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Preface 

This thesis is an attempt to study the spherical harmonic method (SHM) in solving some 

radiative transfer problems in different atmospheres (semi-infinite, finite and spherical). The emphasis 

is mainly on plane parallel scattering atmosphere with one problem on spherical geometry. The 

problems have been solved by using various phase functions and in each case the expression for 

source function is obtained. The phase functions used are i) Isotropic, ii) Rayleigh. iii) Planetary, iv) 

Henyey-Greenstein and v) General phase function. 

In case of semi-infinite atmosphere the emergent intensities are calculated and numerical 

results are given. Also, in connection with the semi-infinite atmosphere a study has been done on 

Chandrasekhar's H-function. Various approximate forms ofH- function are considered. Using these 

forms, numerical results are obtained for H-function and presented in tabular form. 

The thesis contains five chapters. Computed results are presented in four of these five 

chapters. 
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Abstract 

A new modification of the spherical harmonic method has been used to solve radiative 

transfer equation in both planar and spherical geometry. The radiative transfer equation is an integra­

differential equation and general solution to this equation is difficult to develop because of the 

complex mathematical form of the governing equation. Several different methods have been developed 

over the years, some of which have been exact but many of them have been approximate. Among the 

approximate methods, the spherical harmonic method is perhaps the most tedious but elegant method. 

A modified form of the spherical harmonic method is used to solve various problems in radiative 

transfer. 

In the modified form, the intensity forms are taken in the following manner 

where 1(0,0) is some constant, <P (t) is a function of't only. 

In chapter 2, problems in semi-infinite plane parallel atmosphere are considered and solved 

by means of this modified spherical harmonic method. The function <l>('t) has the form A't, where A 

being some constant. Throughout this chapter, we have used this particular form and calculated 

results for emergent intensity. Phase functions like i) isotropic,· ii) Rayleigh and iii) general phase 

function have been used and the results in the first two cases are in very good agreement with those 

of Chandrasekhar. 



In chapter 3, the fonn of <f>( -r) has been taken A e' + Be ~ 'as, where A, B are constants and 

-r is the optical depth. The transfer equation is solved considering finite atmosphere. Five phase 

functions, viz. Isotropic, Rayleigh, planetary, Henyey- Greenstein and general phase functions have 

been considered and in first four cases the expressions for source function are obtained. 

The problem of spherical atmosphere with isotropic scattering has covered in chapter 4. The 

fonn of <f>(r), [ r being the radius of curvature ] is modified to suit boundary conditions and this is 

taken as 

<f>(r) = a + ~ + 
r 

cl + _, 

r 3 i -

Finally in chapter 5, different approximate forms ofH-functions have been used to calculate 

values ofH-function for various values of albedo. H-functions are calculated (since these have been 

used in chapter 2 ) to find the emergent intensity in semi-infinite atmosphere. The results obtained 

for various approximate forms ofH-function are compared with those ofChandrasekhar and these 

are found to be in good agreement. 
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CHAPTER-I 

INTRODUCTION 



1.0 The equation of radiative transfer. 

The basic equation of radiative transfer which governs the radiation fieid in a medium which 

absorbs, emits and scatters radiation is given by 

_I_di = I _ £Y 
kp ds 

(1.1) 

where I is the specific intensity, k is the absorption coefficient of the medium, p , the density of the 

medium, s, the thickness of the element of the mass considered and £Y is called the source function 

which is the ratio of emission coefficient to absorption coefficient. The equation (I. 1) is an integro -

differential equation. 

For problems in semi-infinite plane parallel medium with a constant net flux, the equation of 

transfer ( 1.1) becomes 

1 

dl(-c Jl) 1 f 1 
Jl d; = J(-c,Jl) - 2 p(Jl,Jl )1(-c,Jl')dJl' 

- 1 

(1.2) 

where 

Jl = cos(8), e being the angle made by the pencil of incident radiation with the 

outward drawn normal from an element of area do 

~ 

1: = J kpdz = Optical depth 

z 

21t 

and p(Jl, Jl') = 2~ f P(Jl,<J>;Jl',<J>')d<l>', <J> being the azimuthal angle. 
0 

Here, p{JlJl') is the phase function which governs the directional distribution of intensity. For Milne 

problem the equation of transfer is ( Chandrasekhar (1960)) 
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I 

Jl d/(1:,!1-) = /(1:,Jl) - ,.!_ fl(-r:,Jl~)di' 
d-r: 2 . 

(1.3) 
-I . 

In equation (L3) the intensity /(r:,f.l) is an unknown function of 1: and f.l. Approximate 

solutions of this equation can be obtained by means of Milne - Ed,dington approximation and by 

means of expansion of intensity I (-r:,f.l) in a series of Legendre polynomials. On analyzing, these 

methods yield some difficulties which are due to the fact that there is trouble when the discontinuous 

function /(-r:,f.l) is represented by a sum of simple functions. According to Kourganoff(l963) we are 

led to 

Either (I) give up an analytic representation and restrict ourselves to a set of 

discrete ordinates; 

Or (II) eliminate these discontinuous functions by transforming the integro­

differential equation into an ordinary integral equation. 

Or (III) introduce Fourier integrals (or Laplace transforms) which are well 

suited for use with discontinuous functions. 

1.1 The Spherical Harmonic Method. (SHM) 

The essential idea of the method which is due to·Eddington is that we expand /(-r:,f.l) in series 

of Legendre polynomials Pi(f.l) and seek a solution of the equation of transfer. The Legendre 

polynomials Pi(f.l) form a complete set of orthogonal functions in the interval ( -1,1) which is just 

that -through which f.l varies. Accordingly we write, 

(1.1.1) 

where the series is broken up after finite number of tt:rms and the solution of the equation of the 

transfer is reduced to the determination of the functions A/ -r:). In grey case the mea..11 intensity and 

the source functions are defined respectively, 

I 

- 1 f 1(-r:) = 2 1(-r:,Jl)dJl 
- I 



1. 

~(-t) = 2 J I('c,~)~d~ = F 
- 1 

., _, 

·where F is the net integrated flux. In terms of P;(Jl} , the above representation can be written as, 

! 

~(-r) = 2 f J(-r,~)JlP1 (!l)dJl = F 
- I 

Next, we use the orthogonality property of P.(Jl) which is given by 
.1 

J
I . {0 , if m * n 
P (Jl}P (Jl}d!l == . 2 f _ m n --- I m -11 

- 1 2n + 1 ' · 

Therefore, 

I 

1.(-r) = ~ fi(-r,Jl-)P0 (!l)dJl 
- 1 

I m 1 · 

= J A0 (-r)Pg(fl)d!l + ·L J AI(-r)P1(!l)P0 (!l)d!l = A0(!l) 
-I /=L1 · 

and 

I 

~(-r) = 2 f f(-r,!l)!lP1(!l)d!l == 

-I 

I 

= J A0 ("r)P0 (!l)P1(!l)d!l + 

- I 

I m l 

J A 1('r)P1
2
(!l)d!l + L J A 1(-r)P1(Jl)P0 (!l)d!l = 

-I i=2 -! 

( l.l.2a) 

(1.1.2b) 

(1.1.3) 



= 

We know that in Grey case the conservation of flux integral gives 

B = I , where B is Plank's function. 

The equation of transfer for integrated radiation now takes the form 

We use recurrence formula for Legendre polynomials 

in equation (1.1.5) we obtain 

m m 

LA/(r)P1(!l) = LA1('r)P1(Jl) 
1=0. 1=1 

If we compare the coefficients of Pj (!l) in ( 1. 1. 7) we find that 

A/(r) = 0 

So in general we have for j = 2,3, .... 

4 

(1.1.4) 

( 1.1.5) 

(1.1.6) 

(1.1.7) 

(1.1.8a) 

(Ll.8b) 

(1.1.8c) 

(I.I.8d) 
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For the simple case of j = 2 we obtain 

3 A (T) = -F = C 
1 4 1 

( l.l.9a) 

(l.1.9b) 

where C1 • C2 are constants of integration. Extending for j = 2n in equation (1.1. 7) we find that 

and 

DA = 0 1 

3 -A + -DA = 0 
2 7 3 

j DA. -A.+ _j__-DA. = 0 
2}-1 ;-I J 2}+3 ;+1 

2n DA --A = 0 
411 _ 1 2n-l 2n 

(1.1.10) 

From the first and last, together with those given byj =4,6, ....• 2n-2 DA3 • DA5 , ........• DA2n··I can 

be eliminated and another first integral is obtained. Therefore, we get a linear relation between 

~. A4 •.......• ~n with constants coeffiCients. The resolvent equation for any function Am (in~ 

2), .... 2n) is of order 2n-2. So we get an equation ofthe form 

F(D)A
111 

= 0 (1.1.11) 
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where 

- l lv 0 0 0 
7 

F(D)= ln - I ~D 0· 0 
5 9 

0 4D - 1 0 0 
7 

0 0 0 - 1 2n D 
4n- 1 

0 0 0 
2n 

D - 1 
4n- 1 

It contains only derivatives of even order and its characteristic equation F( J.) = 0 has all its roots real 

and of modulus greater than unity. Let the roots of F(D) = 0 be ±aj, j = 2,3, .... ,n. where each 

aj > 1 , then the solution will be given by, 

(1.1. 12) 

where C±j (j = 2,3, ... n) are 2n-2 constants ofintegration with C0 , C1 are obtained from (1.1.9). The 

functions A2 ("t) , A3 ( -r) , ..... , Am _1 ( -r) will depend linearly on the same exponential and same 

constants of integration. We have to determine the constants C±j by means of the boundary 

conditions which are given below. 

(ii) Net flux is constant, i.e., ~( -r) = F = ·constant (1.1.13a) 

(ii) The convergence of intensity as -r - "" , 1. e., 

(1.1.13b) 

(iii) Absence of incident radiation from outside on the free surface , i.e., 
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I ( 0, p) = 0 for fl < 0 (1.1.l3c) 

Now from (1.1.13a), the constancy of net flux gives C1 = iF and from (1.1.13b) we have 
4 

C_j = 0, for j = 2,3, ..... n. 

The remaining constants are to be determined from (1.1. De) which implies that 

1_(0,~) = 0 i.e. 

2n 

I_(O.~) = LAj(O)P/~) (1.1.14) 
j=O 

Equation (1.1.14) must be satisfied for all values of ~lying between·- 1 and 0. Thus, we have 

a system of infinite number of linear homogeneous equations, and from this system of equation we 

have to determine a finite number (n) ofunknowns. C0 , C2 , .... , C,. In equation (1.1.14) Aj(O) 

are (2n+ 1) functions and each of these functions except A 1 , is expressed as a linear combination 

of the above n constants. The same is true for A/0). For, ifwe set -r = 0 we have 

3 
A (0) = -F 

l 4 

etc. 

Therefore we conclude that the system ( 1. 1. 14) is incompatible. We have no alternative but 

to choose arbitrarily n equations corresponding to n arbitrary values of 1..1. ( between - and 0 ) to 

determine then constants of integration C0 , C2 , .... , C,. 

The equation (1.1.14) is satisfied for all values of ~in (0,1). This means that we are trying 
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to determine n constants from an infinite set of linear equations. Hence, certain arbitrariness in the 

detennination of the constants cannot be avoided. Use of various equivalent boundary conditions is 

an attempt to by pass it. For example Mark (1947] met it by choosing some strategic values of J.l 

for which the ~ondition (1.1.14) holds good. 

Kourganoff[1963] tried to reduce this arbitrariness by using the least square method but even 

then this arbitrariness cannot be removed completely. He imposed a minimum condition on I(O J1.) 

and suggested that 

I 

a = Jr I(o, 11) yl/11 =Minimum (1.1.15) 

0 

This is equivalent to I(O,J.l) = 0 for -l<J.t<O.From(1.1.14)and(1.1.15)wehave 

0 2n 

(J = f[ LA/O)P/11) r dl1 = Minimum 
-I J =0 

(1.1.16) 

Differentiating a partially w.r.t: A/0) and using the orthogonal property of ~/J.l) we deducethat 

2n I 

= L A;-(0) f P;-(Jl)Pi(l1)dJl' i = 0, 1,2, ... ,2n (1.1.17) 
j=O 0 

Equation (1.1.17) states that there are now (2n+ 1) relations involving n unknowns. Therefore, 
- •' 

we still have the arbitrariness and incompatibility. Thus, the arbitrariness in the determination of 

constants is minimized but not removed. Kourganoff(1963] traced this source of the defect to the 

fact that the function I ( -r, 11) which is discontinuous at the free surface at J.l = 0 was represented 

by a finite number of continuous terms. He suggested that the situation would improve if double 

interval representation of specific intensity is tried. His suggestion, was in fact, made by Yvon [ 

footnote Kourganoff. p 301] and elaborately demonstrated by Mertens [1954] 
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1.2. A particular problem 

We consider the equation of radiative transfer for a plane parallel. grey medium with 

azimuthal symmetry. 

I 

J.L aJ~: 11> = I(-r:,J.L) - ~ f p(J.L,J.L')I(-r:,J.L')dJ.L' 
- I 

(1.2.1) 

where the phase function is assumed to be represented in the following form 

00 

p(fl,!l') = L(2n + 1)fnPn(!l)Pn(fl'), fo .= 1 (1.2.2) 

n=O 

We further assume that the intensity is represented in the following form. 

(1.2.3) 

Our problem is to determine 1
111

(r:) which are functions of single variable 1:. Using (1.2.2) and 

(1.2.3) in (1.2.1) we obtain 

00 [ l I dl (1:) - f' (2m+ l)P (1:1) !l m - I (1:) 
47t L 111 d-r: 111 

. 
m:O 

1 

= ; + E E(2n + l)fnPn(!l) 2:; 1 Jm(1:) f Pn(!l')Pm(!l')d!l' (1.2.4) 

m=On=O -1 

If we apply the orthogonal property of the Legendre polynomial (Eq .1. 2c) and the recurrence 
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formula ( 1. 1. 6) in the last equation we obtain 

"' f'[ p ( .) dlm(r:) + (m + l)P . (. ) d/m(r:)] ...:. i..J m 111 f..l r: m d f..l dr: 

00 

- E(2m + l)P
111

(f..l)/
111

(r:)[I +W/,
11

] = 0 (1.2.5) 

m=O 

On further reduction of(1.2.5) we find that 

00 

[[ (m + 1) dl":Jc (r:) + m d/11~~ (r:) - (2m+ 1)/
111

(r:)(1 + <Ufm)]Pm = 0 (1.2.6) 

m=O 

If (1.2.6) is valid for all J-1, then the coefficients of P 
111

(J.t) must vanish identically, i.e. 

dJ (r:) dJm-1 (r;) 
(m + 1) ~~~~~ + m dr; - (2m+ 1)/

111
(r:)(l + <Uj111 ) = 0 (1.2.7) 

For isotropic scattering we have~ 

fo = 1 ,/
111 

= 0 for all m > 1 

Equations ( 1.2. 7) are an infinite set of coupled ordinary differential equations for the function 1
111 

( r;). 

In practice, however, only a finite number of equations m = N is considered and the term IN , 1' ( T:) 

is neglected. Putting m = 0, 1, .... , N we obtain the following system of equations 

(1.2~8i) 
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(1.2.8ii) 

( 1.2.8iii) 

(1.2.8~N) 

(1.2.8~N+l) 

The system (1.2.8) provides N + 1 simultaneous linear, ordinary differential equations for the 

(N + 1) unknown functions / 0 , / 1 , , ...... , IN and is called the P N approximation. The desired 

solution of the system of equations (1.2.8) can be written as a linear sum of the solution of the 

homogeneous part of these equations and a particular solution. 

Let us assume a trial solution of the form · 

(L2.9) 

where gm are arbitrary constants and k is the exponent which is to be determined. Using (1.2.9) in 

the equations (1.2.8) we obtain, 

or simply we have, 

(1.2.10) 

where fo = 1 , g N d = 0 . 

We consider isotropic scattering. For this, we set 



f. - 0 - { m - O,m -
1, if m = 0 
0, otherwise 

12 

(1.2.11) 

(l.2.l2) 

. where m = 0,1,2, ....... ,N 

Equation (1.2.12) is a system of homogeneous algebraic equations. This system will have a 

non trivial solution if the determinant of the coefficient matrix vanishes, i.e. the determinant D(k), 

given below 

-(I +U>) k 0 0 0 0 0 0 0 

k -3 2 0 0 0 .0 0 0 

0 2k -5 3k 0 0 0 0 0 

0 0 3k -7 4k 0 .' 0 0 0 

0 0 0 0 0 k(n- 2) - (2N- 3) k(N- I) 0 

0 0 0 0 0 0 k(N- 1) . - (2N- I) kN 

0 0 0 0 0 0 0 kN - (2N + 1) 

ts zero or 

D(k) = 0 (1.2.13) 

For each value of w we will get permissible values of k;. Then for each value of k; a set of 

gm(k;), m = 0,1,2, ... ,N is determined from (1.2.12) and thus the solution to the homogeneous part 

is obtained as 

N 

1
1
:(-r:) = L,L;g

111
(k)ek;• ,m = O,l,2 ... ,N (1.2.14) 

i=O 

whereL; are (N+l) constants. They are determined from the boundary condition of the given 
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problem. Once the functions I m ('r:) are known, the distribution of emergent intensity is calculated 

from (1.2.3). Davison (1957) discusses an alternative representation of the homogeneous solution of 

the-equation (1.2.14) in terms ofthe auxiliary functions H
111

(t) in the form 

N 

lm('r:) = LL;Hm(k)ek;• ,m = 0,1,2 ... ,N 
i=O 

where L; are expansion coefficients, and the auxiliary function Hn(k;) is defined by 

(1.2.15) 

(1.2.16) 

Here Pn, Qn are the Legendre polynomials and the Legendre functions ofthe second kind 

respectively. 

1.2.1 P 1 approximation. 

As a special case, we consider the take isotropic scattering. Here N = 1 and 

fm = <>o.m . We obtain from (1.2.8) 

(1.2.1.1) 

(1.2.1.2) 

We wish to deterni.ine /0 (-r:) and / 1 ("r). But we have assumed 

00 

{"2m + 1 p ( )/ (t) i..J 4TI m 11 m 
(1.2.1.2a) 

Ill =0 



Next using the orthogonal property of Legendre polynomials we obtain 

This gives 

I 

JP,(fl)l(-c,fl)dfl = l,('r:) 
2n 

-I 

I 

1,(-r) = 2 n f P,(f.l)l(-c,fl)dfl 
- I 

14 

(1.2.1.3) 

(1.2.1.4) 

Also, in case of first approximation m = I, so that we have following two relations 

I 

10 (-r) = 2 n J 1(-r,fl)dfl = G(-r) = Incident radiation 
-I 

I 

11 (-c) = 2 n J fll(-c,fl)dfl "" F(-r) = Net flux 
- I 

By replacing 10 (-r) and 11 (-r) by G(-c) and F(-r) respectively we obtain, 

F('t)- (1 +w)G(-r) = 0 

G' (-r) - 3F(-r) = 0 

(1.2.1.5a) 

(1.2.1.5b) 

(1.2.1.6a) 

(1.2.1.6b) 

Equation (1.2.5) can be combined to yield a single differential for G(-r) or F(-c). Therefore, 

we have 

G" (-r) - 3 (1 + w )G(-r) = 0 (1.2.1. 7) 

where the prime denotes differentiation w.r.t 1:. Once G(-c) is determined from the solution ofthe 
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equation (1.2.1.7) subject to a set of appropriate boundary conditions, the radiation intensity /(t.~) 

is determined from the equation ( 1.2.1.2a) as 

or 
1 

/(t,~) = -( G(t) + 3J.LF("t)) 
4rr 

(1.2.1.8) 

1.2.2 P 2 - approximation. 

Here N = 2 .Proceeding similarly we obtain the corresponding equations as 

(1.2.2.la) 

(1.2.2.lb) 

(1.2.2.lc) 

For isotropic scattering the above three equations reduce to 

(1.2.2.2a) 

(1.2.2.2b) 

(1.2.2.2c) 

Like in the P 1 approximation these three equations can be treated in the same manner. 

126687 

. 1 0 AUG 1999 
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1.3 The necessity of modification. 

From our discussion we have seen that in spherical harmonic method the specific intensity is 

expanded into a series of Legendre polynomials P1(J.t) which form a complete set of orthogonal 

polynomials within (-1,1). In general, for all practical purposes the series is truncated after N terms, 

where N is the required accuracy.However, the spherical harmomic method suffers from one serious 

defect; the difficulty of analytical representation of boundary conditions at the free surface, where the 

specific intensity is discontinuous. In plane parallel problems and in simple case cases of spherical 

models, the situation is met by using different types of equivalent boundary conditions but this method 

was still successful in yielding fairly accurate results~ Kourganoff (1963) drew attention to some of 

the serious limitations of the single in~erval spherical harmonic method. 

The origin of single interval spherical method is due to Eddington (1926), Gratton (1937). 

However, it was Chandrasekhar (1943,1945) who developed a systematic method and suggested a . 

general procedure for solving integro-differential equation of transfer by this method to any order of 

approximations. This method was extensively used to solve various radiative transfer problems in 

plane parallel medium in stellar atmosphere and in neutron transport. 

For more clarification, let us now restate the problem. The radiative transfer equation in 

simple model of semi-infinite, plane parallel, scattering medium is given by 

1 

J.l d/~~J.l) = /("t:,J.l) - ~ f p(J.l,J.t')/('t:,J.t')dJ.L' (1.3.1) 

-1 

where the symbols have their meanings described in Sec. (1.1 ). Further we have assumed that the 

specific intensity is represented as 

L 

/{'t,~) = L 1/('t:)P/(Jl) (1.3.2) 
1=0 

Here the source function is given by 
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I 

~(1:) = _!_ Jp(~,~')J(,;,~')d~' 
2 . 

(1.3.3) 

- 1 

The boundary conditions under which the transfer equation to be solved is 

(a) Absence of incident radiation from 9utside at the free surface defined by 1: = 0, 

i.e. 1(0,- ~) = 0 for 0 < ~~ 1 (1.3.4a) 

(b) The convergence ofintensity, i.e. 

(1.3.4b) 

Substituting ( 1.3 .2) in the transfer equation, using the recurrence formula for Legendre polynomial 

P1(J.t) and equating the coefficients of various Legendre polynomials, we get a set of linear 

differential equations. Chandrasekhar ( 1960) assumed a trial solution of the forni 

(1.3.5) 

where gm, k are constants. Substituting (1.3.5) in the set oflinear differential equations, we get a 

set of linear algebraic equations. As discussed earlier we get roots of k as 0, 0, k;, (i = 2, 3 , ... ,n). 

Then the solution of (1.3.5) will be as follows 

//(1:) = L cigm(k)e -k;• 

i 

(1.3.6) 

where the constants are to be· evaluated form the boundary conditions. While the exact boundary 

condition is realized at the lower boundary 1:- oc, it cannot be done at the at the free surface, i.e. at 

1: = 0. Instead, equivalent boundary conditions are used. These are 

(a) Chandrasekhar (1943, 1945) used the boundary condition 
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L I 

2/: 1//(0) = Lfm(O) f Pm(J.l)P/().l)d).l 
m=O -1. 

(1.3.7a) 

(b) Mark's (1947) boundary condition in connection with neutron transport problem in 

plane parallel medium in this case is 

/(O,J.l;) = 0 (1.3.8b) 

where J.l; are some strategic values of J.l within the range and were taken as the roots of the equation 

Pn ... 1 (J.l) = O,n being an odd integer.· 

(c) Marshak's ( 1948) equivalent boundary condition was 

0 f l(O,J.l)P21 _1 (J.l)dJ.l = 0, I = I ,2, ... ,n. 
- I 

(1.3.8c) 

Mertens (1954) represented l(t,J.l) as I.,.('r:,J.l) and 1_(-r:,J.l)at the two separate ranges (0,1) 

and (-1,0) for J.l. He wrote 

L 

1.,.(-r:,J.l) = E(2/ + 1)1/ ('r:)).lP/(2J.l- 1)' 0 ~ J.l ~ 1 
1=0 

L 

J_('r:,J.l) = L(21 + 1)//- (-r:)).lP/(2).l + 1), -1 ~ J.l. ~ 0 
1=0 

The boundary conditions were taken as 

II- (0) = 0 . I = 0. 1, 2 .... ,11 

(1.3.9a) 

(1.3.9b) 

(1.3.10a) 

(1.3.10b) 
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(1.3.1 Oc) 

With this representation, the main steps of the single interval. spherical harmonic method are 

gone thorough necessary adaptation. The end results were encouraging. As far as the transfer 

problems in plane parallel medium is concerned, this method was free from two main defects of the 

single interval spherical harmonic method, namely, 

(i) The exact boundary condition could be used here. 

(ii) There was no preference for odd order approximations over the even order ones contrary 

to the suggestions of Davison and Sykes ( 1955) 

However, some new difficulties arose; these are listed below. 

(i) It was found to adversely effect the critical size calculation of neutron transport. 

(ii) The extrapolated end points calculated for neutron transport in slab medium were found 

to be unreliable. 

(iii) It was found that the method was adoptable to the solution of transfer problems in spherical 

geometry. The method did not give correct flux integral in the spherical case. 

Double interval spherical harmonics method has been used with some modifications by 

Sykes(1951), Gross and Zeiring (1955), Max Krook (1955, 1999) and others. They however, are 

essentially equivalent to Merten's method and share ifs limitations. 

On a close approximation ofMerten's (1954) representation of specific intensity, it was found 

that in an attempt to provide for discontinuity at the free surface, the discontinuity of representation 

at !!=0 had been carried to the interior. Wilson and Sen (1963) introduced at this stage a modified 

double interval spherical harmonic method which retained the advantages of the double interval 

representation ofMertens and at the same time removed its defects. The aim was to select a suitable 

spherical harmonic method which would be equally effective for tackling transfer problems in plane 

parallel and spherical medium. 
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1.4 Modifications of SHM. 

In this section we will demonstrate various modifications of the SHM that have been taken 

place over the years. The passage from single interval SHM to double interval SHM has been 

elaborately described by Wilson and Sen ( 1990) and they gave an exhaustive account for the 

modification. Kourganoff ( 1963) made a critical analysis of the single interval SHM used in the case 

of.Milne problem and raised objections against it. For example i) exact boundary conditions cannot 

be prescribed and ii) certain arbitrariness persists in the determination of the constants. He suggested 

double interval SHM. Here, we list the modifications of double interval SHM that have been used by 

various workers in the field of radiative transfer. Most of the forms are covered by Wilson and Sen 

(1990) and we give a few additional ones. 

I) Merten's (1.954) Form 

lo 

l,.('r:,).l) = L(21 + I)I/(-r:)P/(2).1- I)' 0 < ).l~ 1 

1=0 

lo 

/_(1:,).1) = L(2/ + 1)//- (-r:)P/(2).1 + 1) , - 1~ ).l < 0 

1=0 

where P 1 are Legendre polynomials. 

and 

II) Wilson and Sen's (1965) Forms 

A. Plane parallel medium 

lo 

1 .. (-r:,).l) = A(-r:) + L(21 + l)J/+(1:))-lP/(2).1- I), 0 ~ ).l~ 1 

1=0 

lo 

1_(1:,).1) = A(-r:) + L(21 + l)J/-(1:)).lP/(2).l + 1),. - 1~ ).l~ 0 

1=0 

(1.4.1a) 

(1.4.1b) 

(1.4.2a) 

(l.4.2b) 
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where A('t) is an arbitrary function of 1: only, 1: being the optical depth, ll. the cosine of the angle 

made by the pencil radiatiot:t with the outward· drawn normal. · 

B. Spherical geometry. 

lo 

((i:,ll) = A(r) + L(21 + l)/1+(r)llP1(2fl- l), 0 ~ ll~ l ( l.4.3a) 

1=0 

and 

Ia 

/_(r,ll) =A(r) + L(21+1)11-(r)llP1(2J.L+l), -l~J.L~O (l.4.3b) 

1=0 

where A(r) is a function r only, r being the distance measured outward from the center of the sphere, 

ll. the cosine of the angle measured from the positive direction of the radius vector. 

III) Wan, Wilson and Sen's (1977) Form 

Ia 

i. (i:,fl) = <f>(r) + L(21 + I)i1+ (1:) llP1(2ll- I), 0 ~ ll~ I (I .4.4a) 

1=0 

and 

lo 

i_(i:,J.L) = <f>(i:) + L(2l + I)il-(i:)!lP/(2/l + 1), -1~ ll~ 0 (1.4.4b) 
1=0 

IV) Karanjai and Talukdar's (1992) Form 

0 ~ llS: 1 (l.4.5a) 
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and 

(1.4.5b) 

where 1(0,0) is the specific intensity at the surface in the direction normal to the surface and is a 

constant and A is an arbritary constant. This form was also used by Bishnu. 

V) Raychaudhuri and Karanjai's (1993) Form 

(1.4.6a) 

and 

(I.4.6b) 
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1.5 Application of SHM in solving Radiative Transfer (RT) Problems. 

Wilson and Sen ( 1963) introduced a modification of the double interval SHM for solving the 

equation of radiative transfer. Their work was mainly an attempt to eliminate the objections raised 

against the method of Yvon and retaining Yvon's advantages. Wilson and Sen's (1963) work 

ensured the continuity of the intensity in a direction perpendicular to the outward drawn normal fof 

all values of optical thickness. The basic equation of transfer for plane parallel medium was taken as 

I 

ll ai~~Il) = I("r,fl) - ~ J I('r,fl')dll' (1.5.1) 

-I 

where I('t",fl) is the specific intensity of radiation at an optical depth 1:" and in a direction e with the 

outward drawn nonnal ll = cos(8). The optical thickness is given by 

00 

-r = f Kpdz 
z 

where K is the scattering coefficient and p is the density o_f the medium. They considered the 

boundary conditions 

i) Absence ofincidentradiation from outside at the free surface, i.e., 

I(O,fl) =0 for - 1 ~ fl~ 0 (1.5.2a) 

ii) The convergence of intensity, i.e., 

1(-r,fl)e -• ~ 0 as t ~ "" (1.5.2b) 

They represented the intensity 1(-r,fl) by two different expansions in the intervals (0, 1) and (-1,0) and 

these are respectively as 



and 

lo 

!Jt,Jl) = A-r: + L(21 + 1)//-(i:)JlP/2Jl- I), 0 ~ Jl~- I 

1=0 

lo 

/_(i:,Jl) =A~ + I(2/ + l)//-(i:)JlP/(2fl +I), -I~ Jl~ 0 

1=0 
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( 1:5.3a) 

(1.5.3b) 

They evaluated q(-r:) and I(O,Jl)/F for both first approximation (i.e., P 1 -approximations) and 

second approximations (i.e., P2 - approximations) and compared the results with Mertens (1954) and 

Chandrasekhar (1960). They have shown that the second approximation is distinctly superior to first 

approximation. 

Wilson and Sen ( 1964a) extended their earlier work [Wilson and Sen ( 1963)} to solve the 

equation of radiative transfer in plane geometry in case of anisotropic scattering. They .used the 

general phase function and used it to discuss the case of Rayleigh phase function. The basic equation 

considered by them is once again 

1 

fl ai~~fl) = I(-r:,Jl) - ~ J P(fl,fl')I(-r:,Jl')dfl' (1.5.4) 

- 1 

where 21t 

p(Jl,Jl') = 2~ f p(Jl,<f>;Jl'<f>')dfl'' 
0 

p(Jl,<f>;Jl'.<f>') is the phase function giving the measure of the probability of a rayin the direction 

(Jl',<f>') being scattered into the direction (Jl,<f>). The other symbols have their meanings described in 

the previous page. In this case they also took the same boundary conditions given by Eq. ( 1.5 .2a) and 

(1.5.2b) and considered the same forms of intensity given by Eqs. (1.5.3a) and (1.5.3b) respectively. 

However, they assumed the form of the phase function to be 
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~ 

p(f.q.t') = L wkPk(~)Pk(~') . (1.5.5) 

k=O 

where wk 'S are simply constants and Pk 's are Legendre polynomials. They considered the Rayleigh 

phase function for an example and used it to obtain results of 1(0.~)/F for the P1 -approximations 

and compared the results with those of Chandrasekhar ( 1944 ). 

Wilson and Sen ( 1964b) extended their modified SHM (Wilson and Sen ( 1963 and 1964a)] 

to solve the equation of transfer in spherical geometry. By this method, they solved the classical 

problem of diffusion of radiation through a homogeneous sphere, the radius being either finite or 

infinite. They considered the equation of transfer appropriate to the problem of diffusion of radiation 

on the homogeneous sphere as, 

I 

~ c3I(r,f.1) + 1 _f.12 c3l(r,f.1) + J(r,~) = 21 JI(r,f.1)df.1 
. or · r ofl 

- I 

(1.5.6) 

where r is the distance measured outward from the center of the sphere and f.1 is the cosine of the 

angle measured from the positive direction of the radius vector, I( r, f.1) is the specific intensity of 

radiation at a distance r in the direction of 6 = cos -I (f.1). They considered, [Vide Wilson and Sen 

(1963 and 1964a)] the two different expansions of intensity and these are 

la . 

