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' FORCED VERTICAL VIBRATION OF TWO RIGID STRIPS ON A SEMI-INFINITE
ELASTIC SOLID '

1. INTRODUCTION

The study .of the effect of vibrating source of .pressﬁre  in
different formé on the surface of an elastic medium is almost
classical. Reissner (1937) and léter 'Millar and Pursey (1954)
treated the cése of a uniform vibrating. pressure ‘distribut}on
applied "to a circular region on the surface of an elastic half-
~space. The ‘problem of most physical interest occurs when
.diSplacement corresponding to iIndentation by a rigid bddy are
prescribed over a glven region and the surface traptions outside
the region éré zero. Analytical treatmen£ on the dynamical
response of footing and soil structure Lnteracéion are usually
avajilable in the lftérature oﬁly for° clpculaf ana elliptical
footings anﬁ infinite strip loadings. 'Such pesults are 1mportant~
in view of .their appl;catlon_ in the design. of foundatiohs for
machinery and:buil&ings; also in the study of thé vibration of
dams and large structures sﬁbjecfed to earthquakes. Awojobi and
Grootenhuis (1865), Robertson (1966), Gladwell (1968) and.athers
have considered the problem of_ciréular footing iﬁ detail. Rof
(1986) considered the dynaﬁfc response of an ellfiptical footing in
frictionless contact with a ﬂomogeneéus eiaétic hal f-gpace. Fop

low frequency, both wvertical and horizontal wvibration were
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treated. Low frequency solution for the vertical, hori;ontal and
focking vibration of an infinite strip on a semi-infinite elastic
medium has been obtained by Karasudhi, Keer and Lee (1968) by
reducing the governing duai integral equatiohs into a single
1phomogeneéus Fredholm equation of the second kind. Wickham (1977)
however removed the flaws occuring in the above paper ‘and worked
out in detail the problem of forced two dimensional oscillation of
a rigid strip in smooth contact with a semi-infinite elastic
medium using a different technique. To improve the dynamic models
of bulldings and other structures, it will be fruitful to have
analytical results for foundations of more complicated nature. In
this paper we have considered the problem of vertical vibration of
two rigid strips in smooth contact with a semi-infinite elastic
medium. The problem is-also important in view of its application
;n the study of the vibration of an elastic medium caused by the
running wheels on a railway track. The résulting mixed boundary
value problem is reduced to the solution of a triple integral
equation which has further been pgduced to the solutidn of an
integro differential eqﬁation. Finally iterative solution wvalid
for low frequency has been obtained. The integral equation was
solved in a ﬁanner similar to thaﬁ employed by Lowengrub and
Srivastava (1868) 1in solving static problems for two coplanar
cracks in an infinite elastic medium. Jain and Kanwal (1872,1972)
also used the same technique to solve the problem of diffraction
of elastic waves by two coplanar Griffith cracks and also by two

coplanar rigid strips Iin an infinite elagtic medium. It may be
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mentioned in this connection that recently Itu (1980) has also
solved the problem of diffraction of SH-waves by two coplanar
Griffith cracks in an infinite elastic medium using a different
technique.

From the solution of the integral equation, we havg found ou£
stresses just below the strips and also the vertical displacement
at point outside the strip on the free surface. Finally, ﬁaking
the distance between the strips tend to =zero, we‘have found our
results becoming idetical with the results given by Wickham (1977)
for the vertical vibration of a single strip on a semi-infinite
elastic medium. Low frequency-solution due to antiplane motion of

two strips on a "semi-infinite elastic medium has also been

derived.
2. FORMULATION OF THE INPLANE PROBLEM

yet us consider the normal vibration of frequency w of two rigid
strips Eaving smooth contact with a semi-infinite homogeneous
isotropic elastic solid occupying the half-space -w{X<o , Y20 ,
~a<Z< . It is asgsumed that motion 1s forced by prescribed
displacement distribution. voeA&n .normal to the two infinite
strips located in the region —aSXSfb , b=<X=<a, Y=0, |Z|<m (Fig.1),
where Vo is constant. Normalizing all lengths with respect to a
and putting b/a=c, we find that the.rigid strips are defined by
cs|x|=1, y=0, |z]|<co. ‘

Suppressing the time factor édun through9ut the analysis, the

displacement components can be written as



vY

Fig 1. Geometry of the strips .

\
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: .

ulx,y) = 5% - g—’;‘-

vix,y) = % + % (1)
wix,y) =0

where the displacement potentials ¢(x,y) and w(x,y) satisfy the

Helmholtz equations

2 2
ax oy
(2)
2 2
ax By
where k% = o%a®?/c? and K2 = w?a%/c2%.
1 1 2 2
Consequently, the values of stress components =T y T and T
xy Yy Yz
are
2 2 2
T “[261¢+6w_6w]
i axay ax ay
2 2
T o= —p[[ K2+ 2a—z]¢ 22 v ] (3)
Yy ax axady’
T =0
zy
The boundary conditions are
vix,0) = v , cs|x|=1
T (x,0) =0 ’ |x|<c ’ |x|>1 : (4)
Yy
= 0 , ~o< X <o

T (x,0)
xy
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Solution of the Helmholtz equation given by (2) can be written as

o]
¢ = J A(E¥) exp(ifx - yiy) d¥
e o
(5)
o ‘
w = J B(¥) exp(ifx - yzy) d¥
-Q0
where  y. = (€F-kYE L gfzk
j=1,2 (6)
=—i(kj-:2)"2 , |E|Skj ,

and A(f), B(¥) are unknown functions to be determined from the

boundary conditions.

Using the last boundary condition of (4) it can be shown that

—Zif)’1
B(¥) = - A(E).

£ +tu7,

Now the displacemeﬁts and stresses glven by (1) and (3) become

[0} 27;72
ulx,y) = I if[exp(—y1y) e exp(-yzy)]A(E)exp(ifx)df (7)
-0 I +r
2 .
© 2&2
vix,y) = —I yi[exp(—y‘y) - =2 exp(—yzy)]A(f)exp(ifx)dE (8)
- I
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2
«© 2 2 4% Y7,
T (X,y)=-pu [(k 287 Yexp(-y yl+ exp(-y y)]A(E)exp(iEx)dE
Yy - 2 1 62_’_?/2 2
2
(9)
©
Txy(x,y) = pJ Zifyi[—exp(—yiy) + exp(-yzy)]A(E)exp(iEx)dE (10)
-0 .

Next using the fact that A(F) 1is an even. function of ¥, and
putting

(22%-k2)% - 4ry v -
P(F)Y = — ACE) (11)
2% -k

the first and second boundary conditions given by (4) lead to the

following dual integral equations in P(f) :

me(E)cosfx g = 0 , |x|<e » |x]>1 (12)
o
2
Yskz . . 1
P(Z)cos¥fx df = 5V »  c=|x]=1 (13
2 2.2 2 o A
o (2F _kz) - 4F vy,

3. SOLUTION OF THE INPLANE PROBLEM

Let us consider the solution of the integral equations (12) and

(13) Iin the form
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P(£) = Jﬁx f(x*)cos¥x dx (14)
e 1 4 E S 4

where f(xi) is an unknown function which will be determined.

°

The relation (12) is therefore satisfied automatically and the

equation (13) becomes

2 r‘k: t

x f(x7) cosfx cogfx dfdx = = v

1 1 2 ,2.2 2 1 1 2 o
< o (2F -kz) - 4¥ vy,

y co=|x|st (15)

Using the relation

g

2 2.1/2

.sinfx sinfx1 Ix Jm‘ wao(Ew)Jo(Ev)dwdv
' o (x“-w) "% (x

2 2. 41/2
o -v)

i

the above equation converts to the form

d 2 3 o wv L‘(v,w)ldwdvdx1 1
—_— - - = <l <
de4x1f(x1)8x J I 2 2. 41/2, 2 2 _4-/2 2 vo ! c_lxl_l (16)
¢ 1Jo Jo (x"-w") (x‘-v )
where
2
L (v,w) = 1t J (Fw)d (V) d (17)
s 2 2 2 2 o Lw ) Lv £
o (2F —kz) - 4§ vy,

By a simple contour integration technique done in the appendix-A,

L1(v,w) can be written as
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>

2 <1)

2,272 2 2
2 (1-n") (2n " -77) Ho (k177W)Jo(k177V)
Li(v,w) = -iT P < 3 — dn -
o (29" -T7)" + 16n (n"-1) (")
: T M- @Y% B Y (k pw)I (knw)
. 2 (8] 1 o 1
—417-[ ‘ 2 2. 4 4+, 2 2z 2 dn +
o (2n" -t7) + 160 (" -V " -n")
(n°-1)*2 H;“ (k) J_(k pv) -
it 5 ’ (udv)
Qo(n) 77='r°
g2 2 1 (1952 H Pk pwdI_(k av)
sl B — an
16(1-77) ji=o Yo . n—'rj
2 v (r2-p*H*7% H*? (k Wk v
+
X SJJ r— dn | +
1=0 o] n -7,
j
-2 H'Y (k nw)J_(k pv)
. o 1 o 1
it 5 y (w>v)
Qo(n) n=T
(18>
where 7=k /k =¢ /¢, Q () = (29°-22)2-4n? (R*-1)*" 2 (p%2-2%)"%
2 4 1 2 o
and L is the root of the Rayleigh wave equation Qo(n)=0. T T,
are the roots of the equation (2nz-rz)z+4n2(nz—i)*/z(nz- 2yt 2.0,

Q;(n) denote the derivative of Qo(n) with respect to n and

e
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N

(272-7%) 4T§(T§—1)

, S = — ’ (i, j=0,1,2 and i=xj).

p. =
) 2 2

(/. -1t)
e

i 2
U(T_ Ti)

Cre N s

The corresponding expression of Li(v,w) for w<v follows from (18)

by interchanging w and v. .

For. poission ratio o=1/4, the values of =, T T, and T, are

given by
2_ 2(i-o0) _ 2 _ 3 2 _ 3 2 _
T g T 3, TS ————= ' T, 3v5/I3Y and 72-3/4.

(0.9194)%

Hence in this case T <t <i<t<T

2 1 o
Substituting the series expansion of Jo( ) and H;i’( > and
evaluating the integrals arising in (18), we find after some

algebraic- manipulation details of which are given in the

appendix-B
Lvow = 2 22[[yeiogck w2y - Tm s N - POV 2 00T b ook®)
s 7 n L4 g 1 2 4 1 g 1 1
y W2V
-2 2 [er0gk vizy - Bi)m e N - POTED 2 0T v o
T 1 2 4 a 1 1
y W<V (19)
where » = 0.5772157......... is Euler’s constant,
M= - "7 A (20)
4¢1-7%)

- T. T,
)=1 J J

2 I<1—r?) ) I(i—r?)
N = —"  |slogtass) + ¢ P, 3t 3

an ————
32(1-7%)
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(1‘2-1.) P 2 (‘rz-'r?) . (r? -‘rj)
- X~ ° | - p S s 3
P, .~ log 7, + (To 13 + z sj - tan —
o i=1 j i
4(TZ—TZ) L I(TZ-TZ)
- so"_—?;—-_ log - ’ . (21)
_ T 2 1 2 z % 2
and P = — E pls-7T | +%¢ s.—-'r‘] . (22)
32(1-1%) | oo 142 ) jeo L2

Now differentiating both sides of the relation (15) with respet to

x we obtain

| 2 yxkz
J4x f(x") fcosfx sinfx d¢dx = 0 , c=|x|=<t.
1 4 2 2.2 2 1 4 :
c Jo (28%-k20% - ag%y y, .

Following similar procedure as done for dériving equation (16), we

obtain
' X £ (x%) wv L_(v,w) dwdvdx
1 _ 2.9 1
x‘r — - dx = de f(x )—J_ I
2 2 1 W72 (g2 -y2,)172
c- XT-x - (x"-v™)
1 1
, c<|x|=1 (23)
where

r» 2 7 (kDK |
L (v,w) = £ - J (Ew)J (Fv) df (24)
2 o o]

o (2£2
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For small values of k1 and kz such that k1=d(k2), we use the

contour integration technique mentioned above and get

. , (1-n2)*"2 (20272252 H;"(k‘nw)Jo(k;nv)
L (v,w)= 2ik% (1-7 )14 — — T dn +
o (2" -t7) + 167 (n - -p)
. 4 2 2 2 1/2 [F U
2 2 [T 29 (T -1 (" -n™) Ho (ktnw)Jo(kinv) .
+ 41K2 (1-T) —— 2 dn -
o (202 -t5)* + 16t (P2 -1) (%2 %) :
) ) o -1 Héi)(k;nw)J (k pv)
- 2rik (1-7) _ ° 2
Qo(n) s ‘ nzfo
y WOV (25)

By the procedure similar to one which led to the equation (19),

(25) can be written as

Lv,w = - 22 (1-2%)%%10gk  + o(k?) (26)
2 TT. 4 1 4 .

where P is given by (22).
Now let us consider

£(x2) = £ (x2) + kKZlogk f.(x2) + o(k®) (27)
1 o i - 1 1 1 -4

Putting the above expansion of f(x:) and the value of Lz(v,w)
given by (26) in the equation (23) and equating the coefficients

of equal powers of k1 we get
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xlfo(x‘) :
Jd ————dx =0 ' c$|x|51 (28)
2 2 4

c X -x1

x‘f‘(x1) ' 4pP 2 [* 2
and J4 —_—— dx = - —/— (1-71 )I x £ (xT)dx , cS|x|51 (29)
2 2 1 n 170 T4 1

c X -x1 ]

K]

Following Srivastava and Lowengrub (1968) the solutions of the

above Iintegral equations are

fo(xi) = ) D (30)
(1")( )l/Z(XZ_CZ)l/Z
1 1
and
o y2-c% Y2
t, (x3) = g PD(1-72)| 2 " B (31)
1- x (1-x:)"2(x:-c2)"2 :

where D and B are constants which can be calculated as follows.

