Chapter - 11
NON LINEAR THEORY OF ELASTICITY

When an elastic body undergoes deformation under the action of external forces stresses
and strains are developed within the body. The state of stress at a point within the body is specified,
at most by nine components of stress.In the linear theory the strains in the middle surface are
neglected in which the deflections are small compared with the thickness of the plate. If one wishes
to study the exact analysis of the non linear theory of plates he may be refered to the Donnel's work
[ 110]. The relations between the strains and displacement may be put as [110].
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in which higher powers and products of the displacements involving z have been omitted. We will
confine our attention to cases where both the strains and deflections slopesgW and aW are smaill
compared to unity: and in general, for plates used in mechanics and siructures theqllowabie strains

and deflection slopes are very small compared to unity. It is important to note that for the membrane

sart of the strain terms like 24 9V . ')\ > and dy are important, but the terms- mvo ving the squares
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or product of themselves will be ncgllolblu while the flexural strain terms like y 2w } are very
small compared to the pnncnpal flexural terms hkegj Snmlal arguments may be presén ed for the

ommission of terms llke(()\ ) C*T and ter-m containing z*. Moreover the derivation of the strain-
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displacement relations is based on Love-Kirchhoff hypothesis ( i.e.. the linear filaments of the plate
initially perpendicular to the middle surface remain straight and perpendicular to the deformed
middle surface and sufter no extensions). With these assumption and aproximations, the total strains
in the layer of the plate parallel to and a distance z from the middle surface, they can be written as
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where the terms within $§, tpad- bracket being constants with respect to ‘z’ are membrane strain and
the last terms containing the factor ‘z’ are flexural strains. -

‘Stress - Strain Relations :

For isotropic materials the elastic stress-strain relations or Hook’s Law have been found from ex-
periments to be, in general, as :
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But for plane stress. i.e.. when 0.0, and (‘)"y are assumed to be uniform over the thickness and G ,
) 3 b b

c.. O, areevery where zero, the relations given by [2.3] will then reduce to
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For the case of plane strain, 1.e., when €7 = (), equation ( 2.3 ) will then become
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Principle of Virtual Work :

In obtaining the solutions of elastic: _* problems energy prineiples and variational methods
play an important role. It will be seen later that the governing differential equations are direct
consequences of the minimisation of the energy expressions associated with the structure con-
cerned. The method is termed as “variational method” since it is based on calculus of variation. The
basig of “calculus of variation” is the “principle of virtual work’ enuncited by the great mathemati-
cian John Bernouli in 1717, - “If under the action of'a certain force a particle undergoes an arbitrary -
small displacement, called a virtual displacement and if the particle retains its condition of equilib-

rium then the total workdone by the force is zero.”
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Smee the pr muple ol vnlul wor I\ s very counnon i every splu.u of nmlhcnmllu we \\ould :

bet\u leave it here and carry out the required mathematical operations w1thout g,lvmg much empha-
s\s on the {heory of o “the pnnuple

Let us denolc the total workdone z\gainst the mutual actions between the particles in an -
elastic body due to the virtual displacements du,dv,3w, by 8V, where du,dv,6w are the displace- -

ments pdmllel to the axes of a Cartesian system of comdmates w1h respect to a cenam ougln then -
the total work done by the mutual actions is -3V.

If there be forces applied at the boundaly of the body and ifX,Y,Z be the components oftheﬂ, S

body forces along the x.y.z directions respectively, and X, YZ be the component of the boundxy S
foxces per unit area then the work dohe by them ' -

W = fﬁ(x5u+Y5v+Z§w>&dgdz RERERER
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dA being the cleinentary area and the integatlon being taken over the part of the boundary sur face -
of the body. on which displacements are not prescribed. 1t is important to note hele that the part of
the surface where fonces are prescribed is the same as the part where dlsplacements are not pré- -

scribed. We may’ dSsume further that the external foxces are constants dunng the vn“tual dlsplace- '
ment, when we put . ' '

W) 20 o 27

()m. cnn mtelplet the result g g,lVCﬂ by the equatu)n ( 2 7 ), in compal 1ng va| 1ous values ofthe
chsphcumnls TR and w, the displacements which aetually occur in an elastic” system undex the_
given external forces are those which lead to zero variation of the tofaenergy (potentlal enelgy) of
the systen for any v ntual dlspldcunenl from the position of equxhbnum

vl’rmcnple of Munmum Potcntnl Energy and Prmclple of Complementary Energy

T hc L‘\plL‘»SlOﬂ (V- W ), consnstlng ofV the potentlal energy of deformatlon and -W, the‘ _";._- L
potential eneigy of the external forces is called the ‘Potential Energy" of the system. For stable..”

