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0 ll A P ~ E R li 

ltiNG SOURCE PliOBLEMS - - . . . - . . . . 

Problem 1. Diaplaeemen·~ produced in. an 

elastic iJUlf!O'Iapaoa by ·t110 

!L1pulsive t9rs!onal motion 

of a o1rault9.z' rins so~ee. 

Problem 2 ~ SH~wavee in e.n ele.atio half•f.lpaoe 

due to a ring sou:r.~:ee of 1:nCI:'ee.ail'lg 

radius. 

Problem 3• ~orsiorJB,l response o£ an ele.atio 

half-s~~ce to a nonun!formly 

expaD.r]j.ng rlng source" 



Displaooment ;Et.:-oducei.1 in nn Elt:Hz.I'"'~Jic .iii:?.lf-$JJace bY 1>ne 

Impulsive ~~orsiOl:lnl Motion of H. Oirculr:1..r Ring source 

I.HTRCJDW1£I01h At present !dUOh attention haG been given to probletnf'J 

co:nnernad with wave propa.ga.t:i,.on in homogeneous as well a.s in 

inhomogeneous, isotropic, elastic media. J§uoh of this w.ork lt.":la 

been com1actad With. probl$ms of seiemologioo.l int1t1reat• involving 

wave propagation. 1:'he normal load.ing problem of an elastic hnl.f.­

spaoe Wf.t.s firot invootign:ted by Lamb (1904). Thia type o:f probleL'l 

WB.e then investigated by Eason (1964 ).; }ti:tra (1964), Chakraborty 

and De (1971) e.nd many otht~Z'Eh In f~,c.rG a class o:f elastic hr."llf'• 

space problems involvil\'5 an. axisymmetric, nonnally Hppl;i.ed, 

surface load was i11vestigated by Gakenbeime.r (1971). lie asstunec1 

tr.tat lortds ooddeuly et.i'la:tUtte i'rom .a r:oint on the aurfo.ae and 

expr:-l.nd radially a.t ~ constant z·atc,. Ho '-lSGd Caenial~d 's method to 

CIVTtlU<::'\te ... Ghl:;! i!iverse tJ:.>ans.formo ~. This paper he.$ a partioulo.r 

reference to the work by Ghosh ( 1971 ) t·;here technicruoa similar t() 

those adopt~d here., are used. f&'1n,y recent studierl on elastic 'vW?..ve 

propa.gation e,re due to the ·work of Oagniard (1962) • who developed 

a particular teoh ... "'lique of iindi11g the Til&pla.ce inversion, that has 

boen f'omtd to l~e extremely useful in dealing With problems o:f til is 

typo~ 

. '.!:he type of: disttlXbing .force considered in this paper is impulsi•te 

in time anc1 acts ove:r the ciroum.frztrence of. a circular region of 

---... ------~---...... -..-·-· ,... ................ __ .._, .• -.... _,...~- .... :~¥•tl ...... ~-.. ---·--·---··--~.---""-·-·-·-·-~-



94 
constant radius on the f:t>ee aurface of a eemi-i:nfinitGi isotropic; 

elat:rtio lJ.alf.-spaee. 'J~he effect of the !nhomogenen'!l~;t.v of 'the 

medium on the disturbB~nce produe(·Hl 1o · t.letG.rmined .L'fl the integral 

form., tJhereas the d.l.Si'lla.eernellt in the rose o.f a homogeneous 

medium is determined ~Qtly J! 1~he displacement at e.ny point on the 

free surface ia avalt'l.atad numerically o.nd the gr~lphs ax~e draw'll ·t.o 

show how the vibration ·of ·a lJOi:r:xt in the ·medium is a:f:f.ected clue to 

tha inhomogeneity .of the med.iuru, ·which entera ittto t:b.e expression 

·-~ for displa.cement thrcnlgh tho faator. e • 

i~ORSfiU~'IOl~ oE• ;J:HB EROBLk:M: Let (r,e.,z) be the cylindriO..c~l polar 

oo .... ordi:rlatoaJ z•ar-ia hein,:s directed into thE"~ ifJO.tro:pio elastio 

med;ium 11 the :plane boundary bei115 z===o with ·the origi:n at 'tlle 

The d1aple.oeme-nt i.s oal.mtlo.ted at poj:tJtts .t~taide e,nd on the frae 

surface of the medium, subjee·t to the oondi tion that the half"'!' 

s;pa.oo is· initially at rest £~J.::td that tll.e displacement remains 

boun¢tea oven· for lax-ge values o:f z .. J;\or toraio:na.l motio:tl of ~the 

ring all quantities depend on a~ .• ~ aud the tlma t, the only non ... 

zero component of thee di.eplaqemrlnt vector ir;; ·she component v 

along ·the direotim1 of 0 increasing. tr:he :t:¢levant lto:n ..... vaniehing 

str{:H$a compon®ts axe 

and 

(1) 

(2) 
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t:lhere fl is LeJne ts constant. -;the only non-zero equ.r.~'tion of motion 

is 

where f · itJ tho density of t.he tll@terial, as.ou.med constant. The 

boundary oondi ·tion is 

\Jz = P&(r - a)S(t) at z ~ o, 

wherG P is a, constant, a is the radius of thG ring som"ce nnd 

o(t) is Dirac's delta function •. 

·uaiug (1) s,nd (2) the eq,ua.tion (3) can be written in tho form 

(3) 

(4) 

(5) 

where ~ = V( r If ) is thf~ shear VfO.Ve velooi ty. 

t1lill:HOD OE' SOLUTION; VIa define for all posi.tivq real values of 

s "the U:l.plao!;) _trs.n.ei'o.rm £1 (l.•,z,.s) of n ftL?lOtion f(r,z,t) by 

the :r>elation 
QO 

:r
1 
{r,z;s) = f ~f:(r,z;t)a-f'Jt dt. 

0 

(6) 

App~ying the Jnplace tra.nsform (6) to the equation (5) WG obtain 

(7) 
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00 

v 2 { ~ , ~,a) f rJ 1 (~ r )v 1 (I', 3, s) dr \J 

0 

1iultiplying the. equ.:'l.tion (7) by rJ1 (~r) and ,integrating w1th 

respeot to r from o to oo we get, 

a . s 2 
{ ~ + -2 )v2 ·• 

) {3 

'.!:he ge:neral soluti,.on of· this enuation which rem.-=.tina bounded 

as 3 ~ + oo is 

r 2 82 1/2] 
v 2 = A exp L-z ( q + ~ 2 ) . • 

where A is to he deterru.tnod from the boundary oondi t1ons, 

u.eing (2) 

i'1l· /d A( 2 2 ~:-. 2 ) 1/2 On z = 0, V 2 :::.:: A and uV 2 Z = .,. ~ + S tP . · • 

Using these rclo.tiolls. 'liVe get 

A 
Pu. =--;a 

(B) 

(9) 

(10) 
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Sub at! tuti;ng the value of A in ( 1 o) ancl inverting the Hankel 

transform ( 8) , wo o bto.in 

co . 
· Ba ~J1 (~a.)J1 (qr) r . 2 a2 1/2 J v1 (r,z,a)·!l;il- ....::... f~ 2 •2 lT ~p •""( ~ +-) d~ 2 2 ......... L.. .... . •.. , .. 2· . . • fl o ( ~ +s /p ) s~ 

:From a well-knovm .resillt (watson (1966),pt~358) 

2·n 

J.o(~R)= ~ £ ei~R sin'P d~ 
and 

{Er<lelyi(19.S3) ,p.14) 

;: . ~ 2 
whara l1 = v (rc.;+a •2ar coe ¢ ) ; we obta.ir.t 

whore 

If we put p = q sin'\~ and q o ~ ooS'\' in I 1 , then 

' 1/2 
exp(-11(p2+q2+s2/~ 2 ) +iRp] 

(l,2+q2+s2/~12) 1/2 
dp dq· 

(11) 

(12) 

(1.3) 

To fin1j tne i.nvers!on .o£ .I1 'f· we adopt O~::tgniard 's technique as modi±'! ell 

by De .Hoop(1959)• Acao:rrlingJ.y in (1.3)vW$ put p .::: nuJ and q =~s, t11en 
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00 0() 

3 

I1 = 2 I dn f 
0 ....co 

In the nbove integral the pa.th o£ intecration with ;r(;)speot to m is 

the real e.xis (~,ig.1) which is deformed in such n way tllat 

- iH.m +· z(m
2 + n 2 + 1/i:i 2 ) 

1
/ 2 ::; t, where t is real and positive. 