We substitute the value of Ll(v;w) from (18) as well as the
expansion of f(x:) obtained from (27) in the equation (16). When
#he coefficieﬁts of like powefs of k1 from both sides of the

resulting equation are equated we get the followling results :

d 2.9 * ¥ wv 2 2
—] x f (xT)e—rn =T ¥+log(k v/2) -
dx 1 0o 1 9x 2 2.1/2, 2 2. 172 T 1

c 1Jo Jo (x -w) (x‘-v )

- El]n + N ]dwdvdx1 =

> v, y VOw , c=x|=t (32)

Nj -

and
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d 2.8 wv ' 2 2 - :
a;]ix £ (x )_—-J I e [Ey+log(k1w/2) -
- (xl-v )

2 wv(w +v )dwdvdx

- né]M+N]dwdvdx - 5= 5_ x £ <x2>2—i[ I
1 T dx w2y 17242 2,42
- xi—v )
=0 ’ vow , cSleSl (33)

Next, putting the values of fo(x:) and fl(xi) from (30) and (31)
in the above two equations and integrating, the values of D and B

can be obtained as :

Vo >
D = (34)

272[(y+log(k1/2) - % + log(1- cz)"z)n ¢ N]

2 2
2.2 (1-c" Y (1-7T7)v
ana B =2PFP [ Laiee®y - ° ] (35)
v 2 2
e D

We can now obtain the~§alues of the vertical displacement in the

plane y=0 from equations (8), (11) and (14) as

v, kz cosfx‘cosfx
2'[4x1f(x:)J.co oz 2 2 dfdx1
e o (2£7 -4y v

1" 2

v(x,Q)

wv L (v,w) dwdvdx

23 rx f(x I J 2 14/2 2 2 1412
X c - (xi-v )
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3

Next putting the values of L‘(v,w) and f(x:) from (19) and (27) in

the abave equation, we obtalin,

- 4 2 ' _mni d 2
vix,0) = &g [{[ rriogc sz - S e Sl 0b

X % vw dwdvdx
a i . 1
x »
ax 2 2 12 2 2.1/2

1Jo Jo (x -w) (xt-v )

logv , vo>w
v
logw , v<w

w
2.4 2.4
e ) ke (x® 9 t dwdvdx | +
dx 1 0 14 9x 2 21,2, 2 2 4i/2 1
e 1Jo Jo (x -w) (xl-v )

472k% 10gk
1 1

i d 2
+ —_— [{[ y+log(k1/2) —§}M + N} a;JZx1f1(x‘) x

3 X X vw dwdvdx
<5, 1. :

X L, 2 2.4/2 2 2.1-2
1Jo Jo (x"-w") (x " -v?)

logv , vo>v
wv
o _logw y V<W

2.3
N - R T - dwdvdx, | -
dx 14 1 9x 2 2.1/s2, 2 2. 4-2 1
c 1Jo Jo (x -w?) (x1-v )

) 2, 2
) <2 b d J‘x ; (xz)a Ix I"‘ wvy (W +v) dwdvdx1 (36)
2 dx . t'e +9x ), ), (xz_wz)s/z(x:_vz)1/z

Substituting the values of fo(x‘) and ft(x1) from (30) and (31) in

(36) and integrating, the equation (38) yields after some
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algebraic manipulation

2 2 2 2 2 1 fc2-x21?
v, o+ 2Mr [D+k‘logk1{B+ Z(1-v*)(1-c )PD}]sinh‘ [ ] -

»v(x,O)

1-cz

_ 4T MPD(1-1%)

= kI logk [(1-x®)(c*-x®)]"* + ak?) , |x|<c

=v_  es|x|=1 ~ :

2 z. 2 2 zb x2-1y"*
v+ 2Mr [D+k logk {B+ Z(1-v%)(L-c )PD}]sinh_t[ ] +
o 1 1 T 1-o2

. 4t2MPD(1-72)
T

w2 2 2 2.q1-2 2
k‘logk1[(x -1)(x"-¢ )] to(kl) |x]>1
(37)

Thé normal stress Tyy(x,y) in the plane y=0 Just below the strips

can be found from the relation (3), (11) and (14) as

. Tyy(X,O) = Zqu x‘f(xl)dx“[00 cosfxcosfxidf
. . [~} o . .
Using the result
Ex d& = T s(x]-x )
. cos{ xcos{x ¢ = > | x| .

and the value of f(x:) given by (27), the expression for stress

becomes

E]

_ 2 2 2 2 ‘ _
T, (%00 = nyjix1[fo(x1)+k4logktfi(xi)+o(k1)]6(|x| x ddx
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Substituting the values of fo(x:) and f1<x:> from (30) and (31)

respectively and integrating we finally obtain,

T (x,0) = "“lxl
Yy [(1—x2)(x -c

2 2 X —C
_ D+Bk? logk ) +4u| x| DP(1-7 )[ 1 2]

]1/2 (

)

x kXlogk, + o(k’) , c<|x|=1 (38)
: 4 1 1

Now putting c¢=0 in (38) we can obtain the normal stress for a

single strip, |x|=si, y=0, -w<z<w as

T (x,0) = ":Dhq + g — kflogk1[4P(1-rz>Dx2+n3] + o(k:)
i (1-x%) (1-x%) :
Yo
where D = 3 - —1
2t [Cy+log(k‘/2) - _EJM + N]
2
} 272 D%P 1 (1-7 )vo
and B = ———— 5 - —
v 2 2
.o Tt D
2 . 2 2 o, 2
Substituting A°=v°/n D , B°= -t /2rn(i-t7) and Bz= -P/n” as

done by Wickham (1877), we get

HV 1 (1-2x%)

2 2
T (x,0) = {l-ﬁ k™ logk [ —t ]} + o(k?)
Yy nAO(l-xz)‘/z 2 2 2 Ab Bo 2 ,

which coincides with the result obtained by G.R.Wickham (1877).



72

4 FORMULATION AND SOLUTION OF THE ANTIPLANE PROBLEM

For SH-wave the displacement and stress are

WiX,y,t) = wix,y)e *®*
_ v
and ryz(x,y) = ugy

As in the previous.case, we write the above expressions as

o
wix,y) = I Q(E? exp(i¥x-y y)dr (39)
¥ 2
=0 2
@
and Tyz(x,y) = -pj Q(E)exp(ifx—rzy)df (40)
-00

where Q(¥f) 1is an unknown function to be determined from the

boundary conditions
wix,0) = w . c<|x|=1t (41)
Tyzfx,O) =0 , [ x}<e , |x|>1 (42)

where wo is constant.

From equations (39) to (42) the following integral equations can

be derived

00 W
B cosgx df = 52 o< | x| =1 (43)
rd 2

<4 O 2

rm .
Q(¥) cos¥x d¢ = 0 , [x|<c + |x]>t (44)

Jo
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Substitution of

- 2
Q&) = J: x‘g(x‘)cosfx‘dx‘ : (45)

satigfies equation (44) automatically and equation (43) then

yields

1 xig(x‘) 1 .
I Jj — cosfxcostx‘dx1 =3 W, cs|x|51 (46)

< 2

which can be written as

2 3 wv L (v,w) dwdvdx1 1
— = _ < <
E_Jix B (X )ax I J w172 (x2oy2y12 2 Yo ! C—le_i €47
1

where

I (EwW)I (Ev)
L (v,w) = r b hd dg
L]

Y2

Integrating along the contour as shown in fig.2 and putting E=k2n
the above infinite ‘integral can be reduced to the finite integral

given by

(1)
(kznw)

1 J (k nv)H
L (vyw) = iJ dn , "D AY
3 2.4/2

o (1-7)

2 . 1/2

J (kpw)H P (k nv)
= ir 2 2 2 2 dn , wlv.
o (1-n%)



4 Im &

T4

Fig- 2. The contour of integration to evaluate L,(V,w)
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For low frequency, kznw and kznv are small. So expanding both the

Hankel function and Bessel function for small values of their

arguments and integrating term by term, Qe obtain finally,

i _ _ 1 2 2 .2 2
Ls(v,w) [Z— r e log(kzw/A)] + E(w +v )kzlogk2 + o(kz)

K]

’ w>v
i _ 1,2, 2 .2 2

= [E_ ¥ log(k?v/4)] + g(w +v )kzlogk2 + o(kz) y WXV

(48)

Next, Differentiating equation (46) with respect to x and

proceeding as the previous case we get

X g(xz) Y wv L (v,w) dwdvdx -
T 1 2.8 1 4 1
X —_dx = X gix )e—oo
2 2 1 1 1 dXx 2 2.1/ 2 2. .12
c X —x1 c 1Jo Jo (x -w ) 7. (x1-v )
’ cSlxlSl (49)

2
‘where L, (v,u) = E [g - ]Jo(:w)Jocfvmz

x|

By the procedure similar to the one which led to the derivation of

equation (48) from the corresponding infinite integral, we obtain
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L (v,w)
+

2 (1)
—1k2J4 n Jo(kznV)Ho (kznw)
2

dn
o (1_n2)1/2

1 2 2 :
=5 kzlogkz + p(kz) (50)
Now considering the expansion for g(x:) as
2, _ 2 2 2 2
g(xi) = go(xi) + kzlogkzgi(xl) + o(kz) (51)
and substituting g(x:) and L4(v,w) ags given by (51) and (50)
fespectively in (48) it can be shown that |,
2 Dz n
go(x1) - 2.1/2 , 2 2. .4/2 €523
(1—x1) (x -¢)
LN SR SRS I B,
and g (x°) = - 5 : - + - . (53)
t ot 1= %3 (1—x1)1/ (x5-c®

where the constants D1 and B1 obtained from the equations (47) and

(48) are found to be equal to

e} O

W
T

(54)
n[y+logtk /4) - + log(1-c"%]

o
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an . (1—cz)w°
and B = - (1+4¢”) - ———— = (55)
1 4w° ers

The wvalues of the stress Tyz(x,y) and displacement w(x,y) in the

plane y=0 can be found from equations (39), (40), (45), (51) to

(55) and are

— 2 nplx'D1 W2 - o212
. (%,0) = T (D,*B k2 10gk ) + 5 [ ] x
y= [(1-x*rx®-cH]* "t * 2 2 1-x*

x kZlogk, + o(®) , c<|x|st (56)
2 2 2 -

and

wix,0) = w, - ﬂ[D + k- logk { B - D (1-c*)/4 }]sinh“[c ‘X] -
o 1 2 2 1 1 .

nD
1 .2 2 2 2 442 2
-~ - kzlogkz[(i—x ) (™ -x")] +oo(ky) [x]|<e
=W c$|x|51
af xP-*?
= w - rc[D + K2 logk { B- D (1-c%)/4 }]sinh [ i ] .
o 1 2 2 1 1 2
i1-¢
nDl 2 2 2 2 172 2
+ 5 kzlogkz[(x -1)(x" -¢c )] + 0(k2) ’ |x|>1

(57)
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S. NUMERICAL RESULTS

The vertical and the +transverse disgplacement fields for tHhe
- inplane and antipléne problems respectively for points neér about
the rigid strips have been depicted by means of graphs (fig.3,4)
for the Poisson Solid(12=3).»lt is interesting to note from the
graphs that the real part of the displacements decrease with the
increase in the value of k2 in both the cases.

Further the graphs (fig.5,6) of the stress factors

2 2 2 1/2 2 2 2 172
T . ((l—x Y(x“-c )) T ((l—x Y (x -c )) g
*-Re Yy and T =Re| X2
MY 2 M

versus dimensionless distance x for the inplane and the antiplane
problem respectively have been plotted for points Jjust below the
rigid stripg. In both the cases the magnifude of the stres§ factdr
are found to increase as one proceeds from the inner to the outey

edge of the strips.
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APPENDIX - A

CONTOUR INTEGRATION TQ EVALUATE L (v,w)

The kernel Ll(v,w) given by equation (175 isg

>

2

| ngz | ' B | '
Lo(v,w) = : - J (Fw)J (Ev) dE (A1)
1 2 2.2 2, o o .

o (2fv—k2) - 4F vy, o : :

Let us consider the following two integrals

Y. Kk . : ‘ '
1 = J 1 2 H;1)(Ew)Jo(fv)AdE , WDV L AD)

y1k: | (2) ' ‘
I = ' H (Fw)J (Ev) d& ., wov . (A3)
2 (zfz_kz)z _ 452- o) o N
C 2 Y2
2
where C. and C_ are the contours of integration of f1 and 1
respectively as shown in fig.7.
Branch points corresponding to v, and v, are E = 4_~k.1 énd 'f'z-ikz

and the pole k, is the root of the Rayleigh wave equation

2 2.2 z _
(2£%-%2) 4%y v, = 0

Integrating I1 and Iz aiong fhe contours C1 and C2 respeciively we

get,
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] _ Re &
K, K

Fig. 7. T’he-C,Ontour_ of integration to evaluale Lo(uw) .
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R T z 01>, . .
y kK H (Fw)J . (Fv) ir kU H Cinw)J _ (inv)
[lose ot w oo e o T
o (2§ -_kz) - 4¢ r.r, o) ,(277 +k2) - 4F ror
) o, 2 (1) .‘ ] 2. .,01) :
' k‘ 17132 HD (Ew)Jo(fv) | kz_yik2 Ho (Ew)Jo(Ev)
* 2 2.2 2 T K 2 2.2 — ~ df 4+
o] (2F jkz) + 4F vy, k1 (2¢ -kz) - 4ir Y.y, :
2,01 2 01 .
\ iJk‘ Y;kz H0 (§w)J0(fv) o _Asz y1k2 H°, (Ew)Jo(fv)A "
2 .2.2 .2 ' ! 2 2.2 2 ‘
DE“ - - .
p.. (2¢ kz_) + 4¥ v, . k1 (2f kz) + 41(_;41;/2
oy (k) kEHIPT(k w) T (kv
= 2ni 5 . (A4)
@ (kR)
and for conton_Cz':
y K HZP (wJ &w r K2 H2 (—igw)J (-ipv)
rm 1 2 O o g - JO 12 o o dn =0
2 2.2 2 2,,2 .2 2
o (2F kz) 4E r,r, o (2n +k2) 4 r.r,
(AS)
t 2 _,2,1-2 C_ z__2.1/2
where v, © (k1 ) ’ .72 (kz EF7)
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r = (n2+ki)1/2 , r = (T) +k2 )1/2

2

_ 2 2 _ 2
P&y = (&K - 4%y g,

where kR is the root of the equation ¢() = 0.

Now, using the results

(2) . R 3 I P _ _ A - . :
Ho (-inw) = Ho (}nw) and Jo( inv) J°(1nv)‘

in (A5) and then addition with (A4) yields

2 21/2 2 (1)

. k, £ 22 I vy
L’.(V,wl) = _iJ 2. 1/2 2 2 1/2. df -
o (2r2 -—kz) + 422 (2 %) (kZ )
K2z®E? -k 2 Ez 2 4 sudd (E V)
N 2 2 o] . [s} .
—AIJk 2 .2 2 2 az + .
K (2r? ‘v 188t K2 (K2 -£)
=322 1Y (kg (k_v)
+opi 21 2@ R 2 : (AB)
¢ (k)
Putting ¢ = kin y T = kz/k1 = C"/c2 and after simple calculation,

(AG6) takes the form
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2 .1./2 . 2 2.2 (1) - .
: o[t (L-v") (20 -t Ho (kinw)Jo(kinv)_ B
Ll(v,w) = -iT T P —— ” > — ’2 e dp -
o (2n"-77)" + 16n (n - (" -p7) .
T AP0 EE-RHY? BV (k)T (kpv)
2 o 1 o 1. R
m4iT I 2 2.4 : 4 ' . dn +
o (20 - + 160 (n°-1) (¥ %)
_ (ne-1)"? H;i’(kinw)Jo(k;nv) _ .
it - ’ (w>v)
Qo(n) | n=T
(A7),
where  Q_(n) = (2027212 - 42 (-1 (% %)Y and 7_ . 1s the
root of the Rayleigh wave equation Qo(n) = 0. Qo(n) denote the:

derivative of Q_(n) with respect to n.

