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The’thaory‘of propagation of waves in elestic solids vas developed
in the last eentury. The names of the academicians that may be
associated for plonser theoraticsl work oa this line are, STOKES,
POISSON, RAYIEIGH, KBIVIN and others, who extended the theory
of elastiocity to the problenm of vibrating bodies and éropagation
of waveé.in elactic materisl. During %ﬁe'firat quartsy of this
entury the subject lost much of ite glamour and imberest. This

is perhaps partly becaiss of the attractions of the new fislds
opened up by the diécoveries in atomie physics and partly bocause
of a gap between the advancement of theoretical and experimental
work, as there were o practicsl methods avellable in laboratory
for observ&ng the paszage of gtress waves in elastic meterials..
But there has been a remarkable revivel of interest in the sudj-
ect as far baci as thirties. Hxtensive study in geiemie wave pro-
pagation, earthauske sngilnesring and research on geophysical phee
nomena attract a number of theoreticel and practical workersge
Sinee then the interest in the subject has been gatﬁ@ring monent-
ume With the advent of sophisticnted insirucment, electronic tec
hadques and high speed combuters, the subjeot has become a very
important ficld of ressarch. 4 lavge number of originel papers on
both experimental end theorebtical acpects of the subject have beoen
appearing with various informstion.

Host of the experimentnl works carried out on the wave propagation
are conc%@ed with studying propagation in specimens of eomp&ratif
vely simple geomeﬁrieai shape,the yesulta of this experinent could
be compared directly with ezact or approximate theoretical predice-

fiong. The agrecment, with experimental resulis and theoretical



predictions, inspires confidence in %aking up complicabed
problems and makes popsible theoreticsl predictions and
lnterpretations of gbaeﬂaﬁi@n&,

The pz'opaga‘%ion of waves through Emmogenemas isotroplc elasbic
material of uzibounﬁea extension is not a a‘ubjecat 0f very comw
plezi‘t;y, The waves eve either diletational or distortional or
& combination there of. The picture changes radically as soon
as there ls & boundnry, Interée‘aion 62 two types 0f waves o0Cc=
urs, when boundary is present and this inbteraction presente
an inhereab Gifficulty in the aolution of clasto-dynamic probe
lenms, Hore over the offect of o free surfnce on the generation
| ang promgatﬂ.gn 0f waves A;i.zx elagbic medium hag baen the subject
of many 1:@%@@10:1& ever minge bhe diseovery in exigbence of
surface waves by LORD RAYTEIGH.

In ge-neml; probless which Ammstly é:‘o‘tmct the ressarchers both
*ékeo_mtical and é;ggerménﬁgl,: in relatica 1o the genersition and

pr.épaga'&mn of waves in an elastic wedium may be classified as

3) diffraction of pmpagaﬁmg waves through the medium due to
any obstacle, cavity or a orack of any shaps situated gome-=
where in the mediumg | '

ii) roflection, refraction and diffraction of propagating waves
due %o mixed bnmiﬁary conditions; |

411) wave motion gencrated due 0 @ punch on some bounded region
of the medium; o

iv) radiation of waves Li.¢ the wave motions generated due to
gome fixed eﬁa’&:g,pzal d:i;s_‘%urbanee and propagating sway from the
- pource of disturbances ,

v) wave motion genmerated in a medium when a sowrce oOf disburbance

moves along the mediun,



Depending on the nature of the source of disburbanecs, shape of
the punch or normal loading .bn the free surfacs and the presenaqe
of digcontinuities in the medium, different complicated problems
arisa. The solution of these problems nsed an gdvance level of
sophisticnted mathematical techniques.

Ve present some of tho mathemoticel techniques in short and glve
references to some of che problems along with their solubions.
These noy bs importent and inbteresting in enginesring éi’:ienc@-;
in ear'bhqme engineering, in seophysics aud in seismology, end
definitely to the mgthematioinos bocause of the complicoted
mathematics im'c_»lvaé. in the formulation of the problems and in
the determination of their s@luftj_cms; _

The dynamic Tesponse of an @leobic helf space due to an exbornal
lcad or a punch on the free surface and also the scatterlng of
elegtic waves by a finite cradk or a strip inside an elastic
medium may be imeatiga‘eed by the use ¢f integral transform
jbec’zmi.quesv

The integral trensforun T(S) of a fungbion £(x) defined in an

interval (ay =) is an expression of the form
[

‘3;(?)‘ w fE()K(x, S )dx, ‘ _ (1)
2 ,

whers & 18 reel mbér and § is a complex porameter varying
over some region D of the camplex plane. ¥(zsC) is cmlled the
kexrnel of the trsmfomt,ign_. Phe transformation (1 ) beconmes
particulerly useful if it possessen inverse Mopping. In that case -

‘one can expross £(z) in terms of ite integral tranaform by

£(x) = 33?{- gf(?)lﬁ(x,? HAS .
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Horo M(x,$) is o suiteble function defined ina < x @ and €€ D
and is éalled the kernfl of the inverse trensform, which is defined -
for 21l x in the interval (a,=). Phe complex paraweter ¢ 1s in the
region D while T' is & sultable path of integrotion in D.

HWith the aid af'ﬁheﬁe transforms one coen replnee some of the
independent veriables, oo thatb in mony cases it isg poasible to
reduce the governing partiel differentinl equations to ordinary
differentiol equation in the txansforéfgpaae with one lasg indepensw
. dent variable. If the reduced egquation 1or‘§ van be polved; the
golution £ can be expressed in terms of the inﬁersion integral,
which may Then Dbe evaluated. The inversion from the tranpformed
sﬁace o the space of actuel variables usually involves very compe
licated *mtegra%ions. In many cages even the nﬁmarical integration
can not ba perfermsd sugees afully becauge of the highly oseillétany
charac%er of the integranas.{bf. ERINGEN and SUHﬁBI (1975), chap.T;
ACHENBACH (1976), Chap.7}. I% is menticned in the preceeding para
thét the inversion from the'tranafqrmeﬂ apece to the o:iginal space
of veriables imvolves varibﬁs:cémplications. in parbicular, mixed
bounﬁaiy valﬁe problems like the dynanic response of a punch on en
elas~tie half space aha ahe prehlems involving the pregence of a
crack or i atrip inaide an elastie nedium may be reduced to
EREDHOEH'Q integral equa%ion of firat kind or to dunl integral
équations. .

Difforont teonniques hove beenm applied by meny suthors to tackle
these $ype’of problems. From fhsen‘stama point, these problems may
be &iviﬁed inﬁo o eate&orieﬂs one far 1cw fxeauenay ogseillation
of the souree or 1ong wWaAve acatme ing or tronsmission end the other

for high freqneney oseiliation or short wave secatiering or
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trangmioson in the medivm. The terms long and short are used
in comperishl to the rogion of The source of dimtrubance or
the size of the ptrip or crack etec. in é&&e the medium to the
wave length of distrubance. In case of Llow freguency oscille-
tions NOBLE's (1963) methed of molving dual inbtogral equstions,
TRARGR "a (1962) technique for solving dusl integral eguntiona,
Matohed Asymptotic Bxpansion, end varistional principle are
found Yo be very useful wheream in case of high freguency
oselllations WEINER-HOPE (vomemp)technique, or Geometrical Ray
Theory are found %o be mogt suitebles
Sumiuse thet & mized boundsry velue problem isg formulated by
suitable integral trousform go as Lo be governed by a set of
dual inbegral eguation of the form

o
Je(pd{p)dy(zp) dp = glr), © <T< 1
o .

(2)

o |
and f2{p)ay{zpldp = 05 > 1
5 R

where &(p), g(r) are the known functions of the verieble
indicated while Jyis o Bessel function of the firet kind of
order v . We are eupposed to determine £(p).

According to NOBLE (1963) iT@(p) can be expressed in the form

6(p) = p'T4 + H(pY] end thet 17 H(p) tends %o zero as p =
then he proved v‘bhat

fo o %
g 1/
2(0) = g [ &2 0(8) 3, 1y GRIE

where ©(%) satisfies the FREDHOLH iﬁt@al gquntvion of the socond kind



: 1
o(=)+ 3,; é"K(:c, g )9(8) 48§ = ¥(x) (3)
with kermal
Kg)a(xg ) Je(p)d, 4 (=p)d,, 4 (&p)ap
o 2 3
and if o < Y42 then 5
....-ﬂ/ + & X ’1)'{-1 "1+§V .
Mz) =x 2 = Jatox (55%r®) aY .
' o

The intogrel equation (3) can be solved for 6(z) and consequently
£(p) can be determinocd.

ROBEHTSQ&_(?@&G) congidered o circular rigid dise pressed on the
free surface of on elastic Lelf space and vibrating on the surface
having a smooth coatact. The displacement helng specified under
the disc aid the surface outside the disc ip agsumed Yo be stross £
frec. Thin mixed boundary value problem ig reduced to o met of
dual integral equabions, The solubion of this dunl integral
equations is then reduced to the FREDHOLM intezral equation of the
gecond kind, an iterative golution of whi~ch is then obtained for
low fvequency ogeiliotion of the dise.

ancthcr DaDer Roﬁ“ 2505 (1967,b) considered a longitudinal wave
harmonie in tinc %o be ineident normal o a pemy-ghaped crack on
o pomisinfinite elastic solid. This problem is also formulated by
a sot of dusl integral equationss An equivalent FREDHOLY integral
equation of the second kind is determined by the use of RHOBLUSs
(1963) method, whick is aleo solved by iterative mothod assumlng
iow frequency oseillation of the applied stress on the erack

surfoce. GIATVELL (1963) sepumed o civeuwlar indentor vibreting



about one of its di&mafa@r. 4 dleplacement under the indentor ig
pregeribed and stress out side the imdentor is taken to be X0
This mixed boundery velue pmblem is formuloted 86 as %o he
governed by a get of dusl im;@@al equations vhich is again
converted to an equivelent Fredholm integral equation of the second
kind by the use of HOBLS's method and the 'éeluticn is obtained for
low f‘mqmmey oscillation of $he inﬂ@m;or.

Almogt in a similar way HAL; ANG end Kropory (1 968) determined the
solution of the pmblem of diffraction of axisymmebrie harmonic
elastic waves by a rigid oireulor dise, MAL (1969) studied the
diffracbtion of elastic waves in pregence of a penny~shaped crack
inside a senmi=infinite medium and uﬁéé}ﬂ, DHALIVAL and VRBIE (19383}
congidered the mixed boundary velue problem arisling oub of the

| inkoraction of the antisplans sheay waves to an =2¥bitroy angle o
the moving crack. :

WICKHAM (1977) considered the time hormonie vibration of freguency
w of & rigid infinite ateidp in o sami«inf...mte hemo"anmﬁa isotropie
elagtice solid. The motion is %mad by prescribed disylmammﬁt
aistrsbution: v (x)e’ i“"*‘, normal to the infinite strip jx|<] =05
- oXgg 0, It is assumed that the tangentiel s*az;esas at the plaus
y=0, is zero and the normsl stress is also zoro For [x|>!. Boundary

conditions are formlated as

vizy0) Fele) 3 fzisn
Tﬁr.‘i(x’c)l =0 ] = x o,

Tn thia vaper the approach ip gome what differvent from the othersy

which has alrecdy been dipeusced. The puthor assumed a funretion {0



(unkznown) to be the normel stress below the strip. Thus ’l:s;y.(x,o)

is assumed to be lknown 6wt (~ =, ). fgsuming the normel gtress

to be known gu y = o, the integral reopresenitation for the

potentials ¢ and ¥ axe cie‘termined by the use of Green's Tunction.
with the help of ¢ and Y (which involve the walmewn function ()
an integral equation of the first kind for {(x)is obtained, which ig
thea converted to an integral equation of the second kind by
WOBLA's wethod and the iterative solution is obtained for small wave
nunber.e

In this comiegtion I could not resi;st the tempbation of referrm
to & papsr by FABRIZAWY and SANKAR (a.} 84}, where s mixed bound&ry
value problem in a nonshonmogensous mediuwn is considered. An
asymmetric contact in the form of o circle =2 15 assumed to be
present on the hali spaces An &rbitrary aormal displocement is
prescribed ingide the eilrals f 2y while the Doundaxy 4 = O of

the half space oub side the eircle is % siress free and the tane-
genbial gtress vanishes all over the gla,ae 4=0y « Following
ROSTOVISEY (1964) the sclwbion of the problem is reduced To the
golution of a two dimemslional inbegral eguetion in polar co—or@im‘ues.
.‘.Ehe subtnors then proved that it is possible to reduce the integral
equation to '-a gequence of two Abel type iutegral operator end
anctler operator ir ntrofuced by them. 111@ iilva?‘se pf the o;gerators
can ke dound eaw:}..,..y und the exact solution of the two dimenslonai
equation is obtziuned in the closed form.’

I’;ﬁ a,ll‘ the cases discussed above, dual integral eguations are
converted to Fredholm's inbebral equation of the second king

which is then golved iteratirely for low freguency oscillation.

But TRANTER's method (1962) of solving dual :I.n*hegral gguation is
different, If = mixed boundary value problem is formuleted g in (2),.
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then according te TRAWIER £{p) (which im to be determived) isg tsken

in the form
Ywls oo |
o R {p) -
Hp) =p Z O Sveomek |, (4)

=0

where m is a positive in’s@ger or pero, k is real and positive and _
" the real ;paf% of V is greater Hhan -1, It may be seen that under

the conditions steted above the in”-_:egmi ,

i) .
fo1E Ty4omete (23 Sy(2p)dp B )

o
convarges for both r » T and o < v < 1 and Lta'value in ulsc given
by WATSON (1944). For a choice of £(p) es givzm in (4) and using
the value of the lutegral (5) it ‘csiafz Be proved that the second |
of the eovetion (2) is subomatieslly sabisfied. Tho coefficlents
a, have to be so chosen that the form of £(p) as given in (4) 2180
satisfies the fivst eguation of (2). Agein from VARSI (1944 ) we

have the = value of the integral in (5) to be egual o

- i"’ﬁm»mﬂ) | . 5
o, (V4met, dmloemy ¥ +15 1°) (6)

=1 ﬁv-z“% )szei-k) )

when © £ T € 1

The value of £(p) from (4) is substituted in the first eguation

of {2). After some algeiaraié 9:?.»!3;@1@.@.%@1021 with the helpn of Jacobi
polymomial, and using the value of the integral () as given in (6),
the Hankel inversion formula and alse nating that
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oFyla,bses8) = (1~z)m"b oFy (oeayo=bscsz).

