
'"' . ' : ., 

.~:.t-. 
.\.~·-·-

'W 
. ""' 

I· • 

' I·:- I 
\ ' 

.NOfl:~; ON THE. UNSl£Ltd>lt i!i~O\l Oli-. VlSCOU5 1NGOlill1fmSSIHL£. ~rt,u:U;, 

Or' !?JNl'I'L VEI}IU 0\~;n ~\ :HlGlD PL.-\NJ;. HAt'\£ J)iJ¥: t'O .:\~i /Uilll'l'ft\U~ 

-~ 1· Ml.!.C 'H.j1 ,-~."~1· ll.:t'! ,·i*'}~~ S .C'li if"/f' .~>£. ~--~.r< W ~JUt;.~o~ 4F :i k.14"'.... \f-<:>l~ll, ·.O'IV :h,l;,,,._ ,.j!l,l hl>J 'M'~<"AI;ll M,l'i!.i. 

' vi.tlcoue iitoomproasi'ble tluta actod u,plln · by .Pf~~sure ~.r~di• 

011t 1¥ta .1"ecc1Vcd 'the attf:mt:ton ot sovc!'iill investigators. 

i::titllnl fi\:Ui60) bno d1$0usaed tho UOJt-:stnatty fl0\1 o:£ t1 

V15COUS iU.CQtapJl'O&UJiblo flUid tb.t•ough tl. ~t.t'eigbt tUbfJ· O:t 

ot.rcul~.r c.roa,s.-acction in tho }11!€la-a:)co of titlun.-va.ryln$ 

PJ'O~SUJ:•o s~ndleut. ttbe UOJl-fJ;'tQ&:uly !low of v:b!COU!ll 1noo~ 

11.t'ese1blo fluid tiurougb iii sti"t"~i&sht ·cl:tarmel w·:t ti:! two pa.rallel 

tl&t flall$ btU! tt-l&o bee!l trtudiQd by s~tya Pratm.an
20·( 1967) . 

in the pt,·ese:noc o:f t1n!e varying pJ."fHJx.ttU.'o t;tad:tent. lu tuo 

prl.1a.ctult JlOte, uc oona!dcr ttu1 laoimu: t:aotton ~ot. up :in a 

'Vist~ou!l :i:rtcomr)rcsstbl~ :£1tr:hl by })tessu:r,e ... g,rtid1.ont ~oti~ 

ill tho dj .. rec'ti.on ot tho flo:w, ln .\.l~b a <J·&ua the ru:·~asur(t 

ttrutU.ent 1(!J u :tunu.tiot1 o! ti~n but ta inrlcp~nacnt. ·of spa(.lo 

co-ord1®tes. ;g"lle .icne.ra1 eolut1otl te ctrta:tnt)d by tu;tng iihe 

al~thod <>t l,#UJ1ltlce rrnnsto.rm. Vclu<d,ty d'istuributions tor 

1ome pn.rti~nl;;~r ty~Jea of p.resaur~ f!J."'ltlicn.te namely ( 1) fin1't~ 

(11) :.t.o.puls!ve .snd (.111) ~dcittblg ~~. pel'i<Hlic I1Ul$c are. 

calculated in ~in.itc :forms. 

~ . 'PIAbL6i\ra~ ~. ~,.._~ J<>Wl~ of ·~ho-rekc:~ 'Pt..~~i:t4, 
vo-t. 2~ , . .Nt? 4, !'7~' , P}' ... 155- 1'3. 
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2. Vormulation of problem :-

A co-oJ:di·nate system is chosen in which the o.r igin 

lies on the f.rce-su:r:face of the fluid. a.nd .X-axis is in the 

dil'ection of the flow and Y-a.xis is normal to X und normal 

to the boundal'Y a.nu it is directed veztically upwards. Let 

the deptb of tll.e .:fluid be h. Let us considel' the motion in 

the direction of X - a.xis, then the equation of continuity 

becomes, 
dL<. 
ox. ::::. 0 

Theretozc u is a function of y, t Say u ·;:: u(y,t) 

The Stokes - Navie.l'' s equation for slow motion becomes 

ou --..L dp 
~- [ h 

0 - _L ~p 
r-rtJ 

From (1), (2) and (3} i·t follows that ~~ is u function 

of tiLie alone. 

Let us suppose thut 

-.l ~ t:: f(t) r 'dx. 