Next taking

Ao(n)ﬁ<2n2—rz)‘+1en‘(nz—i)<r24n2) = 16(1;12)<n2-rz)(nz—rj>(n?—f:),

T T, being the roots of the equation

2 12

(an-rz) + 4nz(n2—1)

2_ 2,2 P P, P
and ‘ (2n -1 - °c . 1L, 2

2 =2,, 2 2 2_2 _ R B
(n -To)(n —ri)(n Tz) Som T n -7 n T,




'lmz (772—1) g - %o Sy 2

(nz—Tz)(nszj)(nz—rz) n —TZ n -T n -T

so that . )
J=0 : J=0 J
(272-7%) 4% (7% -1)
p, = - , s = , (i,3=0,1,2 and
j 2__2 j _
ﬂ(‘z’wi Ti) n(‘r )
i i

the equation (A7). can be written as

2.1/2 (1> p
H, (kinw)Jo(k;nv)

L (v,w) =
1 2 2
o n —rj

—i2 2 1 (1-n ).
.____'—2—. Z p'
16€(1-7°) | j=o '

.2 T (72-772)1/2 HY? (k nw)J (knv)
: o i o 1

+. s dn +
j 2 2

2 1./2 1) ) g
‘ (n"-1) Ho (k1nW)Jo(k1nV)
+rTlT -

Qo(n) -. ] n=t

e

i=j),

dn +

(WY

(A8)




.89

APPENDIX - B

EVALUATION OF THE INTEGRALS ARISING IN THE EXPRESSION OF Ll(v,w)‘
GIVEN BY EQUATION (18) '

Experssion of Li(v,w) is.

2 [ 2 ¢ (1952 H'P (k pw)d _(k nw)
_ ~it o 1 o 1
L1(v,w) = L pJ. > 3 dn +
16(1-77) ji=o Yo n -t
J
2 T (2952 H'Y (k pw)J_(k nv)
iy SJ o 1 o 1 dn .
- i 2 2 ,
~j=o “Jo n -7
) (n2-1)*"* H;“ (kpuwdJ_(k nv) |
+iT ; : , (w>v)
Qo(n) n=T
(B1)
For low frequency i.e.,. for small values of the arguments kinw and

k‘nv of H;i)( ) and Jo( ) we get the following result

(1)
(o]

i

H o

. - 21 B 2, 2, 2,2,
k,nwdJ_(k mv) = 1+ — [log(k4nw/2) + 7] (w"+vTOk  logk +
+ 0k T (B2)

where 3 = 0.5772157........ ' is Euler’s constant.
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Substitution of this result in (B1) yields

Lov,wr = 2 2%[[pe10a0k wizy - Zilm e v = POy 0 T 4 oak®)y
a0 ! T v gixy 2) 4 08K, e
Ly WDV . (B3
where
2 1, 2.1/2 z T 2 _2.1/2
M = 1,2 pf(12>2 dn*ESJ (2 ) an| -
16 (1-77) ji=o Y Jo (n ‘Tj) j=0 o (p -T7))
: 2 12
L Y (B4).
Qo(n) n=T
2 1 2,172,
N = 1 _ p J (1-n‘) logn dn +
160(1-177) j=o V' Jo (nz—T )
2 T 2 2. 1-s2, , : 2_, \1v2
T .% J - (7 -7 : logn dn - n (n '1) logn (BS).
< j=o o -t Qo(n) n=T
I =2 L .2, 2202 o
16¢1-72) | j=o ' Jo (n*-z%) ~
2 T z(Tz_ 2)1/'2 : z( 2_1)1/2' : .
+ T s D n dn| - | 222, (B6)
i=o ! Jo (nz-Tz) Q (n n=t o
) ; o o



o1 -

The first integral of M can be written as

2 1 2 .,\1-2 2 -y 2 1-2 1 2as2
(L1-n") - (1-n°) _ (i-n")
> P,-J —2 2 9 = E P,-jr’ dn - P, dn

(B7)
where 72<71<1<T<T° and J; means the principai value of the
integral.

Using the results
1 2 ,1/2
J mz2) 4= -1 (a<1)
2 2 2 .
o 2" -a
1 2 .42 2 1-2
and , J -z ) dz = = - fa-t) = (a>1)
2 2 2 a .2
o a“ -z
in (B7) we get,
' : » 2 .12
2 1 2 12 p (r7-1)
(1-9") _ _m _ o o _ o
:. RiJ‘ — = dn = 5 4 e (B8)
j=o o (n ‘Tj) o

«. ™M N
I}
[«}
0
o
~
-~
~
N
I
N
N
\
N
[oR
3
1]
i
S
|
wn
~~
~
N
|
~
N
'
"
N\
N
—

(B9)
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Now, third term (denoted by Do) of M given in (B4) can be written

as

2 i/2

Do = - (n '1) ] . , ) B
Qo(n) n=T°
((202'7272+ 4nz(nz‘T?)1/2<nzfl)1/zj(02‘1)1/2
= - 7T v - . )
Ao (n) n=T
(B10)

where Ao(n) is the derivative of Ao(n) with respect to 5.

Let us consider

(nz-l)‘/z(an‘Tz)? C (nz-l)t/z(énz-fz)z

Ao(n) 16(1—12)(nz-Tz)(hz-T:)(nz-T;)

2_,\1r2 TP p p
(" -1) °. ., LS , 2
16(1-1t2) n°

Multiplying both sides of the above equétionvby (UZ‘TZ)/2U and

putting n = T, o+ Ve finally obtain,

(n2‘1)1/2(2n2‘72)1/z . po(Tz_i)x/z _ - K
T , : (B11)
n=T

A () 32(1-72%)
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Similarly,

: . e e g s (f2*12)1(2 .
,[ R SR N O O ] L 1,4~[, o o .]  (B12)
- - ) N 2 T s
s ) | n=T, 3d2dl-t) © |

A

Adding (B11) and (812),D; can be obtained as

1.2 L2 2. 4s2

e potrZ-i) s (ro -t o
Do * =l —= * = | (B13)
320(1-t7). o . o |- ' :

Using (B8), (B9) and (B13) in (B4), M can be written as
M=o —T— . ‘ | (B14)
' 4(1-77) ' ' ' L :

k)

Following the same procedure and using the results

N
N
N3

Y (1-22)""%10g2 | (1-a®Ht? . i (1-a2)77

+ lch] L (a<1)y

1 z. 1,2, ¢ 2 102 ; 2 1.2 - - o
J (-2 )~ logz 4, . Zfa 1) log{1+ LE——LL——} —-logZ], ta>1)
2 2 2 a : a ,

o a“ -z _ : S ,
2 2 .1/2
z (1-z")" _ 1 2 :

Jd — dz = 5 ( 5 - a ) y  (a<l)

o 2" -a




J‘ 2% (1-2%)*"

N
o
N
n
|
iR
~
N -
|
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a? + a(az-—l)‘/zv) , (a>1)

n[(nz 1/zlogn] ‘= ﬁ .
. o 2
Qo(n) n=T - 32(t T:

B 77z(n2_1)1/2- i o
7 _ ' R 2
Qo(n) n=T 32(1-77)

the values of N and P from

given by
_ 113
N = —— l4logb/tT) + E p
32(1-7%) ‘

p (r2-1'% g (r*-s%'*
o o o .
: + logr
T T o
) I - I o

[P T (#2172, 5 ¢ (Tz_f2)1/2]
o0 O - "o o o :

(BS) aﬁd.(BG) are evaluated and are

|(1 -2 ) |(1—r?)'
-1 3 ~
T

(2 -7%) T+ I(TZ-TZ) .
s ¥ 2 . log , ' (B15)

2 T 2 ’ p -
+ o osli -« (B16)
Tj] . i[2 i] . ;



DIFFRACTION OF ANTIPLANE SHEAR WAVE BY A‘PAIR OF PARALLEL'EIGID
STRIPS AT THE INTERFACE OF TWO BONDED'DISSIMILAR‘ELASTIC MEDI A

1. INTRODUCTION

The problems of diffraction of elastic wéyeé b& a cracks bf"by)
inclusions are Vof .considérable imﬁOrtance in view of fheir
application in Seismology and Geophysics. +he study Eecomes_ﬁoré
relevant if the cracks or inélusions are located at the intefface
of layered media. Following Mal (1970) low:fre§uency_solutionvof>
the interactioﬁ of antiplane shear wavesbby a Griffith craékvét
the _interfacé Aof' two bonded dissimilgr. half spaces has ‘been

derived by SfivasfaQa et al (1980%. Bostrom (19875 addptéa a
different ‘techhique to solve the same problem: .He_ fofldwed' a
procedure similar to that of Krenk and_Schmfdt (1982) and reduced
the problem to the.solutionlof a Fredholm integfal equation of
first kind with the crack opening diépiécemehf és tHe unkﬁown, Thé
corresponding érobfem of:diffracfionxof antiplane shear wave by a
finite rigid sfrip‘gt the 1n£erfade_has been treateq by Péléiya
and Majumder (1981). As regards the dynémic crack .or stpip‘
problems, research has mainly vﬁeen. confihed ‘to the QaseA of a
gingle crack or a strip because of the ~severe mathematical

complexity encountered in solutions for ‘two or more cracks or

ACCEPTED FOR PUBLICATION IN “ JOURNAL OF MATHEMATICAL AND

PHYSICAL _SCIENCES ", VOL - 25, 19©4.
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strips. Jain and Kanwal f19?2,1972) however presented :low

freqﬁency éolution. for the diffraction of eiastic waves - by”
coplanar'Griffith crécks and 3136 by th’coplanar rigid stfip3
located in an infinite isofropic homogeneousl,elastic 'mediuh.

Recently itu (1880) reconéidered tﬁe eléstodynaﬁic vproblem -
involving diff:action by two Griffith créqks in an infinite
elastic medium and wused -ax different technique to solve -the
problem. He expands the surface displacement in a series-;of
functions which is automatically zero'odtside of the cracks and
uses the Schmidt (1982) method to soiQe the resulting intéérafkw
equation.
In the éresent paper we have considered the problem of diffraCiidh .
of elaStic waves by a pair of coplanar-rigid strips between'twbr
homogeneous elastic half spaces for thejéase of'ankiplahe strain.-

The resulting triple integral equatioh_has been reduced to the

solutién of an integro differential equation,.apprdximate-éolution
of which has been obta;ned following fhe'mgthdd of Loweﬁgrub and -
Srivastava’ (1968i. . These solutions ﬁave been uSea to dbfain
approximate values.of tﬁe displaceméntrfield'and also‘the.stress
intensity factoré at the edgesg of the étrips. Makiﬁg the distance °
between the inner edges of the strips tend .to. zéto,_»the
diffractioﬁ problem for a'Sihglé rigid strip-haé been obtéinéd.
Even this resulﬁ of the limiting 'éase appears to have been

_presented here for the first-time.



2. FORMULATION OF THE PROBLEM

We consider the problem of low frequency scattering of"antiplane

shear waves by two rigid strips situated parallel to each‘other,

at the interface of two bonded dissimilar elastlc¢ half spaces. The

strips are located in the region —aSXS—b; bsX<a, 2=0, |Y|<w

(fig.l). Normallizing all lengths with respect to a and putting

b/a=c, we find that the rigid strips are defined by c5|x|£1;|y|<m,

z=0 at the interface of ¢the half-spaces: z<0O and 2z20. Let an

. :
antiplane shear wave given by voexp(imzz-wt), where m2=ma/c
. “2

14

time factor e *“* will be suppressed throughout the analysis.

non-vanishing components of’displacement'and'stresses are

v = v(x,z2)
T = T (x,2)
Xy Xy
and T =T (x,2z)
. vz Yz -
The boundary dondiﬁions are
v (x,0) = v (x,0) = -y
1 2 o
v1(x,0) = vz(x{O) y
P (x,00 = % (x,0
vz yz :
= + .
where Vo 2.uzm2vo/(u1m1 yzmz)

?

v, @ conétant,~be incident normally on the strips. Henceforth

es|x|=1
| x]<e, |x]>1
| x]<e, |x|>1

-and

‘the

The

(1)

(2)

(3)

(4)
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Fig.-l. The geometry of the strips .
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The displacement vj satisfies the equation

+ Iy m2v. =0 - (5)
2 b} -

where mj_=wa/cj (j=1,2),: cj being the shear wave .velocity; 'Thé
suffices 1 and 2 are wused to denote the véfues’.of 'ihe
corresbonding qﬁahtities in the “ubper Aand lower half-spaces
respectively. Uithout ény loss of generality we assume that éz>dl.

The solution of the equation (5) Can be written as

%(x,z) = JmAj(E)exp(-lezl)COsfx de - (8)
where g =E%-p®H)17?% | £>m, -
T j j
REETE I S T gm o (3=1,2), IS

A1(E) and AZ(E) are unknown functions to be determined from;thé

boundary conditions.

Now the stress component T is given by
€3>

T (x,z2) = (-1)ju_Jak.A,(E)exp(—ﬁ;lzl)cosfxdf (8
v= - iJg 4 i ' J _ : .

3. DERIVATION' OF THE INTEGRAL EQUATIONS

The boundary conditions (2) and (3) imply that‘v1(x,d)=vi(x50).f0r
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all values of x and thus from (6) we get
AE) =AY | (9)

~Again the boundary conditions (2) and (4) lead to the following

1ntegrai equations

JQA‘(E)COSEx a& = -v, c<|x|=t (10)

o .
Jj(p1ﬂi+pzﬁz)A‘(f)posEx & =0 , | x| <e, [x]>1 (1D

Putting (u B3+ B A (£) = PE) ; (12

the-equatidns (10) and (11) transform into the following‘sét'of

equations involving P(¥) :

r0o0

P(£) L
- cosfx df = -v , cf|x|=1 , (13
Jo “ﬂﬁ1ﬂﬁﬁz) : © » .
rCo . ‘ :
P(Z)cosEx d& = 0 | x|<es |x|>t (14)
Jo

4. SOLUTION OF THE PROBLEM

Let us consider the solution of the integral equations (iS)'&hd

(14) in the form
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P(E) = Jdtf(tz)cosft dt o (15)
(=3

where £(t% is an unknown function to be determined.

The relation (14) 1is therefore sgatisfied autcmatically and the-

equation (13) becomes

c

PR : :
I tf(t")Jm ‘(’°5§3"+°°;E;‘ dgdt = -v., e<|x|1 - (16)
o] px 1 pz 2 : :

Using the relation

sinf x 51ngt J J WVJ (fW)J (fY)dde
£* o

w2y 2 (42_ 2,172 (17
- Lt -v7y ’

the above equation converts to the form

4 > 5 wvL (v, w)dvdudt
S tf(t )—- = -v, , ec<|x|<1 (18)
dx at w2 1.2,,.2 2 12 o . :

o (x2- (t%-v*) »

, .' Jo(vf)Jc,(w:y' .
where Li(v,w) = [w dg (19

(“161+“2ﬁ2).

