CHAPTER III

PROBLEMS ON PROPAGATION OF ELASTIC WAVES IN THE PRESENCE
OF ' TOPOGRAPHICAL IRREGULARITY

Paper 10: Time step SH- wave transmission across a rectangular step.

Paper 11: SH~ wave prbpagation across a vertical step'in two joined

elastic half- spaces
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TIME STEP SH- WAVE TRANSMISSION ACROSS A RECTANGULAR STEP

1.Introduction

In recent past, several papers have appeared on propagation on
elastic wave in materialg with free surface having Irregularities.
Wolf (1967) studied the propagation of Love wave in layers with
irregular boundaries using perturbation method. Adopting the
representation theorem due to Knopoff (1858) to obtain a perturbed
solution of the problem, Knopoff and Hudson (18964) studied the
transmission of Love wave past a continental margin considering the
crust to have an abrupt increase in thickness on the coﬁtinental
side. A series of problems involving the scattering of elastic waves
by two dimensional and three dimensional topographical irregularities
have been solved by Sanchez- Sesma (1979, 1982, 1883, 1985) by using
a newly developed boundary method. The diffracted wave fields are
constructed with linear combinations of solutions which form c-
complete families for the wave equations and boundary conditions are
then satisfied in a least square sense. Bose (1975) was also solved
the transmission of SH- wave across a step like irregularity in the
surface of an elastlc half- space .by a different method. He
considered a time harmonic plane SH- wave in the form exp{i(wt-kX)}
propagating in the direction perpendicular to the step and solving
the resulting 1ntegrél equation asymptotically, transmitted wave at
distance far éway form the step was obtained. Dutta and Mitra (1874)
have presented the SH—.wave motion In an elastic layer of different

shear wave velocity.

In this paper, we studied the problem of
transmission of time step SH- wave motion across a step like
irregularity in the surface of an elastic half- space consisting of
two quarter spaces' of same material Jjoined along the common
boundary. Considering the incidént wave In the form H(T-X/c) where
H()> 1is the Heaviside- step function the 'problem is reduced to an
integral equation by using integral transform and Green’s function
technique and finally wusing Cagniard- Dehoop’'s method of finding
inverge Laplace transform, , transmitted field at any distances form

the step on the free surface has been determined using iterative
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procedure. Numerical results have been presented in the form of graph

to illustrate the nature of.tfansmission.

2. Formulation Of Problem

The transmission of SH- wave across a step like irregularity in the
surface of an elastic half-space consgsisting of two quarter spaces of
same material joined along the common boundary X=0 has been
considered here. We introduce the axes of coordinates as shown in
Fig.1. Denoting the coordinates of a point in the X-Z plane by (X,2),
we take the incident plane SH- wave as H(T-X/c), where H(x) is the
Heaviside’s step function, so that the propagation is from higher

side to the lower side of the step.

Let V ,V_be the Y- components of the displacement in’
the two media | and [l respectively. The field equations are wave
equations in two media and boundary condltions are that the shearing
stress vanishes everywhere on the outer boundaries Z=O,X<O,;X=0,0SZSH
and Z=H,X>0 the displacement and stress are continuous on the
interface X=0,Z2Z>H. |

Taking Laplace transform of these wave equations and

boundary conditions with respect to time T(with parameter p), we get

2 2 2
2 _,+ 2__ Elv, =0 (1)
| ox* az2° & |
[ 2 2 2 ]
2-; + 9 _ Efv =0 (2)
| ox az®  &* |
] aV;
— = 0 for X<O
. 3z |z=0
[ av; ,
__ =0 for X>0
| 92 | z=H
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Fig.1: Geometry and coordinate system.



aVé
—_— = 0 for O<Z<H (3a-c)
X -0

aVz . th

—_— = - for Z>H

2% {x=0 X |x=0

V;(O,Z) = V;<o,z> for Z>H (4a,b)

where H is the height of the step.