( 1) 

(2) 

(3) 

I$et us assume that t11e1•e is no external fo.roe and f 
denotes the density of "the fluid, and v , u, t and p denote 

the Kinematic Coef.ficient o:f viscosity, the component of 

17 



"'eloc!ty along .X:ooodiJ:ec~i~n, tiftle nnu the p.rosaurc o.t any 

point (_)!l,)~} xo-otp~ct;tvely 

(u) u ;:: 0 whon - h ~ y ~ 0 .und t ~ () 

(b) t1 ¢;: 0 whel'l y ~· .. h o.nd t > 0 

(c) ou. 
~ 

~ 0 n:hen y :.:t 0 ·~~nx1 t .> 0 

(n) i = 0 who:n - {. = J · 

('b.) o L{ =· o ~rhon y =: o 
'O:J 

} 

.(6) io 

-u ~ 

18 
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(5) 

(G) 

(7) 



-~ 

~ ··----

5 
Thus npply:!ntt~ Convolution tht!o.rcm , r¥o have 

t: 
U(j ,t) = f -f ('T) } ( 'j) t -l") o{ L' 

C) 

l:-- j '} ( 'iJ ,'T) f (l -<) ol L 

0 t 
- !:J. ~ \::') n G-, (7..."' +1) TT .;j I~ ( - c z. n-t 'J 2-rr ,._v1i4-t: 1,. 

- n L 2.1-1 + 1 ) -€. j- ( 1;-'1") ckr 
'h::.CJ 0 . 

)4 ( -t) = 0 !o~ t• ~ .o 

su~ztituti;r~g :troia (S} :J.;u (8) wu ~zllrt 

oO . 

(B) 

{!~b} 

U(':J,-t) = LjA ).t::.tJ~ (2ht-J)n-;~_h{.Jt-_ ('h+0'2.rr;_,Tf4il,.. 

n L 2. " + I -e H- ( t -'T) oL 'T 
"h = 0 0 . ( :tO} 

(H) 

19 
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16: { > (:-1)""- Cn(2h-t •) Tf~/2~ (' - ~ (2.h+1)~'2.~~~2.-) 
1T).) L '2h+l 

11= 0 

(b} l~!pu1a1ve :protu;un; gJ~aditHlt 

;,\:<:, t~.,ko f(t) :;; A S (t) 

I'he ll;to-&iot.} i~ 6et up by r.t.ppl;ication of n.n italmlsQ 

A t1t t = o, ana ~ is tbe iiiJH~l,ri - <ltJl tG:t functio.n 

Hence, t(t-T) =A~ (t -'T) 

Uaking sutu~ti;tu'tiou t:.ro:ej ( 13) in (8b.) we· get 
c 

u (y' t) ~ A J d- ( j I -r) s (t- '\:) c{ 'T 
0 

(c) Ptu•:iouic pulse oi' p:ressur0 .... g.ral'ii~nt ~-

We tnke t( t) c:r D ~in c.J t when o ~ 1:- ~ 1Y'w 

=0 

20 

(1.2) 



~: 

oO 

S 
-).t 

NoT! i( 'A ) == 6 .e.. ~ wk oU: 
0 

Making substitution from (16} 1~1 equation (*'') wa get, 

=1tvhon t '7 1f w 

- _ e (0 L - CJ '-C':l cJ .c 

21 
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P;qUflti:an (Sb) gives tllo veloc~ty. distri,bution for the 

viscoua 1i'l(:OlnpJ~essiblc :t lu1d· ni 'tl-1 an a.tbi t.rtu~y t>rO&sure g,ra ..... 

dicnt wbicb i.s.·a i!unctitm of time. :!.'he .expression (~o), (14), 

r:~nd (10} a.~e tbc velocity distr.ibution of tho ~ame fluid witl'l 

cot1atr.4ut, irlpnlstvc aml peri.tHlic pressure gratliont:o J~ospeot1-

vely. 

