INTRODUCTION
The phenomenon of stress wave propagation in elastic solids offers:
us a rfch‘variety~of waves which was developed a century ago. Some
plioneer theoretical workers iIn this 1line are Rayleigh, Love,
Stokeg, Kelvin and others whose contribution in the field of wave
- propagation in elastic solids and vibrating bodies extended the
"theory of elagticity. In the first threeAdecades of this century
tﬁe subject lost its 1nterest to the research workers due to lack
of sophisticated'instrumént, electronic devices like high-speed
compﬁter and’practical ﬁethods for observing the passage of stress
waves in elastic sollids. But in the .latér : gtage,several
theoretical and experimental worker’s keen interest in this:field

made a large number of technical.  papers giving various
information. V

Dﬁring the ﬁast two decades, seisﬁoldgy has made a
tremendous progress, mainly because.  of the advent of modern
computers and improvements in data acquisition:systems, which are
now capable of digital and analog recording of ground motion over
a frequency range of five orders of magnitude. These technological
developments have enabled selsmologists to make measurements with
far greater precisioh and sgophistication than was ‘pfeviously'
possible. As a'resuit, far reaching advances in’our knowledge of
the earth’s sgtructure and tﬁé nature of the earthquake have
occurred.

We here point out the milestones of progress in

elastic waves in chronological order.

1678: Robert Hooke (England) established the 5tress4straih
relation for elastié bodies.

1760: John Michell (England) recognized that earthquakes
originate within the earth and send out elastic waves

through earth’s interior.

1821: Louis Navier (France) derived the differentia] equations



1828:

1849:

1857:

1883:

11885:

1885:

1899:

1903:

1904:

1807:

1909:

1840:

of the theory of elasticity.

Simeé—Denis Poisson (France) predicted theoretically the

existence of longitudinal and transverse elastic waves.

George Gabriel Stokes (England) conceived the first

mathematical model of an ea;thquake source.

First systematic attempt to applyfphysical principles to
earthquake effects by Robert Mallét (Ireland).

Rosi-Forel scale for earthquake effects published.

C.Somigliana (ltaly) produced formal solutions to Navier
equations for a wide class of gources and boundary

conditions.

Lord Rayleigh (England) predicted the existence of

elagtic gurface waves.

C.G.Knott (England) derived the general equationsg for the
reflection and refraction of plane selsmic waves at plane

boundaries.

A.E.H.Love (England) developed the fundamental ﬁheory of

poini sources in an infinite elastic space.

Horace Lamb (England) solved the problem on the

propagation of tremors over the surface of an elastie

- gollid.

Vito Voltera (Italy) published the theory of dislocations
based on Somigliana®s solution.

K.Zoeppritz and L.Geliger (Germany) calculated velocities

of longitudinal waves in earth’s mantle.

Sir Harold Jeffreys (England) and K.E.Bullen (Australia)
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. published travel time tables for seismic waves in earth.

1949:; Lapwood, E.R. first considered the distribution due to
a line source in a semi- infinite elastic medium. '

1959: Ari Ben-Menahem (lsrael) discovered that the energy
release in earthquakes takes place through a propagating

rupture over the causative fault.

1967: Global seismicity patterns and earthquake generation
linked to pléte motions.

In recent years the problem which mostly attract the regearchers
both theoretical and'éxperiﬁental, in relation to the géneration

and propagation of waves in elasti¢ medium are:

1) diffraction of propagating waves through the medium due to
an obstacle, cévity.or a crack of any shape situated some
where in the medium; ' '

(1) wave motion generated due to punch on some bounded region
of the medium; o '

(11 reflection and refraction of a wave at a'prane:sﬁrface of
discontinuity; '
v wvave motlion generated in a medium when a source of

disturbance is static or moving along the mediunm.

(v) ‘ transmission and reflection of elastic waves by
topographical irregularities.

(vi) elastodynamic problems involQing crack propagation, crack
" kinking and bifurcation. ‘

The solution of these problehs need advance level of mathematical

techniques, which may roughly be grouped> into the following .
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categories:

(a) Theory of analytic function

(b) The ngdholmrintegfal equation

(¢) The singular integral equation

(d) Integral transfdrms and Representations

(e) Dualviﬁtegral and seriés equations

(t) Harmonic'fﬁnction.'Potentfa) ﬁheo}y

(g) The Dirichlet and Neumahn:proplems'

th,Green's functions

(1) The Cauchy problem

(ji Wiener- H;pf techﬁigue

(k) Riemann- Hilbert problem

(1) The méthod of Matched Asymptotic expansion

{(m) Perturbation technique |

(n). Variational method, The Ritz method

(o)AThe method of finite element |

.(p)AThe method of boundary efeﬁent

and others.

