CHAPTER IIX

SIMPLE POTENTIAL SCATTERING
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III.1. Introduction

The semiclassical methqd discussed in thé previous
chapter has already been applied to some problems involving
- real potentialsi’z. The method has'remarkable'simplibity
and a fair degree of adcuracy and, therefore, appears to
be a suitable candidate for adaptation for a complex poten-
tial., To study the efficacy of the method for a complex
potential, we have considered in this.chapter three simple

-examples?

(A) The first example3

involves a potential consisting

of a.rebulsivé coulomb term and an imaginary term of the

form iﬂ/rz. The Schrodinger radial equation with this

potentiallcan be solved exactl& and the phase sﬁifts can

be obtained analytically. The semiclassical phase shifts,

" obtained by complex Miller—-Good method, (CMG) have been

}shown to agree very well with the exact phase shifts, We
have also studied the variations of the phase shiffs with

.B, which gives the strength of the.absorptive ﬁart. Al though

the heavy ion potentiél is much more complicated fhan thié

potenf;al, both share the commdn feature of a short range

absorptive part and a long range'couloﬁb.tail._To check

the accuracy of fhé CMG method we have also considered

two other™ simple exampless

(B) Exponentials V = - 'voe"’r and (C) Yukawa! V = - _Yg_ e Ir

. r
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The semiclassical phase shifts calculated for real potentials
of-type (B) and (C) have been compared with their exact values
(obtained ﬁumericaily) and alsc with some other results
obtained by differentﬁapprOXimation methods. The semiclassical
metﬁod gives fairly accurate phase shifts, even at lower

energies, say for K+~ 1 fm-l

« The potentials were then _
made complex by making; VO complex, and the CMG phase shifts
were computed. For the sake of completeness, we have also
presentéd a treatment of the complex potential, in which the
imaginary part of the potential is treated as a perturbation
and only terms of the first order are considered.

The method, as expected, is accurate only for a small

absorption.

I11.2. An exactly solvable model

We shall consider here the scattering from a
ﬁotentigl Ofn - iB/r2. The presentation §f the
results will be as follows. In the sec. iII.2.1, the
problem has been studied exactly. The éection II1.2.2
gives the semiclassical treatment for the same problem,
while the section 11I.2.3 giveé the perturbative treat-
ment. In section IITI.2.4, the semiciassical as well as
perturbative results have been presentéd.and compared

with the exact results.
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III.2.1, Exact coinplex. phase shifts

The radial Schrodinger equation with a potential
V(r) =o./r:_. :L:S/r2 is given by - .

_;.2 4. [rz dRL] 4[1{2- 2nK L(L+i)-13]?< f"L(r)___o’

r dar dr r r2
. .o.(.301)
where .
JUN VA e2 ' 2 :_V2
N = —————, K= (2HE/§* )",
. ] _h‘Z:K

LetJ; =p+1iq, p,0 , be a solution of the equation

L(L+ 1) =L (L« 1) =18, eee(3.2)

Let us niake the substitution

eiKr Ty (r)

RL(I‘) =‘rl'
in Eq. (3.1), which gives
rgti(r) + (2ikr ¢+ 20+ 2) £(r) + [20K (L 1) - 2nk | X
fe(r) = 0. . ..‘.(3..3)
The solution of this equation can be written as

sz(r) = C, 1F1_ (.2.4- 1 +in, 24+ 2, - 2iKr)A, eee(3.4)
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where Cjy 1is the normalization constant. We will have to
impose the appropriate ,boundary -condition on (3.4). In
particular, one has 1o ensure .that there is no éttenua-
tion of the 1ncom1ng wave. The asymptotic form of Rl(r)

is then glven by

F(22+ 2) /2 /2 1
Rﬂ(r) — ¢y —_— ' — —_— X
(k)" Kr * [(p + 1+ig-in) 2i

K e'® - (4« iB)e-is] , ...(3.55

where

I'(p ¢+ 1 + iq = in) -
A <+ iB = r - e qu ’ 000(3.6)
l"(p+1+iq+in) .
and
S "= Kr -,% P = n ‘n.?.KI‘ PO 000(307)