.;\ g.r(i.phicul Jrepresontt1t1one ot the veloc1 ty distribu­

tion i.n 1ibo ra.mw o ~ cJ t ~"IT tlnd w t .iK are dtrpio't(:}d . in 

fig • .1 and F:tg. a respectivuly £1tssu$ing the value ot 

X~ = 1 and y =- 'i , #.y = k J. ~~·tg. 1 and Fig. 2 ttbo\v 

tht~t vcloci ty .r~achcs its maximu~ wben t ~ 2-'18 &nd a:t·tcr 
~ . w 

that" exponeutia.lly dcctt.ys as t increases •. A v£u'i,ltion in 

the dintribution of velocity w.j.tb tho different hciglrt is 

also shown 1n 1-"1g. 3
1 
assuming tbe :tixcd value of wt = ~ 
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}.;gt,rotlue'ti,o.q :• 'fho tl.roblcm of JiUlst~ting t;tow of v:ltJcoua 

1ncomp.ressible fluid nuder time .... oQpendont Jl.reaaure gta• 

ditmt su.:pcrposed on a Gor.ustant pressnto gr&uient ffi'lB 

r€woiV{)d tbfi attention· ot sov-~r~tl inv6st.1~a"tors. 

Ucb1da29( U)50} 'has considm!e£1 tho pul-

$tlting v.1~cou& flow sttpe.rpo&ec! on a steady lnrJ1u~~ . .r .ootion 

in a p~pe of c1rcul<U Ci'ostJ•section, Vcr.ma30(:Hl60) co-nst­

ttet·ett t·bb flow ot vie(!oua .11(l~i1d under exponential 

prce~ur:c graa:i.unt eu.pt~tliOB~d on. fJte~dy lnmi.nnr flo"' 

between Co&:!d.al Cyllnuete-. Follow.:tn~~ tho :motbotlt. 

· BhuttacbH . .ryy.a2(1966.) solvoa the problem o! .tlo~r of two 

iucomprt)wsible immiseible fluid!! between ·two pE:t.rul~el 

plat..,s. ln the llreaont l)"lP~lf, the methud 1$ at>pli.rzd to 

detarwino. the u.nst.eudl" flow o! viocoua liquid set up 

by a f.i.Vosc.rib0d l>0£1odic t.atl~ential fo.r.ce aupc.rl>Oflett on 

a steady l<:~minat flow over tt 111g:td plttine iU1$fh It is 

found :troll! the goneral expreGsi,O!l !or vcloclty diat.rt-

_p~ution :Ut"~t ,layc.rs of tbe £ . .hdd a,rc mGving t;.itb d:it:tc.r­

cnt ptm.s~a huving tbnir n~l'lututle diminisbin~ t11:l:tb 

increasing. troquency. In caso of aimJlle pe.riociic J)Ul ... 

satioll 8om0 t:thysi.c~l tcatu.to$ of tb() raot1on b:we been 

2tt ... 
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pointed out. Tottll flu.."t a,nd ~kin- friction htl.VO also been 

Qalculntcd. 

fOl!mttlt:•~Jpn, o;f "Jl.~, groblgpl :- t.~ co-Ordinate system is 

chosen J,.n whicb the O.J:igin lies 011 tbe fl~ec surface :and 

x-axiu 1iii tilko.n O.l.OD!l the ai:roction .of the flow. Y•a:.d.o 

ie ·taken along 1ibc no.rmal to the oxis of X and is diree• 

Let b be the (leptb o! tho tluid ·bolow the sur:tao~, · 

the length of' trw cbO.lltlGl is ve.ry lalfgc in compu.rison. to 

tbe w:U.ttb. Let u be ·the velocity component along the 
I . 

,x .... axis. '¥-oompon~nt of velocity is Ze.co, since the flow 

is assumed to be unidix.eotional. Letf, l denote tho 

(H)efficiont o:t viscosity an<l acnsi ty o:t the fluid .rastlcc­

tivoly • .Ncglocting tlle p~esenoe ot cxtr.en0ous forces, the 

equation gover.rti)1g t.bo unsteady ·.flow of Viscous incomv.rc• 
I 

ssible :fluid are 

o - -J dP 
'f"(fj 

(1) 

(3) 

25 
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'S:he CtJUation of continuity 1 s 

- 0 

E,quation (3) indicates tlult tbc velocity to be constant 

in tho direction pa.rallol to the-axis o.:£· :x. 

noundar~ oomlition :for the .pl'oblew. 

t ~ 0 
. " on y ~ b 

.I 

ro.r pulsating f.low, we assumed that shearing force to be 

given by 
~ otJ 

Ao -+ L A~ ~,J- -1- [_ AA~~~ ,J.-
...,=1 ">'l=J 

on y = 0 

. ' A~ and 

6\J'e :real oonstarats l'G'fll'ea~nting ·the amplutude of el'emen-

tal va1•1ationa. 

