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Preface

This thesis is an attempt to study the spherical harmonic method (SHM) in solving some
radiative transfer problems in different atmospheres (semi-infinite, finite and spherical). The emphasis
1s mainly on plane parallel scattering atmosphere with one problem on spherical geometry. The
problems have been solved by using various phase functions and in each case the expression for
source function is obtained. The phase functions used are 1) Isotropic, ii) Rayleigh, iii) Planetary, iv)
Henyey-Greenstein and v) General phase function. '

In case of semi-infinite atmosphere the emergent intensities are calculated and numerical
results are given. Also, in connection with the semi-infinite atmosphere a study has been done on
Chandrasekhar’s H-function. Various approximate forms of H - function are considered. Using these

forms, numerical results are obtained for H-function and presented in tabular form.

The thesis contains five chapters. Computed results are presented in four of these five

chapters.

Anjan Raychaudhuri
Department of Mathematics

North Bengal University

November, 1997



Abstract

A new modification of the spherical harmonic method has been used to solve radiative
transfer equation in both planar and spherical geometry. The radiative transfer equation is an integro-
differential equation and general solution to this equation is difficult to develop because of the
complex mathematical form of the governing equation. Several different methods have been developed
over the years, some of which have been exact but many of them have been approximate. Among the
approximate methods, the spherical harmonic method is perhaps the most tedious but elegant method.
A modified form of the spherical harmonic method is used to solve various problems in radiative

transfer.

In the modified form, the intensity forms are taken in the following manner

1=L
I'(tp) = 1(0,0)[¢(T) g + 12_2(21 + DI/ (@pP2p - 1)], 0<pu<l,

I=L _

I"(tp) = 1(0,0)[4)(0 ) + Y @1+ DI (QuP@u + 1)} , -1<us<o,
=0

where 1(0,0) is some constant, ¢ () is a function of T only.

In chapter 2, problems in semi-infinite plane parallel atmosphere a;e considered and solved
by means of this modiﬁed spherical harmonic method; The function ¢(t) has the form At, where A
being some constant. Throughout this chapter, we have used this particular form and calculated
results for emergent intensity. Phase functions like 1) isotropic,- ii) Rayleigh and iii) general phase
function have been used and the results in the first two cases are in very good agreement with those

of Chandrasekhar.
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In chapter 3, the form of ¢(t) has been taken 4e™ + Be " “as, where A, B are constants and
T 1s the optical depth. The transfer equation is solved considering finite atmosphere. Five phase
functions, viz. Isotropic, Rayleigh, planetary, Henyey - Greenstein and general phase functions have

been considered and in first four cases the expressions for source function are obtained.

The problem of spherical atmosphere with isotropic scattering has covered in chapter 4. The
form of ¢(r), [ r being the radius of curvature ] is modified to suit boundary conditions and this is
taken as

¢(r)=a+E+_Y_+_% ir 4 B Qi
r |

+ = + — + —
r? r roortoor?

Finally in chapter 5, different approximate forms of H-functions have been used to calculate
values of H-function for various values of albedo. H-functions are calculated ( since these have been
used in chapter 2 ) to find the emergent intensity in semi-infinite atmosphere. The results obtained
for various approximate forms of H-function are compared with those of Chandrasekhar and these

are found to be in good agreement.



Contents

Chapter 1

Introduction. 4
1.0 The equation of radiative transfér.
1.1 The spherical harmonic mefhod.
1.2 A particular problem.
1.3 Necessity of modification.
1.4 Modifications of spherical harmonic method ‘
1.5 Application of spherical harmonic method to Radiative Transfer Problems.
1.6 Application of spherical harmonic method to Heat Transfer Problems.
1.7 Application of spherical harmonic method to Neutron Transfer and
Other Problems.

Chapter 2

Radiative transfer problem in semi-infinite atmospheres.
2.1 Solution of a radiative transfer problem in semi-infinite atmosphere with
isotropic scattering using a modified form of spherical harmonic method.

2.2 Solution of a radiative transfer problem in semi-infinite atmosphere with

Rayleigh phase function using a modified form of spherical harmonic method.

2.3 Solution of a radiative transfer problem in semi-infinite atmosphere with

General phase function using a modified form of spherical harmonic method.

16
20
23
40

52

65

79



Chapter 3.

Radiative transfer problem in firite ;itmospﬁékég.
3.1 Solution of a radiative transfer problem in finite atmosphere with
isotropic scattering using a modified form of spherical harmonic method.
3.2 Solution of a radiative transfer problem in ﬁnite atmosphere with
Rayleigh phase function using a modified form of spherical harmonic method.

3.3 Solution of a radiative transfer problem in finite atmosphere with

Planetary phase function using a modified form of spherical harmonic method.

3.4 Solution of a radiative transfer problem in finite atmosphere with
Henyey-Greenstein phase function using a modified form of
spherical harmonic method.

3.5 Solution of a radiative transfer problem in finite atmosphere with

General phase function using a modified form of spherical harmonic method.

Chapter 4.

Radiative transfer problem in spherical atmospheres
4. Solution of a radiative transfer problem in a spherical atmosphere with

Isotropic scattering using a modified form of spherical harmonic method.

Chapter 5.

H - function

5. Study of some approximate forms of H -function.

Bibliography.

112

127

142

153

165

177

192

224



CHAPTER -1

INTRODUCTION



1.0 The equation of radiative transfer.
The basic equation of radiative transfer which governs the radiation fieid in a medium which

absorbs, emits and scatters radiation is given by

i} k_lp_j_i _I- g (1.1)
where ] is the specific intensity, % is the absorption coefficient of the medium, p , the density of the
medium, s, the thickness of the element of the mass considered and S is called the source function
which is the ratio of emission coefficient to absorption coefficient. The equation (1.1) is an integro -
differential equation. '

For problems in semi-infinite plane parallel medium with a constant net flux, the equation of

transfer (1.1) becomes

uf’%“—) - I - 1 _flp(u,u')l(r,u')du' (12)

where

= c0s(0), O being the angle made by the pencil of incident radiation with the

outward drawn normal from an element of area do

T = f kpdz = Optical depth

2n
and p(up) = 51— f pu,d;p',¢")dd’, ¢ being the azimuthal angle.
T
0

Here, p(up) is the phase function which governs the directional distribution of intensity. For Milne
problem the equation of transfer is ( Chandrasekhar (1960))



N ' 1
D - ey - %f e)ds (13)
In equation (1:3) the intensity /(t,p) is an unknown function of t and p. Approxiinate
solutions of this equation can be obtéined by means of Milne - Eddington approximation and by
means of expansion of intensity 7(t,p) ina series of Legendre polynomials. On analyzing, these
methods yield some difficulties which are due to the fact that there is trouble when the discontinuous
function I(t,p) is represented By a sum of simple functions. According to Kourganoff (1963) we are
led to
Either (I) give up an analytic representation and restrict ourselves to a set of
discrete ordinates;
Or (II) eliminate these discontinuous functions by transforming the integro-
differential equation into an ordinary integral equation.
Or (III) introduce Fourier integrals ( or Laplace transforms) which are well

suited for use with discontinuous functions.

1.1 The Spherical Harmonic Method. (SHM)

The essential idea of the method which is due to Eddington is that we expand J(t,u) in series
of Legendre polynomials P,(n) and seek a sélution of the equation of transfer. The Legendre
polynomials P (u) form a complete set of ofthogonal functions in the interval (-1,1) which is just
that through which p varies. Accordingly we write,

I(t,p) = 44(2) Py(p) + 4,(2) Py (p) + ....... + Aym(t)Pm(p) (1.1.1)

where the series is broker up after finite number of terms and the solution of the equation of the
transfer is reduced to the determination of the functions A (7). In grey case the mean intensity and
the source functions are defined respectively,

1

I(x) = %fl(t,u)du

-1



1
S(e) = 2 [I(spudu = F
-1

'ed

‘where F is-the net integrated flux. In terms of P (i) , the above representation can be written as,

1 . . .
1) = 2 [1Gc0P ()
§(0) = 2 [ Iep)uP, (Wi = F
-1

Next, We use the orthogonality property of P (u) which is given by

P,,,(P)P,,(P)dil =3_ 2 -, /fm =n

jl : 0, ifm#n
S 2n+1

Therefore,

S |
I(x) = % f (T, W)Po{p)dp

= [ariadn + Y, [4,0P RGN = 440)
° .17 .

and
. 1
(1) = Zfl(t,u)uf'l(u)du =
51

i=2

» 1
= fAO(T)Pq(u)P,(u)du : fA,(v)P?(u)dp +
: -1

-1

1
Y [4.pp,0du -

(1.1.2a)

(1.1.2¢)



_ 2A;(r)
S 3

We know that in Grey case the conservation of flux integral gives

B = 1, where B is Plank’s function.

The equation of transfer for integrated radiation now takes the form

dli(r, ,
pITEB) L gy - ()
dt
We use recurrence formula for Legendre polynomials
G+ 1P, (8) - (2] + DRP(p) + jP,_ (p) = 0
in equation (1.1.5) we obtain
m m
Yaiorw = Ya@rw
I=0. I=1
If we compare the coefficients of Pj(p) in (1.1.7) we find that

A () = 0

A (T) + -25—:”2'(1) = 4/(7)

4, (T) + gP;(r) = 4, (7)

So in general we have forj=23, ...

j 44, () AL d4;, (t)

=A4(T
2j-1 dv 2j+3 dt (%)

(1.1.4)

(1.1.5)

(1.1.6)

(1.1.7)

(1.1.83)

(1.1.8b)

(1.1.8¢)

(1.1.8d)



For the simple case of j =2 we obtain

(V]

4,(7) = 2F = C, : (1.1.9a)

A, (1) = %Fr - —52—Az(t) + C, | (1.1.9b)

where C,, C, are constants of integration. Extending for j = 2n in equation (1.1.7) we find that

DA, =0
. - A, +2DA, =0
7
SA, 24, -g—DA4 =0 | (1.1.10)
J _p4 -4+ _Dp4a_ =0

and
2n
DA -A, =0
45 -1 2n-1 2n
From the first and last, together with those givenby j =4,6,..., 20-2 ‘D4, ,DA;......,D4,, , can

be eliminated and another first integral is obtained. Therefore, we get a linear relation between
AyLA, ... A,,, with constants coefficients. The resolvent equation for any function 4, (m=
2,3,....2n) 1s of order 2n-2. So we get an equation of the form

FD)A_ =0 (1.1.11)

w



where »
-1 3D 0 0 0
7
3 4
i - —-D .. ag- 0
0 iD -1 0 0
7
o 0 0 . -1 2n
4n -1
O 0 0 L
4n-1 -

It contains only derivatives of even order and its characteristic equation F(’4) = 0 has all its roots real
and of modulus greater than unity. Let the roots of /(D) = 0 be to, j =2,3,.....n. where each

;> 1 , then the solution will be given by,

n

4, = Ec,e”" (1.1.12)

1=+£2

where Cij (j=2.3,...n) are 2n-2 constants of integration with C,, C, are obtained from (1.1.9). The
functions 4,(t),4;(7)......,4,,_,(t) will depend lincarly on the same exponential and same
constants of integration. We have to determine the constants C,;, by means of the boundary

conditions which are given below.
(ii) Net flux is constant, i.e., J(t) = F = constant | (1.1.13a)
(i) The convergence of intensity as © - «, i.e,
I(t,0)e " -0 as © - « (1.1.13b)

(iif) Absence of incident radiation from outside on the free surface , i.e.,



I(0, u) =0 foru<o (1.1.13¢)
Now from (1.1.13a), the constancy of net flux gives C, = %F and from (1.1.13b) we have

C. =0, forj'.=2,3_, ..... n.

The remaining constants are to be determined from (1.1.13¢) which implies that

1(0,n) = 0 ie.
2n
1.(0,pu) = EAJ.(O)Pj(p) (1.1.14)
ji=0

Equation (1.1.14) must be satisfied for all values of p lying between- 1 and 0. Thus, we have
a system of infinite number of linear homogeneous equations, and from this system of equation we
have to determine a finite number (n) of unknowns C;,C,, ..., C,_ . Inequation (1.1.14) A;(0)
are (2n+1) functions and each of these functions except A4, , is expressed as a linear combination

of the above n constants. The sarne is true for A,(0). For, if we set T =0 we have

A,(0) = %F

A4,(0) = - %AZ(O) + C,

20
4(0) = = -400) + G

etc.

Therefore we conclude that the system (1.1.14) is incompatible. We have no alternative but
to choose arbitrarily n equations corresponding to n arbitrary values of y ( between - and 0 ) to
determine the n constants of integration C,,C,, ....,C,. ‘

The equation (1.1.14) is satisfied for all values of p in (0,1). This means that we are trying
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to determine n constants frorrr an infinite set of linear equations. Hence, certain arbitrariness in the
determination of the constants cannot be avoided. Use of various equivalent boundary conditions 1s
an attempt to by pass it. For example Mark [1947] met it by choosing some strategic values.of p
for which the condition (1.1. 14) holds good.

Kourganoff [1963] tried to reduce this arbitrariness by usmg the least square method but even
then this arbitrariness cannot be removed completely. He imposed a minimum condition on I(04)
and suggested that V -

= f[I(O,p)]zdp = Minimum (1.1.15)
0

This is equivalent to  I(O,u) = 0 for - 1<pu<0.From (1.1.14) and (1.1.15) we have

f[ EA (0)P, (u)] dy = Minimum (1.1.16)
M

Differentiating o partially w.rt. A4 ,(0) and using the orthogonal property of P () we deduce that

2n 1
A(0) = EA.(O) fP.(p)P.(p)dp, i=01,2,.2n (1.1.17)
2i+1 0 L

Equation (1.1.17) states that there are now (2n+1) relations involving~ n unknowns, Therefore
we still have the arbitrariness and incompatibility. Thus the arbitrariness in the determination of
constants is minimized but not removed. Kourganoﬁ’ [1963] traced this source of the defect to the
fact that the function I (t,u) which is discontinuous at the free surface at ¢ = 0 was represented
by a finite number of continuous terms. He suggested that the situation would improve if dohhle
interval representation of specific intensity is trred. His suggestion, was in fact, made by Yvon [

footnote Kourganoff, p 301] and elaborately demonstrated by Mertens [1954]



1.2. A particular problem

We consider the equation of radiative transfer for a plane parallel, grey medium with

azimuthal symmetry,

1
M 6](1:,11) - [(.L-’“) - 2 fp(u’u')l(f,p')dul
at 24

where the phase function is assumed to be represented in the following form

pan) = Y 2n+ DEP,WPG), = 1
n=0

We further assume that the intensity is represented in the following form,

I = )2 Le, (1,
m=0

(1.2.1)

(1.2.2)

(1.2.3)

Our problem is to determine I (t) which are functions of single variable t. Using (1.2.2) and

(1.2.3) in (1.2.1) we obtain

IR dl_(x) |
EZ:O(ZmH)Pm(u)u o —1,,,(1:)}

oo oo

2. Y Yen w2l f PP (W)W

m=0n=0

(1.2.4)

If we apply the orthogonal property of the Legendre polynomial (Eq.1.2c) and the recurrence
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formula (i. 1.6) in the last equation we obtain

m
T dt

- - dI dl
E[um(u) N T (R Saal A\ )}—'

m=0

£

- E(Zm +_1)P,,,(p)1,,,(£)[1' raf,]=0 (12.5)

m=0

~ On further reduction of (1.2.5) we find that

E[(m + I)M + mM - 2m+ 1 (7)1 +mfm)}Pm =0 - (1.2.6)
dt dt _

m=Q

If (1.2.6) is valid for all i, then the coefficients of P, (u) must vanish identically, i.e.

dl, () _dl, ()

dt & @m+ DI (D1 +wf,) =0 (1.2.7)

(m +1)

For isotropic scattering we have,

fo=1.f,=0 forallm>1
Equations (1.2.7) are an infinite set of coupled ordinary differential equations for the function /(7).
In practice, however, only a finite number of equations m = N is considered and the term /,, ' (1)

is neglected. Putting m=0,1,...., N we obtain the following system of equations

I'=1,(01+w), f, =1 (1.2:81)
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L' + 1) -3L,(1+wf,) =0 (1.2.8ii)

31 + 21 - 5L,(1+wf,) =0 (1.2.8iii)

NIy + (N-DI, ) - @N-DI, (3 +ofy ) =0 (1.2.8L,N)
NI, ' - @N+DI,(1+0fy) =0 (1.2.8,N+1)

The system (1.2.8) provides N + 1 simultaneous linear, ordinary differential equations for the

(N + 1) unknown functions [;,1,,......, I, and is called the P, approximation. The desired

solution of the system of equations (1.2.8) can be wﬁﬁen as a linear sum of the solution of the
homogeneous part of these equations and a particular solution.

Let us assume a trial solution of the form
I (tv)y=ge", m=0,1,2,.. N (1.2.9)

where g are arbitrary constants and k is the exponent which is to be determined. Using (1.2.9) in

the equations (1.2.8) we obtain,

k[(m +1g,. ., + mkgm_l]e"“ - (2m+ 1)gm(1 +‘mfm)e"t =0
or simply we have,

m + Vg,., + mkg, | - Qm+ V(1 +af,)g, =0 (1.2.10)
where f, = 1, g,,,, = 0.

We consider isotropic scattering.. For this, we set
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1,if m =0
I = Boum = { 0, otherwise (1.2.11)
Him+1)g,., + mkg, ] - Qm+1)(1 +wd,)g, =0 (1.2.12)

. where m=0,12,....... N

Equation (1.2.12) is a system of homogeneous -algebraic equations. This system will have a

non trivial solution if the determinant of the coefficient matrix vanishes, i.e. the determinant D(k),

givenbelow
-(1+w) £ 0 0 0 0 0 0 0
-3 2 0 0 0 -0 0 0
2k -5 3k O 0 0 0 0
0 3k -7 4k .. 0 0 0 0
0 0 .. k(n-2) -(2N-3) k(N-1) 0
0 0 0 k(N-1) -(2N-1) kN
0 0 0 KN  -(2N+1)
1S zero or :
D(k)=0 " (1.2.13)

For each value of w we will get permissible values of £,. Then for each value of £, a set of
g, (k), m=0,12,.. N is determined from (1.2.12) and thus the solution to the homogeneous part
is obtained as

N .
Ly = Y Lg, (k)e ™ ,m=0,1,2. N (1.2.14)
i=0

whereL, are (N+1) constants. They are determined from the boundary condition of the given
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problem. Once the functions /_(t) are known, the distribution of emergent intensity is calculated
from (1.2.3). Davison (1957) discusses an alternative representation of the homogeneous solution of

the equation (1.2.14) in terms of the auxiliary functions H_(7) in the form

N ‘ :
[ (ty=Y.LH(k)e" m=012_N (1.2.15)
: i=0

where L, are expansion coefficients, and the auxiliary function H_(k,) is defined by

) e

Here P, ,Q, are the Legendre polynomials and the Legendre functions of the second kind

H (k)= (—1)"{13"(

X |
g
|
=€
-
5
o N
x|
. N’
|
!
=3
TN

respectively.
1.2.1 P, approximation.
As a special case, we consider the take isotropic scattering. Here N = 1 and
fu = 8, - We obtain from (1.2.8)
I - (1+w)l, =0 (1.2.1.1)

I - 31, =0 (1.2.1.2)

We wish to determine /,(t) and /,(t). But we have assumed

I@y) = E 2’;’ ; Lp I (@ (12.1.2a)

m=0
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Next using the orthogonal property of Legendre polynomials we obtain

! (1:.).

1
[P i wdn = 2= (12.13)
’ 27
This gives
1 .
I[(v) = 2m f P_(w)I(zm)dy | (12.1.4)
-1

Also, in case of first approximation m = 1, so that we have following two relations

1 .
(%) = 2m f Itw)dy = G(z) = Incident radiation (1.2.1.52)
-1
1
I(v) = 2 f wl(t.p)dy = F(z) = Net flux (1.2.1.5b)
2

By replacing ,(t) and /7 (t) by G(t) and F(t) respectively we obtain,
F@) -(1+w)G(1) =0 (1.2.1.6a)
G'(t) ~3F(1) =0 _ (1.2.1.6b)
Equation (1.2.5) can be combined to yield a single differential for G(t) or F(t). Therefore,
we have -

G'(t) - 3(1 +®)G(x) = 0 ' (12.1.7)

where the prime denotes differentiation w.r.t t. Once G(t) is determined from the solution of the
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equation (1.2.1.7) subject to a set of appropriate boundary conditions, the radiation intensity /(tT,u)

is determined from the equation (1.2.1.2a) as

1
I(t,p) = E

or

) = -G + 3uFE)]

1.2.2 P, - approximation.

Here N = 2 Proceeding similarly we obtain the corresponding equations as

I/ ;IO(] +w) =0
L'+ 1) -3L[(1+wf,)) =0
21 - 5L(1+wf) =0
For 1sotropic scattering the above three equations reduce to

I - I(1+) =0

21 - 51, =0

[P E,(@) + 3P, (0, ()]

(12.1.8)

(1.2.2.1a)
(1.2.2.1b)

(1.2.2.1c)

(1.2.2.2a)
(1.2.2.2b)

(1.2.2.2¢)

Like in the P, approximation these three equations can be treated in the same manner.

126687 mmmmym
Ao

10 AUG 1999
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1.3 The necessity of modification.

From our discussion we have seen that in spherical harmonic method the specific intensity is
expanded into a series of Legendre polynomials P,(;r) which form a complete set of orthogonal
polynomials within (-1,1). In general, for all practical purposes the eedes is truncated after N terms,
where N is the required accuracy. However, the spherical harmomic method suffers from one serious
defect; the difficulty of analytical representation of boundary conditions at the free surface, where the
specific intensity is discontinuous. In plane parallel problems and in simple case cases of spherical
models, the situation is met by using different types of equivalent beundaty conditions but this method
was still successful in yielding fairly accurate results. Kourganoff (1963) drew attentron to some of
the serious limitations of the smgle mterval spherical harmonic method.

The origin of smgle interval spherical method is due to Eddington (1926), Gratton (1937).
Hewever, it was Chandrasekhar (1943,1945) who developed a systematic rrrethod and suggested a .
general procedure for solving integro-differential equation of transfer by this method to any order of
approximations. This method was extensively used to solve various radiative transfer problems in
plane parallel medium in stellar atmosphere and in neutron transport.

For more clarification, let us now restate the problem, The radiative transfer equatlon n

simple model of semi-infinite, plane parallel, scattering medium is given by

1

- I(o) - 2fpw#)ﬂfukw (3.0

-1

u 2L al(t,y) _
drt

where the symbols have their meanings descnbed in Sec. (1.1). Further we have assumed that the

specific intensity is represented as

Kuﬂ=§4®ﬂ@f‘ | (13.2)

Here the source function is given by
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1

1 ’ ! [
8(v) = Efp(u,u M (t,p')dp (1.3.3)
- 1 ’
The boundary conditions under which the transfer equation to be solved is
(a) Absence of incident radiation from outside at the free surface defined by T =0,
i.e. 1(0,- p) =0 for 0 <px< 1 (1.3.4a)
(b) The convergence of intensity, i.€.

J(t)e -0 as T~ o (1.3.4b)

Substituting (1.3.2) in the transfer equation,using the recurrence formula for Legendre polynomial
P,(n) and equating the coefficients of various Legendre polynomials, we get a set of linear

differential equations. Chandrasekhar (1960) assumed a trial solution of the form
I(t) =ge* (1.3.5)

where g, , k are constants. Substituting (1.3.5) in the set of linear differential equations, we get a
set of linear algebraic equations. As discussed earlier we get roots of kas 0,0,k,,(i = 2,3,...,n).

Then the solution of (1.3.5) will be as follows

I(z) = Zcigm(ki)e_k’t (1.3.6)

where the constants are to be evaluated form the boundary conditions. While the exact boundary
condition is realized at the lower boundary T - « | it cannot be done at the at the free surface, i.e. at

T = 0. Instead, equivalent boundary conditions are used. These are

(a) Chandrasekhar (1943, 1945) used the boundary condition
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2
2] +1

L 1
1,0) = EI,,,«)) f P, (WP (w)dy (1.3.7a)
-1 :

m=0

(b) Mark’s (1947) boundary condition in connection with neutron transport problem in

plane parallel medium in this case is
I0,u) = 0 (1.3.8b)

where i, are some strategic values of u within the range and were taken as the roots of the equation

P ..(1) = 0,nbeing an odd integer.

(c) Marshak’s (1948) equivalent boundary condition was

0

f](O,p)PZH(p)dp =0,1=1,2,..,n (1.3.8¢c)

-1

Mertens (1954) represented /(t,u)as / (t,u) and 7_(t,u)at the two separate ranges (0,1)
and (-1,0) for u. He wrote

L

I,(t,u) = E(zl + DI (uP,2u-1),0<p<1 (1.3.9a)
1=0
L.

I (t,p) = 2(21 + 1), (ypP2p+1),-1<p<0 (1.3.9b)
1=0

The boundary conditions were taken as
1,(0)=0,71=0,1,2,..,n - (1.3.10a)

I/(t)e™™ -~ 0 as -« (1.3.10b)
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I,(t)e © =0 as T~ - (1.3.10¢)

With this represeﬁtation, the main steps of the single interval spherical harmonic method are
gone thorough necessary adaptation. The end results were encouraging. As far as the transfer
problems in plane parallel medium is concerned, this methbd was free from two main defects of the
single interval spherical harmonic method, namely, -

(i) The exact boundary condition could be used here. '

(i1) There was no preference for odd order approximations over the even order ones contrary
to the suggestions of Davison and Sykes (1955)

However, some new difficulties arose; these are listed below.

(1) It was found to adversely effect the critical size calchlatiqn of neutron transport.
(i) The extrapolated end points calculated for neutron transport in slab medium were found
to be unreliable. | '
(1) It was found that the method was adoptable to the solution of transfer problems in spherical
geometry. The method did not give correct flux integral in the spherical case.

Double interval spherical harmonics method has been used with some modiﬂcations by
Sykes(1951), Gross and Zeiring (1955), Max Krook (1955, 1999) and others. They however, are
essentially equivalent to Merten’s method and share 1t’s limitations.

On a close approximation of Merten’s (1954) representation of specific intensity, it wé.s found
that in an attempt to provide for discontinuity at the free surfacé, the discontinuity of representation
at u=0 had been carried to the interior. Wilson and Sen (1963) introduced at this stage a modified
double interval spherical harmonic method which retained the advantages of the double interval
represenfation of Mertens and at the same time removed its defects. The aim was to select a suitable
spherical harmonic method which would be equally effective for tackling transfer problems in plane

parallel and spherical medium.



20

1.4 Modifications of SHM. .

In this section we will demonstrate various modifications of the SHM that have been taken
place over the years. The passage from single interval SHM to double interval SHM has been
elaborately described by Wilson and Sen (1990) and they gave; an 'exhaustive account for the
modification. Kourganoff (1963) made a critical analysis of the single interval SHM used in the case
of Milne problem and raised objections against it. For example 1) .'éxact boundary conditions cannot
be prescribed and ii) certain arbitrariness persists in the determination of the constants. He suggested
double interval SHM. Here, we list the modifications of double interval SHM that have been used by
various workers in the field of radiative transfer. Most of the forms are covered by Wilson and Sen
(1990) and we give a few additional ones.

I) Merten’s (1954) Form

ly

I.(t,p) = E(ZI+ DI (DP,2u-1), 0<pcl (1.4.1a)
120
10
I (o) = E(ZH DI (DP,Ep+1) , -1<p<0 (1.4.1b)
1=0

where P, are Legendre polynomials.
) Wilson and Sen’s (1965) Forms

A. Plane parallel medium
IO
I(t,n) = A7) + E(2I + 1)11+(t)pP,(2p -1), O<upuc<l (1.4.2a)
1=0
and

10
I (t,p) = A(t) + E(ZI + DI (YpP,2p +1),. -l<p<0 (1.4.2b)
1=0



where A(t) is an arbitrary function of T only, T being the optical depth, y, the cosine of the angle

made by the pencil radiation with the outward drawn normal. -

B. Spherical geometry.

10
I(p) = A() + E(ZH DI (HuP,@u-1), O<psl - (143a)
=0
and
10
I(op) = A(F) + Dzzf DI (P 2p+1), -1<p<0 (1.4.3b)
1=0

where A(r) is a function r only, » being the distance measured outward from the center of the sphere,

W, the cosine of the angle measured from the positive direction of the radius vector.

1II) Wan,Wilson and Sen’s (1977) Form
10

i(t,w) = ¢(r) + E(Zl+ i (0)pP,(2p-1), O<p<l (1.4.42)

1=0
and

Iy

i(t,p) = d(r) + E(ZI+ )i, (P, 2 + ), -1zps<0 (1.4.4b)

=0

IV) Karanjai and Talukdar’s (1992) Form
I(]

I (t,u) = I{(0,0)|AT + dp(p) + E(21+ DI (DuPQ2u-1)|, 0<p<l (1453

=0
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and -

10
I (t,p) = I(0,0)|AT + d(p) + 2(21 + 1), ()pP2p+1)|, -1<p<O (1.4.5b)
1=0 :

where 1(0,0) is the specific intensity at the surface in the direction normal to the surface and is a

constant and A is an arbritary constant. This form was also used by Bishnu.

V) Raychaudhuri and Karanjai’s (1993) Form

Iy -
[ (tp) = 1(0,0)|d(r) + w(u) + E(zn DL (DpP,2u-1)|, 0<pcl  (1.4.62)
=0

and

10
I7(t,p) = 1(0,0)[ (r) + Y(p) + E(ZH DI (uP,2p+1)[, -lcp<0 (1.4.6b)
1=0
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1.5 Application of SHM in sblving Radiative Transfer (RT) Problems.

Wilson and Sen (1963) introduced a modification of the double interval SHM for solving the
equation of radiative transfer. Their work was mainly an attempt to eliminate the objections raised
against the __ method of Yvon and fetaining Yvon’s advantages. Wilson and Sen’s (1963) work
ensured the continuity of the intensity in a direction perpendfcular to the outward drawn normal for
all values of optical thickness. The basic équation of transfer for plane barallel medium was taken as

1

pél(f,u) = [(f’“) - lf](-c’u')dp' (L.5.1)
ot 2

-1

where I(t,p) is the specific intensity of radiation at an optical depth 7 and in a direction 6 with the

outward drawn normal p = cos(0). The optical thickness is given by

o0

T = f}(pdz

where x is the scattering coefficient and p is the density of the medium. They considered the
boundary conditions
1) Absence of incident radiation from outside at the free surface, i.¢.,

I(0,p) =0 for - 1< pu< 0 - (1.5.2a)
i) The convergence of intensity, i.e.,
Izp)e "~ 0 as T~ (1.5.2b)

They represented the intensity I(t,u) by two different expansions in the intervals (0,1) and (-1,0) and

these are respectively as
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IO
I (t,p) = At + 2(21 + 1)1,'(f)pP,(2p -1), O<pus<l (1'15.3a)
1=0 '
and Iy ‘
I_(t,p) = At + E(Zl + DI (t)uP,2u+1), -lsp<0 (1.5.3b)
' 1=0 .

They evaluated q(t) and I(0,u)/F for both first approximation (i.e., P, - approximations ) and
second é,pproximations (i.e., P, - approximations) and compared the results with Mertens (1954) and
Chandrasekhar (1960). They have shown that the second approximation is distinctly superior to first

approximation.

Wilson and Sen (1964a) extended their earlier work [Wilson and Sen (1963)] to solve the
equation of radiative transfer in plane geometry in case of anisotropic scattering. They used the
general phase function and used it to discuss the case of Rayleigh phase function. The basic equation

considered by them is once again

1
u@ = Ity - L fp(u,u')f(r,u')du' (54
T 2 _ :

-1

where 2

P 1 [ ’
p(pp’) = — fp(p,d);u ¢")dy’,
, 27 4

p(u,d;u’,9’) is the phase function giving the measure of the probability of a ray in the d_irécﬁon
(n',9") being scattered into the direction (u,$). The other symbols ﬁave their meanings described in
the previous page. In this case they also took the same boundary conditions given by Eq. (1.5.2a) and
(1.5.2b) and considered the same forms of intensity given by Eqs. (1.5.3a) and (1.5.3b) respectively.

However, they assumed the form of the phase function to be
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%

p.u) = Ekak(u)Pk(u') (1.5.5)

k=0

where w,_ ‘S are simply constants and P, ‘s are Legendre polynomials. They considered the Rayleigh
phase function for an example and used it to obtain results of 1(0,u)/F for the P, - approximations

and compared the results with those of Chandrasekhar (1944).

