
CHAPTER III 

SI~WLE POTENTIAL SCATTERING 
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111.1. Introduction 

The semiclassical method discussed in the previous 

chapter has already been applied to some problems involving 

·real potentials1 ' 2 • The method has remarkable simplicity 

and a fair· degree of accuracy and, therefore, appears .to 

be a suitable candidate for adaptation for a complex poten­

tial. To study the efficacy of the method for a complex 

potential, we have considered in this chapter three simple 

·ewples: 

(A) The first example3 involves a potential consisting 

·of a repulsive coulomb term and an imaginary term of the 

form i/3jr2 • The Schrodinger radial equat'ion with this 

potential can be solved exactly and the phase shifts can 

be obtained analytically. The semiclassical phase shifts, 

obtained by complex Hiller-Good method, (CMG)' have been 

shown to agree very well with the exact phase shifts. We 

have also studied the variations of the phase shifts with 

/J, wllich gives· the strength of the absorptive part. Although 

the heavy ion potential is much more complicated than this 

potential, both share the common fe·ature of a short range 

absorptive part and a long range ·coulomb tail •. To check 

the accu~acy of the CMG method we have also considered 

two other4 si~ple examples: 

(B) Exponential: V ==- ·v
0

e-..,r and (C) Yukawa: V =- Vo e- -tr. 
r 
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The semiclassical phase shifts ·calculated for real potentials 

of type (B) and (C) have.been compared with their exact values 

(obtained numerically) and also with some other results 

obtained by different approximation methods. The semiclassical 

method gi.ves fairly accurate phase shifts, even at lower 

-1 
energies, say for K '-' 1 fm • The potentials were then 

made complex by making· V
0 

complex, and the CMG phase shifts 

were computed. For the sake of completeness, we have also 

presented a treatment of the complex potential, in which the 

imaginary part of the potential is treated as a perturbation 

and only terms of the first order are considered. 

The method, as expected, is accurate only for a small 

absorption. 

III.2. An exactly solvable model 

We shall consider here the scattering from a 

potential o.j...,. - i J3jr2 • The pres entation o'f the 

results will be as follows. In the sec. III.2.1, the 

problem· has been studied exactly. The section III .2.2 

gives the semiclassical treatment for the same problem, 

w·hile the section III .2.3 gives the perturbative treat-

ment. In section III-.2.4, the semiclassical as well as 

perturbative results have been presented and compared 

with the exact results. 
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Exact complex phase shifts 

The radial Schrodinger equation with a potential 

V(r) .= a.j-ra:- if3jr2 is given by 

1 

7 

where 

n = , 

2nK--r 
L(L+1!

2
- i.B ) ~ Rr,( r) = O, 

••• (3.1) 

Let-1. = p + _iq , p )'0 , be a solution of the equation 

,t ( £. + 1) = L ( L + 1) - i/3 • .••• ( 3 .2) 

Let us make the substitution 

Rx,(r) = _r.t eiXr ft (r) 
.-

in Eq. (3.1),. which gives 

r f_t 11 (r) + (2~Kr + 2t + 2) f,t'(r) + [ 2iK (£. + 1) - 2nK] x 

f~(r) = o. 

The solution of this equation can be· written as 

••• (3.4) 



where Ct is the normalization constant. We will have to 

impose the appropriate eboundary condition on {3.4).· In 

particular, one has to-ensure that there is no attenua­

tion of the incoming wave. The asymptotic form of Rt(r) 

is then given by 

· rc21• 2) enn/2 efll'/2 1 

Rt ( r) --+ c f. l 
(2K) Kr r<P + 1.f.i,q-in) 2i 

where 

and 

s 

l is e (A + iB)e 

f(p + 1 + iq - in) 
A + iB = 

f(P + 1 + iq + in) 

= Kr - ! ~ - n \n2Kr • 2 

-is J 

-CJJ' e 

)( 

' ••• (3.5) 

' 
••• ( 3.6) 

• •• (3.7) 

The case of a real coulomb potenti.al is well kno'Wil• The 

corresponding solution has the asymptotic behaviour 

c 
1 (2L+i) 

RL{r) ct 
e~/2+i VL, 

X ~ 

{2K)L Kr f(L + 1 + in) 
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Sin (I{r - ~ - nln 2. 2Kr+ v.c 
L ), ••• (3.8) 

where 

arg r (L + 1 + in)-. • •• (3.9) 
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Since the imaginary part of the potential vanishes for 

large r, it should be possible to rewrite the Eq. (3.5) 

in the form (3.8) with the inclusion of an additional 

phase shift. We, therefore, define the complex phase 

shifts I[L = through the relation 

( L"Jt I "' 1 Sin Kr - ~ - n n 2Kr + ~ + i A ) = ~ 

The complex phase shifts ~ L are then given by 

"· =· (L - p) 1t,-LL 2. 
_21 tan -1 (B/A) i ~· ·.+ 2 

1 

In (A
2

+B
2

) 2 • 

.. •• (3.11) 

The phase shifts ~L have been determined for n = 0 o5, 

2.0 and 10.0 and different values of L and ~ and have 

been given in Tables I- IIIo 

III.2.2. The semiclassical method 

The Schrodinger radial equation for the problem 

can be written in the form 

+ '~t (y) = o, ••• (3.12) 

.. where y = Kr, ••• (3.13) 
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and 

' ' 

ttY> = ,.\11-r1_ ~ _ ·.e.< .e + 1~ ~ itJ 1 . 
1 _ L Y . y·. 

