CHAPTER 1

Introduction and Preliminaries

This dissertation is divided into four chapters.

Chapter 1 introduces some basic concepts and' notations
we employ in this thesis and serves as a prelude to the
current work. Geometric solution procedures find important
applications in the problems involving location of facilit-
iés considered by us.

Chapter 2 considers the unconstrained pboblen'l of
‘locating a single service centre in the plane in the
presence of existing location points using the c¢riterion of
minimising the “maximum weighted — rectilinear distance,
symmetric as ‘well as asymmet_,r'ic, and obtains the solution
analytically by exploiting the geomet.ri(':ai structure of the
problem. Asymmetric weight is t;ypically exemplified by rush
Ahoux\ trafiic and similar other situations.

Chapter 3 deals with the problem of locat{ing. a,single
service. centre . catering to the demands of customers
distributed over a finite set of demand points in a
two-dimensional space employving both the symmetric and the
non-symmetric Manhattan metric minimax ocriterion. An exact
solution technique, based on geometry, has been presented,
under the assumption that the required centre should be
situated within a convex Polyhedfal region.

Finally, chapter 4 focusses on the computational
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aspects of some of the above mentioned problems and presents |

algorithms having a peolynomial time complexity.

1.1 Origin and development of different aspects of locational

problems

Facility layout and location problems have been the
sub ject of study for centuries. The ancient Greeks are known
to hav.e been faséinated by this =subject. A vérsion' of the
Euclidean distance location problem was posed by Fermat I[16,
511 as a purely geometrical problem in the early seventeenth
century and solved b'y Torricelli [36]1 around 1-64‘0, which'may
be stated thus: ‘given three points 'in the plane, find a fou-
rth one such that the sum of the distances to the three said
.point,s is a minimum. Cavalieri [36] in 1647 reviewed the
problem and Jacob Steiner I[16, 521, a Swiss mathematician,
early in the nineteenth century, made an a‘t,t,em;':pvt, to s=solve
the problem posed as a classic ’geomet,r'y problem in the
special case of equal weights while Alfred- Weber [76), a
German economist,in his pioneering work towards the beginning
of this century,once again studied the weighted version, also
known az the Steiner-Weber problem or the general Fermat
problem, whic:h consists in locating a warehouse in such a
way that the total weighted distance travelled between the
warehouse and a set of demand peints is a minimum. The dual
of this problem was solved by Fasbénder I[36] towards t.hel

middle of nineteenth century. But it was Kuhn [501 in 1963



who was the first to have alttempted a purely mathematical
approach in order to find a solution to the problem.

Although faqﬂity layout. and location problems continued
to receive considerable attention over the years it was only
after practitioners in OR began exhﬂﬁidng interest. that the
sub ject became the focal point of attraction for several
disciplines.

Locational analysis deals with the study and development
of met,h:)dologies Sleeking to determine the locations of r;ew
facilities in such a way that the users of the facilities are
benefited most. By  constructing suitable models which involve
locating one or more new féciliﬂies, and‘ solving them, the
investigation is carried out. With the passage of time,
however, the formulation of the location problem  has
undergone radical change.

In solving facilit.y layout. and location problemé models
simple rather t,h.an highly =ophisticated although <closé1y
appfoxhnating the real world have been develqped.'lé the
analysis of facility layout and location problems the
process of verifying if the model accurately represents the
physical system under study is most important. In obtaining
a solution to the problem its formulation and analysis have

to be carried out at the outset.



1.1.1 Selection of criterion

The «riterion of minimising some funct,ion. of dis?anée,
either unweightéd’ or weighted by some importance factor, the
weight being interpreted as cost per unit of distance from a
demand point to a facility, is perhaps the most natural
choice. It the new facility is a factory supplying
warehouses or a new machine to be iocated in a plant layout
or a poinf. in a network to be cohnected t.o kno‘\;vvn‘ points in
the network Jdthe existing facilities)>, its location may bbe
determined in such a way that the total cost which >is
directly pboport,ional/ to the distances involved, will be a
minimum. Sbmet.imes, instead of minimising the total distance
travelled, it may .be required to minimise the maximum
distance, which is actually the minimax counterpart of the
more familiar Fermat problem. Such a criterion is most
natural in locating some emergency facility for which the
maximum cd=lay is more iﬁpox-tant than the average or” total
delay incurred as a measure of effectiveness and has ‘been
rightly called the ’gfeaﬁé the squeaky wheel” criterion by
some authors inasmuch as the objective is to minimise the

effects of the worst situation, viz., the maximum cost.

1.1.2 Choicia of norms

There are many a distance measure we may define on the
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plane. A general distance family is L ' distance defined as
1

, 1/p
LA, AD> = (Ix1 - lep + I-y1 - yzlpJ » where p is the

distance parameter (1 =< p = «, and C>_<1, yi), (xz, yz) are

the coordinates of two givexx potint,s AL andu A2. Two distance
measures, however;, received much at.tention, viz., L1'
variously called the rectilinear, rectangular or Manhattan
distance and Lz" the euclidean .or straight line distance. In
urban location ana;lyses travel usually takes place along an
orthogonal set of streets. In prob'léms involving 'mac.:hine
location travel occurs along a set of réctangular aisles
arranged 'p-arallel to the walls of the buildiﬁg whel're the

machine iss housed. In such situations rectilinear distance is
the appropriate mét.ric. Whereas for some network location -or
‘pipeline design problems or problems involving air travel
euclidean distance is conveniently applied. For relatively
small areas on the earth’s surface, which may be treated
with considerable precision as a sphere, the planar' model
offers a very good approximation. When the - existing
facilities are widely separated, the area covering these may
be pro_jeci,ed onto a plane and the location of the required"
facility may be determined using an appropriate location
model on the plane, but only at the expense of introducing
errors into the analysis. Although there exists a number of
mapping techniques producing accurate pro jections of a

sphere onf.o a plane, in .problems involving large regions on
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the globe none preserves distance. On a sphere, therefore,
we should apply the shortest arc distance, also called the
geodesic norm, useful for g;lobal-. oﬁbimisation m, 3, 5, 19,
20, 23, 3Z. 791. Recently, location problems on the sphere

have been the centre of much critical attention in ' the
literature. Besides these there exist other norms notable
among which are ring radial, hyper-rectilinear, block norms

etc.
1.1.3 Minimax and minisum location problems in networks

Location theory evoked considerable interest after the -
publication of a  seminal paper b_\; Hakimi (421 who considered ,
the general prablem of locat,ing‘ one or mény facilities on a
.network employing the minimax or the minisum criterion.