Wilson and Sen (19645) extended their modified SHM [Wilson and Sen (1963 and 1964a)]
to solve the equation of transfer in spherical geometry. By this method, they solved the classical
problem of diffusion of radiation through a homogeneous Sphere, the radius being either finite or
infinite. They considered the equation of transfer appropriate to the problem of diffusion of radiation

on the homogeneous sphere as,

. - 1
: ar r dn 27

where r is the distance measured outward from the center of the sphere and y is the cosine of the
angle measured from the positive directioﬁ of the radius vector, I(r,u) is the specific intens.ity' of
radiation at a distance r in the direction of 0 = cos ! (n). They considered, [Vide Wilson énd Sen
(1963 and 1964a)] the two different expansions of intensity and these are

lo , | ,
I.(rp) =A@ + E(2].+ Dl (OP,(2p-1), Ozpxl (1.5.7a)
170

10
I (rn) =A@ + E(Zl+ Dul, (P, (2nu+1), -1<p<0 (1.5.7b)
=0
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where A(r) is a function of r only. The equation (1.5.6) was solved with the following boundary

conditions

AR) = 0
L,(R) =0 (1.5.8)
IR =0

They obtained results for the first approximation and calculated the méan intensity J(r) and compared
the results with those of Chandrasekhar (1944).

Wilson and Sen (1965b) extended their modified form of SHM to solve the transfer problem
in an isotropically scattering, spherically symmetric finite stellar atmosphere with kp « r~2 . They

considered the following transfer equation

1

2

p L) 1ot oI) | gogpy = Ly f](r,p)dp (1.5.9)
or r du 2

where r is the distance measured outward from the center of the sphere, and p is the cosine of the
angle measured from the positive direction of the radius vector, I(r,p) is the specific intensity of
radiation at a distance r in the cos ~!(u)direction, p is the density of the material and k,mass

absorption coefficient. They used the following boundary conditions

DIR,p)=0 for -1<pu<O0,Ristheradius : (1.5.10a)
IT) The convergence of intensity asr - 0 (1.5.10b)

They considered the same-twq forms of intensity [Wilson and Sen (1964b)] given by the equations
(1.5.7a) and (1.5.7b). They also pointed out that the function A(r) which appeared in Eqs. (1.5.7a)
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and (1.5.7b) depend on the nature of the physical problem and solved the p{oblem for the first

approximation to evaluate J(x),the mean intensity at x = 2 where x = 2" for two different
r

boundaries given by R = 2k,C and R = k,C. Their results were compared with those of

Chandrasekhar (1960). -~

Wilson and Sen (1965¢) once again extended their modifications of the SHM to solve the
problem of radiative transfer in spherically symmetric, finite planetary nebular shell with

kp o« r ™% The equation of transfer considered by them was

S

1 2
r - -
WOl 1ol ol 1[1(1,1 _ 30 @ (1.5.11)
2_l r

é’r r 8;1

4

where T, is the radial optical thickness of the nebular shell and 7S is the net flux of the radiant

energy mc1dent on each square centimeter of the inner surface (radius = r,) of the nebula. Followmg‘--

Wilson and Sen (1964b) they considered the same two forms of the intensity [cf. Egs. (1 5.7a) &
(1.5.79)]. They assumed the boundary conditions

a) There is no incident radiation on the outer boundary defined by r =R, i.e.,

IR u)=0 for -1<p<0 (1.5.12a)

b) The diffuse flux across the inner surface (r = r,) vanishes, i.e.,
Fr:r, =0 (1.5.12b)
They evaluated J(t)at < =andR=C using the first approximation. Here C is connected to kp by

the relation kp = < , 1> 1. The results were compared with Sen (1949)
r" :
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Bishnu(1968) gave an alternative modification of the double interval SHM.He assumed plane
parallel scattering atmosphere with spherical symmetry and the appropriate equation of transfer was
taken to be

1
GELCT R T lf](t,p')dp' (15.13)
dt 2

-1

where the symbols have their usual meanings [Vide. Wilson and Sen (1963)]. The forms of intensity

taken by him are as follows

1=l

I(tp) = KO,0)| 4t + b(y) + E(zl . 1)1,*(:),11),(2‘;1 -nl, 0<p<l, (1.5.14a)
1=0 ]
1=,

I () = K0,0)|A1 + du) + E(z'l + DI (OpP@p + D], -1<ps0, - (15.14b)
I=0

He used the boundary conditions given by Wilson and Sen (1963) and evaluated the H - functions

and made comparisons with those of Chandrasekhar (1960).

Caﬂosa and Penafiel (1973) proposed a direct method for the numerical solution of the
spherical harmonics approximations to the equation of radiative transfer in plane parallel atmospheres.
The spherical harmonics equations are a two-point boundary value problem for a system of ordinary
differential equations of first order. These are then reduced to an algebraic problem by finite
difference method.Since the matrices of the problem are non-convergent, the round off error grows
exponentially. Canosa and Penafiel(1973) avoided this difficulty by applying a parallel shooting
method. The method was applied to homogeneous atmospheres and Rayleigh and Mie phase

functions were used. The basic equation they took is
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1 2nm
TR "l“f f PO ) (' §)dp'dd’ + Sud)  (1.5.15)
dt 4m -1 0

where T is the optical depth measured from‘top of the atmosphere, p is the cosine of the zenith angle
measured with respect to the positive T axis, is the azimuthal angle, p is the general phase function,

S is the source of the incident radiation and 1 is the intensity of radiation. They dealt with only the

“average intensity”form of the equation of transfer and this is given by

L . 1
I “ oIy - %Z La@yP(x) f P, )(e,u’ ') dy' ' +
1=0 -1

T 0 -
1, w\2/+1
+ZFe b E 2* a, (V)P () P (1) (1.5.16)
=0 ’

where w, are connected to a, by the following relation

_21+1
1 = 2

a,(t) ~(1.5.17)

The form of the intensity taken by them was

L
2/+1
rew = Y 2L orw (1.5.18)
1=0
Aand assumed normalized phase function
L
P(cos) = Ew,P,(cosB) (1.5.19)

Test computations were performed on Rayleigh and Mie phase functions.
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Devaux et al (1973) discussed a critical study of four methods of solution of the equation of
transfer (principle of invariance,doubling,spherical harmonics,successive orders of scaling) and
compared both the accuracy of the results and required computation time. The SHM seems to have

significant advantages over the others.

Wan,Wilson and Sen (1977) used the modified SHM in solving the radiative transfer problem
in an isothermal slab with Rayleigh scattering. They considered the model consisting of an isothermal
plane parallel slab of optical thickness 1, confined between gray and diffuse walls that absorb and
anisotropically scatter radiant energy. The equation of transfer for such a model was [Dayan and Tien

(1976)]

oi . . (1)0 l YN ' f
o = (Tmeg)iy + —= fpQuu)i()du’ = S(o.u) (1.5.20)

-1

where I is the intensity, 7, the black body intensity, w,,the albedo for single scattering, p, the phase
function, S, the source ﬁmction, u, the cosine of the angle measured from the positive direction of

optical depth . The Rayleigh phase function was considered and this is given by

pp’) = %[(3 - W)+ (32 - l)u'z] (1.5.21)

They took the forms of the intensity given by
Iy '

i(t,u) = ¢(1) + E(ZI+ Di (t)pP,2p-1), O<p<l (1.5.22a)

1=0

_and

10
i(tu) = d(r) + E(ZI+ Diy (uP(2p+1), -1<p<0 (1.5.22b)
=0
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The boundary conditions used are

ri(O,u)=Bl for 0<p<0
i(tpn) = B, for -1<p<0

In their problem they took both B, , B, to be zero and applied the first approximation to find the
zeroth, first and second moments of intensity and compared results with that of Dayan and Tien

(1976)

Peraiah (1979) discussed a numerical method for obtaining solution of radiative transfer
equation in spherically symmetric media spherical harmonic approximation. Peraiah (1979)
apbrpximated the angle derivative by an orthonormal polynomial and this is repreéented by a matrix
called curvature matrix, for a given beam of rays. He considered the radiative transfer equation in

spherical symmetry as

B
2

Zlrttew)] + L2 - @] + KOIw) =
rtor rop

1
= KO|[1 -w®)]BE) + 2w ) f P(ru ) ) dy’
: -1

where k(r) is the absorption coefficient, k(r) > 0 and w(r) is the albedo for single scattering.

0< w(r) < 1. I(r,p) is the monochromatic specific intensity of the ray making an angle cos T
with the radius vector at the radial péint r. B(r) is the Plank’s function at r and P(r,ut,u") is the phase
function and it is assumed to be isotropic. The angles are discretized such that
0<p,<p,<..<p, < 1. They expanded the specific intensity as

M

I(p) = Ea,,,P,,,(u)

m=0

and calculated the emergent intensities in two cases.
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Karp,Greenstadt and Fillmoré (1980) discussed the SHM for solving the equation of radiative
transfer for a plane parallel planeiafy atmosphere. They assumed that all the inhomogeneities were
confined to tﬂe vertical direction and té_ach layer of the atmosphere was taken to be hdmogeneous but
with arbitrary optical thickness. They considered the equation of transfer with monochomatic

radiation as

u‘”—(f;%"’—) - Imud) - JEund) s

where I(t;u,0) is the speciﬁé intensity, u is the cosine of the zenith angle, ¢ is the azimuth angle

measured from Sun’s meridian and J(t;u,d) is the source ﬁmctjon defined by
1 ' ™ 1 [P [ ] [
JTu,d) = ZP(f;u,(b;—uo,cbo)Foe e Y f f P(T;p, ;0" 0N (T,1',9)du' dd’  (1.5.24)
-1

where the external illumination 7F, was assumed to be unidirectional. The boundary conditions

WEIre
1(0;u<0,9) = I(t,;n>0,p) = 0

Their technique for solving the above problem was mainly based on SHM and they developed an
algorithm for the method and computed the angle dependent intensity at all points in the atmosphere.

Karp and Petrack(1983) compared SHM and DOM (Discrete ordinate method) for aiimuth
dependent intensity calculations. They showed that for higher terms of the Fourier expansions of the
intensity the results were exact at the zeros of the Legendre polynomials and considered the equation

of transfer for plane parallel,scattering and absorbing atmosphere
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2n 1 '
p WO _ oy + L f f I 4 O)p(tup’:d.0")d dd’ (1.5.25)
dt 4m 0 -1

where P(t;u,1’,0,d') is the scattering phase function and other symbols have their usual meanings.
They expanded (1.5.25) in a Fourier series in ¢ and obtained the following equations

1

I"(p,t) - fl(u',t)P'”(r;u,u')du' (1.5.26)

-1

dI"(p,1) _
# dt

They considered the following form of phase function

L+m

P7(tpp')y = Eﬁ,(f)}ﬁ'"(u)l’zm(u’)

I=m

where Y,"(p) are normalized spherical harmonics (or the associated Legendre polynomials) and

B,(t) are expansion coefficients of the scattering phase function. The form of the intensity considered

by them is
L+m
m 21 +1 m - .
I™(t,p) = E 2* £ Y (W) (1.527)
l=m

where £, (t) are the moments of the intensity. They showed that the azimuth-dependent intensities
computed from spherical harmonics method was exact at the zeros of the Legendre polynomials. This

was used to set up the connect_ion between SHM and DOM.
Wells and Sidorowich (1985) used the SHM to solve the radiative transfer problems with
extreme forward scattering and demonstrated the method by using slab geometry. They developed the

computational techniques with some test results.

Aronson (1986) compared P, approximations with double P,, approximations for highly
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anisotropic scattering. It is known that the double P,, transport calculations generally give better
results than the corresponding (2N-1) orders transport calculations with the full range spherical
harmonics. They examined the results of both methods by considering different terms of the phase
function for both haze model and the cloud model and the following form of phase function was

taken.
f(0) = @) bP(cosB), b, =1

w is the single scattering albedo and cos ! (u,) 1s the angle made by the pencil of radiation with the
normal. For haze model they took 82 terms in the phase function and for the cloud model 300 terms
of the phase function were taken. They concluded that D,, approximations (double P, ) were

almost always better than the corresponding P,, calculations.

Garcia and Siewert (1986) developed a generalized spherical harmonics solution for all
“components (m > 0) in a Fourier representation of the Stokes vector basic to the scattering of
polarized light. Following Benassi, Garcia énd Siewert (1985), they denoted I(t,u,$) as the density
vector with the four Stokes parameters the components and considered the following equation of

transfer

J

2n
iI(f,u,<l>) + I(t,u,9) = % f f P(p,u',o-¢)I(t,p,n')dpn'dd’  (1.5.28)
0 -1

“ac

where P(y,u’,$-¢’) is the phase matrix. They solved the equation (1.5.28) subject to the following

boundary conditions

1(0,u,0) = mO(u - 1y )8 (d - G F (1.5.29)
2r 1

A
I(ty,- mb) = 2L f fl(‘to,p',(b')u'dp'dd)' (1.5.29b)
0

0
T
0
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where A, is the coefficient for lambert reflection, L = diag{1,0,0,0} and F is the ﬂux vector (with
the components F,, F, Q,F .+ I~ assumed to be given). They used the generalized SHM to solve the

complete and general polarization problem for a plane parallel layer.

Kamiuto (1986) applied Chebyshev collocation method for solving the radiative transfer
equation. Kamiuto expanded the radiant intensity in a series of Legendre polynomials, and using the
orthogonal properties of Legendre polynomials, he obtained the spherical harmonics equations.
These equations are a system of ordinary differential equations of first order but such a system cannot
be solved by means of a simple finite difference scheme because of the ocurance of the numerical
instability which is due to the accumulation of round off errors. In order to get rid of this difficulty
Kamiuto proposed the collocation method technique.

He considered the equation of transfer in plane parallel homogeneous dispersive medium as

2% 1 )
m dl(tud) | Itpd) = Stpd) + @Q f fP(cosB)](‘E,u',d)')dp'dd)' (1.5.30)
dt 47 A

-1

where P(cos0) is the phase function and S(t,u,®) is the source of incident radiation;the other symbols

have their usual meanings. The intensity form was taken to be

L

_\27+1 .
I(t,p) = ;————2 P,(w)fi(v) (1.5.31)

He used Marshak’s equivalent boundary conditions which are stated below

1

0
fl(—l,p)p”"dp =0 and f](l,p)p““dp =0 (1.5.32)

0 -1
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The method was applied to Rayleigh and moderately Henyey-Greenstein phase functions. He assumed

® to be unity and varied t from 0.5 to 16.

Takeuchi (1988) applied a new formulation of the SHM to solve certain problems in
atmospheric sciences. He considered the equation of transfer for plane parallel atmospheric models
with all inhomogeneities confined in the vertical direction and with axially symmetric phase functions.
Takeuchi (1988) showed that the spherical harmonics approximation reduces the m-th Fourier
component of the equation of radiative transfer to a system of infinite homogeneous ordinary
differential equaiions. He then expanded each term of the equation by the normalized associated
Legendre polynomials Q,” (1) which are related to the associated Legendre polynomials P,” ()
by

1 1 .
O"(w) = [(21+ 1)U -m)]*/[2d + m)!]* P," (¥) (1.5.33)

The scattering phase function was taken to be

b = @, Y 0P,k | (1.5.34)
1=0

Takeuchi (1988) showed that the adaptation of the normalized associated Legendre
polynomials S,” (1) made SHM very easy to handle. The eigenvalues and the eigenvectors inherent

in each scattering layer are obtained by using single-value decomposition.

Tine,Aiello,Belleni and Pestellini (1992) applied the SHM to find the solution of transfer
equation in media with spherical symmetry but with radially varying parameters and anisotropic

scattering. They considered the following form of radiative transfer equation
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| 1

_ 2 ) sca ’ ' ’

W) 1P I iy + afl)ﬁf](r,u )P(uu)dy’ +
or r o :

+ e (r), (1.5.35a)

with the boundary condition I(r,p) = 71%"(n), pu=<0 (1.5.35b)

In equation (1.5.33a), a(r) and @’““(r) are respectively the extinction and scattering coefficients for
unit length and P(p,p’) is the phase function. In Eq. (1.5.33b), 7°*'(u) is the externally incident

radiation, if any. They considered the following form of the phase function

N
P = Y oL P

1=0

L

and the form of the intensity is ~ [(r,u) = E(Zl + )F,(NP,(p)
120

They applied the technique to Henyey-Greenstein phase function and for this they took w =g =5

andt=.1.

Biswas and Karanjai (1992) used a modified double interval SHM to solve the equation of
radiative transfer with Rayleigh phase function with thin atmosphere. The following equation of
transfer was considered

1

fp(u,u‘)l(f,u')du' ' (1.5.36)

-1

ol(t,n)
H at

N |-

+ I(T,p) =

The boundary conditions for their problem are
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I) isotropic ra(iiation fieldatt=01.e.
IOp) =1, say O<pu<l

IT) no incoming radiation at T = T, L.€.
I(tyu) =0, -1l<pux<0

They considered the following forms of intensity

. Iy -
I.(t,p) = ¢(z) + E(ZH DI (t)pP,(2p -1), Os<ps<l (1.5.37a)
1=0
and A
I (T,n) = ¢(1) + 2(21 + 1), (YpP,2p+1), -I1<p<O (1.5.37b)
1=0

where ¢(t) is a function of T only and the nature of this depends on the extent of the medium and the

boundary conditions.

Talukdar and Karanjai (1'992) applied a modified SHM to solve the equation of transfer with
the general phase function. They considered the equation of transfer in plane parallel atmosphere with
axial symmetry and given by

1

I N s 4 I
p G ey - 1 fp(u,u V(o) dp (15.38)

-1

where the symbols have their usual meanings and phase function was taken to be
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eo

plu,p’) = EWL.PA.(H)PA.(u’) _ (1.5.39)

k=0

The form of intensity taken by them was

[0
[ty = [(0,0)|4T + E(ZH DI (©pP,2p-1)|, 0<psl (1.5.40a)
1=0 _
10
I (t,n) = I(0,0)|AT + E(Zl + 1), (uP,2p+1)|, -1<p<0 (1.5.40b)
=

Test computations were performed on Rayleigh and Henyey-Greenstein phase functions.

Tezcan and Yildtz (1993) expressed the P, solutions for extremely anisotropic scattering in
terms of solutions of isotropic scattering. To see the use of transformed solutions; applications for
variation of the critical thickness with backward scattering are given. Numerical results are compared

with the zeroth order results of elementary solutions and with the F,, method.

Siewert (1993a) used the SHM to develop solutions to a class of multi group on non-gray
radiation transport problems. The multi group problem considered allows an anisotropic scattering
law and transfer from any group to any group. In addition to spherical harmonics solutions for the
case of a homogeneous radiative transfer equation, a particular solution for the P,, method is
derived for the case of multi group radiative transfer in a homogeneous plane parallel médium that
contains group sources that vary with position and direction. Computational aspects of the develdped

solutions are discussed and numerical results for a test case are reported.
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1.6 Application of SHM to Heat Transfer (HT) Problems.

Le Sage (1965) considered the problem of the transport of thermal radiation through an
absorbing medium between two parallel walls held at fixed different temperatures and applied the
double SHM to this problem. The walls are assumed to radiate isotropically and to have an

absorptivity of unity (i.e., black body). Le Sage considered the following integro-differential equation

1

fl(i,u’)du’ ‘ (1.6.1)

-1

dI(&,p) 1
HT + I(t,p) = >

where € is the optical depth. By applying Yvon’s (1957) method, the integro-differential equation is

reduced to a set of ordinary differential equations. He used the following boundary conditions

4
oty _ I;0), 17(0) =0 (1.6.2a)
'
7 _
OﬂL =I,E), I,E)=0 (1.6.2b)

where T = local temperature, ¢ = Stefan-Boltzmann constant. He obtained normalized flux in both

double P, and double P, approximations.

Ou and Liou (1982) applied SHM to the basic three dimensional radiative transfer equation
in terms of the three most commonly used coordinate systems ( Cartesian, cylindrical and spherical).
The finite expansion for both intensity and the phase function are inserted into the basic equation and
a set of coupled partial differential equations are obtained by means of orthogonal property of
spherical harmonics. Ou and Liou (1 957)‘then formulated the first order approximations together with
all possible boundary conditions assuming that the model medium considered is subject to internal

emission only. The number of partial differential equations in this case is four, and a modified
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Helmholtz equation is subsequently obtained. Examples of the computation based on the first order
approximation for the three coordinate systems in one-dimensional space are then presented to

demonstrate the practicality of the method.

Menguc and Viskanta (1983) examined critically the accuracy of the three methods, namely,
the two ﬂux, the spherical harmonic and the discrete ordinate methods for radiative transfer problems.
They assumed the medium to be planar, participating and highly forward scattering. Comparisons

were made for the results of the three methods with the F,, method. The equation of transfer for

a plane layer of participating (absorbing, emitting and scattering) medium having azimuthal symmetry

was taken as

1

LWy = (-0 + 2 fp@o)wm,u')du' (1.6.3)
€, 01 2

-1

where § is normalized intensity with respect to I, the intensity of isotropic radiation field), 1 is the

normalized distance, p is the direction cosine, T, is the optical depth of the layer, w is the albedo for
single scattering and f is the dimensionless emission ( B/1,). The boundary conditions were taken

to be
UY(mu)=1 at n=0 (u>0) - (1.6.4a)

Y(n,-u)=1 at n=1 (u>0) (1.6.4b)

They considered the general phase function which is given below

oo

Py =1+ Ea,,,P,,,(uo) (1.6.5)

m=1

where a, are expansion coefficients and P are the Legendre polynomials of the first kind. The
scattering angle p, which is the angle between the incoming ray and the scattered ray is connected

to u by the following relation.
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1 1 ’
My = g+ (- )2 (1 - w2 cos(d - &) (1.6.6)

In order to apply the SHM they represented the radiation intensity by the following expansion

v = Y 2Lp Gy, m (167)
n=0

They evaluated radiative heat fluxes for each of the three methods and compared the results with the
F,, method. In case of SHM they computed upto P, approximations i.¢., nine terms of the phase

function.

Benassi, Cotta and Siewert (1983) applied SHM to solve a certain problem in heat transfer.

The appropriate equation of transfer is

L 1
() |, _o\2/+1 . f . Nt e (1 -y D T4 '
R I(z,p) 2; 5 ﬁ,P,(A)-lP,(u M (Tp)dp’ + (1 co)nT (r) (1.6.8)

with the boundary conditions
1
1(0,p) = 61%714 + P I(0,-p) + ZP‘ffI(O,-u')u'du', p>0 (1.6.9a) .
. Q ’
and

1

a s ’ ' '
I(tg,-p) = ez;{‘T; + pd(Ten) + ZPZ’fI(fo,u yu'du’, p>0 (1.6.9b)

0

where 7, and T, refer to the two boundary temperatures, p;, and p‘; , .= 1,2 are the coefficients
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for specular and diffuse reflection and €, , €,are the emissivities. They used SHM to compute the

partial heat fluxes in an anisotropically scattering plane parallel medium. Their intensity form is

' N J

2L 1 -T/g; “(Th - T :

rew = Y2 p @ Yae ™ coBe ™ e - Lo as10)
=0 Jj=1

wherelp (t.u) denotes a particular solution to Eq. (1.6.8) corresponding to the inhomogeneous

source term,
Sty = (1 -w)2711) (1.6.11)
T
The polynomials g,(£) are those of Chandrasekhar (1960)

Based on the work of Menguc and Viskanta (1983), Wan, Wilson and Sen (1986) used a
- modified double interval SHM for solving the radiative transfer equation in plane parallel finite
medium scattering anisotropically. Following Menguc and Viskanta (1983), Wan, Wilson and Sen
(1986) compared the results of their method with the F,, method which is considered to be

standard. The transfer equation for their model is

1
. 74 ) ' []
p ) g = £ o) )y (16.12)
. . 1

where the symbols have their usual meanings. The phase function is linearly anisotropic

ppp’) =1 + apy’ (1.6.13)

The boundary conditions for this problem are

T) isotropic radiation field 1, at t =0, i.e,,
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I0p) =1, =1say O<px<l (1.6.14a)
IT) no incoming radiation at T = T, i.e.,
I(ty.m) = 0, -1<p<0 L (1.6.14b)

They considered the following forms of intensity

IO
I.(t,u) = ¢(1) + E(ZH DL (TpP,2p-1), 0<p<l | (1.6.15a)
1=0
and
10
L@$)=¢@)+§}ﬂ+rm1ﬁpgap+n, - 1<ps<0 (1.6.15b)
1=0

where ¢(t) is a function of T only and they suggested that the form of ¢(t) has to be chosen suitably
based on the boundary conditions and the extent of the medium. They evaluated the heat fluxes at
t=0and Tt = T, and compared their results with the F,, method and with Menguc and Viskanta
(1983). |

Using P,, approximations, Swathi, Tong and Cunnington (1987) obtained results on the
behavior of the hemispherical reflectance when a two layer porous composite wall is irradiated by
plane incident rays. A number of workers made important contributions to the subject of radiative
transfer in composite or inhomogeneous materials. Based on this, the earlier studies can be classified
into two categories, 1) those using isotropic scattering and 2) those using anisotropic scattering.
Swathi, Tong and Cunnington (1987) used anisotropic scattering for the composite
materials. However, they assumed that the anisotropy to be variable. This was done by using linear
anisotropic phase function with a variable coefficient. The SHM was used to obtain the hemispherical
reflectance.

The equation of transfer considered by them is
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1
af W,
pt s o) = f &, (M, (") (1.6.16)
. ; S

wheré I is the intensity normalized with respect to the incident intensity, w, the single scattering
albedo, T, the optical depth, , the cosine of the angle between the direction of propagation, ¢(u,u’),
the scattering phase function and subscript I denotes either layer 1 or layer 2 (i =1,2). They empléyed\

the following phase function

¢, (uu’) = 1 + 3fuy (1.6.17)

where f, is a coefficient bounded between 1/3 and - 1/3 and the boundary conditions are

_J 1, diffuse incidence
LW = {6(1.1 ~-1), foru>0 (normalincidence) (16.18)

and the interface conditions are

I(t,-p) = L(t,,-), for p>0 (1.6.19a)
L(t.p) = Li(t,.pw), for p>0 (1.6.19b)
The intensity form is
\ 2 1
e = Y 2P, 04,0 (1.6.20)
’ m=0

Here N is the order of the approximation. They have shown that P,, approximations converge to Fy

approximations as N is increased and pointed out that the accuracy of the P,, method increases with
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increasing albedo.

_ Menguc and lyer (1988) discussed various features in solving accurately the general solution
-of the radiative transfer equation in different geometries. They developed an approximate hybrid
model to solve the radiative transfer equation in inhomogeneous,absorbing emitting and
anisotropically scattering, one dimensional plane parallel and two dimensional cylindrical media
bounded by emitting and reflecting walls. The original idea for such an h}}bn'd model was first given
by Yvon (1957) and by Schiff and Ziering (1958,1960). The formulation of Menguc and Iyer (1988)
differs from Schiff and Ziering because Schiff and Zeiring employed an eigen value method for solving
the differential equation which is difficult to use and does not account for the anisotropic scattering.
On the other hand, Menzuc and Iyer’s formulation accounted for anisotropic scattering. First, they
applied double SHM which is applied to a physical system in one dimensional plane parallel,
absorbing and emitting and anisotropic scattering medium with azimuthal symmetry and the equation

of transfer is

” alé()t,u) + Iy = S (1.6.21)
T

Here, t is the optical thickness and the source function S(t,ut) is defined by

@

1
SEw = (1-O)L[T®)] + = f f S (Trp)dwdy  (1622)
! -1

2n
¢'=0p’=

They applied Marshak’s boundary conditions and evaluated heat fluxes for different © (albedo) and

T.
Next they applied octuple spherical harmonics approximation for the radiative transfer
equation in asymmetrical cylindrical enclosures. The analysis in this case was almost the same as in

the previous case and in this case also they evaluated the heat fluxes. However, they pointed out that
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the derivations of the equatidn governing the model were very tedious and this is the main drawback
of their model. Also, the computer code they used is inefficient to employ for their calculations but
they suggested that if the custom-made numerical code is used then both the speed and the accuracy

of the solution would increase.

Li and Tong (1990) analyzed the radiative heat transfer in emitting,absorbihg and scattering
spherical gray isothermal media. They assumed the phase function to be linearly anisotropic and the
medium was confined in the space between two concentric spheres whichi diffusely emit and
specularly diffusely reflect radiation. They obtained the approximate solution of the equation of

radiative transfer by using SHM. The governing equation for their model is

(1-w)oT*

. 2 .
pliny) 1 -y di(tp)

+i(Tp) =
ot r du (1)

1
* %’-fp(u,u')i(r,u')dp (1.6.23)
-1

where I(t,y) is the radiant intensity, T is the temperature of the medium the medium is assumed to
be gray and is characterized by absorption coefficient o, and scattering coefficient o,. They used

linearly anisotropic phase function and the form of the intensity is

N
i = Y 221P, 0w, (1.6.24)
m=0

where Y, (t)are functions of T. However, they considered the approximation to be finite, .i.e., they
used P, thapproximation where N is odd. The boundary conditions for inner and outer sphere are
taken as

1

(T, ) = €, 2T + pli(t, ) + 2p:fi(ta,—p')p'dp', u>0 (1.6.25a)
T
0

and
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1

i(T,0) = €—T, + pyi(t,,-p) + ZPfo(t,,,-u’)u'du’, n>0 (1.6.25b)
T 0
They obtained . P, approximations analytically and higher approximations P,, P, P,, P, and P,

are obtained numerically.

The P, method has been used by Siewert and Thomas ( 1990,1991) to obtain a particular
solution for solving radiative heat transfer problems in 1) plane geometry and 2) geometry with
spherical symmetry. Siewert and Thomas (1990) considered the equation of transfer in plane

geometry as

2

‘ L . 1 .
LGS 222’ 18 p(w) fPl(p')](t,p.')dp' +(1-0) 2T (1.6.26)
ot 2 o "

for T € (0,7y),u € [-1,1] and the boundary con&itions are

1

a s . ’ I ’ » R
I1(0,p) = €1;T14 + p1(0,-p) + ZP‘ffI(O,-u ywdy', p>0 (1.6.27a)

0

and

1

) a s A [ [ '
I(z,,-p) = ezET; + Pyl (Tp) + 2p‘2’f1(ro,p Y dp', p>0 (1.6.27b)
e 0

where T, and 7, refer to two boundary temperatures, p,, and pi , @ =1 and 2 are the coefficients

for specular and diffuse reflection and €, , €, are the emissivities.

In a geometry with spherical symmetry Siewert and Thomas (1991) considered the equation

L) 1-p? l(rp)
ar r cu

L 1
+ I(rp) = %EB,P,@) f P(u)(r,u)dy’ + S(r) (1.6.28)
=0 -1
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for re(R,,R,), p € (- 1,1) and the boundary conditions are

1

0 5 ¢ ’ 1]
IRy = & 2T7 + PRy -1) + 2p; f IR~ )" dp (1.6.292)
A ,
and
1
0 5 ’ ’ ’
I(R,,-y) = ezﬁT; + Pl (Ry,u) + ?-p‘z{fI(Rz,u yp'dp (1.6.29b)
0
for ue[0,1].
2
They took S0 = (1 - )14 (1.6.30)
T

where the inhomogeneous source term, B, define the scattering law, r e (R,.R)) ,1s the optical
variable, p is the direction cosine measured from the r - axis, w is the albedo for single scattering. 7
and T, refer to two boundary temperatures, €,,€, are the emissivities and p;, and pe, a=1and
2 are the coefficients of specular and diffuse reflection. Also n is the index of refraction and o is the
Stefan-Boltzmann cohstant. The temperature distribution is considered to be specified and that

TR) = T, and T(R,) = T,.

Following Davison (1957) and Aronson (1984a,b) the form of the intensity considered is

N J .
I(r,p) = EZL; 1P,(;,l)z:[AjK,(r/Ej) + (—I_)’Bji,(r/Ej) g,(ﬁj) + Ip(r,p) (1.6.31)
J=1

=0

where / L, p)is the particular solution to the Eq. (1.6.28) corresponding to the inhomogeneous
source term S(r). g,(Ej) are Chandrasekhar polynomials. The P, eigenvalues are given by £,
1=1,2,....J=(N+1)/2.The modified spherical Bessel functions of the first kind and the third kind are

denoted by
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T

1 1
. )3 3
i = [ _2_") 2 1 .,,@, k(2= ( Z) 2 K, ..
The arbitrary constants {A j} , {B j} are determined by using the boundary conditions.

Stewert (1993) discussed a post processing technique which is used with the SHM to develop
accurate results for the calculation of radiative intensity in a homogeneous plane parallel medium. He
assumed that the medium contains a source that varies with position and considered anisotropic

scattering. The equation of transfer considered is given below.

L 1
al(r,p) + _w 21 +1 ’ ’ r o,
p 2o ey - 2; P, 0) fl PG + S@)  (1632)

for T € (0,7,) and pe [-1,1] . The boundary conditions are

1

I0,) = Fy(u) + piI(0,-p) + 2p} f 1(0,~p) pdy (1.6.33a)
0

and

. 1
I(t-p) = F(n) + p3l(tep) + 295 f I(ty,p)pdp (1.6.33b)

0

for pe (-1,0]. Here the symbols 3, o ,pi ,I(T,u), T, u, S(t) have been described in Siewert and
Thomas (1990,1991). They assumed that the functions F, (u) , F, (u) and the inhomogeneous source
term are assumed to be given. He has taken, as in Siewert and Thomas (1991) the following solution
to Eq. (1.6.32)
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- N

J ~
2L +1 3 ~(ty - TYE,
I(t,n) = E + Pl(“)E[A," Y4 (- ,)sze (o - D/E, g(E) + L(ty)  (1.634)
1=0 |

2

7=1

where the arbitrary constants {A ].} and {Bj} are determined from the boundary conditions.