We represent transverse displacement in two domains X<O
and X>0 in the form

vV
z

H

H(T-X/¢c) + H(T+X/c) + V;(X,Z,T), X<0, 2>0

"
1

Vi(X,Z,T), X>0, Z>H. (5)

Obviously V; which is Laplace transform of V;(X,Z,T) gsatisfies the

the equation

2 2 2 ,
@ . o _ Bl =0 6)
axz 82? c 2

\

3. Reduction to integral equation and its solution

We introduce Green’s functions Gi(X,Z:R,S) and GZ(X,Z:U,W) in medium

I and 11 respectively such that Gz(X,Z:U,W) is the sgolution of
2 2 2
2 _ fL; - E 1 g x,z:U,W) = -4ns(X-U)6(2-W) (7)
aX az c

for medium Il with vanishing normal derivative at X<0,Z=0 and at X=0,
2>0. Similarly, Gi(X,Z:R,S) defined with reference to medium | 1{s the

solution of

axt a7z c

——
|®
N
+
M)
N
N

— E; ] G (X,Z:R,S) = -4n&(X-R)S(Z-S) (8)
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and satisfies the vanishing of normal derivative at X>0,Z=H and at
X=0, Z>H.

Now multiplying equation (7) by V; and equation (6) by Gz,

then subtracting the resulting second equation from the first, we
obtain

V', - GV = - 4m VL (X,2) S(X-U) 6(2-W)

where ¥° is the Laplacian operator in the X-Z plane.

Integration of this over the region of medium Il yields

- 4m VO (U, W) = J-J [V'VZG - G VU ]dx dz
2 2 2 2 2

"where I' is the boundary of the medium Il and n i{s outward drawn

normal to it.
aV;

and a similar application of Green's theorem to medium I yields

4n V (R,S) = — Jm G (0,Z:R,S) [
1 H 1 i

Subgtitution of (9) and (10) into the equation (4b) yields with the
aid of (4a) and (5) the integral equation

14

Therefore, 4 V;(U,W)

9 o
<l

]x=o az (10

': ' av :
1 -
14 [GZ(O,Z.O,U) + Gi(O,Z.O,W)] [ 57{]X=0 dZ = — Bn/p (11)



To evaluate the Green’s Function for the medium I and 11 Foupier

cosine transform with respect to 2Z has been taken. With this

application of Fourier cosine transform, equation (7) reduces to

ordinary equation viz

dZG:/dx? - (a2+p2/cz)G: = -4rcos(aW) &(X-U)

where

G¢ = fw G (X,Z:U,W) cos(aZ) dZ.
2 0 2

Solution of the above differential equation can be taken as

G = A cosh(px) &Y, U

= A cosh(iU) eﬁx, X<U

where the unknown constant A is determined as follows

azelV

[sinh(BU) - cosh(U)] = -4mr cos(alW)
or A = 4n cos(aW)/p3

Hence taking inverse Fourler cosine transform we find

RU
G, (X,Z:U,W) ij Eﬁ— cosh(3X) cos(aW) cos(aZ) da  0=X=U
0 .

8 N:E cosh(f3U) cos(aW) cos(aZ) da -wo<X=ZU (12)
0

wvhere (32 = az+pz/cz.

Again introducing Fourier cosine transform defined by

1

G° = fm G (X,2:R,S) cosa(Z-H) d(Z-H)
0

in equation (8), we obtain,
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Gi(X,Z:R,S) = Bfm Nl cosh(3X) cosa(S-H) cosa(Z-H) da O0<X<R
0

-B3X
l = afm Sﬁ— cosh(BR) cosa(S-H) cosa(Z-H) da RSX<w  (13)
0 )

On substitution of these values of Green’s functions in the integral
equation (11), it takes the form . '

av
1 cosa(W-H)cosa(Z-H) cosaW cosal _

Substituting W=wH, Z=zH, we obtain form (14)

im av im ; ‘m av
1 cosaH(w-1)cosaH(z-1) _ ' 1
H 1[ _6X]X=O dz o 3 da = — nn/p — H 1[ _ax]x=o c;lz

cos(aHw) cos(aHz)
x dat
0 3

On inversion with respect to a, it takes the form

v o ' - £3Y
' 1 cosaH(z-1) . 2H _ 2H* 1
HJT[ 57])(=0 B dz = — ——p— j‘jCDSGH(W 1) dw — T 1[ ﬁ]x=o dz

x EEEﬁﬁﬂE) dr cos(THwW) cosaH(w-1) dw (15)
0 p(T) 1

where 3(r) is obtained form {3 by replacing a by T,

Next uéing the regults

jm cosoH(w-1) dw = r&(a)/H ' (16)
1 .
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and Jé sinaH(w-1) dw = 1/aH (17)
1

it can be easily shown that

costHw cosaH(w-1)dw = n cos(TH)[5{(T+a)H}+6{(T-a)H)] - 1_§iﬂiiﬂi
1 < Ht2- o)