The case 0of a real coulomb potential is well known, The

corresponding solution has th_e asymptotic behaviour

my@+1vﬁ [“(2L+g)

(2K) Kr (L o+ 1+ in)

X

RL(r) — C

Sin (I{r - EIJE' - nln 2Kr «+ U—E ), ooo(3.8)

where

G‘E = arg r (L +1« iﬁ)'. | «ee(3.9)
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Since the imaginary part of the potential vanishes for
large r, it should be possible to rewrite the Eq. (3.5)
in the form (3.8) with the inclusion of an additional
phase shift., We, therefore, define the complex phase

- shifts 'q = M ¢ 1 A through the relation
L

L . i i . -i
Sin (Kr - _E; «nln 2Rr « L + i) ) = 5T [ e % -(A+iB)e s]o

eoe(3.10)
The complek phase shifts 'q are then given by
L
) i
- L =1 L 1 2 2.2
0, = (L-p) 3~ 5 tan =~ (B/A) + 35 In (4%B%)° .
cee(3.11)

The phase shifts v  have been determined for n = 0,5,
' [
2.0 and 10.0 and different values of L and B8 and have

been given in Tables I - III.,

III1.2.2. The semiclassical method

The Schrodinger radial equation for the problem

. can be written in the form

ol t .

d Q (Y) + 1(5) T[(Y) = 0, 000(3112)
> " L ‘ ,
dy

. where y = Kr, 000(3013)
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s L2 2n y . - h
ti(y) ='h'[}‘ ;r“‘ £(£ h 1% . iB-] o ...m(3q14)
. Aé,the model equation, we choose, at the first instance,
. the radial equation for scatterihg,from a point dharge,
‘with the same Sommerfeld parameter n. The model equa=

‘tion can be written as -

dzy% ( S):

) -
12 (s 74 (S) eeo(3.15)
s° - A
whefe ‘ . _
to(s) =£1[1 - _2_13 - L(ﬂ_;-i_)] . | eee(3.16)

]

The wave functions have the asymptotic forms

r*i

- n |ln 2y + Gcomplex),

TQ(Y) > Sin (y

nlR

.Sbﬂ(S) ——> Sin (s ‘Q‘% ."’Il; ‘nl 2s‘+ G‘c )e

S—>O(.’ ) . . ) - . ooo(3018)

Regarding s as a function of y, and using the relation:

(2.20), we have, '

© G Complex =-0¢ = Lim(s-y-n in %)
S ' N0 ‘ : .
S0 T eee(3.19)
C .
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,JWe shall use Langer 8 substltution and the superscript L
will indicate that the function ti have been Langer subs-

:’t;tuted. There are two compleanoots of;the<equat10n

‘.1n the present problem. One of these, howeVer, does not
quallfy as a turnln p01nt because it has a negative real
Afpart.i Let yt denote the complex turnln p01nt for the

~fi2present problem.- The turnlng point, the traJectory, and

o the phase shlfts are a11 .real for. the model equatlon. It

iﬁis nevertheless p0581b1e to obtaln the transformatlon (2.3).

‘=CThe complex phase shifts in the Zeroth order is glven by

>_v O y"” .‘ c [ . .
G Complex . = G—L + Lim ( s - y - n\n -§r0
E . Sy ': - 'j—&w . -
) ‘ Q>0
PR S g[ 0% Zany - (L + -;:-)?na] ay
RS M ‘ L . y
- Ty, c o
o >

A [_5“'2 - 2uny - (L}%)?] ‘+‘n\n {3,‘_ - [?,2__211?_@%)2] }

ol

ST ’ o
ala [ 22 a(d)?] (i ){Sx-n‘i_[ W+ (e 3) 4 _

y [n +(L+ 1)2]

ol

i8 - Sln-i n§ *(’.“1“ -) l -, _? ,
2(L+ '§) K\M}’" [I‘-l2+(‘L . 1)2]

ﬂvt J-' Sin-i[ | ;, n. _X—X S _v;pﬂ" -
e B [ o+ (L+ -)2]‘/2 o (320)




with (TE given by (3.9). _Th‘e" second term on the right
hand side is obtained by_a compl ex integration. The in-
tegration contour has been shown in Fig. 2.1‘ in chapter 1II,