I,.(r,Jl) = A(r) + 1(21+ I)!ll1+(r)P1(2f.1-1), 0 ~ f.1 ~ l 

1=0 

la 

l_(r,Jl) =A(r) + L(2l+l)lll1-(r)P1 (2~+I), -1~~~0 
1=0 

(l.5.7a) 

( 1.5. 7b) 
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where A(r) is a function of r only. The equation (1.5.6) was solved with the following boundary 

conditions 

(1.5.8) 

They obtained results for the first approximation and calculated the mean intensity J(r) and compared 

the results with those ofChandrasekhar (1944). 

Wtlson and Sen ( 1965b) extended their modified form of SHM to solve the transfer problem 

in an isotropically scattering, spherically symmetric,finite stellar atmosphere with kp oc r- 2 . They 

considered the following transfer equation 

I 

J.l aJ(r,J.l) + 1- J.l2 ai(r,Jl) + kpl(r,l1) = ~ kp I I(r,l1)dl1 
or ,. OJl -I 

(1.5.9) 

where r is the distance measured outward from the center of the sphere, and 11 is the cosine of the 

angle measured from the positive direction of the radius vector, l(r,J.l) is the specific intensity of 

radiation at a distance r in the cos -I (J.l) direction, p is the density of the material and k,mass 

absorption coefficient. They used the following boundary conditions 

I) l(R.J.l) = 0 for - 1 ~ 11~ 0, R is the radius 

II) The convergence of intensity as r ~ 0 

(1.5.10a) 

(1.5.10b) 

They considered the same two forms of intensity [Wilson and Sen (1964b)] given by the equations 

(1.5.7a) and (1.5.7b). They also pointed out that the function A(r) which appeared in Eqs. (1.5.7a) 
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and ( 1. 5. 7b) depend on the nature of the physical problem and solved the problem for the first 
k0 C 

approximation to evaluate J(x),the mean intensity at x = 2 where x = - for two different 
r 

boundaries given by R = 2k0 C and R = k0 C. Their results were compared with those of 

Chandrasekhar (1960). ·--:-. 

Wilson and Sen ( 1965c) once again extended their modifications of the SHM to solve the 

problem of radiative transfer in spherically symmetric, finite planetary nebular shell with 

k p ex r - 2
. The equation of transfer considered by them was 

a1 1 - J.12 a1 
1.1- + --=--

ar r aJl 
k [I 1 JIId S riz -<•1 -•)] = - p - - Jl - --e 

2 4 ,z 
- I 

(l.5.ll) 

where t" I is the radial optical thickness of the nebular shell and 1rS is the net flux of the radiant 

energy incident on each square centimeter of the inner surface (radius = ri) of the nebula. Following-· 

Wilson and Sen (1964b) they considered the same two forms of the intensity [cf. Eqs, (1.5.7a) & 

(1.5.7b)]. They assumed the boundary conditions 

a) There is no incident radiation on the outer boundary defined by r = R, i.e., 

. I(R,J.l) = 0 for - 1~ J.l~ 0 

b) The diffuse flux across the inner surface (r = ri) vanishes, i.e., 

(1.5.12a) 

(1.5.12b) 

They evaluated J(t") at -c = and·R = C using the first approximation. Here Cis connected to kp by 

the relation kp = C , n > 1 . The results were compared with Sen (1949) 
rn 
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Bishnu(1968) gave an alternative modification of the double interval SHM.He assumed plane 

parallel scattering atmosphere with spherical symmetry and the appropriate equation of transfer was 

taken to be 

l 

~dl~;~) = l(t,~) - ~ f J(t,~')d~' (1.5.13) 

- l 

where the symbols have their usual meanings [Vide. Wilson and Sen ( 1963)]. The forms of intensity 

taken by him are as follows 

((t,~) = J(O,O)[At + <!>(~) + f(2/ + I)J((t)~P1(2~ - 1)1, 0 <~<I, 
1=0 J 

(1.5.14a) 

(1.5.14b) 

He used the boundary conditions given by Wilson and Sen ( 1963) and evaluated the H - functions 

and made comparisons with those ofChandrasekhar (1960). 

Canosa and Penafiel (1973) proposed a direct method for the numerical solution of the 

spherical harmonics approximations to the equation of radiative transfer in plane parallel atmospheres. 

The spherical harmonics equations are a two-point boundary value problem for a system of ordinary 

differential equations of first order. These are then reduced to an algebraic problem by finite 

difference method. Since the matrices of the problem are non-convergent, the round off error grows 

exponentially. Canosa and Penafiel( 1973) avoided this difficulty by applying a parallel shooting 

method. The method was applied to homogeneous atmospheres and Rayleigh and Mie phase 

functions were used. The basic equation they took is 
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I 2n 

~ ai(t,~) + I = _I f f p(t,~,<J>;~',<J>')l('t,~'.<f>')d~' d<f>' + S(t,~,<f>) 
at 41t 

(1.5.15) 

-I 0 

where t is the optical depth measured from top of the atmosphere, ~ is the cosine of the zenith angle 

measured with respect to the positive t axis, <I> is the azimuthal angle, p is the general phase function, 

S is the source of the incident radiation and I is the intensity of radiation. They dealt with only the 

"average intensity" form of the equation of transfer and this is given by 

(1.5.16) 

where w1 are connected to a1 by the following relation 

2/ + 1 ( ) w = a1 t 
1 2 (1.5.17) 

The form of the intensity taken by them was 

(1.5.18) 

and assumed normalized phase function 

L 

P(cos6) = L w1P1(cos0) (1.5.19) 
1=0 

Test computations were performed on Rayleigh and Mie phase functions. 
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Devaux et al ( 1973) discussed a critical study of four methods of solution of the equation of 

transfer (principle of invariance,doubling,spherical harmonics,successive orders of scaling) and 

compared both the accuracy of the results and required computation time. The SHM seems to have 

significant advantages over the others. 

Wan, Wilson and Sen ( 1977) used the modified SHM in solving the radiative transfer problem 

in an isothermal slab with Rayleigh scattering. They considered the model consisting of an isothermal 

plane parallel slab of optical thickness -r0 confined between gray and diffuse walls that absorb and 

anisotropically scatter radiant energy. The equation of transfer for such a model was [Dayan and Tien 

(1976)] 

. (1.5.20) 

where I is the intensity, ib, the black body intensity, <.a>0 ,the albedo for single scattering, p, the phase 

function, S, the source function, !!. the cosine of the angle measured from the positive direction of 

optical depth -r. The Rayleigh phase function was considered and this is given by 

They took the forms of the intensity given by 

and 

lo 

i .. (-r,~) == <f>(-r) + L(21 + I)i1+(-r)~P/2~- I), 0 ~~~I 
1=0 

lo 

i_ (-c,~) = <f>(-c) + L(21 + I)i1- (-r) ~P1 (2 ~ + I), - I~ ~~ 0 
1=0 

(1.5.21) 

(I.5.22a) 

(I .5.22b) 



The boundary conditions used are 

i(O,J.l) = B1 for 0 ~ J.l ~ 0 } 
i('t0,J.l) = B2 . for - I ~ J.l ~ 0 
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In their problem they took both B1 , B2 to be zero and applied the first approximation to find the 

zeroth, first and second moments of intensity and compared results with that of Dayan and Tien 

(1976) 

Peraiah (I979) discussed a numerical method for obtaining solution of radiative transfer 

equation in spherically symmetric media spherical harmonic approximation. Peraiah (1979) 

approximated the angle derivative by an orthonormal polynomial and this is represented by a matrix 

called curvature matrix, for a given beam of rays. He considered the radiative transfer equation in 

spherical symmetry as 

where k(r) is the absorption coefficient, k(r) ~ 0 .and w(r) is the albedo for single scattering. 

o~ w(r) ~ 1. I(r,J.l) is the monochromatic specific intensity of the ray making an angle cos -I (JJ.) 

with the radius vector at the radial point r. B(r) is the Plank's function at rand P(q.q.t') is the phase 

function and it is assumed to be isotropic. The angles are discretized such that 

0 < J.l 1 < J.l 2 < .... < flm ~ I. They expanded the specific intensity as 

M 

/(f.l) = EamPm(J.l) 
m =0 

and calculated the emergent intensities in two cases. 
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Karp,Greenstadt and Fillmore (1980) discussed the SHM for solving the equation of radiative 

transfer for a plane parallel planetary atmosphere. They assumed that all the inhomogeneities were 

confined to the vertical direction and each layer of the atmosphere was taken to be homogeneous but 

with arbitrary optical thickness. They considered the equation of transfer With monochomatic 

radiation as 

(1.5.23) 

where /(q1,<j>) is the specific intensity, l-1 is the cosine of the zenith angle, <!> is the azimuth angle 

measured from Sun's meridian and J(t;l!,<i>) is the source function defined by 

't 1 21t 

111> + 
4

1
1t f f P("q.t,<I>;Jl' ~Q>')J(i:,l!' ,<i>')dJl' d<f>' (1.5.24) 

- 1 0 

where the external illumination 1tF0 was assumed to be unidirectional. The boundary conditions 

were 

Their technique for solving the above problem was mainly based on SHM and they developed an 

algorithm for the method and computed the angle dependent intensity at all points in the atmosphere. 

Karp and Petrack(l983) compared SHM and DOM (Discrete ordinate method) for azimuth 

dependent intensity calculations. They showed that for higher terms of the Fourier expansions of the 

intensity the results were exact at the zeros of the Legendre polynomials and considered the equation 

oftransfer for plane parallel,scattering and absorbing atmosphere 
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2n I 

Jl d/(~~<f>;c) = /(Jl,<f>;c) + 41rt I I /(Jl',<f>';t:)p('t,Jl,Jl';<f>,<f>')dJl' d<f>' (1.5.25) 

0 - 1 

where P('t;!l,!l',<f>,<f>') is the scattering phase function and other symbols have their usual meanings. 

They expanded (1.5.25) in a Fourier series in <I> and obtained the fo11owing equations 

(1.5.26) 

They considered the following form of phase function 

L+m 

pm('t;Jl,Jl') = LJ3/('t)Y/m(J.t)Yim(Jl') 

l=m 

where Y1m(!l) are normalized spherical harmonics (or the associated Legendre polynomials) and 

J31(1:) are expansion coefficients of the scattering phase function The form of the intensity considered 

by them is 

L-tm 

J m('t,!l) = L 2/; 1,/;lll('t) Y/n (Jl) (1.5.27) 

l=m 

where J;m ( 1:) are the moments of the intensity. They showed that the azimuth-dependent intensities 

computed from spherical harmonics method was exact at the zeros of the Legendre polynomials. This 

was used to set up the connection between SHM and DOM. 

Wells and Sidorowich (1985) used the SHM to solve the radiative transfer problems with 

extreme forward scattering and demonstrated the method by using slab geometry. They developed the 

computational techniques with some test results. 

Aronson ( 1986) compared P N approximations with double PN approximations for highly 
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anisotropic scattering. It is known that the double PN transport calculations generally give better 

results than the corresponding (2N-1) orders transport calculations with the full range spherical 

harmonics. They examined the results of both methods by considering different terms of the phase 

function for both haze model and the cloud model and the following form of phase function was 

taken. 

b = 1 0 

w is the single scattering albedo and cos -I (J10) is the angle made by the pencil of radiation with the 

normal. For haze model they took 82 terms in the phase function and for the cloud model 300 terms 

of the phase function were taken. They concluded that DN approximations (double PN ) were 

almost always better than the corresponding PN calculations. 

Garcia and Siewert ( 1986) developed a generalized spherical harmonics solution for all 

·components (m ~ 0) in a Fourier representation of the Stokes vector basic to the scattering of 

polarized light. Following Benassi, Garcia and Siewert ( 1985), they denoted I( -r,~,Q>) as the density 

vector with the four Stokes parameters the components and considered the following equation of 

transfer 

21t ,I 

11 aa-r I('t:,J.l,<f>) + J(-r,J.l,<f>) = 4: J J P(Jl,Jl',<f> -<f>')J(-r,~,J.l')dJ.l' d<f>' (1.5.28) 
0 -I 

where P(~.~',<f>-<1>') is the phase matrix. They solved the equation (1.5.28) subject to the following 

boundary conditions 

(1.5.29a) 

21t I 

/('to,- J.l,<f>) ~o L f J /('to,J.l',<f>') !.1' dJ.l' d<f>' (1.5.29b) 
0 0 
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where ).
0 

is the coefficient for lambert reflection, L = diag{l,O,O,O} and F is the flux vector (with 

the components F1.FQ,F u•Fv assumed to be given). They used the generalized SHM to solve the 

complete and general polarization problem for a plane parallel layer. 

Kamiuto ( 1986) applied Chebyshev collocation method for solving the radiative transfer 

equation. Kamiuto expanded the radiant intensity in a series of Legendre polynomials. and using the 

orthogonal properties of Legendre polynomials. he obtained the spherical harmonics equations. 

These equations are a system of ordinary differential equations of first order but such a system cannot 

be solved by means of a simple finite difference scheme because of the ocurance of the numerical 

instability which is due to the accumulation of round off errors. In order to get rid of this difficulty 

Kamiuto proposed the collocation method technique. 

He considered the equation of transfer in plane parallel homogeneous dispersive medium as 

21t 1 

dl ('t,Jl-,4>) w I I Jl dr: + /('t,Jl,<f>) = S('t,Jl,<f>) + 
4

1t P(cos6)/('t,Jl',<f>')dJl' d<f>' (1.5.30) 

0 - 1 

where P( cos6) is the phase function and S( 't,Jl,<f>) is the source of incident radiation; the other symbols 

have their usual meanings. The intensity form was taken to be 

(l.5.3 I) 

He used Marshak's equivalent boundary conditions which are stated below 

1 0 

J/(-l,Jl)J.12;-JdJ.1 = 0 and J/(l,Jl)Jl2
;-

1dJ.1 = 0 (1.5.32) 
0 -I 
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The method was applied to Rayleigh and moderately Henyey-Greenstein phase functions. He assumed 

w to be unity and varied -r from 0.5 to 16. 

Takeuchi (1988) applied a new formulation of the SHM to solve certain problems in 

atmospheric sciences. He considered the equation of transfer for plane parallel atmospheric models 

with all inhomogeneities confined in the vertical direction and with axially symmetric phase functions. 

Takeuchi (1988) showed that the spherical harmonics approximation reduces the m-th Fourier 

component of the equation of radiative transfer to a system of infinite homogeneous ordinary 

differential equations. He then expanded each term of the equation by the normalized associated 

Legendre polynomials Q1m (J.l.) which are related to the a~sociated Legendre polynomials P1m (J.l.) 

by 

1 1 

Q1m(J.l.) = [(2/+1)(/-m)!] 2/[2(/+m)!J2P/n(-r) 

The scattering phase function was taken to be 

~ 

<f>(-r;J.l.ct) = wo(-r) Lwl(-r)PI(J.l.ct) 
1=0 

(1.5.33) 

(1.5.34) 

Takeuchi (1988) showed that the adaptation of the normalized associated Legendre 

polynomials S1 m (J.l.) made SHM very easy to handle. The eigenvalues and the eigenvectors inherent 

in each scattering layer are obtained by using single-value decomposition. 

Tine,Aiello,Belleni and Pestellini ( 1992) applied the SHM to find the solution of transfer 

equation in media with spherical symmetry but with radially varying parameters and anisotropic 

scattering. They considered the following form of radiative transfer equation 
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I 

o/(r,~) I - r 2 o!(r,~) 
~ + ___ ::........;..:__..o... 

or r a~ 

a.sca(r) f = - a.(r)/(r,~) + . 
2 

.· /(r,!1')P(!1,!1')d!1' + 

- I 

+ E. (r), (1.5.35a) 

with the boundary condition (1.5.35b) 

In equation (1.5.33a), a.(r) and a.sca(r) are respectively the extinction and scattering coefficients for 

unit length and P(11,11') is the phase function. In Eq. (1.5.33b), rst(!1) is the externally incident 

radiation, if any. They considered the following form of the phase function 

N 

P(~,~') = L a1P/~)P1 (~') 
1=0 

L 

and the form ofthe intensity is /(r,~) = L(2l + l)Flr)P1 (~) 
1=0 

They applied the technique to Henyey-Greenstein phase function and for this they took w = g = .5 

and -r =.I. 

Biswas and Karanjai (1992) used a modified double interval SHM to solve the equation of 

radiative transfer with Rayleigh phase function with thin atmosphere. The following equation of 

transfer was considered 

I 

11 ai(-r,~) + I(-r,!1) = 21 JP<~.!1')I(-r,!1')d!1' 
a-r 

-I 

The boundary conditions for their problem are 

( l.S .36) 
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I) isotropic radiation field at t = 0 i.e. 

II) no incoming radiation at t = t 0 , i.e. 

They considered the following forms of intensity 

lo 

/+(1:,11) = <J>(t) + L(2/ + 1)/l"(t)I1Pt(211-1), 0 ~ 11~ I (1.5.37a) 

l=O 

and lo 

/_(1:,Jl) = <J>(-r) + L(2/+1)//-(1:)JlP/(2Jl+l), -l~Jl~O (1.5.37b) 

1=0 

where <J>(-r) is a function of-r only and the nature of this depends on the extent of the medium and the 

boundary conditions. 

Talukdar and Karanjai (1992) applied a modified SHM to solve the equation of transfer with 

the general phase function. They considered the equation of transfer in plane parallel atmosphere with 

axial symmetry and given· by 

1 

11 a I~~~) = J(-r,l1) - ~ J P(I1,Jl')I(11(-r,l1')dll' (1.5.38) 

- 1 

where the symbols have their usual meanings and phase function was taken to be 
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00 

P(fl,fl') = L wkPk(fl)Pk(!l') ( 1.5.39) 

k=O 

The form of intensity taken by them was 

0 ~ 11~ I (1.5.40a) 

(1.5.40b) 

Test computations were performed on Rayleigh and Henyey-Greenstein phase functions. 

T ezcan and Yildtz ( 1993) expressed the P L solutions for extremely anisotropic scattering in 

. teims of solutions of isotropic scattering. To see the use of transformed solutions~ applications for 

variation of the critical thickness with backward scattering are given.Numerical results are compared 

with the zeroth order results of elementary solutions and with the F N method. 

Siewert (1993a) used the SHM to develop solutions to a class of multi group on non-gray 

radiation transport problems. The multi group problem considered allows an anisotropic scattering 

law and transfer from any group to any group. In addition to spherical harmonics solutions for the 

case of a homogeneous radiative transfer equation, a particular solution for the P N method is 

derived for the case of multi group radiative transfer in a homogeneous plane parallel medium that 

contains group sources that vary with position and direction. Computational aspects of the developed 

solutions are discussed and numerical results for a test case are reported. 
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1.6 Application of SHM to Heat Transfer (HT) Problems. 

Le Sage ( 1965) considered the problem of the transport of thermal radiation through an 

absorbing medium between two parallel walls held at fixed different temperatures and applied the 

double SHM to this problem. The walls are assumed to radiate isotropically and to have an 

absorptivity of unity (i.e., black body). LeSage considered the following integra-differential equation 

I 

fl dl~~fl) + /('t,fl) = ~I I(~,fl')dfl' 
-I 

(1.6.1) 

where·~ is the optical depth. By applying Yvon's (1957) method, the integra-differential equation is 

reduced to a set of ordinary differential equations. He used the following boundary conditions 

(1.6.2a) 

(l.6.2b) 

where T = local temperature, o = Stefan-Boltzmann constant. He obtained normalized flux in both 

double P 1 and double P5 approximations. 

Ou and Liou (1982) applied SHM to the basic three dimensional radiative transfer equation 

in terms of the three most commonly used coordinate systems (Cartesian, cylindrical and spherical). 

The finite expansion for both intensity and the phase function are inserted into the basic equation and 

a set of coupled partial differential equations are obtained by means of orthogonal property of 

spherical harmonics. Ou and Liou (1957) then formulated the first order approximations together with 

all possible boundary conditions assuming that the model medium considered is subject to internal 

emission only. The number of partial differential equations in this case is four, and a modified 
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Helmholtz equation is subsequently obtained. Examples of the computation based on the first order 

approximation for the three coordinate systems in one-dimensional space are then presented to 

demonstrate the practicality of the method. 

Menguc and Viskanta (1983) examined critically the accuracy of the three methods, namely, 

the two flux, the spherical harmonic and the discrete ordinate methods for radiative transfer problems. 

They assumed the medium to be planar, participating and highly forward scattering. Comparisons 

were made for the results of the three methods with the F N method. The equation of transfer for 

a plane layer of participating (absorbing, emitting and scattering) medium having azimuthal symmetry 

was taken as 

I 

:

0 

~~ + tV(f!,~) = (1 - w)P(rt) + ; f p(~0)tV(f1,~')d~' 
-I 

(1.6.3) 

where tV is normalized intensity with respect to / 0 , the intensity of isotropic radiation field), rt is the 

normalized distance, 11 is the direction cosine, 1:0 is the optical depth of the layer, w is the albedo for 

single scattering and Pis the dimensionless emission ( Bl /0 ). The boundary conditions were taken 

to be 

(1.6.4a) 

(1.6.4b) 

They considered the general phase function which is given below 

~ 

p(~o) = 1 + LamPm(~o) (1.6.5) 
m=l 

where am are expansion coefficients and Pm are the Legendre polynomials ofthe·first kind. The 

scattering angle Jlo which is the angle between the incoming ray and the scattered ray is connected 

to J.1 by the following relation. 
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I I 

IJ.0 == J.qr' + (1 - JL 2
) 

2 (1 - JL' 2
) 

2 cos(<J>- <J>') (1.6.6) 

In order to apply the SHM they represented the radiation intensity by the following expansion 

00 

lJr{Tj,JL) = L 21
;: l Pn{JL)lJrn{fl) (1.6.7) 

n=O 

They evaluated radiative heat fluxes for each of the three methods and compared the results with the 

F_,., method. In case of SHM they computed upto P9 approximations i.e., nine terms of the phase 

function. 

Benass~ Cotta and Siewert ( 1983) applied SHM to solve a certain problem in heat transfer. 

The appropriate equation of transfer is 

L I 

J1 a/~:JL) + J('t,JL) = ; L 21; 1 P/P/(Jl) f PI(JL')l('r:,JL')dJ!' + (1 - w): T4('r:) (1.6.8) 
1=0 - l 

with the boundary conditions 

I 

J(O,JL) = e1 :r: + p~J(O,-J.L) + 2p7JI(O,-J.L')JL'dJ.L', J.L>O (1.6.9a). 

0 

and 

I 

/(-r:0,-Jl) = e2 :r; + p~J(-r:0,JL) + 2p~~/(-r:0,JL')JL'dJL', JL>O (1.6.9b) 

0 

where T1 and T2 refer to the two boundary temperatures, p: and p~ , a= 1,2 are the coefficients 
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for specular and diffuse reflection and E 1 , E 2 are the emissivities. They used SHM to compute the 

partial heat fluxes in an anisotropically scattering plane parallel medium. Their intensity form is 

N J 

/(i:,~) = L 2L 2+ 1 PI(~) E[A/- -cl~ + (-fiB/ -(to- t)l~ ]g/~) + f/i:,~) 
1=0 j=l 

(1.6.10) 

where/ (-r,J..t) denotes a particular solution to Eq. (1.6.8) corresponding to the inhomogeneous 
p 

source term, 

. a 
S(-r) = (1 - w)- T\-r) (1.6.11) 

1t 

The polynomials g1 (~) are those of Chandrasekhar ( 1960) 

Based on the work ofMenguc and Viskanta (1983), Wan, Wilson and Sen (1986) used a 

modified double interval SHM for solving the radiative transfer equation in plane parallel finite 

medium scattering anisotropically. Following Menguc and Viskanta (1983), Wan, Wilson and Sen 

( 1986) compared the results of their method with the F,"' method which is considered to be 

standard. The transfer equation for their model is 

1 

. J..tai~:J..t) + I(-r,J..t) = ~ J p(J..t,J..t')I(-r,J..t')dJ..t' (1.6.12) 

- 1 

where the symbols have their usual meanings. The phase function is linearly anisotropic 

p(J,.t,J,.t') = 1 + GJ..l J..l
1 (1.6.13) 

The boundary conditions for this problem are 

I) isotropic radiation field 10 at 1: = 0, i.e., 
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(1.6.14a) 

II) no incoming radiation at 1: = 1:0 • I.e., 

(1.6.14b) 

They considered the following forms of intensity 

lo 

1 +(1:,~) = $(1:) + L(21 + 1)11+ (1:) ~P1 (2 ~ - I), 0 s ~s 1 ( I.6.15a) 

1=0 

and 

lo 

1_ (1:,~) = $(1:) + L(21 + 1)11- ('r) ~P1 (2 ~ + 1), - Is ~s 0 (1.6.15b) 

1=0 

where $(1:) is a function of 1: only and they suggested that the form of <j)("t) has to be chosen suitably 

based on the boundary conditions and the extent of the medium. They evaluated the heat fluxes at 

1: = 0 and 1: = -r0 and compared their results with the F N method and with Menguc and Viskanta 

(1983). 

Using P N approximations, Swathi, Tong and Cunnington (1987) obtained results on the 

behavior of the hemispherical reflectance when a two layer porous composite wall is irradiated by 

plane incident rays. A number of workers made important contributions to the subject of radiative 

transfer in composite or inhomogeneous materials. Based on this, the earlier studies can be classified 

into two categories, 1) those using isotropic scattering and 2) those using anisotropic scattering. 

Swathi, Tong and Cunnington (1987) used anisotropic scattering for the composite 

materials.However, they assumed that the anisotropy to be variable. This was done by using linear 

anisotropic phase function with a variable coefficient. The SHM was used to obtain the hemispherical 

reflectance. 

The equation of transfer considered by them is 
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(1.6.16) 

where I is the intensitY normalized with respect to the incident intensity, w, the single scattering 

albedo, -c, the optical depth, t.J., the cosine of the angle between the direction of propagation, <f>(t.J..fl' ), 

the scattering phase function and subscript I denotes either layer 1 or layer 2 (i =1,2). They employed 

the following phase function 

(1.6.17) 

where J; is a coefficient bounded between 1/3 and - 113 and the boundary conditions are 

diffuse incidence 
for ll > 0 (normal incidence) 

(1.6.18) 

and the interface conditions are 

(1.6.19a) 

(1.6.19b) 

The intensity form is 

(1.6.20) 

Here N is the order of the approximation. They have shown that PN approximations converge to ~v 

approximations as N is increased and pointed out that the accuracy of the P N method increases with 
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increasing albedo. 

Menguc and Iyer (1988) discussed various features in solving accurately the general solution 

of the radiative transfer equation in different geometries. They developed an approximate hybrid 

model to solve the radiative transfer equation in inhomogeneous,absorbing,emitting and 

anisotropically scattering, one dimensional plane parallel and two dimensional cylindrical media 

bounded by emitting and reflecting walls. The original idea for such an hybrid model was first given 

by Yvon (1957) and by Schiff and Ziering (1958, 1960). The formulation ofMenguc and Iyer (1988) 

differs from Schiff and Ziering because Schiff and Zeiring employed an eigen value method for solving 

the differential equation which is difficult to use and does not account for the anisotropic scattering. 

On the other hand, Menzuc and Iyer' s formulation accounted for anisotropic scattering. First, they 

applied double SHM which is applied to a physical system in one dimensional plane parallel, 

absorbing and emitting and anisotropic scattering medium with azimuthal symmetry and the equation 

of transfer is 

•; 

(1.6.21) 

Here, -r is the optical thickness and the source function S(-r,J.t) is defined by 

2n I 

S('t,!l) = (1 - w)Ibf T('t)) + 
4
: J f ~("C,!l')l(r,!l,!l')d!l' dcf>' (1.6.22) 

¢' =0 11' =-I 

They applied Marshak's boundary conditions and evaluated heat fluxes for different w (albedo) and 

"C. 

Next they applied octuple spherical harmonics approximation for the radiative transfer 

equation in asymmetrical cylindrical enclosures. The analysis in this case was almost the same as in 

the previous case and in this case also they evaluated the heat fluxes. However, they pointed out that 
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the derivations of the equation governing the model were very tedious and this is the main drawback 

of their model. Also, the computer code they used is inefficient to employ for their calculations but 

they suggested that if the custom-made numerical code is used then both the speed and the accuracy 

of the solution would increase. 

Li and Tong (1990) analyzed the radiative heat transfer in emitting,absorbing and scattering 

spherical gray isothermal media. They assumed the phase function to be linearly anisotropic and the 

medium was confined in the space between two concentric spheres which diffusely emit and 

specularly diffusely reflect radiation. They obtained the approximate ·solution of the equation of 

radiative transfer by using SHM. The governing equation for their model is 

I 

J.L ai(r,~) + 1 - ~2 ai(r,~) + i(r,J.t) 
ch r all 

(I- w)aT4 w J = TC + 2 P(Jl,~')i( 'C, ~')dJ.t 
-I 

(1.6.23) 

where l(r,J.t) is the radiant intensity, Tis the temperature of the medium the medium is assumed to 

be gray and is characterized by absorption coefficient o a and scattering coefficient o b • They used 

linearly anisotropic phase function and the form of the intensity is 

(1.6.24) 

where l{f
111

(-c)are functions of-c. However, they considered the approximation to be finite, .i.e., they 

used P N th approximation where N is odd. The boundary conditions for inner and outer sphere are 

taken as 

I 

i('C0 ,Jl) = E0 : T: + p:i('C
0
,- Jl) + 2 p: f i('C

0
,- Jl 1

) Jl' dJ.!', J.1 > 0 (l.6.25a) 
0 

and 
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I 

i(1:b,~) = Eb : T: + p~i(1:a,- ~) + 2p: f i(1:b,- ~~) ~~ d~', ~ > 0 (1.6.25b) 

0 

They obtained P1 approximations analytically and higher approximations P 3 , P5 , P1 , P9 and P 11 

are obtained numerically. 

The PN method has been used by Siewert and Thomas ( 1990, 1991) to obtain a particular 

solution for solving radiative heat transfer problems in I) plane geometry and 2) geometry with 

spherical symmetry. Siewert and Thomas (1990) considered the equation of transfer in plane 

geometry as 

L I 

. 11 aJ~~~) + 1(1:,11) ::: ; L 21
2+ 

1 ~/Pt(l1) J~,(l1')!(1:,11')dl1' + (1 - w): T 4 (1:) (1.6.26) 
I =0 -I 

for 1: E (0, 1:0), ~ E [- 1, I] and the boundary conditions are 

I 

1(0,11) = E 1 : r: + p~ 1(0, - 11) + 2p~ J I(o,- ~· ht' d 11', 11 > o (1.6.27a) 

0 

and 

I 

J(1:0,-~) = E 2 : T; + p~J(1:0,11) .+ 2p~ [1(1:0,~')~'d~', ~>0 (1.6.27b) 

0 

where T1 and T2 refer to two boundary temperatures, p: and p~ , « = 1 and 2 are the coefficients 

for specular and diffuse reflection and E 1, E 1 are the emissivities. 

In a geometry with spherical symmetry Siewert and Thomas ( 1991) considered the equation 

L I 

ol(r,J.L) + I -J.L
2 

ol(r,J.L) + J(r,J.L) = wz "{'~1P1(~)JP,(!i')I(r,J.L)dJ.L' + S(r). (1.6.28) 
ll a,- r a11 L 

l =0 - 1 



for r E (R 1 ,R2), J1 E (- 1, 1) and the boundary conditions are 

and 

I 

I(R2,- J.t) = e2 : r; + p~/(R2,J.t) + 2p~ J I(R2,J.t') J.t' dJ.!' 

for 11 E [0, 1]. 

They took 

0 
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(1.6.29a) 

(1.6.29b) 

(1.6.30) 

where the inhomogeneous source term, P1 define the scattering law, r E (R1 Js), is the optical 

variable, J1 is the direction cosine measured from the r - axis, w is the albedo for single scattering. T1 

and T2 refer to two boundary temperatures, e 1 , e 1 are the emissivities and p: and p~ , a = 1 and 

2 are the coefficients of specular and diffuse reflection. Also n is the index of refraction and a is the 

Stefan-Boltzmann constant. The temperature distribution is considered to be specified and that 

T(R1) = T1 and T(~) = T2 . 

Following Davison (1957) and Aronson (1984a,b) the form of the intensity considered is 

N J 

I(r,Jl) = L
2

L
2

+ 
1 P1(Jl)L[A1K1 (r/~1) + (-1)1B/1(rl9]g1 (~} + IP(r,Jl) (1.6.31) 

1=0 j=l 

where IpCr,Jl)is the particular solution to the Eq. (1.6.28) corresponding to the inhomogeneous 

source term S(r). g1 (~1 ) are Chandrasekhar polynomials. The Px eigenvalues are given by ~1, 

j=1,2, .... J=(N+l)/2.The modified spherical Bessel functions ofthe first kind and the third kind are 

denoted by 
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The arbitrary constants {A 
1
} , { B

1
} are determined by using the boundary conditions. 