The deformed path of integration is the branch \ of a hyperboln 

In the course of deformation of the path of integration it is 

essential to !(now the s~ngnleriti0s of tho funrJtion s/(m2+n2+1/p 2) 1/ 2 

in. the m-plE:me whioh are the bro.no11 points + i(n2+1/p 2)112 • -
Sino a the hyperbolic pr::tth I does :not cross any of the singule.ri ties 

during its deformation, it is possible by virtue of eauohy's theorem 

·and Jordon's lemme,. to replace the irJ.tegration oJ.ong the re<::tl m-a)-:is 

by an ir.!."Gegration along tho hyperbolic path I• 
·we assume 

and 
m ::::s-, 
~ 

then 
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1 
, . (n2+1/o2)2 ...... _.,_IR -~--

72+ R2 

-=-------L----------= 

Figure1 
Paths of integration in the complex m-plane. 
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The point whex·e f cuts the imafs!nary rutis is given by 

and the point is 

m == .i;R(n2+1~2) 1/2 

(22+lt2) 1/2 

\'-ih.ioh is below tlle b:ranch point i(n2+1/ts 2) 112 .. 1-!ence (14) can be 

w.ritten as 

I 1=2fdn f 
o {<z2+R2) (n2+1/t3 2.)} 1/2 

1 ---------

How using the fact that m .... :::s - m.,._ and dm_ /c1t :: -(dill+ /dt) where m 
is the aomplex oQnjuga.te of m,. (15) oan 'be wri t·ten as 

Changing the order of ~1tagration1 we g~t, 

01* 

r
1

=4 J · se-st dt 

(z2,~R2) 1/o/ ~ 
(16) 
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Substituting this result in (16)R we obtain 

dn 

Hence the Lapla.ca invrl!rsi.on of r1 is 

(17) 

Therefore the Laple,oe inv~rsion of (12.) by uaing the Ln.placa inversion 

of I 1 as given in (17) 1s 

2 2 2 1/2 ' r: (~ +r +a -2rc, cos ¢ ) ·. · ]. 
n. &Lt - -~---------

v( v.···J_--z- .. t)=t - m f ~~ "'•' -- 0 .J d . .1 
.r • ] - 1r.Jl 

0 
(z2+ra~;Z:2ra cos :i )172 · 0 s y; . v• 

(18) 
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To evaluate the above integral we put 

2 ' D 2 1/ 
(z + r~ + a • 2ra oos ¢ ) 2 = ~9, 

and (18) cen be written as 

for .(19) 

FOF~WLtU:IOU OF :nw; PROBLEM: In this 001'3e the same problem of toreional 

motion o.f? a. semi-1ni'1ni te elastid medium due to the presence of a ring 

aouroa x a a, on the free surf~oe z :::: o a~ in case I is considered. 

The only difference ia that the mediunl under consideration is in -

homoge~eous in nature,. the coei!:f!oien't; of' rigidity and the density of 

the medium are.aasumed to be 

(20) 
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Here also the no.u-vanisb.ing ,sr'Greaa components a.nd. the non-zero 

equatioruE of' motion D.l:e the same o.e in Oase I, given by the equationa 
{1),(2) and (3). 

i.ml'ilOD OF SOLtrliOih l!"'ir.stly we put v :::s (1 +EZ )v tu the equations 

( 1 ).,(2) and (3). Tha transformed atlu~tiona are 

..... -
'Tre ~· ~(1 + ~) ( ~- i' ), · 

and 

wheEe tl = V( .fb· I ~ 0 ) ~ 

Ta.king tba Lsplac(t tranatorm of the equatio~l with respeqt to· t, 

we obtain 

1 
+­r - ( 

(21) 

(22) 

(23) 

where 6 is the ·ra:plaoe transi'orn1 parruneter vjh!oh is real end positive. 

Taking the Ft-ankel tra..~aform of the equa.t:lon ( 23) we ll:.?.ve 

(24) 
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The general. solut;lon Qf' this eque:'vion. which rom.:'\ins bounded !or 

large values of z is 

Applying the· R'Ulkel transform and the !.a:plaeG tranai'orm on. the 

boundary condition 
I 

and u~ing (25), the value of' IJ is found to bo 

PaJ1 ( qa) B :::= -· _ _._....,....._--._._ __ _ 

/U {€-..( ~2+a2A>2 )1/2l 

substittlting tb~s value o£ B in {25) • it f'ollow~ that · 

Usi11.g the above result, (27) is writuen as 

(~5) 

(26) 
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V--. J!a ... _ ......... 
1 . /J· 

0 

We now replaoQ J1 {qa)J1 (~r) o;f (28) by the integral, which 'lr;as 

~sed to modify equa.tion ( 11 ) • Fi:tk'1.lly we get 

-v1 = ... 

where 

Assuming p = ~ sin 't and q = ~ cos 'P , 1 t fol:tows that 

where , p = me and q = ns. 

As in Oaee I,. here aloo the ;p~th of integration with respect to m 

whicb is tho real axis is deformed such that 

(28) 

(29) 

.- !Em + (z+k)(m2 + n 2 + 1/1:l 2 ) 112 = t, whra t is real. and positive. 

The deformed path is a branch f1 of a hyperbole tho equation of 

which is 
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i~oting tbat: the point iflhel~G f'1 Cuts the unaginary axis is . 

m =- _ ......... ____ _ 

when 

.· ·. 1/2 
t ={<z -t· k)2 + R2l 1/2 ( n2 + .J.2··) 
. ' p t 

one gets from the equation (30) 

Clmngina; the order of integration; we obtain 
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2n(z + k) 

Hence the Laplace inversion of (31) is 

Taldng the Laplace trr.'.nsfom of ( 29) and using the value of I, 

it is found that 

X 

To evaluate the abOVf;} integral we put 

1 2 2~1 /2 
L::: ·~ { (z+k) . + R J • 

then 

(31) 

(32) 



1/'> 
(1/~) { (3+k) 2+(:r+e) 2I · ... 

if:;:: r 
{1/r>{<~+k)2+(x•a) 2 } 112 

108 -

cos ¢ d~ 
{2o(t- t )+t& '(t· l > ~ dt _,. . 3 '2·. d-L 

.{ il J 

Substituting :these Va.luraa, we get 

\'lhere 

t 
aru:l it is to be remembered vhat o is. the derivative of the 

Dirac's o-funetion witll .teapec.rt to t. Integre.t,tng (33),we get 

where 
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It 1s to be :noted tl1.":1t if t does not belong to [ ~2 , ~1 J then 

the il1tegrand in (33) !n zero, consoqu.ontly J = o • 

Substituting the value of J in (32) , we eet 

co 

- .P v= .... ----- /(z+k)J3-Ek[2f(t.tk)-ti'( l1tk)fi(t- t1 )" + 
0 . 