26 

(3) 

(4) 

(5) 
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11o1utio.,n :- It '"·-e take t.b(j tHeesUl'O to be constant, then 

th@ equation (1) ,. (2) and {3) t:1ro satisfi~Hl and 0quation 

(1) becomes 

NotJ fo.r the ex.pl~ession of velocity, ne assume ·the 

Fourier 

u = u ..,. 
0 

Sll).r:i.cs 
~ 

L_ ~4nrvt: 

arc tunc tin n of y only. 

- I 0 

27 

(6) 

(7} 

(8) 

( 9} 
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:.!'be bount1a1•y conditions :to.r tho problem are 

(el) ~ = 0 

··a (b) t~ 
c l!. n 

on y = h , t >,.., CJ ] on y = 0 .J t:: ~ o 
(10} 

where n = o, 1, 2, 

~J:he di:ffe.rentia.l equ~\tion (8) anc1 (9) admit or the 

!ollowin~ solutions BU'tisfying the boundary condition 

(10) 

::;! -

•• ::. -

whtu·e m =K{ 1 + i ) , K :::: ~ 
. ~;; 

'flms ttm s,onel'ta.l solution is given by the .real I~!StJ~t -o:f 

the following exp.rossion . 

" "' - h._ ( i- ) - ~ f- A,., e ..:...k [e.., C 1: -~ L e:-'"{ -1,-~) J 
- _,.,u. ~ r L ~ c ~ 'hv~ -1- e.- -h·d'-' ) 

!' 'h= I 

00 

-t _L_ ) ~ [A<-n ~ ('M-+4 + e + e2 ) 
-.!3-;tL I< A2. 4 I 

11-:.f 

(13) 



• 

where 

IJ:'lnus the fln1d lttyors execu·to 5iiaple b~:u·monic motion 

having thl!ir ~plutudos p.ropo.r·tional to tlle ar.tplutulle 

of the disturbing :io.rce and amplitude diminishes with 

increasing t.requcncy. 

'ivhen a liquid ot ssal1 viscosity puls~:ttc$ .rapidly, the 

fJU.r.u.mcte.r Kh bccol:.'les ve.ry lu.rgc J~J.·ovided h is a I so ln.rge 

then Sinh :hh ~ oo 
when kh '? / I 

29 

(14) 

(15) 

(16) 
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Thus in tllt} rapi(l pulsu:tion, flu·iu j:lows on the fl'~e 
0 

r;ur:face with phase ahotl.d of :135 :t.rom the wav(~ of 

distUJ'bint force Untl i.ta filli!ilituda dil'!lil1JShes wi't;h 

increasing f.re queucy bu·t it increases •.-!hc.n ')) 

given IJy 

on y = 0 

:: /' (*). + )' (~),. 
A() 

1-hh.~r.k 
~H1e CXJ..ll"Casion :fol' velocity diatributio.n becomes 

whe.re u 
0 

and t1 n 

whc.re A1 , 

una ~,) 

or u = n 

= l~- t:J) 
=: 

A,.. 
.~ 

a.rc given by (14) 

f} 2... a..re ~ivon by ( 1&) 

30 

(17) 

(iS) 

(:19) 

(20) 
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r.i'hue the distr:U:rution Gf V':l<?Ci ty io aim.ple harnonia in 
t ·, • tl . j;.. • ,., lJt" . . l .... t' t '"' ... t .na.t:ure .na.vu1e; J:1e ·~J..:.ne pe.rJ.ch~. );... f)_qua . yo ·n."l Ol. t.(lo 

dit1turoing. £o:sN'i~h lU.f.f~l~GlrAt laya:ru o£ tlt~.1 fluid are 

moving with dii'!'el. .. en t phases having dif.foren t umpli tudes. 

nero~:: A, A rep:t"eac~At$ the. coei'fioien.t of ampliialde 
hp~ L . · . 

of 'tl~e valooi ty diatt:ihutiou which :1$ a:. £uncrtion ok.: y. 

Va,sis;tion (If ~on · ""- ·the f~eo aurf'ace for different 

!til have bo~~n at~cwn in table l" end 

cfv.. :;;;~+G,+.G-z. roprcrJejj:ta tho pl\aaa aboad of ·th.!;J wave 

·o.f dis turtling .foroo. 

