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1h1n Plates and ;Sfi(dla of different shupes freq,u.~ntly 

ooeur in many structures and the study of their bending prcper­

tio.s is imperative to a des:ign en~ineer. With ·the inereasoo use 

. 01 .. st~ong and liftht-wei~bt strt.tctutves, specially 1.n aerospace 

engineering a:""!d in the v.ibct•at1cns of machine parts, nm:1eroua 

!Jrchl~ naturally arise which b.ava to. be dealt tvi th 

appropriate oondi~lB comli tiona. 

ihe formulatit~n of' elasticity problems ineludi.nc the 

effect of t~..:lPe.t"Etture Vr.i!.l"'.iaticn Wl:l!f studied hy Ht1hou1el as early 

. w1 193'7, snortly after tiHl basi~ formula ticn of' the thQc:t"y ot 

elasticity. lbe linear theory ot tilermoelasticity is baaed on 

the n.ssv.mpt:f.tn that tile dQ.t"'lecti<:ns ara St!la.ll in comparison to~1 th 

tile thickness of' the plates ·and· $hell$. '1h1s assumptief!. follO!~ 

frco the hypcl'tf!twis th.nt the component or strains E" ll , E22 and 

E l 2 1n the deflected midcllo surface huve negligible magnitude. 

· .Haoed on t11e linear theory numerous p~ob1e!J1S of' th~rmal 

stresses m1d deflections including thermal bUekling r:ma. 

Vibrattons of elastic plates and ll1hells have heen studioo in 

viev~ of 'the ract "·thone proble~.s have enor~10U$ appl1catic:ns· in 

aeronau.ties, higbupeed a:irerarts, oissiles and. in nueloar and h·'-

ene.:!iical engine.a~ing • 

. Among ttl(} notewot"thy t-7®It.s in tllis .field are the 

boo1ts ood monoGI'O!Jhs by Hof£'1 rJ.Jo ( l058 ), ()atero~Tood,B.£. (J.007), 



· flowaoki.t tli ( J.962 ); J()n~s,. D.J (J.9G5), ParkbiS 1 H (1976) ·and 

:Uowinski, J.l. U.Jfl8)., £'it·ter1sive bibliograph;y ot t~orka ~:tav~ berm 

· inclu.dod in tt1esa '1,110.t>ks.. Also t1t1Y he mentioned se.me othor 

· r~ea~oh works in tho field or li.?tear ti\er.moelastlcity <:ind 

·tt)Qse ar~ t;y Vinsoo, J.n {l008), ijijlaa:rd, PeP (l~9J, · 

Sut'laka\J-ra, 11 nn.d Uemw:"a.. r~ (1960 l, Das ~ 1~ c (,U1d navaratna, 

n. n (J.962), tie!d.ya, T., ~tmii, ~., Hatst..Woto, B., 1\a.~ayaoo, '1' 

nnd Sugimoto, l (J.9a7)~ Sar!tar; S (1963), ~nonneau, G an.d 

l~angoni, R.D (J.970)J /lkO.Zt A.~' and 1iUlOhert, T.R (l971w 1975, 

J.918), lioychoudbtn~y, S.lt___ (J.972), .Rao, K. s., ~pt:t Rso, N.1l Gnd 

Ar~,a~~~ T (l073), Pratmu. ~~.s.s and Durvasula, s (19"731 1974), 

Katayama, t .?..nd t3~tttya, f (l.S?S) 1 G&nesan, !l (i97B > .. 

~arka.t,, S.K~ ·(l9'.68), Btsvas, · P (1~6, 191?)1 lr1~, T and 

·~amada, G (J.O?al, ·euckens; F (J.9'19), Misra, J.c and sama:nta, s 

( J.OOO), 1lclnar~ J •. s anel Ti'!t;art, v. s CJ.~3l), nas, s (lt:1ll), 

~o, . K, c. v:. s (J.~l34/ an.d. !&mur, J •. 3 and Gupta., .t!. K (l.934J• 

7ha main 'bull;z ot th$ classical apg:rroaoh in appli~4 · 

aee£1un1os ~estfl oo tnc .aaeu,tnp·tton that the phanom.ena involved / 

can be atlaquately ueaeribsd by linear mathematical model. 