+ tf( t2,k)&(t- t2)+tf' '(t,k)] dk. (35) 

In evaluating tho integral {35), tht:l following sub-casas are to be 

considered, keep3.ug in. mind that k satisf'ieiS (36) and t!w.t k ~ o 

1)tf[1;1 2t 2 - (r- a)2 }1/ 2 • z < o, 'th.t'.:t"t is if j:)t <{z2+(r .... a) 2 j1
/ 2 

then , t does not bolong to I .t2, t1 J , so J ~ f.).. Consequently 

v = o ~ Th!e ia in aocordanoe ·with the physica.l . condit;loll of the 

problem because o. disturbance c,.g_.nnot x·ench a point (l (Fig.2) 

before the time ( 1/~ ) { z2 +. (r ...: a) 2 ]1/ 2 , wb.J.oh is the t11:1e of 

nrrival of' the disturbance at the point iJ from the nearest point 

of the ring sou.roe. 
I 

i1){i3 2t 2 ... (r + e.)2 }112 -, z < o <[P~2 - (:t•- ~~> 2 ]1/2 - z, that .is~ 

r z2 ... (r .. a)211/2 < pt <{z2 + (r + a)2J1/2 • 

In this oa.se (35) takes tlla form 
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(37) 

The in:tegra.nd of ( 3''1) ia considered e. a a generalized .function, so 

the finite part o£ -the integral (:;rl) is retained (JOHI~S(1966) ~p.S9)and 

we get 

0 

Hence 
,
1
_, 2"""2 _ ?-2 -r2 ... a 2 

f~ \> ~ 

v= rtL'f\o( 1 -r~;) [2(;2+a2) ... (t:> .. 2t2.,..~,}i)-(r2-a2)2-{t}?'t2-'z2)2 .J 172 

{p2t2-(r-a)2]1/2~3 
J + 

·~->E 
r .f"JX"' ..,...... 

itt"}1 0 ( 1·1- z) 
0 

-· 

In (33) if v1e put e:: =o, we get the &'1.llle reeul~t th .. 'lt we have determined 

in (19) o£ case I. 
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iii) If' {f3 2
t

2 
-(r+a)

2
}

1
/ 2 -z > o, that is i"f' t1t >fz2+(r+a) 2j 1/2. 

then 

(59) 

It is int•:;raating to note tbp.,t in the eaoe of a homo(~(:meous medium 

there is no displrl.cemen·t at a p-oint {J (:Pig.2) a.fi;e!~ the time 

t . '(1" ){ 2 ( )211/2 1 .. -t • i ...... = ·. tiJ z ·t- r+a J , W.tu.Oh · s 11he time req.uirod by the 

disturbance to reaoh the point ~~ d1reotly from the fnr-thast point 

on thi3 ring source f~tl the point ·"!. * :but in the case of a.."l 

inhomogeneous medium · t11e dioturbance reaohea e. point Q ev~n af·ter 

the timet= {1/tJ){z2 +(r+~)2t/2 which .is tho nEXiiuum time required 

by a direct; wava to reach tho point ::.2 fror..1 the :farthest point ou the 
..... 

source :i':for, the point Q. 2:111e is due to the faot t.l1:~:t in the cas.e 

of an inhomoge11eous medium the region z > o n!ay be considered as 

an aasembiy of ru1 int'init~ number of thin l.ayer.s of 1.11atm-i~.l of in­

finitesimal thiclmeea oi continuously ve.rying denni·ty and 

coefficient of rigid! ty... Tl1a.t ia why the diat:urbanoe, which reaf?hes 

the point Q after aucees::>ivs reflection anJl re:f'raotion in different 

layers of the medium, a1.·r1ves at CJ after the time pt ={z2+(r+a)2 }112 • 

The disturbance aomee continuously after thEl time pt ={z2+(r+a)2j1/2 

with decreasing intensity. 
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O(r.z) 

Figure 2 

Arrival of the direct wave to Q from the nearest and the farthe-st point of the source. 
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In order to obta.in the displ.aoement on tha free surface v;e make 

the substitution 
. . 'lj').. . 

. [a<r2_..a2)(p2t2-~2)•(~2-a.2)2-{~!12t2.-k2)2 J~./2 ::: 2ra sine 

where 

·1 oo.s A 

da ~eQ 1 
0 

(40) 

(41) 
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for p t > r + a respectively. 

If e: a = o, then from· (40) it .follov.rs that d ::; d
1

, ·which 

corresponds to the dlspla.oement inhomogeneous medium. The 
I 

integrals in (40) and (41) giving tht4 displaoerntmts d and d 

lk"lve been numerier~lly evaluated for d:i..f.fe.rent values o! E a 

t 

at different points on the frao surfnce and are presented in 
' 

Tables 1-4 !or difi'eran·t values of Pt/a.. 

From Tables 1-4 it is :found that the difference in the values 

of the displacement at any point oorz.•esponding to E a = o and 

e a = 10 brra(tua.lly diminishes with the 

pt/a 

1.2 

1· .4 

1.6 

1o8 

2.0 

2.2 

2.4 

2.6 

2 .• a 

To.ble 1 

r/a. = 2. (r/a.) - 1 < (pt/a) < (r/a) + 1 

d when Eta::::O· d when e.ac:s1 

-0.97596 -0.32841 . 

0 5'346~:· ...... " .. ::> -0.08456 

-0.38490 Oo00497 

-0.2449d 0.05256 

-0.12909 0.08585 

-o.02001 0 .• 11644 

0.09676 Oo15276 

0.2449-8 0.20795 

0.50411 0.32902 
I .... _,..., illlol!ll ....... _ ~--~-·-

d when Ea =·1o 
...... I~ 'fqpem-ev• 

-0.50051 

-0.41435 

-o •. ;;1t49 

-0.21268 

-0.11623. 

-~.01716 

:).;09355 

0.23612 

0.49230 
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r/a = 10, (r/a)- 1 < (pt/e.) < (r/a) + 1 

-----------------------------·-------------------------~ 
pt/a d when E.a = o 

9.2 -0.14221 

9.4 -0.06155 

9.6 -0.04927 

9.8 .:..o.0255:9 

1o.o·· .:..o.oosoo 

10.2 0.0153'7 

10.4 0.03834 

10.6 0.06901 

10.8 0.12546 

-

d when Ea = 1 

'J OO'td'~ ..,! .• , t' G. 

-o.ocr314 

'"'!"0.00063 

0 .. 00324 

0.00{')68 

0.01588 

0.02557 

0 .. 03990 

0.06799 

Table 3 

, ....... 

d iilhen EB :::: 10 

-0.13509 

-0.08070 

-0 .. 04911 

-0.02556 

0.015}7 

. 01)03833 

O,(hi900 

. 0.12542 

r/a = 50 1 (r/a) - 1 < (pt/a) < (r/a) + 1 

l-J't/a d when .:. a :::: o 

------------··-------~-~----------------·--·A----

49.6 

50.0 

50.4 

50.6 

-0.02'700 

-0.01525 

-0.00894 

-0.00020 

0.,00307 

0.00851 

0.01475 

0.02633 

•0.00822 

•0.00693 

-0.00474 

0.00028 

0.00318 

0.00665 

0.01130 

0.01944 

d when e:.a. = 10 

·------
-0.02699 

-0.01525 

-0.00094 

-'J.00020 

0.00387 

0.00851 

0.01475 

o •. o2633 

----------------------------------~-------------------------



iJt/a 

116 

''J:'able 4 

r/a = 2, (l:Ot/a) > (ria) + 1 

t 
d when Ea :::: 1 

-0.17211 

.-.o.o779-, 

-0.042-50 

-0.02533 

•0._0159;$ 

-0.01040 

-o.oo697 
-01)004'77 

-0.00332 

' d when E.a = 10 

d 'is of the order of 1 o-7 

i 
'\'lhen r = 10a orE e. = 10, d is vez·y small. 

iuorease in :the value of r/a. _This is also apparent from the 

expression for d2 in (40) because the e:xponontia.l term 

[ [ 
r t:l 2t 2 -- r2~-· - -1 J 1/2 } 

exp - E._ a 2 - cos G + · - . a a2 a 

iu the integre,nd for l.arge values of r:/a decreases ra.11idly 

vJith the increase in value oi' E ao 
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Figure '3 

r = 2a, variation in displacement near the source fo::- 1:12 = 0, l, l 0. 
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Fi '·''I •'(' ,JIC . :..._-.-~~ ...... -:zr 
r = 1 Oa. variation in displacement at a mGdcr~ltc distan~:c ;·~ c11il tiie sou:·cc for w = 0. 1. 



