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Chapter 2 

MEROMORPHIC FUNCTIONS 

AND THEIR RELATIVE DEFECTS 

2.1 Introduction, Definitions and Notations. 

Let f be a non-constant meromorphic function defined in the open 
complex plane C. The term S(r. f) denotes any quantity satisfying 

r· f"\ {T( /')} · S(r.f) h l ll 1 f ~(r .. ) == 0 . T,. l.C. T(-:-~n .. .,. 0 rlS,. ·-+ XJ t roug l a va ues 0 r 

if f is of finite order and except possibly for a set of r of finite linear 
measure otherwise. For a E C U { x} let n(t. a: f) denotes the number 
of roots off - a in I zl s; L the nmltiple roots being counted according 
to their multiplicities and [\' ( r. a)./) ts defined in the usual way in terms 
of n( t. a: f). Similarly TdL o.: f) dcnot<~s t.hc number of distinct roots of 
f -- u in lzl < t and 7V( r a: f is nlso defined in the usual way in terms 
of fi.(t. a: f). 

The Nevanlinna defect 6( o: f) dJid the Valiron defect .6.( a: f) of a are 
respectively defined in the following lllanncr: 

. ( . ) . .\" ( r. u: f) . . rn ( r, a: f) 
6 a: .f .:ceo: 1- llmsup-·-·-:-·-:~ = hmmf----.-

r--·x T(l.jl r->oc T(r.f) 

The results of this chapter have bct'n puhlishPd in International Journal of Mathematical 
Analysis, sec [11]; International Journal of Pure and Applied Mathematics, sec [12] and 
International Journal of Contemporary Mathematical Sciences, o,lT '] 7~. 
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and 
. . . J'vr(r, u; f) . m(r: a; f) 

().(a.; f)= 1- hmmf T . 
1
. = hmsup T(. f) . 

r-~x ( T. . ) r->cx . T . . 

Milloux (30] introduced the concept of absolute defect of a with respect 
to the derivative f'. Later Xiong [421 extended this definition to f(k). 
He [42] introduced the notion of 

(kl . . __ . .. 1V(r. a: f(k)) 
8R(a.f)--'-1--lm_1sup (·f) . 

~~-x: Tr. 

for k = L 2, 3, · · ·. and called it the n~lative Nevanlinna defect of a with 
respect to f(k). In [42] he has shown various relations between the usual 
defects and the relative defects. 

The following definition is well known. 

Definition 2 .1.1. The order p f of a meromorphic function f is defined 
in the following wav 

. log T (r. f) 
fir .. hmsup- . 

· r ·'X log r 

A meromorphic function f is said to be of finite order if PJ < oo. 

For a meromorphic function f of finite order p f, a function p f ( r) 
is called a proximate order of f 1f the following conditions hold: 

(i) Pr(r) is non-negative and continuous for r > r·0 . sav. 
' . 

(ii) PJ(r·) is differentiable for r > ru except possibly at isolated points 
at which pj-(r + 0) and p'r(1 - ()) ('Xist. 

(iii) lim PJ(r) =- PI: 
r ---->ex 

(iv) limrp' (r)logT = 0 and. 
r-~e>c' f 

. T(r,fl 
(v) hmsup . ) = I. 
. . r__,x rPr\r 
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The existence of such a proximate order is proved by Lahiri [28]. 
In the value distribution theorv the proximate deficiency of the value a 

is defined as 
_ ') . .V(r. a; f) 

oPr(o:f. == 1-lmu::mp 'r(r) 
T •x. 7 P.-

Using property (v) one can easil~, vcrif.v that 5(a: f) < 6p
1

(a; f) for 
every complex number a in the following \vay: 

. . i\'iJ,a;.f) 
- 1 - hm sup--------

r--ex tPJ(I) 

. { ,V(,., a; f) T(r, f)} 
- 1 -Iu_n_ su __ P ---. -._-. . . 

r -~x Trr. f) rPtl r·J 

. . .\' ( 1', u; f) . T( r. f) 
> 1 - lnn sup----:------.. -· · hm sup 

:-~ex T(r f) r-+x rPJ(r) 

. .\' (r. o; f) ( 
- 1 -- hm sup--;-T~~---f\ - = 6 a: f) 

! •X (I ' ) 

i.e., 5(a: f)< ()p
1
(u: fl. 

Likewise one maY define 

and call this proximate deficiencv of the value a for distinct a-points. 
Clearly for every complex numl)('r r1. (0(a:f) < 8p

1
(a:f) which can be 

proved as follows: · 

l
. :\'(1·, a: f) 

1 -- 1m sup---·-_­
.1-t!t (r l. 

f' ·X 

1 l. _·. { ,\-(r. o: f) T(ro f)} - 1m sup ----.-. . . 
1 ·x , T(ro f) rPr(rr 

. ,V (r 0 o : f) . T ( r f) 
> 1 - hm sup T. 1 

1
., · hm sup . '(rl 

I X I To . _) r ---7 X T p f 

. /V(roa:f) . 
1 - Inn sup--_ ·-/-~;--.:.. = 8( o: I J 

r x T1r,_/, 
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i.e.: 8(a; f) < 8p1 (a: f). 

From the second fundamental theorem it is not difficult to prove 

that the set {a: 8p1 (a: .n > 0} is countable and 2::8Pr(a: f)< 2. Also 
(L 

for a complex number a. we put 

'\ . . N('r. a; f) 
6Pr(a:f) =, 1-lnnmf . () 

' ! •X. rJJ{r 

In this chapter we u::;e the term 

for relative proximate deficiency of o with respect to ,l(kl and 

8
\kl . 

1 
.. _ . . . ]\T ( r·: a; .f(k) 1 

R ) ( o, . l -··· 1 - Inn ~up ( ) 
I I ,. ·X. rPJ r 

for relative proximate deficicnc:v of o \Vith respect to f(k) for distinct 

a-points and establish variOUS relations between (ip,(o: f), 8p1(a; f), 
R(j~~)(a; .f) and Re~~l(a: fl. when' k L 2 . .3. · · · . 

Let f and g be two non constant mcromorphic functions defined in 

the open complex plane C If for u E:: C U { ::xJ} f and .<J have the same 
a-points with the same multiplicities. we say that f and g share the 
value a CM(countin)2; multiphcitics 

The following definitimts are \\·ell known. 

Definition 2.1.2. We denote by.\ \r. n; f I =c 1) the counting function 
of simple a-points for o E C :.J i x} 

Definition 2.1.3. Let k be a positive integer and o E C U { ::xJ }. We 
denote by }\T ('r. o: f 12 k) the counting function of those a-points off 
whose multiplicities are not less than k, where an a-point is counted 

according to its multiplicity Also by l/ ( r. a: f I~> k ,: we denote the 
corresponding reduced counting function. 
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We denote bv .Y ( r, a: f I:::, k ) the counting function 

N (r, a: f) - N ( T, a: f I? k + 1). 

Definition 2.1.4. The quantities (5 11 (u:f) and 62) (a: .f) are defined as 

follows: 
. "Y('r,a:fl=l) 

1 --· hm sup T ( . f) -·-
' 'X L. 

and 
_ . _ . .V (T, a: f I:S 2) 

62) (a: j) = 1 --- hmsup-- T I.,_. f') · 
• -· '< \ 1 .. 

for a E <C U {x }. 

We now introduce the following definition. 

Definition 2.1.5. The quantities b )p
1 

(a: f) and 62)pr (u: f) are defined 
in the following way 

. . JY (r: a; f I=- 1) 
6l)pr (a: f) -= l -- hm sup ( ) --

. r ·X 7.Pf I' 

and 
_ . /V(r,a;f I:S 2) 

02)p 1 (a: .n :=. 1 - lnn sup ( ·) 
r -·-x: rPJ r 

for o E <C U { oo}. 

