Chapter - V. A Modified MetRod for Soﬁvma Non-Linear Problems wsing
“ Constamt Deffection Cortows MetRod. .

During the process of invo.sl,igat.ion while using two sets of governing equations i.c.
equations (3.1 Dand (3.12) or equations (3.12) and (3.13) both have been. utilized. Since the
first set (3.11) and (3.12) though simplifies the computational hazards yields not very
satisfactory results. This prompts the present investigator to have a little more careful
examination and application of the second set of equations. :

In the present chapter the investigator used the second set of equations (3.12) and
(3.13) for all illustration. In order to make a comparative study some of the problems treated
in the previous chapter have been reinvestigated and some of new problems have also
been treated in the present chapter. The second set of a equations appears to be more
effective  in the vibrational analysis. Obvious reason is that it involves a fourth order
differential equations whereas the first one involves a third order differential equation. To
verify the application of the " Constant deflection Contour " method with equations (3.12) and

(3.13), four specific casés will be considered.

1) Circular plate with built in edge (considered immovable)
2) Annular plate with outer boundary clamped and inner boundary free
3) Annular plate with outer boundary simply supported and inner

boundary free.
4) Elliptic plate with clamped edge

5.1
Problem - 1

Non-Liner Vibration of a Clamped Rigid Circular Plate ¢

A rigid circular plate which is clamped along its boundary is considered ‘The family of
isodeflection curves are concentric circles represented by

W= . [5.1.1]
= 1= -2

Clearly u = 0 defines the boundary and u = 1 is the centre of the plate where the

deflection is maximum under an uniform loadp .
The deflection and stress functions are assumed to be

w = WY&
FoWmr

IYor Such variable u equationi@.]Z) and (3.13) as deduced by Banerjee and Rogerson

[i22]

in chapter HI will reduce to
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The first step of the method of solution as explamed in Chapter- III, W can be assumed .

as W= Z A w
compatxble w1th the boundary conditions for a clamped boundary, where Ai 's are

constants which may be evaluated while applying Galerkin procedure due to
orthogonal property of the error function. However, since we are concerned more with
the applicability rather then exact solutlon we may try with a rough approximation by

considering a first term only W ~ o

The first mtegral of equatlon (5 1.4) 3»&90[5
AF —
(l u’).a—-——- T E u’ | [5. l._5-]

While the second integral becomeq

2
(rf%)% qE!;L/+5m+BZ [5.1.6]

B1 and B: are constants subject to immovable condition

[2@,@%_‘ OJ)%] = 0 [5;;‘.—{]

w=0

Further equations (5.1.5) and (5.1.6) are valid for the whole domain bounded by C.,

then foru =0

A’ AF dr’ |
g T TP g o= e

w=0 w=0 w0
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5.2

/O%LV (t) + 22

Also when u =1, equation (5.1.6) reduces to

Solving equations(5.1.7), (5.1.8) and (5.1.9) one gets B; and B2 and equation (.5.1.6)
reduces to

| ("‘“)ftil = EE/ 2+(’+?)/)u’*‘("‘?f)ﬂ [5.:.@

du 12,(1—-
Combining equations (5. 1. 3), (5 1.6) and (5.1.10) one can get the error function

€ =hLRY®) +. E% +[ 2+2(+Hu+5 (1-Hu jw ®)

Ro 1 oyt — boe
—Holéb )t(;t)w _%5 [&Li]

Minimizing the error function by applica_tion of Galerkin procedure

f 611.&6[% = 0

Wthh on evaluatlon ylelds the following tlme differential equations as

Q0 E'R/ W) + E% (230 — 9075) .
T e T gy Bk e

The above equation is in exact agreement with the result of Yamaki [22] for vibration
of a circular plate with clamped immovable edge.

Non-Liné¥ Vibration of Annular Plates

An Annular plate vibrating at moderately large amplitude is considered. The
geometry of the structure has been shown in the adjoining figure -

Occupue&
The region/by the plate lies between t WO
concentric circles of radii a and b respectively
(@a>b).
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The'isodeflection curves are given by

2 z

w = [ — x;g LSZD

Where the contour Codefines the outer boundary for u = 0 and
Cuforu=u (say), for the inner boundary, i.e.