Karanjai and Biswas (1992b) applied a modified SHM to solve the radiative transfer equation.
They considered a plane paralle] finite medium With isotropic radiation field. The equation of transfer
is | . '
w 2B ey = L [patiandw (1.6.35)

-1

and the phase function is
pup) =1 + 0P (WP, (1) + &,P(n)Py (1)

They have taken the following forms of intensity

Iy

I.(t,pn) = () + E(21+ DI (t)pP,2p-1), Ox<p<l (1.6.36a)
1=0
and
i Iy
I (t,p) = d(1) + E(2l+ DL (uP2p+1), -1<p<0 (1.6.36b)

1=0

They evaluated various constants by applying these forms and used the phase functions like Rayleigh

and isotropic.
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1.7 Application of SHM to Neutron Transport and Other Problem.

The SHM for neutron transport problems was first applied by Wick (1943) and Marshak
(1947) and developed in detail by Mark (1944,1945). Davison and Sykes (1958) discussed the
application of SHM in both plane and spherical geometry. In case plane geometry, Davison and Sykes
(1958) assumed that the neutron flux is a function of Cartesian coordinate ( x say) only and
consequently the angular distribution depends only on x. They considered the constant cross-section

isotropically scattering Boltzmann integro-differential equation

1 -
ML LD VTV if Ny
F ; o] _llll(x,ll )du - (1.7.1)

where i(x,u) is the angular distribution of the neutrons and / is the mean free path. They expanded

P(x,n) into spherical harmonics in y so that

W) = = E(zn “1)P (W, () (17.2)

n=0

where P_(u)are Legendre polynomials. Further, they assumed that

1
¥, x) = Zﬂfll!(x,u)P”(u)du O (173)
-1 : T .

Multiplying (1.7.1) by (2n + 1)P_(u) and integrating over all y, using the recurrence formula for

Legendre polynomials one obtains

(n+ DY, (x) + mp,, [(x) + (2n+1) ""q; (x) = 0 (1.7.4)
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where dashes denote differentiation with respect to x. The quantities §, (x) are called spherical
harmonic moments of the angular distribution. It is easily seen that first two moments §,(x) and {, (x)
are identical with the flux b(x) and the current density ji(x) respectively. Equations (1.7.4) are an
infinite system of differential equations with an infinite number of unknowns. In practice, however,
only a finite number N,say is taken. Davison and Sykes (1958) assumed a trial solution of the form
¥, () = ge", n=0,1,2,... N (1.7.5)
g, are some constants and obtained the solution
¥, (x) = Zﬁjg"(vj)e v p=0,1,2,...N (1.7.6)
J

where 4 |, are arbitrary constants which are determined by using appropriate boundary conditions.

Davison and Sykes (1958) introduced a set of auxiliary functions G_(v) defined by the following

oo coplt) - fafefl) o) e

where P, “are Legendre polﬁipmials and , are Legendre functions of the second kind. With the

equations

help of (1.7.7) Davison and Sykes rewrote (1.7.6) as
¥, = Y AG, (v)e™, n=0,1,2,..,N (1.7.8)
5

The boundary conditions. 1. Conditions at an interface between media.

For a stationary problem in plane geometry with constant cross-section this is given by

Y(x,p) is a continuous function of x for any u except (possibly) p =0 (1.7.9a)
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or equivalently,

¥, (x) is a continuous for n=0,1,....... N (1.7.9b)

Davison and Sykes also stated that odd order approximations are superior to even ordér
approximations. .'
| 2. Conditions at a free surface.
In this case Davison and Sykes considered the free surface at x = 0 and the medium

occupies the space x> 0. The exact boundary conditions are

W(O,u)=0' for  p>0 (1.7.10)

This,however,constitutes an infinite number of conditions which cannot all be exactly satisfied in an

approximation of finite order. In P, approximations, only (N+1)/2 conditions are satisfied. Davison

and Sykes proposed that alternative Mark’s (1945) or Marshak’s boundary conditions should be used. »

Mark’s boundary conditions for this problem are

YOR) =, j= 1,2, ,N2+1. 1,>0 (1.7.11a)
or equivalently,
P(w) =0, u>0 (1.7.11b)
and Marshak’s boundary conditions are
1
fw(o,p)plf'*dp -0, j=1,2.. ,N;I (1.7.12)
! _

Davison and Sykes stated that in a low order approximation, Marshak’s boundary conditions give
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better results, but the accuracy would increase faster in higher approximations when Mark’s
conditions are used.
3. Conditions at a surface exposed to the neutrons
The medium is taken as x > 0 with the surface x = 0 exposed, the exact bounadry
conditions are L
U(0,u) =F(p), for p>0 (1.7.13)

where F(u) is some known function. For this problem, Davison and Sykes suggested that a

generalized Mark’s or Marshak’s boundary conditions should be used.

In case of spherical geometry, the corresponding Boltzmann equation for neutron transport

is [Davison and Sykes (1958)]

pOU () 1o u(re) | () | Lffq,(r,p')dg' (1.7.14)
ar r op ! 4an

where Davison and Sykes assumed spherically symmetrical system, in which neutron flux depénds

only on radial component.

Writing W) = o= Y @n )P, (1.7.15)
n=0

and proceeding in the same manner as in the plane case the following system of equations is obtained

n+2

d d -1 | 1-¢d,,
(n+ 1)[d—r + }wm(r) + n[; - ”T]wn-l(r) *@n ) ——=2y,0) (1.7.16)

In the P, approximations, this infinite system of equations is converted into a finite one by

neglecting ., (r)and retaining only the first N+1 equations of (1.7.16). It is easily verified that the
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resulting system of equations is satisfied if

() = G(9) K1 yriD (17.17)
e _

J

where K; (2) is the modified Bessel function of the second kind, G, (V) are defined by (1.7.7)

The general solution of (1.7.16) in the P, approximations can be written as

1 .
21 13
¥, ) = ;Ajvjc;"(vj)[ nw) K, 1y (1.7.18)

J

Putting (1.7.18) in (1.7.15) the angular distribution in the P, approximations can easily be obtained.
The functions G, (v) figure in the solutions for both the plane and the spherical case; the

reasons for this have been given by Davison and Sykes (1958)

The boundary conditions.

1. Conditions at the origin
Apart from the boundary conditions, Davison and Sykes also prescribed a condition

at the origin
Yy (0) isfinite (p=0,1,....,N) (1.7.19)

2. Conditions at infinity.
o In this case the boundary conditions will be the same as in the plane case except that.

a supply of neutrons from infinity is now understood in the sense of total supply rather than supply

per unit area.

3. Conditions at an interface.
The conditions at the interface between two media in direct contact are purely local

conditions and will not depend on the geometry. They are therefore, the same as in the plane case.
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This also applies to Marshak’s condition at the free surface, but the situation with respect to Mark’s

condition is more complicated.

4. Conditions at the surface of a gap.
In the case of plane symmetry, gaps have no effects, but in the sphencal case,they must
be taken into account. Davison and Sykes considered them in two ways. First, the gap 1s treated as
a medium where the mean free path is finite, and then the interface conditions are applied. Second,the

surfaces of the gap may be considered directly, and then the exposed surface conditions are applied.

Kofink (1958) made thorough analysis of the SHM in connection neutron transport problem.
Kofink [ part 1,1958] discussed the relation between P, method (i.e. the SHM) and Gauss
quadrature method for the solution of Milne problem. It is often pointed out that both SHM and
Gauss quadrature method dealing with monoenergetic transport equation are closely related, but they
are not identical; for the later as applied to the Milne problem is a non-analytic approximation,
whereas all functions used in the SHM are continuous. Kofink (1958) defined a general solution fo
Milne problem and gave comparisons with Gauss quadrature solution. He considered the appropriate

Boltzmann transport equation of the form

AL _ 1 Yau' + 3 ' dy’ -
u—a—C“ SR = (1 v) f;f@,u '+ -V u _flf(c,u Yy (1.7.20)

where p = cosl, D is the angle between the positive z-axis and the direction of the directed flux

J(C,u).The other notations are described below

X, t vy 2. vy,

c=1-v, = ——",v, = —/———

’ Y )



with 3 =3, +¥a, 3, =X +3

where Y .Y .Y} P Y are  respectively  macroscopic  cross-sections  for

scattering,absorption,fission and capture. Further

{=Y:z-= —lz— = distance in units of the mean free path /, and Yy = Ii =total cross-section..
0 0
In order to apply SHM, he assumed
G = Y FoOP®) 72
1=0

Inserting Eq. (1.7.21) in (1.7.20) an infinite systems of differential equations is obtained. He assumed

a trial solution of the form

[0 (@ = @1+ 1)g(AN)exp[-C/A]

As usual, the summation appearing (1.7.21),for all practical purposes must be a terminating one, i.e.
a finite number N say.Kbﬁnk reported that the number of P, approximations depends upon the
parameter c.He showed that this number L, say increases very quickly for small for example when
¢=1/3 P, approximations are required and for ¢ = 1/4 one needs P,, approximations.

For an illustration, Kofink has chosen Milne problem with anisotropic scattering, the

scattering law is given by
21 .
W(cos©) = E[1 + 3slcos9]
and approximate partial solution by SHM (or the P,) 1s given by

L
k) = ¢ Y@l gt P w) (1.7.22)
1=0
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where A, are L+1 eigenvalues. Kofink assumed that the left half space { < 0 is the medium and the

right half space ¢ > 0 is vacuum.

Zeiring and Schiff (1958) applied the method of half range polynomials to neutron transport
theory. Their problem consists of monoenergetic neutrons in an elastic,_ isotropically scattering
medium. They extended Yvon’s method to the one group neutron transport equation applied the same
to the problem of semi-infinite and finite slab and derived the general solution for the isotropic
scattering in the N-th approximation by Yvon’s method. They considered the transport equation for

one group theory with isotropic scattering in plane geometry as

p 2oy “’(“”‘) - £ f S dy’ + S(uy) (1.7.23)
dx

The neutron flux &(x) is expanded as

¢ (nx) = 2(2" +1)B, ()P, (1)

where B (x) are expansion coefficients and
P/(p)=P,2u-1),0<p<l, P (w) =P 2p+1),-1<ps<0

Zeiring and Schiff (1958) obtained results for P; and P, approximations in case of semi-infinite
slaband P, ,P; ,P, approximations for finite slab. In each case, they have used the appropriate
boundary conditions. The results have been compared with the exact solution of the classical Milne

problem for an isotropic scattering medium.
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Wilson and Sen in their earlier papers [Wilson and Sen (1963, 1964a,1964b)] suggested a
* modification of the double interval SHM and applied that to solve certain transfer problems in plane
and-spherical geometries. Wilson and Sen (1965a) ap»pliedﬂ the same modification of the SHM to solve
the problem of neutron transport with a finite spheﬁcal core. They considered an infinite source free
noncapturing medium surrounding a sphere of radiﬁs a which absorbs all neutrons falling on it, they
assumed a current density in the direction - r (r being measured from the cenief of the black core) in
the medium which scatters neutrons isotropically. The éppropriate transfer equation cbnsidered by

them is

pO¥rp) | 1-p? 3¥(ru)

1
+ P = 1 [P0 (1.7.24)
or r du 24

where r is the distance measured outward from the center of the spherical core and p is the cosine
of the angle measured from the positive direction of the radius vector. P(r,u) is the angular
distribution of the neutrons at a distance r in the direction cos ~!(u). The neutron density is defined
by
1
10 = [T
-1

Following Wilson and Sen (] 963) they represented ¥(r,u) by two different expansions,viz,

b

Y (rp) =A@ + E(ZI +Dp¥, (HP,(2p-1), O0<p<l (1.7.25a)
1=0
and
Iy ‘
¥ (ru) =A@ + E(Zl+ Dp¥, (HP,(2p+1), -1<p<0 (1.7.25b)

1=0
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where A(r) is a function of 7 only. The equation (1.7.23) was solved with the following boundary

conditions
P(a,u)=0, for Ospx<l (1.7.26)

where a is the radius of the finite spherical core. They evaluated ./(r) for the P, approximation and

compared the results with those of Marshak (1947).

Kobayashi (1985) déduced a solution of the neutron transport equation in multi dimension
of the SHM by applying the finite Fourier transformation. They derived the spherical harmonics
equations by making use of a quadrature formula related to the associated Legendre functions. He

considered the neutron equation as

CQVArQ) + f(rQ) = ﬁ f FrQYdy' + Z%S(r) (1.7.27)
: 4n

where Q is the unit vector in the direction of the neutron and ¢ is the number of secondary collisions.
The function f{7,Q) and S(r) are the angular flux and source respectively. He assumed that the angular
distribution of the scattering and the external source are isotropic. He also showed that the
characteristic roots of the spherical harmonics equations fér the higher components are the roots of

the associated Legendre functions.

Matasuék and Milosevic (1986) presented a generalization of a procédure to solve multi
group spherical harmonics equation for two dimensional system in r-z geometry. They derived the |
expressions for the axial and the radial dependence of the group values of neutron flux moments.
They applied a combined analytical-numerical technique in r-z geometry. They considered a system
of J (j=1,2,...J) transport equations and by the application of SHM the systems of J equations were -
reduced to an infinite set of partial differential equations. They applied numerical techniques to solve
these partial differential equations.
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Kobayashi,Oigawa and Yamagata (1986) applied the SHM for the solution of multigroup
neutron transport equation in x-y geometry. They derived the spherical harmonics equations which
are second order differential equations. They considered the multigroup transport equation in the
form [Vide Kaplan and Davis (1967)] and deduced necessary spherical harmonics equattons. From
these spherical harmonics equations a set of finite difference equations is derived which can be solved
iteratively from the lower order of angular moment to the highest order moment. They evaluated total
flux for P,, P;, P,,P, approximations and compared their results with that Fletcher (1981) and
Gelbard and Crawford (1972). They discussed the rate of éonverg_ence of this method for the P,
approximation and finally suggested that the code that was used for this method could be improved

upon and pointed out two main drawbacks of it. .

Kamiuto and Seki (1987) applied P, approximation to an inverse scattering problem. They
reported that if only a limited number of radiative properties,such as albedo and asymmetry factor
are known then the inverse scattering problem can be solved by P, or higher approximation. They

fundamental equation considered by them is
. 1
dI T (1) ’ s s
u—f]—fgg + Tol(M,p) = OTfP(P,P)I(Tl,P Ydp (1.7.28)
-1

where T, is the optical thickness of the medium,w the albedo and P(u,u") the azimuthally averaged

phase function given by the following Henyey-Greenstein phase function.

o

Pup’) = Y @7+ DE"P, (P, (1) (1729
n=0 .

where ¢ is the asymmetry factor. The boundary conditions are
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| 1
[O.pn>0) = — (1.7.30)
I(1,u<0) = 0

In order to determine the spherical harmonics equations, Kamiuto and Seki (1987) expanded the

intensity by the following form

I(mp) = 22’;;11)"(“)1)”(;1‘) | (1.7.31)
=0

Substituting (1.7.30) in (1.7.27) and using the orthogonal properties of Legendre polynomials, the
spherical harmonics equations (of the lowest order) are obtained.Next, using Marshak’s (1947)
boundary conditions for these spherical harmonics equations, Kamiuto and Seki obtained, at

P, approximation, the hemispherical transmittance which is given by

T(z,) = 4\fA—*/[(7 - 40 - 30g)sinhT /4" + 4choshr0J27] forw#1 (17322)

1/[301-g)r,/4+1], for w=1 ~ (1.7.32b)

where 47 = 3(1 - w)(1 - wg)

The right-hand sides of the equations (1.7.31) have fwo parameters ¢ and w. Kamiuto and
Seki (1987) determined these parameters by appiying three methods i) Asymptotic expansion method
, i) unconstrained least square method, iii) constrained least square method. They varied ¢ for - .85
,0 and .85 and w for .1,.3, .5, .7, .9, 1. Once these'parémeters are evaluated, the hemispherical

transmittance can be determined and the equation of transfer (1.7.28) can be solved by Barkstrom’s
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(1976) method.

Siewert (1993c¢) applied SHM to develop a solution to an inverse source problem in radiative
transfer. It is assumed that, with the exception of the inhomogeneous source term, all aspects of
radiation-transport problems are known, and Siewert (193) determined the inhomogeneous source
term from specified angular distribution of radiation existing the two surfaces of a homogeneous
plane-parallel medium. Ansiotropic radiative transfer model and general reflecting boundary

conditions are considered.




CHAPTER -2

RADIATIVE TRANSFER PROBLEMSA
IN

SEMI - INFINITE ATMOSPHERES
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2.1 Solution of a radiative transfer problem in semi - infinite atmosphere with
Isotropic scattering using a modified form of spherical harmonic method.

2.1.1. The problem and development of equations

~ The equation of transfer appropriate to the problemis

1

p OB ey - L fp(u,u'w(r,u')du' @.1.1.1)
drt _ 2

where p(u, u') is the phase function which gives the measure through which a pencil of radiation is

scattered from (u,) direction to (u’,¢’) direction, and this is defined by

2n
plLp’) = — f P(up';0,9)dd’ (2.1.1.2)
2% /

¢ being the azimuthal angle, I is the specific intensity, t is the optical thickness defined by

o«

T = prdz,

z

K is the absorption coefficient, p is the density of the medium, p = cos(0) , O is the angle made by

the incident radiation with the outward drawn normal.
The equation (2.1.1.1) is to be solved subject to the boundary conditions
1(0,-p)=0, for O<p<1 (2.1.1.3a)

Itwe *~0 as 1- o  (2.1.1.3b)



66

For isotropic scatterihg, we know that

p(pp’) =1 (2.1.1.4)

We consider the following two forms of intensity

I=L
I'(tp) = I(0,0)[d)(t) + gr(u) + 12_%(21 + 1)1,*(t)pPI(2p - 1)}, O<u<l, (2.1.1.53)

' 1=L )
I (t,p) = I(0,0)[d)(‘t) + g(p) + ,2_;(2[ + 1)1,_(1');11’,(2;1 + 1)} , ~l<u<0, (2.1.1.5b)

where 1(0,0) is some constant, ¢ (1) is a function of T only and

1 if O<puxl

W) = { o ik 3L (2.1.1.6)
Therefore the form of the equation of transfer now becomes,
dl "(z,1) | ; l
T + - ’ ’ + ’ ’
" L ) I f I~ (@u)dy’ + f I (t,p" )du (2.1.1.7a)
d‘t 2 -1 0
dI “(z,) i f 1
T - - ’ ) + ’ ’
WSO < e - o [T @ady + [IEutyde'| @1.17b)
dt 2 -1 Q

_ Using (2.1.1.4) and (2.1.1.5) in equations (2.1.1.7) we obtain the following ordinary

differential equations
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1=L

Bld'(t) + E(zl + 1)1,*'(r)P,’(2i -1 =
1=0
I=L
=y - % + Y (21 + DI (t)pP(2n - 1), [=0,1,2,..,L (2.1.1.8a)
1=0

and
=L
wlo@ + Yoo« i@+ ) -
1=0

I=L
+ Y21+ DY, (mpP(2p + 1), 1=0,1,2,. L (2.1.1.8b)

=0

1
= Y(n) 5
We make use of the recurrence formula for Legendre polynomials

I +1
2

27 + 1

P, (2uxl1) =

1 /
P(2u +1) = P,(2u+1 P (2u=*l
uP (2n ) 2“1[ ,(2u )+2,-1(u )

Multiplying both sides of (2.1.1.8a) by P,(2u - 1) and integrating over [0,1] we obtain

1 [12—I+' -

1
“(t P(2u - 1)du + 1, ., + 21, +
<1>(){u,(,l ) a2l s Dl2r -1 -1

3 2 _ _ y .
LI2B 18L 20 Ay L
(21 + 3)(21 - 1) 20 + 3

I + 31 +2 -']_
LA LIRS Sy I

1
= f\p(p)Pl(?_p - 1)dp + o+ @+ D[+ + 1)1,:1] -
0

1
2(21 + 1)[
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1 ) I P "
- 5 - Z(I" Iy I+ ) 120,12, (2.1.1.9a)
Similarly milltiplying both sides of (2.1.1.8b) by P,(2u + 1)and integrating over [-1,0] we

obtain the following equation

1 1? -1
421 + 1)L 27 -1

0
¢I(T)IPP1(2P + 1)du + 11_—’2 - 20 +

~1

1273 + 1812 - 21 - 4
+ I

- _ [2+31+2 -
;2 D ——————— ]:

(21 +3)(2I - 1) 2 +3 I?
] 1
= 2 N S 17 S BRI S RN S
_flw_(mP,( e D+ sl = (1 DI (e DI
1y 1'(1*'—1‘ 1’+1') [=01.2... L 2.1.1.9b
5 0’ Z 0 0 + ] 1 > - 2 h ] L IR ] . . . ( . )

where O, is the Kronecker delta. The equations (2.1.1.9 a,b) are to be solved subject to the

boundary conditions which are given below

17(0) =0 (2.1.1.10).
{

I[(e ™ -0 ast -0 (2.1.1.11a)
I;(t)e ™~ 0 ast -0 | (2.1.1.11b)

In case of N-th approximations we assume
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Iy =1g.,=0 (2.1.1.12)

Also we assume a trial solution of the form

I/ (1) = g, + g, (2.1.1.13a)
I, (1) = h,,me"‘t +h (2.1.1.13b)
where g, ., 8, 5.5, .}, gare constants which are to be determingd.

Using the boundary condition (2.1.1.10) and (2.1.1.11) we can write the solution as

n-1 .
I (x) = Eg,‘;’ * 8 (2.1.1.14a)

r=1

I (x) = Eh(" (2.1.1.14b)

Further, from (2.1.1.10) we have

Eh(’) +hy (2.1.1.15b)
where &, are the n - 2 roots of the determinant of order N.It will be found that there will be

two zero roots for all order of approximation N (Chandrasekhar [1960]). Here will consider two

approximations, vizL = 1 and L = 2. Also we know net flux is given by

1 0 1
F=2[r@oudu = 2| [ @wude + [ cpudy 2.1.1.16)
-1 -1 0

Also from the definition of source function and mean intensity J we have,
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1 |
J(z) = % f [ dy = $(7) (2.1.1.17a)
51

and .
K() = % f () i (2.1.1.17b)
5

The law of darkening ( or the emergent intensity) is given by

10,) = IS(r,p)e-FQE (2.1.1.18)
0 u
We assume ¢(1) = A1 (2.1.1.19)

where 4 is some constant which will be determined.

2.1.2. First approximation
Here L = 1. Taking successively / = .0, 1in equations (2.1.1.9a) and (2.1.1.9b) we obtain

following differential equations.

(%10*' . 21,") g 1 - 1) =2 - 20 2.12.1)
(210*' + 2—:—151{') 201 +30) = - 20 (2.12.2)

W

|

I, - 21;'] - (10' oI+ I - 11‘) = -2+ 2¢'(1) (2123)

(—210" + %"1(') ~ 2(10‘ - 31,‘) = - 2'(7) (2.12.4)
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Using the forms of ¢(t) and 7, (), 1 ; (T) in equations (2.1.2.1) to (2.1.2.4) and comparing

the coefficients of e ** and the constant’s terms we obtain the following set of equations

[4?" . 1)%_& " (2k + 1)g, 0 * Ry = By = 0 2.12.50)
(2k+2)g, , + ( ?;"_" +6)gm - 0 (2.1.2.5i)

8o * Eia ( —%" + 1)h0,a.+ (2k - 1)h, , =0 (2.1.2.5iii)
(2k - 2)h,, + (6 - z:—lf)hl,a -0 : (2.1.2.5v)

And equating the coefficients of the constant terms, we obtain following linear algebraic equations.

8op " &ip T ho,ﬁ - hx,;} = -2 * 24 : (2.1.2.61)

280 + 68,5 = 24 (2.1.2.6i)
2hy 5 ~ 6l = 24 (2.1.2.6iii)

Also from the boundary condition we find that



hoq t hgp =0 (2.1.2.7a)

ta *hp=0 (2.1.2.7b)

The equation (2.1.2.4) will have a nontrivial solution if

Dk =0 (2.1.2.7)
ﬁ+1 2k +1 1 -1
where 3
2k +2 %—E+6 0 0
D, (k) =
1 1 —ﬁ+l 2k -1
3

0 0 2k -2 2‘5“‘+6

So we have k =0, 0, + 1.8257, and we will consider the positive root only.
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We see that there are 9 unknown constants to be determined from 8 equations. For an extra

equation we consider the first moment of H-function. We have [Chandrasekhar (1960)]

1
@, = f H(p)dy = 2 (2.1.2.8)
: |

or

1.- 1,-
1 + —1,(0) + =I,(0) =2
20() 21(.)

which gives

80a * 8ot 8op & =2 (2.1.2.9)



Solving (2.1.2.5), (2.1.2.6), (2.1.2.7) and (2.1.2.9) we obtain [(Bishnu 1969)]

Qoo = -0.5293, h, . = 21765

g . = -02026, h, = 13006

8p = ~26273, hy, =-2.1765

&p = -03006, A5 =-1.3006
A =1.7254

Therefore, we can calculate the values of [, ,7,’,1;,/, . From (2.1.17a) we have

R U MO
J(t)=1(0,0)[At+E+Z(]O YAy & +11)}

Or, J(t) = I(0,0){1.7253T + 1.3006 - 0.300065¢ *] (2.1.2.10)

The net flux is given by
B 1 D VU S 1
F = 21(0’0)[5 . 5(1(, AR A & )} (2.12.11)
From which we get

1(0,0) = 0.6927 F

The source function now becomes
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8‘(1»“) = ‘](tv“)
Hence we obtain the emergent intensity as
10,u) = 10,0)[1.72531 + 1.3006 - 0.300065¢ *7] (2.1.2.11)

Now expressing 1(0,0) in terms of F we can find the ratio I(O,u)/F and I(0,1)/1(0,1).The
results are shown in the table (2.1.1).

2.1.3. Second approximation.

Here L =2. Putting successively 1 = 0,1,2 in the equations (2.1.1.9a) and (2.1.1.9b) we obtain

in the usual manner, the following differential equations

(%101' w2l %1;') g vy v 1 - 1) =2 - 280 () (2.13.1)
v 24 . . . . ,
(210 = A2 ) - 201y + 31 +21)) = - 24 (@) (2.13.2)
1 +7 +7 80 +7 + A
(510 2l + 2, ) - (21 +51,) =0 (2.13.3)
(%10" - 20+ %12") + (10* AR A 1,‘) = -2 +2¢'(0) (2.13.4)

(—210" + 354_1]" - 412") -2ty =30, 4 21} = - 2¢'(®) (2.13.5)
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T
Wl =

Using the forms of §(t) and ;" (t), I; (%) in equations (2.1.3.1) to (2.1.3.6) and comparing

the coefficients of e “** and the constant’s terms we obtain the following set of equations

[4?" . 1)g0.a v (2k+1)g,, * %k-gzya thyy - by =0 (2.1.3.7a)
(2k+2)gy, + (E‘-;ﬁ +6)gm +(4k+4)g, =0 (2.1.3.7b)

ggoya . (2k+2)?;ya R ( 8201" +5) £°0 @139

Zou * f1a * ( _¥ . 1]h0,a "2k 1)y, - 2’3£h2,a - 0 @1374)
(2k-2)h, , + ( - 35‘-'5 . 6) hy .+ (4k-4)h, , = 0 (2.13.7e)

5) hy,=0 (2.13.76)



and comparing the coefficients of the constants terms we get,

Eop T E1p * ho,(} - hl,ﬁ = -2+24

8op * 3815 + 28,5 =4

2gu3 + SgLB =0

2h

op

1B

- 5h 0

2.8

(2.1.3.8a)

(2.1.3.8b)

(2.1.3.8¢)

(2.1.3.8d)

(2.1.3.8¢)

The set of equations (2.1.3.7) will have nontrivial solution if D,(k) = 0 where

Dz(k) =

So we hd

Ve

4k

—+1]

2k+2

k
3

2k+ 1 315
24k , ¢ 4k +4
ik+2 80k+5

1 0

0 0

0 0

k=0,0,%+1.3988,£3.6116

0

-1 0
0 0
0 0
2% -1 _2k
3
_28k 6 4k-4
5
k-2 80k
21

76



As usual we will take only the positive roots
k, =3.6116, k, =1.3988
Next, from the boundary condition we have,

Hosa * Borg + iy = 0

hl(li * hx(,zi * hl,D =0

10Y) @) _
hyo + hyy + hz,[i =

77

(2.1.3.9)

(2.1.3.10a)

(2.1.3.10b)

(2.1.3.10¢)

As in case of first approximation,folldwing the same procedure we can evaluate the constants

and then obtain the source function as

8t) = J(r) = 10,0)[1.730759T + 1.231444 - 0.22227¢ “" - .009135¢ 7]

~.The law of darkening is given by

I(O,p) = 1(0,0){1.730759u + 1.231444 -

In the following table we give our results.
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Table 2.1.1

P, - Approximation P, - Approximation
m I0,u)/F - 1(0,1) / 1(0,1) 1(0.p)/F 10,1) / 1(0,1)
.05 48312 38067 48585 38526
10 52987 41750 53440 42376
15 57529 45329 58039 46022
20 61965 48824 62461 49529
25 66315 52252 66758 52937
30 70594 55624 70961 56270
35 74815 58949 75093 .59546
40 78985 62235 79169 62778
45 83114 65488 83201 65975
50 87206 68713 87179 69144
55 91268 71913 91164 72290
60 95302 75002 | 95107 75416
65 99312 78251 99029 78526
.70 1.03302 81395 1.02933 81622
75 1.07273 84524 1.06823 84706
80 1.11228 87640 1.10700 87781
85 1.15168 .90745 1.14566 .90846
.90 1.19095 93839 1.18422 93904
95 1.23010 196924 1.22270 06955
1.00 1.26914 1.0000 1.26110 1.0000

Here the data in the parentheses indicates that due to Chandrasekhar. We find that second
approximation, i.e., P, method is superior to that of first approximation, i.e., P, for higher values

of u.
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2.2 Solution of a radiative transfer problem in semi - infinite atmosphere with
Rayleigh phase function using a modified form of spheﬁcal harmonic method.

2.2.1 The problem and development of equati@ns.

The equation of transfer in case of plane parallel atmosphere with spherical symmetry is given
by |
' -l
WA ey - L fpanicaan (22.1.1)

-1

where the symbols have their usual meanings, which are described in section 2.2.1.

The equation (2.2.1.1) is to be solved subject to the boundary conditions

I(0,-p)=0, for 0<pu<l1 ' (2.2.1.2a3)

I(t,we -0 as T - o , -+ (2.2.1.2b)
The Rayleigh phase function is given by
Pu) = 1 + PP, () = % B -w)+ (3w -1 )u”] (22.13)
As in section 2.1 we consider the following two forms of intensity

I=L

17(t,n) = K0,0)|d(t) + d(p) + 12(21 + ) P, 2p - 1)], O<ps<l, (22.14a)
=0
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I-L
I"(tp) = [0,0)| () + w(u) + Y (21 + 1), pP 2p + )|, -1spu<0,  (2.2.1.4b)
=0
where 1(0,0) is some constant, ¢(t) is a function of T only and

- w) ={ 5 g _01?:1210 | (2.2.1.5)

Therefore the form of the equation of transfer now becomes,

0 1
di* . 1 o, o
“—d(:“) = - o fp(u,u M p)ydy’ + f Pl (T )dp (2.2.1.62)
_l 0
dl” U !
“——d(f'“ ) - e - 0 fp(u,u’)l (nu)dy’ + f PG (tp’)dy' (2.2.1.6b)
-1 . 0

Using (2.2.1.4a) and (2.2.2.4b) in equations (2.2.1.6) we obtain respectively the following

ordinary differential equations

{=L i=L
KE@ + Y@+ DL @PCE - D] = 46 - £+ Y1+ DL @pPCx - 1)
1=0 =0
3 .3 , .
‘E‘Z(Pz *5)(10 ‘Io)‘ Eo—(lhl +21)(11 +11)

+ (342 - 1)[ -2 - 1) - 3;_ (1 + 13‘)] (2173
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and

1=L
- Yers pr@eree ) -
=0

N | —

=1
ulo'e + Y21+ I @P2E + D] = 9 -
1=0 .