The problem of propagatibn of elastic waves in the
presence of topographieal irregularities and also in the'presence
of variation of material properties in the'hbrizonta{'direcﬁion
have drawn the attention of ‘many Iinvestigators of tﬁe present
time, due to their applications in seismo]ogy. '

The problem of transient wave propagatiph ,15- a
half-space 'composed of two nelastic quarter spaéés -of,.different
matérials wags considered by Achenbadh (1968). Dutta and -ﬁiira f
(}974)rconsidered SH-wave motion in an elastic quarter spacé in
welded contact with a uniform elastic layer of different material.
The problems of SH-wave trangmission across an irregularity were
considered by Bose (1875),Chakroborty et. al. (1983). Wolf( 1987,
'1970), Sinha (1980) considered the transmission of Love waves
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acrosg an topographical irregularity while scattering of Rayleligh
waves by a plane barrier in a shallow ocean was considered by Mann
and Deshwal (1986).

A series of problems 1involving the séattefing
of elastic waves by two dimensional and three dimensional
topographical irregularities have been solved by Sanchez- Sesma
(1979, 1982, 1983, 1985) by using a newly .develbped boundary
method. The diffracted fields are constructed with linear
combinations of solutions which form ¢- complete families for the
wave equation and boundary conditions are then satisfied 1in a
least square sense. Adopting the representation theorem due to
Knopoff (19586) ’ Knopoff and Hudson (1964) studied the
trénsmission of Love waves past a continental margin considering
the crust to have an abrupt increase in the thickness on the
continental side. Sato (1961) discussed the problem of'propagatidn
of Love waves in an elastic layer of variable thickness-overlying
a semi- infinite elastic medium. Approximate expressions for the
transmission and reflection factors are obtained byv the
application of a method based on Wiener- Hopf technique.. Abubakar
(1963) also gtudied the effect of an {irregular surface with an
isolated irregularity like a tough or ditch on the incident P- and

SV- waves using perturbation technique.

Apart- from its academic interest, the propagation
of elastic waves in layered media has important applications in
geophysics and seismology. Since the propagation of characteristic
of earth vary with depth, the first approximation to the actual

problem can be achieved by regarding earth as formed of several

layers in each of which properties are consgtant. The problem s
very cumbersome as far as the mathematics is concerned. We mention

the books by Brekhovskikh (1960),Eringen and Suhubil (Val 11},1975).

Recently, the problem of propagatioh of waves in.

layered elastic medium has been solved by Zaman et.al.(1987).

The problem of fracture 1s the central problém of

the science of resistance of materials . Fracture mechanics in the
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broad sense of this concept includes the part of the science of
strength of its materials and structures which relates to a study
of the carrying capacity of the body both with or without
consideration of initial cracks and also to a study of various

laws governing crack development. In general the first stage of

‘the investigation on fracture mechanics associated with the names

of Robert Hooke, C.A.de Coulomb, B. de'Saint Venant, Otto Mohr is
characterized by extensive studies of deformation properties of
solids and by the development of various faillure criteria termed

strength theories.

The dynamic process o? fracture is made up of two
stages, crack initiation and propagation, each of these stagés
following 1t§ particular laws. The criterion fdr the initiation of
crack propagation, which forms the basis of fracture mechanics,
does not follow from the equations of equilibrium and motion of
continuum mechénics. This is an additional boundary condition in
the solution of fhe problem of limiting equilibrium of a cracked
body. The limiting state is said to be reached if a crack-like cut

can propagate. The cut then becomes a crack.

Criterion for the initlation of crack propagation

"can be obtained on the. basis of both energy and force

congiderations. Hisiorically, at first - an energy fracture

criterion was proposed by A.A.Griffith (1920) and G.R.Irwin (1957)

formulated a force criterion.

