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Chapter 2

MEROMORPHIC FUNCTIONS
AND THEIR RELATIVE DEFECTS

2.1 Introduction, Definitions and Notations.

Let f be a non-constant meromorphic function defined in the open
Complex plane C. The term b . f} denotes any quantity satisfying

Str.f)=0o{T(r. f)} i.e. =——= — ) as r — o0 through all values of r
( « / { .. } T( ,).’ .f ) g

if f is of finite order and except possibly for a set of r of finite linear
measure otherwise. For « € CU {~} let n(t.a; f) denotes the number
of roots of f = a in |z| < {. the multiple roots being counted according
to their multiplicities and N (7. a; f) is defined in the usual way in terms
of n(t.a; f). Similarly n(t. a: f) denotes the number of distinct roots of
f = ain |z] <tand N{r a f}is also defined in the usual way in terms
of it a; f).
The Nevanlinna defect d(a; f) and the Valiron defect A(a; f) of a are
respectively defined in the following manner:
Nir a: f

da; f) =1~ llrg§up—“‘“"f5 oam T(r. f)

m(r,a; f)

1 M d)

The results of this chapter hav(;ml;ef\,n published i International Journal of Mathematical
Analysis, scc [11]; International Journal of Pure and Applied Mathematics, sce [12] and
International Journal of Contemporary Mathematical Sciences, scc (17,
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and v( / P
N(r, a; , mir, a;

Ala; f) =1~ hf.llio?f TEr(LfT) = 11283161pr‘:r(—(’7—(17)—“

Milloux [30] introduced the concept of absolute defect of a with respect
to the derivative f'. Later Xiong [42] extended this definition to f*).

He [42] introduced the notion of

L o N(ra /)
(A S '

) =1 - limsup——rr—r—
g (a: f) T

for k = 1,2,3,---, and called it the relative Nevanlinna defect of a with
respect to ¥ In [42] he has shown various relations between the usual
defects and the relative defects.

The following definition is well known.

Definition 2.1.1. The order p; of a meromorphic function f is defined
in the following wav
log T (r. f)

o= lim sup—
i , ,,,XI logr

A meromorphic function f is said to be of finite order if py < oc.
For a meromorphic function f of finite order p;, a function ps(r)
1s called a proximate order of f if the following conditions hold:

(1) ps(r) is non-negative and continuous for r > ry. say.
(ii) pp(r) is differentiable for » > ry except possibly at isolated points
at which p%(r + 0) and p7(r ~ 0} exist,

(it)) lim py(r) = py,

T 00

(iv) limrp}(r)logr = 0 and,

T f)
(v) hgi, S}lclp vy |



18

The existence of such a proximate order is proved by Lahiri [28].
In the value distribution theory the proximate deficiency of the value a
is defined as
Vira f)

Op.(arf) =1 —=lim Sup- o)

T
Using property (v) one can easily verifv that é(a; f) < 0, (a; f) for
every complex number « in the following wayv:

N
dpla f) = 1 —lim bupm«—{——(-ll)
’ P ot
. ‘\'Y ", a, T) T(Ta f>
= | — limsup —
s T(r, f) rPsir)
« (r,a; f) Tir, f)
> 1 - h{ﬂ:l}p- ——7 ~;—-— hﬁ bgp'm
Nir,a; f) i
- |- hlfn’ilp”?(;; i = d(a; f)
e, 0(a: f) <oy (a [,
Likewise one mayv define
(r,a; f)
(a: f) =1~ nibilp——rpf()

and call this proximate deficiency of the value a for distinct a-points.
Clearly for every complex number a. O(a: f) < O, (a: f) which can be
proved as follows:

. N(r,a: f)
Oy la: f) = 1~lim supm?)-{(——)—”

o N(oa:f) T(r. f)

l*h??:*ayp{ T

. (r.a: f) T(r, f)

-t ‘1?%?51’77‘;7;“ P
1 - hmsup* 6 j~> =Ola: [

ST T
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e, Oa: f) <O, (a: f)

From the second fundamental theorem it is not difficult to prove

that the set {a: O, (a: f) > 0} is countable and Z@pf - f) < 2. Also
for a complex HUIanI a. we put
Ay fa: f)y=1-1lim 111f—~<—r77€—7j—>
/ roanc r

In this chapter we use the term

N{(r. a; f(k))__

R)C o Y [ Vi o
RO, (a: f) =1 —limsup )

R

for relative proximate deficiency of a with respect to f*) and

(a;: fy=1- hmsup ’

=X

R@W
for relative proximate deficiency of a with respect to f*) for distinct
a-points and ebtablibh various relations between 0, (a: f), ©, (a: f),

R(Sé};)( a; f) and RO ((1 f). where £ 1.2.3.---

Let f and ¢g be two non constant meromorphic functions defined in
the open complex plane C. If for « €« CU {0} f and ¢ have the same
a-points with the same multiplicities, we say that f and ¢ share the
value a CM(counting multiplicities

The following definitions arc well known.

Definition 2.1.2. We denote bv N (1. a; f = 1) the counting function
of simple a-points for « € CtJ{ac}

Definition 2.1.3. Let & be a positive integer and « € CU {co}. We
denote by N (r.a: f |> k) the counting function of those a-points of f
whose multiplicities are not less than k., where an a-point is counted
according to its multiplicity. Also by A (r.a: f > k) we denote the
corresponding reduced counting function.
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We denote by  N{r.a:;f]< k) the counting function
N(ra f)y—N({ra f|>k+1).