Siewert (1993) discussed a post processing technique which is used with the SHM to develop 

accurate results for the calculation of radiative intensity in a homogeneous plane parallel medium. He 
I 

assumed that the medium contains a source that varies with position and considered anisotropic 

scattering. The equation of transfer considered is given below. 

L I 

~ ai~~JI) + J('t,~) = ; L 212+ 1 ~~P~(~) J P~(~')I('t,~')d~' + S('t) 
I =0 - 1 

(1.6.32) 

for 't E ( 0, 't0 ) and J!E [ -1,1] . The boundary conditions are 

1 

J(O,JI) = FI(J.t) + p·;/(0,-JI) + 2p~ f/(0,-JI)J!dJ! (1.6.33a) 

0 

and 

. I 

/('to,-Jl) = F2(JI) + p~/('to,Jl) + 2p~ I /(,;o,J.l)J,tdJ! (1.6.33b) 

0 

for ~E (-1,0]. Here the symbols ~1 , p: ,p:, /('t,J.l), 1:, J.l, S(,;) have been described in Siewert and 

Thomas (1990,1991). They assumed that the functionsF1 (~), F2 (J,t) and the inhomogeneous source 

term are assumed to be given. He has taken, as in Siewert and Thomas ( 1991) the following solution 

to Eq. (1.6.32) 
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. N J 

J(·qt) = L 2L 2+ 1 P/(11) L[A,e- t/~ + (- TiBJe -(to -·t)t~ ]g~(~) + f/1:,11) 

1~0 J~ I 

(1 .6.34) 

where the arbitrary constants {A/} and{B/} are determined from the boundary conditions. 

Karanjai and Biswas ( 1992b) applied a modified SHM to solve the radiative transfer equation. 

They considered a plane parallel finite medium with isotropic radiation field. The equation of transfer 

lS 1 

11 ai~:I1> + I(-c,l1) = ~ J P(I1,11')I(-c,l1')dl1' ( 1.6.35) 

- 1 

and the phase function is 

They have taken the following forms of intensity 

lo 

IJ-c,l1) = <j>(-c) + 1(2/ + l)l1~(-c)11P1(211- 1), 0 ~ 11~ 1 (1.6.36a) 
I~o 

and 

- lo 

1_(1:,11) = <j>(-c) + L(2/+l)l!-(1:)11P/(211+1), -1~11~0 (1.6.36b) 
1,;0 

They evaluated various constants by applying these forms and used the phase functions like Rayleigh 

and isotropic. 



52. 

1. 7 Application of SHM to Neutron Transport and Other Problem. 

The SHM for neutron transport problems was first applied by Wick (1943) and Marshak 

(1947) and developed in detail by Mark (I 944, 1945). Davison and Sykes (1958) discussed the 

application ofSHM in both plane and spherical geometry. In case plane geometry, Davison and Sykes 

(1958) assumed that the neutron flux is a function of Cartesian coordinate ( x say) only and 

consequently the angular distribution depends only on x. They considered the constant cross-section 

isotropically scattering Boltzmann integra-differential equation 

I 

Jl aw(x,Jl) + tjT(x,Jl) = .!:.._ Jwcx,Jl')dJl' 
ax I 21 

(1.7.1) 

- I 

where tlJ(X.Jl) is the angular distribution of the neutrons and I is the mean free path. They expanded 

tlJ(x,Jl) into spherical harmonics in Jl so that 

00 

tjT(x,Jl) = -
1 

{"(2n + 1 )P (Jl)W (x) 
41t 1..; n n 

(1.7.2) 
n:O 

where P n (Jl) are Legendre polynomials. Further, they assumed that 

I 

tjln(x) = 21t J ljT(x,Jl)Pn(Jl)dJl (1.7.3) 
-I 

Multiplying (1.7.1) by (2n + l)Pn(Jl) and integrating over all Jl, using the recurrence formula for 

Legendre polynomials one obtains 

( 1. 7.4) 
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wheredashes denote differentiation with respect to x. The quantities Wn(x) are called spherical 

harmonic moments of the angular distribution. It is easily seen that first two moments Wo (x) and w 1 (x) 

are identical with the flux p(x) and the current density j(x) respectively. Equations (1.7.4) are an 

infinite system of differential equations with an infinite number of unknowns. In practice, however, 

only a finite number N,say is taken. Davison and Sykes (1958) assumed a trial solution of the form 

Wn(x) = gne vx!J' n=O, I ,2, ...... ,N 

gn are some constants and obtained the solution 

Wn(x) = LA~gn(v)ev1xl/, n=0,1,2, ..... ,N 
j 

(I. 7.5) 

(1.7.6) 

where A~ are arbitrary constants which are determined by using appropriate boundary conditions. 

Davison and Sykes (1958) introduced a set of auxiliary functions Gn(v) defined by the following 

equations 

(1.7.7) 

. 
where Pn are Legendre polynomials and Qn are Legendre functions ofthe second kind. With the 

help of (I. 7. 7) Davison and Sykes rewrote (I. 7.6) as 

Wn(x) = L A~Gn(v)e v1x!l, n=O, 1, 2, ..... ,N 
j 

The boundary conditions. 1. Conditions at an inteiface between media. 

(1.7.8) 

For a stationary problem in plane geometry with constant cross-section this is given by 

W(X.~) is a continuous function ofx for any~ except (possibly) ~ = 0 (1.7.9a) 
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or equivalently, 

Wn(x) isacontinuousforn~=O,l, ....... N (1.7.9b) 

Davison and Sykes also stated that odd order approximations are supenor to even order 

approximations. 

2. Conditions at a free surface. 

In this case Davison and Sykes considered the free surface at x = 0 and the medium 

occupies the space x > 0. The exact boundary conditions are 

qr(O,J.l) = 0 for (1.7.10) 

This, however, constitutes an infinite number of conditions which cannot all be exactly satisfied in an 

approximation of finite order. In P n approximations, only (N+ 1 )/2 conditions are satisfied. Davison 

and Sykes proposed that alternative Mark's ( 1945) or Marshak's boundary conditions should be used. 

Mark's boundary conditions for this problem are 

lJr(O,~,) j 
N+1 

1,2, ........ ,--
2 

J.l.>O 
J 

or equivalently, 

and Marshak's boundary conditions are 

I 

J qr(O,Jl)!l2i-IdJl = 0, 

0 

J.l.>O 
J 

. N+1 
J == 1,2, ..... ,--

2 

(1.7.lla) 

(1.7.11b) 

(1.7.12) 

Davison and Sykes stated that in a low order approximation, Marshak's boundary conditions give 
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better results, but the accuracy would increase faster in higher approximations when Mark's 

conditions are used. 

3. Conditions at a surface exposed to the neutrons 

The medium is taken as x > 0 with the surface x = 0 exposed, the exact bounadry 

conditions are 

lP"(O,ll) = F(l!), for ll > 0 (1.7.13) 

where F(ll) is some known function. For this problem, Davison and Sykes suggested that a 

generalized Mark's or Marshak's boundary conditions should be used. 

In case of spherical geometry, the corresponding Boltzmann equation for neutron transport 

is [Davison and Sykes (1958)] 

(1.7.14) 

where Davison and Sykes assumed spherically symmetrical system, in which neutron flux depends 

only on radial component. 

00 

Writing w(r,J.l) = -
1 

{" (2n + 1)P (ll)lfr (l!) 
41t l.J n n 

(1.7.15) 
n=O 

and proceeding in the same manner as in the plane case the following system of equations is obtained 

In the P n approximations, this infinite system of equations is converted into a finite one by 

neglecting WN.,. 1 (r)and retaining only the first N+ 1 equations of(1.7.16). It is easily verified that the 



resulting system of equations is satisfied if 

1 tfr (r) = G (v )-K 1 (- v
1
.rl I) 

n n J V n+- . 
j 2 

(1.7.17) 

where J<(z) is the modified Bessel function ofthe second kind, Gn(v) are defined by (1.7.7) 

The general solution of ( 1. 7 .16) in the P n approximations can be written as 

= L:A.v.G (v.)(_}:!__)~K t(-v{//) 
]
. JJ n J 1tV.r n+2 -

J . 

(1.7.18) 
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Putting ( 1. 7 .18) in (1. 7.15) the angular distribution in the P" approximations can easily be obtained .. 

The functions G n ( v) figure in the solutions for both the plane and the spherical case; the 

reasons for this have been given by Davison and Sykes (1958) 

The boundary conditions. 

1. Conditions at the origin 

Apart from the boundary conditions, Davison and Sykes also prescribed a condition 

at the origin 

lfrn(O) is finite (n=0.1 •.... ,N) (1.7.19) 

2. Conditions at infinity. 

In this case the boundary conditions will be the same as in the plane case except that. 

a supply of neutrons from infinity is now understood in the sense of total supply rather than supply 

per unit area. 

3. Conditions at an interface. 

The conditions at the interface between two media in direct contact are purely local 

conditions and will not depend on the geometry. They are therefore, the same as in the plane case. 
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This also applies to Marshak's condition at the free surface, but the situation with respect to Mark's 

condition is more complicated. 

4. Conditions at the surface of a gap. 

In the case of plane synunetry, gaps have no effects, but in the spherical case, they must 

be taken into account. Davison and Sykes considered them in two ways. First, the gap is treated as 

a medium where the mean free path is finite, and then the interface conditions are applied. Second, the 

surfaces of the gap may be considered directly, and then the exposed surface conditions are applied. 

Kofink (1958) made thorough analysis of the SHM in connection neutron transport problem. 

Kofink [ part I, 1958] discussed the relation between P n method (i.e. the SHM) and Gauss 

quadrature method for the solution of Milne problem. It is often pointed out that both SHM and 

Gauss quadrature method dealing with monoenergetic transport equation are closely related, but they 

are not identical; for the later as applied to the Milne problem is a non-analytic approximation, 

whereas all functions used in the SHM are continuous. Kofink (1958) defined a general solution to 

Milne problem and gave comparisons with Gauss quadrature solution. He considered the appropriate 

Boltzmann transport equation of the form 

1 1 

~ af~~~) + f((,~) = ~ (1 - vo) frcc~')d~' + ~ (1 - vl)~ [.t((,~')~' d~' 
- 1 - 1 

(1.7.20) 

where ~ = cos-b, -b is the angle between the positive z-axis and the direction of the directed flux 

/((,~).The other notations are described below 

c = 1 - v = 0 



where respectively macroscopic 

scattering,absorption,fission and capture. Further 

( = L z = ; =. distance in units of the mean free path I 0 and L 
0 

In order to apply SHM, he assumed 

"' 

/((,Jl) = LJ;o(()Pt(Jl) 
1=0 
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cross-sections for 

=total cross-section .. 

. (1.7.21) 

Inserting Eq. (I. 7.21) in (1. 7.20) an infinite systems of differential equations is obtained. He assumed 

a trial solution of the form · 

/;0 (() = (2/ + 1)gtfA)exp[- (/A.] 

As usual, the summation appearing (1.7.2l),for all practical purposes must be a terminating one, i.e. 

a finite number N say.Kofink reported that the number of P L approximations depends upon the 

parameter c.He showed that this number L1 say increases very quickly for small,for example when 

c = 1/3 P 11 approximations are required and for c = 1/4 one needs P29 approximations. 

For an illustration, Kofink has chosen Milne problem with anisotropic scattering, the 

scattering law is given by 

1 
W(cos8) =-[I + 3s1cos8] 

41t 

and approximate partial solution by SHM (or the P L ) is given by 

L 

fL((,Jl).k) = e- {O.k L(2/ + l)gt(A.k)Pt(Jl) 

1=0 

(1.7.22) 
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where .Ak are L + 1 eigenvalues. Kofink assumed that the left half space ( ~ 0 is the medium and the 

right half space ( ;o: 0 is vacuum. 

Zeiring and Schiff(l958) applied the method of half range polynomials to neutron transport 

theory. Their problem consists of monoenergetic neutrons in an elastic,_ isotropically scattering 

medium. They extended Yvon's method to the one group neutron transport equation applied the same 

to the problem of semi-infinite and finite slab and derived the general solution for the isotropic 

scattering in the N-th approximation by Yvon's method. They considered the transport equation for 

one group theory with isotropic scattering in plane geometry as 

I 

!l d<j>J~) + <!>(~) = ~ J <!>(!l',x)d!l' + S(!l,x) (1.7.23) 

-I 

The neutron flux <I>( x) is expanded as 

n 

where s:(x) are expansion coefficients and 

Zeiring and Schiff(1958) obtained results for P; and Pt approximations in case of semi-infinite 

slab and P 0±, Pt, P; approximations for finite slab. In each case, they have used the appropriate 

boundary conditions. The results have been compared with the exact solution of the classical Milne 

problem for an isotropic scattering medium. 
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Wilson and Sen in their earlier papers [Wilson and Sen ( 1963. 1964a, 1964b)] suggested a 

modification of the double interval SHM and applied that to solve. certain transfer problems in plane 

and spherical geometries. Wilson and Sen ( 1965a) a~plied the same modification of the SHM to solve 

the problem of neutron transport with a finite spherical core. They considered an infinite source free 

noncapturing medium surrounding a sphere of radius a which absorbs all neutrons falling on it, they 

assumed a current density in the direction - r ( r being measured from the center of the black core) in 

the medium which scatters neutrons isotropically. The appropriate transfer equation considered by 

them is 

(1.7.24) 

where r is the distance measured outward from the center of the spherical core and l.l is the cosine 

of the angle measured from the positive direction of the radius vector. 'P(r,l.l) is the angular 

distribution of the neutrons at a distance r in the direction cos- 1 (J.l). The neutron density is defined 

by 

1 

J(r) = f 'P(r,JJ.)dJ.I. 
- 1 

Following Wilson and Sen (1963) they represented 'P(r,l.l) by two different expansions, viz, 

lo 

'P.,.(r,J.l) =A(r) + L(2/+1)J.l'P;(r)P1(2J.1.-1), O~J.l~l (1.7.25a) 

1=0 

and 

lo 

'P _ (r,!l) = A (r) + L(2/ + 1) !l 'P; (r)P1(2 !l + 1) , . - 1 ~ ~ ~ 0 (1.7.25b) 

1=0 
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where A(r) is a function of r only. The equation (1.7.23) was solved with the following boundary 

conditions 

'P(a,Jl) = 0, for 0 .s Jl .s 1 (1.7.26) 

where a is the radius of the finite spherical core. They evaluated .J(r) for the P 1 approximation and 

cOmpared the results with those of Marshak ( 194 7}. 

Kobayashi ( 1985) deduced a solution of the neutron transport equation in multi dimension 

of the SHM by applying the finite Fourier transformation. They derived the spherical harmonics 

equations by making use of a quadrature formula related to the associated Legendre functions. He 

considered the neutron equation as 

OVJ(r,Q) + j(r,Q) = ~ fJ(r,Q')dJl' + -
1 

S(r) 
47t 47t 

(1.7.27) 

4lt 

where Q is the unit vector in the direction of the neutron and c is the number of secondary collisions. 

The functionf(r,Q) and S(r) are the angular flux and source respectively. He assumed that the angular 

distribution of the scattering and the external source are isotropic. He also showed that the 

characteristic roots of the spherical harmonics equations for the higher components are the roots of 

the associated Legendre functions. 

Matasuek and Milosevic ( 1986) presented a generalization of a procedure to solve multi 

group spherical harmonics equation for two dimensional system in r-z geometry. They derived the 

expressions for the axial and the radial dependence of the group values of neutron flux moments. 

They applied a combined analytical-numerical technique in r-z geometry. They considered a system 

of J (j= 1 ,2, .. .J} transport equations and by the application of SHM the systems of J equations were · 

reduced to an infinite set of partial differential equations. They applied numerical techniques to solve 

these partial differential equations. 
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Kobayashi,Oigawa and Yamagata (1986) applied the SHM for the solution ofmultigroup 

neutron transport equation in x-y geometry. They derived the spherical harmonics equations which 

are second order differential equations. They considered the multigroup transport equation in the 

form [Vide Kaplan and Davis (1967)] and deduced necessary spherical harmonics equations. From 

these spherical harmonics equations a set of finite difference equations is derived which can be solved 

iteratively from the lower order of angular moment to the highest order moment. They evaluated total 

flux for P 1 , P3 , P5 ,P1 approximations and compared their results with that Fletcher (1981) and 

Gelbard and Crawford (1972). They discussed the rate of convergence ofthis method for the P3 

approximation and finally suggested that the code that was used for this method could be improved 

upon and pointed out two main drawbacks of it. . 

Kamiuto and Seki (1987) appliedP1 approximation to an inverse scattering problem. They 

reported that if only a limited number of radiative properties, such as albedo and asymmetry factor 

are known then the inverse scattering problem can be solved by P 1 or higher approximation. They 

fundamental equation considered by them is 

(I. 7.28) 

where 1:0 is the optical thickness of the medium,w the albedo and P(J.t,Jl') the azimuthaUy averaged 

phase function given by the following Henyey-Greenstein phase function. 

~ 

P(Jl,Jl 1
) = L(2n + 1)g"Pn(J1)Pn(J1') (1. 7.29) 

n=O 

where g is the asymmetry factor. The boundary conditions are 



I(0,11>0) = ~ } 

/(1,11 <0) = 0 

(1.7.30) 
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In order to determine the spherical harmonics equations, Kamiuto and Seki ( 1987) expanded the 

intensity by the following form 

00 

/(fl,ll) = L 2:: 1 
Pn(ll)Pn(ll') 

n=O 

(1.7.31) 

Substituting ( 1. 7. 3 0) in ( 1. 7.2 7) and using the orthogonal properties of Legendre polynomials, the 

spherical harmonics equations (of the lowest order) are obtained.Next, using Marshak's (1947) 

boundary conditions for these spherical harmonics equations, Kamiuto and Seki obtained, at 

P 1 approximation, the hemispherical transmittance which is given by 

= 1/[3(1- g}-r0 /4 + 1], for (t) = 1 (l.7.32b) 

where A· = 3(1 - w)(l - wg) 

The right-hand sides of the equations (I. 7.31) have two parameters g and w. Kamiuto and 

Seki ( 1987) determined these parameters by applying three methods i) Asymptotic expansion method 

, ii) unconstrained least square method, iii) constrained least square method. They varied g·for- .85 

,0 and .85 and w for .1 ,.3, .5, .7, .9, 1. Once these parameters are evaluated, the hemispherical 

transmittance can be determined and the equation of transfer ( 1. 7.28) can be solved by Barkstrom's 
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(1976) method. 

Siewert (1993c) applied SHM to develop a solution to an inverse source problem in radiative 

transfer. It is assumed that, with the exception of the inhomogeneous source term, all aspects of 

radiation-transport problems are known, and Siewert (193) determined the inhomogeneous source 

term from specified angular distribution of radiation existing the two surfaces of a homogeneous 

plane-parallel mediu·m. Ansiotropic radiative transfer model and general reflecting boundary 

conditions are considered. 



CHAPTER-2 

RADIATIVE TRANSFER PROBLEMS 

IN 

SEMI- INFINITE ATMOSPHERES 



2.1 Solution of a radiative transfer problem in semi - infinite atmosphere with 

Isotropic scattering using a modified form of spherical harmonic method. 

2.1.1. The problem and development of equations 

The equation of transfer appropriate to the problem is 

l 

ll d/~:Jl) = /('t:,J.l) - ~ J p(J.l,J.l')/('t:,J.l')dJ.l' (2.1.1.1) 

-I 
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where P(!l, 11 ') is the phase function which gives the measure through which a pencil of radiation is 

scattered from (!l,<l>) direction to (!l ',Q>') direction, and this is defined by 

21t 

P(!l,fl') = 2~ I p(J!,Jl';<J>,<J>')d<J>' (2.1.1.2) 

0 

<I> being the azimuthal angle, I is the specific intensity, tis the optical thickness defined by 

t = J Kpdz, 
z 

K is the absorption coefficient, pis the density of the medium, 11 = cos(6) , e is the angle made by 

the incident radiation with the outward drawn normal. 

The equation (2.1.1.1) is to be solved subject to the boundary conditions 

/(0,-J.l) = 0, for 0 :S: Jl :S: 1 (2.1.1.3a) 

l("r,J.1)e-' ~ 0 as t~ "" (2. I. 1.3b) 
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For isotropic scattering, we know that 

(2.1.1.4) 

We consider the following two forms of intensity 

r (<,~) = /(0,0+1>(<) + 1{1 (~) + ~ (2/ + I )I((<) ~Pp ~ - I) l , 0 < ~< I, (2.1.1.5a) 

where 1(0,0) is some constant, <I> (r) is a function of't only and 

- { 1 if 0 ~ 11 ~ 1 
lJ1 (Jl) - 0 if - 1 ~ 11 ~ 0 (2.1.1.6) 

Therefore the fol-m of the equation of transfer now becomes, 

(2.1.1.7a) 

(2.1.1.7b) 

Using (2.1.1.4) and (2.1.1.5) in equations (2.1.1. 7) we obtain the following ordinary 

differential equations 



and 

l=L 

= W(!l)- _!_ + L(2/ + 1)1,-('r)!lP1(2!l- 1), /=0,1,2, .... ,L 
2 

1=0 

i=L 

I t' -
= W(!l)- 2 + L)21 + 1)1/ (-r)!lP,(2!l + 1), 1=0,1,2, ..... ,L 

1=0 

We make use of the recurrence formula for Legendre polynomials 
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(2.1.1.8a) 

(2.1.1.8b) 

Multiplying both sides of(2.1. 1.8a) by P1(2!l - 1) and integrating over [0,1] we obtain 

I 

f 1 [ / 2 
- I ~· .. · <P' ('t:) f.LP1(2fl - 1 )df.l + 11_2 + 2111_1 + 

0 4(2/ + 1) 2/ - 1 

+ 12/3 + 18/2-2/- 41+' + 2(1 + 1)1-· + /2 + 3/ + 21-·] = 
(2/ + 3 ){2/ - 1) I ld 2/ + 3 /..- 2 

I 

f lJ1(!l)P1(2!l - I )cf!l + 

0 



68 

(2.1.1. 9a) 

Similarly multiplying both sides of(2.1.1.8b) by P1( 2J! + 1 )and integrating over [ -1,0] we 

obtain the following equation 

+ I2t 3 
+ I8t 2

- 21- 4r· _ 2 (1 + 1)1 -· 
(2/ + 3)(2/ - 1) I /•I 

0 

+ /
2 

+ 3/ + 2 I-· ] = 
21 + 3 /+

2 

= [ttr<J!)P1(2J! + I)dJI + 
1 [u1~ 1 - (2/ + I)/1- +(I+ I)/1~ 1 ]-

- 1 . 2(2/ + 1) 

. 1 ~ 1 ( + . - + -} -
2

u 01 -
4

10 -10 + / 1 + / 1 , 1=0,1,2, ... ,L (2.l.l.9b) 

where o01 is the Kronecker delta. The equations (2.1.1.9 a,b) are to be solved subject to the 

boundary conditions which are given below 

(2.1.1.10). 

(2.1.1.11a) 

(2.l.l.llb) 

In case of N-th approximations we assume 



69 

(2.1.1.12) 

Also we assume a trial solution of the form 

(2.1.1.13a) 

(2.1.1.13b) 

where g1,a., g1,~, h1,a., h1,~are constants which are to be determined. 

Using the boundary condition (2.1.1.1 0) and (2.1.1.11) we can write the solution as 

(2.1.1.14a) 

n -I 

/1-(-r-) - f\<.r) -k;r: h .. - L r.a. e + t.~ (2.1.1.14b) 
r:l 

Further, from (2.1.1.1 0) we have 

n-l 

t' h(r) + h = 0 lJ l,a. I,~ (2.1.1.15b} 
r:l 

where kr are then- 2 roots of the determinant of order N.It will be found that there will be 

two zero roots for all order of approximation N (Chandrasekhar [ 1960]). Here will consider two 

approximations, viz L = 1 and L = 2. Also we know net flux is given by 

(2.1.1.16) 

Also from the definition of source function and mean intensity J we have, 



I 

J('r) = ~ J 1(-r:,J.I)dJ.I = -~(-r) 
- l 

and l 

K(-r) = ~ J l(i:,Jl) Jlzdll 
- I 

The law of darkening (or the emergent intensity) is given by 

J
~ -~ d-r: 

/(O,Jl) = ~(i:,J.I)e 11 -

0 Jl 

We assume Q>(1:) = A 1: 

where A is some constant which will be determined. 

2.1.2. First approximation 
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(2.1.1.17a) 

(2.1.1.17b) 

(2.1.1.18) 

(2.1.1.19) 

Here L = 1. Taking successively I = .o, 1 in equations (2.1.1. 9a) and (2.1.1. 9b) we obtain 

following differential equations. 

(2.1.2.1) 

(2.1.2.2) 

(~I,-· - 21,-·) +(I,- +I( +I~ - I1 ) = - 2 + 2<j>'(<) (2.1.2.3) 

( 
-· 24k -') ( - -} A-' - 210 + -

5
-11 - 2 10 - 3/1 = - 2'¥ (1:) (2.1.2.4) 
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Using the forms of cp(1:) and I/ (1:)·, 11- (1:) in equations (2.1.2.1) to (2.1.2.4) and comparing 

the coefficients of e -kT. and the constant's terms we obtain the following set of equations 

(2.1.2.5i) 

( 
24k ) (2k + 2)go,a. +. -

5
- + 6 gl.a = 0 (2.1.2.5ii) 

(2.1.2. Siii) 

(2k-2)h +(6- 24
k)h =0 O,a S l,a 

(2.1.2.5iv) 

And equating the coefficients of the constant terms, we obtain following linear algebraic equations. 

(2.1.2.6i) 

(2.1.2.6ii) 

2h0 ,f'> - 6h I.f'> = 2A (2.l.2.6iii) 

Also from the boundary condition we find that 
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h + h = 0 
. O,a: O.J3 . 

(2.1.2.7a) 

(2.1.2.7b) 

The equation (2. 1.2.4) will have a nontrivial solution if 

(2.1.2.7) 

So we have k = 0, 0, ± 1.8257, and we will consider the positive root only. 

We see that there are 9 unknown constants to be determined from8 equations. For an extra 

equation we consider the first moment ofH-function. We have [Chandrasekhar (1960)] 

I 

a0 = J H(Jl)dfl = 2 (2.1.2.8) 
0 

or 

which gives 

(2.1.2.9) 
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Solving (2.1.2.5), (2.1.2.6), (2.1.2. 7) and (2.1.2.9) we obtain [(Bishnu 1969)] 

g 0 ,a. = - 0.5293, h 0 _a. = 2.1765 

gi,a. = - 0.2026, hi.a. = 1.3006 

gO,(} = - 2.6273 , hO,I} = - 2.1765 

gi,(} = - 0.3006, hi,p = - 1.3006 

A = 1.7254 

Therefore, we can calculate the values of I 0+, I 1+, I 0-, I 1- . From (2.1.17a) we have 

[ 
1 1 ( ' • - - -)] J(r:) = I(O,O) Ar: + 
2 

+ 
4 

10 + 11 - 10 + 11 

Or, J(r:) = I(0,0)[1.7253r: + 1.3006- 0.300065e-k"t] (2.1.2.10) 

The net flux is given by 

[ 
1 1 ( -t- -) 1 ( -t- -)~ F = 21(0,0) 2 + J 10 + 10 + 2 It - It J (2.1.2.11) 

From which we get 

1(0,0) = 0.6927 F 

The source function now becomes 
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Hence we obtain the emergent intensity as 

/(O,f.l) = /(0,0)(1.72531: + 1.3006- 0.300065e-kl:] (2.1.2.11) 

Now expressing 1(0,0) in terms of F we can find the ratio I(O,f.l)/F and l(O,f.l)/1(0,1).The 

results are shown in the table (2.1.1 ). 

2.1.3. Second approximation. 

Here L =2. Putting successively I= 0, 1,2 in the equations (2.1.1. 9a) and (2.1.1. 9b) we obtain 

in the usual manner, the following differential equations 

(2.1.3.1) 

(2.1.3.2) 

( 
1 .. · .. · 80 .. ·) ( .. "') -fo + 2/1 + -/2 - 2/1 + 5/2 = 0 
3 21 

(2.1.3.3) 

(2.1.3.4) 

(2.1.3.5) 
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(2. 1.3. 6) 

Using the forms of cp('t) and 11+ (r:) ,11- ('t) in equations (2.1.3.1) to (2.1.3 .6) and comparing 

the coefficients of e -k-r and the constant's terms we obtain the following set of equations 

-+1 g 0 +(2k+1)g1 +-g1 +h0 -h1 =0 ( 
4k ) 2k 
3 .a. ,a. 3 ,a. .a. .a. (2.1.3.7a) 

( 
24k ) {2k+2)g0,a + -

5
- +6 g],a + {4k+4)g2_a = 0 (2.1.3.7b) 

-g0 +{2k+2)g1 + --+5 g 2 =0 k . ( 80k ) 
3 ,a. ,a. 21 ,a. 

(2.1.3.7c) 

( 
4k ) 2k g 0 a. + g 1 a. + -- + 1 h0 a. + (2k- 1 }h 1 a. - -h1 a. = 0 

0 0 3 , , 3 , (2.1.3.7d) 

(2k- 2)h0 + -- + 6 h 1 + (4k- 4)h2 = 0 ( 
24k ) 

.a. 5 ,a. .a. (2.1.3.7e) 

k ( 80k ) - - h0 a + ( 2 k - 2 )h 1 + - - + 5 h
2 

= 0 
3 . ,a 21 ,a 

(2.1.3.7t) 
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and comparing the coefficients of the constants terms we get, 

(2.1.3.8a) 

(2.1.3.8b) 

(2.1.3.8c) 

(2.1.3.8d) 

2hl,j} - 5h2,!} = 0 (2.1.3.8e) 

The set of equations (2.1.3. 7) will have nontrivial solution if D2 (k) = 0 where 

4k + 1 2k + 1 2k 
1 - 1 0 

3 3 

2k+2 24k +6 4k+4 0 0 0 
5 

k 
2k+2 80k +5 0 0 0 

3 21 
D2 (k) = 

- 4k + 1 2k 1 1 0 2k- 1 
3 3 

0 0 0 2k-2 - 24k + 6 4k- 4 
5 

0 0 0 
k 2k -2 - 80k + 5 

Soweh 
3 21 

ve 

k = 0, 0, ± 1.3988, ± 3.6116 
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As usual we will take only the positive roots 

k1 = 3.6116, k2 = 1.3988 (2.1.3.9) 

Next, from the boundary condition we have, 

h(1) + h(l) + h = 0 
0,~ 0,~ 0,~ 

(2.1.3.10a) 

h (1) + h (2) + h = 0 
I.~ · I,~ 1,~ 

(2.1.3.10b) 

h(l) + h(2) + h = 0 
2,~ 2,~ 2,~ 

(2.1.3.1 Oc) 

As in case of first approximation, following the same procedure we can evaluate the constants 

and then obtain the source function as 

~(r) = J(-r) == /(0,0)[1.730759-r + 1.231444- 0.22227e-k1
•- .009135e-k2•] 

. The law of darkening is given by · 

J(O,Jl) == 1(0,0) 1.7307591.1 + 1.231444- ---
[ 

.022227 - .009135] 
1 +kill 1 + k21l 

In the following table we give our results. 
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Table 2.1.1 

P 1 - Approximation P
2 

-·Approximation 

~ 1(0,~) IF 1(0,~) I 1(0,1) 1(0,~) IF 1(0,~) I 1(0, 1) 

.05 .48312 .38067 .48585 .38526 

.10 .52987 .41750 .53440 .42376 

.15 .57529 .45329 .58039 .46022 

.20 .61965 .48824 .62461 .49529 

.25 .66315 .52252 .66758 .52937 

.30 '.70594 .55624 .70961 .56270 

.35 .74815 .58949 .75093 .59546 

.40 .78985 .62235 .79169 .62778 

.45 .83114 .65488 .83201 .65975 

.50 .87206 .68713 .87179 .69144 

.55 .91268 .7191.3 .91164 .72290 

.60 .95302 .75092 .95107 .75416 

.65 .99312 .78251 .99029 .78526 

.70 1.03302 .81395 1.02933 .81622 

.75 1.07273 .84524 1.06823 .84706 

.80 1.11228 .87640 1.10700 .87781 

.85 1.15168 .90745 1.14566 .90846 

.90 1.19095 .93839 1.18422 .93904 

.95 1.23010 .96924 1.22270 .96955 

1.00 1.26914 1.0000 1.26110 1.0000 

Here the data in the parentheses indicates that due to Chandrasekhar. We find that second 

approximation, i.e., P2 method is superior to that of first approximation, i.e., P1 for higher values 

of J.l. 



