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RING SOURCE PROBLENS

Problem 1. Displacementy produced in an
elagtic h&if—apaca by the
impulgive torgionzl metion

of a oiroular Ting scUTCo.

Problem 2. Sﬁfwaves in an elegtic half=space
due to a ring coures of Increaging

radius.

Problem 3. Torsionsl response of an clastic
half-~gpace %0 a nominiformiy
expanding ring source. '



Uisplacorent Froduced in on Blastic Hpllednace by wne
Tmpulaive Toreionsl ¥otion of a Gircular Ring Source

LHTRODUCTIONs At present ruch attention has been given to problems
congernad with wave propagation in homogeneous as well ag in
inhomogenieous, igotropie, elagtic medir. Much of this work hag
‘been connected with problems of seismclogical intersst, involving
vave propagation. The normal loading problem of an olestic holfe
space wes Lirst investigated by Lawmb (1904)., This typé of problem
wee then investimatod by Bason (1964), Hitra (1964), Ohakreborby
and Pe (1971) ond many others. In foot a cleass of elastic halfe
gpace preblema inwalving.an.axisymme@ric, amrmallj applied,
surface load was investigeted by Gakenbicimer (1971), He assumed
that londs suddenly emanste from e poiant on the surfsace and
-xp@nd_radially at o constant rate, He used Cagniard's nethod to
evaluste the inverge transfovmss Thia paper has a particuler
reference 0 the work by Ghosh (1971) where technigques similar to
those adopted hers, are used, ¥any recent studies on elastic wave
propagation ere due to the work of Uagniard (1%52), who developed
2z particular teehmiqﬁ@ of Anding the Ieplace inversion, that hns
bean found to be extremely useful in denling with problems of this
Typae -_'
_The type of dlsturbing force comsidered in this paper is impulsive

in time and acts over the circunference of & civoular region of

KA.
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constent radlus on the fres surfece of o semi-ilpnfinite, igotropic,
elsptic halfespocs, The effeot of bthe inhomogenennity of the
medium on the disturbance produced is det armiu@ﬁ jin theo inbeﬁrpl
form, wherens ﬁae dﬁsﬁlacemenﬁ in the @ase of B h&roren@au%
medive e determined exaetly. The displacement ot any @eint on the
froe murfaoa ia evalusted numerically and the graphu are drawn o
show how the vibratiom of = point in the medium is affeoted due o
the 1nh@m0geﬁ@iﬁy-of the medium, which enters inbo the svpression

for displacsment through the 1&au9rean

Bage I Homogensons medium

FORWULATION OF YHS PROBLEM: Let (r,9,3) be the coylindrical pelor
co=ordinates, zmeaxris being dirvectsd into the ipolropic elastic
medivm, the plane boundary being z=0 with the origin 2% the
centre of ihe ring source I=a, &=0.

Tne dlsplecoment is oaleulated at points i side and on the free
surface of the medium, subject o the condition that the halfe
spzee 18 initially =t xﬁat angd that the digplecement remaing
povnded even for large velues of z. Por torpionnl motion of the
ring pll quantities depend on v,z and the time i, the only non-
zero component of tha‘ﬁiéplag@meni vogtor is the component v
mlong the dircction of O inoreasing., fhe relevant non-vanishing

gtrens COmpoNGnts are

g BY W : : g
y = MY %%?«*3; ) | (1)

and v - At OE 2
~ 1@3 = 37 (2)
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where M is Ieme's congtant. The only nen-zero equation of motion

is
| R
g v e () 42 222 5
ap. TOT T 45 O r ate (3)

where [ is the density of the maberisl, cosumed constant. The

boundary condition is

Tag = Po(r = )5(%) at 5 = 0, | (4)

vhere P 1o a constent, a is the radius of the ring source and

5{(t) is Diraze's delba function,

‘Uaing (1) and (2) the sguation (3) can be written in the form

aﬁv L L (av._ AN %y 4 3%y 5)
et TR T 8 L2 :
@l‘- o3 v gt

whare P a‘/k /2/P ) is the shear wave velocity.

MELTHOD OF SOLUTION: We define for all positive reel values of
g the Iaplace trensform f1(r.z,s) of a function £{r,z,%) by

the relation
. « ek .
£i(ryzs8) = J £(r,z,%)e oY at. (6)
o

Applying the Taplace transform (6) to the eguetion (35) we obbain

N r e, ‘ ] R
ar s r 9z p
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Define the Hankel transform v,(g,248) of v 4(T42,8) by the equetion

Vg(&.?ﬂ»@) ::/; 1'51 (%3’5')"71 (2y%ym)dr, {3)
whez'»e J1 is & Besgzoel funchions

Yultiplying the equation (7) by »J 1 (§r) and integrating with

respect to r from o to = we geb,

0 |
4" v 2 4
g:f”%g*‘-r)‘?u @

The general solution of this eguation which remaing bounded

g 3 = 4 @ ig

vy = A exp [—-z( g + = ) (10)

vhere A is %o be determined from the boundary econditions,

= P3(r - a) at 3 = o, where T

931 : , %1 ig Tthe Laplage transform

of T. Prom the Honkel traﬂuferr" (

0% .

o, g OF 04y we obtain by

using (2)

, av,, | _
( T@z, )y = /S = Paldy(ga) ot 3 = o,

21/

On 2z = 0y vgmAandavz/ﬂZS*A(% + o

Using these reletions we geb

Pe, J‘! (5\‘1)
/u ES +SE/L&L’)1/& o
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Substituting the value of A im (10) and inverting the Henkel

bransform (38}, we obmin

faJ (@:zz,,)al”,l (eixf) r 5 g2 1/2

e BT R [ ) }1&;- an

V1 (I’,B:, 5)3 -
B

From a woll-known result (Vataon (1966),p.358)

. 7
3,(5r), Ba) = -};g 3, (5R) cos 4 af .

2n

and - _
3o ER)= o / o SIAY gy (Brdelyi(1953).p.14)

2R

, T S
whare K = x/(r%aae-aar‘ com ¢ ), we obbain

%

2 vy '
?Ri)fl. TR e f I‘: QoY ¢ ﬂ¢ (1 2)
where . 2, 2.1/
7w oo - 2 _ 5 ‘
| expl=-z2(e+a/°) /© + 1R siny

If we put p = goiny and q =gcoaY in I.;,, then

¥

> 5 [ ( 2ps2 ) /d+iR |
] m; -h p 4g %+ 1
i,= Jo~— 2 dp dq- (13) -

o Ty e }1/ 2

% - 8

To find the inversion of I,; we adopt Csgniard’s technique as medified

by De Heop(1959). Accordingly in (13),we put p = ms and g =ns, then
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ot N * 2.1/2
5 oxpyl - 8 ﬁ(m +R +1/@ ) ~ dkim
I, =2 f dn frmeme { s /e ]} dm - (14)
o 00 (° + 0% &+ 147

In the above integral the path of 1nﬂegraﬁien with respect to m is

the real exis (Pig.1) which is deformed in such a way that
- 1Rﬁ~*~z(m? 4 n2 + ‘l/’;:aa)‘l/2 2 by, whore 1t is raal anﬁ positive.
The deformed path of integration is the branch | of a nyperbola
whose equation is

2_ 2 1/2 ‘
L8t a fad 14
e s+ 2 [? ( - - )(ng T /% )] {(z i) (n 2eifi )}1/8 <t € oo,

Z o+ R

In the course of deformation of the path of intesration it is
esoential Yo know the singularities of the function s/(m2+n2+1/69)1/k

in the meplanc which are the branch points * i(m2+1/§2)1/£.

Since the hyperbolic path | does not orozs any of the singularities
during its deformation, it is peossible by virtue of Couchy's thaoren
and Jordon's lemme, to replace the intepration along the real mesxis

by en integration slong the hyperbolic path T°.

