
CHAPTER 1 

Introduction and Preliminaries 

This dissert..at..ion is divided · int..o !our chapt..ers. 

Chapt.er 1 introduces some basic concept.s and not.at.ions 

we employ in t..his t.hesis and serves as a prelude t.o t.he 

current. work. Geomet.ric solut..ion procedures 1ind import..ant.. 

applicat..ions in t..he problems involving locat..ion o1 1acilit..-

ies consid•=·red by us. 

Ch.apt.er 2 considers t..he unconst..rained problem of" 

·locat.ing a single service cent..re in t..he plarie in t..he 

presence of" exist..ing locat..ion point..s using t..he cri t.erion of" 

minimising t..he ·maximum weig;ht..ed rect-ilinear dist..ance, 

symmet..ric as well as asymmet..r'ic, and obt..ains t..he solut..ion 

analyt..ically by exploi t..ing t.he g;eomet..rical st..ruct..u:r'e of" t..he 

problem. Asymmet..ric weight. is Lypically exemplified by rush 

hour t.raf":fic and similar ot.ber sit.uat.ions. 

Chapl:.er 3 deals wit.h t..he problem of" locat..ing a single 

service cent..re . cat..ering t..o t.he demands of cust..ornel'S 

dist..ribut.ed over a linit..e set. of demand point..s in a 

Lwo-dimens:ional space employing bot.h t.he symmet..ri.c and t..he 

non-symniet..ric Manhat..t..an meL.ric minimax c.rit.e.Pion. An exact. 

solut.ion tJechnique, based on geomet..ry, has been present..ed, 

under t..ho:;, ass:umpt..ion t..hat. t..he required cent..re should be 

sit.uat..ed ·vrit..hin a convex polyhedral region. 

Finally, chapt.er 4 :focusses 

.. 
I 

on t.he comput.at.ional 
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aspect.s o! some 61 t.he above ment.ioned problems and present.s , 

algorithms having· a polynomial t.ime complexit.y. 

1.1 Origin .and development oC di:fTerent aspects o:f locational 

problems 

FacilitJy layout. and locat.ion problems have been t.he 

subject. o! st.udy !or· cent.uries. The ancient. Greeks ai'e known 

t.o have been !ascinat.ed by t.his subject.. A version· o1 t.he 

Euclidean distance locat.ion problem was posed by Fermat. [16, 

51] as a purely geomet.rical problem in t.he early sevent.eent.h 

cent.ury and solved by Torricelli [36] around 1640, which may 

be st.at.ed t.hus:: given t.hree point.s in t.he plane, lind a 1ou­

rt.h one such t.hat. t.he sum o! t.he dist.ances t.o t.he t.nree said 

point.s is a rninii.num. Cavalieri [36] in 1647 review~d t.he 

problem and jacob St.einer [16, 52], a Swiss mat.hemat.ician, 

ear·ly in t,he ninet.eent.h cent.ui'Y~ made an at.t.empt. t.o solve 

t.he problem posed as: a classic geomet.r·y problem in t.he 

special case o! equal weight.s: while Alfred Weber [761, a 

German economist. ,in his pioneer·ing work t.owards t.he beginning 

o! t.his cent.ury,once again st.udied t.he weight.ed version, also 

known as t.he St.einer-Weber problem or t.he general Fermat. 

problem, \'rhich consist.s: in locat.ing a warehouse. in such a 

way t.hat. t.he t.ot.al weight.ed dis.t.ance t.ravelled bet.ween t.he 

warehouse and a set. o! demand point.s: is a minimum. The dual 

o! t.his pt'oblem was solved by Fashei!nder [36] t.owards t.he 

middle of' ninet.eent.h centJU1'V. But. it. was Kuhn [5()] in 1963 
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who was t.he !irst. t.o have aLLempLed a purely mat.hemat.ical 

approach in order Lo !ind a solut-ion Lo t.he problem. 