· ·tvi th 'tr1o au vent .or eiodGII'n t~C!hnology and ays te1'1S axposed to 

oppressive Q,PeJ.'ational ocooitioJ::1~ th.ls bypotbe31S .could no.·-. 

lont;~r be retainoo. f;Joreover, 1~oreas, detorm..'J,tions, velceities, 

·temperatures ond othe~ factors become el!'ca:sstve, and nonl1n~r 

effects cotle into play t.md tt~e!r 1n.tluenee ean no longer be . 
. igncrad., 1b1$ s1tuat1cn oeonrs ,'llSQ in a part1cula~ £1~14 of 

applie"J ri1~6han:tcs 1.11volving plates a.~d sball~.J shells. 
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1hus •$!Qn t.lte defleot1cns are no longor mnnll in comparison 

·with the tl11clmess, the supplementary str@sses 1n the middlo· 

plane must be taken into account in deriving the differential 

eqnaticns gove.:riting the detleeticn.s of p.l;~;rtQS and shells. 

In th1a iJ/ay one gets the rwn11nea~ dif'farentical gq;aat:ions in 

the classical nonlinear tbeory. 

1he col.\Pled nonlinl1Br partial di.fforontial ef.,tuations 

tor· analysing· the la.rgs deflections ot p.lates \!~ere initially 

established by von li'arL'1all (J.9lO).. ibcse e~uatieins which ~re· of' 

the' fourth order ~·i tli re$pect to the unknO\>m doflacttoo t~r and 

·stress 1"uncticn 'f enables one to determine fi! and '"r • 

von Kru.-man•s equa.tir~ns a.re generally dif.f'ictJ~t to deal 1-1itb 

because of its coupled nonlinearity and as yet no genecal 

solution of theso eq.uations is known. ApproximatQ an.d 

nUZ!lorical methods h.avo to ba adopted for the solution of 

d1ffer!'i'Pnt plata nnd shell. problems• 

1be outs tundin~ r~E~Brch t<Torkers v.11o emplo~ 

von E'a.:rman ts equaticns to analyse ncnli!J.etir bebnv:tour of tn!n 

plates antt shallow shells are Schmidt, R (1963), Il!J.ner, a. F 

C 196-3), Now.inski, J o L CJ.900), N'owinskt..; J. L and Ismail, I. A 

( 1965 ) , Chu, H.l-I and Harraa.nn, -G (1966),- KMnedy, J4. B and 

.simon, w. G (l96'?lt Cooley, l•D (1969), &atyamoorthy, .M and 

Pandalai, K.A. V (J.970, l.972t J.97Bt l93~), Pra:thap, G and 

· Varadhan. 'r.K. (.1.9'131 1979), r~ath,· ~.' and Alwar, R. s (19?8, lOOO), 

Ka.rmal~~* B.M (.1919), funerJe~, B and Datta1 3 (Jo97~))), --

Heddy, J.lf (J.OOJ..), Qloudb. ury, s. K (193l ). ltecen tly (ln:JO ) 

Qlia, C.! has Ptlblisi:led an . 0xcel.lent book entitled nNenl!near 
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t.palysis of: Plritestt in which probl~ on orthotrcpic elncl 

la¥Vi'inatad Plates have been f.U'UU.ysed in a.ddi tic.n to other 

probla11a with an extensiVQ bibliography of other related 

~;orks. 

von Kurman • s aqua tions have been e:xtem:led· to 

·thermal loading ·in the static tlnt! dyna-nie crises and tbe:se 

eenoral1scd eq,O..;:'ltions have been quoted by Nwae!d •• t~ and 

O:lia, C •. ! in their r~pect1ve books. VeY!y l'G?c,ntly these 

equaticns hav~ further been extended to skew p.latas at large 

arilpl1tudes ineludtng a therr3al grac110nt by Dalamangas, A. · 

(l004). rtmsfleld, B~.~U (lSt-12) has sucoessfully employed , 

von Itarmc.m's equations e'l:tendad to ·thermal loading in the 

dynamic case for 1nve~tigati.ng tlHl large deflsct1on vibraticns 

of heateti. elliptic plates .. Al~o, with tb:o help ·or eomplmc 

variable theory and ~C<n:f~rr!lal mapping' nonlinear analysis ot 

regular polygonal plates at Glevated temperatu.r• has bme:n 

investigated by Biswas1. P (J.t18l) .. fhi~ey, C.D and Greetha.tn, 

J. C (J.973) investigatocl the free vibl.•ations of thermally 

-stl .. esseat plates with ·variou~ boundary eond.1ticns. 