- %(uz )1y - 1) - %(17112 eIy« 1))

+ (3p2 - 1)[ R A 1_;)}  (22.1.7b)

| We make use of the recurrence formula for Legendre polynomials

271 + 1

1 [ +1 I
uP(2p £ 1) = 5T 1{ 5 P (2p£1) = P(2p+1) + EPH(Zuil)

Multiplying both sides of (2.2.1.7a) by P,(2u - 1)and integrating over [0,1] and making use of
orthogonal property of Legendre polynomials in [0,1] we obtain

1 1?2 -1

10+ 2017 +
421 + D] 21-1"7 -1

1 |
(@) [upP(2n - Dy +
0

3 2 _ _ . . 2 .
. 127° + 181 21 411», +2(1+.1)1[:1+ { +31+2]l~.2 _
(27 +3)(271 - 1) 21 + 3
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1 .
= [wwr2u - Dap + 7y + @t + 01+ D -
4]

1
2(27 + 1)

- *21‘ o = ST, 1=0,1,2,. L (2.2.1.8a)

Similarly multiplying both sides of (2.2.1.7b) by P,(2p 1 )and integrating over [-1,0] we

obtain the following equation

- 2 _ , .
! < *1 11112 -2, +
420 + 1)|21-1 7%

0
() [uP(2p - Dy +
-1

_ 128 + 1817 - 21 - 4,
(27 +3)(21 - 1)

17+ 31 * 2, }_

RS YO RPUE BY A "=
! ( )’41 21+3 1+2

0
. 1 o 5 L
_ _flw(u)P,(zu + 1)dy + m[zzl_, | @1+ DI+ (1 + DI,
. %60, -8, 1=0,1,2,...L (2.2.1.8b)

1
§*= =1, - 10‘)f(p2 + 5)P(2u - )dy -
0
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1
30, - ) o
“ 320l *’1){‘”“ +21)P (20 - 1)dy
15|
3. o I+
'a[(’z‘12)+ 3 {(3uf—l.)P,(2u-l)du (2.2.1.92)

and

0
3. -
s = 21 - 15) [+ $)Pcaus Dy -
_l :

0
3 g 2 _
m(ll "3 )_fl(up + 21)P(2p + 1)dy

. _ 0

+ - I¢ +1 '

- —{(1,_ 1)+ . 3 }f(3 W2 - 1)P(2p +1)dp (2.2.1.9b)
-1 .

and 8, is the Kronecker delta and dash denotes derivatives’ w.r.t optical thickness .

The equations (2.2.1.8a) and (2.2.1.8b) are to be solved subject to the boundary conditions

which are restated below
I, (0)=0 (2.2.1.10)

I[[(t)e ™ ~0 as T - (2.2.1.11a)



],“(1:-)e"t -0 ast - «

In case of N-th approximations we assume

Iy =Iya =0

N

Also we assume a trial solution of the form

-kt

II+ () = &8 4€ +*&ip

I (z) = h € e h g

where g, .8, 5./, 5. 1, 5 are constants which are to be determined.
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(2.2.1.11b)

(22.1.12)

(2.2.1.13a)

(2.2.1.13b)

Using the boundary condition (2.2.1.11a) and (2.2.1.11b) we can write the solution as

1@ = Eg") R

I, (1:) = Eh(’) |

And from (2.2.1.10) we have

(2.2.1.14a)

(2.2.1.14b)

(2.2.1.14c)
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where k_ are the n-2 roots of the determinant of order N. It will be found that there will be

two zero roots for all order of approximation N. Here will consider two approximations, viz. N =!
and N=2,

Now the quantities F (net flux), J(t)(mean intensity) are defined in section (2.1.1) and the
source function in this case is

S(t.p) = %{(3 - W) + (3u? - 1)K(z)

(2.2.1.15)
where

1 -

K(x) = % f I(x,p)dp (2.2.1.16)
-1
The law of darkening ( or the emergent intensity) is given by
* T
_ ndrt
KO,u) = f%(r,p)e P (2.2.1.17)
p
0

In this case also we take the form of $(t) as

¢ (1) =4r,

where A4 being some constant which is to be determined.

2.2.2. First Approximation.

In this case L= 1 and we neglect I, and I, .

For /= 0,1 we have from (2.2.1.8a)

(%1;' . 21;') e+ 1 41y - 1) = 2 - 240 222.1)
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' v 24 . 61,. 909,. 3 .- 51,- ‘
21 « 2217 - 20 - =00 - =0, v =1 = 29 2222
( ! ) 32° 160" 327" 160" ¥ ( )

For /=0,1 from (2.2.1.8b) we get

(gzo" - 21,") w g v 1) 1y - 1) = -2+ 2¢0(0) (2.22.3)

- 24 - 3 + 51 + 61 - 909 -
—or) e 22T - 2 - 2] - 20 v 220 = -29( 2224
( * s ‘) 32 160" 32° 160" @« )

Inserting equations (2.2.1.13a) and (2.2.1.13b) in (2.2.2.1) to (2.2.2.4) and equating the

coefficients of ¢ “** we obtain the following set of equations

(_43" + 1Jg0,a + (2k + g, +hog - hy =0 (2.2.2.5)

61 24k 909 3 Y .

2%+ 22 s 225,707 + 2h -2 p =0 2.2.2.5i
( 32)&”“ ( 5 I60)gl’“ 32 %% 160 '* ( )

8oa *81at ( -+ l]ho,a +(-2k - 1)k, =0 (2.2.2.5iii)
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3 51 61 24k 909 :
—g —g -2k+—|h = -\|h,=0 2.22.5i
3280 ¥ 760 "“+( +32) °'°‘+( 5 160) he ( V)

The equation (2.2.2.5) will have a nontrivial solution if

D) =0 (2.2.2.6)
where _
Ak 1 kel 1 -
D) = > |
o+ 81 24k 909 3 _S51
32 5 160 32 160
1 1 —ifiu 2k -1
J
3 51 .81 24k 909
32 160 32 5 160

Therefore from (2.2.2.6) we have
k=0,0,+29167 (2.2.2.7)

To satisfy the boundary condition we will take only the positive root.

Again equating the coefficients of constants terms we get

8op *8&p thyp —hyp=24-2 (2.2.2.8i)

61 909 3 51

_ + = + - —h =24 2.2.2 8it
32508 7 Tgo®1e T 33" T Tgp e - ( )
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3 51 61 909
— —_— —h,, - ——h,, =24 2228
32508 " Tgo%10 T 32708 T Teo 1 ( )
From the boundary condition (2.2.1.14c) we have,
ho,a + ho.p =0 (222.9)
hl’a + hl_[3 =0

We see that there are 9 unknown constants to be determined from 8 equations, viz., (2.2.2.5),

(2.2.2.8) and (2.2.2.9). For an extra equation we consider the first moment of H-function. We have

1
@, = f H(u)dy = 2.06088 (2.2.2.10)
4

which gives

o0 * 810 T 8op T &1p = 212176 (2.2.2.11)

Therefore taking k= 2.9167 and solving the equations (2.2.2.5), (2.2.2.8) and (2.2.2.9) we

obtain

oo = 0.2144, By, =2.1162
g1, = -.5273, h, . =.9968
o = 0.8231, By =-2.1162
g, =0.0331, hy 5 = -0.09968



A =0.8535

We can calculate the values of 1, ,1, ./, ,1, . Therefore, we find that

R A
J(t) = 1(0,0)[.“ rot 2(10 N A A S )}

Or, J(t) = I(0,0)[0.85351 + 0.9939 - 0.3583¢ *7]

s{r- -1} + ol +1;

K@) = 100 4% + 1 & s - 1) + ol ~ 1)
3 6 40

or, K@) =1(0,0)[L345t +0.3173 - 0.0581e"”}

The net flux is given by

) U 0 o\ A -
F= 2](0’0)[3 N 3(10 + 1)+ 5(1‘ - 1, )}
From which we get  1(0,0) = 0.6927 F

The source function now becomes

89

(2.2.2.12)

(2.2.2.13)



S0

S(t,p) = %1(0,0)[2.27& +2.6644 - 0.042p* - 1.0168¢ % + 0.184p% 7|

Hence we obtain the emergent intensity as

1.0168  0.184y’
1 +kp 1 +ku

IO,p) = %1(0,0) 2.276p + 2.6644- 0.042y% - (2.2.2.15)

Now expressing /(0,0) in terms of F we can find the ratio 1(0, w/F and 1(0,u)/1(0,1). The

results are shown in the Table 2.2.1

2.2.3 Second approximation.

Here L =2. As in case of first approximation, putting successively / = 0,1,2 in equations

(2.2.1.8a) and (2.2.1.8b) we obtain,

1;'] g 1 w1 - )= 2 - 2¢°) (2.2.3.1)

w0

4 . +*
I, +2I, +
(45 o

10 - 11 - —"—12 -

#) _ 61,-_909 . 119,
327° 160 32

3 ,- 51 ,- 9 -
E R SR AR Sy Ny 2232
320 T Teo! 372 ¢'(7) ( )
lI‘;I + 21]-&' + 212‘,' + LIO* _ 62311‘ _ 31717‘ _
3 21 64 320 64 °
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iy el - 2 =0 (22.3.3)
[%Q”_zg'+§gj +U;+1;+15—1J=-2+2¢a) (2.2.3.4)
(—2Q'+%§L“—zu;)— é%g’—{%;ﬁ-—f%g'-

- %10‘ . %1{ . 1;2912‘ - 24 (2.23.5)

1,- 623,- 317,-
I - I+ I =0 2236
0 3207 64 2 ¢ )

64

Inserting equations (2.2.1.13a) and (2.2.1.13b) in equations (2.2.3.1) to (2.2.3.6) and equating

k

the coeﬂici_ents of e *" we get,

2_kg2.a * hO.a - hl‘a =0 (22373)

[ﬂ+ l)go,a + (2]{ +1)gl,a + 3

3
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61 24k 909). 119
2 + — + | 4+ T + | 4k + +
( 32)g"<“ [ 5 160)g‘-“ ( 32)g2’°‘

3 o3, L2, g (2.2.3.7b)

32 %% 160 '™ 32 %®

_k__ig o op s 623 o - 80k+317g .
3 64)°% 320)°'" 21 64 )°*"

1 17 3
Yoo T 3ogMe sal2e =0 (2.2.3.7¢)

gO,a + gl,a. * ( - % + l)ho,a + (Zk— l)hl,a - —ng"hz,a = O (2237d)
..3_g + —-—51 g -+ ig +
32°%% 16071 32°%¢

61 24k 909 119
+| -2k+—\hy +| —-—F—=|h | -4k~ h, =0 2237
( 32] o [ 5 160) e ( 32) 2a (223.7¢)



D,

the boundary conditions

1

64

+(—£—i]h00L +(2k
3 64 )

gO,a *

17

+
320g““

3
64

g2,a +

623
320

|

21

80k 317
-+

64

) hy,=0 (22370

The above set of equations will have nontrivial solution D, (k) = 0 if, where

*) =

4k

— +1

3

2k+g

32

ko1
3 64

2k + 1 2k
3
24k 909 119
s k+ —=
5 160 32
2k+623 80k+317
320 21 64
1 0
51 9
160 32
17 3
320 64

32
1
64

4k

____+1

61

-2k + ==

1 0
_ot 9
160 32
17 3
320 5
2% -1 _2k

3
24k 909 . . 119
5 160 32
623 _80k 317
320 21 64

This gives D,(k) = 7.5193K® - 104.9134k* + 155.4331k2

Thérefore, k=0,0,%1.298, +£3.503. As usual we will take only the positive roots to satiéfy

k =

, = 1298, k, =3.503

(2.2.3.8)




Next, equating the coefficients of constant terms we obtain

Zop *&ip "t ho,ﬁ - hl,ﬁ =24 -2

61 909 119 3 51 9
2 gt 8yt ——8yp * ——hg - ——h, , + —h,, =24
32508 7 7818 T 33 528 T 33008 T g b 3y

__l_g - é_%ig - ﬂg - Lh + ih - ih =0
64°%F  320°1P 64 °2F g4 P 390 1B g4 2P
3 51 9 61 909 119
—_— + — + — + — - —Zh + ——h =24
32500 7 Teo®1P T 32520 T 55708 T g0 M0 T 3y 2

1 17 3 1L, 623, , 317, 0

— + + - — - - —_ =
64508 T 320510 T GaF28 T a8 T g0 M8 T Teg 28

Next, from the boundary condition we have,

(b 2) —
hO,a * hO,a * ho,ﬁ =0
hl(,la) + hfif +hyg=0

(1) (2) —
hZ,a + h2,a * hz,[} =0

94

(2.2.3.9a)

(2.2.3.9b)

(2.2.3.9¢)

(2.2.3.9d)

(2.2.3.9€¢)

(2.2.3.10)



As in case of first approximation we obtain the required constants

g = —0.0171, h) = 0.0624
géiz = -0.2459, h$) = 27750
g = 00077, rt) = 0.0431
g® = 00729, K = 20588
gl = -00004, A = -00122
gyn = -0.0399, AP = 08522
Lo = 27369, ho g = -2.8365
g p = -0.4333, hy 5 = -2.1000
&5 = 0.1733, h,g = -0.8400

A=1.7835



Therefore the ./ and K integrals are given by
J@) = 1(0,0)[1.78351: +1.26 - 0072e &% - .2223e_k’t] ’
and

T

K(t) = I(O,O)[5945‘C + .42 + _0030e —kl + OOOSe_kzr]

The law of darkening in this case is

0162p% - 0246  .2238)% - 6674

107) = %1(0,0) 4.756y +3.36 + Tym v
1 2

In the following table we give our results.

96
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Table 2.2.1
P, - Approximation P, - Approximation

" 100,n) / F 10,1) /1(0,1) 10,1) / F | 10w /10,1
05 49124 140359 4767 (.48028) 3753 (37981)
10 54701 44940 5265 (.52961) 4145 (.41881)
15 59756 49093 5736 (.57562) 4516 (.45520)
20 64431 52934 6190 (.61981) 4873 (.49014)
25 68821 56541 6630 (66282) | .5220 (.52416)
30 72992 59968 7061 (.70501) 5559 (.55752)
35 76990 63252 7484 (74660) | .5892 (.59041)
40 80848 66422 7902 (.78771) 6220 (.62292)
45 84592 69498 8314 (82846) 6545 (.65514)
50 88241 72496 8723 (86891) | .6867 (.68971)
55 91811 75429 9129 (.90912) 7187 (.71893)
60 95313 78306 9533 (.94912) 7504 (.75056)
65 98756 81135 9934 (.98896) 7820 (.78026)
70 1.02148 83922 1.0333 (1.02864) | -.8135 (.81345)
75 1.05496 86672 1.0731 (1.06820) | .8448 (.84473)
80 1.08804 89390 1.1128 (1.10764) | .8760 (.87592)
85 1.12077 92079 1.1523 (1.14698) | .9071 (.90703)
90 1.15319 94742 1.1917(1.18624) | .9381 (.93808)
95 1.18532 97382 12310 (1.22543) | 9691 (.96906)
1.00 1.21719 1.0000 1.2703 (1.26455) | 1.0000 (1.00000)

Here the data in the parentheses indicates that due to Chandrasekhar. We find that second
approximation, i.e. P, method is superior to that of first approximation, i.e. P, for almost all values
of u.



2.3 Solution of a radiative transfer problem in semi-infinite atmosphere with
General phase function using a modified form of spherical harmonic method.
2.3.1 The problem and the equations
The equation of transfer in for plane parallel scattering atmosphere with axial symmetry is

given by |

dl l

1)~ 1 / N 4
OB joyy - L f ety @3.11)
dt 2 4

where the phase function is, as usual defined by

21
p(u,u’) = 51— f p(u.p";d,9")d P’ (23.1.2)
T 0

The other symbols have already been explained in section 2.1.1. The equation (2.3.1.1) is solved

subject to the appropriate boundary conditions. These boundary conditions are
(a) Absence of incident radiation from outside at the free surface T =0, i.e.,
I0,-u)=0, for O<pucx<1 (2.3.1.3a3)
(b) the convergence of intensity.i.e.
I(t,we * -0 as T-x (2.3.71.3b)

We represent I(t,u) by two different expansions given by

.1=L
I (t,p) = K0,0)|dp(z) + \IJ(p)E(2I+ DL (OpPRu-1)] O0<ps<l (2.3.1.4a)
=0 '
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. I1=L
I (t,p) = 10,0){(x) + w(p)E(u 1) (@uPRu+1)| -1<p<0 (2.3.1.4b)
=0
where 1(0,0) is some constant, ¢ () is a function of T only and we define W(u) by

_J 1 if O0<p<l
w(u)—{ 0 if -l<p<0 (23.1.6)

The function ¢ (t) will be specified later. Therefore, with these two forms of intensity, the equation

of transfer now becomes,

, . .
dl . 1 e, o
p- ag,u) = I"(t,p) - 0 fp(p,p M (o )dy' + fp(p,p, Y~ (T,n)dp (2.3.1.7a)
. 0 -1
and
dl” 1 : . 0
”'_—;:’U) = - o fp(u,u')l (r,u)dy’ + fp(u,u')l “(np')dy’ (23.1.7b)
0 -1

We take the phase function represented in the following manner

3

Pk = Y PP ) 23.18)
k=0

where w, aré assumed to be simply constants and P, are Legendre polynomials and they satisfy the

well-known recurrence relation

1 I +1 21 + 1
P, (2utl) =
21 +1| 2 1 (2nl)

/
pP(2p £ 1) = P(2uxl) + §P1_1(2Hi1)
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Let us now use the followirig notations

1
Sk = f P.(w)P,2u - 1)dp (2.3.1.93)
0
0 .
S, = f P()P,2p + dp (2.3.1.9b)
-1

Using these two notations (2.3.1.9) and the recurrence formula we obtain,

1 o0 1
[Py @y’ = 1<o,0)Ekak<u)[{¢(ﬂc) o 1) [Poydy +
0 k=0 0

1=L _+

I (v)
2

{(1+ DS+ 2I+1)8, + ls,*_,,k}] (2.3.1.10a)

(=0

W

and

0 [ 0
[P @pdu = 10,0) ):kak(u)[w) [ Puurdu +
-1 k=0 ' -1

1=L _ .

I, (v)
2

+

{1+ 108, - @I+ 108, + IS,'_,’,‘}] (2.3.1.10b)

-
u
(=

Further we assume,

+

Ay = (+1)S7,, + (2I+1)S) + 1S, (2.3.1.11a)
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A = U+ )8, = I+ 1S + 1S, (2.31.11a)

Hence the equation of transfer takes the following forms

dI*(ty) _ . 1 C
p D - e EI(O,O)E)WkPk(p)H (23.1.12)
- _ .
pl_ag’_“) - (o) - %I(0,0)kz;)wk}’k(p)n (23.1.13)
where
1 1 1=L17 I=L]_
T = 4 [Pandw + [warpndn + Y028+ Y8 @3y
-1 -1 =0 1=0 '

Now, using the form of intensity (vide.eq. 2.3.1.4a) in equation (2.3.1.12) and then
multiplying by P,(2p - 1) and integrating over [0,1] we obtain '

1 12"1 +

211"
421+ nl2r-1"? M

1
'@ [uP(2u - 1)du +
(¢}

12+3I+2 +

1213 +181%2-21-4 .«
+ - ]1*2} = [(b(t) + 1160,1 +

I+ 20+, + 212012
@I+3)2i-1) ! (Dl 21+3

+

——1 + + 1 C +
1, 20+ DI+ (0 + D, '—E Sl 1=0,1,2,..,L 231
+ 2(21+1)[ -1 +( + )] +( + )1?]]» 2k=0“kSI,LH, ,1,2, ,L ( 31153,)

Similarly, using (2.3.1.4b) in (2.3.1.13) and then multiplying it by P,(2 + 1) and integrating

over [-1,0] we obtain
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2 _ . e
: / 111_72 - 20, +
41+ )l2/-1

0
') [ 1P 20+ 1)du +
-1

3 2 . . 2 . )
L Q2018204 g gy ] *3“21,;2]:4)(1)60, .
(21+3)@I-1) 21+3 ’
1 ] ] ; R
NI - @1+ DI+ + DI - _Ews , 1=0,1,2,.,L (23.115b)
ST @ D D] - ) ST

We note that in equations (2.3.1.15a) and (2.3.1.15b) we have used the recurrence formulae for the
Legendre polynomials and their orthogonality relations in respective intervals. The equations
(2.3.1.15a) and (2.3.1.15b) are two systems of ordinary differential equations which are to be édlved
subject to the boundary conditions given in (2.3.1.3a) and (2.3.1.3b)

Let us set w, = 1. Carrying out simple calculations we find that

o o

EwkS[kH = 50,[2¢(r) +1+ %(1(; Y AR A 1,‘)} + Ewks,jkn (23.1.16)

k=0 k=1

and

) P

EwkS,:kH =--501[2d>(1:) +1 + %(IO* + 1] -1, + I,')] + EwkS,:kH (2.3.1.17)

k=0 k=t

For [/ = 0 we get from (2.3.1.15a) and (2.3.1.15b) the following equations

2¢'(z) + (‘%Io*' + 211# + %12+,) - (10“ I + I, - 11—) -
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=2 - ZEwkSof.kH | (2.3.1.18a)
k=1
and

~2¢'(1) + ( %10_' B 2]1_' + _2_12") + (]0* + ]l* + ]0_ - ]l_) =
= -2 - ZEwkSO-.kH (2.3.1.18b)
k=1

and for / = 0 we obtain respectively from the same equations [(2.3.1.15a) and (2.3.1.15b)] the

“following ones

421+ 1) 21-1

1
2 _ . .
() [ WP@u - Ddp + — [’ Liy v 21 +
0

3 2 _ _ . B
L2824 e e
(21+3)21-1) 21+3

[+2

12+31+2 +* ].:

o0

AR RS VAR (RS VAN B %E‘wks,_jkn, I=1,2,...L  (23.1.19)

k=1

1
2021 +1)

and

1 [l’—l - -

0
"t PQ2u+1du + I, - 21, +
¢()flll ;(P )dp 421+ 1) S7_1 12 -1

3 2 _ _ . . 2 .
LA20 188204 g 12302
@1+3)(21-1) |

21 +3
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1

- _ B} Ry _ ‘
= —— . - @I+, +{({+DI_ |- —Ew S A1, 1=1,2,....,L 2.3.1.19b)
T KRR LI G R AR (

The equations (2.3.1.19a) and (2.3.1.19b) will be solved subject to the boundary conditions
(2.3.1.3a) and (2.3.1.3b). As before, while working in the L th approximation, we will neglect
L., .,. We will discuss two phase functions,namely Isotropic and Rayleigh in both first and
second approximations and deduce the spherical harmonics equations from (2.3.1.15a) and-
(2.3.1.15b)

2.3.2. Different cases.

2.3.2.1. Case 1. Isotropic scattering.

The phase function in this case is
(') = Py(w)Pe(n) = 1 (2321
From (2.3.1.8) and (2.3.2.1), on comparing we find that
w,=1, andw,_=0, for k>1 (2.3.2.2)
A. First approximations.
HereL=1,

For I =0 from (2.3.1.18a) we obtain the equation

(%10*' + 21{'] - (10’ s 104l - L) =2 - 240 () (23.2.2)

For /=1 from (2.3.1.19a) we get

+! 24k +* + +
(21° " I‘] - 2015+ 317} = - 2¢') (23.23)
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For /=0 from (2.3.1.18b) we have

4 - - + - - ’
(310 - 21, ) wly 1) + 15 - 1) = - 2+ 20°(@) (2.3.2.4)

And for /=1 from (2.3.1.19b) we get

(—210" + 2_;”_‘1;') -2y - 307} = - 240 (2.3.2.5)

The equations (2.3.2.2) to (2.3.2.5) are identical with the equations (2.1.3.1)t0(2.3.1.4)

- which have already been obtained in section 2.1.3 and their solutions are also found out.
B. Second approximations.

Here L=2
For /=0 from (2.3.1.18a) we get

(glo" 20+ %1;'] 0 d - 1) =2 - 2800 (23.2.6)

For /= 1,2 we get successively from (2.3.1.19a)

(210*' + %I{‘ + 412") - 2(]0+ + 31 + 2]2*) = - 2¢'(7) (2.3.2.7)

and
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1 +* +f 80 +’ + +
(310 2« o, ] - ory 51y = 0 (23.2.8)

For /=0 from (2.3.1.18b)

.

(ilo" - 21+ —i—lz ) + (10“ 1) + I - 1,‘) = -2 + 2¢'(7) (23.2.9)

For /= 1,2 from (2.3.1.19b) we obtain successively
- 24 - - - - - ’
(—21,, = ) - 201 =31 20} = - 240 () (2.3.2.10)
and
1,- - 80,- - -
I, -2, + —I -{2I, -51,}=0 2.3.2.11
( 30 1 212 J ( 1 2) ( )

Again these equations (i.e., (2.3.2.6) to (2.3.2.11)) are identical with the equations (2.1.3.1) to
(2.1.3.6) which we have already obtained and their results were calculated.

2.3.1.2. Case 1. Rayleigh phase function.
The Rayleigh phase function is given by

P, =

Hlw

(1 +cos®)),
where O is the angle of scattering and is given by

cos® = [pp,' + 41 - p2 1 -y’ cos(® —@')]



, 1, , ,
plp) =1 + g(3;:2—1)(3»:2—1) =1 + P()P,(n")
From (2.3.3.1) and (2.3.1.8) we find that

andw, =0, for k23

The spherical harmonics equations are obtained in the following manner.
A. First approximations.
Here L =1 .
For / = 0; the equation (2.3.1.18a) directly gives
4

( =T 21,*'] LI - 1) =2 - 240

For /=1, from (2.3.1.19a) we obtain

. 2
+' 24k +’ + * 4 y
2] o fs
k=1

_ L 17y. -
We have obtained, [ = El e %(11 +h )]

and this gives after little calculation

+ =] - =1 I, = -2¢'
5 +1601 $'(7)

oy . 24,0) _ 61, 909, 3. 5i
0 3279 160! 32°°
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(23.3.1)

(2.3.3.2)

(2.3.3.3)
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Next for / = 0 directly from (2.3.1.18b) we get

4 . - + + - - ’
(310 - 21, ) {1y - U+ dg — 1 ) = -2+ 2¢'(%) (23.3.4)

For /=1, from (2.3.1.19b) we obtain

. A 5
o 24k - ; - , -
- k=1 .

and using the value of [] we obtain as before

.24 3 .. 51 .. 61,-_ 909, , ‘
(_210 + -;Il] - 3—210 - mll - 5]0 + mll = _2¢ (1:) (23.35)

So we see that the equations (2.3.3.2) to (2.3.3.5) are identical with the equations (2.2.3.1) to
(2.2.3.4) and we have already solved the later ones. |

B. Second approximations.
Here L =2

For /=0, from (2.3.1.8a) we have

4 + +'
I, +2I, +
( 30 1

W

2
12*') 1+ 0y - 1) =2 - 240 (@) - ZZwkSo}H
: k=1

We have found 11 =

o ) )

- The quantities S, are easily calculated form (2.3.1.9a) and then we get
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4 +* +* +f - + - - ’ '
(310 w20 %12 ) I 1) v 1y - 1) =2 - 2¢(%) (2.3.3.6)
For /=1 from (2.3.1.19a)

2
(210# * gsifx# * 41;) - 2(10+ + 30y + 212’) =-2¢'(™) - 6EwkS1tkH
k=1

aud using S, ., [, we get on simplification

+ 24 4 + 61.+ 909 .. 119 .-
27, + =—I, + 4] - —I, - I - —=7 -
(° 571 2] 327° 160 ' 3277
3 .- 51 ,- 9 -
- I, + I - =—L =-2d'(z 233.7
320 " Teoll T 3772 ¢'(v) ( )

For =2 from (2.3.1.192a) again

. 2
1 2. ¥ +* 160, 1 + + 1 +
— =1, +4I, + —1 = —\21I, +51I,)-—=)wS
20[ 3 ,0 1 21 2 ) 10( 1 2) 2k§:1: S2xl]

and on simplifying we get

64

301;.)- o Ly 623, 317,. _

11’1 +f
I, +2I, + —
(3" Y2 ® 320" 64

1, 17 ,- 3 .-
- —FJ + —FJ - =—F =90 2338
64 ° 320! 64 °? ( )
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Again for /=0 from (2.3.1.18b) we have straightway
4 2 e e - , '
(—10 - a1+ 2L ] w11y - 1) = -2+ 2¢0D) (2.3.3.9)
Further for / = 1 from (2.3.1.19b)
2
. 24 - . B} - , .
(—210 © 2L - AL ) = oIy - 31 + 2L) - 2¢' () - 6ZwkS1,kH
' k=1
and using S, ., [], we get

o 24 - 3 .. 51 .. 9 .
-20, + 2210 an | - 20 - 220 - 20, -
( R T 2) 327 160" 327

61.- 909,- 119, -
61,209, 119,-_  Hene 2.3.3.10
327 160! 3272 ¥ ¢ )

and for /=2 from (2.3.1.19b)

2
1f1,- - 80,- 1/,;- - 1 -
— =1, -2, + —I = —|21, - 51 ——EwS
20(3 0 1» o1 2] 10( 1 2) 2 L eS2.11
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on simplification the last equation gives

1, 80, 1, 17 ,+ 3 -
—1, -2I] + =1 Iy - ——I - =1, -
( 0 ! 2) 64 ° 320" 64°

1,-_ 623, 317

64 ° 320! 64

- I, = (2.3.3.11)

These equations (i.e., from (2.3.3.6) to (2.3.3.11)) are identical with those in section (2.2.3) and those
have already been solved. '



CHAPTER -3

RADIATIVE TRANSFER PROBLEMS
IN

FINITE ATMOSPHERES
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3.1 Solution of a radiative transfer problem in finite atmosphere with
Isotropic scattering using a modified form of spherical harmonic method.

Kourganoff [1963] analyzed the method of single interval spherical harmonics method for
solving the equation of transfer and suggested possible modification, Wilson and Sen
[1963,1964a,1965b,1965a,1965b,1965¢] considered different forms of intensity and applied the
double interval spherical harmonics method to solve several radiative transfer problems in plane and
spherical geometry. Bishnu [1968] solved the equation of transfer usi'ng a different approximaté form
of intensity. Wan et al. [1977,1986] used another form of intensity to get the solution of the equation
of transfer. Karanjai and Talukdar [1992] solved the equation of transfer with general phase function
using the form of intensity given by Bisnhu and deduced the results with phase functions like the (i)
planetary (i) Rayleigh and (iii) Henyey - Greenstein from the general solution. Karanjai and Biswas
(1992,1993) applied the same method with the form of intensity given by Wan et al [1986] to solve
the eqqation of tr_ansfer with (i) Rayleigh phase function and (ii) the phase function of the form given
by '

1+ 0, PPy + 0,Py(W)Pyw).

Here we would like to introduce the following form of intensity:

=L
I'@p) = (00)|6) + W) + Y21+ D @uP(2p-1)] 05 ps 1 Ga)
=0
1=L
TR = K006 + ¥ + Y21+ DI @pP(2p +1)| - 15 p<0 (3b)

1=0
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where 1(0,0) is some constant, ¢(t) is a function of T only and /() is given by

1 if Osp<l
W(“)_{O if -1<pu<0 (3¢)

3.1.1 The equation of transfer and the boundary conditions.

The equation of transfer for plane parallel atmosphere in this case is

1

dl(t,u) _ _ 1 s
v I(t,p) zfﬂnu)du (.1.1.1)

-1

where the symbols have their usual meanings. The equation of transfer (3.1.1.1) is to be solved
subject to the boundary condition,
(a) Absence of incident radiation from outside at the free surface .t =0, i.e,
I(t,u)=0 for -1< u<0O (3.1.1.2a)
(b) No incoming radiationat t = T, i.e.
I(t,p) =0, -1<p<0; (3.1.1.2b)
We will seek a solution to equation (3.1.1.1) so that I(t,u) can be represented by two different
expressions I *(t,n) , I (z,n) for y inthe interval [0,1] and [-1,0] respectively. We will use the

two forms given by (3a) and (3b).