Problems dealing. with the determination of optimal
location of service centres in networks or graphs abound in
practical situations. In particular, if a graph represents a
road network with its nodes represgnting. 'coh'lmunit.,ies.,. one
may have to optimally locate a .hospi't,al, police station,
fire station .of any other emergency sex;vice :f’acilit,_v. In .
such situations, the optimalit,y- criterion may be . the
minimisation of the distance or travel time from the
facility "to t,hé farthest node of the graph or the
opt,imisation_ of the worét case. In a more general §ituation,

a. number of such facilities rather than a single facilit,y_.’
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may be re:juired to be located such that the remotest node of
the gr;aph can be reached from at least one of the facilities
within a minimum distance. The. problem of locating emerge_ncy:
facilities with a view to minimising t,he largest. travel
distance t.o any node from its nearest facility is nat.urélly
called the minimax location problem and the facilities the
centres of the graph (Christofides [14DD.

There is a diffefent class of location problems where
the objective is to minimise the sum’ total of the distances
from the nodes to the central. facility, assuming that a
single sucb facility is to be located. The problem ofy
locating a -depot. in a roaa network where -the nodes represent-.
cusﬁomers or switching cehtre in a telephone network whére
the nodes represent subscriber.s, calls fop such objectives.
Problems of this t,ypé are consequent.ly called minisum
location problems, although the Qb_ject.i-ve may be the sum of'
‘various functions of' distances rather than the sum of
distances:. The reéultant facility locations are then .known

as the medians of a graph.
1.1.4 The euclidean MSC problem

The minimum Aspanning circle problem, also known as the
euclidean t-centre problem, may be stated as the problem of
covering a finite set of points in a plane with the smallest,

possible «circle <(Preparata and Shamos ({671>. This - is a



classical problem orié;inally posed by Syivester[?i, 721 in
1857, who while continuing the search for an efficient
alg;orit,'hm ultimately hit upon a graphical solution procedure
only in 1860 and  attributed the same to - Peirce: - - This
algorithm was rediscovered by Chrystall15] twenty five years
later. A modern ac:count, of their treat,ment, may be found in
Rademacher and Toeplitz [68]l. The smallest. enclosing circle
thus obtsined is unique and is either the circle circumsecrib-
ing some three points of the set forming an acute triangle
or described by two of them as. f:liamet,er.. Thus a finite
algq:xj__i_dthm that examines all pairs and t,rip-let,s of points and
determine:s: the minimum circle _eﬁclosing the set was
obtained. The complexity of this algorithm was on*>  and
Elzinga and Hearn I[31, 32] suggested an improvement that
would run in ocn®> time. Shamos [70] proposed an algorithm
which depends on the determination of the farthest point of
the Voronoi diagram requiring computational complexity of
O(n lognd. This amount of computational effort is at.- least -
needed for any solution algorithm. However, Megiddo [59]
suggested a linear time algorithm by transforming the
minimum spanning circle problem into a two - dimensional LP
formulation. In the MSC problem, also called a minimax
facilities location problem in Operations Research parlance,
we =seek a point, the required centre of the circle, the
greatest distance from which to any pbint,-of the set is a

minimum. The minimax criterion is most suitable in locating



emergency facilities to reduce worst case response time to a
~';7:inimum (Toregas et al. [741. It has also been successfully
implemented to locate a radio transmitter serving a number
of discrete receivers or a radar station _catering;; to the
demands of several defence irxsball;at,i;)rxs so that the RF
power determined by the radius of the covering circle is a
minimum ((Nair and Chandrasekaran [65]>. By treating the
smallest covering circle problem as a cont,ipuous
op{,imisat.ion proble;n, a number of iterative algorithms has
app-,eared, notable among them being Lawson [53], and Zhukho-
vitsky and Avdeyeva [80] -algorithms. ‘Jacobsen‘ [48])] has deve-
loped an algorithm relying on a specialised implementation .of

the method of feasible directions.
1.1.5 Generalisations of the single facility problem

The m-centre problem forms the most importéﬁt class of
problems in location theory and may be formally stated as
follows: Given a set D = {d1, dz""’ _dn) of n demand points
on a pbne, find a set S = {si, Sy S‘m} of unknown loca-
tions of m supply points or.m the plane such t,hlat. t.hé furthest

distance ‘between the demand points and their closest‘ supply
points is aws close as possible. Mat,hemat,idally speaking,
Minimise =,
where =z = max { min <L dd, s)>3»
L J

1<iZn 1Xj<m

Problems such as these find important applications in models
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concerning location of service facilities, as for, example,
hospitals, shopping centres, fire departments, ‘ pojivce
stations, radio or TV centres, or in many equity modéls in
~economics where the corpmunities represent demand points. The
m-centre problem may be treated as a genepalisat,ioﬁ of the
i-centre problem. This problem for general m has been
considered by Aneja et al. [21, Drezner [21], Hwang et al

(471, Ko et al. [49]1 and Vijay [75].
1.1.6 Anocither generalisation of the single facility problem

The multifacility location problem concerns locating any
given number of variable points representing facilities with
respect. to any given number of fixed points corresponding to

potential users applying the minisum or the minimax criterion.