We asesume : , . o 'y
iRt + a[t%=(2241%) (2% A #) ]1/ -
m, = ' PR '
‘ 2% + R
¥ > X b 3 s
and vt - et (a?m?) (B p ) 712
m = o T
' 22 + Rg
then

dm: iﬂfbg (z° +Ra)(n +1/p 111/2
s (= +R2)[%£ ("2+R2)(n 21 /5 X]1/d
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, Figure1
Paths of integration in the complex m-plane.
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The poiut where T cubs the imeginary awis is given by
m{(zg * Rg)(ng + 1/{52)}1/‘2

and the point ig

| (e p?)ie

m - .,
(524-1{2)1/2 ,

which is below the branch point 1(:«12+1 /i 53')1/ 2, Hemece (14) con be

written ag

I1 -’=2fan f . ge‘ﬁ"t [ » 4 2 1 / d: )
fta"® i 42} 1/2 (a? 4041 fp2)1/2
, 1 dn ] »
L] o . . “ L é‘t' | S
» &= _
(m§+z124~1 /52y /2

Now usiag the fact that m_ = - m , ong dm /dt = ~(an . /dt) where i

is the complex sonjugate of m, (15) van be written as

8

[ ]
=4 [dn S as~8t

e (dm /at)
}{et‘
° {(zzﬁaz)(naﬂ'/ﬁg)}‘/ 2

(m +0° +1A d: 17‘2

Changinz the order of integration, we gat,

- R L0 A
L= se™®" at J Re[
(Egeyﬂz)‘i/ ?/ s o (m 0% /5 %)

ENYE ]‘“’ (186)
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How s

. (en /av) - 1
m})[(m2 +1 M/?‘ 1/:{] {V‘z (’m_g REY(ne 72
e o VB % )(Zl B 1/{_} }

Substituting this result in (1 6)y; wa oblain

' 1/2
| oo K‘h 21052432 Y1/ 2]
b s aw o p o
Gl 0 2 (2 +92)(n +4/% ]1/2
= iy J se8% g%,

TN Y £ A fr g
(= +AR ) -}:(3:2‘%&)1/‘;11/%

Henece ths laplece inversion of Iy is

e AL gw}]

(42 ,211/é

) (:524&%2)1 /2

Therefore the Laplace inversion of (12) by using the Isplace inversion

of I, as given in (17) is

(gamgﬂa—zm cos ] )1/ 2

n &E; -
7 b )m - == - A s cos f 4 4. (13)
v{¥a©, af (2% 4a2ra cos o )1/2
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To evaluate the above integral we put

s v‘) L
(zg + 17+ 8% - 2pe cos o )1/2 = {19,

o8
o . . 1/2
sin é:: 22"5 [g(p 2@2~32)(I‘2+a£)w(§§ 292_22):. (r &2) ]

and (18) can be written as

1 211/2
jiz +(r*ﬁ) } / (22472 4a2s ” @h) (4=0)

e

V(ryzyt )= —%— ...
- . hE %{52+(r~a) }1/2 [ 2(r® +6%) (%02 2) (% ag) (PZ@E 1 :2
B | ss‘g 32 sgﬂ-rg

==

'ra/ur' {E(r )(13 't 32) (I,' 3)'2 (iﬁg‘b‘g a) }'b"c!

’

{52 + (v - .)2 1/2 <t < 3-{32\+ (r *,&)Z}Q/Q- (19)

I
(a)
H
"Gi-—h

P

Lnfe II:.Inhcmogen@sus Hadiun

PORMULAT ION OF THE PROBLEM: In this case the same probvlem of borsional
motion of 2 geni=infinite elagbic medium due to the presence of a ring
goures r = 8, on the free surface 2z = 0 as in Cage 1 1a'eensidered;
the only differeace Lg thet the medium under consideretion is in -
hormogeneous in nature, the coeflicient of rigidity end the density of

the medium are. assumad Yo be

M= f vecz)? ena f= folt + ez)®. (29)
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Here slpo the non-vanishing stress components and the nonezero
equations of motion are the same as in s
(1)4(2) end (3).

8@ 1, given by the aguations

HERHEOD OF SQ0LUPIONW: Firstly ve put ¥ = (1-+ez}v in the eguations |

(134(2) and (3). The trensformed equations nre

R ol

| | R
To=Al s (E-L),

(21)

' y Y _ =
Tor= A {(1 +€2) o= %VI

and

'_54‘33

(22)

L B
5 L5
“+
R
o~
sk
'
K<l
+ .

I
B
o™
h!..r

s e
o

82 f
poles

B

wogme b =4/ P AAMNDY
&E‘zzking the laplace transiorm of the egquabion with respeet to 4,

wa obbain

N

where & ioc the Teplace transform parameter which is r@ai and positiva.
Toking the Hankel transform of the eguation (23%) we have

e
‘d Vo

2
I AR

)
ﬁJIQ

) .}‘;2 . ‘ (24)
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The gensral solution of this equation which remains bounded for

large velues of z is

- , 2 2 Wae |
v, = 3 axp[-a z( & + == pg ) :] M £25)
Applying the Hankel transform and the Laplace tranaform on the
boundary condition
= /‘1[('1- + €3) ﬁ -V }:s Polr - 2)6(%)
24 0 Az 1 ' TR
and using {25), the value of 8 is found to be
- ?a;f B
. , 1( ga)
/5 {e«p( & +52/§32 1/“*
Substitubing '&ma value of B in (25), it follows that
- Pad,(ga) 2
‘52 X e =1 5’ eg;; [ Z( % "i' 1/‘2]- (26)

/% {E-k( %24'82/?2 1/2

Poking the Henkel inversion of (26) , weo have

T, = e iR § 9,(§a)3, (5x)
1 fro o e Eﬂg?/@z)"r]'g'}'

| ,
-e:q.a{« a( @2 + f—g )1/2]&§ » (27)

How,

[ empl - X fe +( &2 w2212 }‘j‘_ﬁ?-;;:: eemerrese]
o | ,

e+ & +32/P2)1/2

Uesing the above result, (27) is writien as
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0 0 o

e now Teplace J, (aa)J,% (&r) of (28) by the integral, which was

used %o modify eguation (11). Fiaally we got

= T

;125-—-%‘6:""—" fG.EK&f12303¢d¢|
an /~0
4] Q

where

en 2 1/2

o)

Agsuming p = § siny and q =gcosY , it Lollows that

' P 2 2 2,212 |
L, = S fexpE-(z-—rlc)(p +3 49"/ <) + i Rp ]dp.dq
@00 OB

2 0 7 1/2
=2 fan f ® exp[nsi(m-k)( m® o+ 0° + -32-‘) - iﬂm}‘]ﬁmg
© -0 : b '

where , p = ms and q = ng,.

L Pn €K g 2 1/27 -
Ve - =1?'-"3-- S~ /83, (8 ), (Qr)e:«;pi;(m&a)( &%+ ?é- ) ]ag

Iea J avy J s)exp[-n(z + k)(“c‘s2 + %-) +i§R si&?]d%.
o o '

(29)

(30)

As in Uese I, here also tha path of integration with respect to m

which i3 the real axis is deformed such thet

- iRm -+ (z+k)(m2 + m2 + 1‘/&2-1‘2 )"/8 = t, whre t is real and positive.

The deformed path is & branch {'1' of a hyperbola tho equation of

which is
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La IS " . & . !; 2
iRt + (2 + )] 32 m{(z + 1% 4 '32}(31‘?‘ » 18 )] /
o= et R . > : »

/2, 1/2
]

{(s+l€)2+212 _-.(n2'+~%) <t < oo,
N ﬁ .

Hoting that the poinyv where r' cute the imgimry axls is |

;Z.R(n + 1/@5
| {(z = is:)g+ R" }1/’“‘

when

, e ‘ . /e
tﬂ{(z + k)2+ﬁzi 1/2(112 +;3é-) ,

one gets from the equation (30)

o ‘ o
o et et 2

Chonging the order of integration, we obtain

.. 3/2 .
I,s= fde(s'z»k)/{ﬁmk)z%- R‘z} 3/ J /2 4% 4t x
o : ' {(z+k)2+ﬂ } -
, _ 1/2
;[tz/{(z+kg)+l{2}-(1/ﬁ2-)1 ' | an
X s Ltg/{(m-k)é f 1/;32:112:]1/2

O
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e ‘f 2 =g
T e a %Eﬁ“" ] LA (1.&,@ (31)
51 , ’
{(a + k)2+,R2] [{(Z$E)2+R2}1/Q?]/g

Hence the ILaplace inversion of (35%) is

“ py3/2 1
Imgﬁ(ﬁ*k)/{(3+k)gag}3/ §§2 [% H{t lﬂz+k)3 m%} /%E}

| 172 - 5 1
{ 2n(z+ 2; 77 { e L+k)p+ &2 ) /J*'"Q !'t-—( §5+‘{2 R ) /2]}
(2+k)“+R

Taking the Implace trausiorm of (23) ond using the value of I,

it is found thet

T o -t J (z+k)de —€le dk. (32)
Mo . :
where
. o o V& 7 2 2 /29
= ke hrie (a4 ) T
J= f 25['{;.-( -(-"ilsléf‘;‘v )y ]4»’{'.6 [t-( -(——ﬂ&lﬁ.:g— ) ] ' X
' P B —
) .
cog # i
5 2 5/2 *
{(ﬂ+k) +R }
79 evaluate the above integral we put
1/2
1 2
l= g {(Z*ﬁ) + R ] ,

then
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o 1/2
(1/&5){(2‘;4-1{) '5‘(3"%’%) E cos E{ (iﬂ'
J= Iy | {28t~ 1 )13 (4= 1) ——— AL,
” . 2] ;31 2 { 3 4
(1/6){(a410)%4(z=0)?] ks
where
ad .2 (5 0 2)2 & 02 10l L 522
ar=moing endcosd = ks i op L

2rs,
Bubstituting these values, we get

1/2
| (1 ﬁ}{(z+k)2*(r%a)2} /
3 el J » £(4,2) [25(4=2) 455 ' ($=1)]d 1,

1) (202 2e0)?)]

whers

(~+k)2 ¢ 22 0f - b’ 2

£{(1yk)=
&ng(r 'chg)[ .2 2 (Z"f“k) } (rg 2) {Pe?.{e?h(,,+&,)2 ]1/2

: g
and it is Yo be remembered that § 1ilg ths derivative of the

Dirag's S-function with respect to t. Integrating (33),we get

J = m ng('bp.i)"‘&i(i.l ria-)&('%wl Y+bE( [c},k)u( £)+t£’(-‘t;'k)j

whare

la&

L= Etaem)2a(ee)? V2, 1 = Ltaan®ie-a)?] V2 4 ¢t g

W

H.

