CHAPTER I

INTRODUCTION
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“I.1. INTRODUGTION

Dﬁring‘ﬁhe last deéade Quantur Chromodynamics {QCD)
has eméiged'as one of the most promising candidaté for a
. dynamical theory of strong interac%ion, 1% is baslcally
a non-asbelian gauge field thedry iﬁ which'oélodred Quarke
'intefact vié exchahge of coloured vector gluons; One of
.the most spectacular feature of QOD. is that, unlike in
QED, .the effective coupling constant becomes :mail at
large momentum txansfers,Aso that‘quarks‘behave.almost iike
free‘particleé at very sméll seperations. This concept,
known as esymptotic freedom' *2 1is consistent with the (.
recent deep-inelastic scattéring aataE. Ca the othefi
hand,:there is a general expéctation'%hat the effective
coupling constant may bécome very large at the infrazed '
-jaéymptotic regibn4_6. Quarks feel, therefoﬁe, an increa-
singly étrong resto:ing'forcé ét 1arger interquark distances,
Thoﬁgh‘the'existence of a confining phase has not yet been
established conclusively, the confinement hypothesis of |
quarks seeﬁs tp be an attractiwe concept. According to .
‘this hypbtﬁesis hadrons are sqppoéed t0 be. colour single%

states of en exact SU(3) colour group. The present picture
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allows congiderable freedom In the choice of guark masses.
Fariier, non-avellability of free guarks led one to essume
thaet querks wers extremsly mageive objects snd they formed

"

ot an extremely high binding

)‘

low-iying hadronic states throu

s

foree. The confineme nb nypothesis as propounded in QCD

does not, however, requlre a very large mess for a quarl,

~

since even light quarks will not be detectable in free states,

s

[

being trapped in a poteniisl which presumahly increases with

the interquark distance.

The recent discovery of heavy mesons (Wy‘ and T

. ies) witl v ot _ . 7.8 g 10
. famllies) with new hidden Thavours, charm (e¢)?® and botitom”?
(b) has also contributed to cur understanding of quark dyna-
micg within the framework of GQCD, It is asgumed that the
new quarka ¢ and b are more massive than the w , 4
and ¢ quarks. The colour singlet states, ¥ , v’ , v
anéd T , v',... ete. are quark-antiquark (g d) bound

atateg, which can be described simply by a Schrodinger

. 17
equation l, The relat 1v1st1c correction to their masses

will be small, since the quark mass (assumed to be roughly
half of the meson mass) ias assumed to be large compared to
the inter-quark potential, which is also taken toc be
flavour independeéent. It is expected that an understanding
of the phenomenology of the riew heavy megons within the
frame_work of a Schrodinger equation will help to clarify

the more fundamental aspects of quark dynamies in general.

R




'11E1chten et'al

In non—relativ1stlc poTentlal model calculationsg'
one usually &g sunes the 3tat10 1nterquark potential to

_"be of the form

V() = - PNy (1.1)

oThe‘couloﬁbwlike>term involﬁing é;runningvoOUpling-cons—-
”tant may be generated by one~gluon ekchangé diagramo{

v’ (T) _on the other hand, is assumed-to be respon-
,qzble for quark oonfinement and is generally‘undetermined.
2 in»their extensive investigations of the
'phenomenology of the X[ ~partlcles uéed an idea (originally
. obta1ned from 1aﬁtice gaugc models) which states that the‘
effectlve quark potentlal should grow at 1arge diqtances
- ag the 1nter—quark_dlstanqe,r In +has approximation, one:o

"méy take ver) = &or"4’o  o w1th a sultable choioe of

the conflnlng coupllng conqtant d .