Therefore the form of the equation of transfer now becomes,
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0 1

pdl () _ I"(ty) - & fl"(t,u')du' + fI*(f,u')du' (3-1.1.33)
dt 2 ‘ 0

p 4L ok) d(;:’”) =I"(tp) - % fl‘(r,u')du' + [1‘(1;1')6111' (3.1.1.3b)
-1 0

Using (3a) and (3b) in equations (3.1.1.3) we obtain the following equations

dl(z, . 1 L A S L
" ;t D E1(0,0)[2<1>(r) 1+ 5(10 + I - Ig + 1 )] (.1.1.42)

and
dl (t,p) _ - 1 NI P
) < ) - ZH00)260) + 1 5(10 I -1+ }] (3.1.1.4b)
Again using (3a) in (3.1.1.4a) we obtain
I=L
wo'@ + Yar « ni @el - 1) -
1=0
I1=L
= Y - % « Y (@I« DI @uP2y - 1) (3.1.1.53)
1=0

Similarly using (3b) in (3.1.1.4b) we get
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I=1
Bld'(r) + 2(21 + DI @PQ2I+ 1) =
1=0
=L
=y - ";f + } (21 + DI (DpP,(2p + 1) . (3.1.1.5b)
1=0

Next, multiplying (3.1.1.5a) by P,(2p - 1) and integrating over [0,1] we obtain

1

A 1 1?-1 . -
"t P2y - Ddy + I, + 217, +
‘b()'{ﬁ 1( u ydu 4(21+1)(21_1 -2 -1

3 2 _o9f._ . . 2 .
121° + 181 -2/ 41; L2+ DI A +3l+21+ ]=

(21 +3)(21-1) 21+3 2

1
1 + + -
= fll!(u)P,(2u-1)du + 21+1[”“‘ + 21+ DI+ (1+1)1M] -
0
16 16 + + - + -
- 5 ol - 4 01[10 +1 - L) + [ ], [=0,1,2,..,L (3.1.1.6a)

Similarly multiplying (3.1.1.5b) by P,(2u + 1)and then integrating over [-1,0] we get

0
1 -1, =
"(t P(2u +1)dp + I, -2l +
¢()£P (2p + 1)dp 4(21+1)[21_112 -1
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1243 2_9f_4 . 2 .
P+ 181 -21 411 S 2 )+ ! +3I+21h2 _
(21+3)(21-1) 21+3

1 1[11,‘_, @I+ (D] -

0
= [wer,2u+ Dy +
Y 21+

- %50, - %50,{10* PI -0 L 1012, L (3.1.1.6b)

Let us set different values of Z

For/=0,1 from (3.1.1.6a) we get the following equations

(%Io*' T A %I;') - (10+ + I+ 1, - I,—) = -24'(r) + 2 (3.1.1.7a)

(210" + %1{' v 4L + %1;’) -2y + 307+ 2L) = - 2¢'(0) (3.1.1.7b)

And for 7+ 0, 1 from (3.1.1.6a)

1
’ ) 1 12_1 ¥ . [t4
T P(2u-1)dpy + I, + 211

d’()}(# 1(11 )du 4(21+I)[21—112 -1t

3 2 _ _ . .
122 + 1812 =204 v oy
(27+3)(21-1) 21+3

1+2) -

12 +31+2 +'}_



1
27+1

1
= f‘l’(ll)P1(7-H - Ddp + [lIltl + 2+ 1)+ 1+ 1)11:1]
0 )

Similarly for /= 0,1 from (3.1.1.6b)

(%10" Dor s %12") iy 1 gy - L) = 240 - 2

6

(210_' - 2_5411_’ + 412_, - 513_'] - 2(]0_ =35+ 212—) = ~20°C)

And for 7+ 0, 1 from (3.1.1.6b)

. _
1 P?-1,- X

(t P(2u+1)du + I, -2l | +

¢()_flu (20 +1)dy 4(2“1)[21_1;; C

1273 +181% —21-41-'

(21+3)21-1) * 20+ Dy

PP+31+2 | _
20+3 12

0
1 _ _ B}
- _flwu)P,(zwl)du Capel - @ ng - aen)
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(3.1.1.70)

(3.1.1.83)

(3.1.1.8b)

(3.1.1.8c)

The equations (3.1.1.8 ) to (3.1.1.9) are to be solved subject to the boundary condition and

we will take
d(t) = Ae™™ + Be® |

(3.1.1.9)
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where T is small and 4 and B are constants which are to be determined. We assume a trial solution

of the form

[[(t) = g e +gqe ™ +g. e (3.1.1.10a)

.1.1.10b)

(V3]

I () = b e + hge™ +h e (

Ly

where g, ..8,5.8;,+ 4 M- Hy, are constants.

Further from the boundary condition

r=n-1
E B+ g+ by =0 - @BLL
r=1
3.1.2 First Approximation: Here L = 1. We will neglect [, ,,7; _,
We have for /=0,1 from (3.1.1.7a) and (3.1.1.7b)

(%10*' . 21,*') i+ - L) = 200 v 2 (G.1.2.1)
and
(210## %I;l) - 2(10* + 31;) = —2([)'(‘5) (3.1.2.2)

Similarly for /=0,1 from (3.1.1.8a) and (3.1.1.8b) we obtain respectively
41-' I—' + + - - ’
S a, sl L+ I - 1) = 2¢0) - 2 (3.1.2.3)

and
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(210" - 2—54—1{') - 2(10‘ - 31{) = -2¢'(v) (3.1.2.4)

Substituting the forms of ¢(t),/,", 1, in equations (3.1.2.1) to (3.1.2.4) and comparing

kt

the coefficients of ¢ *°  we get

(%ﬁ N 1)g0,a +(2k + D)gyy * hog e = O (3.1.2.5i)

24k +6)gu -0 C (B.1250) -
Boe T8 ( 37 1)”o,a +(2k - 1)ny = 0 (3.1.2.5iii)

) h =0 (3.1.2.5iv)
The above system will have non trivial solution if D, (k) = 0, where D, (k) is given by
(2.1.2.7).

This gives k =0, 0, + 1.8257, To satisfy the boundary condition we will take the positive root
only. Next the boundary conditions in this case are

I, (0) = 1,(0) = 0 (3.1.2.6a)

Ij(t) =L (t) = 0 ; (3.1.2.6b)
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and
hyo + gy * g, =0 (3.1.2.7a)
hyo+hg+h,=0 : (3.1.2.7b)
Using the boundary condition (3.1.2.6b) we obtain
A =55166547 , B=4.5166547
Again equating the coefficients of e¢* and ¢ * on each side we have

7 + 3 +h - h —2/4 ' (3.1.2.8a)

3808 T 281p T Mop T g T s

27

2 + = -4 3.1.2.8b
&o.p S &1 ( )

1 . _
Eop *Eip ~ ghO,B + hl,p = -24 "(3.1.2.8¢)

4, |
Sy = 24 (3.1.2.8d)
and

Te +3g _+h . -h . =2B 3.1.2.9
_3—g0,y gl,y 0,y 1,vy ~ ( -L.a. a)
3¢ =-B 3.1.2.9
ggo,y - (3.1.2.9b)

.y &yt Thyy ~ P, =2B (3.1.2.9¢)
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27 .
-2hy + ?’-’1.7_ =B (3.1.2.9d)
Therefore solving the systems of equations (3.1.2.8) and (3.1.2.9) and from the boundary

conditions we obtain
8o = —39.9259  h,, = -13.0211

€..=16.3993  h =-7.4875

-46.6974

p = 211952 hy,

&ip = -8.8717 h ., =13.7915

8.y = 18.6307 h(),"{ 48.0470

-5.6467

1}

g, = -1.5276  h,

Next, we compute the source function. Using the definition, we have

1

Sr) = L
) = - [I(‘c,p)dp (3.1.2.10)

~1
This gives

S(z) = 1(0,0)[Ae" + Be® + % - 44983 " + 18.2031e T - 10.6477€°

where T is small and other constants are also determined. So we can find the source function and once

this is found we can calculate the emergent intensity from any surface.

3.1.3. Second Approximation
Here L =2 and putting successively / = 0,1,2 in equations (3.1.1.7) and (3.1.1.8) we obtain
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the following equations

(210*' v 20+ %1;’] - (10* + I + I - 1() = -2¢'(t) + 2 (3.1.3.1)
(210*' . Zsil;' . 41;') -2y« 31+ 20)) = -2¢°(D) (3.13.2)
(110*' w20 2—?-12") 21+ 517) = 0 (3.1.3.3)
[?1(," 21+ %12") iy 1 0 - = -2+ 200 @) (3.13.4)
(-210" + 35‘111" - 412") -2l - 31 20 = - 26 (3.13.5)
(%10" A z_‘l)zz"} -(21; - s51;) =0 (3.1.3. 6)

Using the forms of ¢(t) and 1, (t), I, (t) in equations (3.1.3.1) to (3.1.3.6) and comparing

the coefficients of e ** we obtain the following set of equations
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(% N 1]g0ya . (2k+1)g,, + %kgz,a thyy - By =0 (3.1.3.7a)
(2k+2)g, o * (%k +6]gl’a +(4k+4)g,, =0 (3.1.3.7b)
ggo’a . (2k+2)g, , + ( 8201" +5)g2’u =0 (3.13.70)
fou * B1a ( _4?" . 1]}10# « (2k-1)h, , - %khz'a - 0 (1379
(2k-2)hy , + ( -3‘5‘_" +6Jhu - (ak= )y, =0 | | (3.1.3.7¢)
- gho,a + (2k-2)h, , + ( -%915 +5)h2,a -0 (3.i.3.7t)

The above system of equations (3.1.3.7) will have non-trivial solution if D,(k) = 0 where D,(k)
is given by (2.1.3.8).
This gives  7.5232k° - 112.8488k* + 19242 = 0

k=0,0,+£3.6116,+1.3988. As before we will take



k, = 3.6116  k = 1.3988

(3.1.3.6) we have two sets of equations

and

1
Ego,p +tAgp t

7 2
T80 T 38p T 38ap T hop Ty = 724

54
4803 * _S—gl,B + 88,5 = -24

185
21

8p = -54

1 2
8op t8ip ~ Eho,p + hI,B - Tjhz,p: 24

Sy = 24
1 25
TR
I 2 ]
Ego,-, 8yt ggz,p + ho,p - hl,D = -2B

_gl.Y‘: —2B
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Again equating the coefficients of e® and e ™® on each side of the equations (3.1.3.1) to

(3.1.3.8a)

(3.1.3.8b)

(3.1.3.8¢)

(3.1.3.8d)

(3.1.3.8¢)

(3.1.3.8)

(3.1.3.9a)

(3.1.3.9b)
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1

380y~ 378y _5B (3.1.3.9¢)
2
8oy * 8y T Fhoy T3k v S ,m 2B (3.1.3.9d)
4k - 2%p  _8h = -2B (3.13.9)
0Ly _5" 1,y 2, 1.3,
1, .. 185
Eh(),Y. - 4h1;Y + 7}’2’7 = SB (3139f)
The boundary condition in this case becomes
g + hga + gy + hy =0 (3.1.3.10a)
hio +hiy +hg+h =0 (3.13.10b)
hyo + by + by + by = 0 (3.1.3.10¢)

Solving (3.1.3.8) and (3.1.3.9) we find different constants which are given below.
As in case of first approximations we obtain the required constants

)]

8o« = - 180.8898, hs), = -9.3888
g® = 115438, A = 29256
g = 10195577, ) = 122123
g = -6.1007, ~ h® = 30180
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gl = 385290, A = 136550
gy = -13.8553, W) = 60737
gop = -18.9443 hy = 12.2901
g, = - 117276, hyy = 9.1943
g2y = -1.7392, hy g = - 19.7287
g, = - 36.2250, hy., = 155_7166
g, = -1.5277, hy., = -8.8699
g, = -29.1130, h,, =-33.8258

Finally, we calculate the source function. This is obtained by using the known constants. Thus ,

8(t) = 1(0,0){de® + Be™™ + % - 20.4398¢ 97 -

- 2.9252¢ 4 - 2.5781e"F + 25.7722¢7)
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3.2 Solution of a radiative transfer problem in finite atmosphere with
Rayleigh phase function using a modified form of spherical harmonic method.

3.2.1 The problem and development of equations.
We know that Rayleigh phase function is a three-term phase function and given by

pQup’) = 1 + P,()P,(n")

The equation of transfer in case of plane parallel atmosphere with spherical symmetry is as

usual given by

1
p I~ popy - 2 f POz )dy (2.1.1)

where the symbols have their usual meanings. The equation (3.2.1.1) will be solved subject to the
boundary condition which are stated in section 3.1 but they are again restated
(a) Absence of incident radiation from outside at the free surface T=0, i.e,
I(t,u)=0 for -1< pu<O (3.2.1.2a)
(b) No incoming radiationat T = 1, i.¢.
I(tup) =0, O<p<l; (3.2.1.2b)

The Rayleigh phase function is given by

p(p.p’) = 1 + P (WP,(u") = %[(3 - uz) + (3u2 - l)u'z] (3.2.13)
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We consider the two forms of intensity given by (3a) and (3b). With these forms the equation

of transfer (3.2.1.1) becomes

0 1
dl” . 1 vt gt o
p— ;z,u) = I'(T,p) - 5 f plu,p) (Tu)dp' + [ pp,p) " (t,p" )dy (3.2.1.4)
~1 0 .
and
dl ; !
p__d(z.u) =@ - o fp(u,u M (mp)dy' + fp(u,u M (' )dy (3.2.1.5)
_1 0

Using (3a) and (3b) in equations (3.2.1.4) and (3.2.1.5) we obtain the same set of ordinary
differential equations as obtained in Sec (2.2), but for clarity we restate them below.
1L

+ Y @1+ D @uP2p - 1)
1=0

b | —

. I=L
wo'@ + Y+ P - D = v -
1=0

) 334—(112 * 5)(10* - Io_) B 3_;()—(17}12 * 21)(11* * Il—)

. 3 {,+ - 3 f,r - '
+ (32 - 1)[ - a(l.2 -1;) - 320(13 A )] (3.2.1.63)
and
I=L I1-1
uld)’(r) - Y+ o @pgap - 1)] = ) ~ 5+ Y21+ DI @RPH 1) -
1=0 - 1=0
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v (322 - 1)[ A A ) At 1_;)] | (3.2.1.6b)

We will use the recurrence formula for Legendre polynomials and their orthogonal properties.

Therefore, multiplying (3.2.1.6a) by P,(2p - 1) and integrating over [0,1] and using (3¢c) we obtain

1 *-1

L, 20+
421+ 1)|21-1""72 -t

1
') [uP(2p - 1)du +
0

128 + 181> - 21 - 4 v PP e3F+2 -
+ I +2(0+1)],, + —+,+2 =
(21+3)(21-1) 21 +3

[, + @i DL+ (01| -

1
- {tlf(u)P,(Zu—l_)du o

- S*. 1=0,1,2,.. L , (3.2.1.7a)

In a similar manner if we multiply (3.2.1.6b) by P,(2p + 1)and integrate over [-1,0] we have

1 1-_1' l-_lz _ 2111'—'- +
421+ 1)| 27-1

-1

0
¢ 1P 2u+1)dy -

-1
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3 2 . _ , K 2 s
L1208 + 1817 -21 411- S 1) 1“ + 31+ 21#2 _
(27+3)(21-1) 21 +3

0
1 [,,- - .
- _flw(u)mwl)du o i - @reng s aenn] -

—% o - ST, 1=0,1,2,.,L (3.2.1.7b)

where §°,S are defined in section (2.2.1). The equations (3.2.1.7a) and (3.2.1.7b) are to be solved

subject to the boundary conditions (3.2.1.2a) and (3.2.1.2b). Also in case of L-th approximations
we will assume

+ -

I} .,=10.,,=0 ) (3.2.1.8)

Also we assume a trial solution of the form

L'(t) = g e + gpe "t gLt (32.193)

T

L (®) = h e + bge™™ + b e

(3.2.1.9b)

Ly

where g, .8 5.8y Mo+ Pp.h; ., are constants. From the boundary condition we have

n-1

o + By + by, =0 (3.2.1.10)

r=1

where £, are the n-2 roots of the determinant of order N. It will be found that there will be two zero
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roots for all order of approximation L Here will consider two approximations, viz. L =1 and L = 2,

The source function is defined by

S(t,p) = %[(3 - W) + (32 - I)K(_t)] | (2.1.11)
where , |
Jx) = % j: K, p)d | 32.1.12)
and
1
k() = % fl Ko p)p’dy (3.2.1.13)

3.2.2 First Approximation.
In this case L = 1, and we neglectl, and /, .
For/=0,1 we have from (3.2.1.7a)

(glg' + 21;'] - (10* A A 1{) =2 - 2¢'(1) (3.22.1)
and
+7 24 61 + 909 + 3 - 51 -
21, + —I - —I, - —==I, - —1I, + ID = -2¢'(= 3222
( ‘ 5‘] 32 160" 32" 160" @ ( )

For /=0,1 from (3.2.1.7b) we get

(%10" - 21{') L - 1) =2+ 290 (3.2.23)
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- 24 =’ 3 + 51 + 61 - 909 -
SI/Y A Al BNy AR L AR AR a2y AR Y (. 3.2.2.4
( * s ‘) 32 160" 32° 160" LA )

Inserting equation (3.2.1.9a) and (3.2.1.9b) in the above four equations and equating the

coefficients of e ** we obtain the following set of equations

( 43k ’ l)go,a +(2k + 1)gy o +hyy ~ By, =0 (32.2.51)

61 24k 909 3 51 ' ..

2k + —— +] 2+ 2 + —h, - —h =0 3.2.2.51

( 32]g0~a ( 5 160]g1,a 32 0,(1 160 l,a ( )
4k

8o * 810" ( i 3 ’ 1)h0,a +(-2k - l)hl,a =0 (3.2.2.51if)
3 51 61 24k 909 .
= + == +| -2k+—1h H —-""1h =0 3.2.2.51

32500 Tg0% e ( 32) 0.0 ( 5 160) Le ( ")

The equations (3.2.2.5) will have a nontrivial solution if
D,k =0 (3.2.2.6)

where D (k) is given by the equation (2.2.1.6). Again, in a similar manner if we compare the

coefficients of e "®, e then we obtain,



7
38 * 385 + hyg ~ Mg = -24

125 1677 3 51
P 2 e 2 p - 2 p = 24
32 508 " o0 S8 T 33708 T g M
3 5 3 141
— + —— b I — L = —2A
3280,p 160g1,p 37 08 o B
1
8op T &ip gho,ﬁ * by = 24
and
e +g -h_ +h_=-2B
3 oy T 81y 0.y Ly
3 141 3 51
g . -—g -—h_ + 2_h =-2B
32507~ Teo® T 32700 T Teo M
3 51 125 1677
g o+ —g +-2p - 2p -2B
32800 T Tgo8ur T 35 T ygg

7
oy T &1y T §h0,7 +h,=2B

Using the boundary condition we find that

hO + ho,p + h()’Y =0

0
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(3.2.2.7a)

(3.2.2.7b)

(3.2.2.6c)

(3.2.2.6d)

(3.2.2.7a)

(3.2.2.7b)

(3.2.2.7¢c)

(3.2.2.7d)

(3.2.2.82)
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h , + hl,ﬁ +h_ =0 (3.2.2.8b)

.0 Ly

From (3.2.2.6) we hé\ve k=0, 0, +2.9167. To satisfy the bbundary condition we will take
only the positive root of k, i.e., £ =2.9167. From the boundary condition (3.3.1.2b) taking t, = .1

we obtain
A=5.5166,B=-4.5166 (3.2.2.9)

Solving the equations (3.2.2.5), (3.2.2.6), (3.2.2.7) and using (3.2.2.9) we obtain

8o = -7.0829, hy . =17.6376

81,0 = 25995, hy , =-9.2267
8o = 0.7397, hy g =-2.1987 -
8 = -.9827, | h, 4 = 12.0092
8o, = 32.4842, by, = - 9.8363
8., = -88476, h, ., =-27826
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Now we are in a position to calculate the source function. From section 2.2.1 we see that this is given

by

S(t,p) = %[(3 - w2 Ko) + (3 - I)K(r)} (3.2.2.10)
where
J(x) = 1(0,0)l¢(r) +% - 5.3369e'kf +21.3919e " + 7.6726e‘} (3.3.2.11)
and
K(t) = 1(0,0)[9? + % - 3.3312¢ 75" +2.2986¢ % + 2‘6733e’} (3.3.2.12)

thereby the source function and consequently the intensity at any surface can be found out.

3.2.3. Second approximation.
Here L =2. Following the same procedure (Section 2.2.3) we obtain the same set of ordinary

differential equations and these are described below

(gl({' + 21 + 1;') - (10* fI0 4 ) - 1) = 2 - 2¢°(D) (3.23.1)

+* 24 +f +* 61 + 909 + 1]9 +
21, + =—1I, + 41 - —1, - —1I1 - —I, -
( ° st 2) 327 160" 3277

3. 51 .,. 9
ZI = -2t 3232
32 160 39 2 ¢ ( )




61 24k 909 119
2k + — + | ——+ == + | 4k + +
( 32)&”“ ( 5 160]g1’“ ( 32 )g“

3 51 9
+ 2p -2 + —h =0
32 %% 160 " 32 %°

E_Lg o oy, 623 o+ 80k+317g .
3 64)°% 320)°4® 21 64 )°%°

1, _ 17 3

+ '54— 0,a E l,a + —6—Zh2,a =0
4k ' 2k
go,a +gl,a + ( _?+1)h0,a + (Zk_l)hl,a - _3_h2,a. =0
EXNNE D D
32°%* 160”1  32°%

N LN PR [ LY PN [V PRULLLY P
32)"% 5 160) " 32 )%
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(3.2.3.7bj

(3.2.3.7¢)

(3.2.3.7d)

(3.2.3.7¢)
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1 . A7 L3 .
6a%0e T 35081 T 482
ko1 . 623 80k 317 '
+ =5 h  +V2k-Z="1h +|-22+_""1|h =90 3237
( 3 64) 0.e ( 320) La ( 21 64) z.a ( 2

The above set of equations will have nontrivial solution if D,(k) = O , where D,(k) is given

in section 2.2.3. Therefore

©

D,(k) = 7.5193k® - 104.9134k* + 155.4331k% = 0

This gives
k=0,0,+1.298, +3.503 (3.2.3.8)

As usual we will take only the positive roots k, = 1.298 ,k, = 3.503

Next, equating the coefficients of ¢ ~** e “we obtain respectively the following equations (3.2.3.9)
and (3.2.3.10). These are given below

2338, + 38,5 + 2338, + hyy - by = ~24 (3.2.3.10a)
3.91g,4 + 10488, + 7.72g, - .09k, + 32k, - 28h,, = ~24 (3.2.3.10b)
31g,, + 3.958,5 + 8.768,5 ~ .02y, - .05h , - .05h,; = 0 (3.2.3.10c)
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8p * &ip = 33k + hyg — 66k, = ~24 (3.2.3.10d)
-0.09g,5 - 328, - 288,5 + .09k, + 88k, + 28k, = 24 (3.2.3.10¢)
02g,, + .05g,, + 47g,5 = 3Shyy + 05h , ~ 1.14h,5 = 0 (3.2.3.100)

and comparing the coefficients of e® The following equations are given

338, + &, * -668,, ~ .hy, +h_ =-2B (3.2.3.11a)
0.09g, - .79g,, + .28g, - 09k, + 32k, - 28h, = -2B (3.2.3.11b)
035g,, + 058, - L14g,, + .02k, + 05k, - .05k, =0 (3.2.3.11¢)
Loy * &1y ~ 233h,, - 3h, - 66h, = -2B (3.2.3.11d)

09g,. - 32g,, + 288, + 0%, + 88h  + 28h, Iy (3.2.3.11e)
0.02g, + .05g, + 47g,, - 31hy, - 0Sh_ - 114k, =0 (3.2.3.11f)

Next, from the boundary condition we have,
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B2+ b+ hyy = 0
Big +hi) +h =0 (3.2.3.12)

B B2 by = 0

Solving (3.2.3.9), (3.2.3.10), (3.2.3.11) and (3.2.3.12) we have

g = -4.2634, hD = 2.6597
g = -23824, hD = 249132
gra = 3.0652, | h{') = -0.5578
gl = 12377, h) = -17.9606
g = -~ 12908, hY = 22660
g1 = -0.4011, h) = -4.7422
op = - 19.4683, oy = 20.8799
85 = 8.2659, hy 5 = 9.3488
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g,p = -3.0141, h, s = 3.4685
g, = 15.1486, hy, = 1.3736
8y = -5.6184, h,, = 8.0399
8y = 4.5346, Ky, = 3.5398

The source function in this case is obtained from (3.2.2.10) but the mean intensity J(t) and the K-

integral K(t) are given by

J) = 1(0,0)[¢(r) ¢ - 1.1039¢ 9% + 1.2720¢ M - 5.6834e° + 4_04_76ef]
A .

and

k

K(z) = 1(0,0){3(3:5—) « L 0179378 - 1.6792¢ 7% - 1.0234e "7 + 2.3897e"}

6

Substituting the last two relations (3.2.2.10) we can find the source function from which the intensity
at any surface can be calculated.
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3.3 Solution of a radiative transfer problem in finite atmosphere with
Planetary phase function using a modified form of spherical harmonic method.
3.3.1 The problem and the basic equations.

Here we consider the phase function which is of the form
plup’) =1 +aP (WP, ) =1 +apy
where a is some constant. The equation of transfer in case of plane parallel atmosphere with
anisotropic scattering is given by

u'ydy! (3.3.1.1)

where the symbols have their usual meanings. The equation (3.3.1.1) will be solved subject to the
boundary conditions which are stated in section 3.1 but they are again restated

(a) Absence of incident radiation from outside at the free surface =0, i.e.,
I(tu)=0 for -1< p<0 (3.3.1.2a)
(b) No incoming radiation at T = t,, i.e,
I(t,u) =0, O<pc<l; (3.3.1.2b)

We consider the forms of intensity given by (3a) and (3b). Using these two forms, the

equation of transfer now takes the forms

0 1
=I"(tp) - % fp(u,u’)f‘(t,u')du' + fp(u,u')l"(f,u')du’J (3.3.13)

-1 0

A
dt
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and Y(p) is given by (3c); the form of ¢p(t) will be specified later.
Next,multiplying (3.3.1.5)by P,(2p - 1) and _integrating over [0,1] and using (3¢c) and the
orthogonal property of Legendre polynomials in [0,1] we obtain

. 1 12—11*‘ +*
oo+ 2,
4(2/+1)|2/-1

1
¢'(r)fu1’1(2u -1)dp +
0

3 2 _ _ . . 2 .
12F° + 181 21 4II+ +2(1+1)11:1 . I +3[+2I:2 _
(271+3)(21-1) 2] +3

[, + @i+ nr + 1] - %50, -

1
= [?(E)P,(Zu—l)du + 2@i+ 0

1
- %601[10* TN AR A 11‘] - anpPI(Zp -)dyp, 1=0,1,2,....,L (3:3.1.7)

0

Similarly multiplying (3.3.1.6) by P,(2u + 1) and integrating over [-1,0] we have

0
] 1 12—1 =’ -

T P(2u+1)dp + 1, - 21_, +

4?()]:“ (2p +1)dy 4(21+1)[21_112 1-1

- - 1P +3l+2 -
I, -2({+1)] - = =
! (I+1), + 2] + 3 1.,

. 1283 + 181> - 21 - 4
(21+3)(21-1)
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0
_ o : 1 1.
= :’:W(P)Pl(?.p +1)dp + m[lh_l (21+1)], +{+ 1)11*‘] 5501
- %50,[10* AN AAE anpPl(2p+ Ddu, 1=0,1,2,...L (3.3.1.8)
-1

where /; denotes the derivative with respective to the optical thickness and  is the Kronecker delta.

For example setting successively /=0,/=1 ,and /=2 in (3.3.1.7) we obtain

WN

( ;10*' v 2l + 1;'] - (10* N AT A 11‘) +2aT = -2¢'(x) + 2 (3.3.1.9)

(210"' + 2?41;' VYA %1;’) -olly + 31 + 2} + 2aT = -2¢'r)  (33.1.10)

80
21

12

(%10*' v2n + 220 v 6l + ?1;') - (21; + 51 + 31;) =0 (3.3.1.11)

and for / # 0,1 ,2 we have from (3.3.1.7)

1
() f pP(2p - 1)dp + ! [’2” L, + 207+
J 421 +1)|27-1
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3 2 _ _ B g
L1282 182 Z 20— Ay gy
(21+3)(21-1)

12+31+21+' _
121~
21 + 3

1
1 .
=!’.¢(u)P1(2u-l)d1u ooz LR AR G K

+ anpP,(Zp -1)dpu (3.3.1.12)
0 .

Again setting successively /=0, /=1 ,and /=2 in (3.3.1.8) we obtain the following ordinary

differential equations

(%10" - 21+ %12") + (10* w1+ I - 1{) - 2aT = -2 + 2¢'(x) (3.3.1.13)

(—210 + 2?41 - a1 + %1;') -2l - 3L + 21;) + 2aT = -2¢'(x)  (33.1.14)

1, oo 80:- . 12 . B
(510 -2+l -6l + ) - (21 - 51, + 3L} =0 (3.3.1.15)

and for/ # 0,1 ,2 we have from (3.3.1.8)

‘ 1 -7 -
tfP2 +1)du + L -2l . +
¢()_ K 1( u )du 4(21+1)[21_1 1-2 -1
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. 127 + 1871* - 21 - 4 ,-

, . .
I, _2(1+1)1;l+l_i+__2_ -
(21+3)(21-1)

2l +3

1
2] +1

0
_ flp(p)P[(zp+ Ddyp + [ARENCIESY) AR (RS VAN P
21

0
+ anpP,(Zp +1)du (3.3.1.16)

-1

We solve equations (3.3.1.7) to (3.3.1.8) subject to the boundary conditions (3.3.1.2a) and
(3.3.1.2b) and the form of ¢(7) is taken as

d(t) = Ae™® + Be® (3.3.1.17)

Let us assume the trial solution as
I'() = g,’me"‘t +gge "+ g et (3.3.1.18a)
I/ (t) =h e * +he™ +h e (3.3.1.18h)

where g, .8 4.8, R ..M.k are constants. As before, when we are working in L th

approximations we will neglect 1,,,,7; ., .



3.3.2. First approximate solution.
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Here L = 1. Therefore putting successively /= 0,1 in the equations (3.3.1.9) and (3.3.1.10)

we obtain following the ordinary differential equations.

4 +* +* + + - - ’
(310 + 2l ) ~lly eI I - 1)+ aR =2 - 2¢°(0)
( 21, + 2_541;') -2l +317) + aR = -2¢'(x)

(%Io" - 21['] + (IO* + I+ 1, - Il') -aR = -2 + 2¢'(1)

(—210" + 2_:_1,“') - 2{1; - 31) + aR = -2¢'(%)

where

(3.3.2.1)

(3.3.2.2)

(3.3.2.3)

(3.3.2.4)

(3.3.2.5)

Substituting the forms (3.3.1.18a) and (3.3.1.18b) in (3.3.2.1) to (3.3.2.4) and comparing the

k

coefficients of e *** we obtain the following linear equations
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4k a a a a
(T+] _E)go,a + (2k+] _E)gl’a + (] __)ho,a + (—] +?Z-) h ., =0 (3.325a)

a 24k a a a
(2k+2 _g)go,a + ( . +6 _E)gl,a - gho,a + —2—hm =0 (3.3.2.5b)

a " a 4k a a
(1 _g)go,d + (1 —E]gl,d + (—? +1 _3];’0’« + (Zk_] +’5) hl,a =0 (3325C)

S R [2k—1 +§)ho,.; + (34—" +6 +5)hl,a = 0 (3.3.2.5d)

The above system (3.3.2.5) will have non-trivial solution if the determinant of the coefficients

vanishes, i.e, if D (k) = 0 where

'V1+f—lz—£ 26-2 1-2 -1+2
3 3 2 3 2
2k+2-9 2%k g _a _a a
, 3 5 2 3 2
Dl(k)= a a 4k a a
1-= 1-— ——+1l-= 2k-1+=
3 2 3 3 2
a a 2k-2+9 _28k  a
3 2 3 5
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Let us take a =2.319461. Then D,(k) = O implies that

5.76k* - 6.030229k* = 0 -

or, k=0,0, +1.0238165 (3.3.2.6)

If we compare the coefficients of ¢~ from (3.3.2.1) (3.3.2.4) we obtain the following

equations

7 a a a a _
(___]go,ﬁ + (3 _E)gl’p + (] _—5]}’0’9 + (—l +’2_)h1,[$ = -24 (3.3.2.7a)

a 54 a a a .

a a | 1 a ’ .. a —
(1—_3_)30'B + (1 —Eng’ﬁ + (_E_EJ},’O’B-+ (1 +’2_)h1,ﬁ = -24 (3.3.2.7¢)

s+ Thyy + (9 -ﬂ}hw -24 (3.3.2.7d)

1 a a a a
(_+§)g0’Y + (1 +E)gl’7 + ( -1 +_3_)h°,¥ + (1 ——2—)(11,Y = -2B (3.3.2.8a)



a
]gl,Y + _3-h0’Y - Ehle = _2B

a a | 4 a) 54 a _
380y T S8y T (_§+§)hﬂ,*{ " (_S_—E)hl,*{ =28

‘Now, from the boundary condition (3.3.1.2a) we have

From the boundary condition (3.3.1.2b) taking t, = .1 we obtain
A =5.5166547, B = - 4.5166547
Finally, solving (3.2.2.5), (3.2.2.7) and (3.2.2.8) we have
oo =-194.6346, By, =-23.3784

8o = 64.5706 , hml = 9.1931
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(3.3.2.8b)

(3.3.2.8¢)

(3.3.2.8d)

(3.3.2.9)

(3.3.2.9b)
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op =-181239, kg, = 233738
gp = 56911, hyy = 9.1931

8, = 19.1405, hy, =-14.8358
&y =- 75267, hy, = -4.6595

Finally, we can calculate the source function and this is given by .

S(t.p) =

Ae ™ ® + Be® + % + ( -6.4747e¢ %" - 6.6534¢ " + 5.4475e‘) +

+ au( ~5.7858¢ %* - 0.0010e " + 0.0031e’)] (3.3.2.10)



3.4. Solution of a radiative transfer problem in finite atmosphere with

Henyey-Greenstein phasé function using a mv_odified form of spherical harmonic method.