Ve finally obimin

a, JG(p)p amw SEa. (2) 4p = B(vyayle) N
mnc o |
St T ™ , .
where 2. EV"'” ! () B{Yy 1y ¥)
!(V+m+'i‘}
' aj};,(r ""1 { e )k"’dé T (Lo, vM,r“}éra (83)

O

The Jacobi polynomial being defined by
'Trvgc&,\/_,x) ==_ 23’1 f@.ﬁ, 4313 Vgg‘)c

' &8 o speciel cage when glr) in (7} ig weplaced by A’ {4 being
congtant) and making uee of the result [of.VAT80K (1944),@.464j "
the eguation (7) eon be writteu os | -
: | ony - _
a*ﬁméaztn n By = = (2Ve4ne2k)BO),nyk) | | f?)

where (2V+4n+2l )“' Ty,

o

= J {22 G(?)"‘} - Syszme (P Fypongs (P) a0

Q .
Since Jecobi polynomisls satisfy the relations

'ié(ap/;x) = 1 cmﬁ.
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Tyl gay
Sz (1=x) Tm(gs?"/z"ﬁ) ‘}’ﬂ(a:yyx;’ﬁ?ﬁ = 0
4]

when m % n , we bove from (3) , for gf\r) = A pr”

Y 1
B(Vynyk) = A l( L

for n = o
2 i(zswﬂ)

=0 | for m > o (10)

Thersfore by the use of (10), equa*cim {9) takes the form

- 1‘”1‘.{‘(1;#! ) _
2, *mi:o Inm’ o By = A (11)
T(u).g.z—)
B * S. 20,020
B m=o Lm ’ ’

The iterative sclution of the equntion {11) is

1~k
(’“’1) 1 te
an = A [ﬁ - Gn‘"-i' '@ﬂ - Gn +* enecnvrne ] %

wa k)

whove &6, = 0 for n > o, 60::;1&3;@

n
g =0 ”,,;? €§ el |
n o,n,- ' I’mn my i o Hgen Vm F6C-

Viith tﬁe determination of the congtants, the asymptotie solution
of the dusl intesgral cjuabions in (2) is determined.

BOSE (1968) considored o rigid cirveular disc indented in o semi
infinite elagitic solid which performs emall ogclllations normel
to 1ts plane without loosing contact with the surface of tho
golid, With the heop of Hankel trangform, the problem has been



reduced to the solution of dunl integral equatiozi and then following
the method of TRANIER to the sodliubion of an Infinite set of algebraic
equations. At present a new techoique known e® matched esynptotic
expansion has been introduced and deveoloped to solve the mixed
bouz;aary value problems involving wave propagation in elastic sollds
due “bo*loﬁ freguency vibration of the seatterer.

This method has primerily been used in sol;ving the celebrated
Havier Stokes eyuations of Hydrodynamios. It was developed by
PRAUWDRL (1208) to golvae .'é;h;a problem of high speed viscous flow pa¥it
of & bod:}'. Some times tnis method is Found to be comvénient to solve
scabttering and diffraction of olastic waves Ly cracks and bodies of
f£iaite length, |

Di.i‘:ﬁm@tion and scattering of elastic vm‘vés due to the prescnce of
a finite crack or an obstacle of finite dimension can bs solved by

- the methed of matched asympbotic expanision in cage when the dimens
slon of the seatterer is emall compared to the wave lenghth of the
propagating waves, |

In this mothod, two expancions ore developed simuliaensously firsgtly,
an inner expansion valid close t'a the soatiorer and secondly, azi
outer expansion valid far awey from 1, Thé inner expansion ig |
constrained to obey the boundary condition at the surfecs of the
seatierer while the outer é:«:pansion gensratoed 80 a8 to satliatfy the
condition at infinity but not at the surface of The scatiorer..

| To render the problen determinate, it is necessgry to uge the faot
that the inver and outer ewpansions are different forms of the same
funation. This leads %0 the watehing of these two expansions in an
intermediste roglon. This makes it possible to ‘derive éltarnatively

| the ouccessive terms in each expansion. In this way construction of.
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a uniformly valid composite expansion is done.
In order to exzplain the mabhematical procedure, consider the dynanie
cal egquations of elastioity

| - 2 = o
O# /2) graga + 2 veu-'f-ig%% = 0 (12)

Putting & = U e¥* ang aropping the mero subseript one derives

O ) gradd+ A vl a4+ PWe § =0 (13)

Introducing a characterigtic geometric length 1 in the problenm and
pubting ’
: -t

1= %a s T = 7 / = and finally dvopping the prines,
the sbove equation in the dimensionloss form can be writiteon ap

T O T Ey Hrleo e

Se'bti:ag q = grad § + vot F vy 1% 18 found thet § and I‘Z‘? éatisgy
the equation

v+ =0 | (15)
T+ 0T =0 | (16)

where M and m are two dimensionless numbers defined by szmvlm, end

. 2 '
e s?wa/g and = ‘*J/fl/()w 2 My,

The anolysis ig based on the asumpbion that M and m are smalle

iet an exinlly symmetric body be depressed by an amount doem%

along its exis of symmeiry into the elagtic space by an exoiting
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periodic forca. If I stands for the unit veotor along the oxis of
symmetry token ae nwastic, then the boundary conditions bocome
= @oi'ei‘m at the surface of the body while
3= @ an p oy
Applying the principle of superposition and using nondimensional
anit this is egquivalent to a problem with boundary condition
% = 0 ot the surfoce of the body
a <3

ui»*—gf I gpp =,

e

In order to obbein appropricte inusr solution for ¥ , We assume an

expongion of the form

ﬁ {{4’“3(" $Ecenda *'u * csaw (‘37)
guch that 4 .

u, =i grad P ' rot .’i’ , (18)
{an. ] ? iﬂ?‘]"*m ?2"3' ensame B L‘?n?ntuoi (19)

"»’«.‘Hwa-l

n o
:‘g éﬂi’i-@*m fg ssdense I fm*i' .sw

s
wheve Pn and fﬁ gatisdy the equationa

2 . B emre 2 " \
V' §070 V™ VP2t Qo0 (20)
gnﬁ » Vaf@ =0} gff:&’ V i+, = 0

Phe expansion given by (17) io essumed 10 satisfy the condition
&% the surface of the body onlys | |
Ap ouch these expangions ave valid only in the vieinity of the

body. Hext consider the molched owter expansion. 2o £ind the



15
regquired outer ewpansion for § » WG seb

xgm,ygw,"éum.

As I -~ oy the poind (z,7,5) w:.ll nove o im:lnity end it 4ia in this
neig,nbourhooa that we are intevested in Linding the appropriate

expansion. e Vrite
§ = 1, (&5, 0000, (5.5 oeus

Wh@l’.‘@ —V_%’l;j"‘}}.g 2 0 ; 3 2 1‘25 Bgevera
In & spimiler fashion to find the oubter exgavsion for F we aey

@ % * ,
K=K 5 y =4y 2 =08 and

g - % R Do, B K K
g = mg1(:§ ’8 ,ﬁ )'«{' m {‘3',2(3.. ,y ,E ) "5‘ LE N N N

V ¥ > L
whers v 2 gj"hgjm 1 I 3 = '892' eanennn .

Iet us denote the outer expaunsion for % as

- -+ - g
ua'UQ-f' {3‘1*' oaow.nq.'f Un{‘ ¥evew
with ‘ " = (-‘fl /1) I and

Un'ﬂ?ﬁ“ hd% m rot z_,n; B2 conven .

We are now in a position to obtain the innor and ouber solutions and
mateh them a@@ropriately in order to deternine the wimova consisnts
which arise in each of them. Thic is done using Vad DYKE'S (1264)
asymp‘%:c’sw matohing prineiple waich amcunts to the followings

the p~term inner expaunsion of (tha g=term outer expsngion) = @m
g~btern outer expansion of ('bftle p-torm innsr éypansion), where p end g
may be taken as any tw 0 integere e%ua’,!. oy unequel.

Using the method of matohed as:y'mptatic eag»maion the dm‘mﬂ,&nce due
89842 L
w4 JUN1GRS o
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%o the action of a periodic symseiric force acting on a rigld oircu-
ier dise attached o the fmee purface of an elastic half space hap
been gtudied by KANTAL (igﬁﬁ). Seattering of SHewaves by o rough
hzl? gpace of arbitravy olope and scaftertng of Rayleigh weves by a
ridge have baon studied by SABINA and WILLIS (1975,1977) by the
method of rmbched asymptotic expanglon. DUNTA and AKILY (1978)
applied M.A.B. 0 obiain the soatteved £icld when the wave length
ie lerge campered with the linear dimension of the inclusion in a
half space. ’

KRIZGSHANT end RELSS (1983) assumed hat a loealized inhomogeﬁaity
in the wedium aels ap e scabteror. in asymphotie expousion which is
wiformly valid in spece 1s obiained for low frequency seabberlig of
o plans viave incident on the scablerer. It is esouned thet the
eharg@teristic length of the scaltering region is small compared to
the wave lengih of the incident wave. The mothod of MoA.E is uged
in the anplysis. |

Another wmethod that mmyfgnplied o eéivé'%ne mixed boundery velue
problem is the variatimnal a?znaimle.

Fartational technigues have benn‘anpliad with much puccess for
severeY years in attacking diffraction and scattoring groblema in
gloctromagnetic theorys While the power of veriational bechniques
for obtainin; approximate sciution to problems of elesbostatics

is well known, similsr methods do not appesr to bave besn mch in
use to solve mixed boundary value prebleﬁs in elastodynamics. The
method of obbaining approerimate solutioa of Sual integrel eguations
by vaiiationalnmetnoahwas developed by HOBLE (1958+59). Being
guided by this method STAITYBRASS IR 1962 developed e verlation
-procedurs of solving the soealled maneh or contacht probleoms in.which

a rigld punch or die of arbitrary cross section and'with’a flat bage
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is forced to oseillate in contact with an elgstic medivm occupying
either a helf spece, Or the infinite rogion bounded by parallel
plones, e has shown that e funchbion can be constructed whose
stationary velue ig proportional to the ampfitude of oseillmtions
punch, if Le boundory Condivons of the

- of the, problen are suitably restricted. It is known thot the Glspi~
ecenent rield U, genorated in an elastic medium occupying a region

By by traction ¥, applicd to the bounding surfoce B with a harmonic

time dependence & V7 , can bo expressed in the form
U
u,(2) = igj;@.i;;} 7, Q) Gap P DG, | | (21)
p) .

< . . & DY amd G e
cwhere TAPY) = U;(Q.2) and B =3, + 5
dA, is on elemental axce &% § , o point on B and %, = T, n, vhore T,
L5 . ¢

y atonds for the comuponents

of the outer unit normal to B. The singular functioas Bé‘(}?, 2) ls ‘the

sre the ocomponents of stvess tensor and n

Green's function which may be Interprcted ss the components of
displacement in the rectenguler carbesion diredtion x, et P due o
an opeillating undt concentrated surfocs force in the Xy diveotion
at Q. _ -
The boundary B of the region D is divided into two reglons B, and
B, where (i) on B the boundary conditions i:ﬁ: of miwed typa
(csgo normal component of displacement veclor, tangential ecomponent
of the surface *bmct‘i@;:;mseribed)» |

i1) on B, all the components of surface traction &, will vanish.

Tt T ' . & m .
Let U, [Ba £, and T, lﬁ.m 8y

©w

<,
o

a.

then usinﬁ T, 'B = Q , we obbtoin
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f“(Qi) = [ uz; (Q, y Q) gi(Q) dAQ : (22)

B, : )

w
which provides a vector integrzl eguation for the determination of
the waknown components of the surface btruction By on Bu. Ingtead of
trying to find out an exact solutiom of this integral eguntion a
functional is constructed which is statlomary relotive to small
variations of the unlknown components of 8y about thelxr exact. values.

It ean bhe shown that the functional

 # ' , LE '
Ty ep) = 2f gy () £ (any = [ g (aug(a)an, (23)
u a

* . %

whire vy ()= [ vz (2 a"e; (2" )as,,
) 3

1s stetionary with respeet to first veristions of g;_’ about their

correct valuesy as determined by the imtegral equation. The essence
of the above refermilation is that the errors made by ueing F, [ g‘; i
in place of ¥, L & Tjare of the order of magnitude of the squaves of
the errors in gf rela%&%e,tp g4+ I therefore, we con arrange that
I gi] is proportiomel to e quantity of intercst, and admissible
functions gi y in close proximity to the unlmown functions 8ys 02N
be obtained, then :E‘., E gz j will provide us with & good approximation
Yo Pyl e |

For purpose of calculation, 1V is more convenlent to have a scalar
invarient funcilional which may be obtained from (23) by replacing g;
by egz and uging the stationary property of F, L g: Jto obtain a value
for ¢y the functionsl obtainsd is '
Y. [fgugi(m:ei(a)dﬁ.@]
P8y = |

g (24)
.[3.3‘1@1(@“)1»;(@)% |
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We £ind that

Fpl ey 3 2 7yl 1

In order %o iz,lﬁmmm the power of the above veriationsl method, the
‘elassical Reisgner-5agocl problem of the forced torsional oseiliations
of 2 migid clrenlax disk attached to an elestic bali-space wasp
recondldered by SRALLYBRASS (1962).

Approxzimation was obiteined for sufficiently low values 0f a cerdain: ..

frequency parameter. Lhe boundory volue problem is to deteymine the

* solution of the diffeventisl equation (omitbing e time facior oiVb)
2. _ Yo .2 |
Vo, - =% +Xu =0 ~ (2
? ¢ 7 |
u, = u (fe2)y B = wo/o?
A A |
subjact to the boundary conditions
wy = BF 520, fge | O (26,2)
| B o
Y4 03 | g

where Yy ig the esimutbnl component of displagoment and § the

ampiitude of vecillation of the disk,

Considering general solution of (25) in the form

Ny prBg? |

n_(Byz')= P }a @
? v o -!{7\2.&2

whiare B .= f/a s ' = %foy @ = m, & non-dimensional frequency porameter,

it can be shovn ‘that the displacement field u; (s). correspouding to
¥ (8) » o <1 can be obiained im the

(?8

an arbitrarvy admissible strese

form
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e SO N N
u?(s) iy i[{; m Iy (xs )J,(%s)d?x} Tcpz (s Jg'd 8 (27)

which is the pequired relntion be;'tween. dis_‘ylacement and stress.
Suba‘t:!.*euting Thig relation iato the ex@résasion for the scalar
invariant functional (24) and uging the boundary comdition (26,a) we
ge%

1, 2
. . [ f«’rx‘g(&)sa ds ] 4
FEE"I; Je 2n e’ p8 = - (23)
t ' ---—--«--,,7‘ ’r {s 1)34 (a)a ds S anr
0 Y= & <) i

- /
e

How ?2[ Tg?] = o 272 P f Tou® £ P2 af =1 Fs where I, is the moment

i

of thea forces applied ’t‘,e the diok, Repleacing & ,,[ ’ﬁ;.,;l by Fgffgz i
in (29), we oubtain

Gd
| v ,J)r,.r Tha(E)d; (xe) & 4o ]2 da
a0 Y
A (29)
ar MPa * 5 .o
the ap@rémmtion is in thg veriationsl senso.
A natural fivet approximation of T; 5 (8) for small velues of
frequency is to use the exact static stress distribution.
Ve therefore take :
Tz \K i)
which when substitute,& in (29) gives
2% (0)
o @ I. » (30
16 fn®

where I, = f (7\“&2) 3/,,_, (N J,j/,:, (M ar .
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Humerical volues of M, caleuleted from {%0) can be found %o be in
gooﬁ. agréemént with the exact velue for low frequenay.