• •.• ( 3.14) 

•' .. 

As the model equation, we .choose, at the first ·instance, 

·. the radial· equation for scatterihg .from a point charge, 

with the same Sommerfeld parameter n. The mode~ equa-

tion can be 'written· as': '. . '. :· '·~·-'' . ' . . ~ 

where 

I 

' . .-· - .. : 

+ 't2 ( s) . .1. . ' .' . 
' 'l. '~"'.e. ( s ) = 0 ' -n. . .. _ 

2n -s 
,f(£.+ 1) J' • 

•2 
s 

••• (3.15) 

••• (3.16) 

The wave fUnctions have th~ asymptotic forms 

'~i (y) 

c/i_(s) 

~ Sin (y- ·q_ n In 2y + CJ complex), 
L'.,., 
_:j~r:i.) 

----+ Sin ( s -~ - n ln 2s + vc· ) • 
b..:, 

••• (3.17) 

s ~ cC ••• ( 3 .18) 

Re.garding s ' as a function of y, and using the relation I 

(2.20), we haye, ' 

u Complex - UC = Lim ( s - y - n ln ~) • 
~ ~oO 

s 4o0 ••• (3.19) 
l 

------- ----'----
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. .:', . 

. ··we· shall l:lse Langer-' ·s sub·sti tu tion ~d. the su_pers,cript L 

will indicate that ·,"t~e function .- ~i have ._be-en L~ger subs­

.. '' ·ti t~ted. There· a~e- tl!O c~m:plex- ;roots of :the -equat~(m 
-. .::. 

.. -~ : . , ~ ; 

. ,J . L 
t1 (y). = ~() _-. 

in the present __ pr_obfeni • .Qne of tJ:;l~se, howe_v_~l'", does not 
.. !" ~· 

. . 
, qualLfy as a tU:rni_ng point because. it has a negat.ive real 

part.~ >.Let y t .. _denQte 'the complex turning point for the 
. . "-·_. ' .· 

~1)resent pr?blenh The. turning point, the ·tr~jectori, ·and 

. the phase _shifts are all real for.-: th~ model equation. It 

. :' .·i~ nevertheless possible to obtaln the. transformation (2.3). 
' .. , 

' .. The complex phase shifts in the ·zeroth order is given .by 
. . .. 

0 
() ·. 

Compl~x ,-· 

'~ :· . ' 

c "·'' 
=· Cl L - .. +. · Lim ( 

~-4>cC 
·s~o<J 

s- y- n\n -L) 
• y-

1 

·,':..·' . 

2 ny :._ (I. + !>2 +ill]"'~ 

. -··-~ r~2 .... L!- ~: 2ny 

· · 1 ·1 ·. [ 2 :. --nn. n 
. ·· .. 2 . 

. ·. ' - .:.... ' . .(· '1) 2 ~ 

. . . r [ . ~yy f_· •.. n+. 2. ~--L( +L+2_.2i.) 2 ·]H .. +(r.-{)21 '-(L~ ~~ l Sill-1 - L . . . . ;. 

• •• (3-.20) 
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with 0'~ given by {3.9). ~he second term on the right 
-

hand side i~ obtai~ed by a complex integration. The in-

tegJ:"ation contour has· been shown in Fig. 2.1· in chapter II. 

The first order correction term D. L is given by 

CXJ . . . f 

A L =- {2 ~ £)[T2(s)1 . [t~ (s)r ds 

. s-\: . . . 
<X 

•hSc0lT1(Y>l 
'.1t 

dy, ••• (3.21) 

' • • • ( 3 o22) 

The expression for (3.21) can be simplified to 

~ 
L 

. n 

••• (3.23) 

· and i.s easily evaluated along the original contour. In 

·~q.-(3.22), t~ (y) and t~ (s) are given by 



L· 
t1 (y) .= 1 

2n --y 

·and 

'. 

( L + .! ) 2 - i/3 
2 

2 y 
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tL (s) = 1 -
2 

• u(3.24) 
·S 2 ·s 

• 

The semiclassical phase shifts are then obtained as 

0 v.. rr ... ~ L -. - . Complex L o • •• (3o25') 

·rt is instructive to repeat _the ·calculations 

with another mod_el equation, which is given by the 

radial .equation for a fi:el·d free particle, viz., · 

•• = 0 

' 
L (L.+ 1) ••• ( 3.27) 

·2 •. 
·S 

The phase shifts in ~his case are giv~ by 
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I 
CTL. = Lim (s - y + nln 2y) 

"j---}02 

s~cJJ 

......., .i 'j 2 

\..-"\ )[l - 2ny - (L +.! )2 + 1a J .!!z - n 2 y 

'jt 

i 

LY2 
...... 