2.2 Solution of a radiative transfer problem in semi - infinite atmosphere with 

Rayleigh phase function using a modified form of spherical harmonic method. 

2.2.1 The problem and development of equations. 
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The equation of transfer in case of plane parallel atmosphere with spherical symmetry is given 

by 

I 

f.l dl~~f.l) = 1(-c,f.l) - ~ f p(f.l,f.l')I(-c,f.l')df.l' (2.2.1.1) 

-I 

where the symbols have their usual meanings, which are described in section 2.2.1. 

The equation (2.2.1.1) is to be solved subject to the boundary conditions 

1(0,- f.l) = 0, for 0 s f.l s 1 (2.2.1.2a) 

1(-c,f.l)e _, - 0 as -c - oo (2.2.1 .2b) 

The Rayleigh phase function ·is given by 

(2.2.1.3) 

As in section 2.1 we consider the following two forms of intensity 

(2.2.1.4a) 
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r(<.~) = t(o,o{t>(<) + <!r(~) + ~ (2/ + 1 )li ~rp~ • I)]. -I<~< o, (2.2.1.4b) 

where 1(0,0) is some constant, Q>(1:) is a function of1: only and 

_ { 1 if 0 ~ J1 ~ I 
lfJ(J.t) - 0 if -1 ~ Jl ~ 0 (2.2.1.5) 

Therefore the form of the equation of transfer now becomes, 

(2.2.1.6a) 

(2.2.1.6b) 

Using (2.2.1.4a) and (2.2.2.4b) in equations (2.2.1.6) we obtain respectively the following 

ordinary differential equations 

(2.2.1.7a) 
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and 

I'[ oj>'(<) + t(21 + !)I/ (<)P /2 p + l) l = 1Jr(p) - ~ + t(2/ + l )/1 (<) pP1(2 p + l) -

(2.2.1. 7b) 

We make use of the recurrence fomiula for Legendre polynomials 

Multiplying both sides of (2.2.1. 7a) by P1(2l! - 1 )and integrating over [0,1] and making use of 

orthogonal property ofLegendre polynomials in [0,1] we obtain 

+ 12/
3 

+ 18/
2

-2/- 4/+' + 2(/ + 1)/+' + /
2 

+ 31 + 2/··] = 
(2/ + 3 )(2/ - 1) / /+l 2/ + 3 l-l 



I 

= J tft(Jl)P1(2fl- l)dfl + 
1 [u1 ~ 1 + (2/ + 1)1/ +(I+ 1)11: 1}-

0 2(2/ + 1) 

- .!o
01 

- s .. , 1=o, I,2, .... ,L 
2 

82. 

(2.2.l.8a) 

Similarly multiplying both sides of (2.2.1.7b) by P1(2 f1 + 1 )aiJ.d integrating over [-1,0] we 

obtain the following equation 

<j>'(-c)J
0

uP
1
(2J.1- l)dJ.l + 1 . [ll -/ ~-· -21!-' + 

r- 4 ( 2/ + 1 ) 2/ - 1 I -.Z . I - l 
-I 

- 121
3 

+ 181
2

-21- 4/-'- 2(/ ~ 1)/-' + 1
2 

+ 31 + 2/-' l = 
(21 + 3 )(2/ - 1) 1 

l+l 21 + 3 1
+

2 

0 

= J 1Jr(J.I)P1(2Jl + 1)dJ.l + 
1 [u1~ 1 - (21 + 1)11- + (I + 1)/~~~]-

-1 2(21+1) . 

where 

- ..!_001 - s-, /=0, 1,2, .... ,L 
2 

I 

S .. = :
4 

(10 .. - / 0-} f (J.12 
+ 5)P1(2J.1- 1 )dfl -

0 

(2.2.1.8b) 
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I 

- 3 ~ 0 (1; + ~~-}fo7~2 
+ 2l)P,<2~. 1)d~-

0 

(2.2.1.9a) 

and 

(2.2.1.9b) 

and 001 is the Kronecker delta and dash denotes derivatives' w.r.t optical thickness 't". 

The equations (2.2.1.8a) and (2.2.1.8b) are to be solved subject to the boundary conditions 

which are restated below 

(2.2.1.10) 

(2.2.l.lla) 
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(2.2. 1. 11 b) 

In case of N-th approximations we assume 

(2.2.1.12) 

Also we assume a trial solution of the form 

(2.2.1. l3a) 

(2.2.1.13b) 

where g 1,a,gi,J}•h1,a, h 1,J} are constants which are to be determined. 

Using the boundary condition (2.2.l.lla) and (2.2.l.llb) we can write the solution as 

n -1 

11 ,(1:") = '{"g(r)e-k;r +g f.J I.a. l,J} (2.2.1.14a) 
r=1 

n -1 

I - ( 1:") = '{" h Cr) e -k;r + h 
l l.J l,a. l,p (2.2.1.14b) 

r=1 

And from (2.2.1.1 0) we have 

n-1 

Ehr~ + hl,p = o (2.2.1.14c) 
r=l 
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where kr are the n-2 roots of the determinant of order N. It will be found that there will be 

two zero roots for all order of approximation N. Here will consider two approximations, viz. N =! 

and N=2. 

Now the quantities F (net flux),.l('t)(mean intensity) are defined in section (2.1.1) and the 

source function in this case is 

(2.2.1.15) 

where 

(2.2.1.16) 

The law of darkening (or the emergent intensity) is given by 

f
~ _,.:. d-r: 

/(O,f.l) = ~'t,f.l)e 11_ 

0 ll 
(2.2.1.17) 

In this case also we take the form of 4>( -r:) as 

where A being some constant which is to be determined. 

2.2.2. First Approximation. 

In this case L = l and we neglect ! 2+ and z; _ 

For I= 0,1 we have from (2.2.1.8a) 

(2.2.2.1) 



86 

. ( 2fo.· + 254 It··) - §_]__!. - 909 I. - _2_r + .2_i_It- = -2cp'(-r) 
3 2 ° 160 l 3 2 ° 160 

(2.2.2.2) 

For I= 0,1 from (2.2.1.8b) we get 

(2.2.2.3) 

(
-21-· + 

24 1-•)- 2_1+- _2J_l+- ~1- + 
909 !- -24>'(-r) 

0 5 t 3 2 ° 160 t 3 2 ° 160 t 
(2.2.2.4) 

Inserting equations (2.2.1.13a) and (2.2.1.13b) in (2.2.2.1) to (2.2.2.4) and equating the 

coefficients of e +c we obtain the following set of equations 

( 
4

k + 1)goa. + (2k + l)g1 a. + h0 a.- h 1 a. = 0 3 ., , , , (2.2.2.5i) 

( 
2k 61) ( 24k 909) 3 h - s 1 h - 0 

+ 32 go.a.. + -5- + 160 gl.a.. + 32 o.a.. 160 I.a..- (2.2.2.5ii) 

g 0 a. +g1 a. + -- + 1 h 0 a. + (-2k- l)h 1 a. = 0 ( 
4k ) . 

. . 3 . . (2.2.2.5iii) 
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3 51 ( - 2k 61) h ( 24k - 909) h - 0 
32Ko.a. + 160K1,a. + + 32 o.a. + -5- 160 I.a. -

(2.2.2.5iv) 

The equation (2.2.2.5) will have a nontrivial solution if 

(2.2.2.6) 

where 

4k + 1 2k + 1 -1 
D 1(k) = 3 

2k+~ 24k 909 3 51 
--+-- -

32 5 160 32 160 

1 - 4k + 1 2k- 1 
" .) 

3 51 - 2k + 61 24k 909 
- --
32 160 32 5 160 

Therefore from (2.2.2.6) we have 

k = 0, 0, ± 2.9167 (2.2.2.7) 

To satisfY the boundary condition we will take only the positive root. 

Again equating the coefficients of constants terms we get 

(2.2.2.8i) 

(2.2.2.8ii) 
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(2.2.2.8iii) 

From the boundary condition (2.2.1.14c) we have, 

(2.2.2.9) 

We see that there are 9 unknown constants to be detennined from 8 equations, viz., (2.2.2.5), 

(2.2.2.8) and (2.2.2.9). For an extra equation we consider the first moment ofH-function. We have 

which gives 

I 

a0 = J H(Jl)dJl = 2.06088 
0 

(2.2.2.10) 

(2.2.2.11) 

Therefore taking k= 2.9167 and solving the equations (2.2.2.5), (2.2.2.8) and (2.2.2.9) we 

obtain 

Kn = 0.2144, v,IS hO,IS = 2.1162 

gl tt = - .5273' h1 IS =.9968 

gO,j) = 0.8231 , h0 _
13 

=- 2.1162 

gl,l} =0.0331, h0.(3 =- 0.09968 
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A= 0.8535 

We can calculate the values of / 0', ! 1', 10-,/1- . Therefore, we find that 

Or, J(T.) = /(0,0)[0.8535T. + 0.9939- 0.3583e-k1:] (2.2.2.12) 

[
AT. 

K(T.) = /(0,0) J 5 (io' - 10-} + 9(11' + 11- }] 

40 

1 
+- + 

6 

Or, (2.2.2.13) 

The net flux is given by 

[ 
1 1 ( ... - ) 1 ( ... -)j F = 2/(0,0) 2 + J /0 + 10 + 2 /1 - /1 (2.2.2.14) 

From which we get /(0,0) = 0.6927 F 

The source function now becomes 
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Hence we obtain the emergent intensity as 

/(0,!.1) = 38/(0,0)[2.276!.1 + 2.6644- 0.042!.12
- 1.

0168 
+ 0.184!.1

2

] 

1 +k!.l 1 +kfl 
(2.2.2.15) 

Now expressing /(0,0) in terins of F we can find the ratio /(O,Jl)/F and l(O,Jl}ll(O,l). The 

results are shown in the Table 2.2.1 

2.2.3 Second approximation. 

Here L =2. As in case of first approximation. putting successively I= 0, 1,2 in equations 

(2.2.1.8a) and (2.2.1.8b) we obtain, 

(2.2.3.1) 

( 210 
.. · + 2

5
4

11 
.. · + 

412 
.. ·) _ 61 1 .. _ 909 1 .. _ 1191 .. _ 

32 ° 160 
1 

32 
2 

(2.2.3.2) 

( 3

1 /
0
.,.· 21 .. + I 80/ •') +-2 

21 
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1 - 17 -· 3 
- -fo + --/1 - -12 = 0 

64 320 64 
(2.2.3.3) 

(2.2.3.4) 

( 2/ -· 24 I-· 41 -·J _l_I ~ - .2.!___1 ~ - _2_1 ~ - 0 + -
5 

1 - 2 - 0 I 2 
32 160 32 

61 - 909 - 119 -
- -10 + --/1 - --12 = - 2<J>'(-t) 

32 160 32 
(2.2.3.5) 

( 
1 _. _. 80 -') -10 - 2/1 + -/2 
3 21 

+ _1_fo~ - _!I_J' - _l_l~ -
64 320 1 64 2 

- _1 /-- 623/- 317/-
0 +--2 =0 

64 320 I 64 
(2.2.3.6) 

Inserting equations (2.2.1.13a) and (2.2.1.13b) in equations (2.2.3 .1) to (2.2.3. 6) and equating 

the coefficients of e -k't we get, 

- + 1 g 0 N + {2k + 1 )g1 + -g2 + h 0 - h 1 = 0 ( 
4k l 2k 
3 .~ ,(X 3 ,(X .!I .!I 

(2.2.3.7a) 
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( 
61) ( 24k 909) . ( 1 19) 2k + - g + - + - Kt + 4k + -- Kz + 3 2 O.a. 5 1 6 0 .a. 3 2 .a. 

+ ]_h - .2!_h + .J_h = 0 
3 2 O,a. 160 I. a. 3 2 2 'a. 

(2.2.3.7b) 

( 
k 1 ) ( 2k 623) ( 80k 317) 3- 64 Ko,a. + + 320 Kt,a. + Zt + M Kz.a. + 

+ _I_h - .r!_h + 2_h = 0 
64 O.a. 320 I.a. 64 2 'a. 

{2.2.3.7c) 

g 0 a. + g 1 a. + -- + 1 h0 a. + (2k- 1 }h 1 a. - -h2 a. = 0 ( 
4k ) 2k 

' , 3 , , 3 , {2.2.3.7d) 

3 51 9 
-g + --g + -g + 
32 O,a. 160 l,« 32 2'« 

+ ( - 2k + ~) h . + ( 
24

k -
909

) h + ( - 4k + _!_!_2_) h = 0 3 2 O.tr. 5 16 0 l.a. 3 2 z.a. (2.2.3.7e) 
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( 
k I ) h ( 2k 623) h ( 80k 31 7) h _ O 

+ -3-64 O.a.+ -320 La.+ -2"1+64 2,a.- (2.2.3.7f) 

The above set of equations will have nontrivial solution D 2 (k) = 0 if. where 

4k + 1 2k + 1 
2k -1 0 

3 3 

2k + 61 24k 909 4k + 119 3 51 9 
-+--

32 5 160 32 32 160 32 

k 1 2k + 623 80k 317 1 17 3 
--+-- - -

3 64 320 21 64 64 320 64 
D 2 (k) = 

- 4k + 1 2k 
1 1 0 2k -1 

3 3 

3 51 9 -2k+~ 24k 909 - 4k + ..!_!2_ -- - --
32 160 32 32 5 160 .... ? .:>-

1 17 3 k 1 2k- 623 80k 317 -- ---+--
64 320 64 .... 64 320 21 64 .:> 

Thisgives D2 (k) = 7.5193K6
- 104.9134k4 + 155.4331k2 

Therefore, k= 0, 0, ± 1.298, ± 3.503. As usual we will take only the positive roots to satisfy 

the boundary conditions 

kl = 1.298, k2 = 3.503 (2.2.3.8) 
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Next, equating the coefficients of constant terms we obtain 

(2.2.3.9a) 

(2.2.3.9b) 

(2.2.3.9c) 

(2.2.3.9d) 

(2.2.3.9e) 

Next, from the boundary condition we have, 

(2.2.3.10) 



95 

As in case of first approximation we obtain the required constants 

(I) 
g 0 .a = - 0.0171, hci~~ = 0.0624 

(2) 
g0 ,a = - 0.2459, h(2

) = 2.7750 O,a 

(1) -
gl.a - 0.0077, h(l)= 00431 

La · 

g~~~ = - 0.0729, h~~~ = 2.0588 

(I) 
g2,a = - 0.0004, h~~~ = - 0.0122 

(2) 
g2,a = - 0.0399, h~~~ = 0.8522 

Ko,!} = 2. 7369, h0 ,1} = - 2.8365 

g 1.1> = -0.4333, hl,l} =- 2.1000 

g 2.1> = 0.1733 • h2,1} = - 0.8400 

A= 1.7835 
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Therefore the .I and K integrals are given by 

[ -k• -k•] J('t) = /(0,0) 1.7835-c + 1.26- .0072e 1 
- .2223e 2 

, 

and 

[ -k't -k•] K('t) = /(0,0) .5945-r: + .42 + .0030e 1 + .0005e 2 

The law of darkening in this case is 

3 [ .0162ti-:- .0246 + .2238J.12
- .6674] J(O;c) = -

8
/(0,0) 4.756J.1 + 3.36 + 

1 + kl Jl 1 + k2Jl 

In the following table we give our results. 
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Table 2.2.1 

P1 -Approximation P2 -Approximation 

Jl I(O,J!) IF I(O,J!) I 1(0,1) I(O,J!) IF I(O,J!) I 1(0, I) 

.05 .49124 .40359 .4767 (.48028) .3753 (.37981) 

.10 .54701 .44940 .5265 (.52961) .4145 (.41881) 

.15 .59756 .49093 .5736 (.57562) .4516 ( .45520) 

.20 .64431 .52934 .6190 (.61981) .4873 (.49014) 

.25 .68821 .56541 .6630 (.66282) .5220 (.52416) 

.30 .72992 .59968 .7061 (.70501) .5559 (.55752) 

.35 .76990 .63252 .7484 (.74660) ,5892 (.59041) 

.40 .80848 .66422 .7902 (.78771) .6220 (.62292) 

.45 .84592 .69498 .8314 (.82846) .6545 (.65514) 

.50 .88241 .72496 .8723 (.86891) .. 6867 (.68971) 

.55 .918.11 .75429 .9129 (.90912) .7187 (.71893) 

.60 .95313 .78306 .9533 (.94912) . 7504 (. 75056) 

.65 .98756 .81135 .9934 (.98896) . 7820 (. 78026) 

.70 1.02148 .83922 1.0333 (1.02864) .. 8135 (.81345) 

.75 1.05496 .86672 1. 0731 ( 1. 06820) .. 8448 (.84473) 

.80 1.08804 .89390 1.1128 (1.10764) .8760 (.87592) 

.85 1.12077 .92079 1.1523 ( 1.14698) .9071 (.90703) 

.90 1.15319 .94742 1.1917 (1.18624) .9381 (.93808) 

.95 1.18532 .97382 1.2310 ( 1.22543) . 9691 (. 96906) 

1.00 1.21719 1.0000 1.2703 ( 1.26455) 1. 0000 ( 1. 00000) 

Here the data in the parentheses indicates that due to Chandrasekhar. We find that second 

approximation, i.e. P2 method is superior to that of first approximation, i.e. P1 for almost all values 

of Jl. 



2.3 Solution of a radiative transfer problem in semi-infinite atmosphere with 

General phase function using a modified form of spherical harmonic method. 

2.3.1 The problem and the equations 
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The equation of transfer in for plane parallel scattering atmosphere with axial symmetry is 

given by 

I 

fl dl~~fl) .~ = J("t,fl) - ~ f p(fl,Jl')l('t,fl')dfl' (2.3.1.1) 
-I 

where the phase function is, as usual defined by 

2n 

p(Jl,fl') = 2~ f p(Jl,Jl';<f>,<f>')d<f>' (2.3.1.2) 

0 

The other symbols have already been explained in section 2.1.1. The equation (2.3 .1.1) is solved 

subject to the appropriate boundary conditions. These boundary conditions are 

(a) Absence of incident radiation from outside at the free surface 1: = 0, i.e., 

1(0,-Jl) = 0 , for 0 ~ fl ~ 1 (2.3.1.3a) 

(b) the convergence ofintensity.i.e. 

(2.3.1.3b) 

We represent I("t,fl) by two different expansions given by 

(2.3.1.4a) 
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(2.3.1.4b) 

where 1(0,0) is some constant, <P ('t) is a function of't only and we define \ji(J.l) by 

- { 1 if 0 ~ J.1 ~ 1 
\ji(J.l) - 0 if -1 ~ ll ~ 0 (2.3.1.6) 

The function <I> (1:) will be specified later. Therefore, with these two forms of intensity, the equation 

of transfer now becomes, 

and 

dr('t,J.l) = r( ) - _!_[ Jlp( ')/+( ')d ; 
J.1 d't 't,J.l 2 J.l,J.l 't,J.l f.1 

0 

We take the phase function represented in the following manner 

~ 

p(Jl,Jl') = L wkPk(Jl)Pk(!l') 
k=O 

(2.3.1.7a) 

(2.3.1.7b) 

(2.3.1.8) 

where w k are assumed to be simply constants and P k are Legendre polynomials and they satisfy the 

well-known recurrence relation 



Let us now use the following notations 

1 

sl:k = f Pk(I1)P1(2 11 - 1 )d11 
0 

0 

Sl~k = f Pk(11)P1(2 11 + 1 )d11 
- 1 

Using these two notations (2.3.1.9) and the recurrence formula we obtain, 

1 00 1 

J p(11,11')r('r:,11)d11' = /(0,0) LwkPk(l1)[{<fl("r:) + I} J Pk(11')d11' + 

0 k=O 0 

l=L + 

. t"' II ( 1:) { + + + J] 
+ L-2- (I+ 1 )SI+1,k + (2/ + 1 )Sl,k + ISI-l,k 

1=0 . 

and 

0 00 0 

J p(11,11')r(1:,11)d11' = /(0,0) LwkPk(fl)[<t>('r:) J Pk(11')d11' + 
-1 k=O -1 

l=L -

{"II (1:) J I S- - - J] 
+ L-2-l( + 1) l+I,k - (21 + 1 )Sl,k + ISl-I,k 

l=O 

Further we assume, 

100 

{2.3.1.9a) 

(2.3.1.9b) 

(2.3.1.10a) 

(2.3.1.10b) 

(2.3.l.lla) 
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(2.3~ Lila) 

Hence the equation of transfer takes the following forms 

(2.3.1.12) 

(2.3.1.13) 

where 

(2.3.1.14) 

Now, using the form of intensity (vide.eq. 2.3.1.4a) in equation (2.3.1.12) and then 

multiplying by P1(2~- 1) and integrating over [0,1] we obtain 

1 

<J>'(,;_) f uP
1
(2u - 1)d~ + 

1 [ 
12 

-I 1+' + 21r' + 
r r 4 (2 / + 1) 21 _ l l- 2 l-1 

0 

+ 12/3+18/2-2/-4/+' + 2(/+I)/+' + /2+3/+2//:·2] == [A-(,;)+I]oot + 
(2/ + 3)(2/- 1) I /+

1 2/ +3 'Y ' 

~ 

+ 
2

(
2
:+ l)[ut~1 + (2/ + 1)1/ +(I+ 1)/1: 1]- ~LwkS1~IJ, 1=0,1,2, .... ,L (2.3.1.15a) 

- k=O 

Similarly, using (2.3.1.4b) in (2.3.1.13) and then multiplying it by P1(2~ + 1) and integrating 

over [-1,0] we obtain 
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0 

"''(i:) JuP1(2u + l)du + 
1 [~r· - 21r' + 

't' r r r 4(21 + 1) 21- 1 172 I-I 
-I 

+ 1213 + I sl2 - 21 - 4 r. - 2 u + 1) r. + 12 + 3 I + 2 ~~~2] = <f>(i:) oo I + 
(21+3)(21-1) I /+I 21+3 ' 

00 

+ 
1 [u1~ 1 - (21 + 1)11- +(I+ 1)11~ 1 ]- ~LwkS1~TI, l=O,l,2, ... ,L (2.3.1.15b) 

2(2/ + 1) k=O 

We note that in equations (2.3.1.15a) and (2.3.1.15b) we have used the recurrence formulae for the 

Legendre polynomials and their orthogonality relations in respective intervals. The equations 

(2.3 .1.15a) and (2.3 .1.15b) are two systems of ordinary differential equations which are to be solved 

subject to the boundary conditions given in (2.3.1.3a) and (2.3.1.3b) 

Let us set w 0 . = 1 . Carrying out simple calculations we find that 

(2.3.1.16) 

and 

(2.3.1.17) 

For I = 0 we get from (2.3.1.15a) and (2.3.1.15b) the following equations 



and 

00 

= 2 - 2 L wksO·.krr 
k=l 

00 

=-2-2f'w:rrr L k O.k 
k=l 
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(2.3.1.18a) 

(2.3.1.18b) 

and for I * 0 we obtain respectively from the same equations [(2.3.1.15a) and (2.3.1.15b)] the 

·following ones 

<P\c) J1

J.lP1(2J.l- I)dJ.l + 1 [ 
12 

-I r·· + 2u·· + 
4(2/ + 1) 2/- 1 /-2 /- 1 

0 

+ 12/3+18/2-2/-41 .... + 2(1+1)1.,.· 
(2/ + 3)(2/- 1) I /+

1 
+ [2 + 3/ + 2 1 +'] = 

2/+3 1+2 

00 

= I [11+ + + ] I f' +IT 
2

(
2
/+I) 1-1 + (2/+1)/1 +(/+1)/1.,. 1 - 2.Lwksi,k , 1=1,2, .... ,L 

k=1 

(2.3.1.19a) 

and 

$'(-t:) f0

J.1P
1
(2 J.l + 1)dJ.l + 1 [ /

2 
-I r' - 21/-· + 

4(2/ + 1) 2/- 1 l-
2 

l-
1 

- 1 
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~ 

~ 2(2: + I) [u,~ I - (21 + I)J,- +(/ + 1)1,~,]- ~ k w,Si,TI, I~ I ,2, .... ,L (2.3.1.19b) 

The equations (2.3 .l.l9a) and (2.3 .l.I9b) will be solved subject to the boundary conditions 

(2.3.1.3a) and (2.3.1.3b). As before, while working in the L th approximation, we will neglect 

(. 1 , /L-TI· We will discuss two phase functions,namely Isotropic and Rayleigh in both first and 

second approximations and deduce the spherical harmonics equations from (2.3.1.15a) and 

(2.3.1.I5b) 

2.3.2. Different cases. 

2.3.2.1. Case 1. Isotropic scattering. 

The phase function in this case is 

From (2.3.1.8) and (2.3.2.I), on comparing we find that 

w0 = 1 , and wk = 0, for k ~ I 

A. First approximations. 

Here L =I, 

For I= 0 from (2.3.1.18a) we obtain the equation 

For l =I from (2.3.l.I9a) we get 

(2.3.2.1) 

(2.3.2.2) 

(2.3.2.2) 

(2.3.2.3) 
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For I= 0 from (2.3.1.18b) we have 

(2.3.2.4) 

And for I= 1 from (2.3.1.19b) we get 

( 
-· 24k -') - 2/o + -5-/1 (2.3.2.5) 

The equations (2.3.2.2) to (2.3.2.5) are identical with the equations (2.1.3.1) to (2.3.1.4) 

which have already been obtained in section 2.1. 3 and their solutions are also found out. 

B. Second approximations. 

HereL=2 

For I= 0 from (2.3 .1.18a) we get 

(2.3.2.6) 

For I= 1,2 we get successively from (2.3.1.19a) 

(2.3.2.7) 

and 
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(2.3.2.8) 

For I= 0 from (2.3.1.18b) 

(2.3.2.9) 

For I = 1,2 from (2 .3 .1. 19b) we obtain successively 

(2.3.2.10) 

and 

(2.3.2.11) 

Again these equations (i.e., (2.3 .2.6) to (2.3 .2.11)) are identical with the equations (2.1.3 .1) to 

(2.1.3 .6) which we have already obtained and their results were calculated. 

2.3.1.2. Case ll. Rayleigh phase function. 

The Rayleigh phase function is given by 

where e is the angle of scattering and is given by 
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(2.3.3.1) 

From (2.3.3.1) and(2.3.1.8)wefindthat 

1 
w0 = 1, w1 = 0, w2 = 

2 
and wk = 0, for k ~ 3 

The spherical harmonics equations are obtained in the following manner. 

A. First approximations. 

HereL=l 

For I== 0; the equation (2.3.1.18a) directly gives 

(2.3.3.2) 

Fori== 1, from (2.3.1.19a) we obtain 

2 

( u;· + z:k 1;') -2(1; + W) ~ - 2cf>'(<) - 6~~ w,S1:.TI 

We have obtained, 

and this gives after little calculation 

( 
2I

0 
.. • + 2

5
4 I

1 
.. ·) - ~I .. - 909 I .. - ]_I- + 2_!__I

1
- = -2<f>'(-c) 

32 ° 160 
1 

32 ° 160 
(2.3.3.3) 
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Next for I= 0 directly from (2.3. 1.18b) we get 

(2.3.3.4) 

For I= 1, from (2.3.1.19b) we obtain 

and using the value of II we obtain as before 

(2.3.3.5) 

So we see that the equations (2.3.3.2) to (2.3.3.5) are identical with the equations (2,2.3.1) to 

(2.2.3.4) and we have already solved the later ones. 

B. Second approximations. 

HereL=2 

For I= 0, from (2.3.1.8a) we have 

2 

( ~ 10+' + 2/1+' + ~ / 2+') - (10+ + / 1+ + 10- - /1-) = 2 - 2<P' (t} - 2 [wkso:kii 
k=l 

We have found 

The quantities S1~k are easily calculated form (2.3.1.9a) and then we get 
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(2.3.3.6) 

For/= 1 from(2.3.1.19a) 

2 

( u;· + 
2

5

4 1;· + 41;') - 2(1; + JI; + u;) ~ - 24>'(<) - 6 bw.s,:.n 
and using S1~k, II, we get on simplification 

( 21 ... · + 24 1 ... · + 41 ... ·]- ~1 ... ~ 909 1 ... _ 119 1 .,. _ 
0 5 1 2 

3 2 ° 160 
1 

32 
2 

(2.3.3.7) 

For I= 2 from (2.3.1.19a) again 

2 

. _1 (~~ ... · + 41 .... + 16oJ ... ·) 1 (21... 51.,.) 1 t" s ... II 
20 3 ° 1 21 2 = 10 1 + 2 - 2 L wk l,k 

k=1 

and on simplifying we get 

( 
1 I .. · 2/ .. · 8 0 I .,.. J· -o + 1 +-2 
3 21 

(2.3.3.8) 



Again for I= 0 from (2.3.1.18b} we have straightway 

Further for I= 1 from (2.3.1.19b) 

2 

= 2(10- - 3/1- + 2/2-)- 2<l>'("t) - 6 LwkSl~kiT 
k=I 

and using s.~k, IT, we get 

( 2/ -' 
24 J-' 4/ -') _2_1 ~ - _2_!_/ -t - _2__1 -t -- 0 + -
5 

·I - 2 - 0 l 2 
32 160 32 

and for I= 2 from (2.3.1.19b) 

- -lo - 2/1 + -/2 1 { 1 _, -' 8 0 -') 
20 3 21 
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(2.3.3.9) 

(2.3.3.10) 
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on simplification the last equation gives 

( 
1 _. _. 80 -') -I0 - 2I1 + -I2 3 21 

+ _I_Io~ - ~I~ - ~I~ -
64 3 20 I 64 2 

- _1_I-- 623 I-+ 317 I2- = 0 
64 O 320 I 64 

(2.3.3.11) 

These equations (i.e., from (2.3.3.6) to (2.3.3.11)) are identical with those in section (2.2.3) and those 

have already been solved. 



CHAPTER-3 

RADIATIVE TRANSFER PROBLEMS 

IN 

FINITE ATMOSPHERES 



3.1 Solution of a radiative transfer problem in finite atmosphere with 

Isotropic scattering using a modified form of spherical harmonic method. 
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Kourganoff [1963] analyzed the method of single interval spherical harmonics method for 

solving the equation of transfer and suggested possible modification. Wilson and Sen 

[1963,1964a,1965b,l965a,l965b,l965c] considered different forms of intensity and applied the 

double interval spherical harmonics method to solve several radiative transfer problems in plane and 

spherical geometry. Bishnu [1%8] solved the equation of transfer using a different approximate form 

of intensity. Wan et al. [1977,1986] used another form of intensity to get the solution of the equation 

of transfer. Karanjai and Talukdar [1992] solved the equation of transfer with general phase function 

using the form of intensity given by Bisnhu and deduced the results with phase functions like the (i) 

planetary (ii) Rayleigh and (iii) Henyey - Greenstein from the general solution. Karanjai and Biswas 

(1992, 1993) applied the same method with the form of intensity given by Wan et al [1986] to solve 

the equation of transfer with (i) Rayleigh phase function and (ii) the phase function of the form given 

by 

Here we would like to introduce the following form of intensity: 



where 1{0,0) is some constant, <f>('r) is a function oft: on1y and tJ!(J.I) is given by 

- { 1 if 0 ~ Jl ~ 1 
1f1 (Jl) - 0 if -1 s Jl s 0 

3.1.1 The equation of transfer and the boundary conditions. 

The equation of transfer for plane parallel atmosphere in this case is 

I 

dl~"C,J.L) = J(-c,J.I) - ~I 1(-c,!l')d!l' 
Jl -1 
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(3c) 

(3.1.1.1) 

where the symbols have their usual meanings. The equation of transfer (3 .1.1.1) is to be solved 

subject to the boundary condition, 

(a) Absence of incident radiation from outside at the free surface .-c = 0, i.e., 

l(t:,J.L) = 0 for -1 ~ J.L s 0 (3.1.1.2a) 

(b) No incoming radiation at 1: = 1:0 i.e. 

(3.1.1.2b) 

We will seek a solution to equation (3 .1.1.1) so that I( 't,J.L) can be represented by two different 

expressions J+('t,J!). r(t:,J.L) for J! in the interval [0,1] and [-1,0] respectively. We will use the 

two forms given by (3a) and (3b}. 

