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Chapter 2

ON THE GROWTH OF
DIFFERENTIAL MONOMIALS

2.1 Introduction, Definitions and Notations.

Let f and g be two transcendental entire functions defined in the
open complex plane C. It is well known that

. M(r,fog) ..  M(r, fog)
M M(r, f) =M (rg)

Clunie [7] discussed on the behaviour of

log M(r, fog) . log M(r, fog)
log M(r, ) log M(r, g)

as 7 — 00. Song and Yang [42] worked on

log® M(r, fog) . log® M(r, fog)
log® M(r, f) log® M(r, 9)

as r — 00 Where log[k]a: = log(log[k_l] z) for k = 1,2,3,... and
log[O] T =C.

Replacing maximum modulus functions by Nevanlinna’s charac-
teristic functions Clunie [7] proved for any two transcendental entire
functions defined in the open complex plane C,

. T (r, fog) . T (r, fog)
Iim ———— =00 and Ilm ————= =
r-co T (r, f) r—oo T (r, g)

The results of this chapter have been published in International Journal of Pure and
Applied Mathematics, see [9].
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Singh [43] proved some comparative growth properties of log T'(r, fog)
and T'(r, f). Singh [43] also raised the problem of investigating the
comparative growth of logT(r, fog) and T'(r,g) and some results on
the comparative growth of logT(r, fog) and T(r,g) are proved in
Lahiri [27].

Since M (r, f) and M(r, g) are increasing functions of r, Singh and
Baloria [45] asked whether for any two entire functions f, g and for
sufficiently large R = R(r),

log? M logl?
lim sup o8 5 (r, fog) <oo and limsup 8 2M(r, fog)
T—00 log[ ] M(R, f) r—00 lOg[ ! M(R7 g)
Singh and Baloria [45], Lahiri and Sharma [28], Liao and Yang [31]
worked on this question.
Let f be a transcendental meromorphic function defined in the open
complex plane C. Also let ng,n,...,n; be non-negative integers such
k
that S n; > 1. We call P[f] = bf™(f)m...(f*))™ where T(r,b) =

i=0
S(r, f) to be a differential monomial generated by f. The numbers

yp = E n; and I'p = Z(z + 1)n; are called the degree and weight of
=0
Plf] respectlvely {cf. [8]}.

In the chapter we develop some new results on the comparative
growth properties of composite entire or meromorphic functions and
differential monomials generated by one of the factors.

The following definitions are well known.

Definition 2.1.1. The order ps and lower order A; of a meromor-
phic function f is defined as

. log T'(r, f) log T(r, f)
= = S L4 = lim inf —=——*
b1 hg}jﬁp logr and  Aj = 1?—1&1 logr
If f is entire, one can easily verify that,
[2] log!?
ps = limsup log = M(r, /) and Ay =liminf o~ M(r, f)
r—00 logr T—00 logr

Definition 2.1.2. The type o5 of a meromorphic function f is
defined as follows
T(r, f)

of = limsup — 0 < py < o0.

r—00 T
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When f is entire, then

o = limsup
r—00
Definition 2.1.3. [50] For a € CU{oo}, we denote by n(r,a; f |=
1) ,the number of simple zeros of f —a in |z| < 1. N(r,a; f |= 1) is
defined in terms of n(r,a; f |= 1) in the usual way. We put

: N(rya;f|=1)
01(a; f) =1 —limsu - :
the deficiency of ‘a’ corresponding to the simple a- points of f i,e.simple
zeros of f — a. '
Yang [49] proved that there exists at most a denumerable number
of complex numbers a € CU {oo} for which

d1(a; f) > 0 and Z oi(a; f) < 4.

aeCU{oo}

log M(r, f)
T—, 0< Py < 0.

2.2 Lemmas.

In this section we present some lemmas which will be needed in the
sequel.

Lemma 2.2.1. [1] If f is meromorphic and g is entire then for all
sufficiently large values of T,

T(r, fog) < {1+ o}y AT (M (r,9), )

Lemma 2.2.2. [{] Let f be meromorphic and g be entire and sup-
pose that 0 < p < pg < 0o. Then for a sequence of values of r tending
to infinity, |

T(r, fog) > T(exp(r*), f)).