(34)
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It is %o be noted thet if £ does not belong to | L 7 then

the integrand in (33) is zero, consequentiy J =0 ,

Subgtituting the value of J in (32) , we zetb

T o e f(m}:}e"ek[af(t,zc)-tf( Lak)6(tm Ly )+
sPofr ’ :

+ 12( Lpk)5(t= L)ase (110 |ax.  (39)

Howy 1, & % <<=11 implies that

(B2 (ee)®[V2 w o ¢ 1 fp B w(e)?] V2w ol (30)

In evaluating the inbepgral (35), the following sub-cagas are to be

congidered, keeping in mind that k satisfies (36) ond that k > o

5 - v ) ’ L , AN W
1)1e{p%? = (r - a)z}a/,z. - 5 < 0, that is if pt <{zz+(r - 9.)2}1/*
then , t does not belong to T.'Lg* 21 I, so 4 = O, Consequsntly
¥ = o, This is in accordance with the physicel econdition of the
problen beceuse a disturbsnice cenuot reach a point @ (Fig.2)
before the tinme (1/@){52 + (» - &),2}1/ 2,» which 18 the time of
arrvivel of the disturbance at the point 4 from the nearcest point
of the ring source.
ii){@ztg - {r + 9,5-2}1/2 - % {0 <{p‘2‘b2 - {1 < &>2J1/g - 2y That is,

(52 0 (r = )22 <pu <o v 2?2,

In this casa (3_5) taken the form
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/ (4106”28 (8, 10)-t2(2 10605 <1,) +

8 (L) 5(tm1,) 468 (t,_n)]dk.

(37)

The integrend of (37) is considered s & generalized function, go

the finite paxrt of the 111%%1'@1 (37 ) is m‘balned (JOHES(T1966) ., p 43 )and

we get
R 6242 - - 2 2 2% . qz
/uo rg(I,E*_d&)(PEtE d) (ra ag)d ({321': 211[2
2 1/2
% -
, e (5262 (z J,a)} |
wMo o

{(z+h)a+r2+a2 92%2} — ak

* [2(rf4a ){ s = (z+)% ] (rg—ag)g—{ﬁgtg (z+k) }2 :‘[1/2 |

Henee

zset‘? - 152 -r2 -aa

B

V=

w/fo(iren) [2(2%40”) (5 24%ez8)=(r%=0%) 2u (s “68ag®)® 1/2

o {pzta_ﬂ(r.a)a}*l/:z_z
U - ]-S— i
w/ro(t+ z) o

{(”%ﬁ)e +7° 4 2% - p2 ?}@"ek dlg

X [2(1‘21*&2){"3 2 () }__(ra a2y2. {ﬁz_taé(m_lc) 12 31/2

(33)

In (33) 1f we put € =0, we get the same resuld that we have determined

in (19) of Casme I.
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D . e ,
111) 1¢ (%2 ~(242)?]"2 2s 5 o, that ie ¢ pt >ale(rsa) 2172
then
5 (322 () 2] V2,
e f
meflo(lves) | .
{patg (rwv f1/@*z

YV o=

| {(é+&)2 22 40l - §2t2}9~€E ax
[2(1' +2" {fjgta (" i'k) }"(1’2 2)2 {p “.-, :,)EJ ]1/2

(32)

It is interesting Yo nobte thnbt in the ease of a homogenacﬁs mediun
ther is no displacement at o point ) (Fig.2) afber the time

t o= (1/L){a +{r+a)’ }1/2, which is the time reguired by the
disturbance %o resch the point divgotly from vhe farthest poiﬁt

on the ring source f&eﬁxthe point 4, Euﬁ in the case of an
1nhcmogeneavs medivm the dimturbanee»me&éh@ﬂ_a point Q even afber
the time t = (1/4) {32 +(r+a)2}1/2'which is the moximunm time reguired
by a airccb wave to reacn the poinv ) frowm the fnr h@aﬁ point bn the
aauﬁee~i£bp the poimt U. This is due to the foot thet in the case

of an inhomogeneous medium ﬁhe'regicn % > o may be consldered as

an apsembly of an infinite n@mber-of thin layers of material of ine-
finitegimal %hiokness of continuvously v@rying density and
cosfficient of Tigldity. Thot is why the disterbence, which reaches
'the>point q after suceessive reflection and refraction in different
layers of the medlium, arvives at { after the time pt {u +{(ren) }1/2 .
The disturbsnce comes contimuously after the tinme pt a{z‘+(rfa) }1/2

with decrseaging intensity.
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Figure 2
Arrival of the direct wave to ¢ frem the nearest and the farthest point of the source.
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oy ot

Humeriend solution on the fres surfsce z = 0

In oprder to obtoln the displacement on the fres suxface we meke

the substitution
o > B ) y . wy 4/2 ‘

which transforme the eguationa (33) and (99) to the forms given by

yi/ton

o= d=dy +dy
where
22 22
o o a®
LI 2 2,2 2 2 4,471/
IR b “
2( Eput ) bt n( Ept ) -
o g
| (2,8 2 :
cos:“"“i& cos @{@z}; ~ea[2§ cog U+ E—-—;}-n E-g— ~1]1/ *‘3}
dy =ea J ' : ' B B s 104
o s . B B 2 1/2
: 2L cop O+ Epm = En ~1]
E: 4~ 5
(40)
e . e 2.2 :
Aw"r{“’%"bg‘c fr*‘&(ﬁt(r*ﬁp
258 »
" 2,2 .2 a1/2
. _ 7 eog 8 exp{«e&[ﬁg cos 8 » E-fgw - -’5«1]
A _%.?.ﬁ.._ =4 men f . T . ) R SN : N
[25— cos O v ti-;g-- %wﬂ
B a2 & o

(41)
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for % > r + & respectively,

Ifea = o, then from (40) it follows that 4 = &1 » which
corresponds to the displecement inhomogencous medium. The
integrals in (40) end (41) giving vhe displaceménts d and d'
have been numeriéally evaluntod for diffeveut volues of can
at different ’poim‘;s onl the frse surface and are presented in

Tables 1-4 for different values of pt/a.

Soneluding remaris

From Tables 1=4 it is found that the difference in the values
of the displacement at any point corresponding to ca = 0 and

ea = 10 gradually dininishes with the
' Teble 1

r/a = 2. (r/a) = 1 < (ps/2) < (v/a) + 1

pt/a & when € a=0 d when ea=t 4 when ea = 10
1.2 ~0.97596 «0.352841 . ~0.50851
1.4 ~0.58463 ~0.08456 ~0.41435
1.6 ~0,38430 0.00497 | -0.31149
1.8 ~0,24493 0405256 -0.21268
2.0 ~0412909 0.08585 . =0,11623
2.2 -0.02001 0.11644 -0,01716
2.4 0.09676 015276 0409355
2.6 0.24498 3.20795 © 0.236%2

Zei3 0.50411% 0432902 0,493230
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Table 2

r/a = 10, (v/e)= 1 < (it/n) < (e/a) + 1

B /a d when es = 0 d whon eg = 1 d when ca = 10
9.2 ~0.14221 =0 00782 ~0.13509
9.4 08155 -0 00314 =0 .. 0870
3.6 -0,04927 =0 00063 «0 04911
10.0" ~0,00500 0.00868 <0 . ODGH0
10,2 0.,0153%7 0.01583 0401537
10.4 0003334 . 6002557 ' On03333
10,6 ' 0.06901 0.03980 0.0%900
10,8 0412546 006799 0412542
ble 3
r/fa = 50, (2/a) = 1 < (gt/2) < (v/a) + 1
pt/a d when €a = 0 4 when €a d when ea = 10
49,2 =} 402700 -}, OG22 =3 ,02699
49 4 -0.01525 <1} 0069% -0 01525
49.6 =0, 005394 =0 D04T4 «0,D08394
500 «0.00020 0.00028 0 400020
50,2 000337 0.06318  0.00387
50 o4 0.00851 0.00665 . 0200851
5046 0.01475 - 0.011%0 0.01475
50 o 53 - 0.02633 0.01944 002633
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Pable 4

rfa = 2,(pt/a) > (/) + 1

pt/a | d' whenea = 1 d' when ea = 10

3.2 ~0,17211

5ed «0+07793

346 C =0.04250

348 ; =0.02533 . ? | o
4.0 = ~0.01595 | dtip of the oxrder of 10
4.2 © =0.01040

44 ' =3,00697

4.6 o -0 00477

4-8 "‘g 0“3338

. :
then r = 10a orce = 19, 4 is very small.