(L +.! )2 ]2 
:- 2ny - 2 + 

i. 

n In tY~n+ [ c..2 "' . '1 >2Y}-y - 2ny - (L + -2 

(L + %> 
..... { . 1 2 

ny + L· + 2 ) 1 
..... r 2 1 2]r~ 
y ln +(L+ 2) 

-~ 1' 2 .. 

+ iJ3 

2 (L +~) 

( n 

>2
] ~11 

I 

- Sin-1 + .6L l ~2 + (L +.! 
, 

2 

••• (3.28) 

I 

where .6 the first order correction term, is given 
L ' 

by 
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I 

r 
. ·.oo [ t~ (y) 12 

D. L = ni . 8 ... 4 
. (y-n). 

-::1 d. 'j •••• {3.29'} 

. "jt 

and . t~ (y). is given,_by tqe Eq. (3.24). The integrations 

in ( ~~28) ~d ( 3.29) are tp be pe~.formed along_ the con-

t,our mentioned earlier •. 

Perturbative treatment 
·I 

It m~y be interesting to not~ at this stage 

the results that. one obtains by 'the perturbative treat~ 
I 

ment o.f· the complex potenti~l by th'e' semicJassical method. 

The real ·part of the phase shift is .obtained by a straight-. '. 

for-Ward applica-tion o.f the JWKB method to the problem 
I • '• 

under consideration with the real part of tJ:Ie pot~ntial 

only. The ·real part of the phase shift is given by 

' (t1 
'. +} [K(r) ;Re xt L (L.+ ~-) 1t - Kro K1 dr, = 2 

~ 

(L + i 2' 
( r) ). K(r) =K [ 1 ,.;.. ) v 

2 2 
E . X r 

K(r~) = 0 ' • • • {3.30) 

.where r
0

. is the classical ~urnin& point. Obviously, 

these results cannot be reliable since the real part of 

the phase shift given by (3.30) is seen 'to be independent 
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of ~,whereas the exact phase shifts show a·fairly good 

variation as J3 changes (Tables I- III and Fig. 3.1).·. 

The imaginary part of the phase.'shift in first order in 13 

is given by 

l'o 

dy 
--------------~------------\· 

[
1 - (L + ~ )2. ~]2. 

y2 y 

••• (3.31) 

The perturbative imaginary phase;shifts· are compared with 

exact and semiclassical results for n = 0.5 and different 

values of L and J3 and are shown in Fig.3.2. 

III.2.4. Results and.discussions 

The CMG phase shifts calculated for n = 0.5, 

2 .o, 10 .o and var,ious 13 for the two model equations 

are given in Tables I,· II and III. It may be pointed 

out that both the real and.the imaginary parts of the 

phase shifts agree fairly well with the exact results·. 

The results for L = f are, however, much better than 

for L = 0. The accuracy. improves with higher L. We 

can draw the fo~lowing conclusions: 

.(a) The real part of the phase shift show a 

'significant dependence on the· imaginary part of the poten­

tial. For L = 1 .the real part even changes sign as the 



Fig. 3.1. The variation of the real and imaginary 

parts of the phase shifts with a for 

various values of L. 
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Fig. 3.2. Imaginary part of the phase shifts 

obtained by exact numerical, semi­

classical and perturbative methods 

for L = 0 and 1. 
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TABLE ,I. .The exact and the semiclassical- phase shifts 

for n = 0.5 
. . . . . : 

-------------~----------------· .. L ·= · 0 . 
. . 

---.-------~~~-~---------------
· Real Yl_ 

. . .L 
Real·~ Imaginary Imaginary 

Yl v~-. a:nd.. cr-~ l 1.. . 
. . - - - -- - - - ~ ~.-- .- ~ -. - - - - - .-:-- - -'- - ';-- ...... - - - ·- -

o.oo -0.2441 . -0.~441 -0.2389 o.oooo o.oooo 

.0.25 -0.2683 -0 .• 2694 -0.2642 0 .2Q69 . 0.2071 ' 

0.50 -0.3211 -0.3220 -0.3210 Oo3873 0.3880 

.1.00 -0.4492 -0.4498 -0.4496 0.6835 0.6840 

1.50 -0.5802 · --o .5811 --0.5808 c •. 9254 ·. 0.9263 
' 

2.25 -0.7677 -0.7685 -0.7681 1.2287 1.2290 

. 2.50' -o .827 3 -0 .• 8280 -0.8277 1.3188 1.3190 

3.00 ~0.9425 -0.9439. -0.9428 1.4869 1.4870 

3~50 -1.0526 ~1.0529 -1-.0529 1.6419 1.6419 

. 4.00. -1.1582 -1.1589. ~1.1584 ·1.7863 ' 1.7863 

------------·-~---------- ------
L = 1 

' ' ' ------------ -,_- .... -·.-.-------- ~-----
0~00 o.2196 0.2196 0~2200 o.oooo o.oooo 

0.25 - 0.217 3 0.2172 0.2177 0.1047 0.1048. 

