (B2 — P2 Ceo (§9p — @) Ceo (0, — @) =0 (31 a)_

ByC'eo (€0, — q1) Ceo (1, — g1) + DoyC'eo (€0, — g2) Ceo (77= — )

A ! —_—
+ (B — P,) (B — P Ceo (€0 — ) Ceo (1, — @) =0 (319

Multiplying Egs. 31 a and 31 b by ceo (7, — g¢y) and integrating with respect
to 5 from 0 to 2= and using the orthogonality relation and normahsatlon
one gets

By = — —Aﬁ { Ceo (£0, — q2) C'eo (€0, — q) — Ceo (&4, — q)

C'eo (50: —q)} ) (32)
Dy = ‘/’95.,95 2 { Ceo (§es — q1) Ceo (£, — 9) -

— Ceo (§0, — @) C'eo (§0, — g1 } . (33)

in which

= (B2 — P (B2 — P®
by = 249 A9 + 2 A Zés’

by = 2/1(0) A(o) + ZvA(o) A(o)

. f—l

¢ = Ceo (€or — 42) C'eo (fa; —. 4 — Ceo(’fm — 1) C eo (€0 — q2)
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49, A‘°) and 49 are the Fourjer Coeiﬁments in the expansion of
Ceo (779 ql)’ Ceo (1, — q2) and ceo (1, — q) respectively.
To determine the constant 82, Eq. 8 is transformed into elliptic- Co-ordinates

in the form

i 1308 + 5 () + 3w d2) + ()}
) |

%f (LT (34)
inl which “
S —
= R= d+/ sinh® £ + sin®y
The boundary conditions for ug and uy are
'u4=0-—u,, at f—fo (35)
Let ‘
ug= 3. P (§) cos 2m (36).
(37

= 3 G (&) sin 2m

n=1
subject to the conditions

. PE)=G(E)=0 o
Substituting Eqgs. 29, 36, and 37 in Eq. 34 and integrating over the surface

of the plate one gets

ff (Ga) + () aean

2
=d2{ﬁ—26h— +20 4+ v)aT, ff(smh §+Sm2n)d§d~q

(38)

After evaluating the integrals the following equatmn Ieadmg to B is, obtamed.

.oE[(2-{A$°’}2+[:§' {419 { z 4r2{Az‘°’}2¢ e

=1
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+ ¥ Z 2s(— 1y (-
r=1'.?ésa=1

8

15 A, 4, g}

=1

HCE 4 AP (U to+ 49 5 A0 = 17,
+ E 4D Y+ S

rvé

I (= 1 (18 448 4 )]

+ Dz [(2 {A(o)}z + 2 {A (o)}z) { 2 4p2 {A"(o)}z ¢1
+ 33 oms(— 1 (—

r=1 g=1
rts

1 A0 450 oo}
+(F 4 A2 {40 &+ 49 5 AL =17 s

5 2 (= D" (= 1 4, 4, )]

r;éﬂ

-+ :“o A0y + %
r=1

28D [QA AP + T AD AD) £ 5 42 AL £y,
r=1 Y r=1

+ 22 2rs(— 1) (—

r=1 8=1

1) AL A0 g}
r#%s

+(x 4,,2142) Ag‘,’)){A;(‘” A;(o) o +A:(°’ E- (= DT "k°)¢

+ A;“’) S;.o ( 1)1' A ”{0) Sl’s + 2 A"(o) A (o) ‘/’

r=l . r—1

+ 2 2 (_ 1)1‘( l)s "(o) A (0) r.,b }]
ZBOA (0) F(0) et (o) A(o) s 4 2 4 (o)

+ _l‘b— [(2Ao Ao + ré:. Azr A2r) { ré?l ¥ A a2r ’)L'

+ T T 25 (— D (= 1 AP0y + (5 4 4D A)
r-—-1 8=} o] .

X {a(o) A’(o) & + a(o) 2( )‘r A;(,o’_‘:ba 4 A'(O) 2 (__ 1)7' a(o)¢
r=1

+ 2 a(o) A (o) 1/14 + % 2 2 (— T (_ l)s a(o) At} z/; }]
< fml - I—rl;:—l -
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2_1)_“&(,;_[(2!“9) I+ 5 A9 AN £ 4 40 a s

=1 r=1- .