Let x <4 = 1, 2, », m> denote the new facilities or the =so-
L
called wvariable points, a {( = 1, 2, » nN) the fixed points
]
or the existing facilities, v and Yok the weighting con-
v L .

stants between x and a and between x and xk respectively.
L 1 . L - .
The weights allow for the model to discriminate in importance

among distances. The problem where a minimum sum of weighﬂed

distances criterion is satisfied is the following:

3

m-—41 m

m
minimise z = z wi,_ L <{(x, a> + w e L x, x>
. 1 L 2 .
=4 j)=1 J P ] L=1 k=ZiL+1 - Pt k

whereas the problem: satisfying the minimax objective is

given by
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minimise =z where

z = max {w _ L (x, a), 1<if<m, 1=<j<n;
L] o) L J

Yok Lp(x_L, Xk>’ 1<i<m-1, i+1<k=m
Hakimi [421, Frank [39,40]1 and Goldman [41] have " studied
the minimax location problem in a network whilé Franci=s [35]
has dealt with At,'he same problem '.Oll'l a plane. Love et al [56]
and Elzinga and Hearn [33] provide =solution procedures t,o‘
the multifacility minimax problem . using euclidean distances. '
Love arid Morris [(54] have suggested a non-linear programming
approach to the problem using 'generalised L.p distanées.'
However, in ah urban setting the travel paths resemble more |
a rectangular than a straight liﬁe distance and consequently,
rectilinear distances become relevant. in such situations. .
Wesolowsky (78] has given a parametric linear progr_amm;‘.n-;:
solution t.o the - multifacility problem using I\e(:tili_near ,
distances. The single facility location problem c:én also' be
considered to be a special case of the multifacility location

problem stated above.

1.1.7 Algorithms

There exist several algorithms for solving the minimax

problem under the Euclidean norm (Blumenthal and Wahlin 151, -



Castells and Melville [6], Chakraborty. and Ghaudhuri [11‘..]..
Chat,eloﬁ et. al. [12], Chrystal and Peirce [15]1, Elzinga and‘
Hearn [31, 321, Francis [351, Hearn and Vijay [45], ngobsen
. [48]1, Megidde [59)], Nair and Chandrasekaran [65], Oommer‘x[c‘it'j}
Radémacher and Toeplitz [68 and Shamos [701>. Two papers -
one by Oommen [66]1 and the other by He;«rn znd Vijay [451 -

survey the literature and compare, qualitatively and computa-
tionally, the variocous solution procedures. Oommen has propos-
ed a computational scheme that synthesizes three of the best
known primal feasible algorithms, viz.,, the Chr_vst.al—Peix;ce
algorithm ;vit.h the Chakraborty-Chaudhuri initialisation, the
_Jacobsen algorithm and the ‘Ca'st,ells- Melville and Francis
algorithms and conjectures that t.,he' geometric algorithm has
a linear time complexity. Hearn and Vijay have demonstrated
that the Chrystal-Peirce algorithm with the Chakraborty-
Chaudhuri starting solution is the fastest in the equiweight-
ed case whereas for the weighted case the Elzinga-Hearn
algorithm turns out to ‘be the fastest. lChx‘*yst,al-—Peirce
algorithm iz based on primal feagibility while Elzinga-Hearn
algorithm depends on "dual feasibility. The primal
feasibility concept to solve a minimax location problem with
an efficient starting solut,ion,' was first,. introduced by
Chakraborty and Chaudhuri [11]. The basic idea behind this
method is tao cover S, the set of all demand - points, by a
. circle. The next step consists in reducing the radius of

this circle so that the demand points continue to refnain



within ths circle. The algorithm is designed in such a way
that at wsach iteration at least one demand point could be
eliminated and no future iteration would ever need any
information about this point. The dual feésibility concept
consists, in covering any two points éf IS by a mininin
circle. :1‘<he radius of the circle is then increased at each
step t,on;_.@«:commodat.e more and more demand points within the
circle until one gets the minimum covering circle. The basic
ideas contained in' our algorithm and Chakraborty-Chaudhuri’s
a}:a .ident.ical.‘ JBut,_. in order to solve the problem using
rectilineax» met.ricA we have to recast the latter and effect
certain changes to meet the present. situation. With this end
in view the spannir;g circle of the euclidean 1-centre
problem has been replaced by the covering. diamond (F‘fancis
and Wwhite [361), defined as follows: given any point Pda, b
and any non-negative number r we define .a ‘diamohd‘ with
centre P and radius r, to be denoted by D(P, r)>, by the set

of all points X{(x, y> for which Li(X.' P> < r. In s_vmbols,.

DCP, 1> = { XCx, y> L X, P> £ r }

1.1.8 Locating an undesirable facility using the minimax

criterion

There is another important class of location problems
concerned with locating an obnoxious or undesirable facility

that produces pollutants of the nature of radiation, noise
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or harmful gases, in such a way that the smallesit distarnc:
or the smallest weighted distance frdm a given set of demand
poinf,s ist maximised ‘while remaining within a préspé'c’:ified
region. Such problems are naturally known as maximin
préblems as opposed te the minimax version. A:pplication
areas include locabion of a hoisy facility, say a s.cho.ol‘,v a
prescribed distance away from residential quarters, or an
infectious: disease hospital, an qrdnance factory, a nuclear
waste disposal site, a factory Spéwing out. effluents and the
lHke. In such @ situations it is imperative to Ilocate ‘the‘
facility as far away as possible i.‘ron.l the points it actually
serves. Among the papers dealing with the maki‘hin ob jective

we may mention the ones by Dasarathy and White [17]1, Drezner

and Wesolowsky [26 - 281, Melachrinoudis {61, 621 and Mehrez '
et al. [601]. For a realistic formulation of the above
problem, Melachrinoudis and Cullinane [63]1 developed a Ioder

based on t,he‘ physical laws. of transfer of the unpleasant
effects associated with the installation of an. unde’sirable :
facility using the nﬁnimaﬁ criterion which, in this case,
minimises the maximum or worst effect of the polluting
facility. This model assumes that the effect of a new

undesirable facility upon an existing one follows the law of

inverse square of the distance between the facilities.