.The first order correction fer_m AL is: given by

.- g (1] [t G e

St

o :' I '__- g ’ |
. -}égc@ K_Ti(y)] | [tli‘ (y)r ay, | veo(3.21)
N : :

_ where -@[Ti—l is given by (2 14) and
2 ,L - 2 L ‘
T1 =Y t1 (Y), . T2 =8 t2 (S). ‘ : 000(3022)

The expression for (3.21) can be simplified to

AN =

- 24 n2+(L.+—) ]

g [tL (Y)]

.Q.(3.23)
"t (Y-.n) -

~and is easily evaluated along the original contour. In

‘Bq. (3.22), ti‘ (y) ana tlé' (s) are given by -
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| )% - 18
L~ - 2n ) :
L - - 2 - 2 . - ® e 0 3024
ty (s{ =1 S -z

The semiclassical phase shifts are then obtained as

o 0 . ,'és N
L ='.Ufbomp1ex ¥ ~Le  eee(3025)

'It is instrﬁcfi%e to repeét the calculations.

with another model equation, which is glven by the

radlal equation for a fleld free particle, viz., ’

&2 éél(s)f .ié(s)'

et ’ - ~ = ‘ .l.. 06
s
ﬁith‘_ LL 4 1)
- . . o+ 1 cee .
t,(s) =1 = — - - (3.27)

The phase shifts in this case are given by



- .
G, =Lim (s -~y + nin 2y)
M - o0
g >

i | .
:SLy2-2ny-(L+%)2.+iB] %-n
pel '

Nl

. L A
2
-E§2f2n§f-('L+%)2] +

|n{‘§';n+ [_y ~2ny-(L+F- 21%

| - 1.2
(L + 3) Ksm'i[ o+ {Le3)
2 | 5 [0 +(Le %)2]4&

[l e
. .

- st t | - ‘nizi/] S 2
[n2+(L-@§)]2
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+ ——— n
2 (L +§) 5 [n2+(L+%)ﬂ2
' - n : !
- Sini { ) . . LX +.AL,
[n2+(L+%)2]" | o
...(3.285

where A L the first order correction term, is giveh
n. N ’ R
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X
/ : : , .
AL = %K 4 ,jd'j 0000(3029)
. . 'j ' .

__and",ti (y)_is given by the Eq. (3.24).‘ The integrations
in (3;28)'énd (3.29) are to be performed along the con-~

tour mentioned earlier..

- III.2.3. Perturbative treatment .

A

It may be interestlng to note at this stage '
the results that one obtains by the perturbative treat-‘
ment of the cox.nplexv potenti__al by the semic{lass‘ical method,
The'real'part of the phase shift is obtained by a straight-
 forward application of the JWKB method to the problem -
under'conéideratiqﬂ-ﬁith ?he peal pari of the potgntial

onlyf‘The rea1 part of the phase shift is given by

Re Y.L“'L = (L,+%') % - Kr, +§ [K(r) - K] dr,
k() =x [1- L) .v<r>_,],

: C¥° r? ‘_'. E
K(rg) =0, . e (3.30)

. where 1r, is the classical turning point. Obviously,
thése results cannot be reliable since the real part of

the phase shift given by (3.30) is seen to be indepéndent
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" of B , whereas the exact phase shifis show a fairly good
variation as B changes (Tables I - iiI and Fig. 3.1).-
' The imaginary part of the phase shift in first order in B

is given by

oo .
| B . ' © @y .
v, y2 [1 - (L g}) - Eﬁ]
y y

The perturbative imaginary phase shifts- are compared with
" exact and semiclassical results for n = 0.5 and different

values of L and B8 and are shown in Fig.3.2.