Definition 2.1.6. A function h 1s said to be a small function with 
respect to f if T (r. b) - o {T (r. f) { 

In this chapter we also intend to establish a few results on the prox­
imate deficiency of meromorphic functions involving sharing of values 
of them. 
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2.2 Lemmas. 

In this section we present some lemmas which will be needed in 
the sequel. 

Lemma 2.2.1. Let f be a meromorphic function of finite order. Then 

. S(r. f) 
hm ----- -:c 0. 

r ---x: rPr(r' 

Proof. Since f is of finite order then 

,S(L f) ccc oi T( r. f)} 

. . .'3(r. f) 
1.e .. hm -T .·-,.\- U. r-·x ( 7. ! 

So 
. S(r. f) . Tp·. f) . S(r. f) 
hmsup---, c:c hmsup-----.- · hm---.. == 0. 

r---+x rPJ(r; r--·-x r;lf(r) r......,xT(r.f\ 

. S(r, f) 
1.e., hm ···· 0 

r......,x, rPr(r1 

This proves the lemma. • 

Lemma 2.2.2. 145] If f. q share 0. l. x Cl'vi and f ::j _q then 

(i) N (1·, 1: f /? 2) - \' ( r. 1: c; 12~ 2) = S(T. fl- S(T. g), 

(ii) N ('r. 0: f I? 2) ·::: Y lr 0: (' j> 2) = S(r f'J. -- S(T g) 
\ ,J - ' '"- ' ' 

and (iii) N (1·, ex: f ~~~ 2) S r r. x 9 I> 2) = S(r. f) = S(T, g). 

Lemma 2.2.3. [25j If f. g share fL l. x C!vi and f 1' g then for any 
complex number a. [ ic 0. l. X) 

( . ·. \T . !' I", ') ) c ( ,. c ( ·. l). \r.u:. 1:::::: .. ) .... ,) r .. -== o T.(J) 

and (ii)N (r. a: g /? :-{) - s· (r, fl = S (r. _q} 
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2.3 Theorems. 

In this section we present the main results of this chapter. 

Theorem 2.3.1. Let f he a transcendental meromorphic function of 

finite order PJ such that for any positive integer k, f(k) is non-constant. 

Also let a f= 0. oo be an:v small function related to f. Then 

8 ( f.) - ( ) r· ·(k) ( J) , Pr CXJ: . + (J f! r ( : . ) + R ()PI a: < 2. 

Proof. Let us consider the followin<r identitY h . 

1 -- 1 { _f(kl '. p~.:+-l) . J.(k)) f{k) -- () } 
f - -~ j'' - c)---~---· -- u -1- of(k+l) _- aJ(k) . 

Now in view of Milloux·s theorem {p.-~5. [24]}: the relation 

T (r, f) = T (1· .. ~) + 0 (1) and T(1. ") - S(r. f), wc obtain that 

m (r ; ) <: 111 (r "fl!~, •. ;:Jikl) + S(1 r 

1.e.. m (r ; ) 
T (» f(A-l -- a ) ~ ( J(k) - a ) ' 

< '' afik+ll __ aJ(k) - :\ ,r. aflk+l) _ a~f!kl + S(r, f) 

I.e .. 

(2.1) 

Now adding N ( r. ]:) lo both sides of ( 2. I) and using the 

.Jensen formula {p.:14, [24j}. w<:~ get from (2.1) in view of 
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T( 1, f) c T (r. ~) -j 0( l) 

T(r. f)< iV(1. f)+ N (r. ~) + Y C· j(ki
1
_ a) ' S(r, f). (2.2) 

Now on dividing both sides of (2.2) by rPJ(r) and taking limit superior 
it follows by Lemma 2.2.1 that 

. T(r.j) 
hm sup---:~ 

7··Pt (I ' r-.x · · · 

l
. /\'(r, f) . ,\' (r, Y) l' N (r·. f(k~-a) 

< lillSUp ( .. +· hm SUp-··-.-+ 1m sup () 
1'-+cx: rPr T) l" ·x rl'f(T) ,._.,Xj rPJ r 

i.e., 1 < { 1- 8p1(oc; f)}+ {I bp 1 [0· f)}+ { 1- RO~~l(a: f)} 

i.e., 8p1 (oo; f)+bp 1(U; fl + R61~l(a· .fi ... 2 

This proves the theorem. • 

Remark 2.3.1. The condition a 1- 0. oo in Theorem 2.3.1 is essential 
which is evident from the following t\YO examples. 

Example 2.3.1. Let f .. cxp ;=: k 2 and o = 0. 

Then PI.:: 1. 

Now N ( T: (): f) .. lV ( /'. X: f ) u 
Also }'-./ ( r, 0: f( 2)) = /V ( r. 0: cxp ~) "' .. 0. 

So 

1' . N( T. 0; f) - '!. 1 -·· nn sup ( 
I ·x rPt r) 

. /\' (,.. CXJ : f) 
epf(oo: f) .. co 1- hmsup () - 1 

I <X: r·Pf r 

and 

R8( k) (a· /') -,. fJc)"( 2) (0 · 1·" 
PI ., · ' Pt ' J 



Therefore 
8p1(oc: f) + Op1 (0: f) ~ Rr5~~l(a: f)= 3. 

which contradicts Theorem 2.3.1. 

Example 2.3.2. Let f - exp Z. k " 2 and 0 c· 00. 

Then P.t = 1 and aPr (ll: f) = ePt (X .. n =- 1. 

Also _r..,T (L oo: f(2)) = .Y (r. x: exp:: i := .. 0. 

Then 

. S(r~oc.f( 2 )) 
rj(k)(a: }''_! = r5( 2!(x· j') 1 - hmsup _ .. -- = 1. 

R P,• · R fJ_t· ' • I . 
r~rx rPJ ~'' 

Therefore 
n ( f' - ( f' -('2)' f) . OPJ oc:. ) + Of!f 0: __ 'i 1 R{)Pr (a;. = .3. 

which is contrary to the conclusion of Theorem 2.3.1. 
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Theorem 2.3.2. Let f be a meromorphic function such that P.t < oo. 

Then for every non-negative integer k 

o(k)( . f'' , F' /. - , .. L :\ i()· f) <- ·) Rnp
1 

a .. ! 1 1p,\ x. J , up1 \ '· __ _ 

where a is any non-zero finite complex number. 

Proof. Since 
(1 pk) pi;l ___ a _flk+ll 
- -~- ··- -~----~- ----

I I flh '11 . f 

it follows by the relation T ( 1, f) - T ( r, 7) 
theorem {p.55. [24]} 

+ 0 (1) and by Milloux's 

( 
(1,) 

m r. f. ( 

f(ki -- (J ') < m r. .::. ___ --_ ------ +-- S'( ,. j') . _f'(l.; l i . . . 

( a) l.e., 'TTL r, f ( 
pk) ,,, ([ ') 

0 
T ( J(k) - (/) ~ 

< T _T. -JTk+l;--, - ,\· r, f(k1-i l - + S ( r, f) 

. _ ( (]) (-·_ _f'(k• l) \ r ( J(k) __ (1) ' --, 
I.e .. m r. f < T r. -(ffl~~~ ) -- 1\ \7\ Jf0lf" +- S ( r, f) 
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(

. ) . pk+t) ) . ( f(k+l) ) 
i.e., m r, '] < m (r. J'kl _a + N r·. (Ckl _a 

tk) ' 
- V ( r. ~--- - a) + S(r. /') 

f(k+ 1) .. 
' ! 

. : ( f(kf l ; .. ) 
< f\ r. f'lk) 

. - 11 

I j'(k) ) " ( -- a '-'. f) 
:'\· . r. :Jfl':-;j') + , ; (r. . (2.3) 

Now adding N (r. '1) to both sides of (2.:l) and usmg 

T(r. f) = T C· 7) + 0( 1). wr get in view of {p.:l4.l24]} 

rn (r ~) T V (. r ~'-·) 
· . ·f. · \ · .r. 