- (18)

where &(x) i{s the dirac &§- function.

Using equation (18) in equation (15) and oan
simplifalication {t reduces to the fornm

H f!; cosaH(z-1) dz = — né (o) + E f!} sin(aHz)sin(aH)d
, L3 jx=0 ] P 2], 3% Jx=0 IE] —cz

H 8V1 cos(tHz)sin(rH)
* 2] 1 3% Jx=0 Y T (19
~ 1 0 plri(t - o)

'4.Evaluation‘of Displacement

Substituting the value of Gi(O,Z:Ris) form equation (13) in equation
(10) we obtain

- | av . S
4nV (X,S) = — BH e X cosaH(s-1) da [ ——f] - cosah(z=1l) 4,
4 ) - L 9X Jx=0 I

where S=sH. Inserting the result (19) in the above expression we filnd

-pX/c _ av _
V(x,s = & _ HIe™®X sosatis-1)da [ _‘] _Sosal(z-l) 4,
' P ] , L X Jx=0 i
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2 .
+ gﬂ— e BX cosaH(s-1) da fm —%17 fm cos(THw) cosaH(w-1) dw x
=% Jo o fl7 0
: aV;
xJ:[é’i]X=0 cog(THz)dz (20)

3

We can compute V;(X,S) form equation (20) by iterative process. We
take the first iterate of (20) as

_ e-pX/c '
V(X,8) = ———— (21)
1 P

av
1
Deriving [ 5?:]X=O form (21) and substituting it in the
gecond term on the right hénd sice of (20), the second term, with the
-pX/c

aid of (16) becomes —————,
2p

Similarly, with the aid of (16) and (17), the third
term on the right hand side of (20) becomes :

-pX/c 2 _
- £ + 2H aw] e X cosaH(s-1)cosaH(w-1)da| S8S¢THWI cos(zH)
2p x%c J1 0 : 0 T3 (T)

Thus the second iterate is

-pX/c

2
V (X,S) = = + 2H fm dw Jm e X cosoH(s-1)cosaH(w-1) da x
1 P 2

ncJ1l 0

9 cos(THw)cos(rH)dT (22)
0 T3 ()

In order to find the displacement on the free surface, the next task
is to put s=1 and obtain Laplace inversion of the right hand side of
(22).
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ipH(w+1)v ipH(w-1)v

cos(zHw)sin(tH) .1 e — @
Now f: TH ) dr = 1P JT; dv

v Jv2+l/c2

where T = pv.

Deforming the path of integration to the path parallel
to the imaginary v- axis round the branch polint v=1/c, the above

integral can be reduced to the form

: -pT -pT
Aol w1 e a7 — (wHi) e aT
2p 2 2, 2 ‘ 2 2, 2
T T?- H? (w-1)%/c TdT? - HE (wt1)3/c
H(w-1)/c¢c ' : H(w+1l)/c¢c
' ' (23)
‘Further
: —p[lu2+c_2 X - iuH(w-1)1
-BX. . 1
e cosaH(w-1) da = 5 p e du
0 - o

which by the well known Cagniard- Dehoop transformation reduces to

-pT
pxjoo Te dT (24)

2 _ p2,.2
B/G R]Tz R%/c

the form

where R2 = X? + Hz(w-l)z.