iII;2.4. Results and discussions -

The CMG phase shifts calculated for n = 0.5,

2.0, 10.0 and:various B for the two model equations
‘are given in Tables I, II and iII. It may be pointed
out that both the real andAthe}imaginary parts of the
phase shifts agree IairlY'weil‘with the exact results.
The results for L = 1 'are, however, much better than
for L = O, The accuracy;imp;oves with higher L. We
'can draw the following céncluéions:

| (a) The real part of the phase shift show a
éiénifiéant dependence on the imaginary part of the poten-

tial, For L = 1 the real part even changeé sign as the



Fig. 3.1. The variation of the real and imaginary
parts of the phase shifts with B8 for

various values of L.
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Fig., 3.2. Imaginary part of the phase shifts
obtained by exact numerical, éemi-
classical and perturbative methods

for.L = 0 and 1;
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EXACT AND SEMICLASSICAL

-——- PERTURBATIVE

FIG. 3.2 .




TABLE I, The exact
: for n

46

and the semiclassical phase shifts -

0.5 :

- Imaginary imaginary

-0.5302
-0,7677
-0.8273
~0.9425

-0.2694
-0.3220
~0.4498
- =0.5811

-0,7685
-0.8280

-Q 09439 R
-1.0526 =1,

~0.2642
-0. 3210
-0 . 4:496

~0.5808

-0.7681
-0 08277

-0,9428

1. G, and o’
0.60091 0.0000
0.2069 = 0.2071
0.3873  0.3880
0.6835  0,6840
d¢92541 0.9263
1.2287 1.2290
1.3188 . 1.3190
1.4869 - '1.4870

1,6419

0.2196

" 0.2173

0.2106
0.1848

0.1449
0,0660

0.0361

-0.0278
-0.0941

0.2196

0.2172
. 0.2105

0.1846

 0.1446

0,0357
V-Q,0278
~0.,0946

0.2200
. 0.2177

0,2110

0.1851

0.1451

0.0660

0.0361

<0.0273

Q.0000 0.0000
0.1047 - 0,1048,
10,2089 - 0.2090
0.4130 0.4132

. 0.6090 0.6093

0.8843 0.8846
6.9709 .6.9712
11368  1.1370
1.2934  1.2936
1.4418 1.4419

Tablé_i Contdeses



.............

I%. © Real G Realvy »'Imaglnary Imaglnary
AR E N e
L ‘ - ' ~ .

0.00 " 0.4646 24646'Tu 4646 “,,0;0000 ~°0,0000
0.25  0.4640 . 0 .4639: 0.4640 0.0688 . 0,0688

",f:ﬁ.qésq-t o;4§é2', .4621,5, .4622: 0.1375 | 0.1375,"'

71,00 004551 04550 0.4551  0.2745  0.2745
1,50 0.4435 - 014434, 0.4435  0,4105  0,4105

- 2, 25‘f ':&iié 04178 0.4179 - 0.6416. . 0.6417

2450 ¢ 0.4074 = 0.4073. 0.4075 - 0.6777 0.6778

",@f;.pq .o, 3835 | 0.38340.3835 7 0.8083  0,8084

350 ;o?3§§§ﬂ1550 35615;:0;3562 © 0.9365  0,9366
. 4.00 . 0.3360 - lo 3258}?*0;32597 21,0622  1.0622
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TABLE IX. The exact and semiclassical phaseAShifté for n = 2.0,

L=0 |
"—ﬂf_—éﬁif-éﬁ&_géﬁf_E@QQQ_EQQQQ-—_
. , 0, 07 ama o/

0,00 0.1296 - 0,1295 0.1293  0.0000 0.0000
0.25 - 0.1290 0,1287 0,1285 0.0655 0.0624

10,50 0.1369 - 0.1267 0.1265  0.1248 . 0.1247
1.00 - 0.1188  0.1188 0.1186  0.2487 0.2487
1,50 0.1059 001659 10,1058  0,3709 0.3708
2.25 . 0,0785  0.0785 0.0785 0.5499 . 0.5498
2,50 0.0675  0.0675. 0.,0675  0.6082 - 0.6082
3,00 0,0432 ' 0,0433 0,0432 o.7zgé 0.7228
3.50 0,062  0.0162 0,0162  0.8345 '0.8345
4;00 -0.0130 -+ =0.0129 =-0.0129 | 0,9433 0.9433