The same varimtional princlple has been applied by STALLYBRASS and
SC:MIET (1976) to solve the preblem of forceed wertical vibration of
a rigid elliptical disk on an elamic helf space. Ths methods
discussed above are not applicadle in case high frequenecy oscilintions
or short wave propagetion. In these capes VWIBHER-HOP? technique finds
extensive appliéation in variocus mized boundary velue problems by
means 0f integral transformationss

As o general case the three part mixzed boundary walue problems

Tef. HoBLE (1958), p.196] may be formulated in complex § =plane as

ONUR () + K(D) 1y (5) + TP F_ (5)

. o1{S~ & cog 8)g _ A(S -k cos 8)p
S=keos O '

where A 1s o constant and C=6 + 1 t and k -.=1q + ik, . The
equation (31) holds ia the strip - ky <% < oy (?), P (?) and
7, (S) are the unlnown functions:

8) - E’l: 2x) otS () gy
i = -L L , is (R-i) ) Y '
L) Ton J E)em M ax (52)

7 () = 2=} £(x)el ax
V2w P -



22

#.($) is cssumed regular dn t > = &y F_(S) dn % < k, and 1y (S)

ie an entire function, It is assumed that ¥(S) is rezular in

- ké <t < kg,- tnd hag branch points &t = % ky on the supposition
that we can write X(T) = K ($) K (C) 5 K (=3) = K _(+7) and taking
0<0<tn, e got &, cos © > 0. It will then prove convenient
to rearvenge (31) so as to apply the Viener-Hopf technigue in a

: <t <k, cos B, iulbiply {31) by expl=isa )iﬁ*( ?)}“?

2
and vearrange in the form

gbrip - k

_ ?*(Y) AL *;;*:p(wi&z eos 9 q) [___._1 “" q ]
K+(?') Van T «k gos © - £.(%) g, (& cog 9) -

+ U (S) + V() = = exp(=~iSq)K () 7y (S) - ﬁ_' (€) = V.(§)+

A exp(=ik cos 8 g)

B * V{Bﬁ (¢= & cos 0)K (& cﬁs 9) ’ 35
In the above eguation we have wri%aﬁ |
U +(\";) +0 ()= eiﬂzwj) £ (S) /5D

,, v‘*(?ﬁ) ST = A (m-ﬂ/e ei?(z»-q)«i k cos @ p /5= ons o, (53,

-1

in o sioiler way, mltiply (31) by @p(-—i?z:}{ii_(?)} end rearyange

as( ) -1 k cog 8 p

B AS) B o 5.(T)

Km(?) +RAS) + Vvan (§= &k cos 2)K_(F) -

= = &P K (§) By (5) = B (S) + 8,(5). | (58)

1C(g=p)
dheze T(S) + B(S) =0 0 B() /K (S) 4
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o | m/g iT(aepj=i & e
D s ma@m o P-L i oo /{5 0 03 (D} -

'Fhe left hand slde of {33) and the xight hand side of (34) exe
vegular in % p ,e-,k{? » The other sides ave regular in $ < Ez aos Q.
Aopume that bshaviours at infinity arpe such that Idouville's
Theorem can be epplied in the usuol way to prove that eamch. side
of each equation egquals ze}mq.,

Woe introduee the anototion

E w1/2 =ik cos @ q I
*,8) - (2m) Ae €= % com 08) = H, () (35,8)
=1/ wikeooz®p i |
£8)+(2m) © se (S koeos8) =H, (S (35,b)

wheyre L‘-i':(?) hos o pole ab < =k cos 8 ‘&mt othcrwise ragulaé in

t > =k, « §_Ais veguler in t < k, cos. Gqueting the left hand

side of (33) amd '(54») t0 mersd and wsing the general decomposition

theorem [ of. BOBLE (1953, p, 1534] ¢+ wa obtain aftor simplification
D R 4

H, (?) g o QT g )

+ e f . T 4
£, ©) 2wy, T3 5 (D)

wd I
e“re@@@g

'&{??z {S= & cos G)&' (..L 508 é’*‘}

H() 4 W oMl ()

(Q) Sni 10 QT...Q }g_ﬁg (T '

4T = Q0 .

-Iﬂ these sgustions mkg <4< 2&-’2 coa @.,,._ «kz £e¢X kg con O,
Asswaing O < O < %/2 and taking d = - ¢ = o and taking
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.s:i(f'} = H:_ (€) + B (=) and Di(_?) = 3'!: (S) =1, (-,

we obteln from the lant two eguatlons afber some menlpulation

. ia 1T (e *
. f —— : +
( 21 g (THSIE (T)
éai Recon O g

o+ nf":d‘m - o ) angd
ven  (S= & cos @)K*(‘k‘ cos 9)

By R T

Y

s o +
SV I - (T+§)A (1)

i iz com Oy
A (&)

# : > _GQU

+ .
v2n (§ = k cos @)K+(h cos 9)

These two cgquations are of the same type and approximie solution cnn
be determined by the method dus to JIVHES (1952),

A mumber of problems iavolving the diffinction of alastic waves by
finkbe cracks Or pontierers of Linfte glige, the dimension of which
are layge compared to the wave length of incident wgve have besn
tr@at&ﬁ by various aubhorg applying Wienpgr-fopf technigue.

SHIN-JUNG QUAHG (197!) connidered the interesetion by finite closed
crack ln an elasﬁie mediun of infinite entent when o plane dilote-
tional harmenic weve is incident on a crack. High froguency solution
ig derived wi%h the help of Uiener-Hopf technique. |

WICKHAD (1980) congidered the short wave radiation from rigid strip
which io fovced ve perform reaiilinesr cascillation normal to and

in pavoth contsct with a semi infinite s igotropic elastic golida

The mized boundary velue provlem is raduced to Fredholn invegral
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equation by the use of Wiener-Hopf techniques

Small time Relssner-Sngoci problem in a bimatoeriel elagbtic holf
space under &nj%ﬁﬂaﬁﬁgaﬁwiﬁt was reconstdered by GEORGE (1983).

The problem is reduced to an integral equation. By the use of
asynpbtotic analysis ond appliecation of Viener-Hopf technigue

the eguntion ig converted bo Fredholm integrel equeation of second
xind,

Ve now present in sghort another method of solving scatboring
provlems for high {reguencies viz. elasbodynamic ray theory

which can successfully bs applied Yo obtain relatively sinple
approximations to diffvected ficlds of elastic waves in presence
of c¢racks or pivips of fiﬂité width in:aﬁ elagtic medivm, SGoomew |
triecsl elastodynnmics, Geometrical aiﬁﬁﬁaeti@n theory and uniform
asymptotic Theory together constitute the elastodynonmic ray theory.
Hlastodynenic ray theory were ctudied in great details by KARAL and
KELIER (1959). The application Of ray theory 1o diffvaction by
grmooth Qbét&@lea has‘alée been investigated in some detall by
RESEWDE (1963). ' |

In analégy with geameﬁrigal optics, the sim@laat thaory for
difiraction of elastic wéveﬂ by cracks may be colled geometrical
elagtodynanics (GB). In GE a orvack or a sfrip agts ap & sergen,
which creates a sholow sone Of no motion, ond sones of refYected
wavese The shodow zons is bounded by all rays passing through the
pource point and the edge of the eracks The geometrical reflections
of thege roys bound the gone of reflected rayos The displacement
field sccording to GE is of %he same order of magnitude aé thﬁ. _
incident £ield. The GE field is howsver physically wireolistics

beeause of %hﬁ 8igcontinuitics in displacement at tho boundaries
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of the chadow gone and the zone of reflected waves.

A £irst correction to G is supplied by the geometriesl theory of
diffraction (GID). This correction is valid for wa/C, > > 1 end

&t points s/a > 1 where w is the civeular frequency, a is e length
dimension of the crack, Gy is the veloeity of longitudinal weve and
s is the distance from a crack edge. The correctioa provided by GID
is of the order (wa/ﬂﬁ)"1/2.

Nosic to GYD is the fact thoet the incident body wave when falls on
the edge of & crack gives r is e to two form of Aiffrected I-rays
(longitudinal) and Twrays (traneverse) as well as o set of R-raoys
(Rayleigh waves) along the crack focege The primary diffracted
rays ave fang of Ie and T- roys which ere dircotly generated by

an inecident ray. For plane longitudinel snd transverse waves,
which are wmder arbitrary angles of incidence with o traction

free semi infinite crack in an wnbounded body, the displacement
field due %o dlffracted body wave rays heve been determined by
ACHEABAGH, GAUTSEN (1976) by asymptotic congiderations. The
corresponding surface wave rays have been otudied by GAUTSEY,
ACHENBACH and MOUAKSEH (1973). When.én B~ray intersacts the edge

of a erack, ray of reilocted gurface wave os well az cones of
diffracied body wave raye are generatod. For o plane incident
surface wave, the refleaction coefficients have boan computed and
2130 the consa of diifvacted Iewove aond T-wave hove beon analyzed
in detail by ACHENBACGH, GAUDSEN ond OMAKED (2978).

Thege plane wave resulss in presence of o traction frec semniw.
infinite orack in an unbbunded medivm are eanonicel solutions.

In geometricel diffraction theory thege canonical solutiong are
appropriately adjusted ﬁo necount for curvature of incideat

wave fronts and curvaiure of crack edges ond for finite dimensions
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of the crack as discussed by GAULSEN etal (1978).

‘ithin the context of the (LD theory, the diffracted f£iela atb

a point obsorvation is comprigsed of contributions corvesponding
to t* primary!' diffracted body wave my, which are dirdctly
generated by incident body wave rayss and constributions corres-
ponding to 'secondary' diffracted body wave vays. The latter ave
generated ﬁy gurface wave rays Sravelling along the crack facea.
with GB and 8D, the totel displacement £iold is of the form

u® = pBad

whoere uf 1s the field dus to geomstrical olastodynanies and ud»

ig the Tield due to goometrical theory of diffraction.

The result is still not velid ot the bounderies of the shndow zone
erd at the boundaries of the mones of reflected waves. In a further
rofinsment which is colled uniform asymptotic theory' (ﬁm), the
fields ot these boundavies are corrected. Uniform asympbotic thepx"y'
'in eage of acoustic edge diffrection has been explained in detzils
by LENIS ond BOERSHA (1969). |

A three dimensionsl ray tracing algorithm is used oy LAWGSTON and
JI2=JUIEE (1983) %o compute the high fregquency regponse of an SH
plane wave ineidént under soveral models of the sediment with
Duamish River Valley. .

Based on ray wothod expanslon, aaympﬁotic method la developsd by
SHEN (1-983)? for the solution of linenr equations governing
compressible vn.scous :flow with free surface.

With this smch of ﬂiscussion on the various methcda thet are
generally found %o be useful in dealing with the mixed boundary
volue pmblsams, we briefly discuss the two problems bhat are |

taken up in "Bhe first chapter.
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In the first problem we have considersd the roeking motion of a
- rigid strip on a pemi-infinite elastiec mediuwm having o friction-
less contact with the medium. A time haronic displacement dig-

tribution vae'i“t

normal to the strip is preseribed where as the
stress oub siﬁé the aitxip ia»zero‘on the free surface. The mii@d
boundary problem igs re&ueedf& set of dual integral equations,
which is thén golved by TRATEER's (1962) techmique for low fregie
ency oscillatlon.

In the second paper we hove dlscussed the response of o somi-
infinite elastie solid %6 a wototory vibration of indentor over
a clrvouler srea about a diameter. By the use of Hankel transform
the golution of the problem is veduced to the solution of a pais
of dual integral equotion which is then solved by TRANLER's
“method, _

The normel stress below the disec, total torgus and the displacew
maﬁt on the free sgurfoce have béon determined.

Fronm our experience it eppears that though TRANIER's wethed is
no less powerful then the other existing methods for solving dusl
integral equation iﬁvolving'the goluticn of mized bounfary value
problem, it has not much epplication in the literaturs.

Hezt we wiould discuss some obther methoeds which have wide applica-
tion in elastodynamié problems. (ne such is CAGHIARD's mothod
(1939) which is a powerful vechuique and enables one %o find the
solution of the probloms of seismic pulses or the wave propagation
in an ¢lastic medium. Swo media in contect may also be dealt with
when the source ip in one of these media.

According to DIX (1954), Cagniasrd's method is not to use the
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atanﬁard Iaplace transform inversion formula, but to use a peries
af trangformations to beat the expregsion for the Iaplace transe
form into the explicit Iaplage transform integral, thus enabling
one to oblain the derived solution directly out of this integral-
'expreesion. An sdveantage of Cagniard’'s method over the other, is
that it permits ezaet numerical computation of examples, whereas -
alternate apnroaches usually give approximations which ere good
only a% large distances Irom the BOUrCS.

As en illugbration of Cogniard's method, we congider the problem
of DIX (1954). It is nesumed that there is a souvce funetion in
e pphericol cavity in an infinite medium given by

o= gut-51 | (%)

for Pewaves where R = (r2 + zg) and H is Heaviside unit:

functions H(T) = 0 for T4 O and H(T) = 1,7> 0,
If we assume the variations only with the radius r and 2, the
equation for ¢ in oylindrical coordimates is ;. |

42 . " 2 _
4 9 ar 270
.-._2,4,1- +_%=-1§ ~ (37)
ap P ar &} (49 HEH

where G is the P=-wavVe velocity.
Taking the Iaplace traneform of (36)y substﬂ.'tu‘&ing, wa/aaq* and
noting that H(T) = 0, for T< 0, we have from Iaplace ‘transform

of (36) end (37)
- : 1 g .

| o - 2, 2, 2.4

E - . L2 % g?

