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Scattering of antiplane shear wave by a propagating crack at the
interface of two dissimilar elastic media

J SARKAR, M L GHOSH and S C MANDAL
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Abstract. An analysis of the scattering of horizontally polarized shear wave by a semi-infinite
crack running with uniform velocity along the interface of two dissimilar semi-infinite elastic
media has been carried out. The mixed boundary value problem has been solved completely
by the Wiener—Hopf technique. The effect of different values of the material parameter, the
angle of incidence of incident wave and the crack propagation velocity on the stress intensity
factor have been illustrated graphically.

Keywords, Diffraction of elastic waves; propagating crack; SH-wave; stress intensity factor.

1. Introduction

It is well known that the problems of diffraction of elastic wave by cracks or inclusions
are of considerable importance in view of their application in seismology and
geophysics. If the cracks or inclusions are located at the interface of layered media,
the study becomes more relevant. The extensive use of composite materials in modern
technology has also evoked interest in the wave propagation problems in layered
media with interfacial discontinuities. Onder et al [5] studied the diffraction: of
monochromatic plane SH-waves obliquely incident on a rigid half plane between the
two different semi-infinite media.

In this paper we have considered the problem of the diffraction of a plane harmonic
SH-wave by a semi-infinite crack running uniformly along the interface of two
dissimilar semi-infinite elastic media. The problem of scattering of plane harmonic
polarized shear wave by a half plane crack in an infinite isotropic medium extending
under antiplane strain was studied earlier by Jahanshahi {3], Chen and Sih [1,2]
also solved the in plane problem of the diffraction of stress waves by a running crack
in an incident wave field in an infinite elastic medium. We have applied Fourier
transform and ‘Wiener-Hopf technique [4] to solve the mixed boundary value
problem. The resulting integrals have been evaluated asymptotically to obtain the
displagement and stress field near about the crack tip. It is found that the stress
intensity factor depends sensitively upon the speed of crack propagation, the angle
of incidence of the incoming wave and on the material properties of the elastic media.
Quantitative assessment of the effect of the aforementioned parameters on the stress

intensity factor has been made by displaying the numerical results graphically for
two pairs of different materials.
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2, Formulation of the problem and its solution

Let a plane crack move at a constant vcloclty V on the interface of two bonded
dissimilar elastic seml-mﬁmte medlum due to the mcldence of the plane harmonic
SH-wave : :

)= V,exp[—i{A;(Xcos®, + Ysin® )+QT}] Y(1)

in the medium where the co-efficient of ngldlty, densxty and shear-wave velocity
respectively are given by u,, p, and C,. The crack lies on the bimaterial interface
along Y =0 with respect to the fixed rectangular co-ordmate system (X, Y, Z).

We assume that the displacement and stress due to the scattered field are

b;=v,(X, Y, T) | @
‘and '
ov;

v ‘
(t:2);= l‘jﬁ, (ty:);= #1—5? ‘ 3)

where the subscript j = 1,2 refers to the upper and lower half-planes and T the time.
The equations of SH-wave motion in either elastic half-space are given by

v, v, 1 Py

x tavi=gar U=bY @

where C; = (u;/p;)*/? is the shear-wave ve1001ty Without any loss of generality, we
further assume that C, > C,.

Due to the incident wave given in (1), the reflected and transmitted waves in the
absence of the crack may be written in the form

i(X, Y, T)= Viexp[—i{A,(Xcos®, — Ysin®,)+QT)}]

and .

vI(X,Y,T)= VIexp[—i{A;(Xcos®, + Ysin®,)+QT)}] 5)
where .

U A sin®@ — u, Assin®,

Vi= —— 2V, = AR

1= A sin®, T ayA, im0, ATV ()
and  ° |

2u,A,sin®

VT=, 142 1 — AT V/

2= A Sn®, T i A, sme, =42V (ay) . (©
with ,

Ajcos®; =A,c080,.

V,, Vi and V7 are the incident, reflected and transmitted wave amplitude respectively,
A; the wave number, Q= A;C; the circular frequency and ©, O, the angles of
mcxdence and refraction respectxvely

Assume that the crack has been moving in the horizontal direction along the.
interface for a sufficiently long time and that a steady state has been reached in the
neighbourhood of the crack.

A set of moving co-ordinate systems (x, y, z,) attached to the crack tip moving at
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Figure 1. Geometry of the propagating crack.

a constant velocity V is introduced in accordance with
x=X—-Vt, y;=5;Y, z=2, t=T ‘ )]

where s;= (1 — M7)"/? and M;= V/C, is the Mach number.
In terms of the moving co- ordmate system (x, y, t), (4) becomes

o'y Py 1 a( dv; o, :
&y M , 8
a2 t o tama\ MiCig " )0 : @)

It is convenient to define an apparent circular frequency w = € and the angles of
reflection ¢, and refraction ¢, are given by ‘

cos ;= M;+(A;/4;)cos®,, sing;=(s;/0)sin®,,
where :
a=(l+M;cos®)) and 4,=(A,/s}) )]

Using these relations in a moving system, (1) and (5) take the form

vtl) w?(xt.VX) '
v | = wi(x,yy) | exp{i(Mix—at)} (10)
v; wi(x,y2) ‘
where .
w(x,y,) = Vyexp{—id( xcos¢,+y1sm¢ )}
wilx, yi) =A%V, exp{—i4,(xcos ¢, ~ yising,)}
wi(x,y2)= AT Vyexp[~ i{(B; + A;¢08¢;)x + 4, ¥; sing;}] (1
and o A

Bs=M2, l--;i-c—- <0 since C;>C,.
. 4y Cy

Using (10), we assume the solution of the governing equation (8) as}

vy(x, y; 1) = w;(x, y;)exp [i(M;4;x — wt)]. (12)
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Substitution of (12) in (8) yields the Helmholtz equation -

*w; 4 0w
ox* = oy}

I+ 22w, =0 (j=1,2). j , (13)
Applying Fourier transform, (13) can be solved and the résult is

w,(x,y1)=517;.[:‘o A (&exp{—iéx—(E2—23)'2y,}dE, (0, >0)
and C ” :

a

| Aa@exp{—itx— (@ - B)2y,}dE (,<0) (149

1
WZ(X9YZ)=-—J.

where 4(&) and A,(&) are the unknown functions to be determined. From (12) and
(14) we obtain the displacement components due to scattered field as

a0

v, =expli(M,4,x —wt]%J.

- ®

A (wexp[—iux—y,y,]duy, (y;>0)

and '
1 (= '
v,=exp[i(M,i,x— wt]ﬂj. A,(wexp[—iux+y,y,1du, (y,<0)
(15)
where ' '
o =(u?—l§)f’2 and yz=[(u—ﬁ;)3—l§]‘/2. (16)A

Therefore, the expressions for the stresses are

(txz)l = iﬂ'l exp [I(Ml '11 X— wt)]

1 [ ‘
X ﬁJ‘ (u—M2)A (u)exp[—iux~y,y,]du

bl
i

(Tx:)Z == lul exp [i(Ml ;‘1 X = COt)] .

1 (= :
xﬂj (u—M,2,)A;(wexp[—iux +y,y,]du
and
. . t [® ,
(Tyeh = _#1513XP[1(M141x‘wt)]EJ. Y14 (Wexp[—iux ~yyy,]1du
Y2 A ()exp[—iux +y,y,]du.
a0

. 1
(ty2)2 = paS2exp[i(M A, x — wt)]ﬂj‘

an

The unl;nown functions A;(u) and A4,(u) are to be determined from the following
boundary conditions at the interface y =0

@) 5(x,0)=0,(x,0), x>0

. ov
(ii bl R
) l‘xsxay‘ ﬂzszayzy O<x<

- i
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and
601 avl an
il +—=0, x<0, y—=0+.
W e,

From the boundary condition (ii) we obtain -

B15171A (M) + Ha527242(w)=0 . (18)

and from other two boundary conditions, we get

ij B, (w)exp(— iux)du=0 (x>0) _

- ®

and
l a
EJ‘ M(u)B, (v)exp(— iux)du= Nexp[—il,xcos$;], (x<0) (19)
where
s +u,s
B,_(u)=ux 1V1 T i zhAl(u)
: H28272
H25272
M(u)= (20)
(®) yl(#xsx')’\‘*'#zsz}’z)
and

N= _u\,v,sm@),(1 - AR),

5

The solution of the dual integral equation may be obtained by a method based on
the Wiener—Hopf technique. The first part of (19) can be satisfied if we choose

B,(w)= L_(u) - @1

wheré L_(u) is a function of u, analytic in the lower half of the complex u-plane. The
second part is satisfied if we take

N U,

M(“)B’(“)=i(u_—a,—)u+(a,) | 22)

where «;, = 4, cos¢, and U, (v) is a function free from zeros and singularities in the
upper half of the complex u-plane. Thus (22) is a solution of the second part of (19)
can easily be shown by completing the path from — o0 to oo by a semi-circle of
infinite radius in the upper u-plane and then applying the residue theorem and Jordan’s

Léttiria. The path of integration is cheséfi to avoid possible branch points and is
ifidented below the pole u=a,.

Ehmmatmg By (u) from (21) and (22) we obtam

Lw_ N 1
U, () =) M) Us () | )
and )
M@y =—H22___ 2 j2yuzp() ‘ ' (24)
HySy+ aSy
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“where .
(18 + 1253)72
(115171 + H125272)

F(u)=

and
Fu)—1 as |u|—o0.

The function F(u) can be expressed as the product of two functions such thét
F)=F ., (uy F () - | (25)
where F, (4) and F _ (u) are analytic in the upper and lower half of the complex u-plane

respectively. The expressions for F, (4) and F _(u) have been derived in the appendix.
In view of (25), (24) assumes the form

Us) L_(u)
(+A,)2F,w) N M5y + a8y @0)
iU, (1) #2524 — 0, )4 — 2,) > F_(u)
where :
’ Uy (u)=(u+A,)"2F . (u). : 27
So ‘
_ . N ’ . #lsl +ﬂ232 R
L= T ey I e = )T F- @) @)

Hence the functions 4, (u) and A,(u) are

Ay () = N _ Y2(1ty 8y + H28,)
! fory + Ay V2F 4 (o0y) (By 8371 + HaS272) (W — oy )(u— A4)V2F _(u)
and .
A2'(14')= —N B18171(1181 + 1,5;)
i(oey 4+ A1) 2F 4 (0y) paSa(pty 8174 + #23272)(“—“1’)(“— A)YAF _(u)

(29)

The singular behaviour of the stress componénts for the scattered waves af the
crack-tip is due to the divergence of the integrals around x = y; =0 in (17). Making

use of (29) and asymptotic expressions of the integrands of (17) for large values of u,
we obtain near about the crack-tip,

(txzh =B(ls+i)J. u~ 2 exp[ —s,uY](cos ux — sinux)du
1 o . °
_B 1 P o “
(2s)2 =—§iil u~ Y2 exp [ — s, u| Y|J(cosux — sinux)du
2 J0

- i o ) o
()= ~=B(1+i)| u~2exp[—s,uY](cosux + sinux)du
f* 0 A

(tys)2=—=B(1+i)| u **exp[—s,u|Y|](cosux + sinux)du (30)

J 0
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where
- _ Nu,s, .
, 2n(ay + 11)1/2F+(a1)’

vi=85Y (j=12).

Using the results '

P I sy ]

j u~Y2exp[—s,uY]cosuxdx'= (“/2)”2[

o s?y? + x?

@ 2.2 1 2\1/2 1/2
u~Y2exp[—s,uY]sinuxdx = (n/2)"/? (51 -;-xz) 3 51Y

(1] S1y +Xx

B30

the stresses near about the crack tip given by (30) can be evaluated. The displacement
near about the crack tip can be obtained from the crack tip stresses by integration.

Now introducing the factor exp[i(M;4,x — wt)] and taking the real part, the
stresses and displacements near about the moving crack-tip are found to be equal to

. ) (slz Y2+x2)”2+_x'- u2
(fyz)j . Kl [ s} YZ n xz -
K, [(s? Y24 x2)12 _ x7|1/2 [( n
= — 1y Y expl il Myd;x —wt ——
(txz).l Re ( ) -sl[ s} Y? +7x2 p | 1741 4
v (—1)J+12£[(x2+s2 YZ)IIZ_x']l/z
] , s i ‘ ;
L ] L j°F C]
(32)
where ‘
I(1 =-(2/n)1/2 #I#ZAXAZ Vl Sin@l Sin®2 (33)

(g + A;) 2 F 4 () (3 Ay SIn @, + A5 5in @)’

In the case of crack propagation in an isotropic elastic medium using the result
By =pa2, py =p; and F,(a;) =1, we obtain

Ky =(1/m)"2pu A2 V(1 - M) 25in(0,/2). (34

P‘utting r=(x2+y*)'? tang =|Y|/x, the expression of displacements and stresses
given by (32) near about the moving crack-tip is found to be equal to

2K . :
v, = Slx ri2{(1 — Misin2¢)'2 — cos ¢}}/2 cos(wt + (n/4)) + 0(r32)
K, |
v, = —yzs; rt2{(1 — M3sin¢)'/2 — cos ¢} /2 cos(wt + (n/4)) + 0(r¥2)

K, f(1 — M3sin?¢)'/2 +cos¢p ) 1/2 »
(tyeh =r‘_/12{ [—ilsinig } cos(wt + (r/4)) + 0(r*/?)
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o |- M 2 44172 ‘
(Tys)2 = ,,2{( lz_s_l;:,lj)s)m ‘-;)-cos:d)} cos(wt+(n/4))+0(rl/2)

K (1 — M3sin?¢)!/2 — cos ¢
(tec)s = s,l r”z{ 1= MZsing } cos(w_t+(n/4))+0(r”z)

K, 1 {(1 — MZsin?¢)V/2 —

(rx=)2 rl/z

cos¢p | 12 :
T —Misnig ¢} cos(wt + (n/4)) + 0(r*/2).

35)
Taking the value of K, given by (34), the results given by (35) agree with the results
of the crack propagation in an isotropic elastic mediurh as given by Jahanshahi [3].

When the crack is stationary, the corresponding results of stresses and displacements
near about the crack-tip can be derived by making M, and M, approach zero and
are given by - o

(1,.), = K(2/r)" 2 cos P cos(Qt + 4m) + 0(r*/2)
(1,:)2 = K¥(2/r)' cos} p cos (Qt + §m) + 0(r'/?)
(e = — K3/ 2sind g cos(Q +4m) +0(M2) -

(t:2)2 = K*¥(2/r)"*sind ¢ cos(Qt + &) + 0(r/2) g (36)
and
2‘/— N1 ()Y sind deos (Qt + 4n) + 0(r¥2)
—_ . *®
= —2—:‘1—2&(&”2 sind ¢ cos(Qt + in) + 0(r¥?) (37
2
where
Uit A V,smG),smG)z
K* =
P VMR cosgr ¥ A FE (A, cos )iy Ay sin 6, & i Agsindy)
: (38)
and

. 1[4 Uy (52— A2 ds
F* (A = . tan~ {2 1 .
A, cosdy) exP[nL, an {pz(Ai—sz)”’ s+A1cos¢,] (39)

If we put u, =yu,, p, = p,, the corresponding results of the stationary crack in an
isotropic elastic medium are found to be !

‘A 27172 -
(t,2)s. 1= 14 (sm%@,)(cos%d:)cos(ﬂt+ )[21\7:’_”’] + 0(r!/?)

(T2 = F Vi (5in@, )(cosz¢)cos(ﬂt+ )[ ‘”‘] +0(r/?)
and

. 81\17‘ 172
ry.2= % Vy(sin$®,)(sindg)cos(Qt + 1 n)[ - ] +0(r¥'?) (40)

which are same as given by Jahanshahi [3].
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3. Results and discussion

K, given by (33) is the dynamic stress intensity factor at the moving crack-tip and
K* given by (38) is the value of the corresponding quantity when the crack is stationary.
The variation of K,/K? with the values of V/C, where V is the crack speed has been
depicted graphically for the followirig two sets of materials.

First set:
Wrought iron p; =7-8g/cm?, pu; =77 x 10'! dyn/cm?
Copper py=896g/cm3, u, =45 x 10'' dyn/cm?
Second set: _
Steel py=T6g/m3, u, =832 x 10! dyn/cm?

Aluminium = p, =27g/em? p, =263 x 10'* dyn/cm?.

It is found that in both the cases the stress intensity factor gradually decreases with
. an increase in the value of V/C, and approaches zero as V/C,— 1; the decrease in -
the value of K, /K¥ for the second set being more rapid than for the first set. We also
find that in both the cases for any fixed value of C,/C,, K, /K} decreases with decreasc .
in the value of @.

g2k WROUGHT 1RON/ COPPER

o S 1 i

1 1 A
0 o3 02 03 04 o5 06 07 08 09 1

Figure 2. Stress intensity factor vs dimensionless crack speed (wrought iron/copper).
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1
09

0g

o2k STEEL/ALUMINIUM

01
0 1 1 1 1 | 1 A 1 i
0 01 02 03 04 05 06 07 08 09 1
Vv
< >

Figure 3, Stress intensity factor vs dimensioniess crack speed (steel/aluminium).

Appendix
Factorization of F(E) into F, () and F_ (&)

Consider .

(183 + pz8,)73
F(&) = .
© (15,75 + B28272)

The branch points of F({) are at { = 4,, — l,‘, Az ¥ By, = (A3 B3) where

_(11—ﬂ2)< —A'l <;~x <12‘+ ﬂz since C2< Cl'

(A1)

Since F(£)— 1 as || = o0, F(£) possesses no sitigularity- within the rectangular contour

(shown in figure 4), by Cauchy’s residue theorem we can write

log F(§) = o .f log F(5) 4

27 s—¢
_ 1 [ logF(s) 1 log F(s)
" 2mi co 5—¢ ds+27rij.¢_ s—¢ ds

log F({) =log F..({) +1og F_(%),

(A2)

(A3)
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ig-o¢ | c- ?‘A__Z‘zﬂ‘sz :
N ~ 4 1€ +o¢
, Red
-lg~ot ———— C+ -ietec

-(7\2-ﬁ?_)

Figure 4. Rectangular contour in the complex -plane. '

Im4

Y {\O

(

Re d

1

Figure 5. Path of integration C; round the branch cut.

where F, (¢) and F _ (&) are analytic in the upper and lower half of the complex &-plane
respectively and can be expressed as

rrmen] ] 20 ]

. s=4¢
and
F_()= exp[zim; J '°sg _F és) ds]. : (Ad)

In order to evaluate F _(£) the path of integration C_ can be deformed to the path
C, round the branch cut through 4, and 4, + 8, as shown in figure 5.
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After a little algebraic manipulation it can bjc shown that

1 Aa+pr y ! ( ].2)1/2
‘5”"""[sz Py é‘°g{” 2[12—(ﬁz—s)21”2}ds

1 A2+ P2 ol my (sz _ ).%)1/2 .
"ﬁL. s—é‘°g‘{1 BNV
. K . (AS)

which after simplification becomes '

B 1 (%2462 1 _, (m, (S - ,12)1/2
) R l{mzmz—(ﬁz—s)ﬂ”’}d]
(A8)

l

where
. Hy S i HaS
m=—-— Lkt and m= 272

—_— A7
HySy+ UaS, W18y + Sy (A7

Similarly it can be shown that E}

* B 1 Az—p2 1 %_ ."'1 (sz_lg)uz -
P [ g l{m_zu%—(ﬁﬁs)z]”’}ds]'

(A8)
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Diffraction of SH-waves by a Griffith crack
in nonhomogeneous elastic strip

J. SARKAR. $. C. MANDAL and M. L. GHOSH (DARJEELING)

In THis pAPER the scattering of elastic SH-waves by u Griffith erack situated in an infinitely lon
inhomogeneous strip has been anulyzed, Assumi

ni that the shear modulus (4) and density (@) o
the material vary in the vertical direction and applying Fourler transform, the mixed boundary value
problem has been reduced to the solution of dual integral equations which finally has been reduced

to the kolution of u Fredholm integral- equation of second kind, The numerical values of stress

intensity factor and crack opening displacement have been ilfustrated graphically to show the effect
of inhomogeneity of the material,

1. Introduction A '
THE NATURAL or artificial materials are usually inhomogeneous; so in recent years great
attention has been given to the study of diffraction of elastic waves by cracks or obstacles in
_ inhomogeneous media-in view of their application in {racture mechanics. Many problems
have been solved involving one or more cracks in an infinite homogeneous elastic medium,
LOEBER and SiH [1] and MAL {2] have studied the problem of diffraction of elastic waves
by a Griflith crack in-an infinite medium. The problem of fidite crack at the interface
~ of two elastic hall-spaces has been discussed by SRIVASTAVA et al, [3) and BOSTROM [4].
SiNGH et al. |5, 6) considered the problem of scatiering of a SH-wave by cracks or strips in a
nonhomogeneous infinite elastic medium. Papers involving cracks located in an infinitely
long elastic strip are very few, The problem of an infinite elastic strip containing an
arbitrary number of unequal Griffith cracks, located parallel to its surfaces and opened by
an arbitrary internal pressure, has been treated by ADAMS [7). Finite crack perpendicular
to the surface of the infinitely long elastic strip has been studied by CHEN [8] (for an impact
Joad) and by SRIVASTAVA et al. [9] (for normally incident waves), Recently SHINDO et
al. 110] considered the problem of impact response of a finite crack in an-orthotropic strip.
In our paper, the diffraction of normally incident SH-waves by a Griffith crack situated in
- an infinitely long inhomogeneous elastic strip has been discussed. The shear modulus (1)
and the density () of the material have been assumed to vary in the'vertical direction.
Applying the Fourier transform, the mixed boundary value problem.has been converted
to the solution of dual integral equations, The dual integral equations have been finally
reduced to a Fredholm integral equation of second kind by applying the Abel transform.
Expressions for the stress intensity factor and crack opening displacement have been
derived. The numerical values of stress intensity factor and crack opening displacement
have been depicted by means of graphs to show the effect of material inhomogeneity,

%, Formulation of the problem

Consider t'he p'roblem of diffraction of SH-waves by a Griffith crack in an inhomo-
- geneous elastic strip of width 2h,, The crack is located in the region —a < 75 € 4a,

X< < 20, 5y = 0 (Fig, 1), Normalizing, all the lengths with respect t0 ¢ and
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. 9

putting *,/a =z, yy/a =y, ny/a = 2z, hy/a = h itis found that the location of the
crackis -1 € 2 <}, —0 < y < 0, 2 = 0 referred |10 a Cartesian coordinate system
(. y.z). Let a plane harmonic SH-wave originating at 2 = —oc impinge -on the crack
normally to the z-axis. The variation of the shear modulus g and the density g is taken in
the vertical (z) direction in such a manner that the shear velocity €uo/00)!/? is constant.