1.2 Solution procedures for some rectilinear distance planar

single facility problem

Amér.'.g the various solution procedures available in the
literature for the rectilinear one-centre problem, we shall
have the occasion now to dwell upon a few amongst these,
which are geometric in nature and moreover, have a direct
bearing on the present. work. From a purely theoretical
standpoint. the complexity of geometric algorithm is of'
interest siqce it sheds new light on Lhé int,.rinsic
difficulty in .computation. The solution procedures described
heré include Elzinga and Hearn algorithm [31]1 dealing with
the equal weighted case using an innovative concept of a
covering diamond (sec 1.1.73, Francis algorithm [34, 361
concerninz both the unweighted and the symmetric weighted
cases arxd‘ Drezner and Wesolowsky algorithm ([25] having
substantial contribution to the asymmetric weighted problem.

Let (ai, bi-)., i e I = {1, 2,., n> be the locat:ion of
the existing facilities or deménd points 'and (.x, y> be the
proposéd location of the new facility or the convenience

centre.
1.2.1 Eliinga and Hearn Algorithm

Elzinga and Hearn [311 have =tudied four variants of the

minimax location problem using geometric arguments, stated
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as follows:
mir)p max, [LP('P,- PL) + kL]

where p # 1 or 2 and k.L = nonnegat,ivé constanf... We discuss
the Elzing;a-Heérn alg’orithm for the case for which all the
k_L = 0 and p = 1. All the location points are at first
covered by a rectangle by moving a line having slope -1 so
as to touch at least one point situated farf,hest ieft ar;d a-ut,'
least. angther point. farthest right and doing the same thing
with another line with slope +1. They next éonsider at, rr{d_st,
four points, one on each side of the rect.angle. Four equad .
diamonds centred at each of these are then construct,ed' in
such a way that the radius of a diamoﬁd is less than the
required minimax distance.. The diamonds are now allowed to
expand uniformly about their centres. Any point  that belongs
to all four diémonds is an optimal solution. If the
rectangle has unequal adjacent sides Elzinga and Hearn have
shown geometrically that. the perpendicular bisector of the
longer sides truncated by vertical and horizpnt.al' lines

constructed through the extremities of one of the shorter.

sides of the rectangle constitutes the solution set.
1.2.2 Francis Algorithm

Francis [34] has considered the generalised unweighted
one-centr«e problem in the following form:

minimise fd(x, y> -

2
(%x.,y) € E
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where f(x, _v)'= max (|x - aL] +|y - bLI +g_L)
[N ¢ .
The inclusion of the term g 1is justified by the fact Uthat
A8
if x, y> bpe the location of an ambulance, then g may be
L

travel distance from <a, b D> to the

interprete: as the . L

nearest haospital.
This problem may be rewritten as:
minimise =
ssub ject t,'o [x = a,L[ +ly - b_L| g = Z, iel
By manipulating these absolute value inequalities they havé,

after some reductions, obtained the following - linear

programming problem:
minimise =z
sub ject. to x +y~-z=<a +h - g
) 18 1 ‘L

Xx+y+z2a +b + g
L 1 L

Assuming < = min a + b - g2, ¢ = max €a + b + gD,
1 L L L 2 i L L i
= { =4
s = min (¢(a + b - g3 ¢ = max (~a + b + g
L L L + i
i<t Lerx - v ¢

the above LPP further reduces to

minimise =z



sub ject. t.ao x +y -z

7
e}

1D

-x + vy + =z 2 cC
These constraints define a rectangle, two of whose p.arallel
sides are inclined at an angle of 45° with the x-axis while

the other two make an angle of 135~ with it. Let.

c = max (¢ =~ ¢, c = c ).
s . 2 1 4 3
' L =1 .

Then any point belonging to the line segment. joining the

points A - ¢, ¢ + ¢ + ¢ and 2 (c - ¢, ¢ + c - <
- t 3 1 E] =] 2 4 2 4 5

is a minimax location with .Kcs as the optimal objective

value, where X = 1.2,

The weighted version of the abaove problem considered by

Francis [34&] may be stated as:

minimise fdx,y>
(x,y? = E

where flx, yd> = max [w,(|x - a,l + |y - b.|) + g1
L L R 1 L

i = I -

where w_L (= 0> is the weight associated with (a,L_. bi> and g,
may be interpreted as the time required by uéer i to prepare
to go to the centre.

wWith M = G : i e I, w0, M.= 4 @ i e 1, w,L=0}-‘t,he
above probhlem may be rewritten as

minimise fd{x,y)>
2
(x,y) € E

where f(x,v) = -max { max [w (|x-a |+|y-b |)4g,]:, maxdg, )} o
) ieMm - v - h = vl
Let g = maﬁ(gL). If ¢ < k then the inequality

L <=M



max [w (|x-a |+|y—b_ |>+¢.1 = Kk
1 1 1 L

LM

is clearly equivalent. to

A

x+y<a +b + k-~ gdw
L L L

8

v

x + vy a + b - (& - giw,
L L L L

-=x + y < -a + b + (k- .gdXw
. L L

L

“x +y 2 -a +b - (k- giw,
L L L L

which are the same as (1> having g rTemoved, =z replaced vy
> L .
&k - gldw and the condition i<l substituted by i € M We -
v 1 * N SN . .
now define c1(k) through c“(k) as follows:

c (k> = min (a+b +k-g d>/w ), c (k> = max (a+b -<k-g >/w )
1 . i L T L T 2 . L T L v
1. €M L =M

c k> = min (-a+b +k-g /w ), ¢ (kd=max (-a +b -<k-g >ow )
3 Y L v L L 4 LG'M L L : L s