100d 

' 31-

119 

~t I . jl .. 
99~$' 101 102 f]t 

.. (98,0) ---:-~· ----+------t-·~ 2-:a 
.::a=! .....- / 

.r"" / 

-1 " /-a=O 
I 

-2- I . I 
-3l 

FigureS 
r = 50a, variation in displacement at a large distance frorn the source for ra = 0. l. 
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20d 

l 
(6.0) 

7 8 9 10 
----+~-'·· 

-4 
FigurcG 

r = 2a. variation in displacement after the mar..imum time 'required hy a direct w:1ve 1~1 arrive from I he 
farthest point of the source when w = I 
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!NTFWDtrOTtON: The i;oreionAl vibrp.tton of ~11 ela_et"itl hn.l'! epr.,ae dua 

to a, surfa.oe f'oroe whioh is per!odio in time w~s ftrst conaftl~rert 

by R~tssner (1931}. nels~e~ Gnd :Se.goo1 (194~) ~at~r.mined. t'he .dt~· 

trtbutton of the streose~ in the ~ntertor o:f a -sGmi•!nf"tnttei homo .... 

genous 1sotropio alnstle rnatertal due to a pertodie ~ht!:lnr- streasas 

nppi.taa in nn nxinlty· syrnmet~to mn;n~1er to m: o!rou.l~r ~.rert: o~ tlv~ 

plane -su~:rl=).ca by meens pf! n r-tgld die~~ 'th9 to~e1onnl ~l:tsplrctot?m9nt 

being pr~scribed ur.uiar th~ diSk• Voma .. (1957) d!em:tes~d tt1~ ~t~ti() 

distribution of s.trernaaa ~nd tl1spla.oernent when el;e~.rintt stres~ 1~e 

presoribArl 011 tba Oil"QtlMfe1eno~ · ()f ~. Ci't'01!:] OTt the !}lti!ne bottnqp,ry ~ 

·~ntta (1qG1) disou.a~ed tha ~orr.m:mond1n~. -pr"obl~ when Ah~r!n~ 

stress deare~ses a1q)On9nt!A.11y with_ t1.me. G-bo~'h (1()~4' eY~.ctty 

evo.lu~teti tbe cU.spltu)ement nt mny point o'f tha med!tm when n t,wf.s­

ti:ng moment in the fo~ ~V~(t) ia a~1llied: to the dlsk by :foll~i.n~ 

Cagn:tttrd. (1939) an<:l Dix (1954) ,. Ghoa'h . (1971) aiso dianussad th~?t 

!l,r,iey'mmetr.1o l;}roblern o~?' propa.rt,ation ot a strese d!soonttnutt~ nv~;r. 

a oiroular region by using Cn.gnt(\rd's- (1ll3t1) metho;:, f.?a motlt1'te~ by 

'Da-n'oop (1'159)-~ !n the J't"e!9e!lt pa!)er the P.Utho:r <ietsrmine~ th~ rtts­

plnoem~nt in the integt'P.::t form du~ to a, ~ing source ~n'lf,c'h lncrr."!t;,."g~ 

steadily wh~:m th~ twistin~ !m~ul.ee is l'l!"escrlbad. 'by y?,(~otlRft)., 

where .~,H ~.re two d!m~nstone1 deltA. function lf!nd. lfe.'ltvistde _t~nctlon 

res~)aotively~ and th~ the .e~aot evP.lun.tion of" t'he diapl.Po~ment !f} 
- - e: 

de1;ermined aftei" tb.e t:trot- ~r:r"ivel of' the_ ~henr Wt=\Ve ~:ndt th~ dts._ 

plP.oament r;~.t eny J'Oint· for la.r~e vi.'!:'lu.er:: of t'he time t. 
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1"0Ri:;'it1LAT I.OI>! QF TH'8 . PR.Onti8r'T 'i 

Tha isot:ropio_, slnstio, semi~ 1nt'lni te rned!um i~ aup-ros~d. 

"'~o O(jcupsr 'the region· 3 > o ._ We ohoos~ oy-lindrt.,~J. pol~l? oo-oml­

inate~;t (r,a,z) with tha z-~V:ia !'11reetad intn the n1edium, t,'he 

plane. bounda:ry b(!ing 9 = o wt tn O:r!'ig1n at the · oent_~~ o·r t'h.~ ~o--

·u.rce. r.rhe dis:ntae~m~nt. is ri~.ioulnted. ~t pOints 1nal(le .tha· me,:Yit1m 
·, 

assuming that the halt spa.ce ta, 1n1.t1nl:.ly1 ~t rest 11nd tht1.'t the 

diapl~oement r~a.ins bQunded :even an ~ • + oo • ~incA the· mot f. on 

ia s;yrmnatr!~,t about ~~ds for torsional motf.on of the rln~ 

source, s.ll quantities d~pend ~n r,a nna the ttm~ ~. mhe on1y 

non-venish1ng comp~nent of tht!l . displ::toament vector 1$ t'h~ ocf::'in .... 

<'.ment V Al012f!. the di:reotion of 9 in~ramsin!;'.. HQnee th~ tl()n-v~n­

ishing etrest:J gom:ponenta a.r~ · 

where J1 is the· ooef'f!otent o£ rig!dtty~. The only non•z~ro 

equn,tton of m~tiort is 

wher~- f. ie the. (lens!. ty of the menb~mi A.eoorned oonatr:m.t. T'he 

bounaaru oondttion 
. - . '• . 

(1' 

e,P be!:ng oonatfl.nt n ts th~ !.Ye-'1-·¢-iJ~id.$ function 1;1;nd 1;. is- th~ two 

d!mens1oM1 ·delt.n function given by 
.eo 

2-n l &(r) ,_.i.b~ = 1. 
(') 
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c(1. ocdinntes system in the mediurr;. 

. " 
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SOtlY'I'IOJ:J~ tiede:rine ~ro:r- 2.11 :posi t:tv~ r0P,1 v~1u~n o-4' R9 1;t'f~ r(.'!n1~.co 

tr~nsi'orm :r1 (l:'~ z, a) o.f ~ ftt;net:ton f(t'i s; t)by 

em 

f 1 (r.$,s) l e-at f'(r,z,t)dt .. 
cO 

Subrrtitutine the vn.lue OfTJ?~ and 17'1~1 in 9qu~t1on (:2) ~-nd 1:h(-}n 

a.1)nlylng the l'l't!)lt!ca trnnafo1.1'11 (4) 1 we obt!';l.in 

WI 

v,.,( ~ 1 z,a)= fr J1.(~r),r1 (r,~,~)dr 1'.: 0 

and th~ multtp1yin~ the ~qun/l;ion (::>) 'by :rJ1 (~r) mld. inte~tir:v.·~ 

· with respect to r from ~o to ~, we ~;et 

Taking~ real; the gen~ra:l aol1J.t.1on of' tht1' equ~,tion (7) whieh 

rei!k"'d.t\e bc>unclE)d f"or ·1.r:1.rge vn.luee of z, is 

(7) 

(8) 
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( "'en >1 = J? /e-st t)(r•ct)H(t)dt 
0 

It•s Hankel transform ;ts 

Noting that on z = o, 

dv 2 · 2 2 2 1/') · · · · 
dz · = '!A_A. ( ~ + s I P ) o;._ and using the bound~ry aondi tion; 

Stibstituting this 'V~.lue of A in (8) and inverting the Hankel 

transform {6), we obtain 
a . 2 ·e2 -1/2 

00 1"!'1- <cs + """'?') . 1/ 
v1=• p_} . o oG J1(~r)e-z(2s2+s2/t32) 2d~· (9) 

2·n!l8 0 (~2+82/f§ 2)'1/2 
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l'iow ,. 2n 

J1(~r)= ~ f ei~l? sin(oos'y.•i si:n~ )dt.{~,ee 1'3rdel.yi,.A.~1ta1 
O . 1953 :P.14) · · . 

Substituting this valu.e o:f .. r1 ( ~r) in (9) a:nd. putting 

P ~~s~n~ and: q = ~COS'Y, we get 

To finrl ~the inversiot\. of v 1, v.re. put 

p=ms and q=ns in the above il)tegra.l, then we h>::\Ve 

.- - iP 
.:=,II 

n_.,2jl1~ 
(;.IV .,. 