The only non-vanishing y-component of the displacement which is independent of y is
v=v(r, ).

]
-h, -0 A a hy
o Xy

Y

FiG. 1. Crack in the inhomogeneous strip,

The equation of motion is given by

a( Ov d( v v
2. Ry A P R
@1 oz (“t)x) + 0z (ltaz)- TR

1f we consider v(z, z,t) in the form

Wi(x,21)
2'2 . 'y ’t = -'——."—.—‘——‘
@2 RN/
then ' .
rPwW  orw 111 /ouN\? o 0w
2.3 —_— ey e = gl
2.3) “( o2t 922 ) * 2[2;1((’):) ‘ 022]‘V or

Putting W(x,z2.1) = F(ij(z)e“-“" and p(z) = 1o f(2), 0(2) = guf(2) in Eq. (23)

where juy, gy are constants, such that (ji/0y)'/2 = ¢, is the shear wave velocity, it is

found that F(z) and G(z) satisfy the following equations

(2.4) rF

W +n*F = 0,
: 2 2.2
(2.5) %.g + (“__‘;L_ — b - "z)G =0,
z 3
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provided f(2) is of the form

(Y 3o -

where n amd b are constants,
‘ Let us assume f(2) in the form

(2.7 J(2) = cosh®(hs)
so that Eq. (2.6) is automatically satisfied. .
Now the shear modulus ji(2) and density of the medium g(z) are

(2.8) j o= jiycoshi(bz), ¢ = opcosh?(bz). ’
Using Eqs. (2.8), (2.2) and W (a, 2.1) = W(x, 2)e™ v, Eq. (2.1) 1akes the form

. 2 "/- N . !
(2.9) ‘)—‘— W e o 0, K =(i-b), k= $id

il ().;. * -

€2

The displacement component M"(;u. z 1) and stress 73 (r, 2, I) due to incident waves are
given by

.“"Cl(kt—ull)

2000 .. W(rsty= D

(2.10) il Viucosh(bz)

and i
(2.11) i s ) = ,\,,m(ikcosh(bs) - bsinh(bs)lc'(#-wt),

where . \., is @ constant,

Hencelorth the time factor ¢~ %' will be suppressed in the sequel
Solution of [:q (2.9) is

(2.12)

Jy (1.- = I B(€)r="7 cos(Ex)lE + ] ("g(C)cosh((.J:v) sin((2)d¢,
where

n= (= (sk, B=(E K ek,
i =Y Gk, = < -, E <k

¢(, 2) and stresses 1, (x, z) Ty,

Now displacement z) due to the scattered field are

ook
(213)  e(r.2) = cosh(b ) J B(é)l"’“ cosfadf + JC(L,)cosh(a'L)sm(,’dQ]

(2.14) r,(r.2)= -;:.,l;sinh(b.z)[‘l B(€)e " cosEx dE o
"

+ J C'(¢) cosh(ax) sin(,'z(l(,'] + cosh(bé)
)]

L]

|- [ 3B©e s cosgrde + | ¢C(G)coshiamcosadg],
» :
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(2.15) r,.y(.t,z)=m,cosh(bz)[— Tf’B({)e"’zsin&:dE
0

4 Tac(c) sinh(az)sin (z dc],
0 .

‘where . .
1 1
B(E) = —B\(€), C(() = —=Ci(0)-
() T ‘(Q ©) T (9]
The boundary conditions are A .
(2.16) - - Ty:(mvo) = =Ty .. - le <1,
(2.17) v(z,0) =0, 1< le < h,
(2.18) rzy(:th,z) =0, |z| < o0,

where 1, = :I»An\/_
From the boundary condition (2.18) C(() is [ound lo be expressible in terms of B(¢)
as follows:

‘ N = 2¢ T £B(§)sin(§h)
(2.19) C© = rasinh(ah) -] £+ a? dt.

Next, the use of Eq. (2.19) in the boundary condition (2.16) and (2.17) yields the following
dual integral equations from which the unknown function B(£) is to be determined:

e [+ MEBEwsEa)d = @), ol <1
" and u

RN J BOwsrde=0, 1<l < h

where " |

(222 M@=(§—Q,
N

3. Method of solution

In order to solve the dual integral equations (2.20) and (2.21), B(£) is taken in the
form

3.1 B() = — z¢(t).}(,(§t) dt,

so that Eq (2.21) is automatically satlsﬁed
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Substitution of the value of B(£) from Eq. (3.1) in Eq. (2.20), yieldé a Fredholm.
integral equation of second kind

(3.2) o)+ [ ulla(u,t) + La(u, O)é(u)du = 1,
]
where ‘
3.3) Liueh = [ EM(EIa(€u)Iuler) dt,
1
. - T %® CUy(at)y(au)e=h
(3.4 La(u,t) = - f < smh(ah) d¢.

Using contour integration technique [3], the infinite integral arising in the kernel L(u,?)
can be converted 1o a finite integral and is given by

(3.8 -« Ly(u.t) = —ik? J'(l-1;2)'/2.]‘,(1:7,!.)]]‘(,"(knu)(11),I >t

[

1 . :
= —ik? [ (1~ ) Pakenu) B (knt)dy,  w < t.
0 .

. Now

k c2 o welvoth % ,2r ‘-
_ [ Cduat)u(euett % Clat) Tn(au)e o
La(u. 0 bf a, sin(ayh) d¢ f asinh(ah) o
) k CZ k-. cz )
= | oIt aemu)aglanh) d + J E;J.,(a,z).r,,(a,u)dc
0 0 <t
_ T (Uy(et)y(au)e=h i
7 asinh(ah) !

where
oy = (L.Z - cf)llz

Putting ¢ = k3(1 - y?) in the first and second integrals and (% = l.’(l + y?) in the
third integral, n is found that

(3.6)  La(u.t) = k’[.f (1 = )2y (kyt)Juthyu) ctg(kyh) dy |
0 ) .

1
[ = IRyt JuCkyu) dy

- f (+ y’)'/zl.,(l.yz)l,,(l.yu)e-‘v" cosech(kyh) dy].

[}
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4. Stress intensity factor and crack opeuing dlsplacement

From Eq. (2.14) the stress 7y, on the plane z = 0 can be written as

@) re(@.0) = - fﬂﬂanmeuw+ fgcmnmmamdq
’ 1}

Substituting the value of C'(() and B(€) from Eqgs. (2.19) and (3.1), the expression for }
the stress can finally be presented as

Tl ’
( 72— 1)1/2
Defining the stress intensity factor N by

7,+(2.0) = (1) +0), |z > 1.

N = (@~ 1)1/2751 (3"' 0)
= 2"'“ . A -r".
we obtain ’
' 1
(4.2) : N = —|¢(1)|.

7

Now the crack opening dlsplacemem Av(z,0) = v('L 0*) - v(z,0™) can be obtained
from Eq. (2.13) as

Av(x,0) =2 T B(&) cos(Ent)df?; lz] €1,

()
which, on substitution of the value of B(£) {rom Eq. (3 1), takes the form

, 21y |} _tet)
(4.3) Az(2,0) = ;t: ll T .,'2)1/2 dt, Jz|<1.

. 5, Numerical results and discussion .

Using the method of FoX and GOODWIN [11], the Fredholm integral equation given by
Eq. (3.2) has been solved numerically for different values of the material inhomogeneity
parameters. 1n this method the integral in Eq. (3.2) has been represented at first by a
quadrature formula involving the values of the desired function ¢(t) at the pivotal points
inside the specified range of integration, and then converted to a set of simultaneops linear
algebraic equations; their solutions yield the first approximations to the teqmté? pivotal
values of ¢(t). Applying the difference-correction technique, the first approximations have
been improved. After solving the integral equation (3.2) numerically, the stress intensity
factor N and the crack opening dlsplacemem ,tu,Av(z 0)/ 7y have been calculated nu-
merically and plotted separately against the dimensional frequency k; (0.5 <-k; € 1) and
dimensionless distance (0 < z < 1), respecuvely, for different values of the material
inhomogeneity parameter b and strip width 2h. »

In Fig. 2, the effect of the width of the strip on the stress intensity factor for a
homogeneous material has been shown; the effect of inhomogeneity of the material on
the stress intensity factor for different widths of the strip has been depicted in Figs. 3-5.

It is found that in both the homogeneous and nonhomogeneous cases, the effect of
the strip width decreases with the increase of the frequency, and the graphs of the stress
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i
intensity factor N become flat with the increase of strip width 2h. From Fig. 3 it is clear
that the eftect of inhomogeneity parameter b is prominent for low frequency k; and stress
intensity factor s greater for higher values of the inhomogeneity parameter b.
In Figs. 4-8 the crack opening displacements against dimensionless distance z for

different values of the material inhomogeneity parameter b and the strip width 2k have:-

been illustrated by means of graphs. Case b = 0 corresponds to thé homogeneous case
(Fig. 4). From Figs. 4-6 it is seen that for

a fixed value of inhomogeneity parameter b,
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]

the crack opening displacement is greater for lower values of h when the frequencies are

small, but the reverse effect is found for higher frequencies.

Next, in Figs. 7 and 8 we see that for a fixed value of h, the crack opening displacement
is greater for higher values of the inhomogeneity parameter b when the frequencies are

small, but for higher frequencies the effect is just reverse.

Finally it is found in all the cases that the crack opening displacement reaches its
maximum at about z = 0, and then it gradually decreases and becomes zero at z = 1.
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AN ELASTIC STRIP WITH THREE CO-PLANAR MOVING
GRIFFITH CRACKS

A. N. DAS and J. SARKAR
Department of Muathematics. North Bengal University, Darjeeling 734430, West Bengal, India

Abstract—The dynamic anti- plane problem ofdetermmmg stress and dlsplaccmcnl due to three co-planar
Griftith crucks moving steadily at a subsonic speed in an infinite elastic strip has been considered.

- Employing Fourier integral transform, the problem when the rigidly clamped edges of the strip are pulied
apart in opposite directions has been reduced to solving a set of four integral equations. These integral
equations have been solved using the finite Hilbert transform technique and Cook’s result [Glas. Marh.
J. 11, 9 (1970)) to obtain the exact form ol crack opening displacement and stress intensity factors.
Numerical results for stress intensity factors are presented in the form of graphs.

1. INTRODUCTION

IN FRACTURE MECHANICS, the problem of diffraction of elastic waves by cracks of finite dimension
in a strip of elastic material has been examined by several investigators. Sih and Chen{l]
investigated the problem of propagation of a crack of finite length in a strip under plane extension.
Closed-form solutions for a finite length crack moving in a strip under anti-plane shear stress were
obtained by Singh et al. [2]. Using a finite Hilbert transform technique developed by Srivastava and
Lowengrub [3]. Lowengrub and Srivastava [4] solved the static problem of distribution of stress and
displacement in an infinitely long elastic strip containing two co- -planar Griffith cracks. Recently,
several dynamic problems of determining stress and displacement due to moving Griffith cracks
have been solved by Das and Ghosh [5-8] and by Das [9, 10]. Dhawan and Dhaliwal [11] also solved
the static problem of determining the stress distribution in an infinite transversely isotropic medium
containing three co-planar Griffith cracks. ’

In this paper, the problem of propagation of three co-planar Griffith cracks in a fixed direction
with constant velocity ¥ in an infinitely long but finite width elastic strip is considered. Employing
the Fourier integral transform, the problem when the lateral boundaries are assumed to be clamped
and displaced by an equal amount has been reduced to solving a set of four integral eéquations which
are solved using the finite Hilbert transform technique and Cook's result [12] to derive the exact
form of stress intensity factors'and crack opening displacement. Numerical results for stress

intensity factors are presented graphically to show their vanauons with crack speed, crack length
and the separating distance between the cracks.

-2. STATEMENT OF THE PROBLEM

Consider an infinitely long elastic strip occupying the region —h < y < h, weakened by three '
co-planar Griffith cracks moving steadily at a constant velocity ¥ in the X- dlrectlon reéferred to
a fixed coordinate system (X, Y, Z) as shown in Fig. 1.

In dynamic problems of anti-plane shear, the non-vanishing component of displacement W
directed in the Z-direction satisfies the equation of motion:

1
Wyv+ Wiy = i Wiz (H

where Cy -+ (uu/p)' 7 is the shear wave velocity, p is the material density and W . represents partial
derivatives of B with respect to X,

493
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Fig. 1. Geometry and coordinafle system.

For cracks moving at a constant velocity V in the X dlrectlon it is convement to introduce
the Galilean transformation:

x=X-VT, y=Y, =2, 1=T, ’ (2)

where (x, .2} represents the translating coordinate system shown in Fig. 1.

Let three co-planar Griffith cracks of finite length located along the X-axis be moving steadily
with velocity V in the direction of the X-axis so thal their positions referred to translating
coordinatess(x, y,z)are ~¢c <x < —h, —a <x <aand b < x <cony =0. The edges of the strip

y = +h are assumed to be clamped and displaced by an equal amount Wo, where W, is a constant.
The boundary conditions of the proposed problem are !

0,(x,0=0, |xi<a, b<|x|<c » ) » (3)
 W(x, th)= W, ~—o<x<w o )
W(x0)=0, a<|x|<b, |x|>c. , ()

In order to apply the integral transform technique it is requlred to solve a different but equivalent
problem which can be obtained from the clamped smp problem (without any . cracks) while the
uniform strain is apphed The equivalent stress condmons on the cracks are

v, .
l}x"' I,\!'\fll, /’-\I.\’|<c' {6)

0 v 0) =
and the boundary conditions for the displacement are.
W(x, +th)=0, ~w0o<x<w® .M

W(x, 0) = 0. a<|x\<‘b, x| > c. (8)

In the moving coordinate system, the equation of motion becomes independent of time and
takes the form ,

STW. .+ W, =0, )

with

s=/(1-v¥ch. (10) -
|

Introducing
W& y)= f Wixy Jeos(Ex) dx

W(.\'.)‘)=;J‘0 W.-(C-.:}’)COS(CX)dC - (1
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.

in eq. (3), the solution of eq. (3) is obtained as

Wi =2 [T e@er s o &, (12
with :
ot == 2 [ 70,0 O osEn 6. (3
Using the expression for W(x,) given in (6) in cq, (9), it has been found that
@) =0
cxey= - SO , (1)

where the unknown function C(£) is to be, determined..

From conditions (8) and (10) it is determined" that” C(¢) satisfies the followmg quadruple
integral equations

"j-: EC(&)coth(Ehs)cos(éx) dE = n;;;o , xel, I | (15a,b) °
and E . . .
J\d C(é)cos(éx)dE =0, xely, 1, (16)
where 0

1l=(0\a)\ 12=(a0b)1 IJ=(b'c)! .14=(C, w)'

3. METHOD OF SOLUTION
In order to solve the quadrup!e“imegral equations given by egs (15) and (16), let us take

C(&)= % J." h(u)sin(&u) du + ]E J.r g (w¥)sech¥(ev)sin(&v) dv, : ' (i?)
0 b

where h(u) and g(v?) are the unknown functions to be determined from the boundary conditions

of the proposed problem. Substituting the value of C(¢) given by (17) in (16) and using the
following result:

L /2, u>x>0
[[7omedeosE) g s’ = x>0
0 ¢ 0, x>u>0,

it is found that this choice of C(¢) leads to the condition

Jr g(v¥sech¥ev) dv = 0. (18)
) b
Rewritirig eq, (15a) as
d (= -
e j C(&)coth(Chs)sin(éx)dE = n_W,, i, x€l,
x Jg 2

hs '

(19)

and in'ses"’t»iﬁg the value of C(&) from eq. (17) in (19); it is found that A() is the solution of the
following sifigular integral equation:

I hi(u)log
(1]

ftx) = J ’ [E/_o 2 J' * eg (v¥)sech¥(ex’)sech¥(ev)tanh(ev) 4 ] ax,
0 b

tanh(ex) + tanh(ew)
lanh(ex) — tanh(ew)

du = xf(x), xe€l,. ' (20)
with '

hs = tanh’(ev) — tanh?(ex”)

EFM 4T 4- ¢
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where the following result [13] has been used:

"' sin(§x)sin(u) ., tan(ex) + tanh(eu) _ n
L coth($hs) z d¢ =1log | h(ex) — tanhtew)|* ° " T’

Now using Cook’s result [12], the solution of (20) has been obtained with the aid of the following
result:

@n

J” Jltanh*(ea) — tanh¥(ex)]e sech’(ex) dx.
o [tanh¥(ex) — tanh’(eu)][tanh*(ev) — tanh?(ex)]
' n J/[tanh¥(ev) — tanh?(ea)) ‘
~ " 2tanh(ev) tanh%(ev) — tanh¥(eu)
Iy = - 2e¢ tanh(eu )sech(eu) [V_Vg J' @ Jltanh(ea) — tanh?(ex)]
n/{tanh’(ea) — tanh¥(en)] | hs J, tanh¥(ex) — tanh*(ew)
N J‘ J{tanh*(ev) — tanh?(ea))

» tanh(ev) — tanh’(eu)

for uef, and vel,,

x g (v?)sech¥(ev) dv]. n (22)

Substituting the resulting value of C(&), obtained using eq. (22) in eq. (17), in condition (15b) and -
making use of the following results: ‘

v e sech¥(eu)tanh?(eu) du
_L [tanh*(ew) - tanh¥(ex))[tanh*(ev) — tanh*(eu)]\/[tanh*(ea) — tanh*(eu))
B n tanh(ev) tanh(ex)
~ 2tanh¥(ev) — tanh(ex)] l:\/ [tanh¥(ev) — tanh¥(ea)] Jltanh?(ex) — tanh’(ea)]]’

¢ e sech(eu)tanh’(ew) du
o [tanh’(en) — tanh?(ex)][tanh*(ey”) — tanh*(eu)}|/[tanh*(ea) — tanh*(eu)]
_ n ~tanh(ex) ' ,
" 2[tanh¥(ex) — tanh’(ey”)] /[tanh(ex) — tanhz(e;’_a’)] » forx,veh and y'el,

it can be shown that g(v?) is the solution of the followin:g singular integral equation:

« Jltanh*(ev) — tanh¥(ea)] s nW, [ /[tanh*(ex) — tanh?(ea))
5 g h? =
L tanh’*(ev) — tanh?(ex) eg (v)sech’(ev) dv 2hs sech?(ex)tanh(ex)
e (*/[tanh¥ea) -- tanh’(ey’) ,
T L tanh’(ex) — tanh?(ey’) dy" |, for xel. (23)
Using the finite Hilbert transform technique [3], and the following result:
J‘ - \/ [tanhz(ec) — tanh¥(ex) 2 sech¥(ex)tanh(ex) dx
5 tanh?(ex) — tanh*(eb) | [tanh*(ex) — tanh?(ey")]{tanh?(ex) — tanh’(ev)]

_ n tanh(ec) — tanh?(ey”)
‘e[tanh¥(ev) — tanh(ey”)] tanih’(eb) — tanh¥ey") |
thé solution of eq: (23) is found as
2eW, tanh*(ev),/(tanh*(ev) - tanh*(eb))
hns /{{tanh’(ev) - tanh*(ea)][tanh’(ec) — tanh*(ev)]}

x [Jc \/ [tanz(ec) - l»an’h’(egc)] Vltanh’(ex) — tanh*(ea)]
LJe

tani(ex)—tanh’(eb) | tanh¥(ex) — tanh(ev)

) j “ \/[tanhz(ec)—lanhz(ey’)] \/[tan’(ea)——“tanh’(ey’)] dy,'J

g = -

dx

tanh’(eb) — tanh*(ey’) | tanh¥(ev) —tanh¥(ey’)
N : C, tanh(ev)
J{[tanh¥(ev) — tanh*(ea)}{tanh¥(ev) — tanh*(eb )l[tanh*(ec) — tanh?(ev)]}’ (24)
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Next substituting the value of g(v?) from eq. (24) in eq. (22) and finally using the following result:
J‘ ‘ \/ \:tanhz(ev') - tanhz(eb)] 2 sech’(ev)tanh(ev) dv

tanh¥(ec) — tanh¥(ev) | [tanh*(ev) — tanh?(eu)][tanh?(ex ") — tanh¥(ev))

n tanh(eb) — tanhz(eu)] B \/ [tanh’(eb) - tanh’(ex’)]]
~ ¢[tan¥(eu) — tanhi(ex’)] [ [tanhz(ec) — tanh¥(ew) tanh*(ec) — tanh?(ex”) | |

for u,x"el,

b

h(u) is derived in the form:

B = *2eW,  sech’(eu)tanh(eu)./ [tanhz(éb) — tanh?(ew)]
W)= - uns /{[tanh*(ea) — tanh*(eu)][tanh*(ec) — tanh*(eu)]}

g [,r \/[tanhz(ea) - tanhz(e}’l)] J/ltanh*(ec) — tanh*(ey)] dy’

0 tanh¥(eb) — tanh*(ey’) | tanh*(ey’) — tanh¥(eu)

N J‘“ \/[tanh’(ec)‘- tanh’(ex)] J[tanh*(ex) — tanh?(ea)) dx]
[

tanh}(ex) — tanh*(eb) | tanh’(ex) — tanh?(eu)

C, tan(eu)sech?(eu)
- J{{tanh*(ea) — tanh?*(eu)][tanh’(eb) — tanh’(eu)]{tanh’*(ec) — tanh?(eu)]} ’

2%
Substitution of the value of g(v?) from eq. (24) in the condition (18) yields
2eW, [ (¢ {[ tanh%*(ec) — tanh*(ex)” ) ) |
= - : — tanh
G nths [_[,, \/[lanhz(cx)— tanh?(eb) Vitanh (ex)' tanh(ea)]
tanh?(ex ) — tanh?(eb) n tanh¥ec) — tanh?(eb) n o
- - F{—, 1
8 {tanhz(ec)—-'tanhz(ex) * 117 enbter) —taniieny 9§/ Fl79 ) + 1 &
a tanh¥(ec) — tanh?(es) 2 R
+ L \/[tanhz(eb) anh(es) J/[tanh*(ea) — tanh?¥(es)]
tanh*(eb) — tanh¥(es)  {n tanh¥(ec) — tanh¥(eb) - n
x.{l " tanh¥(ec) — tanh¥(es) ! 2’ tanh¥(ec) — tanhf(es) 'q F 29 ds, ,(26)
where F(¢, q) and (¢, n, ¢) are elliptic integrals of the first and third kinds respéctively and
_ tanh*(e¢) — tanh%(eb)’
7=, tanh*(ec) — tanh*(ea) |

The relevant displacement and stress components in the plane of the crack can now be shown 1o,
be given by

H’(x‘O)aJA h{u) du, O<x<a

= '[ g(whcosh(ev)dv, b<x<c _ 27
and ) '