Definition 2.1.4. The quantities oy, (a: ) and dq) (a: f) are defined as
follows:

| N(roaf|=1)
O las f1= 1= Timsup (r}(f(?f‘/}) |

and

\ R N(r a: f|<2)
Sovla: f) =1 — limsuy =
oy (a: f) m sup-——s o7

for a € CU {oc}.

We now introduce the following definition.

Definition 2.1.5. The quantities ¢.),, {a: f) and dy),, (a: f) are defined
in the following way
N(r.a; f|=1)

rPf (r)

Oy, (a f) =1~ limsup

T

and

09y, (a: f) =1 —lim sup- ’

Foer X

for a € CU{oc}.

Definition 2.1.6. A function # is said to be a small function with
respect to £ T r.6) — o {T (r. 1)

In this chapter we also intend to establish a few results on the prox-
imate deficiency of meromorphic functions involving sharing of values
of them.



2.2 Lemmas.

In this section we present some lemmas which will be needed in
the sequel.

Lemma 2.2.1. Let [ be a meromorphic function of finite order. Then

Proof. Since f is of finite order then

St f) = oA T0 1}

1 S(r, f)
im —2l ),
o T(r. f)
>0 S(r. f rief) . St
S(r, ) Tir, S f)
h{risilp yPsr hl}ii}lp ;Jf( ) .rlﬂocT(T’ —f—\' -0
le., lim f) 0

70 ’r/)f("}

This proves the lemma. =
Lemma 2.2.2. [45] If f. g sharc 0.1, > CM and f # ¢ then

)N LfIZ2)=Nrlgl>:

() N (.0 F 2 2) = N (10 |2 2) = S(0, ) = 5(r,g).
and (iii) N (r,oc: f|>2) = Nir.x g|> 2) = S0 f)=9S(r,g)

Lemma 2.2.3. [25] If f.¢ share 0.1.0c CM and f # g then for any
complex number a (# 0. 1. x|

(N Oraz f 1> 3) rofr=5(r.g)

and ()N (r.a:g|>3) = S(r. [)=S(r.¢)



2.3 Theorems.

In this section we present the main results of this chapter.

Theorem 2.3.1. Let [ be a transcendental meromorphic function of
finite order p; such that for any positive integer k. %) is non-constant.
Also let a # 0,00 be any small function related to f. Then

O (00 )+ 8, (0: 1+ pdlas f) < 2.

Proof. Let us consider the following identity

1 ) otk s A
T (,{ 7 (\”M:/’ N ) Iy aif”")}'

Now in view of Milloux's theorem {p.55. [24]}, the relation

o 1 I
Ti(r f)=T (7‘ 7) +O (1) and T(r.a} = S(r. f), we obtain that

e N
) ' (Jf“‘” PR ) +5(r

i

\‘P—-

< T

. S —a v
( kH _ (If(k ) - N\ (T', . aff‘i"‘)> + S(r, f)

lLe.. m (7‘, %)

. ( afkrn) af ) v (r, ]f(k 1) af(k))

= =

N o ;
T\ a’j‘(‘f)> + 5 ). (2.1)

Now adding N 7) to both sides of (2.1) and wusing the
Jensen formula {p% 241}, we get from (2.1) in view of



TN < SN (ng) ¥ (g ) £ S0 H. (22

Now on dividing both sides of (2.2) by 7?/(") and taking limit superior
it follows by Lemma 2.2.1 that

T(r. f)
T ey
_ N, L Ny -1
s hmsup—=se + m sup—=rrs A lim sup—=—

Le, 1< {1= 0,000 )b+ {1 =0, 10 )} + {1 = woffia: )]
Le., ©, (00; f)+0,,(0; f)+ RN (a 12
This proves the theorem. m

Remark 2.3.1. The condition ¢ # 0.oc in Theorem 2.3.1 is essential
which is evident from the following two examples.

Example 2.3.1. Let f =expz. & 2and a = 0.
Then p; == 1.
Now N (r,0: f) = N(r.o>c: f) 0.
Also N (r.0; f12 ) = N(r.0:exp ) = 0.

S0 N
‘ B 0
0, (0:f) 1 — hrnmp—-——~——~—7 /) =1,
o rP ps(r)
N N (1. 00; f)
: — — — —
©,,(0c0: f) ll{li:}p o) |
and
o ' ‘ . N(r 0 (2
PO 1) = 20 ) 1 timsup STy

NS rost



Therefore
Oy, (00t f) + 8,10 f) + mdPa: f) =3

which contradicts Theorem 2.3.1.

Example 2.3.2. Let [ = cxpz, b =2 and a = o0,
Then py = 1 and 0,,(0: f) = ©,, (00 [} = 1.
Also N (r.o0: fP) = N (r.aciexp 2 = 0.

Then
. " , N(r. oc: (2)
Ro,gﬁ)(aéf') = Rb/(,‘j.)(OC:j) = | - limsup (7’ f ) =1.
J J e 7/)] (7}
Therefore

O (000 14 8, (0: 11 w8 Pas f) = 3,
which is contrary to the conclusion of Theorem 2.3.1.

Theorem 2.3.2. Let f be a meromorphic function such that py < oo,
Then for every non-negative integer k

R(_)gf)((l: fr 40,0 [1 40,00 f) <

[

where a is any non-zero finite complex number.