U, = | — 2¥d [5'2"2]

In the present case evaluating the integrals ( 3.9a) and ( 3.9b) the limits of u willbe uy  to u
instead of ' 1 to u. The nature of the basic equations remainsthe same except for some
constant term dependent on u 1. For example the first term of

[T'was

may be evaluated as 0

fo w) oﬂ"W du ds

w+4—t

,_(4r Lc“\/ (“)@W)

+2J - deoﬁwﬁm re2.4]

In the case for a rigid circular plate u,= 1 makmg the second term to vanish, so, the
representative of equation ( 3.11) for the present case of annular circular plate reduces to

DJ (-5 2l-)dh [Rve) 15 - Wde'd oy

b
+ /j“PV”“ ‘“’"‘)J W’C@Oﬂwﬂ%“ (-

MN@®) = 0 [5.2:4]
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Where M is a constant term ﬁwolvmg parameters u 1, (&VLI) and N (t) is dependent on t,

only. But when equation ( 5.2.14) differentiated with respect 10 u it reduces to

D[ G- w W —4G-w o*13""+ 2 & W]R‘V(t)+ 2’ d [(, W) dF ngjw@
+/° 0\, WLV(t) = ._E[Qbi [5‘.2,.5]

However the Irdns(ormod (‘quahon equivalent to equation (5.1.4) differs from the present one
by a constant,

WA e (ewd B (—w/dw )
(i LL)_’E@ZE‘ _ & “)WLZFO w)(;m)
+ B, [52:6]

Hence the two governing equations for the present problem are equations (5.2.5) and (5.2.6)
Two specific cases will be considered.

Circular plate with mixed boundary condition namely annular plate

a) Outer boundary clamped and inner boundary free.

b) Outer boundary simply supported and inner boundary free.

5.2 va) Problem - 2 a

Non- Linear vibration of a annular plate with immovable outer boundary and free

inner boundary :

It can be verified that the expression like

A
W) o= u+16 888 &= w0 8042
2 3 4
= U — [-37266u + 0°8698u [5.2a.1]
all satisf’\&;‘ the given condition [ as deduced from (3.1.2.) and (3.1.6) mathematically |
W‘ = _d’ﬁ/. J = 0
~ du
w=0

LL:O

A!—-M/Olzi/\/__{.aﬁ O
[ 2 ey (=2) 4 Ju,_u,,

[x{:«y% _ (J+J)%j =0 I5.20..2]

a6



~ depending on assumption
W =Au®+ Bu?, = Au?+ Butor W =Au®>+ Bu*+ Cu?
But it will be proper to assume '
W =u2- 137760 + 0.8698 U oooooovooe (5.2a.3)
With the dl)()V(‘ value of W, the thlrd integral of oquahon 5. .'?,6‘) will yield

(1-wWdF _ 00833’ 0:20660 1 025830 — 0 iz

40 063w’ |— By [(1-ulog (i- u)j
+ Byu+B; [5.2a.4]

The stress conditions, for the inner boundary being free and outer boundary being
clamped immovable are not sufficient to evaluate the constants Bi, Bz, Bs . So one must
- therefore impose certain legitimabe condition further. In general d"' " or AF
“AuE :
may or may not be zero on the simply supported boundary [ 106 |. However , here it
“has been observed that vanishing of any one of them implies vanishing of the other.
So, we are to choose either of the following conditions

. 2 /
a,> !39%% or%z 0 mvtt=o)’cf\%/B2,=B3.—.o

N 3
b? "J[) d’ F =0 then none of B i' s are zero.

| T T
Hence we assume that I is such a function of u which makes its third derivative to vanish
from the outer boundary. We then reject the condmon(a) and accept (b) as it is more probable;
in which case equation ( .2a.4) becomes