'Tho succesé of ﬁhisioimplé model iS'nOt“ howevor,
?conclusive in the sense that a large class of potentials
ils found to give’ more or less acceptable Fit to the expe—
?;rimenta1~data for N as well as-'r vfamilles. : This males
o:it difflcult to select a potentlal unlquely. - It is, theref

‘fore, more usequ to obtain rigorous constraints on energy c



levels and the wave function, perticularly at the origin,
for genersl clesses oF potentlials which may be comparsd
directly with the experimental date for the new heavy.

meson famllies, Thie approach is followed independently

by Quigg. Rosner and Thacker 010

o 16.. \
collaborators 6 23@ The former group hasg obtalned some

end by Martin snd his

interesting results for specific petential models by wasing

simple scaling laws and alsc semi~c1éssica1 ergunents,

They have also proposed an inverse scattering method for

recona%yueting the guarkonium potentisl directly frow

. the expérimental data and to use laber on this potential

to maké predictions, ‘ Martin et al, on‘the other hand,

_havé tried to find out general features of classes of poten=

tisls to disoriminate models which are allowed or forbidden -

~ by the datsa, Their study reveals, for example, %that the

cananical level. ordering E(ts) < € (1P) < E(29)¢
£ E(1D) , which has been observed experimeﬁtally,

favours a special class of potentials which includes a

general supersposition of power potentials, vizs

2]

. e - O< >' = al
‘vm.igiou( €0 PPN, P20, €20 (4,0)



FPurther constraints on the potentials may be obtained
by examining the mass and engular momentun dependence
of the corresponding energy levels and the wave function

at the origin21f23a

The study of genersl properties of Schrodinger
ehergy ievels for cbnfining potential is, therefore, a
subject of considerable interest, The aim of this
thesis is to study this problem ansglytically for sone

interesting classes bf quark confining potentials, In
24-26

particular, we investigate the analyticity of the

energy levels for the class of pdtentiais

Viry=-5 bav prs o (1.3)

in the ¥, p 'boﬁpling congtant planes, Potentigls
{1.3) is a aspecial class of the allowed quarkoniumzpoten»

tials (1.2) and can be obtained by replacing £ («')

Y ¥ §(a'tt) £« §(x'-1) + p5(«-2)

The study of the coupling constant analyticity of

the Schfodingéf energy levels was initiated by Bender
27

and Wu in connection with an anharmonic oscillator

- t .
H’—'—’Pz"’xz_“‘"?\% > P—:—Lf&l . (1.4)

¥y
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The‘motivation for this study came from the fact that the
exact behaviour of theAsingular perturbation series in
most of the oases,.ié not fully ﬁnderétood, It is only
accepted on heuristic grounds that the series may be asymp-
totic near the weak coupling limit. Tﬁe attention_is9 |
therefore, focussed on simpler cases of singular pertur-
bations where the exact analytic properties of the theory
may be studied. It is suggeétedkthat a gsystematic study
of the simpler cases will help 4o understand the more
complex features of the perturbation theory. Using an
improved WKB techniqué,‘Bender and Wu investigated the
A »plane analyticity of the energy levels £, (3)
for the Hamiltonlan (1.4). The Bender-Wu results wers
: subsequently established more rigorously vy Simon28o
Following the Kato-Rellich perturbation theory for linesr
operators in a Hilbert space, Simon developed a general
method of handling-singulér‘perturbations and applied it
to the anharmonic oscillator Hamiltonian (1.4). Tater on
~ the method was also used to obtain rigorous resulits for .
atomic Stérk effeotszge .Gréffi ét a1309 in particular, .,
invesfigéfed the ahaiytieity of the Schrodinger energy

levels E}\(Q)v for the potential

vcx) S A% 5, XTO . (1,5)



’. p1ane,

'Tne chérmonium—like.poﬁenfial,edng>(1°S{vfepresenfs, in
: .a%oﬁiC‘physicsé_the 6ne;dimensional Stark potenti@i in
hydroggn atom { o« Deing the electric field paraméter) _
We haﬁe uqéd in our calcu]ationq, the results of Simon28

. as well as of Graffi et 9130

The claés of potentiais (1.3) studied by us has,
important applications also in other branches of physich
In atomic phyéicg,'fhi‘ couid bP Jnterpreted a8 the poten—

