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JJ:he theory of propa~tion o:t waves in elastic solids \'Ia.a developed 
' . - . 

in the lm~t eentury. The names of the academioia..'ls that may be 

associated Zor pioneer theoratiao~ work on t)lis line are, s~OKES, 

POISSON, RAYLEIGH, KELV Il'il and o·iiners, wl1o extended the theory 

of elasticity to the probler.l of vibra:ting bodies and propagation 
. . 

of wnves -in elaet;to msteri.al. During "the first quart.er of this 

eentury the subject lost muoh o:r 1 ts glamour and interest. This 

is perhaps ~~tly be~se of the attractions .of the new fields 

opened up by the discoveries 1n atomic _physics and partly beQause 

of a gap between the advancement of tneoretionl ~ experimental 

work, as there were no practical methods available in laboratory 

for observing the pa.ssa13e of r3iireas wavee in elastic materials., 

But th.ere bas been a remarkable revival of interest in the subj.­

eot es far back e.s thirties. ~tensive study in seismi.c wave pro­

pagation, earthquake engineering and research on geophysical phe­

nomena attract a number of theoretical a11d p~aotiCP~ workers. 

Since tnen the interest 111 tho subject has 'been ga.thering moment­

um. With the advent of· sophiaticnted instruement, eleotrontc teo­

blliques and high spead com]luters11 the aubjeot has become a very 

important field of researCh. A large number of original papGrs on 

both experimental ar4 theoretical aspects of the eubjoct have been 
' 

appearing w:t th various .ini'ornJa:tio:n-» 

Most of tl'le experitne11'tal works c,.;'1i"ried out on the we.ve propagation 

are aouoJi74ed with s·tutlying propagatio:tl. in specimens of oomparati-
A . 

vely simple geometrical shape)the ~eaults of this experiment could 

be comr.~ared directly witll aY..act or approximate "theoretical predi~ 

tiona. The &ffiTeement, with experimental results etnd theoretical 
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predictions, inspires confidence in taking up complicated 

problems ·and F-~!es possible theoretical predictions and 

interpretations of observations~ 

Whe propagation of waves throl.lgh homogeneous isotropic elastic 

material G:f unbounded e>o."teneion is, :not a eubject of very co~ 

plexity~ ~he waves e.re eitller dila:t .. "ltional or distortional or 

a conibi1W~tion there o:r. The piotu.re cllalJges radically as soon 

as there !·s a boundary~ !nteraation Of t\.vo types of waves occ­

urs, when boundary is present a.nd this il1taract1on presents 

an 1ri.ller$nt difficulty in the aolU'ilion ·of elesto-dynamic prob-­

lems. Mort3. over the efi'eot o£ a i'ree surface on the ge..'l-lera t1on · 

a:Ud propagation of waves in el~tio medium l'las been the aubjaot 

of Ill.'\ny itwaatigat1ons ever since the· disoov~r' in ens·tenoe of 

surface waves by l10RD 1\AYU~.IGU. 

In gene.t-al, problema. which mostly attr~ot ··the researchers both 

theoretical and eJS:perimentalt L'l relation to the generation tUld 

p:ropagation o:f w~vas in an elastic medium may be olaaeified lt'ts 

.i.) diffra1,3tion of propaf:~e;ti.!PJ waves through the medium due to 

any obstacle, cavity or a crack of any shape situated some­

where in the medium; 

ii) refleotion11 refraction and di:ffraot!on of propagating vtaves 

due to mixed boundarY cond-itions; 

1.11) wave motion generated due to a ;punoh on some bounded region 

of the medium; 

. 1.,v) radiation of waves i.e the wave motions generated due to 

eo:me fi'XiSd ext~l disturballee a..Vld 'r>ropag"ati;ng a.wa:y from the 

aource of' disturbance; 

v) wave motion generated in a. med,ium when· a source o£ disturbance 

moves alon,~ the medium,. 
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Depending on tho nature of the source of disturbanoet . shape of 

the pundh or normal loading on the free surface Qrtd tne preaenoe 

of diaoontinuities in the medium, different eompli~~ted problems 

arise. The solution of those problema need an. a,dvance level Of 

aot:_,h:lsticated mthelilB.tical techniqu~s. 

We present some of the In.:'ltherna.tioo.l ·techniques in short ~tnd g!ve 

references to some of lihe problems -along with their solutions. 

!.Chase lllaY be impo:r·tant ru:l.d interesting in engineel"ing aeienoej 

i.n ea.r·thquake eng1neez·i11g, irl geophysics· P.:ud in seismology
7 
~:nd 

def'ini tely to ·the ~tb.e~tio1ana because of the oompli~~~:ted 

mathematics· involved in the fo:r:mulatiou o:r ·the problem.~ and .tn 

the determination of their solutions. 

The dyalrullio response of an ala£rli1e half space due to an e>..tternal. 

load or a punoh on the free su:r.faca and also the scattering of 

elastic wavea by a. finite craclt m: a. strip !ltside an elas·tic 

medium may be inve~:rtigated by the use of L"1tegrru. tr-ansform 

techniques. -~he integral trana.fo:r.:m f()) of G. tunotion f(x} defined in an 

iilterval (a, co) is an expression of the f'orm 

-f()) a J:t(x)K(x,) )dit~ (1) 
a 

where a is real number and \ ~s a complex parameter varying 

over some region ;k) -of the complex Pl.ane• K(z,\) is ool.lad the 

kerl'!E!.l of the trp...nsformatiO!h The tr~formatioll ( 1 ) baoomea 

pat•·tioule.rly useful. if it possesses inverse mapping• In t}'1..a.t oaee 

. one · cn.n express f (:z:) in terms of i·t.s integral transform by 
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Here Thl(x, \) is. a sui table function defined in a < x < oo ana \ £ D 

and is ca.lled tha kern&'J. of the inverse transform~ \vbich is defined -

for all x in tta..e interval (a,co). The complex parameter\ is in the 

region D while! is a suitable path of integration in D. 

With the aid o:f these trP...na:forms one oan replace some of. the 

independ~nt ve.ria.blea, ao 'ttlt-'lt ~ many oases it is vossible to 

reduce the governing partiel d1£ferent!nl equations to ordil'la.ry 
· ed 

differential equation ii:l the transf'orm11 apace '""! th one less indepen--dent Variable • If~ the reduoed equation £O:t' Z €Jan be S!JlV€1d9. the 

solution f can ba expressed in terms of the inversion integral; 

which ~.y then be evaluated~ The· inversion f.rom the transformed. 

space to tha space o:r actual vari~bles usually involvca very com:p­

licated integra:tions. In "lfrit.:ny cases eVell the nuniarical integration 

oa.n not be performed su.ocesaf.ttlly because o:f th~ highly oaoilletory 

oharaoter of the integrands.[cf. JI:Ril\iG.IDN and SUHUBI (1975) 1 chap.7; 

.ACUDsNlYWH (1976), Ch.a.p.1]. It i.s lll(~ntiqneit ir.t the p1:eceedi~1 para. 

that the inversion from the .transformed spaoe to the original space 

of variables involves various oomplioatioru,. In p~ticuler, miXed 

boundary value problema like the dynamic response of a punoh on e~ 

elt.\~tio half' apace and th~ problems 1nvo1Villg the presence of' a 

craolt or a strip inside an elastic medium rnBY be reduoe.d to 

FREJJHOLM's integral equation o:f first kind or to dual integraJ. 

E?que:tions • 

Different techniques 11ave been applied by ~ authors to ta~~e 

these pype~·o:3 probleins• From these atarid point, these problems may 

be divided into tl'.ro categoriee a one for .low i'requenoy oscillation 
' 

of ~he source or long wave acati~~ing or ~ransmiaaion and the other 

for high freq1.1tmoy oscillation or short v~e~ve sc.:tt·tering or 



t:t"a:fl'lSm1sson in the medium. Tho te:r..'IDS long and short are usad 
. 0 ~ 

in compt?J:>ist.R to the region of the eotwoe ot d!struoo.no$ or 

the size of the strip or crack. etc • ill aida the medium to th~ 

wava length of distrubanoe. In esse CJf low frequency osoilla~ 

tiona J:mB!JE's (1963) method of solving du!\1 integral eqtw,t:tons. 

T~ER 0s {1962) tecb.niqu.a for solving dual. integral equtttions~ 

:Matched Asymptotic Expa..1'lsiol:'lt' and vartatioP..al principle are 

found to be ve1."Y useful whereas !n ease of high frequency 

osc1ll£ttiol'le WEitifER-HOJ!J.? (trostErt};s)teobnlqt't.e; or Geometrical Ra?::} 

Thaory are found to be most suitable,· 

Suppose t~t a mixeu boundary ~nlue problem ia formulated by 

suitable integral transfor.m ao aa to be governed .by a .set of 

dual integral. eqtt:.~tion of tlle form 

/G(p)f(p)Jvb:p) dp ~ g(r). o (1" < 1 
() 

-am /f(p)J))(rp)dp :a o, .t> > 1 
0 

where G(p), g(r) are the known :functions of the variable· 

ind!00.ted whil.e J'lJ :Ls a Bessel function or ·the first kind of' 

order v • We are supposed to d.etermine :r(p) .. 

(2) 

Aaeord.ing to l'iOBLE (1963) ifG(p.) can be expressed in the form 
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e(x)-~ ~ /K(:r., t; )a{q) d~ ez F(x) 
. 0 

with kern-al 

- . 1/2 Oil 

K(x,~ )n(x,_~ ) fpH(p)J))+ l.y(xp)Jv 1 _} ~p)dp 
0 2 +:r 

nnd if o < i <2 then 

1 -' + l -)}- - y 2 
F(x) = x 2 -

(3) 

The ,tntogml eqtk'"ttion (;$) oon be aolved for e(x) and consequently 

f(p) can be dete:t"minad. 

R01lB1lT SOl~ ( 1966) considered n Qircular l."'igid disc pressed on tha 

free surface o:t nn elastic llali' space and vibrating on the surface 

having a smooth contact. The d1splf!toement being apeoi£1ed under 

iihe diac ard thE> sur:l?aca outside the disc :is a.sE:;umad to be etr~sa 1 

free. This r:.dxed bovndr~ry ve.lue probJ.Gm is reduced to e. set of 

dual. integral equations. The solution of thie dual integral 

equations ··is thGn reduced to the ~R!JIDHOLM inte~~ equation of tho 

second Y..ind, an iterative solution of whi-oh is 'then obtained for 

low froq,ueno:r oscillo. tion of •the diso. 

In another paper ROBl:M SON ( 1·967, b) aoneidered a longitudinal ·wnve 

barmonio in ttrao to be i:na!dant normal to a penny-shaped oraok on 

a semi-infinite elastic solid. This problem is a~so formUlated by 

a set or dual integral aqllfl.tiona. An equivalent Fili!lDHOLf;!l inteersl 

equation of the second kind is detert'l1nad by the us0 of 1iiOBt~s 

(1963) method, which !,s also solvGd by iterative mc;thod ass'I.1Iil11'1g 

low frectuency oaoille:tion o;f the r.;~.pplied stress on the araclt 

surface. G".Gf\-J)~'fEJ.JL ( 1968) asaumed n cirouJ.ar indentor vibrating 



V(!~,o) :::;Vo(x) 

Tyy(x.o) = o 

T. (x, o) = o xy 

7 

; lxt,S f; 
' . 1!~1>1 

; - CXJ ( X < OCI• 

In this paper the EJ:pp.roaoh. ia some what diff0rent :trom tlle others, 

which hna atrea.dy been diem.tssed. [he r:o.utllor ao.surtted a fv..tlction tCx) 
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(ullk:nown) to be ·the nor~m .. l stress below i~he strip. Thus 1-i(x,o) 

is assumed to be known OXl- (- f.Xil' co). Assuming the llOrina.l stress 

to be roloml Gn y ~ o, the integral representation for the 

po·tentiuls ~ and 'f are de·termined by the use of Green t s funotion •. 

with the help of f and "\' (whiCh involve the l.Ullmown :t'Ullot.ion fC':r)) 

an !ntt;:lgr.:-.1 equation of' the :fit'st Y.~d for tcx) is obtained, whioh is 

then . converted to an. integxal aqua tion of the second kind by 

N'OBLilles method and the iterative sol.ution is obtained :f!or small wave 

n'UL'iber. 

In this co11Ueotion I could not resist ·&ne temptation o£ referring 

to a p.;'l:per by FABRIKAlf.R and BAJIKlffi (198:c{) '· wh..~re £1. mi..-..,::ed bolllldary 

value problem. in a non-..homogenaoue medium ie oonaidered. An 

asymmet:t'iO COllta.cr'G ill the form Of a OirOJ.a f =a. !s assumed to be 

present on the half apace •· A.'YJ. ru:.-bi trary normal. displacement is 

pre~o:r:ibed il?.Side tho cirole f =~t,. whil.a the boundary ::1 = 0 of' 

the half' space out side ·the circle ia 1J stress free ana. the tan­

gential s·tress vanishGa all ovru: the ].Jlane z:::o,. Fo~lowing 
ROb".l!tT\l~SB1/ (1964) ·the aoltrtlion of 'the problem ia reduced to the 

solution of a ·two di.m.e:rmio.nal integral <;quatiou in polar co-ordinates. 

The authors ·then proved trutt it is posoible to reduce the integral. 

equation to a sequence of two l~bel type integrnl operator and 

anothex ope.ra:tor intZ"od:ti.oed by them. The inverse , of ·the operators 

cn~i. be · iound easilY n.nd the exe~c't; solution of' "\#he -~10 dimensional 

equ.1.tion is ol:Xt~inmt in the closed form.: 

!i1 all\ the C9.ses discussed above, dual integral equations are 

converted to Fredholm's illtegral .equation of the second ld:nd 

wluoh 1a then solved iteratirely for ~ow.frequaney oscillation. 

Dut TRA.l\f.r.ER's method (1962) of solving du8J.. integral equation !s 

different. It a mixed boundary value problem is formulated as 1~ (2), 
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then aocor!Llng to ~IW-lREH. f(t)) (wlliQh is to be dete:r.mined) is te.ken 

1n the form 

(4) 

\Vhere m is _a poe! tive integer or zerot k is real. e--nd poai ti ve rotd 

the real part ot ).) !a grea:t!;.~r t1w.~1 -1 • It may be seen thr~t under 

the eondi·tton~ att:~ted above the integt.tal 

. {5) 

ooliVtlt>ges for both r > 1 and o < r < 1 (;tnd itm '",;al'ite ia also given 

by W.ATSOR (1944). For a cb.Qioe o:r f(p) es e;btt')ll in (4) and -rming 

the value of the integral (5) i·t can he p:t~oved ·that the aecond · 

of' tne equation (2) ie ·automatically St' .. 1:;iaf3.ed •. Tl"..t;; ooe:fticiezl:ts 

am bav.e to be so chosen tlk'lt tt:ta form of f(p) es given in (4.} a.lso 

.satisfies the first eq,uation of (2) .. Again from WAI£SOliJ (1944) we 

hnve the n value of the integral in (5) to be equa.l to 

(6) 

when o < r · < · 1 • 

~be valu~ o! f(p) from (4) is substituted in the fir:st equat.~.Ql'l 

of (2)~ After some algebraic aimpl.ii'j.eatioll with the help of Jacobi 

polymomial, and usi.l'lg the value of ~he integral (5) a.e given in {6), 

the Hankel inve:r.~aion formula and. also noting that 
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We finally obtain 

co .· 

:io"'"m /G(p)p1•2k JV+2m'!"k (p) JV+2n+.lt (p) .dp "' JJ;(»o>ltk) 
0 . 