L=1

0.00  1.2368 - 1.2367 1.2367  0,0000 0.0000
0.25  1.2364 1;2363 1.2362  0.0542 0.0542

1 0.50  1.2352  1.2351  1.2551  0.1083 0.1083
400 1.2304 © 1.2304 14,2303  0.2162 0,216

. 1.50 1.2226 © 1.2225 1.2224  0.3235 0.3234
2,25 142054 1.2054 1.2053 0,4825 0.,4824
2.50  1:1983  1.1983 1.1982  0.5350 . 0.5350
3.00 - 1.1823  1.1823 1.1821  0.6387 0.6387
3.50  1.1639  1.1638 . 1.1638  0.7409 0.7409
4.00  1.1435 1.1435 1.1434 | 0.8415 0.8415

Table II Contd....
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L =2
8 Real ’rlL Real 6] Real G'I‘_I Imaginary  Imaginary
1. W and 7
0,00 2.0222 2.0221  2,0222  0,0000 0.0000
0.25 2.0220  2.0220 2,0219  0,0450 0.0449
0,50  2.0244  2.0213 2.0213  0,0900 0.0899
1.00 | 2,0189 2,0188 - 2,0187 0,1799 0.1799
1.50 2.0147 2.0146 2.0146 0,2695 0.2695
2.25 2.,0055 2,0054 2,0053  0,4034 0.4034
2,50 2.0016  2.0016 2.0015  0.4478  0.4479
3.00 1.9927  1.9926 1.9926  0.5363 °  0.5363
3.50 = 1.9824 1.9824  1.9824 0.6242 0.6242

4.00 1.9706  1.9705 1.9705  0.,7114 . 0.7114
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TABLE IXI. The g£xact and semiclassical phase shifts for n = 10.(

L=0
B Real Yl,_ Real 07 Realyq, Imaginary Imaginary
‘ . UL amd of
0.00 13,8029 13.8030 13.8030  0,0000 0.0000
0.25 13.8029  13.8020 13.8029  0.0125 0.0124
0.50 13.8029 13;8Q28 13.8028  0.0250 0.0249
1.00  13.8028 13,8028 13,8027  0.0500 0.0500
1.50  13.8027 13.8026 13.8025 0.0750 0.0750
2,25 15,8025 ~ 13.8024 13.8023 0.1125 0.1125
2.50  13.8024 13.8024 13.8023  0.1250 0.1250
3.00  13.8022  13.8022 13,8021 0.1500 0.1500
3.50  13.8019  13.8019 13.8018  0.1750 0.1750
4.00  13.8016 15.8016 13,8015 0.1999 0.1999
L=1
0.00 15.2740  15.2741 15.2741 | 0.0000 0.0000
0.25 ° 15.2740 - 15.2740 15.2740 0.0424 . 0.0123
0.50 15.2740  15.2739 15.2730  0.0248 0.0247
1.00 15.2740  15.2739 15,2739 ‘0,0497 0.0496 -
1.50  45.2749 15.2738 15.2738  0.0745 0.0745
2.25 15.2736  15.2735 15.2735 0.1118 0.1;18'
2.50  15.2735 15.2735 15.2734 0.1242 0.1242
3.00 15,2733  15.2732 15.2732  0.1490  ° 0.1490
3450, 15.2730  15.2729 15.2729 0.1738 0.1738
4.00 15.2727  15.2727 15.2727  0.1987 0.1987

Table III Contd....



51‘

:} Reai*clL Reath_ Reélct! Emagiﬁary .Iﬁaéinar{

, ., N, semw
0.00  16.6474  16.6475 16,6475 0.0000 0.0000
0.25 16,6474 16.6474 16.6474 0.0123  0.0121
0.50 16,6474 | 16.6473 16.6473 0.0245  0.0244
1.00 16,6474 16.6474. 16,6473 0.0490 10,0489
1,50 16,6473 16,6473 16.6471 0.0735 0.0755
2.25 16.6470  16.6469  16.6469 0.1103  0,1103
2.50 16,6470 16,6469. 16.6458 . 0.1226 0.1226
3400 'i'16,6467 16,6467 - 16,6466 0.1471 0.1471
3,50 16,6465 16.6464 16,6464 = 0.1716 0.1716

0.1961

16,6462

16,6462

- 16,6461

0.1961 .
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imaginary potential becomes stronger. The perturbative
mefhod, on the other hand, gives a real part which does
not depend on the imaginary part, as is evident from
Eq. (3.30).