0.50 0.2106 . 0.:2105 o:.211o ·0.2089 0.2090 

-1.00 0.1848 0.1846 .0.1851 0.4130 0.4132 

'-1.50 0.14:49 . 0.1446 0.1451 '0.6090 o.6093 

2~25. o.o66o 0.0656 0.0660 0.8843 0.8846 

2~50 0.0361 Oo0357 0 ~0361 0.9709 . 0.9712 

'. ·.3.00 -0.0278 -Oo0278 ·~o .021 3. 1~1368 1.1370 

. 3.50 -:-0.0941 ~0.0946 -:0.0942 1.29.34 1.2936 . 

4.00 -o .16·30 -o .1635· -0.1631 1'.4418 1~4419 
. . 

-------~----~----------------
· Table 1 Con td •••• 
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Reaf:~> _ R~ai CfL:-- · · ·-Rea;L cr-L' " 

... " . ··.-I:- - . ~ 

--' - :~ 

. Imaginary·_ Imaginary· 
. -~. 

- L 

~ -~ -- - - ~- ~.: __ ~- -- -~-_--+_---:·~.,~- - - -~ - - - ..... ~-- - - --- ~ - - - - ...... 
0< - -. _- --.~ ~ 

~ .• oo . - 0 ~464~ ·: - 0 ~4646. -0 o4646 

0.2!) 

1.00 

1.50' 

2!'"25 

2•59 

0.4640 

0.4622 

0~4551 

Oo4435' · 

o.4i19 
·- •' 

0 .4_()74 

0~4639· o.464o 

0~4621 _-- 0.4622 ... _ .- . 

0.4550 - 0 .455_1 

o-~4434-_-- .0.4435 
'.- . -

' .... ·. 

- 0.4'178 : 0.417.9 

o-.oooo 

-0.0688 

- 0.1375 

0.2745 

Oo-4105 

Oo6116-- _ 

-- 0'.67-77 
-- '·--"-

·o.oooo 

Oo0688 

0.1375.-

0.2745 

0.4105 

0.6117 ' 

0.6778 

-. :::: :;-~oo 0~:,~;5? 

0~3~~?. 

0 :407·3-,:- ·-.0.407 3 

--o--_~ ;,~ 34-·_ ~,,:- __ -o ~ ~8 35 -. 
___ _ :~:-.:- .o.8o8:; 0.8084 

• • ~ ·o •• ~ . - .' 

- 3e:50. -- .0~35~1- -<·0.3562 - 0.9365 
~ .. . -_, ' 

-- ._ 4.00 o.32~Q. - _ ~l~-32~8-- ··: o:~3259- - i)o622 

0.9366 

1.0622 .. 
--_ ... ~-

,. - ' . . - '' . -
-~-- - - -- ~----- - -. ~ -- -~ - ~ ~ - - - - -- --- - - - - - - - -I"· 

. ' . - ' . 

---
.- ·-.: t 

' __ ... 

=.- • 

·- :. -~;. 
• _ ... ··<' 
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TABLE II. The axact and semiclassical phase-sltifts for n = 2o0. 

--------------------------------
L = 0 .--------------.-------------------

IJ· Real~ 
' .I.. 

Real GL I 
Real cy-L- Imaginary 

l\.. 
Imagina~ 

I VL a.-nd. VL 

..... --- ~--------------- -·- -·----- -·----
OoOO 

0.25 

0.50 

.1.00 

1.50 

·2.25 

. 2.50 

;3.00 

3.50 

4.00 

0.1296 0 0129$ . 0 .129 3 OoOOOO 

0.1290 0.1287 . 0.1285· 0.0625 

0.1269 0.1267 ·Oo1265 0.1248 

0.1188 Oo1188 0.1186 0.2487 

0.1059 Oo1059 0.1058 0.3709 

. Oo0785 0.0.785 0.0785 0 .• 5499 

o.o675 o.o675- o.0675 o.6o82 

Oo0432 0.043J 0.0432 0.7228 

0.0162 0.0162 0.0162 0.8345 

-Oo01JO -Oo0129 -0.0129 0.9.~33 

o.oooo 
0.0624 

0.1247 

0.2487 

0.3708 

. 0.5498 

o.6082 

Oo7228 

. 0.8345 

0.9433 

- - - ._ - - - ·- - - - - - - - - - - - - - - - - - - - - - - - -
L = 1 

-----------------~-------------
o.oo 

0.25 

0.50 

1.00 

1.50 

2.25· 

I 2.50 

3.oo 

~-50 

4.00 

1.2368' 1.2367 1.2367 

1.2364 1.2363 1.2362 

1o2352 1.2351 1.2351 

1.2304 1.2304 1.2303 

1.2226 1.2225 1.2224 

1.2054 1.2054 1.2053 

1•1983 1.1983 1.1982 

1.1823 1.1823 1.1821 

1.1639 

1.1435 

1.1638 ' ' 1.1638 

1.1435 ·1.1434 

o.oooo 

0.0542 

0 •. 1083 

0.2162 

Oo3235 

0.5350 

0.6387 

0.7409 

0.8415 

o.oooo 

0.0542 

~.1083 

0.2161 

0.4824 

.0.5350 

0.6387 

0.7409 

0~8415 

- .:.... - - - - - - - ~.- - - - - - - - ·-.- - - - - - - - - - - - -
. Table II Contd •••• 
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------------------------------
L = 2 

------------------------------
/3 Reall'( Real uL 

I Imaginary Imaginary Real <TL. 