+ 3 2 2rs (= 1) (= )" 450 a2 o} + ( 2 4r2 A A(o))

r=1 a=1 rel
r7#8

X @ A b+ 0 T (= 17 A0 + A4 Z (=17 a) s

yaml =1

+z ag) A1y + % 2 > (= D7 (= 1)% a9 479 )]

~ o
2 o0
+-5Z—2 [(2 {4®)2-+ { {A2) § %11 4r2 {a®)2
+ 5 3 (=17 (= 100 a@ @} o+ ( T 4 {49
=1 s=1 21, g £ o1
r5és

X {(al)2 &, + a(°) Z’ a(")( - I)T s “l‘ 2 61(0) 51’4 ‘

+3 E E‘ (= 1) (= 1) afg ol 4l
— % {3 20 + va To)} sinh 2 & ‘ (39)
where R
4 — Snh 4, &
1= gy 2
Jy = SERZ T &, __ Sinh Y% &
2T T r - 2s 2r—2s
4y — Sinh I Sinh 2r — 2r &,
3 2r + 2s - r—2s
b = go . SinhAré, Slnh 4r§0
_ 2
‘/’5 = "Smljlzrr fo
and

a®, A"®, and 4"’ are the Fourier Coefficients in the expansions of

Ceo (&, — q), Ceo (¢, — q), and Cep (€, — 'g) respectively.
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Smce B is determmed w 1s determmed completely

et ' NUMERICAL CALCULATION

: To find - the deﬂec’uon at a-given pomt one has to start from Eg. 39;
with an assumed value of B leading to the correspondmg value of A. With.
this value of A and conSJdermg Eqs. 32 and 33 the deﬂectlon will be obtamed

from Eq. (29).

For numerical calculation the following values have been assumied:

,g_o p=12,6=3, d2—25 h=1, f(h)—h

KF=]_) £,4 = 100, e_003 y=0-3, aT(,_25><10~3

The interfocal distancé 2d belng assumed and the values of B2, P.% and P,? \
bemg known, the values of g, ¢, and g, are determmed g, 4, and g, 2 bemg

l 6

Fig, 1. Load-Deflection Cuive
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known-the corresponding: values of the Fourier Coefficients as-well .as those:
of Mathieu functions are determined. The maximum deflection W, is.
obtained at the centre of the plate. These deflections are graphically pre-
sented in Fig. 1 in which W,/A for Kr = 0 and K = 100 are plotted against
the rion-dimensional load function A. By setting 8 — 0 the deflections accord-
ing to the linear theory is obtained. For comparison Fig. 1 also-includes:
a straightline which represents small deflections for Kz = 0. The results
obtained in this study could not be compared in absence of any known
results.

CONCLUSIONS

From Fig. 1 it is observed that the error according to the linear theory
increases progressively with the increase in load function. Te solution pro-
posed in this study is. rapidly convergent and ne computational difficulty
other than computational effect is involved. The parameter g for the series
ceo (¢, q) may be real or imaginary and the corresponding coefficienits can
be' computed with: accuracy. The numerical results presented in this study
are obtained by taking. the first two terms of the series and sufficient for
practical purposes. Since the deflection at any point is known the corres-
ponding stresses can bew be easily estimated.

ACKNOWLEDGEMENT
The author wishes to thank Dr. B. Banerjee of the Jalpaiguri Govern~
ment Engineering College for his help and guidance in preparation of this

paper. .
REFERENCES

{1] Berger, H. M. .. A new approach to an analysis of large deflection of
plates. J. Appl. Mech. ASME, 1955, 22, 465-472.
[2] Iwinski, T.and - The problem of large deflection of orthotropic plates (1).
Nowinski, J. Arch. Mech. Stos., 1957, 9, 593-603.
[3] Nowinski, J. .. Some mixed boundary value problems for plates with large:

deflections. MRC Technical Summary Report, No. 42,
Mathematics Research Centre, U.S. Army, University of
Wiscousin, p.17.

[4] Wah Theinand Schmidt... Jour. Engg. Mech. Division, ASCE, 1963, 89, EM-3.

[5] Nash, W. A.and Certain approXimate analysis of the non-linear behaviour of
Modeer, J. R. plates and shallow shells. Proceedngs of he Sympos um
on the Theory of Elastic Shells of the International Union
of Theoretical and Applied Mechanics, Delt, Holland
1959, p. 331,



Deflection of a Heated Elliptic Plate 197-

[6] Basul, S. .. Indian Journal of Mechanics and Mathematics, 1968, 6 (1).

[7]1 Sinha, S. N. .. Large deflection of plates on elastic foundations. Jour. Egg.
Mech. Division, ASCE, 1963, 89, EMI), pp. 1-24.

[8] Nowacki, W. .. International Series of Monograph on Aeronautics and Astro-
nautics, Thermoelasticity, Addision Wesley, 1962, p.
439, :

[9] Naghdi, P. M, .. Jour. of Appl. Mech., ASME, 1955, 22 (1), 89-94.

{10] Mclachlan, W. Theory and Applications of Malhieu Funclions, Dover Edition,

1974.