Therefore the form of the equation of transfer now becomes, 
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(3.1.1.3a) 

(3.1.1.3b) 

Using (3a) and (3b) in equations (3.1.1.3) we obtain the following equations 

dr(-r••) + 1 ( 1(... ... - -}] 11 de,,.. = I (-r,J1} - "21(0,0} 2Q>{-r) + 1 + 2 I 0 + I 1 - I 0 + I1 (3.1.1.4a) 

and 

dr (-r rr) - 1 [ ""' 1 ( ... ... - - )} J1 dt •r = I (-r,f.l) - 2I(O,O) 2'f..('r) + 1 + 2 /0 + I 1 - I 0 + I1 (3.1.1.4b) 

Again using (3a) in (3.1.1.4a) we obtain 

I {4: + 
= lJI(!l)- 2 + 1..}21 + 1)I1 (-r)J1P1(2!l- 1) (3.1.1.5a) 

l=O 

Similarly using (3b) in (3.1.1.4b) we get 
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(3.1.1.5b) 

Next, multiplying (3.1.1.5a) by P1(2ll - 1) and integrating over [0, 1] we obtain 

· <P'(~) J1

uP
1
(2f.1 - 1 )du + 1 [ 

12
- 1 /+' + 21r· + 

r r 4(2/+1) 2/-1/-2 /-l 
0 

l 

= flJr(Jl)P1(2J.J.-1)dJl + l [1I1~ 1 + {2/ + 1)11+ +{I+ 1)/1: 1)-
21 + 1 

0 

1 st 1 0 [ ... + - ... ] I - 2u0/-
4 

0//0 + }1 - lo + Jl , =0,1,2, .... ,L (3.1.1.6a) 

Similarly multiplying (3.1.1.5b) by P1(2 f.1 + 1 )and then integrating over [-1,0] we get 

<P'(~) Jo flP
1
(2Jl + 1 )df.! + l [ /

2
- l r' - 21r' + 

4(2/ + 1) 2/- 1 /-l I-I 
- l 
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0 

= flfr{Jl)P1(2Jl + I)dJl + l [u1~ 1 - (2/ + 1)11- + (I+ 1 )11~ 1 ]-
2/ + 1 

- I 

(3.1.1.6b) 

Let us set different values of I. 

For I= 0,1 from (3 .1.1.6a) we get the following equations 

(3.1.1.7a) 

(3.1.1.7b) 

And for I* 0, I from (3.1.1.6a) 

<J>'("t) II J.1P/(2u - l)du + 1 [ [2- 1 1 +-' + 211 t-' + 
,... ,... 4(2/+ 1) 2/-1 l- 2 l-l 

0 

I2t
3

+Ist
2
-2t-4r·· + 2 (/+I)J+. + t 2

+31+2 1+·]-
(2I+3)(2I-I) 1 

Z...l 2/+3 z-,. 2
-



I 

= Jw<ll)P,(2Jl-l)dll + 
1 [u,~I + (21+ I)I,~ +(I+ I)I,:I) 

2/ + 1 
0 

Similarly for I= 0,1 from (3.1.1.6b) 

And for I* 0, 1 from (3. 1.1.6b) 

<fl'('t:)J

0

J.1Pt(2u +l)du + 1 [/
2
-l r' - 211-· + 

r- r- 4(2/+1) 2/-1 l-Z l-I 
- 1 

12/
3

+18/
2

-21-41 -· _ 2(/+I)r· + I
2
+3I+2r·]= 

(2/+3)(2/-1) l l+I 2/+3 1+2 

0 

= J W(Jl)P1(2J.t + I)dJ.l + 
2

/+ 
1 
[1I1~I - (2/ + 1)11- +(I+ I)/1~ 1 ] 

-I 
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(3.1.1.7c) 

(3.1.1.8a) 

(3.1.1.8b) 

(3.1.1.8c) 

The equations ( 3.1.1.8) to (3.1.1.9) are to be solved subject to the boundary condition and 

we will take 

<P('t:) == A e -• + Be • , (3.1.1.9) 
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where 1: is small and A and Bare constants which are to be determined. We assume a trial solution 

of the form 

(3.l.l.l0a) 

(3.LLlOb) 

where Kr,a., g1,Jl, g1,..,, h1,a., h1,Jl, h1,., are constants. 

Further from the boundary condition 

r=n -I E h~~~ + h~.~ + hz.y == o (3.1.1.11} 
r=l 

3.1.2 First Approximation: Here L = L We will neglect IL+-d Jr-~ 1 
We have for I= 0,1 from (3.1.1.7a) and (3.1.1.7b) 

and 

Similarly for I= 0,1 from (3.1.1.8a) and (3.1.1.8b) we obtain respectively 

and 

(3.1.2.1) 

(3.1.2.2) 

(3.1.2.3) 



119 

(3.1.2.4) 

Substituting the forms of <f>(r) ,!/ ,11- in equations (3.1.2.1) to (3.1.2.4) and comparing 

the coefficients of e -h we get 

(3.1.2.5i) 

( 2 k + 2 )g 0 a. + _-_ + 6 g 1 a. = 0 ( 
?4k l 

, 5 , 
(3.1.2.5ii) 

g,,. + g),O + ( - ~k + I) h,,. + (2k - I )hJ.• = 0 (3.1.2.5iii) 

(2k-2)h +(6- 24k)h =0 O,a. 5 l,a. (3.1.2.5iv) 

The above system will have non trivial solution if D 1 (k) = 0, where D 1 (k) is given by 

(2.1.2.7). 

This gives k = 0, 0, ± 1.8257. To satisfy the boundary condition we will take the positive root 

only. Next the boundary conditions in this case are 

J0T (0) = I/ (0) = 0 (3.1.2.6a) 

(3.1.2.6b) 



and 

and 

h0 ,a. + ho,p + h0 _1 = 0 

h + h + h = 0 l,a. I,f3 l,y 

Using the boundary condition (3 .1.2.6b) we obtain 

A =5.5166547, B = 4.5166547 

Again equating the coefficients of e • and e -• on each side we have 

27 
2g0 R + -g1 R = -A ,..., 5 ,..., 

-B 

7 
g + g + -h - h == 2B O,y l,y 3 O.y l.y 

(3.1.2.7a) 

(3.1.2.7b) 

(3.1.2.8a) 

(3.1.2.8b) 

(3.1.2.8c) 

(3.1.2.8d) 

(3.1.2.9a) 

(3.1.2.9b) 

(3.1.2.9c) 
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2h + 
27 h = B - O;y S ·I,"( 

(3.1.2.9d) 

Therefore solving the systems of equations (3.1.2.8) and (3.1.2.9) and from the boundary 

conditions we obtain 

gO,a. = - 3 9. 9 2 59 h = -13.0211 O,a. 

gl,a. = 16.3993 hi =- 7.48 75 ,a. 

g0,p=21.1952 h0,p = -46.6974 

g 1,p = -8.8717 hl,p = 13.7915 

gO,y ::: 18.6307 h0 = 48.0470 ,y 

gl,y = -7.5276 hi = -5.6467 ,y 

Next, we compute the source function. Using the definition, we have 

I 

~1:) = ~ f l('t,~)d~ (3.1.2.10) 

-I 

This gives 

9(<) ~ /(O,O)[Ae-' +Be'+ ~ - 4.4983e-" + 18.203Je-'- J0.6477e'] 

where 1: is small and other constants are also determined. So we can find the source function and once 

this is found we can calculate the emergent intensity from any surface. 

3.1.3. Second Approximation 

Here L = 2 and putting successively I = 0,1,2 in equations (3 .1.1. 7) and (3 .1.1.8) we obtain 
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the following equations 

(3.1.3. I) 

(3.1.3.2) 

(3. 1.3.3) 

(3. 1.3.4) 

(3.1.3.5) 

( 
1 -· -· 80 -·) ( - -) -10 - 2ft + -/2 } - 2/t - 512 = 0 
3 21 

(3.1.3. 6) 

Using the forms of<j>("t) and 11 .. (r:) ,11- ('r:) in equations (3.1.3.1) to (3.1.3.6) and comparing 

the coefficients of e -k-t we obtain the following set of equations 
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- + 1 Ko a. + (2k+ 1)gi a. + -g2 a. + ho a. -hi a. = 0 ( 
4k ) 2k 
3 , , 3 , , , 

(3.L3.7a) 

(2k+2)g0 + -+6 g 1 + (4k+4)g2 a. = 0 ( 
24k ) 

,a. 5 ,a. • 
(3.1.3.7b) 

-g0 + (2k + 2)g1 + - + 5 g2 = 0 k . ( 80k ) 
3 ,a: ,a: 21 ,a: 

(3.L3.7c) 

g 0 _ + g 1 + -- + 1 h0 a. + (2k- 1)h1 a. - -h2 a: = 0 ( 
4k ) 2k 

.~ ,a. 3 , ' 3 . (3.1.3.7d) 

( 
24k ) (2k- 2)h0,a: + --

5
- + 6 h 1,a: + (4k- 4)h2,a: = 0 _ (3.1.3.7e) 

- -h0 a. + {2k-2)h1 a + -- +5 h2 a = 0 k ( 80k ) 
3 . . 21 . 

(3. L3.7t) 

The above system of equations (3 .1.3. 7) will have non-trivial solution if Dik) = 0 where Dik) 

is given by (2.1.3 .8). 

This gives 7.5232k6 
- 112.8488k4 

+ 192k2 = 0 

k = 0 ,0, ± 3.6116, ± 1.3988. As before we will take 
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k, = 3.6116 k2 = 1.3988 

Again equating the coefficients of e' and e _, on each side of the equations (3.1.3.1) to 

(3 .1.3 .6) we have two sets of equations 

and 

1 185 
-g0 R + 4g1 R + --g2 R = - 5A 3 •t' ,p 21 ,p 

6 
-h1 n = 2A 5 ,p 

1 25 
-h R + -h =- 5A 
3 O,p 21 2 '1} 

1 2 
-go y + gl y + - g2 p + ho p - hl p = - 2B 3 " ' 3 , ' ' 

6 
-g ·= -2B 
5 I.y 

(3.1.3.8a) 

(3.1.3.8b) 

(3.1.3.8c) 

(3.1.3.8d) 

(3.1.3.8e) 

(3.1.3.8t) 

(3.1.3.9a) 

(3.1.3.9b) 
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-5B (3.1.3.9c) 

7 2 
go.y + g 1.r + -h - 3h + -h = 2B 

3 O.y l,y 3 2,y (3.1.3.9d) 

4h. . - 2ih 8h = - 2B 
- O,y 

5 
l,y - 2,y (3.1.3.9e) 

l_h - 4h + 
185 h = 5B 3 O,y. l,y 21 2,y 

(3.1.3.9f) 

The boundary condition in this case becomes 

h (l) + h(2 ) h h 0 + 0 p + 0 ::: 0,1X O,IX , ,y (3.1.3.10a) 

h (l) h(2) h h 0 
l,IX + l,IX + 1,13 + 1,y = (3.1.3.10b) 

h (1) + h (2) h h 0 
2 2 + 2R + 2 = ,IX ,IX •I' ,y . 

(3.1.3.10c) 

Solving (3.1.3.8) and (3.1.3.9) we find different constants which are given below. 

As in case of first approximations we obtain the required constants 

(1) - 180.8898, h(l) = -9.3888 gO,IX = O,IX 

(2) - 11.5438, h(2) = -2.9256 gO,IX = O,IX 

g(l) = 
I, IX 

101.95577, h(l) = 
l,IX -12.2123 

(2) 
g,,!X = -6.1007, h?~ = 3.0180 
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g(l) = 
2,a -38.5290, h(l) = 

2,a 13.6550 

(2) g2 ,a = - 13.8553, hi~~ = 6.0737 

go,p = - 18.9443' h 0 ,p = 12.2901 

gl,p = - 11.7276, hi,(} = 9.1943 

g2,(} = -7.7392' h2,(} = - 19.7287 

gO,y = -36. 2250, h0,
1 

=- 155.7106 

gl,y = -7.5277, h =- 8 8699 l,y . 

g2,y = -29.1130, h =- 33 8258 2,y . ~ 

Finally, we calculate the source function. This is obtained by using the known constants. Thus , 

[ 
1 - k "t 

~1:) = 1(0,0) Ae"t + Be-T; + "2 - 20.43 98e 1 
-
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3.2 Solution of a radiative transfer problem in finite atmosphere with 

Rayleigh phase function using a modified form of spherical harmonic method. 

3.2.1 The problem and development of equations. 

We know that Rayleigh phase function is a three-term phase function and given by 

The equation of transfer in case of plane parallel atmosphere with spherical symmetry is as 

usual given by 

1 

lld/~:11) = /(1:,Jl)- ~Ip{Jl,Jl')J(-r:,Jl')dJl' (3.2.1.1) 

- 1 

where the symbols have their usual meanings. The equation (3 .2.1.1) will be solved subject to the 

boundary condition which are stated in section 3.1 but they are again restated 

(a) Absence of incident radiation from outside at the free surface 1: = 0, i.e., 

l(t,l1} = 0 for -1 ~ 11 ~ 0 (3.2.1.2a) 

(b) No incoming radiation at -r: = -r:0 i.e. 

(3.2.1.2b) 

The Rayleigh phase function is given by 

(3.2.1.3) 



128 

We consider the two forms of intensity given by (3a) and (3b). With these forms the equation 

of transfer (3.2.1.1) becomes 

(3.2.1.4) 

and 

(3.2.1.5) 

Using (3a) and (3b) in equations (3 .2.1.4) and (3 .2.1.5) we obtain the same set of ordinary 

differential equations as obtained in Sec (2.2), but for clarity we restate them below. 

+ (3 2 
- 1)[- 2_(I+ -I-)- -3 (I+ + I-}j 

J.1 64 2 2 320 3 3 (3.2.1.6a) 

and 
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(3.2.1.6b) 

We will use the recurrence formula for Legendre polynomials and their orthogonal properties. 

Therefore, multiplying (3.2.1.6a) by P/211 - 1) and integrating over [0, 1] and using (3c) we obtain 

<J>'(-c)J
1

uP
1
(2n-l)du + l [/

2
-//,• +21J+' + 

r r r 4(2/+1) 2/-1/-2 /-I 
0 

+ 12/
3 

+ 18/
2

-21- 41+' + 2(/+1)/+' + /
2 

+ 31 + 2/+']= 
(2/+3)(2/-1) l /+I 21 + 3 /+2 

- .!o
0
.- s+ t=0,1,2, .... ,L 

2 I 
(3.2.1.7a) 

In a similar manner ifwe multiply (3.2.1.6b) by P1(2Jl + l)and integrate over [-1,0] we have 

<J>'(-c) JlJ.lP
1
(2!l + 1 )du + l [ 

12
- I r· - 21r·. + 

r 4(2/ + 1) 2/- 1 t-2 t-1 
-I 
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0 

= [lfr(Jl)P1(2Jl+I)dJl + 
1 [1I1~ 1 - (2/+1)/1- + (/+1)/1~ 1 ]-2/ + 1 

- 1 

- ~o01 -s-, l=O,I,2, .... ,L (3.2.1.7b) 

where S .. ,S- are defined in section (2.2.1). The equations (3.2.1. 7a) and (3.2.1. 7b) are to be solved 

subject to the boundary conditions (3 .2.1.2a) and (3 .2.1.2b ). Also in case of L-th approximations 

we will assume 

(3.2. 1.8) 

Also we assume a trial solution of the form 

(3.2.1.9a) 

I -( ) h - k"t h -"t h "t 
I "t = l,a.e + l,pe + l,ye (3.2.L9b) 

where g1,a., g1,p, g1,.1
, h1,a., !11,p, h1,1 

are constants. From the boundary condition we have 

n-1 

{' h (r) + hi n + hi = 0 L /,a ,.., ,y (3.2.1.10) 
r=l 

where krare the n-2 roots of the determinant of order N. It will be found that there will be two zero 
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roots for all order of approximation L Here will consider two approximations, viz. L = 1 and L = 2. 

The source function is defined by 

where I 

J('r:) = ~ f I('r:,JI)dJ.r 
-1 

and 

1 

K('t) = ~ f /(1:,Jl)JI2dJ.1 
-1 

3.2.2 First Approximation. 

and 

In this case L = l, and we neglect/2~ and /2-. 

For I= 0,1 we have from (3.2.1. 7a) · 

( 
2Io ... · + 254 It ... ·) - ~r - 909 r - _2_r + ~r = - 2"''(1:) 

32° 160l 32° 160l 't' 

For I= 0,1 from (3.2.1.7b) we get 

(3.2.1.11) 

(3.2.1.12) 

(3.2.1.13) 

(3.2.2.1) 

(3.2.2.2) 

(3.2.2.3) 



132 

( - 2r· + 24 r·) - ]_r -~r - ~r + 909 r -2<J>'('r) 
0 5 l 32 ° 160 l 32 ° 160 l 

(3.2.2.4) 

Inserting equation (3.2.1.9a) and (3.2.1.9b) in the above four equations and equating the 

coefficients of e -h we obtain the following set of equations 

( 4 k + 1 ) g 0 a + ( 2 k + 1 )g 1 a + h 0 a - h 1 a = 0 3 , , , , (3.2.2.5i) 

( 
2k 61) ( 24k 909) 3 h - 51 h - 0 

+ 32 go,a. + -5- + 160 gl,a. + 32 o,a. 160 l,a -
(3.2.2.5ii) 

(3 .2.2. 5iii) 

3 51 ( 2k 61)h ( 24k 909)h -0 
32go,a+160g1,a.+- +32 O,a+-5--160 l,a- (3.2.2.5iv) 

The equations (3.2.2.5) will have a nontrivial solution if 

(3.2.2.6) 

where D 1(k) is given by the equation (2.2.1.6). Again, in a similar manner if we compare the 

coefficients-of e -1:, e"t then we obtain, 
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(3.2.2.7a) 

12 5 + 1 6 7 7 + .2_ h _ 5 1 h _ _ 2A 
3 2 go,p 160 gl,p 32 o,p 160 l,p - (3.2.2.7b) 

.]_ + _5_ + .]_h - 141 h = -2A 
3 2 go,p 160 gl,p 3 2 o,p 160 l,p (3.2.2.6c) 

(3.2.2.6d) 

and 

1 3 go,y + gl,y - ho,y + hl,y = - 2B (3.2.2.7a) 

.]_ - 141 - .]_h + ~h = -2B 
32g0'1 160g1'1 32 o,y 160 l,y {3.2.2.7b) 

.]_ + 2!.._ + 125 h _ 1677 h = 2B 
32gO,y 160gl,y 32 O,y 160 l,y {3.2.2.7c) 

7 g, + g + -h + h = 2B O,y l,y 3 O,y l,y {3.2.2.7d) 

Using the boundary condition we find that 

(3.2.2.8a) 
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hl + h1 R + h 1 • = 0 ,a •t' • r (3.2.2.8b) 

From (3.2.2.6) we have k = 0, 0, ± 2.9167. To satisfy the boundary condition we will take 

only the positive root ofk, i.e., k = 2.9167. From the boundary condition (3.3.1.2b) taking 1:0 = .1 

we obtain 

A= 5.5166, B =- 4.5166 (3.2.2.9) 

Solving the equations (3.2.2.5), (3.2.2.6), (3.2.2. 7) and using (3.2.2.9) we obtain 

g0 = - 7.0829 , ,a h0 a = 7.6376 

g 1 ,a = .2.5995 , hl,a =- 9.2267 

Ko,f> = 0. 7397 , h0 ,f> =-2.1987 · 

g 1,f> = - .9827, hl,f> = 12.0092 

Ko, 
1 

= 32.4842 , h = -9 8363 O,y . 

g 1,
1 

= - 8.8476, hl,y = - 2.7826 
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Now we are in a position to calculate the source function. From section 2.2.1 we see that this is given 

by 

(3.2.2.10) 

where 

1(<) = J(O,O)[cf>(<) + ~ - 5.3369e _,, + 2 I.39!9e ., + 7.6726•'] (3.3.2.11) 

and 

K(<) = /(0,0)[~') + ! -3.3312e-'' + 2.2986e'' + 2.6733•'] (3.3.2.12) 

thereby the source function and consequently the intensity at any surface can be found out. 

3.2.3. Second approximation. 

Here L =2. Following the same procedure (Section 2.2.3) we obtain the same set of ordinary 

differential equations and these are described below 

(3.2.3.1) 

- ~I- + _2!_I- - _!!_I- = - 2$'(-c) 
32 ° 160 

1 
32 

2 (3.2.3.2) 
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( 
61) (24k 909) ( 119) 2k+- g + -+-- gl + 4k+- g2 + 
32 O,a. 5 160 ,a. 32 .a. 

+ ]__h - _2_!__h + _J_h = 0 
32 O,a 160 I,a 32 2 'a 

(3.2.3.7h) 

( 
k 1 l ( 2k 623) ( 80k 31 7) 3 - 64 Ko,a. + + 320 Kt,a. + ~ + M g 2,a. + 

+ -
1-h - J]_h + j_h = 0 

64 O,a 320 l,a 64 2 •a 
(3.2.3.7c) 

g 0 a. + g 1 a. + -- + 1 h0 a. + (2k- 1 }h1 a. - -h2 = 0 ( 
4k l . 2k 

, , 3 . , ' 3 ,ex 
(3.2.3.7d) 

+ ( -2k+~}h + ( 
24

k-
909 }h + ( -4k+..!...!..2.Jh = 0 3 2 O,a. 5 16 0 l ,a. 3 2 2 ·a. 

(3.2.3.7e) 
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1 17 3 
-g + --g + -g + 
64 °' 11 320 1

'
11 64 2

'
11 

( 
k 1 ) h ( 2k. 623) h ( 80k 31 7) h - 0 

+ -3- 64 o,« + - 32o l.« + -21 + M 2·« -
(3.2.3.7f) 

The above set of equations will have nontrivial solution if D2 (k) = 0 • where Dik) is given 

in section 2.2.3. Therefore 

D2 (k) = 7.5193k 6 - 104.9134k4 + 155.433lk2 = 0 

This gives 

k = 0, 0, ± 1.298, ± 3.503 (3.2.3.8) 

As usual we will take only the positive roots k1 = 1.298. k2 . = 3.503 

Next, equating the coefficients of e -h: ,e 'we obtain respectively the following equations (3.2.3.9) 

and (3.2.3.10). These are given below 

(3.2.3.10a) 

3.9lg0.1> + 10.48g1.1> + 7.72g2.1> - .09h0,p + .32h1,p - .28h2,p = - 2A (3.2.3.10b) 

.3lg0,p + 3.95g1,p + 8.76g2,p - .02h0,p - .05hLP - .05h2,p = 0 (3.2.3.10c) 



- 0.09g0,p - .32g1,p - .28g2,p + .09h0,p + .88h1,p + .28h2,p = 2A 

.02gO,f} + .05gl,f} + .47g2,f} - .35hO,f} + .05hl,f} - 1.14h2,f} = 0 

and comparing the coefficients of e' The following equations are given 

0.09g0,""f - .79g1,""f + .28g2,""f - .09h0,""f + .32h1,""f - .28h2,-y = - 2B 

0.35g0 "11 + .05g1 ... - 1.14g2 ., + .02h0 + .05h
1 

- .05h2 = 0 ,, ,, ,, ,""f ;y ,""f 

Ko,r + g1,""f - 2.33h0,""f - 3h1,""f - .66h2,""f = - 2B 

.09g0,""f - .32g1,""f + .28g2,""f + .09h0,""f + .88h1,""f + .28h2,.., = - 2B 

0.02g0_
1 

+ .05g1_
1 

+ .47g2_
1 

- .3lh0,
1 

- .05h1•
1 

- 1.14h2_
1 

= 0 

Next, from the boundary condition we have, 
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(3.2.3. IOd) 

(3.2.3.10e) 

(3.2.3.10t) 

(3.2.3. Ila) 

(3.2.3. I lb) 

(3.2.3.11c) 

(3.2.3.lld) 

(3.2.3. Ile) 

(3.2.3.llt) 
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(3.2.3.12) 

Solving (3.2.3.9), (3.2.3.10), (3.2.3.11) and (3.2.3.12) we have 

(I) 
g0 ,cx = - 4.2634, h~:~ = 2.6597 

(2) 
g 0 ,cx = - 2.3824, h~~~ = - 24.9132 

(I) 
gi,cx = 3.0652, h~~~ = -0.5578 

(2) 
gi,cx = 1.2377, h~2~ = - 17.9606 

(I) 
g 2 ex = - 1.2908, 

(2) 
g 2 ,a. = - 0.4011, hy~ = -4.7422 

gO,!} = - 19.4683, h 0 ,!} = 20.8799 

KI,J} = 8.2659, hi,!} = 9.3488 



g2,J} = - 3.0141, 

g0 = 15.1486, 
,"f 

gl = - 5.6184, ,"f . 

g2 = 4.5346, ,y 

h2,J} = 3.4685 

h = 1.3736 O.y 

hl = 8.0399 
,"f 

h2 = 3.5398 ,"f 
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The source function in this case is obtained from (3.2.2.10) but the mean intensity J(-r:) and the K · 

integral K( -r:) are given by 

J(~) = J(O,O+f>(~) + ~ - l.l039e _,,, + l.2720e _.,, - 5.6834e-' + 4.0476e'] 

and 

K(~) = /(0,0)[ "'i~) + ~ - O.l193e _,,, - l.6192e -•,, - 1.0234e _, + 2.3897e'] 

Substituting the last two relations (3 .2.2.1 0) we can find the source function from which the intensity 
-
at any surface can be calculated. 
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3.3 Solution of a radiative transfer problem in finite atmosphere with 

Planetary phase function using a modified form of spherical harmonic method. 

3.3.1 The problem and the basic equations. 

Here we consider the phase function which is of the form 

where a is some constant. The equation of transfer in case of plane parallel atmosphere with 

anisotropic scattering is given by 

I 

1 rp(uiii\Tf-ul\.1 11 1 2 1 ,-,,- J.L 1.. '-,,- JU r- (3.3.1.1) 

- I 

where the symbols have their usual meanings. The equation (3 .3.1.1) will be solved subject to the 

boundary conditions which are stated in section 3. 1 but they are again restated 

(a) Absence of incident radiation from outside at the free surface -c = 0, i.e., 

I( -c, 1.1) = 0 for -1 ~ 1.1 ~ 0 (3.3.1.2a) 

(b) No incoming radiation at -c = -c0 , i.e., 

(3.3.1.2b) 

We consider the forms of intensity given by (3a) and (3b ). Using these two forms, the 

equation of transfer now takes the forms 

d! + (""L,f.L) 
f.l d-e 

- T . 1 Jo . , I . , d , II . , -. , d , 1 = 1 (-c,l.l) - 2 P(l.l,l.l) -(""L,I.l) 1.1 + P(f.l,l.l )JT(""L,I.l) 1.1 1 
-I 0 

(3.3.1.3) 
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and tjr(J.t) is given by (3c); the fonn of <P('t) will be specified later. 

Next,multiplying (3.3.1.5) by P1(2 11 - 1) and integrating over [0, 1] and using (3c) and the 

orthogonal property of Legendre polynomials in [0, 1] we obtain 

1 

<J>'('t) f J.tP1(2J.t - 1 )dJ.t 
0 

+ . 1. [ 12 -I r·· + 2lr·· + 
4(21 + 1) 2/-1 /- 2 /-] 

12/
3 

+ 18/
2

-21- 41+' + 2(/+1)1+' + /
2 

+ 3/ + 21+·]·= 
(2/+3)(2/-1) 1 

l+
1 2/+3 /+ 2 

1 

= Jw<ll)P1(2 11 -t)dll + 
1 (u~~~ + (2/+ 1)11~ +(I+ t)I1: 1]-

2

1 o0,-
0 . . 2(2/ + 1) 

1 

- ~001[10"' +11"' -10- +11-]-arfJ1P1(2J.t-l)dJ1, 1=0,1,2, ..... ,L 
0 

Similarly multiplying (3.3.1.6) by P1(2J1 +I) and integrating over [-1,0] we have 

<j>'('t)J

0

J.1P
1
(2u +1)du + l [/

2
-/ r' - 2/l-· + 

,.. ,.. 4(2/ + 1) 2/- 1 1- 2 1- 1 

- 1 

+ 12P + 18/
2

-21- 4r· _ 2(1 + 1>1 -· + t 2 
+ 31 + 2 1 -·] = 

(2/ + 3 )(2/- 1) I /+I 2/ + 3 /+ 2 

(3.3.1.7) 
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0 

= ftJr(!l)P1(2!l + 1 )df.I + 
1 [111~ 1 - (2/ + 1 )I,- + (I+ 1 )11~ 1 ] -

2

1 
001 -

2(2/ +I) 
- I 

0 

I~ [ ~ ~ - -] f -
4

u 01 10 +/1 -/0 +/1 -aT JlP1(2f.1+1)dJl, I=O,I,2, ..... ,L (3.3.1.8) 

- 1 

where 1/ denotes the derivative with respective to the optical thickness and o is the Kronecker delta. 

For example setting successively I= 0, I= 1 ,and I= 2 in (3.3.1. 7) we obtain 

(3.3.1.9) 

(3.3.1.10) 

( 
ll... 1... 801 .. · .. · 12 .. ·) ( .. .. .. ) 3 0 + 2 1 + 21 2 + 6/2 + 514 - 211 + 512 + 313 = 0 (3.3.1.11) 

and for I "' 0 , I ,2 we have from (3 .3 .1. 7) 

<J>'('t) !1 

flP
1
(2!l - 1 )df.l + I [ 

12 
-I 1 ~· + 2/l~· + 

4(2/ + 1) 2/- 1 /- 2 /-I 
0 



I 

f 1 [ + + +] = \fr(Jl)P1(2J1- 1)dJ1 + II1_ 1 + (2/ + 1)/1 + (/ + 1)/1+1 + 
0 2(2/ + 1) . 

I 

+ aT J J1P1(2fJ- 1 )dfJ 
0 
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(3.3.1.12) 

Again setting successively I= 0 , I= 1 ,and I= 2 in (3 .3 .1. 8) we obtain the following ordinary 

differential equations 

(3.3.1.13) 

(3.3.1.14) 

(3.3.1.15) --

and for I~ 0 ,I ,2 we have from (3.3.1.8) 

4>'(-c)f
0

fJP1(2fJ + l)dfJ + 
1 

[ 
12 

-I r· - 21r' + 
-I 4(21+1) 21-! 1

-
2 

/-l 



0 

= J o/(Jl)P1(2 fl + 1 )dfl + 
1 [u1~ 1 - (2/ + 1 )11- + u + 1 )/1~ 1 ] + . 

2/ + 1 
- I 

0 

+ aT f JlP1(2Jl + 1 )dfl 
- I 
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(3.3.1.16) 

We solve equations (3.3.1.7) to (3.3.1.8) subject to the boundary conditions (3.3.1.2a) and 

(3.3.1.2b) and the form of<l>("t) is taken as 

(3.3.1.17) 

Let us assume the trial solution as 

J+("t) =g e-k't +g e-'t +g e't 
I /,a. 1,~ I, "f (3.3.1.18a) 

(3.3.1.18b) 

where g1,a, g1,p, g1,.,, h1,a., h1,p, h1,., are constants. As before, when we are working in L th 

approximations we will neglect (+ 1 , lr-T 1 • 
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3.3.2. First approximate solution. 

Here L = 1. Therefore putting successively I= 0,1 in the equations (3.3.1.9) and (3.3.1.10) 

we obtain following the ordinary differential equations. 

(3.3.2.1) 

(3.3.2.2) 

( ; I,-· - u;·) + (I; + I1' + I,' - I;) - aR ~ - 2 + 2cf>'(<) (3.3.2.3) 

( 
-· 24 -•) ( - -) "'' - 210 + 

5
11 ~ 2 10 - 311 + aR = - 2'1' (t) (3.3.2.4) 

where 

(3.3.2.5) 

Substituting the forms (3.3.1.18a) and (3.3.1.18b) in (3.3.2.1) to (3.3.2.4) and comparing the 

coefficients of e -k't we obtain the following linear equations 
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( 

4
k + I - a) g,0 + ( 2k + I - a) g 1 + ( I - a) h0 + (- I + a) h1 = 0 

3 3 .a. 2 ,a. 3 '11 2 ' 11 (3.3.2.5a) 

( 
a) ( 24k a) a a 2k + 2 - - g, + -- + 6 - - g - -h + -h = 0 
3 0.11 5 2 1,11 3 0,11 2 I.a. (3.3.2.5b) 

( 1-a)g,o +(1-a)gl +(-4k+l-a)ho +(2k-I+a)hl =0 3 ,a. 2 ,a. 3 3 ,a. 2 '11 (3.3.2.5c) 

a a ( a) · ( 24k a) -g, + -g + 2k-I +-. h + ---+6+- h = 0 
3 0.11 _ 2 l,a. 3 O,a. 5 2 1,11 

(3.3.2.5d) 

The above system (3.3.2.5) will have non-trivial solution if the determinant of the coefficients 

vanishes, i.e, if D 1(k) = 0 where 

1 + 4k _a 2k- a 1- a a -1 +-
3 3 2 3 2 

a 2k +2-- 24k + 6 _a a a 
3 5 2 3 2 

D~(k) = 
_ 4k + 1 _a 1- a 1- a a 2k -1 +-

3 2 3 3 2 

a a a _ 24k + 6 _a - 2k- 2 +-
3 2 3 5 2 
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Let us take a= 2.319461. Then D 1(k) = 0 implies that 

5.76k 4 
- 6.030229k 2 = 0. 

or, k = 0, 0, ± 1.0238165 (3.3.2.6) 

If we compare the coefficients of e- 't from (3.3.2.1) (3.3.2.4) we obtain the following 

equations 

(3.3.2.7a) 

(3.3.2.7b) 

(3.3.2.7c) 

(3.3.2.7d) 

and comparing the coefficients of e 't we have the following equations 

( _!_ + a) g0 + ( 1 + a) g 1 + ( - 1 + a) 110 + ( 1 - a) h = - 2B 3 3 ,y 2 ,y 3 ,y 2 l,y 
(3.3.2.8a) 
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a ( 6 a] ah _ ah _(T + --+- g +-3 oo,y 5 2 l,y 3 o,y 2 l,y = -2B (3.3.2.8b) 

(1-a]u +(1-a]g +(!__a]h +(-3+a]h = 2B 3 oo,y 2 l,y 3. 3 o,y 2 l,y 
(3.3.2.8c) 

+(-4+a]h +(54_a]h =- 2B 3 3 O,y 5 2 l,y 
(3.3.2.8d) 

Now, from the boundary condition (3.3.1.2a) we have 

(3.3.2.9a) 

hi + hi A + hi = 0 ,a. ,.., ,y (3.3.2.9b) 

From the boundary condition (3 .3 .1.2b) taking 1:0 = .1 we obtain 

A= 5.5166547, B =- 4.5166547 

Finally, solving (3.2.2.5), (3.2.2.7) and (3.2.2.8) we have 

g0 ,a. =- 194.6346, h0 a. =- 23.3784 

gi = 64.5706 ' ,a hl,a = 9.1931 
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gO,J> = - 18.1239, hO,J> = 23.3738 

gl,J> = 5.6911 ' hl,J> =9.1931 

g0 = 19.1405, ;y h =- 14 8358 O;y . 

gl =-7.5267, 
,"f 

h =- 4 6595 . l,y . 