inereage in the value of r/a‘._ This 1s also a@parent £rom the

ezpression for d, in (4D) because the azpoﬁential tarm

@Kp{uea [2§cos@+ué-.s%§-1] }
| = a a

in the integrond for large valuas of r/a decreases repldly

with the inecrease in value of cao
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Figure 3
variation in displacement near the source for ca = 0, 1, i0.
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20d
)
At
(6.0) e 20
-1t
£a-1
.2.
3 ,
Figureg

. . . . . . \ . . .
r = 2a, variation in displacement after the masimum time required by a direct wave w arrive from the
farthest point of the source when e =



FILTATTS T AN BT ustr WATY apaoﬂ AILED

A RTHE 80 RAT OF THORTARTIIA RADITA,

Twmmm TOW: The torpionsl vibret ion of sn slastio half gpane due
to & surface foree which is p@io&ic in $ine wag Piret eangidemﬁ»
by Reissner (1937). Relsoner and Sagool (1944) determined the Atn=
tribution of fﬁhe stresges In the interior of a semi-infinite; homo-
ganous lgotropic slastic mai:'_erial due to 2 poavicdic sheny shbrennep
applied in an oxislly symmetric memner to n ¢ireuler Aren of the

plane surface by memns of o rigid disk; the torsionsl displncement

being prageribed under the Alsk, Vorman (1057) dlaoumned the statis

distribution of stremses smd dloplncement when sherring strase iw
preseribed on the cirpumfelence of n eirele nn the plans boundery,
"atta (1961) discussod the garmmanﬁmg.pmmeﬁ when shenving
stross decrenses ewxponentially with tima, Fhosh £1964Y eynotiy

avalus ‘%:eci the clisp‘iﬂcment at any point of the medium when n fvrige

ting moment in t!fm form ¥A(L) is apnlisd *o tha 4lgk hy following

Saeniard (1"3‘39) and Diz (1954), f‘hes‘h (1974) 2lno Msmzmaﬂ the
avisymnetrie problem of pmmmtim of‘ 2 otroas &m:-entiﬂnHV ovanr
n oiveuler remion by uaing Cagniardts (1939) nathod pr madifisd ’by’
Da~Hoop (1959}, Tn the wemmv raper the authar'ﬁetémiﬁe‘g the Alp-
placoment in tﬁe integral ferﬁ due to n ring source vhich incressmes
s‘beamlv whnn the twiﬂtixw mmﬂ ge in nffemriba@ hy Pilreot: SL{EAP
where 5, are two dimensionzl delta funciion smd ﬁeavwma fonetion
rospactively; snd then the swaot @valug.%ien of ﬂm A snlrecement m

dotermined after the flvst arrival of the shenr wave snd; the dls«

nlﬁccmmt a‘t pny noivrb :i’er lavae vnlverz of *"he time +,

T et o mmm e g = i 3 el o i 4D

Published in Tad, x_'ﬁsah, Mntha., Yol ¥YIIT, 0.2 74 1999)
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PORT mwmw or THT PZ"’:“%%BT}”,'

The isatropic; elagtic, semi infinidte medium im suprosged
4o ocouny the region & > o. Ve chooge eriindricenl poln® GO-0rd-
inates (r,9,2) with the zearis ﬁfimcﬁ:e‘& into the mediun, the
plane boundary being 2 = o with ordzin ot the ocentye of ihe so-
‘urees The difsphceménﬁ ia cnloulated at points inside the medium
e.mu&im that the ha'.tf? apnce ig; m.!.'!_:mmy; at rest and that the |
| diapmcemeﬁt remaing hounded even no # - 4+ o0, fMnoa tha motion
is symmetrionl about genvig for %oﬁsiemﬂ !éctim of *the wing
goures, all guantitien depend on ry;z and the %ime +, The only _
non-venishing component of the Aieplasement vector is the covne
onem v along the direetion of 8 increasing. Hence the nonevane
1..:ahin§: atress components are |

roe L e i ponh

A me Ty, om By - .
TJ?"} = ﬁ’( B - ) gnd T@ﬂ'z /LI ey | (1"

whore /' is the coefficient of rigldity. The only nonagero

equ@?t;ibn of motion is

2. ¢ 5 20 02 v , P
T2 { rﬁ) 4 s ( @5'} * 2 e ?‘W? ot

whore © 1s the density of the medivm; escumed constant, The

bmmaary conéitim

’Ié

o= P (r-et\ﬁmm»znn - (3Y

c.?iﬁe}m,{ congtant H is the !»*ezf’visir’@ ﬁmetion end & ig the two

dimensional ‘deltn Tunation given by h
. N . M A
-l 8(r) vdr = 1.
o o o
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8, the Tanlaas

SOLITION: Wedefine Tor 21l positive resl velnen o H

S . 5 : 5
transform £y (ry 2y, 8) of & funetion F(r, B, )by

 +:03
felrymea) [ &% e,z t)a8 - (4)

0

Substituting the volune 0fT.n 818 T, in squation (2) and 4hen

apnlying the Tanlace transform (4Y, we obtnin

wroowr ey

1;}? I‘ ‘ ;‘3?.(‘4 G;.

+
ST

whero B = ( /‘1/? Y in the sherr wave veloaity.

Dalining Vo by the ‘equéi;ian.
) [
v, § 43y8)= (I)‘r 1, (&rYv, (rym, s)ar f6)
and then multiviying the equetion (5) by vy (€r) and intasratine

“with resmpect to ¥ from o Lo «, we meb

a2
a v2

fzizg

(7)

-
= (& + s/ Y,
Taking § real, the zeneral solution of the equation (7) whieh
remaing bounded for large volueo of z; is

. s . 1B
v2=Aem{~Z(§2+s”/%%23 1
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The Laplace transform of Tog 49
s &

L

( Ty J4 =P J&BY 5(pect)H(T)at
‘o J

o b BT/
2nar

It's Henkel trensform is

(T 2 Eﬁef me=/e g, 1(§E)ar

21; 0[1 (83 * 5 )"'1/2 ]

|” See Erdelyg, ot al 1964, p.19 .

Wobing that on 3 = 0,

=== - &’5 + 8% / 2 and using the boundary condibion,
we got S" -1/2 |
P S L
A== IR/0E ¢

{ E-g‘“ + 822 )V‘“

Smihetﬁm’ting this ‘mlué of A in (3) and inverting %he Hankel

traneform (6), we obtain

- = 1= G & B 1/2
vy = =l —— 3y (gr)e TR T ag (9)
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How, g

3'.3 (Be)= 3 ,...... f GtRY Sinho&\k’a-i .‘:ain“{ Jav. (see dgrdcw;i A.wtwl
195% P.14)
Sﬁ‘ba’bituting this velue of J, { §r) in (2) and pubbing
) aes-sin\f and q = gjeaa\y e We get '

%o o (ged @){(ﬂgm B ).é\/i i‘?;:k

- ‘
Ty - . [ e o - . R

TR Y TS _,1/2 : 72
ARG gy = (p +c;;2—z~s¢“/0“) (p° 4"12*52/? 2) =

1/2
_‘*i’i(n d-a‘?m‘?/ﬁ +irp
X & ; ‘ dp dq.
(»* + &)

To find the inversion of mw we puv

p=ms and q=ns in the above inta;{ml, Then we hmm

ZEN 'wg‘.-c;.” noy=1e
| - (mum){(m + +1/a 'y /@}@_"3 [a(m 2 /%) 1]
Y e S s —
4w [ (?22_“212*1/{3 ) (mz'é‘ﬂz'b*/ﬁa} (m 2

. . . o 1/2
o , 1/2 Tt Bat 2 g
RPN !ﬂ{{mg«z-ngw./eg} u»‘i/a}'e"s[”(m a1 /p ) =1
Tl ki - T e am
= eegg— , o012 A co BBy
N N I etV I + %)

(i0)

In the intesral of the aquation (10), the path of integration
with respect to m is the resl avxis which is detmx deformed in

such a woy that

1/":. (1)

-iye %z(m e /p
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£
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Fig.2 Path of integration in the complex m-plane.