< JY (r. f(ki L) \ + y (' ,. ·--;--;~- ') - N (r. r(k) - a) 
. ) . j (kJ- u . 

. L . I ) 
- N ( 1', f (A· 1 \ ) + v ~~ . ~; + s ( T: f) 

LC. T (r ~) 

< N (r Jiki~~;) - y ( r. fl;+ll) 
1 { ;\ (r f'' 1 11) ... \ (r Jlkl)} t II' (r 7) + S(r, f) 

Le. TCJ) 
< { N (r, jlkil-J -· N (r Jl;ll))} +- N(r,f) 

-1 IV (/. r ~) + '-l'(_r /') ' . . f' .. . . . 
' ' / 

(2.4) 
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L t N ( 
1 ) denotes the zero!:' of .f·(k + 1 l which arc not the zeros e. o T: f(k+l) 

of f(kl - a. So 

x(r.J(A)l_n) -s(r fl'l'l)) 

Therefore from (2.4) we get that 

T(r. f) 

-· (' 1 ) ( 1 ) _\' , r. f(kl - a. - No T. f(k+l) . 

< i\' (r __ 1 --) " _·pk) __ (J_ (
/ 1 ) \-,. f') ··-·- .\o r. J(k+-l)_ +. '(1·:. 

/ 1) + N (_r. -~ i S'(r. f 
f 

Le.. T(r. f) 

< N ( r, flkll J + /\'( r. f) + N (r, ~) 1 8( lf). (2.5) 

Dividing both sides of (2.5) hY rP 1 (r) and taking limit superior it 

follows by Lemma 2.2.1 that 

-. ( ' ) 1\/ ( 1 ) . !\ T, flk~ a . f\'(r. f) . · .· T, 7 
< hm sup - . )t ,. 1 -· + hrn f->Up . . (;) + lnn sup (r) 

r-H)(; ,rj(. I ·'>.:.. rPJ . r·-~~ rPJ 

i.e .. 1 < { 1- Re;)~·l(o: f)} + { 1 - 8p1(x: f)}-+ { 1- 6p1 (0; f)} 

. - e(k I ( t· c.. - f') . - (o ,.. - ') l. C.. H - pI f1: . ) t ~._-,PI \ OC: -t- 0 p f : . ) S_ _,. 

Thus the theorem 1s e::;tablished _ • 

Remark 2.3.2. The condition thdt ·o is any non zero finite complex 
number' in Theorem 2.~1.2 is neccs::;arv which can be shown in the fol­
lowing two examples. 
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Example 2.3.3. Let f = exp z, k: = 2 and a _c= 0. 

Then PJ = 1 and Ap1 (x~f)-=- 601 (0:f) c 1 

Also N (r', 0: f( 2)) == r\r (r. 0: exp z! o. 

So 

Therefore 

which contradicts Theorem 2.:) :..: 

Example 2.3.4. Let f .. cxp :. k 2 and o = oo. 

Then PJ = 1 and 8p1 r. x: fi = ()Pr I 0· f) ·-:c l. 

Abo f\' (T, x: f( 2 l) = j\r (r. x: exp z) - 0 and 

Therefore 

which is contrary to Theorem :1.3.:1 

Theorem 2.3.3. If f be a meromorphic function of finite order PJ , 
then for any positive integer k:. 

') .\ ( k) ( /' -1: I ~· . . .\ ( 0 j') ' ...,RUf!t X:. ) -f- uf!t \0 . ) +- Upf ; .::;: 3. 

where a be any non-zero finite complex number. 



Proof. From the identitv 

0 l -- (1 j'\k) 

f 1 - :--,.~- . f. 

and T (r, f) ·' T (r. 7) 0 (I) it easih· follows that 

I flk)) l; ' 

T (r. T + S(r,.f) 

(
. f(k) ) ( j(k)) 

m r. f _ u + V r, T 
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~· .S(r. f). (2.6) 

Using Milloux's theorem {p.5.5, [24] ~ we obtain from (2 6) that 

T (r. ·~) :::; .\: (.· r. __ t_: '-. \) · .. V (r. f.f(~)) S'(r. f) 
. f .. f - fj / 

i.e .. T(r .. n 

i.e .. T(1. f) 

V ( r. . 1 ) -r· l\r ( r. .f ( k) ) 
.I -- (} 

1 S ('r. 1J ,~'(r. f) 
l / 

< 2N(7 ./·'k'l +· N (r. - 1
---.) . . . . . f- (1 

l ') 1V(r.T. +S'(r.f). (2.7) 

On dividing both sides of (2.7) bv rPtlr) and taking limit superior we 
get from (2.7) in view of Lemmu 2 2 l. 

. T(r.f) 
hmsup ( \. 

r-+x TPf TJ 

. ;Y(r. _t(kJ) 
< 2hmsup --. _..:_ 

T--·x rPt:r) 

\. (r. -/ ) N (r, 7) 
lim sup ' -a +lim sup--'---~ 

I ·~ rPJ(T) I ·x rPJ(r) 
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. ., -(k)· !') . (· t•. :.; (0 f)/ 3 1.e., ~Rd[J1 (Xi:. + (Jvr n:. ,I+ up 1 :. ~ •. 

This proves the theorem. • 

Remark 2.3.3. The condition that ·o be an~' non zero finite complex 
number' in Theorem 2.3.3 is essential which is evident from the following 
two examples. 

Example 2.3.5. Let f exp ::. k - 2 and a .=-c 0. 

Then PI=--= 1 and ().Pr(o: f) . 6p, (U f) -- l. 

Also .N (r, XJ: _f(21 ) cc N (r, x: cxp .~) ·· 0. 

S d2) ( . /') l 0 RVpj oc, .. = . 

Therefore 

which is contrary to Theorem 2 ::s :) 

Example 2.3.6. Let f ="- exp .::. k 2 and a = ex:. 

Then P.t = 1. bp1 (0: fl =.:c 1 and R6~~l( oc:: f)= 1. 

Alsol\T(T.x:n o 

Then r'ip1 (a; .n =--= 6pr\X. fl­

Therefore 

') _\(2)( !" _\ (. f'\ · ( f) .:...RU 0 f X;. ) t Up; ,a: .. ; t ()Pt 0;. = 4. 

which contradicts Theorem 2.:3.:~ 
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Theorem 2.3.4. Let f be a meromorphic function such that PJ < oo. 
Also let ai (·i = L 2. · · ·, p) and h.J (j -- 1. 2. · · ·. q) be two sets of distinct 
finite non-zero complex numbers where p and q are both finite positive 
integers. Then for any positive integer k, 

p q 

8p1 (0; f)+q!5p1 (0: f J+28p1 ( x: f): LE-)p
1
(a( f)+ L R8~k;l(b7 ; f) < q-t-3. 

j- 1 

/ 1\ 
Proof. From the relation T ( r. f 1 - T (T.}} + 0 ( 1) and by Milloux's 

theorem {p.55, [24]}. we get that 

T(r. f) - T (rf I ) -! 01 I 

< N(r. ;) i rn (r.l~) +rn(rJ~kl) +0(1). 

Thus. 

T(r-, f) < N (r. -.1
1
-.. /) -+- T(r .. f(kl) - \T ( 

1 
) · '-'i f.) _ _ , r. f(k) + '--l, r.. . 

Again by Nevanlinna's ~econd fundamental theorem. 