Lemma 2.2.3. [32/Let f be a transcendental meromorphic func-
tion of finite order or of non-zero lower order and

> Gi(a; ) =4, then
aeCU{oo}
- T, Pf)

A —_T_(TT =Tp— (Tp—vp)O(0; f)
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where

. N(r,f)
©(o0; f) =1 — limsup .
( ) 7—00 T(T, f)
Lemma 2.2.4. If f be a transcendental meromorphic function of

finite order or of non-zero lower order and Y, & (a; f) =4, then
acCU{oo}
the order and lower order of P[f] are same as those of f. Also the type

of P[f] is {Tp— (Tp—~p)O(00; f)} tumes that of f when f is of finite
positive order.

Proof. By Lemma 2.2.3,

. logT(r, P[f])
e oe T(r )

exists and is equal to 1. So

logT(r, f) .. logT(r,P[f]) _ _
logr Tlgglo log T(r, f) = prt=r

pp[y) = lim sup
r—00

In a similar manner, Ap[s) = A;. Again

op) = lim SUPM = lim supw lim T(r, P[f])

r—00 rPPf) r—o0 rPf 500 T('f‘, f)
= 07.{T'p — (T'p — 71p)O(c0; f)}.

This proves the lemma. =

2.3 Theorems.

In this section we present the main results of the ‘chapter.

Theorem 2.3.1. Let f be transcendental meromorphic and g be
entire satisfying the following conditions: (i) py and p, are both finite
(it) Ay is positive and (it5) Y, di(a; f) =4.

acCuU{oc} .

Then for p' > 0 and each a € (—o0, 00),

o AogT(r, Fog)}e

M og Tlexp (), P 0 177 1+
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Proof. If 1 + a < 0, the theorem is trivial. So we take 1 + a > 0.
Since T'(r, g) < logt M(r, g), by Lemma 2.2.1, we get for all sufficiently
large values of r,

T(r, fog)
i.e.,logT(r, fog)

{1+0(1)}T(M(r, g), f)
log{1+0(1)} +log T(M(r, 9), f)

ie., log T(r, fog) < o(1) + (ps + e)rtPrtd

i.e.,logT'(r, fog) rPate) {(pe 4 &) + o(1)}. (2.1)
Again for all sufficiently large values of r, we obtain by Lemma 2.2.4,

 logT(exp(r”), P[f]) 2 (Apyy — €) log(exp(r))
i.e.,logT(exp(r?), P[f]) > (A\;—e)r®. (2.2)

IA A IA IA

Now from (2.1) and (2.2) we get for all sufficiently large values of r,
{log T(r, fog)}*e _ rlert0+a{(pf + €) + o(1)}'*e
log T(exp(r?), Pf]) ~ (Ar —&)r?
from which the theorem follows because we can choose € such that
0 < e <min{Ay, 55 — pg}-
This proves the theorem. m

(2.3)

Remark 2.3.1. Theorem 2.8.1 improves Theorem 2 of Lahiri and
Sharma [28].

Remark 2.3.2. If we choose f to be meromorphic and g to be
transcendental entire satisfying 0 < Ay < p; < 00 , p; < oo and
Y. 61(a;g9) = 4, the theorem remains true with P[f] replaced by
aeCU{oo} -
Plg] in the denominator.

Remark 2.3.3. If we take p; > 0 instead of Ay > 0 and the
other conditions remain same, the conclusion of Theorem 2.8.1 re-
mains volid with ‘limit’ replaced by ‘limit inferior’.

Lahiri [27] proved the following theorem on the comparative growth
of log T'(r, fog) and T'(r, f).

Theorem 2.3.A. Let f and g be two non-constant entire functions
such that Ay < Ay < py < 0o. Then

log T'(r, fog) _,

lim inf
7—00 T('r, f)
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In the following theorem we improve Theorem 2.3.A by considering
f to be transcendental meromorphic. In fact we prove something
more.