Proof. Since

a - f(k) f{/;‘,\ —a f(k%—l)
/ ’

‘/'(A 1) f

f
it follows by the relation T (v ) = T (r. %) + O (1) and by Milloux’s

theorem {p.55. (24|}

ok
a } )
" <r?) s m (' i}ﬁ‘m‘(*) + S0, f)

_ a | fR o fE )
Le.,m (7”7 7) S T (r ‘—*/‘(‘L—ﬁ‘“ ,) - N (T'./ _FI::TT> + LS(T’, f)

. § a J f(}“ 1) \ r , f(k> —a QO
.e..m ( 7) S T <7 "f—‘-(ﬂ-"“i*“ ) — N (7', f(k W) —+ b(?“, f)
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[ y
Now adding N (r. f;—) to  both sides of (2.3)

and using
T(r, f)=T </ ?> 4+ O(1). we get in view of {p.34. [24]},

1.c.. T (1 i;—)

1.e..
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Let Ny (7"7 ﬁ) denotes the zeros of f* 1) which are not the zeros

of f*1 —a. So

AT 1 N, 1 — N l . 1 — N, 1
N T, m - N {r ?—(ETT)“ E (\T. f(“ . Ng | T, f(k+1) .

Therefore from (2.4) we get that

le.. T(r. f)

N (r, .f(k>1w ”) + N fY+ N <7’, —}) +S(r. f). (2.5)

Dividing both sides of (2.5) by »*/") and taking limit superior it
follows by Lemma 2.2.1 that

: Tir f)
lim sup———
G 7-])([(! ;
\ L o, 1
. N (rv f(k\g) . JN(I‘T f) L A (T, f)
< limsup — + lim sup———== + lim sup
oo ,q[)/v(r} o ,,.pjsr) I Tpf(r)

te 1< {1 @ )} + {1 -0, (00 )} + {1 =3,(0:1))
e gOW N a f) + O, (00 f)+0,,(0: f) < 2.
Thus the theorem 1s established. m

Remark 2.3.2. The condition that "« is any non zero finite complex
number’ in Theorem 2.3.2 is necessarv which can be shown in the fol-
lowing two examples.



Example 2.3.3. Let f == expz. k =2and a = 0.
Then p; = 1 and O, (oc; f) = 9,,(0: f) = 1.
Also N (r,0: f&) = N (r.0:exp z) = 0.
S0
N(T, 0: ]‘(")Q

R@g;)(“’: f) = R@([ﬁj‘zj')(_()i,f\) =] = 111;115;11) ) = 1.
Therefore
@g)(a:f + 0, (oc: f)+0d,,(0; f) =3
which contradicts Theorem 2.3.2.
Example 2.3.4. Let f =cxpz. b= 2and a = o0
Then p; = 1 and ©,,(oc: f) = 0,,00: [) = L.
Also N (r,00: f@)) = N (r.o>c:expz) = 0 and
‘ . A , N(r.oc: )
R@E,}j)(a; f) = R@(ﬂ“f;’(oc;f} 1 - limsup ( 'ﬂ”(r} =1,

re—2C

Therefore

RO (a: f) + 0, (5¢ 11+ 8,,(0: f) =

which is contrary to Theorem 2.3.2.

Theorem 2.3.3. If f be a meromorphic function of finite order ps ,
then for any positive integer k.

Woc: f) + 8y la [} + 8,,(0; f) <3

wherc a be any non-zero finite complex number.

2polk
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Proof. From the identity

and T(r,f) =T (r. l) 4+ O (1) it easily follows that

—

e

T <7 f}}) <T (, g‘f(}) o T (r f—?) LS f)
o) o) )

+m( : f) (2.6)

f

Using Milloux’s theorem {p.55. [24]} we obtain from (2.6) that

g RN (k)

ie. Tlr. f) < N{r f%- N (; , >¢ Nir. f5)

f—a
A (, ;\ S0 )
. . . Sk " 1 )
ie. T(r. f) < 2N(r f")+ N ('r, ——
f—a
: . o,

On dividing both sides of (2.7) by #/!") and taking limit superior we
get from (2.7) in view of Lemma 2 2 1.

. T(r, f)
Im sup——-
r—ac /’f(T)
Vo) N ()
< 2limsup—————= + limsup pyis + lim sup prEs

P DO f'ﬂf'»r> 9y ’," i) PR T



e 1< 2{1 - Ra‘fj;)(oc;j')} U0y (a )} + {1 = 6,,(0: )}

e 2a0) (501 f) + byl f) 0y, (0:f) <3

This proves the theorem. m

Remark 2.3.3. The condition that "¢ be anv non zero finite complex
number’ in Theorem 2.3.3 is essential which is evident from the following

two examples.

Example 2.3.5. Let f =expz. k= 2and a = 0.
Then py = 1 and o, (a: f) - 0,, (0 /) — L.
Also N (r, oc; f3Y) = N(raciexpz) = 0.

So adh (oc; f) = 1
Therefore
“Réﬂf (001 f) + 0, (a1 +0,,(0: f) =

which is contrary to Theorem 2.3 3.