Yoffe (1951) first investigated the propagation of
a finite crack with a constant gspeed through a stretched isotropic
elastic solid. She gshowed that for small crack tip velocities‘the
maximum tensile stress acts on the line e=0. Thereforé, one may
reasonably anticipate that the crack extends in a strafight line;
but at higher crack tip velocities, starting with O.Gcz the line
on which the maximum tensile stress 1s acting begins to make an
éngle with the 1initial crack axis. The angle 1increases very
rapidly with the crack tip velocity i.e. the crack tends to.become

curved at propagation velocities higher than 0.602 as shown in
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Fig.1. Complex variable technique to this case was latter applied
by Radok (1986).

Indeed, it is now known that this variation {s comman to
all crack'tip‘streés distributions, as cam be verified form Irwin
(1957), Williams (19857), Rice (1968). The noted variation of
circumferential distribution with crack speed was proposed as an
explanation for crack branching 6r bifurcation. While it‘ié likely
that the distribution of stress arcund a crack tip during
acceleration may provide a mechanism by which ihe crack searches
out alternate fracture paths, it does not éxplain why or how

alternate paths are in fact executed.

In later stage, Yoffe's concept was wutilized
extensively by Singh et. al. (1981), Kassir and Tse (1983), De and
Patra (1880). Three dimensional problem on moving crack. wag also
golved by ltou (1979).

Recently, Dasg (1982,1993) has ektended.'Yoffe’s

moving crack broblems to the cases of three moving cracks.

The anti-plane problem of stress dist;ibutioh'
around a semi-infinite crack moving with constant velocity'in a
strip of elastic material was solved by Sih and Chen (1972). The
problem was reduced to Reimann - Hilbert ‘problem by application
of Scwartz- Christoffel transformation and the theory of éomplex
functions.Closed form solutions were obtalned for the two.caBES ot
practical importance: (1) the boundaries of the strip are clamped
and displacecd in equal and opposite directioné causing =a teéring
motion along the leading edge of the crack and (ii{) the crack
sheared longltudinally by a palr of concentrated .forces movihg
with the crack while the strip boundaries are free of tractions.
In both the cases, the effect of the strip width on the dynamic

., 8tress was examined.

Nilsson (1872) also solved the problem of a strip

of material containing a moving semi-infinite crack using Fourier



integral transform and Weiner- Hopf technique.

Here we give some techniques which are generaliy

used in moving crack problems in elastodynamics.

1. Integral transform technique:

As the equations of motion in the theory of elasticity
are partial differential equations which may be discussed with
reference efither to Helmholtz equation or to Laplace’s equation,
the method of integral trénsform is one of the most effective;
methods for solving such equations as application of this method
to such equations regults in the lowering of the dimension of anf
equation by one. There are several forms of integral transform and
the choice of an integral transform depends on the structure of
the equation and the geometry of the domain.

The 1integral transform f(po) of a function f(x)

defined on an interval (a,w) s an expression of the form

[+ o)

T = J £(x) Kx,p) dx (1)
a

where a is a real number and p is a complex parameter varyiﬁg over
some reglon D of the coﬁplex plane. K(x,p) iIs called the kernel of
the transformation. The £ransf0rma£10n (1) becomes particularly’
useful if 1t possesses inverse mapping. In tﬁat case one can

express f(x) in terms of its integral transform by

f(x) = E%T I T(p) M(x,p) dp (2)
- .

where M(x,p) is a suitable function defined in a<x<w and peD and
is called the kernel of the inverse transform, which isg defined
for all x in the interval (a,m). The complex parameter p is in the
region D while f is a sultable path of integration in D. After

reducing the governing partial‘differential equation, the reduced
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problem can be solved for T(o). The solution of the original
equation can be expressed in terms of the inverse integral, which
may then be evaluated. The inversion from the the transformed
space to the space of actual variables wusually involved very
éomplicated integrations. In many cases even the numerical
iniegration can not be performed successfully because of the
highly oscillatory character of the iIntegrands I cfvEringen and
Suhubi (1975), chap. 7; Achenbach (1975), chap. 7]. In particular,
mixed boundary value problems like the dynamic regpongse of a punch
on an elastic half-space and the problem involving the presence of
a crack or a strip inside an elastic medium may‘be'reduced to
Fredholm integfal equation 'of first kind of to dual integral

equations.