At tho .i'ree eu.t1'aee, the ooofticient. of ·the 

~mpli tud~t a ·~·tatna 1 ts steady valu.o 1 wb.en ~ '!.-\.... . viJA K· 
' · :3Jt o~:•,..., ,,.·" \. "'S'fT" <! ·"'• "' ;"« d'" oecomcQ 1" ...... r r .... l 1 , .J\f ao ',.:.:,_,. •• ·11: oorres:pon 1.ng 

grap!1 hut1 bf.HJn deJ)icted in figMro I. 

.... 

31 -



) •. 

(21) 

uho.re "\~ [i.)l{l e2 {tf.e given by {14) and {15) 

In a simple })~31'iodio rml&.'ltion J)!'OUUC6d hy \17) t (21} is 

.reduced to 

i~: = - /rr; ~'2..- ,) ~ ~ c~t- ~) - -
"'t- r Yl 

Jd... ~ G:n .( ;-vt -+ e2) - r n. A2. 

(22) 

two typos ol' uio111u po.riodic pulso. D1w to the 1S't pa.rt 

~ ~ Gn (..,.J: - ~) , thu i'lux 6L h;..w <:~ ph.:1.5e 

to the wave of the 3lwaxing applied fo.rce, 

havi . .ng th~ coc:t.ficient of U.Erplitu<le I =-fYL 
thu~ tho ua1pl i tude due to thiH pnJ: t f!l'utltmlly ditl:inioiH'!S 

as the f.rcqt:w.noy of osc:illation incJ•ea.sm:'ll. nue to the 

2nd 11a.rt, flux ct.__ l!:.a.s a phase aheu.a of &-2.. to th" wrwes 

32 
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of ·~btl shenrtng force lia-Vi:ng the coefficient o:r nmpli• 

tude '0&. ::::: · PI A • Tho values of CS""'e., :fo.r 
2. 1'\ 2. . 2... 

d.iffe.t.·cnt kb buva been tabulated in table II 

Bltin t.rictipn :-

lnstantane_ous f.tiction~l torce acting on the 

wall is gi~cn by 

oO 

;,;} 
(23) 

whete A
2 

and ft2 s.re given· t.)Y (14) ana ( 15} respectively .. 

I11 a simple pn.tiodic pulse given by (17);. eqttat1on ( 23) 

is redncco. to 'L =- A~ + ~ ~ (hk--t- &-2.+!) 
-=- - ,Ao -+ ~ cr:t"· em 6v&+J"'1:) (;(4) 

6:[ = tl. re1'.resents tho coe:lticient of ampl1ttnle ot 

she:1r1ng s'tros-s at tllc wall lllnd 61: ~ep.resen·cas tho 

phase ahead of the wave of the shear:tpg .io.rqc applied 

on too surtuce. It ie touncl f.rom (24) tllflt T is 
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f f 

intlependent of .t.roqucncy o:f oscillution. 

l1'\.. has been depictet1 :to.r <li:f:f~rfmt valu<H~ of kb 

{ 'tdl\ing h.t = E. ) in :rigu.re 2. 
2.. 
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UNSl'BADY FLOW OF VISCOUS 11\COJdPllCSSIHLB 1-'LUID INOOC"i'.:D 

DY il- MOVING DOU.£\l).;'IJTY -1\ 

Introduction :- ~he :tlow of ~n Ord1.n~~1Y viscous inconwre­

ssible fluid past nn oscillating tla.t plate llfl.$ been dis­
. .tl . 

ous~:Jcd in detail by Scbl1oht:J.ng. 'X.lle p.toblem: of motion of 

liquid due to oscillating boundary was investigated by Lo.rd 
18 

:Hayle1gh. 

In this paper, w& lnvc assumea that the 

fluid is at· .rest on a .rigid. boun'd\:uty. The boundo..ry is tnade 

to saovo by npplying d:J.t.terent types ot tol!ee viz (1) impul­

sive (11) to.rce dof1noo by ·ainosoid~l :function o:t time act­

ing fo~ a finite poriod (111) a constant-force actil~ for a 

short inte.t;val (1v) a :to.rcc exponentially decaying with time 
. . 

upto a tini te pe.r.iod rcspoot1vcly. 'l'ba reepeet1vc velocity 

uist.ributions have been calculated by applying t~upla.ce trans­

to~. 

