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ihin Plates and Shells eof different shapos freguently
ocelr in mary struetures amﬁ the study of thelr bending proper-
ties is imperative o a design engineer, wm the inereased use
ef strong and l-igght«weig;?w gtructures, speclally in aevocspace
engineering and in the vibrations of machins perts, nunercus
preoblens naturally arise wihich have to be dealt with
appropriate bending conditions. |

The foraulaticn of elastleity problems ineluding the
effect of toumperature variation was studied by Dubiamel asg @érly
a8 4337, shortly afber the basie formulatlen of the theory of
glagtlcitys The lincar Hthuecry of thermoelastlicity is based on
the asmmpmm that the é@mectims are siail in comparisecn with
the thiekness of the p.‘!.&tas"»an&' éhells. This assumpticn follows
- from the hypothesis that the eomponent of strains €g; ézzahd
S 12 in the deflected niddle surface have- negligible magnitude.
- Hagsed onn the linear theory numcrous problems ef thermal
stresses and deflsetlons inelunding thermal buckling and
vuzr(at_ims of elastic pldtes and shells have heen studied in
view of the fact tiese probless have encroons appiie:aticm& in
aeronaunties, highapeed alrcrafts, misstes and in auclear and
chenical englinesringe | |

among the notewerthy works in this field are the

‘bogks and monozraphs by Hoffy Wede { 1058 ), Catewcod, B (1957),



" Howackiy @ { 4002 )y Jonos, D.J (1965)y Parkas, H (1676) and
- ﬁawins&i, J b (1973)« Extensive bibliography of works have boen
- inecluded in t&é&a works. Also noy be nendicncd seme othopr
- raseaych works in the field of linear thernoelastieity and
these ave by Vinson, JoR (i958), Bijlaard, P.P (1959),
Sunakaws, 1 and Uemura. ® (1960), Das, ¥, ¢ and Havaratna,
D (A9GZ), ése‘fe;ﬁya, T, Stmly, S, Hatsumoto, B, Ketayams, T
and Sugimoto, I (1067), Sarkary & (1983), Fenonneauw, & and
Marangoni, R.D (1070), oz, A.¥ and Tauchert, TR (1971, 1975,
ig8), l?%yc}wmﬂiam?y, 5.1{ (19724, Ao, Kede, Bapu Rao, M. and
Ariman, T (1973}, Prabhu, H5.5 ﬁf‘d Burvasula, & (1973, 1074),
‘Kagéyam&; T and Sektya, T (1875),; Ganesan, N (1278 ),
Savitary S.K, (10683, Blswas, ¥ (1076, 1972}, Irle, T and
Yamaday ¢ (4073), Buckens, 7 Ci.ﬁ-‘}'?ﬁ?},_ Misra, J.C and Samanta, S
me&;;, Temar, JoS and Twarl, V6 (A®B1), Das, 8 (1981),
Baoy KeCo Va3 (i934) and Tomury 4.8 and Gupta, AWK (1% 34)»

. The main bulk of &aefﬁ1a331@am approach in app 1:ﬂ'
m@ehanies rosty en the aﬁaumptiam that the phenomens imvolveﬁ
ean &a &@Fqﬂ&ﬁ@lﬁ deserl h@ﬁ by lﬁmoar mathienatical model,

"wiﬁa the advent ar ricidern beehnrla?y and systems exposed to
oppregsive oper ational conditions thils hypothssis ecu’ﬁ ne. -
lenger be retaineds. lHorgover, forees, deformations, veleeitles,
temparatares ond other factors become eweessive, and n@nlin@ar
affeets conw inteo play and é&eiylinfiuene@ can nm'lﬂngar be
igncraﬁ. This situaticn ﬂaeurs algc in a partlculay field ef

a;nmi:sfd neshanies Invelving pwatps and shallow »hel?.s._y



Thus wien the deflecticns are no longer :3#@.11 in lempa:’isen
Cwith the thickness, tho supplenentary stresses in the middle
plane pust be tallten into account in deriving the ﬁiffemnﬁal
equations governing the deflecticns of plates and shells.

In this way one gets the noniineap diffemntial aguations in
the classical nonlinear theorye _