~L 
I 

~ a:nd. Q"L_ 

-------------------------------
o.oo 2.0222 2.0221 2.0222 o.oooo o.oooo 

0.25 2.0220 2 .. 0220 2o0219 0.0450 0.0449 

0.50 2.0214 2.021.3 2.,0213 0.,0900 0.0899 

1.00 2.0189 2.0188 2 o0187 0.1799 0.1799 

1.50 2.0147 2.0146 2.0146 0.,2695 0.2695 

2.25 2.0055 2.0054 2.0053 0.4034 0.4034 

2.50 2.,0016 2.0016 2.0015 0.4478 0.4479 

3.00 1.9927 1.9926 1.9926 0.5363 0.5363 

3.50 1 .. 9824 1.9824 1.9824 0.6242 0.6242 

4.00 1.9706 1.9705 1.9705 0.7114 0.,7114 

---------------~-------------.--
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TABLE Iri. The exact and semiclassical phase shifts for n = 10.c 

·---------------------------- ----
L = 0 

--- -\.---- -·------- -.-- ~----------- ~--

Real ~L 
I 

Real 01.. Imaginary 

'1~. 
Imaginary 

I 
!JL.. a. ,d. Vi: 

---------------------------------
o.oo 

.0.25 

o.so 
1.00 

1.50 

2.25 

3.00. 

·3.50 

4.00 

13o!029 13.8030 13.8030 OoOOOO 

13.8029 13.8029 13~8029 0.0125 

13.8029 13 • .8028 13.!028 0.0250 

13.8028· 13o8028 13o·8027 0.0500 

· 13.8~~7 :1;3.!026 13.8025 o.Q750 

13.8025· 13.8024 13.8023 0.1125 

13.8024 13.8024 13.8023 0.1250 

13.8022 13e8022 13o8021 0.1~00 

13.8019. 13.8019 13.8018 0~1750 

13.8016 13.8016 13.8015 0.1999 

o.oooo 

0.0124 

0.0249 

0 .o.soo 

0.0750 

0.1125 

0.1250 

0.1500 

0.1750 

0.1999 

--------- ~------- -..,------ -.-- -.---

----~--------------------------
o.oo 

0.25 

o.so 
1.00 

1.50 

. 2.25 

2.50 

3.00 

:;.so. 

4.00 

15 e27 40 15 .2141 15 o27 4:1. 0 .0000 

15.27 40 15 .27 40 15.27 40 0.0124. 

~5.2740 15.2739 .15.2739 0.0248 

15.2740 15 e27 39 15o27 39 , 0.0497 

15.2749. 15.27 38 15.27 38 0.0745 

15.27 36 15.27 35 15 .• 27 35 . 0 .• 1118 

15.27 35 . 15.27 35 15.27 34 . 0 ·.1242 

15.27 33 15.27 32 15.27 32 0.1490 

15e27JO 15o27.29 15.2729 0.1738 

15 .27 27 15 .27 27 1.5 .27 27 0.1987 

o.oooo 
. 0.0123 

0.0247 

0.0496 . 

0.0745 

0.1118 . 

0•1242 

0.1490 

0.1738 

0.1987. 

.... - - - - - - - - - - - - - - - .... - - - -- - - - - ~ .. - - - - -' ' . 

Table III Contd •••. 
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- - - - - - _,. -- _.. -· - - - - - - - ~ - - - - - - - - - ·- - -
L = 2 

' 
-- - - ·- - - - -- - - - 1 _,;, - - - '- - - - - -.- - - - - - - - -

IJ 
I 

Imaginary . Imaginary Real1L. Real Cii: Real CJt: 

~l. ' QL_ a. -nd CJL. 

-- ~----------- -(---------------
o.oo 16.9474 , 16o6475 16.6475 o.oooo o.oooo 

Oo25 16.6474 . 16.6474 16.6474 0.0123 0.0121 

0.50 16.6474 ~6.6473 16.6473 0.0245 0;.0244 

1.00 16.6474 16.6474. 16.6473 0.0490 . 0.0489 

1.50 16.6473 . 16.6473 16.6471 0.0735 0.0735 
I 

16.6469 2.25 "16.6470 16.6469 Oo1103 0.1103 

2.50 16.6470 16o6469 16.6468 0.122q 0.1226 

:;.oo ·16e6467 16.6467 .· 16.6466 0.147.1 o·.1471 

'3.50 16.6465 16.6464 16.6464 . 0.1716 0.1716 

4.00 . 16.6462 16o6462 16.6461 0.1961 0.1961. 