(7) 

where· 

1 
. = /g(r ):r..V+1 (1•:t•2)k~1 1tn(l~+1), -v~1,r2)dr. (8.) 

0 

Tha Jacobi polynomial. bsing defined by· 

. . .· . . ~ 

' Aa a special o.-a:3e .when g(r) in. (7) is repla.ced. by ltr (.A baing 

oona~vant) £"Jttl malr.in;g use of the ~~e.sul.t [c~.Vtt;J;SON (1944),p.404J., 

the eg_'l.lle:t;Lo:n (7) Ct:tn be vn~itte:u. as 

GO 

\::>3' 

a~+ t L~ n a ·~ (2v+4n+2."<).E(:V,:rJ.,k) 
.. 1 rn=o Jl, . m 

;=. Jip2•2k .G(p)•11 P-·l J1>+2m·~·1t (p} JlJ+2n+k (p) dp; 
0 . 

Sinoe Ja.oob1 polynomta.ls ea.ttsfy the relations 

(9) 
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. v 
when m rJ. n , we have from (8) , for g~r) c ~ 

........ . 

1 ( ))+1) 
· • fo:tt n c: o 

2kl(lc+)J-t4) - · 

';:., 0 for n > o 

Therefore by the use of (10),. equation (9) takes the :form 

21..-kl(v+1) 

T<v+k) 

-hare a = 0 for n ) o,· & c::: 1 and •• n - o 

•••• ., •••• ] 1) 

(10) 

W11ih the determination of the constants, the asymptotic solution 

of the dual. :bltegral equations in (2) is dete:r..'2.nineu •. 

BOSE ( 1968) eonaid.ared a rigid ciroul.ar disc indented in a semi 

infinite elastic solid v1hicll performs small os.oillations nol?l'!lal. 

to its plane without. loosing contact with the eurfaoe of the 

solid. With the heop o£ Hankel transf()rm• the problem l'laa been 



reduoed to the solution o.f dual integral equa:tion and then following 

the method o£ !CRAi~~ER to the eolutioll of an intini te sot of' alg~bra!c 

equa:''-lions. At present a new teob.nique'knovm. as mo:tob.ed ae.Yllptotio 

exP,nneion has been introduced and developed to eo1ve the mixed 

boundary value problems involving wave propa~~tion in elastic solids 

due tolow frequency vibration of the aootterer. 

TlUs method has prima.rUy been, used in solving the oelebrated 

l:rav!e:t~ stokes equa:tiona of :Hyd:codyi.lalnios. It waa develolled by 

l!RAl.'tJ1xL { 1905) to sol.va the problem of hi.gn speed viscous !:~ow pa'Vlt 

of ~ body. Some times this xaethod is found to be convenient to solve 

scattering and diffraction o:f alo.stio waves by cracks and bodieo of 

.fin;i.te length. 

Di££~aot1on ~d scattoring of elnatio waves duo to the presence of · 

a finite oraok or an obstacle of finite dimension can ba solved by 

the method of matched a.eyr.11ptotio expansion in case when the dimen­

sion of the soatterer is small compared to the wave 1ength of the 

propagating v~:aves. 

In this method, two exp!tno!.ona are developed simultaneously firstly, 

an inner expansion valid close to the e;oatterer ana. secondly, an 

outer expansion valid far away from it. The inner expansion is 

constrained to obey the botnldary oonditton at tbe surface of the 

eostterer while the outer expansion generatod so as to satisfy the 

oondi tion at infin! ty but not at the . surfao~ of the eoe:tterer •. 

To render the problem determinate, it is neQeSa$~Y to usa the faot 

that the inner and outer expansions are ·Q.iff'arent forms of the· ~!Sam$ 

:runotion. This ~eads to the ma.tching oi' those two expansions in e..n 

intermediate region. This mkeo it possible to dorive altQrna.tively 

the ouoceseive torms in 'each exp:.:utaion. In this W(<J.y oonstruo:tion o!. 
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a uniformly v~lid composite expansion is done. 

In order to explain tht~ Ll9.themat!oal procedure, consider ·the dynami­

cal equations o£ elastioity 

(12) 

Introducing a oharaoteriatia geometric length l in the problem and 

put·ting 
...,. 

-:· u -· ..... . u = /a. , r' = r / a and finally dropping the prime e.-

the above equation in the dimensionlasa form o-ail be wri tton aa 

(14) 

...,. - .... - ... 
se·i:iting u = grad t + rot li' • 1 t is :found that ! and F sa. tis~ 

the .equation 

(15) 

2""" -~-\1 F + mJi' = o (16) 

The analysis is based on tho e.sumption that M and m are Stn.:"lll• 
. . . . . i·;;;t 

Let an axJ.ally SYL'lmetr:tc l":tody be depressed by an amount d0 o 

along its e~i~ o~ s~~~otry into tho elastic space by an exoiting 
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...... 
period1~ force. If r stands fo~ the unit veotGr·along the a~1s of 

symetry taken aa n-a:d.st then the boundary oondi tio:t1e become 

u = d0 fe ivrt at the sur.f'Boo oi" the body while 

Applying too principle of supe:r:;poa!:tton and using nondtmensiollal. 

unit this is equ1val~nt to a problem \~lith boundrary condition 

u = o at the surface of the body 
.... do -u = ~ 7 l o.a r ... co. 

..... 
In order to obtain appropriatG i11ner solution for u , we ~ssume en 

expansion of the form 

(17) 

such that 

(18) 

(1.9) 

... 
where <;n and f'

11 
oatiafy the equations 

=0 (20) 

and 

The e~llrulston gj.ven by (17) io a.ss'U.l'!.led to sa-tisfY t11e oondition 

at the surface ot the body o:aly. 

Aa such the~a expansions are valid only in tho vioini'~Y o:f tlle 

body. Llext consider ·t:n,e matched outer expansion. ~o find tha. 
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required outer expansion for ! _, wa set 

Aa Ei .. o, tho point (:z,y,z) will move to infinity end it ia in thie 

neighbourhood tl1.e.t 't'Je are intor~sted ;ln finding the appropriate 

expnnsiOJ'l• We Write 

t = I&11 (i,y ,i)-..r~ilh2(i,y ,,'i)+ ...... 

where V~lj+hj = o ; ;j t::: 11 2r; ........ 6 • 

... 
In a s!miler fasl1..ion to i'1nd the outor qx1.KiUsion for l:~, we s~at 

"*' ;.+ * x = mx. , y = my, z = ln2} and 

- ..... * * *. 2- it * * li' = rng1 (J:: ,y ,z )+ m g2(x ,y ,z ) + ····~· 

where *2.... .... -
\J gj+gj!:: 0 i j :::: 1J2t u••••• • 

I..e·t US denote tho OUter expansi.Oll for U as 

.... .... 
U

0 
= (-d

0
/l) I and 

We are now in a. position to obtain tb.g 111ner and outer solutions and 

match them app:r-opria.tely L'l order to determine the u.nknO¥r4 eonatanta 

which arise in each of' them._ This is done using Vtili DY.iUP3 (1964) 

asymptotic maiH)hing principle which ilinounts to the following: 

the po-term inner expansion of (tha q-term outer expansion) ::: the 

q-·tarm outer expansion of (tlte P"tcrrm in.ner eKpa..rlsion), where p and q 

my bo taken as a.ey two integers- :~q_ua-;-t. gx• unequal. 
; ! ·:' . .~u-1:~ .·. . . . 

Using the method of roatoned aayrnptdt!c expnuaion the diaturba11ee duo 
• 
8.9842 

IF' 4 J u N 198 5 : :).;_';'.'(_ . ~.{ .. 
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to the action of a periodic symmetric force acting on a rigid oirou-
. I 

lnr diso a:tto.ohed to t he fueo surface of ru1 elastic half' apace ha.a 

· been atudiad by KAJ:'bVAL (1965). SOf.iirtcr1ng of sn-waves by a rough 

half space of arbitr.?..ry elo:9e and se."ltter1ng of" Bnylcigh \7a,ves by a. 

ridge have boon studied by SABINA and W:I.LLIS (1975, 1977) by the 

mothod. of ntttched asymptotic expansio-.a. DUTTA and AKILY (19./8) 

applied M~A·E• tGr obtsA:n the sontte:t•ed f1old when the wave length 

is 1~.rgo compared \~rith the linear dimension Ot' tbz: inolusion in a 

half apace. 

JilliBGSNA1n1 nnCl H.E!SB (1983) noaumecl that a loc.o"llized illhomogeneity 

in tho medi'Utll acts o.s a. scattero1:' • .tu1 asymptotic ex~-::-Vlsion which is 

tm.ifo~y va~ztd in sps.oe is ob:t;ained for low £r~quenoy saatteriil{,; o£ 

a pltJlla ·.wave inQident on the sc:.:"l'tterer. It is es::mmod ths:t tP,e 

obaraoteristio le~~h of the scattori:ng region ia sma1J. ooiJparod to 

the wave length oi' the iuoiden·J; we:ve. Whe ma·i;hod of u.A.:C is used. 

be 
Another method that 'l!t'l9A applied to eolve the mixed bO'.tndfl,.ry value 

problem is th~ variational p:rino!pla. 

V~..r:tt'!.tiomi teclllliqueo ba,V.a .. 'Qeen appll.ad ,Wi tb. much. 0\.tCoees .for 

sevel.'f:,l years in a:ttaoldug di££racrtion. and sootterinrz problems in 

elootro!ik'lgnetio theory. While 'tho POW'3!" Of Vaxia.tional teohn1q'U0B 

~or obtaining approximate sgl~~1on ~o pi;oble.llts o£ eleatoatat!os 

i:::t well. ~"lOYmt sL"Titlor methods do not appe~ to :have been mach in 

use to solve mL"ted boundary valuo pro'blems in ola.stodynam1Qs. The 

method of obtaining e.ppro:r.;j.mato solution o:f e.i.ta1 integn-~1 uquatioua 

by variational.. metltod r.ms deveJ.oped by liOBLE (1958-59) • Being 

&;~ded by thls method s'l:ALT.t!BRASI3 iii 1962 devolopet1 a VaJZ'iatioll 
' 

. Procedure o:r sol-v-ing the socalleO. pu:~.loh .or contact probl.eme in which - . . ' 

a rigid punch or·die of arbitrary oroas section and with a flat baae 
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1 s fora~d to oscillQt(t in con,~aot with an eJ.a:stio medium occupying 
ai ther n !l.E.lf S.im.ce, or ·Cine in.fini te r~·~gi.oli bounded by parallel 
planes. He has sbov.rn. t11at a :funotion can be oonstruotad whoae 

stationary value is proportional to the amp~itude of oaoillationa 
j3U.»eh. H·tt.e.. b O"U.~J.o-"'1 CDV\d.i'ho~ o t \1.-~ · 

o£ the" v.roblem are au.i'tably .restricted. Iii is known that the displ-

aearnent field Ua genoratetl in en elaetio mediu:m oecu.pying a. region 

1), by traction ~ .1 applied to the boi..Ulding surface D w1 tb . a harmonic 
.... 

time dependence .taJ.l.wt , c.~n bo f'~:preaP~erl ~ th~ fO:t'm 

ui 
~ 

Ua (P) = J,,(P, Q) T1 (Q) 
:a 

(21.) 

dAr~ !s an elemental a!'aa at; q , el. poi:..tlt on :a a.7ltl l};i :J 1j nj v;lla:re 1j 
are tb.a oompona11"ta of atresrs tt9nsor and n3 ete.nds for tlJ.@ components 

of "'.;he outer U-'li t no:t'mal to B. ~che singt:laz- :functions U~(:l?. Q) is the 

Green •s function which may be 1:nte:rprct\qd f),r; the components of' 

displacement in the rat'Jtanguler· oo.rtesion direction xa at P due to 

an oacilla:ti~~ un.t:t aoncentrated eurfaoa force in tile :x1 dU'ect1011 

at ~t• 

The boundary B of ·the region n is tlivided into ·two r~giolls Bu ~1.lld 

~~ where (1) on 13 • t~ boundary conditions axe of ~::et:l tYIJe 
~ " u ~~q 

(e~gQ 110rrna~ component of diaplacement veo~or~tangential cowponent 
nye ' 

ot the sui:'faoe t.ractton ,.PJ!Gao:rihed). 

then usi!lG T .. i I~ .::: 0 , we ohtn.in 
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(t12) 

which providea a vector integral equation for the deter.roiZk~tion of 

the tu~wn components of the aur£ace truction g1 on Bu• Instead of 

trying to find out an exact solution of this integ.t•a.l equ.ation a. 
'· 

functional ia QOnst~~cted.whioh is s&atio~ry relative to small 

variations of the unknown oomvonents of g1 about their exnot values. 

It can be shown that the functional 

. * * * * F1 (g1 ) ::: 2/ g1 (Q) f.~ (Q)dA,J • J g
1

(Q)u1 (Q)dA.) 
D 4 ~ D ~ u u 

(23) 

* 1 * whllre u1 ( Q )= ~ ua. ( Q, Q 1 )g1 ( q' )dAQ, 

u 
1s stationary with respect to first variations o! s1 about th~ir 

correct values,. as dete.nninod by the integral eouation. The essence - . 

Of the above refel."!11UJ.ation is that the errore. roade by USL"lg F 1 L g~ J 
in place of F1 C g1 Je.re of the order of magnitude o:r the squares of 

·tho errora in gi relat1wc .. to s1• If tllereforet we onn arrange that 

F1 [giJ ia proportional to·a quantity of interoat, and admissible 
' . * 

.functions g1 , .in cloae proximity .to the unknolm :funotione g1, oan 

* be obtained, then F1 C g1 J will provide ue with a good approxillnt!on 

to 1?1 [ s1 J. · 
Fo:r ptU."POSe Gf oolculat~ont 1 t 4.s more convenient to have a aoolar 

inyaria.nt functional yvhicll my be obtained from ( 23) by rapla.oj.ng g~ 

* * by og
1 

snd using tho stationary pro1jerty of F1 [ g1 ]to obtain a value 

(24) 
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In order to illustrate the power of the above ve.rla.tionaJ. method., the 

·cJ.aasioal Ue1a;sneJ:'-!oSagoo.1 problem o,f the £oroed torsional Qsoillations 

of -a_ .. rigid otroular disk attaob.od to an ele.stio half-f;lp¢\oe was 

reconsidered by &i!ALLYBRA$S ( 1962). 