Example 2.3.6. Let [ =expz b= 2and a = oc.
Then py = 1. 0,,(0: f) -»»1andm\ (oo f) = 1.
Also N (r.oc: f)

Then 0, (a; f) = 0, (x: f) -

l

Therefore

2RO (00 f) 4 0y lai f) 4 8,,(0; f) = 4.

which contradicts Theorem 2.3.3.
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Theorem 2.3.4. Let f/ be a meromorphic function such that py < oo.
Also let a;(i = 1,2,---.p)and b;(j = 1.2.-- - ¢) be two sets of distinct
finite non-zero complex numbers where p and ¢ are both finite positive
integers. Then for any positive integer k.

b q
0,,(0; f)+q0,,(0: f1420,, (0c: f11> 6, (a [)+) rON(by: f) < ¢43.

jo

! \
Proof. From the relation T (r, fi = T (/ .f) + O (1) and by Milloux’s

theorem {p.55,24]}, we get that

I
Tr.f) = T (r ) + O

Thus.

1 R
.f_(_k_)> + Sir. f). (2.8)

Again by Nevanlinna’s second fundamental theorem.

T f) <N (l —;) T f™) N (7

: I
Now from (2.8) and (2.9) it follows that
qgT(r, [)
, 1 Y -~ I 1
< qN (e ) N e N ) =N =
(o) ()

A T
Je ' ’
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— - /1 1
Since N(r, f®) = N(r, f) and N (7 m) —gN (1 _f—(75> < 0, it fol-

lows from (2.10) that

qT(r f)
. S 1
< N f1- )N <7 T vb)
7 l
g N (/x Af) S0 . (2.11)

In view of Nevanlinna's second fundamental theoren.

< N'(T,J;'\‘); ( ) Sﬂ\(

Adding (2.11) and (2.12) it follows that

f—a> S0 f). (2.12)

(p+a)T(r 1)

q . .
- 1 o

On dividing both sides of (2.13) by »*/'"" and taking limit superior we
obtain by Lemma 2.2.1 that

(p+q)
¥ (1) V()
i f " 1/‘ /7\/< /)
< limsup———% 1i N 7
,pr ol +q lr,nSilp o) -+ thn 11}) prE
» A (r 1 ) ¢ N (7“ 1 )
7f a, .’ i f’(ki_b

+Zhrrnﬂsolclb PvRT I Z@hriilp )
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ie., (p+ q)
< {1=0,,00: )} +q{1 =0, (0: N} +2{1-0,(cc; f)}
p g
+ {]) - ZC—)M(U,:]")} {q - Z R@ (b]:f)}
i=1 , =1

i.e., ©,,(0:f) + qo,, (0 f) + 260, (o0 f]

p q
1Y 0, f1+ Y k0P (b f) <43
i1 i
Thus the theorem follows. m

Remark 2.3.4. The condition that "a;(i = 1.2,---.p)and b;(j = 1,2, --
-, q) be two sets of distinct finite non-zero complex numbers’ in Theorem
2.3.4 is essential which is evident from the following two examples.

Example 2.3.7. let f =expz k=2 p=qg=1.a; =0and by =
Then p; = 1.
Also ©,.(0: f) — 0,,(0: f) = (>x:f) =
0,,(ar: f) = ©,,(0: f) = 1 and Ron, (by: f) = rOL) (c0:expz) = 1.
Therefore
O, (0: f) + a0, (0: f) 120, (5 [) + O, (ar: f) + O (by; f) = 6.
But ¢+ 3 = 4.
Example 2.3.8. let f =expz k=2 p=¢g=1.a, = oc and b, = 0.
So pr = 1.
Also ©,,(0; f) = 0, (0: f) = ©, (> f) =
Oy, (ar: f) = O, (oc: f) = 1 and R(*)pf (by: f) = R(—)E,Q,)(O:exp z) = 1.
Therefore
Ou (0:f) + G0, (0: 1)+ 20, (xc: ) + 0O, (ar: f) + 92‘})(61;1") =
But ¢ + 3 = 4.
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Theorem 2.3.5. For any meromorphic function f of finite order py,
0,,(00: f) + ROW(0: f) + qu,, (i f) Z ROV (b f) < g +2,

where a;(i = 1.2,---,p) and b;(j - -, q) are any two sets of distinct
finite non-zero complex numbem p. g are finite positive integers and k
IS any positive integer.

Proof. Let us consider

R |
A I}J f ~ (,/7."

Then by {p.32-33. 24|} we obtain that

. 1 \
L’m (/'. -:*—-w--f-; ) <, [> + O( L)

IA

L
( = ) - S f). (2.14)

) to both sides of (2.14) we get that

p
Adding YN (7', — !
i=1 f—=a
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ie, pgT(r. f) < qT(r. f\) + QZ\ (

) +S(r ). (2.15)

f"az

Again by Nevanlinna's second fundamental theorem and in view of
N(r, f®)) = N(r, f) we obtain that

+iN (1 ““*‘%M> +S(r. f). (2.16)

Now from (2.15) and (2.16) it follows that

pgT(r. f)

p
. | o

Dividing both sides of (2.17) by »*/"! and taking limit superior we get
in view of Lemma 2.2.1 that

T(r. f)
pglim bup—a_(“.ﬁ,
re=0C
N y, 1
N(r. ) ( > (7/ 70 )
< B E R S y
11{2%}) P hm bup T E h?} bup e
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le. Pq
< {1-9,(c0: I} + { - R(—)@f?m;f}}

+Z {1 - R@ffﬁ)(b } - {1{ LOW ;. }
i

p
ic, O, /(00 f)+ rO +Z ROV [1+q) 0, (ai f) < g+2.
=

This proves the theorem. =

Remark 2.3.5. The condition that «;(i = 1.2,---.p)and b;(j = 1,2, -
-.q) are any two sets of distinct finite non-zero complex numbers’ in
Theorem 2.3.5 is necessary which can be shown by the following two
examples.