Theorem 2.3.2. Let f be transcendental meromorphic and g be
entire with Ay < A < pf < oo and Y. d1(a; f) =4. Then

acCU{oo}
.. olog{T(r, fog)log M(r,g)}
lim inf = (.
r—00 T(T‘ ) P [f])

Proof. In view of Lemma 2.2.1, for all sufficiently large values of
r, we have

T(r, fog)log M(r,g) < {1+ 0(1)}T(r,g)T(M(r, g), f)

i.e.,log{T(r, fog)log M (r,g)}
< log{l+0(1)} +1logT(r,g) + logT(M(r,g), f)-

From above we get for a sequence of values of r tending to infinity,
log{T'(r, fog) log M(r,g)}

< o(1) + (Ag+e)logr + (ps + &) log M(r, g)
< o(1) + (N, +€)logr + (ps + €)rPa™e), (2.4)

Again for all sufficiently large values of r, we obtain by Lemma 2.2.4,
T(r, P[f]) > rPrn=e) = pAsr=2), (2.5)

In view of (2.4) and (2.5) we get for a sequence of values of r tending
to infinity,
log{T'(r, fog)log M(r, g)} _ o(1) + (g +¢)logr + (ps + £)rste)

I(Plf) T rr—e)

A (2.6)
Now as Ay < Ay, we can choose e(> 0) in such a way that A\;+e < Af—e¢
and the theorem follows from (2.6). m

Remark 2.3.4. If we take p; < Af < pr < 00 instead of Ay <
Af < py < oo and the other conditions remain same, the conclusion
of Theorem 2.3.2 remains valid with ‘limit inferior’ replaced by ‘limit’
as we see in the following theorem.

£23039
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Theorem 2.3.3. Let f be transcendental meromorphic and g be
entire with p, < Ay < pyr < ocoand Y. 01(a; f) =4. Then

aeCU{oo}
. log{T(r, fog)log M(r,g)} _
Jim, T(r, Pf]) =0

Proof. In view of Lemma 2.2.1, we get for all sufficiently large
values of r,

| log{T'(r, fog) log M(r, 9)}
< log{1l+o(1)} +log T(r,g) +log T(M(r, g), f)
< o(1) + (pg + &) logr + (ps + ) log M(r, g)

i.e.,log{T(r, fog)log M(r,g)} < o(1)+ (py+¢)logr
+(ps + &)t (2.7)

Now combining (2.5) and (2.7) it follows for all sufficiently large values
of r,

log{T'(r, fog) log M(r, g)} < o(1) + (pg +€) logr + (ps + g)r(pote)
T P S =V '

(2.8)
As p, < Ay we can choose (> 0) in such a way that p;+e < Ay —¢
and thus the theorem follows from (2.8). =

Theorem 2.3.4. Let f be transcendental meromorphic and g be
transcendental entire such that 0 < Ay < pf < 00 and 0 < Ay < py <

0. Ifog<ooand Y, &ifa;f)= > 61(a;g9) =4. Then
acCuU{oo} aeCU{o0}

log T'(r, fog)

Jim su < oo
2 os? log T (exp(r®), P[f))
and limsup log T{r, fog) < o0

roo  log T'(exp(r?s), Plg])

Proof. Since T(r, g) < log™ M(r, g), by Lemma 2.2.1 we get for all
sufficiently large values of r,

log T'(r, fog) < o(1) +log T(M(r, g), f)-
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So in view of Lemma, 2.2.4, we obtain

lim su log T'(r, fog) o(1) + log T(M(r,
e’ log T{exp(rea), P[f]) < lmsup = T(efpo(w)(Pg[’)J)f)

i.e., limsup log T'(r, fog)
T—00 log T(exp('rpg) P[ ])

: T(M(r,g),f) log M
< limsup log og M(r, g)
R g Mg im0
-lim sup log(exp(r?v))
T—00 lOg T(exp(rpy) P[ ])
i.e.,limsup log T'(r, fog) 1 1

< Pf O = e . —
o log T(exp(ree), P[f]) = P17 %03 = P1 9oy < o0
Similarly vge obtain by Lemma 2.2.4,

: log T'(r, fog) 1 1
USSP Tog T{exp(rer), Pg]) = 1 “hpy — P 903, <

ThjS-proves the theorem. m

" Remark 2.3.5. Theorem 2.3.4 is an analogue to Theorem 5 [31]
for composite meromorphic functions.