Finally, we can calculate the source function and this is given by . 

+a~( -5.1858e-><- O.OO!Oe-' + 0.003Ie') l (3.3.2.10) 
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3.4. Solution of a radiative transfer problem in finite atmosphere with 

Henyey-Greenstein phase function using a modified form of spherical harmonic method. 

Here we shall be concerned with another type of phase function called Henyey - Greenstein 

pl\ase function. This phase function contains a parameter ( g ). In our discussion we shall be 

concerned with only one value of g which is associated with the fundamental equations which we are 

going to describe. 

3.4.1. The problem and the basic equations. 

The equation of transfer appropriate to the problem is 

1 

Jl dl~~Jl) = J('r,J.t) - ~ J p{J.t,J.t')J(-c,J.t)dJ.t' (3.4.1.1) 
-1 

where the symbols have their usual meanings and this equation is to solved subject to the boundary 

conditions given by 

(a) Absence of incident radiation from outside at the free surface -c = 0, i.e. 

I('r,J.t) = 0 for -1 ~ J.t ~ 0 (3A1.2a) . 

(b) No incoming radiation at -c = -c0 i.e. 

(3.4.1.2b) 

Here we shall take the same two forms of intensity given by (3a) and (3b). Using these two 

forms of intensity the equation transfer becomes 
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(3.4.1.2) 

(3.4.1.3) 

The form of the Henyey-Greenstein phase function is 

3 

p((.q.l') = LwkPk(~)Pk(~') (3.4.1.4) 
k=O 

where w k are constants . 

Here g is called the anisotropy and is defined by 

g = ( cos(8)) 

Inserting the equations (3a) and (Jb) in equations (3.4.1.2) and (3.4.1.3) we obtain 

l=L 

+ L(21+1)ll+('r)~PI(2~-1)- ao- o:l~- a2~2- 0:3113 (3.4.1.5) 
1=0 

and 



where 

l=L 

+ L(21+ 1)1I-(r)JlPI(2!1 + 1)- O:o- O:IJl :__ 0:2!12- 0:3!13 

!=0 

3g 21g
3 

g( + -} ( 3g 21g
3
)( + -) a =- + -- + -1 +1 + ---- I -1 + 

I 4 32 2 O O 4 16 1 1 

+ ( g - 3 9 g 3 ) (i + + r) - 2 1 g 3 I 1 + - r) - 3 g 3 (I + r )j 
4 16 2 2 16 ~ 3 3 16 4 4 
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(3.4.1.6) 

(3.4.1.7a) 

(3.4.1.7b) 

(3.4.1.7c) 
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(3.4.1. 7d) 

In the next few steps we will make use of the recurrence formula for Legendre polynomials 

Multiplying (3.4.1.5) by P1(2~ -I)and integrating over [O,I] and using the orthogonal 

properties of Legendre polynomials in [0, 1] we get 

<jl'('t:) J\.tP1(2~ - I )d~ + 1 [ 
12

- 1 r· + 21r' + 
o 4(2/ + I) 2/- I 1-2 1-l 

12J3 + 18/
2 

- 21- 41 +' + 2(1 + 1 )1/~1 + /
2 

+ 31 + 21 +'] == 
(2/+3)(2/-1) I 2/+3 /+

2 

1 

- f(a. +a,~+ «,~2 + a,~')P1(2~ -l)d~, /o0,1,2, ...... ,L (3.4.1.8) 

0 

Similarly multiplying (3.4.1.6) by P1(2 ~ + I ),using the orthogonal property of Legendre polynomial 

in [ -1,0] and integrating over [ -1,0] we obtain 
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..k'_('t)JoJ.lPr(2J.l + l)dJ.l + 1 ['z -1 r· - 2lr· + 
'+' 4(2/ + 1) 2/- I !-Z r-t 

- I 

+ I21
3

+ISI
2
-2I-4r· _ 2(/+I)r· + 1

2
+31+2r·]= 

{2/+3)(2/-1) I l>-l 2/+3 1
'"
2 

0 

- J(a, +a,~ +a,~' + a,~')P1(2~ + l)d~, t~O,l,2, ...... ,L (3.4. 1.9) 

- 1 

The eqautions (3.4.1.8) and (3.4.1.9) are to be solved subject to the boundary conditions (3.4.1.2a) 

and (3. 4 .1.2b ). Further we assume the form of Q>( -r) as 

where -r is small and A and Bare constants which are to be determined. We assume a trial solution 

of the form 

(3.4.1.10a) 

(3.4.1.10b) 
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Further from the boundary condition (3.4.1.2a) 

r=n-! 

L htj + hLP + hl.y = 0 (3.4.2.11) 
r=! 

3.4.2. First Approximate solution 

In this case L = 1 and from (3a) and (3b) we have respectively, 

(3.4.2.1} 

and 

(3.4.2.2) 

Putting successively I= 0, 1 in equations (3.4.1.8) and (3.4.1.9) we get the following ordinary 

differential equations 

( 4 +' :+') ( )( + -) ( 3g 7g
3

)( + -)-J /0 + 2/i + g - 1 / 0 + 10 + - 1 + T -l(j / 1 - / 1 -

3g 7g3 

= - 2Q>'('t) + 2 - - - -
2 16 

(3.4.2.1) 

( 
+' 24 +') ( 1 s 2

) ... ( 1 s 2
) -2/o + -/I + - 2 + g + ____:_£__ Io + g- __::_}J_ lo + 

5 16 ' 16 



= -2<1>\t) 
3g 
2 

2lg3 

+--
32 

= 2<l>'(t) - 2 
3g 7g 3 

+- + --
2 16 

+ (-2 + + Isg2)r + (6- 3g- 5Ig2- 2Ig3)r 
g 16 O 2 16 16 I 

= - 2<1>'(-r) 
3g 
2 

2lg 3 

+--
32 
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(3.4.2.2) 

(3.4.2.3) 

(3.4.2.4) 

If we vary the parameter g then we get a system of differential equations for various values 

of g. We shall be concerned with only one value of g. Now comparing the various parts of we get sets 
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of linear equations from which we have to determine the constants. The steps are exactly same 

which we all along dealt with; Therefore we have, by using (3. 4 .1. 1 Oa) and (3. 4. 1.1 Ob) in equations 

(3.4.2.1) to (3.4.2.4) and comparing the coefficients of e- k"r we obtain 

( ~ + .5 )g._. + (2k + .3 047)g1_. + .5h0_. - .304 1h1.• = 0 (3.4.2.7a) 

( 
24k ) {2k+1.2656)g0_~ + -

5
-+4.2891 g1.~- .2656h0_~ + .1172h1.~ = 0 (3.4.2.7b) 

(3.4.2.7c) 

( 
24k ) .2656go.~ + .1172gl.~ + {2k-1.2656)ho,~ + --5-+4.2891 hl,a.. = 0 (3.4.2.5d) 

The determinant of the coefficients g0,a., g 1,ct, h0,ct, h1,(1 In equation (3.4.1.5) is given by 
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If the system of equations (3.4.2.5) have non-trivial solution then we must have 

. (3.4.2.6) 

Therefore we have k = 0, 0, ± 1.4329 . 

Again, using (3.4.1.10a) and (3.4.1.10b) in equations (3.4.2.1) and (3.4.2.4) and comparing 

the coefficients of e - -r, e "t we get 

(: -g)g~P + ( 3- 3; + 71~' )K,,p + (I-g)ho.p + 

+ - 1 + _lf_ - _K_ h = - 2A ( 3 7 
3

) 
\ 2 16 !,p 

(3.4.2.7a) 

(
4- _15g

2
) +(~_3g_51g2 _21g3 ) +(15g

2
_ )h + 

g 16 go,p 5 2 16 16 Kt,p 16 g o,p 

(
3g_51g2+21g3)h =-2A 
2 16 16 I,p 

(3.4.2.7b) 

( 
3 7 

3
) + 1 + _K - _K_ h1 " = - 2A 

2 16 ,p 
(3.4.2.7c) 
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+(6_3g_51g
2

_21g
3
)h = 2A 

5 2 16 16 l,J3 
(3.4.2.7d) 

and equating the coefficients of e • we get 

( _!_+g) go + ( 1 + 3g- 7g3l gl + (g-l)ho + 
3 ,y - 2 16 ,y ,y 

+ 1-__]f +_j{__ h = -2B ( 
3 7 

3
] 

2 1 6 l.y (3.4.2.8a) 

( 
15g

2
) ( 6 3g 51g

2 
21g

3
) ( 15g

2
) 

g + ~ go,y + - 5 + 2 +~ + ~ gl,y +. g-~ ho,y + 

+(-3g+51g2_21g3)h =-2B 
2 16 16 I~ 

(3.4.2.8b) 

{1-g)g,o + ( 1- 3g +-7g3] gi + (2 -g) ho + ,y 2 16 ,y 3 ,y 
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+ - 3 + __]f - _K_ h = 2B ( 
3 7 

3
) 

2 16 I,y 
(3.4.2.8c) 

( 
_15g

2
) +(3g_5lg

2
+2lg

3
) +(- 4 + +I5g

2
)h + 

g 1 6 gO,y 2 1 6 1 6 gt,y g 1 6 O,y 

+ ( 2_i- 3g- 5lg2- 2lg3)h = -2B 
5 2 16 16 t,y 

(3.4.2.8d) 

Now, from the boundary condition (3.4.1.2a) we have 

(3.3.2.9a) 

hl + hlA + h1 = 0 ,a ,.., ,y (3.3.2.9b) 

From the boundary condition (3.4.1.2b) taking 1:0 = .1 we obtain 

A= 5.5166547, B =- 4.5166547 

Finally, solving (3.4.2.5), (3.4.2.7) and (3.4.2.8) we have 

g0 = 4.2656. ,a h =- 13 7708 
O,a • 

gl = - 1.8193. ,a h = -7 9130 l,a · 

gO,j} = 21.1762 , h0.1> = 31. 1084 
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gl,l) = 7.1262 ' hl~ = 13.7475 

gO,y = 25.4694 , h0,., =-17.3376 

gl,y =- 11.2555 ' h = -5 8345 l,y . 

Therefore-the source function is given by 

(3.3.2. iO) 

where 

m1 = 2.6614 - I.0934f.l - I.7645!J.2 
+ I.6660!J.3 (3.3.2.11a) 

m2 = o.3517 + II.6747!J. + 7.I520f.l2
- I.8I03!J.3 (3.3.2.1Ib) 

m3 = 1.o251 + o.ss96f.l- I.79I7f.l2
- I.482IJJ.3 (3.3.2.llc) 

The intensity at any surface can now be calculated. 
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3.5 Solution of a radiative transfer problem in finite atmosphere with 

General phase function using a modified form of spherical harmonic method. 

We will consider this in case of finite atmosphere. Here the treatment of the problem is the 

same as that we have considered in section 2.3 except that the boundary conditions are different.· 

Even the general equations from which we are going to deduce the spherical harmonic equations for 

different cases, will be the same. Therefore, at the beginning we state the basic equation of transfer 

with the appropriate boundary conditions and thereafter we jump few steps (these are identical and 

have already been deduced in section 2.3.1) and state the necessary equations. 

3.5.1. The problem and the basic equations. 

The equation of transfer in case of plane parallel atmosphere with spherical symmetry is as 

usual given by 

(3.5.1.1) 

where the symbols have their usual meanings. The equation (3.5.1.1) will be solved subject to the 

boundary condition which are stated in section 3 .l but they are again restated 

(a) Absence of inciden~ radiation from outside at the free surface 1: = 0, i.e., 

l("t,J.t) = 0 for -1 :5: J.l :5: 0 (3.5.1.2a) 

(b) No incoming radiation 1: = 1:0 at, i.e. 

(3.5.1.2b) 

We will take the same two forms given by equations (3a) and (3b). We consider the phase function 

in the following form 
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00 

p(J!~J!') = Lwki\(ll)Pk(J!') (3.5.1.3) 

k=O 

From section (2.3 .1) we have the following equations 

1 , f 1 [ /2 -/ .,.· .,.• 
<J> (t) J!P1(2f.l- 1)df.l + 11_2 + 21!1_1 + 

4(2/ + 1) 2/- I 
0 

+ I2/3+I8/2-2/-4/ .... + 2(/+I)/.,.. + f2+31+2Ir~2] = [<J>(-r)+I]oor + 
(2/ + 3 )(2/ - I) I IT} 2/ + 3 ' 

00 I [ + ... +] IE ... II I + 1!1 1 + (2/ + I)/1 +(I+ 1)11.,. 1 --
2 

wk.sl.k , =0,1,2, .... ,L (3.5.1.4) 
2(2/ + 1) - k=O 

and 

0 

<J>'(-r) f flP f2 11 + .I)df.l + I [ 
12 

-I r· - 21r' + 
]\. r 4(2/ + 1) 2/- 1 /- 2 /- 1 

- 1 

+ 12/3+18/2-2/-4r·- 2(/+I)r· + J2+31+2Ir~2] = cf>(-r)ooz + 
(2/+3)(2/-1) I hi 2/+3 • 

00 

+ 2(2: + I) [u,~ I - (2/ + 1)1,- + (/ + 1)1,~,]- ~ b w,S,).ll, I= 0, I ,2, ... ,L (3.5.1.5) 

These are two basic equations which will be solved subject to the prescribed boundary 

conditions. Further. in this section we will take two other phase functions apart from isotropic and 

Rayleigh; these are i) Planetary phase function and ii) Henyey-Greenstein phase functions. In other 

words we will deduce spherical harmonic equations for each of these phase functions from this 
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general phase function and show that they are identical with those already obtained in chapter 3. Also 

the notations sl~k, sl~k, n are described in section (2.3.1) 

3.5.2. Different cases. 

3.5.2.1. Isotropic scattering. 

The phase function in this case is 

(3.5.2. 1.1) 

We have as before w0 = 1, and wk = 0, for k ~ 1 

A. First approximations. 

Here L = 1, The spherical harmonics equations were already obtained in section 2.3.2. We 

are not giving details of their development but state only the equations in both approximations. 

(3.5.2.1.2) 

( 
.. · 24k +') ( .. ..) "'~ 2/o + -5-/1 - 2 lo + 3/1 = - 2'1' (1:) (3.5.2.1.3) 

( ; I,-· - 21,-·) + (1,- + I; + I~ - I,-) = - 2 + 21(>'(<) (3.5.2.1.4) 
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( 
_. 24k -·) ( - -} "-' - 210 + -

5
-I t - 2 10 - 31 t = - 2"' ('t) (3.5.2.1.5) 

The equations (3.5.2.2) to (3.5.2.5) are same as those obtained in section 3.1.1 

B. Second approximations. 

Here L = 2. For I= 0, 1,2 from (3.5.1.4) and (3.5.1.5) we get the following spherical 

harmonics equations 

(3.5.2.1.6) 

(3.5.2.1.7) 

(3.5.2.1.8) 

(3.5.2.1.9) 

(3.5.2.1.1 0) 

and 
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(3.5.2. I .11) 

Again these equations (i.e., (3.5.2.1.6) to (3.5.2.1.11)) are identical with the equations obtained in 

the second approximation in the section (3.1.3). There we have found their solutions. 

3.5.2.2. Case IL Rayleigh phase function. 

The Rayleigh phase function is given by 

(3.5.2.2.1) 

we have 
1 

= 0, w2 = 2" and wk = 0, for k;:;.: 3 

The spherical harmonics equations are obtained in the usual manner and we avoid details. 

A. First approximations. 

Here L =1. From (3.5.1.4) we have 

(3.5.2.2.2) 

/=1: (2/0+'+254/1+')- ~/+_909/+_.l_/-+~/-= 2""'() ( 32 0 160 1 32 0 160 1 - 'I' 'C 3.5.2.2.3) 

/=0: (3.5.2.2.4) 
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I= 1: ( - 2/
0
-· + 

24 /t-·J - _2_/0+ - _21_/t' - ~/0- + 
909 

/t- = - 2<f>'(r) (3.5.2.2.5) 
5 32 160 32 160 

So we see that the equations (3.5.2.2.2) to (3.5.2.2.5) are identical with the equations in the section 

(3.2.2) 

B. Second approximations. 

HereL=2 

For l = 0, 1,2 from (3.5.1.5) we have 

(3.5.2.2.6) 

(2/
-.· 24/-.· 4/-.•) ~/ .. - 9091-.- _!__!.2/-.-

0 +-
5 

I + 2 - 0 I 2 
32 160 32 

- _2_1- + _2_!_/- - _!!_I- = - 2<f>'(r) 
3 2 ° 160 l 3 2 2 (3.5.2.2.7) 

+ _I_r- _ 623 1 ,_ _ 317 1 ,_ _ 
64 ° 3 20 t 64 2 

1 - 17 - 3 -
- -Io + --/1 - -/2 = 0 

64 320 64 
(3.5.2.2.8) 

Again for l = 0, 1,2 from (3. 5. I. 4) we obtain in a similar way the following equations 



Here we consider only the first approximation L = 1. 

For!= 0, we have from (3.5.1.4) 

00 ( >;· + u;·) -(I; +I; + I 0- -I;)= 2 - 2<1>'(<) - 2 kw,So~,il 

Here we have obtained 

For I= 1 from (3.5.1.4) we find 

00 

( u;· + 
2;k I;·) -2(I; + W) = - 2<1>'(<) -6 kw,s,~.n 

And using 

( 
~· 24k ... ·) ( ... "") II ""' 210 + -

5
-11 - 2 10 + 311 + a = - 2.., (t} 

For I= 0 from (3.5.1.5) we have 

00 

( :I;· - u;') + (1; +I; + 1; - I;) = - 2 + 2<1>' (<) -2 J;.w,S0:,il 

Once again using II , S0- k we obtain after simplification 
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(3.5.2.3.2) 

(3.5.2.3.3) 
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(3.5.2.3.4) 

Finally for/= 1 from (3.5.1.5) we get 

~ 

( 
-· 24k -·) ( - -) "'' {' s- II - 2/o + -5-/1 - 2 Io - 3/1 = - 2't" (t:) -6 L*'k l,k 

k=l 

usmg II, S1~k we obtain after simplification 

( -210-· + 
2:k I,-·) - 2(1.- - 3/,-) + a II = - 2cf>'(<) (3.5.2.3.5) 

Thus we see that once again we get identical equations which we have obtained in section 3.3.2 if we 

setR=Il 

3.5.2.4. Case IV • Henyey - Greenstein Phase function. 

Here the phase function is defined by 

Comparing (3.5.2.4.1) with (3.5.1.3) we get 

*'o = 1 'WI == 3g w = 5g3 w = 7g3 and w = 0 +or k > 4 ' 2 ' 3 k ' j' -

Here we consider only the first approximation L = 1. 

For I= 0, we have from (3.5.1.4) 

(3.5.2.4.1) 
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( :I;· + 2I;·) - (I; +I; +I~ -I,-)= 2 - 2c!J'<•> - 2 J;.w,s.~,n 

Now we have to find different II s for k and I. Varying k and I we get 

I II=-+ 
2 

I II = -
8 

Therefore using So:k> wk we get 

k=l 

k=2 

k=3 

= - 2Q>'('t) + 2 - 3g - 7g3 
2 16 

Next for I= 1 from (3.5.1.4} as before 

00 

( 
.. · 24k .. ·) { T T) "'' f' ST II 2/0 + -

5
-11 - 2 / 0 + 3/1 = - 2't' (1:) -6 l..Jwk l,k 

k=1 

174 

(3.5.2.4.2) 

If we simplify the R.H.S of previous equation with the knovvn values of II' s1:k' wk and obtain the 

following equation 
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- - 2A..'( ) - 3g 2lg
3 

- 'f""t" -+--
2 32 

(3.5.2.4.3) 

Next for I= 0 we get from (3.5.1.5) 

~ 

( :I~· - 2I,-·) + (!.- + I; + I0- - I,-) " - 2 + 2<j>' (t) - 2 k w,s;,,TI 

Using II) sl~k) wk we get after little calculation 

3 7 3 
= 2<P'(-r) - 2 + __£ + __K_ 

2 16 
(3.5.2.4.4) 

Finally, from (3.5.1.5) for I= 1 
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~ 

( 
-· 24k -·] ( - -) ""' {' - II -2/0 + -

5
-/1 - 2 10 - 3/1 = - 2 ..... ('t') -6 LwkSLk 

k=l 

Putting the calculated values of II, s!~k, wk we obtain the following ordinary differential equation 

= -2<l>'('t') 
3g 

2 

2lg3 

+--
32 

(3.5.2.4.4) 

Once again we see that the above four spherical harmonics equations are exactly the same with the 

ones which have been obtained in section 3.4.2. and in that section we have found their solutions. 



CHAPTER-4 

RADIATIVE TRANSFER PROBLEM 

IN 

SPHERICAL ATMOSPHERES 



4. Solution of a radiative transfer problem in a spherical atmosphere with 

Isotropic scattering using a modified form of spherical harmonic method. 

4.1 Introduction. 
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The single interval spherical harmonic method has been widely utilized for solving radiative 

transfer, neutron transport and heat transfer problems in spherical medium. Marshak (1948] proposed 

a simple model of neutron transport problem and solved it by single interval method. This method 

was also used by Chandrasekhar [1943], Sen [1949] and Davison and Sykes [1958] for solving 

problems of radiative transfer ane neutron transfer in both plane and spherical geometry. Poisy [ 1961] 

used a scheme for making iterative corrections for curvature. All the single interval spherical 

harmonic methods suffer from the limitations that the exact boundary conditions cannot be used at 

the free surface. 

Wilson and Sen [1965 a,b,c] used the double interval spherical harmonic method and 

demonstrated this for a neutron transport problem in spherical geometry. They considered the same 

model as has been used by Marshak in case of single mterval SHM. They [ 1964 b] used this method 

to the classical problem of diffusion of radiation through a homogeneous sphere. 

We propose to solve the equation of radiative transfer in case of spherical geometry using the 

double interval spherical method where the phase function is isotropic. We consider the same forms 

of intensity as has been done in Sec. (2) and (3). (Equations (3a) & (3b)) 

4.2 The equation of transfer and the boundary conditions. 

The equation of radiative transfer for the problem of diffusion of radiation in a 

homogeneous sphere is given by 
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1 

J.l. ai(r,Jl) + 1 - fl
2 

aJ(r,Jl) + /(qt) = 
2
1 JI(r, Jl)dfl 

ar r a Jl - 1 

(4.2.1) 

where we have assumed that phase function is isotropic. Further r is the distance measured outward 

from the center of the sphere and f.! is the cosine ofthe angle measured from the positive direction 

of the radius vector, l(r,J.l) is the specific intensity of radiation at a distance r in the direction of e 
which is given by 

The equation of transfer (4.2.1) is to be solved subject to the boundary condition, 

I(R,Jl)= 0 for - 1 ~ Jl ~ 0 

We consider the two forms of intensity as 

Here Q> (r) is a function of r only and we define as usual 

if 0 ~ Jl ~ 1 
if-l~J.!~O 

(4.2.2) 

(4.2.3a) 

(4.2.3b) 
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With these two forms of intensity the equation of transfer becomes 

(4.2.4) 

and 

ll ar(r,J.l) + 1 -Jl
2 

ar(r,Jl) + r(r,Jl) = 
or r all 

(4.2.5) 

If we use the forms (4.2.3a) and (4.2.3b) in the last two equations we get respectively, 

[

A,. 1 1 ( • • - -)] = /(0,0) 'f'(r) + 2 + 4 lo + /1 - lo + /1 (4.2.6a) 

and 
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(4.2.6b) 

We know that the well-known recurrence formula for Legendre polynomials is given by 

Ifwe use this in relation (4.2.5) we find 

and 

ar(r,Jl) = /(00)[ "'-'(r) + ~JI"",(r)( J2 +3/+2 p (2 -1) + 
J.l ar ' 1-l't' L 4 21 + 3 1 ... 2 1-l 

l=O 

(4.2.8a) 



- (/+1)(3/+2)Pl•I(2J.I-1) + 22/3+33/2-5J-8P(2J.I-l) + 
(2/+3)(2/-1) 1 

and from (4.2.6) the other equations are given by 

ar(r,Jl) = /(00)! ""'(r) + f.I/(r)( [2+31+2p (2 +I)-
11 ar ' 11 '~' L 4 21+3 [-,. 2 11 

1=0 

- 2(1+1)PI•I(2J.1+1) + 12/3+18J2-2/-4P(2J.l+1)-
(2/-1){2/+1) I 

J2 1 •)] - 2/P1_ 1 (21.1 + 1) + 
21

_ 
1 

P 1_2(21.1 + 1) · 

1-1.1
2 

ar(r,Jl) = /(OO)!f./1-(r)( (1+1i(l+2)p. ( 2 + 1) _ 
r a11 ' L 4r 21+3 1

•
2 11 

l=O 

- (1+1)(3/+2)P
1

•
1
(2J.1+l) + 2213 + 3312 -S/-S.P(2J.1+l)-

(2/+3)(2/-}) I 
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(4.2.8b) 

(4.2.9a) 
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(42.9b) 

Using (4.2.7a) and (4.2.7b) in the equation (4.2.6a) we get the form of equation of transfer 

as 

Ir (r) 12 + 3/ + 2 L .,.• ! 
~<f>'(r) + ~-4- 21

+
3 

P 1.,. 2 (2J.I-l) + 2(1+ l)P1 ... 1 (2~ -1) + 

.+ f.I1 ... (r)[- (/+l)
2

( 3/+ 2)p (2 -1)- (/+1)(3/+2)P (2 -1) + L 4r 21+3 1+2 ll l+I ll 
1=0 

22/3+33P-5/-8P(2~-l) + (3/+/)P (2J.l-l) + /3-fZPr-2(2~-1)] + 
(2/+3)(2/-1) l l-l 2/-1 

(4.2.10) 

Similarly the corresponding equation for 1- (r,Jl) is 
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+ ~~~-(r)!(l+li(31+ 2)p (2 +1) + (/+1)(3/+2)P (2 +1) + L 4r 21 + 3 r..- 2 l..l t..-I ll 
1=0 

L 

+ W(l..l) + L(21+1)11-(r)JlP1(2!l+l) = ~- :[10,. +/1,. -/0- +/1-] 

1=0 

(4.2.11) 

Next, we multiply (4.2.10) by P1(2Jl- !)integrating over [0,1} and using the orthogonal 

property of Legendre polynomials in [0, 11 we find, 

+ 2(1+1)//:·~ + t2+31+2I,.·] + I [-/3-2f2+Ir· - (312-/)I'" + 
2/+3 1

'
2 4r(2/+l) 2/-1 r- 2 

tTl 
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+ 
1 [u1~ 1 + (2/ + 1)I/ + u + 1)I1~r] = 

2(2/+1) 

s:. . [ 1 1 ( .,. .,. ·- -}] 
= uo,/ 2 + 4 Io + II - Io + II (4.2.12) 

Now we multiply (4.2.II) by P1(2ll +I) integrating over [-I,O] and using the orthogonal 

property of Legendre polynomials in [ -1, 0] we find, 

fo 1 [ / 2 -I · · 12/3 + 18/2 
- 21-4 -· <J>'(r) uP1(2l!+l)dll+ I- -2/I- + I -

_/'" 4(2/+1) 2/-1/-2 
. l-l (2/+3)(2/-1) l 

2(/ 1)I - + J2+3/+2I-·]+ 1 [/
3
-2/

2
+/I-. - (3/2-/)I- + 

- + 1+ 1 1 2 1 2 1 1 2/+3 + 4r(2/+ I) 2/-1 - + 
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(4.2.13) 

The equations (4.2.12) and (4.2.13) are to be solved subject to the boundary conditions. 

4.3. Solution 

We consider the case L = 1. Putting successively I = 0, 1 we obtain from (4.2.12) and 

(4.2.13) the following equations 

(4.3.1) 

(4.3.2) 

(4.3.3) 

[ I _. 1? -·] 1 [ . ? 1 -] ( - •) - o + 
5
- Il + -; fo - -

5 
It + Io - 3/t = - <f>' (r) (4.3.4) 



The boundary condition now becomes 

I0~ (R) = 0 } 

I 1 (R) = 0 

<f>(R) = 0 

Let us take the form of <f>(r) as 
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(4.3.5) 

(4.3.6) 

(4.3.7) 

where A, B, C , a, p, y, l> are constants and they will have to be evaluated by means of boundary 

conditions. Agairt we know that the net flux is defined by 

Let us now carry out simple calculations 

1 

[ f1r(r,f1)df1 = l(O,o)[ <l>;r) + ~ + ~I,' 1 I+] +-1 
2 

and 

I 

I ~I- (r,~)d~ = I(O,O)[- <f>(r) + ]_I+ - ]_I+] 
0 2 3 0 2 I 
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Therefore ,we find that the flux integral in this case is 

Let us the from of l/ ,11- as 

(4.3.8) 

(4.3.9) 

Using (4.3.8) and (4.3.9) in (4.3.1) to (4.3.4) and comparing the coefficients of ekr on each 

side we get following linear equations 

(4.3.10a) 

( ) + ( 24k l + 2k + 2 / 0 + -
5

- + 6 / 1 = 0 (4.3.10b) 

+ + ( 4k l - ( ) -/ 0 + / 1 + - 3 + 1 / 0 + 2 k - I / 1 = 0 (4.3.1 Oc) 
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(4.3.10d) 

The unknowns / 0 .. ,/1 .. ,/0- ,/1- appearing in equations (4.3.l0a) to (4.3.l0d) will have a nontrivial 

solution if the determinant of the coefficients is zero. Thus we have D(k) ~ 0 where 

This gives k = 0 , 0 , ± 1 . 8 2 5 7 . To satisfy the boundary condition we take k = k0 = 1 .825 7 . 

~- We assume 

(4.3.11) 
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h + ,.] I I 
+- +- + 

r2 r3 

(4.3.12) 

and 

(4.3.13) 

We will now determine various constants based upon the boundary conditions. We will 

compare different parts,for example, if we compare -
1 

we get following equations 
r2 

T + - -

Yo + Y1 + Yo - Y1 = 2P (4.3.l4a) 

(4.3.14b) 

y~ - 3y~ = p (4.3.14c) 



Similarly if we compare different powers such as ~ , -1 
we get different constants. 

r3 r4 
The results are given below. 

y = 0, 
3 

& = --F 
16 

.,. - 3 
Yo= Yo= 

4
F, 

~ + 9 ~-
u 0 = - -F = - u 0 , 

16 

/ 0+ = . 3 2 8 9 C, / 0- = . 6 1 3 0 C , J;" = - . 54 9 2 C, / 1- = 1. 59 8 3 C 
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g0.,. = -3.9676C, g; = 13.8767C, g 1.,. = -21.5651C, g 1- = 6.5733C 

/ 0.,.. = -27.0989B', /
0
-· = -31.8869B', /

1
+'= 26.3152B', /

1
-· = 2.5503B' 

g 0.,. = -9.5739B', g 0- = -4.9256B', g 1+ = -12.6921B', g 1- = -12.1232B' 
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I ~· ~- I 

0 = - 0 = - 1. 6431 B , 
T -' I 

II = 11 = -2.7385B 

A' = - 9.2461B', C' = - .5477B' 

The rest of the constants a, A, B' can be determined form the boundary conditions. 