Example 2.3.9. Let f =expz. k=2 p=¢g=1,a = 0and b = ¢
Then py = 1.
Also ©,,(oc: f) = (—)%)(O;f) = L0y ar f) =0, (0 f) =1
and R9pf (bi: f) = R@gﬁ)(oc:e\xp 2= L
Therefore
0, (001 f) + ROP(0: ) + gi, (ar: )+ @D (i f) =
But ¢ + 2 = 3.
Example 2.3.10. et f =expz. b~ 2. p=¢g=1,u, ~ o0 and b; = 0.
So py =1
Also ©,,(oci ) = OO f) = 1 o, (ar f) =6, (1 f) =1
and zOF (by: f) = OP(0rexp:) = 1.
Therefore
O, (001 )+ ROP(0: £) 4 g, (ar: )+ OD(by: f) = 4.
Butg¢+2=23
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Theorem 2.3.6. I 7 L a meronorplne buctions of feate order and
e o L2y e Bnte aastinet oomplex numbers

such that a, 7 0 40 0 1 thew for o sotive imtege:

g,

’5(_);,".*, R ,;(“3”'; iy = T R (o

e | 'i\ ‘(.\E o ; \ h !,‘,(M):'»Z‘; ‘);,’: !‘- < 'r '“’.

P L~
\\Vh(’]"(‘ f1. 4 are {!NH(“ fi)i,).\ii Vet ooy

Prooft. Adding 2 13 and 207w ot thae

Now dividing both sides of 2 I~ b and takine fhait superior 1t

follows by Lemmea 2 2 0 th

Lo pgihin sap

Vo
Ahimsup - o s
i <N 7

Flimsup - - SRVIRCHE

! N
=

clL ,S hrosup N lim sy
' L let

[
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le.. (p+q+ pyg)
I ey
{1 =0,,0: 1F gl 0,00 f1}

I
+(1 +q) {[} — Z(‘),, () } {(1 — Z R()m (b;: f }

e 30, (s fi R(e)f,f"sfo: (140, (0: ) 4 q0,,(0: f)

)Y aglar f142) " gORh; f) < 245 (2.19)

Thus the theorem is proved. =

Remark 2.3.6. The condition that "o,{) = 1. ~prand bi(y = 1,2,
-.q) are finite distinct complex nu Hlb(‘l”b bUCh that «, # 0. b; 74 0
in Theorem 2.3 6 is essential which 18 evident from the following two
examples.

Example 2.3.11. Let f ~expz b 2. p=q=1.u, ~0and b = oc.
Then p; 1
Also ©,,(oc: f) = gOSN0 1= O, (0:f) =08, i0: f] = 1.
Opilar: )= 0, (0: f) = 1 and (r;(%i‘r)%‘)(\bi: )= R(”)Ef)(oc:exp z)=1.
Therefore
360, (ot f14 gOWI0 0,100 f) + g0, (0: f)

But 2¢ + 5 = 7
Example 2.3.12. Let [ =expz. h = 2. p=qg=1 a = ocand b; = 0.
Then py = 1.

Also O;),( f} - ’?951%‘(0 f> /),(0 f) (o /' - l
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Op (ar: f) =0, (c: f) = 1 and H()m (hy: ) = RO,),\ cexpz) = 1.

Therefore
30, (0c: f1 = gOW0: 1+ O, (0:f) +qd,, (0 f)
FOLoeglo, ta fr o 2 ;g(—)ffj)(b;:f) = 10
But 2¢+5 -~ 7.
Corollary 2.3.1. If f is an entive function such that p; < oo and

V()p,(dl f) = 1. then for any positive integer k

OUI(0: ) -+ O, (0 f) + 40,105 f 11 2) " ROW by f) < g+ L.
jo
Proof. Since f is an entire function.
('—)},({’XA fo- 1.

Now in view of "0, (u;: f1 - L and O, (s0: f) = 1 it follows from
(2.19) that |

, g
3t gOW0: f)46,, (00 f 140, (0] 1 (LHq1+2) O (by: f) < 245

J=1

q
Le., R@gj)((): FI+HO,,(0: ) qgo, (0 F] 4—22 /{@E)]?(b‘,; fi<g+l.
This proves the corollary. =

v
Remark 2.3.7. The condition » o, (a;: f} = 1 in Corollary 2.3.1 is

A=A
necessary which can be verified from the following example.
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Example 2.3.13. Let [ =expz. b - 2 p=qg=2 a, = 0. ay = oc,
b, = 0and by = x

Also 8,,(0: f) = 8, (5 [1= 0, (0 F) = zgOY0: /) 1

2
Z p;(al f‘ = (p;‘\” f 0, Lt fr-2
7]

and zOL(0: f) = RO (5 f)

Therefore
R@ﬁ)];)(()f) -+ (‘,)/),,(\’(‘)Zf} : r/(\,)  ‘& i L ROI", )1 = K.

But ¢+ 1 =3

Theorem 2.3.7. Let f be a meromorphic function of finite order py.
Alsolet a;(v = 1.2+ p) be finite distinct. non-zero complex numbers.
Then for p > 1.

P, (0 f14 0, (o }_ H()}‘ (a,;: f)<p~ L.