The z;wz}led nenlinear paprtial difforentiazl equations
for analysing the large deflecticns of plates were initially
, éstablissheﬁ by von s&araan (1910)e Tose esauati@ns' which are of

the fourth order with raspect to the unknown aeﬂ.ectim W and
‘stress function VW enables ohe &0 cze'é;ermme W ami Voe
vérs Earmants eguationg ave generally diffieult to deal with
because of its cocupled nonlinearlty and as yet no general
sclution of these egquations 1s hknowne Approximate and
numerical methods have to be adepted for the solution of
different plate and shell problopss ‘

e cutstanding research i«mv}mrs whe enployed
von Karman's equaticms Lo analyse aculinedr behavicur of thin
‘plates and shallow ohells are .schmidt, - (1963), Baner, H.F
(1963), Nowinski, JoL (i963), Wowinslkiy J.L and Iseail, I.ﬁ
(1965), Chu, H ol and Harmann, G (1966),- ?“@nna:iy, Ja B and
Simon, MG (1987), Cocley, 1D (1960), Satyamcorthy, M and
Pandalniy Kefe V (1970, 1972, 1278, 1981}, Prathap, G and
Varadhan K (1978, 1979), Nath, ¥ and Alwar, R.3 (1978, 1880),
Karmakar, De# (1979), Banerjee, B and Datta, S (1079), -
Reddy, Jel (1881); Guoudhury, S.K ;(1.@3.1}., Recently €l€86 J

Chia, C.¥ has publisied an . oxcellent bock entitled “Nenlinear
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Analysis of Plates" in which yr@nigéﬂ on crthotropic and
laminated Plates have been analysed in additicn to other
problans with an extensive biblicgraphy of other related
works. |

| von Karman's gguations have been ext@ndéﬁ'to
thermal locading in the statle and dynasle cases and these
gené?aliéed eguatlonshave been guoted by Nowaekli, W and
iz, CY in their respective hocks. Very recentiy these
ecquaticns hiave further beon eztended to skew plates at large
anplitndes ineluding a thermal gradient by Dalamangas, &
(1984), lansfield, H.B (1932) has suceessfully employed
von Karman'a'equatioas @x%eud@ﬂ to thermal loading in the
dynanic case for 1nVQstiga€ing the large deflection vibraticns
of heated elliptic plutes. Also, with the helpd of comples
variable theory and cenformal mapping, nonlinear analysis of
regular peolygenal plates at cleveted temperature has beeh
investlgated by Biswas,. P {i984). Eaiiey, GoD and Greetham,
J. € (1973} investigated the froe vihrati&ns of thermally
~s5tresood pia%es with'variamﬁAb@unaary'cﬁnﬁitiﬁma.

In 19656, Bergor, HeM proposed a palr of quasilinear
partial differential eghaticns for analysing the large
defleeticns: of isotr@?ic'platGS. These equaticns are in the
decoupled form and have obvicus advantages for the sclution
cf problomse. Bergert's methcd 1s based on the negiect of the
seeend strain invariant of the middle surface strains in the

gxpression coerresponding to the total potentianl energy of



the systemn, Aﬂvapplzeatisn ef the veriational technigue to
this S‘i.MPL‘ffGJ.&*}.@Eg:{ oxpression yields the equations of
equiiibriaa of the plata in the decoupled ferme Although no
complete explanation of thic method has been set forth, yet
the results obtained by him for sinply-supperted and elamped
plates are im.gﬁoé agreonent with those obtéined from more
precise analysis. Following this apprexinmate methed,
different noniinear plate probiems have been solved with
remarkable case by many inv@atigatmrs,(amnng which mention
may be made of theo works of Hash, W and Mudger, J (1959),
Basuli, 3 (1961, 1963), Sinha, S.X (1063), Rowinaki, J.L and
Asmail, LA (1964), Bova, B (1965), Eﬁﬂarjee; B (1987, 1963),
Pal, MG (1969, L1970, 1973), Wu, € gnd Vinson,; J.R (1989),
xaamaehemran; J (1973), Sathyamoorthy, M and Pandalal, XAV
(1974}, Sirears R (L972), Biswas, P (1975, 1977, 1973),
 Kenmiya, W (1076, 1977, i978, 1930), Banerjee, MM (1976, 1931),
Bonerjes, B and Datta, & (1979), dathyomcorthy, ¥ (1981) and
oudhury, SeE (1534) | -
4 Nash and Modeer extended Bergex's methed to
investigate the nenlinear dynanie bohavicur of slastic giéteé
and cbiained soluticns wileh are in exeelient agreenent with
thése ohtain@d from claasieél'a@mati@ns.

Sasull employed Berger's equaticns to obtain ﬁﬁe
solution éf a clampod elreular plate under ecncentrated lead
af large deflecticns, The meticd of seclutlen in the paper 1s

very interesting. He alse cxtended the method for plates under
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normal pressure ond heating.

| _ 5inha, GeN. obtained an intercsting solution

. of cirealar and rectangular plates on elastic foundation
of tha winker {ypes | }

Banerjea, B discussed the large amplitude frea
vibraticna of elliptie pi&teabaseé oh Cergerts approximaticng.
Hathleu functizns have been used in this 'invéstig,atmn.