(b) The imaginary part of the phase shift .
shows a monofonic increase as 8 increases, though
not as fast as is given by the perturbative method,
For‘small values-0of 8 , the perturbative results
are close to the exact values, but deviate increasingly
as 8 increaseé. Again, with an increase in L , Im‘l;
decreases. Physically this means that partial waves
with higher L are lesé absorbed because of the centri-
fugal barrier. |

(¢c) For the'potential considered, the correc=
tion term of order hq’ is smail in the case of the first
model equation. But for the second model equation this
contribution is significant. This is easy to understand.
In the case of the first model equation, there is a
cancellation between the correction terms that does not
happen in ihe other case. Terms of higher order in 'h2
depend on the higher derivatives of the function ti(y)
which are anyway small for the‘presentlpfoblem. However,
one may consider a potegtial whichAchanges rapidly in the
vicinity of the turning poinf. The correction terms may
ﬁé quite large in that case. For higher L , the correc=

tion terms become smaller.,
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(d) As is evident from the tables I - III, both
‘model equafi&ns)give almost equally good results.

(e) For fixed L and B, the phase shifts increase
with the Sommerfeld parameter n. For a large n, the problem
is almost the coulomb scattering problem as is evident from

Table III.

I11.3. Expgnenfial and Yukawa potentials

It may be useful to apply the CMG method to
some othér simple cases to test the accuracy and the
efficacy of the method. This motivated us to consider

Exponential and Yukawa potentials:

(a) Exponential: V=-V, e 7T, ore(3.32)
anad
Yo -7r
(b) Yukawa : V = = e cee(3.33)

T .
First, we have'COnsidered the real potentialé and com~

pared our results (calculated upto 'h? terms) with the

exact phase shifts as well as with the results obtained

‘with different app;oximation methods. The potentials are

then made complex by giving Vo a complex vélue (VO =9 +iw).
The path integration is done aloﬁg the contributing complex
trajectory. The variations of the real and imaginary parts
of the phase shifts with @ have also been studied. The
perturbative semiclassical calculation has also been done

for the sake of completeness.
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- III.3.1. Real po%entials

- The phase shirts for a real potentlal in the -

CMG method can be approximated as

y |
C_gL = Syth -d—z,f -V ‘92.‘- (L+3)°
+ (L + —) Cos™ 1 ( _Tg_ Tiz‘ @[T(Y)]\/W
. 9,
eos(3e 34)

where terms of order 'ﬁz‘lhave been included.

: In above, y, -is the turning point and ¥ is a
o al

" large value of y so that V ( —%f )& 1. " The function

T (y) is given by -

() = Y2_ -‘(i@)_'."_f (F)- (L« -;-’)2 ,'.p.'.(3.35)'

@ =TS e(356)

The <Q§{fT(Y)]_:1s given-by'equati6nl(2.14). In above,

Lanéenis subétifution has been made use of;_The Schriodinger
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'equatiOn'for a Iield-free particle has been chosen as the
model equation, The'caleulated phase-shifts‘depend only
weakly on the choice of_the_model equation. The'accuracy'of
this simple formula (3.34) is checked by comparing the cal-
'nculated phase shifts with-the exact phase"shifts and also:
the phase shifts obtained by different approximation methods.
We have chosen K = 1 fm 1, and have shown in Table IV the
different results. The exact results (A) have been taken
irom Uojtczakst The other results are? (B) the results
, obtained by us, (C) the results obtained by Swan6 using a
modified Born' s approximation and (D) the approximation
"results of Hthczak. It is seen that ‘for both the Expo- :
_nential and,Yukawa‘potentials, our’ results are accurate
even when the_energy is.not too high i.eey for K v 1 Imdio
| The accuracy improves‘considerahly as L _increasess
It may be pointed out that the method is better