Approximation VJa.s obtained . :for au.fi'ioie·ntly low values of a certain{, '., 

frequency pa:ra.meter • !i:ha bo'l.?Jldo:t·y value problem is to deteJ:'IDine the 

solution of the differential ecrt~at1on (pmitting tile tima f-nc'tor eiw·t) 

u. 

. v
2u' -~ + k

2 u' = 0 

t\f = Uf (f,Zh k2 
::= \V2./Q2. 

sub;jeot to t h.e 'bou.ndary oondi t1ons 

where ut ~a the aatmttthal component of displacement end ~ the 

amplitude of ·oscilJ.atiou {).f tlla dialt. 

Considea.•ing gene:t·al solution of (25) in the form 

.,.. A(~) -zt-/"A2-a'i 
u (s,a')::: ~ ~~-. 0 

' o v·~2-a2 . 

(25) 

(26,b) 

wbllre a = i/e , -Z' ;:: Z/at ~ = ka, e. D.Ol:'l-'dime:nsiona.l fr~quency ~J..'ameter, 
. * it ca.n be shown that the displace:ent i'iald uf ( s}. corxespondplg to 

an arbitrary admissible atreaa ' 3 (s) , a ,S 1 can be obtained .in tha 

:form 



~u 

.I 

q ·''/ I (s· )s' .. d. a (27) 

which ia the rQ(luired rela:tion betVJeen displacement and st~ess. 

Substituting ~thia relp,tion i..'lto tho ex:@resf~ion for tho scalar 

invariant :function&J. (24) nfl..d usine; the bo:mcla.ry co:ncJ.i.tion (2G,a) ue 

got 

(28) 

How .. _F2[ Tgf J =- 2~ 13 ! 1fz( f) f 2 
df ::: Id0~, wllere Lt0 is the moment 

. ' * of the foroes applied to the disk. Ueplaeing 11~2[ T?J by F2tlpz J 
in ( 28), we Ol)tain 

oo .A 1:* . 2 
_{ j_(r.2-a2l:~ • .'!yz(a)Ja1 .. (:S).~ .. s do] ~A 

1 
r i -r:* (s)s2 d.s ] 2 

0 ?Z . 

tna approximation is in thO variational sense. 
. '* A nati.U'al fu~st ·approximation of Tf

3 
( s) for small vr:J.uea of 

i'requanoy ia to use the ey,act static stress dts·tribution• 

fie therefor0 take 

(29) 

(30) 
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Utunerieal values of M
0 

c..~oulated from (30} can be found. to be in 

good agreement with the e:!mot value for .low frequency. 

The eama variational principle l1ae been applied by S£ALLYBRASS and 

SOifGRER (1976} to solve the problem of forced vertical vibration of 

a rigid elliptical disk on an elastic ball! spe.oe. The methods 

discussed above are not applioa}ble in oase high frequency osoillo.tions 

or short wave propagation. :tn· thasa oases WIE!~ER•HOP.P te.chn1que finds 

extensive application in variouo mtxed bounda2~y value problems by 

means o£ intogral trnnafor~~tions~ 

As a general case the three part th.ixed boundary vn.lu.e problema 

!of. NOBLE (1958), p.196'J may 'ba :formulated in oomplex ) .-plane e.a 

A ai(\- k oos G)q ... 0t( \ -k cos a)p = ..__, . I * _. ..,.,................, ..- ........ ..,.,.. ....... i>l,. 

1[2~ 
(31) 

\- k oos 9 

where A is o. oonsta.nt and \ :.: I) + 1 t euld k == ~ + ik2 • The 

equation (31) holds in the ·at~ip ·- k2 < t < k2; F+()), F_(\) 0~ 

F 1 ( \) are the unknO';m . functions: · 

F +(\) = . ....!... /f(x) e1) (Jz-q) dx ) 
1{2~ q 

F _ ()) ~::: . ..L JP f(x)a1 )(x-p) d.~ 
7 

- l[21t --- . . (32} 
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F + (\) is assumed regul.ar ill t > • k2, ll:_ (\) in t < k2 and F1 (\) 

is an entire fun?tion~ It is easumed tbat K(\) is rogule.r in 
' . 

... . k2 <. t < k2t hnd baa. 'bra11cb points at \ c .t k.t on the auppoe1tion 

that we Ck~n write K(\) = K+(\) K.,.(\) ; K+(•)) = K.J+\) and taking 

o ·< a < i n '· we get k2 a?s e > o. It will then prove convenient 

to rearrange ( 31 ) so as to apply the Wiener-Hopf technique in. a 
. -1 

strip .... k2 < t < k2 cos a. Hultiply (31) by exp(-i\q) tK+(\) l 
end rearrange in the £orm 

(33) 

In the above eq"Ur.ttion we have wri t-teu. 
. . :1\(1~) 

U+(\) + U411io(\) a e . l!"_(\) / K+(\)• 

· . •1/2 1\(paq)...,l .k cos e p 
V+(\) + V..,.())::: A (27U) e /{(\•It oos O)K+(\)1. 

-1 
!n a. similar v;ay, ID'Il1t1ply (31) by exp(-i\P){K_(\)} and rearrange 

ae 
-i k coa e p 

F .. (\) + R(\) + -A... ~ ... , ·---- - S (\) 
K_ ( )) - 1[2n ()- k co a e )K_()) -

= - 0- 1fP K+()) F1 (\) .- n,..()) + s+()) · (34) 

. i)(q.p) 
where U+(\) + R ... ()) = e l?+(\) I K_. (\) , 
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·'he ·left l'w~d side of (53) a1'ld tlle ri-ght hand Side of (34) are 

regUlar in t > • k2 • !ljhe other sides .~e regta~..r in t < k2 CCH3 o. 
Assume tha~t babaviow:"s at infinity etr$.ll suo£& tlw.t. Liouville 'a 

Theorem oon be e.pplied in the usual way-: to prova that ~CA'l. aida 

of each equs.t!on equals zero"'. 

Via introduce the not01:t1on 

.,.1/2 •.1 ~ QOS (j q •1 * 
F+(\) ... (2n) Ae (\"" lt ooa 6) = li,l+ (\) 

=1/2 -1 k cos a ri . .....1 
F (~) + (21t) . Ae · (\- k tjOS 9) = H.. ()) - : . .. 

* . wher.·e n ... ()) has a pole at \ = · k co a 9 but otborv.rise regular in 

t > """ kg 4' H_ is regt~ar in t < k2 coa. Equating the left hP...nd 

aide Of' (53) ~.,nd (54) to sero itUld USing tll.e gena:ral. decomposition 

theorem [ of •. D'OBLE (1-959\) p~ 184] , w~ obtain ~fter simplii'1oa:t1on 

~iT(p.....q) Bo\iO. ('T) 

(T-)) B;+ (T·) 

e1T(q-p) a!. (T) 

(1""..; \ )K .( 'T) 
. -~ 

dT + 

dT 1:!1 0 •. 

In these equations -k2 < d < k2 cos e. •k2 < o < k2 ooa e. 
AssurJing 0 < a < -;V2:. and ·taking d = - o = a a:e:¥1 'taki.ng 
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* ' s {)) 
+ 

e1 T (q-p) s:(T) 
Clt>i"<'*"l ~wr-..._..,A> 

(T+\ )K ('T) 
' -· 

d'T + 'l ----=- J .... 

e .... i k cos 0 q 
+ ,.J;.~.o '"~lie··-~·~· --,.-«>~,_,...,. ..... .,..,;Ilk .. 

(\- 1'~ cos e)K+(k cos o) 

1 -.i crT + 

be determined b:r the m~thOd due to J<:mr.u:s (1952). 

A numbc:c of problo~s in:vol,1i!l{~ the di:Cf¥.'a(,rt.:lml of alast:tc \'.raves by 

1'inite orack~ cr sc:2:'t'te:r~ers of :tini te r::l:30, t~lle dim.ens;lon o:e' wh..ich 

are lkz:t·ge compared to th0 vu:tvc ~e.ngtb of incident wa-ve h·1ve been 

treatr:ad by Vel.·ious att~ho.!'s G.}.)plyi:rag Wienor-Hopf technique 11 

SHia-sunc OHli.lW. ( 19Ti ) oonEliderGd. tllo intcre.€tion by fil'lite closed 

crack . in au eltu~tic !2edj,.um o:f. infinite m::tent whei1 a pla..'1e dilnta­

ticmJ. llurmonic wave-; :Le incident on a d:t'E.'>ck. High .f:t•oquency solution 

WICK:PiA11 (1980) considered ·the short; wave ratli~a.tion :from rigid strip 

Wl1ich is for¢ed to pe:r;·.forra .reotil.inee,;r· oacillt.:ttion nor!.i.lal to a...~ 
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equation by> the uoo ot Wie~1er-Hopf t.eohniqu.e .• 

Slnall time Reiasner<O!>Sagooi problem in a. bitnatoria.l elastic lln.lf 

space undar an. 'i~~.$i~.e.twist Wti.s reao~1dered by GEORGE (198:?). 

The problem is roduaed to an integral equation. By tha use of 

e.ayruptotic a;nalysia and appltoation of Wiener-Hopi' technique 

the equati<.m. ia conva:t-ted to li'redhol.m integral equation ot s.eooild 

kind• 

We now prese:t1t in short another method of . solving scattering 

problema £o:r high frequencies viz. ela.stotl;ynamio ray theory 

which can successfully be applied to obtain relativ01y simple 

approxilintiona to diffracted fields of ela.ntio Viavee in pra$ence 

of ora.®s or atrips of fini ta width in an elastic mea.ium. Geome­

trical alaatodyn,;-un1es. Gao.mo•trical diffraction thEH?ry and unifOrm 

asymptotic theory together aonatituta the ·ea.frtody:nnmio ray theory • 

. Elastody.na,mio ray theory were atudiad .in great deta!la by K.t\RAL_ and 

KELL"EU~ (1959}. The application of' ray theory to diffraotion by 

smooth obstacles ~~m also been investigated in soma detail by 

llESEliDE ( 1963) • 

In analogy wtth geometriC£-.! optics, 't1le simplest theory for 

diffvaotion. of elaat.lc we.vos by era.oka may be called . geometrical 
. ' 

ela.etodynamios (GE). In GE a. eraok or. £!!. strip a.ota as a aoreen, 

W¥lioh creates a ehadmv zone of no motion, ru:ld .eones of rofi:eoted 

waves. The abadov1 zone is bounded by al.l rays pa.esil'lg through the 

aource point ana the edge of the oraok-.. Tlm geometrical .refleot~ons 

of thaae rays bound . the s<me p£ refloated rayr;".. !l.lht;l displacement 

field according to GE is of the aa,me order of tn.:'lgni tudQ aa tl'lo 

incident field. 'l:he GE £ield is however physically unreo11at1o; 

beea.use of the discontinuities in displacement at the bouP~arias. 
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of the shadov.r ~one anrl the zone of re.flaated \'7aves. 

A firrrt correction to GE is supplied by the gaometrieel theory of 

dii'.fra.otion (GTD). This oorrootion ia valid for v;a/OL > > 1 and 

·at points s/a > 1 where v; ia the ciroular frequency. a ia e. le!JbTth 

dimension of the craCk, OL is tha voloo1 ty ot long! tudtnal wave and 

s is the distance from a crack edge. The oorraot:ton provided by- GirD 

is of the order (via/CL)-112• 

I.1as1o to GTD 1s the fact toot ·the incident body wave wnen falls on 

the edge of e. crack ~ives r is a to two form of dtffre,oted L-rc:}ls 

(long! tudiml) and T-rays ( tX'&nOVGr.se) a.e \'iall as a set of R"!"raye 

(Hayleigh wsves) along the oraok :faces .. :che primary d1f:t'rncted 

rays are .fans of L- and T- rayo vYhioh are directly generated by 

an incident ray. I" or plane longi tudinsl .end transversa waves, 

which are under arbitrary angles of incidence with a traction 

f~ee semi infintto ~aak in an tUlbot~ed body, tho. diaplaeement 

fie1d due to diffraotcd body wave rnys hc,ve been determined by 

AOliEN:fJAOH, GAUTSEH (1976) by asymptotic cons~t\erations~ ~~he 

corJ;>~aponding surface wave rays have been studied bJ" GAt9£ :JEW 11 

ACHEliBACH and f.TCf:IA.KEU (1978). When an R-rny intersaots the edge 

of a oraakt ray c+ :renooted· surface wave e.~ well as aones of 

diffracted body wave rays are genara.tcd. !?or a plane incident 

aur.fa.co v1ave, the refleotion ooe:f:f.'ioiento havo been computed and 

also the cones of dif£raeted L-w~vo and T-wave have been analysed 

in detail by ACHE.NBACH, GAT.l£SEii and 1;1fJ!>'iflJ{EN (1978) $ 

Tlleae plane wave results irJ. presence of a traotion free semi-. 

infinite ornok in f.'.n unbounded medium are oe.non!ofl,l solutions. 

In gaometrioo,l di:ffraotion theory these canonical solutions c.r.e 

appropriately adjusted to nocount for curvature of !noident 

wave :tronta and curvature of craclt edges o.nd for i'ini te dimensions 
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of the oraclt na diaouesed by GiJ.'IJJ:SJi!l1I etal ( 1978). 

~ithin the oontext of the WBD theory, the diffracted field at 

a point observation is oonpriae.d o£ contribu..rciona corresponding 

tq • • primary' ' diffracted body v;ave ray, v1hich a1.--a dil'\)otly 

generated by incident body wave rdys, and constributicne oorree­

ponding to •secondary' diffracted body wave rays. r.rhe latter are 

generated by sur:faoe wave rays travelling along tho crack faces. 

Yli tb OE nnd Gi.J:D1 the ·total d.iaplaoement field is of the form 

where ug ia the i'ield due to geomatrioal alastody.rlfl.mioo and ud · 

!s the :field ~ue to geometrical theory of' di:f.fraotion. 

The result ie still not valid at thq bound0.ri.es o:r the shndov1 3one 

ant at th.t:) boundaries of the zones ot refleoted wave a. In a further 

refint:}ment whioh is oo,lle.d u.niform asymptotic theory (Ul\T) • the 

fields at these boundaries are oorrtloted. Uniform asymptotic thapry 

· i:n oase of acoustic edge di;t'.fre.otion has been explained in detaUs 

by !iENliS and 130ERS11i\ ·(1969). 