T(,. t·(k) l q ' 0. • 

< F!(rf(kl)+~~v(r .. 1 \ 
L j(kl -lJ } 
/ \ ' .J / 

+': (r j~k)) S( r. f) 
Now from (2.8) and (2.9) it follows that 

qT(r, .n 
r ( 1) . -r i ·! k • ( 1 ) _ (- 1 ) < q!v r. f + ;\ ( r. j- J) , .\ r, f(k) - ql\ . ,._ f(k) 

q - ( I ) +-LN r. r(k)_ b i s( ,. fl 
} 1 . J. 

(2.8) 

(2.9) 

(2.10) 
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Since JV(r, Jlkl) ~ \'(r, f) and s· ( r f'~kl) - qN (r. J~kl) < 0, it fol-
. ' ' 

lows from (2.10) that 

r/T(r. f) 

- !J, .. ( 1 ) 
< .\'(r. f) . ~\' 7', pkl- b7 

r (/ 1 \ '( !" 
+ 111\ r. J) ' !J r .. ) . (2.11) 

In view of Nevanlinna·s second fundamental theorem. 

pT( r. f 

< iv(r f) + S (r ~) ')"' .V r. . + 8 ( r, f) . ( 2.12) jJ . (' 1 ) 
"--"' f - a . l 

Adding (2.11) and (2.12) it follmrs 1hat 

(p + q)T(r. f) 

< Fl ( r, ~) I rt N ( r ~ ) l 2 \' ( r f) t t N (r f ~ aJ 
i=l 

q - ( 1 . -+-2:~7\r ·r· - .. ---. ) 1 '31r j'\ , .'V . f(kl l l ' ' .... 
'-) 

j I , J. 

(2.13) 

On dividing both sides of (2.1:5) bv rPdri and taking limit superior we 
obtain by Lemma 2.2.1 that 

(p -t (j) 

\T (r l) 
< bmsup. : 1 

T--->X rPr(r i 

\. ( 1) ' r - 7\r( f' . .. 'J . !1/ r. 
qlnn sup------ + 2hm sup · · ) 

r ·.x rPr(r) r-·x rPJ(r) 
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l.C., (p t q) 

< {1- 8p1 (0: f)}+ q { 1 -- 6Pr(0: f)}+ 2 { 1- 8Pr(oo; f)} 

{p- te"'(o•fl}' {q- t, "e~l(brfl} 
i.e., 8p1(0: f) + wYp 1 (0: f) · 28r)r(x: fl 

p y 

+ Lep1 (a( f) + L ,./-)))~l(b( f)< q -! 3 
i 1 I i 

Thus the theorem follows. • 

Remark 2.3.4. The condition that ·ai(i c---= L 2, · · ·. p) and bj(j = 1, 2, · · 
·. q) be two sets of distinct finite non-zero complex numbers' in Theorem 
2.3.4 is essential which is evident from the following two examples. 

Example 2.3.7. Let f -- rxp :::. k- 2. p = q = L u1 0 and b1 = oo. 

Then Pi-=-' 1. 

Also epf(O: f). o'Pr(O: f) = (~)pr(:x;· f) c l, 

8Pr(at:f) = 8nr(O:f)- 1 and u8~~)(b1:.f) = R8~~l(oo:expz) = 1. 

Therefore 

8Pr(O: f)+ q6p1 (0: f) 28pr(x f) + 8p,(a1: f) -'- f)1~l(bl; f)= 6. 

But q + 3- 4. 

Example 2.3.8. Let f- exp ,c. k · 2. p = q = 1. n1 - x and b1 = 0. 

So Pf = l. 

Also 8p1 (0: f) 6P
1 
(0: f) ·cc·· Hp, ( x: f)'"'-- L 

8Pf(a1:f) = f)PI(x:fJ · 1 and Rf-)1~\b,:f) = Rf)1~)(0:expz) = 1. 

Therefore 

GPt(O: f) t q6p 1(0: f) t 28p1(x. f) + 8Pr(a1: f) f 8~~)(b1; f)= 6. 

But q t :~ •c.: 4. 
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Theorem 2.3.5. For any meromorphic function f of finite order PJ, 

p q 

ePJ(oo; f)+ Re~~)(O: n-+ r/f:J6fJI(al: f) + L Re~~)(b{ f)< q + 2, 
j c_J 

where ai( i = L 2, · · ·, p) and h1 U - 1. 2 ... ·. q) are an:v t\vo sets of distinct 
finite non-zero complex number~: p. If are finite po~itive integers and k 
is any positive integer. 

Proof. Let us consider 

F 
,--- 1 
L f' - ai · 
I ! .. 

Then by {p.32-;33, [24]} we obtain that 

~ ( 1 ' l .... }" r. --.--·-- J < m( r. F) + 0( 1) 
I l \ .f (},, 

I.e .. 
p (' ' .. l . Lm r. ---;---- ) 
. . I u! , 
~~- i . • • 

. r f.r k) (/ 1 ) . < m(r. r.' ) ' 111 r. f(k) + 0(1) 

p ( Jik' \ / 1 ) 
< :z=m r. T u,) , rn (r, f(k) 

{::- i ' 

( 

1 ' 
< 1!1 r. . 

1 
) " S'i r. j'). f I; . ' 

0( 1) 

Adding ~N (1·. f ~ a,) to both sides of (2.14) we get that 

(2.14) 

p ( 1 ) (" 1 p ( 1 ' f? r, f ~ ,;; S T r, f' ) + ~N r, j:-;,,) t S(r, f) 
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p . 1 ) ie , pqT(r. f) S qT( r. Jl'') + q z=s (r, f _ 
01 

+ S'(r, f). (2.15) 

Again by Nevanlinna~s second fundamental theorem and in view of 
f\r('r. j(k)) = Fl(r, f) we obtain that 

qT(r, f(kJ l 

- . - ( 1 ) < N (r. f) + V 'r. f(k) 

q ' 

+LN (1·. --.-~-.1-.) + S(r. /'). 
t ( }\' \ l ' . 

' . -- ) 
j I \ . J 

(2.16) 

Now from (2.15) and (2.16) it follows that 

pqT(r. f) 

-·( l\) ~-( l ) < N(r. fi .t. N r, "j-:IJ-:;. t L ...... JV T, -
1

:!k) __ h. 
\ ' . j l 7 

qts (r. ~L ... ) t- S(r. f). 
f (j. ! 

I-- l ,, , J . 

(2.17) 

Dividing both sides of (2.17) bv r1'r(ri and taking limit superior we get 
in view of Lemma 2.2. 1 tha1 

l
. T(r./'l 

pq lmsup-~-. -· ·-
r -,'X rflt (r) 

< 
/\i(1· f) . Y (1, p\1) q . F1 (r, J(k}_b) 

lim sup · + hm 'UJ) ' Ll 1 

.l' ~·x· ·r·f'.r(r) ' . s ---·----( .. -1 - ,. lm sup ( ) 
. r---x r·flt.'· J'·"x· rfiJT j=l .. 

P N (r. - 1 ). 

'"""' r- a +qL....tlimsup--,---·r-1 -' .. 
. r·<x rPt( • 

zccc. I 
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l.C.. pq 

< { 1 - e Pr ( oo: fl } + { 1 - R ~) ~~~) r o: .n } 
t-t {I - Re;,',1(b, f)} 1· <t {p- ~0r1 (ai f)} 

q p 

i.e., ePf(oo;f)+ Re1~)(0:fl+L Re:)~1 (b{f)+qLi5Pt(a(f) < q+2 . 
. 1 
7 ' 

This proves the theorem. • 

Remark 2.3.5. The condition that o1 (i = 1. 2, · · ·.p) and bj(j = 1, 2, · · 
·. q) are any two sets of distinct finite non-zero complex numbers' in 
Theorem 2.3 .. 5 is necessary which ca11 be shown by the following two 
examples. 

Example 2.3.9. Let f ·-=- cxp z. k -- 2. p == rJ = L a 1 -c:: 0 and b1 = oo. 

Then PJ - 1. 