~ suited for cases where an exactly solvable model equation
is readily available. The model equation-should preferably
have the same analytic form as the equation being studied.
'In particular, the two equations should have similar beha-
.viour near their s1ngular p01nts. Even when the natures of
51ngular1ties are different, the phase shifts calculated
iby this method often come out falrly accurately, particu-
1arly if the singularity is 1n the 1naccessible region
~ (say. at the origin) The accuracy of this method prompts

one - to con31der a complex generalization of this method.
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- TABLE 1IV. 1Phase; shi:fts for real potentials with

K =1.00 fm * ,°

e A B c D
Potentials L . praet our Swan  Wojtczak
V= -V, e 01,0890 _'-1.0833' 0.9844 1.1588 "
V,=5.2283 1 0.3931  0.3007 0.4039 = 0.3945

7 =1.5925 2 0.0985  0.0952 0.1103 - 0,1099

i =7r :
V=-v0-fe,_" o | o '
V,= 1.5933 4 0,3983 - 0.4044 0.4464 0.3822

7 =0.6279 2 0.1627 . 0.1658 0.2314 10,1914
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,111}3.20 Scattering from Complex potentials

fhe expressipn (3.34) for phase shifts can be
_used eveén when ‘,V-o in (3.32) and (3.33)are £iven complex
‘'values., ﬁbwever;'somevcommenis are in order. The,integral
" on the R.H.S. is now to be taken on a complek trajectory.
_The details of path intégratioh are discussed in section
II,S.:In‘the general semiclassical theory with aléomplex
‘poténtial,'there'is_a problem of choosing the trajectories
that will make significant contributions. The pr@ﬁlem
has been studieq by Knoll - and thaefierz,'particuiariy
in co@nection with heavy iohscattering. The problem is
more acute there because the Wbods-Saxoﬁ optical pqtential
leads to infinite number of complex turning points.'waever,
Knoll and Schaeffer have givenvsome prescriptions'for‘locé—
ting the turning point/points which can make significant
' conﬁributiqns. In mosf‘cases:Of physical‘int;feét in heévy
ion s?attering,Vonly one trajectory.makesfa dominant cont-
riﬁut;éno.At intefﬁediate energies, theré is a-range of L
falueéyﬁhen 2 or 3 tﬁrning.points'contribﬁté;‘but if the
absdrﬁtive pért:Q) is léggg, the‘turning'pointé déep
inside may not again be important because of a strong
vvabsqrpfion. The,éimple cases we.are studying here, Qf
course, present pb.suéhlprohlehs. The_tufnihg-point which
5;5 to 5e conéideredvislthé analytic continuation of the’
‘,féal root when () = O. The calculated values of gome
1

phase shifts for K = 1.0 fm . are shown in Tables Ve VI.
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' TABLE V. Complex phase shifts for K = 1,00 fu™1,

Potentials V==V, 'e '™, V, =1+ iw,

) Re'cﬂ__" Im &,
- - Salelel

- 0.001 1.,0394 0,0002 )
104,01 . 1.0395 0.0017
0,05 . - - 1.0396 . .. - 0,0088
0.10 - 1.0399 - 0.0176
0.20 11,0407 0.0355
0.30 71,0419 . 0.0535
0.40 ~ 1.0435 . 0.0716
0,50 1.0453 0.0898

2 LV =1 :
0.001 0.4061 | 0,0001
0.01 0.4062 0.0011
0.05  0.4064 0.0054
0.10 . 0.4070. - 0,0110
. 0.20  0.4087 . 0.0223
0430 04110 0.0337
0.40 . 0.4138 . 0,0452
0.50  0.4168 . 0.0567
: A i .