-~----------------------------. ' 
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imaginary potential becomes stronger. The perturb~tive 

method, on the other hand, gives a real part which does 

not depend on the imaginary·part, as is evident from 

Eq. ( 3 ~30) • 

(b) The imaginary part of the phase shift 

shows a monotonic increase as ~ increases, though 

not as fast as is given by the perturbative method. 

For small values of ~ , the perturbative results 

are close to the exact values, but deviate increasingly 

as J3 increases. Again, with an increase in L , Im l)_L­

decreases. Physically this means that partial waves 

with higher L are less absorbed because of the centri­

fugal barrier. 

{c) For the potential considered, the correc­

tion term of ·order ii'l- is small in the case of the first 

model equation. But for the second model equ~tion this 

contribution is significant. This is easy to understand. 

In the case of the first model equation, there is a 

cancellation between the correction terms that does not 

happen in the other case. Terms of higher order in h2. 

depend on the higher derivatives of the function t 1(y) 

which are anyWay small for the present problem. However, 

one may consider a potential which changes rapidly in the 

vicinity of'the turning point. The correction terms may 

be quite large in that case. For higher L , the correc-

tion terms become smaller. 
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(d) As is evident from the tables I - III, both 

-
.model equations give almost equally good results. 

(e) For fixed L and {3, the phase shifts increase 
~ 

with the Sommerfeld parameter n~ For a large n, the problem 

is almost the coulomb scattering problem as is evident from 

Table III. 

111 • .3. Exponential and Yuka1va po ten tial.s 

It may be useful to apply the CHG method to 

s9me other simple cases to test the accu~acy and the 

efficacy of the method. This motivated us to consider 

Exponen~ial and Yukawa potentials: 

(a) Exponential: V 

and 

(b) Yukawa : V = 

First, lve have consi dared the 

pared our results (calculated 

exact phase shifts as well-as 

- '1 r = - V0 e 

real potentials 

up to n~ terms) 

with the results 

0 •• ( 3. 32) 

••• (3.33) 

and com-

with the 

obtained 

with different approximation methods. The potentials are 

then made complex by giving V
0 

a complex value (V
0 
=~+i~). 

The path integration is done along the c?ntributing complex 

trajectory. The variations of the real and imaginary parts 

of the phase shifts with GU have also been studied. The 

perturbative semiclassical calculation has also been done 

for the sake of completeness. 
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III.3.1o Real po'tentials 

The phase shifts for a real potential in the 
- . 

CMG method can be approXimated as 

' . ' 

"" .. 

\..-. -
y .-

\ v'~(y) 
' t . 

dy 
-y 

. I .... 2 , ( 1 )2 
V Y - L +·2 

co 

+ (L + -}> Co~-1 ( L+! ) .. rtf ~l 'f(y)]./'f(y) 21: 
2 y 

- y, 
"j i: . . 

••• (3.34) 

where terms of ·order 
' . 2-

11 have been included. 

In above, Y.t . is /the turning point and · y is a 
'-

. large value of y so that V ( + ) <.< 1·. ·The funct~on 

\ (y) is given by 

. , and· 

••• ( 3 .J6) 

The be)(. 'f(y)l . is given by. equati6'n (2 .14). In above, 
-

Langer;' s substitution has be,en p1ade use of~ _The Schrodinger 
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·equation for a field-free particle has been chosen as the 

model equation. The cal~mlated phase -shi'fts. depend only · 

wellklY on the choice o"f the. model. equation. The accuracy of' 

this simple formula ('3.34) is checked by comparing the cal­

culated. phase _shifts with the exact phase shifts and also· 

the phase shifts obtained by different approximation methods. 

lie h~ve chosen K ='1 fm.-1, and have sho"'Wll in Table IV the 

different results. The exact_results (A)_ have been taken 

f~om Wojtczak5• The other results are: (B) the results 
\ 6 . 

obtained by·us' (C) the results obtained by Swan using a 

modified Born's approximation and (D) the approximation 

·resul~s.o"f liojtczak. It is seen_that for both the Expo~ 

nential and Yukawa· potentials, our re·sul ts are accurate 

even when the energy fs . not too high i ·.e.,· for K "'-""' 1 :rni" 1 o 

The accuracy improves considerably as L increase~; 

It may ·be pointed out that the method is better 

su;t.ted for cases .where an_ exactly solvable model equation 

is readily ~vailableo· The model equation- 'should preferably 
I . . 

have the same analytic fo.nn as the equation being ~tudied. 

·In particular, the two_equations should. have similar beha­

Viour·near their singula~ points. Even when the·natures of 

singularities are different, the phase shifts cal·culated 

by this method_often come out fairly accurately, particu-

larly if the sin~l_ari ty is in the inacc'essi bl'e region. 