( 128

whore ¥ 1s repl and positive, The deformed path of integretion

. is the branch T of a hyperbola whoge egquation is

: . /2
iripa v (aPer?) (0%t 62T 2 20,2, 1 3\ 1/
, . 2 _2ve 2 4 .
me - AP (0% 25T et
' a2 92 B

[+ (%

4

&8

Yo write 1/o
1rt & 2[1% (2 (B A D)

+ : :
- 32%_2

1/2 1
m{(m 4 +1/c - 1’/6}
E{men) = - =175 e
(m2+n 44 /c (m2+n2+1 /;52) (m mg)

snd we obtain finally the ewpression of vy in the form

c vy dm_
v, = ...::.?;. fo=5t d‘b S Tal(n ) ﬁl‘lﬁ
€4 /{5(9’ !-r o |

where Y 3{452/(:32@2)}_ gs"'a

Taking the Ieplace im’@mion, we get

-

v a;%%;a}_t- = (52 +r) ]fim[?(m n) dt‘*‘]an (2

APPROXTMATE BVATUATION OF THE DISPLACEMENT:
Casel. Displacement sfier the first a:i:'fival.

‘ VY )
To iﬂteggrate J'I.ﬂzr’i{(m n)af' dn, , {(13)

oty 2 21/2
wepuftna\f\(sinaan@;'ﬁﬁmﬁ {z° + r°) 4

which is the time taken by the shear wave to reach the p@in‘t(‘r-,ﬂ,a) .
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The integrel 613) after the substitution takes the form

ﬁ/? dm |
J mk(n, mgt ]aa. | (14)
. , _
am dn r(z + r2)1/2
Howry Imﬁ’(m n)‘ﬁ‘ da] L [ {3'?(,,24.:02)“_991'2 7z = ! ]

¥

Hence from (12) , we obtain

ﬁf” 9)1/2

which is the displacement ot eny poind {r,3) just aftor the errival
of the diaturﬁ&nca. It is interesting %o note that the displacemont
due to the first errival of the disturhance at any point of the z-
axis is zero which is mleo expycied from the physienl stand point.
It is to be noted that the displacenent at any point on the free
surface z=o varles inversely as X - " |

Case 2. Displacement after sufficlently larss time when z # 0.

dm Qn
2 2 T

_(ﬁ2+r2 con? @)

- (z?+32)?/2 . rm{zawﬁ(r%+~”)c@ wsr? onate)

P ha {z“ +re oS m)3
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The terms containing 1/t” and highor orders are neglectod. After

the above substitubtion (14) takes the following form

, ‘3/'2
r(z‘?+r1‘2) /e
. P G -
: o (" +° oog® cg)

rz( ?e+ra) 3/2 n/2 72 (rg-»rz'g Yoo 5% sr2c0a
- 5 f ’ ‘ 5 du (15)
oo o ( 5%l GGB?CL)

The first integral of (15) 1o zers,hemce for the large velue of the

time + compared to 'tgs » the d;splacemant ic given by
VS - Pr(&-ze * 51'2)'/(‘435/11192'&232).

In this case the &ispl gement at ey point varies invergely ns tg .
Also this iz to be noted that the displscement incregse with the
incvea.se of v when 1t is very hrge, whiech is in conformity with
the ,physica_l condltion becauvse the radius of the riung source

eftor largs time 1 ip infinitely lnr&,e.

Case 3. Displacement at the free surface,

In this casa taking u=0, we 0biain Ffrom Rg.(1D)

) §1 ["j’i’ *73 me™ S8
AL Sl pivey dn = — e o
Vape Lo e (0P B (e ea®)
1 ‘}‘ in }" 5 metS¥™ | ]d
"o 1/2 , o 1/2 -
R ¢ 2:1/62) TP 2 T (mfm®)

(16)
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The path of integraition in the comyler se<plene is the real axia,

which is deformed in such = way thek

~irm=t. where ¥ is real and poslbive. Yaking the integrel

over the doformed path wo geb

‘ F2Y < 4 s 3h )
vym e [ fa g ~ at-
1  ey o ot 4»1/;:2)1/2 {b --rg(n +1/b‘"‘)}1/2(‘b2 n%)

2)1 /2

w  r(nfei/o , | | tg“St o | ‘

~Z{fa f , Yo ]

c{o (w2 1/;;2)1/2 { % (m® +1/e?) -t }1/«.{.@ Zn 4‘1/"&)}1/2(11? 2onl 2) |
r{n®+ fi ‘ |

Changing the araar of mteg;r Abion, &"e ab*tam

5 e " ('t"?/r | /iﬁg)w 2 ™
o C s St gt S
1 ey I’Jﬁ ' o { 2 ‘z(n +1/¢ }1/‘?(%5" r n“)
v/ /et p?y /e i ..
- 21 [ te~st g i : +
- (62 /p2 o2y 1/ N
+ fee % ax f . S T T B R
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Taking Leplaoce inversion of the sbove integral, we finally obtaia.

. R 8 s 3
v = """"‘?'L‘ H(t—-r/}: J= N s AT \
23?5/& cr %2/11 erg (ij Z - C2)1/2

xf;ﬁ(t;r/h)~H(tﬁ$/cﬂII(n,R)+H(far/e).II(n,H,@ )},

where
S II(R,n) is tho complete elliptic integrel of Jrd kind,

11(R,n,Q) is the elliptie integral of 3rd kind,

2,,2,2_ 2, L
R? » Sloion L, n? = (4% $2 = %) /2% ema
22(p% - %)



TORSIONAL RESPOHSE QF AN BLASTIC HALP SPACH
PO A HOWUNIFORMLY EXPANDING RING SOURCE.

ATRODUCLION: The study of the dynamie behaviour of an elastie
solid under various forms of moving loads and torsionsl pressure
has been gaining importance day by day. This is becaune of their
importance in aeism@;ogy, gtructural design and under ground
gxploration. .

Gakenheimer (1971) in one of his papers pressnted in details the
problem of a load emanatlng from a point on the surface and then
expanding radielly at a coastant rate. ﬂe'eansiﬁared the cascs
when the loads are disk-shaped or ring-shaped and the expanding
rates are supper seismic,; transeismic and oub selemic. Almogt ot
the seme bime Ghosh (1971) =lso considered the problem of
propagation of a stress discontinuity over an expanding circular
rogion with a constent veloeity which is less than the sheor
wave veloeity of the medium. Freund (1973) congidered ths non
uniformly moving line load ap well as poind 1@&&. Strumge (1970)
discussed the problem of an accolerating line load in an ecoustic
nolf space. The nommniform pressure distribution problem applied
to an elastic half apacs over a circuler zone ars discussed by
Brock (198)) and by Roy (1979). Almost & geme type of problem
nae been considered by Aggerwal and Ablow (1965). There it was

nocumed that cireulerly syrmetric load spreads out Lrom a point

Published in DAL, vol, 63, p. 7346 (1933)
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on an acousntic half space with decelerating aspeed. Ghosh (1980/81)

determined exectly the displecement produced by SHetype of waves

when o torsionsl force is Ereseribéd over a circular resgion on

the free surface of s homq@eneous igotropic medium and that in

the Integral form in case of a non homogeneous medium.

In the present paper, the displacement at any point (r,z) in the

send infinite medium is determined in the integral form by

prescribing a time dependent torsional foree over the rim of &

| elrevlar sone, The ring is assumed to'axpand in an‘arbitrary
wauner with time. It is found that the displacement field

contains besides the usual SH-waves, contribution from coniecal

waves wiieh arlse due to the motion of the source. The region

of conical waves which depend on the nature of the motion of the

source and the initial syeeﬁ.cf expansion Qf ‘the source arsg

. investigated in details. Different weve front surfaces are

located and first motion responsés near different wave arrivals

have been obtailned. |

Finplly numerical evaluation of the displécement on the free

surface hag been made £0r a decelérating ring source whose radius

at time + is of the form h(t)ﬁ&t1/2. Displacemente at points on

~ the free surfage for differemt position of the source have bgen

shown by meané of grephs. _

" PORUVLATION OF THE PROBLEM: Consider a homogencons isetrople

clastic half space on the fres surfoce of which a ring source

producing SH-type of weves is expanding with non uad form velocity.