CHAPTER-S 

H-FUNCTION 
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5. Study of so~e approximate forms of H - Function. 

The H-function plays an important role in the theory of Radiative transfer in semi infinite 

plane parallel atmosphere. For the standard problems in isotropic and anisotropic scattering, the 

angular distributions of the emergent intensities are expressed in terms ofH-function which satisfies 

the following nonlinear integral equation: 

I 

H( 11) = 1 + 11H( 11) J tV( Jl')H\Jl') dJl' 
Jl+Jl 

0 

(5.A) 

where the characteristic function lJT(Jl) is an even polynomial in 11 and satisfies the following 

condition 

I 

J ljr(~)d~ < 2 
0 . 

(5.B) 

For more general laws of scattering, we get simultaneous non-linear integral equation whose 

solutions can also be expressed in terms ofH-function and the following relation holds 

1 
(5.C) 

0 

In most cases, the emergent intensity is expressed in terms ofH- function. Therefore good 

approximate forms are often found to be useful. Abu-Shumays (1967), Karanjai ( 1968 a,b ). 

Karanajai & Sen (1970), (1971) introduced different approximate forms ofH-function. 
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Burman ( 1989) extended one approximate form of H - function for isotropic scattering 

developed by Karanjai and Sen ( 1970) to the case of anisotropic scattering. Here we will use 

different approximate forms of H - function developed by Karanjai and Sen ( 1970,1971) with the 

general characteristic function given by 

(5.D) 

Using this method we have computed the H - function numerically and compared our results 

with that of Chandrasekhar. The results are found to be correct in most cases upto four. decimal 

places. Also we will find moments of order zero and one and Chandrasekhar' s constant p,q and c 

using the different forms. 

5.1. The forms of H - function and the development of the problem: 

The approximate forms ofH- function considered are: 

Form 1: b 2 3 
H( ~' w) = 1 + a~ + ~ + c ~ 

A + 2~ 
* 

Form ll: 
b 2 3 

H(~,w) = 1 + OJ.l + · J.l + CJ.l 
1 + kJ! 

* 

Form Ill: * 

where A = vi -w and a,b,c are constantS which are to be detemined. 

The H- function satisfies the following relations: (Chandrasekhar 1960) 

I 

J H(~)o/(~)d~ 
0 

= 1 - 1 - 2 t o/(~)d~ 1 ~ (5.1.1) 

* Karanjai, S. and Sen. M. (1971) 



I 

J H(~)l!r(~)~2d~ + 
0 

I 

J lJJ(~)H(~) d~ = ·1 
1 - k~ 

0 

where k is determined from the transcedental equation 

2~ 2 [ ~ l 1 [ 1 ( ~) l ( 1 + k l 1 + -- + - w + - = - w + - w + - log 
3k 2 k 2 2 

k 2 k 
1 

k 2 2 
k 2 1 - k 

Let us the following notations: 

E
3 (J) 

p = r 

n n + 2(r-1) 
r=l 

Y' = t -k-n-:-~r---1) 
r=l 
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(5.1.2) 

(5.1.3) 

(5.1.4) 

(5._1.5a) 

(5.1.5b) 

(5.1.5c) 
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I I 

- 2 f lJi(Jl)dJl 2 (5.1.6) 

0 

We consider different forms ofH- function as given in Form I to Form III in Sec. 5.1 

5.2 Form L 

5.2.1 First Approximation 

Referring to this form of H - function we develop necessary equations to evaluate H -

functions. Substituting Form I and (5.D) in Eqs. (5.1.1), (5.1.2), (5.1.3) we determine the constants 

a,b,c. 

We denote. 

1 -T= 
2n n I

I n 

f.1 df.1 
A+ 2f.l 

0 

where Tn s are defined by 

Also, 

then we can write 

with 

2! T=--AT 1, } • J-
1 (A + 2] T1 = 2 - Alog A 

!.= 
J 

0 

1( T_I) . I=- 1_ 1 - - 1- ;=2,3, ..... ,7 
J k} 2! . 

(5.2.1.1) 

(5.2.1.2) 

(5.2.1.3) 

(5.2.1.4a) 



where 

I = ~ 1 r A I ( A +2) + _!_log( 1 - k)l 
1 (Ak+2)l2 og A k ' 

Now from (5.1.1), (5.1.2), (5.1.3) we obtain the follo'\\~ng equations: 

Nl 
T)I - -L , 

1 

L=1-V-P I , 

Here c is determined from the following quadratic equation 
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(5.2.1.4b) 

(5.2.1.5a) 

(5.2.1.5b) 

(5.2. 1.6a) 

(5.2. I.6b) 

(5.2.1.7a) 

(5.2.1.7b) 

(5.2.1.7c) 

(5.2.1.7d) 
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(5.2.1.8) 

where 

(5.2.1.9) 

(5.2.1.1 Oa) 

(5.2.1.1 Ob) 

(5.2.1.10c) 

(5.2.1.10d) 

a = 'i' (J)r T
2 2

· n=I,2,3 
n iJ 22r.,. n- l r + n- ' 

r:l 

(5.2. I.lla) 

n = 1,2,3 (5.2.1.11b) 

n=I,2,3 (5.2.1. Ilc) 
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3 

l)n = Ew,.I2,. .. n-2> n= 1,2,3 (5.2.l.lld) 

r=l 

5.2.2 Second Approximation: 

Here we will determine the H- function from ( 5.C) based on the computed values 

of a, b, c. Using the approximate form of H-function (form I) and the Equation (5.D) in the 

Equation ( 5. C ) we obtain the following equation : 

(5.2.2.1) 

where 

3 

z = L w,.D2r- I (5.2.2.2) 
r= I 

3 

En= Ew,.F2,. .. n_ 2 ,n= 1,2,3 (5.2.2.3) 

r"l 

where 

T 
F = 2 - JlF 

P 2P p-1 
(5.2.2.4a) 

with 

(5.2.2.4b) 

and finally , 
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I 
D1 = -.-

1 
- f.l~;-I j =2,3, .... ,8 

J-
(5.2.2.5a) 

with 

(5.2.2.5b) 

The values H- function can be computed from (5.2.2.1) for different wand f.l· For 

different w we get different k which can be obtained from the transcedental equation by applying the 

Newton-Raphson method. 

5.2.3. Applications and Results 

We apply the method to two different cases: 

Case L The phase function is planetary: 

p(fl, f.l') = w(l + rcos(6)} 

Here the characteristic function is: 

then 

Case ll. The phase function is isotropic. 

Here 

and 

so that 

(t) 

lfJ(f.l) = -
2 
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Tables 5.1.1 and 5.1.11 are shown below for Case I and Case U respectively. 

Table 5.1.1 

ll w= .1 w=.2 w=.3 w=.4 (J) = .5 (J) = .6 

.05 1.008922 1.018211 1.027930 1.038159 1.049009 1.060643 

.10 1.014462 1.029702 1.045854 1.063092 1.081657 1.101906 

.15 1.018783 1.038754 1.060126 1.083175 1.108286 1.136034 

.20 1.022349 1.046286 1.072103 1.100185 1.131073 1.165575 

.25 1.025384 1.052738 1.082436 1.114977 1.151062 1.191744 

.30 1.028018 1.058369 1.091511 1.128056 1.168872 1.215266 

.35 1.030337 1.063351 1.099582 1.139760 1.184917 1.236624 

.40 1.032400 1.067803 1.106832 1.150328 1.199496 1.256167 

.45 1.034252 1.071815 1.113393 1.159941 1.212829 1.274158 

.50 1.035926 1.075456 1.119371 1.168737 1.225092 1.290802 

.55 1.037449 1.078779 1.124845 1.176826 1.236421 1.306264 

.60 1.038842 1.081826 1.129883 1.184297 1.246931 1.320681 

.65 1.040122 1.084634 1.134538 1.191224 1.256714 1.334165 

.70 1.041303 1.087230 1.138855 1.197668 1.265850 1.346812 

.75 1.042395 1.089639 1.142871 1.203681 1.274404 1.358703 

.80 1.043411 1.091881 1.146618 1.209308 1.282433 1.369910 

.85 1.044356 1.093974 1.150124 I .214585 1.289988 1.380492 

.90 1.045240 1.095933 1.153412 1.219547 1.297111 1.390504 

.95 1.046067 1.097771 1.156502 1.224221 1.303840 1.399993 

1.00 1.046843 1.099498 1.159413 1.228634 1.310207 1.409001 
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Table 5.1.1 (Cont.) 

Jl w=.7 w=.8 w=.9 w= .925 w = .950 (J) = .975 

.05 1.073329 1.087572 1.104637 1.109753 1.115546 1.122618 

.10 1.124423 1.150310 1.182331 1.192189 1.203519 1.217641 

.15 1.167358 1.204037 1.250537 1.265143 1.282128 1.303628 

. 20 1.205016 . 1.251919 1.312633 1.332031 1.354810 1.384024 

.25 1.238763 1.295436 1.370158 1.394393 1.423099 1.460340 

.30 1.269408 1.335459 1.424001 1.453109 1.487859 1.533415 

.35 1.297494 1.372569 1.474741 1.508749 1.549644 1.603775 

.40 1.323412 1.407184 1.522793 1.561717 1.608840 1.671781 

.45 1.347458 1.439619 1.568465 1.612314 1.665734 1.737693 

.50 1.369865 1.470126 1.612005 1.660775 1.720547 1.801712 

.55 1.390822 1.498907 1.653607 1.707290 1.773457 1.863995 

.60 1.410484 1.526132 1.693440 1.752018 1.824610 1.924668 

.65 1.428983 1.551944 1.731641 1.795093 1.874130 1.983838 

.70 1.446428 1.576464 1.768332 1.836629 1.922123 2.041595 

.75 1.462917 1.599800 1.803617 1.876729. 1.968682 2.098017 

.80 1.478532 1.622043 1.837591 1.915480 2.013888 2.153171 

.85 1.493345 1.643277 1.870336 1.952963 2.057814 2.207118 

.90 1.507422 1.663575 1.901927 1.989249 2.100526 2.259912 

.95 1.520818 1.683001 1.932431 2.024403 2.142084 2.311601 

·1.00 1.533586 1.701615 1.96.1909 2.058484 2.182542 2.362231 
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Table 5.1.II 

Jl w=.2 w=.3 w=.4 w=.5 w=.6 w=.7 

.05 1.016037 1.024758 1.034099 1.044192 1.055255 1.067639 

.10 1.025598 1.039810 1.055273 1.072274 1.091277 1.113034 

.15 1.032921 1.051471 1.071881 1.094605 1.120368 1.150364 

.20 1.038895 1.061064 1.085675 1.113351 1.145091 1.182551 

.25 1.043932 1.069212 i.097482 1.129539 1.166662 1.210982 

.30 1.048273 1.076274 1.107784 1.143773 1.185799 1.236479 

,35 1.052073 1.082487 1.116900 1.156451 1.202977 1.259587 

.40 1.055438 1.088014 1.125050 1.167853 1.218536 1.280697 

.45 1.058446 1.092975 1.132398 1.178188 1.232727 1.300105 

.50 1.061156 1.097460 1.139070 1.187615 1.245747 1.318038 

.55 1.063614 1.101541 1.145162 1.196261 1.257750 1.334681 

.60 1.065856 1.105273 1.150752 1.204228 1.268863 1.350184 

.65 1.067910 1.108703 1.155906 1.211597 1.279190 1.364672 

.70 1.069801 1.111868 1.160674 1.218439 1.288817 1.378250 

.75 . 1.071548 1.114798 1.165101 1.224812 1.297818 1.391008 

.80 1.073169 1.117521 1.169225 1.230765 1.306256 1.403024 

.85 1.074675 1.120059 1.173076 1.236339 1.314186 1.414364 

.90 1.076081 L122430 1.176682 1.241573 1.321653 1.425087 

.95 1.077395 1.124651 1.180068 1.246497 1.328699 1.435245 

1.00 1.078628 1.126737 1.183252 1.251139 1.335360 1.444883 
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Table S.l.ll (Cont.) 

11 (J) = .80 (J) = .85 (J) = .90 (J) = .925 (J) = .950 (J) = .975 

.05 1.081997 1.090337 1.099962 1.105538 1.111946 1.119988 

.10 1.138958 1.154393 1.172585 1.183327 1.195915 1.211975 

.15 . 1.186840 1.208965 1.235465 1.251342 1.270181 1.294618 

.20 1.228877 1.257413 1.292055 1.313066 1.338263 1.371410 

.25 1.266590 1.301305 1.343949 1.370093 1.401740 1.443893 

.30 1.300881 1.341565 1.392073 1.423340 1.461512 1.512932 

.35 1.332347 1.378806 1.437039 1.473410 1.518159 1.579074 

.40 1.361420 1.413468 1.479284 1.520730 1.572094 1.642698 

.45 1.388426 1.445885 1.519141 1.565624 1.623623 1.704082 

.50 1.413621 1.476321 1.556869 1.608345 1.672984 1.763440 

.55 1.437212 1.504988 1.592680 1.649099 1.720373 1.820942 

.60 1.459370 1.532064 1.626751 1.688056 1.765949 1.876728 

.65 1.480239 1.557698 1.659230 1.725363 1.809848 1.930913 

.70 1.499939 1.582016 1.690247 1.761143 1.852187 1.983599 

.75 1.518577 1.605131 1.719912 1.795507 1.893069 2.034871 

.80 1.536243 1.627138 1.748324 1.828550 1.932582 2.084806 

.85 1.553017 1.648123 1.775571 1.860358 1.970809 2.133470 

.90 1.568971 1.668161 1.801730 1.891008 2.007822 2.180933 

.95 1.584166 1.687319 1.826872 1.920570 2.043865 2.227242 

1.00 1.598659 1.705659 1.851059 1.949105 2.078461 2.272448 
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5.3. Form D. 

5.3.1 First approximation : 

As in form I we will obtain the similar set of equations. We follow the same 

procedure that we have done in case of form I. We denote 

We define 

where 

I 

f) = f n 1 
0 

f) =· .!( _!_ - f) ) 
n k 

11 
n-1 

1 -fi = -(1 - T) 
1 k , 

R = n 

1 
T = -log(l +k) 

k 

(5.3.1.1) 

(5.3.1.2a) 

(5.3.1.2b) 

{5.3J.3) 

By the same procedure we obtain the similar equations (from 5.3 .1.1 to 5.3 .1.1.} but with 

different values 

(5.3.L4a) 

b = ~2 + 112C (5.3.L4b) 



Nt 
'llt = -L , 

- 1 

L = 1 - V- P1 

S = 1 + w2r 3 + w3x5 + y 1 /og( 1 - k) 

Here c is determined from the following quadratic equation 

where 
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(5.3.1.5a) 

(~.3.1.5b) 

(5.3.1.6a) 

(5.3.1.6b) 

(5.3.1.6c) 

(5.3.1.6d) 

(5.3.1.7) 

(5.3.1.8) 

(5.3.1.9a) 

(5.3.1.9b) 



206 

(5.3.1.9c) 

(5.3.1.9d) 

(5.3.1.10a) 

(5.3.1.10b) 

L
J (&) 

= r T 
Yn 22r+n-l 2r•n 

r=l 

(5.3.1.10c) 

(5.3.1.10d) 

Since a,b,c are known these will be substituted in the equation (5.C) which will give us the 

approximate values of H - function. 
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5.3.2. Second Approximation: 

From equation (5.C) using the values of a,b,c we may write 

1 

H( Jl,W) 
(5.3.2.1) 

where 

(5.3.2.2) 

3 

En= LwrF2r-rn-2 n= 1,2,3 (5.3.2.3) 

r=l 

and 

0 = ~·-1 - 110-1' with (5.3.2.4) 

As in Section 5 .2.3 the method is applied in two cases taking different values of w and Jl and 

the results are shown in Tables 5.2.1 and 5.2.II respectively. 
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Table 5.2.1 

ll w= .1 w=.2 w=.3 w=.4 w=.5 w=.6 

.05 1.008917 1.018190 1.027880 1.038065 1.048850 1.060392 

.10 1.014454 1.029670 1.045779 1.062950 1.081417 1.101530 

.15 1.018773 1.038715 1.060033 1.083001 1.107994 1.135578 

.20 1.022339 1.046242 1.071998 1.099989 1.130745 1.165062 

.25 1.025373 1.052689 1.082322 1.114763 1.150705 1.191188 

.30 1.028006 1.058317 1.091390 1.127829 1.168493 1.214677 

.35 1.030324 1.063296 1.099455 1.139522 1.184521 1.236007 

.40 1.032386 1.067747 1.106700 1.150082 1.199084 1.255527 

.45 1.034238 1.071757 1.113252 1.159687 1.212405 1.273498 

.50 1.035912 1.075397 1.119231 1.168476 1.224657 1.290125 

.55 1.037435 1.078718 1.124703 1.176559 1.235977 1.305573 

.60 1.038828 1.081765 1.129738 1.184025 1.246478 1.319977 

.65 1.040107 1.084571 1.134391 1.190948 1.256254 1.333450 

.70 1.041287 1.087166 1.138705 1.197388 1.265383 1.346087 

.75 1.042380 1.089574 1.142720 1.203398 1.273931 1.357969 

.80 1.043395 1.091816 1.146650 1.209021 1.281955 1.369166 

.85 1.044340 1.093908 1.149969 1.214296 1.289505 1.379741 

.90 1.045224 1.095968 1.153256 1.219254 1.296623 1.389745 

.95 1.046051 1.097704 1.156345 1.223926 1.303347 1.399227 

1.00 1.046807 1.099431 1.159255 1.228336 1.309711 1.408229 
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Table 5.2.1 (Cont.) 

~ w=.7 w=.8 w=.9 w= .925 w = .950 w = .975 

.05 1.072950 1.087011 1.103811 1.108140 1.114530 1.121481 

.10 1.123857 1.149481 1.181120 1.190854 1.202044 1.216002 

.15 1.166674 1.203037 1.249086 1.263548 1.280369 1.301682 

.20 1.204248 1.250880 1.311016 1.330256 1.352856 1.381868 

.25 1.237932 1.294228 1.368420 1.392487 1.421004 1.458033 

.30 1.268528 1.334183 1.422170 1.451103 1.485657 1.530994 

.35 1.296574 . .371238 1.472838 1.506666 1.547359 1.601266 

.40 1.322459 1.405807 1.520831 1.559571 1.606490 1.669201 

.45 1.346477 1.438205 1.566455 1.610117 1.663331 1.735057 

.50 1.368861 1.468680 1.609954 1.658536 l. 718100 1.799031 

.55 1.389797 1.497433 1.651523 1.705017 1.770973 1.861276 

.60 1.409441 1.524634 1.691326 1.749715 1.822096 1.921918 

.65 1.427923 1.550423 1.729501 1.792763 1.871590 1.981062 

.70 1.445354 1.574924 1.766170 1.834277 1.919560 2.038797 

.75 1.461829 1.598242 1.801435 1.874357 1.966100 2.095200 

.80 1.477431 1.620469 1.835391 1.913090 2.011288 2.150338 

.85 1.492233 1.641688 1.868119 1.950557 2.055200 2.204272 

.90 1.506299 1.661972 1.899695 1.986828 2.097898 2.257054 

.95 1.519686 1.681385 1.930185 2.021969 2.139444 2.308733 

1.00 1.532444 1.699986 1.959650 2.056038 2.179891 2.359355 
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Table5.2.ll 

Jl w=.2 w=.3 w=.4 w=.5 w=.6 w=.7 

.05 1.016019 1.024716 1.034016 1.044050 1.055026 1.067283 

.10 1.025570 1.039746 1.055148 1.072059 1.090932 1.112502 

.15 1.032887 1.051393 1.071728 1.094343 1.119949 1.149718 

.20 1.038856 1.060976 1.085502 1.113055 1.144618 1.181825 

.25 1.043890 1.069116 1.097293 1.129217 1.166148 1.210950 

.30 1.048229 1.076172 1.107584 1.143431 1.185253 1.235644 

.35 1.052026 1.082380 1.116690 1.156092 1.202405 1.258712 

.40 1.055389 1.087903 1.124832 1.167480 1.217942 1.279791 

.45 1.058396 1.092860 1.132174 1.177804 1.232114 1.299170 

.50 1.061105 1.097342 1.138840 1.187221 1.245118 1.317079 
.. 

.55 1.063562 1.101421 1.144926 1.195858 1.257108 1.333702 

.60 1.065803 1.105151 1.150513 1.203817 1.268208 1.349186 

.65 1.067856 1.108579 1.155662 1.211179 1.278524 1.363657 

.70 1.069747 1.111742 1.160427 1.218015 1.288141 1.377221 

.75 1.071494 1.114671 1.164851 1.224382 1.297133 1.389965 

.80 1.073113 1.117393 1.168972 1.230330 1.305563 1.401968 

.85 1.074619 1.119929 I. 172821 1.235900 1.313485 1.413296 

.90 1.076025 1.122299 1.176425 1.241129 1.320945 1.424009 

.95 1.077338 1.124519 1.179808 1.246049 1.327984 1.434157 

1.00 1.078578 1.126603 1.182990 1.250688 1.334640 1.443785 
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Table 5.2.11 (Cont.) 

~ w == .80 w= .85 w= .900 w = .925 w= .950 w= .975 

.05 1.081456 1.089669 1.099131 1.104606 1.110915 1.118798 

.10 1.138155 1.153405 1.171365 1.181965 1.194390 1.210262 

.15 1.185870 1.207776 1.234002 1.249713 1.268363 1.292586 

.20 1.227789 1.256082 1.290424 1.311254 1.336245 1.369161 

.25 1.265414 1.299870 1.342193 1.368146 1.399577 1.441488 

.30 1.299635 1.340049 1.390222 1.421290 1.459238 1.510409 

.35 1.331046 1.377224 1.435112 1.471279 1.515800 1.576460 

.40 1.360073 1.411832 1.477297 1.518534 1.569666 1.640012 

.45 1.387040 1.444204 1.517102 1.563374 1.621113 1.701339 

.50 1.412202 1.474602 1.554787 1.606050 1.670454 1.760650 

.55 1.435764 1.503235 1.590561 1.646765 1.717804 1.818113 

.60 1.457896 1.530282 1.624600 1.685690 1.763347 1.873866 

.65 1.478741 1.555889 1.657051 1.722967 1.807218 1.928025 

.70 1.498420 1.580184 1.688041 1.758722 1.849532 1.980687 

.75 1.517038 1.603277 1.717684 1.793062 1.890391 2.031940 

.80 1.534687 1.625265 1.746075 1.826084 1.929885 2.081859 

.85 1.551445 1.646231 1.773302 1.857873 1.968094 2.130512 

.90. 1.567384 1.666252 1.799443 1.888506 2.005091 2.177958 

.95 1.582565 1.685394 1.824568 1.918051 2.040940 2.224255 

1.00 1.597044 1.703719 1.848740 1.946572 2.075702 2.269452 
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5.4. Form III. 

5.4.1 First Approximation. 

As in previous two cases we use Form III [Burman (1989)] and equation (5.D) in equations 

(5.2.1), (5.2.2) and (5.2.3) to determine desired constants a,b,c. We denote 

(5.4.1.1a) 

(5.4.1.1b) 

(5.4.1.lc) 

(5.4. L ld) 

(5.4.L2a) 

(5.4.1.2b) 

(5.4.1.2c) 

(5.4. 1.3) 
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(5.4.1.4) 

where c is obtained from the following quadratic equation 

(5.4.1.5) 

with 

(5.4.1.6a) 

(5.4.1.6b) 

(5.4.1.6c) 

(5.4.1.7a) 

(5.4.1.7b) 

5.4.2. Second approximation. 

We use the known values of a.b,c in equation (5.D) to detennine the second 

approximate form ofH - function. The process is exactly similar to those in previous two forms and 

we have from Burman ( 1989) the following notations 
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_1_ = 1 - ~ i' Y; + Yslog( 1 ~ ~) 
H(~,w) L1 -i + 1 r 

i = l 

(5.4.2.1) 

where 

(5.4.2.2) 

(5.4.2.3) 

(5.4.2.4) 

(5.4.2.5) 

The results of two cases are given Table 5.3.1 and Table 5.3.II respectively 
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Table 5.3.1 

~ w=.1 w=.2 w=.3 w=.4 w=.5 w=.6 

.05 1.008923· 1.018212 1.027925 1.038136 1.048952 1.060530 

.10 1.014464 1.029706 1.045852 1.063067 1.081585 1.101753 

.15 1.018786 1.038761 1.060127 1.083151 1.108209 1.135864 

.20 1.022353 1.046296 1.072109 1.100166 1.130997 1.165396 

.25 1.025389 1.052751 1.082446 1.114962 1.150987 1.191562 

.30 1.028023 1.058384 1.091524 1.128045 1.168800 1.215083 

.35 1.030343 1.063367 1.099599 1.139753 1.184850 1.236441 

.40 1.032406 1.067822 1.106852 1.150326 1.199431 1.255985 

.45 1.034259 1.071836 1.113416 1.159942 1.212769 1.273978 

.50 1.035933 1.075478 1.119396 1.168741 1.225034 1.290624 

.55 1.037457 1.078802 1.124874 1.176833 1.236367 1.306089 

.60 1.038850 1.081851 1.129914 1.184307 1.246880 1.320508 

.65 1.040130 1.084659 1.134570 1.191237 1.256667 1.333994 

.70 1.041311 1.087256 1.138889 1.197684 1.265805 1.346644 

.75 1.042404 1.089666 1.142907 1.203700 1.274361 1.358537 

.80 1.043420 1.091909 1.146655 1.209328. 1.282394 1.369746 

.85 1.044365 1.094003 1.150163 1.214608 1.289951 1.380330 

.90 1.045249 1.095962 1.153452 1.219571 1.297076 1.390344 

.95 1.046076 1.097801 1.156544 1.224248 1.303807 1.399835 

1.00 1.046853 1.099529 1.159456 1.228662 1.310176 1.408844 
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Table 5.3.1 (Cont.) 

J.1 w=.7 (i) = .8 (i) = .9 (i) = .925 (i) = .950 (i) = .975 

.05 1.073127 1.087233 1.104088 1.109138 1.114845 1.121856 

.10 1.124143 1.149835 1.181559 1.191324 1.202539 1.216591 

.15 1.167037 1.203486 1.249638 1.264137 1.280989 1.302419 

.20 1.204672 1.251321 1.311653 1.330935 1.353571 1.382715 

.25 1.238405 1.294807 1.369124 1.393236 1.421792 1.458966 

.30 1.269041 1.334809 1.422928 1.451909 1.486504 1.531996 

.35 1.297122 1.371904 1.473641 1.507519 1.548254 1.602323 

.40 1.323036 1.406508 1.521672 1.560464 1.607425 1.670305 

.45 1.347080 I .438935 1.567329 . 1.6ll043 1.664301 1.736201 

.50 I .369487 1.469437 1.610857 1.659491 1.719100 1.800208 

.55 1.390444 1.498214 1.652451 1.705997 1.771999 1.862481 

.60 1.410106 1.525436 1.692276 1.750717 1.823144 1.923148 

.65 1.428605 1.551245 1.730472 1.793786 1.872658 1.982314 

.70 1.446052 1.575763 1.767158 1.835318 1.920647 2.040068 

.75 1.462541 1.599097 1.802440 1.875414 1.967202 2.096488 

.80 1.478157 1.621340 1.836411 1.914162 2.012406 2.151641 

.85 1.492971 1.642573 1.869154 1.951643 2.056330 2.205587 

.90 1.507049 1.662870 1.900743 1.987927 2.099042 2.258382 

.95 1.520447 1.682296 1.931245 2.023080 2.140600 2.310072 
-

1.00 1.533215 1.700909 1.960722 2.057160 2.181057 2.360704 
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Table 5.3.11 

-
~ w=.2 w=.3 w=.4 w=.5 w=.6 w=.7 

.05 1.016032 1.024765 1.034092 1.044157 1.055168 1.067460 

.10 1.025592 1.039826 1.055272 1.072236 1.091165 1.112790 

.15 1.032916 1.051495 1.071888 1.094571 1.120248 1.150088 

.20 1.038890 1.061096 1.085690 1.113322 1.144970 1.182258 

.25 1.043928 1.069250 1.097504 1.129517 1.166543 1.210680 

.30 1.048270 1.076318 1.107814 1.143758 1.185683 1.236171 

.35 1.052070 1.082536 1.116935 1.156442 1.202865 1.259277 

.40 1.055435 1.088067 1.125091 1.167850 1.218428 1.280387 

.45 1.058444 1.093031 1.132444 1.178191 1.232624 1.299795 

.50 1.061155 1.097520 1.139120 1.187624 1.245648 1.317729 

.55 1.063614 1.101604 1.145216 1.196274 1.257656 1.334373 

.60 1.065856 1.105339 1.150811 1.204245 1.268773 1.349878 

.65 1.06791 I 1.108771 LI55968 1.211619 1.279104 1.364368 

.70 1.069802 1.111938 1.160739 1.218465 1.288735 1.377948 

.75 1.071550 1.114871 1.165170 1.224841 1.297740 1.390708 

.80 1.073170 1.117596 1.169296 1.230797 1.306181 ·1.402726 

.85 1.074677 1.120136 1.173150 1.236375 1.314113 1.414068 

:90 1.076083 1.122508 1.176759 1.241612 1.321583 1.424792 

.95 1.077398 1.124731 1.180146 1.246538 1.328632 1.434952 

1.00 1.078631 1.126818 1.183332 1.251183 1.335296 1.444592 
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Table 5.3.11 (Cont.) 

).1 (&) = .80 (&) = .85 w= .90 (&) = .925 (&) = .950 w= .975 

.05 1.081679 1.089916 1.099402 1.104877 1.111193 1.119130 

.10 1.138514 1.153802 1.171796 1.182396 1.194829 1.210785 

.15 1.186328 1.208279 1.234546 1.250256 1.268915 1.293242 

.20 1.228323 1.256667 1.291054 1.311881 1.336882 1.369916 

.25 1.266010 1.300520 1.342892 1.368840 1.400279 1.442320 

.30 1.300282 1.340753 1.390977 1.422039 1.459994 1.511303 

.35 1.331737 1.377974 1.435914 1.472073 1.516600 1.577406 

.40 1.360801 1.412622 1.478139 1.519367 1.570503 1.641001 

.45 1.387801 1.445029 I. 717979 1.564240 1.622008 1.702364 

.50 1.412992 1.475456 1.555694 1.606945 1.671351 1.761707 

.55 1.436581 1.504118 1.591496 1.647686 1.718726 1.819197 

.60 1.458737 1.531189 1.625559 1.686634 1.764290 1.874974 

.65 1.479603 1.556819 1.658032 1.723932 1.808180 1.929154 

.70 1.499303 1.581135 1.689043 1.759706 1.850512 1.981835 

.75 1.517939 1.604247 1.718704 1.794064 1.891387 2.033105 

.80 1.535605 1.626252 1.747113 1.827102 1.930896 2.083039 

.85 1.552379 1.647235 1.774357 1.858906 1.969118 2.131706 

.90 1.568333 1.667271 1.800513 1.889552 2.006127 2.179165 

.95 1.583528 1.686429 1.825652 1.9191 I 1 2.041988 1.225474 

1.00 1.598021 1.704767 1.849837 1.947644 2.076761 2.270682 
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Discussion of results: 

We find that for the Form I, Case I the results are very good for values of w from . 1 to .4 

where they are correct upto four decimal places for all values of ll· For values from w = .5 tow= .8 

the results are correct upto three decimal places and from w = .9 to w = .975 the values of H -

functions are correct upto two decimal places and in between they are correct upto three places but 

there are no definite patterns and toward the bottom of the table they slightly deviate away from 

Chandarsekhar' s values. Case II gives a little different picture,for example w = .2 they computed . 

values are correct upto 4 places and from w = .3 tow =.85 they are correct upto three places and 

from w=.9 to w=.975 they follow the same pattern as that of Case I. 

In case ofForm ll, when applied to Case I we find that the computed values are correct upto 

4 places for w=.1 and w=.2 and from w=.3 to w=. 7 they are correct upto three places after that they 

almost follow the same pattern as in Case I,F orm I but in this case the deviation is slightly more than 

that Case. Case II reveals that the computed values follow almost the same pattern as in Case I,Form 

I, for example from w=.85 to w=.975 some of the computed values correct upto three decimal places 

and some of them are correct upto two places but they don't follow any definite pattern. 

Form III when applied to Case I the results obtained are found to be correct upto 4 places 

from w=.l to w=.4. Again from w=.5 to w=.975 the computed values are correct upto three places 

but in this case the results are much more consistent than the two previous forms. For the Case II, 

the results are correct upto 4 places from w=.2 to w=.4 but from w=.5 to w=.975 most of the values 

are correct upto three places, some are correct upto 4 places and some are correct upto two places 

and yet again we do not find any definite pattern. 