(say. a:t~ the origin) • The accuracy of' this method prompts 
.,. 

one· to 'consider· a Qomple_x generalization of' this :method. 
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.. TABLE. IV. ·Phase: shifts for real potenti_als with 

K = 1.00 fm - 1 • -

------- -:----- ~- ,-. ----- -,--.;....- -.----:--.-
Potentials· L A 

- Exact· 
B 

Our-
", '' 

c 
swaii 

D ,. , 
Wojtczak 

------ ~ ·---- ~- ~--- ~'-"--- ·- -·-------
- 1.0833 . Oo9844 1.1588 1 

0.3931 - 0.3907 9.4039 . 0.3945 

2 ·Oo0985 

-~-- ----- ~ __.- - --- -.- ----- ----- -------
v =- 1 -.Yr 

vo r e_ . 
0 . 1.1151 ·1.1517 0.9685 1.2284 

Vo= 1.5933 1 0_.3983. 0.4044 0.4-464 0.3822 

.., ~ 0·.6279 2 0.1627 0.1658 0.2314 -0.1914 

-.- ~ ·- _-:~--- ~---- ~- -----------------

·~ ~· - . 
__ - c .. 



Scattering :from Complex potentials 

The expression (3.34) for phase shifts can·be 

used even when yo in ( 3.32) and ( 3e33>.re given complex 

values. However, some comments are in order. The.integral 

on the R.H.S. is now to· be t8ken on a complex trajectory. 

_The detail.s ·of path integration are discussed in section 

II • .3. ·In· the general semiclassical theory with a compl'e:x: 

paten tial, ·there is a problem of choosing the trajectories 

that will make significant .contributions~ The problem 

has been studied by Knoll·and Schaeffer7, particularly 

in connection ~th heavy ionscattering. The problem is 

more acute there because the Woods-Saxon optical potential 

leads to infinite number of complex turning points. However, 

Knoll and Schaeffer have giv~n some prescriptions·for loca• 

ting the turning pointjpoints which can make significant 

contributions. In most. cases of physical interest in heavy 

ion s·cattering, only one trajectory makes a dominant cont-
I ' . 

ributf.Qno At intermediate energies, there is a range of L 
' . 

values when 2 or 3 turning_points contribute, .but it the 

absorptive part. G) is la:t:ge, the turning· poir1ts deep 

inside may not again be important be~ause o:f a strong 

absorption. The simple cases we.are studying here, of. 
. \ . 

course, present no .su~h~ pro.blems. The tuzning point which 

'is to be considered is· the analytic continuati,on of the 
' . 

. real root when CV :: o. The calculated valltes of some · 

phase shifts for K = 1.0 fm -i are shown in Tables V e VI. 

·' 



, TABLE V-. Comp.lex phase- shifts forK = 1.00 fm-1 • 

. . -'Yr . 
Pote,ntial: v, = - V

0 
e _ , V

0 
= 1.9 + iw, 

~ =_5.2283 and -'Y = 1.5925 

58 

.... - - --·- _. - ~ - ~ - --- .....;,_. ;... --:- ~ - - - ~ - - - - - - - - - -
L = 0 

--~-----------------------~~--0.001 1.0394 ~ 0.0002 

'0.01 1.039~ 0.0017 

0.05 1.0396 o.ooss 
·. 

0.10 :1..0399 0.0176 

0.20 ,1.0407 o.o355 
o.:;o 1.0419'. 0.0535 

0.40 1.0435 o.o7i.6 

0.50 1 .• 0453' o.OS98 

---------------~!!'--------------~-L = 1 
·---------------~-------------~-Q.001 

0.01 

o.o5· 

0.10 

0.20 

o •. :;o 

o.4o 
0.50 

0.4061 

0.406~. ' 

0.;4064 

0.4070 •, 

0.4087 

o.-4110 

0.4~38 

0.4168· 

0~0001 

f.).0011 

0.0054 

0.0110 

().0223 

0.0337 

0.0452 

Oo0567 
' ' . . . - - - - - ----- ~ - - ~ ~ - - - - ~- - ~ - .... - - -.- - - - - -

L:: 2 

.... - • - - - - - L- -- - - -· --: ...;. - -- - - - - .- -. - - ·- - - ...... - ~ 
0.001 o-.0916 o.oooo 

'' 0.01 0.0916' o.-ooo2 

Oo05 ~o-.0915· - 0.0009· 

0.1.0 0.0915 0.0018 

0.20 0•0914 0~0037 

0.30 0.9914' 0.0057 

.· .:.o • .w 0.0913 o·.oo76 

'o.so 0.0912 ·o.oo96 

~--------- ·---.- ~- -:-'- ~- ~ --- ---------



••• J , . 

. -
-;...r, 

·, ~ . 

- ' .. (il 

0.01 

o.os 
0.10-' 

0.20 
o- :;o -. ·. -.-_ 

-,. : ---·- ' 

. '·:·:o:~;_40 

' .. '·0.50_ 

' . :. 

1.1626 °~ 
·.,. ,-

. . 1 o 17 S7 - , -. -, . 
. ~1.19-84 .. ·.- ... 