(,9,2) are the cylindrical polar co~ordinates, z-axis being

directed into the medium and. the plene boundary being 2 = O.
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The origin of co~ordinates lg at the centre of the ring
r=ah (t), 2 = o, The ring is assuned to expend with uniform
accolerntion or with decoleration and an impulsive torgue appliéa>
to the ring ls presaribad, 4 '
the displacement is determined ian the integral form at any poiut
inside and on the free surfsce of the medium, subject to Ihe
eondition thnt the halfespace 4o initially at rest ond that the
displocenente remain bounded for lerge values of z. For torsional
motion of the ring all quantities depéend oa »,z and the time T,
Vie assume thet h{t) i@lnon nezative and monctons incressing
funetions The oxnly non~Gero component oi the displacement vector
is the compoment v along the direotion of 6 ilucreasing,. The
relevent non venlshing sitvess copponents are
Tep = A (B )aa Ty, =p F (1 ab)
whore A is the Towme's constout. The non zero equation of the

displacenent field is

. . 2 - 2
3%y 1 gv . v v 1 3% _
3,&,(”“”)*%: e (2}
522 r vMar  x Bme yﬁ 352 .

where P i3 the shear wave veloeity. The bouwndary condition of

the moticn 18

T@z == P ‘3[h(t) - 1‘]&2(‘&), 2 =0 : : (3)

there P 18 a coustent, 5{ ) is Dirac's delte function, H( ) ia
the Heavieside sbtep function and h(d) 1is the rediuve of the ring

a% time L. Tnitinl conditionz of the motion are given by
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B{t) = 0y 5 = 0 end D(L) >0y t > 0 (4)

whare dot denotes the time dorivative.

LMEVHOD OF SOLUTION: We define Iaplace ironsfornm f1€r;ﬁ.@) of the
fuaction £(r,z,%) by

9

fT(r,z.p)w J oxp(=pt) £(r,z,%)dt (5)
o

where p i8 real and positive snd Honitel traﬂaférm
£.(G+2,p) of £4(ry3,0) bY

=]

£,(5,3p)= f 7 3, (57) £,(yz0p)ar (6)
O

whers Jn is the Hogsel function of the first kind of order ii.

Applying Ieplece end lHankel transforms, te the equation (2)
succossively we obipin

ay

am . ) .
" where k° = &? + 6% /2.
The solution of the equation (7) which remeins bounded as

3 =+ @is
v, = E oxp (~kz) (8)

The value of the constant K is determined, by using the
condition (4), %the eguation (8) and the jankel transform
of the Isplace tronsform of the ejuation (3) It im found

to be
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o3 /

5(1 % 1 eI O o) -

K= i J ‘ii;' B (T)d, G(T) Jexp(=pT)aT. ()
O ’ ’ i . .

subgtituting the value of K in (8) and then taking Honkel's

inversion one gete
(= ' o
v,= % J h(T)exp(=pT) f%% '(‘c‘sz*)J.’ ER(T) Jexpl{-ks)ag aT. (10)
- 0 o , . -

LAPLACE THVER3ION: Inn this section the Ieplaeg inverse transforn
is cvalusted by Capgnierd's btechnigue.
- ¥e meke use of the following results

3t
3, (h(T) )3 tEr) = 3= S 3 (§8) cos f af emd

-1
2%
a 1 Lt oaeay . .
3 (&8) = == JSemp ( 4%8) cos u) du, whore
| S | N

. 1/2
H o= (r2+112 (T) = 2r h{T) cos £ ) ¢ Y0 obboin the eguaticn

(192) as

. "

vy a-—-g--;- J u(Texp(= pT) J I cos £ df aT, (11)

4% /‘“ o -

where
o 2R ,
I=J J ‘%’Qﬁp( 188 cos (VY =u)= kz)dg du. . R & F-)

o 0 3

nnd ¥ is any constent aagle.
in (1_22), we pub

c.i’ s%ncg u and B 385511’1 u, then subgbitute
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L ¢ '
@ = weosY =q sl and p = W siny + q cosYy end finally

replace w by Wp aud g by qp Yo obtain (12) in the form

o mA = | caxpﬂ"p{ﬁwsﬂwewgﬂ/ﬁ2)1/ e sa}j
= J - e dw dg - (13)

. n 1/2
(WPeq®er /s ?)

Pt R <]

Bauation (13) is well known form J’;;cr daternining the .. ’.{e@ime :
Aduaversion of a 'fmmtmza by epplying ilﬁ“miarﬂ 's techmigue ap |
modified by De-Hoop. Substitubing b= ~iws+a(wiea®e1 /) V2 1n
'(1 5) where t ig resl and positive, ‘éhe Inplace iuwversion of

(13) 1is found to be equal to

| (s2/p2 p2)1/2
. - dy |
. . a. silen A ‘ N 1 i + P )
u(t)Ja?{H[t /ﬁj J mt-(vfi qiapHi/e a J‘dq} (42
0

Wh(?i’ﬁ?- '()2 =8 Za 4o ,‘32 aﬁﬁ
. ¥ . & - 1/2
1St + z{‘%‘z - % s 159
W om e

¥ .' .(>.»2

Ayplyim;; convolution theorem on (11), the Laplace inversion of

Vg is obinined in Tthe form

~ =0 7t R
v= --§--» J nmaT feos f af S3(u ~T)G(t=u)du,
47

Q % s

which when simplified tekes vhe form

+ it
v = -%-f B(T)aT f-ﬁgg-é 6 (6 =T=Torad, (15)

Q L4
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Integroting over ¢ , we obtain

¥ /2 27 I 52 |
va -4-9-. f{ﬂ [t-’r- - "(';h (T - ]-zz [’t‘-’r - yé zthll) ) ] ATaT
o | B
{16)
whers

ﬁmgm‘*m wp&(1=-T)?

HTi= = A
1(T) [{32+(r+h(’r) )2..@2(‘22-7)“}{%5 ~('t.T)“_g¢-a.(r¥1}.(T))2}]J'3/

2 -

To faoillitate our discussion, egquation (1 6) is written im an

alternative fam,

o heafp ,
af;:- i‘{ meu( E(6T) % _(ﬂ[nm- ¥ 62(e=1? -2 ]+

+ ,i}}mm» Vfia (t“’r) s ]Ii[~ﬂ(T)+ fﬁg(t T2 2} -

- fz-n(T)- ¢ 6261 ]}a (T) aT . . “n
The resion of smppoz?ﬁ for T « integration is bounded by the ourves:
I rab {T) + \J’isﬁz("b-’l“)g-zg 3 0 <T <€ t=z/b, (18)
I s r=h (T) = 22"&“%2 2 3 Ty <T< t-u/b. (19)
IXLs r =-n (T) + 1/ Q(th) - 5 O <T<.’l; . (23)
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!
r, /
0 \
\
A\ p
\
\
N\ R i —= T
by
} » L Ji ! \
b
o
- i . i e adif of
s Ll o To t-(2/p)
To t-12/p) /A
c) -
ro4
ro}
Te
‘o
Ty x
I O Tyw Tp Ty ;‘-(z//]} '
- Tyx T T t-{/f) ). o
e) -

Fig. 1. Regiog afsuppurt fur tintegration fir fixed | ) When a single
AN exioy § e the starting veloetty oy s sueh Wat (drjary = n. (. ) the
vitse when py eXtrepngy Cxists s (C~F)when , maximum(r,) and a binimg g, {ree)
hotiy exjet . .

~and lqa ..oy,
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The yegion of T 1ntegratibn for Q(T) bounded by bthe curves I, II
and 11I are shown in %the figs.1{a - £) and the following remarks

can be made abowt them.

It is to be noted thet the curves II and III are monotone
inereasing and decreasing in their respective region of

existence vize. (T, t = z/p) end ( 0,7,) where

: /2
n(1,) ={pt =15)% - a2 | /

The curve I Ins oxtremum where

_ - ,
3 " 5e(t =T) . .
{ﬁ (t =T) =3 }
vanighes and
2 .. 2.2 |
M = R{T) = - s . (22)
9 T= ) 372 -

iﬁa(t ,T,z - 32}

doos ;mt vaniche.