1«'»)%5 - E[o 8033 - 0" R0G6LE + 02531 — O IFIR U 4 0 oéauj
4+ 0-017842 f_(:—u,)&g(t w)+ :)
— 0-0165Fu 4 0- 029373 [5.20.5]

The time differential equation likewise as derived in sec (5.1), for the present problem
becomes

P”q/ () 4+ EJ@VA | 24 6676 W (&) + 47365 Wa(tjj
‘et o L

(3302 p [52a.8]

97



52b Problem -2b

Non-Linér Vibration of Annular Plate with Simply Supported Quter Boundary

and Free Inner Boundary :

[t can be verified that that the expression like

W=u+0.325u?-0.1632 u? ......(5.2 b.1)
satisfies the boundary conditions [ as deduced from (3.1.3), (3.1.4), (3.1.5) and (3.1.6)

mathematically ] for b/a =%

2/(1—%)0@ W (1+2)/)0[W oy u=0

(1-—%)9%% = 2 (+d)dW
u

- ‘»i>06 LY,-:-—L{’,,
—uw)dPW Sy d*W
C )Tm - 26 )za;»

- depending on assumption W = Au + Bu * + Cu® with above value of W the third
integral of equatxon (5.2.9 is given by

3 4

(r—w)df—' e[ o 125+ 0-05%16 U — 0" 01223
5 ¢
_. 0 0082u -+ 000!

+ B [(-u)hog (—)+ - [+Bu+ B [52hs]

Stress conditions are given by

A ORF — 0 jl?gru 0

A GVM/
: Pabilished in B Tunnal of

- Vibrmation  Problem
. ~99 Vol B
2 [ICOVP 99, V% J



ond AF _ o o =y
e

which leads to

Be=Bs=0,4and Bi = — 0.1463[
Then equation.. (5.2b.2) becomes

! | 4

(1-w)d&F _ o 1z5ub4 00541610 — 001223 U
— 0-0082W + 0+ 002! w |

_ o3| (i-wWheg (-w)+w|  [526.3]

The time differential equation likewise as derived in sec. (5.1)

‘¢t

2 4 3
&) L ER : R
ﬁ%w +??[é%6w@+zM¥W@1

5.2C

= 1-3028 p [5iR4 ]

Numerical Results and Discussion : o~
A close look into the final equations for non liner vibrations of plates considered here -

[ viz. equation (5.1.12),(5.2a.6), (5. 2b.4)] they may be represented in general by

PRI + Ve +C, V) -]
Tt

Where Ci, Cs are the coefficients of L}/(-(;) ond LV3<t> equations

(5. 1.12), (5.2a.6), (5.2b.4) as the case may be and Q is the load parameter. We will now
discuss different aspect of the analysis.

5.2¢.1 ] Free - Liné¥ Vibrations :

If the non-linér term and the load parameter be set to zero, the liner frequency
parameter may be easily obtained

X
Co2

() =wa JLr
. D

10.3279 ( circular plate)

17.693 (annular plate with clamped outer boundary and
“free inner boundary )

5.169 (annular plate with simply supported outer

boundary and free inner boundary )
being the linear frequency, with X =03

and 1
2

b
o

Qq
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Table - 3 6
10.3279 [present]

Rigid Circular Plate

Annular plate clamped outer boundary and | 17.693 [present], 17.70 [111],
free inner boundary 17.86 I'lEM[120],17.747 Kinite strip[116]

Annular plate simply supported. outer | 5.169 [present], 5.138 [116],
houndary free inner boundary

5.2C. 2.
Non-Liner free vibration of Annular Plates :

For non-liné¥ free vibration one sets p =0 to get

“~

/O»QL}; &) +C, W) +C, !4/3 )= 0
tt

Which is the Duﬁiﬂ{lg type equation and its solution is well known. If T * and T be the time
periods of non-liner and liner vibrations, respectively, then the relative time period may be

expressed as [22>]g » ,_;/z’ |
2
T 2. j |

5 is the non- dimensional relative amplitude of vibration representing Wm 3 in [22]