2. The factorization problem. The Wiener-~Hopf technique:

Let a function ¢(z) analytic in the interval y_<Im 2<y+'
be defined in the plane of a complex variable 2. It 13 srequired. to

express ¢(z) in the fornm

P2y = ¢+(z>¢_(z) ) (3)

where ¢ (z) and ¢ _(2) are functions analytic in the half -plane
lm z > y_and the half-plane Im 2z< Y, respectively. The problem is
called factorization problem. In a more general case, {t |is
required to define two functions ¢,(z) and ¢_(z) which are
analytic in the same half- planes respectively and which gatisty

the following relation in the interval
A(2)¢+(z) + B(2)¢ (2z) + C (2) = O (4)

where A(z),B(z) and C(z2) are .given analytic functions 1in the
interval. It 1is obvious ¢that 1if C(z2) = (0, we obtain the
representation (3) after the corresponding changes in the

notation.

Let us assume that the functlion ¢(z) which i1s to be

factorised does not have any zeros in the interval y_<Im z(y+ and
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tends to infinity as x — o. In this case, neither of the
functions ¢+(z) and ¢ _(2) will have any zero, and we can take the
logarithm of both sides of the relation (3) '

log ¢(z) = log ¢+(z) + log ¢_(2) . (5)

‘The function F(2) log ¢(2) satisfies the

conditlion

|Fex+iy)| < e|x| P, (p>0 for x— o) (6)

and hence the relatlon (5) can always be solyed with the help of
the transformation

U

F(z) F, (z) + F _(2) (7

Finally, we get

F (20 _F ()
e + e -

¢(2)

(8)

If the function ¢(z) has zeros in the intervals we must consider a

new function

2 2 Nr2 .
_ (z"+b") P (2) -
¢ (2) = —— (9)
Y o(z-z
. '—1’. Z i i

where z, and a, are .the zeros,‘their multiplicity in the interval
N1S N, where N is the total number of zeros, b>(y+,y_). The factor
in the numerator of (8) ensures that the properties of auxiliary

functions are conserved at infinity.

Let us now consider the relation (4) and carry out
its factorisation into L, and 1/L_ for the same interval of the

ratioc A/B. The relation (4) can be represented in the form
L+(z)¢+(z) + L (2)¢_(z) + L (2)C(z)/B(z) = 0O _ (10)

The expresgsion L _(2z)C(z)/B(z) can be represented in

the following form Iin accordance with (7)

E (z) + E_(2)
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where ¢+(z) and ¢_(z) ére functions analytic 1in the half -plane
y > y_ and the half-plane y < vy, regpectively. Taking this into

account, we get
L,(2)¢ (2) + E _(2) = - L _(z2)¢_(2) - E_(2) (1L
It follows from the generallzed Liouville’s theorem that

the left as well as right hand side of (11) represents the same’

polynomial,Pn(z) of nth degree.

3. Hilbert transform technique:

If ply) € Lz(a,b), then the equation

B hx) ’ '
I ¥ -y dx = nply), y  (a,b) (12)
a ,

has the solution

12 b 1/2
1 [x - a b -y pl(y) C.
T [5_3_7] Ia [y - a] -y ¥ (13
ka-a)(b—x)

h(x)

where C is an arbitrary constant, and the first term

belongs to the clasgs Lz(a,b).

Using the above theorem, we find that the golution to

the integral equation

b 2
J 2xh(x ) dx = np(y), y e (a,b) , (14)
x =Y

a

(provided that p satisfies the conditions of the above theorem) is
given by '

2 2412 b 2 212 .
nix?y = L [x__&_] J [b_v] _2ypyd ., c
2 2 2 2 2 2 .
114 y - & X

b - x -y
a d(x%-a%) (b2-x3)

where C is an arbitrary constant.



4.Schmidt method:
To solve for unknown constants cn(C) occurring in

c (L) Fn((’,x) = £({,Xx) for x € (a,b)
n

n=1

(15)

where F ([,x) and f((}x) are known functions, we adopt Schmidt
n ) .

method. _ .
Let Hn((,x) be a set of orthogonal functions which
satisfy
b
Ja an(vX)Hm(:'X) dx = Nnénm (16)
b 2
where N = J H (L, x) dx (17)
1} a . n

Then Hn((,x)'s can be computed from the functions Fn(C,x)
in the following way

a
c,
H (L,x) = 2 =2 F (L, %) , (18)
n 124 “nn *

with ﬁm as the cofactor of the %m in Dn which is defined as

e . e
14 a2 in b o
Dn = ez‘ €, "t ezn. ’ e = Ia Fn((,x)Fm((,x) dx (19)
e €  taiiien .e
nt na nn