Here we shall be concerned with another type of phase function called Henyey - Greenstein
phase function. This phase function contains a parameter ( g ). In our discussion we shall be

concerned with only one value of g which is associated with the fundamental equations which we are

going to describe.
3.4.1. The problem and the basic equations.

The equation of transfer appropriate to the problem is

dI
" (t.n)

1
_ _ l ' ’
S - e - f plu ) (T.p)dy (3.4.1.1)

where the symbols have their usual meanings and this equation is to solved subject to the boundary
conditions given by

(a) Absence of incident radiation from outside at the free surface T = 0,ie.
C X(t,p)=0 for -1< pu<oO ' (3.4.12a)
) N_q incoming radiationat t = T, i,g.
I(ztyp) = 0, O<p<1; _ (3.4’1'21))"

Here we shall take the same two forms of intensity given by (3a) and (3b). Using these two

forms of intensity the equation transfer becomes
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B l
+ + 1 ’ - ’ ! R ' + ’ ’
u 2R ;:’p) =W o f Pl (Tu)dy' + f pQup) (tp')du (34.12)
_] 0
dr ; !
u—;z’ll) = I°(T,p) - 3 fp(u,p M (T,u")dp’ + fp(p,p ) "(t,u")dy (3.4.1.3)
-1 0 .

The form of the Henyey-Greenstein phase function is
3
P’y = Y w PP (3.4.14)
k=0
where w, are constants .
Wetake w, = 0, w, =3g, w, = 5g>, w, =7g>, and w, = 0 for k > 4
Here g is called the anisotropy and is defined by
g = (cos(6))

Inserting the equations (3a) and (3b) in equations (3.4.1.2) and (3.4.1.3) we obtain

1=L

ulo'@ + Yer D @Pe - 1| = v -

i=0

I=L
+ 2(21+1)I,*(1:)|1P,(2p. -1) - e, - o p - ap? - oy (3.4.1.5)
1=0

and



1=L
ulo'@ + Y @i uy @P e )| = e +
1=0

I=L
Y nn@uP e 1) - o - g - e - o
1=0 .
where
1 I + + - 2 + -
@ = +Z(I° I -1+ I) - Els(r - 1) +

o, = 3%2 S(y - 1) + 17(17 1)+ 15(5 -4 + 3(1;+13‘)]
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(3.4.1.6)

(3.4.1.7a)

(3.4.1.7b)

(3.4.1.7¢)
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o3 Tl sfion) ol og) o)) oan

In the next few steps we will make use of the recurrence formula for Legendre polynomials

I +1 27 + 1
5 P, (2p£l) =

1 /
P2ux1) = P,(2nx1 —P, (2n=x1l
pP(2p ) 21+1[ (2u )+21-1(11 )

Multiplying (3.4.1.5) by P,(2p - 1)and integrating over [0,1] and using the orthogonal
properties of Legendre polynomials in [0,1] we get

2 _ . P
! ! Illtz * 211;-1 *
421+1)|27-1

1
'@ [uP(2u - Vdu +
0

3 2 _ - . B
122 + 1812 =214 o et
(21 +3)(21-1) 20+3

1> +31+2 .
11+2] =

1
21 +1

1
= fq:(p)'P,(zp—l)dp + 2, + @reng + g+nr,| -
0

1

- f(ao +ap +ap? o+ a3p3>PI(2p -Ddp, 1=0,1,2,...,L (3.4.1.8)

0

Similarly multiplying (3.4.1.6) by P,(2p + 1),using the orthogonal property of Legendre polynomial

in [-I,Q] and intégrating over [-1,0] we obtain
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0
1 -1, L

(T P(2u+1)dy + I, -2l _, +

¢.()_fxﬂ I(P Ydp 4(21+1) 21_112 -1

3 2 _ _ . IR £ -
. 127° +181° - 21 411- —2(I+ V), + I_ﬂﬁlhz]z

(21+3)(21-1) 21+3

(4]
- [wwp 2 vydu + iz, - @ienn « gy -
4 21+1

0
- f(ao + o +oa,p? o+ a3p3)P,(2p +1)dup, 1=0,1,2, ... L (3.4.19)

-1

The eqautions (3.4.1.8) and (3.4.1.9) are to be solved subject to the boundary conditions (3.4.1.2a3)
and (3.4.1.2b). Further we assume the form of ¢(1) as

$(1) = Ae™™ + Be® ,

where T is small and 4 and B are constants which are to be determined. We assume a trial solution

of the form

L'(t) =g,e™ + gpe™ + g e | A (3.4.1.10a)

et (3.4.1.10b)

I/ (¥) = he™ + hge™ + hy,

where  g,,.8,5.8;y+H 4+ H,5- P, ar€ constants.
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Further from the boundary condition (3.4.1.2a)

r=n-1
E B + by vk, =0 (3.42.11)

r=1

3.4.2. First Approximate solution

In this case L =1 and from (3a) and (3b) we have respectively,

. 1
I"(tp) = 1(0,0)[1(1) + P(p) + 2(21 + 1)) ()P (2p - 1) (3421
1=0
and
.
I"(t,p) = K0,0)|d(r) + f(p) + E(Zl + D) (Tp)p P (2 + 1) (3.4.2.2)
=0 A

Putting successively /=0, 1 in equations (3.4.1.8) and (3.4.1.9) we get the following ordinary

differential equations

4 v . - 3 723\ ,+ -
2] -]« (12222 )
(30 1 g 0o t4g 2 16 I\ 1

, 3g _1g°
- _2 T + 2 - - _©° __ 3421
¢'(x) ST ( )

<24 . 15g%\, - 15g%\, -
2, + =T )+(—2+ + 28 )7 +( - )] +
( 0 5 g 16 )o &g TRA
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- _2¢'(x) - 125 - ZE (3.42.2)
. 3
(ilo- 211_) + (l —g)(]o’ +IO_) + (1 238, 756 )(1; -1, ) =
3
= 2d't) - 2 + 3_2g_ + % (3.42.3)
B B 2 2 3 .
o 2 e B 25522
5 16 2 16 16
2 2 3
+(—2+g+ 15¢ )Io +(6 g Slg 21g)1‘
2 16 16
- 3
- -2¢'(x) - 38 + 218 (3.4.2.4)

If we vary the parameter g then we get a system of differential equations for various values

of g. We shall be concerned with only one value of g. Now comparing the various parts of we get sets
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of linear equations from which we have to determine the constants. The steps are exactly same
which we all along dealt with. Therefore we have, by using (3.4.1.10a) and (3.4.1.10b) in equations
(3.4.2.1) to (3.4.2.4) and comparing the coefficients of ¢ "** we obtain

(i;i +,5)goya + (2k+.3047)g,, + Shy, - .3047Th =0 (3.4.2.7a)

24k

(2k +1.2656)g,, + ( +4.2891)gm - 2656k, +.1172h, =0 (3.4.2.7b)

584, + -3047g,, + ( —4?" +.5)hmz + (2k-.3047)h,, = 0 (3.4.2.7¢c)

126568, +.1172g,, + (2k-1.2656)h,, + ( —3‘5"_" +4.2891)hm =0 (3.4.2.5d)

The determinant of the coefficients g,,,8,,.A,.M, Inequation(3.4.1.5)is given by
%"-+.5 2k +.3047 5 ~.3047
2k+1.2656 2_;‘f+4.2891 - 2656 1172
D& = 4k
5 3047 -2 s 2k - 3047
J
2656 1172 2k-12656 -23% 49891
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If the system of equations (3.4.2.5) have non-trivial solution then we must have
D(k) =0 . (34.26)

Therefore we have & = 0, 0, +1.4329 . _
Again, using (3.4.1.10a) and (3.4.1.10b) in equations (3.4.2.1) and (3.4.2.4) and comparing

the coefficients of ¢ "*,e* we get

3

7 3g .78 -
(E'g]g""’ *(3'7* ls)g"“*“ Moo *

- 3
+ ( -1+35€—_71%]hm = -24 (3.4.2.73)
{ ,

2 3
3g _Slg”  21g hyy, = -24 (3.4.2.7b)
2 16 16 ) b

3g 7g3 1
(1-8)ggp + ( 1 —7g+ 1"2 ng,p +(-§-g)ho,p *

3g _1g°
+11+=2--°2 {h . .=-24 342 7¢c
( 2 16 L ( )



15g2
16

g

g ig_SlngrZIg3
0. 2 16 16

)gl,gg * (g+

2 3
. E_E_Slg _21g hlﬁ: 24
S 2 16 16

and equating the coefficients of e* we get

3

1 3g g
— + + 1+ -
(3 g)g"” [ "2 16

]gl__y + (g_ l)ho,y *

3
+(1—§+-—7g )hl = -2B
2 -Y

16

]gm

3

2 3
187 g | -8.38.318" 218
4 5 2 16 16

2
.| -38,51g 2lg
2 16 16
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15g2]hp+
; 0,

(3.4.2.7d)
(3.4.2.8a)
15g2
e8]
) h,, = -2B (3.4.2.8b)



3
+]-3+38_78 h, = 2B
2 16 ¥

15g2 3g Stg* 21g? _ 15g2
(g_ ]go” +(_ e 16 )8 | THTET g P

2 3 ‘
e

From the boundary condition (3.4.1.2b) taking t, = .1 we obtain

A =55166547, B = -4.5166547

Finally, solving (3.4.2.5), (3.4.2.7) and (3.4.2.8) we have

oo = 42656, hy, =-13.7708
. = - 18193, h,, =-7.9130
p = 211762, hy = 31.1084
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(3.4.2.8¢)

(3.4.2.8d)

(3.3.2.92)

(3.3.2.9b)



g = 7.1262, hw = 13.7475
Loy = 25.4694 , ho’Y =-17.3376
gy =- 11.2555, hw = -5.8345

Therefore the source function is given by

Ae " « Be® + (_25‘ +0.4570p - 0.1367u2) +

- S(t,p) = K0,0)

-kt -t
+ Re T+ Re T+ Re

where

R, = 26614 - 1.0934p - 1.7645u% + 1.6660°

R,

R, = 7.0251 + 0.8896p - 1.7917p” - 1.4821y°

The intensity at any surface can now be calculated.

03517 + 11.6747p + 7.1520p2 - 1.8103 3
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(3.3.2.10)

(33.2.11a)
(3.3.2.11b)

(33.2.11¢)
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3.5 Solution of a radiative transfer problem in finite atmosphere with

General phase function using a modified form of spherical harmonic methed.

We will consider this in case of finite atmosphere. Here the treatment of the problem is the
same as that we have considered in section 2.3 except that the boundary conditions are different. i
Even the general equations from which we are going to deduce the spherical harmonic equations for
different cases, will be the same. Therefore, at the beginning we state the basic equation of transfer
with the appropriate boundary conditions and thereafter we jump few steps (these are identical and

have already been deduced in section 2.3.1) and state the necessary equations.

3.5.1. The problem and the basic equations.
The equation of transfer in case of plane parallel atmosphere with spherical éymmetry is as

-usual given by

1 .
u—dl(dtt’”) = I(tp) - % fl () (zp")dy' (5.1.1)

where the symbols have their usual meanings. The equation (3.5.1.1) will be solved subject to the
boundary condition which are stated in section 3. 1 but they are again restated
(a) Absence of incident radiation from outside at the free surface =0, ie,,
I(t,u)=0 for -1< p<O (3.5.1.2a)
(b) No incoming radiation T = T at, i.e.

Ktpp) =0, O<ps<l; (3.5.1.2b)

We will take the same two forms given by equations (3a ) and (3b). We consider the phase function

in the following form
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Pk = Y PP )

k=0

From section (2.3.1) we have the following equations

1
1 12—1 +* +'
! - I 211
¢(f)'£PP1(2H Ddy + 4(21+1)[21_1 1-2 T el t
123 +1812-21 - 4, 12 +30+2, ]
+ +2(1+ DT+ S22 < [(T) + 116
(21+3)(21_1) 1 ( )I] 21 3 1+2 [d)() ]01

1

1
TR 1)[ S+ @ DE + (0 DI - Ew S{k}'[ 1=0,1,2,..

and

0
1 -1 - -

‘(t P(2u+1Ddp + [ I, -2, +

¢()—f1111(11')l1 4(211&1)21_112 -1

123 +181%2-21-4 . 1243142 }
+ I, -2(0+1)], +——I+ )0, , +
(21+3)(21_1) 1 ( )11 21 3 1+2 (b() 0,1
1 - 1°° _
- 20+ D+ (I + DI, "EWS C1=0,1,2,..
TR 1)[ B Wi+ )“] 24 Sull
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(3.5.1.3)

L (3.5.1.4)

LL (35.15)

These are two basic equations which will be solved subject to the prescribed boundary

conditions.Further, in this section we will take two other phase functions apart from isotropic and

Rayleigh; these are i) Planetary phase function and ii) Henyey-Greenstein phase functions. In other

words we will deduce spherical harmonic equations for each of these phase functions from this
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general phase function and show that they are identical with those already obtained in chapter 3. Also

the notations S, S, ;,[] are described in section (2.3.1)

3.5.2. Different cases.
3.5.2.1. Isotropic scattering.

The phase function in this case is
Pi’) = Pym)Py(n’) = 1 (3.5.2.1.1)
We have as before w, =1, andw, =0, for k>1
A. First approximations. _
Here L = 1, The spherical harmonics equations were already obtained in section 2.3.2. We
are not giving details of their development but state only the equations in both approximations.
4 . +! + + - -3 S ,
( 3 21, J {1+ - ) =2 - 200 () (3.52.12)

(210*' + -2‘5‘_"1;'] - 2(10* + 31;) = - 29'() (3.5.2.1.3)

(%10" - 21{') + (10' + 1] + 1, - 1{) = -2 +2¢'() (3.52.1.4)
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(_210" . %"1;’] -2l - 310} = - 2¢') (3.5.2.1.5)

The equations (3.5.2.2) to (3.5.2.5) are same as those obtained in section 3.1.1

B. Second approximations.

Here L = 2. For / =0,1,2 from (3.5.1.4) and (3.5.1.5) we get the following spherical
harmonics equations

(;1(;’ + 21 + %1;') - (10* w10+ I, - 11‘) =2 - 2¢'(x) (3.5.2.1.6)
(210" + 2_541;' + 41;') - 2(10* + 31 + 21;) = - 24’ (v) O (35217)
(%10*' v 20 + %]z") - (21[ + 512’) =0 (3.5.2.1.8)
(%10_' YA %12") Iy 11 - 1) = -2+ 2400 (3.5.2.1.9)
(—210" N %1{' - 412") - 201, - 31y +20,) = - 24 (0) (3'.5.2.1.10)

and
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12") - (21 - 51} =0 (3.52.1.11)

1 - - . 80
-1, -2, + —

Again these equations (i.e., (3.5.2.1.6) to (3.5.2.1.11)) are identical with the equations obtained in

the second approximation in the section (3.1.3). There we have found their solutions.

3.5.2.2. Case 1L Rayleigh phase function.

The Rayleigh phase function is given by

Py = 1+ (B -6 -1) = 1+ PQPW) (3522.1)

we have

w, =1,w = O,w2=-;-

andw, =0, for k>3
The spherical harmonics equations are obtained in the usual manner and we avoid details.
A. First approximations.
Here L =1. From (3.5.1.4) we have

I=0: (-;110*' N 21;'] Iy 1 I - 1) =2 - 2¢°) (3.5222)

1] = -2¢'(t) (3.5.2.23)

_ ) AT S
160

24 61 - 909 .+ 3 ,- 51
- —Io T~ f 0
32 160 32

-2 +2¢'(7) | (3.5.2.2.4)

~
i
(@]
——,
| &
~
o 1
N
_’N
]
+
—
e +
+
__N
+
+
]
o I
|
o~
S
I
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.24, 3.. 51,. 61, 909,
I=1: =21, +=—7I - =1, - =1 - —I, + =—=I, = -2¢'(r) (35225
( 0 5‘) 32° 160 ' 327" 160" e )

So we see that the equations (3.5.2.2.2) to (3.5.2.2.5) are identical with the equations in the section
(3.2.2)
B. Second approximations.

Here L =2

For/=0,1,2 from (3.5.1.5) we have

Iy

.
-+

w2+ %12 ) - (Jo’ I + 1 - I{) =2 - 2¢'(v) (3.5.2.2.6)

(RN

|

+ 24 +7 +! 61 + 909 + 119 +
p) (ARl ARIYY A ALY AR A 4 AL LLS A
( R 2) 32° 160" 3277

y 20 - 20 = -24'(n) (3.5.2.2.7)

| +* 80, - 1 + 623, 317 +
—1, + 217 + == PRI ) Ay A
(3 0 ¢ 2) 64 " 320" 64 ?

S S S WA N I S (3.5.2.2.8)
64 320 64

Again for /= 0,1,2 from (3.5.1.4) we obtain in a similar way the following equations
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Here we consider only the first approximation L = 1.
For / =0, we have from (3.5.1.4)

4 + +' + + - - C +
(310 + 21, ) - (10 I+ I -11)=2 - 2¢'(7) - ZEwkSO,kH
k=1

. 1 10* +1y 11* -1y
Here we have obtained ==+ +
2 3 2
and using Sotk’wk. we get
4 + + + - - ,
(510 + 2 ) - (10 I 1 ‘11)+0H =2 -2¢/() (3.523.2)

For /=1 from (3.5.1.4) we find

(210" + z;f-fzf'] - 2(10* + 31;) = - 2¢'(%) —6Ewks';kn
3 :
k=1

Andusing  J],S;, we obtain
(21&' + 3‘5‘—"15'] -2ty +31,) + aI] = - 2¢'(2) (35233)

For /=0 from (3.5.1.5) we have

(glo" - 21;’) wly + 17+ I - 1) = - 2 + 2¢' (@) —2Ewksom
k=1

Once again using [], S, , we obtain after simplification
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4 _. e _ R _ -
(310 - 21, ] iy + 1) v 1 - 1) -all = - 2 + 2¢'(®) (3.5.2.3.4)

Finally for /=1 from (3.5.1.5) we get

(—210" . _21’51;'J - oty - 317) = - 2¢'¥) —ézu-ks,jkn
3 k=1
using [,S;; we 'obtain after simplification

( 21+ %’fll") -2y - 31} + al] = - 2¢'(%) (3.523.5)

Thus we see that once again we get identical equations which we have obtained in section 3.3.2 if we
setR = J[.

3.5.2.4. Case IV . Hehyey - Greenstein Phase function.
" Here the phase function is defined by

plup’) = 1 + 3gP (WP ') + 58°P,(WP, (W) + 72°P,(P(W)  (3.524.1)
Comparing (3.5.2.4.1) with (3.5.1.3) we get
wy=1,w, = 3g,w,=5¢>w,=7¢g> andw, =0, for k>4

Here we consider only the first approximation L = 1.
For /=0, we have from (3.5.1.4)
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4 +° _— + + - - ’ - +
('510 + 21, ) _(]o +1 + 1, ‘]1)=2 - 2¢'(1) —2EWkSo,kH
k=t

Now we have to find different [ [s for &£ and / Varying k and / we get

I
= _ + + k:1
1l 2 3 2
Iy -1, 17(,- ,-
= Bl S § s k=2
11 8 40(l ‘)
1 L -1
= - — + , k=3
11 8 4

. +
Therefore using S, ,,w, we get

' . 3
(0 38) oo o)« (122221

-2y +2 - 28 T8 (3.5.24.2)

™|

Next for / = 1 from (3.5.1.4) as before

(210*' . 2%"1;’) - 201 +30) = - 2¢'(%) —6Ewksf,kn
k=1

If we simplify the R.HLS of previous equation with the known values of [], S,*, «»W, and obtain the

following equation
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. . 2
o 2] [20g 58

2 3 2 3
+(_‘5+3_g+51g +21g )Il*+{_3_g+51g _21g )Il-
2 16 21

, 3g . 21g°
= -2 (t) - = + 3.5243
$'(v) 2 3 ( )
Next for / = 0 we get from (3.5.1.5)
4 .- . _ . - . , = _
(—10 - 21, ) + (IO + 1 + 1, - 11) = ~2+2¢'(t) - ZEwkSO,kH
3 k=0
Using [, S, ,,w, we get after little calculation
4 - + - 3 7 3 + -
(- 2n) - (1ol o) - (12822
3
- 2¢'(x) -2 + 28 . 18 (3.5.2.4.4)

2 16

Finally, from (3.5.1.5) for /=1
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- 24k, - - , D .-
(—210 = 1,) -2y - 317) = - 2¢'(@) —6EwkSl_kH
k=1

Putting the calculated valuesof [],S; ,,w, we obtain the following ordinary differential equation

. ' 2 2 3
(—2]0— + EI{) + (g— 15g )]* + (E_Sl_g+ 21g )]; +
- 5

21g3
32

- —20'(x) - 3_28 + (3.5.2.4.4)

Once again we see that the above four spherical harmonics equations are exactly the same with the

ones which have been obtained in section 3.4.2. and in that section we have found their solutions.



CHAPTER - 4

RADIATIVE TRANSFER PROBLEM
IN

SPHERICAL ATMOSPHERES
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4. Solution of a radiative transfer problem in a spherical atmosphere with
Isotrepic scattering using a modified form of spherical harmonic method.

4.1 Introduction.

The single interval spherical harmonic method has been widely utilized for solving radiative
transfer, neutron transport and heat transfer problems in-spherical medium. Marshak [1948] proposed
a simple mode! of neutron transport problem and solved it by single interval method. This method
was also used by Chandrasekhar [1943], Sen [1949] and Davison and Sykes [1958] for solving
problems of radiative transfer ane neutron transfer in both plane and spherical geometry. Poisy [1961]
used a scheme for making iterative corrections for curvature. All the single interval spherical
harmonic methods suffer from the limitations that the exact boundary conditions cannot be used at

the free surface.

Wilson and Sen [1965 a,b,c] used the double interval spherical harmonic method and
demonstrated this for a neutron transport problem in spherical geometry. They considered the same
model as has been used by Marshak in case of single interval SHM. They [1964 b] used this method

to the classical problem of diffusion of radiation through a homogeneous sphere.

We propose to solve the equation of radiative transfer in case of spherical geometry using the
double interval spherical method where the phase function is isotropic. We consider the same forms
of intensity as has been done in Sec. (2) and (3). (Equations (3a) & (3b))

4.2 The equation of transfer and the boundary conditions.

The equation of radiative transfer for the problem of diffusion of radiation in a

homogeneous sphere is given by
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' 1
Y
pA) | 1231 | gy lfl(r,u)du (4.2.1)
ar r du 27

where we have assumed that phase function is isotropic. Further r is the distance measured outward
from the center of the sphere and p is the cosine of the angle measured from the positive direction
of the radius vector, I(r,u) is the specific intensity of radiation at a distance r in the direction of 0
which is given by

0 = cos !(p).
The equation of transfer (4.2.1) is to be solved subject to the boundary condition,

I(Ru)=0 for -1<pu<0 (4.2.2)

We consider the two forms of intensity as

L
I'(r,p) = 100,0)| () + y(p) + E(Zl +Dpl,(OP(2p-1)|, O<ps<l (4.2.3a)
=0

L .
I°(rp) = 100,0)| () + w(p) + E(21+ Dpl, ()P (2u+1)|, -1sp<0  (423b)
=0

Here ¢ () is a function of r only and we define as usual

_ 1 if O<pcx<l
w(”)_{O if -1<us<0
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With these two forms of intensity the equation of transfer becomes

+ _ 4.2 + )
I‘aI (r,lJ.) + 1 p’ 81 (r,IJ.) + I’(r,u) =
or r du

0 1
1 [, L (-
=3 —fll (r,u)dp {I (r,)dp (4.2.4)

and

pal_(r,ll) + l‘llz aI—(r,“) +1_(r,],l) -
or r T

0 o 1
1 - N
3 _fll (r,p)dp + ](;1 (r.n)dp (4.2.5)

If we use the forms (4.2.3a) and (4.2.3b) in the last two equations we get respectively,

+ . _ 2 +
W) 1w o) L ey =
or r du

= I(0,0)l(b(r) + % + %(IO* + 1] -1, + 11—)] (4.2.6a)

and
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- _ 2 -
pO ) | 1= 30 (rm) | e -
or r du

- I(0,0)[d)(r) " % + %(10‘ N AR S 1,‘)] (4.2.6b)

We know that the well-known recurrence formula for Legendre polynomials is given by

1 .
uP(2px1) = m{(u )P, (2u£1) = (21+ 1)P2I£1) + IP, (2Qu=1)| 427)

If we use this in relation (4.2.5) we find

L o
le (r)( 12+31+2

i~ 4 21 +3

w4 1(0,0)[u¢’(r) ! P ,(2u-1) +

1273 +181%>-21-4
+2(I+ 1P, (2u-1) + P(2pn-1) +
(I+ 1P, (2p-1) aI-D@i+ 1) (2p-1)

2 _
+2IP_ (2u-1) + 2’1 iPl_z(Zp. - 1))} (4.2.82)

and

1-p* ol (rp) _ 10 O)[ill#(r)( _ (I+1)2(1+2)Pl ,2u-1) -
. ’ 27 +3 T



181

2273 +337?-51-8
- (I+D3I+2)P,  (2u-1) + P(2u-1) +
(7+1)( )P (Zp-1) 21+3)@I-1) (2p - 1)

2
+ (31+D)P,_(2p-1) + %7% L (2u- ))} (4.2.8b)

and from (4.2.6) the other equations are given by

DL Of 1231
p ) 1<00)[u¢<r)+z’4 (L2302 open) -
1=0

1273 +18712-21-4
-2+ 1P, (2u+1) + P,(2n+1) -
(1P @u 1)+ = eSS mP (20 e )

12-1

- 20 Qu 1) ¢ Py, (2u 1)')] (4.2.9a)

1-p? 3l (ru) _ S () (F+1)2(1+2) |
5 ” H 1(00)[2’ ( P, ,2u+1) -

r / 4r 27+3

2213 +33/2-5/-8
(21 +3)(21-1)

- (I+1)(31+2)P, ,(2p +1) + P(2p+1) -
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3 _gr2

- (BI+D)P, (2u+1) + ’21 ’1 P (2u+ 1))] (4.2.9b)
j

Using (4.2.7a) and (4.2.7b) in the equation (4.2.6a) we get the form of equation of transfer

as

L +*
I 2.3F+
nd'@) + 2 I (r)ll 31 2P1+2(2!J~_ 1) + 2(1+1)P1*1(2P‘1) +

ford 4 27+3

3 2 _ _ 2 _
120 <1812 -20-4p 0 1y oip (2u-1y « L1
(21-1)(21 +3) 211

P ,(2p-1){+

. L I—o(r)l' ”
P YA MG D p op-1) - (1) BT+ 2P 20 1) ¢

Loar | 21+3
221 +33/2-51-8 B-r

PQRu-1)y+ 31+HP,_ (2u-1) + P, ,(2u-1)}{ +
Gl )G~ 1) 2u - 1)+ ( Wi - 1) + =Py, (20 - 1)

L
. | . - _
P + ;(21”)1, AP 2u-1) = = - Z[IO 9 AR RS A IR 3T

N | —

Similarly the corresponding equation for /[ (t,p) is
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L .- :

I, (Ht 2

b + ) ”[’ 1t 2p 2u-1) - 20+ )P, (2p- 1) +
L4 | 20+3

3 2 _ _ 2 _
1217 + 1817 - 21 4P,(2u+1)—21P,-1(2u+1)+1 /

(21-1)(21+3) 21-1

P ,Qu+1)|+

L

I L1 .
* Z 14(:)[(1 12)15331 2P ,(2u+1) + (I+1)BI+2)P, (2p+1) +

(=0

2213 +3312-51-8 P-1"
P2u+1) - (31 +HP 2u+1) -
Gleayai-1) et - GleDP,Qurl) - 7

P, (2p+ 1)} :

L

CHG) + Y@ DL ORPER D) = 1 - 21+,

=0

AR A NS 3T

‘Next, we multiply (4.2.10) by P,(2p - 1) integrating over [0,1] and using the orthogonal
property of Legendre polynomials in [0,1] we find,

2 _ . . 3 2 _f_ .
1 {1 | - 1o . 120° +1814 - 21 41+ .

¢(r)£u1’,(2u-1)du AT MG P e S

L2+ )7+

2 . 3_op2
£x3l+2 +31+211:2 * l - +111*—2 - (312‘1)11:1 *
20+3 ar2i+1)|  20-1
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I3+512+8F+4 .

22/3 +33}1*-51-8 - I o5
1+2

I « BIF+71+4)]], +

(21+3)(21-1) 21+3 0.1
1 . ) .
—{l 21+ 1)1 [+ =
11 1/, - . - ,
- 60,1{5 + z(lo +I -1, + 1 )} (4.2.12)

Now. we multiply (4.2.11) by P,(2p + 1) integrating over [-1,0] and using the orthogonal
property of Legendre polynomials in [-1,0] we find,

0
» 1 -1 - o 12P8 + 1812 -21-4 -
') | uP,2p +1)du + I, - 21, + I, -
d>()_flu (2p +1)dp 4(21+1)[21_1 -2 »11 (21+3)(21-1) {

. 2 , . 3 _~y2
-2(0+ 1)1, +——1 *31+2,- ]+ ) [l 21°+1, -

21+3 T Graie | 20-1 I, - @P-DI, +

3 2_&7_
2207+ 338" 518~ _ 324914 a)1,, -
(27+3)(21- 1) .

I3 +512+81+4 - 5
27 +3 [+2 o1
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1 B n _
+ —— 1, - I+, +(I+1)], 1=
TP UG R G U

L Ay e -
- 5045 v Z(10 AR S )} | (42.13)

The equations (4.2.12) and (4.2.13) are to be solved subject to the boundary conditions.

4.3. Solution .
We consider the case L = 1. Putting successively / = 0,1 we obtain from (4.2.12) and’

(4.2.13) the following equations

[glo" . 21,*'} . ZEIO’ + 21;] tlly v 1) -0 v )= -2 -20'0) (@30)
r

oN,
+
(V8]
)

o

~——
1]

S () 432)
[%10" - 21{'} . 3[%10‘ - 21{} Mty 1 -1 1) = 2 520°) (433)

L= Ay +(1‘—31'):Q¢'(r) (4.3.9)
. 0 5 t [4] 1 b
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The boundary condition now becomes

I,(R) =0
"_( ) (4.3.5)
I, (R) =0
dR) =0 (4.3.6)
Let us take the form of ¢ (r) as
]
¢(r)=a+£+1—+£+ek’£+£+—§—] 43.7)
ro 2 3 roorr 3

where A, B, C, o, B, vy, 0 are constants and they will have to be evaluated by means of boundary
conditions. Againi we know that the net flux is defined by

: 0 1
F =2 [uleade + [ul"Gdp
-1 0

Let us now carry out simple calculations

1

g 1.« 1..
I"epdy = 10020 . L 30 1y
_{u(u)u ()[2 ~ 4305+ o,

and

1
[ul Gy - 1(0,0)[— ‘3’_;’2 R %10* - 1,{]
0
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Therefore we find that the flux integral in this case is

R R B

Let us the fromof [,', [, as

N S/ . h’™ I’
Ii* = Zl_ « 1 & ek"fr + &_ + o+ (438)
F2 3 oy 42 3
- .9, i . h, L
F A (U B P B S (43.9)
r2 3 r rt r

Using (4.3.8) and (4.3.9) in (4.3.1) to (4.3.4) and comparing the coefficients of ¢*"-on each

side we get following linear equations

(¥;qﬁw¢u+uﬁ+g-ﬁww (43.100)

(2k +2)f; + ( 2‘5”‘ +6)f; -0 (4.3.10b)

fo+ +f1* +(‘f"£+1)f0— +(2k-1)f; =0 (4.3.10¢)
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(2k-2)f, + ( - 2_;‘5 +6)fl‘ =0 (4.3.10d)

The unknowas f; , f,', f, ./, appearing in equations (4.3.10a) to (4.3.10d) will have a nontrivial

solution if the determinant of the coefficients is zero. Thus we have D(k) = 0 where

i,E+1 2k+1 1 -1
3 |
2k+2 2%’%6 00
D(k) =
| 1 1 A -t
3
0 0 2k -2 —%" 6

This gives k = 0,0,+1.8257. To satisfy the boundary condition we take & = k, = 1.8257.

< We assumie

¢("=a+‘_§+_y.l+._6_+e_k°r£+£+£-+
r r2 r3 r r? r3
cetr|4d LB, Q] (4.3.11)

ror? r
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MY S AR A A
A LA Ry AR I
P2 73 r r? 73
A A A
et 4 KL S (4.3.12)
r r? r3

and

. g~ B L7
. ekor[f}“ + 9 + 1+ ’_} (4.3.13)

We will now determine various constants based upon the boundary conditions. We will

compare different parts,for example, if we compare —1; we get following equations

r
Yo * Y1 * Yo = Y1 = 2B (43.142)
Yo +3Y; =B (4.3.14b)

(4.3.14c)
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. . . 1 )
Similarly if we compare different powers such as - 1 we get different constants.
' ’ r°r
The results are given below.