Péa&m, 14, 3o i &xt@nﬁed E@z‘gm‘ 's analyses for the
Lm’ge defmma@ima af :3}:&-,; platess

Kauiya ﬁmm@r extended Berger's dea of the
neg,.leaes of seemd invamn‘i; frem the total potential energy
for the large deflectivn analysis of sandwleh plates and
-~ ahallow shellss | ‘

(hia and Satyamocorthy, investigated larme daﬂmticﬁs
of lawiinated and crthotrople plates with attention to shear
az*é* rétatery inertiy with the help of @atrgér’a methode
Luring the later part of the sintess and in the sevénteas:
Berger's equations extended to thermal leading in e&né statie
' and dynanie cases were oxtensively used for dii‘fweht '_;zlate
and shell preblends -

Hecently Nownski, J.L, and Chnabes il (’.I. 7’2.) and
Prathap, @ (L979) pointed ctt certain inaccurvacies in Berper's
equations and concluded that these equaticns lead to guite
ma@mmglmes pnd absurd f-@szzits for plates with movable edge
conditicns, Fals is due to the faet that the negleet of ep,

tho secvad strain invariant of the middle surfacs strains
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for movable sdges of the plates,falls to imply the freedem
of rotation in the meridian plane where the meridien stress

B /S oun i dw o ' 7
) O\ =1 -u-b--uﬂ / wihwece, F° wmunes { o ) e - u/r /
' je4%, Or 2 Or J

existas. For mma&a edges the ineplane displacement u is
never sero and thus Berger’s equaticns leads to absurd rosults.
For immovable clampeﬁ edges u = ¢ and "%‘g" = o on tha
boundary and therefore Derger’s equaticns give rise o
satisfactory presulis,. For -&izﬁply—éupp@rtse& iww@le edgea

B = o bud "%‘i? # o on the bczzm{iary and Berger's egquations
gw@ fairly acewate resultse '

‘ To cvercoe the dxfmmlﬁies invelved in the
vm—hm.m and Eerg@r’a methods, Iutia and Bonerjes , ~ 1981 7
suggested a modified enorgy expresgion by hringing climctly
the expresgion fer Ngue  in the potential energy of the
systan and derived g now éa‘t of differential ea;ﬁati@n's, alse
in the deecoupled forme Thoy é‘iﬁam:‘véc‘i kaemmcy of these
equaticns fof clrvoular plates with movable and imav sble
edge ccmiim&m.

F@mwmg this methed of approach very meenﬁl.;
a number of papers have av:a,;;eamei in diffeorent Journals in
support of this approach, With the help of this modified
approach the olastie plate and shell problems fur both
novable and imoovable edges Emve been investigated by
Banerjon, B (1583}, sinharay, Q. o Bénergmg B (1985,
1996) and Ghosh, S K (195G). '
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The cbject of the present thesis i3 to atudy‘.

o nénplim@ar'vibraﬁiena'mf elestie plaﬁes and shellg at elavated'

| temporature by eploying the tareo mothods doseribed aboves |
The thesis is divided- in%o throee éﬁ&ﬁ%@?ﬁs in the st chapter
vens Xayman equations exﬁanaeﬁ to theormal loading in the
dynamie case have been emmlsyea for dealing with the frec
vibrations of somng elastie plates wnd ahallow Shellse

Four problems have been cong iidered of which ﬁhe first
_preblen is the non linear free vibrations and tharmal buekliing
’cf isn&rcpi@'ei&cuiaf‘giates at e1QVatedvtamperaturaa
véa-ﬁarman eguationa in terms of stress functicn and transverse
ﬁisylae@ment have been éﬁpléyeﬂ in the mnalysiss Desides
determining stress funciion for ihe clamp@ﬂ plate with
lmnovable edges, a relati@n cannecting relative amplitudes,
thermal loading paraseter and rolative time-periods for linear
aﬁd_nc&«lineap vibrations has been obtalned. The variations |
have besn presented in the form of graphe It 13 observed that
the ratics of time.pericds for non-linear and linear vibraticns
(le6o TYT) are less for plates with thormal effect than for
these witheut‘th@rmal affect,that is, the effect of temperature
is to deminish the relative tize-periods. loracver it is
chserved that the effeci of semperature parameﬁer on tho
relative time-pericds is similar as that of plates subjected

to the im«glane corpresive forces as investigatet by

Higwas 4, Aﬁisim/. Critepylon for nritlaal buekling tomp@rature
tas been deduced as a limiting case.
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The seeend problen conslsts of n&n;lgn@ar free
vibraticn'analgsis cf erthotrepie clroular ﬁiateg aé elevated
tomperature. Here voneEarman squations in teros @f displace -
ment conponents have been employed in the analysis. Results
for both &a%able and impovable edges have baen presenteds