In the inte~al of the Et(!;Ul'ttion (10), the path of' ~lt.tegratl.;on 

with respaot to m .is ·the real B'YJ1a Wbioh ia M~ defo:rmed in 

such a way 1;hn.t 

(10) 

(11) 
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Fig-Z Path of integration in the compiex m-plane. 
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wher~ t !s real find positive ... The deformed path of integration 

is the· branch 1 of n hyperbola \vhose eh-:t'U<'>:J.tiQn !s 

2 9 2 2 2 1/2 
irt;tz [t .... ( n{~ +I' ) (n "'+1/p )J l 2 2 2 1 r 1/2 

Ul= -----------;;.;.......--- • (z +r )(n + ~) <t<co· 
? ~ A 

z~+r~ ~ 

We write 
· r 2 2 a 2 2 1 1/2 

irt ,: ZLt -(z +r )(n +1/~ ).J 
m ~ ----~~------------~~~ + 11 -

K(m,n) 

,, J. 2/( 2 2 L -2 where v =tt . z *+r· )r t~ · 

' . 1/2 
,r: -·1c 2 2> we put n = v Y sin a. and tf1 = {') z . + r · ., 

whiGh is the time taken by the Bhet'U:7 w~;ve to :reach the point(r,e,z). 
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n/2. dm dn 
f ImrK(m'""' n)~+ ~Jaa.. f' , , a·v (M 

0 -

Hence from (12) , we ob·tain 

(14) 

which ia the displaoemant at any point (r,~) just aftor the e.rrivnl 

of tlla diaturbtl1tca. It is interesti:n~£: to note ths.t the displacement 

due to tne first· arrival of tha disturbance at any point of the z-. . 

axis is zero VJhioh is also expected :fl'Jom the physical atend point. 

It ia to be noted that the displacement at any point on the free 

surfaae z=o varies inversely aa r. · 

Case 2 ~~ Jllaplacement. qf~~i.~nt;t]£ ~nrzL"'!..~J!e _\!h$n r~t~-.2.. 
I . . ' 

r: dm+ dn] 
In this case, IroLK(m+, n)dt da _· 

;.... 
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The terms containin£~ l/t3 0.:nq. highc:r orders a:r.e neglected •. After 

the above substitution (14) takes thB following £orm 

1'; ~ 1/2 /"" ( c::. ~) 1t ~ r z +r1 1 
. . 

t .•-
0 

rz(z2+r2) 3/ 2n/2 z2-3(r2+a2 )c~oa2a·~r2coe4a - ~ . .r--..-..------~s=---...... a.a 
etc.. o ( z2+r2 ootl~rx) . 

(15) 

The first integral of (15) is zero,henoe for the large veiluo of the 

time t compared to tP , thE' dieplaoemant is gi von by 

1'\ ( ~ 2 ('; 2)'/(' 2t2 2, ~ = - .~.~r <f·Z + ~r 4 nrC Z " • 

') 

In this case the di$.plaoement at nny point varies inv~rsely as tc.. 

Also this is . to be noted that the . displa.cemen1; increae:H:l 'i:':ti th the 

increase of r when t ie very lr!.rge. vih:ieh is iri conformity with 

the physical oondi tion bec..~use the. radius o:f the ring sourc(;) 

ef'ter large time t is infinitely large. 

Ce.sl3 3. 11isn,le..c_eJ!l~!lt. st the f..ree SJ~rJ)}oe._ 

In this ce-.se talcing z=o, \Ve obtain :from Eq. (1'0) 

00 00 

_1 fdn J 
c 0 

(16) 
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The path of integration in. ·the C011l ... Jlex. 1:..-ple.ne .is 'the real axis, 

which is deformed in su~h a way tlmt 

-irt.n=t,. where t ia rer~l t:!lld 1"'0sitive. Taking the integral 

over tlle deforme<i path wo gat 

Changing tha ,order of integrn:ti.on •. We obtain 

+ Jte-...3 t clt 

r/o 



:.~:air..ing J41plo.ce lnvors;Lon of' the above integral, we finally obto,in. 

v = 

where 

X [Jjl(t~r/p )-H(t-r/c~II(n,R)·Hl(t-r/o) .II(n,R;~ ) ] · 

II(R,n) is the complete Glliptic integre.l o.f ?rd !(ind. 

II(R,n,~) is the elliptic integral of 3rd ldnd, 



INTRODUO'.fiOl'h The study o:f the dynamic behaviour of an elastic 

soliq under .various :forme of moving loads and torsion.-'9,1 pr<msure 

has been gaining importa.noe day by dc.~y. This is beoauoe of th·eir 

importa.."'loe in seiarnology, struo·tural design and under ground 

exploration. 

Gakenhe!mer (1971) in one of his papers presented 1n details tho 

problem <>f' a load emane:t1ng from a point on the surface and then 

expanding radially at e. constant rEJ.te~ He oonsid.erad the cases 

when the loads are disk-shaped or ring-shaped and -the expanding 

rates are auppar seismic; transeism!o a.nd oub seismic. Almo.st a.t 

the &':~.me time Ghosh (1971) also considHred the probl<~n of 

propagation of a stress discontinuity over an expanding circular 

region with a.· constBllt velooi ty wllicll is lass than the shear 

wave velocity of the medium. F-reund (1973) considered ·tho non 

uniformly moving line load as well as point load. Strongo ( 1970) 

discussed the problem o:f an accelerating line l.oad in an e.coustic 

half space. The nonuniform pressure distribution problem. applied 

to a.n elGJ.stic h--:1lf apaca over a o1roular zone are disCussed by 

Brook {1980) r~d by Roy (1979). Almost a se~e type of problem 

has been connidered by .Aggart.vral and Ablow (1965). There it was 

asG~led th~t circularly s~~lmetric load spreads out ~rom a point 

---------------------------------------------------------
Published i~l ZAfilt:l, Vol. 63, P• 7346 {1983) 
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on an acoustic half space YJith decelerating speed. Ghosh (1900/81) 

determined exactly the displacement produoed by SH-type of wavos 

wlten a torsional force ia 1u:esoribed over a oi·rouJ.ar ·region on 

the £ree aurtaoe of a homogeneous isotropic medium and that in 

the integral form in ooee of a. non homogeneous medium. 

In the present paper, the diap:J,aoement at MY point (r,z) 1n the 

a end inflni te medium is determined in the i:n.tegral form by 

presoribing a time dependent torsional force over the rim of a 

circular zone. The ring is assumed to ~and in an arbitrary 

manner with time. It is found that'the &isplao~ment field 

coutnins besides the usual sn-wavaa., oontributio.n from oo111cal 

wa.vea which arise due to the motion of the sourQe. Tho region 

of conical waves w111oh depend on the nature ot the motion of the 

source and ·the initial speed of expansion of the source are 

investigated in details. Different wave .front surfaces a.ra 

loo..q.ted and first motion re.sponses near different wave arrivals 

have baen obtained. 

Finally numerical evaluation of the dia,pJk~cement on the free 

surface bas been tm.lda fOr a deoele:r-ating ring source whose radiua 

at time t ia or the form h(t)~At1 12 • Displ.aoamanta at }Joints on 

the :f'ree surfaoe for different position of the source have been 

shown by means of tbtraphs. 

FOru.:'!ULA.TI01i OF THJ~ :PROBLEll'h Consider a. homogeneous isotropic 

ele.stia half space on the free surface of w1U.oh a ri:r~g souroe 

producing sn-type of wa.vea !a expending with rion un.iform velooi ty .• 

(r,e,z) are the cylindri~~l polar ao-ordine~es, z~axis baing 

directed into tb.e medium and. the pl.ane boundary being ~ = o • 
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aocoleration or r.ti"~;h decol.e.ratioll and an !mpulsiv~ t~l.?que applied 

to the ring is prescri:bed. 