[0..(x, 0)] s [J." eh(u)tanh(en) du ¥ eg(v)tanh(ev)sech¥(ev)
F et T {Jo tanh¥(ex) “tanhi(ew) ], tanhi(ev) — tanh*(ex)

- 2us [ (*  eh(u)tanh(ew) du ¢ eg (v¥)tanh(ev)sech(ev)
(X, 0))y 5, = —— ' '
(7.2(x. O], n U.., tanh’(ex) — tanh¥(eu) J; tanh¥(ex) — tanh?(ev) dv]sech’(ex). (28)

dv ]scch’(ex )
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Now insertion of the values of /(1) and g(v?) as gwen by eqs (25) and (24) in the expressnons (28)
yields, after some aigebralc manipulations,

2ueW, [_ \/ [tanh’(eb) - tanh’(ea)] ‘ tanh(ex)

(9,20 e cn = nhs tanh¥(ec) — tanh*(ea) | \/[tanh*(ex) — tanh¥(ea)]

" U A ds J Fi(0,x) dv} _ 2eftanhi(ec) — tanhi(eb)]
0 L]

14

x{r (', x)du’ Iqu(L'.M)_X F,(O.x;u)du
(

+ I' Fiy(v. x)dv J.“ Fole,u)Fy(v, x, u) du}
0

4 Bsh psh c, { ] = lanh(ex)/\/[tanh’(ex) — tanh?(ea)) .
eW, ~' | 2 J{[tanh(eb) — tanh(ea)] [tanh?(ec) — tanh(ea)]}

e[tanh¥(eh) — tanh¥(ea))
n

+ eJ‘u Fi(c, u)Fs(u, x)du} +
0

X {J“ Fy(v’, x)dv’ j‘r Fi(a,v)F,(v', x, d) dv + J’a Fy(u, x) du
] 0

- " tanh¥(ec) — tanh¥(eb)
F D)F.(u, x,v)dv —
(@ ), x, 0y de = S eh) — tanhi(ea)

ush G,

J. Fi(u, x) d%l j‘: Fy(e,u’)Fy(u, u’) du’} _.WOYI.

©

< {% tanh(ec)

[lanh’(uc)--lanh’(e )]+e lanh’(ea)'[ F,(x,-p) dv}]srech’(ex)

and

[0,:(x, 0)) 2W0eu[ \/ [m"hz(eb)'—'lanh’(ea) tanh(ex)-
v hs tanh’(ec) — tanh?(ea) | \/[tanh?(ex) — tanh*(ea))

5 { '[:'F;(u. ) du + J’ ‘ Fyton x) dv} _ 2e[tanh¥(ec) — tanh¥(eb))
- Jb

n

x {J. F}(u'v x)du' J-u F‘(Cg u)F,(O. X, u)du
o 0

+ J‘h' Fy(v, x)dv J" Fy(e, u)Fy(v, x, u) du} + Eﬂ_ C,
0 .

y {2 L I — tanh(ex)/,/[tanh*(ex) — tanh’(ea)] | '
2 Jifiant? (ec) = tanh(ea)][tanh(eb) — tanbi(eay] +e

g j' Fule, u)Folu, %) du}‘ ejlanh’(eb)n tanh¥(ea)]
o !

x {J: Fov'. x)ydv’ j Fo(a,v)Fy(v’ v, x)dv + I. Fy(, x) du

‘[ 0 a0 ) dy  2ONEE) = tanb(eb)
tanh’(eb) ~ tanh’(ea)

X J. Fi(u, x)du J.” Fele,u')Fy(u, u’) du’}
0 0
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ush C, (= tanh(ec) ) ‘ }
— + e tanh¥(ea) | F;(x,v)dv
_+ eW, X, {2 J[tanh*(ec) — tanh?(ea)] (ea) » 7%, 0)

tanh’(ec) — tanhi(eb) tanh(ex)
- [tanh’(ec) — tanh’(ea) | \/[tanh*(ex) — tanh*(ec)]

x {J‘u Fy(u, x) du + Jﬂl Fy(v, x) dv}]sech’(ex), (29
0 b

where

F 3 tanh¥(ec) — tanh*(eu) " tanh(eu)
(i %) = tanh¥(eb) — tanh?(ew) | tanh*(ex) — tanh*(eu)

F : tanh¥(ec) — tanh*(ev) | /[tanh?(ev) — tanh%(ea))
(b, x) = [tanhz(ev) —tanh¥(eb) | tanh*(ev) — tanh?(ex)

F _ tanh(ex) t‘ _, ftanh(eu) tanh*(ex) — tanh?(ea)
(b, xou) = Jltanh*(ex) — tanh*(ea)] " tanh(ex) tanh’(ea) — tanh’(eu)
tanh(ev) tan-! tanh(eu) tanh*(ev) — tanh’(ea) }
B JItanh(ev) — tanh?(ea)] 8 tanh(ev) tanh?(ea) — tanh(ew)
2
Fulonu) = sech’(eu)tanh(eu)

V{[tanh*(ew) — tanh*(ew)P’[tanh’(eb) — tanhi(eu)]}

Fy(u, x) = [2 tanh¥(eu) — tanh*(ec) — tanh*(eb )]{sisn’l (::::E:;) - F5(0, x, u)}

tanh(ex)
Jltanh¥(ec) — tanh’(ex)]
tanh(ex)./{tanh*(ec) — tanh¥(ev)] + tanh(ev),/[tanh*(ec) — tanh?(ex)]
tanh(ex)./[tanh’(ec) — tanh*(ev)] — tanh(ev),/[tanh*(ec) — tanh*(ex)]
_ tanh(eu)

J[tanh¥(ec) — tanh?(ew)) - .

tanh(eu)/(tanh’(ec) — lanhi(ev )] + tanh(ev),/[tanh?(ec) - tz-lnh"(eu i
tanh(eu),/[tanh*(ec) — tanh?(ev)] — tanh(ev)/[tanh*(ec) — tanh*(eu)]

Fou,x.v)=

x log

J[tanh(ec) — tanh¥(ex)] \/[tanh¥(ev) — tanh’(eb)])

Flxv)=tan” (J[tanh’(ec) ~tanhX(ev)] /[tanh’(eb) — tanh*(ex)]

y sech(ev)
" J{itanh¥(ev) - tanh¥(ea)}’} -
' 2Hanh(ex) _,{tanh(er) tanh?(ex) — tanh*(ec)
Fy(u, v, x)= — l
o %) Jitanh(ex) - anhec] {tanh(ex) [ ]}

tanh?(ec) — tanh?(ev)
+ tanh(eu) A'

Jltanh*(ec) — tanh?(eu))
tanh(eu ),/[tanh’(ec) — tanh*(ev)] + tanh(ev W (tanh’(ec) — tanh?(eu))
tanh(en)/[tanh*(ec) — tanh?(ev)} — tanh(ev )y/[tanh¥(ec) — tanh?(eu))
tanh(eu)/[tanh¥(ea) — tanh*(eu’)] + tanh(eu ")J/[tanh*(ea) — tanh¥(eu)]
tanh(eu),/[tanh*(ea) ~ tanh¥(eu’)] — tanh(eu’)\/[tanh*(ea) — tanh¥(ew))

Fo(uou'y =log

and

X = /ltanh¥(eb) — tanh¥(ex)}[tanh(ec) — tanh¥(ex)]}. (30)
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' ' |
The dynamic stress intensity factors are defined by !
No= lim /[2(x = @){o,: (% Oacs s

N,= }1‘;‘ \/[2(17 - x)][a,.,(x. 0)]u<1f<b
N, = lim J[2x = )}[0,0(% Olis e _ 31)

Substitution of the results given by eqs (29) in expressions (31) yields i

2 - 2 i ¢
- \/[“‘“h("“)][ \/ [ti::,z[;;_::Z:zx:;]zw“ {J Fy(u, a) du + J Fz(v.a)dv}
usC,
~ J{ltanh(eb) — tanh(ea)](tanh(ec) — tanh’(ea)]}]se(:h(ea)

€, tanh(eb)
o= ~ J{{tanh*(eb) — tanh’(ea)][tanh*(ec) — tanhX(eb)]} - [ e ] fech(eb) .
tanh(ec) tanh*(ec) — tanh¥(eb) | 2Wee ( [° .
"= \/[ e ][ - \/ \:lanhz(ec) - lanh’(ea)] nth {L Fy(u,c)du + J‘b Fi(v, ¢) dv}

usC, ‘ .
\/ {[ldnh’(ec) - ldnh’(ea ) [tanh(ec) - lanh’(eb)]}]scc(ec) (32a-¢)

Again insertion of the values of #(u) and g(v?), given by eqs (24) and (25), in the expressions for
displacements given by egs (27) yields .

. _ W 2(tanh?(¢h) — tanh¥(ea)) ‘. tanh?(ev) ~ tanh’(eb)
AR I Py wrer [\/[lanhz(ec)—tanh’(ea)] {,[ l‘l{% tanh¥(ev) — tanh¥(ea) "

x\/ tanh¥(ec) — tanh¥(ev) " do

tanh(er) — tanh’(eb) J[tanh’(ev) - tanh’(ea)]

- J‘ I { A tanh’(eb) — tanh?(eu) | \/ tanh?(ec)—tanh*(eu) |
o ’tanh’(ea)—lanh’(_eu)’q 'V [ tanh¥(eb) — tanh?(ew)

5 du }] _ C,F(4,q)
Jtanh¥(ea) — tanh?(ew)) e /[tanh¥(ec) ~tanh¥(eq))

oo _[2W, (.f° [[tanh¥(ec) — tanh¥(ev)
W Ol e = [hpns (J',, \/ [tanh’(ev) - tanhz(eZ)]\/[tanhz(ev) tanh’(ea))

g { Fii'. )+ tanh?(ev) — tanh?(eb) n { Iy tanh?(ec) ~ tanh¥(eb) }} do

ﬂlld .

tanh’(ec) — tanh?(ev) **]” * tanh*(ec) ~ tanh¥(ev)’ 9
[ tanh¥(ec) — tanh¥(eu)
v L \/ [lanh’(eb) - lanh’(eu)] \/[tanh’(ea) = tanhi(eu)]

tanh¥(eb) — 1anh(eu) tanh?(ec) — tanh?(eb)
F@i,
X { “g)- tanh?(ec) - tanh?(eu) n{ " tanh?(ec) — tanh’(eu)’ q}} d )

C . 1
=LF,
ek q)] Jtanh¥(ecy - tanh’(ga)] (33a,b)
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ig. 2. Vanauoos of stress intensily factors_with V/Cp: Fig. 3. Variations of stress intensily factors_with VIC,:
(=) hNjuWaya, (=) ANy Wb (-=2)  (—) KN IuW, @, (—-—) BN, [uWo/bi  (-+=+-)
hN. mwow NelpWorfe. -

where

L. tanhz(t‘a) - tanhz(e'x) Sin ).I = tanhz(ec) - ‘anhz(ex)]
sin 4 = [tanhz(eb) —tanhi(ex) | tanh®(ec) — tanh?(eb)
and F(‘P: q)! n(¢' n, q) |

and ¢ have been defined earher

On putting b = ¢ and simplifying, it may be roted that the results (33a) and (32a) become those
given by eqs (3.18) and (3.21) of Singh ef al. [2] and for @ = 0 the results given by (32b), (32¢) and
(33b) coincide with those given by eqs (4.21), (4.22) and (4.17) of Das and Gosh(5).

4. NUMERICAL RESULTS AND DISCUSSION

Numerical results for stress intensity factors at the tips of the cracks for different values of
crack speed. crack length and the separating distance between the cracks are presented in this

Fig. 4. Stress intensity luctors vs bja: (-« --) ”N../Mwo\/t_li (- --) hN,./#WO\/l—); (——) hN,/;lWo\/;'.
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Fig. 5. Stress intensity factors vs a/b: (—-—+~ ) kN, [uWor/a; (~==) hNy[uWy/b5 (——) hN [uWo /.

section. The crack length dependence of the stress intensi;ty factors and its variations with V/C,
are shown in Figs 2-5. It is shown in Figs 2 and 3 that stress intensity factors at the edges of the

cracks decrease with an increase in the values of V/C, and have a prominent variation when
V|C,— 1. Variations of stress intensity factors at the edge x. = a become more prominent than those
at the tips x = b and x = ¢ when the length of the inner.crack increases.

Variations of stress intensity factors at the edges of the cracks with a/b for different values
of ¢/b and those with &/a for different values of c/a are plotted in Figs 4 and 5, respectively. It
is found that when the separating distance between the inner crack and outer pair of cracks

decreases the stress intensity factors at the tips x = g and x = b become more prominent than that
at the edge x =c.
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INTERACTION OF ELASTIC WAVES.WITH
COPLANAR GRIFFITH CRACKS IN AN ORTHOTROPIC
MEDIUM

" 1. SARKAR, S. C.'MANDAL and M. L. GHOSH
Department of Mathematics, North Bengal University, Darjeeling 734 430, india

Abstract—The problem of diffraction of normally incident elastic waves by two coplanar Griffith cracks
situated in an infinite orthotropic medium has been analyzed. Fourier and Hilbert transforms have been
used to solve this mixed boundary value problem. Approximate anaiytical results for stress intensity
factors and crack opening displacement have been derived when the wave lengths are large compared to
the crack length. Numerical values of stress mtcnsily factors and’the crack opening displacement tor |
several orthotropic materials have been calculated and plotted graphically to show the effect of material
orthotropy. )

INTRODUCTION

DyNAMIC fracture problems involving anisotropic materials weakened by crack-like imperfections
have drawn much attention. by investigators because of the increased usage of macroscopically

anisotropic construction materials such as fibre reinforced composites. The different possible

location of cracks with respect to the planes of material symmetry introduce great modifications

in the strain and stress distribution. The problems are also of considerable interest in seismology -

and exploration geophysics. The problems involving single or two Griffith cracks in isotropic elastic
medium have been studied by many authors [1-6). Mathematical difficulties encountered in solving
the governing equations of the anisotropic elasticity theory are responsible for the availability of
few results only for special classes of materials. Kassir and Bandyopadhyay (7] have studied the
elastodynamic response of an infinite orthotropic solid containing a crack under the action of
impact loading and the elastodynamic problem of a finite Griffith crack in an orthotropic strip
under normal impact was investigated by Shindo [8). Problem involving a moving Griffith crack
in an orthotropic strip has also been studied by De and Patra [9]. Recently, Kundu and Bostrom
(10] solved the problem of scattering of elastic waves by a circular crack situated in a transversely
isotropic solid. '

In our paper, the diffraction of normally incident time harmonic clasuc waves by two coplanar
Griffith cracks in an infinite orthotropic medium has been investigated. The faces of each of the
cracks are assumed to be separated by a small distance so that, during small deformations of the
solid, the crack faces do not come into contact. The resulting mixed boundary value problem is
reduced to the solution of a triple integral equation which has further been reduced to the solution
of an integro-differential equation. Iterative solution valid for low frequency has been obtained.
Analytical formulae for stress intensity factor and crack opening displacement have been derived.
Making the distance between two crack zero the corresponding results for single crack have been
presented. Finally, choosing the engineering elastic constants of the orthotropic material suitably
the results for isotropic material have been deduced and compared with the results obtained by
Jain and Kanwal [5]. To display the influence of the material orthotropy numerical values of stress
intensity factors and Cl'(l(.k .opening displacement have been plotted for several orthotropic
materials.

STATEMENT AND FORMULATION OF THE PROBLEM

Consider the plane problem of diffraction of normally incident longitudinal wave by two
symmectrical co-planar Gritfith cracks situated in an infinite orthotropic elastic medium. The cracks
are assumed to occupy the region h <1V | <a, ¥ =0, |Z] < 20. It is convenient to normalize all
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lengths with fespect 1o “a" and 50 setting 3'a = x, V/u =y, Z/a =2z, hla =c the new position
of the cracks are defined by ¢ x1 g1 v =0, 2| < 2o (Fig. ). .

Let a plane time harmonic cfastic wave originating at y = — % be incident normally on the
two cracks is defined by ¢, = expliizy — o] where £ = awfe,\/ csy. ¢, = (pyy/p )" with p being the
density of the material. [n the isotropic solid. ¢,, represents the velocity of the shear wave.

The nen-zero stress components . and ©,. are ;givcn by "

":-w’.”l'.’ = Cl:“ v + Ca P.v
. :\ .'!“ll = “.,‘ + l"..r_‘ : . ' (l)
where w0 denote the component of the displacement in the x,» directions, respectively and comma
denotes partial differentiation with respect to the co-ordinates or time: ¢y(/, j = 1, 2) arc nondimen-
sional parameters rclated to the clastic constants by the relations
en = Efua(1 = vh B E)
en = Eyjpad = vis By /) = ¢y Ey/Ey (2)
i = v Eytg(1 = v By Ey) = viacp = vy

for generalized plane stress, and by

oy = (£ /Al‘::)(l‘- ¥33va)
en = (EyfApp (1 — viyvy)
€= Ey (v + viy v B[ E) ) Apt - : 3
= E, ("12.'*' v vy EVE)[Bp

; A =1=vpvy —vyvy — vy vy — V¥V — Vi3 ¥y ¥y

for planc strain. In the above ¢quations E,, #y and v, (44 = (,2,3) dc?ote the engineering elastic
constants of the material where the subscripts 1,23 correspond to the x, y, z directions which
coiricide with the axes of material orthotropy and the constants £, and v; satisfy the Maxwell’s
refation _ ’ B

v, B = vl E;. @)

iyt

The equations of motion for orthotropic material, in terms of displacements are

IS

. a
Cull + Uy + (1 +opu,, = —F Uy
1
2’
Cal,, + U+ (1 +cplu, =';i v,- : &)
N s :
RE4
;!
‘ _—
-1 - 0 c i X

3. 1. Geometry o the eracks.
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Therelore, :ubsmuungu(v v =ulx, yyexp(—iwt)andv{x, v. 1) =r(x, y) cxp(—zw!)m eq. (5)

we obtain
Cp iy 1y + (1 +c|3)v_,,+k;u =) (6)

and |
2y T Vi + (1 + Cu)u_,y + k“u =0
where k2= a’w¥/cl.
The boundary conditions of the problem are

(%0 =0, Jx|<o ' M
1, (%, 00+ t(x,0)=0, c<lx|<! )
v(x,00=0, |x|<e¢ [x]>1. ¢))

Henceforth the- time factor “‘(p(-—-l(vt) whlch is common to all field variables would be omitted
in the sequel. ;
The solutions of egs (6) can be taken as

2 (= . |
05,0 = [ "1 exp) + (8D expt— i £ ¢ (10)
. 0 3 . ) '
2 (=1
vlx,y)=%- L z [ty A, (§ ) exp(—=p11y]) + @ 4, (§) exp(—7;yDlcos §x dg, . y 20 (11)
where - 2 2 2 .
endi—k;—vi
=2 7 i=]1,2 12
' A+ (2
and 4,(E)i =1, 2) are the unknown functions to be determined, y$, y3 are the roots of the equation
C_zz? +{(ch+2c0=cucn)e? + (1 +ea)k 2y +(cy &2 - kfX€’—kf) =0. (13)
‘From the boundary condition (7) it is found that .
, A (8) = —BA,(§) (14)
where b
_nta
T nta , (13)
Employing eq. (14) the expressions for displacements and stresses reduce to
u(x,y)= f exp(~nlyD - B exp(—nlbDl, (E)singx de, . (16)
-2
v(x,p)= t- J.o 7 CXP(—}": IJ'I) — Pz exp(—12lyDlA (& Jeos Ex d&, y 20 17)
2
T/t = —; J 7+ a@)exp( =y lyl) ~ exp(— 72Dl (E)sinéx d§, y 20 (18)
(= Y
Towibyy = p j; ,[(Cué - Ei? )CXP(-'M}’D -
- B ( €28 ~ -LTY-: )ﬂp‘ 'YzLVD] A,(&)eos Ex d&. (19) .

We further substitute

A6 =228 4 6

so that the boundary conditions (9) and (8) yield the following integral equations in 4 (&)

5 A(¢wosEx dZ =0, ixj<e, xI>1 (20)

. ‘é

a
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and

i 0 | .
f H(E)A(E)cosex dé = —22, c<Ix| < 1)
0 C 2y, _ !
where p, = k2 €
and ‘ﬂ ) . '
cpét—cpay =B (cnd P—enayn
H = : . 22
()= () = By) 22)

| METHOD OF SOLUTION
In order to solve the set of integral egs (20) and (21), assume
1 ' .
a6 =1 j hGehsin(Edr (23)

where 4 (¢2) is.an unknown function to be determined from the boundary conditions.
Inserting the value of 4 (¢) from eq. (23) in eq (20) and using the following result [11]

| ,L fln(ét)EOS(éx) e {Hg\“
it is found that the choice of 4 (£) leads to the equation
J‘Ih(t’)di 0. (24)
Further substitution of A () from eq. (z;) in eq. (21) leads to
J h(t’)dtj sin($t Jcos(§x)dd = go —
sin( ¢t )sin(§x)

dn
-E_Lh(lz)de ¢H\($) T df, CQIXIQR (25)
where ' .
TPo
= 26
o 29[‘11 @26)
B@=23-1 e g @
| B = (ch + cu —cucu)cNiNy = ¢yy) — enlcuNiN}+ Cu'(Nf'i' NN+ N3 (28)
an(d 'f_jcu)(Nl + N,) '
1 R - -
Ni= 2en [—(ch+ ?CIZ = eyen) + /(¢ + 2c; — ey en) — 4y )
l ] - .
N%‘E[‘("ﬁ‘*‘zﬁ: ‘.'-‘{pcn)"sﬁ‘-'fz +2¢; —~ cuen) ~4ey en) - (29)
Using the relation » '
sin {t sm & _ vy (Ew)Ty(Ev)dv dw
o (xfz — WZ)IR(, 2. v)m (30)

. €q. (25) can be rewrittéfi in the followmg form -

4 2
J’ ) drmg-d J' B J' L S, c<kl<l ()

(x? = w)'(s?
where

L(y,w)= J': CH\ (§)s(Sw)p(Sv)de. B (32)
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Applying a contour integration technique, the innnitc.imegrul in L (v, w) can be converted to the
following finite integrals (det':lils given in the appendix)

N m 1,2V - 2 eydath) d
Liw.w)= —ikf[ L €l szane)';&| f(gc;;, cndy ¥ xJo(k,ﬂU)Hsn(k-ﬂ“’)d’l

! [’(Cuﬂz-cudﬂz)- k.nv)H Pk ].- v (33)
- j.”‘/'_'.l 04, _ﬂ&:) Joll l”v) 8 ( fﬂw)d'l wov

where
# ,'_[HR‘ -gR}-4R,)'“}]‘” |
Jo= B{R, + (R} =cRyyape
‘ fi=B{ =R + (R} + 4R
| fo=B{R, + (R1+ 4R35

Ry= ;]— {ch+ 2~ cnca)n’? + (14 cn)}
T eg

‘ R;=:_—:(l -n’)(;li-'—n’) . (34)
o megeen(e-g)
- - xcll;’:l_ l+ﬁ
(1+cudiy
: '.‘_: enn® =1+ (= 1)¥} i
(M +eadi
& =%
T2
4+
&G—-f _
The corresponding expression of L (v, w) for w < v follows from (33) by interchanging w and v.