We consider fhe different cases that arise dus to non uniform
‘incrense of the ring s-ource. Let the source inorease with
aniforn Sceelexation B(T) > 0. In this case, if the initiel
valocity fz(o) of the sourcs.be such that ( %1%—:) 0 > O then

since ( %’Y)o > o and
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( 5= ‘ % D /i < o, the curve I hss only one wenimunm ot ¥ = r,
’becaaae 5 r sithar changes sign once from positive 4o
3T

negntive or remaine negetive throughout in (o,t=-z/5). The
corresponding cases are shown in Fig.l(a-b). llent let the

initinl veloelty fl(&})@i‘ the source ba such that (33#—1’4 o £ 0o
In thig onsey, if (% ) 0, ( »or ) will be ne;_,ﬁ‘cive
throughout the intngal {o,% -z/p ), the eurve I then corresponds
to Pig.1{c), since both (2& %m ( = aZ gmp i BFO negative. But

2
i£ ( 4L ) be pogitive then ;31_2 elmuxg,su pign once from positive

2
to neggtivg in the interval (o,t=2/p ). Heace in this eace the
suxve I has either 71):9 .ext;remum wh,iciz correamn&ls %0 Fig.1(d) ox
there is o maxirum preceded by g minimum which is shown in Fig.i
(ef)e Pirelly, ‘in enpe of a deocelerating motion of the soupee
i.e 'when .i{(’r Y(not necessarily & constant) < o, thmughout the
interval, the curve heg eithor only cme meximum iF ( 5= m_ )y >0
a8 in ¥ig.4 (&i) or no oxbtremum 2p in mg.a {c) when
( = {3 ) < 0o
We econsider the ourves I end II tugve‘mﬁr. .Lheia? combined
eguation is -

()2 = 2512 z® . (23)

vor figures 1{c,d), T is a single valusd function of z.
Por the Elgo.d (é,‘b} T may be & double valued funciion whereas
for £igs, 1(e,i), T may be & triple valued funotion of r. mhi.ng
the eguations (18) and (13) togaether the valuesof T are
deglmated as T aT1,T==(’J’ ,T) s—»nd’]‘:a (’I‘, Py 3 To J whoere
T ? Tg >7§ depending en whether T is fainglg, double or triple
valued function of r. In (20) ris e monobone decreasing function

of T , so the corresponding value of T is designated asT= /]:'é .



143

w/ith the above veluegs of the roots of the equations (18)=(20)
and from a close exepmingtion of the different figs. 1(a=f),the
ilsplacenant produced by the Jl=-type of waves ils glven by

1 2 . .3 '

v =Y o+ vV o+ V', where

v s ma(zg-r) T(AT Tye Ty)
v = 8fi(eng)=00r = meat (e 2)]E(AT T ) o)

-

v’ zfs[c}(r - min(rg, ro)-ﬂ-(r-minl(r@_ﬁ;rc))]];(gg(’l‘), Té, T )

and

H(r = 2, )1f 1, = max (D, rGD

G(r = max (g, T.) ) =
R ** o H(r - £ )if 7, = max (e, T,)

or 1, does not exist.

G(r = min (2., r)) )= H(z = 2, )if g = min (£, *,)
- H(r - rc):i.f r. = min (T, r,g)

or r, does not exist.

Similer meoning is atiached to the symbol

G(x = min (Z,,er.) )« 'B! hos boen weitten for ==& .
' : 0 | = :c/“

- 32 is the valve of » 2t 7 = ¢ and

L 5
I (F(T)s &y B) = f2(T) aT
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WAVE FROME ANATYSIS: In this section we locate 3hd émélyse tho
- nature of ths wove fronia. | |

The nature of the wave front chonges due to non unifornm
expangion of the source and also it depends on the inita
velocity h(e} ( =u_ ) of expansion of the sourca. e considepr
decelerating and aqeelaratin@ expension of the source for

dilfferent iniidnl velocities.
{ase of decleration:

1) et h(o) = u, < .

¥rom (21) and (22) , (dr is mnegetive for oll 2 and lJ%-is alse

negative asg h(T) is negwbive. So the cuzve I in ( o'u~x/b} is
such that r decresses with +he increase of T . This eorresponds
to the reglon of integration as deplcted in fig.1(c) and

consequently the wave fromi is of the form as shown in fiz.2(a)s
ii) ub( >p ) is finits.

1% follows from (1), (319 is positive for o < 3 < z, end

negative for = 2 B where z, is ob% nineﬁ from

L2 1»2 ; " G222 32 L e
u, ﬁzt/(wztg - 2 / iLe@ 32 =56 (1 =p /u0 )] and further
gfgvia negative as hCT) is negetive, Therefore thp region of

pTe
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Fig. 2. Diffeeent types of wave front, at particular admissible values of tme
and position, whicharise thue 1o nou uniformity wd initial velocity of expansion
of the ringg souree :
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R
inteﬂrqtiana far o €z < B and for s > By corregpond to the

reglona shown in the figs.1(a) snd 1(e) respectively aug

consequently the wave front is given by the £ig.2(bh).

iii) w, is infinitely larga.

From (21% and (22), it follows that (u o is positive for all
z and (f;g) is negetive for all g end for 21l T . Hence the
region of integration is fig.1(a) and the correspondins wave

fremt is as shown in fig.2(ec).

Case of acceleration:

1) Ye ascume that the ring source exyqnd with uniform acceleration
f aud sotarts with the veloeity u, (= h(a)). Pirst let u, < ;5 then
(ar/51')0 is negative for all z and (9 r/GTg) ig positive for

0 <z < Zq and‘negatiVe for z » By where 4q is to be determined
from the condition (éar/BTg} = 0, FOr 5 2 Zgs (agr/de) is
negative for T in (o,u«z/b). Consequently the region of
insegration is the fig.1(c). On the other hand if z lies in (o,z1)
then-(@?z/ﬁTg) is.first positife'and then h@g&ﬁive a8 T increases
in (0,t=2/5 ), 50 in this case the region of integration is either
£ig,1(d) or fig.1(e or £). |

By using (22), 3z, is determined from ths equation

(25)

It is to be noted that z4 = 0 when f =0 and 2y is a monotone
inereasing funetion of £+ Further, in (0.31),(63/01‘) may have
two zeroes or there is no zero in the region o < <t =z/s),
depending on the value of z. The ccndition thint (or/07T ) may bhave

two zeross iy 0 € 3 < gy Where
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w +Et 273 5/2
z,.«:-;ﬂ(uﬂ-.—-){m } for u £t > §
) ¥ (u m;)ﬁ/3 o * b
=0 _ C for “o + 2t < P

It oan be ghown further that g 4 By Henee for a<z<z3 the region
of integration is fig.1(e or ) and For 53 £ 3 < By the region
of integration ls fig.1(d). Therefors for accelernting souvee
with initiel veloelty u, < B, the wave fromt im of the form as
shown in fig.2(a) if the obmervation time bs such thet

(u0 + £t) < ¢ and fe? (u0 +’ft) > §§ the wave front is like the
figuree as in 2(d) or 2(e) according as the position of the source
at the observetion time is inside or out side the characterigtic
surface rE o 22 * ﬁgtg.

ii) Hemt let m, > p from (21) we nave (/07T ), is positive for

]
o €z X B and is negavive for z > 3, where g is given by-

b4

o = FH(1 = pg/uf;" y1/2 (26)

iAlse (ézr/a¢ﬂ>0 is positive for o < 2 < 3, and is negatvive for

a > Gy whore 24 is given by (25). do for o € 3 {24 (62r/@T2

is firét positive and then negative in o LT t = zfit . Fe congilder
| the case for B4 < By firat. In this cage

o 32 , » 3/2 -
b 22/ (5% - 2] ) < p%ag / ‘(ﬁgt'z -52 ) ’

3/2 o ¢ a o ke ¥ \ £ %
sineo ~2/(p 32 ) is a monotone ineressing function of a.

Using (25) end (26), we obbain

B2 (u, + £8) / ud < (27)



1438

Under'the condition obtained im (27) the region of intéegration 1s
like that of the fig.?(b) in the range'o <z < 3y and for

ay € 8 < B, the region of inftegration is of the type as shown

., <8 < pt, the region of integratien, is shown

2
in fige.1(c). Therefore for u, » § and for the rolation given in

in fig.1(a). ¥or =

(27)s it follows that the nature of the wave front is of the tyne
ag shown in fig.2(b).

Finally, we study the case when %y > za i.e when ﬁg(uo+f%)/ﬁ§ >le

fone. 0 0 < 2 < 3, the vagion of integration ie es in fig.1(b).
Hince By is always less than Bay SO for zevt'z < By the region
of inﬁagr&tiqn ig like fig.1(e or ) and for T < 5 < 3, the
region of in%egratian iéllik@ that as chown fn fig 1(d). Fig.1{e)
represents the region of integration for g, < 2 < pt. Asccordingly

the wave front takes the shape of the fig.2(f).

FIRST MOTION RESIONSES: The expression for the digplacement as
given in (24) ic in the form of iuntegvals over flnite ranges.

Aa such; computytion off digplacement for s glven wodel ean be
dons with thé high power ocompuier. However some idea about the
nature of displacement at the time of the first arvivel of wave
fronta can be obtained by limiting process following Stronge@$70>
The displacemsent field just after arrivel time of the

characteristic surface r = ¥, is from (24),

v s 313 (T Toe 1) - (23)

where as Just before the arrival time the displacement is given

byVmO.
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Yo ovalunte (28) near ¥ =2, , WO pUL P = I, =AP and T=T, + 0
in eguations (13) and (19) . Using Taylor's czpeusion in tha
neighbéurhood 0f ( Tye T,) and with the help of eguations (21)
and (22) we £ind the limits of iutegretion of eguntion (28) in
the now vayriable O as

e TR

ﬁ%tkr 3/4

205 - 7, 92 - &7

[

€29)

@1a2 =2 5 es {Eﬁ 3, "
422 - & (T fp20e- 70" - &7

"

The eame procedure ig follewed to determine in the neighbourhood

of (T, s T,) o the value of { which is found %o be

| a oy 11/2
A Ty#0)= s [rn(ro {686 -1 - 2] ]
e T o 5. 32 o p PRRCY:7 5 2= v E
[92{_&(&) (62t )%=2%)" 22&}»-4-&11*{#‘3(-:;-&)&,33} | ] .