A tht'oe d!manaione.l ray tracing algorithm is used by LAliGSTOU and 

JIA•JULEE (1983) to compute the higll frequenQy response of an. .SH 

ple;M wave incident under sev~re.l models of the sediment wi tll 

Duamieh River Valley. 

:Baa~<l on. ray method expansion, asymptotic method ia developB.d by 

SHEN (198;s).,for the solution o:f linear equatli.ona governin.g 

compressible viscous :flow with free su:cfaoe. 

With this much of di.aoussion on the vaxioua methode that are 

genera.lly found to be useful in dealino with the mixed boundary 

value problems, we briefly discuss the two problema that are 

takon up in the first chapter~ 
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In the first problem wa have considered the rooking motion of a. 

rigid strip on a semi-infinite elastic medium having a triot!on~ 

less aontact with the medium. A ·time lla.rroonio diaplnoement d!a-­

t:ribution v
0
e-iwt normal to the strip is praeeribed where as.the 

s·tress out aide the 1.31;:t>1p is aero on the tree surfac~. The mixed 
to 

bcu:nrltU.'Y problem is reduoad~a set of dual integral equations, 

wtdch is then solved by ~RAlf£1!lil 'a (1962) technique for low freq1J.­

enoy oscillation~ 

In the second r~per we have discussed the response of a semi­

infinito ela.stio solid to a. rotatory vibration of indentor ov.er 

a. o:troular area. about a diameter. Dy the use of' F .. ankel transform 

the solution of thli3 problem 1e reduced to the solution of a PAir 

of dual integral equation which ia then solved by TR.l!.JJ.J:ER 's 

·method. 

The nornnl stress below th~ disc, total torque and the displace-­

ment on the free Gl~face have beon determined. 

From our experience 1 t appears tlk"l't though ~PJI,.NTER ts m~·tllod is 

no less powerful than the oth~r existing methods for solving dunl· 

integral equation involving t:U.e solution of mixed bounek"U'y value 

problem, it has not much application in the l1teratur~. 

Iie~t we would diaeuaa some other methods which lk'1.VO wide applica­

tion in elastodynamie problema. One such is CAGHIARD'a method 

( 1939) which is a. powerful teolm.ique and.· ene.bl¢s one to fil'ld the 

solution of the probloms .of seismic pulses or the wave propagation 

in an elastic medium• Two media in oontaot m.':ty also be deal.t with 

when ·the sou.rce ia in one of. these media. 

According to DDt (1954), Ce.g.tlia.rd 's method is not to use the 
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standard Ie.ple.ce transform ilwersion formula; but to use a series 

of t~laior.mat!ons to beat the expression for the Laplace tran~ 

form into the explicit Iapla.oe transform integral, tl1Us enabling 

one to obtain the derived solution directly out o:£ ·this integral 

expression. An adva~1taga o£ Oagniard'a method over the other• is 

that it pon:d.ts exact numerioaJ. computation oi examples, whereas 

alternate approa.ohoa usually give approxinln,tiona 'v7hich are good 

only a.t large d1strall¢es from the source. 

Aa an illustration of Cagnie.rd'e method, we consider th~ problem 

o£ DIX (1954). It iaassumed th~t there is a source function in 

a apherioal cavity in an L71£'1nite medium given by 

1 R J 
, :;1 1 11.[t - c; (li) 

2 2 1/2 ) . 
:for J?-wavea where R =: (r + z ) and H is Heaviaide unit 

funotio:tu H('T') = 0 for T,$ 0 a.11d U(T) = 1;r> o. 

If we assume the variations only with the radius r and Zt the 
- ' 

equation for ' in cylindrical coordinates is : . 

(37) 

where a ia the P-wave velocity. 

Taking the Laplace transform of ( 36), · subst1. tuting t-R/a= T aDd 

noting that H( ,-) = O; for T< o, we he.ve from Iaplaoe transform 

of (:36) and (37) 

Oll) . a 2 2 112 . · 
~ 1 -pR/a -(7\ +P /a ) z - = R a = /G('J\)J0 ( 7\r) a d/\ 
P. p 0 

(38) 
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.... 
where p 1n ¢/p .'le !nclurled in G( A h and z iq chosen posit.ive~ 

Equ-~tion ·(3B} holds _1:f' 

· rl· 1/2] G(~)· = ~/[ p( i' 2 + ~- ) (:;9) 

From ( 36) and ( 39) uaing the au.bsti tution : "A = pu and 1 /a=sfl. 

wa have to prove that 

00 
-pt . 

= f e A(r, z, t) dt (40) 
0 

aud too:t A will give the unit etep f'l.Ulction given by (:56). We use 

the integral expreaa!on for· J 
0

-{pur) e.nd then obrmge tho order o:r 

1ntegra"Gi¢n 'to obtain (40) .!.t.i. the follcrni:ng form 

2 n/2 ~- . . . . . . .· 

-1 Re[ Jexp[- p(.i.Ut' eo~ a + nz)j ~ d\j aw • (41) 
it 0 -0 :I 

' 1/2 
whe~e a ~ (u2 + a2) ~ 

Changing the variable u in (41) by substituting 

• . . 2 . 2 1/2 
t = !ur cos '17 + (t\ ·t- a )B :~· 7- , (42) 

one obtains ( 4·1:-} as 

2 1i/2 -pt t 
- Re 1 d.W f e · 3!. In!. dt ' 
7t o Hw a ut t o 

(43) 

From the oontour shown in fig (1), we obtain 
00 

/Hw = i.s 
and (43) becomes 



i ru cos"" 
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s 2 2 ~ 
t= 5(r 2 cos w + z ) t. 

I 

t- Plane 

Ficr. 1. 
& 
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.r'2 co t' 2 ,.., -p . ()11 

-Rei a.w f e ........ , 
n o es at 

• dt. 

Rearranging the order of (44•) , we write ( 44) as 

(10 ' it/2 
-pt [ u au dWJ t 

fe . ~ H.e ! - -. d"t a t}t ze 0 

Oomparing (45) with. (40), we define A e.s 

( 
.. 

A r,a,t ) = 0 . ' fort ··< zs 

f, 
fort· > zs; 

(44) 

(45) 

(46) 

and we C..'ll'l say that we llava solved our problem, because such an 

.c\ ooti.afied the eq~:ttion (40). Bquation (46) is th3 first form 

of our so~ution. We use tho substitution. (42) to replace tha 

' variable vJ liy the variable u and lceep t con13tant. Then the 

integral (46) becomes 

u du 
=! I.m J --11: . ot ,--.. -~-.. ~-....,2~;~2.;(t •-az)2j1/2 {47) 

where ot , ia the oorres;ponding integs:ation path ill u"""pla.ne. 

Equation {47) tcf'. 1/e."'vhematical aspects of seismology. Elsevier 

Pu.blial-d:ug Oo, I~ew -. ¥or1~ (1968). I;Jarkat.S Bath; pp.271-272] I00.7f 

now be written as 

(48) 



33 

. -where ot, c: et • . t 1 .,e ·the · int;egral is take:;.1. along the conjugate · 

path but in·reveroe order (see ~ig.2). 

To eve,lunte tho integ:ra,l (48) , iihls is to b~ noted that the 

integra..'I'Ld in (48) has bre.nch points in the u-plane. The four 

. points c, c a , Q and Q' which are brrillch points of tlle integt'8,nd 

e.nd the b:L"'a!Wh outs are shown in the :fig-urea 2 and 3, Therefore· 

As thera is no. pol a w! thtu the contour 1n fig. 5, so we get, 

J =I = t cot ~ ~• D'D ."t ''"'t f 

19 PUtting u = R1 e , for o .S a .S 2-n and letting ~ .... co, the 

j,ntegral is eval:ua.ted rold from (49) we have 

A(r.z,t') 
t'>za 

This ia wha:t we ~...re supposed to prov@ i.e A io the unit step 

solution of our pro1)1em for t' > zs, but \iW3 must prove that 

A is tho unit stGp .solution for t' > !'ls i~e. we muat show 

(49) 

(50) 

that for z s < t' < RS:., A = o. We can not have e:r&11Julee before 

the time t • ::: lt s:: ~ H./a, which is the tim-? of ar:t"iVal of' the pulse 

at a distance R f~om the sour~. 
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To prove the.t 1 ... ::: o, for zs < t' < Re we put: 

(51) 

Then froo (42) 
. 2 2 2· 1/ 2 

t • = a(r c +z ) = (52) 

~here tore 

;t• s z(c2-oos2 'tJ) 
112 

(53) 
2 2 ') r cos ~v + e'"' 

. 1/2 1'"') . ~a I . 2 . 2 2 • · . 2 1 
"- j ... u~ ~ .... i 2'" (:r: o +Z l .... z ( i-c ) 

R . . . 
(54) 

The path ot, :runa from g do\m ~tho im..~gina:ry u.-.axis to oos v;=o 

and after that upto D. At B we have VJ:::.n/2 and fi:'om {53), 

u=rca/z. Thero is no .Pole inside the oontotu"' shown in fig.5 arid 

we hc.ve by 0.9.U.chy 'a integral theorem 

This proves that A = 0, for t t < .Ho.. ',l:here.forc we oe•,ll reple,ce zs 

by ns in equation (48). ~his method Vlle,a applied by GliQSll (1964) 

who considered a. torsional :t~adiator in the form of oil?ollJ.e.r d.isc 

o:f i'ini te ra.diu.n .at·taahed to ·the r.mrfa.ca o! a seoi-in.fini te 

isotropic medium. A twisting l!lonent !llS( .lc;) is :-. :; applied to th.a 

disl~. By applying CAGULt\Im 'e ( 1939) method an ey..act eva..lua.tion 
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fig .. 3. 

u- Plane· 

Fig._ 5. 
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' of the displacement at acy point in the medium was made. 

EASON and WILSON (1969) oons;,ldered the displaoem~nt produced by a 

torsional body force situated Within an elastic half-space which 

is bounded to a half-space of different material properties. Using 

CAGNIAIID 's transformation, displacement ·at. ·points of the surface 

due to impulsive body force acting on the circular region in th.e 

interface was \i\JOrked out in deta1.,ls. 

GRAVIU (1956) first applied 0AGNI..A..RD 1s technique in two dimension­

al case using cartesian coordinates with some modification. 

A line source is assumed to be. situated at a depth (O,h) below the 

free surface of an elastic half space. The medium is disturbed by 

the emission of axially symmetric pulse from the source. The res­

ulting distnrbance at any point o~ the medium is determined on the 

medium as a function of' time. 

The displacement components s~ and ay alo~g the direction of the 

ooordina~e axes are obtatned in the following form 
eo . 

sx('-=,o) = ... 2ip2 !(p) L Fx(k)expr.•hYlp""'ikx]dk. (55) 

(56) 

where bar denotes the Laplace transform to suppress the time 

variable t.,~? p is the Laplace transform parameter, £(p) is the 

trf).ns;torm o:t a time :tunation 'to be ad3u.stad, '1p = ..( k2 +(pJil.,~ 1 

V p is the P•wave velocity and s
0

y is the transform of the 

y•d.tsplacement. that would result at (l~,o) in e,n irl.:finite medium. 

Fx(k) and FY(k) are respectively odd and even func-tion of k. 

Changing the variable of integration by the substitution 

u ~ (k v?)/p , one obtains 
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ti?.,:f(x,o) ., (o, 2 'S0l!) + ~; pf(p) (o, )} ) X 

X <Im• R9 ) ~Gx,y< v,u) axp{•t{lp (u2+1 )+ ~: J}du (57) 

where ')) ::= if I f 1 /( )\ +2 fo } ] , -and ;a are ·Ieme 's eonstan.ts. A 

nm>V in:tegmtion variable 1e nov1 defined by 

(58). 

t.I~hia _ ~epref3e..'lts a conformal trans:t?o!Y!'l.!t'!!:bion :from the u.-plane to 

the· t"!"J;>lane which changes the pa:th of integre:tion and the poei .... 
' 

tiona o:f the singulal:'ities. Whe path o:r illtegrat!~l j.n the u-plane 

al~ tue real. axis from ·3ero to infinity 1s made equive~ent to 

a. curve of integration J)aS3i.ng through the origin in the t-plane., 
' 

which by use o:f Cauob.y 1s theorem and Jordan.'a l.ermna is fin:"tlly 

reduced to an integra,J. along the real t-axis from h/"1/J _to co. 

Thus it becomea possible to find !aple.ce inversion by 

inspection •. 

ur:cru. (1959ta) En~tendod G.l!llVn~•s results to the -c.:"loe in which the 

eouroe is distributed over an area. He (1960) applied GARVTIP13 

method to find the surfcoe diapln.oement due to a time souroe when 

the_ body ~orca is of the form 

x ~ H(t) 7k I o(x) o(y•h)J, 

e.nd ~ U(·c)' -iy r o(x) S(y-ll)J. 

MERA (1964·)• using the moditied CAG~liARD·'s method studied the 

uniform impUlsive p.resoure actin~ over_ a. circular portion o£ the 

surface of an elastic· h.~lf Siw.oe on the assumption that the 
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surface traotion on z • o is 

0 < r <a . .. ... 
oO r>e. 

A.~othar modification of CAGN!ARD's method was developed by 

DJ.!!.-HOO:!? (1959). The !ntegratio:tl variable in (55) and (56) are 

cl'l...anged by the sub~ti tution u = {~~r P} / p like GARV Ill. Then n;;"ain 

a new, integration variable ia 1n-brodut;!ed by thE:l substitution 
1/2 

·t = ~(u.2+1) + i r as L"'l (58), but in th.is case it !a 
p . p . 

asstu:Jcd tint t is :pos1 tive and real instead. of conf'o~ mapping 

from u-plane to ·t:•pla...~e as assumed by GJI.RVIr1.· As a ramllt the 

path oi' i:.'l:te~Jration with respect to u which is !!:om - oo to m 
' 

, &lOI!g the ttt~Jal axis ie deformed to the!. branch tlf a hyper'bo~a 

whose equation ia 

. .. . 2 2 2 1/2 2 2 ) 
-1t"..t + h(t .. ..io ¥·.~-) . t: (x ~z. < t <. c:ill.• 

· - v~ · v2 · 
.s;; p 

. 
) 

Hence the integra.tiOll along tl1e real axis 1n the u-plalw may b~ 

replaced by the branch o.f the hyperbolic path. Oonse'J:uantly Lo.plaoe 

inv~rsion can be obtained by LJ.Gpaotion. 