Proof. From the relation Tir f1 T (1 ,/ + O (1! and in view of

Milloux’s theorem {p.55. 124]}. it follows that

Tir. f) < N (r 1/ /\) Lo ( ) 4m ( T~~;:ﬁ‘; + S(r, f)
te. T(r. f) < N ( r. i ) Eon o s ) ,
e Tl f) < N (1. ; ) ( | ) -\ <; 7;_“) £ S(r. f)
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ie.pTir fy < pN (i }:) +pT (7; _fT“ )

N U
“pA { W) +S(r, /) (2.20)

Since S(r, f*)y = S(r. f1. by Nevanlinua's second fundamental theorem

we obtain that
pTir. fU
< N RN .‘,T)

As N(r. f%) = N(r f) we get from 12.20) and (2.21) that

/4 N . \ P X .
S l N | e |
“pA:(ﬁ_f:> S f (2.22)
| . | -
Since N (r, ) PN ( ’ ';:FZ«?) < (0.1t follows from (2.22) that

pliv |

p N ( i ) N f)
: Z\ [ £ ,> C S (2.23)

Dividing both sides of (2.23) by »”/"7" and taking limit superior we get
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1 view of Lemma 2.2.1 that
T(r. f)

plim sup~——-=-+

X por(r]

i) Ve i)
< plimsuyg — hm‘sup e th bUP s (1)

_____ y
s 0K I’p’( ' i P X
Foex

})
el p<p{l—=0, (0t +{1~0,ix fi}- {p — Z R(—)ﬁ)}‘;)(ai:f)}

P
Lo poy (0: /)40, (no: [14) - gOF i 1) < ptl
This proves the theorem m

Remark 2.3.8. The condition that «a,{1 = 1,2.- - be finite, dis-
tinct, non-zero complex numbers” in Theorem 2.3.7 is owentlal which is
evident from the following two examples.

Example 2.3.14. let [ ==expz A 2 p=landa, 0
Then py = 1
Also 4, (0: f e fre band g O tar f) o #0000 f) =
Therefore
po, (0 fr0, (o [ gOPar: f) 3
Butp+1 =2
Example 2.3.15. Let f ~exp- b 2 p—1anda,

Then py 1
Again 0, (0: )~ O, ([~ [} 1
and R(--)gi}(m: fi- H(&)};‘;}{X‘,; [
Therefore
pPoy 0 f1+ O, (x: fy o+ RO (2) ((q:f} -3

Butp+1- 2



42

Theorem 2.3.8. If « £ 0.oc and © v (.2¢ be any two complex num-
bers. then for anv meromorphic function '/ of finite order py.

20 “(a I H("),(',A."“” Fhto, {00f) < 2

Proof. In view of Milloux's theorewm {p.55. 24]}. we get that

m (7
1.¢..m (

1.e..m (r.
§

: . . - oy : .
Now bv the relation 7T (r. ! ( i ; ] -+ () ) and bv Nevanlinna’s
7

\_/‘/ \\\_//
¥ A
‘ -
3
‘ =
- ,’A«.
- ~
—
H
e comamre
B il
-
] et
-
H
v

N . y

\‘\
AN
»ﬂ
p—
"\‘: §
T
- pond
S
-
s
N
o
[N}
I
~—

second fundamental theorem we obtain from (2.24). on using

YA "

Now dividing both sides of (2 25) bv +/'") and taking limit superior it
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follows from Lemma 2.2 1 that

i T(r. 1)
lim SUp———"-
r—sC ']'_L)/\i

< lim sup———-——-=% ¢+ limsup ————= + lim sup-

o o o S

fe. 1 <A{l- R(—ﬁ)&ﬁ}m: b+ 41 - ;;(*)Eﬁf’('b: b {1 =0,,00: f)}
ic.. H@S)ﬁ)(u:f) | H@ff;*{b: fia o, 0 <2
Thus the theorem is established m

Remark 2.3.9. The condition that v # 0.oc and b # 0. > in Theorem
2.3.8 is essential which can be verified {rom the following examples.

Example 2.3.16. let [ -~ exp: & 2anda=0b= 0
Then py - 1
Also H@g)(’a: 1) H(~)§f,)((): f ;;(—)E;‘:.)(b: f)="1and o, (0: f)=1.
Therefore
R@f%wf}%H@fthé+dekfy'3
which is contrarv to Theorem 2 3~
Example 2.3.17. let f=cexp: b 2. a=0and b - x.
Then p; 1.
Also H@},‘i)(u:f,) /»,’(‘)f;fj('():,f"é - H(‘)fui)'fbi )= za)(*);>ii>(002.f'> =1
and o, (0 f} - |
Therefore
]y@i;%)((li [)+r (4)2%) (hifi+0,(0:f) 3

which contradicts Theorem 2.3 .8
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Example 2.3.18. Let [ —=expz A 2. a=>xand b= 0
Then pr = 1
Also pO (a f) - O P (s [ 1 5O b f) = gOR 0 ) =1
and (5{)’[{():_/'} =]
Therefore
#OI a1+ m O 40, (00 f)
which is contrarv to Theorem 2 4 8
Example 2.3.19. let /{ ~oxp- 4 - Zanda =0 .
Then p; = |
Again 4O (a: ) - #O s fr o 4O (b )
and o, (0: f1 = |
Therefore
H(") s fy o O fy o+ 0, (00 f = 3
which 1s contrarv to Theorem 2 3~

Theorem 2.3.9. Let f be a meromorphic function of finite order py
and T(r. fOY% ~ aT (e frie To fOY — oT(r §1 4+ S(r. f) where
a > 1. Then

T e A S

Proof. Since f is of finmite order i1 follows that
e 7 e fy 4 Sl

and therefore



But by hypothesis 7(r. f*)) ~ aT (; /1 and we get from (2.26) that

T f) < Tl f o kNG f) - S )
ie, (a— DT f1 < KNGy S ) (2.27)

/e

Now dividing both sides of (2.27} by " and taking himit superior it
follows that

TUud N
((1 - } )hn1 Sup—"“‘"‘-f s ]\fhm Sup—‘ -
e IR 7,}(}[(!