Now in terms of the set of orthogonal functions H (,x), the
. n
function f({,x) can be expressed. as ’

a

£(L,x) = 2 h H. (L, x) (20)
i=1 L L

Substituting the values of Hn((,x) from (18> in (20), we obtain
after some rearrangement

e o] [+ ] 2]

(o . .
- ne

2 c (L) F (L,x) = 2 F (L, x) 2 — h, 2
n=4 N=1 i='n [N
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Comparing the coefficients of Fn(c,x) from both sides aof (21) we

find ®

c_.
c = z nop (22)
n 1#n St
L b
where h = N J‘ £ ,x)H (L,x) dx (23)
[ A a i

This is in brief Schmidt method for determining the unknown

coefficlents cn.

Recently extensive study on extension of crack in
eléstic solid has been made. Several {nvestigations on symmetric
and non-symmetric extension of crack in its own plane in an
infinite elastic medium have been carried out up-till-now. Broberg
(1960) first considered the pfoblem of symmetric extension of a
crack in elastic solid. ' |

He congsidered : the extension of a crack in a
brittlelinear elastic material using Fourier transform. He assumed
that the extension of crack occurs in its own plane. The plane

surface is subjected

(1) to.a constant pressure, acting on an infinite
strip, the width of which ig symmetrically increasing from zero
with a constant velocity, and

(i11) to a pressure outside the strip such that the
normal displacement of the surface outside the strip is zero.

The mixed boundary value problem has_been treated.
The stresses In the solid 'and the normal displacement of the
surface have been solved. The result shows that the displacement

of the surface is elliptic, Jjust as the corresponding static case.

Since Broberg's investigation of the solution of a

crack expanding symmetfically with constant velocity under
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conditions of plane stress or strain in a homogeneous elastic
field of spatially and time invariant tensile stress, a number of
papers have appeared analyzing different geometrical situations.
Craggs (1963) later solved the same problem as that done by
Broberg but he used the method of homogeneous function to obtain
the solution, while Achenbach and Brock (1871) considered the
cor}esponding anti—piane probleﬁ. Self-similarity technique, which
is the most wuseful technique for treating extending crack
problems, are used by Atkinson (1974), Brock and Achenbach (1974),

and others.

Using complex variable technique Cherepanov and
Afanasev(1974), Cherépanov(1979) have solved some self-similar
problems of dynamiec theory of elasticity. They also used the
functionally {{nvariant method of Smirnoff and Sobolev (1832).
Later, this téchnique.is used by Das (19983a) to solve the one way
extension of a crack in an iInfinite elastic solid due to two

non-parallel! plane SH-waves.

Indeed, non-symmetric extension at different
velocities of the crack tips is common to the 'fracture of
geophysical settings with pre-existing rupture‘planes. Problems on
non-symmetric extension of a small flaw into a plane crack have
been gstudied by Brock (19875,1976), Georgiadis (1991) and Das
(1993b,1993¢) using self- similarity technique. '

Recently, problems on extension of c¢racks in
cruciform paths have been solved by Brock and Deng(1985), Ong and
Srivastava (1985) and Georgiadis (1887).

Here we add a few lines aboﬁt self-similarity technique

S.Self-similarity technique:

A self-similar solution of a physical problem can be
inferred {if either the data of the problem involve no
characteristic length or the only characteristic length 1s related
to a pafameter to which the solution 1{s proportional. The
principal advantage of this \class of solution 1is that the

YR

- Ad® 4 ‘Zi@’i?{‘hll\ﬁ\ s

e

DBOHBY PR




16

governing partial differential equations can be replaced by

another set that contains one independent variable less than those

in the original set.

We begin with the homogeneous solution of scalar two

dimensional wave equation

<
©

(24)

Vz¢ = c?