Substituting the results (23) and (24) on tha right hand

side of (22) and taking the Laplace inverse transform, we obtain

c*1®-x*
~SHCT

H(T-X/C) J EL% dw x
1 R

1+

Xu2

T C

Vi(X,H,T) = H(T-X/C) +
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T-R/C

(T-o) do |
x  H(T Xt2H
' C
2 _p2 2 2 2, 2
o) - - -1)%/
H(w~-1)/c OI[(T )2-R%/C*%11o% -H (w-112/C% 3
2 2 .
(CT-2H)2 -x
1+ T-R/C
eRecTmED (T-o) do
wti
dw
R2
! 2 .2 ,.2 2 P
Hwe1) e @V L(T-02%-R*/C* 110" -1 (ur1)%/c%)

(25)

which represents the displacement due to transmitted wave in the free

surface of the medium 1.

Introducing X=Hx, T=Ht/ec, o=Ho’ /¢ and writing

A=t+]x2+(w—1)2, B=t-]xz+<w-1)2 , D =w-1, E =-D so that A>B>D>E; we

get from (25)
1+t - X

2t
X w-1 2
Vi(x,l,t) = H(t-x) + - H(t-x) -3 dw x
114 1 X +(w-1) |
axﬁ1

2t t ' S—
x [-—B Ném/z, =6 /B,90-C 3 -+1)F(n/2,q1)]} — H(t-X+2) x

e Lt=2% "
2(t-2)
x —ﬂ*—dw 2 [—Z—En(n/z,—é /8,9 )« A3 +1) x
1 w2+ (w-1)2 J—_——— D 2 "2’ T2 D
o‘2(?2

x F(n/z,qz)]} dw ] (26)

where
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and D,E are obtained from D,E respectively by replacing w-1 by w+il

and n(¢,n,k), F(¢,k) are elliptic integral of third and first kind
respectively.

S. Numerical results.

To show the nature of the motion, we have evaluated numerically the

displacement curve for transmitted wave. The results shown in Fig.2

depicted the variation of transmitted wave versus dimensionless time

t for different values of x. Due to the presemce of the step, the

value of the displacement is found to increase initially at the

arrival of the displacement an abrupt decrease after a small interval

of time. Also, as expected‘from physical stand point, the initial

increament in the value of the displacement is forund to decrease

gradually with the increase in distance from tﬁe-step.
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Fig.2: Variation of transverse displacement with time,
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SH WAVE PROPAGATION ACROSS A VERTICAL STEP IN TWO JOINED ELASTIC HALF

' SPACES

1,Introduction-
The problem of propagation of elastic waves in the presence of surface
irregularities has been studied by several Investigators. Abubakar
(1963) studied the effect of an irregular surface with an isolated
irregularity like a tough or ditech on incident harmonic P- and SV-
waves. Propagation of Love wave 1in an elastic layer héving an
irregular boundary overlying a rigid half-space has been treated by
Wolf (1967) wusing perturbation technique. The transmission of elastic
waves across a step like irregularity in the surface of an elastic
half-~space is of great Importance in seismology in connection with the
pfopagation_of waves from ocean basinsg to continental regions and vice
versa. Knopoff and Hudson (1964) studied the transmission of Love
waves past a continental margin considering the crust to have an
abrupt increase in thickness on the continental side. The transmission
of SH-waves across a step lilke irregularity in the surface of an
elastic half space was also considered by Bose (1975). Sato (1861)
discussed the problem of propagation of Love wave in an elastic layer
of wvariable thickness . overlying a semi-infinite elastic mediuh.
']pproximate expressions for the transmission and reflection factors
are obtained by }he application of a method based on Wiener-Hopf

technique.

In this paper, we consider the propagation
of SH- wave in a medium consisting of two welded quarter spaces of
different materials and having a étep change in elevation at the
vertical interface. The problem reduces to an integral equation by
using transform and Green’s function method and finally applying the
method of steepest descent, transmitted ana reflected fields at large

distance from the step have been determined. 1t may be mentioned in
this connection that the problem of transient shear wave in a

half~-space composed of two joined elasgstic quarter spaces of different

Published in ' Journal Of Technical Physics " Vol 33, 3-4, pp 411-420,
1992.

H
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materials are subjected to time varying shear tractions at the free!
. surface, parallel to plane of . juncture has been solved by Achenbach
(1969). Datta and Mitra (1974) also considered SH-wave propagation in
a composite elastic medium consisting of an elastic quarter space in
Qelded contact with  a uniform layer of different shear - wave

velocity.