 0.000 . - 0,916 . .  0,0000
0.01 0.0916 .~ 0.,0002
0,05 - 0.0915 - 0.0009
0,10 040915 0.0018
 0.20 C.- 0,0914 -  0.0037
L0430 T . - - 0,0914 . 0.0057
10.40 . - . 0.,0913  °  0.0076
1 0.50 .. . 0.,0912 . . 0.,0096
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o - o : TABLE VI. Complex phase shli’ts for K = 1.00 fm 1.
! DR . Potentlalz 'V_ ‘- V .1 e~ 71', V »_19 v 1w,
E Lo 1‘;,xs 1. 5933 and ¥ 0 6279

Im&_ C !

rrrr -

001 ’c§57?1 1459;fi, -~ 0.0071

0,05 i T d.a4745 7T 040361

0.10 144510 . - 0.0753
0420 U 4,1626 0 . 041493
J0.300 T 4.1787. L. 042274
0040 o 11,1984 0 0 043074
0050 (. T 14220970 <. T 0,3894

© 0440 Y 0,4055 . 0,0208
T704200 . 004040 % 0.0587°
570030 © 7704026 - - 0,0881
Do " ouees . o.ra-

o0 oo, 3979 0.1466

. 0.05 .. T 0.655 7 0 0054
Do ouaess - om0
0420 - 041651 7 - 0.0223
- 0,30 - ,I*f:”ﬁ,‘,o;iéis"‘ﬁv .. 040335
0440 7T 0,164 ;i> 0.0447
L o.50 1ffﬁ_i§f...o 1639 o 040539
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III.3.3. Perturbative treatment

It has been'pointed ou£ in section IiI.2.3;,
that ﬁhen one ﬁses the«firsf order perfurbétiVe semi~-
‘classical method for complex potential, the real part.
of the phase shift is independent of ® while the
1maginary part is proportional to @ . For complex‘ '
.-Exponentlal potentlal the imaginary part of the phase
.Shlfts is given by -

I 5 o

ay

:00.‘ : : _‘."

g oy e Y/

X, - ' -

o \/yz nge:f/lm L+ )2

(‘3;3.8)

‘ ' For complex Yukawﬁ poténtial one gets a agimilar expression?
.' ° . LR »,
=M/ kd :

Joa <12
/yzmy-xemd_@w)

1, c§ /o

o‘s\/'\g

| eee(3.39)

| where' ' is théﬁcorreépdnding_turning point. The values
of I, é; obtaine&'from (3.38)-and (3.39) have been com—
"pared with the CMG values for K = 1 fm * and L = 0 and .

‘are shown in Fig. 3.3.

%



Fig, 3.3, Imaginary part of the phase shifts for
a complex YuKawa potential. The péra-

mcters are as in Table VI,
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IIT.3.4. Results and conclusions

o

The ¢udy of the pxponential and Yukawa potentials

‘leads to therfollowing,conclusionsz

t. The semiclaesical'results calculated b& the
, CMG method are fairly accurate and agree-well with the
~fexact results obtained numerically.

2, The real part. of the phase shifts varies .
slouly'as () varies. But the imaginary part shows a-rapid
change. If one follows‘a‘pefturbative approach for the
pimaginary part, one naturally gets, in the rlrst order

approximation in @ a linear relation between I ér
and.'G) « This .is a good approximation for small @ ,
as can be seen from Fig. 3.3 aiso.

3 We have considered here a case where both
the real and the 1mag1nary parts of the potent1a1 have
the same radial dependence. The situation where the radial
dependence is different may, in general, .be more difficult,
as has been pointed out by Schae,ffer8 in connection with
a coﬁplei Woods~Saxon type potential The complicatien is
ldue to the presence of an additional contribution from .
the sharp edge of the imaginary part of the heavy ion
potential,
| 4. The first 6rder Quahtum cprrection,ie signi-
,flcant here. On the average, the %2 term makes a contri-

bution whlch is about SZ 524 of the total phase shifts.



In cdnclusion, we havé shown that the MG
mefhod;has thé'acégracy desirable in a semiclassical
 ca1c#1ationvfof éimple pqtentia1 scattering. For
: héavy ion sCafteriﬁg,"the bétentia1s~are, of course,
lhdre involved,in'ﬁhé‘sensé.that~more than one turn-
ing points may gppear. Thus, apart from accufﬁcy,’
~ there is aisofthe question of the Suitability:of:fhe
| methoda;s a simple working technique. This is ‘the
-poin;\we would like to study in the next chapter by

considering a typical heavy ion scattefing experiment.
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