+

6130C, f] = -.5492C, f; =1.5983C

S*
1l
w
¢
00
0
O
%
[

9
<
1

-3.9676C, g, =13.8767C, g, =-21.5651C, g, =6.5733C

hy = -.2620C, hy, = -6.1635C, h =-.2620C, hy =17.0764C

.

fo = -27.0989B', f, =-31.8869B', f =26.3152B', f =2.5503B'

.
+

g, = -9.5739B', g, = -4.9256B', g, = -12.6921B', g = -12.1232B'
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v

h, = 12.7900B', h, = 3637B', h = -5.80008', h =0.8637B’

.

1, = -2.7385B'

I

1= -1, = -1.6431B", 1

A' = -9.2467F, C' = -.54778'

The rest of the constants «, A, B’ can be determined form the boundary conditions.



CHAPTER -5

H - FUNCTION
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5. Study of some approximate forms of H - Function. -

The H-function plays an important role in the theory of Radiative transfer in semi infinite
plane parallel atmosphere. For the standard problems in isotropic and anisotropic scattering, the
angular distributions of the emergent intensities are expressed in terms of H-function which satisfies

the following nonlinear integral equation:
1
s H s ,
H(w) = 1+ uH(u)f———"’(“) W gy (5.4)
AR

where the characteristic function Y(p) is an even polynomial in p and satisfies the following
condition
1

fllr(u)du <

0

1 .
5 (5.B)

For more general laws of scattering, we get simultaneous non-linear integral equation whose

solutions can also be expressed in terms of H-function and the following relation holds

1

1 - y(u) ’ '
=1 - =7 H(uHd 5.C
Ao llf W (n)du (5.0)

In most cases , the emergent intensity is expressed in terms of H - function. Therefore good
approximate forms are often found to be useful. Abu-Shumays (1967), Karanjai ( 1968 a,b ),
Karanajai & Sen (1970) , (1971) introduced different approximate forms of H-function.
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Burman ( 1989) extended one approximate form of H - function for isotropic scattering
developed by Karanjai and Sen ( 1970) to the case of anisotropic scattering. Here we will use
different approximate forms of H - function developed by Karanjai and Sen (1970,1971) with the

general characteristic function given by
YW = @, + o,u’ + op’ (5.D)

Using this method we have computed the H - function numerically and compared our results
with that of Chandrasekhar. The results are found to be correct in most cases upto four decimal
places. Also we will find moments of order zero and one and Chandrasekhar’s constant p,q and ¢

using the different forms.

5.1. The forms of H - function and the development of the problem:

The approximate forms of H - function considered are:

ap + bp* + et
A +2p

Form I H(p,w) =1 +

ap + by’ + e’
1 + kp

Form II: Hp,w) =1+

Form III : Hp,w) =1 +ap + byp? + cp® *

where A = y/1-w and ab,c are constants which are to be detemined.
The H - function satisfies the following relations: (Chandrasekhar 1960)
1

2
fH(u)\lJ(u)du =1-{1- 2jll!(u)du (5.1.1)

0 0

* Karanjai, S. and Sen. M. (1971)



1

- 1

2
1- Zfll!(u)du + fH(u)llJ(u)uzdu * fH(u)llf(u)uduJ
" 0 0

0

1

= fﬂ!(u)uzdu
0
1
f LOLIOP
1 - ku

0

where & is determined from the transcedental equation

2
| 2, +g{w2+i’z} =l{m, +L(w2+&]
3k2 k? k

Let us the following notations:

3

En + 2(r 1)

‘!

2
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(5.1.2)

(5.13)

(5.1.4)

(5.1.5a) 4

(5.1.5b)

(5.1.5¢)
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1 1

2 1
V=11- 2f¢(p)dp = (1 - 2P1)2 (5.1.6)

(]

We consider different forms of H - function as given in Form I to Form Il in Sec. 5.1

5.2 Form L
5.2.1 First Approximation
Referring to this form of H - function we develop necessary equations to evaluate H -

functions. Substituting Form I and (5.D )in Egs. (5.1.1), (5.1.2) , (5.1.3) we determine the constants

ab,c.
We denote .
1
1 " '
2T = —F d 5.2.1.1
on 7 fA.+ 2p g ( )
0
where T, s are defined by
2 A +'2
T = 5" AT, T,=2- Alog( } (5.2.1.2)
Also, 1
= W d | 5213
) f(A+2u)(1—ku>“ 021
0
then we can write
T
] = 1(1._1 - _J_‘_] j=2.3,...,17 (5.2.1.4a)
J k J 21 )

with
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' 1 A A+2 1
I = - — 2 2100 2221 + Zlog(l - k) (5.2.1.4b
! (Ak+2){2 og( A ) g & l ' )

Now from (5.1.1) , (5.1.2), (5.1.3) we obtain the following equations:

a=§ +ne¢ (5.2.1.5a)
b :.52 + 1,C (52]5b)
where

g - A g, - (52160

=—, = 2.1.6a

1 Ll } Ll
N N (5.2.1.6b)
Th—L—l, ﬂz—Ll (0.2.1.

M, =Lo, - Sa,, M, = Sa, - LY, (5.2.1.7a)
N, = a,0, - d,0,, N, = 0,0, - @,8, (5.2.1.7b)
L, =ed -06a, L=1-V-P, (5.2.1.7¢)
S=1+owx, +wx, +ylog(l-k) (5.2.1.7d)

Here c is determined from the following quadratic equation



Cue? +Ge + (=0

R, =Byny + By, + By

R, = BE, + BE + P

Ry = Vv, + 0,7, + Y3)

R, = V(Pa + &y, * E272)

3 .
w,
% = 22nn—1T2'*"‘2; n=1,2,3
r=1
3
@,
6"—__ 2r+n-1 Zrem-12 n:1’2’3
r=1

w,
Vo= ) pron itz 1=12.3

r=1

197

(5.2.1.8)

(5.2.1.9)

(5.2.1.10a)

(5.2.1.10b)

(5.2.1.10c)

(5.2.1.10d)

(5.2.1.11a)

(5.2.1.11b)

(5.2.1.11c)
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(5.2.1.11d)

Here we will determine the H- function from ( 5.C ) based on the computed values

of a, b, c. Using the approximate form of H-function (form I) and the Equation (5.D) in the

Equation ( 5.C) we obtain the following equation :

1

H(p,)
where
3
Z = (‘orDZr-l
r=1
3
E = Eo.)rFZ“”_2 ,n=1273
r=1
where
T
— P _
Fp - '2_,, ”Fp-l
with

and finally ,

1 - p[Z +Ea+Eb + EBC}

(5.2.2.1)

(5.2.2.2)

(5.2.2.3)

(5.2.2.42)

(5.2.2.4b)
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1

Dj = _]——f - nD,_, j=2,3,...8 (5.2.2.5a)
with ,
D, = log(l_;_ﬂ] _ (5.2.2.5b)

The values H - function can be computed from (5.2.2.1) for different w and p. For

different w we get different & which can be obtained from the transcedental equation by applying the
Newton-Raphson method.

5.2.3. Applications and Results

We apply the method to two different cases:

Case L The phase function is planetary:

p(p.p") = o1 + xcos(0))

Here the characteristic function is:

Y(p,0) = —ofl +x(1-w)p?], x=1

N |~

then

_ 2
’ 2=xm(12w)u , @, =0

g
I
ple

Case II. The phase function is isotropic.

Here
puw) =2
and _
Y(p) = %
so that (olz—(;—, w, =0, w,=0



Tables 5.1.1 and 5.1.1I are shown below for Case I and Case II respectively.

Table 5.1.1
u w=_1 w=.2 w=.23 w=.4 w=.5 w=.6
.05 1.008922 I'.OI821 1 [1.027930 | 1.038159 | 1.049009 | 1.060643
.10 1.014462 | 1.029702 | 1.045854 | 1.063092 | 1.081657 | 1.101906
15 1.018783 | 1.038754 | 1.060126 | 1.083175 | 1.108286 | 1.136034
.20 1.022349 | 1.046286 | 1.072103 | 1.100185 | 1.131073 | 1.165575
.25 1.025384 | 1.052738 | 1.082436 | 1.114977 | 1.151062 | 1.191744
.30 1.028018 1.058369' 1.091511 [ 1.128056 | 1.168872 | 1.215266
35 1.030337 [ 1.063351 [ 1.099582 | 1.139760 | 1.184917 [ 1.236624
40 1.032400 | 1.067803 | 1.106832 | 1.150328 | 1.199496 | 1.256167
45 1.034252 | 1.071815 | 1.113393 | 1.159941 | 1.212829 | 1.274158
.50 1.035926 | 1.075456 | 1.119371 | 1.168737 | 1.225092 | 1.290802
.55 1.037449 | 1.078779 | 1.124845 |} 1.176826 | 1.236421 | 1.306264
.60 1.038842 | 1.081826 | 1.129883 | 1.184297 | 1.246931 | 1.320681
.65 1.040122 | 1.084634 [ 1.134538 | 1.191224 | 1.256714 | 1.334165
.70 1.041303 | 1.087230 | 1.138855 | 1.197668 | 1.265850 | 1.346812
75 1.042395 | 1.089639 | 1.142871 | 1.203681 [ 1.274404 | 1.358703
.80 1.043411 | 1.091881 | 1.146618 | 1.209308 | 1.282433 | 1.369910
.85 1.044356 | 1.093974 | 1.150124 | 1.214585 | 1.289988 | 1.380492
.90 1.045240 | 1.095933 | 1.153412 | 1.219547 | 1.297111 | 1.390504
.95 1.046067 | 1.097771 | 1.156502 | 1.224221 | 1.303840 [ 1.399993
1.00 1.046843 | 1.099498 |1.159413 | 1.228634 | 1310207 | 1.409001
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Table 5.1.1 (Cont.)

u w=.7 w=.38 w=.9 0w=925 | =950 | ©=.975
.05 1.073329 | 1.087572 | 1.104637 | 1.109753 | 1.115546 | 1.122618
.10 1.124423 ] 1.150310 | 1.182331 | 1.192189 | 1.203519 | 1.217641
15 1.167358 | 1.204037 | 1.250537 | 1.265143 | 1.282128 | 1.303628
.20 1.205016 | 1.251919 | 1.312633 | 1.332031 | 1.354810 1.384024
25 1.238763 | 1.295436 | 1.370158 | 1.394393 | 1.423099 | 1.460340
.30 1269408 | 1.335459 | 1.424001 |1.453109 | 1.487859 | 1.533415
.35 1 .297494 1.372569 | 1.474741 | 1.508749 | 1.549644 | 1.603775
40 1.323412 | 1.407184 | 1.522793 | 1.561717 | 1.608840 { 1.671781
45 1.347458 I.4396I9 1.568465 | 1.612314 | 1.665734 | 1.737693
.50 1.369865 | 1.470126 | 1.612005 | 1.660775 | 1.720547 | 1.801712
.55 1.390822 | 1.498907 | 1.653607 | 1.707290 | 1.773457 | 1.863995
.60 1.410484 | 1.526132 | 1.693440 | 1.752018 | 1.824610 | 1.924668
.65 1.428983 [ 1.551944 [ 1.731641 [ 1.795093 | 1.874130 1.983838
.70 1.446428 | 1.576464 | 1.768332 | 1.836629 | 1.922123 |2.041595
75 1.462917 | 1.599800 | 1.803617 | 1.876729. | 1.968682 | 2.098017
.80 1.478532 | 1.622043 1.837591 1915480 {2.013888 | 2.153171
.85 1.493345 | 1.643277 | 1.870336 | 1.952963 |2.057814 |2.207118
.90 1.507422 | 1.663575 |1.901927 | 1.989249 [2.100526 |2.259912
.95 1.520818 | 1.683001 | 1.932431 2-.,024403 2.142084 | 2.311601

-1.00 ] 1.533586 | 1.701615 | 1.961909 | 2.058484 | 2.182542 | 2.362231
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Table 5.1.1%

il w=.2 w=.73 w=4 w=.5 w=.6 w=.7
.05 1.016037 | 1.024758 | 1.034099 | 1.044192 }1.055255 | 1.067639
.10 1.025598 | 1.039810 | 1.055273 | 1.072274 | 1.091277 | 1.113034
A5 1.032921 | 1.051471 | 1.071881 | 1.094605 | 1.120368 | 1.150364
.20 1.038895 | 1.061064 | 1.085675 | 1.113351 | 1.145091 | 1.182551
25 1.043932 ] 1.069212 | 1.097482 | 1.129539 | 1.166662 | 1.210982
.30 1.048273 | 1.076274 | 1.107784 | 1.143773 | 1.185799 | 1.236479
35 1.052073 | 1.082487 | 1.116900 | 1.156451 | 1.202977 [ 1.259587
40 1.055438 | 1.088014 [ 1.125050 | 1.167853 | 1.218536 | 1.280697
45 1.058446 | 1.092975 |1.132398 | 1.178188 | 1.232727 | 1.300105
.50 1.061156 | 1.097460 | 1.139070 | 1.187615 |1.245747 | 1.318038
.55 1.063614 | 1.101541 | 1.145162 | 1.196261 | 1.257750 | 1.334681

.60 1.065856 [ 1.105273 | 1.150752 | 1.204228 |[1.268863 [ 1.350184
.65 1.067910 | 1.108703 | 1.155906 | 1.211597 | 1.279190 | 1.364672
.70 1.069801 | 1.111868 | 1.160674 | 1.218439 | 1.288817 | 1.378250
75 '1.071548 | 1.114798 [1.165101 |1.224812 |1.297818 | 1.391008
.80 1.073169 | 1.117521 | 1.169225 | 1.230765 | 1.306256 | 1.403024
.85 1.074675 | 1.120059 | 1.173076 | 1.236339 | 1.314186 | 1.414364
.90 1.076081 | 1.122430 | 1.176682 | 1.241573 | 1.321653 | 1.425087
95 1.077395 | 1.124651 | 1.180068 | 1.246497 | 1.328699 |1 435245

1.00 1.078628 [ 1.126737 | 1.183252 | 1.251139 | 1.335360 | 1.444883
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Table 5.1.11 (Cont.)

p o =80 =85 w=.90 w=925 | =950 | w=.975
.05 1.081997 | 1.090337 | 1.099962 | 1.105538 | 1.111946 | 1.119988
.10 1.138958 | 1.154393 | 1.172585 | 1.183327 | 1.195915 | 1.211975
A5 1.186840 | 1.208965 | 1.235465 | 1.251342 | 1.270181 | 1.294618
.20 1.228877 | 1.257413 | 1.292055 | 1.313066 | 1.338263 | 1.371410
25 1.266590 | 1.301305 | 1.343949 [ 1.370093 | 1.401740 | 1.443893
.30 1.300881 | 1.341565 | 1.392073 | 1.423340 | 1.461512 | 1.512932
35 1.332347 | 1.378806 | 1.437039 | 1.473410 | 1.518159 | 1.579074
40 1.361420 | 1.413468 | 1.479284 [ 1.520730 | 1.572094 | 1.642698
45 1.388426 | 1.445885 | 1.519141 [ 1.565624 | 1.623623 | 1.704082
.50 1.413621 | 1.476321 | 1.556869 | 1.608345 | 1.672984 | 1.763440
.55 1.437212 | 1.504988 | 1.592680 | 1.649099 | 1.720373 | 1.820942
.60 1.459370 | 1.532064 | 1.626751 | 1.688056 | 1.765949 | 1.876728
.65 1.480239 | 1.557698 | 1.659230 | 1.725363 | 1.809848 | 1.930913
.70 1.499939 | 1.582016 | 1.690247 | 1.761143 | 1.852187 | 1.983599
75 1.518577 | 1.605131 | 1.719912 | 1.795507 | 1.893069 | 2.034871
.80 1.536243 | 1.627138 | 1.748324 | 1.828550 | 1.932582 | 2.084806
.85 1.553017 [ 1.648123 | 1.775571 | 1.860358 | 1.970809 |2.133470
.90 1.568971 | 1.668161 | 1.801730 | 1.891008 [ 2.007822 | 2.180933
95 1.584166 | 1.687319 | 1.826872 | 1.920570 | 2.043865 |[2.227242
1.00 1.598659 | 1.705659 | 1.851059 [ 1.949105 |[2.078461 |2.272448
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5.3. Form IL
5.3.1 First approximation :

As in form I we will obtain the similar set of equations. We follow the same
procedure that we have done in case of form I. We denote

Y , 5
: fl b (53.1.1)
0
We define .
11
0 =] —-19 ‘
; k( ! ,,-1) (5.3.1.2a)
where
8, = _]1;(1 - 7), = %log(l +k) (5.3.1.2b)
1
R = | —* _a (53.13
fl - Ky’ )

By the same procedure we obtain the similar equations (from 5.3.1.1t0 5.3.1.1.) but with
different values

a=g +mnc¢ (5.3.1.4a)

b = &2 + M,C . (53]4b)



Nl NZ
'q = —_ ‘q = —
1 1 2 L,
M, = L%, - Sa,, M, =Sea - L,
N, = 0,0, - §,a,, N, = 8¢, - 0,9,
L =ab -dae, L=1-V-P

S=1+wx +ox +ylog(l-k)

Here ¢ is determined from the following quadratic equation
gie? + (e + Q= 0

where

R, =Bny, + B, + By

R, = B§ + & + P,

205

. (5.3.1.53)

(5.3.1.5b)

(5.3.1.6a)

(5.3.1.6b)

(5.3.1.6¢)

~ (5.3.1.6d)

(53.1.7)

(5.3.1.8)

(5.3.1.92)

(5.3.1.9b)
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R, = Vngy, + npy; t Ys) (5.3.1.9¢c)
R, = V[P, + £y, + E1,) (5.3.1.9d)
3
= 7 5.3.1.10z
% = ) ey arena 4 (5.3.1.10a)
r=1
3
w
B, = E —Tyrno (5.3.1.10b)
22r*n—1 =
r=1
3
w
Y, = E —T,,., (5.3.1.10c)
22r+n—l =
r=1
3
5, = Em,lz,*n_z (5.3.1.10d)
r=1

Since a,b,c are known these will be substituted in the equation (5.C) which will give us the

approximate values of H - function.
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. 5.3.2. Second Approximation:

From equation (5.C) using the values of a,b,c we may write

=1-ulZ +Ea+Ebd+ Ec 53.2.1
H(p,0) W2 By e Bpb s Bl 6320
where
3
Z = E:corDZr_l (5.32.2)
r=1
3
E, = Ecof‘zhm2 n=1,273 (53.2.3)
r=1
and ,
. . 1
F, =L -uF |, with F = — kp(T - pD,), (5.32.4)

As in Section 5.2.3 the method is applied in two cases taking different values of w and p and

the results are shown in Tables 5.2.1 and 5.2 11 respectively.



Table 5.2.1
i w=.1 w=.2 w=.3 w=4 w=.5 w=.0

.05 1.008917 [ 1.018190 | 1.027880 | 1.038065 | 1.048850 | 1.060392
.10 1.014454 [ 1.029670 | 1.045779 |1.062950 | 1.081417 |1.101530
15 1.018773 | 1.038715 | 1.060033 | 1.083001 | 1.107994 [ 1.135578
.20 1.022339 | 1.046242 | 1.071998 | 1.099989 | 1.130745 | 1.165062
25 1.025373 | 1.052689 | 1.082322 | 1.114763 | 1.150705 | 1.191188
.30 1.028006 | 1.058317 | 1.091390 | 1.127829 | 1.168493 | 1.214677
35 1.030324 | 1.063296 | 1.099455 | 1.139522 | 1.184521 | 1.236007
40 1.032386 | 1.067747 | 1.106700 | 1.150082 | 1.199084 | 1.255527
45 1.034238 | 1.071757 | 1.113252 | 1.159687 | 1.212405 | 1.273498
.50 1.035912 | 1.075397 | 1.119231 | 1.168476 | 1.224657 | 1.290125
.55 1.037435 | 1.078718 | 1.124703 | 1.176559 | 1.235977 | 1.305573
.60 1.038828 | 1.081765 | 1.129738 | 1.184025 | 1.246478 | 1.319977
.65 1.040107 | 1.084571 | 1.134391 | 1.190948 | 1.256254 | 1.333450
.70 1.041287 | 1.087166 | 1.138705 | 1.197388 | 1.265383 | 1.346087
75 1.042380 | 1.089574 | 1.142720 | 1.203398 | 1.273931 | 1.357969
.80 1.043395 [ 1.091816 | 1.146650 | 1.209021 { 1.281955 | 1.369166
.85 1.044340 | 1.093908 | 1.149969 | 1.214296 | 1.289505 |1.379741
.90 1.045224 | 1.095968 | 1.153256 |[1.219254 | 1.296623 |1.389745
.95 1.046051 | 1.097704 | 1.156345 [1.223926 [ 1.303347 |[1.399227
1.00 1.046807 | 1.099431 | 1.159255 1.228336 1.309711 | 1.408229
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Table 5.2.1 (Cont.)
u w=.7 w=.8 w=.79 w=925 | w=950 | w=.975
.05 1.072950 | 1.087011 | 1.103811 }1.108140 | 1.114530 | 1.121481
.10 1.123857 | 1.149481 | 1.181120 | 1.190854 | 1.202044 | 1.216002
15 1.166674 | 1.203037 | 1.249086 1.263548 1.280369 | 1.301682
.20 1.204248 | 1.250880 | 1.311016 | 1.330256 | 1.352856 | 1.381868
25 1.237932 | 1.294228 | 1.368420 | 1.392487 | 1.421004 | 1458033
.30 1.268528 | 1.334183 | 1.422170 | 1.451103 | 1.485657 | 1.530994
35 1.296574 |..371238 1.472838 | 1.506666 | 1.547359 | 1.601266
40 1.322459 | 1.405807 | 1.520831 | 1.559571 | 1.606490 | 1.669201
45 1.346477 | 1.438205 | 1.566455 | 1.610117 | 1.663331 | 1.735057
.50 1.368861 | 1.468680 | 1.609954 | 1.658536 | 1.718100 | 1.799031
.55 1.389797 | 1.497433 | 1.651523 | 1.705017 | 1.770973 | 1.861276
.60 1.409441 | 1.524634 | 1.691326 | 1.749715 | 1.822096 | 1.921918
.65 1.427923 | 1.550423 | 1.729501 | 1.792763 | 1.871590 | 1.981062
.70 1.445354 | 1.574924 | 1.766170 | 1.834277 | 1.919560 |2.038797
15 1.461829 | 1.598242 | 1.801435 | 1.874357 |1.966100 | 2.095200
.80 1.477431 | 1.620469 | 1.835391 | 1913090 |2.011288 |2.150338
.85 1.492233 | 1.641688 | 1.868119 | 1.950557 |2.055200 |2.204272
.90 1.506299 | 1.661972 | 1.899695 | 1.986828 | 2.097898 |2.257054
.95 1.519686 | 1.681385 | 1.930185 {2.021969 |[2.139444 |2.308733
1.00 1.532444 | 1.699986 | 1.959650 |2.056038 |2.179891 |2.359355
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Table 5.2.11
u w=.2 w=.3 w=4 w=.5 w=.06 w=.7
.05 1.016019 | 1.024716 | 1.034016 | 1.044050 |1.055026 | 1.067283
10 1.025570 | 1.039746 | 1.055148 | 1.072059 |1.090932 | 1.112502
15 1.032887 | 1.051393 | 1.071728 | 1.094343 |1.119949 | 1.149718
.20 1.038856 | 1.060976 | 1.085502 | 1.113055 |1.144618 | 1.181825
25 1.043890 | 1.069116 | 1.097293 | 1.129217 |1.166148 | 1.210950
.30 1.048229 | 1.076172 | 1.107584 | 1.143431 | 1.185253 | 1.235644
.35 1.052026 | 1.082380 | 1.116690 | 1.156092 | 1.202405 | 1.258712
40 1.055389 | 1.087903 | 1.124832 | 1.167480 | 1.217942 | 1.279791
45 1.058396 | 1.092860 | 1.132174 | 1.177804 | 1232114 | 1.299170
.50 1.061105 |1.097342 | 1.138840 | 1.187221 | 1.245118 | 1.317079
.55 1.063562 | 1.101421 | 1.144926 | 1.195858 |1.257108 | 1.333702
.60 1.065803 | 1.105151 | 1.150513 ] 1.203817 | 1.268208 | 1.349186
.65 1.067856 | 1.108579 [ 1.155662 | 1.211179 |1.278524 | 1.363657
.70 1.069747 | 1.111742 | 1.160427 | 1.218015 | 1.288141 | 1.377221
75 1.071494 |1.114671 {1.164851 | 1.224382 |1.297133 | 1.389965
.80 1.073113 [ 1.117393 | 1.168972 | 1.230330 | 1.305563 | 1.401968
.85 1.074619 [ 1.119929 |1.172821 [ 1.235900 | 1.313485 |1.413296
.90 1.076025 | 1.122299 | 1.176425 | 1.241129 | 1.320945 | 1.424009
.95 1.077338 | 1.124519 | 1.179808 | 1.246049 | 1.327984 | 1.434157
. 1.00 1.078578 1.182990 |} 1.250688 | 1.334640 | 1.443785
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- Table 5.2.11 (Cont.)

u w=.80 w=.85 ®=.900 | w=.925| ©=.950 | =975
05 1.081456 | 1.089669 | 1.099131 1.164606 1.110915 | 1.118798
.10 1.138155 | 1.153405 | 1.171365 | 1.181965 | 1.194390 | 1.210262
15 1.185870 | 1.207776 | 1.234002 | 1.249713 | 1.268363 | 1.292586
.20 1.227789 | 1.256082 [ 1.290424 | 1311254 | 1.336245 | 1.369161
25 1.265414 | 1.299870 | 1.342193 | 1.368146 | 1.399577 | 1.441488
30 1.299635 | 1.340049 |1.390222 | 1.421290 } 1.459238 | 1.510409
35 1.331046 | 1.377224 | 1.435112 |1.471279 | 1.515800 | 1.576460
40 1.360073 | 1.411832 | 1.477297 | 1.518534 | 1.569666 | 1.640012
45 1.387040 | 1.444204 |1.517102 | 1.563374 |1.621113 |1.701339
.50 1.412202 | 1.474602 | 1.554787 | 1.606050 | 1.670454 | 1.760650
.55 1435764 | 1.503235 | 1.590561 | 1.646765 | 1.717804 | 1.818113
.60 1.457896 | 1.530282 | 1.624600 | 1.685690 [ 1.763347 | 1.873866
.65 1.478741 | 1.555889 |1 .-6‘5705 1 11.722967 | 1.807218 | 1.928025
.70 1.498420 | 1.580184 | 1.688041 | 1.758722 | 1.849532 | 1.980687
15 1.517038 | 1.603277 | 1.717684 [ 1.793062 | 1.890391 | 2.031940
.80 1.534687 | 1.625265 | 1.746075 | 1.826084 | 1929885 |2.081859
.85 1.551445 |1.646231 |1.773302 | 1.857873 |1.968094 |2.130512
.90. 1.567384 | 1.666252 | 1.799443 | 1.888506 |2.005091 | 2.177958
.95 1.582565 | 1.685394 | 1.824568 | 1.918051 | 2.040940 | 2224255
1.00 1.597044 |1.703719 |1 ;848740 1.946572 | 2.075702 | 2.269452
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5.4. Form I11.
5.4.1 First Approximation.
As in previous two cases we use Form III [Burman (1989)] and equation (5.D) in equations

(5.2.1), (5.2.2) and (5.2.3) to determine desired constants a,b,c. We denote

Ql. = WX, + Wx, + x; + y,log(1-k) (5.4.1.1a)

0, = O x; + W,x5 + Wyx; + y.log(l ~k) (5.4.1.1b)
Q; = 0yx; + x5 + y,log(1-k) (5.4.1.1¢)
Q, = -1+ ax + @, + §3x6 + ylog(1- k)] (54.L1d)
L=1-V-P, Ll=—11);2, L2=%, L, = % (5.4.1.22)

B - Q1L3 —Q3, B Q4 _QlLl

= —_— (5.4.1.2b)
' Qz B Qle : Qz - Q1L2

V

" =LB, +L,, V,=L, - LB, (5.4.1.2c)

b =B+ B,, (5.4.1.3)
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a=-4,c + 4,, (5.4.1.4)

where ¢ is obtained from the following quadratic equation

(e + e+ ;=0 | (5.4.1.5)
with
S;
{, = — (5.4.1.6a)
2
G =V[-V\P, + BPs + P} + S8, (5.4.1.6b)
SZ
=22 +ylp, +V,P, +BP)-P (5.4.1.6c)
Cs 2 * ( 3 214 2 5) 3 A
S, =-V,Py +BP, +P (5.4.1.7a)
S, =P, +V,P, + B,P, - (5.4.1.7b)

5.4.2. Second approximation.

We -use the known values of a,b,c in equation (5.D) to determine the second
approximate form of H - function. The process is exactly similar to those in previous two forms and

we have from Burman (1989) the following notations



where

Yy T CWy, Y, = bwy - py,

Y3 = €Wy + a0y - Wy, Y, = by + 0y -

Vs S CW, +aw, - Uy,, Yo = bo, + w, -

Y, =AW, — UYe, Vg = W ~ Uy,

The results of two cases are given Table 5.3.1 and Table 5.3 1II respectively

.
1 #
=1-qu E——}.' + y810g[ 1+
H(p.0) L7 =i+ "

€

HYs
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(5.4.2.1)

(5.4.2.2)

(5.4.2.3)

(5.4.2.4)

(5.4.2.5)



Table 5.3.1
u w=.1 w=.2 w=.3 w=4 w=.5 w=.6
.05 1.008923 | 1.018212 | 1.027925 | 1.038136 | 1.048952 [ 1.060530
10 1.014464 | 1.029706 | 1.045852 | 1.063067 | 1.081585 | 1.101753
15 1.018786 | 1.038761 [ 1.060127 | 1.083151 | 1.108209 | 1.135864
.20 1.022353 {1.046296 | 1.072109 | 1.100166 | 1.130997 [ 1.165396
25 1.025389 | 1.052751 | 1.082446 | 1.114962 | 1.150987 | 1.191562
.30 1.028023 | 1.058384 | 1.091524 | 1.128045 | 1.168800 | 1.215083
35 1.030343 | 1.063367 | 1.099599 | 1.139753 | 1.184850 | 1.236441
40 1.032406 | 1.067822 | 1.106852 | 1.150326 | 1.199431 | 1.255985
45 1.034259 | 1.071836 |[1.113416 | 1.159942 |[1.212769 | 1.273978
.50 1.035933 ] 1.075478 | 1.119396 | 1.168741 | 1.225034 | 1.290624
.55 1.037457 | 1.078802 | 1.124874 | 1.176833 | 1.236367 | 1.306089
.60 1.038850 [ 1.081851 |[1.129914 | 1.184307 | 1.246880 | 1.320508
.65 1.040130 | 1.084659 | 1.134570 |1.191237 | 1.256667 | 1.333994
.70 1.041311 | 1.087256 [ 1.138889 | 1.197684 | 1.265805 | 1.346644
75 1.042404 | 1.089666 | 1.142907 | 1.203700 | 1.274361 | 1.358537
.80 1.043420 | 1.091909 | 1.146655 | 1.209328 | 1.282394 | 1.369746
.85 1.044365 | 1.094003 | 1.150163 | 1.214608 | 1.289951 | 1.380330
.90 1.045249 |1.095962 | 1.153452 | 1.219571 | 1.297076 | 1.390344
.95 1.046076 | 1.097801 | 1.156544 | 1.224248 | 1.303807 { 1.399835
1.00 1.046853 ] 1.099529 | 1.159456 | 1.228662 | 1310176 | 1.408844
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Table 5.3.1 (Cont.)