?.g 1o BR/o = [a(ANJT(Ar) @ (Fapta®) - m an (33)

7 o .
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where p in (p/p ie included in (A )y and z ig chosen noaitwm :
Eqmti.ou {%3) holds if

1/2] (39)

2
&(n) = 7‘/[@(7\ +-§ )

From (36) and (39) using the substitution ¢ A= pu and 1 Ja=g,
we have to prove thaot

=R/ . , o 1/2
e * u Jo(pur) mpj:-@(uemg)f;: q
D (u +5° )

-pk . .
=f e  A(ry 3y t) dt (40)
0

and thet A will give the unit step function given bj (36). ¥e use

the iategral expression for J o{aur) and then change the order of
integration to obtain (40) in the following form

, /2 e

- f Re{fcyn[- p(iwc co8 9 + az)] %ﬁu aw (41)
"o LD T

5 1/2

where a = (u'?‘ P s‘?)
Changing the variable u in (41) by substituting

t = lur cos v + (0" + 8%)5 . Z > : (42)

ono obtains (41) ag

«»R@fé?,w Je 2 A g4 - (43)
P i att  ° |

Irom the countour shown in fig (1), we obtain

. -
wa = éﬁ

and (43) becomes
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2 rucosw 810p@ ey

0 e
a af N\ D Cl(u®+8%)7 -
t’mz S ‘/ '

1
t=5(r2 costw+2%) 2

t'~ Plane

1. 1.
F S
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> n;/'a o0 -pt 1]
ZRefaw f o B gt (44)
11 0 beds] at

Rearranging the order of (44) , we write (44) as

[ 2 e ,f g i, aw] as'. (43)
9t ‘

Gomparing (45) with (40), we def;.zﬁe A as

Az,z,8') = 0 - for $< as
/2 N | -
= %RG 5 .% Boaw  for t > zss (46)
e B e

and we can g2y that we have solved our probiem, because such on
A sebiafied the equation (40). Equation (46) is the first form
of our solubion. We wse the oubshitul 5.0:0 (42} to replace the
variable w by the varieble v and keep t congbant, Then the

integral (46) becomes

" = 2 R L du 2
By 1yzg = ﬁﬁe,g % 3 ou
: 4 ¢
2 S o 47)
= '—. " € (3 - ] N [ & 4-'.
i Gy aIu""xr"za«('is '-az)‘i ]1/ 2

where e, , 18 the corresponding lntegration path in u~plane.
Bquation (47) Jef. ¥athemabical aspects of selsmology, Blsevier
Publishing Co, Hew = York (1963). MHarkis B&‘t}ig p@.Z?%E?Q} Eny
now be written as ' |

udﬁ (AG)

j}_e 8 e

v >z iun 'cﬁ, -t-cﬁw a[ur +{(% Y=n2) ]1/2



33

where c,;-, = E*t ¢ » 1.0 the integral ig taken alons the conjugate
path but in reverse order (sce fig.2).

‘,330 svelonte the iﬁtagr&l (48) y this ig to be noted thet the
integrand in (48) has brench points in the u-~plane. The four
.points e, e¢f, @ and (! which are branch points of the integrend
and the brauch culs are shown in the figures 2 and 5. Therefore

Je +O o % '
Dt S opbey ot D ND

As toere is no pole within the easmour In £fig.%, 80 wea get,

A

J = [ =
ce? 315"’312‘ Do

am'i &(I’.Z,‘b)
: t

N ;ﬂz I 2,2 2 | (49)
T~ e T a[u (%457 )PePes 1om 'az:l1/2

Putbing n = Rﬁ e™® , for 0 ¢ 8 ¢ 27 and letting Ry, = the
integrel is evaluated and from (49) we have

1.

A(r Gyh? S m—p——r = {
" )t'>zs (x=ea®) /2 (20)

This is whalt we are supposed to prove i.e A is the unit step
solution of our problem for %% > ga, bubt we must prove thab

A is the unlt step ‘s_‘olution; for t' > Bs i.o. we mst show

that for z 8 < t' < RS:;; 4 = 0. We can not have any pulse before
the tims ' = 8BS = R/z, which is the time of arvivel of the pulse

at a dlstance R from the source.
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To prove thet A = O, for zs ¢ t+' < Ra we pubs

| 1/2
3t aog (r2 2 . 52) {o<e<g1) {51)
Then from (42) : '
2.2, 2"/% 2, 2,1/2 '
tt = (rcuz ) = dru eos w + a{uss®) {52)
Thereiore - / 1/
i/2 2
r s z{c®ecos® w) T B Qo ; (r2 2*02) ;
r° cop® w « w= r cog® @ + @
ct,'Starta at w = 0. For ﬁhia;@
2 2 2 2 My
U @ LS [C“ ¢z *'2(1-c ) _j (54)

_ The path ¢, Tuns from £ down Vhe imaginery u-exis 10 008 w=e
end after thet upto B. At B we have w=1/2 and from (53),
us=res/z. Thers is no pole ingide the contour shown in Fige.5 and

we hove by Cauchy's intesral theovem

[ owd =L
Cyr  Cge I
s A u du ,
and [ ~— et = =0
SEe imudese: 2 ey { t'»a(u‘?fs‘z)ﬁ/‘f}zi??lm

This ?roveﬁ-that A= 0, for tt £ Ha. Eherefora'we ¢oli replece z9
by Re in eguation (48)., Thisg methad,ﬁae applied by 311088 (1964)
who congidered o torpional radistor in the form of cirouler disc
of finite rédius,aﬁtachéd4ﬁo the surface of o senl-infinite
isotropie medium. A twisting smowment 118(%) is ;. applied %o the
disk. By applying CAGHIARD'e {1939) method an exact evaluation
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of the digplacement at any point in the médium.was mades

BASON and WILSON (1969) édnsidered the displacement predueéd by a
torsional body force situated within an elastic half-space which
is bounded to a half;space of différent material properties. Using
GAGNIARD's transforimabion, displacement et points of the surface
due %o iﬁpulsive body force acting on the circular region in the
interface wasg ﬁorked out in details.

GRAVIN (1956) first spplied CAGNIARD's technigue in two dimension-
al case using cartesian coordinates with some modification.

A line source ip assumed to be situated at a depth (O,h) below the
free surface of an elastic hglf spaceQ The medium is disturbed by
the emission of axially symmetric pulse from the source. The res-
ulting digbturbance &% any peint of the medium is determined on the
medium as & function of time. .

The displacement components s_ and s along the direction of the

X b
coordinate axes are obtained in bthe following form

5, (x,0) = = 2ip® ¥(p) S Fx(k)expﬁmhnpw—im]ak' (55)

and B (x,0)= 25, + 28(p) J 7 (e )exp[-hv -Liod] de (56)

oy
where bar denotés the Iaplace transform to suppress the btime
variable t¢, p is the Iaplace trensform pavameter, I(p) is the
trensform of a time function to be adjusted, W, = V k2+(p?v§);
VP ig the P-wave velocity and Eoy is the traneform of the
y-displacement that would result at (x,0) in an infinite mediunm.
Ex(k) and Ey(k) are respectively odd and'even function of k,

Changing the variable of imbtegration by the substitution

w o= (k ¥p)/p , one obtains
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2%

's",_s,’. (2,0) = (0, 2 '5@) ¥ %p?-p.f(p) (o, V) %

: @ . , : —
E (s B) [3,, (vow) axpl-pff (wBt)e g ] au 57
/ , .

where Vs | I/u/( a2 M I], ‘and /% are Iame's constants, A
new integration varisble s now defined by ‘

ta%(u2+‘i‘)1 2-&-%;'05115“ K (53)
PThip vepresents a conformal trensformmtion from the u-plane %o
the te-plane which clmnges the path of intvesrestion and the posiw-
tions of the singularities. The pa’éh of integration in the u—plainé
along the real axis from zero Yo infinity is mede equivelent io
a curve of integretion passing through the origin in the t=plane,
n_meh by use of Gauehy/'s theorem and Jordan's lemmo ig ﬁimlly
reduced to au integral along the real teaxis from n/'p to e
Thug Lt becomes possible to find Taplace inversion by
ingnection. .
MITRA (1959,.0) sxtended GARVIH's rogulis to the case in whiech the
source is dis‘trﬁ.bwte& over an erea. He (1969) applied CGARVIN's
method to find the surface displacement due to o time souree when
the body forge is of the form | |

| £ = H(8) o [ 66x) 8(y-nl],

and " u(-c)’--i-;?g,-- [ 6(z) 6¢y=h)].

MIPRA (1964), using the modified CAGHIARD's method studied the
uniforn impulsive pressure acting over s civcular portion of the

Asﬁrface of an elastio half spaece on the assumpbion that the
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surfaee Yroction on 2 = © i

T,

'faaﬂpﬁﬁ”ﬁ); USI‘E&

m@'; B r>a

Tor= O
Anothor modification of CAGHIARD's method was developed by
DE=HOOP? (1959). The iategrabion varisble in {55) and {56) are
chanzed by the substitution u = (EFP) / p 1like GARVIN. Then azain

& new integretion veriable is introduced by the substitution

1/2 ‘
g m-v-{u 1) + 1 gx as in (58)y but in thie case it is
P
agsumed .hui t is pasit:va and renl instead of conformml mapping
from u~=plane to teplone as aooumed by GARVIH. As a result the
path of integration with respaet ‘o u.which iz from e @ to o
. along the vesl azie is deformed to the branch of & hyperbola

whose sguation ip

' 2 2 1/2
-—i‘tx@h(isz %—gﬂ-)/ (E:;‘f-‘- <t<o-)
U5 Vp
1 = . iy ")
%° 3 5=

Hence the integration along the real exis in the u~planc may be

" repisced by the branch of the hyparbelie path. Conseguently Laplace
inversion can be obtained by inspectian. _

Phis mgdifi?a maﬁhcd of CAGHIARD ig found to be more convenient
than thot of GRAVIN end in recent time this method is widely

uped in diiforent @roblems’%@ £ind Iaplace inxarsien,l |

GHOSH (1971) epplied CAGHIARD's mguhea a8 modified by DE-HOOP, to
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ob‘g;ain displacement in the integral lfom due Vo 2 sudden creation
of normal gbress diseontinuity ever & cirouler area expanding
uniformly efter crestion.ROY (1981) used this techuique to £ind the
displacenent field due to a ‘trensient reoponse of an elagtic half-
‘space subject to a wniform mrmal pressure achbing ovér an elliptic
arce. MITTAT and SIDHU (1982) using DE=HOOP's version of CAGNIARD's
method evalunted surface displecement dus to Sii-type of waves,

PAL (1983) applied modified CAGHIARD'S method to £ind the oxact
solution of displacement funcbion due to the g‘eneré‘bian of SHewaves

due %o a sbress disecontinuity moving with nonuniform velooity.

Another type of pmblmmactm'é has to be encouwnbered Yo fa‘tudy the
dyxemd.c behﬁicr of en elaoblic solid is the resz‘anse of an elagtic
solid to mavmb lozds. The moving 1036:1 px'o‘blema which hove been
studied mey be put imbo three catezories:

1) esteady wave wotion due to a hoad wmoving with cougtent velocity
for all time to come, |
i1) transiont weve motion dus to a Load which beging to act at
certoin ingtent and then moves with congtant velocity, snd

11ii) trensient weve wotion é.ué to & load which beglns Yo ach of
certain ingtent and then moves in gome diraction with nonuniforn
opeed. | |

,'t‘b.e atoady motion of a line load on the gurfoce of aun ¢lastic holf-
gpace obudied by SHEDDON [ 1951, of. page-#ti?-éct}i?] a COLE and HUTH
(1958) and GHOSH end GHOSH (1973) are the typleal examples of the
firet type of problems. The transient problem of a live lpad,
which sud&énly appears oun the surface and then moves with constant
veloclity studied by AHG ('3960.). iz of type ‘(i.i). Ae a repmsaizta'bive
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of vhe third kind of problem we refer to the study of FREUND (1972).

An analytic technique was developed by FREUND (1972) which
made it posoible to obizin an emc'ﬁ solution of a paysicular
problenm in category (iid).
For introdueing the technigue the awthor considered & line load
in an unbounded elastic solid moving with nonuniform speed in e
pariiculay direetion. Carterian coordim fe scystem wos used, At
any time t = 0 , & line lead begina to act aloug y-axis end the
line losd moves along x=-divoction for 4 » o. E‘ér-amy tiﬁze t > 0,
w~coordlnate of the lead in given L(t). It is ogoumed that the
fmme;tiazi 1(%) is mnti.m%cuag monotone inereasing function of tiwme
t and thet 13 never acts at a single point for o finite lengih
of time. Under Jthe gonditions mentioned the function L(%) 1s
invertible, thet is. there existo a funchtion n(x) which is the
time ot waloh the loed sets at . The functions L(%) and nix)
satiafy the following relatious identically

ltn(z}j = k()] = = | (59)
ifetola' (0 = 15 o e =1 C (60)

where dot denotes time derivative and dash denctes xmderivatives
Be.é‘:aﬁs@ of the symmetry with respeat to the plane 2 = 0, ‘the
problem may be looked upon as bounﬂary value problem for the
half space 3 > 0y with mized haundary condition on 5 = os If ¢
and Y are dilatatioml and rotational displacement potentisle
thon equa'nions of nmotion ave formulated as

2
o4t = o (61)
= 0

Pax * Qoa™
Vi + Y Yy
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whera a, b are the dilataioml and shear wave slowness. In case of

. mmal loading the b@mdwy conditions to be satisfied by the
gsolution of (61) are

67, (%)0,%) = = 35 S[E-1(4)]3 u(xs0,8) =0 (62)

6%j is the gtrese componont and w is the displacement component
in medirveotion.. | ' ‘

‘i"h@i golution of the problem is obtained by meking use of Implace
trangform mothod. The time varisble is {first eleninated by
application of the tranafcerm

?(x,_s,s) f Jf:? (z,2,%)e5% at, (63)

and nexs the dependence on z 1s avolded by tzilcing the trensform
[--)

é( A yZy8)m JC‘D,‘F (x,g's)eng = QX- (64)

Applying the transforms on the boundary conditions end keeping

in mind the physicel condition i.e. the polution of the transformed
differential equation should remain bounded as 2 - e , one obtains

QC AsayB)= -%-'2 A ne8) exp(~saz) | (65)
. o
Y nszem)= =( 2/ §6%)a0 7 p0)exp(~aia) (66)
where Ais the material density and |
1/2 1/2
@ =(afe 2%) / o B = (b2 = 2% 2 (6T

The amplitude A( A,s) in (65) and (66) is the double transform
of ‘the boundary condition and is derived by making use of the
rolationship | of. VAUDERPOL and BREMMER (1964), p. 79 7]
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5[=1(6)] = n'(x) s[t=n(x]]. (63)

In wiew of (63)

m"?