(30)

whore the lowest term in Q and Ar are retained. The value of the
integr,l (23) aftcr subetliuting the value of § from (30) and
the liolts of inbegration for the now variable 9 as obiained in
(29) 18 feund.tn be

B Trw n(3) {52 (t =T, )° - 32}

1/2
KTE ] s Wileh is the

displacement at the first arrvivel of the wave front given by » =z, .
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To find the displacement at tha first arrivel of the wave fLrort

given by T = ry,, we define ¥T) in the neighbourhood of- (Tew Tus)
. .

and out side the region of integration by

2

2% + r° « n? (1) = §‘:§2 (1:«-’1‘)2

AT = ' :
[Pt (1)« 93 | 4 {pe=D e nenP] /2|

(31)

and put r = my, +Ar and AT =T, + 9. Following the sans
procadure ag done in ecase of v = r, , the displaccuent at the

firgt errival of the weve purimce r = r,, is found %o be

| | 2
" ; s " 1
Py | Tex B (T**){ﬁj (b=Thw) = gg} . ] /2
Sa——" ‘ve _ ‘ ) 2 ‘3/‘2 - - "
A SIC AR LCN MUV R

The displacement ot a point due t¢ the first arrival of the wave
fronts r = r, and r = r,, simultaneouely is algo dotermined. At
| thig point the wave fronts T = I, and ¥ = r,, form o cusp
(ef.fig.2(d,e,£). In ¥his case this is to be noted that at the
QuUSD ¥ = Ty, m‘rw\ = (zay) mrul (3x/3T) = (c‘;zr/mg) = dwhere ne
(a?’r/m?’) # 0. lience it followa from equation (24) that the

disnlacensnt due to first arrivel of this wave fyount at r = T is

L [I.( (T T Ty) + I (M Ty :1.‘)] | (52)
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where T =T, =T, and T4 T, are the two values of T elose to T
and correspond to the points lying on either sids of ( T, ¥)
on the curve I and. Il tozether. |

To evaluate the integrals in (32), T= T +O and r = T =Ar
are put in the £irey integral where as Te T - @ and r = B +4A 1
are put into the second integral of (32). Alsn this is to be
rememaered that outside the region of im;ag;r'xtion in the
neighbourhoed of ( T, ¥ ), 2 (T) is defined as in (31).

after the above mentionad substitution iﬁ (23) ang retaining
the lowest order term of 9 and Ar one gets the dmolacamant due

%0 ﬂm‘& ayrivel a5 T = F no

| c 2
-v [l . 2 et Gz P2 1/2
p&{:m(Tﬁﬁ (¢ =T )° = }J: ?],? a9

wE 22(t= )= B ({12 ('t- 7) - } 9 (a’-0%)

where g
5 6ar( ¥ - h( T )

a = 5.

3 % 22t T =BT NE-1( ) )

(»32) evaluafed . The dus -

. fhe nleaval W
By oubstituting g% &5, e ey Kound 4§ e

blacement ziue by ivst avvivad o’% e Wave dpvomt r=¥ s

. i/2 1/2 . - /12
2% pp /2 ®{p2(t=T) = 7]

oz Pl [94a2- Tom B 200 7) - }b/r]

. where B(m,n) i.B vhe Bete function.

(33)

(39-

It is interegbing to ﬂma Yhat in %hie» ease the displmcemant due to

first arrival nt this point is infinitely larze due %o the presence

of the factor (Ar)1/ 6 in the demominator.
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2 522

Finally we conslder the characteristic surface r° + z |
which corresponds to & disturbance initiated =t the origin when
the torgue is f£irst applied at T=o. This disturbonce spreads
out from the origin with a veloeity egusl %o f. %o find the
displacement dus to ‘Ehe firet axrivel of t’hié gurface, fgllowiw

Aggarwal end Ablow (19‘@5)1@1: ua oconsider the curve

NI, . 1/2 .
R z:{p:‘? (t =T)% - a“”} . (34)
and the lines L '
F3 - rs ‘r,‘
11 1 = V, the o za - 6,,} (3))
1, s ¥= V!:i‘?gﬁgé'_‘za + € (36)
- where €, and &, are very small positive guantlities.
Then to the firgt order of eﬂ'am 62
, ' rarar-anary
T . alete® a? e
Y = e =T (say)
€2 ) @21;2 - 5% T (say)
1L,XIII = — s =, leay,
1' =4 . B fuﬁw ] ¥ . 4
n(o) | p2t2 =22 + 5%

and .12XI z - e - .
 nle) VeS8 - oF « By

1]

=T, (eay);

€, ¢ €

1 ave such thot T, <T and tends to zero as & ~ 1/ p ,

2 2



133

where ﬁﬁgz + 2% . Then it follows immediately that .

1QT)s T ™) =0 and U5 Ty T) =0 st ~ 7.

also {I(U(M); Ty T) = WA Ty Tl =0 as v = Ty b,

where T, 8 1, X T end Ty 2 1, X I are the values of T which
eorrespond tb the polnts on @he'righﬁ of T, ﬁrom this it follows
that the displacenent is comﬁinuous,acroés the characteristic
surface fa = pt, showlng thet vhe diaplacement‘due to the first

2, 2 o 22

arrival of the charmcterigtic murface v 2° =p-t" 18 zero. -

SURPACE DISPLACEMENT: In @mi§f§§;§;ea displacement hasg been

determined mumerically for a particuler type ¢f nonuniformly

moving surface. Ve congider a ﬂeaelérating rigg gource whose

rodius h(T) at any btime T is assumed to be h(T) = Aﬁj/é . The

displaceéent at any poiut (rye) at the time of observation ¢

rifs determined. |

>Acaording to the posltion of the source the following three

possible cases are considered.

i) Radius h(T) of the ring coiﬂciﬁing with the rim of the
eenicai wave front and moving with it so that pt < khlt).

il) pt < h (%) <,

iii) n (t) < pt.

To determine the displacement on the free surface, we put
7 = 0 iu the funciion (T) of eyuation (24) and the variable

of integration T 1is chonged to T, by substitubing T =T/ 5.

t

2{T) is then obtained in the form
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=z A
T+
5242

: 4
[iGe #8000 Yow - 24857 ]

A%
3%

' 2
{12
=

f:;z.(-iﬁt)'aamq

172

on a close cxamlnation of the regions of integretion as shown in

Maet, the ﬂia@laeement vy i czoo of (i) is given by

v |
=&L r(ner);9,, 7, foro < < Gt
® Folb o 1 2 )

— bl T(R(D) Tys ) for gt < ¥ < h (%)
P 13 ‘ ‘ '

The displacement in cose of (ii) is given by

v, |
= e T(R(2) 5 Wy, T,) ToRE <P L.
wE ' .
Vi SR - -
e B T(R(T) § yy T,) fOr EB KT KR (%)
P aTr
Vs B ’ -
o Bl T(u(2) 5 2y, Tg) Tor b () < ¥ ST
P =¥ |

gud the displacement in case (1ii) is

/-in-v - Bt T(R(T)s 5331, '332) for o < ¥ < h (%)
P i o .
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(2u/P)v

f
8
2
—f‘2~=9.00
At
>
Q,
4
S}
0 i L 1 1 (] 1 e
0 2 4 6
/
a) r/pt
AT 3 A
7
t
o
N
~
=
=)
1 - | S
12

(@), (b), (¢) correspond to tho cases (i), (i) and (iff) respectively

Yig. 3. Graphs showing (u/ ) v versus (¢/f) when ¢ =
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Y I | |
X1 (n (o "o
e—vag—-z(n(a);§.1,r:3)fnx&a(t><x<r;%
7 "X
1 § t
—— = Bl T (R (T)s ., T P P
;{)v ﬁrI(R(I)g ;1,v3)£ox~§“’%<r<z*
where
2 /a2 )
T1m~-—§—-+l A?-l -.1}..‘71:&.2-..5.4,(1.-&)
p ot 2 7% 2 gvs gt e
2 2
S i nedrd e LA R Rl
‘ §# 2 g% 2 Yt  p°t 1
.7 1 a2 1 A AS
Bt 2§ 2 p¥t Bt

411 the above integrels arg numeaz?ieézlly evalusted and the graphs
are plotted by specifying admissible values of {v/t) agaiust (F /P)v.