'By a simple contour integration teéhniqué.(Srivéstava et al, 1980)

4 Jo(m nv)H(l)hnnw)
o =

L;(V’W) = = 2 2 2,102
Hyldo (= - ! +p(1

T (T 47;2)"2.1 o nvIH S (mguy o
+ J _ - dn] , wiv (20D

. @i e
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where T = lflilm2 y M = ”2/”1' ‘ o
Substituting the series expahsioﬁ"of‘ Jo( ) and Hé”(, ). the
integrals afiéing in (20) have been eévaluated éésuming that 1< <u.
We find after:some algebraic manipulation,

Lv,w = —2_ _[fr10g(m wizy- Mo+ N - Lutev®y Rmzlogﬁ.- .
s n(“1ﬂ"z) : 2 " 2 4 2 2 _

+ o(mz)‘, wo v’
2

2

= y+log(m v/2)- lﬁ M+ N - iﬁii!_l ﬁméfogm +
'n(u1+y2) 4 ) 2 2
+ o(m®)y ,  w<v Co(2D)
where
’ L2 12
M = -(1+w) Jd dg + JT (T ‘fz‘)bl -df | (22y
_ ° 52)1/2 (1- fz 1.2 . P2(52'1)+(72‘fz) . A
e[ et [Tt o e ]
o 52)1/2 (1- 52)1/2 . “z (fz‘i)+(‘rz-fz _
L (23)
R = -(1+u) J1 fvzdf . J‘T .Ez (Tz-fz)i_/zdf (34
o FgH¥RpaeHE Jo B @t -n e |

Now M can be written as

M o= (Lo _“Jx (1- Ez 12 ag . JT _ (72‘5_2)1/2.015 |
. o -1+ (z%-¢?) o pZE?-1)+(z%-¢2
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2 12

) ;4 _. 24,2
= —(14 ] - M (1-F7) ¢ 1 (1-n) dn
(1—].12) T2 “2 2 (l—pz) 2 “2 2
: o —— ¢ °© 5.~ ™
1- u : T (1- )
Using the result
>y 2 . 1/72 2 1/2 4
J (1-z) 7" dz | 5,[ - o)™ ]_ (a>1)
2 2 : a
o a“™- 2z ) _
M can be finally expressed as
L. | '
M 5 . A v _ (25)
Similarly, using the results
1 2. .1/2 = : 2 12 2, 12 '
J (1-27) logz ,, -7 [ (a”-1) Iog[l , @ -1 ] = log2 ]
2. 2 2 a a )
o a -z .
y (a>1)
14 2 2. 12
J 2 (1-2 ') dz _ _ n [i ~ a2t a(a2-1y%72 ] . (a>D)
2 2 2 2

(o] a - 2z

in (23) and (24), N and R can be obtained as.

2 2 172 , 2 2.1-2 , :
_ - (r ' -1) -4|(T7-1) (' -77) N e
N "_2(“-1)[“ tan { - } logr (p»l)logz]

(;.12—1'2) ('rz+p)b
(269

2
it +u)
ST (27

K]

and ¥ = 0.5772157.........  1is Euler’s constant.
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Now differentiating both sides of the equation (16) with resbéct‘

to x and making some rearrangements and finally using‘the result

(17), we obtain,

' 2 1 > ot wvlL (v,w)dvdwdt
XJ* tf(t¥rdt _ J tf(tz)g—J J 2
=]

b}
x?-t? c ot oJo (xz-wz)l_/ (t?-y®)17?
c$|x|$1 (28)
where L (v,uw) = Jm EHE)I_(Ev)I_(Ew) o | (29)
o]
_ p (B3 -E) + p (B -F)
and Hz) = 212 2 _2 (30)

p!.Bi. ¥ pzﬁz

For small values of m and m, we use the contquf integration
technique mentioned above to evaluate the integral given by (29)
as :

2 (1)

¢} Jo(mznv)Ho (minw)

- 2. 17 dn *
2_n A 2+“(1_n2)1/z

nt
Lz(v,w) = -i(1+y)m2 Jil
o (T

2, 2 2. 1/2 (1)
. Jm n (Tt -n) Jo(mznv)Hoh(nEnw)

p— p 2 dn y WOV, (31)
1 _ H (p -L)Y+(x -nT)

Following the similar process as done to derive the relation (21),
. (31) can be written as
i 2 2 2 ' ' -
L (v,w) = - Z Rm logm. + o(m”) (32)
2 m 2 2 2 :

where R is given by (27).
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Let us consider the solution of (28) as
£Ct3) = £ (%) + milogm £ (t%) + o(m?) : (33)
[s) 2 1 2

Substituting the above expression of f(t’) and the value of
Lé(v,w) in (28) and equating the coefficients of equal powers of

m we get

tf°<t2) _

J.1 —2  __dt =0 , o< | x|=1 ' - (34)
2 2
r=3 X -t

tfl(tz) 5 ' A
and J‘1 _—dt = - = Jitf (t®)dt , cSIxISl (35)
2 2 iz4 (o] . .
. . c X -t c

From the paper of Srivastava and Lowengrub (1968) we know that the

Vsolution to the integral equation

2
2 Jb D) qe = plyy L, yela,b)
a ' .

n t2_ yZ
is given by
' : 2. 2 .1/2 2 2 12
h(t?) = - % [,E_:_E_] Jb [ b -y ] 2yply) dy
bz— tz | a y:z_ az y2_ tz
S+ > C
(t2a*)*72 2,172

(b*-t%)

where C is an arbitrary constant.

Applying the above result in the integral equations (34).and (35),

the solutions fo(tz) and f;(tz) are obtained as
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D
£ (t?) = = ~ , | (369
o (1_t2)1/z(tz_cz)1/ )
2 2  1s2 D '
and t t?) = 2 RDi[ t g ] + 2 NEY D
1-t (1-t5)Z (-2 -

where D1 and D2 are constants.

- The constants are determined by putting the vélue of.Li(v,w) from
(21) and the value of f(t*) obtained frﬁm (33), k36).and (37) in
the equation (18). Equating the coefficients of like powers-ﬁf m_
from both sides of the resulting equation.wé obtain

- (”1 +Mz ) Vo

D1 N i ' -‘ 2,12 (38)
: [( ¥+log(m /2) - —E:]M + N +Mlog(1-c")"77]

2 2
DR (u +p2 ) (1-¢ vy

and D = -2 | lec®iy 4 22 ° (39)

2 (p tu v 2 ) D

- 1 2 [ o] ) 1
Now, the displacement, v1=v2=v(x,z) in -the ©plane z2=0 is
obtained from (6), (12) and (15) as
vix,0) = [m Ai(Z)COs(Ex) dr y x>, | x|<e
o
4 s *rt vai(v,w)dvdwdt ,
= -—I tf(tz)'—JJ — -, |x]>1, |x]<c
dx at 2 2. 4/2,,2 2.4/2
c oJo (X -w)) (t7-v™)

Substituting the values of L1(v,w) and £(t?) from (21) and (33) in

k)
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the above exrpession we get

2 ' r 2.8 I J vw
v(x 0) = ——— ___ tf (t" )¢ x
n(p +p ) dx at o (x _wz)szz(t o2)372

x {Ey+log(m2w/2)— ig]m + N} dvdwdt +

2 2 af* 2.8 [° L‘ vw
Rt 14 ) m,loem, | 3% tf1(t )3—{ zZ 2.42,.2 242
Ty TH, c odo (x -w") (t7"-v™

x {Er+lbg(m2w/2)— ig]n + N} dvdwdt -

& o
n1a

: vw(v +w2ddwdvdt 2
+ o(m)
xc _21/2(t v2y172 2

Using (36) and (37) in the abaove equation and integrating term by

term v(x,0) can be finally obtained as

- M (1~c®IRD, Y PN
v(x,0) + —_— D +m logm D + ————3|sinh”’ -
o (p +u ) 2 T 2
1 T2 _ i-¢

1]
1
<

MRD m logm ' 12 2
- {(c -x%)(1-x )} + o(m”) |, |x|<c
T (p‘ +p 2

= -y , cs|x]=1 oo

M , (1-c®)RD (2.0
o + —(——+——)— D1+mz logmz D2+ —_n:—'—-i Sinh_ 2 +
Hy TH, ' - ll-c .

MRD mzlogm2 s 2 2 1,2 2
' 12 (x“-c“)(x“-1) + o(m~) |, [x]>1
rt(u1+p1) 2

[}
1
<

(40)
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The difference of the stress components on the‘lowen and upper
surfacesiof the strips is found from equations (8), (12) and (15)

and is given by

(2) ' (1) Ty N '
(x,0) ryz (x,0) (piﬁ1+yzﬁz)Ai(f)cos(fx)df

ri

= tf(tz)r cos(¥x)cos(Ft)drdt
o ’ .

E]

.
J tf(t®)s8 (x-trdt

c

]
(N

'
Nl A

xf (x2) , '4cS|x|51

After putting the. values of f(x>) from (33), (36), (37) and

integrating, the differenqe of the stress components finally
becomes

27 (x,0) - % (x,0) = — 1/'2[ D, + m:logmz x

vE v 2[(1-x%) (x* -] ‘

{—-RD (x* c2)+02}] : (41)

=), = - v 2 i S
Now, putting H SH =M, Vo 1 and omiting mzlogm2 order tgrm we get
from (40) and (41) the displaceheht and stress components for

single medium as
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[ 2_ 2 (1r2 '
sinh-i[ :' : ] Y [ x]<c
-c
v(x,0) = -1 - = ! YT o , CS|x|£1
" 2[qz+ log(1-c)""7] . iz
sinh'.‘[’l‘ 21] v x>t
-c -
' \
and
. Fu_| x|
T;f(x,O) = 2 +‘o(m:) , cS|x|51

[a,+10gCt-c "] [(1-x%) (x*-)]**

. - : _mi
where Q, = y+log(m2/4) 5
which coincide with the resulté thained by Jain and Kanwal (1972).

Now defining the stress intensity factors by the relations

>

| ol Ton (%, 0) —«:;:’u,oi
K1 = Lt (1-x) TRTTRL , c|x|<1
X »4-— 1 2 o
. wal Torx,0) -7 " (x,0) |
K = Lt (x-c) T s elx]<t
: 1 2 o

X *C+

we obtain from (41)

K = = [ D +m:10gm2{ ;IZ-RDi(i*'cz Y+D, }] | (42)
t 2y31-AHY2 L

and K = n/c [D +m:l'ogszz ] (43)
¢ 2vZ(1-cH'? *
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Putting ¢=0 we get the displacement vo(x,O) and stress intensity

factor KT from (40) and (41) for the single strip as :

RD® : '
WCix,0) = v+ —1 | pP®+mlogm { D°+ —2 lsinh*(x2-1)%"2
. o (y1+u2) 1 2 2 2 n _
|x|MRD‘:m:logm2 » PR oo
————— (X"~ 1) +oo(mZ) o |x|>1
TR , 2
= -V, [x |=t ' (44)
and K‘: = T [ D‘:+ m- logm {-%RDO + D° }] (45)
2"/_2- 2 2 7 1 2
~(u +u v
where D‘: = t_z n‘; (48)
: [( r+log(m /2) - —§-)M + N ]
: (p®)2R (u +u IV -
o _ _ 1 1 1 "2 o )
and b, = Tﬁ—m—)v'[§+——o—] - (47)
1 2 o rtD1

5. NUMERICAL RESULTS

While c¢calculating numerical results, +the displacement and the
stress intensity factors have been obtained for the following set

of materials :



mm

Aluminium o =2.7gm/cm> , u =2.63%x10*'dyne/cen?

Wrought iron “ p_=7.8gm/cm’ . m,=7.7x10"*dyne/cn”

The displacement field in the interface near .about the rigid

strips has been depicted by means of graphs. It'is interesting to
note that the magnitude of the real part of .the displacement
increases with the increase in the valge of the wave numﬁer m, .
The variation of the digplacement with ¢, the separatong distance
between the strips has also been showen by meaﬁs of gréphs.
Further ‘the graphs of the real part of the stress- ihtenSity
factors at both the edges of the strips versus dimensionless wave
number m2 for‘éeveral values of ¢ have beéen p)otted to show the
nature of the variation of the stress intensity facfofs with

different parameters.




N1z

0 (single strip) .

Re(v/vy) versus distance for c=

Fig. 2.
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ON STEADY MOTION OF FOUR RIGID STRIPS ON THE SURFACE OF A

SEMI -INFINITE ELASTIC MEDIUM

1. INTRODUCTION

Recently, the problems of diffraction of eléstic waves by cracks
or inclusions have aroused attention iIn the field of fracture
mechanics in view of their‘ application in Seismology and
Geophysics. Study of a single Griffith crak as well as two
parallel and coplanar Griffith cracks have been made by Mal (1970)
and Jain et al (1972), Itou (1980). The corresponding problems of
diffraction by a singlé and two parallel rigidrstrips have been
solved by Wickhaﬁ (1977), Palaiya et al (iQBl) and Jain et al
(1972), Mandal et al (1995) respectively. In mostvof the cases the
problems have been solved by the integral equation technique. But
the solution qf interesting problems involving the sCattéring of
elastic waves by mére tﬁan two coplanar Griffith cracks or strips
are still lacking; The statical problem of three coplanar cracks

in an infinite transversely isotropic medium has been studied by

Dhawan et al (1978). Using integral equation method and Hilbert

transform the stress distribution and displacement have been

derived in closed form. The inferesting problem of 1interaction

-between a Griffith crack and two rigid inc!usions has been

discussed by Matysiak et al (1986). They considered that the crack
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had been opened out to the prescribed shape and the normal
étresses at the crack tips and at the ends of the inclusions have
been analysed for the crack openings in the shape of an ellipse
and that of two symmetrical parabolas.

In our case, we have considered the two dimensional problems of
diffraction of elastic waves by four coplanar parallel rigid
strips moving steadily on the free surface of a semi-infinite
isotropic elastic medium. By Fourier transform the.five'bart mixed
Soundary value problem has been reducéd to the solution of a set
of four integral equations. Following the technique,.developed by
Srivastava and Lowengrub (1970), the. quadruple integral equations
have been solved. The normal. stress under the strips and
displacement outside the strips aré derived in closed form. The
effect of stress intensity factors at the edges of the strips is
shown by means of graphs. Also letting the strip velocity tend to
éero the results forlétatical problem have been prescribed in this

paper as a particular case.

2. FORMULATION OF THE PROBLEM

Cansider a semi-infinite elastic medium on which four rigid strips
are moving steadily in the X - direction with constant velocity v.
Strips'are assumed to be in smooth contact with the semi-infinite
medium and the vertical displacement just under the strips are
assumed to be prescribed. In terms of the disﬁlacement potentials,

nan vanishing displacement components are given by
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’Fig. 1. Geometry of the strips .
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(1)

cC
Iu

¢ , 3% _ 1 279
ax®  ay? cf at?
(2)
3y + vy - 1 %y
ax®:  oay? c: at?
where c2= EIEE . c2= H
1 e Tz p

It is convenient to shift the origin of co-ordinate at X=vt. New
co-ordinate axes (x,y) are parallel to the fixed ones (X,Y)
(fig.1).