Employing the scries expansions for the Bessel function J, and the Hankel function H{" in
© eq. (33), it is found that

(=12

=12 _ | E

L, w)=§rkzlog'k,+0(k3) %)

where

! [ jllm e = endi iy — ﬂ(c.‘,‘ry" = cnd;7;) I' B (cun? = cady7;) ]
P = — — dn — s dn |.
01 Jo (@, — B4;) TN (¢, "'Paz)

Now, let us expand 4 (1?) in the form

Bty = ho(1?) + k 2log k,hy (¢2) + O (k 2). (36)
Inserl.ing the above expunsion of 4 (+?) and the value of L (v, w) given by eq. (35) into eq. (3[) and .
equating the cocfficients of like powers of k,, we obtain the equations

J"' the(s?)

). o =de e <lti€]

. 6
and

ety e .
J( .7 -‘.\’:dr = —? ‘ h(rYde, ¢ <lx] <1, (38)
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Using the finite Hilbert transform technique [12], the solutions of the above integral equations can
- be obtained as

1o \In L ’
ho(e? )--40(""“"‘51') Sy — = 9

’ _ 4
R ==t I

where D, and D; are constants to be determined using? the condition given by eq. (24) so that =

I I
J. hy(1 )81 =0 . | “n
and :
I.Oﬁm-o
Subsuluuon of the valucs of hy(s?) and A (+?) given b;; eqs (39) and (40) in (4!). yields
2 E
D= ;%[C’ -'ﬁ.] : (42)
2 T ETE S - (43
3o 254 .

where F=F[8, /1 =¢?] and E = E[r/2, /1= ¢) are the elliptic integrals of first and second’

kind, respectively, Subsmuung the value of D, and D, gwcn by eqs (42) and (43) into eqs (39) and ...
(40), we obtam

. . -‘3_51.1
ho(a?y m, =22 = " (44)
T mUETRO=EY |
2 Pp, l+¢1_2_5 11...‘% ; '
meh == e, . (45)

CRACK OPENING DISPLACEMENT AND STRESS INTENSITY FACTORS

Thc crack opening displacement and the normal stress component in l.he planc of the crack
can be written as

.-h ‘.

Av(x,O)-v(x,0+)-v(x.0—)-2J"h(t’)flr, C‘X‘ll J ’ (46)
and L
9 (VihGiYY
t,,(x.O)-h‘%ar tht )dx, O<x<e¢

218430 th (13 .
-t "x,( )dt. x>1, , (48)

Expressxons (47) and (48) wuh the aid of the eqs (36), (44) and (45) yield
' P{: 2E
1] —— b i 2
[ - {l +c F }k,k_;gk,]

E ‘ +0(k]), O<x<c (49)
x1=Z * A
7,.(x. 0) - -pn[ | - :[" F] ) P 2E

+O0 k), x>1, (50

@7

t"(xv o) = -po[ ! +
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The stress intensity factors are delined as (in physical units)

K, = Lim [V (= ';)-t”(x' 2 l .
0 <z <¢e

1))
m;cm[V“‘mM‘ml. ' (52)°
T—)~ Po >1
Substituting eqs (49) and (50) into (51) and (52) it can be shown that
[1_5{1+c1-3§}k3'|ogk,]+0(k3) N € )

- -F. - I_f_ '2_2_5_ 3 2 q
K|=J2U'WTE1 n{‘+c F}k,logk,]-&-O(k,) _ (54)

Further substituting eqs (36), (44) and (45) in the expression given by eq. (46), the crack opening
" displacement is obtained as

Av(x.0)=2%[l _P {l +c’—3}5}k}logk,}[—z—f'(l,'q)—E(L"I)]
B n F(%,q) .
+0(k}), c<x<1 (55

L 3
sin 4 = /ll:—:,andq=,/(x-c=). N

Letting ¢ — 0 in the expression for stress intensity factor and crack opening displacement, the
results for a single crack occupying the region |x| € 1,y =0, |z| < co are found to be

k=l 1-Stionk, |+ 00k 56
806,00 = -2 ST 1 Zhtiogk, [+ 06D, 0<x<. (s7)

For isotropic medium, putting

where

A+2 .
€y =Cy= yv K= ity cn"cu"z'é
so that ' s
. l ’ L
Bomyy, aymEiy,, k,=m,, k| ey =m,, f":_"’
. )
Ny l=Ny, 6w —=201=1%)and P-%c..
where

R e A ) ' aw
€= —m- Vi=({?—mi)" and 'ml=—q—(‘ =1,2)

the expressions for displacement and stress are found to be

coay_ = - Po. ¢ " 2B
vix, £0) = +,'§m[l —E'{l +¢c? —-’;;- }'{r1§¥ogm,]

X
E R
' ; mF“"I)-E(l-‘I) + 0 (m3), c'éxslw'kc. lx] > 1

. .~ -—_—

] | nte ' l’tl\,l
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_ and

E '
o xi—= 2E"
+_[___il_; LD [ QNP M logm.]-i-O(m.) 0<x <c¢
0= -Po{ l (I =x)e? = .\'1)]. _[l 2 {l “TF }

= —p,, ¢€lx|&!

1+c’—3;.5-}m§log m,]-&- o(md), IxI>1.

Now, the crack opening displacement and stress mtcnsuy factors are found to be

2E
[d ] R
Av(x.O)-—-——-—-,—“(l:‘ )[l—z{l+c F}mﬂqgm,]

=
E -lq)
x[—-(—z——F(l.q)—E(l.q)}+0(mzz). c<x<gl

H(%9)

2;- }m§ log m,] + 0 (m?)

1 -E

K= ":7%'-'5{”"‘2-?}5} ’logm,]-FO(mi)

which comclde with the results obtained by Jam and Kanwal (5] up to the order of m}log m; in
the isotropic case,

When ¢ — 0, we recover the stress imensuy factpt and crack opening displacement for a single

crack

x.-j‘@[x—c—;mznosm,]»ro(nia) .
Av(x.O) z)./ [l-——m logm,]+0(m,). 0<x<l

which agrees with the rcsull of Mal(2].

NUMERICAL RESULTS AND DISCUSSION

The stress intensity factors (SIF) K, and K, given by (53) and (54) at the inner and outer tips
of the cracks and crack opening displacement (COD) given by (55) have been plotied against
dimensionless frequency k, and distance, respectively for three different types of orthotropic
materials whose cngmccrmg constants have been listed in Table 1.

From an 2 it is found that SIF X; at the inner tip of the crack increases at a slow rate with
the increase in.the value of frcquency k,(O I k 60 6) On the other hand the rate of increase of

Table 1, vEnpneermg elastic constants

E,(Pa) E,(Pa) #12(Pa) v
Type | " Modulite 11 ognphue—epoxy composite: .
18,3 %} 158.0 x 10° 5.52 % 10* 0.033
Type 13 E-Type glau-cpoxy composite:
: 9.79 x 10’ 423x10
Type 111

3.66 = 10° X
Stainless steel-aluminium composite: * '0063

19.76x 10°  $5.91 x 10°

30.02 x 10° 0.31
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B Av(a0)

Fig. 8. Crack opcmng displacement (COD) vs distance (¢ = 0.2) for generalized plane stress. (— , = 0.2;
----- , k, s 0. 6).

the SIF K, (Fig. 3) with frequency k, at the outer tip of‘ the crack is found to be higher than that
of X,.

In both the cases the value of SIF is higher for lmall values of ¢, l.¢. for greater crack length
SIF is higher. But i is interesting to note that for different materials the varistion of SIFs in both

the cases are not ugnmcam. In the case of single crack (¢ = 0) the varistion of SIF with material
A propcrucs has been shown in Fig. 4.

0.32 -

0;28 }—

C=9.5,08

k, =02
. ’ .

0.24 I~
0.20 -

0,16 |~

#,,89(x.0)
28

0.12 =

0.08 =

0 V. 0.% 0.6 I
' g 0.7 (X4 a9 1.0

Fig. & Cruck opening uisplnccmnl‘(CQD) vs distance (c = 0.5and ¢ = 0.8) for gen-emliz-cd plane stress
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Hygav(x.0)
P

| I ] ] | ] ] ]

0
-1.0 03 -06 04 -02 O 02 04 06 08 10

Fig. 7. Crack opening dxsphccmcnl (COD) vs dxsla.uoc (sxngle mck, ¢ = 0) for generalized plane stress,
_— 1-02- ----.*,-06)

The COD has been plotted for different crack length. In each case COD increases gradually
from zero, attains maximum value and then decreases to zero. It is found that with the increase
in the values of ¢ (i.e. for small crack length) the values of COD' decreases (Figs 5 and _6). For a
fixed material the variation of COD with frequency is found to be insigniﬁcant. but it 18 noticed .
that for smaller values of ¢ (Figs 5 and 7) the variation of COD with frequency is palpable. ¢=0
(Fig. 7) correspond to the case of single crack.

In all the cases where different values of ¢ has been considered the vanation of COD is found
to be prominent for different orthotropic materials.
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APPENDIX
“Evaluation of Liv, w)
The integral L (0, w),given by ¢q. (32) is
L, w)-J‘ My 1Mo (§w W (Sv)dE (A1)
where *

' 1 . 2 .
ML M (g = STt = Bal T epayn)
7 143) 1, = fiag) $ (A2)
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7= [H —F. +(B} T 48,y
vi= (=8~ (B} =48,

8 -é“d}*z‘u"n‘u)"*“ +en)k}) : (A3)

1 s
Bym— (&1 =kiXeydi=kj)
n
To evaluate the integral (A1) we censider two coatour integrals

l.-‘[ My V(AP wKE, w>v

IM(¢. ..7,).!.(Cu)ll"'(¢w)d¢, w >0, S ' (A4d)
r .

where T, and T are the closed contours defined in Fig. 8, and H{?, HY are ¢ the zero order Hankel functfons of the first
and second kind, respectively.:

Assuming l.he relation

{(‘u'*‘z‘n"‘u‘nxl'*fn) 2 +cey) P ("n"’2‘:|1““-'||¢zx)z 4°|| (|+°n)’ 4 <0 (A9
¢k ;) , ¢h tn Tk enm C

it is noted the branch points & = 1,(/ = | — 4) corresponding to the roots of the equation B} = 4B, = 0 are nlways complex. .
Now, the branch points corresponding to the roots of the equations

B, +(B1=4B,)3 =0 and — B, — (B} =452 =0 -
are ¢ = tk, and & = +k,/ /<, usﬁectively whegp it has beca assumed that
(enea=ch=2¢,)> (1 +¢n) . : (A6)
and ' '
c.,+2cu+c">0 e

Therefore under the above conditions, ¢ = +k,/./¢, and ¢ = +k, are the branch- pomu of v, and Y3 mpecnvely.
Equations (AS) and (A6) are true for most of the onhotxop»c malmah. Thbe integrals in eq, (A4) can be shown to be zero

Jlmt

7‘ - kI:’.l
73 - ku;Q
1; - klf‘
A
n- k.’l

Fig. 3. Contours of integration for integral in eq. (Al).
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on the vontours AT, and AT, (Flg 8) around the, branch cuts from 4, .md 4. Thus m(cgﬂung along lhc contours [T, and
Iy the integral L, w) for w > v can be finally written as . i

vy —Cn - = Cody !
[ et el Peun T cudiind g o yar ki
(%~ 54:)

Lww)= —n'kf[
B Jo ﬁ
1
(can’ rwivh) . -
Jo(k, nv)Ht”(l;,nw)dq w>v
J.ll\/fT O@dl ’ ____________,___,.-.—-—-», ,0/\’\'\-
where §;, %, &, &, B, f, &,. 4;, 7, are given by eq. (34). ! ) - ~—

._ -
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o ool OF CLANTIC WAVES BY THREE -
COPLANAR GRIFFITH CRACKS IN AN OA\'FHO TROPIC
: MEDIUM , z
1 SARKAR. $. . MANDAL*-and M. L. GHOSH

Department of Mathematics. Navth Bengal University, l')arjeclingwsfu 3, India

Abstract—The dynamic respanse of ihree co- -planar Griffith cracks suuated in 4n wmfinite wrthotrom
medinn due 10 elastie witves incisent normzlly on the cracks has been treated. The Fourier wansiur
techingue has boen UG ° o the slastadvnamic problem to the solution of a st of four 1 gral ]
eyuations, These mley,ral ations have been solved b\ using the finite Hilbert transform technique R
and Cook's resuli. The an'-h uca] forms of crack openin2 dxspla;emem and stress intensity factors have i
been derived for lew freguency vibration. Numerical results of crack opening dlsp:acemcm and stress

.inisnsity 'a"lurs for scversi orthotropic wnztereals have been calculated and ploued graphlcall\ te

display tiv: influence o: the maicrial onhotrop\

1
V
'

.. INTRODUCTION

Recertly, with the increased usage of macroscopically anisotropic construufidn maierials such
as fibre-reinforced materials. the study of diffraction of elastic waves wnh crack= 'or inclusions
has auractcd the attention of scientists. The different possible location of cracks wnh respect to
the planes of material syminetry is of greai interest tn Seismology and Exploration Geophysics.
The problem of scattering of elasti¢c waves by cracks of finite dimension in’ isotropic: medium
has been: investigated by several investigators. Many investigators [1-6] have solved. the
diffraction problem involving single or two cracks in an isotropic medium. Dhawan 'and
Dhaliwal 7] solved the ‘statical problem involving .three coplanar cracks in an infinite
transversely isotropic, medium. The dynamic problem of singular stresses around cracks in
orthotrupic medium are few in number. Kassir and. Bandyopadhyay [8] solved the problem of
elastodynamic response of an infinite erthoiropic solid containing a crack -under the action of -
impact loading. The problem of normal impact response of a finite Griffith crack in an
orthotropic strip has been solved by Shindo {9]. De and Patra [10] have also solved the problem
involving a moving Griffith crack in an orthotropic strip. Recently Kundu and Bostrom (11}
treated the diffraction problem of a circular crack in orthotropic medium.

To the best kpowledge of the authors,j.be pr@blem of diffraction of elastic waves by three
coplanar Griffith cracks in an orthotropic material has not been considered. In our paper, the
interaction of normally incident time harmonic elastic waves with three’ coplanar Griffith, cracks
in an orthotropic medium has been investigated. It is assumed that the faces of each of the
cracks do not come into contact during small deformation of the solid. Thl. resulnng mixed
boundary valué problem is reduced to lhc solution of a set of four integral equations which has
been reduced to the solution of an mtegro ‘differential- equation. Iteration method has been
used fo obtain the low frequency solution of the problem. This enables us to cbtain
approximate value of the crack opcnmo displacements and stress intensity. faclors Maiking the
length of the central ¢rack tend 10" zero, the cor responding results for two Griffith cracks have
been obtained. Numerical results for stress intensity factors and crack opcnmg dlsplaccmcnls

have been plotted against dimensionléss frequency and distance respectivelyzfor different
orthotropic materials whicn have been shown graphxmllv

tTo whom all correspandence should be addressed. .
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2. STATEMENT AND FORMULATION OF THE PROBLEM

(.o.... 22 the interaction of normally incioent longitudinal wave with three coplanar Griffith
cracks situated in an infinite orthotropic ¢lastic medium. The/cracks are assumed 10 occupy the
position |X|=d,, d;<|X|sd. Y=0, |2|<=] Let E, py)and vy (i,j=1,2,3) denote the
engineering elastic constants of the material where the subscripts 1, 2, 3 correspond.to the X.
Y, Z directions chosen to coincide with the axes of material orthotropy. Normulizing all the
lengths with respect to 'd’ and setting X/d=x, Y/d=y, Z/d=z, d, /d b, d./d =c¢, the
cracks are defined by |x|<b c=lxl=1,y=0, |z} < > (Fig. 1)

- Displacement ‘components are. also made- d\_mcnsxpnlc_:ss with respect to ‘d’ so that
dimensionless components of displacement in x, y~ directions are assumed o be u, v
respectively, where

u=ux,yv, () and v= u(x.;:y, 1.
S

Let ¢ ume harmonic plane elastic wave originating at y = —x= and incident normally on the
three cracks be given by v =wvgexp[i(ky — wn]/d where k =dw/c,Vez, ¢=(r12/p)?, vois 2

_constant, w and vg/d are the frequency and dimensionless amplitude of the incident wave

respectively, p being the density of the matenal In the i xsotropnc solid, ¢, represents the velocity
of the shear wave,

The non-zero stress components 1,, and T,, are given by

t.y,v’l-"ﬂ. = C!Zu.,q + ‘sz“’,y

‘V‘rxv/“12=_lf/,y+v,x ; I (2.1)

where k, v denote the component of the dxsplacemem in the x, y du'cctxons respcctwely and
comma denotes partial dxﬁerent\atxon with respect to the coordmates or time ; c,,(:, f=1,2) are

I
Fig. 1. Geometry of the cracks.

|
i
|
|
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nondimeusional péra’mcten related to the elasticv constant by ti:e relations:
cu = Ei/iia(l - Vi?E-RIEli '
iz = Ealpiall = V;zEz/EU - C.uEz/Ex ' { o
12 = ViaEal p1z(1 = YERl Ey) = V12622 = Vil o : o (2-3) :
« for gcneralized.plane stress, and by P L ’ :
cu = (Ei/Buy2)(1 = vi3vy) ,

o e = (Ea/ dpia)(1 = vizvy)
Cia™ Ey{vay + Vi3v3a B2/ EV)/ By = Ex(via + vy v EV/E) A

Aml= vV = YoV = Yy Vi3~ ViaVadVy =~ Vi3V Va2 . ' @3
L[] N

for plane strain. The constants :E; and v, satisfy Maxwell’s relation:. . .

V,"E‘-V",El. ] __-.:._ RN *."_:;. PN (24)
The displaccment equations of motion for orthotropic mtedal are it o L
. . |

. . I T
- , o

Crl xx + u.y?:+ (l + Clz)".xy -

d"‘ S e
cnv,,+.a_.,+(l+cu)u_,, c’ Vg - i ) (7_5)

Substitution of u(x, y, r) = u(x, y)exp(—iwt) and'v(x, y, 1)y = v(x, y)exp(-larl) in cquauons (2.5) ..
reduces them t0 .

T

\ .
. cuu.,,+u,,, +(1 +cu)v_,,+k3u =

CaVyy + v+ (14 1)ty + k=0

- (26)
with ki = d*w?/c}, which are to be solved subject 10 the'boundary” conditions .
L weO=0 bskse WSl QD)
n0)=0, <= e
T(x 0+ 5)(x,0) =0, |.x|<6 ] <lx|< B (2.9)

chcdonh the time factor exp(=iwt) which i |s common to all field vanables woﬂld be omitted
in the sequel.

Using the condmon (2.8), the solutions of equations (2.6) may be written as :

. ulx, y)=-J [exp(=y: Iy1) = B exp(- VzlyI)Mx(f)sm(éx)de 1 ©10)

¢ ‘.; e,
) I ’
v(x, )v)-:;L E[m exp(= v, Iyl) = Ba, °xp(“-72'|iY|)lA1(€)Cos(6x)d'E,!" : y>'0' @1

-..&l

\
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and the stress components are given by ) ' .
. , .

2 f ; ! : - L
27 (e + anlexpl-y: 5D = exp(- 2 pDMALOIM(EN G, ¥ >0 12
o S : . :

tr'/.u'!? =T
s b4
o= [ [(cne - B2 Verp(-va 1y - Blent - B expt-rval) sdosten)
) : ‘ (2.13)
where '
' _en€-ki-vi .
B Frat N EY. (2.14)
e g

Y2+ az I

Ay(£) is the unknown function to be determined, -and 73, ¥} are the roots of the equation
ey +{(ch + 2012~ cucn)E + (1 + ek + (cn 2 ~ k(2 - k) = 0. (2.16)
With the aid of the boundary conditions, (2.7) and (?.9) A(£) is found to satisfy the integral

equations
r A(E)cos(Ex) dE=0,  x el ls (217)
0 .

and ' : - |
nd /n

. b 4 ’
[ Hoa@xosen de=~32L,  xen,b (2183,6)
N (Y . (gt : . L
where y = (0, b), = (b, ¢), Iy = (c;1), L= (1, =) and |
Po ™ ikpracnvold (2.19)
Ay =2 E 4,00 (2.20)
cizé’ — cnar ¥y = Bleuné® - cnazys) |
H(§) = ‘ .
4 = (@ - Baxz) (221
¢ 3. METHOD OF SOLUTION .
The solution of the integral equations (2.17) and (2.i8) is taken in the form
@B .

. 1 b . ,1‘ ti
A(é)=- j h(r)sin(ér) dt + = f g(u?)sin(&u) du
’ ') . ,‘f €
where A(f) and g(u®) are the unknown functions ;rto be determined, Subsiiluling the value of
A(€) from (3.1) in (2.17) and using the following result [12) E .

. [
' : J" sin(&1)cos(£x) de=) 2 1>x
0 § ¢ 0, t<x

——
!

(

|
[
|
. ] : |

AN\
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it is found that the choice of A(§) leads to the equation
1
I gu?) du = 0. (3.2)
[4

Further substituting A(¢) from (3.1) in (2.182) and wsing the result [13]

+x

J: £ sin(gu)sin(éx) dé = %log : .

we obtain o

:xJ' hU)lOg\——\d:*if gl )log‘ "du '
=2{qo—-d—I h(x)dtj H(E)E" sin(gsinex) o

- i J; g(u?)du 'J: H(E)E! sin(fu)sin(fx) df}, <% L (33)

where

Rpo

Q=" 'im . » @.4)
.(E)--’ie(—Q%—w as == @3.5)
é leliten - enen)(caMNa~ey) - cale)aNiNG + ey (NT + MM, + N3)] (3.65
cn(l + e )M+ N,)
Nl= i_z_z; {cucu -ch-2c+ (3 + 202 - cuczz)z = 4cycn)'?)
N} = Ec—{c"cu -~ 2y~ [(ch +2c - Cn‘?_:.z)z —deycn)?) G.7)

Using the relation

sin £x sin &1 I * T wwlo(Ew ol f0) du dw
52 o(xz - wz)m(tz - vz)m

equation (3.3) can now be rewritten in the form

" d r [+ x|
2 [* hiog |22
A fl)log P

du

a u+x
ore gz [ swoveg|
:+dx‘g(u)logu_

" wwL(v, w)dw dv-
= Z[QU——I h(') d'J’ (xzvf w(z‘;lr‘:gz - 2‘)’13

o, “ _wwL(v, w)dw d
dx], glu )duL L(x’—wz)"’(uz :vuz‘;vz' xel (3.8)

where

Lo, )= J' EH,(EMo(6w Vo(ev) A

. and Jo( ) is the Bcsscl function of ordcr zero.