2. Formulation Of The Problem
We consider two gquarter spaces of different materials jolned along the
common boundary X=0 in such é way that there is a step change in
elevation at the free surface. We consider the axes df coordinate as
shown in Fig 4. Denoting the coordinate of a point in the X-Z plane by
(X,2), we take the incident plane SH-wave as exp[i(wt-KZX)] where
K2=w/cz, so that the propagation is from higher side to the lower side
of the step. .
The boundaries 2Z=0, X<0; Z=H,X>0 and X=0, O<Z<H
are assumed to be stress free. Omitting the time factor exp(iwt), let
VI(X,z),Vz(X,Z} be the SH-wave displacement component in two media (1)

and (lIl)regpectively in Y-direction which 1is perpendicular to the
plane of the paper,

. The fleld equations are wave equations in the two
media and bopndary conditions are- that (i) The outer boundary 1is
stress free and (ii) the displacement and stress are continuous on the
interface X=0, Z>H. uy,p,c are assumed to be the modulus of rigidity,

density and shear wave velocity with apprbpriate suffix for each of

the two media.

Introducing the dimensionless quantities

We get from the wave equations and boundary conditions



X=<Q

ellwt-kX) A~ |y

Fig.1: Geometry and coordinate system.

4
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. L2 2
2 .2 ., k: ] v, © 0
L ax® az*
- a2 2
__—a ot -——a + kz] V2=O (2.1)
| o0 "o 2
av2 :
H, — =0 faor 0<z<1
ax x=0
av2 .
H, — =0 for x<O (2.2)
az z=0
av1 :
B, o— =0 for x>0 (2.3)
8z z=1
ov avz
Iy, N = M, =0 for z>1
*ax |x=0 ax |x=0
vi(O,z) = vz(O,z) for z>1 (2.4)

where H is the height of the step and kf= uszh%, \Q(X,Z>=%(x,z),

i=1,2., We represent transverse displacement in the two domains x<0 and

¥>0 in the form

v, ZCOSkzx + v;(x,z) x<0,2>0

v, = vi(x;z) ' x.0,2>1 ' (2.5)

3. Reduction To Integral Equation and Its Solution
We introduce Green’s functions Gi(x,z:r,s) and Gz(x,zzu,v) ‘for the

medium (1) and (I1) respectively such that Gz(x,z:u,v) is the solution
of
+

8)(2 azz

a° a° 2
[ . + k2 ] Gz(x,z:u,v) = —4nd(x-u)d(z-v) (3.1)

for medium (I'l) with vanishing normal derivative at x<0,z=0 and at
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x=0,2z>0. Similarly, Gi(x,z:r,s) is the solution of

—

6x2 2z

az az ’
[ =+ k':’ ] G (x,2ir,8) = -4nd(x-r)é6(z-s) (3.2)

and satisfies the vanishing of the normal derivative at x>0,z=1 and at
x=0,z>1.

From equation (2.1b) and (3.1) we obtain by applying
Green’s theorem to the medium (II) and using appropriate boundary

condition
, avy 4 |
4nv;(u,v) = IT Gz(o,z:u,v)[ T ]x=0 dz (3.3)

and similar application of Green’s theorem to the medium (1) yields

av
- - . _-—. 1
4nv‘(r,s) = IT Gi(O,z.r,s)[ 3% ]x=0 dz (3.4)

Substitution of (3.3) and (3.4) into the equation (2.4b) yields with
the aid of (2.4a) and equation (2.5) the integral equation

Hy av1
G (0,2z:0,v) + — G (0,2:0,vV) —_— _ dz = -8m (3.5)
. 1 H, 2 ax x=0

The expregsion of the Green’s function for the medium ([I) will now be
derived wusing Fourier .cosine transform with respect to z; which
reduces the determination of Gz(x,z:u,v) to that of a Green’s function
for an ordinary differential equation. Accordingly taking Fourier

cosine transform defined by

- (o - kz) G~ = -4mcos(aviS&(x-u)

from which we obtain in a straight forward manner



3. u
G (x,z2:u,v) = Bfm s cosh(/?2 x)cos(av)cos(az) da u< x<0
2 3. 2
0 "2 .
(3.6)
Bzx . .
= 8 2 cosh(3 ulcos(av)icos(az) da -00<{x<u
3 2
0 "2
2 _ 2 2
where ﬁz = a kz .