Therefore putting x=X-vt, y=Y we obtain from (1) to (2)

o¢ Sy a¢ Sy
S -~ =1 4+
Yy Tox 3y ! 2z 8y ax _ 3
2 2
and Bi d f + 22 . 0
ax ay
(4)
2 2
Bzaw+a:/=o
2 ax? oy

where B: = 1- vzlcf and 3 = 1- vz/c:
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K]

The location of the strips referred to moving system of
co-ordinates are a<|x|=b , c=|x|=d , y=0 , |z]|<w

In terms of ¢ and ¥ the non vanishing stress components are

2 2 2
o = 2 5 Ly Ly )
Y 4 ax 3y
(5)
2 2
- 2.8%¢p _ Oy
'Tyy(x,y) o] { (1+ﬂz) > zaxay }
ax
The bdundary conditions are
u, = v, a$|x|$b y c=|x|=a , y=0 (6)
Txy =0 , —oix<w , y=0 ' 7
T =0 x| <a b<{|x}|<ec >d (8)
L S0 DXl bdx|<e x| :
where v° is constant.
Solutions of the equatiaons (4) are given by
. -BLy . '
@ = JmAi(E)e cosf x df
o . -
(9)
-BLy
y = JmAz(E)e sinf x df
o

where A1(E) and Az(f) are unknown functions to be determined -from the

boundary conditions.
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Frdm the boundary condition (7) we get

A(E) = — 2 A (&) ' (10)

o

Now the displacement and stress components are

. -B 8y 28, -BEvy 1 -
u‘(x,y) = —J@E[ e - —_—e ]A (E)sinfFx df (11)
o (1+f?:) t
-8,y 23, -B %y
u (x,y) = E[ -3 e $f ———— e ]A (£)cosEx df (12O
2 o * (1+3%) 1
'2,
2 -B Ly -8y :
'rxy(x,y) = pJGZﬁif [ e - e ]A1(E)sinfx d¢ (13)
o]

BEy  4BB, -B.Ey - |
 (x,y) = - HJ@ fz[ —(1+5%e Y s 22 o0 2 ]A (£ )cosEx df
Yy CJo 2 : (1+{3:) t ' g

(14)
Putting ACE) = EzAi(tf) | (15)

the boundary conditions (6) and (8) lead to the following
quadruple  integral equations ( assuming that v # Va ,where Vo is

the Rayfgigh wave velocity ).
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ImA(E)cosEx ¢ =0 , |x|<a (15)
(o] .
CACE)
Im Agf cosEx df = P, a<|x|<b (16)
o
fmA(E)cosEx d¢ = 0 , b<|x|<ec , |x]|>d (17)
o
A(E)
Iw ff cosfx df = P, e<|x|=d (18)
o
L | 1462 4
where P, = — Y (19
B, (1-(2)

3. SOLUTION OF THE QUADRUPLE INTEGRAL EQUATIONS

Let us consider the solutions of the,integrai equations (415) -

(18) in the form

@

2 2
A(E) = Jb h(: ) {1 - cosft} dt + Jd g(ﬁ ) {1 - cosfu} du (20)
a . .

c

where h(t®) and g(uz) are unknown functions.
This choice of A(¥) automatically satisfies the equations (15) and
(17). Substituting the value of A(f) from (20) into (16) and using

the relation (Gradshteyn and Ryzhik, 1965)
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Im cosfy(l-cos¥fu) de % loglt - E; (21)
o Z Y
we obtain
1 ht?) _ 2 1¢ gw® u® _
Ejb T logli —|dt + ?Jd 5—log|i- —|du = p_ , a<|x|=<b
a . X c X
(22)

On differentiation with respect to x, the above equation yields

2 2 . .
Ib.th(t ) dt = - I ug(u) du , a<|x|<b
2 2 2 2
a X -t e X -—-u

from which applying Hilbert transform.(Srivastava et al, 1970) we

get h(t®) as

2 2.1/2 2 2 .2.1/2 D
h(t?) = - g[t a ] I ug(u )[u b ] du + L
nl,2 .2 2 .2 2 2
c u -t u -a Jktz_az)(bz_tz)

b -t

’ a<t<b . (23)

where D1 ig an arbitrary constant to be determined.

Next, using the relations (20) and (21) in (18) we obtain

2 ' 2
1I h(t™) _ 1| g(u™)
5 . £ log 1 dt + 5 ; T -log

du = P, e<|x|=d

2
(24)

Differentiating both sides of the above equation with respect to x

and substituting the value of h(t®) from (23) , we obtain
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2 b 2 2,42 2 2 2. 172
Id ug(u) 4, - 2 J t [t a ] Id ug(u )[u b ] dudt +
2 2 T 2 2 2 4 2 2 2 2
e X -u - a X -t b -t c u -t u -a

+,D1 Jb t dt = 0O ’ c<x<d.
<a

(2 -t2)] (t%-a%) (b2-t2)

Using the results

t dt 2 1
T § -
 (F-t3)] (£2-a%) (b3-t3) 1 E-2%) (x2-b%)
b 2 2 i1/2
and J : > t 3 [ t -a ] dt
a (u?-tH (x2-t%H L p2-¢2
.1 _lex®-a®y L jwf-a®)
2 (x3-u?) (x2-b%) (u®-b%)

the above equation can be written as

ug (u®) we-b2 Y2 113 Dx
l g [ ] du = 53— 5= . c< u =d
2 2 2 2

¢ U -X u -a

which after Hilbert transform and on use of the result

| &

Jd x [ &* -5 ]"2 dx = - 1 (4*-2%)
= 1]
Jeo (- (x2-a%) L B2 2 (W®-2%) {(c2-a%)

yields
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2 dz__az 12 uz_cz 1,2 1
oo, ( 2177 £ —
143—5 f—f 2 2 2 2
J}u_-b ) (u'-a™)
Dz lJz_az 1,2 .
+ [ ] ’ c< u =d (25)
2 2
u -b

du-c?) (d2-u®)

where Dz is another -arbitrary constant.

Substituting the value of g(uz) from (25) in (23, h(t®) takes

the form
2 2. .1/2 2 2. .1/72 2 2 172
hotZye - got[tz az] [d a ] Jd u [ ui-c ] du -
‘-t -a%  Jo (WB-tHH (W-ah b dB-u?
.2 2. .4-2 : D
_ gD [t -a ] v u du + 1
mTm 2 b2_t2

(-t (w?-c?) (dB-u®) (13- (b3-t?)
a<t<b

Again, using the results

1/2

2 2
| . u u -c
- [ Py— ] du
c (uz—tz)(uz—az) d ~-u

o1 oJee®-th | fe®-a®)
2 (12_g%) (d%-t%) (d%-2a%)

P —

1

Jd u du -
and =
° (WP-tH ] (w2 -c?) (d2-u®) -3 (2%

Nl A

in the above expression, h(t®*) can be found out in the form
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i 2_ 2 172 2_ 2 172
h(t2)=D [ d"-a ] [ c -t ] 1
1 z_az 2 2 2 2 2 2
c J(t -a?) (p%-t%

d-t

' D2 12.52 Y172 .
- ‘ [ 2 ] , a< t <b (26)°
@t e2-t3 Pt

Now- in order 'to determine the unknown constants D1 and D

2’

occuring in the expression of'g(uz) and h(t®) given by (25) and

(26) respectively, we multiply the equation (22) by

X

lx2-a%) (p%-x%)

and integrate with respect to x from a to b ‘and

then using the result

(¥ (aZ-22 )4/ (b2 -22)
nlog[ " - , 0<z<a
X zz ] n b-a°
10g 1- —2 dx = <§10g[~b+—a] y a<z<b (27)
a 4(x%-2%) (b%-x®) X . . . .
. ' Y(z"-a“ )+/(z“-b" )Y
flog 3+ b y z>b

we obtain,

o

2 2 2 2 2 2. .
114 b-a I h(t™) : | g u™) Y (u ~a“ ) +/(u" -b") _
T?.-log[m—a'] . -—{-— dt + n . O log[ ~a + b 4 ]dU = np

which after substituting the values of h(t®) and g(u®) from (26)

and (25) finally takes -the form

DX +DX =op ' . (28)



128

where
x = 1 b-a (c?-b%)y (d*-aY'""% _(n % (b*-a%) . da*-a* 1/2M
1 598 57a 2, 2 2 2 2 MzrZ2 =" 2 =2 1
b" (c¢"-a" ) *d"-b b "(c -a) tc-a
(29)
1 b-a 1 a% (c*-b%)
xz = Elog[b+a] 2 2 " > - {[ ] C;'r) —ZCZ x
’ Jkd -b") (c"-a™)
2 2 2
N ﬂ[% e tb-a) ,,r] M (30)
] 2, 2 2 2
b (¢ -a™)
2 2. 2 .2 2 2.1-2 o
M = llog Y(u -a" ) +/(u"-b )Y fu'-¢ du 31)
1 u a + b dz_uz r— P
¢ . Jku -b%) (u”-a™ '
2 2 2 2 2 2. 1/2 .
Mo Jd ilog[V(u a®) +/(u®-b )](u a ] du (52
2 u . a + b 2 .2 -
c u -b :

I(uz—cz)(dz—uz)

F and [ are elliptic integrals of first and third kind

respectively

J (a®-c%) (b°-a%)

and r =

| (d®-b*) (c*-a%

Next .multiplying the -equation (24) by X and

d@% % (x%-c?)

integrating with respect to x from c to d and then following the
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same procedure as that while deriving equation (28), we obtain

DX + DX =p ’ | 3 (33)
1 3 2 4 (=]
where
X = i[dz-az]1/zlog[d—c] (c®-b*) {n[n b? (d®-c%) r]
3 2Lz _=2 d+c 2 i 2’ 2 2 =2z ° -
c -a b I(dz_bz)(cz_az)_ ' c (d°-b™)
dz_az .1/2
- F(zr)t + [cz_az] Mo (34)
.1 d-¢ 1 2 2. .- a%(c?-b%)
: {d®*-b% (c*-a?) ; ¢ :
. 2,.2 2 ‘
7T b (d -¢ ) -
x n[ﬁ ) —2? ’ I‘] - M4 - (35)
- e ' :
M - -1_10 _{.(cz_tg)+_/(d2_tz) .cz_tz 172 dt (36)
3 t g d + ¢ dz_tz 3
@ S R
M= 1., Y (Z-t2)+/(d®-t%)y rt2-a% 172 dt o (37)
< t' 08 ‘ d + ¢ b2 -2 >
@ ](d -t%) (e®-t%

From equations (28> and (33) , D1 and Dz can be found to be
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P_(X -X ) | ' P_(X_-X)
D = o2 2 D, = oot (38)
1 T X, X_-X_ X’ z X X_-X_X)
’ 1 4 2 3 2 3 1 4

4. STRESS INTENSITY FACTORS AND DISPLACEMENT

Tﬁe normal stress Tyy(x,y) in the plane y=0 just below the strips

can be found from the relation (14), (15) and (20) as

AR

2
T (x,0) = p _ o Jb h(: ’fw Si;f“ {1 - cosft} drdt+
yy 1 +f32 a o

T+

2 N ‘
J":l g(z )Im SI?EX {1 - cosfu} d¥f du , a<x<b , c=<x<d
c o

2.2

B0~ 486, 4 h(t?3) [ sinZx)sin®(£t/2)

2u 2 ax T 7 dfdt+
1+f32 a o

K]

2 2 .
. Jd g(E )Im sin(fx)sgn (Fu/2) g, ] | asxs<b , cgx<d
-de o . ’

Using the result (Gradsteyn and Ryzhik, 1965)

Jm sin‘(ax)sin(bx)
o .- x

, 0<bK2a

N A

b=2a

o} A

=0 , b>2a ,

T (x,C) can be found to be given by
Yy
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2.2
(1+Bz) 4BJ2 h(x%)

T (%x,0)
Y

|1:
K

P m ’ a<x<b
Yy +
1 Bz
2.2
(1+37)7 - 43 3 2
= - g% 2 P Lt 2 g(z ) y c<x<d

1+[32

Putting the values of h(x?) and~g(xz) from (26) and (25), the

normal stress Tyy(X,O) finally can be obtained as

2.2
(1+p37°)7 -43 3 2 2.1-/2

Tyy(X,O) = - 2 5 t 2 T {Di[d a ] x

' (1+Bz) 2x kaz_az)(bz_xz)

2 2.
-y 272 Dz(x -a’)
x [2 2—] - , a<|x|<b (39)
d -x j(dz—xz)(cz—xz) ’
and
2.2
(1+37 )Y -413 3 2 _2.1/2"
T k0 = - 2 12 T Di[dz az] >
(1+3) 2x kaz_cz)(dz_xz) c -a
(x%-c2) w2 -a2y2i72
x + D [, ] ’ cSlx'Sd (40)
2 .2 2 2 2%
J?; -b™) (x"-a™)

Now the stress intensity factors at the edges of the strips can

be defined as



. T (x,O) 12
K = Lt d vy x-a
a 1 I7Y d
X +a+0 (o) '
C = Lt q Tyy(x,O)[b_x]x/z
° X +b-0 H Vo
T (x, 0) 12
K = Lt d Yy [X - C]
c TV d
X +c+0 o
: T (x,0) _oa 172
and ' K, = Lt SR A [ddx]
b +d-0 H [+
which can be expressed as
(1+55% -4 p3 2 (X -X )
K = 2 172 ()’ + 2
a ﬂi(l‘ﬂ:) (281272 (p2-a2)1"2 (xlx‘-x2x3>
(1+85% -4 p '
¢ - > A (d)t”? [dz_az]i/z [Cz_bz]1/2
b ~a2)t72 o2 - a2 42 -p2

+

31(1—32) (2p)37 2 (b?