In 1005, Berger, H. M proposed a p.;dr of quao1linear 

par·tial. differential eqnaticns :ror analysing ths large 

deflect1cns, o.f isotropic p1atos. 'lhese ,equations a.l"'e in the 

deooupled rorm and have obvious advantages :for the solution 

o:t problems. Berger's t1etb.c-c1 ts based on the negle.et cf th.G 

seccnd stra'in invariant or the o!ddle ::nw.face strains in the 

e:w;pressicn co~r~spcnding to the total potential energy of 
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the systan. h1 appl1eati~on or· the variational techni{}U<t to 

this si.~ptiJ!4c;l( CJ'1ergy ·exPression y.ields the et.luations or 
equilibr:i.tU:1 of the plat~ in the deecupled form. Although no 

complete ·explanation ot t.~:!s method has been set forth, yet 

the resul. ts obtained by -him· :for s.topl~supported and claT.ped 

plates are in go<xi agree~€'n.t wi tb thooa obtained from ~ore 

prceia(!! analysis. Following this approximate method, 

different nonlinear plate probltm'ls have been solvgJ with 

remarktiolo ease by many invest-igators,_umong which mention 

may be maue or tJ1c \rorks ef lftlSb, 'H and Modeer, J (1009), 

&a n11, S (l9(3l~ 1963), .S1nhrit~ ~ :t (1063 l, tJcndnsk.i, J' • L and 

.Iatria:U.., I.ll (.L964), . .Bera, R (l965), Bunei\1ee, B (l96?, lr-36!0, 

Pal, 11~ c (1969, l9?0, .1973)1 !NU, o anti Vinson, J.R (1969), 

· .flamachand:ran, J (1973)» Sathyamoorthy~ l.f and .Pa~alai, K. A. V 

(1974); Stt~ear' R (.1974), Bis~1as, P (.10?5, 1977, 1978 >, 
Ktimtiya, fi1 (19761 J.r!'/7, J..fl78; 1830), &nel'\JQtlt l·!o M {l9?6, 1981), 

l.'nnerjee, n and Datta, s (J.9'79), Jathyarnoorthy, t4 (1001) and 

Choudbury, · •"- K (l9'34), 

Nas'h and_ t1otteer e1$talt.ded Berge:r •s L'lett'!.oo to 

investigate th~ nonlinear dynamic behaviour of eiastic piates 

and obtained solutions Ytihich are in GX'eel1ent agreem,ent with 

t~1oslilo obtained from cl3ssieal ·equations. 

Easuli employed Berger's equations to obtain tho 

solution of a clamped circul.a~ plate tU'lcler concentrated load 

at large detlecticn$. 'lhe meti1od of' solut1cn in tha pa-per is 

very tnterestin,:;. He also G;tt.~nded the rn~thod for plat~s under 
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normal pressuro end heating. . 

Sinha., ~.N. obtained an 1nteresttng $OlUtion 

ot circular and rectangular plates on elastic foundation 

of tbG Wink~r type~J 

B:me!'Jee, D _d1scuasod thQ la~ge· ampl1tua• frea 

V1brations of ~liptle pl~tei'J. b&$00 dl. Berg.arts appro~d.mat1ons. 

z,iath1ol1 fUnctions haVQ bQ~n usfd in this investigation • 

.Pralilu, 11. ~). ~.. ~xtarlded l)er~e:fl. 1S analyses fo:r the 

largo a(t~oiflr!a.tlc.na ot tdtQ"tf plat~. 

I\amiya t'Ul"ther .· exter:-~ed :a&rg~r's :tdGa ot the 

ne~lGet cf a~cond 1nVOY~nt frcm tn~ total potential energy 

tor the lr1rge defleet1cn. an&lysis of sandwi~h plates and 

shollow shells. 