(3.9)
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Applying ,a contour mtegrauon technique {14}, the infinite integral in L{v,w) can be

converted to the followmg finite mtcgrals

f Newe —- @i ¥i¢ ﬁ(‘-" "1 2o az‘Yzczz)
/ , 1211 1¥i€n — 12 Jo(ks H 1) k, d
L I{ Lw)= -xkiu 0@, - Bay) o(kenv)HE (kymw) dn

'I " Blewn? sz&z?'z)J (ko) H (kyw) dﬂ.} w>v (3:10)
1Ven 8(&, - 2) .

where .
1 sy
= [;{Rl - (R% - 4R2)l }]
1 _
[i{ R, + (R} - 4Rz)‘”}]
- 2
o
5= [i {R; + (R} + 4R'z)"’}]
1 ‘ ok
Ry = T{(cfz +2¢1; = cisCa)n? + (1 + e}
. Cm ‘
= =C_‘_1_l _ w2 (_L_ 2)
R, C;g(l 7°) n n
,_€u z( 2 l.)
Rij=—(1- -
2 sz( 1’_) n n
BT il bl /PP |
N T (te)y ’ ' - S |
/ é |
w e
' = T ’
= (1+e2)%
= d =
B 52"'72
a“+ 7' ) (3.11)
&z' '92 ' |

The corresponding expression of L(v, w) for u} <v is obtained by interchanging v and w in
(3.10).

Employing the series expansions for the Bessel function /0 and the Hankel function H{" in
equation (3.10), it is found that :

2 .
L(v, w) =~ Pk} log ky + O(k?) (3.12

where

s 6

7 ' p= l.U; “epn’ - ey - B_(Cn§n2 - 5172sz)dn - J’l Blcrn’ - €2&2%2) d ]
Ve,

(a; - Bay) ‘ (&1—[;52)

(3.12
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,
Let us now expand h(t) and g(u?) in the form
h(r) = hy(r) + k? log k, h,(:) + O(kd)
and .
gu®) = go(uz) + k2 log k, g:(u?) + O(k3). (3.14)

Substisuting the above equations (3 14) and the value of L(v, w) given by (3.10) in equations
(3.8) and (3.2) and equating the coefficients of like

powers of k,, the following equations are
derived.

® T+ ' ugo(u®
d% L hotr) log \L:-E\ de + ZJ’ —%L(——zdu =290 X e% h (3.15a,b)

I/“g '(“x) ‘3; U tholr) dt +I ugolis?) du],

X € 11, l; (3168, b)

_Lh

and

[seeu=0 =0 (3.17a,b)

Rewriting equation (3.15a) as

rho(r)log \:—‘_“—’;‘ dt=nRx), xel . (3.18)
0 -

=~ [ 12522 8]

The solution of the integral equation (3.18) with the help of Cook’s result {15] is found to be

where

2 'Wul-pt ‘
ho(f) = - 0 (b’-‘ A2 7 (b - rz)m - " . EzO(u L 319

Substitution of the vz‘aluc of hy(1r) from (3.19) in (3.15b) wnh the aid of the result

J"’ 1 2 dr =5[ x u ] : VI
L B - - )= ) 2L - bR (- bh)R) xeh -

yields the singular integral equation '
I‘ Vu=b 80("1) _R_Po xlel (3.20)
A u—x? 2 1428° ¥ -

Next using the finite. Hxlben transform technique (13] the soluﬁon of the integral equation is
found to be

n_ __Po u*(u? - %) uby,
£olu) = #1280 N (u? = b3)(1 - u’) (W=-bHui-cHl-ud) ©.21)

where [J, 15 unknown constant to be determined from equation (3. 17a) ’

Now substituting the valoe of go(u®) from (3.21) in (3.19) and performing the xmcgrauons.
hy(1) 1s obtained in the following form

= - Po z(C "fz) tD
holt) K20 V(b2 ~2 :

)(1 - ‘2) (bz ‘1)(C - ’2)(1 - ‘2) (322)

By the procedure similar to one which led to the derivations of the solutions of (3.15) as given
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by (3.21) and (3 22), the soluuons ot equauon (3 16a, b) can also bc obtained and they are

found 1o be

, PR [ AE=1) D, |
M= o HI-P VDD D G23)
4PR [ w(u*-¢d) . uD, .

SR i e ey Vit - )l = A1 - 1) (3.24)

R =~ + 1)~ D\~ 1}
12

e[S,

" VI -1 -0)

m= J 'zrd.' . . (3.25)
- VRI=-(T=DA =17 | -

where

The constant D, is to be determined from equation' (3.17b).
In order to determine the values of the unknown constants D, and Dz go(u?) and g,(uz) as
given by (3.21) and (3.24) respectively are substituted in (3.17a,b) and it is found that

E .
p=afu-MI-@-»] (=12 (3:26)
and
_ o _4PR
Al #‘29 ’ AZ n_z (3-27)

where F=F (g ,q) and E=E -;f,q) are the elliptic integrals of first and second kind

respectively and ¢ = =5 Substitution of the values of D, (j=1,2) given by equatiohs

(3.26) in equations (3.21)-(324) yields

- BTN PR D N
h,._,(:)» A,[(l b)F+(b :1)] CETGET T (=12 (3.28)

E u
. uzg_A[l_bz — uz_bz}————'——-——i—-—————-—__-—__ 'ul'z' 3'29
B = =4[ (1=6) Em (= 8| gt (=12 (329
4. STRESS INTENSITY FACTORS AND CRACK OPENING DISPLACEMENTS

The stress intensity factors are defined as (in physical units)

- i [YED 0t o
b<x<c

bl e (4.1)
. V(c -x)1,,(x, 0)
N.=1 JASALL
o [ 0 Lm (4.2)
VETT
N, = ,1.13‘, [ -1, 0)] , (4.3)

{Po
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9
and the crack opening displacement can now be shown to be given by
'y .
Av(x, 0) = v{x, 0+) - v(x, 0-—)*=2I h(r) dt, Usxs=sbd (4.4)
' A
-2j gu¥)du, ecsxs|, 4.5) .

Substituting the values of the function h(r) and g(u?), the stress component 1,, can be

evaluated from the expressions (2.13), (2.21) and (3.1). After evaluation of the value of 1,, and
putting it in relations (4.1)-(4.3) it is found that

o | .
- [b(1 - b?) E(E a) 4P '
Ny = 22 - b?) F(.;E' q).,[l -— Mzkz log k, }+ 0o(k?) (4.6)

; I J 2 E(g*q) | 2_ 2 ‘> 4P 2 | AT
= VEZCT-_b_z)—(l—-—c:-)- a- b )F(Z_‘ q) = (== b%) [1 --"—_:Mgk‘logk.] +9(k.) (4.7)
. 2'
|
N, = 2((11 _l:;)) 1- F(z :; [1 - %,Mzkf log k,] +.0(k?) ’ (4.8)
. _ _ AV 1] 4 .
where o )
£(3

My=| B+ -y - (=09 Yas-m |.

F(g' :q)

Expressions (4.4-4.5) with the aid of the equations (3.28)~(3.29) yield

e
) 7 E =.q R _
AU(X, 0) - .z_pg. \/(1 — b!) F(Bn q) 5(3- q) - (2 ) - (l -XZ)(bI _ X')
_#1:9 F(B,q) F(-’E q) \’ (cz_xz)

2!

4P
X [1 -3 Mikilog k.] +OWk}), Osxsb (4.9)

aﬁd

El>,
sutx, 0) = 2L VTR Fa, ) —2—2 - EO9)
126 : n F(A, q)
F(- q)

[l ——M:k log k, ]+O(kf). c=x=s]l (4.10)

. b? - x? 1-x2
L - . X
in g i g and smA.Jl-b"

whetr
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* displacements corresponding to the single crack are found to be
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When b — 0, we recover the stress intensity factor and.the crack opening displacement for two
Griffith cracks occupying the region c <lx|=1, y =0, |z] <

g

P 2E
= =] ——{1 +ct- —}kf logk,] + O(k?)
Ne V2c(l - ci) [ r 'F

E
N;=-—-—[2i(\/1—_—_—-i]—,s[l—£{1+c2-g§}kflogk,]+0(kf) ' | (4.11)

and

: ; [ { i : } : l
=t —=—<1 4+ —— k‘lo k’
Av(x, 0) 0 1 p c F 4

4
£(3.9) . .
X ———”——F(/\,q)— E(A. q) |+ O(ky), csx=t1 (4.12)

FE'q

where M, = g(l + ¢*—2E/F) has been used.

It is noted that if further c— 0, the crack{merge into a single crack of width two units. In this
,— n/4; so the results for stress intensity factor and crack opening

l P - ] 2
=—|1-=k2 A+ 4.1
N v [1 nk log,k O(k3) (4.13)
and
Av(x, 0)= - 3—”—% V(1 - x!)[l - gkf log k.] + O(kd), Osxsl, (4.14)
12

The results gi\;en by (4.11)-(4.14) are found to be in agreement with the results of Sarkar er al.
(16).

5. NUMERICAL RESULTS AND DISCUSSION
The stress intensity factors (SIF) N;, N, and N‘. gi'veh by (4.6), (4.7) and (4.8) at the tips of
the cracks and crack opéning displacements (COD) given by (4.9) and (4.10) have been plotted

against dimensionless frequency k, and distance respectively for three different types of
orthotropic materials whose enginecring constants have been listed in Table 1.

Table 1. Enginecring elastic constants

E, (Pa) E, (Pa) Bz (Pa) viz
Type | Modulite 11 graphilc—cpof;y composite:
15.3x 10 158.0 x 10° 5.52x 10 0.033

Type Il E-Type glass—epoxy composite:
979%10°  "423x10°  366x10° 0063
Type 11} Stainless steel-aluminium composite:

7_9.7bx 10 ) 85.9) x 10° 30.02x10° © 031
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c =06

-
-

zD
| : l | | J
°'29'o.| 0. 0.3 0.4 0.5 0.6 .
. K, . |
Fig. 2. Stress intensity factor N, vs frequency &, (or gencralmed plane stress. (——) type L (---- ) I
type 1i

Keeping the length of the central crack fixed (b = 0.2) SIFs at the tips of the central and
outer cracks have been plotted' against. frgquency k, (0.1 = k,=0.6) for different lengths
(c = 0.5, 0.6, 0.7) of the outer crack (Figs 2=4)! It is noted from the graphs (Figs 2-4) that with
the decrease in the value of outer crack length, i.e. with the increase in the value of the distance
between inner and outer cracks the rate of increase in the SIF is higher with the increase in the
value of the frequency k,.

'_-\
The same nature of SIFs are see (Figs 5-7) in the case when the length of the outer cracks

0.40 (—
------------ -\- N RN
¢=03
0.37 -
’
034t~  b=02
¢=0.6
o3 |- :I L
z.a e - - ' -
028
028 |-
€=0.
0.22 T tetetrininteleduds
. b“'—____r/fi | | '
o 03 03 0.4 0.5 5]6

|s. o €L% Intens Y 1ZE ane "eu‘. —— ME CER R
F 31 SII t {3 'ac(of N vs ‘quucncy k !Or Cnefﬂl d l
c 1] 8 P 8 ( ) 'm l! ( )
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0.42

0.41

0.40

0.38
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b=02

0.36
k, _
Fig. 4. Stress intensity factor N, vs frequency Ic for generalized plane stress. (—) type I; (----- )
L type 1)

are fixed (c=0.7) and the length of the central crack increases (b =03, 0.4, 0. 5). It is
interesting to note that for fixed ¢ (= 0.7) the SIFs N,'and N, increase thh the increase in the

value of b, but the effect is just reverse in case of Nj.

“The COD p128v(x, 0)/p, has been plotted for different crack lengths. It is found from Ex&s 8
and _and 9tbat with the increase in the value of crack length the value of COD increases. For a fixed

“material the variation of COD with frequency is found to be insignificant.

In all the cases where different values of crack length have been considered the variation of

COD is found to be prominant for different orthotropic materials.

0.68"" —'__,----—-\\
/ beos
0.64 |—
0.60 +— ’
c=0.7
z‘ 0.56 — \
b= 0.4

0.52 Ty YRy
0.48 |~
o r /b =03
S S e e |

0.} 0.2 0.3 0.4 0.5 0.6
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0.56 — e mm o=
-y
c¢=07
0.48 |-
0.“ i
zU
' . bw04d
0.40 b~ . e
0.36 t— :
' : b=0.3
032 |~ /Z
0.28 i | | | ]
0.1 0.2 0.3 0.4 0.5 0.6
. kb -
Fig. 6. Stress intensity factor N, vs frequency &, for generalized plane stress, (=) type 1, (se-e2)
: type I11.
s
LY I
030 —
0.29 i~ \b =03
cu0? ' C :
0.23

n.24 ;
0.23 ;
0. N2 0.3 04 . .. 0.3
K, "
Fig. 7. Stsress intensity factor Ny vs fre i
e quency k, for gencralized plane ut — .
Y o for 8 p  Mress. S Yrype I; (-----

13
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. !
n =03, —cwl s

———=c=07

X .
Fig. 8. Crack opening displacement vs distance for. genen%liz‘ed planc stress (k, =05, b= 0.3, ¢ =05,

0.8 r—

¢=0.7, = b=0.3
-===-b=03

(x.0)

Po

LI}}
— AV

Fig. 9. Crack opening displacement vs distance

f;\); )%eneraliu'di plane stress. (k, =05, b=03,0:5,c=
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_INTERACTION OF ELASTIC WAVES WITH TWO
COPLANAR GRIFFITH CRACKS IN AN ORTHOTROPIC
MEDIUM

J. SARKAR, S. C. MANDAL and M. L. GHOSH
Department of Mathematics, North Bengal University, Darjecling 734 430, India

Abstract—The problem of diffraction of normally-incident elastic waves by two coplanar Griffith cracks
situated in an infinite orthotropic medium has been analyzed. Fourier and Hilbert transforms have been
used to solve this mixed boundary value problem. Approximate analytical results for stress intensity
factors and crack opening displacement have been derived when the wave lengths are large compared to
the crack length. Numerical values of stress intensity factors and the crack opening displacement for
several orthotropic materials have been calculated and plotted graphically to show the effect of material
orthotropy.

INTRODUCTION

DynawMic fracture problems involving anisotropic materials weakened by crack-like imperfections
have drawn much attention by investigators because of the increased usage of macroscopically
anisotropic construction materials such as fibre reinforced composites. The different possible
location of cracks with respect to the planes of material symmetry introduce great modifications
in the strain and stress distribution. The problems are also of considerable interest in seismology
and exploration geophysics. The problems involving single or two Griffith cracks in isotropic elastic -
medium have been studied by many authors [1-6]. Mathematical difficulties encountered in solving
the governing equations of the anisotropic elasticity theory are responsible for the availability of
few results only for special classes of materials. Kassir and Bandyopadhyay [7] have studied the
elastodynamic response of an infinite orthotropic solid containing a crack under the action of
impact loading and the elastodynamic problem of a finite Griffith crack in an orthotropic strip
under normal impact was investigated by Shindo [8]. The problem involving a moving Griffith
crack in an orthotropic strip has also been studied by De and Patra [9]. Recently, Kundu and
Bostrom [10] solved the problem of scattering of elastic waves by a circular crack situated in a
transversely isotropic solid.

In our paper, the diffraction of normally incident time harmonic elastic waves by two coplanar
Griffith cracks in an infinite orthotropic medium has been investigated. The faces of each of the
cracks are assumed to be separated by a small distance so that, during small deformations of the
solid, the crack faces do not come into contact. The resulting mixed boundary value problem is
reduced to the solution of a triple integral equation which has further been reduced to the solution
of an integro-differential equation. Iterative solution valid for low frequency has been obtained.
Analytical formulae for stress intensity factor and crack opening displacement have been derived.
Making the distance between two crack zero, the corresponding results for single crack have been
presented. Finally, choosing the engineering elastic constants of the orthotropic material suitably
the results for isotropic material have been deduced and compared with the results obtained by

“Jain and Kanwal [5]. To display the influence of the material orthotropy numerical values of stress
intensity- factors and crack. openmg dxsplacement have been plotted for several orthotroplc
materials.

STATEMENT AND FORMULATION OF THE PROBLEM

. Consider the plane problem of diffraction of normally incident longitudinal wave by two
symmetrical co-planar Griffith cracks situated in an infinite orthotropic elastic medium. The cracks
are assumed to occupy the region b < |X|<a, Y =0, |Z|< oo. It is convenient to normalize all

EFM 49/3—G 411
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lengths with respect to “a” and so setting X/a =x, Y/a =y, Z/a =z, bja = c, the new. posmons
of the cracks are deﬁned byc<|x|<1,y=0,|z|< © (F1g 1). :
Let a plane time harmonic elastic wave orlgmatmg at y = —oo be incident normally on the
two cracks, and is defined by v, = expli (ky — wt)] where k —aa‘i/cs\/c—n, ¢, = (2 /p)'"? with p
being the density of the material. In the isotropic solid, ¢, represents the velocity of the shear wave.
The non-zero stress components 1, and 7, are given by

Tyy/#IZ = cl2u,x + c22v.y
Txy/uu = u,y + v‘,,xs (1)

where u, v denote the component of the displacement in the x, y directions, respectively and comma
denotes partial differentiation with respect to the co-ordinates or time; c;(i,j = 1,2) are non-
dimensional parameters related to the elastic constants by the relations

|

ey =E Ju,(1 —vLE [E)

en=EJun(l —vLEE)) = ¢, B /E, ®)
) 12 =V By iy (1 = vLE, [E)) = viy0p = Vo €4
for generalized plane s'tress, and by

' e = (E /A )1 — vyvy)

o= (B3 JApp (1 — v13v3)
¢, = E (vy + v,;vazEzj/E, VAR, (3)

= E,(viy + V33 B\ [E2) [ Apyz
A=1—v,Vy — Vy3 V5 — V3 Vi3 = ViaVa3 V31 — Vi3 Vg V32

for plane strain. In the above equations E;, u; and v; (i, j = 1, 2, 3) denote the engineering elastic
constants of the material where the subscripts 1,2, 3. correspond to the x, y, z directions which
coincide with the axes of material orthotropy and the constants E; and v; satisfy the Maxwell’s
relation ' :

, Vij/Ei =v;/Ej. C))
The equations of motion for orthotropic material, in terms of displacements are
2
a
Ci U xx + u,yy + (1 + CIZ)v,xy = ? Uy
$
a2
n U,yy + v,xx + (1 + clz)u,xy = ? Ut (5)
4
y
!
|
|
|
—C Oy
S
-1 - 0 le 1 X
|
|
1

'
f

Fig. 1. Geometry of the cracks.
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Therefore, substituting u-(x, y, t) = u (x, y) exp(—iwt )and v (x, y, t) = v (x, y) exp(—iwt ) in eq. (5)
we obtain
. cll u,x.\' + u.yy + (1 + ch)v.xy + k.%u = 0 (6)

and
cz2v.yy + D,x.r + (1 + ch)u.xy + k EU = 0 !
where k2= a’w?/c?.
The boundary conditions of the problem are

Ty(x,0)=0, [x|<o0 @)
Ty (%, 0) +70(x,0)=0, ¢<x|<]1 (®)
v(x,00=0, |x|<c, |x|>1. )

Henceforth the time factor exp(—iwt) which is common to all field variables would be omitted
in the sequel. '
The solutions of eqs (6) can be taken as

2 [ .
u(x,y)= - J [4:(&) exp(—y,|y]) + 42(&) exp(—7,ly)Isin &x dE (10)
0 .
2 (=1 , :
v(x,y)= + '[ z [, 4, (&) exp(—71 [y ) + 0,4, (E) exp(—7alyDlcos Ex dE, p 20 (11)
0
where ) , s . : :
ené —ki—yi .
= R T o2 12
(I+ v ( ).
and 4;(&)(i = 1, 2) are the unknown functions to be determined, y3, y3 are the roots of the equation
eyt +{(ch+ 20— cucn) + (1 + ek 2 + (e E2—k2)(E2 =k =0. (13
From the boundary condition (7) it is found that
A(E)=~pA4(E) o e
where ' .
71+
=77 15)
Y2+ o
Employing eq. (14) the expressions for displacements and stresses reduce to
2 [ i )
u(x,y)= - J [exp(—711y1) — B exp(—7.ly D4, (£ )sin &x dS, (16)
0 .
2 (*1
veny)=t— J B [, exp(—7:11y[) — Boz exp(—7,|y 4. (& )cos Ex dE, y 20 an
0
N .
Tyl = F f (71 + a)lexp(—7:[y]) — exp(—7.ly D14, (&)sin Ex dE, ¥y 20 (13)
0
2 (@ Cpt
Ty iz =—f [(Cué b )exp(—vllyl)
T Jo ¢
0% Y2
—ﬂ(cui —T>CXP(—yz|yI):|A1(£)cos ¢x dé. 19)

We further substitute

A(é)=°‘“¢ﬂ°"Al(c)

so that the boundary conditions (8) and (9) yield the following integral equations in 4 (¢)

ij(é)cosfxd§=0, |xj<e, |x|>1 (20)
0 .
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and
c<x|<1

H(EH)YA4 cos £x dé = s
f (£)4(8) T
Where po = l.kﬂlz Cy

and

01252“022“1?1 ﬂ(clzé "022052')’2)

H()= ﬂaz)

METHOD OF SOLUTION

In order to solve the set of integral egs (20) and (iZl), assume

A€)=3 flh(tz)sin(ét)dt

where 4 (¢?) is an unknown function to be determined, from the boundary conditions.