1

(b2-a%)(xX -X ) }
. a 1

{d%-62) (c2-b%)

(X X -X X))
174 272

132

(41)

(X ~-X )+
4 2

(42)
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2.2 _
(1+Bz) -4{3132 (d)t”2 c2-527172 (Xa Xi)
K, = z X X =X X (43
< 31(1-(3:) (2372 (@3- L2 MR
l 2. 2 ' ‘ z2 2z,
. (g *-4p B, (dyie? { (& -c®yax -x )
d 2 /2, 2 2.1/2 :
B, (1 (?2) (2d) (d™-¢™) I(dz_bz)(cz_az)
42-a2y172 .
[z 2] R S S0 & ) (44)
d -b 1 4 2 3,

The vertical displacement uz(x,y) in the plane y=0 outside the
strips is obtained from (12), (15), (20) and (26) and is given by

the expression

3 1-3% 1 t2 dz_az 12 Cz_tz 12
u (x,0) =_;[ ; 2] $loe 1-—2{131[2 2] [ - 2] x
1+{§2 a X c -a d-t
5 1 ) D2 £2_2 ]1/2] dt; \
- 2 ,2
{2-a%) (b%-¢%) |-t (2o Pt

1 UZ dZ_aZ 172 UZ'_CZ 172 1
+r_log1__n[ ) =) ¥ ,
u 2 4 2 2 2 2
c X c -a d”"-u I(uz_bz) (u2-22) _
D uz_az 1.2
+ 2 [2 2] du|, 0<x<a, b<x<c, x>d
lu?-c?) (4%-u%) ¥ 7P

(45)
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Now letting v+0 we can obtain expressions of normal stress

()

Tyy(X,O) and displacement U;O)(X,O) from (39), (40) and (45)

corresponding to the statical case as

2 . )
C 2 2 2 1/2
SR TIRE.1 (b Y QN {c[ L R
. l(x2-2%) (b2-x% c-a
02— y2 1,2 C2 (x%-a%)
x [ > 2] - , a<|x|=<b
d-x 16d%-x%) (2%

2

i -fﬁ[i- 1) : {c[ e
X 2 1
[
2

I(xz—cz) (d%-x?%

(x%-c2) w2 -aZy12
X + C [ - ] y c=|x|=d
2 .2 2 2 2L
.r(x “bM)(x"-a™)

(46)

d2-a2\17 2 (2 12172
2 C1 2 2 2 2 X
c -a d -t

C ' 2 2 1)2
< 1 a 2 [tz az] } dt +
lt2-a?) -3 {(@-t5r (-5 Pt
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1 . UZ d2 _ az 1/2 UZ _ CZ 172 1
v | Liogli- L ldc [ ] [ ] _ +
u X2 122 a®-u?/ 2 . 2 2 2
° I(u -b%) (u®-a®
C uZ-a2yi7?
+ : 2 [2 2] dul, 0<x<a, b<x<ec, x>d (47)
duZ-c?) (a2-y% Y b

. . 2 2
where C1 and’Cz are given by D1 and Dz replac1ng Po by (cz/ci)v0

5. NUMERICAL RESULTS AND DISCUSSIONS

Stress intensity factors at the edges of the strips have been
evaluated numerically and have been depicted by means of graphs.

Accordingly, all the lengths have been made dimensionless with

a _ b _ c _
respect to df Substituting 3 ° d:’ 3" d2 and 3 - da, the stress
intensity factors at the four edges of the strips viz. K ,iKb, K
a c

and Kd have been plotted against v/c2 for various va)ues of the
strip length pérameters. It is found that whatever be thé lengths
of the strips, stregs iﬁtensity factors at the four edges of the
strips decrease with the increase in tﬁe value of v/cz. From the
éraphs, it may be noted further that with the decrease in length
of the inner strip which might be done either by increasing d1 or
by decreasing the value of dz, the stress intensity factor KCL at
the innermost edge gradually decreases whereas the stress
intensity factor at the other edges show - just the opposite

character (fig.2 - fig.98).
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Also the decrease in the yalue of the length of the outer strip,
thch might be done by increasing fhe value of da, causes a
decrease in the value of the stress intensity factor Ka . and
increase in the values of the stress intensity faétor Kb,KC and K
(fig.10 - fig.13) from which an interesting conclusion might be
drawn that the presence of the inner strip supresses the stress
intensity factors at both the edges of the outer strip whereas the
presence of ‘the outer strip suppresses the stress intensity factor

at the outer edge of the inner strip but increases the stress

intensity factor at its inner edge.
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Fig. 2. Stress intemsity factor K vs. v/Cy(d;=06,d,=0-8).
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Fig. 4 Stress intensity factor K_Vs.V/C, (d,=0-6,d;=0-8).
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Fig. 6. Stress intensity factor K, vs. v/c, (d,=0.2,d,=08)
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Fig. 7.

Stress

intensity fa;tqr Ky vs- v/C,(dy=02,d3=0.8).
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Fig. 9. Siress intensity factor Kq vs.v/c,(d,;=0.2,d3=0.8).
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DIFFRACTION OF TORSIONAL ELASTIC WAVES BY A RIGID ANNULAR DISC

AT THE BIMATERIAL INTERFACE

1. INTRODUCTION

The study of the problems involving diffraction of elastig waves
by cracks or inclutions are of considerable importance in view of
their extensive applications in mechanical engineering and also in
seismology and geophysics. If the cracks or inclutions ére located
at the interface of layered media, lthe study becomes more
relevant. The extensive use of composite materials in modern
technology haS‘evoked interest in the wave propagation problems in
layeréd media with interfacial discontinuities. Onder et al (1975)
studied the diffraction of plane SH-wave obliquely incident on a
rigid half plane lying at the interface of two dissimilar
semi-infinite elastic media. Following Mal (1970), problem of
interaction of antiplane shear wave by a Griffith crack at the
interface of two bbnaed dissimilar elastic half spaces has been
t}eated by Srivastava et -al (1880). Béstrom~(1987) also treated
the same préblgm following a prdcedure similar to that of Krenk
and - Schmidt (1882). The corfespondihg prbblem of diffraction of
antiplane shear wave by a finite rigid strip at the bimaterial
interface has been treated by Palaiya and Majumder (1881). The
problem of diffraction of transient torsional shear waves by a
penny shaped crack at the interface of two bonded dissimilar

elastic_half spaces has been investigated by Ueda et al (1883). As
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rééafds the dynamic crack or strip prdblems, research has mainly
been confined to the case of a singké grack or strip of fihite
width or of .circular in shapé. These are two part mixed boundary
value' problems ‘which are wusually reduced "to solutioné of dual
integral equétions. But the solution of intéresting problems
involving the diffraction of elastic waves by anhular discs or.
cracks at the bimaterial interface which give rise to three part
mixed boundary value problema are still lacking.

However recently the p}oblems involving the diffraction of
torsional waves by flét annular crack In an infinite elastic
medium have been studied by Shindo (13879,1881), the problemzs are
reduced to that of solving singular integral equation of first
kiﬁd which were later solved by following the technique of Erdogan
(1985,1969). The p$oblem of diffractionrof écoustic wave by a soft
annular disc was studied by Thomas (1965). Following the method of
Williams (1963) the three part mixed boundary valge problem ‘was
‘reduced £0 a set of integral equation which was dgolved by an
.itefative> proéedure for }ow frequency. The same technique was
followed by Jain and kanwal (1870) to study the problem of
torsional oscillations of an elastic half space due to annular
disc. In this paper we have discussed the problem of diff?action
of torsional wave by a rigid annular disc at the interface-of.two
bondéd‘dissimilar elastic media. Applying the method developed by
Uifliams (1963) and used subsequently by Thomas (1965) and Jain et
al (1870), the three part mixed bpunaary value problem has been

reduced teo the solution of a set of integral .equatioﬁs. The
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solutions of these integral equations are.obtained iteratively for
low frequency and small values of the ratio of the inner and outer
radii ﬁf the disc. These solutions are used to determine the jump
in stresses across the annular disc and stress intensity factqrs
at both the edges of the dizc. Torque and Far field amplitudes in
both the media have also been deduced. The effect of normalised
frequency, material properties and geometric parameters in stress

intensity factors and far field amplitude are shawn graphically.

2. FORMULATION OF THE PROBLEM

Let us consider the torsional vibration of frequericy w of an
annular rigid disc of inner and outer radii b and a respectively
lying at the interface of two bonded dissimilar elastic :half
spaces. The region occupied by the annular disc is defined by z=0
and b=r<a in a c¢ylindrical polar co-ordinate system (r,8,z) as
shown in the fig.1. Let an antiplane shear wave given by
ik _(z-e b : ‘
QQre , WwWhere is a constant, k =w/c_ , and c = (u /p ),
2 . 2 . 2 2 2 2 Ta
the shear wave veloclity in medium 2, be incident normally on the
disc. Henceforth the time factor e4£n will be suppressed throught
the analysis.
The only non-vanishing 8-component o6f the displacement Vj and the
J? >
e v Toe

field are independent of & and are given by

non- vanishing stresses Tt (j=i,2) due to the scattered
r .

V,=Vj(r,z,t)=vj(r,z)e—iwt (1)
J
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Fig.1. Geometry of the annular disc.
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Cjy__ <> - I .3
Tre _Tre (r,2z) “j[ar I‘]
(2)
ov
4372 3 (p 2y = 3
20 'z T'%TH; 3z

where pfj=1;2) are #he'shear modulus of’the.elastic materia}s.
The suffices 1 and 2 are used toe denate +the values of the
corresponding quantities in the upper and lower -half spaées
respectively. Without any loss of generality we assume that czﬁc{

The displacement Vj satisfies the equation

a*v av. V. 3*v. p. 3%V
i, . iy, A | 3 (3)
ar2 r 8r rz azz pj atz
where pj(j=1,2) are the density of the elastic materials.
Putting VJ_=vj(r,z)e"“‘)t , equation (2.3) and the boundary
conditions at the interface z=0, take the form
azv 1 av v, azv.
iy X3 Jy J + k3v. =0 (4)
31‘2 r ar I\2' azz J )
vi(r,0)=v2(r,0)= -Qr ’ b<r<a (5)
vitr,0)=v2(r,0) , 0fr<b , adlrdm (8)
1 2 .
fze’<r,0)=r‘za’(r,0) , 0<r<b , a<r<w (7)

where kj=w/cj, cj=1’(uj/pj-) and Q=20 p k /(u k_+u k ).
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The solution of the equation (4) can be written as
vj(r,z) = r Aj(:)exp(—yj|z|)J1(zr)df (8)
o X

where y =(g2-x2Hyt72 | £k,
=—1(k’;—fz)“2 " E<k,

and Aﬁf) '(j=1,2) are functions of ¥ to be determined from

the boundary conditions.
Therefore, the stress components are
(1) R _ .
T o (r,z) = M*Jj 71A‘(f)exp( y1|z|)J1(Er)dE , 220
(9)

(2)
= ' - <
T o (r,z) H, . yzAz(E)exp( yzlzl)Ji(fr)df y 2=0

Now wusing the boundary conditions (2.5),(2.6) and (2.7) and

assuming that r;;"(r,m'—T;;’(r,o>=f(r) , bsr<a , we obtain the

integral equation

I I g \ o
tf(t)dt J (¥Fr)J (§t)dfF = -Qr , b<r<a (10)
b [} ,(H‘?’1+H2?’2) 1 1
- - £ l
where A() = AE) = ——a tf(t)J (FtHdt . (11
: 2 (y171+y2y2) | :
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3. METHOD OF SOLUTION

In order to solve the integral equation <(10), we apply the
technique developed by Williams (1963) for solving 1integral
equations arising in three part boundafy'value problems. The same
téchnique was also applied by Thomas (1965) and Jain et al (1870)
in order to solve scattering problem by aﬁnular disc. Following

Kanwal (1971), the kernal af the integral equation (10) 1s split

into two kernals as follows:

(4 +u )Jm —_— - J (¥r)J (Et)d¥ = K (r,t) + K (r,t). (12)
1 72 (y1y1+yzyz) 1 1 1 2
where K (r,t) = J (Fr)J (Ftrdr : (13)
1 J o 1 1
Kz(r,t) =VJ°M(E,Y1,72)J1(Eg)J1(Et)df (14)

} By Y (K -y))
M,y ,v.) = T (15)
* 2 ' Hiyi ”22/2

The equation (2.10) then takes the form

thf(t)K‘(r,t)dt = -(u1+u2)0r - Jctf(t)Kz(r,i)dt ’ b<r<a (16)
‘Jo b

Néxt, consider two functions f1(r) and fz(r) such that
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0 , 0<r<b
fi(r)+f2(r) = f(r) , b<r<a . (17)
(o] ’ a<r<o

As a result, the equation (5) reduces to two integral -equations

given by s

Jmtft(t)Kt(r,t)dt = —(y1+y2)0r - Jmtf‘(t)Kz(r,t)dt y 0<r<a (18)

] ]

and Jmtfz(t)Ki(r,t)dt = - [mtfz(t)Kz(r,t)dt ’ b<r<w (19)
o o

The procedure adopted by Williams (1963) and Thomasg (1965) 1is

followed to solve these iﬁtegral equations. Using the results

( pw ) wh+1/2

r J
(Zp)1/2 1I n—-1.-2 dw
i3 n 2 2 . 172
r Jo (r-w ) |

J (pr)
n

—An—41./2)

gé 12 }n Jn+1/2(pWJ W dw
Gy |

2 2 12
(w-r7)

and Iw pJ ,(Pw)J (pv)dp = & (u-v)/ (uv)t?

o]

we have the following relations
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r 2
r K (t,r)tf(t)dt = E—EJ W :‘”VZF :‘t;df/z ,  0<r<a
o * ) o (r W) w (t"-w")
-2 w 2 : :
= 2r w__dw J EIDA b (20
n T (wZ-r%)17% o (W -t y172
L (v, w)wv dvdw
and K (t,r) = I J , 0<r<a
2 mtr w2yt 2 (12 ,2y172
(t -v7)
L (v,w) dvdw
N ?:rjm]m 2 22 12, 2 ,2 1-/2 ! b<r <e (21)
rdt wv(w'-r ) (v -t™)
where
L (v,r) = (ve)* | gMce I (8vd)J (Er)d (22)
. ’ !‘4 OE 9?’1’?’2 42 Zv 12 Er)d¥f.
1.2
and . Lz(v,r) = (yr) J:%M(E,yi,yz)Ja/z(Ev)Ja/z(Er)dE (23)
Subétituting the relations (20) and (21) in (18) we get
r ' f (tHYdt
2 _"L‘_."i___ wr __"_.._._. = ~(u +u )Qr -
r) o (p2-y2 )2 W (t2-y2)t72 1 T2
r , , ‘ et VL (v,w)dv
- 2 __wdw r £ (t)dtI —~  _ _, O0<r<a
nr 2 2 .12 . 1 2 2 12
o (r"=vw") o Jo (tU-v7) :

which after changing

the order of integration can be written as
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r f (t)dt
2 wdw 1 = ¢ + Q _
ar] T E 2z Y| Tzl z a0z H THR T
o (r'-w') w (tT-w")
ofF f () dt
- == I L (v,w)dv vl —_—, O<r<a (24)
7r 2 2 1/2 2 2 . .1/2
o (r o v (t7-v7) -

In view of the above equation, we assume
Jm f‘(t)dt S1(r) , 0<r<a '
r -_ = = (25)
r (t2-rp2%)*7? -T (r) , adrw

Use of the relation (25) iIn (24) ylelds

r wS (w)dw
2l 2 - (g +uQr - _-J ‘”'G("”d“’ (26)
nr 2 2.1/2 1 "2 w2 1/2
o (r -w)
where G(w) = Jasi(v)Li(v,w)dv - JmTi(v)Li(v,w)dv (27)
(o] a

In order to apply Abel’s transform the >equation (26) can be

written as’

2 2 1,2 2

r w[s (w)+G(w)] .
1 7T 2
dw = - =(u +u )Qr
4 2
o (r -w )

and after taking Abel’s transform and substituting the wvalue of

G(w) from (27) we obtain the following integral equation :

S (r) + JGL (v, )5S (vidv = -2Q(u +u Jr +‘[DL (v, )T (vdidv .
1 o * 1 1 T2 1 1

a

s 0<r<a T(28)
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Again substituting the relations (20) and (21) in (19) and
following the same procedure as is done to deduce the integral

equation (28), another integral equation can be derived as

S (r) + JmL (v,r)S (v)dv = JbL (vyr)T (vidv , b<r<w (29)
2 b 2 2 o 2 2

where it is assumed that

2 2.1/2 (30)

ljr tzfz(t)dt - T, (r) , 0<r<b
Tlo (r%-t%)

Sz(r) y b<r<w

Now, using Abel’s transform in (25) and (30), the functiéns f1(t)

and fz(ti are found to be

> 4 Si(u)du Ti(u)du

£t = - = o Jq —_— - Jw —_—] , 0<t<a (31)
1 T . N (uz_tz)a/ a (uz_tz)i/z
and
: , , :

o 4 b. U Tz(u)du t u S_(u)du

'fz(t) = — 3t -J ——;4—;———; + J ——;i—————; y t>b (32)
nt o (t*-u*H*” b (t5-u®H?