* X [T

e, (o— 1 <k{l -0, x ||
e kO, (o fI - a< ko
This proves the theorem. =

Remark 2.3.10. The sign <2 in Theorem 2.3.9 cannot be replaced by
< onlv as we see in the following example.
Example 2.3.20. [.et f expz b Zanda = 1.

Then py = 1.

Also T(r. f*y ~aT(r f1and ©, (x: f) = L.

Therefore kO, (o>c: f1 i a =3 -1 - |

Theorem 2.3.10. Let ¢ # 0. x he anv complex number. Then for any
meromorphic function f with finite order p;.

O, (0: /) 1 O, (i [ pdiinc f) <2

Proof. The following identitv is well known {cf.p.43.[21}

T <N [)+ N {:‘ } PN {‘1 ) + .S ) (2.28)
S A

[
N

Now from (2.28) we have for all non-negative integer k.

T(r fr ~ kNG 1= NO ) N (/

|
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. . ) . T , ; 13

e, T f) < N f1 A (/‘, w;)
7 ; |

Dividing both sides of (2.29) bv #7+ "/ and taking limit superior it follows
in view of Lemma 2.2.1 that

T(r [}
lim su ~(~4
e ol

’ L ]
) )
< lim bup—--—»»f/—?-;»w-v ~hmsup- T f lim sup—————%

re— [ r Fe—x PPt
L]l Ro( s fi s {1 00 fih+{1 -0, (a f)}
ie. HM Noo; f) 0,0 /110, af 2
Thus the theorem is proved =

Remark 2.3.11. The condition ¢ # 0.~ in Theorem 2.3.10 is essen-
tial which is evident from the following two examples

Example 2.3.21. Let f ~expz & 2and a = 0.
Then py = 1.
Also ©,,(0: 1= ©, ta: fI - 1 and }q(\‘j,ﬁ‘)(:oc: )1
Therefore

O, (0 f1 4 0, (a £+ ol f) = 3.
which contradicts Theorem 2.3 10
Example 2.3.22. l.et / - expz. A 2and o0 = o
Then py = 1.
Also ©, (0: f) = 1.0, (a: f1 = 0O, > [) 1

and RO,), oc: f1= 1.



47

Therefore

O, (0:f) i+ Oy (a f]n (5(1‘"?’(\%;]7) — 3.

ar
which is contrarv to Theorem 2.3.10

Theorem 2.3.11. If f be a meromorphic function of finite order and
a, b, ¢ be three distinct finite complex numbers with  # 0. ¢ # 0, then

Do lar fY+ gOEb 1 zOW (e f) <2

Proof. By Milloux’s theorem {p.55. 214/}. we get that

i

m (\’ f~) < ( i | - S fr (2.30)

So by the relation 7 (r. [ — T ( 3 ~ O11) it follows from (2.30)

that

m (r. ——— ) < Tlr ("0 — Ny 7 ) + S0 [ (2.31)
Again in view of Nevanlinna s second fundamental theorem
and S(r. f*) = S{y /) we get that
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~ 1 /1
Since N (7'. ——k)> — N (1 e ) < (1t follows from above in view of

Dividing both sides of (2.33) bv 7" und taking limit superior we get
by Lemma 2.2.1 that

. T(r. f)
lim Sup‘fm"‘

. 7P

V() ¥ ) ¥ (r =)

< limsup ———-% + limsup -+ ———%> +limsup
- L pp(r)

{4 YLD
T AT
P P e - e /

Lo 1< {1=0,, (ar f)y 41— pOF b 1y {1 R(");}j){f‘f‘f}‘}
e o, (a fit R(—)Lﬁf)(h; fio gO N 2
This proves the theorem. =

Theorem 2.3.12. Let / be a meromorphic function of finite order
pr  Also let almost all zeros of [ has multiplicity = » Then for all
non-negative integer 4

(h -+ 1), (0 f) + 1 RG—)}‘;,JA;?{ L fr e O, (sorf)<n - h+ 1.
Proof. Let us consider the identity
1 ( /’ f o /H.\
][’ \ / )j“/’\*?:' f .