@n

@)

23

Inserting the value of A4 (¢) from eq. (23) in eq. (20) and using the following result [11]

. (™
‘[w sin( &t )cos(£x) de = {5, t>x
0

¢ 10, t<x
it is found that the choice of 4 (¢) leads to the equation

1
f h(t¥)dt =
. Further substitution of 4 (¢) from eq. (23) in eq. (21) leads to

jl h(t¥)de on sin( &t )cos(éx)dE = g,

d 1 © t 6
—aﬁh(ﬂ)dzﬁ cH,(c)ﬂ‘L?j“(—x) d¢, c<lxi<l
where
. Do
%= 26p,
H(%)
Hl(f)—?,——l

(¢l + ¢y — ¢ cp)(c;; N N, -~ cy)— sz[cliN%Ng + Cn(N%'*' NN, + N3]

9 =
en(l+ cp)(Ny + Ny)

1 .
N% =F[_(C%2 +2c,—c6) + \/(C%Z +2¢p, — clicpn) — dcy el
¢7)

Ni= 2_[ (Ciz+2clz—Cnczz)—\/(Cﬁ‘*‘2012—011022)2_4511022]-
C22 )

Using the relation

sin éx sin 6t quo(éw)Jo(fv)dv dw
)l/2(t 2 U)l/z

eq. (25) can be rewritten in the followmg form

th(t?
f—-tzix)zd = _—f h(tz)dtf f ”WL("’W)de” c<lxl<1

( 2' 2)1/2(1 _02)1/2’

where
L(o,w)= L cHl(é)Jo(é;w)Jo(fv)dc.

24)

(25)

(26)

@7

(28)

29

(30)

@31

(32)
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Applying a contour integration technique, the infinite integral in L (v, w) can be converted to the
following finite integrals (details given in the Appendix)

yJen 2 . g5 R 2 . =
L@, w)= _ikf[fo Cfl”— ety i — B (caf” — cpdy 7)) x Jo(e,no)H 9 (k,nw)dn

8 (& — Ba,)
b Blenn® —cndy?,) o
_ J‘l/\/: 0 (&l — ﬁfiz) Jo(ks"lv)HO (ksr]w)dn ], w>p (33)

- where

— LR, — (R} - 4R
=[3{R, + (R} - 4R,)'})'2
G{—Ri+ (R}-+4R )"
{Rl + (R} +4R5)"2}2

RI =C_{(cl2 + 2C|2 - Cllc22)’7 + (1 + sz)}
22

_ 1 '
Ry=2t0- 2)(——172) (34)
Cy o '
’ cll 2 2 1
Ry=22 - n2——
Cx n
_ 011’72—1‘*‘5’-?.
,.=—_— =1,2 -
"= ey, (oY
. _cnn’ =1+ (=1}
= =1,2
. (l+c12)i G )
= ?1
k= -7
5 a1+yl
B=
-7

The corresponding expression of L (v, w) for w < v follows from eq. (33) by interchanging w and v.
Employing the series expansions for the Bessel function J, and the Hankel function H{? in
eq. (33), it is found that

2
L(v,w)=;Pkflogk:+0(k§) 35)

where

P =l [Jql\ﬁ_ll enl? — endifi — B (cnn® — cndafs) dn — J‘l B (can? —f'zz&z);z) dﬂ:|
0 0 (& — 30—52) /e (&, — pd,)
Now, let us expand 4 (¢?) in the form

A =hy(tH) +k2loghkh (1) + O (kD). (36)

Inserting the above expansion of 4 (z2) and the value of L (v, w) given by eq. (35) into eq. (31) and
equating the coefficients of like powers of k,, we obtain the equations

thy(t?
jt:( Bl gt =g c<ixl<l &)

and

! 2 2P (!
f th (¢ )dt = _7j thy(t?)ds, ¢ <|x|<1. (38)

2 2
L t2—x
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Using the finite Hilbert transform technique [12], the solutlons of the above integral equations can
be obtained as

4 (2 c2\2 D,
hitD==qg| — | +—m———o= 39)
o q"(l—t2> (1 —7)?—c?)
go(1—c?) :|<t2_02>1/2 D,
hy(e? +D, | ——~ | + , (40)
me)= [ ™ N1=) - -
where D, and D, are constants to be determined using the condition given by eq. (24) so that
1
fhdﬂﬂt=0 (41)
and
1
J h(1¥)dt =
Substitution of the values of A,(¢?) and. A, (z2) given by eqgs (39) and (40) in (41), yields
2 [, E
_z _= 2
D, nqo[c F} “2)
2 2E || E
D2=?qo[l+c2—7}[i,—cz], (43)

where F=F[n/2,. /1 —c*land E=E[r/2,/]1 —¢?] afre the elliptic integrals of first and second
kind, respectively. Substituting the value of D, and D, given by egs (42) and (43) into eqs (39) and

(40), we obtain
]
ho(1?) = =22 il

Mze,/ 2)(tz[—c

|:1+c _ZE}[ﬂ_E}
)= 2P | F Fl 45)

a8 (=122 —c?)

CRACK OPENING DISPLACEMENT AND STRESS INTENSITY FACTORS

(44)

The crack opening displacement and the normal stress component in the plane of the crack
can be written as

W1
Av (x, 0)=v(x,0+)—v(x,0—)=2£[ h(tDd:, c<x<1 (46)
and
2,0 [ th(2?) .
T”(x’o)——n_fctz—xzdt’ 0<x<c 47
2u,8 [P th(e?) |,
Expressions (47) and (48) with the aid of the eqs (36),:‘ (44) and (45) yield
L E |
x_F] P{ | , 2E
7,,(x, 0) = — [1+ = ][1——{1+c2——}k§10 ks]
)’)’( PO \/(1 _xz)(cz_xz) . | F g
1 +0(k?), O<x<c (49)
2__—~
x F]

P ! 2E
0= —pf 1~k Pl -2 Lo,
7,,(x, 0) P[ \/(xz—l)(xz—cz):H:l n{1+c 2 }k logk:l

‘ +0(k?, x>1. (50)
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The stress intensity factors are defined as (in physical units)

K = Lim l:, /(¢ — x)T,,(x, 0)]
Po

X—(C—

(51)
D<x<rc

K, = Lim [V = Dy, 0)} . (52)

x— 1+ Do
Substituting eqs (49) and (50) into (51) and (52) it can be shown that
7]
c —_——
F P 2F
K=——r——=1|1-= 1+c2——}k§lo ks]+0 k? 53
’__—zc(l—cz)[ n{ 7 g %5 (53)

E
F P , 2E),,

Further substituting eqs (36), (44) and (45) in the expression given by eq. (46), the crack opening
displacement is obtained as

n
5(39)
Av(x, O)=%|:l —%{1 + cz—zFE }kflogkx]li—fr—F(l,q)—E(l, q):|+0(k§), c<x <l
12
2 (55)

2
sin A = /i—_%andq=«/(l—c2).

Letting ¢ — 0 in the expression for stress intensity factor and crack opening displacement, the
results for a single crack occupying the region |x| <1,y =0, [z| < o0 are found to be

where

1 P - .
K,=ﬁ[1—;kflogk5:l+0(k§) (56)
A __ 2p 2 P, 2
v(x,0)=—"-. /(N —x¥)| 1—-=kllogk, | +O0(k2), 0<x<1. (57)
26 n
For isotropic medium, putting
cq =c ——142# = Cp=2¢C —2—i
11 2 P y Hp=H, Cp 1 1
so that :
a4 =% “1=fz/'}’2, k,=m,, ki/c,=my, T2=c—
11
N=1=N, 9=—2(1—12)andP=%c,,
where ) ,
3t*—47 -3 aw .
== yi=(&2—m})" and m=—(=1,2)

the expressions for displacement and stress are found to be

R | _a 2 _2E {4
v(x’io)_+2u(l—-cz)|:1 2{l+c F}mz ogm,

(51

(30

=0, |x|l<ec, |x][>1
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and ;

_ E _
A
»-7 |

Ty 0) = —po | 1 +\/(1__x2)(c2—x2)-

= —Do> CS'XISI

2 E )

YTF c ' 2E

= — 1— 1——l{l+c2———}mzlogmjl+0(m2), |x]> 1.
i e sl [ 2 Fjmaloem :

Now, the crack opening displacement and stress intensity factors are found to be

D Cy 2E ;
Av (x,0) = —#(I—_Orz—)[l—i{l+c2—7}m§logm2:|

|:1_%{1+c2_2§}m%10gmzj+0(m§) O<x<c

T
E<_,q>
X [——F(l,,q)"E(l,q)]+0(m%), c<x<l

o

2E
{1 +c2—"7 }»m%logm{|+ 0 (m?)

and

E:I

1.2

[ F cl 2E
K=t—"=11-= 1+c2——}m210 mJ+0 m?
1 /—__2(1—(:2)[: 2{ F 210g m, (m3)

which coincide with the results obtained by Jain and Kanwal [5] up to the order of m3log m, in
the isotropic case.

When ¢ — 0, we recover the stress intensity factor and crack opening displacement for a single
crack

1 (4
_— 1__ 21 2
K, ﬁ[ 2m2 ogm2:|+0(m2)

Av(x,())=ﬂ—(1pT"rz—),/(l —x2)|:1 —%m%logmz]+ O@m3), 0<x<t

which agrees with the result of Mal[2].

NUMERICAL RESULTS AND DISCUSSION

The stress intensity factors (SIF) K, and X, given by eqs (53) and (54) at the inner and outer
tips of the cracks, and crack opening displacement (COD) given by eq. (55) have been plotted
against dimensionless frequency k, and distance, respectively for three different types of orthotropic
materials whose engineering constants have been listed in Table 1.

From Fig. 2 it is found that SIF K, at the inner tip of the crack increases at a slow rate with
the increase in the value of frequency k,(0.1 <k, < 0.6>. On the other hand the rate of increase of

Table 1. Engineering elastic constants

E,(Pa) E,(Pa) ! #2(Pa) V12
Type 1 Modulite II graphite-epoxy cdmposite:
15.3 x 10° 158.0 x 10° 5.52 x 10° 0.033
Type I1 E-Type glass-epoxy composite":
9.79 x 10° 42.3 x 10° 3.66 x 10° 0.063
Type II1 Stainless steel-aluminium com'posite:

79.76 x 10° 85.91 x 10° 30.02 x 10° 0.31
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Fig. 2. Stress intensity factor K, vs frequency k, for generalized plane stress. (—, Type I; - - - -, Type II).
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Fig. 3. Stress intensity factor K, vs frequency k, for generalized plane stress. (—, Type I; - - - -, Type I).
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Fig. 4. Stress intensity factor K| vs frequency k, for generalized plane stress. (Single crack, ¢ =0).
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112A0(x,0)
P

Fig. 5. Crack opening displacement (COD) vs distance (¢ = 0.2) for generalized plane stress. (—, k, = 0.2;
---- k,=0.6).

the SIF K, (Fig. 3) with frequency k, at the outer tip of the crack is found to be higher than that
of K.

In both the cases the value of SIF is higher for small values of ¢, i.e. for greater crack length

SIF is higher. But it is interesting to note that for different materials the variation of SIFs in both

the cases are not significant. In the case of single crack (¢ = 0) the variation of SIF with material
properties has been shown in Fig. 4.

0.32
0.28
0.24

0.20

1y,80(x,0)
Po

0.08

0.04

Fig. 6. Crack opening displacement (COD) vs distance (¢ = 0.5 and ¢ = 0.8) for generalized plane stress.
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K;,40(x,0)
Pq

] ] ] | | ] I | ]

0
-1.0 -0.8 -0.6 -04 -02 0 02 04 06 08 1.0
X

Fig. 7. Crack opening displacement (COD) vs distance (single crack, ¢ = 0) for generalized plane stress.
(— k,=02; ---- k,=0.6).

The COD has been plotted for different crack lengths. In each case COD increases gradually
from zero, attains maximum value and then decreases to zero. It is found that with the increase
in the values of ¢ (i.e. for small crack length) the values of COD decrease (Figs 5 and 6). For a
fixed material the variation of COD with frequency is found to be insignificant, but it is noticed
that for smaller values of ¢ (Figs 5 and 7) the variation of COD with frequency is palpable; ¢ =0
(Fig. 7) corresponds to the case of single crack.

In all the cases where different values of ¢ have been considered the variation of COD is found
to be prominent for different orthotropic materials.
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APPENDIX
Evaluation of L(v, W)

The integral L (v, w) given by eq. (32) is

L. w) =fwM(§, 715 72 )0(Ew) o (v)dE (AD
0
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I

where 5
01252—022“1}’1—ﬁ;(clzéz—“uazyz)—é (A2)
0 (o, —+ Bay)

n=[{—B+(BI-4B) "

M(5,71,72)=5H1(C)=

2= [%{_Bl - (B% - 432)”2}]”2

1
B, =c_{(0fz+2"|z—Cllczz)fz'i'(l +epdkl} (A3)
2 '

1
By=— (£ —k)e, E2 kD).
2 !
To evaluate the integral (Al) we consider two contour integrals

11=j M (&, ) o(E0)H P (EwXE, w>v
T

Iz=f M (&, 70,7200 (E0)HP(Ew)AL, w >, (A4
T2

I
where T'| and T, are the closed contours defined in Fig. 8, and H{, H{ are the zero order Hankel functions of the first
and second kind, respectively.
Assuming the relation

{(cf2+ 2¢, — ¢ epX(1 +sz)+2(1 +c“)}2_{(cf2+ 2012;— Cuczz)z_ﬂ} y {(1 +sz)2_1} <0 (AS)

2
¢ 212 €n (&7] Cxn

2
n n

it is noted that the branch points ¢ = 2,(i = 1 —4) corresponding t(j) the roots of the equation B2 — 4B, =0 are always
complex. Now, the branch points corresponding to the roots of the equations

— B, +(B}1—4B,)"*=0and — B, —(B1—4B,)?=0

are £ = +k; and ¢ = +k,/./ ¢, respectively where it has been assumed that

(cyen—ch—2¢3) > (1 +c) (A6)
J Img
A'3
Tl i -
-k -k (i} !
= = o R
8 ‘/F"f _171'_172. 71'—’72 ks 71_72 e§
ks
Ve,
——I'"
K |
4 AT,
2 [‘2
: — =
%N = ks‘Y
?2 = ks?2
Yi = ks"y\l
'Y'.I’. = ks‘?Z

Fig. 8. Contours of integration ffor integral in eq. (Al).
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and
ch+2c,+ ¢, >0.

Therefore under the above conditions, ¢ = i-kx/\/c_ll and ¢ = +k, are the branch points of y;, and y,, respectively.
Equations (AS5) and (A6) are true for most of the orthotropic materials. The integrals in eq. (A4) can be shown to be zero
on the contours AI'; and AT, (Fig. 8) around the branch cuts from 4, and 4,. Thus integrating along the contours I'; and
I', the integral L (v, w) for w > v can be finally written as

L@,w)=—ik ZI:J”/\/(_“ el — end 1 — B (e’ ~ cpdaT2)
’ Lo 0 @ — fdy)

x Jolke, ) H (P (ke 1w )dn

_J” 5(512’12_0220“2'92)

— . Jolk,nv)H § (k apw)d :|, w>p
ya 0, — Bay) o (ks 0’ (ksmw)dn

where 7,, 7y, &y, &y, B, B, d,, &, §, are given by eq. (34).
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Steady State Propagatlon of a Series of Parallel
Cracks in Anti-Plane State of Straln in an
Inhomogeneous 'Elastic Medium

J. SARKAR ML GHOSH and A.N. DAS

Department of Mathematics, North Bengal Umversuy, Darjeeling, West Bengal 734 430, INDIA.

Abstract
The problem of a senes of semi-infinite; ‘parallel and equally -spaced cracks subjected-
to identjcal loads satxsfymg the conditions of antl-plane state of strain and steadily
propagatmg in an infinite inhomogeneous medium has been solved by the appllcatlon N
* of Wiener-Hopf technique. Elastic modulj and dersity are assumed to vary exponentially
in the direction of propagation of the cracks. The problem of .crack propagation in
the case of constant strain on. the crack edges has been treated. Expressions of the
" stress and crack opening dlsplacement have been derived in closed form and the effect

of the lnhomogenex_ty of the medium has been shown by means of graphs.

H

-1. Introduction

Many authors have studied the dynamic crack propagation in a homogeneous elastic
medium. The probleol presents an interest for better undersfanding of the brittle behaviqur
- of materials. Scattermg of elastic wave by a single crack has been studled m great detzul
But the literature. involving the scattering of elastic waves by a series of cracks is very few.
It is only recently that Angel and Achenbach {1] studied-the reflection and transmission of
elastic waves by a periodic array of cracks Matczynskx [2] also considered the quasi static
problem of an infinite homogeneous elastic medium weakened by an infinite number of

seml mfmlte equally spaced  parallel cracks. However natural or artificial materials are
(Recetved 7 November 1991 )
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generally inhomogeneous and propagatlon of cracks in an inhomogeneous medium has not
been studied. Recently, steady state solutions: have been derived by Atkinson [3] for crack
. ‘propagatlon in media with spatially varymg elastlc moduli when the crack propagates in a
| A plane where the elastic moduli are constant. Atkmson and List [4] also considered the steady
state crack propagation in variable moduli media- when the crack moves in the direction of
the modulus variation. Steady state crack propagation due to shear waves 1l1 a medium of

monoclinic type has recently been studied by Chetto'padhyay and Bandyopadhyay [5].

In our paper, we have considered the steady state propagation .of a series of
semi-infinite, rectilinear parallel and uniformly snaced cracks in an infinite inhomogeneous
medium. Cracks are assumed to-move steadily in the direction of modulus variation, it
being assumed that the moduli vary exponentiallY. We further assume that the medium
possesses constant elastic wave speeds.‘These‘assumpti'ons are necessary for the steady
state solution fo exist. We assume that the ldading is such that Mode III conditions
prevail, Mode III is_the simplest mode ‘to zinalyze rnathematically. Nevertheless, it can
be expected thal the results for the stress intensity factor obtained here will be qualitatively
similar to other modes, even. though the 'speclﬁc structure of the stress variation near
the crack tip will differ in each case. Following Atkinson and List [4], we have also
assumed in our paper that the edges of the cracks are loaded on their entire lemgth by~

. ‘ ,

constant strain. K
|

2. ‘thrmul'atinn of the Problem |

Consider an infinite elastic medium w1th‘ spatlally varying density and elastic moduli
dxwded partially by an infinite number of senu-mﬁmte, rectilinear, parallel :and umformly

spaeed cracks. |

!

L
The semi-infinite cracks are situated parallel to the negatlve xl-axns at 21 distance

apart and move along positive x;-direction at a constant velocity ¢ < c,.

.

|
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Steady State Propagation of a Series of a Parallel Cracks 243

The cracks are assumed to propagate steadily in the direction of modulous variation.
We assume that the elastic moduli and density both vary exponentially in the same mannper;

so that the medium may have constant elastic wave speeds.

Owing to symmetry of the problem, it is reduced to the problem of an infinite
elastic strip of thickness 24 weakened in the middle plane x, =0 by a semi-infinite crack

x1 <0, the surfaces x, = x h of the strip being rigidly clamped.

P
)ﬁ

f,
S S

| —>€2h—><-2h—d>e—
I
e

Fig.1

,sz_ Ay

€---Ct - —»

““““ - T RE?
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The displacement U in the énti-plane state of strain in a rectangular co-ordinate system

(¢ 5%y ,%5) is in the form
T=00,0,w(,x,t)] | )

The non-vaniéhing components of this state of strain are given by the following relations:-

e _ow ¢ _aw
13 3y, 2= 9x,
ow 2ax, dw ow 2ax; dw
TI3=H gy TH€ gy TBTHgy THC T 5 @

*

where the shear modulous u (x; ) ==y, e2%x #y and a are constants.

Using relation (2), the.equation of motion of SH-“wa\}es is

S aw 9 aw] 2w
EE2) l:.u 1) 35 xl] + 5 % [ﬂ (xl)-a_xzjl ?P(x1)3t7
2 ) ' 2 |
-2
or, ——2—6 Y+ ———2—3 Y+ 2a _g;v =c, ——2—6 LA ' - 3)
ax1 6x2 1 daf -

where p (x; ) =p, e2%*; so ¢, =V (x;)/p (x;) =V /p, is the shear wave velbcity.

The fixed coordinate system may be replaced by-the conventional system (x,y,z)
moving with the crack tip. V .

xy=x+ct, x=y, x3=z ; 4

Using relation (4), equation (3) becomes

2\ ow | o%w w_ |
(1—;%-)52—+3y7.+2a§—0 :_._: ,, -G

Jour: Math. Phy. Sci., Vol. 27, No.4, August 1993 1
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Applying complex Fourier transform in x, equation (5) becomes

-
S S
where g =(1-%) & +2ial
c
2

and W@y =@n) " f wey)e d

— o0

The solution of equation (6) becomes

W(Z,y) = A sinh (By) + B cosh (By)
where the constants A and B are to be determined.

w

3. Solution of the problem for constant strain 3y = P of the crack edges x < (

We now consider the problem when the constant strain given by

a-y ’ I3

is applied to the crack face y =0, x < 0.

245

- (6)
(7.1)

(7.2)

(8)

©)

We shall therefore consider the steady state crack propagation under the boundary conditions.

ow

W=P’ for x<0,y=0
w(x,y) =0, forx>0,y=0
w(x,y) =0, for |x| < w,y=h

Now we can write
— =P, for x<0,y=0

=e(x), forx>0,y=0

(10.1)

(10.2)

(10.3)

Jour. Math. Phy. Sci,, Vol. 27, No.4, August 1993
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where e(x) is the unknown function which is -to be detemined.
In our case
. -] 0 ) 00
@ry72 | S ar= | Star+ @myTIR [ G ax
— —c 0

0 ©
% 0 =@u) Y2 [ Peax+ (2m)"2 [ e(x) ™ ax (11)
: ‘0

— 00

Therefore using (8) and writing (27) 12 ? e(x) e't"idx =E_©)),
0 1
BA = (27:)—1/2% +E,&)  for —k<Im¢ <0 (12)
if e(x) ~ O(e_th) asx = o

Using the conditions (10.2) and (10.3); it can be eaéily shown that

_ "G , (13)
tanh (6h) ‘\ : : :
0 | .
where W_ (§,0) = (Zn)"l/2 J wx0) edx is analytic in the lower half-plane Im¢ < ky if

we assume w(x,0) ~ O(1*) asx > —w .

Eliminating A by equations (12) and (13)

W_(,0) -ip1
b tanh (Br) V2% & +E4©) | : (14)

" . (15)
»n=? . (%) s

[cf. Noble [8], eqns. (3.96a) and (3.96b), p.123]
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Now consid_er-
- (B e (B - () prgt it + (1))
= (%) ['g + 2za§' (vh)z ] | (16)
wh‘ére v=1- cz/c% .

So equation (16) can be written as

1- (',%")2 = (}j%) € +inh) € +imy)

s ke
where 7]1- =2+ + |22
n VZ 4 v

.0 2 2 -
Similarly, 1- ((T—I%Z)—Jr) = (:—Z) (C'*‘iﬂ:_m) C+in,_, )

It may be noted that 77, and 7,_,, are negative real quantities.