The d!apl.:-'lcament is datermi:tled in the integral fomn at e,ny point 

inside and on the fX'ee surface of ·tne medium• subject to the 

condition tb.3t the llalf•spaoa ia initially at r0st O;lld that the 

displacemel'l.ts re~in bounded i.'or l£>..r§e vaJ.ues of s. lror torsional 

mot:Lon of the :t?ing a.1l quantities depe1tl on r,z and the time t. 

We assume that h(t) is non negative and monotone inoreas1ng 
' 

.functiou.- The only uon":"'zero component oi th~ displaeement vector 

is the component v a1m1g ·tho di:r.·ection of G i11crea~ing. T.ha 

(1 e.,b) 

VJhare jU is the 1.arae•e constant. The non zero equation. of the 

di~placemm1t field is 

(2) 

where 1-1 ia the , shear vm.ve veloci 'ty. :l!h:e bounda:ry oondi tion of 

the motton is 

(3) 

'\'Jhere p 1s a constant, 6( .) is Dirac's dal:ta function, H( ) ia 

the uem.viside atop £unction and ll(t) is the radius o:t "d1e :ring 

a"'G "time t. Il'li tial conditions o:r the motion are gi Vel'l by 
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(4) 

w11era dot denotes ·the time derivative. 

ii':ll~l~uon OJf SOLUTIOlh We defi.ne 18plaoe transform t
1 
tr;z,p) o:r the 

funotion f(r,z,t) by 

f 1(r,z,p)= f a'cp(-pt) f{r,zt't)dt 
0 

where p ie real and positive e.nd Ihnkel tranefor"'D 

f
2

( c; ,z,p) of f 1 (r,z 9 p) by 

f2(~,z,p)= J r J1 (9_r) f1 (r,z,p)~ 
0 

(5) 

(6) 

where Jn is the Bessel function of the first lund of order-n. 

Applying Laplace and lfanltei transforms, to tha equo.tio:n (2) 

successively we obt.a!n 

!~a _ .0:2 «? = o 
. 2 A ~2. 
dz 

where k2 ::: ~2 + (p2 /!' 2 ). 

Tlle solution of the equ...~tion (7) which remairio bourld.ed as 

z -+co is 

The value of the oonsta:~t K is detennined, by using the 

condition (4)f the equation (8) and the Hankel transform 

of the Laplace trnnsform of the equation (3) It is found 

to be 

(7) 

(8) 
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o:i I 

h\ t )p :;, 0. 1'1:1!~. 
K= ;: f k h ~T)J1 (~h(T) )axp(-pT)dT • 

0 

Su"bsti tuting the value of K in (a) fl..nd then taking lfa.nl!sl • s 

inveraiou one gets 

(9) 

LAPLt~CE IHV..BRS!OU: In thia section iib.e !epL":!.oe t.nverse transform 

is evBlua'ted by Oe.f¥Jiard 'a technique. 

We make use of the following reaul ts 

., 
J 1 (~h(T) )J 1 (qr} = tt· I J 

0 
(~ S) oos ,J· d9/ n11d 

-n 

2'It 

J (~-S} = L Jexp ( i?:'B) cos u) du, where 
0 ) 21t ) 

0 

1/2 
3 = (r2+n2 (!) - 2r h()) cos , ) , to obtain the equation 

(10) e.s 

f h('T)exp(• pT) J I eos ¢ ds( dT, 

0 

where 
00 21t 

I ~ f J ~exp( iqS cos ("V ~u)-.. l~z)d~ du. 
lt 

0 0 

and "f is o:ny constant angle. 

In (12), we put 

(11} 

. . (12) 
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t ' a ::: w coa't' -q stnt and •~ = w a.tn'f'. + q ooa'Y and :finally 

reple.oe w by wp and q by qp to obtG.\iU (12) in ·the form 

z}J 
· dw dq · 

Equation {13) is well known form for datermtn!n.,~ the I.a.plaoe 

.inve:rsion of' a. functi~n ~Y applying Ol:at{niard 'e technique ae 

m.od1f1etl by J)e-Hoop~ Substituting t='-1wS+z(w2+q2-t-1/fi 2 )112 in 

(13) where t !a real and poa!ttve~ the Laplaca inversion of 

( 1 3) is :found ·to be equo.l to 

Applying convolutio:tl tll~orem on ( 11 ) , ·the Laplace inversion of 

v 1 is obtained in the forrn 

w 1t t . 

V::t - :P "' f h(T)dTJoos ' d~ J&(u -'T)G(t-u)du., 
41t2 ;u 0 •1£ 0 

vihiob when simplified takas the form 

t Jl 

, . = .L. f h('f)d'l I qp~ t! 6 (t -T- ~1 )dg/. 
·rr.P o o 

(13) 

(14) 

{15) 



139 

Integrnting over ~ .o we obt.ain 

To faoil!tate our diacuss1m19 equ.."',tion (16} is tmitten in an 

al tarne.:ti ve :i:'orm. 

(17) 

~~be re,g1on of au];>port for 'T- integra:tion is bounded. by the curves: 
,._,~ 

I : r ::z h (T) + I t~: 2 (t-T) 2-z2 ; o < T < t-z/~. (H3) 

II ~ (19) 

III~ (20) 

, 
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The region of T integration for· tl(T} bounded by ·the curves I,. II 

and III are shown ~l the figs.1(a- f) and the following remarks 

can be zrade about them.· 

It is to be noted that the ourvea II and III a:~.~e monC)tone 

increasing and decreasing in their respeative region of 

existence viz. ('1
0

sa ~ - z/i5) and ( o, 10) where 

The curve I llas extremum where 

2 . 
il£. ::r b(T) - U (t -T) . 
iiT · { 2 . 2 2 } 1/2 

~ (t -T) - z 

vanishes and 

does not vanish •. 

w.a consider the different cases that arise due to non u.niform 

inoreaee of the ring a~ouroe. Let the source inoreaee with 

uniform ~ccelerntion b(T) > o. In this case, i:£ the illi tiel 
• . ( ar ) t valoctty h(o) of the souroe.be such that oT. 0 > o, hen. 

or since ( .\lT} 0 > o end 

(21) 

(22) 
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'~) ·Jt:::L either changes sign once from positive "\io 
{}~ 

:neg~:ti va or rem.9.ins ne~ t.i ve ·hm.·ou.~,l1out in ( o, t-z/p ) • ~he 

cori>esponding oases e.re shown in ~)ig.1 (a-b). liie:~c .. ti lGt the 

1nit1e.l velocity h(o)oi' the aouroe ba auoh tll.");t (~£\ < oo 
2 . . 2 . v"P'O 

In this onse, if (t) ~ ) < o, . ( a ~·) will be negativo 
ijT 0 iJTe:.; 

throughout the inte.r'Ve.l (ott -z/p ) ; the c.m.rll'e I then corresponds 

to 1?igo1(c), sinoa both (·?s*> and ( ~). IH are nega.tive ... But 
.. 2 ,.,.; 0 2 v' '&-Zit-

if ( rJ ~ ) be positive ·~hen ° r2; chfU:lgas eir:;n once from rmsitive 
f)T 0 i)T' 

to nego,t1ve in tlu.! intt~rval (o,t.-z/i5 ). Hence in this case the 

cux:-ve I h-as eitherno extremum wh.ich corresponds to Fig.1 (d) or 

there is a m'!l:lcimUm proceded. by a minimum which is shown in Fig.1 

( e 9 f). :Pi:rm.lly, in oae~ o:t a deoelera:ting motion of'. tl'ie source 
•• 

i.e when h(T){not neooesarily n. constant) < o, throughout ·thG 

interval, the curve h~t.a ei'th(~r only one maximtn.iil if' { ;}r ) > ·o . dT 0 

as 1n F1g.1(a) or no extremum as in F1g.1(c) when 
ar 

( iT )0 < 0 " 

We consider the out~cs I and II together. renoir combined 

er1uation is 

(23) 

li'Qr figures 1 (c,u), Tis a. single valued tunotion of r. 