Alt.hou~~h facilit.y layout. and locat.ion problems cont..inued 

t.o receive considerable at..t.ent.ion over t.he years it. was only 

aft.er pract.i t.ioners in OR· began exhibi Ling int..erest. t.hat. t.he 

subject. became t.he focal point. of at..t.ract.ion tor sever:al 

disciplines. 

Locat..ional analysis deals wit..h t..he st..udy and development. 

of met..hodologies seeking t..o det..er·mine t..he locat..ions or new 

facili t..ies in such a way t..hat.. t.he ·users of t..he f'acili t.ies are 

benefit..ed most.. By const..ruct..ing suitable models which involve 

locat..ing one or more new facili t..ies, and solving t.hem, t..he 

invest..i~at..ion is carried out.. Wit.h £he passage of t.ime, 

however, t.he formulat..ion OI t..he locat..ion problem has 

undergone l:-actical change. 

In solving tacili t..y layout.. and locat.ion problems models 

simple rat.her t.han highly sophist..icat..ed alt..hough closely 

appro:ximat..ing t..he real world have been develop,ed. In t..he 

analysis of f'acilit..y layout. and locat..ion problems t..he 

process of' verifying if t..he model accurat..ely represent..s t..he 

physical syst..em under st..udy is most. import.ant.. In obt.aining 

a solut..ion t..o t.he problem it..s f'ormulat.ioi-1 and analysis have 

t..o be carried out. at. t..he out..set... 
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1.1.1 Selec·t.ion of criterion 

The c;ri t.erion o:I minimising some !unct-ion o:I dist-ance, 

eit-her Un¥'ei.ghi:.ed or weight-ed by some import-ance tact.o.r, 1:-he 

weight. being int-erpret-ed as cost. per uni 1:. o:I dist-ance :Irom a 

demand point. t-o a :Iacilit.y, is perhaps t-he most. nat-ural 

choice. I:f t-he new :Iacility is a :Iactory s:upplyin~ 

warehouses or a new machine t-o be locat-ed in a plant. layout. 

or a poinf:. in a net.work .t.o be connect.ed t.o known point.s in 

t-he net-work (1:-he existing :Iacilit.ies:), its locat-ion ·may be 

det-ermined in such a way t-hat. t-he t-ot-al cost. which is 

I 

directly pr-oport-ional t-o the dist-ances involved, will be a 

minimum. Somet-imes, inst-ead o:I minimising t-he tot.al distance 

t-ravelled, it. may be required t.o minimise t.he maximum 

dist-ance, which is act-ually t.he minimax counterpart. o:I t.he 

more :Iamiliar Fermat. problem. Such a cri t.erion is most. 

nat-ural in locat.in.g some emergency !acility :Cor which t-he 

maximum delay is more impor•t.ant. t-han t-he average or- t.ot.al 

delay incur-red as a measure o:I e:I:Cect.i veness and has ·been 

right-ly called t-he '.grease t.he squeaky wheel' crit-erion by 

some aut-hors: inasmuch as t.he objective is t.o minimise t.he 

e:I:Iect.s of· t.he worst. sit.uat.ion, viz., t.he maximurn cost.. 

1.1.2 Choic<:! of norms: 

TherE? are many a dist.ance measure we may de:Iine on t.he 
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plane. A ~;;eneral distance !amily is L distance de lined as 
p 

L (A • A ) = c· I xi 
p 1.' 2 

where p is t-he 

dist-ance parameter .(1 ~ p ~ co), and Cx • 
i' 

y ), 
0 1 

Cx , y ) are 
2' . 2 

t.he coordinates of" two given point.s A 
1 

measures_, however, received much 

and A 
2 

Two 

at. tent-ion, 

dis:t.ance 

viz., L, 
1 

variously called the rectilinear, rect-angular· or Manhat-tan 

dist-ance and L , the euclidean or st-raight- line di:s:t.ance. In 
2' 