<thb|1um it can be shown that the total potentlal energy of the system is positive, hence in this; .

case the total |)01L|llld] energy of the systun isa mlnnnum This is the plmc:ple ofmmnnum poten- o

tial energy.

H

In case of a vnbnmm, plale there is an addmondl energy, the Kmehc l,nexgy Ifwe denote 1t -
by T lhen we can form the Lagrangian

==, Ll 1S lhe polentlal energy A — S [2.8 ],'

/\pp]\ ing lldmllton S pnnuple we e an further show thal the Hdmlllonmn o
He=T+ U= the toldl energy

I the polcnnal energy is mdcpendent of velocities ( ie., mdependcnt of u,v,w. ) 1emams' '
positive. since by dchndtlon T. the l\lnctlc energy is positive dchnlte

lnslend ot varying lhc dlsplaccments from those at qull]lbl fum, one may want to vary the
stress components. If o()' 8G. , ,90,, be the small variations it the stress components O, O, O,

respectively: then the change in thc stlam enengy per unit thickness of the plate may be wntten a:’ '
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The body forces being given external forces, remain unchanged but on that part of the boundary
. where surface forces are not prescribed, corresponding to the variation of stress components, there
will be some variation in the boundary surface forces. In this case also it can be seen that the

variation of the total energy ‘[’ is zero, i.e.,
x & -
S = §(V-W D=0 [2:16]

Where V* isthe strain energy per unit thickness of the plate and W* is the work done by the bound-
ary-surface forces. The expression |7 is called the Complementary Energy of the system. We have
seen in the case of potential energy, the same deduction may be made and we may conclude that
“for all stress satisfying the equilibrium conditions in the interior and on the part of the boundary
surface where the surface forces are prescribed, the stresses which satisfy the compatibility equa-
tions, are such that the complementary energy assumes a satisfactory value”. Note that we have
imposed the restriction on the stresses to satisfy the compatibility equations for the deduction of
equation ( 2.10 ) depends on this restriction. :

Deduction of Equation of Equilibrium and Boundary Conditions :

Let us consider a plate of thickness ‘h’. The mid-plane of the plate is given by z = 0 and the two
surfaces are denoted by S, and S, defined by z = >- and z= -b | respectively.
Hence forth we shall be mainly concerned with plane-stress onzly.. Accordingly, we consider the

- total strain energy
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combining equation ( 2.9 ) and ( 2.4 ). Using the stress-strain relations given by ( 2.4 ) to express the
strains in terms of stresses, or the stresses in terms of strains equation ( 2.11 ) may be written as
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Replacing the strains in the expression ( 2.11 ) and taking the first variation of the strain energy one

can write
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We shall now preform the integration with respect to z first and introduce the stress resultants N,
N), N‘, and moment intensity Mk, My, Mx’ respectively, defined by
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Where the symbol N_ represents forces per unit length in the x-direction, N_in the y-direction and
N =N__is a force in the xy-direction. Similarly M, My and MM represent the moments per unit

length in the respective directions as shown in the figure 1
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Figurel : Stress and moment resultants for a rectangular plate.
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Figure2 : Stress resultants and moments

For practical purpose we may write N,*: Nz"and equation ( 2.9 ) may be replaced by
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IfF , F, and F, be the components of the external forces acting in the directions of x, y and z axes
respectively then the virtual workdone is given by :

gc.)wx - —_J‘f(,':; gu.,.%gv.;_é gW)dsdz 2 1]

where S, is that part of the side boundary where the external forces are prescribed

U=u"z%‘:{— ,\/_.—_-_v—z%_;z_ . W= w - [z18]

" u.v,w being the displacement components of the middle surface of the plate.

Considering the load intensity "p’ the principle of virtual work for the present problem (for
simplicity we are, for the time being, avoiding the expression for the kinetic energy associated with

the motion of the plate) may be put in the following form
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where S denote the mid-surface region of the blate.