Again introducing Fouriler cosine transform defined by

G: =Jm Gi(x,z:r,s)cosa(z-i)d(z—l), we obtain from equation (3.2)
0 .

- (ocz—_k:) G: = -4 cosoi(s-1) &(x-r)

dx2

from which we obtain easily

. -3 r
1 N
Gi(x,z:r,s) = Bfm g— cosh(ﬁix)cosa(s-l)cosa(z-i) da O<x<r
0 " '
(3.7)
e_ﬁ1% '
=-8Jm A cosh(Bir)cosa(s—l)cosa(z—i)-da r<x<wm
0 '
2 _ 2 2
where ﬁ1 = o k1 .

On substituting the values of Gi(O,z:O,v) and Gz(O,z:O,v) from

equations (3.7) and (3.6) in the equation (3.5) we obtain

av1 4 cosa(v-1)cosa(z-1) “1 cos(avicos(az)
- _~ dz + — da = -n
1 Ix x=0 0] 3 P ﬁz

1

avi cosa(y-1)cosal(z~-1) - Hy av1
% | x=0 dz 7 da = =7 - —| % x=Odz *
1 0 1 Had 1

coslav)cos(az) .
x . da
0 3

2
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Taking Fourier cosine inverse transform with respect to a, we get

dv‘ QOHNlY 1) h 2“. v dv‘ '
[ é] o RomaiY 2 g = -2] cosatvel) dv oo [ ] P
1 k Ju=0 r, { - i, gy x| x=0

w | .
X 2251151 dr cos(tv) cosaf(v-1) dv (3.8)
0 ﬁz(r) 1

where (3 (7) is obtained from Bz by replacing a by 7 .

Next using the results that

ro0

cosa(v-1) dv = 7 (x) : (3.9)
J1
o 1
gina(v-1) dv = = (3.10)
J1 a
it can be easily shown that
Iwcos(rv)cosa(v—l) dv = % cosr[ S(T+a) + 6(T-a)] —.Igilﬂg (3.11)
1 T - o

where &(x) is the Dirac &-function.

Using these "'results and after a little algebraic
manipulation it can be easily shown that equatidn (3.8) reduces to the

form

J‘D[ -———av‘] cosa(z-1)dz = - PHg0, P8 () + H., [av‘]
1 Ix Jx=0 N “zﬁs ¥ ”2@2 #‘ﬁ1+ “zﬂz 1 Ix Jx=0

. (’ yei 4z + 2y1ﬁ1ﬁz [ avi] dz " T cos(tz)sinT it
x sin(az)sina l = ._ I .
Tl B KBy L 9% [x=0 0 3, () (r2- &%)

(3.12)
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A.Evaluétion Of Displacement
Substituting the Qalﬁe of Gi(O,zgr,s) from equation (3.7) in quation
(3.4) and then using the result (3.12), the displacement in the medium
I is obtained in the form ‘

-(3 X ) A
v (x,s) = ——Eﬁiﬁiﬁ e‘iktx - 2“1Ime ' cosa(s-1) da x
+ . H1k1+Hz 2 T lo “J?1+ “zﬁz

_I?x

1

Ve in(az) 1- dz 4“1 ﬁze cosa(s-1) dox 0v1 dz
x . a7 | x=gSintaz)sina - = , I | x=0

0 ‘“131+ #282

< Im T cos(r:)si:r dt (4.1)
- Jo ﬁz(r)(r - a )

We can compute-vi(x,s) iteratively solving equation (4.1) and using
asymptotic values of integrals arising in the right hand side of (4.1)

!

for large values of x.

The first iterate is

2y2k2 . Tik x

v(x,8) = ——m———— e (4.2)
* “1k1+“2k2 ’ '

which is obviously the displacement in medium (I) in the absence of

step change in elevatian.

v
Y :

Deriving E;T]x=0 from the first iterate given in

(4.2) and using this in the right hand side of (4.1) with the aid of

(3.10) it can be easily show that second term {n the right hand side

of (4.1) takes the form.