<
-

which may be expressed as
plx/t,y/t) = ¢ (r/t,®)

where r,® are polar coordiﬁates in the plane. If we define a new

independent variable
s = r/t
then polar form of (24)
’¢ , ;108 , 2 3¢ -2 9
z

ar? or do at

is transformed into

f
0

2
&2 (1-52/%>2 f+ s(1-282/2)2, ¢ _ | (25)
s ds ae ’

We point out that (25) is of mixed type, 1.e., it is elliptic in
s/¢<! and hyperbolic in s/c¢>1. The domain of elliptecity and
hyperbalicity of the differential equation thus correspond to the

interior and exterior of the circle r=ct centered at the origin of
i 2
the coordinate system. Since the coefficlent of 4 f vanishes at
‘ ‘ . as”
s=¢, the circle r=ct evidently represents a singular wave front

across which we may expect discontinuities in the g-derivatives of
the wave function. We suppose, howevef, that ¢ .and. 9¢/80 are
continuous across the wave front. equation (25) can be reduced to

the canonical form for s/¢<1l through Chaplygin’s transformation
4 o o o2 1/2 4 ‘
3 = — cosh 3 - log [ i ( ;é - 1] ] : (26)

which yields Laplace’s equation in f3-© coordinates
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¢ ,9¢ .. : (27)
se* an*

Similarly if s/c>1, then the transformation

1

o = cos S (28)
8
reduced (25) to the equation
2 2
2¢ _9¢ .o, (29)
do” o

Recently, attention are being focused to the cases of
crack extension which occufs under an arbitrary angle with it's
own plane (which leads that a crack may bifurcate) as shown in
Fig.2 and Fig 3..Because, it is expected _that.once the extension
of crack hasg started, the primary'crack often bifurcatesgs into two
or more branches , each of which may propagate over a short
distance, and then again sp{it into two or more new branches.Crack
bifurcation occurs in a variety of materials, and under different
external conditions. The phenomenon 1is, however, particularly
present for essentially brittle fracture, when the speed of crack
propagation becomes relatively large. Experimental observations of
the magnitude of the speed of crack extension at branching suggest
that elastodynamic effects play a sufficient role.lt has been
observed that the method of self- similar solutions prdvide a
powerful tool for the analysis of elastodynémic skew propagation

and crack bifurgation.

A necessary condition for bifurcation can be determined
by comparing stress prior to branching and after branching has
taken place. The comparison requires expressions for the
elastodynamic flelds near the crack tips of the branches. For
symmetric bifurcation in anti-plane strain the near tip filelds
were analyzed by Acﬂenbach (1975). The propagation of a.- crack
which emanates under an arbitrary angle from a free surface, when
the surface 1s subjected to anti-plane mechanical disturbances waé
considered by Achenbach and Varatharajulu (1974). Some cases of

dynamic crack propagation in elastic medium are reviewed by
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Fig. 2t Pattern of wave front and position of crack tip for skew

crack propagation under the influence of a step-stress wave.
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Fig.,3= Rapid propagation and bifurcation in anti
of an edge crack.
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Achenbach (1972,1976) and Freund(1976).

During the last decade, problems on Mode 11l crack
kinking and bifurcation have been studied by several
invéstigatons. Burgers and Dempsey (1982) solved the dynamic crack
bifurcation in énti—plane gtrain for two special cases. Corrected
results for Mode IIl kinking of a crack under an arbitrary angle
was'given'by Dempsey et.al. (1982). A numefical approach for the
study of dynamic crack propagation of a kinked or bifurcated crack
ih anti-plane strain has been given by Burgers (1982). Achenbach
et. al. (1984) have developed a method based on superposition
principle to derive approximate expression for the elastodynamic
gtress intensity factors of the kinked crack. The problem of
rapid tearing of a half-plane was also solved by Dempsey and Smith
(1985). They consldered that the surface of the half-plane |is
subjected to sudden anti-plane mechanical disturbance, c¢rack
initiation and subsequent crack instabllity are examined via two
idealized problems; the first {s concerned with instantaneous
crack bifurcation and the second with instantaneous skew crack
propagation. In éither» problem, crack propagation occurs at a
congtant subsonic velocity, under an angle kn with the normal to
the surface . For varidus values of the ahgle of crack
propagation, the dependence‘of'the elagtodynamic sgstregs intensity

factors on the crack propagation velocity is iﬁvestigatedp

i Recently, transient elastodynamic non-planar
self-gimilar Mode 11l crack growth In brittle materiéls ls
examined by Dempsey et. al. (1986). The dynamic similarity and
Chaplygin's transformation reduced the clasé of problems
considered to the solution of Laplace’s equation in a
semi-infinite strip. The Scwartz- Christoffel transformation is
subgequently employed to map the semi-infinite strip on a
half-plane. The theory of analytic functions are then used.
Elagtadynamic influences in the vicinity of a rapidly ﬁoving tip

after branching are examined in a rather general fashion.
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The thegis presented here consists of some problems on cracks and

wave propagation. The work has been presented in three chapters.