Chia and S:.atyaruoorthy, inv~stiga:ted lar1e dcfl~Seticns 

ot la:':wYinated an.d Cl't.~otrop.ie plates 'li11 th attention to shea!" 
. I 

and rotatory inert.ia l1i th ttu~ help of fJ.~rger•s method •. 

bu.rtnc the later part ef the s!xt~es ancl in the seventooa' 

JJergel"':s oquat1,;ns e!ttend~ to t\1ermal loadi,ng in the static 

ana dynamio eases were extensively used .fc!f' di.f'£areht plate 

and shell pre~blEJW;l. 

Heegntly N&.vnD~d.,. J'o~ an<l (kma~, n (l97i.} arui 

Prathap, a (J.919) pointe-d ou~ eertain inaccuracies ·in B&rger's 

equations ~:! coocludro tha;t t11eae equations lead to quite 

meaninglGss. and absurd: l"esults fer plates with movable oog~ 

ecndi ttcnso 1h1s ~· du~ to the f:aet that tl1a neglect of' e2 , 

t-l10 tJeoc-nd strain invariant ''f the middle surface strains 
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.for movable ~ges ot the plate~,tails to imply the £raadcm 

of rotaticm tn ·tne meridian ZJlarla tinGrQ tne m~r1dia.'1 3t:ress . 

exi~ ts. For movable «!ges the in-plane displac@m~mt u is 

never ~el'o a,.~d. th.Us Bergeris equations leads to abSurd r®sults. 
. . dU · 

For ~'!lmoVa.blt:? elampOO. edt;ea tt m o and .......... • o an tho . . . · ar 
boundary and therefore ~rger•s -equaticns gi~e rlso to. 

aatilsfaetol!f rrgsults •.. For -~~ply .. supportcd immovable. edgQa 

U : 0 but -~!1. p 0 on t.'fle bbiindaJ')' ·~ld J3er~G1"' 1S Qq~tlmlS 
' or . . 

give £a1rly acQurat~ results. 

To cV~I'CefllS tho diff1oul ties involved· in the 

von-Kar-Lian and Derger•.s methooa~ Dutt6 and B.nnerJG9 t.,-1981 J 
suggested a modified energy 0Xll.tt~sai(1n by bringing directly 

th .. e (?Xprsssion ft."l' 0' rr in tll~ potGn tial energy or tb~ 
aystsa ~lil derived a ~~~ $et or tU.rfe~entlal e~1uatien·s, also . 

in tne deccuplet\ tol'm• 'lbey obsot·voo accuracy _of tlJ.ose 

~quat;i0ns for c1rcttlar plateili with movable and i1ilL1ova.ble 

edge eor~iticna. 

Ftlllwing tbia method or Bllvreach veey reeGntl~ 

a number ef puperi.a h.ave a..vx.ularoo in different Journals ln 

support of ~li$ approaen.Wi~~ tho help ot this modified 

approa~ the ole.~rtic plate and shell problama for both. 

movable and isaovabl~ edges oove bae.'lt 1n'Ve3tigat~ by 

B$ler;JeG1 a (1983), sm~, fi.c. and 11ansr3ee1 lJ Cloos, 
l.OOtU and Ghosh., ~li,K (l93S). 
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Jhe object or the l?rosent tbsais 1s to atud.y 

non-linear vibrations o'E elastic plates and shells at ei~vated 

te::2Pel"ature b:V' oroployi!ag the th~ee ·methods deiJevi·bed abo'Je~ 

~e t}te:;ia is divided-into ttiro~ ehapterse :tn th~ _1st eh®ter 

vo,.,...rta.rmoo ~.ih}uations extended- to thermal leading tn_ the 
. . 

dilflamic· ease ha11e hem ernployed for dEW.lil:lg w1 th the tree 

Vibrations or sor.:to ela~r:tic plater.t . and shallow shells. 