So equation (15) becomes -

10 @) € i
KO =5 Pl €+ i) € + iy ) (n — 1/2)

1 ;Io C+ing_1p)  n. . T Ctim_y)  n
Ry Crig) @12 o crmh @-102)

=K~ () -K" () (say) _ (17)

where K~ (§) is analytic in the lower half-plane given by Im¢{ < —1;1;/2 where as KT (C) is
analytic in the upper half plane given by Im¢& > —77;",2.

Jour. Math. Phy. Sci., Vol. 27, No.4, August 1993 -
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Now K+(§) = lj; €+ i”:_w‘) (n=0)
S (S

X

12

o2 — 122 52
[§+i(%+(v—4+£'—'—v;%l7—) )} (n — 0)

! 7
1 [;+z(%+(j ’52‘2) : )} (n —172)

'
!

| e
[—C;—h+i(j—:;+{322—£+(n—1/2;)2]- )] (n —0)
' 7,
! [—%’[ﬂ+ (a”+{“h2+n} )](n—llz)

Now elastic moduli and density are assumed to be va‘[rying slowly with x; so that o/ may

I
i s

be assumed to be small.

b

So neglecting qzhz we get

) [%’l (“” +(n - 1/2)}] (n—0)

Kr @) =11 :
n=1 [CVh + i {gﬂ + n}] (n— 1/2)

b

=1I itk h : | ' (18)
n=1 [n - (’; & ] -1/2) }
Next using the formula _ |
o » |
ﬁ (n—ap) s (n— ak) IIEI Q- Pm)
=1 | @ = D7) e, (n=bp)| a1 TA—a,)
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which expresses the general infinite product in terms of the Gamma functions (cf. Whittaker
“and Watson [6], p.239)) we obtain from (18)

N e

= (19
ror(z- (% -5 |
Similarly, for small values of ah, ncglectmg a?h?, it can be easily shown that
I‘[ szh ah]
JT Vit
K®O=%—T n o (20)
| r[‘2'+lCTv_W]
Now writing coth Br) = K@) =Kt (E)f ©), equation (14) becomes
~KQ) KQ) W60 = ~7pr g +E4©)
- . E,®
o, K OW_G0)=—ypr—p—+—
ELe K@
__P 11 1 ]_ P11, EQ
B ME[K*(;) K+(0)] VIE LK) KTE)
Therefore,
P11 _EQ p1[ 1 1 :
Q- @’O”m IO K0 Vﬁ?[zd@) K+(0)] @

The expression on the left hand side of equation (21) is regular in the half—piane
Im§ <0 whereas RH.S. is regular in Im& > —K; where K, = min (%, 77;/2 ). The equation
(21) holds in the strip —K; < Im{ < 0 and therefore using analytic continuation and Liouville’s
theorem we can write

iP 1

5 L RO (22)

W_E,0) =

. Jour. Math. Phy. Sci., Vol. 27, No.4, August 1993
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. ' + ' s
and  E @)= L %l %%] o . (3)

Therefore, by help of (11) and (23), we obtain

W _ __iP 1K'}
& &0 = v i)

I
o —ig
6w

So, o _7—_ f_ é—K—+L(O§ d§ where:—K1 <e<0 (24)

For x <0, considering a semi-circular contour in the upper half §-plane it can easily be

verified that

ow _
W_P

Now for x > 0, substituting the values of K™ (§) and K* .(0) from (19) and (24) we obtain
1, ah ikvh |, ah
ol e

1 ‘
ay— .2”1.,[1_‘_&_11] —J—isfr[%_icﬂ.pﬂ]
4

e dE (x>0)

4

1, ah 1
5+ Tip+5
iP [2 W‘] _m (1, ah) POFS 1 (p 2) e
=7 e w27 v X I‘(p evh? dp
rf14+¢ s (L, ok )
%3 “ 2 (%3
:
_1 ah vhe ‘
where S——Z‘ W_T
1, ah 1 ah
iPr[i-l_Wf] m (1, ah joo+s F(p«—i—vn) F(p+%—) e
= = e‘?h'(i T2 evifd
27 f 1 vh® ap
2 v

—_— 7 X
. E I'w)
I‘[l + ah] —ioo+s r(p +[ _ _a_h_) A
|
\
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1, ah
, "5

1 ah
2]
1‘[1+“h]

1 ah 1

X 2F (_7;_1% 75

[cf. Exdelyi et. al. [7], formula no. 7. p.262]

1
zx (1, ah _ax\ "2
1+ah) evh (27 wx] |1 —¢ vh

v

1-e Vh)

ah -

1 1 R
=- —zi =l 1= e
VEI‘[1+ah] e e e Sat)

1 _ah 1

JX .
where ,F, (— S~ 2 1- e_ﬁz’) is the hypergemotric function.

It is known that the series

JF; (a,b,c Z)=1+a.b +a§a+1!bgb+12 24

12.c(c+1)
a(a + D(a+2)b(b + 1) +J 3

123.c(c + 1)(c + 2)

2 ,
therefore neglecting (—S—J};) and higher power of %}%

1 _ah 1

PR

. =
where z=1—-¢ 7 ;

After a little algebraic simplification it can be shown that for small —

ah 1

1723

_1+ﬂ(5+—z— % Z—+)

ah
vIT

oFy (=5 - 22,2, 9= 1+—[(1+V‘)log(1+f)+(1—f)log(1— z)]
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Therefore |
|
1, ah ‘
Fls+—
ow__ P [2 WI] 1 :
W'— — — 1
ﬁl" 1+%h_ VI —exp( mc/vh)}}

{1+———[(1+\/_)log(1+\f_)+(1 \/_)log(l—\/_)]} (x>b) (25)

Next in order to determine the crack opening disp_lac;ement consider equation (22) viz.

iP 1 1
V27 § KT (0K~ ()

W_E 0=

which by help of equations (19) and (20) becomes

1, ikvh ah)
,iPhF[i"‘T'm] F[

N[ =
S
A&,

- | 1
W_(,0) = ;
€0 - V2 ikvh  oh’ ' ah 13
. Di+=r | Tt
Therefore 1
!
1, ikvh ah] L[1, ok
apl = F[E’LT"W] f[i*‘ﬁ] | e
wi,0)=—"—=_- [ ‘ r dg
’ T 2t |
_w_,er[”tivh %] 1‘[“%] 13

Obviously for x > 0,w(x,0) =0. In order to find w(x, 0) for x<0, we firstly evaluate
d_w‘(ixx_Ol which is given by

|
1, ah 1, ivh | ah
e WP 1 F[i*‘ﬁ] coie F[i*? rm] _
Pl = S ] - e dg
@ = 2”1‘ 1+ —ois |14 8Vh 0k
v T | VI
Rl ah "
w_r4D 5] e T 10 s,
aw » A
. & W r ] Je Taah ¢ P
wWE r1+7];] sim Tp+)
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where p= % +

Using the table of inverse Laplace transform [7], we find

o 1 ah
(1 _ahy T "‘+-:|
dw _ Pesi (77 5) [2 w 1
dx wWr LT 4 ek VI—exp (uxivh)
Vi
_ Integrating w.rt. x we obtain
i
r %+% -
0)=-L i R eZh dx  (for x<0) (26
TR g L T @
1+ - .

Making x - —co, it can easily be shown that
1, ah 1 . ah
o2 2]
7 ah ah
T [1 + VJE] l"[l - ﬁ]

Putting ¢ = 0 in (25) and (26) exbressions for @%yﬂ and w(x, 0) for homogeneous medium

w(x, 0) - 27N

can be derived and they are found to be identical with the results given by Matczynski [2].

Crack opehing displacement is obviously Aw = 2w(x, 0) where w(x,0) is given by
(26). In figs. 3-5 dimensionless values of the crack opening displacement given by

Y= % have bécn plotted against the dimensionless distance x’' = _hx_ along the length

- of the crack for different values of a; = % and ¢, = c/c,.
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04 J
o2
o 10 ] SNV SUPURE HPIRE TR UV U IO SO A PR MY N VAV Y P S T S
[o] L 4 5
X=-X/h —— -
—_ Q1=.9,o(’=‘.0 _—— C1=-9,°(,=.1 — = Cy= 9 o<,=_2 -------- Cy= 9 OC,— Y
Fig. 5

It is interesting to note that for a fixed value of ¢;, crack opening displacement
increases with the increase in the values of the inhomogeneity parameter ; for large values
of x' whereas for small values of x' (x' # 0), the result is just the opposite. Further it may
be noted that for any given value of the inhomogeneiFy parameter «;, crack opening

displacement Y at any point x’ increases with the increase in the crack propagation velocity.
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INPLANE PROBLEM OF DIFFRACTION OF ELASTIC WAVES
' BY A PERIODIC ARRAY OF COPLANAR
GRIFFITH CRACKS

"J. SARKAR and M. L. GHOSH
Dcpanmcm of Malhcmaum North Bengal Umvcrsxty, Darjeeling-734 430 India  ____.
S. C. MANDAL
Department of Mathematics, Indian Institute of Science, Bangalore-560 012, India

Abstract—This paper represents the analysis of the problem of diffraction of longitudinal waves by a scrics
of periodically spaced coplanar Griffith cracks in an infinite, isotropic elastic medium. Due to the
‘periodicity of the geometry, the problem with a single crack in a strip with boundaries such that shear
stress and normal displacement are zero on them. On use of Fourier transform the mixed boundary value
problem for a typical strip has been reduced firstly to-the solution -of dual integral equations and finally
to that of a Fredholm integral equations of the second kind. Numerical values of stress intensity factor :
aod the crack opening d:splaocmcnl have been plotted graphncal)y

1. INTRODUCTION ]

THE PROBLEMS involving .cracks or inclusions in elastodynamics are of much importance in view
_of their application in geophysics and earthquake engineering. Uptil now many problems have been
solved involving one or two cracks in an infinite homogeneous elastic medium. Locber and Sih [1]
and Mal [2] have studied the problem of diffraction of elastic waves by a Grffith crack in an infinite
medium. The problem of a finite crack at the interface of two elastic half spaces has been discussed
by Srivastava et al. [3] and Bostrom [4]. Finite crack perpendicular to the surface of the infinitely
long elastic strip has been studied by Chen [5] for impact load and by Srivastava et al.[6] for
normally incident waves. But elastodynamic problems involving two or more Griffith cracks have
not yet received much attention. Jain and Kanwal {7} have studied the problem of scattering of
- elastic waves by two Griffith cracks for normally incident waves and the same problem has been
considered by Itou [8] for impact load. Angel and Achenbach [9] have studied the problem of
reflection and transmission-of elastic waves by a periodic array of cracks in an infinite isotropic
medium. The problem of diffraction of SH-waves by a series of cuts in nonhomogeneous solid was
investigated by De Sarkar [10]. The steady state vibration of an infinite isotropic medium with a
periodic system of coplanar cracks has been discussed by Parton and Morozov [11] using the
method of the finite Fourier transforms to reduce the relevant mixed relations.

In our paper, the diffraction of normally incident time harmonic clastic waves by a periodic
array of oeplanar Griffith cracks in infinite elastic medium has been analyzzd Due to geometrical
symmetry the problem has been reduced to the solution of the problem of a single crack in a strip
whose boundaries are shear free and constrained in a way not to permit normal displacement.
Applying Fourier transform the problem has been converted to the solution of dual integral
equations. The dual integral equations finally have been reduced to a Fredholm integral equation
of second kind by applying Abel's transform. Expressions for stress intensity factor and crack
opening displacement have been derived in closed -form. The numerical values of stress intensity -
factor and crack opening displacement have bcen prescntcd graphlcally to bnng out the salient
features of the problem._ . o

2. FORMULATION OF THE PROBLEM

We consider a homogeneous, isotropic, linearly-elastic, unbounded solid weakened by a infinite
number of collinecar cracks of equal length which are equally spaced on a linc taken as the x,-axis.
- The length of each crack is 2a and the period of the crack-array is 2A, as shown in Fig. |. The
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Fig. 1. Incidence of plane time-harmonic wave on a periodic array of cracks. -

cracks lic in the plane x, = 0 and extend to infinity in the x;-direction which is perpendicular to
the plane of the figure. For convenience we make all the lengths dimensionless by writing

x,Ja=x, x,Ja=y, xjja=z, h/fa=h

Let an incident time-harmonic body wave travel in the direction of the positive y-axis. The steady
state term e~™*, which is common to all field variables, has been omitted in the sequel.

By simple symmetry considerations, the displacement and stress distribution due to the
scattered field in the entire xy-plane can be derived by considering only the isotropic elastic strip
|x| < h with a central crack |x| < 1, y = 0; the boundaries of the strip x = + A being shear free and
constrained in'a way not to permit normal displacement. :

The displacement components are

_o9 9 Ty
T ox dy T ’ M
and
a¢ LW B
v= 8x A

where ¢ and ¢ are scalar and vector potentials satisfying the following equations.
82¢ az¢ 2 5247
ax* gt ok
2 2y a28?
Py, P4 _ady - o
ox? 6y 2o’

where ¢, = (A + 2u/p)'* and ¢, = (u/p)'” are the dilatational and shear wave velocities, 4, u are the

. Lame’s constant, p is the density of the material.

Therefore, substituting ¢(x, y, 1) = ¢(x, y)e™™" and y(x, ), t)-gl/(x y)e = our problem

- reduces to the solution of the equatlons

oy o g
El; +22 d’ P ki =0
Z 2
o o .,
. —+—+kiy=0 - 3
ox 2 + (-)y -d’ ( )
subject to the boundary conditions- : -
T",},(X, 0) = —p(—t)’ hl <1 (4)



Inplane problem of diffraction of elastic waves .3
T5(x,0)=0, |x[<h ‘ 5 .

v(x, 0 =0, 1<|x|<h - (6)

T (2hy)=0, <o ‘ ' M

u(thy)=0, Iyl <w ®)

where k,=aw/c, (i = 1, 2).
Solutions of eq (3) arc

2[ (= ® R
¢(X,y)=\/; f A ({)e™ cos { xd£+f A;.(«f)cosh(a'IX)CO'sfﬁ'df]-: s
) LJo 0 : . “ L

and

Jo

2 [ (o o«
llf(x'}’)=\/; j B\({)e~#sin{ x d{ + [ B,({)sinh(B, x)sin {y df] 9
L Jo

where 4,(0), 4,(¢), B,({), B,() are constants and |
cTT T a=1-kY)R, { >k B=(—k2)", { >k,

= —ik}-{)", [ <k, -~ =-ii-(Y"? (<k
a, =(fz_kf)m» E>k B=(? ‘kl)lr >k
=—i(k}-EYR  E<k, = —i(ki-¢D)R, &<k,

Now the stress 1,, can be expressed as

at,,(x,y) = f,z; [ —u Lm (= 20ad, (e + (2 + BB, (e~*)sin { x d{
+u f ¥ (=280, Ay (& )sinh(e, x) + (2 + B2)By(& )sinh(, x)sin &y dé]. (10)

3 A1 ). (i)

“The boundary condition (5) yields
| ’ o 2a
(’2+ ﬂz

Assuming — (A, () = A), a,A,(&) = C(&), —E&By(¢) = D(¢) and using the relation (11), ex-
pressions for displacements and st,esscs ﬁnally can be written as

u=\/1_§zjo°°[c 2() lcz }A(C)sm(xd(

+ \/; J‘ [C(&)sinh(a, x) + D(&)sinh(B, x)Jcos &y A& (12)
. o

2(2 P
U—\/;L[ ~To ”}x{ A({)cos { x d{

B\({)=

fj Car'C(f)cosh(ax)-rﬁ; 'D(f)cosh(ﬂ,x)]sm{vdL 13y ¢
A A

2 :
. ar, =—#fj [(2(, ~ ke~ 2;?& ! _ﬂ']C_AA(C)COSCXdE

— f f [———(z“‘” )C<c)cosh(a,x)+v/s,D(c)cosh(/f r)]cowds —(14)
T Jo
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at, = —p \/% J’m [e~v — cfﬂ”]2aA ()sin{ x d{
—H \/%-.F-IKC(E)sinh(a.x) + E7'(262 — k3)D(¢)sinh(B, x)]sin §y . (15)

_ 3. SOLUTION OF THE 'PROBLEM
The boundary conditions (4) and (6) yi::ld the following two integral equations:

J'.m%[l +H(IB(E)sin{ x d{ =R(X), 0<|xi<]1 - (16)
F%B(c)cosc:id§=o, 1< x| <h (17)
where o ’ .
_ 2a(ki—k3)AD) : '
B(C)__ﬂ__ : “ | (18)
Hm:_ac’—k%)—‘*aﬁc’_l (19)

2a{ (k= k)
H()—0 as{—oo.
R(x)= \/% p'a J; *p(x)dx — L ) [(2a§£k§) C(é)sinh(a,x)+72D(6)sinh(ﬂ,x)]dé. 20)
Let us consider the solution of integral eqs (16) and (17) in the form
B()= \/%t J‘ fR@a @1)
so that the integral eq. (17) is automatically satisfied. | |

Now, substituting the value of B({) from (21) in (16) and using Abel's transform we obtain
the following Fredholm integral equation of second kind:

f(i)+'[ wf()L, (1, u) du = Q(¢) (22)
where, . ’ ) ,
Q()_;—zEJ’ (t*—2%)"p(z) dz — ff Jai! Qad +k3)Io (o )C(E) + 28, L, (B 1)D(E)] A (23)
" and - ..
L, u)=J {H(Wo(u)o(C)dl. (29)

From the boundary conditions (7) and (8), the unknown functJons C(¢) and D(&) can be found
to be related to B({) as:

2 . N - 2 2
CO = =i h)[—c’ f & 08 a + =KD f & C)B(C)dC:’ 25)
2 ) . ©
D'(é)__-”nk'g(kf—k§)sinh(ﬂ,h)[fzﬁ gn(C.C)B(()*dC‘—‘C’f gz(f.C)B(()'dC]' (26)
where, | 2}3f+ k3 2al+ k3 -
gl(é!()= { C1+ﬂ2 - C2 } n(ch) ’ ) -
_ 2(ﬁ2+k) 2a’+k2 -
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Next, substituting the value of B({) from (21) in the expressions of C(§) and D(&) given by
(25) and (26) and using the result (Gradsteyn [12]) .

= { sin@h)Mo@u) . =
\ —_—Cz‘*’a% d{ —5 ,Io(‘-lrw)c .
C(¢) and D(¢&) can be written in terms of f(r) as -
ey W (u)du
CK)= 22(k2 Z)J' [(2ai+ k) (a u)e ]sinh(a,h)
ke g W@ e
D(¢)y=~ \/;(kz kz)Jl (LB u)e* ]m (28)
Using the above relations (28) in (23) we obtain ’
1 1.
00 =22 f ST d + f Ul (e, ) + Lot ) ) du 29)
where, ‘ : . »
Lyt ) = = | [ @t + Kl 1) Ly ) e (30)
’ k=K J, TR ! sinh(e, h)
4
Ly(t,u)= = k%)J- [B: (B} + k3 )Io(ﬂ,t)lo(ﬂ,u)c “]mh—) (31

Next substituting Q (1) from (29) in (22) and assuming p(x) = p, and f(¢) = apyg(t)/u we finally
obtain the following Fredholm integral equation of second kind for the determination of g(t):

g(t) + J.l ug(W)L(t, u)du =1 o 32
o . . L

where .-
L(t,u) = Li(t, u) — Ly(t, u) — Ly (1, u) ' (33)
and L,(t, u), L,(t,u) and Ly(t, u) are given by (24), (30) and (31) respectively. .

It is to be noted that the kernal L;(s, u) represented by the semi-infinite integral given by eq.
(24} has a slow rate of convergence. In orderto make the numerical analysis easier, the semi-infinite

integral has therefore been converted to finite integrals by using simple contour integration
technique (Srivastava er al. [3]) and is given by

ik3 2n?
L) = =g kl)[ 0 ((r : 2)?” FolemHy ko) dn

+J~ 4'1’(1?-nz)'”Jo(kznu)HS”(kzvf)dn], (>u (34)
[

where y = k, /k,. The corresponding expression of L, (¢, #) for 1 < u can be obtained by interchang-
ing 7 and v in (34). ) _

4. STRESS lNTENSITY FACI‘OR AND DISPLACEMENT

‘ The normal stress 1,,(x, y) in the plane y = 0in the v1c1mty of the crack tip can be found from
" eq. (14) and'is given by . —

rn(x O)——pf-[ B(C)cosdeC-H)(l) x>‘]‘

g(+01), x>1.

PoX
Jxt=1
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Fig. 2. Stress intensity factor K vs dimensionless frequency k

Defining the stress intensity factor by
K 1,,(x, O),/ ,

x—ol+

it is found that
lg() 35

K==
) V2

Now the crack opening displ_accment Av(x, 0) =v(x, 0-+;) — v(x, 0—) can be obtained from (13) as

.- Av(x,O):—\/__(k2 k)J. (B(C)cos(Cx)dC lxl

which.on sﬁbstitution of the value of B({) from (21) takes the form
a I gg(t) de : o
Do g ( i A X < 1 (36)

Av, O)Eu(l ) ). (11—

o 1.8 -~
g ™ ———h =18
- ~
“d 1.471- AN
~
! e
= o N\ 2"
ol - N
x. CP 1.0+ \\\'
2 ¢ ™ \\\ -
_oad kqo=1 > “\
0.6 k ? \\\\ r”’ ‘\
_E— 2= 0.4 N~ '
e ——— . [
- K ~—— [\
S \
O 2 N “‘\ -
Ky =04 T TN
| 1 I |
0 0.2 0-4 0.6 0.8 1.0
X —s

Fig. 3. Crack opcning displacement vs distance
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5. NUMERICAL RESULTS AND DISCUSSION

. Using the method of Fox and Goodwin [13] the Fredholm integral equation given by eq. (32)
has been solved numerically for different values of dimensionless frequency k, and 4, the separating -
distance of the cracks. At first the integral in:(32) has been presented by a quadratire formula
involving values of the desired function g(f) at .pivotal points inside the specified range of
integration and then converted to a set of linear algebraic simultaneous equations, solving which
the first approximation to the required pivotal values of g(r) has been obtained. Applying
difference—correction technique the first approximations has been improved. The standard numeri-

- cal integration technique has been used to evaluate the kernals Li(t,u), Ly(t, u) and Ly(t,u) given

'
R |

by (34), (30) and (31). After solving the integral eq. (32) numerically, the stress intensity factor X
and the crack opening displacement pAv(x, 0)/ap, have been calculated numerically and plotted
separately against dimensionless frequency k,(0 <k, < 1) and dimensionless distance x(0 < x < 1)
respectively for different values of 4. The value of y is taken to be 1 /\/5. From Fig. 2 it is interesting
to note that the number of oscillations in stress intensity factor X increases with the increase in

- the values of h. The crack opening displacement (Fig. 3) is greater for higher values of 4 and also

for higher values of dimensionless frequency k;. -
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DIFFRACTION OF ELASTIC WAVES BY THREE
COPLANAR GRIFFITH CRACKS IN AN ORTHOTROPIC
MEDIUM

J. SARKAR, S. C. MANDAL%} and M. L. GHOSH
Department of Mathematics, North Bengal University, Darjeeling-734 430, India

Abstract—The dynamic response of three co-planar Griffith cracks situated in an infinite orthotropic
medium due to elastic waves incident normally on the cracks has been treated. The Fourier transform
technique has been used to reduce the elastodynamic problem to the solution of a set of four integral
equations. These integral equations have been solved by using the finite Hilbert transform technique
and Cook’s result. The analytical forms of crack opening displacement and stress intensity factors have
been derived for low frequency vibration. Numerical results of crack opening displacement and stress
intensity factors for several orthotropic materials have been calculated and plotted graphlca]ly to
display the influence of the material orthotropy.