urban locat.ion analyses t..ravel usually 'Lakes place along .an 

orthogonal set. o! streets. In problkms involving machine 

location t.ravel occurs along a set. of" rectangular aisles 

arranged ·parallel t-o the walls of" the building where the 

machine is housed. In such si t..ua'Lions rect-ilinear dist-ance is 

t.he appropriate metric. Whereas tor some network location· or 

pipeline design problems or problems involving _ air t-ravel 

euclidean dis 'Lance is conv-eniently applied. For relat-ively 

small areas on t.he -earth's surface_. which may be treated 

with considerable precision as a sphere, t.he planar model 

offers a very good appr•oxima'Lion. When the exist.. in~ 

:facilities are widely separated, t-he area covering these may 

be project~ed ont-o a plane and t.he locat.ion of the required 

f'acili'Ly m:ay be determined using an appropriate locat.ion 

model on t.he plarie, but. only at, t.he expense of" introducing 

errors int-o t.he analysis. Alt.hough there exist-s a number of 

mapping -t .. echniques producing accurat-e pro ject..ions of a 

sphere ont..o a plane, .in .. problems involving large regions on 



6 

t.he globe none preserves distance. On a sphere, theref"ore, 

we should apply t.he short.est. arc dist.ance, also called the 

geodesic norm, usef"ul lor global opt.imisat.ion [1, 3~ 5, 19, 

20. 23, 32:, 79]. Recently, locat.ion pr-oblems on t.he spherE! 

have been t.he centre of" much cri t.ical at.t.e.ntion in· t.he 

literature. Besides: thes:e there exist. ot.her norms: not.able 

among- which are ring- radial, hyper-rect.ilinear, block norms 

etc. 

1.1.3 Minimax and minisuin location problems in networks 

Locat.ion theory evoked considerable interest aft.er ~.he 

publicat.ion of a seminal paper by Hakimi [42] who considered 

the general problem of" locating one or many f"acilit.ies on a 

. network employing t.he minimax or the minisum criterion. 

Problems dealing. with t.he det.ermination of" opt.imal 

location of" service centres in networks or graphs abound in 

practical situations. In particular~ if" a graph represents a 

road network with its nodes representing coinmunit.ies, onto· 

have t.o optimally locate a hospital, police station, may 

fire 

such 

stat.ion or any other emergency service facility. In 

situations, 

minimisation 

f"acility · (.o 

of" 

the 

t.he optimalit.y 

the distance or 

f"arthest node 

criterion may be 

travel f"rom 

of" the graph or 

optimisation of the worst case. In a more general situation, 

a. number of" such f"acilities rather than a single f"acility, 



7 

may be required t..o be loca~ed such t-hat. t-he remot-est. node or 

t-he graph can be reached !rom at~ least~ one ot the tacili t.ies 

within a minimum dist.ance. The. problem of" locat.ing emergency · 

tacilit.ies wit.h a view t.o minimising t.he largest. t.ravel 

dist-ance t.o any node !rom it.s nearest. :Iacilit.y is nat.urally 

called t.he minimax locat-ion problem and t.he f"acili t.ies t.he 

cent.res: or t.he graph CChri.s:t..otides U4D. 

There is a di:If"erent. class of" locat-ion problems where 

t.he ob jeci~i ve is t.o minimise t.he sum· t.ot..al of" t.he dist.ances 

!rom t.he nodes t-o t.he cent.ral f"acilit.y, assuming t.hat. a 

single such f"acilit.y is t.o be locat.ed. The problem of 

locat.ing a .depot. in a road net.work where t.he nodes represent. 

cust.omers or swit.ching cent.re in a t-elephone net.work where 

t.he nodes represent. subscribers. calls tor such object.ives. 

Problems of" t.his t.ype are consequent.ly called mini sum 

locat.ion problems, alt.hough t.he object.ive may be t.he sum of" 

various funct.ions of" dist.ances rat.her t.han t.he sum or 

distances. The result.ant. :Iacilit.y locat.ions are t.hen known 

as t.he medians of' a graph. 