Equation (4.2 ¢.1) may be recast for the three problems with Z( =0.3

% o - _
T = rie2x O-#’fﬂxE@ﬂj/b |
T R - For rigid circular plate
~ . ——’ l

o 2 /2’ For annular plate with outer
— E!+§_‘X‘2; 51 055§ j ' boundary clamped and inner

H boundary free

— '

o /’Z/ : For annular plate with outer
— E _f_ix 3- gz,?,g§ J boundary simply supported and inner

H . . boundary free

| 00
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. T . . .
The numerical results showing the variation of —=— with relative amplitude max,

for rigid circular plate, annular plate with outer boundary -clamped ‘dnd inner
boundary free and annular plate with 51mply -supported outer boundary and free inner

houndary K,a.ve &eew depicted in table : j 03

Table 37: T*/T
Relative Amplitude Rigid Circular Plate Annular Plate =0.5
and |22] Clamped outer edge Simply Supported
13 and free inner edge | outer edge.. and free
(present) innere,.s@eresent)
0 _ 1.000 1.000 1.000
0.25 A 0.9891 0.9459 0.92086
0.5 0.9585 0.8246 . 0.7632
0.75 - 0.9133 0.6969 0.5392
1.0 0.8596 0.5890 0.5085
1.25 0.8026 0.5037 0.4276
1.5 - 0.7463 0.4370 0.4276
1.75 0.6930 0.3844 . 0.3667
2.0 ‘ 0.6437 0.3424 0.2832
5.2C.3]

Static deflection for the same problems may be evaluated from equations (5. 1, 11)
(5.2a.6), ( 5.2b.4) after rejecting the inertial, terms

L . N . (W.,,, 3 :
a’h = '5'86!(—19:—"').-*‘2'?62/ TZ [Prést - For rigid
ER/ = 5-848 (%,._ +2-?5k(wm) Ref’[zﬂ circular plate

Ion
11655( + hhe 323? Wm for outer boundary

clamped and inner
boundary free

; W,
= Z l‘-ﬂg(_i”’_> -+ 8 3010(W ) For outer boundary

Simply supported
and inner boundary
free

Annular plaﬁte
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o the result are in excellent agreement w1th those of Ref [1 18]

Table 38: The Numerical results showmg,lr e stat ic (leﬂectlon shown in 'l‘able

. poX/ERH :
Wm _ Rigid Circular Plate Annular Plate with Annular Plate with outer
-ﬁ, T - : outer boundary clamped | boundary simply supported
' inner boundary free - _and inner boundary. free -
-0 R 0 S 0 R 0.
L1026 0 15084 0 o - 51063 . 06724 -
L 05 |~ . .3.2758 - - e 143680 = - .- 212275 -0 |-
| 075 L 55610 . - ¢ 31.9400 Co e B8 e
| 8.6230 .- - Lo 619787 . 2104700 |
_ ‘ 8.6020[22) .. = - ‘ [ R S S B
o " 9.000[117] L e T e e
] 1.25 SCrow 1207208 v 01066385 . - - S 18924 ¢
150 . 01811835 . . 0 . 178.0750 . . .. 312672 .,
ST B £ 3 I © 25.0593 $268.4430 © - C.. - 48.2881 L
1200 | - . '33.818; 389.9000 . - - - 68.751 oy -

" The values of the load parameter for l‘lgld circular plate as deduced in the present analy31s are_ S

..more close to the values of \«/ay [ 117 ] even slightly better than those of Yamakl [ 22 ] Also

Dzscusswn and Con cluszon

( for the Problem 5.1, 5.2 a and 5.2 b)

o  From the results glven here for statlc and dynamlc analysns of plates v1bratmg at large
' amphtude it appears that the application of the present method is justified.”