Jlo~ the ~1gs.1 {Htb) T way be e.. double 'Valued function whereas 

tor i'igs, 1 (e,:f); T miy be :a tri:ple Vc•.lued function of r. !felting 

tho Gquations (18) e..nd (19) together , the ve.lue:rof Tare 
' ' ' 

de~ignated e.s 'T :::= T.p 'T =(1":1·, '"J2) e:nd T = (T.f, 'T2• 13 ) where 

11 > T 
2 

> T, depending on whether T ifJ sblgle, double or triple 

valued ±"unction of' r e In { 20) r is a rno.notone deore.~sing function 

of T 9 so ·t11e corresponding value o£ T is designa.ted :asT= 14. • 
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Viith the above va.lues of th<~ roots of the equations (18)-(2D) 

and from a c~ose ~A&ail~ition of the different figs. 1(a-f),the 

d~spla.cement produced .by the SH-type o:f waves is given by 

v :::~ v 1 + v 2 + v 3, where 

v1 = Ba(r
0
-r) I(Q(T); T4, T 1 ) 

v 2 = :a[a(r..r0)-G(r - mrur (r.,, r
0

) ~I( q(T); T2,1:j) 

and 

G{r _ max (r*' ro) ) e H(r - zo*)if r* = max· (r*' r 0 ) 

H.{r .. r 0 )if r 0 = l?laX (r*' r 0 ) 

or r* does not ST~st. 

G(r _ tnin (r*' r ) ) = H(r - r*)if r* = min (r*, r 0 ) 
0 · H(r - r

0
)if r

0 
== min (r*, :z;-0 ) 

or r.· does not exist. 

Similex meaning is . attached to th·a symbol 

b 
I (F(T); a, b) = [il(T) dT • 

a. 

(24) 
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WAVE. FllONT AJJALYSIS: In this SGCtion we loce.te and ru:JE!J.yse the 

·nature of the wave f'ronta. 

T·he nature of the wave "fron-t che:nges due to non. mliform 

c:m:pansion of the source and also 1 t depends on the. im;tal 
•· 

velocity h(o) ( =u
0

) o~ expansion of the source. We conside1 .. 

decal~ra.ting e.no. accel.ere.ting ex1)ana~Ol:l of the source f'or 

dif:ferent irliiiml velocities~ 

Oaae of declaration: 

• 
i) let h{ o) = u

0 
< ~ • 

2 . 
, . tlr · i)--r l!rom (21) and (22) , C-ff-)

0 
ie negative for etl1. z and ~ ia aloo 

~ . 0~ 
negf~.ttve as h('T) is neg.~·t:Lve. So the ourve r in { o1 t-f~fl;) is 

such that r decrease~.! with the increase ofT • This corresponds 

to the region of in.teer,rotion as depicted. in fig.1 (c) and 

oonsequen:tly the ·wave front is of' the form as shown in fig.2(a)• 

ii) u ( > p ) is f'illite. 
0 

· It i'oll.ows from (21) 11 (~;.)0 is positive for o < z < z 2 and 

t1e;~.ti ve for z > z2 where z 2 is o bte.ined from 

2 . 0, .. 

:; is negative as h{T) is negative. Therefor-$ the region of 
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integrations for o < ~ < z2 H.nd for z > z
2 

correspond to "the 

regions sl1own in the figf:J.1 (a) and 1 (c) respectively and 

co11aequent1y the wave :f'rotlt is given by the fig.2(b). 

iii) u
0 

is infinitely large. 

From (21~ and (22)j it follows that (~~0 is positive for all 

z and ( \5> is negative for all z ;:t~.nd for all T • Henoe the 
i) ' 

region of. integration is fig.1 (a) and the correspondi~l·~ wa·<~e 

front is as shown in fig.2{c). 

Co..se of aooelo:ration: 

1 ) 'lih~ assume that tb.e ring source exp:?.nds v·;i th uniform acceleration 
• 

f and starts with the V~llooity u0 (::; h(o)). Firat let u0 < f.!; then 

(ar/BT )
0 

it3 neg::;ctive j.:or t:.ll z and {o2r/oT2 )
0 

1e positive for 

o < ~ < z1 e.nd_negative .for z > z1 , where z1 is to be determined 

from the condition (a2.r/3-r2)
0 

= o. :!!'or z > z1 • (a2r/oT2) is 

negative f'or T in (:o t"li-z/~ ) •. Consequently the region of 

integration is 'l;he fig .1 ( o) • On ·the other hand if z lies in ( o ~ ~1 ) 
then ( o2r/wr2 ) is i'ir:st positive and then negative as T increases 

111 (o, t-z/~ ) , so in this case the region of integration is either 

f'ig,1(d) or f1g.1(o or f). 

ny using ( 22) , z1 is determined from the equ{l:tion 

(25) 

It is to be ru:rted that z1 :::; o wban f = o and z1 is a monotone 

increasing f.'un~tion of f. J?ur·ther, in {o,z1 ),(ilr/iJT) 1113Y have 

t11vo zeroes or there ie no zero in the region o < <t -z/f5 ) 9 

dependi:n.g on the value of z. (rhe condition that ( ar/()1) mri.Jf nave 

t\VO zeroes is, o < z < z3, v1here 
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{ 
._2/3 13/2 

) 1 ...... R • · 
(u +ft) 2/3 

0 

It oan be shov1n :further that. z3 < z1 • Hence for o<z<z
3 

the region 

of integration is f1g.1(a or f) and for z3 < z < z1, the region 

of 1ntegrr~otion is fig.1 (d). Therefor.z for acoelemtinsr source 
-."2 

with initial velocity u
0 

< p , the wave front is of the form as 

shown in f1g.2(a) if the obsal."Vation tioe be suoh toot 

(u0 1- £t) .S p and for (u0 + ft) > '' the tmve :front is liJ~e the 

figures a.s in 2(d) or 2(e) aoeording Ha the position of the source 
. ' 

at tl:le observation time is insi.de or out side the oharacteriatic 

surface r 2 + z2 + t1 2t 2• 

11) Ilext let u
0 

> t' .from (21) we tAava {dr/DT )0 is positive for 

o < z < z2 ~Uld is negative for z > z2 where z2 is given by· 

2' ~ 1/2 
z2 = vt{1 - f.l /u~ ) . 0 (26) 

.Also ( cJ2r/ ()T
2

) 
0 

is positive for o < r~ < z1. J?Jld j.s negativ-e for 

z > z1 , where z1 is given by _(25). So for o < z <z1 , ( o2r/aT2 ) 

!s first l~ositive and then negative in o ~ T < t - z/~. We consider 

the case for z1 < z2 £irst. In this aase 

., ~1 ,., 2 ·~ 312 2 2 2 2 2 3/2 · 
i:O ... z1 (p G.t - z1 ) < l:i z2 I ({'5 t - z2 ) , 

Using (25) and (26), we obtain 

(27) 
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Under the condition obte.int:!d in (27) ·thG region of integration is 

like that of the fig.1 (b) in. the raJ:"lge o < 2Z < z1 nnd for 

a1 < ~ < z
2

, the region of 1ntegra"11ion is of the t:ype as sho'Wtl 

in :f.'ig.1 (a). ],or z
2 

< z < p t, the region of integration,. is ahovm 

in fig.1 (c). Therefore for u0 > 11 and :for the relation given ;i:s:l 

(27). it follows tho:t the nature of the wave front is of the type 

as shmm in :f.ig.2(b). 

'i 11 t ..-1u th "' > "" i ....... ,hen k 
2 (~ 10+41t )/u0

3 >1 • ] r.t.e.. y, . we a u~ · e case w.~.~en z1 ""2 •... "' . r- ..... • 

o < z < z'j the region of: integration ia a.s in fig.1(b). 
c. 

Since z3 is always less than z1, so for z2 ·< z < z
3 

the region 

of integration is like fig.1 (e or f) Filld f:or z3 < z < z1 the 

region of integration is like that Q.S ~hown in fig ... 1(d). F'ig..1(c) 

represents the region of integration f?r z1 < z < tJt •. !\coord!ngJ.y 

the v;av~ front ta.kes· the shape of the :f1g.2(f). 

given in (24) is·in the form of integ~als over finite ranges. 