Also ePJ(oo:f) =- HE-)~~\O:f) - L ;s{lf(ol:.f) =c 6P!(O:f) = 1 

and Re~~l(b1: f) --- Re~l(oo: exp: ·, 1 

Therefore 

8 ( /.) E-(2J( . t· - ( - ') _(2Jr . - ---Pt oo:. + RJpr 0 ... ) 1- qr)or.al,.f + R8p
1

\bt . .f)-4. 

But q + 2 -= ~). 

Example 2.3.10. Let f == cxp .z. k - 2. p ::= q = 1. u 1 - x and b1 = 0. 

So p 1 = 1. 

Al 0 ( f') n(L)(( ,.. l (. f') - . f) so ~...~, p 1 oc: . - R n p 1 ) : . ) - r'l Pr a 1 : . = 0 r r ( X : . = 1 

(2) . (2) . 
andR8p1 (bl;.f)= RGpr(O:cxp )=1. 

Therefore 

8p1 (oc;f) + R8~~l(O:.f) ~ qb·i~t(al;f) t R81~)(b1;.f) = 4. 

But q + 2 == :3. 



Theorem 2.~{.6. [I 1 w t~ !lJ('HJt:i•!''ldJi l•u·• 11011 <• It !111' urder and 

u. 1 !.:2 .. v i1,~ :'· hll1\' 1srinct w:plcxnumbcr:-; 

I i !- I • I 

I I \- .HI, : •. t I t; 

Proof. Adding · > i tit! \ 1 • 1 T fi \' 

\ / \ I I 

\ / 

\ ( I 

i' ! 

I, .' f· (:2.18) 

\i,i\\ dividmg both -" 1rk:- 'Jt <llHl taki11 "nn :-;uperior it 
tnllows lw LcumLi. '!:;;' 

: I' (/ 

\,: 

\ 
· hm :-;up 

\ 

{ i 
, -f) 1 r 1 
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1.e (p + q i JHJ) 

< 3 {1- 8p,(x: f)} + {I nE-);J~l(U: f)} 
+ { 1 - 8P1 (0: l'J ~ ' q { 1 r11,1 (0: f)} 

{ 

}! } { (j } +(J + q) fJ -- ~()p 1 (n~· f: + 2 q- 2.:: nf-)~~)(bj;f) 

i . e . . 3 8 p , (:,c : f i 1 fi (~) ~>~ i 0 f ) t E-) p 
1 

( 0: f ) + q (), ,1 ( 0: f) 

p ,, 

+(1 + q)L::1\,r(111 n + 22.:: Jl3;,~)(h;: f):::; 211 + ,.,_ (2.19) 
,i- l 

Tlmt:l the theorem is proved. • 

Remark 2.3.6. The condition that ·u 1 1 ~= 1. 2, · · ·. p) and bj(.j = 1, 2, · · 
·. q) are finite distinct complex mtmben; such that u 1 f 0. bj i (r 
in Theorem 2.~) 6 is essential whidi IS evident from the following two 
examples. 

Example 2.3.11. Let f cxp :: F. • l 1 .::.. fJ q = . 1/i () and b1 = oo . 

Then fif - 1 

~l 0 ( f.. n('J' /' P (.. - .. 
f"\ SO o p r X: . ) ·c:· R n 0' ( 0: i · -~ p, (): f ) = 0 fl r ( (): l ) -c:· l. 

6p1(al:f) 6p.(U·f) -- l <md rJ-1;·/\ht:f) = Rej)~ 1 (x:expz) = 1. 

Therefore 

But 2q + S - · 

Example 2.3.12. Let f = cxp ::. J.. - 2. p ==: q == L o. c:= ex; and b1 = 0. 

Then PI c-· l . 

Also 8p 1(x:fJ -- R8~~'(0:f) -- (~)r)r(O:f) c== 6p,!O fi :.:.1. 
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f) ( f. l l n \ 2 i r l L ·. 
bp r ( (ll ; . ' c= (J p r :x; : ' ) -- ' all( R ~} il I \, ) 1 : .! l -::--: 

0 (
21 I(')· exp "') - 1 R\7 (Jr ' • 4/ - • 

Therefore 

But 2q + 5 

Corollary 2.3.1. If f 1::-1 an ent 1rc function such thai p f < oo and 
p 

'2:6pr(a( f) ---= L then for an~· po::-1ttivc integer k 

lj 

R 8 ~~) ( (): f) + 8 (! r ( (): n t ( t6,) r I 0: f ) i 2 L R 8 ~ ~) ( hJ : f) :::; q + 1. 
i l 

Proof. Since f is an entire fnnct 1011 

p 

Now in vie'v of L()Pr\u,: fi ! and (0p
1
(:x;:f) -:·· 1 it follows from 

(:2 19) that 

q 

:~ 1 He~~J ( o: f)+ ePt ( o: I l : q6Pr ( o I 1 • ( 1 + q l + 2 L He~)~-~ ( b1: f) < 2q+5 
j '' 1 

'I 

l.C., Re~k,) (0: f) ~ f\, (0: n l w)flt ill: r 'i <~ L u8~~) (b./. f ~ q+ 1. 
l I 

This proves the corollary. • 

ji 

Remark 2.3.7. The condition L(\)1(ai: fi = 1 in Corollary 2.3.1 1s 

neccssar:v which can be verified from the following C'Xample. 



Example 2.3.13. Lf•t f - exp:: _ k ') p '"- q = 2. n 0. 02 = X: 

h ... 0 and b2 = x 

So PI = l. 

Also f)Pf(O: f) C .. 6(!; ( x: n - E-)1, (() I) C .• RG~~\0: f) . 1 

. ( i /l 

(k) . · \A i-' ./· ,,. and Rep, (0: f) ··~ RG(I( l. X 

Therefore 

118~~)(0: f) + 8 01 (0: f) i r1(\) 'll. / 1 
; 2J-~ R8~~ii/J1 fi = 8. 

j l 

But (/ + 1 =-c :) 

Theorem 2.3. 7. Let f be a mcromorphic function of finite order PJ· 
Abo let o1(t , .... L 2. · · p) be fiu1te distinct. non-zero complex numbers. 

Then for p ~~ 1. 

]J() Pt ( (): f) i 8 fl• ( X. f ; 1. 

' l \ 
Proof. From the relation T r r / 1 T ( r. . ) + 0 ( 1 · aud in view of 

. j 
l\lilloux's theorem {p.;).S. !2~1} i1 follow:. that 

T(r. f) < y (,., l:) 
\ I I 

I l 
< Y ( '· r) u· T( r. f') 

' " I 

J.P .. T(r. f) < ,\' ( T. ~) 

i 
m ( r. 

\ 

+ /II (I, 

f ; ) ; m (r· jlf:, '] I S'(r. f) 

) ) ..... '(,..f) 
,\ I 

T (I' f'l' \ ) 
I 
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(2.20) 

Since 8( r, f(k)) -- 8( 1. fL bY Nevanlitma ·ti second fundamental theorem 

we obtain that 

< :\( 1. /lkJ I i 
. ' 1 \ 
\ (I' --) 

' . f(kl . 

A~ N(T. _l(kl) c /\'(1 f) we gC't fronl : 2.:!01 and (2.21) that 

pT(r. f) 

pN (r 7) 
" 1\: ( ' J \ ' '-J'( I f -p, _'. r~) / ..... 

(2.21) 

(2.22) 

Since N (r -1
-) --· fJX (I r. ---

1
---_) < (i H follows from ( 2.22) that 

' ' ,f(kl' . \ pl;·) / 

pTl I f, 
' t ·. 