Further, by the help of the re}ation (17, Ti(r) and Tz(r) can be

written from (25) and (30) as

fz(t)dt
T (r) = rl —_— ,, a<r<m
4 2 2. .12
r (t .

-r)
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L tzf‘(t)dt
T,(r) = ?I -+ ,  0<r<b

o (rZ-t%172

in which putting the values of fi(t) and fz(t) from (31) and (32)

and using the results

dt N _ Yn 2 2
"2 2. 4-2,.2 2.9-2 2 2 2 zFx(t/z"‘ 502w or)
r L(tT-r") (t7-u) 20T (5/2) (¢ -u")
, u<r (33)
T t?dt . yr 1? 2 2
2 24.2, 2 ,2.3a.2 2 2 F1(1/z, 4 52 rosu)
o (r-t7) (u -t 2r(s5/72)u(u -r )
y, u>r (34)
we get the following two integral equations
1 psz(u) 2F1(4/2,145/Eu?/r2) ,
T1(r) = lz(r) * YarlC (5/2) Jb 2 2 ‘ du
(r -u"
alr<m (35)
ré Tx(U) 2F1(1/2,n5/2mz/u2)
T, (o) = 1 (D) + o ts75) Jm —— du
u(u " -r")
0<r<b - (36)
where
r 2 S (u)du
| (r) = -2 J ———EJEE—; %TJO 2, o<re (37)
* T Jo (r2-t%)Y vo(u? -t
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or dt Lt u S (u)du

(7 = 3 T 2 2,0 ‘ch —“—'z—m* acr<w (38)
r (¢t -u )

Assuming that «:=k2a , B=k2b and A=b/a atre small, the unknown
functions Sl(r), Sz(r), -Ti(r), Tz(r) which are solutions of
integral equations (28), (29), (35) and (36) are obtained

approximately following iterative process. Using the result that

F (102, 1; 502; rosu>) = Su {2ur - (uz*rz)log[ﬂiz]} y r<u
2 1 4p2 u-r

equations (35) and (36) become

4 .
T (ar)=1 G+l T bw{—25 - Liag[E2Y) qu , 1<r<o (39)
n 2 2 2 2 u r xu
o (r"=-A"u)
and
T (brd=1 (br)+—oc]| T (awd{— 28" _ 10g[¥2MY) 4y, o<r<t  40)
2 1 AT . 1 (uz_xzrz) u-Ar

Next, we assume that a=o(A) so that B=ax=o(a2).

In order t@ solve the equation (28), we rewrite it as

1
S (ar) +aJ L (av,ar)S (avidv = -2Q(u +u Jar +aJmL (av,ar)T (av)dv
4 o 1 1 1 2 1 1 1 .
0<r<«1 (41)
Now we put Sl(ar) = X(ar) + Y(ar) (42)

so that equation (41) yields a pair of integral equétions given by
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1
X(ar) = —20(p1+p2)ar - aJ Li(av,ar)X(av)dv ’ 0<r<1 (43)
(o]

and

Y(ar) = aJmL‘(av,ar)Ti(av)dv - aJ1L1(av,ar)Y(av)dv . 0<r<l  (44)
1 (o]

The kernal Li(av,ar) given by (22) can be converted Lto an
expressiaon Iinvolving finite integrals by the application of the

contour integration technique followed by Srivastava et al (1980)

and is given by

2 . (1)
1N Ji/z(anr)Hijz(anv)

aL (av,ar) = i(1+;.1)0(2(vr)1/2 J ~ dn +
1 2.1/2 2 2. 1.2
o u(l-n) +(o" -7 )
n 0721 (amt)HY (anv)
172 172
+ I r— P— dnl], vo>r
1 n -+ o" -n)
where a=k1/k2 ’ p=p2/u1. For v<r, v and r are to be interchanged.

Next, expanding the Bessel! and Hankel functions in series for
small values of their arguments and integrating, assuming that
H>o>1l, the above expression can be written as (details are given

in appendix - A)

4 2 3 .. 5 3 3
a (3vir+r) i (v r+r v)

aL (av,ar) = a?rM + ia®rvM - M - M +
1 1 2 6 3 6 <
. o®(5vir+10r®v?+r>) M+ i (3vr+10r2v2+3rov) Mo
120 5 _ 360 s

+ o(aa), v>r
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o (3r?v+v?) 1a5(r?v+v3r)

= a vl‘l1 + la rsz 5 P'I3 —& - M4 +
N o®(5rtv+10vir+v™) M+ ia” (3rov+10v e +3¢ 1) M4
120 5 360 s
e A
+ ola ), v<r . T (45)
oz+y
where Ml = —m (46)

M =
2 w(u-1) 21 -1

Jpz—l + Iaz—i

| 1 1 uz—oz az—p uz-oz
Mt ey [-8-(0 ) 4 [ - ]{ ~H 'u+1}] | » (48)
H -1 . »
5 a 2 2
M = 2 2(0™ ~u) ¢ H @ o K M O (u-0) + u o —1 <
4 n(u-1) 15 2 3 2 2
M -1 o -1 Q-1

>< log[ odu’~1 + "’J"z'i ]}]] (49)
Lf—1 v Jo? -1

1 aG—H pz-oz 1 4 yz—o az—p yz-a
M, = o [ M [_E]{gw —u.)+[ - 1][ R ]}] (50)

3 2 2 2 2 2 ’
2 [03 B2 {(u-a)w L log[ oAr’=t v udo? -1 ]H (47)
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2 2 = 2’2 3 2 2
- 2 8 7 _ oo 2007 —) o o o —u u o
Mg = ma-my|To5'C M) * 3 15 Ml 3 " X
Ho-1 ‘ u -1 u -1
2 2 2
x {(u-o) + o 02*1 log[ g{P‘_l * “I; -1 ]}]}
Koot J;i—l + J&z—l
Substituting the value aof Ll(av,ar) given by (45) in (43)
using iterative method, an approximate value of X(ar) for
frequency can be derived as follows :
aLi(ar,av) given by (45) is rewritten as
al (ar,av) = o°L _+a”L _+a*L +o°L _+a®L +a’L
4 12 13 14 15 16 17
where L . =Mr , v>r
12 1
= Mwv , v<r
1
L = IM rv
13 oz
: 2 a
L . = - M M y vyor
14 6 3
2 3
- _ (3r v+v) M . v<r
6 a

.- 3
_ilvir+rv)
15 6 -

(51)

and

low

(52)
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< 2 a s
_ 5v r+l0vr +r

b © 120 My oo VT
- 5r4v+iggzva+v5 Ms ’ v<r
_ i¢3v7r+10vir?4ar7vy
17 360 c
Also let  X(ar) = X_(ar)+aX (ar)+a®X_ (ar)+e®X_(ar)+a®X_ (ar)+
+a5X5(ar)+a6X6(ar)+a7X7(ar) + ata™) (53)
where Xi(ar), (i=0,1,..... »7) are to be determined.

Now putting the values of X(ar) and aLi(ar,av) given by (53) and
(52) in (43) and equating thé cogefficient of like poweérs of a from

both sides we obtain,

Xo(ar) = —2aQ(y1+u2)r A (54)
X1(ar) = 0 (55)
1 ' .
X (ar) = -J L X (av)dv (56)
2 12 O
o]
4 .
X (ar) = —[ [F X (av)+L X (av)]dv (57)
3 oL 1271 13  ©
1 .
X (ar) = —I EL X (av)+L - X (av)+L X (av)]dv (58>
4 o 12 2 13 4 14 O
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X (ar) = —Jﬂl} X (av)+L X (av)+L X (av)+L X (av)]dv (59)
5 ol 1273 13 2 14 4 15" 0
> 8
X (ar) = -J P, X (av)+L X (av)+L X (av)+L X (av) +
G oL 2274 13" a 147 2 15 1
+ L X (av)]dv (60)
16 O
1
X (ar) = —J E, X (av)+l. X (av)+L X (av)+L ., X (av) +
? ol 1275 13" 4 14 3 is" 2

+ L X (av)+L _X (av)]dv ' (61)
16 1 17 O

~Substituting the value of Xo(ar) and L.12 in (56) and integrating,

Xz(ar) is foﬁnd to be

_ af
Xz(ar) = =3

M1(u +p ) (3r-r° (62)

Similarly replacing the necessary unknowns by thelr corresponding

iterated values in (57) to (61) and integrating we obtain

_ 2
X, (ar) = 3 iaQ(u +u M r (63)
! _ a0 _ _ ‘ _ _
X‘(ar) = - Go(p +0 )[(M H )r 10(M M )r S(M 33M )r] (64)
X _(ar) = ia“(y +p,) [20(M M_-M_ )r2-12(9M MM o] (65)
- 180
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_ aq 1 2 _ ? 3, 42 s 5 a2
Xa(ar) = m(y‘ﬂuz)[ ﬁ(2MiM3 M1 Ms)r + §(M1 2.M1M3+M5)r + —?:(M1+

+2M M +3M )r%+ L1(94M M -29M2+80MZ+5M ’r] (66)
1 3 = 2 1 3 1 2 s

‘ -_ 1aQ 2, _ _ 5 _am2
X?(ar) = Tga(p1+pz)[(M1M2 M1M4 M2M3+Mo)r +2(3M1M4 9M1M2+5M2M3+

+M e+ L(269M3M +100M M +249M M +3M )r] (67)
S 7 1 2 1 4 2 3 P
The values of Xi(ar), i=0,1,..... 7 from (54), (55), (62) - (67)

are gubstituted in (52) and arranging the terms 1In ascending

powers of r, X(ar) can be rewritten as

a 4 a8 - .

X¢ar) = aQu +p_)[p (adr+p_(or +p5(a)r5+p7(a)r +0(a)] (68)
where
p (o) = -2+¢M o2 +21 n a3+—i(nz—3m Yo + ! (94M M_-29M7 +80M2 +5M o -
1 1 3 2 12V 4 3 360 1 2 1 2 5

- —i(gn M +M )a5+ i (269M*M_+109M M_+249M M +3M6)a7

15 1. 2 4 1260 1 2 1 4 2 3
- 1 2. 1.2 41 _ s 1.,3 s

p,(a) = -3Mal +g(mf M Yot +5 (MM =M Yo +=5 (M +2M M_+3M_Jo +

i 2 7
* 56(3M1M4 9M1Mz+5M2Ma+m6Ja
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1 z- «, 1 %] e, i F I _ ?
Pg () = g5 (M, Mo tgom (M, -2M M +M oS gmm (MM, -M M =M MM o

p7(a)

1 a3 &
5555 (21, M, -1, M Je .

Next, replacing r by br, equation (29) can be written as

1 .
S'(br)+bImL (bv,br)S (bv)dv = bj L (bv,br)T_ (bvidv , 1<r<m
2 L 2 2 o 2 2

(69)
Following the same procedure as done for the evaluation of

Ll(av,ar), Lz(bv,br) given by (23) can be evaluaﬁed to the form

2 (1) 4
A N Jg/z(ﬁnr)HB/z(an)

bL_(bv,br) = i1 3° (vr)‘”U

2. 1/2 2 2 . 4-2 dn +
o u(l-0) +(o - )
o N2 (paoH (v
l a 2 as2
+ - P P — ani, v>r
1 H -+ o™ ™) '

For v<r, v and r are to be interchanged.
For low frequency bLz(bv,br) is now reduced to the following form
after using the series expansions of Bessel and Hankel functions.

2
azxz[ %M1€_ + ata®) ] ’ vor

bL (bv,br)
2

2
= azxz[ Iy Yy a0 ] ,  v<r (70)
3ar
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The functions which occur in the integral equationsg (43), (28),
(37), (36), (29), ((38), (35) and (44) are calculated by iterative

process in the following order

Iterative procedure is followed in order to obtain the following

results suffiently accurate correct upto the order of (o)

2
8Q(u +u dar
1 (br) = 1 2 ~142M o®+iM o®-2 A% 240y, o<r<t (71)
1 3n 31 3 2 5

T_(br) = 1 (br) + o(a’) , 0<r<t A (72)

80 (u +u,) aMiazK‘

_ 1 2 -
Sz(br) = _ e [ T + ofa )] ’ 1<{r<m (73)
160 (u_+u_) aMiazx” .
lz(ar) = - > [ ?'+ o(a )] ’ 1<r<ew . (74)

45n

160 (u +y2)a)\5

B 2
T (ar) = 1M o142 M 42-2,2) )L 12 1
1 2 r 1 3 4 7 a 7 5
45 _ r - by
+o(a3)] , 1<r<w (75)
16Q (u +p2)aM1a2X5
Y(ar) = - 2 - : [r + o(a)] , 0<r<1 (76)
45n
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160 (p +u_)aM ra’z® .
S (ar) = X(ar) - = = + ow®) ,  o0<r<i (77>
1 2
45n

Detailed derivation of the above expressions have been done in

appendix-B.