As such, eomput~tion of displacement for a given model C8~ be 
done with the high power oomputer. However sum.e idea about tl1e 

ru:.turc of displacement at the time of the first arrive.l of' wave 

fronts CE'.r.ll be obtained by limiting process following Stronge(WYO) 

The dis'Jlaoemeut field J'uat after arrivnl time o£ the l 

characteristic surface r = r* is from (24), 

(28) 

whe:.t·e as jus·t before the arriv-al ·time tha. displacement is giv~n 

by v :::: o. 
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:~.~o eve.lua.te ( 2E:?) noor r z r* 0 ~vo IJUt x~ r:: r* ... a r and. T = T* + o 

in equations ( 18) a.nd ( 19) • Using !l\1-ylor 's expansion in the 

neig!'.i.bourhood o:f ( T*' r*J and v,rith the llelp of equations (21) 

and (22) wo find the limits of integration o:f equ.:"ltion (23) in 

the new variable 0 as 

(29) 

The oome procedure is follovled Jc;o determine in the uaighbourhood 

of (T~ , r,.) ~ the valt;.e of Q vJhich is £ound to be 

()0) 

where ·the lowest term in 0 and. D. 1 .. are retained. X'he vn.J.ue of the 

integrr;,l ( 26) aft,::x substituting the value of f<J from ( 30) and 

the limits of integration for the new variable e f\O obtained in 

(29) is fottnd to be 

.? ~ . f:'* n<::-:';J ~ 2 ~t. :-1>. !2 - ,.2] ""•3/2 , 
r! -~2z2 _ l:t(~){i32(t -~)2 _ z21 

1/2 
] , w!U.oh is the 

disnlnoement at ·the first arrival of the waVH front given by r = r*' • 
~ . 
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To !.tnd the displacement nt the first ar.t·ival o:r the wave frozit 

given by r = r**' we define Q('T) in the neighbourhood of· (~*,r**) 

and QUt side the region of inte~-rration by 

and put r c r** of· A r and • T =:: '** + 0. Following the same 

prooadure os done in cas(~ of r = r.*'" , the displacement EJ.t the 

first arrival of the \W.Ve surface· r = r~* is found .to be 

(31) 

The displacement at e. point due "'o the first arrival of the wave 

fronts r c r * and r = r** simul taneoualy is also determined. At 

this point tbe :wave :fronts r -= r* and r = r** form a cusp 

(af~~fig.2(d,a,f). In this oasw this is to ba noted that at the 

·OUBp r::: r* = r** = r (say) e~d (or/3T) e (u2r/oil).;:: 0 where n,S 

( i)3r/oT3} ~ o. Hence it follows from eque.:tion (24) thtat the 

displnoeme·nt dUe to first arriVal Of thiS \V8.V9 front at r :::: r is 

(32) 
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- ' -where 'T ='\ =T** e.nd T1, ·12 are the two values of 'T cloae to ; 

and correspond to. the points lyi~~ on either side of ( ~ ' r ) 
on the curve I aud -It together. 

To evaluatE;~ the integrals in (32), T:= T ... a e.ll(\ r ::s r -A r 

e.ro put in the first integral where as T= T- e ond r 0 r +-A r 

are put into ths second integral o£ ( 32). ·Also this is to be 

remembered that ou.tside the region of 'integration in the 

:neighbourhood of ( T , r ) , ~J (T) is defined e.a in (31}. 
' . . 

.After the above mentioned. substitution 111 (.28) and retaining 

the lowest order term of t:J and 1:1 r one -gets the displacement due 

to first arrival at r ::::& r a.s 

where 
- - 5 6tlr( r - h( T ) ) 

• 

(33) 

. 1 1 
B(~ • 2) 

;.1 . 

_ where B(m,n) is t~he Beta. function. 

It is intareerting to note that in thia case the displacement due to 

.i'irst ar.c! val at this point is i:nfin:l. tely large due ·to the presence 

of the ;f'e.crtor (Ar) 116 in the dtmomina.tor. 
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Fioo.lly \oie oonsider the cnaracteristio surface r 2 + z2 = p: 2t 2 

which corresponds to e. distu.rbanca initiated at the origin when 

the torque is first a.pplied at T =o. 'l:l:.ds · diatwctlanoe spreads 

out from the origin with a. velocity equa.l to ~ • reo :find tha 

displacement due to the first arrival of this surface, following 

Ag~rwal end A'blow (1:9.·~'S)let ua om1sider the curve 

aud the lines 

- 2 2 .. }1/2 I . : r =[~ (t •T) .... z2 
. 

. where E1 and e2 are very small positive quantities. 

fj;hen , to the fir~:rt or<ier o£ E: 1_ and e2 . .,.., _____ _ 
e.~Jh 2~2· · _2 

- C:.if-' "' -~ I · 

;: '" . p.? t .. :: T (say) 

f.Uld 

(34) 

(35) 

(36) 



153 

where f
0 

~-t;a + -~ • Then it follows i.rnmediately that. 

I(Q('T); 4tT') - o and I(Q(T); T2 ,T') - o as t ... fcf~. 

Also {I(Q(T); T~ !;
1

} ·- I(q('T); T1~ 'T1 >1- 0 f1S t ... fr f) il 

I . , 

wllere ~ a 11 X I and '11 : 1 2 X I are the va.luaa of T wh!oh 
. . I . . 

correspond to the points on the right o£ T·. Fr9m this it follows 

tl1at the displacement is continuous across the cbar.acteristio 

sur .face f 0 ::!': ~ t, showing that the diapl~cement due to the first 

arrival of the charaateristic surfaoa ·:r.·2 + z2 = p~t2 is zero. 

A.$ee \:~;,Yt. 

SUP.FACE DISPLAOEUI.Eli¥2: Il'l thisAsurfa.ce displacement has been 

detormined nw1erioo.lly· .for a particular type o£ nonuniformly 

moving surface. We consider a decelex-e.ti:ng ring source whose 

radius h(T) at any time T is assumed to be h(T) = A~ 12 • The 

dioplacamant at any point (r,o) at the time of observation t 

'~ determined. 

According to the position of the source the i'o'llc>wing three 

possible oases are considorad. 

1) H.adiuo h(T) of tha ring coiric.tding with the rim of the 

aonioal wave f.'rOllt and moving with it so that p t < h( t) • 

iii) h (t) < ~~-

To deter-Jd:ne the disple.oement 011 the :free ~-uri"a.ce, we put 

z :::: a 111 the .function Q('T) of equation (24) ru1d ·the variable 

of integration T ie changed to T, by substituting T ~ Tf t. 

r~('T) ie then obtained in the form 
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on a close e~tamination of the regiol'l:3 of int~gra.tion as shotvn in 

L'ig.1, the displacement v, in ease of (1) 1s given by 

/Uv 1:. t - = I(H.('£) ; 
1? tt r 

f'lv = p t I(R(T) ; T
1

1) T
2

)'· for t:1t < r < h (t) 
.P :nr 

The displacement in ease of (11) is given by 

and the displacement in case (iii) is 



}2-

~ 

o:-
' ::1.. 
~4 

8 

2 

155 

A2 
-2-;;;9.00 
p t 

.4 6. 

a) 
rlftt 

2 
A_ =3.24 
p2t 

76 

~ 
-.. 
n... 
" 8 :;1., 
C) ..._ 

..... 
2 

··--·-------·- _ __.., ·--· ·-------

A2 
--=025 
p2t 

l•'lg. a. Graphs showing (JI/1') v \'CFfHIS (r/{10 when ;; = IJ, 

(n), (lo), (c) correspond to tho cn~cs (i), (ii) am! (ill) respcctiYcly 
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p ' 
- v = ~ I (R (T) ; 

P :n; r 

fit ' t 
-v =~I (H. (Th 

J? 1t r 

where 

All the ilbov~ · in·tegrals aro numeric.:"Uly evaluated and the graphs 

are plotted by sueoifying admios:Lble values o£ (r/!1t) against <P /P)v. 