The next problen analyses the,nane;iméar‘vibrétiens
and thermal buckling of polygenal glatém at él@vated
teoperatire by conformal transformaticon. I the boumdary ef a
plate is o curve natursl to any of the common cceordinate
systom, tﬁe governing equaticns can be saiveé_in terng of
known funecticns. For more ¥ axotic” boundaries, the vatural
ca-ar&inéteﬁ nast first be determined and after this is done,
the solutlcn could inevitably involve scze unfamilar funeticng.
Tharofore, 8 comson comordinate system and its assceiated
funeticn are advantegeous for plates having complicated
beundaries. If the given domgin ecan be conformally maﬁped cnte
a unit cireley the problem then reducaes to the solutien of |
the transformed diffepential system. Tis is lnown as the
eéafbrmal mapping ﬁeehniquefwhich iz based on the complex
variable theorye |
| he cenformal mapping technigue is more useful
begause - ‘ o
(1) If the mapping functicn is knewn,; the statie, thermal gnd
dynamie behavioup of plates of any shape can be obtained from
the solution of the same differcatial equatien and thus
minjmises the computaticnal laboure



(£4) The selutiens of irregulareshaped plates are
appreciated nowomdays in nodera desigh. These soluticns
can only be obtalned with éase and accuracy with the help
of this method. ,

Fron a criticel survey of literature on arbitranyf
shaped plates by the method of conformal mepping technique,
only a fav waéks»e@ulﬁ he locateds These are mainly due to
Laura, Peds and Shehady, P (1960), Banerjee, B and Dutta, S
(1970), Banerjoe, I (1976), Siswas, P (1976, 1981) and
Des, 5 (L935)s |

In this third problen ven-ﬁarman‘ﬁquatiens-in the
d&namie case oxtonded to thormgl loading have been transformed
inty the e&m@leﬁ’acmain and with the help of conformal mapéing
and Galerkin's procedure the vibraticnal ebaracteristie of
difrer@ﬁt regular polygenal plates have besn investigated for
clamped immovable edgeaq Géitiealybaekliﬁg tenperature for
sueh plates have been deduced as linlting cases and comparved
with available resultss | | | |

| he fourth @roﬁl@é deals with the thermal stresses
and vibrations of a shaliswféyheriéal shelii&nﬁer elevated
tempeoratures The ratio of necn linear and linear frequencies
have beaen presented graphieally'fbr different sheli\geematries
and thermal loading pavameters. Softening type of ncn linearity,
that isy the incresse of frequencies with increasing amplitudas.
have been obhserved. Membrane stvrssses can conveniently he
determined from the analysise
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e éeecnﬁ.chapteﬁ'iﬂ devoted bo the investigation
of some elastic plates by lerger’s ap@baxiaaticng Mmis method
is apéiiéd to the cases of g right-angied isoceles triangular
plates and ) 2§ eqailat@ral trianéular plate with simply-
supported boundery ccnditions. For the case of the equilateral
triangular plates triflin@ar’e@nordlna%ea have been used.a
A parabolic plate with elampad inmovable edges has alsc been
considareds So far oueh platesshapo has eascaped the attention
of researchers perhaps due to the matngmatieal complexitics
" involved in dealing with such a problems It has been exhibited
that by usiﬁg farger mefhﬁd of approximaticn the nonelinear
fres vibratiung cof triamgularvand paﬁaéeliﬁ plates éan
conveniently e invastiga*eﬁ. ' |

In the thilrd chapter ﬁergar's eguations for heated
elastlec plates and sﬂells have been derived frem the medified
strain energy expresszaﬁ in the. ligh& af’the nrapa*sticn made
by fmnerjes and Dutta £ /98] /. This chapter consists of twe
probiems of whieh the first cne is the non- linear vibrations
and thermal buekling of elastie eircular plates at elsvat&ﬁ
tenperature,. Resulis for both movable and Ammevable edges
have b@en ubtaxned with ease and accuracy.. The seccnd prab
is ﬁag non: - 123@3@ vibrations ef a shallow spherical shells
dus to thermal gredient. At high temperature modulus of ’
elasticzsy of materials becones funcﬁien cf space variable [}hyf

. (1958)7, me Vibﬁabihﬁdl chavacteristic of centinucus

‘¢lastie System must fhen be based on nonehomogenecus elastiec
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theorye 56 far non linesr analysls of such situaticns for
shallow shells é@ss nét'&@pear téﬂhe-reparteﬂ in'éhe
literature, In this problen basic govarning equations for
the nen - linear vibration analysis of a 3ﬁalléw-$pherical'
shell subjected te thernal gradient have besn derived
eonsidering the mndified'eaergy'@xpresaian and based on
nen-honogeneous theory, the flexural rigidity being the
fﬁnctiﬁn of the radial dlstance (o Je Some numerical
- results showing the dependence of the ratic of nopelinear
and linmear frequencies on the temperature co-afficisnt
have been presenteds

The thesis cencludes with the cbservation en
the three methods employed to difforent plate end shell

problamds