Thia modi£;1ed method of OAGIUARD ie1 .found to be more convenient 

toon that of GRA.Vn~ ana in reaent time th:ls method ie widely 

used tn different problems to rind Laplace inversion~ 

GHOSH (1971) applied OAGJ:JIARD 's method aa modified by !)E....UOOP, to 
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obtain diaplaoement in the integr[-1..1 form due tp a eudden creation 

of normal stress diaconttnuity over a oiroular area expanding 

tmJ,:formJ.y attar orea.tton. ROY (1981 ) UfJed this teohni.que to find the 

diepl.aeement field due to a transient response of an elastio half-

. space aub;je.ot to a 'lll)1form normal pressure acting over an elliptic 

area. LUTl'AL and. SIDHU (1982) using DI}-HOOP's version of CAG~UARJPe 

matnod. evaluated surface diaplacemant due ··to SH-tllpe o£ waves, 

Pl'I.L ( 198:5) applied modified OAGH!AIID ~ s method to .find the exaot 

solution of displacement i\motion duo· to 'the geuera:tion of Sii-W€1Vea 

due iio e. stress diaoontinu1 ty moving \Vi th nomuli.f'orm velooi ty~ 

Another type of problems tl'l..a:t oo.s "to be encov.ntered to stu.dy t:ne 

d~Jn!c behavior of e11. e1ncrt~a solid is the resJ.JOnse of e.n elastic 

solld to moving lo~.as. The niovin.g l.oad problema whioh h.":l:V\1 been 

s·tudiad may be put into three categories: 

i) steady wave motion due to .a !load mo1ring with constant velootty 

for all time to come, 

ii) tratlaient wave rno'*ion due to o. load whioh begins to act at 

cortail"'l !natant and. then moves witll oox1stav.t "V'elocity, f!llld 

1ii) 'tr&'.naient we;r;e mot:ton d\le to a load. wl'l!oh begins to act :at 

certain ins'i.;e.nt alld then move a in soma direction ,.,:1. th non-u:n.if'orm 

speed. 

The steady motion of a ltne lo~d on tho. ~~face of an elastiQ P~~f­

spaoe atud1ed by SNEDDOli. r 195·1 , of • Pe'ige-44 7-449] ,,. COLB and lJ.'OTH 
' 

(1958) and GHOSH and GHOSH (1978) !U'e "tlle typ:i.oal examples o:r the 

fb'r:~t ·tTJG of· probl.ema. 'l!be · tranaiant vrobl~m of a line load, 

wnich suddenly appears on the ourfaoe and then moves with oanatant 

veloo1 ty etudied by AJ'iQ ( ·i 960.), ia of type (ii). As a reprosen.ta.ti ve 
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of the third kind. of ,problem we refer to the study o:f FREUl'J"D {1972). 

An ~ytto technique was d~elOlled by FREUifiJ) (1~72) which 

made it pof;3a1ble to obtain an eo..mc;,-t solution of' a ~iQUlar 

problem 1n o.:"ttegory (iii). 

For introdu.oing the technique the author considered e. line load 

in. an u..'llbounded elaatio sQlid moving <t71 th nonum,form speed in a 

particular direction., Carter,ian eoordint te system wa.a used. i~t 

any ti!ru:> t = o , a. l~ne load begins to aet along y ... axie e.nd the 

line load m~oo along x-directio:&'l :for t > o, For any time t > o, 

x ... ooordinate o:r the load in given l.(t). It .is o,ssumed tl't..at the 

ftmotion l ( t) is OOlltinU;bus\J monotone increasi~ fv.notlon of' ·time 

t F:lld that i:t never acts G>~t. a. single. poi:nt :for a fin! te lel.)gth 

of ti!iW. under the oondi tiona . mentioned the· function l ( t) is 

invertible, ·the.t is t.ne::re exiats a funotj,on n{x) whieh is the 

time at vrhioh the lo0d r,tcts at x. Th9 f'unotigns l(t) and n(x) 

satisfy the. following relatione identically 

(59) 

' ' ·. . -i[:u(x)Jn {x) = 1; n TJ(t)jl(t} .: 1 (60) 

whs~e dot denotes time derivative and dash denotes x-de~ivative. 

ne.~~u~e o:t: the symmetry with respect to the plane z = o, t·n.e 

problem ma;y b0 looked upon a.a boundary 'val.ua problem. i'Qr the 

half space z ·> o, with miXed boundary condition on z = o .• If t 
and 'Y are dilatational and rota.tione.l diapla.cement potantials 

th~n equations of motion aro formula:ted as 

(61) 
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WhGt:r:e a, b are the dilataional ~.nd shear wa.ve alownaas .. In case of 

. no~l loading the bou.ndg.ry condi tiona to be satisfied by the 

aolution of (61 ) are 

(62} 

6fj is the etresa component and u is the diaplaoement component 

in. :K•d.ireation •. 

The eolutioll of the problem is obtained by mak3.ng use 91' !B.plaoe 

transform method. ~he time variable is first el.eminated. by 

application of the transform 

oO 

f(:K,.z,s) = I T (x,z,t)e-at · dt. 
0 

{63) 

and next the dependence on x is avoided by taking the transform 
eo 

1( ) 1 ~ ( ) -s x . . 
1 7\ ,z,.s == . . f x,,,s e dx. 

-co . . . 
(64) 

APPlYing the transforms on the boundaru oond1t1ons and keeping 

in mind. the physical condition i.,e •. the aolution of the transformed 

dUterential eq-uation should remin bounded aa z .,.. m, one obtains 

t< ~,0,e)• f 
62 

A( A .a) ~P(""'$&Z) (65) 

'Y< :x,z,s)= ... ("A/ \a~p)A( A,a)exp('"!'apz) (66} 

w:b,ere is the ~tex1al denai ty and 
. 1/2 1/2 

a =:(a.2..,. /\2) , P =. (b2 .... )..2) • 

The amplitude A()\ ,s) in (65) and (66) j.e the double transform 

of the boundary COndition and is derived by tliakj.ng Use Of the 

relationship C. of. V AlWERPOL and BREML'IER ( 1964), P• 79 J • 

(67) 
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In v-iew of ( 68) 

anrl n(o) = o, H£nbt)J= Hl}tJ • Than, applying the two sided 

IB.plaee transform. 

(66) 

The transformed solution is thus oomplettly determined •. and the 

potential function T rn.ay be written na the double inversion 

integral '(x,z,t) u 

1 1 1 eo a( 1'-x·)\~ -az•n(~)+t ) 
= .... - I "'""~ · 1,- 1 n•(~)e . Q.~d.Ads {70) 4 ni :s

1 
c.;•~ B2_$ o · ·'-' · '"1 

whero :a1 and :s2 a:r·e the twus.l inversion paths £o:r.· one sided ruld 

two aided JS.plaoe transforms . .: The double integral .LTl (70). is 

inverted by oeaus of DB-.HOOJ:Hs (1959) ·tetJhnique. 

In a subsequent study or nonltniformly moving line loa4 or ~ 

pressure step on a. S'U.rfe.ce ot an elastic aolid as wall as 

nonu.ni:formly mbving dislooa t ion the above merth.od; ae enown by 

FREUND (1973) ean be applied~ 

fle now brietJ.y dee®ib~ :the na.tu.re of the problema taken up 1n 

the eeaond chapter a1ld a problem of third Chapter. 

~he second ohe.pter o:f the tb.es1o is concerned wit:U problema .of 

elaaatio waves due to. sources in the tor.m of a ring on~ the 

surface of an iaotropio elastic half space. 
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The £'!rat probl.em oonaidared ia the response of an elaett:to 

hal'f•epace to a ring souroe. The radius of the r iilg .ia a.asu.med 

to inoroase with a oozlStant volooity o less than th:1.t o:r sheal.'" 

wave velocity. A twisting impulse is prescribed in the form Qf 

P&(r ... ot)H(t). JJy w:;ing Ie.pla.oa transform, Ba.nkel tra.'flaform and 

De•H.oop • s version of Cagnia:,rCl • s method, the displaoement ie 

determined at any point of t:ne medium 1i¥}: integral form. Exact 

evalu.tion Of diopla(len!Qll't juat after the arrival of the d!st~ 

bance and displaoement,at any potnt after a oUffioiantly large 

time l!ave aJ.ao been de·termtned•• 

Tho second problem ie to study the motiQn produced in ~n ieotropio 

elastic half~ap~ca due to impulsive torsional motion of a circular 

ring source located on a free s~faca of a homogeneous as well aa 

in inhomogeneous medium• 

The t.ot-s!ornl motion is prescribed by Po(r-a.)t~(t), a be11'43 the 

radius of the ring. In ee~se o:f irihomoge~ous medium inhomogeneity 

1s p:ceaoribed by Jl.o .. =lf0{1+ ez)2 and {f= f0 (1 + Ez)2
1 where f is 

the UlPltemta.l densj;t;y. !Che method of a.pproatlh ia the same e.a toot 

of the r~evioue.one. G~pha bnve been plotted for displacement 

OJl free sur:f'nce as a function of time and the variation i.n 

dieple.oement due to the presence o:r inb.omoganei ty ha.a also 

been shown. 

In the last p;r:oblem of the ae_cond ohapte.r.; exact expressions for 

displacement in a homogeneous isotropic elastic half-spa.oe 

oubjaoted to an impulsive toraiona~ £orce ovar the rim of a 

no:n.uniforml.y expanding ring source on -~~he tree surface ia obtained 

by OAGl~IA.RD. n;m..;.nooP teobniqu.e. Different wave front sur.:f'ace with 

their region of' eJ::J..stenee have been shown., The first motion 



responses near different \vave arrivals have been obtained by a 

limiting process. :!:he diaplaoemant 011 the i::t·ee SUl'fr:.Qe ~al:bfu:not:ton 

o:f' poDi tion o~ the source 1~\ve been shown by means 

o:f graphs. 

In the :firat problem13 of the last oll.e.pter, we have considered a 

oonoentrated line load whioh originates at time t = o a_~ tl~n 

moves with wifo:r:m vel\.loity along the botmdary o:f an isotri!.lpio· 

inh.omogenaous medium. It is assum0d 'tl'lat the ~lastio parameters 

A and fl and ·tht' dellai·,yfo£ · the medittm va.ry according 

to th.e lo.w 

displacement oomponants.in the integral form. An approXimate 

evulur.rt:i.on o:f the integrals 13 WO:l?kod out near ·cue t1r:3:·t a.J."'l:'.lva.l 

of the \7ave ·fronts~· It· .io rmrhapo tho first e.ppl!cat:ton. of 

eagniard 'a method in :solving· problems in inhomogeneou;; media. 

w.e ·:now d3.GOl1ss 1n snort tn,~ Ileoe.osi ty o±' atud~ing models ctt ·too 
aoWJ?oa of etU'thq~ .in elaato ... dynamies though these my . di.f.lft:~r 

~he hohavio:r of so~.aamia wav~ propagation dt1e .to the preaonoe of 

aoti.:ve taotonic: belts, fracture or £aultiilg; all <lome unc1ar ·the 

:ou:rview. of ·ela.stod~,r!Uoa. Tl1err.a h&:if~ boon. au ill-.:}:rea.s;f.n.g interest 

it'l theoretioal study !:11 018otio "Nave motion •. ·The roiation betwee1i 

tl:lo eazoth'' s deeper atru~tuvQ B.:\ld some geological. formations 1a of 

gr.~ eat inpo:ctauoe in revealing the goneais Of mino:t'al depo.ai te • 

The rapid incrc~sf) in the volv~e aiJ.d rate of co.nstru.otion .... r.rork 

in ~eistlioolly aotive l3ones :ma..ltes morcurg~nt tho nee(l :f:or 
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earthquake reeie~ .. nt etruaturea, h!gb. dams etc • Mol!lt impOrtant 

fo~ th~ BH.roe l?'t~.Posa .ia the etu,dy of earthquake .fooal paremeters 

and tb.a· condition o:r seismic vtave propagation. 

The faulting prom~s~ ia, in general, i ft•aoture phenomena. Th0 

meo~oal energy released at the fault surface is carried to 

the aide by ela.atic v:nv.es propns;ating through tht: earth rna:ter!al 

oonta1n.t1d. ba't'fft3en the so~oe OO'ld "!ihe e1to. Eaeh Of. these phene»mene. 

falls within tn.-) n.rett o;e l.'\''Jsearoh in oonti..11J.uuu :mecrulllica and the 

latter in elas~to dy-namics •. In addiiaon, the problem of calo1.U.a:tion 

·O:f. tho rosponoe ot b~lildin,.g :tounc1a:t:tona "'oo ineo!1S.11g cra•tnqv .. ake 

wav~1a f!i.?t,Y 'ba regarded as ~m ela~todynetx:d.c d.!:L:f:t>~ctiOJ:t 

problem, 

Sa1~~ologicG;l ·evidence, euggasta thmo.t earthquakes occu.r by sudden. 

slippage o:r eer·th material e.oror.;J.s the faillt surf'aoe, whioh nay 

be looked upon as pre-..e::>i:isting weak zones of relatlvely small· 
""'! . 

thiolmeos. Hance if' the d.iapJJ.£t<ierr .. ~nt disoont.t:nu.!ty is kn'Own, e.cross 

the fattlt m:a.rfa,oe, (in :raot l'lO'!N it is possible to determine <1ispla-

oem4SJnt rlieoo:ntinutiiy after the equilibrium poe1 tton. is restr;:rf~d in 

the Bt!Zriaoe e.:ftar some disturbance) 1;he displaQmner!t i'iold in a 

· 'b'f; 'tb.e application. Of. ra:proseutatio:n ·tb.r;'lorem of 

elastodynaroice~ 

Th~ diaple.oeme:ut produced at any lJOill~ en a free. surtace of an 

elastio bnl.f s:Pace due to cU.s,P:k"lcemont rliscon.tinuity acrose ~­

:f'aul. t surface CB.n be ~.lcule.ted v11 th the help oi' Green 1£J :funct;to.n 

and tho represento:tion theoret'l of ele,eto-dyn::l.\PJ.ce, !:?be Greo:n. v s ..... 
funotion Gij ( ~ 'lx ) is. CB2"tiesi£:.n _aompon.en't oi' diaplfi.Ct)lWY.rt: in 

. -· xj .dirocrtion produced at a point J:' 9f a htJ.lt' apace due to an 
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application of a time harmonic foroe of unit magnitude in 

--xi -direction at a. point x on the free aurf'aoe o£ a: .. l'1:.'\If .!Jpace. 