Formulation of the problem :~ 

He ttiko .tbe origin on tbe boundary z = o, 
the axis of X being taken in ttuJ di.ruction of flow • .z ~xis 
i.e taken o.long the. no.rmal to tbo boUlldaxy. 1'he unstcuay 

mot1ob ot the vi$cou~ incompressible tluid i~du~ed by the 

Ulot1on o:t tbe boundary in ita own plane can be .regarded as 

Ae.~L~ ~ r:tL:~ '-
)A..t,~~ ~J.... ~.uu,.....,.k~ I 

J.;...L·~ J ~ .,.._;;._ Gf 
J~ ct~ ~"""'- 1 ~~ft 0... 

7ct0032,.. 
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+ 
a two d:I.MeJtsional mo·tion in wb1cb tbe only ·component of 

velocity d1ffe.ront f.rom. zero is parallel to the plato. 

:t'hat means tile component o:£ velocity in tbe d1~ect1on 

of z is Zero • . Assuming tbe pl•ess;t~.re to be constant, the 

equation of motion can be w.rit't.en as 

(Neglecting the preeo~Qe ot any oxttoncon_s fo.rces) 

TbQ ~qu~tion ot continuity Ja 

Hence equation (t) become~ 

_v stands tor kinematic Cocfficiont of v~scos1ty. 

We suppose tlltlt tile fluid OJl tbE) .infinite plane 

lamina Z = .o :I.e initially at l'Cf3t and tho lamina. is 

suddentl.y set into motion with a velocit)' · () w (i) 
where U is constant .• 

TbutJ the boundary conditions for· the P.roblent become 

u w lt.) ~ ~:: 0 .. t ~ '0 ] 

0 ~- '"l---j-0() / t > 0 

37 
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~ ,_. 

Initial condition 1s 

L((~,i) ::::. o = "'0 (S) 

. 2.5 .. 
· We introduce Laplaca T.ra.ne:torm 

oQ . - f -rt . u ::: -e. u_ ott R.e. (P)? o 

D 

·the Sul).eid~a..r~ Equation Co.r.ttesponding to (3) let 

J.~u P -
ol;!l- ~ "7 lA. (6) 

Taking Lnplnoe t.ranoto.rm of equat1on (4) we get 

u. c~,t) u ~(~)·. ~ x. = o 

0 

Since u::·, 1ti :tlnit~ tc,r every value o:t z ana 

so la U t Thetefore w~ bave A c· 0 
- - . -~~ 
'ibti$ U a B €. 

(f) 

<a> 

(9) 
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~. .,.._ ,. 

co.ru:U.t1on (7) g~ves B '* 
' u tv (f=') 

(tO) 

Making. substitution t.tom (!O) in equntion (9), we get 

-z~ u = u w (F) e 
(:U) 

~he inVeJ"s~on ot. oqttat~on ( 11) can be accotUpl1sbed ~:r 
. ;: 

using the Convo~~tion theorem~ gi•ing 

uc~,t) 

t -·1''1. 
U ~ f c0 ( t- --r) e· ~~T · . = ' ~~ 

:l. .fi'.y T o/2.. .. 
0 

(13) 

-'• case I :• l.tlpulsive motion :• 

VI~ c boose w tt) a l.D 0 S&:)whel'e. .$ is .the n1rtLo-De1 ta 

function. 

~ : . 
; T 
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d. 

-~-
-·-==· 

The .retarding force on the boun(}a.ry pe.r unit area is 

cas~- II Pe.riodic motion of. the boundarx 

Let us assume ci)(t) to be a stnosoidal function o:f 

time.'.~~-~:i.ng for a finite pel'iod 

(15) 

·where n(t) is Heavisidea step funotion with the p.ropo.rty 

; ' ')f(.--e-{:) =I +O"Y 1] > t 

0 ·~ -r~t-

~;applying Laplace transfo.rm to the equation (15), we get · 

. . Joo ~ pt 
Z5 (f) = e. H(T-t) ~ ~ t- cLt-

o 

-- ± -ef'r~w'r w -to: 
.... ,., -~'L~ \...cr')w1' 

p1-t41 ' p+~ (16). 

+ w 
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-~-

(17) 

) 

lnve.r f.i<m th~oxmn gi.ve..:6 

U.(~,t) -

(19) 
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-~ 

singularities o:t the integrand in (18) 

Now wo oon~ider tile integ.ral 

(+t\o() . <-
_L J -e. f t--e-l vrJ) c._ . 