<. pY(r 
1

) \-rfl 

., 
!' I ) 

. )~ \' ( r . ' _·· (-1--,.· • 
£.-1 \ ['( \ 

t S'('r. f • (2.23) 

Dividing both sides of !2 :Z:i) bY 1 
111 

'' and taking limit ~uperior we get 
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in view of Lemma 2.2.1 that 

1~' . f'1 
l
. p. / 

p 1m sup·--. -;·-
r·Pt ( r 1 

r-----+'X· ·' 

. \" (r J) . y; I f) 
< JJhms1FJ----·-,-- +hm sup-------.:.-~ f 

1 p (r , r r) 
/·'>X f' I 1 

!' ··x ' 

') \·. (·r· 1 ) 
r • . ' • Jikl .. ai 

"'hm sup -- ---..,....,.----'-
G r ~x rPr(r) 
l 1 -

,. . -.x 

Jl 

i.E' .. pbp1 (0: f)+C-\1r(:x: fl+L rl-);,A.'i u;: f! ~ p+l 

This proves the theorem • 

Remark 2.3.8. The condition tha 1 a, (i 1, 2. · · ·. p: be finite, dis­
tinct7 non-zero complex numlwrs· in Thcorcrn 2.3.7 it-, essential which is 
evident from the follmviug H\·o Pxarnple~. 

Example 2.3.14. Let I cxp. J, :2 f! --=- 1 anclu, 0 

Then Pt 

Also 61',(0: fl · (-)p
1 

x. f! 

Therefore 

pbor(ll:f +(-\;.(X}'' Rf)~21 (al:f) 

But p + 1 .. 2 

) 
.) 

Example 2.3.15. Let r cxp . A •) p ... 1 and (/! X. 

Then PI 
Again 6p

1 
(0: f) f) r x· /'" Oi ., , , I 

ThereforC' 

But p t 1 •) 
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Theorem 2.3.8. If 11 0. ::x and b 1 (J. :x be any two complex num-

bers. then for anv merom orphic function f of finite order Pf. 

Hf-)~"; 1 (o. /' r ,/~;/ 1 11; I + (J· 1~.(0;f) ~-· ~ 

Proof. In view of l\lillonx :-; t hcorr·n 1 Jl :)!) ~4]}. we grt that 

( 

1 . 
m r.J) < m (' r /';1, • ) 

' I ' 

( 
l' 

i.e .. rn . r. {) < Ill ( I · 1i ) ) 
1. 

i.e .. m (r ) ) 
; ...., r f: 

' 1 ') 
Y (! · ]r~;!. '--' · . r · + 0 lr .. ' i. (2.24) 

Now by the relation T 1 '. f I 

I I \ 

T ( __ 1 ) ··+- () ( 1) and bv Nevanlinna:s r ! 
::::;ccond fundamental theorem we obt 11in from :2.24). nn m;mg 

- (' 1 ·), 
\t I f(k), 

I) 

< .v(,.. -\~) t \·(, 
\ ' .. \ 

Fe (r. (Ti '= b) 
. I l \ 

\ ( I ) .'-1' ( ! I --.\TIT:/ 

< .\T ( r. r ( k ' .. (j ) \. (·. , -. --... L ____ \ + s( 1 .r · 
fi ~: f, ) . 
' ' 

i.e .. T(r.f < \' ( . f'k' ) 
+ \' (r ______ l __ .- .) 

. I'{ '·l ' (/ . ' . ' . .. ) 

/ I . 
+ Y ( r. : ) ~- S(r. /l. 

\ f 

(2.25) 

Now dividing both S](ics of (2 :25! bY r"fi'J and takin,k!. limit superior it 
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follows from Lemma 2.2 l that 

i . c . . 8 ( k) ( a : f. I 1 11 f) l ;, ! :' h: f. : 
H Pi . . . I)' . 

Thus the theorem ~:-, established • 

Remark 2.3.9. The condit 1011 1lult u l 0. eX and b f U x' in Theorem 
2 :3.~ is essential which can 1w Yerified from the following examples. 

Example 2.3.16. Lt>t ! ()xp: k ~ and a- h () 

Then flf 

Al'-'') 8(:2)(·(. {') 
1-i d H · Pt · .I • . . E,(2J (' ' ,. 

N "":I (1 ' ' ( J ' 

Therefore 

(~{I- ( 0: f) ., . ) 

'Which is contrarv tu Theorem 2 ·> r:. 

Example 2.3.17. Let f exp . /., 2. n c () and h x. 

Then PI 

Also Re1~)(n: f) ,/0;~~J(O f! I (0.( 2
) II>· f·.·) l1 f) f ' . 

nt2!, f') 1 1!:-:orlX:. = 

and 6p 1 (0· f i 

Therefore 

'"·hich contradicts Theorem 2.3.x 



Example 2.3.18. Let f -' exp:. A ' o -- x and f, = 0. 

Then Pl =c J 

"l.. o(2) r . /'I 
."\. t-10 fl'C' pI \ 0 . . ) 

and bPI ( 0: f J 

Therefore 

\Yhich is contran' t u Theorem ~ :{ ·"' 

Example 2.3.19. Let r exp- l '2 and (]. ::-:: h X 

Then PJ - 1 

" . e(2J .. r ngam H- fir (a: , ) 

and A' 0 t ( 0 : f i - l 
. ' . 

Therefore 

{\(_!)I 
H'~J/Ii I X. I i 

\\'hich is contran to Theorem .!. :~. "' 
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Theorem 2.3.9. Let f be a mcrontorphic function of finite order PJ 
alld T(T. _l(kl) '""-- oT if. f\ l (' i I r(ki) - aT! 1'. f'i _,, S"(r, f) where 

o :? 1. Thc11 
t.·E...:) x· . fl. . . o A· + 1. 

Proof. Since f 1:-:> of timtP orde1 P follm\'s that 

• r·ii,· . Q· 
11 1 \ r , · · 11 r. I ; i ._) ( r. j ! 

and thercforf' 

Ti r. p~·;l \
'. /'1/( 
· r r . /

·(kl' ·- ml !. . ) 

j.c., T(r.fU·i\ \'11. r~ 1 ki\~ir.f) + m(r . . n + S(r,f) 
i c ... T(t lrh!i < ·r· ( ¥ 

i:' (2.26) 

j 

j 

j 

j 

j 

j 

j 

j 

j 

j 

j 

j 

j 

j 

j 

j 

j 

j 

j 

j 

j 

j 

j 

j 

j 

j 

j 



But by hypothesis T(r. f(kl) ·"'" oT (' I! <tncl we get fron; (~:.26) that 

nT I f . • f 
' 

/; { r . f) ,r.,· r f) '· ... 

I. C .. (o 1 1Tir. fl f. y 1) t ,~...,·r r. J' \ (2.27) --· I J ) 

Now dividing both sides of ( 2 27) b' 1 ,,, ': ,mel taking ]unit superior it 

follows that 

T' I' i I 
( o l )lim sup---'----:' · 

i •. , X !'f) i i r 

. ;\(r. j'1 
khmsup---­

·r·P r(' I ·• '\. 

1. f'., ( a -- l ) <; k i J - (-\,. : X 1 1 ; 

i.e'. k8 f!l ( ::X f 1 !] < k 

This proves the theorem. • 

Rernark 2.3.10. The sign ·< · in Theorem 2.3 9 cannot he replaced by 

· < · only as we see in the following ex;uuplr 

Example 2.3.20. I ,cr f exp .::. A l. and o l. 

Then Pf - 1. 

Also T( r. _l('2!) "-· oT (I /} and f),), I :X. n - J 

Therefore kFJP, ( x l 1 i u ·.; .~ 

Theorem 2.3.10. Let o (J. ::x b(' <tn\· complex number. Then for any 

meromorphic function f 1vith finite ordn ;;1. 

E:\ ( () 1\ (\ r· ,. )i k I ( ./ .. ) <:"_, '-) 7 1) 1 .: t)' -J1,,.n .. 1 t ;:(·,·.x. _ 

Proof. The following iclriJt it,· 1s W('Ll known { 1 l.p.4.'3. 21! 