It can be shcwr.n that the Fourier transform with respect to time 

of the d~splaoement at the surface of the half spac~ x3. :::.o due 

to a prescribed slip on a fault surface B may be expressed 

in the form [of~, MAL (1972), equation E{l 

where [u1 (;' >]: ls li1Qurier transform of the :treaoribed discontinuity 

in displacement component u1 across s, nj is unit norml to s on the 

positive side and T~j is related to G~j through ~he equation 

The calculation of' the surface displacement can be carried out 

by taking Fourier transform of the slip function,·. For a given 
.' :• 

point i and frequency is T~j n3 has to be· calculated at each po,tnt 

of the fault surface and then integrating along the fault s-urface 

the product of transformed slip function and T~j nj ,, .. the displace-. 

mant components c~ be determined for dif~erent 

.values o:r w~ 

Further, it follibws from radiation pattern of first motion from 

earthquakes that a. shearing motion occurs at the earthquake 

focus • To ~llustrate . the mechanism which produces such a. motion 

FOSSUM and FREUND (1975) considered a model of a sbal1ow eairthquake 

focus by a plane ahear crack extending at a monPn!form rate under 

the action of general loading~, It is assumed that the crack shouJ.d 

remain in one plane.~: This is in oonformi·ty :with the :e~eld obseJ."'Va~·ion 



is almowt al'llmys in the pla.n.o of p.re4:$1.s-ting :.f'al.Ut• 

In tb~ ·last l?roblem of tbe third oneptG.r wo ·have OO.ruJidored a 

model, where;; 1 t !a asa~1ld that e. oraQk ls. d$Velop$d. suddenly 

aJ.o~ a horz~(.)ntal line at e. fillit~ depth below ·tna ~ta.oo ot ~ 

the ae.rtlu !£he Q;tack !a e.esr..unecl to mwe a.J..ons a vert.t® plant1 

upto tha free ~:faoa with non1.tn1form veloo1tY•. AaaUllling the 

motion to lle two ·dimensional,. tne B'J..'!?face displaoement due to 

Rayleigh ¥laVas produced by nonU11!f~y moving crack haa . 

bee11> detQrmtned. 

In tl:tie oo11nect1on .it r.nay·~e:;:c.D:l;;,iic;;rtin'Cd. tbat recentlYt• S:O.iGH~ 

.MODD!E and HAilDfm (1981) have OOllf:3i<lered the problem· of fini.te 

length crack propagating wit.~ conatant velocit~ .in an inf1n1telf 

long finite width ~trip when entl~pl~e 3haar displacements and 

stresses · a.r~ a-pplied ~o ·the· lateral bo~1ea ,of i.1'le a~±P• :ev 
e1nploying Fourier ~f~m ·tne solution is reduced to the · 

sol.ution of a pair of dual. integral eqUa.tion•: the aol:u.tions of 

whi..,..cli is cb·tained ·ct1:rectJ.y in ~ oloaed form by ~ use of 
< • • 

COOKE 's· (1970) reault~:· 

. 'With this mu.ch o::f rev:,tayJ vtorkt wa pre$e~t the thesis cha.ptera~: 

The notations uood in €'Uf£e~.nt problems are !ndep(lnd.ent of 
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Problem 1 • Iiarmmuo rookL~ of a rigid strip on 

a semi-infixdte elaatio medium. 

Probl~m 2 .• &l.rmon1o rooking of a r.tg1d ciroule.:t 

indentor on an elaatio half-$:PC10e. 



HARI~01:4IO ROOKING QF A RIGID STRIP 
oiq A SEMI lNFil\f~F.; ELASXIG MEDIUM 

Il~RODU€1£ IOlii: ~o consider tlle effeot ot vibrating aouroe of pressure 

in different form on the aur£nce .of elaatio medium is almost olassi~ 

cal. Pe!'haps La.mb is the pioneer on thia line.. The problem aonaidered 

here ia the rocking mot ton of a rigid strip o£ inf'W te l~ngth h.~ving 

a smooth. contact w1 th elastic. madium. Generally this type. of problems 

may ba formulated so. as to be governed by a eat of dUal integral equ­

ations a !Chis particular problem considered hare wee cortsiderad by 

Awo;job! and Grootenhuie (1965) and Awojobi (1966). ~hey uaed heur1a­

t1o tec..lUU.que of euooessiva approximation to solve the dual integral 

equation. Karaaudh!, Kaer ruld Lee (1968) alao considered the problem 

by reducing the gova;rming dual integral equations into a Single .inb.Oo!- . 

mogansous :Fredholm integral equation of the second kind a.na· then sol­

ved the equation by the method of su.cceeetve approximation i"or low 

frequency oscillation. lhtt their £1nal solution invo1ved definite 

integral which were lat~:t' numer-ically evaluated. Reaently the same 

problem waa again taken up by W;lckl:lam (1977). With the ht;tlp of suita• 

ble Green's function, the mixed bou.ndary value problem 1a first redu­

ced to a Fredholm integral equation of the t1rat kind involving d1ep­

aoement bourldary condition. Using Uoble 'e (1962) method this equation 

has ·been reduced to a Pl?edholm integ:to~J. aqua. tion of t be second kind 

with a Xerne.l which !s small in tbe low .:fraquenof limit. By the 

usa of exact iterative solution of the integral equation of the 

second kind, a simple explicit long-wave asymptotic formula for 



the normal stress in ... Germs of the presori bed cli·splaoement and 

dim£msionlam.-; wave number K hae been derived :t'igorousJ.y. Unlilt.e 

.iillrasu.di et eJ.. the solution does no't contain any integral w1l!cb. 

rec.1,uires numel"ioal evaluation,., BU.t ·the method of ao~ution is a 

bi•i:; cumbersome • 

.tn ~his paper we have reconsidered the same problem. The solu,ti_o;n 

of the governing dual integral equattona .representing the mixed 

bouridctry · value problem, is redw::ed to ·the solution of a sat of 

lineat"" aigebra.io equations followi:rlg roranter ( 1962) for low 

;i:'req:uenoy oscillation~ :l:he asyn1ptotic solution o£ no.r~'ll stl."esa 

he~~v the strip is detenniued interms of p~escribed displacement 

and ·tho wave number K, where terms i:rlvol.ving K4 and i te nigher 
-

orders are neglected. The value o£ the rs1:aeting .couple exerted 

hy the elr.:~stio solid on the strip has also been. evalua:ted and 

they are found to be in agreement wi·th :that given by VUeklk·u11. 

~he asymptotic solution obtained.by this method is exact 

in the £;Jense th;.:J.t it does .not involve a:a.y iuteg:rGt~ requirint6 

numerical evalus.tio:n .• It appears that !l!rm'lter •a technique is 

no less power.:fv~ than the other me·th.ods o.nd it !s .less cumbrous~ 

FORNilJLl\!r!Or~ Oli' Tllill PROB!JEM: W·e aoneid.ar the roeld.ng vibration of 

fre(ru.ancy w o:f e, rigid strip having a .smooth contact with a semi~ 

infi:rdte homogeneous isotropio ela.atio solid oocuy.wing the hal£ 

spa.ce - co < x < o:a, y ~ o, - oo < z < oo• It is assumed tl't..c'!t the 

motion is prescribed by a displacement distribution v
0
e-iwt 

nortnal to the finfini te strip I '~ I ~ x.0 , Y = o, I z ·1 < t» , 

where v
0 

= ~0x, ~0 being const~mt and tmt tltc tangential 
\ 

components of stress are rr~er.o and the norm..ql stress is zero for 
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l ;.;:: I ;> x
0

, y =: o, I z I < c.o. Thus it .follovJs "llhat the mediUC.1 

u.t1.d.er consideration is Lll a state of dynamic state of plane 

stre.1n ee.tisf'ying the two dimensional equations of motion, given 

by 

velocities in the medium~ The scalar potentia~s ~and~ are 

associated with the displacement components u and v by the 

relations 

The stress components are 

(1) 

(2,b) 

(3,a) 

(3,b) 

where ~and /'1. are Lame:'s constants~ The boundt"U"y conditions are 

( , -1wt 1ft -iwt 1 I v x,o 1 = v0 e = 'fo xe , . x . -' x0 on y = o 

> :x:
0 

o:n y = o , and 

6:y<x.o) = o every whe. re on y = o 
X 

(4.,a) 

{4-,b) 
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To find tlle solutions of tile ectuo.tions (1) s1.1bjeot to the 

conditions (4-a,b,c), we make the substitution 

In view of the boundary eondi.tions (4), it i'ollow·s that 1 nncl f 
may be taken !n the .!O.t"lll 

2 eo f = . :xa 1 A(~e-:pY e-i-qx de, 
2 11 ..oi) 

w11ere h = w/a and k :n w/b. 

(5,a) 

(5,b) 

li'rom eqUation {1) a.nd ~ ,'f as obtained ill (5-a.,b), the displace­

ment components a.rJ.li. ·the s·tre.sG oomponGnts roay 'be written in the 

fo:cra 00 

u= 31 Jf .... :t~A('t~)e•pY+ aD(~)e-r;;Y ]e.,.~x d~ 
21t [ 

..ct) . 

~ 

v;:t; .- :S.. Jl"'p}.(~)e .... PY+ 1~B(i~)e-8~a-~x d~ 
. 2'1t ..001.: . 

CQ 

(6) 

rsyy= :L frr-/\~+{.A't-2/1 )P2 JA(~)a .... PY+21Jl~sB(C\)e~8y ]e-i~:~ d~-
2n ...,® . 
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In, tho expx:eEJsion given in ( 6) in subs(:1qu0nt a14'7tlysis the time 

factor e-iwt .na.s been omi'tted. Prom the _bolmdary condition {4-t:), 

· 1 t follows that 

(7) 

and the conditions (4-a, ~) yield the dual intGgral equation 

(8-a) 

and (8-b) 

where R(9) = ( 2 ~ - x!k2 ) 
2 
... 4ps~~. This is to be noted that 

A (cy is an odd funct1o11 of~, consequentlY the eq'U£l.tiolls ( 8-a, b) 

may be r~vritten as 

and (9-:0) 

To i'aoilitate our analysis we write equ.·:rtions(9-o.,b) in the form 

-1 
/[1 +H(~)]D(q) (\ J1 (~X)d't\ = ~q,0 i(2·rur , 1 x 1 ~ 1 
0 2 
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a.nd [D(&) J1 (~X) d~ = o, lXI > 1 
0 2 

and 

Yl_ = 7\/2(1\+ P) being Poisson 'a ratio .. It should be noted that 

ll(cs) - o o.s x
0

k .. o and x
0

h - o. 

SOLUJ!IOH OF 'rifffi DUAL !iff EG!.t.U, EQUAT IOH: To find the solution of 

·the dual integr.g~l aqw:rtiona- (10-a,h) following Tranter ( 1962 ) 

::W.e.. assume 
(10. 

D(~) = f~ E am J1+2m (~) 
m==o · · 

So tb~t the equation (10-b) is auto~~ti~tlly satisfied. The 

coefficients am are to be so cb.osen th::t.t the form of 11(~) ns 

an awned in ( 11 ) satisfies . tho $que. tion ( 1 0-a).. So we must h:'1.ve 

3/2 ? -1/2 ~ 2 
Multiplying equation (12) by X (1-~") '} (1 ,~ , X ) 

(11) 

where n is a positive integer or zero and ~~is a Jacobi polyaornial 

of degree n and then in'tef";ra tillg with ·respect to X from 0 to 1 , 

one obtains 
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Using the result that '}c (1 ,i,x2) = 1. we obtain from orthogonality 

relation of Jaoo~i polynomial 

•t:t i th 0 ...1 .c;n = 2 ·n: 'fo or ·according as n = o or n F o. 

SincGJ 
0 -1 

= (2 + 4n) .for m = n, 

wo we obtain from {13) 

where L = mn 

01) 

an + r. Lmnam = (2 + 4:n)E
11 m=o 

0 

(16) 

Equation (15) gives us an infinite set of algebraic eque.tions for 

tha determint..3.tioll of the aoef'ficiente am. 

Usiilg the generalisation of Ueuman:n 'e !ntegre.l[e$' .watson(l958)p.150'J 

. n/2 
J1+2m(~)J1+2n(~) == * /J2+2m+2n(2~ cos 0)cos 2(m-n)a de 

0 

in the equation (16) !U1d Cfu~ngin,g .the order of illteg~~tion one obtains 
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n/2 

r.. = :1(1 +,ani /A.coa 2(m-n) a c1 e, 
"'1nn ~ mu · 

0 

-1 
where· ~ = f H(~)~ 

0 

=-I------
2(m + n + 1) 

and 

CON"TQIJR I:N'TEGH.J!..'l!Olh To evalu~te the integral I, we put 

~= x
0
hx and taka k/h c 'T, then 

2 
where Q( x ) = (2x2 • ~ ) • 4x2 q1 (x)q2(x) and 

q1 (x) = (x2 -.. 1) 1/2 ., q2 (x) = (x2 - T2 ) 1/2 • 

Taking 

(1 '7) 

(18) 

{19) 

,0..
0

(x). '= (2x2 - ~ )
4

- 16x4 qf (x)q~{x), the iutegral I may 

be written in the form 

- co T2 q1 (x)Qo (x) 
I = f · · . J 2+2m+2n(2x

0 
hx coa S)d,x. (21) 

0 ' 1 .,.1) ~0(~) 



.57 

For our convenianoe we .replace the Bessel i'unotion of the first 

kind by Hankel function given by 

>] ' 

1hus f'or 11 and 1.2 we consider the in~egrals 

where f1' and f2 a:re the contours in the .first and fourth 

quadrants· of the complex z-plane, as shov:.'ll ·in the figure 1. 

Consistent sign o.f the double valued :f'u:nctions q1{z) and q2(z) 

are shov;~n in the Fig.1. The branch points (1 ,o) and ('T,O)·, the 

poles ( 1]",0) for ! = 0,1,2 which are the zeroes of the funotionD.0 (~) 
and the origin at which the Han..lcel function fa.ils to have finite 

vr.lue ere all avoided by s~mi circular indentations, in order to 

ensure that the integrands are ru'lalyt1c within and on ·the co:n:tour. 

It is found thnt the integztils satis:fy Jordoi1 1s lermna nnd 

therefore 'the contribu:tio:n. to the integrals fro·.m the intini tely 

distant parts of the conto~s is zero. 

After integration romld the contours T;' e.nd ""G and adding we 

obtain :tinally, 
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\m (zl 

\ 
~ 
I 
! 
0 
I 
8 RU(z) 
0 
I 

F1tZ.,.1..o. Qo:n.taurs o! integra:ticn f1 a..."id T2 1r4 the co~Pleb 

· z..;.plan& f'or Poisson ta r"cltio tt_ = 1 /4· 

> 
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I :::!1 !1 + I2 

i it ~ (1 ) . • i T2 1 -( 1 ) 
= 

1 
.... '1 D0 H2+2m+2-n(2 x0 1:11, cos GJ-.... i-1 {/n1 (x)112+2m+2n(2x0m: cos O)flz ... 

--~ 
2('l- '1 ) 

(22) 

In order to simplify (22), we make use o.f tlle series expansion for 

(1 t 2) 
H;~+;2m+2n (z) in the form 
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-

- ~ . i r?. 2m+2n+2+2l [X(2m+.2ni·1+3)+X(1+ 1 >} 3 
l:(-1 J (;ti.) X . · . .· · , (23) 

l=o 2 l~ (2m+2n +2 + l)! 