Theorem 2.3.5. Let h be meromorphic and k,g be entire such

that A, > 0 and py < p. Then for every transcendental meromorphic
function [ of finite order and satisfying >, d1(a; f) =4,
acCU{oo}

. T(r, hok) _
L T(r, fog)T(r, L)

Proof. In view of Lemma 2.2.2, we get for a sequence of values of
r tending to infinity,

T(r, hok) > T(exp(r*),h), 0 < p < pg. (2.9)

Again for all sufficiently large values of r,

log T'(exp(r*),h) > (An — €)log{exp(r*)}
ie.,T(exp(r*),h) > exp{(An—e)r*}. (2.10)
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Now combining (2.9) and (2.10), we get for a sequence of values of r
tending to infinity,

T(r, hok) > exp{(An — &)r"}. (2.11)

Since T(r,g) < log™ M(r, g), for all sufficiently large values of r we
obtain from Lemma 2.2.1

logT(r, fog) < log{1+0(1)}+logT(M(r,g),f)
ie.,logT(r, fog) < log{l+o(1)}+ (ps+¢€)log M(r,g)
ie.,logT(r, fog) < log{l+o(1)}+ (ps+ s)r(pg+6)

ie.,T(r, fog) < {1+o0(1)}exp{(ps+e)rsto}. (2.12)

In view of Lemma 2.2.4, we have for all sufficiently large values of r,

T(r, Pf]) < rlrnte)
ie.,.T(r, P[f]) < o) 213

From (2.12) and (2.13) it follows for all large values of r,
T(r, fog)T(r, P(f]) < {1+ o(1)}r?*) exp{(p; +e)r»9}. (2.14)

Now combining (2.11) and (2.14), we get for a sequence of values of r
tending to infinity,

T (r, hok) S exp{(\r — e)r*}

. (2.15

T(r, fog)T(r, PIf]) = {1+ o(1)}r(es+e) exp{(ps + €)rlpst)} (2.15)
Since p, < pr, We can choose e(> 0) in such a manner that

Pg €< p< pg. (2.16)

Thus the theorem follows from (2.15) and (2.16). m

Theorem 2.3.6. Let f be meromorphic and g be transcendental

entire such that p; < 00, Ajog =00 and Y, d1(a;g) = 4, then for
acCu{oo}

. logT(r, fog) _
s log T(r4, Plg])

every A(> 0),
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Proof. If possible let there exists a constant # such that for a
sequence of values of r tending to infinity

log T'(r, fog) < B.log T'(r*, P[g]). (2.17)

Again in view of Lemma 2.2.4, we obtain for all sufficiently large values
of r,

log T'(r*, Plg]) < (ppig +€)logr”
ie.,logT(r* Plg]) < (p,+€)Alogr. (2.18)

Now combining (2.17) and (2.18), we have for a sequence of values of
r tending to infinity,

log T(r, fog) < B.(py+€)Alogr
- lesAfog < B.A(pg+e)

which contradicts the condition Aso = oo.
So for all sufficiently large values of r, we get

log T(r, fog) > B.log T(r*, P[g)),
from which the theorem follows. m

Corollary 2.3.1. Under the assumptions of Theorem 2.3.6,

. T(r, fog)
A% T, Pla)

Proof. By Theorem 2.3.6, we obtain for all sufficiently large values
of r and K > 1,

log T(r, fog) > K.logT(r4, Pg])
ie.,T(r, fog) > {T('rA,P[g])}K

from which the corollary follows. m

Remark 2.3.6. If we take_,z_)f <ooand Y, 6&i(a;f) =4 instead
-a€CU{oc}
of pg <00 and Y. d1(a;g) = 4 respectively, then Theorem 2.3.6
aeCu{oo}
and Corollary 2.3.1 remain valid with Plg] replaced by P[f] in the

denominator.
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Theorem 2.3.7. If f be meromorphic and g be transcendental en-

tire satisfying (i) pyf < 00 (1) 0 < Ay < pg < 00 and (#3) Y, di(a;9) =
acCU{oo}

4, then 2
. log” T(r, fog) _ p
lim su ? <4
'r—)oop ].OgT('r, P[g]) - Ag
Proof. In view of Lemma 2.2.1 and Lemma 2.2.4 and since T'(r, g) <
logt M(r, g), we get for all sufficiently large values of r,

logT(r, fog) < log{l+o(1)} +log T(M(r,g), f)
i.e., logT(r, fog) o(1) + (pf +¢€)log M(r, g)
ie.,10gT(r, fog) < {(py+2) +o(1)}log M(r, )
i.e.,log? T(r, fog) log? M(r, g) + O(1)
log? T'(7, fog) log® M(r, g) + O(1) logr
He log T'(r, Plg]) logr "log T(r, Plg])