The first chapter deals with problems on moving cracks in infinite

elastic medium and in infinitely long elastic strip.

Problems on crack extension and bifurecation have been presented in

the second chapier .

The third chapter deals with the problems on wave propagation in

the presence of topographical irregularities.

The summary of the thesis is presented here chapter wise.

The firast problem of chapter 1 has been formulated as follows:

Ve haQe considered the problem of propagation of two
coplanar - Griffith cracks moving steadily in infinite long finite
width strip. We consider two cracks of finitg width placed 6n X-
axis from -b to -a and a to b with reference to the rectangular
coordinate system (x,y,2z) which referred to a fixed coordinate
system (X,Y,2), 1{s moving with constant velocity v along X-
direction within the strip of elastic material occupying the
regioh -h’< Y <h’. Employing Fourier transform and finite Hilbert
transform technique,.closed form solutions are obtained for two
caseg of practicaI interest. Firstly, the case when the rigidly
clamped edges are pulled apart 1in bpposite 'ditections' are
considered. Secondly, we have treated the case when the lateral
boundaries are subjected to shearing stresses. Exact expressions
for the crack -opening displacement and the stress intensity

factors have been derived in both the caseé.

In paper 2, we have congidered the problem of two coplanar
Griffith cracks moving along the {Interface of two dissimitar
elagtic media. Two cases of practical importance have heen
congidered. Firstly, the case of two coplanar Griffith cracks
moving along the interface of two semi-infinite dissimilar elastic

media hags been treated § secondly, the problem of propagation of
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two coplanar Griffith cracks along the interface of an elastic
layér overlying a semi-infinite medium of different elastic
properties has been éonsidered.Emp!oying Fourier <transform ve
reduced these problems %o solving a set of triple integral
equations with cosine kernel weight fﬁnctions. These equations are
solved using finite Hilbert transform technique. In the second
case, analytical expressions éré retained up to h™* s, where h 1is
the thickness of the upper layer, for . deriving the dynamic stress

intensity factors and crack opening displacement.

The problem of two coblanar Griffith cracks running
'steadily under three dimensional loading has been considered in
the tﬁird papef of chapter 1. It ig assumed that equal and
opposite tractions which are triaxial in nature are applied to the
crack surfaces. The two dimensional Fourier transforms have. been
used to reduce the mixed boundary value problem to the solution of
triple integral equations. In order to solve the problem , the
transformed surface displacement 1is expanded in a series of
Chebyshev polynomials which 1s automatically zero out side the
cracks and also satisfies the edge conditions. Finally, Schmidt
method has been used to determine the unknown _coefficients
occurring in the; series. The expression for stress intensity
factors at the crack_tips'and the crack opening displacément have
also been derived for different values of the paraméters.‘ An
interesting feature of this paper is that'there is the possibility
of curving or branching of the cracks at the outer edge at very
low velocities of the cracks whereas the cracks tend to become

curved at the inner edge for values of crack tip velocity about
0.6c_ .
2

/.

The dynamic in-plane problem of determining the stress and
'displacemént due to three coplanar cracks moving steadily ét a
_subsonic speed 1in fixedr direction in an infinite, 1isotropic,
homogeneous medium under normal stress and the-static problem of
determining the stress and displacement around three coplanar

Griffith cracks in an infinite isotropic elastic medium have been
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considered in the fourth paper of the chapter 1. In both the
' cases, employing Fourier integral transform, the problems have
been reduced to solving a set of four integral equations. The
iﬁtegral equations have'been‘solved using finite Hilbert transfornm
technique and Cook’s regult to obtain the exact form of crack
opening displacement and stress intensity factors which are

presented in the form of graphs.

In the fifth paper of the chapter 1 we have treated the
dynamic anti-plane problem of determining stress and displacement
due to three coplanar cracks moving steadlly at a constant speed
In an infinite elastic strip.Employing the same technique as that
used in solving the problém considered in paper four, the problem
when the lateral boundaries of the strip are subjected to shearing
stress has been solved. Numerical regults for stress intensity

factors have been presented in the form of graphs,

The dynamic in-plane problem of determ1n1n§<the stress and
displacement due four coplanar Griffith cracks moving steadlly at
a subsonic gpeed in fixed direction in an infinite, i{isotropic,
homogeneous medium under normal! stress has been treated in the
sixth paper of this chapter.The static prbblem of determining the
stress and displaéemént around four coplanar Griffith cracks in an
infinite 1isotropic elastic medium have also been considered 1in
this paper. In both the cases,employing Fourier integral
transform, the problems have been reduced to solving a set of five
integral equations. The integral equations have been solved using
finite Hilbert transform technique to obtain the exact form of
crack opening displacement and stress intensgsity factors which are
presented in the form of graphs.