(1 ,2) 
where')((·) ia Euler's function .• When H2+2m+2n( ) oocm•ring on ther 

right l1and side of ( 22) are :re:plaoed by the aorreepondj.ng series 

mentioned a.bove9 it is found tlw.t the terms involving 

(2 xoh) 2r-2m•2rl-2 for which (2r-~n-2n-2) < 0 on the right hand side 

o£ equation (22) V€tnish. ~his <.'k"ln be proved by intergrating tba 

complex function 

along the oouto'U.t'·s f1 ~..nd T; as shown in fifj.1. and ·then subtracting. 

Again when 2:r: . .-. 2m • .2n - 2 = o s origin is not the r.d.I4J"1ll.a.ri ty of the 

P~Dltel funct~one. In this case the contours oonsidared slightly differ 

from that o£ the aontoura sho~r.n in fig.1 1 
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Here the identation round the origin is not required ftnd it; is 

found after integration of the. function f.(z) :t~olllld the modified 

contours f1 and f2 and subtracting the su.m of tl13 terms on right 

h..'1nd side of (22) which do not involve @..llY power of' (2 x h) is . - 0 

equal to - 1 /2(m+n· .. 1). :J!"'inally when (2r ·- 2m - au - 2) > o, origin 

is not the singulnrity of Henltel i'unct!ons and hence consic!lering 

the same contour where the indentation at the origin ia deleted, 

it is :found that the terms involving (2:x
0
h)2.r-2m-2n-a Oll the right 

hr.·1nd side of' (22) is not zero because the contrilmtion ·to the 

integrals from the infin! tely diste.nt parts o:f . the contours do , 

:no·t vanish in this CfJ.se. Thus With the help of ( 22) and ( 18) WG 

? ~(1) 
i n'l . 

.A = - e • D H ( 2 x ltt cos 9) + mn 1 -1 0 a+2m+2n 0 

') -(1) 
JM2(x) H2+2m+2n (2 x

0 
h-"t coa e) cb~ 

0 

(24) 
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where 

2m+2n+1 2r-2m-2n-2-
z (_2m +2n. _+ _1 - r)t _ .- t ( 2) . X - - - -

rl 

--

for m;:.n::: o,1,2; 

Dl!,"TEH.MINA'JJION OF THi3 OOEF~IC!HN.l'S ~1n ; Fo:r. low frequency of 

vibration i.e for sma.ll (:x
0

1{) and (z
0
h) if we neglect terms 

involving (x
0
k)4 and higher order of (x

0
k) ill the axp~sion of 

ii(1 
>_ · 1')..,. (2 x,...h:it cos e) and 'H

2
(
1 ~ ~"'- (2 x

0
h 

0 
oos 0) occurring 

2+2m+c;.(J. v +Q.a+c;..:.A. -

in ~.Jn of (24), we find 

2 . 2 2 2 i 
(1-1)Aoo=f<xok) log(xok)}B1oos 6+{xok) cos e{<- T +l.og cos-.S ... 

' 4 

-log\- ~t.:XC 1J)n +B '\ - _<xok?. ~o.g~::ok)• B aos4 0 , 
2 1 2) ;i'F 3 

(25) 

'(26) 
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1 
· 2 1 ~ r 

fli'L; (x)x log X d.~• n £M2{x)x2log X fu:, 
0 

1 . T 
and B3 = :0

0 
~ - ~ jr,1 (x)x4 dx - ~ jrd2(x)x4 ax. 

0 0 

When A00, A10 etc from (26) o.re substi-'Gu.ted in (17) cr:td, then 

integrated over e , it is found that 

r,01 = 3 L10 and Lmn = o for m + n > 1, where x
0

k =r K is the 

dimensionless wnve nu~ber. 

Equation (15) can be solvea, ite!."f;ttively to ·dete:r:-IJ!ne nn when 

values of Lmn are knowth Using the va.luos of ~ given by (27) 

v1e obtain an in the .follmving form where terms involving K4 and 

1 ts higher orders have been neglected 

(2"/) 



64 

{28) 

• RESlJilrS: With the evaluation of :a1 s for i = 1 ,:a,:; (which have been 

shown in the appendL~), it follows !rom (11) tl1at D(~ is ~~ov~t 

wh.ioh is the solution of the dual integral equations g1veni..t(10...oa.P b). 

1) f~oting t·hat A(~) is an odd funa·tion of ;:; , with the help of last 

·equation of (6) ruid (7)t 110~1.1 atress em y = o is given by 

when A(~ is replaced in terms of :0(~) in (29) one obtains 

When D(~ is replaced by tlle infinite se~ies given by the 

equation ( 11), . we nave 

(29) 
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co o:l 

( oyy) = . i£ [a.
0 

JJ1 (~)sin'f5X dEs +a1 JJ3(~)s1n'X des+ •• H_• .J 
y=c J't{1-l(_) 0 o 

because an = o; for -n > 2. subs:ti tuting the values o:f the constants 

a
0

• a1 we finally obtain 

2B1 B? . B2 1 ~ 2 J 4 ~ + · · • + · ( 2 • 2 + 2X ) · K · log K , 1 X 1 < 1 
. 1 - 1 4 'T 

ii) The value of the reactive couple axerted.oy the elastio mate.t"ial 

on the strip is 
xo 

G e: 2 j'( ~,y) X dx = V(.g1 ..._. ig~) 
o rJ y=o ' 

where 
2 

V = /U <llo xo 1t ' 
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. 1 2 
3:"or Poisson •s ration 1 == 4 • . I is ~qu.m,J. to :;5 •. rr-

0
, -~ and_1 

wldoh are tha ro·o·bs of D.
0 

(x) = o z;:1.re then gLVen by 

2 3 . 2 ·. 3 - . ·-· 2 
To = :--_-:..~. ~ ;' ,_r':.. • '11 = - - and T~ ::;: 3/4 • 

~ .... , ..~ 2.+2 I 13 

With thel9e values of 1J ,. values of the constants B1 sB2 end B
3 

are 

determined and theY ar~ 

For dif'.ferent values of K, · we compare 17~~lues o£ I g1 I and I g2 J w1 tb 

corra~pond.itt...g values d.<Stermined by Wicld'lam (5) 

K Wiclrllam values from fo.r1JlUJ.a ()0) 

\g1J h~21 lg1f lg~t 
c::. 

0.143 .655 .ooa .655 .ooa 
Oe2578- .638 .-026 .639 .024 

0.4:368 .609 .or/5 .• 616 .066 

Nu:merioal values oolollJ.ated from (30) difi'er f;r:otn the va,lues 

obtained by WJ.okham due to ·the .f'aot that Wickham •s results 

conta.in terms upto K2 where as .in our reaul tst tarms1 upto 

(K4 log K) have been retained •. 
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We have 

'p + 0 
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q
1 
(x) .x2 

.. 1 ·. . . . dx 
2. ? 

X - '\: 
J 

t 
T 2 ~ q (x) 

:.:t.nd 1M
2 

(x)x2 dx = ·1· · ~ 2 l: S 4 J-. --6...,.· _..,_ 
0 

· 16{1- !) j=o a 2 2 
o _x •lj 

(A,1) 

(A2) 

.· 2 -~ . . . . ~ 
= 'ft: 2 [ E S; ( 2 - ~. ). + 5o. To ( 1~ - -y2 ) ]. ' ~- ({i.~) 

32(1- T ) · j=o " "' 

' f 



4x2(x2 .... 1 ) 

~(x) 

af'ter algebraic s!mpl!:f'icntiQ'n 
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Sineo by 

D ~ :: _1:...,.,~...,(_2....,,~..-o......_-_T_2_,!"""'!'~ q...,.;.,.1:-•• ~-....... 19w... >_,+_4_T..;::~-·q•2~ •. 5_1(,:::..)-q..;..;!_( _'T.;;;o_)" 
0 0 9 

~o( To) 

Henee it follovi~ .by. ,~he usa o£ (A~h (A3) a.ncl. (A4) 

Next v1e oonsidGI' 

By · (A4) 1 t follows t:hat 
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By splitting the integrands of integrals o:r 13
2 

a.a be.fore OYH~ obtains, 

1 1 t 2 
~ 2 1 2 _ ql (X) •X lOg X 

J b~ (x)x log x d.."'< = . • :;2 r. E • .f ' - 2 'f.! d.1t 
· 16(1'- ). "~=::o J x · - - • 

0 ' "' 0 J 

r 
it [ ~ p t< 2. 1 . ' 1 } . -~ ~CJ ' -1 q~ lJ) -

== 2 £ 4 T"- ""!' 2 )log 2-.4 +J._~1J. ~ ~ q1 ('!:;)tan '4 . 
· 32(1-r) j=o u_ tl .... tJ l' ., tJ 

(A6) 

· 1 r2. 'T_, _2 
:.::; · 2 l E 3 j i q2 (x) log x ~ + t 

· . 16(1-T) j:::o o . j=1 

- ~s 0 0 

. ' 

Tq2 (:K)log X ]· 
f· 2 2' •• cbt 
0 1"::."- X 

0 

(A7) 
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In this ease using (A5),(A6) and (A7), vte o'btain ·after some algebraic 

aimplificat.i.on . 

:Pi!l..ally to obtnill i3
3 

we prooeed as before and .we have hy (Atn 
. . ' 

(AS) 

(49) 

·T •4 2 2 1""2 ') ~ ~: 
jM (x)x4 dx = - • 1& , ... 1-L. + E S. T. (-- ~ ~-)+S T..; a · ( 1:) -

2 32(1 i!ilt~ ) L 2 j=a a ;J 2 j. o o -:2 o 
0 

(A10) 

ConeequentJ.y, we have from (AB), (A9) and {A10) 



R~RMONIC ROOKING OF A RIGID OIROUL!~ 
!IIDEtf.CO"S. 01~ AU ELASTtO HALJ!~-SPAOE 

INTRODUOTIOH: Study o£ elastic wa.ves due to different types of 

oeoillationa of an indentor or of a vibrating punoh on the aurfaoe 

of a homogenacru.s• isotropic elastic medium baa become almost <:llas­

siqal. Robertson (1964) extended the static problem of J.n.de:ntetio!l 

o£ a semi-infinite elastic solid by a rigtd cirCUlar diso aolve~ by 

Sneddon (!951 ) and derived the solution due t.o a forced vert1oo~ 

vibration of the disk for low frequencies. Zakorko and n.oetovtsev · 

(1965) considered the e:t:fact of sinusoidal loa.d transrni tted through 

e. weight less rigid eirotdar punch,. where a single equs.tion is used 

which .contained direotl.y tna. sought for pressu.t?e through an unlil1.0\Y1:1 

function whitlh is then ·tra.ns.formed to an integral equn'tion of the 

second kind and then solva(l i terativaiy~. Uoberteon (1967) determin­

ed the atresa di.stribution due to impinging on the snrfaoa of a pc-­

nny-.sba.ped crack of a plane longitudinal wave, ll'1l .. !l10l'..ic in time •. H~ 

adopted the same technique of reduci~~ the due.l illte~~ equation 

to Fredholm integral cqua.tion nJ.i.d solving by the methQd of i tera.­

tion. Gladwell (1968) discussed the responae o£ a aexni-infini t* el­

astic solid to a rotatory vibration of an indento~, over a oir~tar 

area a. bout a (\iume·to;r • on the freG surface. There also dUP..J. i~l.iicg::::al 

equations are converted to FredhQlm integral equation of second kind 

t:.tlld for l.ow £requency oec.illati<>n, the solution 1s determined by it­

eration. 

In this paper., the authQrs reoQnsider the problem of Gladwell (1968) • 

By ua!ng Hankel tranafol."m the solution o£ the problem has be~ l~edu­

oed. to the ·solution of dw:'~ int~gral .equations and then., f'ollov;i;ng 

t~h·a t~~oh:aique 6£ ~:re.nter, to ·the Bolutio:qs of · &.:-'fl. infini;te set of al-

•• ..,.,..4 r. .anuc~';."i ""ns··. ~'h.e~e ia llot mttch ::t:efel?GnQ.U to tha l!lathod of 
geo.~.""' ....... ~~J.""""" v-v • " ..... 
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Tranter in the.literature involving the solution of dual integral 

equations. mhe e:u.thors ·fil',l.d that the method prescribed by Tranter 

is n.Q less ·powerful than the other methods used. in this OOllL"'leot1on. 

The norm..-=tl · stress below . the disk, total torque, and ·the di@po­

laoement on tb.e free surface at large distance compared tQ ·the wa .... 

velength have. been de·i#ermined, Unl-ike Gladwell (1'.968), ·the results 

derived are exact in the sense trmt they do not involve any integ~ 

ra.l" The graphs o:r th~ norma.lis.ed .stress below the disc against 

the normalised distance :f'rom the Gentre o.f the disc have beeuplc­

tted •. 

FORMULATION OF THE PROBJ:ili}IYl AN]) Rl!lDUGTIQN TO DUAL INTEGRAL EQUATIONS: 

We consider a he.J:'monio·osoillation.o:r frequenc;y-wo:f a rigid oiroular 

disc of:. radius r
0 

about a diameter. The diso having a frictionless 

contact, ia indented on the free surface of a semi-infinite homoge• 

neous isotropic elastic solid occupying the hal.f~spaoe .... oo < :x: < u;, 

- oo < Y' < o:> and z > o, z-a.x.is being d~awn .into the medium. The ind­

entor !s assumed to produce rotatory vibration of amplitude ffi about 
lO 

one of its cltamf;lters which is taken ·to be the y-axts. 

The equa-tions of motion in the cylilldrioal polar· oo-ordi:nates are 

: . 1 ()2(!). 2 2 • 2 1 a ·~ v · ~ = ·--2 _-2 and v 'I'= ~2. - 2 (1 ) , 
a ~t b at 

Wbere 

potexltials associe:ted with dilatational and rotatiollal parts of JGhe 

displacement, a and b are p ... and s- we.ve -velocities respectively. 

The nonvanishing components o;t displacement are 
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and those of the st:cess are 

The boundary eonditio:tw to be aatiaf:1ed on z = o~ are 

u = ~r cos a ! r < r 
Z I · 11 

- 0 
0 

: r > r .. . . 0 

To find the salut,iona o:r t;he. e.quatious(1) aubjeot to the 

aond:ltiorts (4), we maka the substitut.ion 

-

(~) 

(3) 

{4a) 

(4b) 

(4c) 

In view of the boundary condition (4a), <P end "V are taJcen in. the 

fOT."ffi 

.~ = r~ cos a lq A(~)J1 (fq)e-P4 d~ (5e) 

0 



·and '\-' = r~ cos 0 /q :t){~)J1 (f~)e-sz d~ 
0 

(5b) 

where h = ·w/a fald ~ c ·w/b. With tho help o:f equations (1 ), (2) and 

-· ft•om $ , q; a c., obta_ined in (5), the following expressions for the 

components o:f' displeoeme:.nt and thoBo of .required st:r:ess components 

arc obtained as 

()Q 

Uz = r 0 cos a ~~ J 1 (f~ ){ -pA(q)e-PZ + ~2 B(~)e""'ISZ \ d~ :1 

. 0 
(6) 

00 . 