_Bx
1
| = 21k1kz“1y2 e cosa(s-1)

. n(p1k1+p2kz) a(u + u 3
. 0 174 272

sin2a da (4.3)
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Which, for large values of x, can be evaluated asymptotically by the

method of steepest descent. therefore, for large x, we find

1

exp{mi/4 — iktx)

1/2
bu ko p_k K
—rr 22 (4.4)

(u1k1+ uzkz)2 2 x

Similarly, with the ald of (4.2) and the result given in (3.9), the

third term in the right hand side of (4.1) reduces to the form

_31 X

8iu k u_k sin®t f,e cosa(s-1)

| = 1 1272 2

= — dr -
2 ' 2 2
n (y1k1+ pzkz) 0 ﬂz(T) o(p1ﬂ1+yzﬁz)(a - T7)

dat (4.5)

In order to evaluate asymptotically for

large values of x, integrals
of the type

f(a) -ﬁ;x
1r = —_— ] do
* (a® - Tz)
o .

we have to take into account the residue at the singularity a

= 1T in
addition to the integral along the steepest descent. Thus we get
‘ ' -3 (t)x . nk q1/2
. f(t) ﬁ: . 1 £(0)
l1 ~ ni e - [ ETJ > exp(ni/a ikix) (4.6)
2T T
Using this result in(4.5), for large values of x, we obtain .
4p‘k1p2k2 k1 1/2 o
12 ~— = = 2 M explmi/4 — ik x) (4.7)
(u &k + k) 2n x *
4 1 2 2

where
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2ik sinzr " ‘
M = - 2 — dr - (4.8)
o’ Bz(r)
1 2 . 2
o - g8ink t o4 sin kzt
= 2 __ dt + dt
nkz nkz

0 tZ2J1 - ¢ 1 t3yt%- 1

= J - 1Yy

Following Bose (1975) it can be shown that

2k : ' zk2 .
J=J2J(z)dz—J(2k)and Y=J Y (z) dz — Y (2k ) —
[s] 1 2 [o IR 1 2

0 0

1
ntk
2

" Thus from (4.1),(4.4) and (4,7), the second iterate, for large x, is

/2
2u k 2(1-Miu k k y?! nisza
H H _s
vi(x,z) = 22 [ 1+ 14 { 1 } e ] e 1k1x (4.9)

+ .
“1k1+“2k2 u1k‘ szz 2%

If we neglect terms of order 1/x, the higher order i{terates yield the

same expresgsion.

Now in order to find out displacement component due to reflected wave
in the medium (Il), we rewrite the equation (3.12) with the aid of
equation (2.4a) and (2.5a) as

.rn[ 3V2] cosa(z-1)dz = - 2nu1ﬁ1ﬂzé(a) + “‘ﬁ‘ [m[ av;]
1 ax | x=0 ”1!?1 + “zﬁz "N “2(?2 1 3x |x=0

1 1

, . R 2#;6182 aV; T cos(tzl)sint
x sintaz)sina dz + TN 75 F T x=0dz > p dr
Hyl?y Hal?2° 1 0 BZ(T)(T —_a)
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Taking inverse Fourier cosine transform with regpect to 2z, we get

av’, C 2ipk Kk e}
[a 2] 0 = " k‘ =2 = %Jm ._T?_%_‘_-ﬁ— cosa(z-1)da x
L R Ho¥y TR o Py Hl%

Im[ av;] ' ' 4 Pﬁﬁiﬁz ‘ Im av;
_A8in(au)sina du + — cosa(z-1)da [ ———] _~du
J1 63 1%x=0 2 o(p‘ﬁ‘ f,uzﬁz) 1 ax |x=0

_x-r T °°5(T:’Si:T dr (4.10)
0 B, (x) (%= o) :

Thus substitution of equation (4,10) in equation (3.3) with the aid of
equation (3.6) ylelds

s 3 x
2y1k‘ lkzx 41“1k1kz e ° coslav)sina
e + : dat
+ k wlu k + 2 k)
11 "2 2 1 2 22 |q a ﬁz