1.1.4 The euclidean MSC problem 

The :r:'linimum spanning circle problem, also known as t.he 

euclidean 1-cent.re problem, may be st.at.ed as t.he problem of" 

covering a f'init.e set. of" point.s in a plane wit.h the smallest. 

possible circle CPreparat.a and Shames [67]). This is a 
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classical problem originally posed by Sylvest..er[71, 72] in 

1857. who while cont,inuin~ t,he search !or an efficient. 

algorit-hm ult..imat..ely hit.. upon a graphical solut..ion procedure 

only in 1860 and att..ribut..ed t..he · ·same t..o Peirce, · This 

algorit..hm was rediscovered by Chryst..aH15] t.went.y rive years 

lat..er. A modern account.. or t..heir t..reat..ment.. may be round in 

Rademacher and Toepli t..z [68]. The smallest. enclosing circle 

t..hus obt..ained is unique and is ei t..her t..he circle circumscrib­

ing some t..hree point.s or t..he set.. forming an acut.e t.riangle 

or described by t..wo or t..hem as- diamet.er. Thus a !init.e 

algqFit..hm t.hat.. examines all pairs and t..riplet..s or point.s and · 

det-ermines t.he minimum circle 

obt..ained. The complexit..y ol t.his 

enclosing 

algorit-hm 

t.he 

was 

was 

and 

Elzinga and Hearn [31, 32] suggest.ed an improvement. t.hat. 

would run in 0Cn
2

) t.ime. Shamos [70] proposed an algorit-hm 

which dep~nds on t..he det..erminat.ion ot t..he tart..hest. point.. ot 

t.he Voronoi diagram requiring comput.at..ional complexit.y or 

OCn logn). This amount. ot comput..at..ional etlort.. is at. least.. 

needed tnr any solut.ion 

suggest..ed a linear · t.ime 

algori t.hm. 

algorit..hm 

However, Megiddo 

by t..ranst arming 

[59] 

t.he 

minimum :;:panning circle problem int..o a t.wo dimensional LP 

1 ormulat.io n. In t:he MSC · problem, also called a minimax 

tacilit.ies locat.ion problem in Operat.ions Research parlance, 

we seek a point.... t..he required cent..re ol t.he circle, t.._he 

great.est.. dist.ance !rom which t..o any point.. . ol t..he set. is a 

minimum. The minimax crit..erion is most.· suit.able· in locat..ing 
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emergency :facilit-ies t.o reduce worst. case response t-ime t-o a 

minimum <Toregas et. al. [74D. It. has also been successf"ully 

implement-ed t.o locat-e a radio t-ransmitt-er serving a nwnber 

of" discret-e receivers or a radar st-ation cat-ering t.o t.he 

demands of several def"ence inst.allat.ions so t.hat. t.he RF 

power det.&:r-mined by (he radius of" t.he covering cir·cle is a 

minin1um (Nair and Chandrasekaran [65D. By t.reat.ing t.he 

smallest. covering circle problem as: a cont.inuous 

opt.imisat.ion problem, a number of" it.erat.ive algorit.hms has 

app~ared, notable among them being Lawson [53], and Zhukho-

vit.sky and Avdeyeva [80] algorit-hms. Jacobsen [48] has deve-

loped an a.lgorit.hm relying on a specialised implementat-ion . of 

t.he met.hod of" f"easible direct-ions. 

1.1.5 Generalisations o£ t.he single £acilit.y problem 

The m-cent.re problem f"or·ms: t.he most important class of" 

problems in locat-ion t-heory and may be formally st.at.ed as 

f"ollows: Given a set D = {d ' d 2, ... , d } of" n demand points 
1 n 

on a plane, find a set s = {s 
:1' 

s 2, ... , s } of" unknown loca-
m 

t.ions of" m supply point-s on t.he plane such t-hat. the furt-hest 

dist.ance bet-ween t.he demand point-s and t-heir closest supply 

point-s is .as: close as possible. Mat-hematically speaking, 

where z = 

Minimise z, 

max 
:1~iSn 

{ min 
:1~j~m 

<L <d. , s _)}} 
p L J 

Problems such as t-hese lind important applications: in models 
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concerning; locat.ion o:I service :Iacili t.ies, as :!or example, 

hospit.als, shopping- cent.res, :!ire depart.ment.s, police 

st.at.ions, radio. or. TV cent.res, or in many equit.y models in 

·.economics where t.he communit.ies r,epresent. demand point.s. The 

m-cent.re problem may be t.reat.ed as a g-eneralisat-ion o:I t.he 

1-cent.re pr-oblem. This: problem :Cor- g-ener-al m has been 

considered by Aneja et. aL [2], Drezner [21], Hwang- et. aL 

[47], Ko et, aL [49] and Vijay [75]. 