OZz::: !l cos e.£~J1 (I'~){A(~) { ~2 ~ s2 )0-pZ .. 2aB(q) ~2 e-sz1 d~-
In the aiqlr.assions gJ;ven in (6) and in subaec1ue:nt o.nalysia the 

time fe.Gtor e-iwt haa been omitted. Jl,rom the ·bo'Ulldo.ry condition (4c) 

we oove 

(7) 
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and fD(~)J1 (ft1)d~ = o, ~> 1 
0 

0 < f < 1 
- -

a.nd'fl1 = 11/2( :A+ jU) !s :poisson 7s ratio, ?-.and jU being U'tme 's 

oonatan-te-. 

Equations ( 8) ce.n be written in the .form 

and JD(~)J1 (fq) = o~ f> 1 
0 

( ~') I.:J 

(9) 

(10) 
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so. that the second equation of (10) is a.uttinntically satiafiad• 

The coefficients ant are to b$ $0 chosen that the i'onn o! D(l:\ ) 

as assumed 1n (11) satisfies the .iii·at ot equations (10). For 

such a choice oi' a.m we mu.st lz.a:ve 

where n is a positive integer or zero and 1rn is e. Jacobi 

polynornie.l o:r degree n n:n.d then integrating with rGspact 

t·o f from o to 1, we obtain 

- II J2V1+3J~~) I 

00 0$ 1 
.t em/[ 1+H(t;,)]~- ~r _ i (q)dt\ =E(1 tllt~ ) ::a En (say) 

Ine!O 0 2m+ 
2 

11 

(12) 

(13) 

Iioting ·that 1r
0 
<i t 2, f 2) :11 1 t we have from orthogenality relation 

of Jacobi polynomial 
. 21[2 tfJ 

En = -0 or o according as u = o or 11 + o. 
3V~ (14) 

Since J ~-1' J _ 2.(~)J ~ (q,)d~ = o, .fo1; m ~ n 
o 2m+ 2 2n+ 2 . _1 = (3+4n) £or m = n 
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CX) 

a + b It _ a ~ ( 3 + 4r!) B 
n m=o mn m . n 

00 

0 

T~quation (15) g:ivea all infin.ite set' o.f algobrai·o equ.atio11s for 

the deternli11ation o£ the ooa.fi!cieuts am• 

(15) 

(16) 

Dl!.'TERHIN.t~ J:Ol~ Ol? Tlll~ OOE!'l'ICI.lin'lr S am s Using. the genel~alisation of 

Heullk"Ulll 'f3 Integral [of. Watson (19513) p 150 J 

7t/2 

J, . 2.(~) J . l(q) :::1 ·~ J J . .2m+2n+;3{2~aos 'fX)cos 2 {m-n)a da 
2m+ 2· 2n+ 2 o 

rr/2 'it/2 
::a ~ f cos 2(m-n)a. da f sin ( 2nl+2n+3 )~ stn( 2~cos a. sin (;) )df3 

n o o 

in tlle equation (16) and changing the order of integration we 

obto.in · 

·1t/2 n/2 4(3 + 411) 
Lmn = 

2 
{cos 2(r.u-n)(l · da Jsin(2m+2n+3) f1 d p X 

n 
0 0 

sin (2 ~cos c<. sin I:>) d~ • 
0 . 

r.rhe last integral ill (1 '1) rray be wri tte11 in the form 

-1 
J H(~)~ 
0 

p 'It 
ain (2~oos a sin ~)d~ = ~ · ··- 2 

. (1-Yl:r) 

(17) 

(18) 
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. eo r~2p(~) 

where P ::: J 0 
· . sin (2 ~ oos " sin p) d~ •. - Following the method 

. · 
0 

R( cV 
.of Iapwood (Qf. h\dng et al (1957) Ih49 J, the !ntegr(:,l in (18) is 

fomld i;o be 

r oh r~k2 (x.~2 _ 'Crs2 . 0~iq cos a. sin ~ 
..... f ....... ·----.;......---------........... ~~-..... 

(2ct~-r~k2) 2 + 4~2fr~n2 _\2 t~k2 -~2 0 

4l'~k2 ~ 2{~2 ... r~2) /r~1,._2 ~ ~2 9-2i~ oos tt sin (j 

(2,f - r~k2) 4 -·~16 ~4( "52 • r~n2)(r~2 - ;5.,2 ) d'S 
(19) 

where g = w/at c is Rayleigh wave velooity and 

(20) 

Suhstttuting ~ = r 0 g:.e in the i:n:tegr~ls of ( 19) and e:N:pa.ndi:ng the 

e~q:>onantiel teJ:Y.Jl in power series, we obta.tn 
1 

(".,3 (-2 i r g oos a sin ~) 
f 0:: .., £ - . ,Q'. •• •• # I ft '* • ll;j_ 

J.=O lt 
(21) 

(22) 
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After substitution oi:' the value of JP from (21), (18) becomes 

since A10 = - ~ {1- ¥1 1 h by (A'3)• 

Substituting 1n (17)1 the resu.l:t obtained in (23) and then 

integrating term by ter:m one obtains 

1 '1 
(-i) 1! (r

0
(!,/2.·?._ M1 

Imn = E ---------------------------~-··--·~---·---------------· • 1~1 J ,~ +1L~n+1-) · rz~ -m:rn-r'i ). I<~~+ m~: f) f<·~ :.n;.;;. ! .>, 

1 .l. . . . Using the fact that when - 2 ·~ m + n ;. 2 is not a nega:tive 

integer or zero, 

m+n+1 ___ 1 _____ ~ , ..... )~ 

,.-:-: 1 1t 
l\~-m-n-2 

·o"" 1 n T':( 1 . ~) 1. .b l o .c 2 1-l''*" 2 +m+n+ ~ ; we var 'te a ow 

some particular valuea of Imn .for different values of m,n to 

calculate ~ ... .... .., ...... . 

2i - -:;"" , 
3 

M:(rg) 
... -2 2 ....... 
p~nl+4 rr ~ 2m 

(24) 
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4 
2 M4(r g) 

d._, ........... ;sa 1-.T IIMIJ • ._ ~ a=rttl ... tcll ···tl + 
" (4rn+11 )(4m+9) (4m+7) (4m+5) (4m+3) 

••••••• 

l?o.r low freque11cy oscillation, r 0h and r 0k are small, conoe(1uently 

r 
0

g ts also a small quantity. Retaimne terms upto fmurth power of 

(r
0
g) in Tmn

11 
we obtain ·with the help of eq'lt9:tion (25) 

(26) 

The 1m,lues of the oonatanta am o.r:e determined from ( 15) with ·the 

he:tp of ( 14) and ( 26) • Re"ts.illi!lf~ terms up to the .fot;.rth po-.uer o£ 

(r
0
g) , \7Je find. 



8.1 

2' ~11!:> . . 2 . ·A{ . 1~.. fa'9 2} 4 -J 
"\I': m ....... (r srn) ;t;. ..... ( ~o···. )'. (~o.c:) . . a1 = ..,. :.1 'n to M

0 
ot;) · + 9 M

0 
- .w 4- """ 

RESU!l.CS: i) l!'rom the last eqUatioJ:l of (6), (7h (9) and (11) th(S 

normal stJ.•esa bol.ow thu disc. is 

for f < 1 , the value of the integro.l in ( 27) ia given by 

(B, p- 401 J 

X 

(28) 



~-------------·---

1 I.~ · 3 ~ { . 2 f 4 31:. 3l. 2 ~4 M~_ 21 4 ]. 
+ 3 r(\rog) + 45 (1+4f - T) Lt!~ +( 2 ~4f +: T )(M;;'l ~ (rog) . 

ii) Total torque about y-axis is 

2~ r 
0 2 

T = - I ! ( G;z),.. r ·· ~os e drdO 
0 0 .. ::::o 

9:his result agrees with resul.t Obtained by Gladwal:l fi_g6sJ • 

iii) W:e have from (6), (7), (9) P..nd (11 >• the d:laplaaement 

components on the :free aurfaoe far out side the diao ss 

co 2 2 2 r cos 0 Of) · , . 2~ -r
0

k .. 2pa 
( ur) = - 0 . 4: . a I ~'' 2 · · J .1 (~) X 

z=o (1 - '1
1 

) m.=:o m o ll(~) · · . 2m~ 

(29) 

(;o) 

(31) 
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~he integralo in the above expressions oan be evaluated by 

Lapwood 's method as in the a.ppendis. J3ut to obtain more 

infoJnnation a·bout bodily I~ and &-wave the foll0\71ng mE:~thod 

is adoptedtt To evaluate the integral in (;52) i.e. 

(1) (2) -
J1 (ffJ :::: ~ [a. (fq) + 1~ (f~)J. 

I 

(33) 

In ·t.n1:1 complex \ { = ~ + 11 )•· plane, we draw cute parallel to the 

il*tg!no..cy axia jc>in.i.ng ! r
0

h with t (.r
0

h .... ioo), ! r.
0

k .With 
{.~· ,. - l-:diii'b . I ?""'· --~ 

+ (r .k ... 1 co) r.Jaking the factors r~ .. r h, { '\ + r h of i\2-r2h 2 
- 0 0 0 0 

and ;;,-~ ~~k, v{+ r0~ of ,f\,2 : r~k2 aingle valueih Integrating 

. . (1) . . . 
the 1;nrt ot (:53) conrJistiug of Ht (fq) slollg the bou.nde.vy of the 
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.... i n/4 oo {(r
0

h -iry)r~k2 -{(2r
0

h .:. i ~· ) [2(r h - 1YJ ) 2 - r~k~ 2 

-i·a ~ · ~(:.,;,..1~ )·;~r~:r .t161ry·(~ o~'"i ~) 4 ( ~ 
0
h-i ']) [(r

0
ll-i'] )':a -r~k~ X 

(2) . 
X J ... (.r h • 1 V] ) 111 (r h - if~) lf~ (iYJ • 

21n~ 0 

First term on the right htmd aida ·of (:;4) arises due to polo ~.t 

(r
0
g), second e.nd thirt1 terms form integrals along loops round 

the branch outs at r 0k and ~0h reopeotiv01y. 

Assuming xk > rh >> 1, the il1.tegx:als in (34) CJ~n be evaluated 

asymptoticallY at point.s far out side ,the d1e<:h Hankel fUnctions 

ere expanded ssympi:iotically. lleta:illl.ng ·the i'i:cat term in the 

expansion o! liankel fwlctions• the integrals arising in ( 34) are 
·' 

o.f the form 

(54) 

:,,.
11 

-f7 13/2 J5/2- , f112 G1
.(o) 

J ¥ ' G( 11 ) e d~::: 372 G( o) + . • p5/2. G ( o) ·i>- . 7/a 2 \ f . f· . . f 

KoE}ping tho leading terms again, tho EuJymptotio vdlues of\ the 
"···. 



85 

•irk y2 . . r 2 -i.rh '"'( 21)2 2) r 21 
+ 4e • I\;. ·"'..C'72 J '5. (r. k) (..,..q) +a a:;,. . :-'8·:;:1 J 3_~ (r h) (...2) · ' 

(r
0

k)"' · 2m"2 ° r aK(r
0
k) · 2 2m.+z- 0 r 

Similarly we obtain 

and 

-1rh 
+ 2e 

r 2 
K J ( ~ ... )· (·1 1 )' (..,g.) 

'·.. I :;]2 ·. "-'i r o~::;. · ··· - rk' r 
(r k) 2m+* . o· 2 

r . 
B . ia . .-:n 2 J ·' '372 J ~ (r h) {b - -1~ ) ( ,.... ) 

{r k) 2m+~ · 0 r .. r 
0 t;. 

{a2- b2 a3/a~b (a2._ b2) 
whero K = ......__...... __ ·• s ·= ---- . ..... · 

(2 b2 ... a2 ):!$ 

. . 2 2 r;- 2 1"22 a ( 2b - e ) - 2b ··y-a 1¥ .... c 'fo~ ~ c~ 
Q= 
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iv) F:rom equation (28) 

a.ra plotted against p(<1) £or Values of r 0g = O'Ot 0•5 and o•g. 

It is found tha-t the absolute ve.lue of stross just below the 

disk .tncreasea w~ th the inoreaae of distance of tha point from 
.-.bel.,-w 

tlla oentr~ of the disc where as at a. point" the diao the abaolu.·ta 

value of real part Of stress deoreaaea and 1magi~~ry part of 

atress increases with the inorease of the frequency of oscillation 

of the diao.~. 
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APPENDIX . 

To find the value of M
0

, following Ul.pwood, we consider the function 

1"2k2p(\ ) 
F(\ ):= · ·0 · in the region Rt and n2 of the 

R(\) 
complex \ ( :a 1\ + 11 )• plane bounde4by the curves as ehown ;.n the Fig~ 

A1. lly Cau.ohy 's residue theorem• "~:e ha:ve, when the fw1o·tion F( ) 1s 

integrated along the curve bounding the region R1 

oo = r~2 /~2 + r2'~2 . 
f ( ) 1'. 0 - . 0 d 1( ) ·rt 
:o Jl ~ dl% + ~- R{iYl_ ) 1 - 1 .... Y11 2 = o 

(A1) 

and integrating along the ourva bounding the region R2 

· = -2iDo 
) 

(.A2) 

I 
~he terms - i (1 .. Y1_ 1 ) 1t/2 and 1 (1 - Y11 ).1£/2 oao~ing on the 

left lk~ side of equations {A1) and (A2) respectively are the 
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values of the int'egrals on the large circular area (Fig. A 1') in 

the firat and fourth qvndl:'ants. -2D
0
i on the r!.ght hand aide o! 

(.A.2) is the contr;ibution from the residue a.t (r0 g) where D0 is 

given by (20). · 

Subtracting (A2) from (A.1} and dividing by 21 we obtain 

ch.. 2 2 2 / 2 2 I 11 X (x -. ~ .) .. 2-. - X dx 

. - !~2 1--------~· -------~a-~-----b~2-·------------~-.-
J. ( 2 c2 · · 4 . . 4 2 c2 2 

o1 a .2x - 3 ) + 16x (:t · - - 2 ) ( ~ 
u a b~ 

. 2 ) -x 

(A3) 