' The present results are in exact agreement with those obtamed by Banerjee and Rogerson i

- [122]. -
For the liner analysis the results obtamed by this method are more close to exact results in

comparison with those obtained by other method. For static deflection of annular plates the ‘."}

 results cannot be compared for non-avallablllty of such studJes P

In conclusion it may be accepted that the appllcatlon of " Constant Deﬂectmn Contour

" method is justified and appears to be easier than the other exjsting methods -The most -
important point is that the method can be applied to study static and dynamic behaviour of - -~

* structures having uncommon or complex boundaries for which other methods may fail to
.~ analyse. The application of polynomial exnressions for the deflection function-and  stress
- . function in conJunctlon with Galerkin pyocedureappears to produce excellent results. In case of -

" free non-linér vibration for plates considered here, the results are compared very well with - .

| those previously obtained .[ 22, 72 |. Additionally the load deflectlon relatlon for ngld cn'cular
 plate coincides very close w1th that ofWay [117] ’ 2T . b o




B4 Problem - 4
Non-Liner Vibrations of Elliptic Plate Clamped along its Boundary :

During the pro( 0SS of investigation it has already been observed in chapter IV
(problem -1) that the result for vibration of elliptic plates using the equations (3.11) and (3.12)
though simplifies the computational hazards, yields not very satisfactory results. -

This prompts the present investigator to reinvestigate the same problem using the second set
of equations (3.12) and (3.13) for a comparative study .

For an elliptic plate, clamped along its boundary, the family of isodeflection curves are

represented by
X,L g‘?«
- — . — 5.4.1
e el

- and b are the semi-major and semi-minor axes. u = o defines the boundary. u=11is -
the centre of the plate where the deflection is maximum under an uniform load p

Déﬂection aﬁd stress fuhctions are given by
0 = WG
F- Fwie [52]

For such variable u equation (3.12) and ( 3. 13) in Chapter III will reduce to

4 2
_3__1%&&_{:( u) o??F _2(-Wd*F :]:ZE('“@(%%%) [5.4.2]

D (.30L+3f9+Za&) (- v AW U ,,_@d,?’w zdﬂ—ﬂ @)

OH;POWB w)OKF o@W u/(,e;) F+/0RWUJ@ | [0k ]

Letr W) = ZA v [5.4.5]

Compatible with the boun(lary conditions for a clamped boundary A i's are evaluated. Since
we are concerned more with the applicability rather than exact solution we may try with a

rough approximation by considering the first term only i.e.
W=u2..0646
Since equation (5.4.6) does not. represent the exact soluhon Galerkin procedure may be applied

to minimize the error

[03



We first solve the equation (5.4.3) with W=u?,

The first integral of equation (5.4.3.) yiol(lc;

>
(30+3% +”VM’)[(( w) A°F ORZF _dr _ QE _ u+B  [547]
aﬂ -

30

While the second integral becomes

(3@+3L+m1>)£(| w)dFj z E _ LBu+By [5.4.8]
a’&"’ '

B: and B2 are constants subject to immovable condition

[2,(; u,)d, F (1—7)/)%5]0';0 =0 [5.4.9:}

W

Furthér (5.4.7) and (5.4.8) are valid for the whole domain bounded by C. then for u =0

(3&?-#5,{,”—{—2/05&%) &F// _ BQ_V | [_5.#.@
b o du

o

u—

30 458"+ 288 rcp/ B Fj = B,  [5h1]
w=0

02,1'! Y

When u = 1 equation ( 5.4.8) reduces to

2 E |
Bf -+ By__ = ""3" W [__5:#.!2]

Solving equations ( 5.4.10), (5.4.11) and (5.4.12)

We get B . 2RE _(‘j_’fjd
! 3050 (-

i

—hE 5.4.13
b = SErad - 2

|04
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Then e qu ation (5.4.8) reduces Lo

[3@ +3£ +Ra *p2) (, o) dr’ 2F L(«—?f)w + (+Hu "2] [5.4. 1]

ot o %m

Combing equations (5.4. 4) (5.4.6) and (5.4.14) we get error function.