In chapter 2, the first problem deals with  the
non-symmetric extension of a plane crack due to plane SH- waves in
a pre-stressged infinite elagstic medium. We considered. two

identical plane waves defined by
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and H() is Heaviside's unit function, to propagate through the
infinite solid which is pre-stressed such that '

Fracture is assumed to initiate at a point a finite time
after the waves intersect there and the crack is assumed to extend
non-symmetrically along the trace of wave intersection. Following
Cherepanov and Afanase’v (1974) and Cherepanov (1979) the general
solution has been derived in terms of analytic function of complex
variable. Numerical results have been presented to illustrate the
nature of the variation of stress iIntensity factors and the rate
of energy flux into the crack edges with the speed of the crack
tips and also with the time after fracture initiation.

In the second paper of the chapter 2, we investigated thé‘
'problem-of non-symmetric extension of an Infinitesimal flaw into a
plane crack at a constant rate due to the action of two
non-parallel plane SH- waves of different amplitude propagating
towards each othe{ in an {infinite isotroﬁic elastic medium which
ls initially in a state of uniform anti-plane shear.A finite time
after the crossing of the plane wave fronts, a fracture is assﬁmed
to Initiate along the line whefe the wave fronts crossed and. the
crack 13 then assumed to travel non-symmetrically along the trace
of wave . intersection. Superposition considerations allow the
original problem to be separated into three self-similar problems
with (0,0),(0,1)and (1,0) ‘ags the indices of self;similarity. The
dynamic similarity of‘ certain field variable in each problem
suggests application” of the method of homogeneous functions.
Expregsions for the gtreas 1intensity factorgs and the ratg of
energy flux i{nto the extending crack edges of the crack have been

derived. Finally, the nature of the wvariation of the stress



intensity factors at the crack tips and also the rate of ‘energy
flux into the edges with velocities of the crack edges and also
with the time after crack initiation have been depicted by means
of graphs. '

!

’ The third paper of this chapter deals with the dynamic
anti-plane problem of bifUréation,of a semi-infinite crack due to
the incidence of two linearly var&ing plane’ SH- waves wi%h
- non=-parallel wave fronts in an infinite elastic medium. The semi-
infinite c¢rack 1s assumed to bifurcate when the plane waves
intersect the crack tip. The problem has been solved using-self-
similarity technique which 1ig based on the observation that
certain field variables show dynamic similarities. The ‘results
include the expressions for shear stress in the planes of the
cracks and the stressAintehsity factors at the crack tips.Finally,
the variations of stress intensity factors with the angle of skew
for different values of the parameters have been depicted by means
of graphs.

In the first paper of chapter 3, we have studied the
transmission of time step SH- wave across a step like irregularity
in the surface of an elastic half- space. Considering the incident
wave in the form 'H(T-X/c). where H() 1is the Heaviside’s step
function the problem 1s reduced to an integral equatioh by using
integral transform and Green's function technique and finally
using Cagniard-Dehoop method of finding inverse Laplace transform,
transmitted field at any -distances from the step on the free
gurface have been determineé using iterative procedure. Numerica(
results have been presented in the form of graphs to 1illustrate

the nature of transmission.

Finally; we have qonéidered the propagation of SH- wave in
a medium consisting of two welded quarter spaces of dif%erent
material and having a step like change in elevation at the
vertical iInterface. The problem is reduced to an integral equat;on

by using the Fouriler transform and Green’s function techniqué and
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finally, by applying the method of steepest descent, the
ﬁransmitted and reflected flelds at large distances form the step
have been determined. To ;nvestigate the nature of the motion, we
have evaluated nﬁmerically the increment in amplitude due to the
pregence of the step for both the transmitted and and reflected

wave § which are presented in the form of graphs.

With this brief discussion we now present the thesis
chapter wise. An attempt has been made to include most of the

references consistent with the problems treated in this thesis,
which have come to the author's knowledge.