T w=.7 w=.38 w=2.9 w=925| w=950 | w=.975
.05 1.073127 | 1.087233 | 1.104088 | 1.109138 | 1.114845 | 1.121856
.10 1.124143 } 1.149835 | 1.181559 | 1.191324 | 1.202539 | 1.216591
15 1.167037 | 1.203486 | 1.249638 | 1.264137 | 1.280989 | 1.302419
.20 1.204672 | 1.251321 [ 1.311653 [ 1.330935 | 1.353571 | 1.382715
25 1.238405 | 1.294807 | 1.369124 | 1.393236 | 1.421792 | 1.458966
.30 1.269041 | 1.334809 | 1.422928 | 1.451909 | 1.486504 | 1.531996
.35 1.297122 | 1.371904 | 1.473641 | 1.507519 | 1.548254 | 1.602323
40 1.323036 | 1.406508 | 1.521672 | 1.560464 | 1.607425 | 1.670305
45 1.347080 | 1.438935 [ 1.567329 [ 1.611043 | 1.664301 | 1.736201
.50 1.369487 | 1.469437 | 1.610857 | 1.659491 | 1.719100 | 1.800208
.55 1.390444 | 1.498214 | 1.652451 | 1.705997 | 1.771999 | 1.862481
.60 1.410106 | 1.525436 | 1.692276 | 1.750717 | 1.823144 | 1.923148
.65 1.428605 L551245v 1.730472  |-1.793786 | 1.872658 | 1.982314
.70 1.446052 | 1.575763 | 1.767158 | 1.835318 | 1.920647 | 2.040068
75 1.462541 | 1.599097 | 1.802440 | 1.875414 | 1.967202 | 2.096488
.80 1.478157 | 1.621340 | 1.836411 | 1.914162 |2.012406 | 2.151641
.85 1.492971 | 1.642573 | 1.869154 | 1.951643 |]2.056330 | 2.205587
.90 1.507049 | 1.662870 | 1.900743 | 1.987927 |2.099042 | 2.258382
95 1.520447 | 1.682296 [ 1.931245 |2.023080 |2.140600 | 2.310072
1.00 1.533215 | 1.700909 2.057160 | 2.181057 | 2.360704

1.960722
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Table 5.3.11

u w=.2 w=.3 w=.4 w=.5 w=.6 w;.7
.05 1.016032 | 1.024765 | 1.034092 | 1.044157 | 1.055168 | 1.067460
.10 1.025592 | 1.039826 | 1.055272 | 1.072236 | 1.091165 | 1.112790
15 1.032916 | 1.051495 {1.071888 | 1.094571 [ 1.120248 | 1.150088
.20 1.038890 | 1.061096 | 1.085690 | 1.113322 | 1.144970 | 1.182258
25 1.043928 [ 1.069250 | 1.097504 | 1.129517 | 1.166543 | 1.210680
.30 1.048270 | 1.076318 | 1.107814 | 1.143758 | 1.185683 | 1.236171
.35 1.052070 | 1.082536 | 1.116935 | 1.156442 | 1.202865 | 1.259277
.40 1.055435 | 1.088067 | 1.125091 | 1.167850 | 1.218428 | 1.280387
.45 1.058444 | 1.093031 | 1.132444 1.178191 | 1.232624 | 1299795
.50 1.061155 | 1.097520 | 1.139120 | 1.187624 | 1.245648 | 1.317729
.55 1.063614 | 1.101604 | 1.145216 | 1.196274 | 1.257656 | 1.334373
.60 1.065856 | 1.105339 | 1.150811 |1.204245 |1.268773 | 1349878
.65 1.067911 | 1.108771 | 1.155968 | 1.211619 | 1.279104 | 1.364368
.70 1.069802 | 1.111938 | 1.160739 | 1.218465 | 1.288735 | 1.377948
75 1.071550 [ 1.114871 | 1.165170 | 1.224841 | 1.297740 | 1.390708
.80 1.073170 | 1.117596 | 1.169296 |1.230797 |1.306181 | 1.402726
.85 1.074677 | 1.120136 | 1.173150 | 1.236375 | 1.314113 | 1.414068
90 1.076083 | 1.122508 | 1.176759 | 1.241612 | 1.321583 | 1.424792
.95 1.077398 | 1.124731 | 1.180146 |} 1.246538 | 1.328632 | 1.434952
1.00 1.078631 | 1.126818 | 1.183332 | 1.251183

1.335296

1.444592
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Table 5.3.11 (Cont.)

y =80 w=85 Ww=90 | =925 | ®=.950 | w=.975
.05 1.081679 | 1.089916 | 1.099402 | 1.104877 |1.111193 | 1.119130
10 1.138514 | 1.153802 |[1.171796 | 1.182396 | 1.194829 | 1.210785
15 1.186328 | 1.208279 | 1.234546 | 1.250256 | 1.268915 | 1.293242
.20 1.228323 | 1.256667 | 1.291054 | 1.311881 | 1.336882 | 1.369916
25 1.266010 | 1.300520 | 1.342892 | 1.368840 | 1.400279 | 1.442320
.30 1.300282 | 1.340753 | 1.390977 | 1.422039 {|1.459994 } 1.511303
35 1331737 [ 1377974 | 1435914 |1.472073 |1.516600 [ 1.577406
40 1.360801 | 1.412622 | 1.478139 | 1.519367 | 1.570503 | 1.641001
45 1.387801 | 1.445029 | 1.717979 | 1.564240 | 1.622008 | 1.702364
.50 1.412992 | 1.475456 | 1.555694 | 1.606945 | 1.671351 | 1.761707
55 1.436581 | 1.504118 | 1.591496 | 1.647686 | 1.718726 | 1.819197
.60 1.458737 | 1.531189 | 1.625559 | 1.686634 | 1.764290 | 1.874974
.65 1.479603 | 1.556819 | 1.658032 | 1.723932 | 1.808180 | 1.929154
.70 1.499303 | 1.581135 | 1.689043 | 1.759706 | 1.850512 | 1.981835
75 1.517939 | 1.604247 | 1.718704 | 1.794064 | 1.891387 | 2.033105
.80 1.535605 | 1.626252 | 1.747113 | 1.827102 | 1.930896 | 2.083039
.85 1.552379 | 1.647235 | 1.774357 | 1.858906 | 1.969118 [ 2.131706
.90 1.568333 {1.667271 | 1.800513 | 1.889552 -|{2.006127 | 2.179165
.95 1.583528 | 1.686429 | 1.825652 | 1.919111 |[2.041988 | 1.225474

1.00 1.598021 | 1.704767 2.076761 |2.270682

1.849837

1.947644
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Dis.cussion of results:

We find that for the Form I,Case 1 the results are very good for values of w from .1 to .4
where they are correct upto f01-1r decimal places for all values of y. For values from @ =.5 to w =8
- the results are correct upto three decimal places and from w = .9 to w = .975 the values of H -
functions are correct upto two decimal places and in between they are correct upto three places but
there are no definite patterns and toward the bottom of the table they slightly deviate away from
Chandarsekhar’s values. Case II gives a little different picture,for example @ = .2 they computed .
values are correct upto 4 places and from w = .3 to @ =85 they are correct upto three places and

from w=.9 to w=.975 they follow the same pattemn as that of Case L.

In case of Form II, when applied to Case I we find that the computed values are correct upto
4 places for w=.1 and w=2 and from w=.3 to w=.7 they are correct upto three places after that they
almost follow the same pattern as in Case I,Form I but in this case the deviation is slightly more than
that Case. Case II reveals that the computed values follow almost the same pattern as in Case ILForm
I, for example from w=.85 to w=975 some of the computed values correct upto three decimal places

and some of them are correct upto two places but they don’t follow any definite pattern.

Form IIT when applied to Case I the results obtained are found to be correct upto 4 places
from w=.1 to w=.4. Again from w=.5 to w=.975 the computed values are correct upto three places
but in this case the results are much more consistent than the two previous forms. For the Case 11,
the results are correct upto 4 places from w=.2 to ®=.4 but from w=.5 to w=.975 most of the values
are correct upto three places, some are correct upto 4 places and some are correct upto two places

and yet again we do not find any definite pattern.

' The forms I ,II and HI thus give quite good results for practical purposes. They can be safely
used in calculating intensities and residual intensities from solutions of transfer equation with various

phase functions.



5.5. Calculation of Moments and Chandrasekhar constants q and ¢
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The following Tables 5.5.1 to 5.5.1II give the moments &, ¢, and constants q and ¢
[Chandrasekhar (1960)] for different values of w. These are calculated by using three forms of H-

functions , viz., form L,II,and III given sec S.1.

Table 5.5.1 (Form I)

W 0, o, q c
.100 1.032487 519596 948991 .024655
.200 1.068474 .541376 .895704 048491
300 1.108717 .565829 .839638 071264
400 1.154183 .593625 .780068 092614
.500 1.206334 625762 715905 111997
.600 1.267485 663824 645417 128533
.700 1.341642 110573 .565584 .140661
.800 1.436867 771593 470308 .145154
900 1.574763 .861961 343222 133130
925 1.623260 .894300 300912 .124461
950 1.683628 934952 .249655 110872
975 1.767481 992124 .180698 .087396




Table 5.5.1 (Form II)
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® 0, o, q c
.100 1.032161 519568 948975 .024653
200 1.067366 541348 .895643 .048485
300 1.107885 565838 .839513 071254
400 1.153186 593707 779866 092602
500 1.205236 625957 715624 .111988
600 1.266366 664174 645068 128531
700 1.340605 711106 565197 .140670
.800 1.436041 172309 469943 145177
900 1.574298 862760 342975 133157
925 1.622908 .895070 300715 .124487
950 1.683393 935647 249516 .110893
975 1.767367 992662 180625 .087409




Table 5.5.111 (Form III)
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W o, o, q c
100 1.032717 519678 949003 .024659
200 1.068816 .541506 .895738 .048505
.300 1.109032 565976 .839686 .071286
400 1.154389 593778 780110 .092642
.500 1.206390 625930 715919 .112029
.600 1.267384 664031 .645385 128567
700 1.341419 " 710848 .565501 .140695
300 1.436598 771961 470189 145187
900 1.574568 .862390 343118 133156
925 1.623105 894714 .300826 .124483
950 1.683523 935332 249593 .110890
975 1.767428 992389 .180664 .087403
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Now for comparisons sake we give the following table of Chandrasekhar (1960) which gives

different moments and the constants.

[N o, o, q c
.100 ; 1.032729 0.519588 .949003 0.024654
.200 . .vl.068832A 0.541348 : 0.89574 0.048491
300 | 1.109034 0.565767 0.839686 0.07126
.400 o 1.‘154378 0.593541 0.780108 0.092605
.500 , v1.206366 0.625686 0.715914 0.111984
.600 : 1.267352 0.663798 0.645375 0.12852
700 | 1.341368 0.710639 0.565482 0.140649
.800 1.436535 ' 0.771792 0.470161. 0.145147
900 1.574492 0.862276 0.343079 0.133123
925 1.623024 0.89462 ' 0.30078 0.124451
.950 1.683484 0.935277 0.249569 0.110873
975 1.767379 0.99238 0.180632 0.087387
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MODIFIED SPHERICAL HARMONIC METHOD ANDITS APPLICATION

A Raychaudhuri and S.Karanjai, Depit. of Mathematics,
North Bengal University, West Bengal 734 430 (ludia)

I. Introduction :

- The mathematical difficulties of working with the integro- differential equations have resulted.in
number of approximate methods of solving the equatiion of radiative transfer. Approximate solutiton of
this equation can be obtained by means of Milne-Eddington Approximation and Schuster-Schwarzehild
approximation. The Spherical Harmonie Method, the Moment Method and thie Discrete ordinate Method
are more claborate schemes that may provide higher order approximation.

In Eddington Method, the basis of approach is an approximation to the angular distribution of
radiation of intensity such that the integro-differential equation of radiative tramsler is transformed into an
ordinary difterential cquation. In case of Schuster-schwarzehild Methad, the integro-differential equation
for an isotropically scattering, plane-parallel medium can be transformed into a pair of ordinary differential
cquation.

The Sphierical Hanmonic Method provides a means to obtain a higher order approximate solution
to the equation of radiative transfer at the expense of additional labour and calcufation. The essential idea
of the method, which is due to Eddington, lies in seeking a solution of the equation of transfer in the form -
of'an expansion of intensity I(zge) ina series of Legendre polynimoals P (). These form a complete set
of orthogonal functions in the interval (-1, 1) which is just that through which g varies.

2. The Spherieal Harmonic Method : .
L.et us consider the equation of radiative transfer for plane parallel scattering atmosphere with u)nsl'mk

net flux.

pAfoT)N T ae) = Kre) - ', Jpuegd ) g )ded! @n 't
where p@egt’) = J7pleg; g, @ )dg' is the phase function through a ray scattered from the direction
(#¢,¢0) into the direction (¢, ).

I(rg¢) is the specific intensity of radiation at an optical depth r and in direction ¢ with the outward
drawn normal, s¢ = cos () and 7 is given by

T= f'k'/)dz where p is the density of the meduim and ki the absorption cocfTicient.

7
The phase function is assumed to be represented ina series of Legendre polynomials as
P(u g’y = 2(""1' nre (ll)l’ GQOP ), f =1 22
m -0
‘The intensity of radiation I(z, g¢) can be expanded in a series of Legendre polynomials in the form,
. 2m o+l
(T, ft) = Y ommmmemmmmeeeae P ey (1) 23 2

I the functions i ryare known, the radiation mlcnsnvmnhc determined from(2.3). Therefore
we shall be concerned w |lh the determination of y (1).
Using the expansions of (2.2) and (2.3) in (2.1) and considering orthogonal propertics of Legendre

polynomial as well as the recurrence refations one gets:

Ej[m(({/(ll)'/'m(‘l)P"'I(,II) s Ddddeyy (o Gyt Qme v e -DP ey (1) 7 0 Q‘l




}:l(m | I)((I/(lr)c/:m.l(r)tm(d/dz’)f/'m L) Qo D Dy (0P ey - 0

If the equation (2.5) should l)L valid for alt g, the coefficients of Py, (z0) must vamish identically.

This requirement results in the ordinary ditfecentiad equation for the functiony, (0 o= 0,12

{m+ l\)’/"'m'l-l Ay - Cot Iy - Dym-oom w120 ) LZ.()
s . <o ..

where f, = 1. the prime denotes differentiation wort v

For isotropic scattering all 1y, are equal to zero exeept £, where £, = 1.
Al
Lquations (2.6) are infinite sct of coupled ordinary differential cquations for the function g, (7).
In practice, only a finite number of equations m = N are considered and the term . is neglected.
Nt

Patting successively m = 0,1.2......N-1,N one gets

=0
2!/'2' -+ l/!()' '(-3(“ - l)l/'l =)
Iyt 2 S - Dy = 0

| Nyns + (N - Dy + N - Doy - Dy =0 : (
27

NN+ N+ IIN-Dyn =0
Equations (2.7) provide (N+1) simultancous lincar dllluum.llLqu.llmns for N+ 1 unknown function
P ] tPN and is called the Py approximation.

The desired solution of the system of equation (2.7) can be written as a fincar sum of the
solution.

We seek a solution of the form

YD) = ekt m=0,12,.......N y (2:7

where gy, are arbitrary constants and k is the exponent arc to be determined.

Substituting (2.8) in (2.7) or (2.6) onc gets, '
K{(m+Dgm+ 1 + mggy- 11+ Cm+) (- Dgpy =0 Q 29
for m=0,1.2, N, fy,=1,gN+] =0

For isotrpic scattering iy, = ‘SOm /] for m=0, 0 other wisce

and equation (2.9) becomes

KIm+1D)gm4 1 Fmgm-q 1 CmHDO g - Degm =0 2.10
Naow il'the system of hamogencous algebraic equations (2.12) should have a nontrivial solution

then the determinant of the coelticients must vanish. i case ol isotropic scattering, we have [rom (2.3)

this requirement yields

0 N 0 0 0. ....... 0 0 0 0

k 32k 0 D........ 0 0 0. 0

] 2k -5 3k O........ 0 ] ] 4]

0 0 3k -7 Kool 0 0 0 0
........................................................... -0
0 0 0 0 0...... (N-D)h -20-3)k (N-1)K 0




sk S e oG s e

i oo 0 0 0 0., 0 (N-Dk -(2N-1) Nk
0O 0 0 0 0....... 0 0 Nk aN+D| @

Solving (2.11) one gets adifferent setof values of K, say kji = 0,1.. .. N, then from cach kj a set
of g(kj)s m=0_1.2... Nis determined from (2.9) and a solation is a lincar combination of these, viz,

1)
‘. N
T Pn(t) "':2(:) Agki)eRip . m=00, ... N @2)

The unknown coeflicients Aj associated with (2.12) are determined from the boundary condition

of the problem. Once the function i, (1) is known the distribution of radiation intensity is determined
from (2.10).
3. Works done so far :

The spherical harmonic method was used by for solving problems of radiative transfer and
neutron transport in case of both plane and spherical geometry.and subsequently some other authors
used several modifications of the intensity to solve the radiative transfer problems by double interval

: spherical harmonic method.
: Reference
' L WanE.S,WikonSJSaKK. 1977 LQ.SRTATITI
. 2. Wan I, S...Wilsnn SJ.SenK.K. 1986 : Astrophys Sp. Sc. 121,309
3 Kourganolt, V. 1952 Basic methods in transport problems.
: 4 SenK.K.& Wilson'S.J. TSI Ann. Astrophys. 27,47
5. Sen K. K. & Wilson S.J. 19640 Ann. Astrophys. 27,47
i 0. Sen K. K. & Wilson S, 1edh Ann. Astrophys. 27, 654
:' 7. SenK. K. & Wilson S 1, 19650« Ann. Astrophys. 28, 3-8
;; 8. Sen KK & Wilson 8., 1965b Ann. Astrophys, 28, 855
! 9 Sen K. K. & Wilson S.J. 1965¢ Can.J. Phys. 43, 432
10 " Raychaudhuri A. & Karanjai, S. 196a V.U.J. Phys. Sc. 2,10
1. Raychaudhuri A. & Karanjai, $. 19950 Bull. Guma (Accepted)
- 12. Raychaudhuri A. & Karanjai, S. ®oc Res. Bull. (sc.) Punj. Univ (Submitted)

, 13. Raychaudhuri AL & Karanjai, S. 1996h - INPS. Gurukul Kangra Univ. (submitted)




A new Modification of spherical harmonic method in

solving transport problems
ANJAN RAYCHAUDHURI AND S. KaranuAl

Department of Mathematics, North Bengal University
: W.B. 734 430, India.

Abstract :

A new modification of the form of intensity in the double interval spherical harmonic
method has been introduced. The equation of radiative transfer in isotropically
scattering atmosphere has been solved with this modified spherical harmonic

method.

1. Introduction

Kourganoff (1952) analyzed the method of single interval spherical harmonics for solving the
equation of transfer and suggested a possible modification. Wilson and Sen (1963, 1964, 1964a,
1964b, 1965a, 1965b, 1965¢) solved several radiative transfer problems in plane and spherical
geometry and also a nuetron transport problem using some approximations to the intensity with the

spherical harmonic method.

Bishnu (1968) solved the equation of transfer for plane parallel isotropic scattering using a different
approximate form of the intensity.

Karanjai and Talukdar (1992) solved the equation of transfer with general phase function using the
form of intensity given by Bishnu (1964) and deduced the resuits with phase functions like (i)
Planetary, (ii) Rayleigh, (iii) Henyey Greenstein from the general solution.

Wan et el (1977, 1986) used another form of intensity function to get the solution of the equation
of transfer.

Karanjai and Biswas (1992, 1993) applied the same method with the form of intensity given by Wan
et al (1986) to solve transfer equation with Rayleigh phase function and with

P() =1+ 0P (1) P, (') + 0P, (WP, ().
Here in this paper we like to introduce i* new form of the intensity viz,

|
I*(.1)=1(0,0) [4)(1)*'\1'(“)*‘Z DL P, @u-1)]0<p<1

1=0 1.1
I0
I=(x,n)=1(0,0) [aiy(t)'*\v(u)'fz(ZH1)h(u);»l P, @u+1)]-1<pu<0 (1.2)
=0
where ¢(t) : a function of T only and y(p) is given by,
y=1if0<pu<1 (1.3a)
y()=0if-1<p<0 (1.3a)

2. The Equation of Transfer and boundary conditions
The equation of transfer for plane paraliel isotropically scattering atmosphere is given by

10 VUJPS 1996



+1,

2 Ko = e = ) 1 e,y | @1
Ex =}

Where | (t,p) is the specific intensity of radiation at an optical depth t and in a direction 0 with the
outward drawn normal and p =cos(6). The optical thicness is given by

t =f kpdz . : (2.2)
where k is the ab;orption coefficient. _
The Equation of Trasfer (2.1) is to be solved subject to the boundary conditions,
(a) Absence of incident radiation from outside at the free surfacet=10, i.e.,

l(t, ) =0 for-1<u<0 : (2.3)
(b)The convergence of intensity as t tends to « i.e, '

I(z, p)e— - Oas 1o« (2.4)

We shall seek a solution to equation (2.1) so that I{z,u) can be represented by two different
expressions I*(z,)) and I-(z,p) for pin the intervals (0,1) and (-1,0) respectively in the form given
by equations (1.1) — (1.3).

With these two representations the equation of transfer (2.1) takes the following forms,

’ : +1 0
o @ =t e -+ | ] e Jre, W) (2.5)
& ° -1
+1 o
wat (e = e =4 [ [ reesaans | re, wau] : @8)
ot ° . -
We shall use the recurrance_ formulae,
1
P (2ptl) = ———[(+1) P (2ptl) + Q1P (2utl) + 1P (2utl)] 2.7
1 2(21+1) +1 { i~1

* We shall take advantage of orthogonal properties of P, (2u—1) and P, (2u+1) in (0,1) and (-1,0)
respectively.

Using these we find that

+1
L rawdn=100.0)[6@+1+3017+ 1) (28)
and )
Jﬁr@ Wdp=1(0,0)[6 @) +3(-17,+ 1)) (28)
using (2.8a) and (2.8b) in the equation of transfer (2.5) we find that,

w3 () = I* () ~ 1-4(0,0) [2¢(:) 1+ L@~ +1 + ro)] : (2.9)
ot

11 VUJPS 1996



Similarly using (2.8a) and (2.8b) in the equation of transfer (2.6) we find that

pal (tp) = F (z.0) - 4-10,0) '[24»(:) LRI U i A )] T @210)
at .
Using (1.1) in (2.9) and then multiplying by P (2u~1), we find after integrating over [0,1),
1 1 -1+ + 12P+18P-21-4 -
5 ve, @u- 1o+ [— 1 vau+ L
o ' 42+1)  21-1 -2 1 (21+3) (2 - 1) I
+ R+314+2 +:
vatr1 st ] = wtooe, et —— [0
+1 2143 142 o 221+1) |~
+EH) L @D, - 15, -5, [l’o- P ,] (2.11)

Similarly using (1.2) in (2.10) and then muttiplying (2.10) by P, (2u+1) and integrating over [-1,0]
we find that,

0 1 R=1 = ~ 12P+182-21-4 -

R AR [ | -2l .
A 42H1) -1 K2 1 @R @-1)

= P32 1 -

PTTIRSRaLGa I VGIP, Qe )+ ——— — -
. W1 243 W2 - 201+1) © 1-1

Q)+ ()0, ] 18,—-L13 [l -+ 40 ] (2.12)
where I’ ‘are derivatives of |, with respect to the optical thickness t.

Separating the equations for I=0 and |I=1 from rest of the equations in (2.11) wé have

I=0: )
1, 1 [ A ]
@ |2 A = (F )~ - H ) , (2.13)
I=1: ‘ ' ‘
@, + a1 e L) - 21+ 3+ 27 ) = 26 () | 2.18)
120, 1: - '
1 RP-1 + + 12P+ 1812 -21—-4 +
¢' (1) JuP, 2u—1)dp + [ |+ 211 |
o 4241 2-1 2 1 (2+3) 2 - 1) I
+ P+31+2 1 +
201+ — 1| =J P, @uc s ——
+1 2i+3 1+2 0 2(21+1) 1-1
(21+1) I'1 + (+1) I'M ] (2.15)

12 VUJPS 1996



Similarly separating the equations for 1=0 and I=1 irom rest of the Equations in (2.12) we have,

1=0:
20" (1) + [‘r‘ 2+ ’l"]— e () = o T
A CRE S B UPat IR LY Rttt Gl I Rl Ul IR Y (2.16)
I=1:
(2, + 314, + 2 ) =21 =30+ 27 ) = -2¢() @17
120, 1:
) . 1 P—1 - ~ 1P+ 18R —-21-4 -
¢ (z),[ WP, (2p + 1)dp + I +211 + |
-1 4241)  21-1 12 1 (2#3) @1-1) |
- Re3n2 0 1 -
—20e)1 4 —— 1 ] | WP, @ustdu + —— [ -
S 141 243 B2 - 2241 1-1
@H1) 17+ (1) T, ] (2.18)
Using the condition given ir (1.3} we find that equations (2.15) and 2.18) reduce for 120, 1:
1 | 1 P-1 + + 12P+18R—-21—4 +
¢ (z)I-pP, (2u = 1du + P20 + I
o 421+1)  2-1 1,2 1-1  @+3)@-1) [
+ 432+ 1 1 +
201+ —— 1 ] =L oo, @utyan s —— [
141 243 12 ) 2(21+1) -1
R+ )T, ] (2.19)
and
0 1 r—1 - = 12P+182-21-4 -
¢ (r)j uP, (2 + 1)dp + [ | =20 + I
1. 4@+1)  20-1 1,2 11 @H3)(2-1) ;
= 432 1 - - -
—20+)1 4+ ——— 1 | = —[u —(2+ 1]+ (1)1 ] (2.20)
+1 2143 W2 2@#1) 1 -1 | | .

We take the form of ¢(t) as

" ¢(r) = Ae + Be* where tis small and A and B are constants. Equations (2.13), (2.14), (2.16),
(2.17) are to be solved subject to the boundary conditions (2.3) and (2.4).

It is assumed that when we are working in the I™ approximation,

r,=I., =0 2.21)

1+
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3. First Approximation
We try a solution of the form -
F@=g,e*+g, e +g e (3.1a)
F@=h _e*+h e +h e (3.1b)
For first approximation solution we have | = 1

Hence (1.1) and (1.2) give us

1" (z,1) = 1(0,0) [$() + w() + I’ (u + 3P (DuP,(2u-1)] 0 < u 2 1 (3.29)
I (r,1) = 1(0,0) [$() + w(pw) + 1 (DI + 31 (IuP,(2u+1)] - 1< 20 (3.2b)
Taking I", = O we get from (2.13)
(1 + 20 )=+ T+ 1", =) =2[1-¢' (V)] | (3.3)

Similarly from (2.16) we get
(L1 =2F )=+ I+ ¥ =) =2[¢ @) -1] . (3.4)
Likewise (2.14) and (2.17) give us
@7+ &1 ) =207 +3°) =~ 2¢' (v (3.5)
(2, + &) =2(,+3r)=-2¢' (1) : (3.6)

Substituting (3.1a) and (3.1b) in (3.3), (3.4), (3.5) and (3.6) and then equating the coefficients
of e on each side we obtain the following equations,

(1 + isL)gO.n + (1 + 2K)g1.n +h0.u - hl,u = o
@+2Kg,, +6(1+%g,, =0
gﬁ,u +g1_u+(1 - 4SL) hu,u - (1 - 2K)h'l_u = 0 - (3'7)

—(2-2Kh, +6(1-%)h =0

The determinant corresponding to (3.7) will be

1+ 142K 1 -1
D, (K) ={ 2+2K 6(1+%) 0 0

1 1 Co1- —1+2K

0 0 2-2K L B(1 %)

where D, (K) = 0 gives us
(16K%/225) (81K2-270) =0
K=0, 0, +1. 8257
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Retaining the positive root we have K=1. 8257.
We have a set of boundary conditions,

P @) =170 =0, Iy (t) £ T, (z) = 1 (3.8)
Using the first equation in (3.7) on ¢(xr) = Ae + Be” we obtain A= 5.5166547, B=4.5166547

Again equating the coefficients of e* and e on each side we obtain,

5005 +30,, *hy, — g i =-2A (3.9a)
59, +39,, *h,, = h,, =-2B ‘ (3.9b)
29,,+ %9,, =-A \ (3.90)
%9, =8 (3.9d)
Gop* 9y~ % ho.p +h, =-2A (3.9¢)
9,,*+9,,+5h, —h =2B (3.9
% h:.p =28 . (3.99)
-2, + Zn, =-8 : (3.9h)
On solving the set of equations in (3.9) we obtain
g,, = 21.1952 h,, = — 46.6974
g,,=-8.8717 h,, = 13.7915
g,, = 18.6307 h,, = 48.0470
g, =~7.5276 h,, =~ 5.6467

Now solving the set of equations in (3.7) and using the values of g, ‘s and h, 's obtained from
(3.9) and using the boundary conditions (3.8) we find that, ' '

g,, = —39.9259 h, =-13.0211

O

g,. = 16.3993 h,.=—7.4875

1.
Finally from (3.1a) and (3.1b) we have
I = 6.508, I, = ~2.6912, I, = 1.94549610 =, I-, = —2.050410-

4.Second Approxiamtion

In this case we will take |, = 2 and as before we will consider (2.11) and (2.12). We shall take
d(r)=—Ae™ + Be,t is small. For | =2, the equations (1.1) and (1.2) respectively become

I* (e) = 1 (0.0) [ $() + v () + 1", (W + 31, @ P, (2n—1)

+ 51, (P, @p—1)] 0<p>1
(4.1a)

F ) =1(0.0) [¢(@) +y () + 1 (Dp + 317, (u P, 2 + 1) »
+ 5, (uP, 2u+1)] 0<pu=0
(4.1b)
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Therefore when i=0 we have from (2.11)
=0 : :
(S0, 420+ 2 =I5 + [+ 1, - T =2-20' ()
and from (2.12)
1=0: )
( ‘;l-‘o - 2'-‘i + %I—.z) + [l.o + l_o + '.1— l-J =-2- 2¢' (T)
For I1=1 Equation (2.11) gives
I=1:
@r,; + ’f I, +417,)=2[1°, + 31", + 2I°,] = - 2¢’ (v)
and from (2.14)
I=1:
(=2r, + 2;‘1", +41-) =21, + 3, + 2I-2] =-2¢' (1)
Finally for 1=2 from (2.11) and (2.12)
1=2: '
(%'..o v+ 201_01;2) —-[2r, + Sl’z] =-5¢' (1
and from (2.12) )
I=2: A
L _» _ _ - g
(3F,=2r+ 21) - [2r, - 5F, == 5¢' (1)
We will take a trial solution of the form
() =g, e*+ g,,e"+g, €

- = —K
(@ =h, e*+h e +h e

4.2)

(4.3)

(4.9)

(4.5)

(4.6)

(4.7)

(4.8a)
(4.8b)

If we insert (4.8a) and (4.8b) in (4.2) to (4.7) and then compare the coefficiens of e*on each side

we get.

59+t @K+ 1)g, +Tg, +h, - h,. =0
@2+2K) g, +6( 1+‘§ )9,,+ 4+4K) g, =0
30, @2K+2)g, +51+'%)g,, =0
gO.u+ go_u+ ( 1 —‘;K )ho,a+ (2K - i) hl,n_? h!,a = 0
(2K-2) h, +6( 1-%‘ ), + (4K—-4)h, =0
fho_u'& (2K-2)h, _+5(1- ‘?5-‘ )g,. =0

16

(4.93)
(4.9b)
(4.9¢)
(4.9d)
(4.9¢)

(4.9
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Similarly inserting (4.8a) and (4.8b) in (4.2) to (4.7) and then equating the coefficients of e~< and

e< on each side we get respectively,

2 .
7?go.u + Sgl.u +30,,* ho.u" ht.n =-2A
54
4go.n+ s gi.n+ 892.9 =-2A
5
lggo.u +4g,,+ 1% 9.5 =-5A
Gop* Gup~ %ho.n"' o= %hza | = 2A
) . _
?h,", =2A
3 25
PAUTREEA U =—5A
and
2
1?90.14- gl,y+3_92.1 +h0.7_ h1.7 =-28
6 _
?g,_y =-2B
i 25
;gﬁv— ;gz.v =-58B
go-7+ g‘.7+;_h0.u_3 h’.y+;f—h2.1 =-28B
5‘ —
—4h0"— Py hz,, —8h2_y =-2B
B 185 -
_3-h°~1— 4h'.7+ ; hz, = 5B
The determinant corresponding to (4.9) is
pd 2K + 1 z
3, 3
242K 6(1 +‘;‘) 4+4K
= | X 16k
D2 K) = " 2+ 2K 5(1+ 3)
1 1 0
0 0 0
0 0 : o]

when D2 (K) = 0, we have -

8K’ [.9404K" — 14.1061K’ + 24] = 0 so that

K=0,0 +36116, +1.3988

17

1 -1
0 0
0 0
1-% 2K-1

3 .
2K-2 6(1—‘51)
-* 2K-2

(4.10a)
(4.10b)
(4.10c)
(4.10d)
(4.10e)

(4.10f)

(4.11a)
(4.10b)
@.119)
(4.11d)
(4.11¢)

4.11f)

4K4

5(1-'%)
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Let us take K1= 3.6116, K2 = 1.3988

The boundary conditions hay be restated as

(4.12)

F@©=0 (4.13a)
|.1('[) e*0astoa andl" (e"s0astoa (4.13b)
Using the (4.19a) and (4.19b) we can write (See Wilson and Sen 1963)
n -
Lh +h =0 (for all 1) (4.14)
‘ =1 lLa [

Solving (4.9), (4.10), (4.11), (4.12) and using (4.14) we obtain

g("o'a =-180.8898
g"’m =101.9557
g‘“z‘u =38.5290
g‘z’oﬁ =-11.5438
g‘z’m' =-6.1007
g”, =13.8553

—18.944322

H

g

o.p

g

1

11.727565

g =-7.7392102
2p

g =-36.22498
0y

9 =-7.5277
1y

g =-29.112963
2y
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