The forms I ,II and ill thus give quite good results for practical purposes. They can be safely 

used in calculating intensities and residual intensities from solutions of transfer equation with various 

phase functions. 
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5.5. Calculation of Moments and Chandrasekhar constants q and c 

The following Tables 5.5.I to 5.5.III give the moments a0 , a 1 and constants q and c 

[Chandrasekhar (1960)] for different values of w. These are calculated by using three forms of H­

functions, viz., form I,II,and III given sec 5.1. 

Table 5.5.1 (Form I) 

(J) ao at q c 

.100 1.032487 .519596 .948991 .024655 

.200 1.068474 .541376 .895704 .048491 

.300 1.108717 .565829 .839638 .071264 

.400 1.154183 .593625 .780068 .092614 

.500 1.206334 .625762 .715905 .111997 

.600 1.267485 .663824 .645417 .128533 

.700 1.341642 .710573 .565584 .140661 

.800 1.436867 .771593 .470308 .145154 

.900 1.574763 .861961 .343222 .133130 

.925 1.623260 .894300 .300912 .124461 

.950 1.683628 .934952 .249655 .110872 

.975 1.767481 .992124 .180698 .087396 
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Table 5.5.11 (Form II) 

w ao al q c 

.100 1.032161 .519568 .948975 .024653 

.200 1.067866 .541348 .895643 .048485 

.300 1.107885 .565838 .839513 .071254 

.400 1.153186 .593707 .779866 .092602 

.500 1.205236 .625957 .715624 .111988 

.600 1.266366 .664174 .645068 .128531 

.700 1.340605 .711106 .565197 .140670 

.800 1.436041 .772309 .469943 .145177 

.900 1.574298 .862760 .342975 .133157 

.925 1.622908 .895070 .300715 .124487 

.950 1.683393 .935647 .249516 .110893 

.975 1.767367 .992662 .180625 .087409 
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Table 5.5.ill (Form Ill) 

w «o 0:1 q c 

.100 1.032717 .519678 .949003 .024659 

.200 1.068816 .541506 .895738 .048505 

.300 1.109032 .565976 .839686 .071286 

.400 1.154389 .593778 .780110 .092642 

.500 1.206390 .625930 .715919 .112029 

.600 1.267384 .664031 .645385 .128567 
. 

.700 1.341419 .710848 .565501 .140695 

.800 1.436598 .771961 .470189 .145187 

.900 1.574568 .862390 .343118 .133156 

.925 1.623105 .894714 .300826 .124483 

.950 1.683523 .935332 .249593 .110890 

.975 1.767428 .992389 .180664 .087403 
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Now for comparisons sake we give the followirig table of Chandrasekhar ( 1960) which gives 

different moments and the constants. 

w a.o a. I q c 

.100 . 1.032729 0.519588 .949003 0.024654 
'•' 

.200 1.068832 0.541348 0.89574 0.048491 

.300 1.109034 0.565767 0.839686 0.07126 

.400 1.154378 0.593541 0.780108 0.092605 

.500 1.206366 0.625686 0.715914 0.111984 

.600 1.267352 0.663798 0.645375 0.12852 

.700 1.341368 0.710639 0.565482 0.140649 

.800 1.436535 0.771792 0.470161. 0.145147 

.900 1.574492 0.862276 0.343079 0.133123 

.925 1.623024 0.89462 0.30078 0.124451 

.950 1.683484 0.935277 0.249569 0.110873 

.975 1.767379 0.99238 0.180632 0.087387 
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I\101HFIEI> SPIIEHICAL 11:\Hi\IONIC METIIOD AND ITS APPLICATION 

I. lntnulul"lion : 

A. Raydwudllllri uud S./1. araujai, Dt•ptt. t~( Matltt•llwtio·, 
1\'ortll lku~:al l/uisw.\·i~J', IJ'e.\"1 IJL'IIJ:ttl 734 4.W ( ludia) 

The 111at hemal ic.:a I d i nicull ies of" urh ing ''it h the intcgro- di fll.·rcnt ia lcquat ions ha\·c rcsulled .in 
1111111her of approx irnate methods of soh in!! the l"quat i ion of radiatin: trans !Cr. Approximate: sol uti ic111 of 
this equal ion t::lll he ohta ined by me:111s of f\1 i Inc-Eddington /\pproximat ion and Schuster-Sdl\\ arzch i ld 
approximation. The Spherical! larmonic 1\klhod. the Moment 1\kthod and tlie Discrete ordinate Method 
arl' more elaborate schemes that may provide higher order approxinwlion. 

In Eddington Method. the basi" of approach is an approximation to the angular distribution of 
rad i!1tion of intensity such thai the inte!!ro-d i ITerent ial equation of rmliat ive transfer is translimned into an 
onl inary d i fie rent ial equal ion. In case of Schuster-schwarzch i ld Method. the integro-di lferenl ial equal ion 
l\1r an isol ropic.:ally scallering. plane-para llclmed ium can be transf(,rmed into a pair ofonl inary d i l"fi.:rential 
equal inn. 

The Sphericalllannonic.: MctiH1d provides a means to obtain a higher order approximate solution 
to the equation of radial ive transfer at the expense of additional labour and cakulation. The essential idea 
of the method. which is due to Eddington. lies in seeking a solution oft he equation of transfer in the form · 
of an expansion of intensity l(r,u) in a "cries of Legendre polynimoals P,!Jl). These li.mn a complete set 
of orthogonal functions in the interval(- I .I) whid1 is just tlwt through \\hichfl v:1ries. • 

2. Thl· Sphl·rical llarmonic i\ll'thod : 

I.e.! us consider the equal ion of radiative trans!Cr for plane para lie I scattering atmosphere with constnn~ 
net flux. 

(2.1) • 

where p(Jt ,111) -= .. f-'p(fl ,tjJ; fl 1
• rj/)drf/ is the phase function through a ray scattered (i·om the direction 

(p,r/J) into the direction lJL',1i). . 

I( r ,11) is the spcci fie intensity of radial ion at an optical depth rand in direction <P with the out ward 
drawn normal. 11 =cos (r/J) and r is !!in·n by 

T = r kpdz where fl is the density of the meduim and k,. is the absorption coeflicicnl. 
' 

The phase lillie I ion is assunll'd to he rl·prcsl'llled in a series of Legendre polynomials as 

., 
P(u,u') =-= 2)2m+I)I:,P,.(u)P..(u)P,.(p'). f,,= I 

m·U 

The intensity of rmlint ion I (r. fl) can he exp:mdcd in a series of Legendre polynom i:ll.s in the form. 

.• 2111 II 
1 (T fl) = 'i.' --------------- (' (II )I/' ( T) 

t L-J Ill • Ill 

111 u 4 ... "7 

lftlll·li.Jm:lions r;• (r)arc kmmn.tlr~· radiation intensity can be determined from(2.3). Thcreli.lrc 
Ill .. ... 

we shall he concerned with the dctcnn i11at ion of 'I'...(T ). 

{Ising the L'Xjl<llr-;ipns pf(2.2) :11HI (2.3) in (2.1) and considerin!!orthogonal properties ofl.cg.cndre 
polynPrnial as well as the rccurTcnce rchti\1ns nne gels: 

., 

L[lll(d/dc)r/',..{7)1',
1
(11) I (111' l)(d/dr)rf',.,(r)l',,..,('/') I (2111 I 1)(1: .. -IJI'...(plrf'...(r) -o () 

111 II 



... 

! 
.! 

! 
f. 

! 
I 

l 
I 

't 

. ·.-.... 

·-----. ..-.: -

) 

~!.(In I I )I dl d r )•/' •• ., ( r) 1111( didr)•J• •• , I> ) 1 (2m 1 I )I 1: .. - I )'/',..1' )ji'.Ju ) - 0 (2.) 
If the equation (2.5) slwuld be valid for aiiJI, the cm:flicil.'nls ofP111 (11) lllllsl vanish identically. 

This requin.:ment n.:sults in the ordinary d i lkn:nt ia I equal ion It \I" the rune I illl\ 1/' I II ( r) , nl " 0.1.2 ........ . 

(m+ 1)1/'m+l +mrf'm-1 l·(2m+l)(f111 -l}r/'m '-·0. Ill 
\ 

wher~ 1~ 1 ~= 1. the prime denotes dirtl:rentiatinn \\ .r.t. r. l2') !J. 1.2 ..... 

For isotropic scallering all f111 an: equal to ;-em cxcq>t t;, \\here t;," I. 
) 

Equations (2.6) are in lin ire set of coupled ordinary difll:rential equarions for the fi.u11.:tion tj• 111(r). 

In practict:, only a finite number of equations Ill"" Narc cnnsidcred and the termrJ• is.llc!.!lt:cted. 
. N• I ~ 

Pulling successivl.'ly Ill=-: 0.1.2 ...... ,N-I,N one geh 

1/'1'==0 

21/''2' + 1/'o' +3( ~'1 - I )1/'1 = 0 

)1/'J' + 211'1' + 5( 1"1 - I )1/'2 """o 

Nrf'N' + (N- 1)1/'N-2' + (2N- 1)(fN-I- l)if•N == 0 . ( 

Nlf'N. + (2N + I)( fN - I )1/'N == 0 \ 2.7) 

Equations ('2. 7) provide (N+ I.) simultaneous linear di lkrent ial eqr1ations for N 1 i unknown li1m:t1on 
Y'o·V' 1 , ...... ,1/JN and is called the PN approximat inn . 

The desired solution nf the system of equation (2,7) can he written as a linear sum of the 
solution. 

We seck a solution of the form 

!/'111(r) = gmek•, m==O,I,2, ......... N 

where gm are arbitrary constan.ts and k is the exponent arc to be dctermint:d. 

Substituting (2.8) in (2. 7) or (2.6) one gels, 

kj(m+l)gm+l + mgm-1 J +(2m+ I) (fm- l)gm := 0 

f{)r m =0, I ,2, ,N, f~ = I , SN+ 1 == 0 

For isotrpio scattering f111 == oo!n = J I for m=O, 0 other wise 

nnd equation (2. 9) becomes 

kl(m+ I )gm+ 1 + mgm-IJ·t (2m+ I )(c) om- I )gm = 0 ( 2.10) 

Now if the system of homogeneous algebraic equations (2.12) should hav~.: <t nontrivial solution 
lhl.'nlhe (h:terminalfl of the coenieiL·IftS lllUSt vall ish. Incase of isotropic scallering. we have rmrn (2J) 

this requ ircmcnt yields 

() k () () () ........ () () () () 

k -.1 2k () () ..... ... () () () {) 

0 2k -5 Jk 0 ....... .0 () () () 

0 () Jk -7 ·lk ...... .0 () () () 

. . . . . . . . . . . . . . . . . . . . . . . . . . . . ...... . . . . ·- () 

0 () () () 0 ...... (N-2)1-. -12li-J)k (N-I)k () 

(:'i(r 

I 
I 

I , 
! 

( 

( 

/ 
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4f 
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() 
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() ........ () 

() ...•..•. (J 

(N-1 )k -(2N-I) Nk 

0 Nk -(2N+ I) (2.11) 

Solving (2.11) one gds a dif'fCrL'llt set of,·alues ofk, say ki.i"" 0, I .... N. then fi·om each ki a sd 
ofg111(ki)s m-=0. I. 2 ... N is determined from (2.9) and a solution is a linear combination of these, viz, 

The unknown coeflicients Ai associated with (2.12) arc determined from the boundary condition 
oft he problem. Once the function l/•111 (r) is known the distribution of mdiation intensity is determined 
fh>ln (2.1 0). 

3. \Vorks done so f:1r : 

The sphcricallwrmonic method was used hy 'lor solving problems of radiative transfer and 
neutron tmnsporr in case of both plane and spherical gcomctry.nnd subsequently some other authors 
used several modifications of the intensity to sol\'e the radiative transfer problems by double interval 
spherica I harmonic method. 
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A new Modification of spherical harmonic method in 
solving transport problems 

ANJAN RAYCHAUDHURI AND S. I<ARANJAJ 

Department of Mathematics, North Bengal University 
WB. 734 430, India. 

Abstract: 

A new modification of the form of intensity in the double interval spherical harmonic 
method has been introduced. The equation of radiative transfer in isotropically 
scattering atmosphere has been solved with this modified spherical harmonic 
method. 

1. Introduction 

Kourganoff (1952) analyzed the method of single interval spherical harmonics for solving the 
equation of transfer and suggested a possible modification. Wilson and Sen (1963, 1964, 1964a, 
1964b, 1965a, 1965b, 1965c) solved several radiative transfer problems in plane and spherical 
geometry and also a nuetron transport problem using some approximations to the intensity with the 
spherical harmonic method. 

Bishnu (1968) solved the equation of transfer for plane parallel isotropic scattering using a different 
approximate form of the intensity. 

Karanjai and Talukdar (1992) solved the equation of transfer with general phase function using the 
form of intensity given by Bishnu (1964) and deduced the results with phase functions like (i) 
Planetary, (ii) Rayleigh, (iii) Henyey Greenstein from the general solution. 

Wan et el (1977, 1986) used another form of intensity function to get the solution of the equation 
of transfer. 

Karanjai and Biswas (1992, 1993) applied the same method with the form of intensity given by Wan 
et al (1986) to solve transfer equation with Rayleigh phase function and with 

P(ll.!l') = 1 + oo,P, (!l) P, (ll') + oo2P2 (ll)P2 (Ill 

Here in this paper we like to introduce •' new form of the intensity viz, 

10 

1•(-r,!l)=I(O,O) [4>(-r}+'l'(ll)+Lr (21+1)1,(1-l)ll P, (21-l-1)] 0 ~ 11 ~ 1 
1=0 

10 

1-(-r,)J.)=I(O,O) [4>(-r)+'l'(ll)+L(21+1)1,(1l)ll P, (2J.l+1)] -1 ::; ll < o 
1=0 -

where 4>(-r) ' a function of -r only and '1'(1-l) is given by, 
'1'(1-l) = 1 if 0 :5 ll :5 1 
'1'(1-l) = 0 if -1 :5 ll < 0 

2. The Equation of Transfer and boundary conditions 

(1.1) 

(1.2) 

(1.3a) 
(1.3a) 

The equation of transfer for plane parallel isotropically scattering atmosphere is given by 

10 VUJPS 1996 



+t 
.2_1(T,J!) = I(T,J!)- t-f I (T, J!' )dJ!' (2.1) 
iJT -1· 

Where I (T,J!) is the specific intensity of radiation at an optical depth T and in a direction e with the 
outward drawn normal and 1.1 =cos(e). The optical thicness is given by 

"t =f kpdz {2.2) 
z 

where k is the absorption coefficient. 

The Equation of Trasfer {2.1) is to be solved subject to the boundary conditions, 

(a) Absence of incident radiation from outside at the free surface -r = 0 , i.e., 

1(-r, 1.1) = o for -1~ w~ o 
(b)The convergence of intensity as -r tends to a i.e, 

1(-r, J!)e .... -+ 0 as T ~a 

(2.3) 

(2.4) 

We shall seek a solution to equation (2.1) so that 1(-r,J!) can be represented by two different 
expressions 1•(-r,J.l) and 1-("t,J.l) for J.1 in the intervals (0,1) and (-1 ,0) respectively in the form given 
by equations {1.1)- (1.3). 

With these two representations the equation of transfer (2.1) takes the following forms, 

. +1 0 

j.lOI+ (-c,J.l) = 1• (-c,J.l)- T [ f I+(T,J.1)dJ.1 + f 1-(T, J.1)dJ.1] 
(it 0 -1 

(2.5) 

+1 Jo 
1.1a1- <•.1.1> = 1- ("t,J.1)- + [ f J•<•.l.l)dJ.L + 1-('r, J!)dl.l] (2.6) 
a. . 0 -1 

We shall use the recurrance formulae, 

1 
1.1P (2jrl1) = --- [ (1+1) P (2Jrll) + (21+1)P (2Jrll)-+ IP (2Jrll)) (2.7) 

1 2(21+1) 1+1 I 1-1 

We shall take advantage of orthogonal properties of P
1 

(21.1-1) and P1(2J.L+1) in (0,1) and (-1,0) 
respectively. 

Using these we find that 

:t-1 t ;• (-c, J!)dJ! =I ( 0, 0) [ cp (-c)+ 1 + t( 1•0 + I~)] 
and 

{, r (-r, J.L)dJ.L = 1 < o. o > [ ~ <•> + ~H-o + 11->] 

using (2.8a) and (2.8b) in the equation of transfer (2.5) we find that, 

_@I• (T,J!) = 1• (-c,J.1)- +!(0,0) [ 2$(-:) + 1 + ~(J+o- ro + J•o + r0 )] 

a. 
11 

(2.8a) 

(2 8b) 

.(2.9) 
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Similarly using (2.8a) and (2.8b) in the equation of transfer (2.6) we find that 

J.lOI- ("r,J.l} = J- (-r,J.l} - +1(0,0} -r 2~-r) + 1 + tWo- ro + J•
1 

+ r,)] , (2.10) 
Or 

Using (1.1) in (2.9) and then muHiplying by P
1
(2J.L-1), we find after integrating over [0,1], 

J1 1 F-1 +' +' 12P+ 18P-21-4 -' 
~· (-r) ~~ (2J.l-1}dJ.l + [ -- I + 211 + . I 

o 4(21+1) 21 -1 1-2 1-1 (21+3) (21- 1) I 

+' J2+31+2 +' J 1 1 + 
+ 2(1+1) I + I ] = 'V(J.l)P, (21:1- 1)dJ.l + [II 

1+1 21+3 1+2 o 2(21+1) I - 1 

+ (21+1) r +.(1+1) ,. - J.~ -l.~ [1· -.- + 1· + .-] 
I 1+1 2 01 4 .,. 0 0 1 1 (2.11) 

Similarly using (1.2) in (2.1 0) and then muHiplying (2.1 0) by P, (2J.l+1) and integrating over [-1,0] 
we find that, 

Jo 1 F -' 1 -' -' 1211 -r 18!2 - 21 - 4 -' 
~· (-r) _J,lP, (2J.l+ 1)dJ.l+---[-- I -211 I 

-1 4(21+1) 21-1 1-2 1-1 (21+3)(21-1) I 

-· J2+31+2 • I o 1 
- 2(1+1) I + I l = 'V(J.l)P, (2J.L+ 1)dJ.l +---]II 

1+1 21+3 1+2 -1 2(21+1) 1-1 

(21+1) r + (1+1) 1- ]- J.~ -l.~ [1· -.- + ( + .-] 
I 1+1 2 01 4 0< 0 0 1 1 (2.12) 

where 1'
1 
·are derivatives of 1

1 
with respect to the optical thickness -r. 

Separating the equations for 1=0 and 1=1 from rest of the equations in (2.11) we have 

1=0: 

, , [ " •• 

0 

' 2 •• ] 1 1 + + 1 • - + -
-"'' ("t) + - -1 + 21 + -1 =- +- (I +I ) - -(1 -I +I +I ) 2'1' 4 3 0 , 3 2 2 2 0 1 4 0 0 0 , (2.13) 

1=1: 
•. 24 •. •. 6 •• + + •• 

(21 + -1 + 41 + -1 ' - 2[ I + 31 + 21 J = -2"''(-r) 0 5 f 2 5 Jl 0 1 2 'I' (2.14) 

l:;~tO, 1: 

~· (-r) rJLP, (2J.L- 1)dJ.L. 
1 [ F-1 +' +' 12Jl + 18!2 - 21 - 4 +' 

--I + 211 I 
0 4(21+1) 21,-1 1-2 1-1 (21+3) (21- 1) I 

+' J2+31+2 •. I 1 1 
]11 

+ 
+ 2(1+1) I + I ] ~ 'V(J.L)P, (2J.L-1)dJ.L + 

1+1 21+3 1+2 0 2(21+1) 1-1 

(21+1) ,., + (1+1) ,.1+1 ] (2.15) 

12 VUJPS 1996 



Similarly separating the equations for 1=0 and 1=1 from rest of the Equations in (2.12) we have, 

1=0: 

- ~.!.' (~) + ~ [ :(- 2( + ~(] =- ~ -~ (- f +f)-~(( -I-+( +f) 
2'1' 4 3 0 I 3 2 2 2 0 1 4 0 0 1 I 

1=1: 

-· 24-" _. 6-" - - -· 
(-21 + -1 - 41 . + -1 \ - 2[ I - 31 + 21 ] = -2.!.'(t) 

0 5 1 ·2 .5 y 0 1 2 'I' 

l:;eO, 1: 

J
o 1 J2 - 1 -' -' 12P + 18F - 21 - 4 

q,• (t) llP, (2).1 + 1)d)l + --- [ -- I + 211 + 
-1 4(21+1) 21 - 1 1-2 1-1 (21+3) (21- 1) 

-' F+31+2 ' J o 1 
- 2(1+1) I . + --- 1-] = 'V()l)P, (2).1+1)d)l + --- [11 = 

1+1 21+3 1+2 -1 2(21+1) 1-1 

(21+1) ,-, + (1+1) 1-1+1] 

-· 
I 
I 

(2.16) 

(2.17) 

(2.18) 

Using the condition given ir. (1.3} we find that equations (2.15) and 2.18) reduce for 1 :;eO, 1: 

J
1 1 [ J2 -1 +' +' 12P + 18F- 21-4 

q,• (t) ).1P
1 

(2).1 ~ 1 )d)l + -- I + 211 + 
0 . 4{21+1) 21- 1 1-2 1-1 (21+3) (21- 1) 

+' J2+31+2 +' J 1 1 + 
+ 2(1+1) I + --- I ] = 'V(Il)P1 (2).1-1)dll + --- [II 

1+1 . 21+3 1+2 0 2(21+1) 1-1 

+ (21+1) 1·, + (1+1) 1·,.
1

] 

and 

+' 
I 
I 

1 J2 - 1 -' -' 12P + 18J2 - 21 - 4 -' 
lj>' (t) t llP, (2).1 + 1)d)l + --· -- [ -- I - 211 + I 

-1. 4(21+1) 21-1 1-2 1-1 (21+3) (21-1) I 

F+31+2 ' 1 
-2(1+1) I + ------ 1l = --- [II -(21+1)1- +(1+1)1-] 

1+1 21+3 1+2 2(21+1) I- 1 I I 

We take the form of lj>(t) as 

(2.19) 

(2.20) 

lj>(t) = Ae~· + Be' where tis small and A and 8 are constants. Equations (2.13), (2.14), (2.16), 
(2.17) are to be solved subject to the boundary conditions (2.3) and (2.4). 

It is assumed that when we are working in the 1m approximation, 

(2.21) 
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3. First Approximation 

We try a solution of the f~nrn 

r (<) = g e -l<t + g e-" +g e' 
I I.a. . 1,(\ l.r 

For first approximation solution we have 1
0 
= 1 

Hence (1.1) and (1.2) give us 

(3.1 a) 

(3.1 b) 

1• (q1) =I (0,0) [~(<) + 'V(J..L) + r0(<)J..L + 31.1(<)J.1P 1(2J..L-1)] 0 s J..L ~ 1 (3.2a) 

r (<,J..L) =I (0,0) [~(<) + 'V(J..L) + r0(<)J..L + 3r,(r)J..LP,(2J..L+1)]- 1 s J..L ~ 0 (3.2b) 

Taking 1··
2 
= 0 we get from (2.13) 

< 3- (o + 2r·,>- (r0+ 1-0 + r1 - r,) = 2 [ 1 - .p· <•>I 
Similarly from (2.16) we get 

r ~ r" - 2r" > - cr + r + ,. - r > = 2 ["'' <•> -11 • 3 0 1 0 0 t 1 'I' 

Likewise (2.14) and (2.17) give us 

(2(0 + z;-r"1)- 2 (1.0 + 31.1) =- 2~' (<) 

(-2r"
0 

+ z;-r",)- 2 (r0 + 3r,) =- 2$' (<) 

(3.3) 

(3.4) 

(3.5) 

(3.6) 

Substituting (3.1 a) and (3.1 b) in (3.3), (3.4), (3.5) and (3.6) and then equating the coefficients 
of e-~<• on each side we obtain the following equations, 

(1 + ilL )g + (1 + 2K)g +h - h = 0 3 O.o. 1.a O,a · 1,a. 

(2 + 2K)g + 6(1 + ilL)g = 0 
O,a. 5 1.u 

g +g +(1 - 4lL) h - (1 - 2K)h = 0 
O,a 1,o 3 O,a 1,a 

-(2- 2K)h0_,. + 6(1- ~)h 1_a = 0 

The determinant corresponding to (3. 7) will be 

1 +ilL 
3 

1+2K 1 

01 (K) = 2+2K 6(1 + ~) 0 

1 1 1- ilL 
3 

0 0 2-2K 

where 0 1 (K) = 0 gives us 
(16K2/225) (81 K2 - 270) = 0 

.. K=O •. 0, ±1. 8257 

14 

(3.7) 

-1 

0 

-1+2K 

6(1-~) 
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Retaining the positive root we have K=1. 8257. 
We have a set of boundary conditions, 

1•
0 

(0) =I·~ (0) =.OJ r0 (rJ::: r, ('rc) = 1 (3.8) 

Using the first equation in (3.7) on ~('r) = Ae""' +Bet' we obtain A= 5.5166547, 8=4.5166547 

Again equating the coefficients of e• and e""" on each side we obtain, 

-i go.p +3g,_p +ho,p - h,,p 

.z.g +3g +h - h 
3 O,y f,y O,y · f,y 

2go.p + ~ g,_p 

i-9,,, 
9o,p + 91•11 - -! h0_11 + h,_11 

=-2A 

=-28 

=-A 

=B 

=-2A 

g + g + L h - h = 28 O,y 1,y 3 O,J 1,y 

~hl,jl =28 

- 2h0 + ~ h1 = -B ,y ,y 

On solving the set of equations in (3.9) we obtain 

g
0 

= 21.1952 
.P 

9, = -8.8717 .P 

9
0

_
7 

= 18.6307 

g,_y = -7.5276 

ho_p =- 46.6974 

h,_j! = 13.7915 

h
0

_
7 

= 48.0470 

h =- 5.6467 1,y 

(3.9a) 

(3.9b) 

(3.9c) 

(3.9d) 

(3.9e) 

(3.9f) 

(3.9g) 

(3.9h) 

Now solving the set of equations in (3.7) and using the values of g'·"' 'sand h'·"' 's obtained from 
(3.9) and using the boundary conditions (3.8) we find that, 

9o.a. =- 39.9259 ho.a. = -13.0211 
9,,a. = 16.3993 h,_a. =- 7.4875 

Finally from (3.1 a) and (3.1 b) we have 

,.0 = 6.508, J•, = -2.6912, ,_0 = 1.94549610-3, J-, = -2.05041()-5 

4.Second Approxiamtion 

In this case we will take 1
0 

= 2 and as before we will consider (2.11) and (2.12). We shall take 
cj>('r)=-Ae-t + Bet;r is small. For 1

0
=2, the equations (1.1) and (1.2) respectively become 

1• (r,J.L) = I (0,0) ( cj>('r) + 'V (J.L) + (
0 

('r)IJ. + 31'1 (r)J.L P, (2J.L- 1) 

+ 51•2 ('r)j.lP2 
(2J.L-1)] 0 ~ ll~ 1 

(4.1a) 

1- ('r,J.L) = I (0,0) [ cj>(<) + 'V (J.L) + 1-0 (<)J.L + 31-, (<)J.L P, (21-l + 1) 

+ 51-2 (<)1J.P
2 

(2J.L+1)] -0 ~ ll ~ 0 

(4.1b) 
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Therefore when 1=0 we have from (2.11) 

1=0: 

( !.r·· + 2r + !..r·· > - [r• + r + r - r 1 = 2 - 2~· (J.L) 30 132 0 011 

and from (2.12) 

1=0: 

( !.. ,_. - 21-· + !.. r-·' + [t• + 1- + ,. - r- 1 :=- 2 - 2~· ('r) 3 0 1 3 2' 0 0 1 1 
For 1=1 Equation (2.11) gives 

1=1: 

(21•'0· + ; 1"1 + 41 •. 2) -2[!+
0 

+ 31·, + 21·2] =- 2~· (t) 

and from (2.14) 

1=1: 

(-21-'0 + ; ,_.1 + 41-·2) -2[1-0 + 31-1 + 21-2) =- 2~' (t) 

Finally for 1 =2 from (2.11) and (2.12) 

I =2: 

( .!...1·· + 2r + ~I""' ' - [21·· + sr 1 =- ~· ('r) 3 0 1 21 2' 1 2 

and from (2.12) 

1=2: 

( .!...r-· - 21-· + ~~-· ' - [21-· - sr- = - ~· ('r) 30 1212' 1 2 

We will take a trial solution of the form 

t• (•) = g e-~« + g e-<+ g e' 
1 t,a 1.P 1y 

1- (-r) = h e-«'+ h e .... + h e' 
1 1,a 1.p 1y 

(4.2) 

(4.3) 

(4.4) 

(4.5) 

(4.6) 

(4.7) 

(4.8a) 

(4.8b) 

If we insert (4.8a) and (4.8b) in (4.2) to (4.7) and then compare the coefficiens of e-~«on each side 
we get. 

~9 + (2K + 1) 9 +~g + h - h . 
3 O,a 1.a. 3 2,a. O..a. 1,CJ 

=0 (4.9a) 

(2 + 21<) 9 + 6 ( 1+~ )9 + (4 + 4K) 9 
O,a 5· 1,a 2,a. 

=0 (4.9b) 

~ g + (2K + 2) g + sd + 1~ > g 3 O,a 1,a 21 2.a 
=0 (4.9c) 

g + g + ( 1 - ~ )h + (2K - 1,) h - ~ h 
O,a O,a 3 O,a 1,a 3 2,a 

=0 (4.9d) 

(2K-2)h +6(1-~)h +(4K-4)h 
O,a 5 1.a 2,a 

=0 (4.9e) 

~ h + (2K - 2) h + 5(1 - 1~ ) g 
3 O,a. 1,a. 5 2.a =0 (4.9f) 
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Similarly inserting (4.8a) and (4.8b) in (4.2) to (4.7) and then equating the coefficients of e-~ and 
e" on each side we get respectively, 

~ gO.P + 3g 1.p + ~ 92.P + hO.P _: h,.P 

49o.p + ; 91.P + Sg2.P 

+g _!_h +h -~h 9o.p 1.p 3 0.11 1.P · 3 2.11 

!..h 
5 1.P 

!...h + ~ h 
3 0.11 21 2.P 

and 

!....g + g +~9 +h - h 
3 O.y 1,y 3 2.y O.y 1.y 

g +g +:..h -3h +~h 
O.y 1.y 3 O.u 1.J 3 2.y 

-4h - ~- h -Bh 
O.y 45 2.y 2.y 

!...h -4h + ~~ h 
3 O.y 1.y 21 2y 

The determinant corresponding to (4.9) is 

•• 
3 

2+2K 

D (K) = • -
2 

1 

0 

0 

when D (K) = 0, we have · 
2 

2K + 1 2k 

3 

6(1 +~) 4+4K 
5 

2+ 2K 5(1+ 1~) 
3 

1 0 

0 0 

0 0 

=-2A 

=-2A 

=-SA 

=2A 

=2A 

=-SA 

=-28 

=-28 

=-58 

=-28 

=-28 

=58 

8K2 [.9404K4
- 14.1061 K2 + 24] = 0 so that 

K = 0, 0, ± 3.6116, ± 1.3988 

(4.10a) 

(4.10b) 

(4.10c) 

(4.10d) 

(4.10e) 

(4.10f) 

(4.11a) 

(4.10b) 

(4.11c) 

(4.11d) 

(4.11e) 

(4.11 f) 

1 -1 0 

0 0 0 

0 0 0 

1-~ 2K-1 2k 

J 3 

2K-2 6(1-~) 4K-4 
5 

• 2K-2 5(1-1~) 
3 5 
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Let us take K = 3.6116, K = 1.3988 
1 2 

The boundary conditions may be restated as 

r (r) ""o 
1 

Using the (4.19a) and (4.19b) we can write (See Wilson and Sen 1963) 

n 

L h1'1 + h = 0 (for all I) 
I =1 '·" 'P 

Solving (4.9), (4.10), (4.11), (4.12) and using (4.14) we obtain 

g111 = -180.8898 h''' = -9.3888 
O.a. o ... 

g111 = 101.9557 h(l) = -12.2123 1.a I.a. 

g111 = 38.5290 h''' = 13.6550 2.a. 2.a 

g121 = -11.5438· h(2) = -2.9256 
O.a O.a 

g121 . =- 6.1007 h(2) = 3.0180 1,a 1,a 

g121 = 13.8553 h(2) = 6.0737 2,a · 2.a 

go,p = -18.944322 h = -12.2901 09 1.p 

9,_p = 11.727565 h = 9.1943 
1,p 

92.P =- 7.7392102 h = -19.728719 
2.P 

g = -36.22498 h = -155.71057 O,y O,y 

g = -7.5277 h = -8.869875 1,y l,y 

g = -29.112963 h =- 33.825808 2,y 2,y 
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