The set of all (x, y> such that f(x, y> £ k is given by

Sk = {(x, vy cz(k) £ x +y =< c1(k),

cck>s—x+y$cck>}
4 3

which 1is a rectangle with a pair of parallel sides at 45°

and another pair of parallel sides ‘at 135° wit.}‘.x. the ’x—axié.
For notational convenience, t.l;le' linéar transformation T and’
its invex-;;e T_i, have been defined as follows:
: " Tx, y2 = (x + vy, =x + y>) = ', yv'> (say) and

T_i(xl_, y)l = Ax~y, xty), where A = 1.2,
The numbears a‘;_j- and Ri.j for all 1 < i < j < n areae Jdefipmes

thus:

oL = max ( fw w
L

|a! - a’ + w g +t w g liw + w),
L) ) J L L

) L J L ]

g & )



7 = mak [ (w, w. |b’L - b’j + oW gj + wJ_ g,L]/('w_L + wj').
Geometrically, O(Lj represents the vg\lue of k when both L.he »
coordinateé of either user are réspectiveiy greater than
those of the other and BLJ’ represents the value of k in all
other casés. Let P, P, be the indices for which

z = max . D = o

1 i
151 < j=<n ! p1pz

and 9. g, the indices for which

z2 = max WRI> =0
1L <j%n i 99,
x
Also let r =(w a’ + w a’ + £ (g - g D)sKw + w D
Py Py P2 P2 Py P2 Py P2
where £ = -1 when a’ < a’", and £ = 1 when a’ > a’ ; and
1 2 1 2
x .
let. = ==(w b* + w b + £ (& .- g ))/(w + w D where
1, 9 1 9 Ay a2 -9 - 9
£ = =1 or +1 according as b’ =< b’ or b’ > b’ . Then
' ' Py P Py P2

z = max €z, zz)- gives the minimum objective value and
o 1

- * .
T 1(rm, s > a minimax location. To decide whether a unique
location -or alternative locations exist the following -three

c:aées_ have been considered.
: SR -1 % L .
Case 1. z, = =z =z implies T "<r , s > is the unique

locat.ion.

Case 2 z, =z > z, implies that. any point belonging to the
(4

lHne segment joining T_1Cr*, s1> and T_1(r*, sz) can claim

to be 2 minimax location where s, and s, are given by
s, = max {(bi_— (z_- gi))/wi_}, s, = rlnin {(bi-!- z_- gi))/wi}
LEX ) LEI

Case 3. %=z, > z, implies that any point. within the line
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- * - »*
segment. defined by T 1'(]:\1, s 2> and T 1(1\2, s > is an optimal:
lacation, r and r being given by

r = max {(afl—‘ (z_- gi>)/wt}’ r_ = min {(aft+ <z - gt))'/'wi}

Le1 =3
1.2.3 Drezner and Wesolowsky Algorithm

We now discuss Drezner and Wesolowsky’s method [251 of
solution of the asymmetric rectilinear minimax pr-oblem'. Let
the distance between the proposed location <, y> and the
demand point (a_L, bt) to be denoted by dL(x, y>, be defined
as follows:

dL(x, vy = dLCX) + dL(y) where

E |x-a | if xZa N |y-b | if y2b
L 1 L t ) L |

d x> = { and d (y> = {
18 . AN

W |x-a | if x<a S |y-b. | if y<b.
t AN L L L L
E, N, W and S. being the four weights to east, north,
" L
west and south respectively.

The problem considered by Drezner and Wesolowsky is as

follows: . . .

minimise { fix,y> = max d (x, y)}}
R 1T
2

iex
(%,y) & E
This problem can be restated as a linear programming problem
involving 3 variables and 4n constraints as shown below:
minimise =z
sub ject to E x - ad> + Ny - b> < =
1 L L L
W a - x> + Ny - b> < =
L L L L
E&x=-a>+ S b - y>= =z
[ L L L

W a - x>+ S (b - y) =< =z
L 18 L 1
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The method of solution proposed by Drezner and
Wesolowsky consists in finding a set of three demand. points
in such a way that the solution to thizs 3-point "pfoblem
coincides with that of the original problem. By a lemma ifc
has been shown that the optimal point mQSL lie 1in . the
smallest rect.ang:le obtained by drawiﬁg sides parauél té | t.hé
coaordinat.e axes containing all the demand points. Consequently,
the solution peint. for the. 2-point. problem will lie in the
rectaﬁgle Const.xluct.ed with these two points as opposite
vertices., As Ia result, the solution point in this case is
the point of intersection 61" one '~ of the sides of the
rectangle and the line of equal distances from the two given
points i and j, whose equation is given by

X,Ix—aj|+Y_|y—b,l=X
L L

L L

qx-a|+Y|y-b|
J J J J

E ,if x 2 a N ,if vy =2 b
where X = { r " and Y = { T r , o= i, j.
' W ,otherwise S ,otherwvise
r r

Not all the four points are feasible. From the “set of
feasible points the one with the minimum objective is to be

chiosen.