- 8b (30424 REY) ) AW ()

ol g
16 E%E(Mf?wﬂ‘(’“f)““ 2:-] INTACY

+ 3 (1-2) (3a1+3b “+20°%7)

—u & [-—- -4

P (W PRAGS

Minimizing the error function by application of Galerkin procedure

Which on evaluation yields the following time differential equatlon for ¥ =03

(3@-% Hza) . o 8l ER
oI A ey AV

€,

L pRAYE = P [5.4.15]

¢t 2

Equn ( 5.4.15) may be put in a simpler form

Y 10 )+ G ) = Cp [smtE]

bt

(34204 2070%)

/an a‘%
| /O (3ol 3% 2078
C=3_
AP
a) For free liner vibration p=0,Cs =0
Y ) +Cwt) = 0

‘4t
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' w
The liner frequency pdramolor

’/2, 12b (3@ +3@ +Za«

! /O% Y 6

For circular plate b =a
\

Liner f'roquon(y for a circular p]dto = 9 ?9 /\/—l where a is the radius of

the plate

b) Non line% free vibration
For Non-liner free vibration one puts p =0 in the equation (5.4.16)

1) +C W)+ C ¥ ) = 0

If one designates T* and T as the time periods of non- liner and linér vibrations respectively
then the relatxve ‘period is given by

Nty

5 is the non-dlmensmnal relative amplitude

| 2
T [i+% ngfg;jj;; G |

Where m = a/b.

For circular plate m =1 and ['or)/( O *3 one gets

T [r—;—?’ x 04709 § J

. A‘ The numerical results showing the variation of T*/T with relative amplitude
e | =22 | for rigid elliptical plate have been depicted in the Table - 39 |
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C) Static deflection for the same problem mdy be evaluated from equatlon (5.4.16) after
rejecting the inertial term
A

A
po 2 (57” +Z7H +3)/\A/) 2208w [ W,
EA R = TR AR AT

Which for circular plate and for)/ 0.3 reduces to

5 860@(%) + 2 tfé{k‘/,) } FreSemt sty

5 8A8(—M?£‘”’j>+?/ foh (M/)j Kef (2'7

‘ 4
Numerical results showing the dependence of central deﬂection(,\é on load parameterlé_@ are
shown in table R ) S E&

\|

Table [ 3 9]
Dependence of relative time period T*/T of non-liner and linér vibrations on relative
amplitudes for different values of aspect ratio (m) , j =0.3

W T*/T
o , m= 1 m=1.5 m=2
0 1.000 1.000 o 1.000
0.2 0.9930 0.9955 0.9979
0.4 0.9728 0.9826 0.9917
0.6 0.9419 - 09622 0.9818
0.8 0.9031 0.9356 -0.9683
1.0 0.8596 0.9054 0.9517
1.2 0.8416 .8703 0.9386
1.4 0.7708 0.8345 0.9114
1.6 0.7216 0.7983 (.8887
1.8 0.6828 0.7624 0.8649
2.0 0.6437 071275 0.81041
2.2 0.6075 0.69405 0.8157
2.5 0.5752 0.6469 A 0.7786
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Table ‘[ 40 |

| W, ba 5
Dependence of Central Deflection on Load Parametergz, for elliptical plate )/ =0.3,
for (Elﬂ'@.rent aspect ratio. m

W pa*/ER* .

0/9» m =1 m=15 m=2.0
0 0 : 0 O
0.2 1.1742 3.3599 8.6918
0.4 2.4619 6.9636 17.6711
0.6 4.1725 . 11.03668 27.22561
0.8 6.1017 15.8.92 376413
1.0 . 8.6206 21.5478 ~ 49.207
1.2 11.802 - 28.4587 : 60.4852
1.6 20.6818 46.7742 . 93.6747
1.8 126.64508 58.6516 112.712
2.0 ‘ 33818 - 72.6576 134.427

It has already been studied that the result for vibration of elliptic plates using the first
set (3.11) and ( 3.12) is not satisfactory. But in this chapter utility of the second set of
equations ( 3.12) and (3.13) has been observed. Hence in conclusion it may be said that the
second set of equations should preferably be used to investigate large amplitude, vibration
problems. However for rough approximation the first set may be used in cases where the
structures have complicated boundaries or the governing differential equations become too

much complicated in nature.
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