1. INTRODUCTION

Recently, with the increased usage of macroscopically anisotropic construction materials such
as fibre-reinforced materials, the study of diffraction of elastic waves with cracks or inclusions
has attracted the attention of scientists. The different possible location of cracks with respect to
the planeé of material symmetry is of great interest in Seismology and Exploration Geophysics.
The problem of scattering of elastic waves by cracks of finite dimension in isotropic medium
has been investigated by several investigators. Many investigators [1-6] have solved the
diffraction problem involving single or two cracks in an isotropic medium. Dhawan and
Dhaliwal [7] solved the statical problem involving three coplanar cracks in an infinite
transversely isotropic medium. The dynamic problem of singular stresses around cracks in
orthotropic medium are few in number. Kassir and Bandyopadhyay [8] solved the problem of
elastodynamic response of an infinite orthotropic solid containing a crack under the action of
impact loading. The problem of normal impact response of a finite Griffith crack in an
orthotropic strip has been solved by Shindo [9]. De and Patra [10] have also solved the problem
involving a moving Griffith crack in an orthotropic strip. Recently Kundu and Bostrom [11]
treated the diffraction problem of a circular crack in orthotropic medium.

To the best knowledge of the authors, the problem of diffraction of elastic waves by three
coplanar Griffith cracks in an orthotropic material has not been considered. In our paper, the
interaction of normally incident time harmonic elastic waves with three coplanar Griffith cracks
in an orthotropic medium has been investigated. It is assumed that the faces of each of the
cracks do not come into contact during small deformation of the solid. The resulting mixed
boundary value problem is reduced to the solution of a set of four integral equations which has
been reduced to the solution of an integro-differential equation. Iteration method has been
used to obtain the low frequency solution of the problem. This enables us to obtain
approximate value of the crack opening displacements and stress intensity factors. Making the
length of the central crack tend to zero, the corresponding results for two Griffith cracks have
been obtained. Numerical results for stress intensity factors and crack opening displacements
have been plotted against dimensionless frequency and distance respectively for different
orthotropic materials which have been shown graphically.

1To whom all correspondence should be addressed.
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2. STATEMENT AND FORMULATION OF THE PROBLEM

Consider the interaction of normally incident longifudinal wave with three coplanar Griffith
cracks situated in an infinite orthotropic elastic medlum The cracks are assumed to occupy the
position |X|=d,, d;=|X|=d, Y=0, |Z|<o. Let E,, w;.and v; (i,j=1,2,3) denote the
engineering elastic constants of the material where the subscripts 1, 2, 3 correspond to the X,
Y, Z directions chosen to coincide with the axes of material orthotropy. Normalizing all the
lengths with respect to ‘d’ and setting X/d=x, Y/d=y, Z/d=1z, d,/d=b, d,/d =c, the
cracks are defined by |x|<b, c=sx|=<1, y=0, |z] < t(Fi_g. 1).

Displacement components are also made dimemnsionless with respect to ‘d’ so that
dimensionless components of displacement in x, y directions are assumed to be u, v
respectively, where

u=u(x,y,t) and v =iv(x, ¥, 0).

Let a time harmonic plane elastic wave originating at y = — and incident normally on the
three cracks be given by v = v, exp[i(ky — wt)}/d where k=do/cVey, cs=(nlp)?, vo is a
constant, w and v,/d are the frequency and dimensionless amplitude of the incident wave
respectively, p being the density of the material. In the isotropic solid, ¢, represents the velocity
of the shear wave.

The non-zero stress components 7,, and 7,, are given by

i
/l—'«lz Cialt x T CoU,

Txy//-"12 u +Ux . l (21)

where u, v denote the component of the displacement in the x, y directions respectively and
comma denotes partial differentiation with respect to the coordinates or time ; ¢;(i, j = 1, 2) are

z '
!

Fig. 1. Geometry of the cra'T:ks.

i
l
1
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nondimensional parameters related to the elastic constant by the relations:
e = E/pi(1—vhEE)
¢ = Ej/pn(1— V%zEz/Ex) =y Eo/E,
C12= V2 Eal p1o(1 — vLEL[E)) = Vi3 = Va0 (2.2)
for generalized plane stress, and by
e = (E1/Api)(1 — va3v3))
22 = (E2/Apio)(1 = vi3v3))
Ci2= E (V21 + Vi3V B2/ EN)Apyp = Ex(Via + Va3 v, E/Eo) [ Apy,
A=1—=v3Va = Va3Vay — V3 Vi3 — V1o Va3 V3 — Vi3Vy Vi 2.3)
for plane strain. The constants E; and v;; satisfy Maxwell’s relation:
Vil E; = v;/E;. (2.4)

The displacement equations of motion for orthotropic material are
2

Cill ety + (Lt e, = -C—zu,,,
s

d2
CnVyy TVt (L HcCi)uy = 2 v (2.5)

S

Substitution of u(x, y, t) = u(x, y)exp(—iwt) and v(x, y, t) = v(x, y)exp(—iwt) in equations (2.5)
reduces them to

Ciillge Hlyy + (L + Cio)v,y +k2u =0
szv,yy + U'xx,+ (1 + Clz)u_xy + k?v = 0 (2.6)

with k2 = d?w?/c?, which are to be solved subject to the boundary conditions

v(x,0)=0, b=|x|=c, x|=1 27
Ty (x, 0) =0, x| < oo (2.8)
7,,(x, 0) + 78)(x, 0) = 0, x| <b, c<|x|<1. _ (2.9)

Henceforth the time factor exp(—iwt) which is common to all field variables would be omitted

in the sequel.
Using the condition (2.8), the solutions of equations (2.6) may be written as

(s, 3) =2 [ Lexp(=1191) — B exp(=72 yDIA,(E)sin(en) de 2.10)

v(5,) =2 [ Zla exp(=yIy) ~ Basexp(-y: DMAOcos(E de. y>0 @11)

ES 33-2-8
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and the stress components are given by

ol = =2 [ (it @dlexp(-m )~ exp(-mYDMAEsin(E) 46, y>0 @12)

ol = [ [ (et = 5 exp(- 1)~ B(erné ~ 272 )exp(y2 Iy | (E)eosté)

£
(2.13)
where
cng-k-v
= “(i+c )y” i=1,2 | (2.14)
12} 7i
B=——$‘:Z' | (2.15)
2 2

A,(£) is the unknown function to be determined, and ¥}, v3 are the roots of the equation
022')’4 + {(C%2 +2¢15— 011022)§2 +(1+ sz)kg}%yz + (Cllf2 - kg)(fz - k?) =0. (2.16)
With the aid of the boundary conditions, (2.7) and (2 9) A(¢) is found to satisfy the integral
equations
j A(f)cos(éx)déE=0, " xel, I, 2.17)
0

and

f H(&)A(£)cos(é&x) dg = — 2—, xel, L (2.18a, b)

M2

where I, = (0, b), L=(b,¢), L={(c, 1), = (1, ®) and °

Po= ik#lzczzvo/u (2.19)
Baz
A(§) = § — A (E) (2.20)
2 —
H() = €12 —Cpa Y1 — B(C12§ szaz’)’z) (2.21)
(a; — Bay)
3. METHOD OF SOLUTION
The solution of the integral equations (2.17) and (2.18) is taken in the form
1(° 1 '
A= EJ- h(f)sin(&r) dr + Ef .g(u?)sin(éu) du 3.1
0 - .

where A(t) and g(u?) are the unknown functions to b:e determined. Substituting the value of
A(¢) from (3.1) in (2.17) and using the following result [12]

t>x

o S
" sin(ér)cos(éx) ., 12’
J(‘, I3 ¢ = Q, t<x
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it is found that the choice of A(£) leads to the equation

fcl g(u?) du=0.

Further substituting A(¢£) from (3.1) in (2.18a) and using the result [13]

u-+x

f ¢ sin(&u)sin(éx) dé == log

we obtain

d t+x d (! u-+x
— 1 - + — 2 _I
dx.[, h(t) og‘t_x'dt de: g(u®) log Y —x du

~2fan= 5 [ o & [ B@ " sincesinger) ag

o ) |
- o[ s [ m@e sin@sinen ag],  xer
where 7
__
o 2612
HQ .

—0 as E—)oo

Hi(§) =

(C%2+012_Cl1022)(012N1N2 Cn)_sz[ClzN N2+011(N2+N1N2+N )]
(1 +c)(N +Ny)

9:

1
N% =2c {cnien— Czl’z —2cpt [(0%2 +2¢, - Cnczz)2 - 4C11022]“2}
22

. .
N3 =;{Cnczz — 3 —2¢1,— [(32+ 2¢12 — criexm)? — 4] )
2

Using the relation

sin &x sin &t _ f x f "wuly(Ew)Jo(fv) dv dw

o(xz . w2)1/2(t2 _ v2)1l2

equation (3.3) can now be rewritten in the form

d (* t+x d J" 5 u-tx
— —|dt+— log [——| d
J; h(t)log{t_x‘ dt ) g(u)log o | du

_ _Ei_ J’ va(b w) dw dv
= 2[‘10 h(t) de (% — w2)2(iZ — y2) 172

vwL(v, w) dw dv
__f g(uz) duf A (x _w2)1/2(u _UZ)IIZ’ x el

where
L(v, w) = f  EHL(EN(EwN(eo) O

and Jy( ) is the Bessel function of order zero.
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(3.5)

(3.6)

(3.7)

3.8)

(3.9)
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|

Applying a contour integration technique [14], th{e infinite integral in L(v,w) can be
converted to the following finite integrals

Ve ¢ — B(cian’ — @ Fac
L(, w) = —ikﬁ[f Cian’ — @1 %1€ — 3(__12"7 2Y2 ZZ)Jo(ksnv)Hé"(kan) dn
0 9(“1 [3012)

. A
_f B(c2m? szaz')’z) Jo(k ) HO(ksqw) d—n:l w>v (3.10)
1

Vey 9(“1 )

where

’ 12
Y= E{Rl - (RZ; - 4R2)m}]

rl . _ 172
Yy = E{Rl + (R}~ 4R2)”2}]

1 172
9o=| R+ R+ aRYD]

1 172
o= [5 R+ (RE+ 4R

1
R, = c_{(C%z +2¢12 — ene)n” + (1 + c)}
22

_ 1
Rzzﬁl(l 2)<_—" "72)
Coo Ciy

,__C1 2( 2 1)
Ry="2(1- -—
2= A=2\n o

22

2_1+—?
&i=C“7’ —‘)/l, i=1,2 |
(1+cw)y:
-1+ (=1)97 '
A’_=C117I (,\ )'y ) i=1,2
(1+c2)¥i
Bchx_'z’]
a;— Y2
A 2+
=171 (3.11)
ar — Y2

The corresponding expression of L(v, w) for w <v is obtamed by mterchangmg v and w in
(3.10). &

Employing the series expansions for the Bessel functlon Jo and the Hankel function H{ in
equation (3.10), it is found that ;

' 2
L(v, w) =~ PkZlog k, + O(K?) (3.12)

pzl[f ﬁc 2’ &17i022—3__(C12712_ &2')_’2022)d,’i’ _f B(Clz‘nz"'czzéz’f’z) "I]
0 (a, _ﬁ&z) ey (a, - Ba,) '
l (3.13)
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Let us now expand A(t) and g(u?) in the form

h(t) = ho(t) + k2 log k, hy(t) + O(K?)
and
g(u?) = go(u?) + kZlog k, g,(u?) + O(K3). (3.14)

Substituting the above equations (3.14) and the value of L(v, w) given by (3.10) in equations
(3.8) and (3.2) and equating the coefficients of like powers of k, the following equations are
derived.

t+ ! 2
t— i' dr+ 2.[ Zf(fuxz) du =24, xel, b (3.152,b)

d b
o | natoy1og

t+x "ug,(u?) 4P T (* !
:)d[+2£ ﬁdu=——;[[ th(,(l‘)dt-i-f ugo(uz)du:l,

) c

d b
— | h()l
dxj(; 1(H)log

X € 11, 13 (3.163., b)
and

fl gw?)du=0 (i=0,1). (3.17a,b)

Rewriting equation (3.15a) as

b t+
f hy(Hlog ﬁ} dt = nF(x), x el (3.18)
(V] -

where

*T _Po 2 lugo(uz) ]
F = —J. [ +-— du | dy.
i) o Lm0 7wl u2~y2 “1Y

The solution of the integral equation (3.18) with the help of Cook’s result [15] is found to be

ho(y=-Lo L 2 ! fl Gl (PN (3.19)
0 ,me(b’-—tz)“z ”(bz_t2)1/2 3 - g .
Substitution of the value of hy(t) from (3.19) in (3.15b) with the aid of the result
b 1 £ de n[ X u ] I
= — —_ , X
A (b2 _ t2)l/‘2 (xz _ tZ)(uZ - [2) 2 (x2 _ b2)l/2 (uz _ b2)|/2 €l3
yields the singular integral equation
RV 2
J' Moo b g gy — Lo o, (3.20)
¢ uw—-x 2120

Next using the finite Hilbert transform technique [13] the solution of the integral equation is
found to be

Po u(u® —c*) + uD,
pi26 N (@ = b3 (1 —u?)  V(u? = b)) — *)(1 - u?)
where D, is unknown constant to be determined from equation (3.17a).

Now substituting the value of go(u?) from (3.21) in (3.19) and performing the integrations,
ho() is obtained in the following form

_ __Po HC®) tD,
)= e N -D(-0 G A -i-r) (322)

By the procedure similar to one which led to the derivations of the solutions of (3.15) as given

(3.21)

go(uz) ==
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by (3.21) and (3.22), the solutions of equation (3.16a,b) can also be .obtained and they are

found to be
__4PR | AP-7) tD,
M= N -aa-n V=) -B)(1-P) (3.23)

)= — 4PR u*(u*—c? N uD,
Bt 7 N -)1-17) Ve - - )i .

(3.24)
where

R =P [+ 1Y)~ Dis 1)
M120

([ D,
m V(B* — 2)(1 — 1%)

m

N £ de
Im= L Vo - -1 - 1)

(3.25)

The constant D, is to be determined from equation (3.17b).
In order to determine the values of the unknown constants D, and D,, g,(«?) and g,(u?) as
given by (3.21) and (3.24) respectively are substituted in (3.17a, b) and it is found that

‘E
D,-=A,~[(1 _bz)F_ (cz—bz)], (j=12) (3.26)
and
Do 4PR
A= R A, =—5 3.27
' mi26 g n ( )

where F =F(§,q> and E=E<§,q) are the elliptic integrals of first and second kind

1_ 2
respectively and g = ——C. Substitution of the values of D; (j =1, 2) given.by equations
p 1 _ b2 i J q

(3.26) in equations (3.21)~(3.24) yields
t
VB =A@ - A1)

(i=1,2) (328

hj1(1) = ~A,-[(l - b? % + (% - tz)]

2y 2 E_ 2 _ 2| u . _
gi(u?)= A]-[(l b)F (u b)] V=@ =) (=12). (329

4. STRESS INTENSITY FACTORS AND CRACK OPENING DISPLACEMENTS

The stress intensity factors are defined as (in physical units)

N, = lim [ Y(x—b) %yl O)] (4.1)
x—»b+ Po b<x<c
N, = lim [ (C_x; Dl 0}] 42)
X=c— . 0 , b<x<c¢
N, = lim [ & - 1) 5 9)] | (4.3)
x—1+ Po x>1
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and the crack opening displacement can now be shown to be given by

Av(x, 0)=v(x, 0+) —v(x, 0—) =2 jb h(r) dt, O=x=b (4.4)

1
= 2f gw?Hdu, c=x=1 4.5)

Substituting the values of the function h(f) and g(u®), the stress component 7,, can be
evaluated from the expressions (2.13), (2.21) and (3.1). After evaluation of the value of 7,, and
putting it in relations (4.1)-(4.3) it is found that

r
Ny =+ /:((Clzil; ?) f((’_i ’:; [1 - ‘;—f M,k?log ks] + O(K?) (4.6)

X
z
|, *59)
N, = 2((11 _bcz)) 1- Fé q) [1 - %Mzkﬁ log ks] + O(k?) (4.8)

where

£(5-9)
My=|I5+1+4 (1 -bp>)———— (> - b ¢ -JD) |

50

Expressions (4.4)-(4.5) with the aid of the equations (3.28)—(3.29) yield

E(E,q> 2N/ 2 2

0 3 2 2 1- b~

(s, 0) = 225 | VET=F) Fig, )] B0 el B
12 ’ Fl-,q

2

4P
X[I—FMzkﬁlogks]+O(k§), 0=x=<b (49)

and
b3
f(Z.0)
2 2 E(QA,
Mv(x, 0) =222 | VT=FH F(A, q) _EQ, 9)
1120 F(’_F ) F(A, q)
»q
2
4p 2 )
X 1—?M2kslogks + O(k?), c=x=<1 (4.10)
where
2_ .2 1-— 2
sin B8 = b2 xz and sinA= X

c—x 1-b*
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When b — 0, we recover the stress intensity factor and the crack opening displacement for two
Griffith cracks occupying the region c = x| =<1, y =0, |z| < :

-4

M= - gemes [ 2 e - it onk [+ 06
__—_[1_§] _E 2_2_E:2 2
1 \/Z(T?)_ [1 - {1 +c 7 }ks log ks] + O(k?) 4.11)

@
)

where M, = g(l + ¢* — 2E/F) has been used.

F(A,q)—E(, q) |+0k2), c=x=1 (412)

It is noted that if further ¢ — 0, the crack merge into a single crack of width two units. In this
case F— o and M,— m/4; so the results for stress intensity factor and crack opening
displacements corresponding to the single crack are found to be

1 p
N=—[1——k§1 ks:|+0k§ 4.13
=5 |15k los (k) (4.13)
and
2 P
Av(x, 0) = —L‘;\/(l —x2)[1 ——k}log ks] +0(k2), O=x=<L (4.14)
M2

The results given by (4.11)—(4.14) are found to be in agreement with the results of Sarkar et al.
[16].

5. NUMERICAL RESULTS AND DISCUSSION -

The stress intensity factors (SIF) N,, N, and N, given by (4.6), (4.7) and (4.8) at the tips of
the cracks and crack opening displacements (COD) given by (4.9) and (4.10) have been plotted
against dimensionless frequency k; and distance respectively for three different types of
orthotropic materials whose engineering constants have been listed in Table 1.

Table 1. Engineering elastic: constants

E, (Pa) E, (Pa) Rz (Pa) Via

Type I ~ Modulite II graphite-epoxy composite:
153 x 107 158.0x 10° 5.52 % 10° 0.033
Type II  E-Type glass—epoxy composite:
979 x 10° 23x10° . 3.66x10°  0.063
Type III  Stainless steel-aluminium composite:
79.76 X 10° 85.91x10° ' 30.02%10° 0.31
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0.37 r

0.36 —

Z
0.29 | ' | ' |
0.1 0.2 0.3 0.4 0.5 0.6
kS
Fig. 2. Stress intensity factor N, vs frequency k, for generalized plane stress. (—) type I; (----- )
type III.

Keeping the length of the central crack fixed (b =0.2) SIFs at the tips of the central and
outer cracks have been plotted against frequency kg (0.1 =k;=0.6) for different lengths
(c=0.5, 0.6, 0.7) of the outer crack (Figs 2—4). It is noted from the graphs (Figs 2—4) that with
the decrease in the value of outer crack length, i.e. with the increase in the value of the distance
between inner and outer cracks the rate of increase in the SIF is higher with the increase in the
value of the frequency k..

The same nature of SIFs are seen (Figs 5-7) in the case when the length of the outer cracks

0.40 —
\c =0.5
0.37 F
0.34 |- b=02
c=20.6
T 2
P e
z ==
0.28 —
0.25 —
c=07
N %/ .
l 1
0.5 0.6
K,
s
Fig. 3. Stress intensity factor N vs frequency k, for generalized plane stress. (——) type I (-----)

type IIL.
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0.42 T
b=0.2

041 — e

0.40 — -7

Fig. 4. Stress intensity factor N, vs frequency k, for generali:zed plane stress. (——) type I; (----- )
type III.

are fixed (c=0.7) and the length of the central crack increases (b =0.3, 0.4, 0.5). It is
interesting to note that for fixed ¢ (= 0.7) the SIFs N, and N, increase with the increase in the
value of b, but the effect is just reverse in case of N,.

The COD u1,Av(x, 0)/p, has been plotted for different crack lengths. It is found from Figs 8
and 9 that with the increase in the value of crack length the value of COD increases. For a fixed
material the variation of COD with frequency is found to be insignificant. '

In all the cases where different values of crack lengthl have been considered the variation of
COD is found to be prominant for different orthotropic%materials.

0.68

c=0.7

0.56 —

0.52 /_’ ________________

0.48 —

0.44 |—

0.40 : . L : —
0.1 0.2 0.3 0.4 0.5 0.6

Fig. 5. Stress intensity factor N, vs frequency k, for generalized plane stress. (—) type I; (----- )
type 111
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0.52

c=0.7

0.48 —

0.28 1 1 1 | |
0.1 0.2 0.3 0.4 0.5 0.6

k

s

Fig. 6. Stress intensity factor N, vs frequency &, for generalized plane stress. (——) type I; (----- )
type III.

0.27

0.26

0.25

0.24

0.1 0.2 0.3 0.4 0.5 0.6
k

3

Fig. 7. Stress intensity factor N; vs frequency k, for generalized plane stress. (——) type It (----- )
type 1II.
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0.5 —

Fig. 8. Crack opening displacement vs distance for generalized plane stress (k;=0.5, b =0.3, ¢ =0.5,
0.7).

0.8 [—

b=20.5

Fig. 9. Crack opening displacement vs distance for generalized pilane stress (k,=0.5,5=03,0.5,¢ =
0.7). !
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