" (Xg048) = 5 at(x)exp (-an(z) Hn(=)]

5

and u(o) = o, H[a(x)]= H[E]. Then, applying the two sided
Iaplace *i;mnsfom,

Ty ( N08) =2 Al A 8)a - 3: J’: n'(x)aﬂg%g ;sn(x) d&ste {63)
 The transformed solution ig thus completely determined, and the
potential function P way be written as the double inversion
integral ¢(x,2,%) =

i d e LE 7 argge” SO g (a0)
where 31 and 332 ave the usual inversion paths for one sided and
two sided Iaplace trensformgs ﬁfl}.e double integrel in {70) is
iuverted by means of DE-HOOP's (1959) tecaniqus.

In & subsequent study of nomwmiformly moving line 1@3& or o
progaure gtep on o surface of an olastic abli& a8 well ag
nonuuiformly moving dislocation the above mothed, as shown by
TREUND (1973) can be applicd.

We aow briefly describe the ature of the problems telon up in
the second chapter and a problem of third chepter.

The second chepter of the thesis isp concerned with problems of
eleantié vaves due to asocurces in the form ’of a ring on the

surfnce of an isotroplc elastic hall space.
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The first problem congidered is the response of an elasbic
halfwspace to & ring Source. fﬁhg radiug of the ring ia assumed

to inersase with o congbant veloclty ¢ less than that of shear
wave valocity. A twisting impules 1z preseribed in the form af
P&(r-ct)H(t). By using Iaplace transform, Hankel tra.n;aa;fcm and
De=Hoop 's version of Cagniard 's method, the disélacemﬁt is
determined at any point éf the medium N integral form. Exact
evalution of displacement jJust afier the srrival of the digbure
bance end displacement at any point after a sufficieatly large
time have also been determined.

“he second problem is Yo study the motion produced in an isotropic
elastic holf-gpace due to impulsive torsionsl motion Qf a oircular
ring scurce located on o free supface 0f o homogencous as well as
in inhomogencous ma&iumg;‘ -' _

The torsionmal moticn is presoribed by ;?S('r-—a)a(%), o being the
ra@ius of the rings In case of iﬁhoﬁtagen,eoua medium inhonogenelty
')2 and 8’3 fo(-‘i + ez)g, where P is
the mteriel density. The method of approach is the sate as that

is presoribed by Mo =1+ ez

of the pmiriaua ona, Graphs have been plotied for digplacement

on free surfnce ac a function of time and the varistion in
displacemont due T0 the presence of inhomogeneity has also

boen showne

Tn the laest problem of the pecond chapter, exact expressions for
displacemsnt in a homogencous isotropic elestic half=space
subjected to en impulpive Wrsionsl fores ovér the rim of a
no:mniforﬁﬂy expanding ring source on the free surface is Obtained
by CAGNIARD, DE-HOOP technigue. Different wave front surface with

their region of existenee have been shown. The first motion



44

Tesponses nemsr dif_i’érem wove srrivals have been obtained by a

limiting process. The displacement on the Zres supfroe as’function

of z;@itién of the source have been shown by means

Gf’ g*raphs-t'

In the fiwst problemas of the 'aa‘t chapter, we have considered a

concentrated line Lload which originates at time + = 0 and then

noves with @iform velgai'i;y along the bmmdary of an igotrapic

inhomegenacus medivm. Tt is apcumed that the '@la'fs‘tie paraneters
nend M and the densityfof the mediunm vary aecording

to the Ts:m

rn

| | ?\== fom (s G*Z)q and f)#f;(‘H ez) .

DE-HO0P e version of CAGNIAID'e mothed is uped to Lind the
digplacenent componants in the integral forme. An approzimate
evaluntion of thé integrals is worked oud near the ﬁirS't aryival
of the wave fronts. It ig perheps the first application of
Cagnierd's method In solving problems in inhomogeneous media.
We now dﬁ.&muss in zamrt; uh’a aecessity of studying models of tha
oource of searthquake m elesto-dynomics though these may diffor
- Trom agtilal PhRonOMeNs.
he hehavior of ssismic wave propagation due %o the presence of
amwe boghonie belis, fracture ox i‘aulting, all comg wler the
purview of elastodynanlcs. Thend hng boen an incveasing inberesd
in theoretioul study in olaotis wave motlon, The relation betiween
the earith's déeper atructure cnd some geologlical formations ls of
grent importance in revealing the gonesis of mineral depogits.
The rapid incmasz-e' in ‘the volbme mnd rate of congtruction~work

in geisnmically astive pones makes MOrewyg en% the need v
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ear%ﬁquaka regiglont structures, high damg etc. Fomt important
for the sams purposge ip the gtudy of earthquake focal perameters
an@ the condition of seismic wave propagation.
The faulbting proceés igy in general, & Ifracture phenomena,. The
mechanical energy released at the favldd snrfaee is'earﬁied to
the side by clastic waves pra@agatiﬂg through the earth materiel
contained between the souzce ond She site. Each of these phenomens
falls within the aves of Tvgsarch in conbtinuug mechanics aad the

latber in elasio dynanics. In addition, the problem of caloulation
0f the responps of huilding foundablons to Inconing carthquake

waves may hz resprded as an elagbodynamie diffraction

problem.

Seiemological evidence puggests thet earthquakes cceur by sudden
slippage of esrth materisl acrops the fault surface, which may

be looked upon es pre-cxzisting wesk éﬁn@s of relativ@ly small’
thiciness, Hence if the displncemeut digoontinuity is kaswn noross
the fault sueface, (in fact now 1% Ls possibtle to dotormine displam
cement discontimuity after the equilibrivm position io restorad in
the surimoeg efier some disturbance) the displagemsnt figla inla
congiderably larpe ares round the favlit surface con be determined
‘%@F the apolication. of repreogeatation theorem of

elastodynariios.

The displacement produced ab any poind on a frec surface of an
elagtic bhalf space due Yo dlsplacement diseontiouily acress a
fault surface can be ealculeted with the help of Green's funciion
and ‘the representoticn theoren of eleagto-dynswmics, Whe Greon's
function Gij( Eﬁléﬁj ip eavtesien component of displecoment in

. *‘v
_xn,ﬂirﬂetiaﬁ produced ot a podnt =t of & hnlf space dus t0 2n
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application of a time harmonic foree of unit magnitude in
i~direetion at a point X on the free purface of a.half gpace.
It can be shown that the Fourier transform with respeet to time
of the displacement at the surface of the half space Xy =0 due
to a prescribed slip on a fault surface § may be expressed

in the form [ cfs MAL (1972), equation 8]
U (x) = [ [’U (::')] 4 a8

where [ﬁi(x'i] is Fourier tranaforﬁ.of the prescribed disccntinuity
in displacement'component Ui across 2, nj is unit normal to S on the

positive slde and Tij is related %o Gij through the equation

28 (x |%) = ¢ , -2 g (5:’"{‘;{)

The coleulation of the surface displacement cen be carried oub

by teking Fourier transform of the slip functiong‘For a given

ij J hag Yo be caleculated at each point
of the fault surface and then integrating along the foull s~-urface
the product of transformed slip function and Tij j,.the‘displace—

point x and frequeney is ©

ment components can be determined for different

values Of w.

Further, it folldws from radiatlion pattern of first motion from
earthquakes thot a shearing motion occurs at the earthquake

focus. To illustrate the mechanism which produces such a motion
TOSSUM and FREUND (1975) congidered a model cf‘a shallow eadthquake
foeus'by a plane shear c¢rack extending at a nénuniform rate under
the action of general loading; It is assumed thet the crack should
remain in one plane, This is in Ganfefmity’with the field oba@rvaﬁion
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whieh indicebes that the divecilons of soiamic feull extension
ig almost alweys in the planc of precxisbing fault, |
In mé last problem of the '@hirﬁ chepter we hove conpidored a
model, where 4% 1o assumsd that a ovack is dsveloped @&éenly
along e hovdzontel line at & finite depth below the surface of ™
tho saé,rfshaj_ Ehe bme!ﬁ iz saguned to nmove aleng a veridical plane
upto the free surfece with normmiform velocity. Assuming the
motion te be two 'dimmiomlw.[ the sm?fgce digplacemaent aué to
Rayleigh waves produced by mhmifwmy moving orack has

been determined. o '

In this comnection i% may @.@f‘mﬁzﬁf%:iﬁzzéaftmt recently, SINGH,
HODDI® and HADDOW (1981) have considered the problem of finite
lengin emek propagating with constant velaﬁi%y in an infinitely
long f£inite width trip whon enti=plrne sheer displacements end
strogsacs ore cpplied to the latersl boundarics of he otrip. By
employing Fourier gronsforn the solution is rvedused to the
solution of a pedr of dual integrel equation, the a.aamtg.ém of -
waiech is obinined directly in = closed form by making use of
CUOKE e (1970) resulbs o ' '

Witk this much of review work, we present the thesis chapverss

" The notations used in different problems are independent of

ong anvther.
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G HAPTER T

BIXED BOURDARY VALUE BROBLEMS

Probiem 1 . Hormonio rocking of a rigld sirip on
a germd-infinite elapgtic medium.

Problem 2 . Harmonic rocking of & vigid eircular

indentor on an elastic half=-Sp2o2.



HARMOUIC ROCKING OF A RIGID STRIP
O A SEMI INFINITE RELASTIC MEDIUM

INPRODUCE ION: To consider the effect of vibrating source of pressure
in diffevent form on the surface of elastic medium is almost clagsie
cal, Perhaps Lewb le the ploneer on this line._The problen considered
here ig the roeking motion of a rigid sitrip of infinite length having
a smooth contact with clastic medium. Generally this type of problems
may be formulated so ae to be governed by a set of dunl ianlegral eque-
ationg. This pariioular probiem congidered here wes considered by
Awojobi and Grootenhuis (1965) and Awojobi (1966). They used heuris-
tic tocehnique of emcecessive approximation to solive the duel) integral
equation. Karasudhi, XKeer and Iee (1968) alsb congidered the problem
by reducing the goverﬁing durl integral eguations into a'single.inhoﬂ _‘
mogenecus Treduoln inteogral equation of the secend kind snd then sol=
ved the equation by the method of successive approximetion for low
frequency oseillation. But thelr finsl solution involved definite
integrel which were later mumerically evaluated. Recently the some
problem was again taken up by Viclem (1977). Vith the help of sulta-
ble’G@eenfs function, %he mixed boundary velue probvlem is first redu-
ged b0 B E&eﬁholm integral equation of the first kind involvinsz disp-
ecement boundary condition. Using Hoble's (1962) method this equation
has been reduced to & Fredholm integrai equation of the second kind
with a Kernnl which iz small in the low Zrequency limit. By the 4
use of exact iterative solubtion of the integrael equation of the

socond kind, a simple expliclit long-wave asymptotic formla for
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tha normal étregavin terms of The prescribed displacensnt and
dimengionless wave musber K hap been derived vigorously., Unlike
inrasudi et al, the ﬂ&lutian does nov contain suy intezral which
‘requires numsricel evalugtion, But the method of solution is a
bit cumbsreonme.
In this paper we have reconsldered the seme problem. The solution
of the governing dual integrel eguations representing the nmized
buuﬂd&ry'valﬁe problem, is reducsd bo the solubtion of a seb of
linear algebraic eqﬁatioﬁa following Tranter (1962) for low
frequency esaiilatioa@ The asymptotie solution of normal strééa
below the'striy is determined iﬁ%@rmﬁ ﬁf pregseribed displacements
and the wavé nuriber ¥, where terms involving ﬁ% and its higher
orders are neglected. The value of the rescting couple exerted
by the elastic solid éa the strip has elso been evaluated and
they are found to be in asgreement with thot given by Wickhsnm.

Phe asympbotic solution obtained by this method is exach
in vhe sense that it does not luvolve any integral reguiring
numericel evalustion. It appears thet Trentsr's technigue is

no iess powsriul than the obther methods and it is less cuwabrous.

PORMULATION OF THE PROBLEH: We consider the roeking vibration of
frequency w of & rigid strip hoving o smooth contaet with o somi~
infinite égmagenecua isotrople elastic solid occupying the balf
Bpage = @ { x { ® ¥ > 0oy, =2z {0, It Lo agoumed that the |
motion is prescribed by e displacement distribution v@@“iWﬁ
normpl %o the finfinite Sﬁri@.i'X‘l L2y § =0y | z ] ey
o do%s B, being consbtant a%d that the tengential
components of sbtress are sero and the nommal siress is sere for

where v
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| = | >0 ¥y =0, | 2| <. Tins it followe That the mediuw

under consideration ls in a state of dynapmic state of plane

strain satisfying the two dimeunsional equations of motion, given

by
2
T 2
2, 1 979 2 1 3%y
? 22 3% T =52 52
Where
2 2 2
V g =75+ ==, 0 ad Y are p- and S~wave

ax ay*©

velocities in 'theAmec’lium. The scaler potenticis @ andV are

sogociated with the displacement components u ard v by the

relations _ .
a@ ay - a{p ay (
s " 2,b)
nmgee gy (2e8) and v o= 5o+ ’
The strege components are
4121 Jv ‘ "
6'3’,3/1(5-‘;].-1'%;) | (3,8)
- E)u dV ‘
Gy = MG+ FE) + o (34b)

where A and /M are Ieme's constents. The boundary conditions are

P

v (2,0} =, T o ¢, xe s v 2l gz ,omy=0 (452)
o‘;,_y(ac',@) =0y | %} > ¥, 0ny =0 ,and (44D)
a2y ¥,0) = O every where on y = © (4,2)



02
fo f£ind the solutions of the eyuntiocns (1) su&éject o the

conditions (4=a,b,c), We make the substitubtion

[(M] ) D’ﬂ oiwt

In view of the boundary conditions (4), it follows that } and \ID

may be “oken in the :’é’orm

2. |
E?“-fg f A B s (5,0
2" _ : '
ema P a2 J 8(g)e ¥ &5 g5  (5,D)

whaere X = x/x o 804 ¥ = y/x . p end s in equation (5-a,b) are

p(g) = *zf'gf - xgha, gl > zzqh and s(%) '.:3 (&)2 ~ xslce», &l > =gk,

where h = w/a nnd k¥ = w/b.