The: 3-point problem has been next decomposed into three

2-peint problems. A solution point (){*, y") to a Z=point

problem involving i, j (say?, is also a solution to a

3~peoint. problem characterised by i, j, k iff d, (x*, y*) >
, i ‘
*

dk- (x , v*). Otherwise_; the =solution (xo, yo> to the 3-point

problem must satisfy

dx_, y > = dj<x0, Vo2 = 4 G,y O
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>In -such a situation (xo,yo)A will be the point. of intersection
between any two lines of équél distances with respect to i,
3 ar;d i, k d(sayd, A\Avhich will lie in one of the sub-recbangles'
enclosing the thpee poir;f,s. The algorithm given by Drezner

‘and Wesolowsky solves the above problem using an iterative

technique and may be described as under:

Step 1. Choose any three points from the set of given demand
points aru.'l- solve .t,he 3-point px-oblem.' Obtain f('xi, yl) t.he
objective value cox‘\respbnding to the Solution point (xi, yi)
énd go to .*I;t}ep 2.

Step 2. C“alculat,é da = -d_(xr, yr) the maximum distance at
_ j ‘ _ .

r

the " rth iteration from (xr, y > to (aj, bj) and the

correspo'nding' f(xr,yr) and go to st,ep' 3.
Step 3. If d = &, y»O t,h.en &, y'> is  the opt;imal
solut,ion.;. stop. Else go to step 4.
Step 4. Introduce (aj,bj) by drop;ping one of the t.hree- points
in such a way tha£ the three retained points c:orres:pond_ to

1 r+s

the maximum objective value £ Y D, increment. r» by one

and go to step 2.

1.3 The present methodology

The «complexity of the rectilinear one-centre problem
increases .as the number of demand points increases. But. the
algorithm we are about to describe easily };ields exac£
solution even for large size probleﬁs and as far as we know

no existing algorithm uses geometric concepts for- the constr-
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ained case. Before we proceed to describe our method of solu-
tion let wus say a few words about. the usefulness of develop:
ing a specialised algorithm. Although simplex metheoed is
quite efficient in =solving minimax location problems and
there are readily available LP‘ solvers capable of solving
medium to large-scale problems, we give below the reasons }
for working out yet another algorivt.hm. The' current. solution
procedure requires storing of three vectors with. n
components each 'in the symmetric weighted case whereas
standard LP péckages need _t.hfee 4n-vectors occupving that
many memory locations. As a result, the former can handle a
problem having 3500 data points even on a PC. In contrast,
solving a pr‘oblem having 1000 p‘oinﬁs with one of the above
mentioned packages makes memory management more cumbersome.
The results obtained ‘by running the Pascal program of the
algorithm on a 486 PC AT after randomly generating various
sets of data points in the range of 1500' tc; 3500 ar:

summarised below. The number of iterations never exceeded

four.

No. of data Average running Maximum no. of
r2ints time in secs. iterations
1300 0.36 2
2000 0.48 2
2300 0.65 2
3000 - 0.83 3 .
3500 0.92 4




Withh the above preliminaries let us now give a brief
account. ¢f the solution procedure for the rectilinear minimax
problem. The locus of a point x, y>, whose weighted “rectili-

near distances from two given points P and P are equal, is
f L J

given by . - -

1¢x —ad> +mdCy - b =1(x~ad> +mly - b) 2

L L L L 1 A J ]
where

u' if x > .a vi if vy > b
l={r randm_={ r r,P=iorj
" L -4 otherwise ! -v otherwise
r

r
in the asymmetric weighted case. By asymmetric weight we mean
that with every location point is associated four different.
weight.s corresponding to the four principal directions viz.,:
left., right. up and down, with respect. to a pair of mutually

-~ + -

s 3 “ Ky + [} L
perpendicular lines. The weights u, u, v, v are consider-
r r r .

ed po=sitive. In the symmetric case u: =u =v = v = w

and if, additionally, the weights are equal, wr = 1. This

locus has been shown to be a closed polygon in the weighted
case with at most six sides enclosing the demand point
having greater weight. Here : by greater weight  in- the
asymmetric case we mean u_\i > u? and v':_-' > vf. "The locus
reduces ‘t.o an open polygon in  the absence of weights. Tt
locus will be. subsequently called an equipolygon EPG-j.
The opt,ir.nal solution with respect to a pair of demand points
P,L, » Pj hsS heen found to lie within or on the rect.anglel

drawn witvh these two points as opposite vertices, to be

called R(PL’ P > henceforth. Our method clearly -obtains the
] ' ) '
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direction of descent ie., the directed edge of the
equipolygon along which the objective does not. increése,

leading to the boundary of the rectangle.

1.3.1 The siolution procedure for the unconstrained case

Although any point may be chosen as the starting point,
we take, for convenience, one of: the vertices of the
smallest re-ctapgle ‘SR wh;se sides are papallel to the axes
of éoordinat.es enclosing all the demand points as the
initial =solution peint. In particular, we have taken the
vertex at the rightmost bottom corner _Po(xmax, vymin> as the
starting solution point. We next .det,ermine the weighted
fart.hest; demand point.,‘ say PL’ fro'm Po. By f,raversing an
L-shaped. pét,h Joining P0 to (a,L, ymin to P,L, to be denoted
by L(Po, P*‘.?’ we reach a point T(p, > equidistant from P‘__
and at. least another demand point, séy‘ Pj' T represenﬂs L, M
or N in case a < aj as shown in figure 1ad. -In.case'ai‘ > aj,
T denot.es. L, or N (see figure 1b). In the figures from 1a to
3d #nd 6a, Sb any two opposite corners of the rectangle ABCD
denote P_L, 'P;i. From T we continue moving in the direction of
descent of the equipolygon EPd- D until a point E is c;btain—
ed so t.hat. any one of the fol].owving bbssibilit.ies isr true:

(i> E is or:. the boundary of R(Pi’ Pj) 'and no P).:’ k  ING, P,
is as far away from E as Pi or PJ,. | | |
(ii> E is equidistant from three points Pi’ Pj and Pk

In case (4> E is optimal. In case d{Gid if E falls within or
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on the Lhoundary lt.af R(PL’ Pk)~ or R(PJ_,. Pk) then E is. o.pt‘irjnal._
Otherwise, the two poibts needed for the next»-iteration can
be obtained by means of a well defined selection .ru.[e stated
below. If more than three points are equidistant from E t.her&i
by a repeated application of the procedure for case <(ii> the
pair of points required for t.be next iteration may be easily
obtained.