Four problems have he.tm con.oidered. ot which tho ff.rtat 

. probl~~ is tb.e noo lioliJar £rae vibrati<,-na and thermal bucitling 

ot isotropic ~1rcular platoa at elevated temperature~ 

von-l~~'l~~ ~quatic.na in ter!nB ot st;r;ess ftmot!c:n. ood transv~rsf!) 

dtuplaccyment have been @rnployM 1n tbe analysis. ;Besides 

d~term!n.ing atress function tor tile ·e~ped plato with 

immovable edgos, a r-elstion_ connecting relati'IO am}'l1tud~s, 

tharsnal loading parnmeter and rolat1ve time-periods ror linear 

and n~linear Vibratials hus beoo obtained. :iho Va.r1at1ons 

bnve baccn -presented in tho for1n of ~rapht> It 1s obsorvQd that 

the ratios ot t1~lle-peric..-ds tor nc.in•linear and linear vibrathms 

Ci.ee f*/2) are less .ror plates with tho.rmal effect than tor 

those wi tb.ou t tho~mul Qfteet, t:h.at is, the· effect ot temperature 

is to derninish tllS! relative t1t::e"'Per1oos. Nort;;cver 1t is 

obsf:)I'V~ that t~e eff"act of temperature lH:t:rametGr on the 

r0lat1ve tioo:.pertods is simila~ as ·that ot plates sUbJected 

to thG in-plano c~~eaive f'creas as tnvost1gatod by. 

Biswas ~,..- J..9 81 J. Criterion tor critical buc~tling tt'\'!rnperature 

has been dod.ucacl as a lim1 tint~ case. 
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'lbe s~ocnd problem eonsists o1: n~m., linear tree 

Vibration analysis Of Ol'thotropie Oit'C\llar plate~ at elevated 

te~nperatllro. t!ere vcr~Karman Gquat1qns i.n terms or displace­

ment cooponents have bem QmPloyed ·in t.!Je anal;vais• He:Jul ts 

fo.r both movable anti i.rJ.t"'iloV'ablo edges hav~ iJaen pr0sented. 

':lh.e next p~oblem analyse$ the non:' li'naar vibratil.oos 

and thermal welding ot polygonal plntris at ele\'at~ 

t~eratt.lr$ by eonfc.\rmal tranef'o:tmatton. If th('; hotlndur~ .. ot a 

plata is a curve natutaal to any ct th@ common cc-ordinate 

$YSt0m1 the governing equations can be solved in t&r~u ot 

known fu..l!lct1cn$. For more " E'utotl.e" boundariesl tho . na tu:ral 

co-ord,1natas must nrst be dotGrm1ned and 'att~r thi6 is done, 

tho soluticn could in.e\'1 tably involve s,cme un~a!??ilm.• ftmetiona~ 

1h\1retorei a c~non oo.ordinattJ system .and its associated 

ftmet1~~~ are advantageous tor plates having eomplieated 

boundat'1es. If the giv~ domain can be contormall1 mapped onto 

a unit cit"elet th~ prcblem tt1en rooucas to the solut1cn ot 

the tmmsforoed ditterent1al system. llbie is known a$ the 

conformal mapping t~tm1que which is. basG'd on the canple:x: 

variabl<l theory. 

'lhe conf'omal .r.u.tpptng technique is more usefUl 

because 

(i) If the mapping tuncti'-'111 1s known, the static, th.e:r~12€U und 

dynamic bGha.viour of pln te~ o£ any shape can be obtained trom 

the sOlution or the same differential equation and thus 

minimises the computational laboUl'e 



(11) ·lb~ solUtions or irregular-shaped ·plates are 

appreo1~te4 nov-a-days in mode.t"ll aast.gn. 1hese solutions 

can only be obtained rdtn ease and e.oeuraey with the help 

or this method. 