Yrom eqﬁation (1) and § .Yf as obtained in (.3«5,»,13), the displace-
ment components and the stress components mey be writiten in the
form |

e =2 f ~TEA(B)e ~PYy .3.3(*65)@ &Y ] ~I5% g

2% o

e - =2 f pﬁ(‘%)e PY+ i‘%B(E))@ SY] f‘ * ag
2% s (6)

oo™ % _.;fa :Ei‘c‘g pA(%)e"PY. - (Ef-e-sz.)}i(%)edgl] Tt %

@’;ry: w— .{ ~NE +(7\+<Z/“ )p }A(F‘S) "mr-b-z&.ﬁ%sﬂ(fs)e*s.f ]aﬁi%x Q& -
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In. the expression given in (6) in subseguent analysis the time
factor e ~iwt has been onitied. From the boundary condition (4-8),

1w :ﬁ'@llows that

B(8) = 215 pa()/ (= + 6% ) (7)

and the conditions (4=2,b) yield the duel integral cquation

o0 2 :
pa(g) =i5X
J ki e 3 a% ==25aﬁpo; Xl <1, (8-2)
wo 285 wx2uP
[4]

(&-b)

. 2 - ,
where R(E) = (2‘ES2 - xgk‘? ) = 4;13'5;?? This iz to be noted that
A(?S) is an 0dd funetion of § » eonsoauen'tly the eguations (B-a,b)

nay bhe rewrition as

2 2 ¢
i 2(B)A(T)
y x5 ?\[%P(ﬁ( (&) Jl(ﬁ,‘x)d?ga i, VIR , |xj¢t (9=z)
o 253 - ﬁékg 2 ‘

end  f— el jf(a) J,(gX)ag =0 , |X| > 1 (9-8)
o mPozAd 2

To facilitate our aumlysis we write equationa(9-o,b) in the form

oo -

_ ‘ - -
SR D(E) & J, (BX)a& = 1, Vank , x| < 1 (10=a)
o 2 ‘
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eng  fO(8) Jy (GX) d& = o, [X| > 1 ‘ - (10=1)
o Z.
V& R(R)A (B)
where D (&) = = (1 =) 2%2'_' vgk‘g

£ 2% »(&)
(1 =0)R(%)

end  1+H(E)= -

n= Af2(r+ M) being Poisson's ratio. It should e noted thed

1—-‘1‘(%) - 0 as xak- o and xoh - O

SOLUTION OF THE DUAL INTEGRAL BQUATION: To find the solution of
the dunl integral equations (10-2,b) following Trxanter ( 1962 )
We assuns | | |

&) = Vg mié % Yi+2m (@: - (1)

So that the eguation (10-b) is automabicelly satisfied. The

coefficients a, are %o be s0 chosen that the form of D(g) as

agoumed in (11) satisfies the equation (10=-a), So we must have

= 0 -l o
2oy JO+HGENE /2 9 0089, GRIa8 =10, VERG x| & 4 (12)
=0 o E .
. 3/2 o, =1/2 ;
mltiplylag equation (12) by X (1=X°) F(1,% , %)

where n is a positive mteger or gero and T is a Jacobl polynonial
of degree n and then integrating with respect o X from O to 1,

one obtains
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=)

e -1 -
5 ey é"ft WENE Iy 0080y 0n(B)AE =B(zn,3)= & (say), (13)

‘ 3y 1 -1/2
_if -y [ x (1 -x%)  H(1,5x%)ax.
(n + -) Q

whers ‘E‘n"“’mc

Usinu the result that ':ﬁ (1 gx ) = 1 we obtzin from ortmagcnali'hy
relation 0of Jacobi polynomial

B .-.-.%wm (Do or  according es n=o0 or n # o. @4)
Since f ‘c‘-g 31 4om(8)9q 40 (R)IGR = 0 for m £ n
-1

= (2 + 4n) for m = n,

wo we obtain from (13)

a, +m§0 Lon® o = (2 + 411)15, , - (1s)
where I = (2 + 4:1) jﬂ(@)’% T4 2800 on (VA5 (16)

Equation (15) gives us an infinite set of algebraic equations for

the ée‘bermimﬁsion of the coefficients age

Usidg the gemsralisation of Heumamm's inﬁegral [ef Watson(1958)p.150)
/2 |

| 2
J1+%(§)J‘, +onl8) = & J‘J2+2m+2n(2?% cog 9)eos Q(m—n)e a0
0

in the equation (16) end chenging the order of integration one obtains
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n/2

‘Lmn::&“ + 2n) f

Agas 2(m-n) G- d 8, (17)

T o

. ad -
where Ay = J H(E) & 3o omeon {2 cos 0)4T
) v)

1,

2(m +n + 1)

2
and

x> 1% p(g)

Is=
o (1=DR(E)

EVALUATTIOH OF ©LHE INFINITH IEEGML BY MERHOD OF

CONTOLR INTEQRATION: To evaluate the intepyal I, we put

&= x _hx and teke /b =T, then

o2

A T
T, (1=0)Q (x)

where Q( x ) = (_2:&2 - 18 ')G

4
q(z) = (xav ~ 1) /2

Taking .
(22 - 1% )

i

3,(x)

‘ | 4
() = (2P - 12

be written in the form

Ta 4 (X)QQ(K)

(18)
- Je+2m+2n(2 x hx cos 0)ax, (20)

= 4%% qq(x)qy(x) and

;
s a, @) = &2 -a%) /2

+ 4x® qy (x)qz(x) and

- 16z q,g (x)qg(x), the integral I may

I=f

o (t=1) Ao'(fﬁ) a+amian

(27:0 hx cos 8)dx. (21)
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For our convenience we replace the Pessel function of the first
kind by Henkel funciion given by

- (1) (2)

Ipsomeent ) = 3| [H3s2me2nl ) * - Hp onsant )] ,

where H, denotes Hankel functiion. Conssguently, I aI1+12 whare

I, and I, are integrals involving Eé+gm,2n(2x0 hx cos 9) and

(2) | _
HE+2m*2n(gxe hx cos @ )-reapeativeiyu

Thus for I, and I2 we consider the integrals
y Tqu,(zm (z) (142)

= H,
2" 30 o) A (v) 1o semean
1,2

Jy (EEQ hg cog 8)da

where [y end T, ‘are the conmaurs in the first and fourth
quadmanxs of the complest doylane, as shawn An the figure 1.
Conplistent sign of the double valued funetions q,(z) and QQ(@)
are shown in the Fig.l. The bronch poinis (1,9) and (T,2), the
poles ( Tj,0) for | = 0,1,2 which are the geroes of the funetianzﬁo(z)
end the origin at which the Hankel function Zails to have finite
volue are all avoided by semi eircular indentetions, in order to
ensure tha¥y the integrands are analyvic within and on the contour.
It ig found that thé intesréls satisfy dordonts lemwa and |
therefore the contribution ¢ the integrals from the infinitely
digtant parts of the contours is zZero. |

After intogration round the comiours Ty end T} and edding we
obtain finally,
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im (2)
A
- -}:"‘Qmﬁ‘x\ /
7 ~ .
1jt ~
il «
i ) ’ ~
144 .
. ‘ ] o2 3 A
'ﬂwaﬂ%¥¢—*ﬁ—*uv+4§ﬁ R‘P
i3+ TRE Y HYRRT®) i
- 4 \
| :: AT \.\
:' } Y ‘ %
) \
(1] ’ b
:"Yz;’f«.‘i?'ﬁ’ To |
ﬁl-l’\-.{.-/‘\. [ ey (‘\v
el N L P g N
@ : - " i 3»
e - ‘l o | RI(2)
’ .
a,. ~i 7
1792 Y
’ P
!Q.i ° iqz ’/
n /;(.I
o
S
4
- s
s
e
/f N
Pl

Figel= Qanﬁaura'af’intagraﬁiemvf; a@ﬁ'f%'ia the conplex

 zeplang for Polsson's vatio Y = /4
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Iz= 11 + 12
| 1
ig 1o . , oy AT e ' .
T - 1 Do Boromeenl? %o 1 008 8)~ t‘rl gm" ("c)}ig-f-gfﬁ*»zn(&om‘ cos 0)dxs

2 7T 1)
TE o S _
- %——-._”2 fﬁglsg(}h)égq.miggn (2 %, hx cos )dx

0

12 q.(2)q.(2) (1)

2(1_Yz) Y1 AQ(E' 2*’2&

won (2 z, 113 eop 8) dz -

+2 @ g4 (2)9.(2) (2)
Y

H (2 2. hg cos 8) dz (22)
2(1-1) ) INNE) 2+2me20n° " To

In (22) notatlons used are given below

2
. 4 (2T =12) #T2 5T, )a,(T,)
° | AlT)

?
s (4, () is derivative

of A 0(}:) with respset 1o =)

Q) (2% = 1) 2
1, (2) = 1 :Ao(xy.) — y (1 =22 ) /2 . q; (;;)», (oay)
2 2 '
4z gz (= 3 , 5 Vo
() = =" gy (x) ap (=) (2 - %2372 . 1y (), (eey).

A (x)

In order to simplify (22), we make use of the series expansion for

{,2)

. (z) in the form
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(192) 2N 2 |
s . (‘1 Z 2
H2+2m+2n( )= ;ig _) % ) | /tsz'l THrs m»z«-?.?nw)] + .\
[y 2rim+dneg
2% {2 E, (»-—1) (-) / il (r+2rp+2n+;;)]} l@g(-—) -

sy

SmePnil | 2v-2mefned e o
e =l
(23
‘ 2mene2+2l x(zmzwm #3)4+X {1+ 1 )}
- z.(-»n (%) { 3‘9 (23)
1eo 1! (Zm+2n +2 + 1)l

(1,2)
where X { ) is Euler's function, When H, . +2n( )} occurring on the

right hand side of (22) are rveplaced by the corxesm?z&in(r geries
mentionad ahaveg. 1t ip found thet the terms inveolving

(2 zahizr" 20202 pov which (Sr=gme2n-2) < ¢ on the right hand side
of equation (22) vanish. Thig can be proved by iatergrating the

compleox function

along the contours r‘ and T'é a8 shown in £ig.1, and then subtracting.
Again when 2v - 2m - 2n « 2 = 0, origin is not the simgularity of the
Hankel funciions. In this case the conbours coungldered slightly differ

from that of the contours shown in Fig.i,
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Here the ldentation round the origin is not regquired and it igo
found efter integration of the function £(z) vound the medified
contours J,' and T, end sublracting the sum of the torms on right
hand side of (22) which do not involve any power of (2 xch) is
gqual %o '1/2(m+n+1). Finally when (2r « 2m - 810 =« 2) > é, origia
is not the singularity of Henkel functions and hence conaidering
the seme contour where the lndenmtation at the origin is deleted,
it is found thet the terms imvolving (2x h)2" 28292 oy 4o pigny
hand side of (22) is not zero because the contribution to the
intaegrals from the infinitely distent perts of the coniourg do |
not vanish in this case. Thus with the help of (22) and (18) we

vay write

) .-:-(1)
= - LE::LZ. 07 L
1
2
4 i 7T

£MTCK) H2+2m$2n(2 thx cos 9)dx +

EL P )

1=
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where oo _
-(1) g ZEP2mA20e2 , .
H2+2m+2n(2) = Z (“"1) (%) / 1T (r+2me2043)]
r=0 -

| 2r 42421 Pc.
Ba % (-1) (--) . [r\ ]""(r+£’m+2n+3)]} 105(

=20

2n+2n+1 e ' ,
o @ 2o il 21 2 . SEX’& 420 4 ] e 1‘2_‘
- = (B L ‘ -
PERARSR v
- 5 (_1) ( ) +EN2E éxgm+2.1+1+§2+ X‘i-v 1 Z} (25)
Jeo | 1! (omv2ne2+1) !

f@r m’ll = 0'1'-2'9 LI A 3 I - A S

DELERHINATION OF THB GOEFI‘IGDWTS 2, 3 For low frequency of
vibration i.e :801:' smli (x %) and (= o) 1f we neglect terms
involving (x k) end higher order of (nz; k) in the expension of
B2 oy JhE cos ) and 71 (2 x,h

2+2m+en 2420420
in A, of (24), we fiadﬁ

0 eos ) oecurring

2 2 |
(1-“[)&00 {(x k) log(x k)]B oos 6+(&. k) cos e{(» 3 +10g €08 9 -

wlog T = B, cos” O ,

X%)4X(1) 1o 1o (= k) 10{,(3{ k) 4
2 )131”'"32% 572 3

' 2
1 1 ()% 5 (x k) log(x k) .
( ..Yl)A,!O:z ¢ qu)A,Jr« ---gm Byeos™0 + ---f 1212 }33 cos'9 and

(x, k)"*’

]
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v 7Y R v ¥ 2 e - 2 1 e q
where By =9 T = ';{JEL! (=)x° dx - - JI:-KE(X) %2 ax ’
: o : )
1
. 2 1 T
B, =3, Tg log T, - = f?a](?)zt log x dim fna(x)x log x dx,
o .

1
and BE = Eﬂ Tg - %flﬁ,‘ (x)x K - - fh (3;):: dxe
Is) 0

When ﬁco, A0 ete from (26) are subsbituted in (17) and then

integrated over 6 , 1% is found that

' ; . § 4 : A a
('o-q)'nooﬁzialog 3}331- ;*};2{13,. (= %ﬁi + %-- log 2T - 2L2022(3) g“ } )+B2} -

. Kt%- i 'i"- : “2’A | : . | ’ 27
‘ . '2 B 4 g s
“"'YDL‘IO“ - .E_i 1'3- S & {K. log 5{1} ” o1

by= ’5_ Tqg and L. = 0 for m +n > 1, where zok = ¥ is the
dimengionless wave numbar.
Sgustion (15) con bhe solved; iteratively to determine n By when

values of L, ore kmown. Using the values of I‘ﬁm given by (27)

we obtain 8y in the following form Where terms involving K4 and

itas Eigher orders have been neglected
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:ai‘fid) [ \,1 iB,K log K+[B1 (- -3- + - «log 2T = Z:%—‘MBQ

- 3"‘7{ K“(iggg) _[ 23 +9_1~q{31 (= &8 + L w2082~ l%—)m ]z{‘?‘lmﬁﬂ

g L (28)
Rlaroe A B os 1 |

amia =0 forn > 2+ -

wheye V= 9357721 57 SRS UORDODRO RSO NR L 13 the Buler's ang‘bant .