1.1.6 Anot..her generalisat-ion of t.he single facilit.y problem 

The mult.i:Cacilit.y locat.ion pr-oblem concerns locat.ing- any 

g-iven number o:I variable point.s: represent-ing :Iacili t.ies wi t.h 

r-espect. t.o any given number- o:I f'ixed point.s corresponding t..0 

pot.ent.ial users applying t.he minisum or t.he minimax cri t.erion. 

Let. x (i = 1, 2, 

called variable point.s, 

m) denot.e t.he new f"acili t.ies or t.he so-

a 
j 

(j = 1, 2, n) t..he :Iixed point..s 

or t.he E·xist.ing :Cacili t.ies, w and w t.he weight.ing 
J.i..j 2i.k 

con-

st.ant.s beLween x and a and bet.ween x and x respect.ively. 
j k 

The weight.s allow :!or t.he model t.o discriminat-e in import.ance 

among dist.ances. The problem where a minimum sum of" weight.ed 

dist.ances crit.erion is sat.isried is t.he :Iollowing: 

m n m-:1. m 
minimise z = .2 .2 w L (x .. a) +_2 l w2i..k L (x X ) . .. J.i.j p L .i p l k 

L = j, .) = j, l=J. k=i.+t. 

whereas t.he problem· sat.is:Iying t.he minimax ob jec~i ve is 

given by 
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minimise z where 

L <x , a_), 1SiSm, 1Sj5n; 
p i. J 

w L <x., xk), 1SiSm-1, i+1Sl<Sm}. 
2i.k p I. 

Hakimi [421, F'rank [39 ,40l and Goldman [411 have · st-udied 

t.he minimax locat-ion problem in a net.work while Francis [351 

has dealt. wit.h t.he same problem on a plane. Love et. al. [56] 

and Elzin~a and Hearn [33] provide solut-ion procedures t.o 

t.he mult.ifacilit.y minimax .problem using euclidean distances. 

Love arid Morris [541 have suggested a non-linear programming 

generalised L 
p 

t.o t.he problem using distances. approach 

However·, in an urban sett.ing t.he t.ravel pat.hs: resemble more 

a rectang-ular t.han a straight. line dist.ance and consequent.ly. 

rectilinear distances become relevant in such s:ituat.ions. 

W'esolowskv [78] has given a par·ametr·ic linear pro~r.amnrlu· 

solut,ion Lo t.he multilacilit.y problem using rect.ilinear 

dist.ances. The single lacilit.y locat.ion problem can also be 

considere~~ t.o be a special case of' t.he multilacilit.y locat.ion 

problem sCat.ed above. 

1.1. 7 AlgoJr·i t.hms 

Ther-e exist several algorithnls: for solving the minimax 

problem r;;nder the Euclidean norm <Blumenthal and Wahlin -[5], 
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Cast ells and Melvi"lle [6], Chakraborty and Chaudhuri [11], 

Chat.elon et. al. [12], Chrystal and Peirce [15], Elzinga and 

Hearn [31, 32], Francis [351, Hearn. and Vijay [45], Jacobsen 

;, [48], Megidclo [59), Nair and Chandr·asekar·an [65], Oommen(66:.i 

Rademacher and Toepli t.z (68] and Shamos [70D. T\'•o papers 

one by Oommen [661 and t.he ot.her by Hearn and Vijay [45] -

survey· t,he literature and compare, qualit.at.ively and comput-a­

tionally, the various solution procedures. Oommen has propos­

ed a computational scheme that. synthesizes three of the best. 