Vi (x,v)=
2

R e i o -
Mil

1 cos (av) o ov; ‘ - 4
+ ;’ o sin2a da Jé[ 8xz]x=0 sin(au) du - —hx
0 Bz(“131+ “zﬁz) ! T

B_x : ; _ , ' ,
a e 2 cos(av)sina A sipa do’ v . '
’ dex P Z x| x=0 sin(a’u)du +
0 “Bz 0 (y161+ uzﬁz)(q — ot I

3 X

2
apl 819

cos (av) T sint | S
* — — coéd<dafw P drfm['axz]x=ocos(ru)du—
4 o (y1ﬁ1+ pzﬁz) - J0 ﬂé(r)(r - a’) 1 . ,

- dat
v ’ 2 2
T Jo A, o (BB TH B, ) (ot — a” )

3 x ' e
B " & % costav)sina ‘ 3,1, do’ fw T sint it x
OBZ(T)(TZ— oy
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( av;
xfj[ % ]x=ocos(ru)du {4.11)

where ﬁ; and B;-are obtained from 61 and Bz by replacing o by o’

to solve equation (4.11) iteratively, we take the

Now

firgt iteration asg

3. %

-2u k ik x 4ig k k 2 o
Ve (X, V)= t 1 . oz, 11 2 e cos (av)sina dox (4.12)
2 yak1+“zk2 n(“1k1 ¥ pzkz) o 3
o 2
av; 2ik2u1k1
i.e., [ ] A T —_— (4.13)
ax | x=0 p‘k1+p3k2

The asymptotic evaluation of (4.12) for large values of x by the

method of steepest descent yleld the first iterate as

1/2

-2u Kk 2k, ni/‘4 ik, X _
v (x,v)= — 2% | ¢ _ , e e (4.14)
2 d ok otk

1 1 2 2 -TX

’ ’ oV’
The second iterate is obtained by inserting the wvalue of [5§£]x=0
given in the equation (4.13) on the right hand side of equation (4.11)

and using the results

Jm sin(az) dz = cosa and Jm cos(az) dz = né(a) — sina
1 o 1 al

and then evaluating the integrals on the right hand side of (4.11) by

the method steepest descent for large value of x. Thus we ocbtain the

second iterate as

1/2

-2y1k1 (1—Mip k k2 ni/a 1kzx
vetx, vy — 2t i 2[1— T ‘k‘) e e (4.15)
Hy Ry TH2 2 Hy¥a TH%) L -2r x
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where M is gliven in (4.8)

Thus from equation (2.5a) and (4.15) we get

—ikzx . ;uzkz—p1k1 ) 4y1k1 [ ~ (1—M)p1k1
“1k1+“zkz “1k1+“2kz “1k1+P2k2

A

£

v (x,v)=e
2

(4.18)

" 5. Numerical Results and Discussions
To investigate the nature of the motion, we have evaluated numerically
the increment in amplitude due to the step for both transmitted wave

and reflected waves. The results are shown in the form: of graphs
showing the variation of I;Avrr with kz for different values of yz/y1

in Fig.2 for ‘transmitted wave and the variation 4{-x AVZR with kz in

Fig.3 for reflected wave, where

2u_ K ' Ho k- k
AV1T = l Ve | T Rk iyzk and sza = 1 Vg - “2k2+“1k1
114 "2'2 - Tas Tz e

where Var is the reflected part of v; .

The value of -I; Avrr is found to increase gradually

with the increase in the value of yz/,u1 and for all values of'pz/p o

it is foﬁnd that the maximum value of I: AVfr occurs at k2 = 0.75. It

is also observed from Fig.2 that I; AVfr is positive for all values of
kz and 'yz/p‘, that is the amplitude of transmitted wave is always
greater than that of transmitted wave in the absence of of the step.
Moreover, with the increase 1iIn the values of kz the graphs show an

undulating character with decreasing amplitude.

From Fig.3, we see that the Qalue of - X AV2R gradually decreases with
the increase in the value of,yz/u1 and shows a gradual increase as the

value of k2 increases.
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