.:! rri- f"+ w .,__ df . 
r---t'oO . 

thexc is u branch point at P = 0 l so we use the 

~Co.nttlu.r !illown in tl1e annexad figure. The integral 

j.s stngle-valuofl in the region bounu.ed by the· clo­

seu circuit and llL\a poles at tr. = t- (. w 
~~ t' ..... 

Then by Ca.uoby• s" tlteol'c.tn 

Y'tt~oo . 
..l j rt~-Affi [ \ "2. r:J.J, = j_ J. d1- thl2 
~ITL ~a>~ '9 -r .,1, u{ (~ D . 

(-t'JJ 

E F _ 

) 



t'h~re:!ore the $Olution o:r cqut:"~:.tiOl1 {18) ~~na (19) beoom~ 

· U wj~ --ft" ~if~ . -~;J . · i'\ 
u. c~ It) = T -€.. Yv ~f + v-€. ~~ ( CJ t -~~) . . . f,_+ w.,_ . . 

n . 

.und for t / ...,.., 
" L . 
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'7 . 

Caf.m 111. Considc.t a cQnetant fo.rcc noting on the bOU)t-

ar2u:y £ox ~t :ti,ni te pctiod. 

(22) 

whe.re H( t) is H~t\Vistde unit tunetion. 

1Ht$ .celation (22) ebow.a thut w ( t) = 0 when t > T and 

cO ( t} e: tJ1l wllen t ,< L. · \le a.r.e conaido.ring tbe.rcto.re tlle 

ctte.e wh"n tha U.!1!lliecl .l'o,t~co acts for a abort interval. 

'::?ho L~'l'lnco t.t'<.\llafo.rm of equation ( 22} gives 

W (\') - Cilo r _e \'~ [ H (t)- )-1 (f -1')] cU-
e> 

{2~) 

1~i~lk1ng sul)stit.ution fro1.n equation (23) to the EHIUation{12) 

U wt) 

r 



~\ 

-:~ 

t~11d fo.r t > t 
'(~'eX> 

!o.r o < t .$' L • 

(26) 

u..(•n= v~. ( [ -e.rt_e.~u--r)l ~:z-& olf 
~IlL ) J F (26) 

y- t'cx) 

· Whoro y is gl'eil·tc.r tba.n tbe .teal part~ ot a.ll the singu­

larities Qf' tlle intcg.r~:mou in {26) 

\A.. (A' ,l) :: u w. { .en.fc:_ 1 - ""-f<: 1, ] 

.fw t: ?T 

(27) 

(28) 

15 



when t ~ l: • the thickritut$ of tllc layer o:f the :fluid 

set in ruotion ia 'o.t the o.rdc.r o:t · z ~ t- • · 

Tl~ reaul t in ( 27) is identical to tile solution ot 

the pl'oblem o:f .tlow of v:lscou$ tlu1d on both sides of an 

infinite plane lamina ( Z = 0 ) is initially at rest and 
' 

tbo l&mina is suddenly r;et in motion pata114Dl·to 0:! with 

a velocity Vwowhich ia then maintained constant. 
. II 

,( Hof. H.Lumb :- Hydrodynamics - P - tmO ) 

The ne·tu.tding torceB on th~ bounda..ty, par unit urea are 

. givetl by 

--
(29) 

and 

c;_f u w~[ J.. ' ] 
J 1f-,J Vt - J t_-T .(3Q) 

...f-ov t / --r 



Case IV 

ln tbis case we suppose that a finite 

i'oxce is initially applied on the boundary and 

that this fo..rce decreases. exponentially with 

time and a.:tte.r tim€? r , the f'Ol'CC does not e~ist. 

Let.us choose 

/ -wt 
uJo H-(1'- t) € 

Laplace transform of equation ('3\Ji) is 

(31). 

(32) 

Solution equation (12) with the use of equation 

(30.) gives 

(33) 

t1? .... 



)..-_ 
'. 

Inve.rs:i.on theorem gives 

-/trv t ~ T (34) 

and -r- t '7 T 

(35) 

where ( is greater tlk'ln the real part o:r all the 

singularities of the in·teg.rem¢d. in {34) and (35) 

Thus for 

u(z, t} = 



' ' ; . ... r I . 
l L, : ' ' 
l;,! ~·I 

J ' • i 

·• 

i ' 

and for t $ l . 

td)Zt t) = 

(36) 

U w o € w t[ -c t{!j -en .f.,. f 2- _ cp) 
2. €. - -y·- \: 2. \/"[,) . 

(37) 

49 _._ 