, .. ·-

0.149_3 

Oe2274 
·o .3074 

o.JS94 

>59 

i cu , 

- --~ ........ ~- ... - -·- -~---·~ ~ ~ -·------ ·- ·----- , __ -
.. , : L = 1 

1:.• :,~_ .. .:_ -~--~.- .... ---- .. ~--- ~ -·------ ~-.~ ~- ~ -----

·.: ~ ~o:~oo1.. -o .40~7. _ _. .. o .ooo3 
,0.01-,:'·.:.: '> 0_~-4057 ,- -_·_-: 0.0028· 

·:-. 

o .• Q5<-:: -.- o.-4056 .. ' Oo0144 

·o·;o291 
·o.o5s7 · 

0,.19 

··.o~·2o~ 
. ,• .''0.30. 
: ' •, - - . ~ 

--~ ·o ~40 · · ~ 

. 0.405$. , .. 

. o-~-4040- ,-< .. 

·.· _:o-~4026. :~_ ·: . 
'.. :. -

0.4006 · .. 

0.3979 .. · 

0.0881 ·. 

0.1174 
. 0 .1466' 

. . . 

~-----~~----~~---------------- • • • ;- ~ 0 ' • - \ • 

L = 2 

-:o~ooi--~-- ---- ~ -~-.165~~.:~~~---- ~ ~ ~ .o.~~oo1--- ... ---

0~01 0•1656~·_._·. ,· 0.0010 

.. 0.05 0.16.~5 -~ 0.0~54 
0.10 :-0_.16-55 : ·Oo0110 . 

. ·. 
·.0.20 

. >o.yo .'.: 

Q•40 
I •- •' 

·-· o.so 

'' -· '., 

o-~ 165t: \ ·· 

o·.:164s 
0 • 1~4.4. '\~_. ' . 

0 .1639:'' ·_. 
-. -. . 

. 0.0223 .-
0-~0.335 

0.0441 
.· · ... 6.0559 .. . . - -. ' ... _- ... 

. . 



III .3.3. Perturbative --treatment 

It has been pointed out in section 111.2.3~, 

that when one uses the- ff~st order perturbative 'semi-
.,. . . . 

' 
classical method for complex potential, the real part 

of the phase shift is independent o-f (t) while .the 

imaginary part is proportional _to (Q) • For complex 

·.-Exponential po_tential, __ .the imaginary .part of the phase 

shifts is given by 

• • • (3~38) 
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· For complex Yukawa po1;ential one gets a similar expression: 

. I 

OC, - ~/Kd. 
. 1 

( I< e 
= ~./2 ) ------------ dy 

.·>;· / Y2 +"Y K e-yfKd _ (L + t / 

••• ( 3.39) 

where· r is the, corres:[u)nding turning point. The values· 
0 

; of Im b L obtained· from (3.38) and (3.39) have be~n c_om-

·pared with the CMG values for ~ = 1 fm-i and L = 0 and 

are_shown in Fig. 3.3. 



Fig • 3. 3o Imaginary part of the.phase shifts :for 

a complex YuKawa potential. The para­

meters are as in Table VI. 
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111.3.4. Results and conclusions 

The S;udy of the Exponential and Y~awa potentials 

leads to the following conclusions: 

1. The semiclassical results calculated by the 

CMG method are fairly accurate ~d .agree_ well with the 

·exact results obtained ·numerically. 

· 2. The real p~rt. of the phase shifts varies . 

slowly as W ·varies. rhit the imaginary part shows a·'rapid 

change. If one follows a· perturbative approach for the 

imaginary part, one naturally gets, i.n. the first order 

appro~ination in Ca.l , a linear relation between Im 6 L 

and GJ • Thi"s .is a· good approximation for small CV 

as can be see:p. from Fig. 3.3 also. 

3.- We have considered here a case where both 

the ·real an:d the imaginary_parts of the potential have 
·-

, 

the· same ·radial dependence.- The situation lthere the radial 

dependence is ·differ.en~ may, in general, .be more difficult, 

8 as has been pointed out by Schae:(fer in .connection with 

a complex. Woods-Saxon type potential. The c9mplicationis 

due to the presence of an additional contribution from 

the sh~rp edge of the imaginazy part of ~he heavy ion 

potential. 
. . . 

4. The.first order quantum correction_is signi-

,ficant here. On the average, the n2 term makes a contri­

bution which is _about 3%- 5% · ot the total 'phase shifts. 



In con·clusion, we have sho"lm that the CMG 

method.has the accuracy desirable in a semiclassical 

calculation for simple p~tential scattering. For 

heavy ion scattering,·the potential,s are, of course, 

more i·nvolved in the sense that more than. one turn-

ing points may ~ppear. Thus, apart from accuracy, · 

there· i.s also. the questi·o:n ·of the suitability· of the 
• r ./ 

method.-. as a simple working technique. This is· 'i!he 

· poin ~ we would like -~~ study in the next. chapter by 

conside·ring a :typical heavy ion scattering experiment~ 
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