T (,·_f) ~: !V(r. f) TL i/) .. : .r) ,.J r (2.28) 

Nmv from (2.28) wr have fm all nmHWl:!. lt ive integer k 

T (r. f /, \'( r I ·- \.! n .. V (r ~- · .. ) 
. f. 

') · S'( r f) 
{J I 
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i.e., T(r.f) < \ ' f /' f(ki 1 i 
, , • I 

/ 1 \ 
\ ( r ] ) 

-~- y ( r. 
\ I 

. ) --~-- .'-,', r. f). (2.29) 
\ ,I ~ f 

Dividing both sides of (2.2q) bY r 1' 1 
'

1 mel takiug limit ::;uperior it follows 

in view of Lemma 2 2 I that 

. T (r fl 
hm sup------
r-~x rPt 

. N(r.Jik;l l \(r.]) l. v(r.f~a) 
< hm sup---· . ' nn ::;up··· --..,.- I nn sup---~~-'-

r·-x rt' ' . '· , (! (rl r--.:x. rPf(T) 

i.e. R()~~)(x;f) + E-)p.(O fi i E--),,<11 

Thus the theorem i::; proved • 

) 

Remark 2.3.11. The condition u 1 ll. x in Theorem 1.:3 10 is essen­
tial \\'hich is evident frolll the follmvmg_ t \VO examples 

Example 2.3.21. L('t f ('Xp ·.• t, 

T'hen PI •.:.:... 1 

Also 8 P 1 ( 0: f) H PI to. f l 

Therefore 

\vhich contradicts Theorem 2 >~ 1 ( 1 

) and o _c._ 0. 

Example 2.3.22. Lc>t r C'Xp ' /, ~~ and (J CCC X 

Then PI- 1 

Abo 8fl 1 (0: f) I. E-)p
1
(o: f)- (-)

1
, t x: f\ 1 

l -(k)( !' dllC R0p 1 , X:. ) =- 1 



Therefore 

\\'hich is contrarv to Theorem '2.3.! 0 

Theorem 2.3.11. Iff be a rnerornorphic function of finite order and 
a, h. c be three distinct finite complex numbers with /, r 0. c c:J 0; then 

Proof. By Milloux's theorem ip.:)~L '21]}. vvc get that 

(2.30) 

So by the relation T ( r. f · 

that 

T (, 
1 

) + () rl) it follows from (2.30) 

(2.31) 

Again in view of Nevanlmmt :-1 secoml fundanwntal theorem 
anrt 8( !". f(k)) - 8( I./) \\"C get t hal 

T . t•lki (r ... \' ( i 'l 
• . I. f' ~-; ! 

\
. / 
' f !' \ r·: 

I :'V (. Jlkil .,,) 

·· 

1 

J · S' ( r. f ' 

Combining (2.31) and (2 :~~(! wr· obt a1n that 

m (r T '--;;) 

< N ( I. y!~., ) + 

( 
l ' 

-V r, fiT\) -t S'if'. I .. 

(2.32) 
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Since S' (r. f~k)) - Y ( 1. f'~kl) •. 0 t! fol!m,-o from a hove in view of 

r (r. 1 
1 u) .. T 11. n . 01.1 

1, 

y (·__ : 
. r r 

- 1 \ 
V ( r, f'(kl ---) 

\ . . I . 

, '--.'' . r, 
' '· I. ! . I } . (2 .33) 

Dividing both side~ of (2.:)3) bY r'' 'r mHl taking limi1 superior we get 
bv Lemma 2.2 1 that 

. T (·r. f) 
lnn sup------

r -·x rPr(r) 

i.e. ?ip 1 (a: .n + Rc .... );)~·)(l,: fl: ·) 

This prove~ the theorem • 

Theorem 2.3.12. Let f be a mCTomorphic function of finite order 

Pt Also let almost all ;~,eros of I l.1a:-- multiplicity ''Then for all 
non-nf'gativc integer t· 

Proof. Let u~ considcT the HicntJt' 

l ( r: i. /'' , . 
... 

r r r· ~., 
\ I 

f'~''). 
Then bv Milloux's theon'rn {J> .. ::-J,C) :~!t we get that 

(
' l \ 

m \r f} ) I .':!( r f! (2.34) 
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Using the relation T ( r. I I T ( 1 ; ) ; 0 Ill n.nd in view of {p.34, [21]} 

v.cc obtain that 

m (r, .~) 
. i j'(k) - 1 \ 

\ ( f'. ]fkl-1-) ) !3(r. f) 

( 
l ' - ' flk' 

LC .. m 1·. . ) _ 7 (. r. -1::~~,=-;-···· ' .t ' . . 

r . f(k)- L \ 
\ ( r. Jfk\ .. 

1 
) + S(r. f) 

( 
1) 1 r(l, i. ~ . 

i. c., n1 1 ·. f <: .Y ~ r. fl k · -- ) 

' i f(k) .... 1 . 
'\· ( r ----) r S(r, f) . , '• j'(k j: I 

Ll' . m (' ·.-.~-.·) . f 

< N (r. f(k lj) , \ ( r. rh ) -- N (r f "' 1) 
V ( I ·· -~- .. ). 1 <..,' ( ! f . \ .. r: k' i) 

l.C.. T ( /'. t \ 

< N (r. j·(k,; J) .. \' ( 
,..~. 

! ) - V (r. pk· 

I 1 \ • ' 
- 1\' ( r. j~i- ) + Y ( , · (2.35) 

Let V,. (r, fJ0') dc11otes the "''""of Jlk · 11 which are not the zeros 

of ( Jlkl -· 1 ). So from ':2 :v::,: we g<'l 1 h,tt 

·r· r 
- { / " ./ ' 

< \' ( r .. r) I { i\ ( r f. k l I) N (r. f(k ) } 

c. {' 1\~ (/ /' __]_ ·-. ') . \ . . •( k i 
1 l I 

\,. ( I. fl k ~T)) } ' S ( I. f) 
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LC., T (r. f) 

(
' l ') - ( .. \ (' 1 ) 

< y r. ·r . , y ,r p ~, ) ' .Y , r. f( k l - t • 

N" (r (ri~i;) ,,., 1 1 ' (2.36) 

Let N0 ( r. -~·) denot cs a II zeros of f t.tkcn with proper nml \iplici ties if 

the multiplicity lb S k · 1 and each znu of multipliCitY :2: k + 2 being 
counted ( k -i l) times onlv Also 

\(, tk!) \ (I. f' · 

Therefore from (2.36\ Wf' obtain th<l1 

T (r. f) 

Y (r ~ ) r v ( r. r .\ ( r 1 , 1 ) \' (r f'l 
1 -~ 

1
) + S( r, f) 

i.c.T(i.f 

< """ (r } ) .\ ( 1 ru 1
) -~ N(r.fi • S'(r.f). (2.37) 

Again we mav write 

II V, ( 1 ; ) i'· I I · I) V (1 :7) (2.38) 

Since on the left hand ::;ide of (2.:)X) ('ach zero is counted at least n(k+l) 
timet> as it is given that each zero qi j' is of order . ·n So from (2.37) 
~md (2.38) it follov:s that 

r ( r · 
,I 

, ( k t}_I ) y ( r. ! ) 
\ I : • / .· 

- (.· I . 
+ .V r. {'(kl. -,) 

\ ' 

+ .\ (I r .'fU (2.39) 



51 

Dividing both sides of (:2.39) h\· r1''
1

' ,md taking limit superior we get 

in view of Lemma 2.2 .. 1 that 

. T!!.f: 
lnn sup -·-·-;--

, . ·"X' r''. '· .. : 