Rﬂsm&w #ith the ev:aluptian of ! is for 1 = 1,2,3 (which have been
ghown in the appendix), it follows from (11) that D(T) is kuown
which ie the solution of the dusl intesral equations givenn(10-e,b),

1) Noting vhat A(Z) is an odd Function of & , with the help of last

-equation of (6) azia (7)), normal stress on y = 0 ig given by

/ 2
( %y)y . J'[ 7\}?2 5% +2/n(‘2%vr‘xah2) ;;—.-2- xz(f;s)sizafsx]d%, (29)

when A(%) is replaced in terms of D(Z) in (23) one obtains

2y 488 -3——«-4) insX A% o
( -W)J«-a fz(i-q)f[(?%"s) ;t? RS (Hein3x %

When 13(1";5) iz replaced by the infinite series given by the
equation (11), we have
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( @y)yuo n-( e [ fJ 4 (&)eing X 4% +ay jJ 5(&)singk dg + ...o..]
Iy .
Y. St NP
w(1=1) V'i-»kw " - %2 J R

because a, = 0y for m» 2. Substituting the values of the constants

ey By W finally obtain

£ x v By 2 1 L2 ol
&) = K108k B 10g2 T =V +1=X2)=B, 1K
COge T WL o T n{"( HOBRT =V HI-ET)-ByfK

Y
"‘1""2' K.q'log, K + «1-- {-—-—- (= 47 2= 2 log 2T +2V +X%) +
28, B B, - |
+ + — - o 7% ) KT log K|, Xf <1
Taen T T [ ros x], x|

ii) The value of the reactive couple exerted by the elastic materiel

on the strip is x

G = 2 J( W)ywo xdx = Vg, = igy)

where V = M G0 Xo Ty

B : ,
1 { 1 2 1 . -1 1.2
= e 1= K1ogK+ ===iB, (Log2 T + -V)-B]K + -—----72{ log K-
ST 2o U 1oy 01 i 2
1
ZB B
—-»11 [ - ¢ 2 log 2T =2V )= 3 - 32]K4' log X (30)
Yl 4T
18 .
By @ = e 7 b 2 5 L 2&41@;&.}
“ 2(1-) 2(1=1) (=)
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5 .
v U is egual to 3. To* Tl and /‘;,

s

For Poisson's ration rz::

which sxe the roots of A (x) = o are then given by

a

Yo =33 / 'E 1 T 2e2 / 5

w¥ith these %lues of ’F o Values of the constanis 1:31,32 and B3 éu"e

determined aend they ave

By = = "28125 By, = = ‘1507729 and B, = - ‘8528124,

For different values of K, we compare values of |gq| end Iggl wj,‘sh:

corvegponding values determined by Wickhan (5)

X | 7ickham values from formule (30)

gy | | le,l ley | eyl
0145 655 ' O08 L6558 ' 008
02578 658 ' 026 639 ‘ 024
0.4368 609 075 616 066

Humerieal velues caloulated from (30) di2fer from the veluss
obtained by Wickham due to the fact that Wickham's resulis
contain terms upto Kg where as in our results terms upbo

(K4 log g.) have 'L)Aa@n retalned,
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APPENDIX

Evaluntion of ‘331 » By end Bg.

We hove
By

Splitting the integrands of the !

D T8 -

Yo ‘o

frachions, we wirite

-t

G

9

: - T '
y 2 - e ; -
Lopyeen® e - b om0 e (a1)

1“@@?&1@ of (& 1) in'fo *@mtial

1 ‘ 4 t, 4 L2
- » 2 (=) x°
fli‘ii(m)zgz s A Ry f L i
S 16(1= 1‘5> j=o 3 ,,2_13
T }q PR N
16(1. =1) m %3 (ﬁ)dﬁr + ;} 3 i T "g dx - P, i?'é:':‘?“
33(1 ..T) 3..0 3 i’ Y% To e T | ] {a2)
T ' 2 ()
and fmg (x)xa ax = L Ta b3 33 f q‘?‘“ ‘ xg dx
e 16(1= 1) j=o P -2
o2 a,(x ) 2. T (y) -
. T ¢ 1:.' 2 of 1
W(* *TZ)[ joo 3 f ) . f 1z:’:? e ‘g’é —x? ]
€ | 2 ”12 TE 2 ,]2 ;/2' CAs) |
" s2(i- Tz)[ oo 3T Ty % T (T ]’ R




68

where f denotes the princs.pal value of the inbegral. Sinee by
\QQ,Y'L‘O./L ’BY&C’CIOW

. 2 . s
2 2 2 P,
5 e A
(s D 16(1-—T)jm@x 5
2,.2 '
4x°(x" - 1 )
= 1. ¥ b --JL~—- ¢ BO we obtain
A, Gx) 16(1-—T)j-@y—'r§

after algebralc simplification

2 2 o o .
Tz - TQ(_?- _T§ - Te)’qj( TO) *+ 4’% %?( qé) (1«1‘?'70)

Eb 0

2
2,0 Tg)

T [PoTo 110+ 8, 3,05 (a4)
Henee it follows by the use of (A?),(&Zﬁ and (A4)

52(1= 3)_32’9[1}5(.% 3) + 5015 =3 )]

Next we consider

1
_ 1 2 N
B, = B Ts iogT, - 7 Sy (e)x"log x dx - 37; j‘ma(x)xa log x dx

19 ' <

By (_M) 1t follows thatb

2., 1 .. S -
Do ’Ig log g = 52(1m 12) [Po- To 24 {T) + so. T qe(’lt‘?):lleg’]‘; (45)
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By splitting the integrands of integrals of B, as before ove obtains,

2

1 1
A 2 ) (z).x 108 X
. 1 _ . i
M (x)xa log x X = = L P, .f dx
i“‘ 1 © 16(1=7") oo 9 2 72
; [ '2 } ( i 2 2}? :cq.‘ (x)logx 5 }q;(}c)logm
1‘6(1.-,13) ;j::o I ‘ 3=t ¥is 2 -‘Tg? %% Tf;"-x‘g
. | .
- 2 2 -1 q4(T,)
i 1 - ' i
= ( - Ylog 2= =t + 5 P, T a.{T)tan "F“i il
: "52(1""[2)[ j{ 3 2 & 4‘} Gt 3 4 b ‘j 4 :
+14 (750
- 2, Ty 44 (108 e | (16)

t

na Ji,(x)xPlog x dx = e S s f/rq""’(ﬂ = log
a ¥ L =2 G ; —
ol 16(1=) g50 3,  x° -1

4
2 T go(x) log x-
1 ,‘2 _ o ? .
Z)Ljs qua(x)logxdx+j asjg,ﬂ

" 16(4- =1 2.2
J
a'(zf)log‘
T, (x)log x
o 'Tgbg £~2~T- X (1:{]
o
| : & 2 2, 2 -} q_ (T)
7 < r 3 L. g 2* i
22 eemaimiceperenl 5 8 {(u‘-—r-’g)log - + 2 8 Tq (T)t",ﬁ. +
35(4=F)lg=o 9L 2 37 %— k3 } jet 4 372 g
| ' T4aL(T )=
+ 8, T aplL)logT= 5, T, as({7,)log 2 Ti 9. ] (AT)
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In this case usixig (45),(A6) snd (AT), we obtain after some algebraic
simplification .

b2 m)[ ;;_goif [k =2 = Drros]ws, [ 2% 1os g]}-

1 s
2 =1 qq{ %) ' -1 q, { 1))
-3 T al (T S s, T T, e S
31;1 {93 h q1( j)tan E r %3 4 qa( j)*t;:am 15 ; +
b T ol T)loe(Ti ol () ]
+ B T g TghloalTer 4q( 1) )45, T a,( Tp)log == -
Pinglly to obiain }33 we progeed as before and we have by (44)
 To ;»2(1-.T [ ':"1(“ "8 T (/‘5)]’ (43)
1 .
(x)x dsr = [ * z » 'r ( i T?)+.P ] (T ).f | (A9)
o 32(1 »-TM? :iuoj ] i ’
ST - 4 2 , /
15 (e Ve dur o=, A e sl AP - Y48 T2 a (T c
fIﬁe(x)x dz W 3 +JE 5. j( 1‘3)+b0 To Qz(’%}‘] (a10)
o ‘ -

Conmenuently, we have from (A8), (A9) end (410)

_ ' 2
B ».-.-.--1-.--—-[ LMy

' 2
>t ™ 1 h P MT“- ' .
37 301 -1 j=o T?{ 3¢ 15 = Basy(f - )]



HARMOWIC ROCKING OF A RIGID CIRCULAR
INDERTOR OW AN BLASYTIC HAIF-SPACGE

INTRDDﬁQ@IOﬂ: Study of elastic waves due to different types of
osecillations of an indentor or of a vibrating punch on the surface
of a homogeneous, isotroplc elastie medium hag become almost olag-
sical. Robertaon (1964) extended the static problem of indemtetion
of a semi-infinite elastic solid by e rigld circuisr dise solved by
Sneddon (1951) and devived the soluticn due to o fércea vertical
vibration of the disk for low Ereqﬁencies. Zakorko and ﬁastovtsev-
(1965) considsred the effect of sinusoidal load transmitted through
a ﬁeight less rigid clrouler punch, where & single equsiion is used
which contained directly the.a@ugh£ for preseuve through an walmown
function wvhlch ig Shen transfcrm@d to an Integral egquation cof the
second kind and then solved itermtively. Robertson (1967) dotermine
ed the stress digtribution due to impinging on the surfaoe of a pew
any~shaped crack of a plane longitudinsl wave, harmnnic_in timo. He
adopbod the seme techuique of yedueing the dusl integzrel equaiion
to Fredholm integral eguation and solving by the method of itera
tion, Gladwell (19638) discussed the response of o pomi-infindte ele
estle solid to a rgtatéry vibration of an indentor, over & cironlar
aren about a diameter, on the frec surface. There algo dusl iuntegral
equations sre converved to Fredholm integral eguation of second kind
and for low frequency oseillation, the solution is determined by it-
eration. |
in this paper, the asuthors reconsider the problem of Gladwell (1963).
By using Henkel transform the solution of the problem has been redu-
ced to-%he s0lu%ion of duel inbegral eguetions and then, following

. Trenter, to the solubicns of an infialte set of al-

: S S S
tha techaigua 25 U¥

cebraie equobions. Thers is not mach xefercnes o the Methed of
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Tranter in the literature in&élving the solution of dual integral
equations. The guthors find that the method prescribed by Tranter
18 no less powerful than the other methods nsed in this connection.
The normzl stress below the disk, total torque, and'the disp=-
lacement on the free surface at‘large distance compared»ta.the W
velength bave been determined, Unlike Gladwell (1968), the results
derived are exact in the sense thet they do not involve any integ-
- rale The graphs of the normalised stress below the disc against
‘the normolised distance from the centre of the dise have been:plo-
tted. | |
PORMUTATION OF THE PROBLEN AND RUDUGEION TO DUAL INTEGMEEQUAE TONSs
We dgnsider a hermonic oscilletion of frequéncywof a rigid circular
'disclof,radius r, ebout a diameber. The disc having a frictiorless
contact, is indehxed on the free surface of a semi-infinite homoge-
neous igotropic elastic golid occupying the hali-gpage « © { x § «,
e o &y <®and g > oy Z-axis being drawn into the mediws. The inde
eﬁtor is essumed to produce rotatory vibration of amplitude ¢, about
one of its diameters which is taoken to be the y«axié. | |

The equations of motion in the cylindricel polar co-ordinates ave

w2

R ) 2
2 1 09 2 1 a=Y | |

LY 9t b2 3te o

Where ) 5

2 _ .2 -

v f.Q...-...l.Q..* 1 e ¢ e 5nd 0 ,Yare scalar
e T ooy ") 80%  az= P

potentials associated with dilatational and rotational paxts of the
displacement, a and b sre P- and S~ wave velocities respectively.

The nonvanishing componenxs of displacement are



T sr  sras 28 800% |
{(2)
o 12 ,2 )
B, = %w-"l‘ ""‘"’.\"t

| and those of the stregs are

SATEK. pIy

0wy 3B /1.1[2 ﬁ + 2 R e )
L rE arsz L

dxrdz
o 3 43
q- :/(1?.. ?*g 6\11‘_1 ,E}Y'?
9z F 300z T soosz bor 299t% (3)
ne 2 He o
2R a q @7 5 A3
Oz /u';%"”§'+ 20—t~ —p+ Q“E"‘%?‘ij%Q]'
< b= at 32 a 8z b™ 9z0t

The boundary conditions "e:,o' be gatipfied on z = Oy are

u, = ?3; eos 9 3 * £ T, | . {4a)
Ops = © | I T, (4;;,)

Ty = © = 0g, GVErYy Where on 2 = O. ' (4e)

fo f£ind the solutions of the equations(l) subject bo the
conditions (4), we make the substitubion

Ef sV ]m Fﬁ(r,é}z), TP(Z’» 8, z‘)}eiwb.
In view of the boundary condition (4a), § end ¥ are taken in the

form o

$ = z'g cos © J§ A(§)T, (PR)e™P? ag (5a)
o
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and ¥ =z cos 6 fafg BRI, (78)™7 a7 (51)

where T = r/ro and 2 = z/:-ro. p and § in Ecguﬂtiéns (58, = Bb) are

P(?S) ‘\’3."; §2 - rghe, %} reh a,n&s("c’-s) = "Jlﬁa - rglég, %) 'I.’ol;ﬁ

= i '.v:gh & 9 I’gh >y = i{rok‘? -‘?3 " I‘Qli >%

where h = w/a end ¥ = w/b. ¥ith the help of equations (1), (2) cnd

from § ,V as obitained in (5), the following expressions for the
componants of dlaplecenesnt and thoss of regulred asbtress componénts

are obtained ag

© 93,(08) . |
v, = I cos @',c};a’; i{éﬂ { AR) &P% 8B(8) e W’} ag >

1‘2 oy

ug = -; sin 0 S5 Jy (F5){-A%) © P sﬁ(%)e 851 g5

u, =T, cos © ie; I, (Pg ){-pzx(g)a"-f’z + 52 B(8)e™%% | a5 " (6)

-

34, (Tg)

rya = 05 © I3 {= 2045 + (2% ~xdPini)s™™] as,

N

r e 3 Z
a M <L gin 6 /g 34(F5) { 2paiz)e™ =( 5% + s1)8(8)e™%] a5

Tan =/ con 0 J53,(68) (A% (82 ¢ ¢ )67P% - 2an(s) =2 7] ag

®

In the exproesions given in (6) end in subsequent analysis the

time factor e 7% hag been omitbed. From the boundery condition (4¢)

we have

B(?;) 2:@&(%)/(% + 67 ) (7)
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and ‘the conditions (4,a=~b) give rise %o the dual intesral egustions

TN, R(E)

- () J‘;_(fsg)dss = ?%}: » 0 P <1

and JD(8)7,(P5)a8 = o, $>1
© .

o & :
where R (§ ) = (2832 - rgka ) - 4@3352

D (&) =-(4 ~q1)~m (9)

258 = rox”

andl, aM2(r+ M) L poissonts ratio, » and M being Ieme's
constanta,
Baguations (8) can be written in the form

[}

J {1+ HE)} 5= 5(5)9,(F8) a5 = $f »0 2T 21
/ | o (10)

o

and J’i)(c"‘})ﬁ(ff‘;) =0y T2 1
o

8% L. p(g )
(1“Yl1) R(ES)

where T + H (&) = = and it can be whown that

H(§) +oasrh =oandzk=o.
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50LURION OF THE DUAL Im BERAD .&;QUALIOAA;S Following & Tronter we bake

1/2 oo |
D(E) =% L = ng = (&) (11)
: =G 2

o that the second eguation of (10) iq automtica iy mtis*‘iecl.
The coefficients 8, are to be s0 chosen that the form of (& )
es agsumed in (11) satisfies the first of eﬁus:‘bibns (10). Tor
such @ cholice of a,, we must have