Tial seen by an’ olectron of an atom exposed to a suitable
.admixtureuof»electric and magnetic fleldsn .Recently Rau.31
"has suggested K:! method fo-fea1ize‘fhié'fypé of potentials.
| According to the model, an electron at the surface (z = 0)
of . 11quid helium experiences, in addltion to the force due
. to.the one dimensional 1mage coulomb potential erising

- from polarization of the helium atoma, ‘an electric field |

normsl to the aurface and a crossed magnetic field along

the surface. The 1vsulting potenfial should then assuwe

e form similar to ean. (103) 1.6, = Z/z +oAZ AP z?

f_‘Since electrons are assumed to move freely in the =9L}
the wave equations describing the motion para~

‘,,11e1 and perpendicular to the qurface are separable

N\



Hence the non-triviel factor of the wave function
| R.R |
T ¥ .

Y(r) = e P (z)

where ? is a wvector in the plane of the surface,

sotisfies the Schrodinger equation52

e L L yin 1) = € bz
— e e (%) ¢(2) = <¢C2) , (1.6)

with the boundary conditions P (o) = 0, P(es) = O,

Eqn, {(1.6) is clearly similar %o the S-wave radial equa-
tion for the potential (1.3). A systematic study of the
"analyticity of the energy levels for potentials (1.3) in
fhe coupling congtant planes, therefore, may be ugeful

~ for many problems. The results of this study constitute
- a major part of the thésis. In the remaining part, we

42,43

investigate the angular momentum ( £ ) anslyticity

of the Schrodinger energy levelg. As pointed out by Grosse

23, the study of this problen ié relevant for the

and Martin
quarkonium physics. They initiated this study and provéd
the analyticity for Re L -3 for a single power law
potential E-VLNV): T, X700 ] e We have been able to
use a different method, the linear operator theory of

Kato and Rellich, to prove fhe analyticity, for Re L >-Y2
for é élass of superposition of power potentials, whicb

includes,in particular, the conventional charmonium poten-

~tial, ean. (1.5).
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I,2. SUMMARY OF THE WORK

The present work consiets of the

following parts'-

(a) Analyticity by Linesr Operator Teechnique

In chapter ITII we investigate the coupling cons+ant
analyticity of the energy level E. - for the potential (1,3)
using the perturbation theory of linear operators in a Hilberf
space. It is shown that the corresponding Schrodinger operator
H(Y ,«, B ) defined on a dense domain D (H) of the square
integrablg’functions, is 8 semi—bounded self—adjoint operator
with compact resolvent for real valuea of ¥ , & and
B > 0. COrrespondiqg. energy levels E“v(r,-‘q, ) - |
arég thergfore, analytic simultangqusly in the three real
" paremeters ( P )’. 0). For complex parameters, we make

28

use of the standard results obtained by Simon “and Graffi

et a13oov It is shown that for complex - ¥ , o and F

in the cut plane [ arg | < T , HO ¥, o ,.P )-. o
is a self-adjoint holomorpnic fanlily of type A in each'para-. |
meter, when the other two remaln fixed in the reépenfiﬁé |
domains, We seé, therefore, that eéch energy level E,g'
.:defined for real parsmeters, can beAanalytically,chtinued

‘for complex values of the parametersvand,the'spectrum 6f
the operator H ( ¢, « , £ ) with complex paremeters

consists precisely of these analytically continued En .
‘We also see that the elngularities for the function can only
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" be branch points or naturalubdﬁndaries. The Hefglotz
condition gatisfied by. {Eh_-;fér each complex‘parameter
 -guéranteEs the non~occurrenée of an. 1solated pole‘qf an
isolated essential~singu1arity'in the finite pdrtions

of the complex plane.