\
• I /' . . ', r .. i 

t lnn sn p --·- ---··· 
1 rl 

; (' ('k+ 1)6 ('0· t'H 1 1 (-)\k) 1 /')iII H,·) :x:: .n _<: n~· J,.; I l "1' . . Pi . . .. I fi' I'! \ . -

Thus the theorem follmvs. • 

\~le now give a lowcT bound for rE'Iativc proximate defect of any 
complex number a with respect to t h(' derivative f(k' in terms of k and 

E-){J
1
(x:: f) \\'here k l :r :) · 

Theoren1 2.3.13. If f fw a transcf'lHlcnt al merornorphic function of 

finite order. then for anv mt(•gcr J. ' l 

. d ('"\ ·(k)( . '\ I <:.m . , 11) R?! P 
1 

, o . ./ J r> k{-),,!:x f···t~,(x:f). if a X 

Proof. (i) Bv the rdat ion T 1 1 ! 1 T C. i) i 0 1 I I we get that 

m (r ~ ) I ,\7 (r ) /'i r· n ~- .Y (r. f: i .'-1' ( r. f) 
f .. r \ 

/ l 
) (r i ) Le .. .:Y ( r. -. \' (,. n rn , r f) -· m ;.. ,'-,' (r. f) 

\ f 



LC., 
. l) N (,. -­... r y I I. f 

2~ -

~! ___ ;·log: I f'l dO -- .. /.log 1 -~ dO+ S' I r. f) 
2;.. .. ' :hr r .. 

I} 

l ;· - 75--;_ log fl dO 
.... d ' 

il 

'-,':I f . 

Similarly using (2.40) we mav \\Titr 

;\ (r. ri,; 
\ 

\ 

1/ l 

I ;· -~- loo 
')~ " 
-1' . 

---
/" k1 '• {/ 

dO · S' ( r. f • 

and 

( 1
•/ 

I ! I \ 
'. . \ l\ ! 

1
- - 1 

\ . 

•) ... 

l ~-- __ i I 
- ~)-~ log I ,. ' ----

..... ' •. I (} 
dO ' .S (r. f• 
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(2.40) 

(2.41) 

(2.42) 

Combining (2.40). (2 11 I and :_. L? · il follows in \'lE'\\' of the relation 

T ( 1. f) = T C· 7} . (}!I • t h!ll 

v , ., 1· 1 1 , J \' (/ ,. _r· ( k . . / . ( l \ . 

.Y (r. r: II) 



l.C .. 

.v (r !) ··- \T (I. f: \(!' . f / 

{ T (r f(k -=-(/) I 
-· rn ~ I r 

{ T (r ) ( + ------------- ill ! 
Jiki (/ 

!Y ( r. >) 1 L\' r fi 

..f·(kl.f.- a) 
( ! f' k! !I) - !\. ( I 

\ 

kfV:r. n 
.. 

(} ') } ·-· 

f I 

.I ~:r)} + s (t I -. 

! I, 

f(!. ) 
ttl ( __ r :.~---=-~ \. r 

\:Ve immediatclv oht a in frorn 1 :2 .. f) l 1 I 1 at 
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(2.43) 

( 

J .) . . i ' (. I ' 

X r·. -_f(kJ. ------,-~ / < \' (~. _
1
. _) · /, \ ( r f) -- m r -~- \ + S' Cr f) , . . .. . . .I.· . ' .. I j . , . 

i.e .. :V (' r. --,-
1 

- ·_) . . f'( kr 
. .• • 

1 
- II / 

·7· r. , . • t ; t\-r (_ r· f') -+- '-' 1· r 1 1 
') 1 ' ' .__) • ,f : (2.44) 

Dividing both sides of r 2.4cl l bY :I' '· ;mel taking limit superior we 

obtain that 

;v (r -u) . T r_ 1. /I 
lim sup-------.,.-- < .. hm sup . · 

. 1.pr(' i . rJr' 
r--~x • ·x. · 

. V ( r. f) 
k:hm sup----.­

,.pr(1·l r--., :x · 
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i e · ?i(k!(o· 1··~ ' k > J·A . x · /'1 ' ' • 11 {if • . , , I , \ > ' • ' • ' , 

Thi0 prove0 the first part of Theorem :2.:3.1 :). 

(ii) Since N (r. f(I.J) ~· \' (r. f: k.V (r. f), dividing both sides by 
rPr(r) and taking limit superior t follmvs that 

Vir.j'(~'J) 
lim sup--~---{~~~--' < 

{'· <X. 

. 1 A (A i I ' f' \ J 1 I.e.. ·- f1Up, , X , ! __ 1 
, I ' 

(X: f 1 t + /,- { ] - (0 fit (X: f)} 

(x: f .. 
\ ' 

Thus the 0econcl part of Thcorf'm l i :~ follows • 

Theorem 2.3.14. If r (/share ll. \ X CM and f =t (i then 

(i) 6-l)PJ (O:fl r)t·o [ /i /1 1 1; (x;:f i )~ (),p
1 

(a:f) < 2 
(/.; (). l ). 

~-~ A,>.,'t>_,, (a .. · .9) < 2. p. ( X : !f) .;. } (I-

{],-:f\1 "\_ 

Proof. Bv Nevartlinna·s second lnnclamental theorem. Lemma 2.2.2 
and Lemma 2 2.:-1 \Vt' get for p;:urwise distinct cumplex numbers 

i .' !1) 

(II l T' i : 

< .\'(r.O f I: 1 \ 1 ! f !- 1.: .; .. S(r.x.:f Icc.. 1) 
II 

+ L s (I . II;: ; <' •) (2.45) 

On dividing both ~ides of (2 -1-Fl In rfi,(rj and taking limit 0Uperior we 
obtain that 

( 'II +. l j' <: J ·1 - X i ( l· f' 
\. (J I i fJ I . • •.. 

I \ . 
l I r II -

a/fl.l " 
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from which (i) follmvs. 

Similarly by Nevanlinna·s second ftmdamental theorem. Lemma 2.2.2 
and Lemma 2.2.3 we obt<::tin for pc:urv..'1se distinct complex numbers 

( 1 () ( I ·_) fl: 112. · · ·. (Ln (1 1 F . X. I . · fl ' 

( n. + L ) T ( I . 1/ ; 

< s ( r. o: ~ 1 1 l: \ .I i' .I. I I - 1) + :Y (r. x: (J I= 1) 
II 

(2.46) 

On dividing both sides of 1. :2 l6) !w 1 .!u! ·) and taking limit superior we 

get that 

(11 + l) < J 1 l 
I) . I [). <. \ t. 

'if!,] •. l.! 

, J 1 1), .1 r x iJ : tr ! n 
I j if 'i 

from which ( ii l foll( >Ws • 

L 1)'.! ,0,
1 

(a: g) , 
u/0.1" 

Theorem 2.3.15. If f. 11 share (l. i )C GM and f ¥ q then 

1 ·x 1·\ · ! , . I L (l2) i,O. f) :S 2 
u/01. x 

and (ii) J 11 (0:(!) + ()11 ( l.tjl r1: (x:(/; +- L (').,, (u;q) < 2. 

a/0.1 , 

Proof. Dividing both sHlcs of I :2. 1 ,.., • hv T l r. f) and Llking limit supe­
nor we get that 

( n +- I ) < { 1 - 11 l , ( 11 I ~ { 1 ··- 6ll \ 1: .! ; } 

·[1 11 1.·x ~ +- n -- L A. 1 (u:f). 
u-ill.l >-. 

from which ( i) follows 
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Again dividing both sides of r 2.-H; bY T :r. g) and 1 aking limit su­
perior we obtain that 

(n+l) S:: {I r) 1,rO:t;l}, {i ~1 1 ;(l:g)f 

f { l r) 1 , ( ::x. 11 , ~ l 11 L r).2 1 
: u : g ) . 

o10.I.·x 

from which (ii) follows • 