.4

Fo Tt E s oneiftp e s o

. o a-1/2 -
imltiplying the equation (12) by £2(1=t%) 73 (% ,2,0%)

whers n is a positive iunteger or zero and “ﬁn is a Jacobi
polynomiel of degree n and then integrating with respoet

tof from o o 1, we obtain

AI?_VH-B/:_%) ‘
m E1+ﬂ(§)]§ J 3_ (5)ag =a(1 ,n.;g ) = B, (say) (13)
where B, = V Wm ' ?0 J f)ﬁ"fz) "ﬁn(% ’ 29 fg) af-
E (n+ 2_3) ° |

Koting that (g- y 24 f ) = 1, va have from oyxthogenality relation
of Jacobi polynomial

aje ¢, S
g, = =" or o according as n = 0 Or u % 0.
3w (14)
00 . A .
Sinece J J (2)d . {§)4E = o for m# n
0 s 2m+?- i an 2 S ’ ' 2

*+ 2 -1
a (3+4n)" ' for m = n

sc we have foom equation (13)
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co : » .
B+ mio %mam = (%5 + 4n) i}n ‘ (15)
G+ aa) £ HE) =) @) (16)
where &L = (3 + 4n) J H d Jd ' as - G
ma o 3 264 % FS 2114 % % E '

FBouation (15) gives an infinite set of algebreic eguations for

the determinetion of the coefficilents 8o

DETBRMINATION OF THE CONPyICIENIDS Gy ¢ Using the gensrelisation of

Neumann's Integrel [ cf. Watson (1953) p 150 ]

%/2
J = & [, .o o{Cgoos a)cos 2 (m=-n)a da
J2m+ %(55) on+ %(5;) = ‘;i 2&1‘22’14‘_‘)( & ) ( )
/2 n/2
= 4-’:2- J eos 2(m~n)e de Soin (2m+2n+3)p sin(25cos a sin §)ap
ﬂ '
0 0 ‘

in the eguation (16) end chenging the order of inbegration we

obtain
4(3 + 4n) 2 w2
T & e [0 2(men)s de Ssin(Zme2n+3) P 4 6 X
i 2
) o
@ N
x SJH(5)E sin (25cos u sinf) dR. S N

o
The lost integral in (17) may be written in the form

P

_ __g.. (18)

S H(B)E  oin (28 cos 6 sin PIAK = = -
' . (1""Ylj:)

O
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= 22%p) | | -
where J:’ = [ - SN (2'5> ¢os @ sin §) dg. Following the method
. B9 |
of Impwood E’ef. Mwing ot al (1957) p«49 ], the integrel in (13) is
Eir £ e0op 6 sin B

found to be P = 1} g

ol v{,zhfz e. ~i%cos u sin p

0 (ggsar 2) v 422 Vrea 2 J/r sf

ol Eg 22 - x2n®) VrAd - 2 "Bii cos © ein j

o
I = az (19)
r B (e:b::S - ‘3) +16 %4(% « Tgh )(r %' )
where g = w/o, ¢ is Rayleigh wave velocity and
e
B I’ k (5%) . ‘
D, = [ ] | (20)
® ()

, GEE 8 S

Subsbitubing B= T, 8% in the integrale of (19) and expanding the

sxponential term in power series, we oblain

: 1
«; (=2 & r,8 cos o gin p) ‘ (1)
L= o B
P i=0 il 1 :
o ¢/a ,g‘g -2
where i) = By -%- it fee y - 3
L ( P ﬁ)a 1o h_«;_"'{_vz : u_'c_s;_z S
az b2
- efp . 2 2. o /2 ..,
o2 (z% ~ ¢ /as?)(c/b"‘ D I
-4 = [ | = . Ay (22)
b 2 4
cfa I

(?:x"-e- -—;:- ) +1b>'4('=c - ..._.)(..... -;:2)
. b m
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Aiter substitubion of the value of P frem (21), (18) becomes

[54)

i 1 M

JHE) 53‘1 sin (EES com & gin &'5)61'5i L («-2:}..1:' & cost sin §) -l (23)
1 .
since i, = = F (1=1,)s by (43),
subgtituting in (17), %the result obtained in (23) and then
integrating term by term one obtaing
BT pen ’ 4 '
Lmn ™ {*-1) _ n', Imn 'Wh,@i?.?e
(1""Yl1_’) T
| < ST
o ~ -1) U (roa/e) H,
I =% . o o e, (2)
mn 1::1 7
f( m—-u.ﬂ) ’\'3' - bl ) l(«- 4 MR !(- ] e 72- )

Using the fact that when - %+ Mo+ o3+ %is not & negative

integer or zZero,

1 Al
-2 ("LL cos -3525- T(:— % HN4I %) » we write below

Fé"" I’al-" 11-5

some particular velues of I, for different values of nsn o

celeulabe I,

. _ 2 n 3
I =8 |- 2ty {xgt) T -
mn o (4me5) (4m+3) (4mel) 2 '{‘8"@1% ~!"iﬂ-‘ am

4
-% M‘i(‘{,(’%} *‘!‘Q.atu-otv]
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2 4
1N Ha(r,@) - Au(r g) ]

"*L -
mﬁm-‘t ) 7 (4m+7) (4maB) (4?1%)) (4m+§ ) (4m+7 ) (445 ) (4m+3 ) ( 4m+‘i )

i (r rf)
=e L s Eene s

I = ’
mm+2) W (4m+11) (4m+9) (4m+7) (4m+9 ) (4m+3)

Por low freguency oscillation, 1 h and ¥ k are small, cousequently
rcg is also a spall quantrby. Hetaining terms upbo fourth power of

(ragg) in I‘mn, we obtain with the help of equation (25)

I M > M,
i . i A, :
. S R T
0 .
H, B (26)
I T} g 4. e |
Lo = 35 7 (58)° * iy B (78,

@
Hy #,
T . 12w R A PR
o2 * 555 1 (‘-'-‘ ", Ly = 76T ﬁ (r, o)

The velues of the constants o are determined from (15) with the
help of {(14) and (26). Retaining terms upto the fourth power of
(I_‘eg) ’ wie find.



M 5 ooyl i
a,= 2y& [1 7 (rgg) + gﬁf( g)7+ %ﬁ i +%;%(-ﬁ§ )2 (x g)"”]

ﬂ

2
](rﬁg) ;] &5 = &4 5 eawsen 2 O

- 555 42?[

RESUIES: 1) From the last equation of (6), (7)y (9) end (11) %he

normasl strespg below the dise is

‘ g-&.‘i‘&ii VA J, €€ T, ,
(@;z)zmc - ke d f V& 1( %) .3 (% )asg (27)

for © <1, the value of the integral in (27) is given by
L8y, p=-401]

D 3, (1203, 5 @) as

-1/2

eye l(mé-e)r -fvarm |

£ s e T (ma,%- mg2; P2) = (1 -92)

{(m +-2L | | :‘m +§I

X21?1 ( - m,:m+%; 2)?2)- (28)



Therefore, (6,,) =2 /2 cos © 7 el
220 "o

3 . 4 u
1 L (¢ 2 _ 1
+ 3 )+ gy ] (17 = ) 'ﬁﬁ'

(:29‘) |

0
T = ow f féo:a‘ﬂ)_ v% cos 6 drdd
o o G=0
41:/’-"::?3 ? M, 2 ¥ i i :
e« I+ N PR - 4 i I Py - 1Y A4 1.
ol ma N [1 - i rog) + 5 fﬁ x g,) + W}){ 8;1-"; +17(_E;) }(rog) ]

This result agrecs with result obtained by Gladwell [06d].

ii1) We have from (6), (7)y (9) end (11), the digplacement

components on the froe surfaas Par owt oide the dise as

: e 2_pw22, o

z=0 ¥ (1-1,) m=0 o ’(%)

. ; ‘ .

¥ g0 (1 - Y11) m=o 2o R(8) am% _(5;) X
1{3,(8)= =9y (FE)] a5 (30)
2 o P 2 ECerakegy |
() = fig_sm e Yo TV N Jm% ()3, (PR (31)
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_ _ .?. 2
_ r Cog @ e °° P
U,) = e 3 3, (f8)a .
(uz)za::o (1 _ YL‘) ng 0 gg R(%) | *2(83) 1( Sg) (32)

The iutegrels in the shove exprossions gan be evaluated by
Lapwood 's rethod as in the appendis. But to obtzin more
information about bodily P= and S-wave the following method

is adopted. To evaluate the imtezral in (32) i.e.

By B e T ) - (&)Y J.(Ps] ’ 3%
Ly £V§R(§) A_ga (&) 4,(°g)az% , | (33)

ve write 3, (F&) in the form

. Fo (2) =
6w =5 [n ) vy 8]
/

In the complex S { =g+ 11 )= plane, we drew cuts parallel to the

imgi.nary axis joining + r.h with + (r: I e foo)y & Ty k with

* (r ¥ = i o) mpking the i’aetars WJ{\"— z h, g’m T, h of ‘J%g r2hg

end V/ At 5 1:, V/§+ rok of V? - rgka gingle valued. Integrating

thc part of (33) conslisting of ‘51( )(fég) along the boundary of the

fourth quadrant with the cuts, lhen adding the integrals, we obtein
.I 2=iD ¥ (zg)d (r@)I-I(Q)(rgi-
z 0 o=/ Em% 0 T Yo

in/h 2 (x faly) ) "'2" V/(Qr I 1] ){(r k= 1)° - ron? |
-4ie f . K

[2(-3301:- iV]) ZEZ] 6 11 (x k=i )* (2 e Y-J.Yg)L(r leih) ) or ]
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~ ' (2) |
Id . (rok - 11 ) Hy (rl = ifn ) ¥ 4=

2mig
2
-in/lt- v/(r i )r &2 v’(gr h-in) [2(::' B~ 17)% = 227 |
{_(r hniq)g r&k%] +161q(r h—iq)4(22 h~in)[?r hnxn) gkfj
| (2) |
X d (r hwin) i (zh-if) vn an - : (34)
am#

First term on the right band side of (34) avises due to pole at
(r g), second and third termg form intesrals along loops round

the branch cuts ati rgk and rvh respegbivoly.

Asguming rk ) rh >» 1, the integrals in (34) can be avaluated
aaymptotieally at points far out side the disec. Hankel functions
2Lre expaadeﬁ'asympﬁotically..Re%aining‘the Lirat term in the

expansion of Honkel functions, the integrals srising in (34) ave

w - 3/2 fﬁ:a F’ 2
Jih &(n ) e OﬁW~L~7~a£0+°——{7—u(o ;-jé— (O)A
o |

of the form

T

Keeping the leading berms again, the asympbotic vdlues of, the
displacement on the free surface at points far from the sentre

of the dige is determined and 1t is found to ba

., _F,e08 8 e ‘ =i (zgr) V-
%) =0 o Y Jpeo B~ "% 0 ama% o r
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=iyl -2 r =iTh L7102 & ki
B o 2 3(2b%n") Wl TV E
w(z:;k=>§72 Zm‘f-; o/ \F e () 3/2 amé‘i ot\E
Similerly we obtain
r coo® = ~1 (et 3 v/ Fo
u) ==--2—— zgliED0e Y5 L o= E W 2 -
C =0 (1 =1) meo BL T 1O 2m+% © rg Tl ¥
' -1y - ' o i xr,. 2
, K ‘ o .
~ 2im ey (zB) (1 === ) (5 +
| ERY & 21:1% e re ~ ¥

s20 g (r e - B0 2R ]
_ (z k) a am-f-% e xi T

and
r sing © e -1.(zz+2) D_Q r.  3/2
(ug) = N Eé.ml;i}f% @ & =2 g L (2 2)( =) / +
z=0 (1= M4) @0 o8 opsd O ol
wirl r, 3 ~ixt A
% . 0y”. ald A3
+28 s, wir k(=) +2ie : J oz h)(=2) ]
(:c'ol‘:_)' 2 gm-;% o r (1’035')5 /2 21214-5; o
' 1{32 - b 2? Yab (32 - "&2)
WROPE K = e y B o= o )
o (2}:32 - cé) - 2b Wﬂaa - o% \(&52 e

g = - :



iv) From eguntion (28?

e +-—-»>(H _ (xg)]

In {4, ) -
/% cos © ;0 3 o |1

are plotted against 9((1) for values of ¥ & = 0’0,'0‘5 and 0°9.,

It is found that the absolute velue of stress jJust Eelow the

digk increases with the increase of distance of the point frcm'
tha centre of the dise whero as at o paing@gﬁg disc the absolute
value of real part of stress decrcases and imsginary part of
stress increases wibth the increase of ﬁhé frequency of oscillebion

of the diacg
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APPENDIX .
To find the wvalue of I‘ﬁo, ‘followihg Inpwood, we consider the Iunction
214:29( <)

R(S)
complex S ( =&+ i)~ plane boundeby the curves ags phown in the Fig.

in the region Ry and Ra of ithe

(S )=

A1, By Cauchy's residue theorem, we have, when the function () is
integrated elong the curve bounding the region R,
Lo 2 M + ranz '

¥(5 )d 2 , an = i(1 = B oo
i (5)ag + .g _R(UI) " . (1=)g=0 (a1)

and Mtagrating along the cwrve bounding the region R2

T

oo r’g e
JF@)&% g Jomrt
(8]

:q»"b,

d\q + (1 «-Yl,‘) Eu

R{(=in)
r h
217‘ ’ r"gk "’gha Eag
- ; . d%-
o (28\ r21£2) _,_4_% '(1’2112 -t Vlrgg %2
. k .
81 r;)‘ ’%1‘2( 32 2 2 ) 21£2 Qa da .
r i (aig‘”gk‘?)“ maa) gg ~xs 22 ) &2 - 2k2 y © T (42)

The terms - i (1 -Yh) #/2 and i (1 - ‘Q;‘)'R/Q ooeuz?{im on the
loft hand slde of equations (A1) and (A2) respeectively are the






C9i

values of the integrals on the 1arge eireular araes (Fig. A1) in
the firsk anét_ fourth quadrants. wal)oi on the right hand side of
(A2) is the contribution from the residue at (r Og) where D, is
given by (20). ’

subbtracting (A2) from (A1) and dividing by 21 we obtain

.EW
| 2 e/a VA’?“ %° dx . :
- ()2 =2, = & J B » -
2 2 R NI
0o 2 8.y . 2.7¢ 2 e
(2x-ab2)+43: V/;-é--x V/g‘g"" x?

2 25 (2 - & o
%ﬂr_ . : Be
ofa (2x2 = S ) + 16t (1% - &) & < 2 «

= ‘o, defined in (22).