Prom a critical survoy of literature on arb1trar.v­

shapoo plates b~t the Gethc4 of coofomal oapJ,>in& technique, 

only a few worlts could. be located. '1he2e are mainly duo to 

Laura, P.A. and ~ahady, P (1~69), .Bane1\1ee, B ond Du·tta11 S 

(1979), &ner;tee, r~lot (l976)tJ lli-aws, f' (l976, l9.3l) and 

Des s (.1.005 \. t I 

In this third problem von,. Karman equations tn the 

dynwnie case extended to ther~al loading have: been tranaforr.ted. 

into th<il complex· dcmai.n and t-;:1th tho help of eonf~r?!l41 mapping 

tmd Oalerkin 1s Pl"oeoour~ th~ v1brat:tcnal el1aract.ertst1c of 

different regular polygonal platGs uavs been investigated for 

elamp'-~ immovable edges., crt ttea.l buekling temperature to:r . 

sueb plate~ have be~ dedt£oed as ,1U11t1ng eases and ec~pa:t.oo 

~~i'th a'Vailable results. 

ihe fourth problet'l deals u1 th the thel"m.al st:.!"eSBe.s 

unCi vibrations or a shallow .Spherical shell. under elevatGd 

tar!iperatut-~ :the ratio of' n.cn·- linear and l1nf!ar tre-qu~nc:tes 

have bem presented; graphically f'or clit.fercnt sbell geometries 
' 

a'1d thermal loading t>a:t:•nweters. Softening type of: .ncn. linearity, 

that is, the increase or f'.ttequeneies With 1ncrea~1ng a.mplttudes 

have been oes~rvQd .. t~mbrane s1a"Q'Ssea can ccnv~ui~ntly be 

determined f~om t110 analys!$, 



r 

..,.. 

J 

1he second chapter 1QJ devoted. tc the i·mrestigatton 

of some elastic plate$ by Berg0r•s a.Plll'mtioation. 'lhis mathcd 

18 applied to t&io cases of a. r1g\lt-angl~ isoeeles triangular 

plates and an· equilnteral triangular plate w:! th s1mply .. 

SU!JPO~t00 ooundery ccmU. t1~:;ns. For the case or the equilateral 

triangular plates. tri·,.,.l~near ·eo-ord1nat'ls hava been used• ... 

A_parabclio plate ~.nti:~ elamped immovable edges has also bt!en 

eonsidtlr~· Sc tar such. plate-shape has eascilpad the attention 

ot researchers perhaps due to trh! rnathsmatieal complex1t143s 

involved In dQaltng w~th such a problem• lt.nas been exhibited 

'that by ust~g Eierger met.i<jc;d c£ llPlJr0ximaticn the noo-linetir 
I 

tree vibrati(.iirlS or triangular and parabolic plates can 

ccnvE?niently be inVGS'tit;ated. 

In the· third 0!'1ap ter Berger's equati,on:t for hQatw 

elastic plntea and si1ell·a hava boen derived f'rem t.lle ·moottted 

strain energy_ oxPrassicn in tlH~ light or the p_roposi.tio.."l mad~ 

by ~~rjoe qmd wtta t..""'/981 __ 7. This chapter consists .of two 

problems ot whit:zll ti1.e first one is the non, linear .Vibraticns 

and tl'H!t>mal buckling of ftlastie circular plates at elevat~ 

tooperature. il~sults for botb movable and immovable adges 

nave been obtained with ease and acouraey •. !bo seccna· problem 

is the n~, ·linear vi brattons of a shallow spherieal ehells 

du~ to thermal gradient. At htgh. temperature modulua of 

elastie.i ty ot materials bccanes f~netion c:r space variable [ H oJJ", 

; .{ 1958)../. ~1\le vibraticna.l characteristic ot ecnt1nuous 

s3lastic system .must then be based on ncr.-hcmog~necus elastic 
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shall~.~ shell$ does t:tr)t- aPlH)ar to be- reported in · th.e 

litet'atux·e. In this prvhl~ basic governing ~qua:t1c.'1S fol:' 

the rlCtl·-ltn~ar vibrati·on ;analysis -of a ahra,lov e.;pherteal 

shell subJected· tQ therr.!al ·gradient have be4S'n derived 

eor.siaevlng the aaodif1e4 ~nergy ·ercpresslon an<l bas~d on 

ncn-b.ct'!ogeneoU¥ theory, the floxu~al ri.gidtty lJeing tho 

function or the radial disvtance ( -r ). ilome numerical 

results »hOtdng the dopelldence ot the .ratio of. non-linear 

and l1r:u~ar :trequo.neien on the t9f'Jll,hnature cc~ effic1.~nt 

have '~en presentGd. 

the thr0e raethQds employed to different plate and. shell 

pro bleB• 