IA

IAIA A

IA

. log[2] T(r, fog)
i.e., limsu
m P Tog T'(r, Plg))

. {log M(r,g) + O(1)} .. logr
< 1
< fimewp == TSP Yo Tr, Pl
1 Pg
— p — .
‘APl A

This proves the theorem. =

Theorem 2.3.8. Let f be meromorphic and g be transcendental

entire satisfying A\f >0, 0< py<oo and ). d&i(a;9) =4. Then
a€CU{oo}

: log T(r, fog)
limsu
oo 10g T(exp(r¥), Plg])
Proof. Let 0 < p < ¢/ < pg. Then in view of Lemma 2.2.2 for a
sequence of values of r tending to infinity,we get

T(r, fog) > T(exp(r*),f)
i.e.,logT(r, fog) log T(exp(r"'), f)
i.e.,logT(r, fog) (Af—¢) log(exp(r*))
i.e.,logT(r, fog) (Af — e)rt. (2.19)

=00, where0 < u < pg.

IV IV IV
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Again in view of Lemma 2.2.4, since py < oo then for e(> 0) and for
all sufficiently large values of r,

log T'(exp(r*), Plg])

< (ppig +€)log{exp(r*)}
i.e.,log T(exp(r*), Plg]) < (

pg +€)rh. (2.20)

Now combining (2.19) and (2.20), we obtain for a sequence of values
of r tending to infinity,

log T(r, fog)  _ (\s—e)r¥
log T'(exp(r#), Plg]) — (pg +e&)r#”

Since u < y', the theorem follows from (2.21). =

(2.21)

Corollary 2.3.2. Under the assumptions of Theorem 2.3.8,

. T(r, fog)
W SUp o eep (rY, Pl

Proof. In view of Theorem 2.3.8, we get for a sequence of values
of r tending to infinity that

log T'(r, fog) > KlogT(exp(r*), Plg]) for K > 1
ie.,T(r, fog) = {T(exp(r*), Plg])}",

from which the corollary follows. m

=00, where 0 < pu < p,g.

Theorem 2.3.9. Let f be meromorphic and g be transcendental
entire such that (i) 0 < p; < 00,(1#) 0 < 04 < 00 (¥it) py < oo and
(iv) >, 6&i(a;9) =4. Then

aeCU{oo}

T(r, fog) _ Pf
lim inf <
r=co T(r, Plg]) {FP— (Tp —7p)O(00; 9)}

Proof. In view of the inequality T'(r, g) < log* M(r, g) and Lemma
2.2.1 we get for all sufficiently large values of r,

T(r, fog) < {1+0(1)}T(M(r,9),f)
i.e.,logT(r, fog) < log{l+ o(1)}+logT(M(r,g),f)
i.e.,logT((r, fog)) < o(1)+ (ps +¢€)log M(r, g)
.. JogT(r, fog log M(r, g)
1.e.,11ﬂ£f TG, Plol) < (ps+e) hmme(r—P[]) (2.22)
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From the definition of type of an entire function it follows for all
sufficiently large values of r,

log M(r,g) < (o, + €)rPs. (2.23)

Again in view of Lemma 2.2.4, we obtain for a sequence of values of
r tending to infinity,

/—\
:9
=,
|
m
~—
ﬁ
)
]
=N

gl) 2
i-e-,T(T Plg]) 2 [{FP — (T'p —7p)B(00; g)}o, — €lr’. (2.24)

Now it follows from (2.23) and (2.24) that for a sequence of values of
r tending to infinity,

log M(r,9) _ (04 +¢)
T(r,Plg) — {Tp—(T'p—1p)O(0c0;9)}o, — €]
log M(r, g) (o4 + €)
ie., iminf ———="== < )
rooo T(r, Plg]) = [{Tp— (Tp—7p)O(c0;9)}oy — €]
Since (> 0) is arbitrary, it follows from above that
log M(r, g) 1
lim inf < . 2.25
RETE Pl = Mo Tr—molesigy )
Now from (2.22) and (2.25) we obtain that
lim inf T(r, fog) < (os ) (2.26)

r~oo T(r, Plg]) = {T'p — (U'p — 7P)O(00; 9)}
As (> 0) is arbitrary, the theorem follows from (2.26). =