4. STRESS DIFFERENCE ACROSS THE ANNULAR bISC, TORQUE AND FAR FIELD

AMPLITUDE

The jump of the stresses at the annuiar disec is given by

T(r,0, )=t (r)e *® = T2 r, 0,001 (r,0,8) = f(rye ™
’ b<r£a , r=0
= f1(r) v £ () (supressing ey,

Putting the values of fi(r) and fz(r) from (31) and (32) in the

above expression we obtain

S (u)du T (u)du
_ 2] d 1 1
T(r) = =] — - L. SV - +
1| dr 2 2 1.2 2 2 .12
r (U -r ) a (U -r)

- u?T_ (u)du = us_(wdu ' ‘
+ = - _ % - , b=r<a (78)
2 dr o z_uz 12 2 2. 12

r (r ) b (r-u

Finally, substitution of the values of S‘(u) , T‘(u) , Tz(u) and
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>

Sz(u) from (77), (75), (72) and (73) respectively in (78), ylelds

after integration,

2(u +u Q2 v - :

_ 1 T2 1 _ 2 2y, 2 2 2i a

T(r) = n [ (1_")2 y172 { 2+[_3_M1 (1 v1) +§M1]a +§ Mza ¥
1

1 2 4 .2 - z 2,2 2+2) <
+[§6(7n1-12r«3) e (3 1)) (107 -2 (7 M) (2-F) ]a -
2 2 . .2 5
'i[ﬁ(11”1"2*4”4) +§(M1M2 M‘) (1 vi)]a +[1260(386M M 74M +

+280M +101M ) 630(37M +80M M +114M](1-v )+ (24M +78M M +

1260

+87M_) (1-v:) 1575(2M M_ M -M) (1 v) ]a6+i[8éo(75MiMz+

+72M M_+156M M_+12M ]+135(M Mo-M M -MoMen ) (1-0F)? -4_§(M1M

. ‘ ’ 2.\ > 16M1a2>\5 1605 M o sin v
S4MM_+2M M_+M J(1-» ]]a - —_— )4 - 2 [— 1y
2 2 3 o 1 4572 4572 v, v

2\ ~1/2 1 2 2 .2 3si r.]-iv 2y1-2 1.2
+(1 vi) ]+—3[—1+—M1a -5 A ] [- +(1 ) +2(1-v)) ]

2 15sin 'y

_ 3)\5[_ _ 1 A-2(1-lv:)3/2+9(1 )1/2+8(1_vf)—1/2]} B
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(v2_1)1/2
2\ 2 2 1 a -1, 4y V2 2 _ -1,2Y _
3; {2[ 1+'5M1a +-3M2a ][3])251“ (z) —T— - 21)2 (vz 1 ) ]
sz: -1, 1 z(v:—l)a/z g(v:_l)i/z 2 -1-2
——s [15vzsin Y+ - - _ -8w_(v3-1) ] -
2 ) 2
2
BM’.az)\4 o
- + oo ) , b<r<a (79)

45mv (v: -1)**

where v1=r/a and v2=r/b
Substituting a=0 and A=0 in (79) the jump in the statical stress

across the rigid circular disc of radius a3 embedded at the

bimaterial interface is easily found to be
4(y1+u2)0 v,
To(r) =7 i 212
(1)
1

so that the stress intensity factor at the edge of the éirculaf

disc in the statical case is

2/2(u_+p )0

K = Lt [(i—v )1/21 (r)] = -
() r+a—- 1 o

Therefore, in our dynamical problem involving annular disc, stress

intensity factors at the outer and inner edges of the disc defined

by
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12

& Ka C L T(r)(l—vi)
a - K— - r-»a- K
o o
K T(r) (v 1)‘/2
and K. = ° = L ' 2
b K r+b+ K
(o] (o]

are given by

K: %[{ 2+< M o +30(?M -12M )a +1260(386M M —74M +280M +101M )a -
32A5 1 2 8 .2 . [2 a_ 2 ‘ 5 1 2
45n2[1+§mia t= A ]}+1{$M2a Z§(11M1M2+4M4)a +630(75M1Mz+

+72M M +156M_M_+12M Jo© : (80)
1 e 2 3 G . . ' .
. 2.3 L .
8M o’
_ i fex 2y 1627 774 BN, 3
and = E[{ ( 1+ L& ) TEm iEm } + 1§FM2G ] . (81)

The torque of the shear stress on the annular disc is represented

. by the expression

T = 2nJ°rzT(r)dr (82)
b

which can be written after putting the value of 7(r) given by (79)

and integrating as follows.
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_ al[ ,.8 2 41, a_ 1 _ + 41
T = -5(“1”12 )Qa [ 4+§M1a +—3—M20l +1—O€(37M1 72”3) (4” M +M )O( +

2
4725(27O4M M +21OOM SSOM +472M )a +1575(491M1M2+328M1M4+

+720M_M_+36M )a 847 (1-%

M o242 2+ o™ (83)
2 34 7 .
15n

Next, in order to deduce the far field amplitude of the
displacement in both the media, we substitute the value of A (F)
. ‘ i

in eQuation,(S),and obtain
; ¥
ny *uy,)

vj(r,z) = [atf(t)dtjm &£ Ji(Er)Ji(Et)exp(-yj|z|)df (84)
. b o

Evaluating the integral with respect to ¥ by the method of

steepest descent for large values of f(r2+z?), we obtain finally

for z>0
ik R
e 1 1 .
v (r,8,2) = F (©) - + D[;—J as R -+ (85)
1 1 R 2 1 ‘
1 1
where r=R cosé , |z|=R sine
1 1
F () = - losin6 G (&) , for |c056|<£
1 1 o

ou sing + pzf(l*o?cosze)
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osindlu f(o cos - 1)+1ou singl

2

G (&), for |cosel>l
. 1 o
o

®» NN

sin® 6+p2(o cos®e-1)

(86)

2
_ 2Qa” (u +u Joocos8 .
and G (&) = 1 2 [—§+ 44 o2 +21y 42

o= - -E 10( +-9—'Mza GBO(S?M "72“ )O( -

_21i N5 1 _ 3 2 s
Z§(4M1M2+M‘)a +2835(256M1M3 85M1+21OM2+4OM5)a +

2 2 2
9450(“91“ M_+328M M_+720M_M_+36M Jo© - oo cos® {_2

16, =2 2i, = 1 2 ’
+roM, @ +TEM, o +—1m(?3M1-136M3)a 1575(82M M, +23M )a }

4 4 4 , N : S 6 .6
Lo acos6 (2, 20M a2+§lm o) + 9o cos e
120 7 189 21 2 T 22680
3n5¢ 4 4 1 '
+ 1-2M a2 +2 A% +20%a% cos®e (87)
2 3 1 7 6
45n )
Also for 2z2<0,
itk R .
’ ‘ e 2 1
v_(r,¢,2) = F_($) el o[?] as R so (88)

where r=R2cos¢ , |z]=stin¢
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F (¢) = - ising G, () - (89)

y1¥(oz—cosz¢)+yzsin¢

and G2(¢) is obtained by replacing @ by ¢ and also o by 1 in

G (@).

5. NUMERICAL RESULTSlAND DI SCUSSION

Numerical results have been calculated to- study the_variations of
the dynamic stress intensity factors with the normalized frequency
a at both the outer and inner edges of the annular disc sitdated
at £he bimatgrial interface for different values of the ratio of
the inner and outer radii of the annulér disc for the following

two sets of materials.

First set :
Aluminium . p1=2.7gm/cm3 p1=2.63x10udyne/cmz

Wrought iron p2=?.8g'm/cm3 p2=7.7x10“dyne/cm2

Second set

Copper _ p =8.96gm/cm’ y1=a.5xio“dyne/cmz
Steel p2=7.6gm/cm3 p2=8.32x10“dyne/cmz
‘The dynamic stress intensity factors are normalized by the static

solutian K°=—2¥2(u1+p2)0/n for the penny shaped rigid-disc.

It is interegting to note that for both the two set of materials

i
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stress intensity factor at the outer edge changeé appreciably with
the normalized frequency o and gradually decreases with the
increase of a but in the case of inner edge, the stress intensity
factor decrease very slowly with the Increase in the values of the
normalized frequency. It may further be noted that change in the
vaiues of the stress intensity factor with increase in the wvalues
of X iIs more prominant at the inner edge than that at the outer
edge. We also note from fig.2 and fig.a that stress intensity
factors for the two sets of materials are nearly the same for low
- frequency and increase gradually with the increase in frequency.
Far field amplitudes defined by Fi(e) and'Fz(¢) in the upper and
lower medium =z>0 and z<0 respectivgly for fixed R have been
plotted in fig.4 - fig.7 against their arguments for different
-valqes of the normalized frequency a and A, the ratio of the inner
and outer radii of the annular disc for two different sets of
materials.

It may be noted that bqth in the upper and lower medium for the
tyo seté of mater%als, amplitudes Fi(e) and F2(¢) resﬁectively
increase gradualiy from.e and ¢ equal tJ zero, attain maximum
values and then gradually decrease toc zero at 6 aﬁd ¢ equal to
90°. The values of the angle at whiqh maxima are attained are
found to depend. on the material properties and not orn the values
of the frequency and A. O0On the other hand if fhe material

properties are kept fixed, maximum values of the far field

amplitude are found to dépend on the normalized frequency a and A,
which is equal to the ratio of the inner and outer radii'of the

annular disc.
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APPENDIX - A

EVALUATION OF aL1Cav,ar)

SO B
(anr)Hi/z(anv)

. nJ
al (av,ar) = i(l+w)a’ (vr)*7? l an +
41 - 2. 12 2 2 41/2

. o u{i-n=) +(o" -1 )

272 (anr)kii;(anv) '
(A1)

n (o° -0 )
+ Jo 1/2 > dnl|, v>r
1 p (n -+ - ) .

Bessel and Hankel

For small values of arguments expanding the

functions we get

2 2
(1) _ 2 |r . o™ n 2, 2 an 2, 2 _
Jl/z(anr)Ht/z(anv) a5 [ i+ anv + 5 (3v-+r7) & (vi+r v 5
io* n o® 5 G
BT (sv*+10r2vZ+r*y 4 360 (3v>+10r?v?+3r%v) + o(g )]

Putting this expansion in (A1) aLi(av,ar) can be evaluated as

ia5(v3r+r3v)
M
6 4

' 2 a o* (3vir+r?)
alL (av,ar) = o rM + ia rvM - M
1 1 2 6 3

+ o (5v*r+10r?vi+r’) M+ i’ (3vr+10r v +3r°v) Mo+
120 5 360 . ©

+ oy, vor
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4 2 a s ,. 3 3
_ .2 ] _ o (Briv+v) _ dla” (r7vtvir)
= ol Vl“l1 + ia rsz & Ma 5 M4 +
. a6(5r4v+10v3r2+v5) M+ ia7(3r5v+10v3ra+3v5r) M+
120 s } 360 P
8
+ oo ), v<r (A2)

where

(L4141 2 2 1-/2 1 (L+41) 2 172
M = %(1+p) [o 7 (o 7 ) dn - “J . i ) dn
o u

(nz-l) + (oz—nz) Jo uz(nz—l) + (oz—nz)

i=1,2,...,6 (A3)
Now
2, 2 2. 12 o 1 2 _ 2.1-/2
M, - §(1+“) JO . nz(a n )’2 — an - NJ. n° (1= dn
o u (n -1) + (o -n") o pz(nz—l) + (oz-nz)
(A4)
Without any loss of generalityAwe assume M>T>1.
The first integral in the expression of M1 is
2, 2 2.1-2
Jo w (o7 -n7) dn
o yz(nz—i) + (oz—nz)
1 2 2 .12 2 -0 (o -p)*72
= Ja (0 -5%)""2%an + “2 zja z dn
(u -1)Jdo (" -1)"Jo 2 _ pz—o
no-1
2 .
- o n_ H o n (AS)
2 2

2(u-1) 2 (-1



and the second integral is

Jd nz(l_nzjf/z -
o pz(nz-l) + (oz—nz)

1 : 2. 42 uz—az * (1—772)1/2
= - (1-n") dnp +
2 2 2 2
(g -1)Jo . (g -1)Y Jdo 2 u
I,
- 1 L “2_02

[ =

20%-1) 2 (2-1)?
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(AB)

Putting the results (A5) and (AB) in (A4) and simplifying, M1 can

be obtained as

P
= 9 *H_
1 2(u+l)

Similarly, M. (1=2,3,..,6) can be calculated and

be given by

_ 2 oa—y pz—az | - 10”1 ajpz—l + pjaz-l'
M = + (-o)tpu|l——— log
2 nl(u-1)| 3 z2_y 1,2-4 3 5
H H Jp -1 + J& -1

1 1 4 pz—oz oz—p ;.12—0'2
Y T w D [5(" ki [ yz_l]{ R VES ]

(A7)

they are found to

(A8)

(AS)
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[

T oap-1)

- m(u-1)
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s 2 2 a_ 2_ 2 _
2 [?(TS—#) +p2—a [03/.1 s Mo {(p—o) +IJO 1 <

R C:=mec))) RS

2 8 "(07_ y + uz—o'z 2(0‘5-4..1) N “2_02_ o’a-p . ;Jz‘-o'z .
105 H z . ] - 3 *

2 I 2 |'z ' A .
x {(p—o) + ulg;Zl log[ oA =1 * pdo -1 ]}]}] (A13)
. i ’J—l : Iyz—i + Iaz—i .
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APPENDIX - B

li(r) is given by

nr 2 ,2. 1,2 dt 2 ,2 4.2

r . .2 S (u)du: -
1(r) = -_ZJ __tat d_r L .,  0<r<b. (B1)
* o (r?-t?) v (u®-t2) .

Taking Si(u) = X(u) as a first approximation from (42) (B1) can

be written as

T .2
1 (r) = —ng _t_;’t_” g_t.r X(zay":y — ,  0<r<hb (B2)
* o (r2-t%)HY tra (y2-t?7a%)*
. _ E]
Substituting X(ay) = aQ(u1+p2)[ p,(a)y + p_(a)y 1

(neglecting o and higher powers of o)

>

where

p (a) = -2+M a2+gl M o + ota®)
1 1 3 2
() = -2M o + ola®)
pa 31

in (B2) and integrating we obtain

_ 20 a 4 2 21 3} r 4 8r
11(1‘) = n_——;—(yiﬂuz)[ 2 + 3 Mla + 3 Mza] T [§ + 2]
15a
40 2 8r°
- (y1+p2)M1a 153 , 0<r<b

2
3rrra
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K

Replacing r by br and putting b/a=x in the above expression we

obtain,
2.2
8Q(u +u_dar A s
1 (br) = 1 2 “142M o2 +iM o®-2 A% 1% (a*) |, O<r<it (B3)
1 3n 3 4 3 2 5
Next,
T (br)=1 (br)+emr] T (aw) {29 _ 10g[¥2T)) au , o<r<t
2 1 AT 1 2 2 2 u-Ar
1 (u -A"r")

Neglecting higher order terms of a, Tz(br) is found to be

T (br) = 1 (br) + ola’) , 0<r<i (B4)

Replacing r by br, (29) can be rewritten as

. ) > § .
Sz(br) + bImLz(bv,br)Sz(bv)dv = bJ Lz(bv,br)Tz(bv)dv , 1<r<m
1 o o

(B5)

First approximation of the above integral equation yields

1
Sz(br) = bj Lz(bv,br)Tz(by)dv y 1<r<w
(o]

in which substituting the value of Tz(bv) from (B4) and

P
MY s o(a‘) ] , v<r
ir

w| -

bL_(bv,br) = azxz[
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we get

8O +u )aM1o&2)\4 )
5,(br) = - t 2 [-1: + o(az)] , 1<r<w (BB

45m

2

Similarly, first approximation of other functions from their

respective integral equations can be derived and are given by

16Q(u +p, )aM’az)\s

1 (ar) = - - [% + o(az)] ,  1<r<w (B7)

2 457 ’

S
. 16Q(u +u dan 2

T (ar) = r 2 Loy a2enf-142 M a2-2 22 - 122 1y

1 2 T 1 3 1 7 3 7 5

451 T T
+0('013)]' , 1<r<w © (B8)
160 ¢, +p_)aM o\
Y(ar) = - 22 1 [r + o(a)] , 0<r<1 (B9)
45x
160 (u +u_daM, ro’A> . .
Si(ar) = X(ar) - P + ol ) , 0<r<1 (B10)
: 45n . .

where X(ar) is given by (68).