Let us introduce the following integrals.
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The first variation of the potential of the applied forces, including the load intensity ‘p’,

corresponding to equation ( 2.17 ) may be written as

S")W* - Pgw&x&z’ _,_ffﬁ»,gu{&s +J Nags gus ds [2:21]
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where u_and u_are the in-plane displacements of the boundary of the plate in directions normal
and tangential respectively to the boundary ( Figure 2.3 ). N is taken as positive in compression as

shown in Fig-3
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Fig 3 : Boundary loading on the plate segment

[f the direction cosines of the normal ( drawn outward ) be ( I,m,0) i.e., | = cos(x)) and

m = cos(y.f). we can write
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The displacements along the normal and tangential directions may be put
--------------------- (2.23)
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With the above notations we can express
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Finally we introducé the transverse shear forces of plate theory
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We are now in a posmon to UtlllSL the extenmzatlon plOCCSS and to. apply Gleen s Uﬁeorem s0 lono ‘ i{’{il} o
as the du and dv are mvolved m the mtegxals in the tollowmg equatlon obtamed from 1elatlonsi'_[if LT
given by cquatmm( 2.16") ( ) o : S AR RS
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Combining equations ( 2.16 ) and ( 2.21 ) we may rewrite for the total potential energy variation’ s
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We now perform the line integrals considering the equilibrium of the plate element and the nota-
tions defined earlier.
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The last expression accounts for corners in the boundary. Considering the condition of equilibrium,

one may deduce from equation { 2.30)
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The mechanical boundary conditions are obtained form the remaining line integrals on the bound-

ary

Either N =- N oru s specified - S T (2.34)
Either N _=-N _ oru_isspecified------------------- (2.35)
Either M_= 0 or M s specified - - - - - - o - oo oo oo (2.36)
' 2
Either >
Q + OMy + Ny oW N_ oW
2 + =0
bs Ezf 3’9 SS
(2.37)

orwisspecified - - - ~----cmcom i

The last term in equation ( 2.30 ) which accounts for the corners, indicates

At discontinuties [ M_dw =0 --------omooooooooo

Equation ( 2.31 - 2.33 ) together with the geometrical boundary conditions constitute the problem

for a flat plate in large deflection.
With proper transformations, we can get the mechanical boundary conditions otherwise

On the boundary, ¢, :
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M?f = f‘—'} _ [2;39]‘

We shall now establish the stress resultant displacement relations from equation ( 2.15 ) after per-
- forming the necessary integrations and expressing them in terms of partial derivatives of the three
displacements u, v, w as :
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M = —(-%)poW. - [245]
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Now introducing the Airy’s stress function F defined by
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. compatible with equations ( 2.30 yand ( 2.31 ).

We can now express the membrane strains [€ € € Tinterms of membrane stress (G_ , O
\"l Vlll Xym m Ylll

Oym ) and equate the same in terms of displacements and Airy’s stress function in the followmg,

form :
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Applying the operators - 3=/ 38 | ,~goy to the first, second and third of the above equations,
respectively and adding them together, in order to eleminate u and v one obtains
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Further assuming that the thickness of the plate is constant, and combining equation ( 2.33 ) with
equations ( 2.40 ) - ( 2.45 ) one can write
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Equation ( 2.48 ) and ( 2.49 ) are the well known Von Karman plate equations.

The equation ( 2.48 ) is known as the ‘compatibility equation’ and the equation ( 2.49 ) is the

~equation of equilibrium in the direction of the z axis. These equations henceforth will be termed as
Karmaii equations. These Karman equations may be written in a simplified form by introducing the

non lincar operator . defined by
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The above two equations are the governing equations for thin plates at large deflections under a

static load. However, they may be extended to a dynamic case by changing p by ( — F—R
ot

While deducing the governing differential equations for a dynamic case, we shall consider the

kinetic energy of the plate, given by

Te - m f I;(%w):“ %)ﬁ— (%%Z)j dxcy dz . [2°54]

In this case we shall have to minimize the integral
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when the integral is obtained by combining equations (2.29 ) and ( 2.53 ). The equations of equilib-

rium will thus be transformed to
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These cquallons are cqmvalcnl to u]uatlons (2 31 ) ( 2.33) for the static case dlﬁ“eung only by the“":‘j',; i‘;
inertia terms on the right hand, side. [ we neglect the'inertia in the plane of the plate i.c., if we set the e
158 ) and (2. 56 ) 10 zero. the lwultmg_, uqmuons wxll thm be C

Cright hand side of eGuations
transformed to C
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These are the governing lecn.nlml equations for thin plalu at Imgcc dmphludu, The ckﬂecllon
function w-is dependent on the space coordinates as well as on the time. It is important to note that
he Toad pT miay-be uniform. concentrated at a point or-distributed over a segment of the plate: it
may be dependent or independent-of time, as for example. in case of forced vibration, p becomes

function of time.
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