Determination of the point E is carried out in s
steps: first, finlding the direction of descent at T and
second, obtainiﬁg the point of intersection of the edge of.

EPCi-j> containing T and EP(i-RJ, k « 1 \ 4, j»

Finding the direction ov'f descent at T :

Let us denote thé difference 'c;f the weightéd rectilinear
distances of P.L‘ and P from a point X by diffcX, P, PO
Refer to figures 2a and 2b f.orA the case for which abscissa
of T is greater than both a and aj. If diffdcA, Pi, Pj) and‘
diff(B, Pi’ Pj) be of the same sign then the descent direc-
tion TV will be given as in figure. 2a; ot,hérwise, TV will be’
given as  in figure 2b, where V is tﬁe verte# of EPG-P
lying on the edge containing T.

Let the abscissa of T lie between a and a. If the
product. of the above differences for A and B be negative’
then the descent direction TV is given as shown in figures
3a, 3b; otherwise, the abscissa of the demand point with the

smaller weight is assigned to that of the. point V and the- -

ordinate calculated from the equation (2> of the equipolygon
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(se'e figures 3¢, 3d>. If the ordinate of T lies between l;'L
and bj then the positién of V may be obtained in a similar
manner. It shogld be clearly borne in mind t.hat to reach the
boundary of R(P_L, Pi) we have to travérse at. most. three’
edges of EPd-3d; see f;igures 3c, 3d.

Obtaining the point of interseétion of the edge of EPJd-jd>

containing T and EPd{i-k)

If. diffdv, P_L,' Pk) < 0, for some k = I N {4, j>, then
Vk = EP({i-j> N EPd-k> exists; and TE = min {TVk} |
else |

if V is on .t,he boundary of the réct.ang.le then E «— V

elsse T «— V and repeat the above procedure to get E.

The line segmenti TV of EPG-jD may; intersect. either A(I) x=a .
and y=bk or (II> x=a  or CITID> y=bk or <IV> none of the
above. F‘br case (I> see figures 4a, 4b; for cases dI>,IDD
and IVY> refer to ‘figures 4c, 4d and 4e respect‘,iv‘ely. Let TG
= s, and TH = S - Figure 4a corresponds to the case for whic%
S1< s_3 figure 4b represeni,s the case where S; > SZ. Let us
consider s < s . We try to obtain the point, Vk first by
ascertaining if it belongs to the line .segment TG. 1If i.t,
does then no more search is necessary. Otherwise, we replace
TG by GH and repeat. the same procedure. If Vk' is still not
found we have to do the same thing with GH replaced by HV.

In any case at most three searches are required to get Vk.

For s, > s all the above steps are needed to be performed



31

pg ainbi4

"
\

\

A

o¢ ainbl4

Iz




ay 9.nbi4 | Bp ainbi4

L | | \\P
o /
1)/

Q_.“

z
s

Q_M
I

A




33

py eunbiy

"

\_

L

o4 8anbl4

mx

&A‘
~—




34

af a.nbi4

m}(

(1)

!
L

G a4nbi4

\ (-)d3
am\\ 3

/
//

/

/) A .

n = X|



taking the segments TH, HG, GV in that order. All the other
cases are disposed of in a similar manner. It should be
observed that cases I> and dII> require at most.'v two
 searches and case (iV) one. Although in all the figures 4a
through 4@ the point T has been shown to lie in the third
quadrant with respect to Pk, the above arguments apply
equally well had we chosen the point T in any one of the
remair;ing; three quadrants. We now describe the search
technique. For an ) illustration let us again refer to case
as. 1If diffdaG, Pt’ : P)-:) <. 0 then tﬁe' ,éoirnt' of intersection
Vk of EP(i—j) and EPd{-k> exists within the line seé;ment 'TG
and Vk'is given by the convex combination of the pointy 71
and (G satlisfying equation (2). .Otherwise, if there is still
some segment left to be searched we apply the above
criterion to the next segment.

We now gb on to describe the criterion for selecting the
pair of points needed for the next iteration when three or |

more eguipolygons meet at ECu, vJ) and E is non-optimal.

Selection Rule :

Let .‘31 = {Pkl the weighted rectilinear distance from E
of Pk = the weighted rectilinear distance of _Pi or P., from
E; k = i,j>
All the points belonging to S1 mus_t, be on one side of 'x = u
vy = vd>. Take the points P,L, 'PJ_ a;nd another point,l P"k eAS{
If these three points lie on one side of x = u (y = v) then

if twc of them be on the same side of y = v (x = u> then
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the point corresponding to the smaller of the two
weights associated with these latter points is to be

retained for the next iteration after relabelling . them

else perform the next iteration after excluding the point,

with the maximum weight. ‘

Justification of the selection Rule:
To give a concrete example let us take P, Pk on one
)

side of x = u. We want to prove ﬂhat. P has a smaller weight -

k
compared to Pj' If possible, let us suppose that weight of
Pk is greét,er:. Since: T is then outside AEP(j—k) t.he‘ weight.ed
rectilinear distance of PJ, is less than' that. of‘Pk_ contrad-
icting primal feasibility. |

We next propose to show that the direction of descent
at E of EP(i-k) ts pointed out.s-idé EP(i—j0 when the. weight ,‘
of Pi R gr‘eater- than that of Pj and inside, otherwise. From
what l;las just now been proved, weight of Pj > weight of Pk
implies weight of’ ét > weight. of Pk' Hence, by primal
feasibility and also by virtue of the fact that an
equipolygon encloses the gfeat,er weight.,, it is evident that
T is outside EP(i-k>. As E is the point of intersection of
EPd- 3§ a;nd EPG-k> it imme;:liat.ely . follows that the
direction of descent at E of EPd-kd is pointed outside
EPdi- j>. See figure 5.