Then by Milloux’s theorem {p.55. 241 we get that
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Py

Using the relation T (r. f] = T ( I [ ) £ (1) and in view of {p.34, [24]}

we obtain that

i.C T(r |
~ T kil \7 f , E {
< N(rmn) v g J”("“ ')
/ 1 y )
”\(,7m)+\{_;3 S(r f) (2.35)
| L
Let N, (r W‘M‘) denotes the zeros of f¥° 1) which are not the zeros
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ic., T(r. [)

counted (k -+ 1) times onlv. Also
N Y NG

Therefore from (2.36) we obtain that

Again we may write

Ny (1 ;) < (b N (’1'. l,) (2.38)

f

Since on the left hand side of (2.3%) cach zero is counted at least n(k+1)

times as 1t is given that cach zero of f s of order » n. So from (2.37)
and (2.38) it follows that



Dividing both sides of (2.39) by »""" and taking limit superior we get
in view of Lemma 2.2.1 that

. Tiv f
lim sup———=-
P A e
AT L - f 1 A
A N S
A 'F (i \ (! T \ (I . “Ii“‘l"‘?"-l)
< | —— | hmsup-———-"- 1 limsup =
' n X et e RN
Vs S f)
hm SUP e hm SUP———5
N A Pt

k+ 1 K ‘ ,
1e.,1 < <~-—~—) {1 frb 4 H(—)E)f’{\lzf)} 41— 0,,(00; f)}
oL (h+1)0,,(0: fr+n RO fron o, i [T <k L
Thus the theorem follows. =

We now give a lower bound for rvelative proximate defect of any
complex number a with respect to the derivative %7 in terms of k and
O, (oc: f) where k1 2.3

Theorem 2.3.13. If [/ be a transcendental meromorphic function of
finite order. then for anv mteger & > 1

(1) R()[()k (a: f1+ h >4k, (x: [ lor every complex number a # o

and (i) Rdé}/‘f)(u: Jr+h = kO, (oc froa, loc f)ifa - x

Proof. (i) By the relation T (y /1 - T ( r. --vf,;) + O 11) we get that

m (1 i{—) PN (1 ; ) v [y N frd S f)

N

Le., N\ ('r 7 ) =N fy mior fi—m (1'. f) =S f)
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2} £ |
— / log" [ f]di) — — /log’ !]I‘ do+ St f)
‘(1 - }[/5 I ’
Y
= 5 /logifld() S (2.40)
27
i

( \ A l
V) ()
2 ‘
| | i i
e ol O L S (e \
T / lobg T do + S(r, f (2.41)

and

! / log |~~~ d0 -+ S(r. f (2.42)
27, WALEEE ‘

Combining (2.40), {211} and {2421 it follows in view of the relation

1
T(r. fy=T (1 ]Z\ + ()11} that




. | A
1., N (1 ) T(Tt_u /)

We immediately obtain from (2.43} that

’ r . ) (< AT ) o .\ . { L I b AY e
A ("f(k) (1) <A (\i. !) EN (e ) m,(n ; |+ S(r, f)

A, 7

e, N (7 "?f‘ﬁi“‘”) < T P AN )+ S fr (2.44)

! (7
Dividing both sides of (2447 by """ and raking limit superior we
obtain that

o N Ty N )
imsup———————>"> < limsup -—-—= + klimsup-———=
e X IRAS. o IDAaTS N I,[)/(T/

el 1 gda [y k0,0 f)



R() (a: f) v k> FO, x: f)
This proves the ﬁlst part of Theorem 2.3.13.

") Since N (r. f*) = N(r. fi AN (1. f), dividing both sides by
#2111 and taking limit superior 1t follows that

N f ) Nir f N(r f)
lim sup—-—r— < ]1111514)'-_-- e klim sup—
sl . p i) - 7pr(r)
o ' roex roex

Le., 1 - H()( (. [} = SN ;\”x:f}r -+ /wf{} @/z,r(:i)c:f)}

ie.. R(i},:f’("oc: flek kO, (> fita, (o f
Thus the second part of Theorem 2 313 follows. m

Theorem 2.3.14. If { ¢ share 0.1 x CM and [ # ¢ then

(1) 610, (0 ) By (L1000, (e fod Z 0oy, Lz f) <2

a0l x

and (ii) &y, (O:gt b oy, (bg 0, (ocig) L Da)p, (aig) < 2.

a#l o
Proof. By Nevanlinna's sccond fundamental theorem. Lemma 2.2.2
and Lemma 223 we get for pairwise distinct complex numbers

™

o apa, A0 Lo L2

(2.45)

+
-
P
o
B N

On dividing both sides of (2457 by~ and taking limit superior we
obtain that

(1) < U0y, (00 f 0y (1 =y, (1))

Pl oyt Sl b E 0y ol f)

/0.1



from which (i) follows.

Similarly by Nevanlinna’s second fundamental theorem, Lemma 2.2.2
and Lemma 2.2.3 we obtain for pairwise distinct complex numbers
ity capla, A0 Locor = L2

(n+ LT (r g
< N Qg e NG gi= 14 Nirx:gl=1)

I
7%2‘3\“ acgl< 2y - Sirg) (2.46)

On dividing both sides of (2 46) by %"} and taking limit superior we
get that

(A1) < 4100, (0ialh 1 =y, (Lo}

Falan, g 1 Eno- g 0o (a:q),

as0. >~
from which (i1} follows =

Theorem 2.3.15. If f. ¢ share U 1 x CM and f # ¢ then

(1) 0 (0 F1 o (b fra v i f) - Z 09, v f) <2

a£0.1.x

and (ii) 01, (0:g) + &, (1g) =0 (g + Z a0y (a;g) < 2.

a#0,1

Proof. Dividing both sides of (2.4%: by T'(r. f) and taking limit supe-
rior we get that

(n b1 = =0 (0 b e {1 = a1 )

from which (i) follows



Again dividing both sides of (2,461 by T (r.¢g) and taking limit su-
perior we obtain that

(n+ 1) < {10 0git 4L =48,(Lg)}
R IR UTR - SRTA R ST Z Oy fa:g)

af0.1.x

from which (ii) follows m

S R L