~(b) - FPerturbation Expansion for Energy Eigenvalués

Generai resultsfbf perturbation theory28 can be:
‘applied %o show that fbf'non-negative ¢ and o
the point p =0 is anﬁessential'singuiarity, being the
‘iimit point of a sequence of érahch points. Thia“mékes
the Rayieigh-Schrodihgﬁr;perturbatién expansion of - En(ﬁ)
in B totally divefgentg'-.The series is,‘however,
asymptotic nea& B =0 41in an open domaih° Moreover,
following the argumehts of Loeffel and Martin~ it is
shown that the first sheet of the f —cut Plane is free
ffom'anyxsingularity. Tous  En (P)-  is analytic in
the entire cut plane '-]aré P_f T ;'The
. asymptotic ﬁatuve, the firstfsheet analyticity together
 with_the'Symanzik scalingvlaw thus assure}the summability
of fhe‘divergent series, in the Bore140 and Pade41 ‘senses,
fo yield the correct energy level .'E}\(iﬁ) . Also,
using Symanzik's écalingﬁlaw and the analyticity Qf' En

in ¥ near T = 0, the existence of an expansion of



. e
. En in p ‘1s proved for large values of B for
the restricted class of potem‘ials |
VIR) = - glv + PP + ple®

~(e) Analyticity in the Complex Angular Momentum Plane

The angulaer momentum { { ) analyticity of En (L)
1s a subject of considerable interest in many branchee
-of physics. However, only in few cages the % exact
analyticity of the Regge trajectories £ (VE ) or E (L)
“have »been\ proved. It will be 1hter'est1n'g to study the - |
A -plane analyticity of &), for the class of potentials
which may be relevant for the phenomenology of ‘the quar-
koniafsystems; Grosse and Martin2? proved the analyticity
of E, for Re7”-~- i/9— - for a pure power ﬁoten— |
tisal, " In the. first pérf of chapter IV we have inodified
their arguments to prove the analyticity for a class of
potentials of the form | |
Vi) = Tk Ky 0, 7T T
Y ‘ - : (1.7) |
Poles and isolated essential singuladities cen be elimi~
'-;nated by & general argufnento To discard branch points the ] _‘

Japproach is to' start with the_usual characterization of

the energy level. E, L() by the numbexr of nodes of the

corresponding chrodinger wave function Wn (7)) for real \
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£7 {2 ana to show that this aharacterizauion continues
':}to be true. even for complex L Cwith,  Re d [ 4/"
?The proof‘of.thiq:statemept“restsvon'éhowing that the
‘htmbef ofizéros'of the wafe7funcfibn‘ W (T) within
: a sector of the complex :?T ~plane does not change as
”real ,Q 1s allowed to assume complez values 4n the half— .
"ipiane ﬁ&,i 7’- i/z o Thus starting from a point on the"
.réal 1, ax1s and returning to it along a complex path in
the half—plane K11j7-—4/ 2. . one gets back the same wave.
:'function.- So no 1eve1 cr0851ng is observed in éﬁ_i‘? -{h.;
Natural boundaries can also be discarded following the |

,steps of Grosse—Martin.,

~In the second part the Rellich—Kato perturbation .

'theory is applied to prove the analytieity for a larger E
' class of potentials ‘

V(N‘) L ZKL °(‘.>,"*<.c‘5~,w.,, 0 CACLK ,NEL

w "'ZKLT’ 5 k;.m,w;,,~b-'<o<c<: ‘1 C’ g)’

. Firstly, it is shown that the energy 1eve1"_EVh ,fbr‘théV
| potential ' w.  ‘
vm“ P +Kp"f"9‘ /94«" o
: - c_ro‘o~ (109)

1is axialyf_ic_iin B for_j(,-i);-z 2 p- " <_ A, K =1,
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(11) 0 < P<LA, 2+ 1 and also that every level is non-
degenerate for £ 4in the interval. Next, an argument 1s
devised which shows thet £, (L) is analytic in RilL>-1/2
for the potential (1.9) with [ # O once it is known to be
true for f = 0. TFinally, 1t has been shown that the argu-
ments valid for the potentisl (1.9) can also be gemerelized
for potentials (1.8) and hence ‘the ‘enalyticity of the COTTE 8~

ponding energy levels En(L) follows.