In csse of the latter let us take a point T < EPG-IO

in the neighbourhood of E and opposite to the direction of
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descent. of EP{-3j> at E. Therefore, T1 must. be outside
EP(i=j> in order to maintain primal fea=sibility thereby
proving our assertion.

From the -above we conclude that if we follow the
direction of descent of EPd-k) at E the weighf;éd distances.
of PL’ P); while remaining equ.‘al 1n relation to each other,
continually diminish but this distance: remains greater than
that of Pj'

When Pi.' Pj e;nd Pk belong to the same quadrant with
respect to E the three equipolygons coincide. Although we
may select. any equipolygoﬁ, without loss of generality we
can exclude the point having the maximum weight from the

purview of the following iteration.

Finding the stretch containing the set of optinnal solutjons:

Two cases are to be considered here depending on the
position of the optimal point E. When E is within R(Pi’ Pj>
and a third point Pk' as far away from E as PL or Pj in the
weighted rectilinear distance sense, is available. Firét the
symmetric case. Following the edge of EPd-j> through E the
ob jective will remain unaltered. But . for Pk it will decrease
in one direction only whi'ch, therefore, has to be chosen as
“Lhe direction of descent. T «— E and proceeding exactly .as
the method described above for getting E we shall get TE as
the required stretch. If E is on the boundary of R(PL’ Pj)

then we obtain a unique direction of descénb which will give

the stretch by applyving the same arguments as has been put
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forward in this section. In the asymmetric case, the same
arguments once again hold. But we must bear in mind that the
values of f.,he objective function aL_ various points on tins
edge of .E'.'P(i—_j) lying wit,hin R(P_L,v P_j) are not, in general,

the same.

1.3.2 The solution procedure for the constrained case

If the smalle'st, rect;angle SE | containing all the demand
points belongs to the convex polyhedral region CP then the
unconstrained case we have already discussed is obtained. If
the right hand bottom corner of SR e CP then as i.ls'ua'l‘we ‘
take Po as the starting point; ‘otherwise, Po is chosen
arbitrarily within CP. In any case we obtain the weight,edl

farthest point P from P‘o and then move along L(Po, P>
i- . 4 o

R Y

until a point T is obtained from which P and another point .~

1

P, are at the same weighted rectangular distance. We denote
J ’ ' .

by Y the point where the difectibn of movement meets thsz

boundary.

If T « CP then Y «— 9CP n LCP_, PD and the boundary
criterion given below is applied.

Else we follow the direction of descent of EPd-j> so as
to :énqount_.er a point E equidistant from P_L, Pj and at
least one more point Pk' Now either E € CP or E & CP.
If E € CP then

if E satisfies the criterion discussed in sec 1.3.1
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then E is optirﬁal
else apply the selection rule discussed in sec 1.31,
drop a point. from PL" Pj "and repeat this step.

Else Y «— A8CP N EPG-j> and we apply the boundary

criterion. If no such'é is availabie t,henl
if we can move upto the point V on BR(PL,Pj) then
V is optimal |
else Y «—— 8CP n EP{i-j> and the boundary crite-
ric;n is applied.

Boundary criteri(.)n: We now prés'ent, the pxl‘ocedl;lre that
determines: the direction governing the movement on reaching
a point Y on JCP. For this purpose let us introduce the
concept of the Cone of de&cent direction which will be found
t,o.be useful in our subsequent discussion. Let H,L(Y') denote
the halfspace at Y defiried by the isoline of Pi. t,hfough Y
containing Pt' Then HL(Y) N CP is the cone of -descent
direction provided no EPC(-j>, j & IN{i), passes through Y.
Otherwise, H_L(Y) N HJ,CY) M CP is the cone of descent
direction as shown in figures 6a, 6b. Let ¥ represent. this
cone. If ¥ = {¥Y> then Y is the wunique optimal solution. The
portion of J8CP constituting an extreme direction of ¥ will
give the direction of the next movement. If P be any point
lying within EP(i=j> the weighted rectilinear distance from
P to the demand point having' greater weight is less than the
weighted rectilinear distance from P to the other pbint.

whereas if P is outside EP(i-j> this property is reversed.
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We, therefore, have the following criterion.

If the direction of mo;/ement, along the boundary of CP
is towards f,he. interior of 'EP(-j> then drop the demand
_ point with the greater weight.; else drop the point
corresponding to the Smalier; weight.. IIt, is worth mentioning
in this connection - that the interior or exterior of EPGi-§>
1s determined by comparing the gradients of the concerned
edge of the equipolygon and the extreme direction of &.

Moving along ‘an extreme direction of € any oné of the
cases enumeratea below may become true:
> a ‘poirﬁt ‘P on J8CP equidistant from at least two demand
points is found; |
iid> an ext..remerpoint. V of gCP is attained;

- Ciiid a point P situated at the intersection of &8CP and a
line ‘t,hrou.g;h P_L drawn parallel to either coordinate axis is
obtained.

In case 4> if the equipolygon with respect to a suit-
ably chosen pair of demand points . is udirect,ed. -towardé the
interior of CP then move along this side of the equipolygon; '
else get ¥ afresh and decide. on the p1;~oper c:oux;:;e 61‘ act,ion:

In case dii> if V satisfies the condition of optimality .
then stop: else drop the curr-éntly activé edge of. 8CP, selec-’b'
the next odge, obtain € de novo and_repeat, the above steps.

In case (4iid determine € at P with respe.c:t. to the iso- .

line of Pi" different. from the earlier one, and perform the

above actions.