known primal feasible algorit.hms, viz., the Chrystal-Peirce 

algorithm with the Chakraborty-Chaudhuri initialisation, the 

Jacobsen algori t.hm and the Cast.ells- Melville and Francis 

algorithms and conject.ul;'es. that. the geometric algorithm has 

a linear t.ime complexity. Hearn and Vijay have demonst.rat.ed 

that. the Chrystal-Peirce algorit.hm with the Chakrabort. y-

Chaudhuri s'Lart.ing solution is the fast.est in t.he equiweight.­

ed case whereas for t.he weight.ed case t.he Elzinga-Hearn 

algorit.hm out. t.o be the fastest.. Chrystal-Peirce 

algorithm is based on primal f"easibility while Elzinga-He;;;n·n 

algorit.hm depends on dual reasibilit.y. The primal 

feasibilit.y concept. t.o solve a minimax location problem with 

an efficient. start.ing solut.ion, was :first, int.roduced by 

Chakrabort.y and Chaudhuri [11]. The basic idea behind this 

method is tJo cover S .• ·the set o:f all demand points, · by a 

circle. The next. :s:t.ep cons:is:t.s: in reducing the radius: o:f 

t.his circle so t.hat t.he demand points: continue t.o remain 
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wit.hin t.h:· circle. The algorit-hm is designed in such a way 

t.hat. at. ·E!ach i t.erat.ion at. least. one demand point. could be 

eliminat-ed and no rut.ure i t.erat.ion would ever need any 

intormat.ion about. t.his point.. The dual teasibili t.y concept. 

consist-s in covering any t.wo point.s or S by a min.!m .u1 

circle. Thn radius or t.he circle is t.hen increased at. each 

st.ep t.o "'--;e.,ccommodat.e more and tnore demand point.s wi t.hin t.he 

circle unt.il one g.e"t.s "t.he minimum covering circle. The basic 

ideas cont..,ained in our algorit.hm and Chakrabort.y-Chaudhuri's 

•• ,r.. 
·<':';··" 

are iden"t.ical. · Bu"t. .• in order t.o solve t.he problem using 

rectilinear- metric we have t.o recast. t.he lat.t.er and effect. 

cert.ain changes t.o meet. t.he present. si t.uat.ion. Wi t.h t.his end 

in view t.he spanning circle of' t.he euclidean . 1-cent.re 

problem has been replaced by t.he covering diamond <Francis 

and Whit.e [36]), defined as follows: given any point.' PCa, b) 

and any non-negat;ive number r wa define a diamond' w"ith 

cent.re P and radius r .• t.o be denot.ed by DCP, r), by t.he set. 

of all points XCx .• y) tor which L ex; P) ~ r. In symbols, 
i 

DCP, r) = { XCx, y): L
1 

CX .• P) ~ r }-

1.1.8 Locat.ing an undesirable facilit.y using t.he nrinimax 

cr•it .. erion 

There is another impol't.ant. class of location problems 

concerned wit..h locating an obnoxious or undesirable facility 

t.hat. produces pollut.ant.s or L.he nat.ure or radiat-ion, noise 
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or harmful gases, in such a way t-hat- t-he smallest- dis-Lane~ 

or t-he smallest- weight-ed dis-Lance from a given set- of demand 

point-s 

region. 

is: maximised ·while remaining within a prespecified 

~;uch problems are nat-urally known maximin 

problems as opposed t-o t-he minimax version. Applicat-ion 

areas include locat-ion of a noisy facilit-y, say a school, a 

prescribed: distance away :from resident-ial quarters, or an 

infect-ious: disease hospit-al, an ordnance fact-ory, a. nuclear 

wast-e disposal sit.e, a factory spewing out. effluents ·and t-he 

like. In such .sit.uat.ions it. is impera'Li ve t.o locat.e t.he 

facility as far away as possible from t.he point.s it. act.ually 

serves. Among t-he papers dealing wit.h t.he maxi'min objective 

we may ment.ion t.he ones by Dasarat-hy and Whit.e [171, Drezner 

and Wesolowsky [26 281, Melachrinoudis [61, 621 and Mehrez 

et. al. [601. For a realist.ic formulat.ion of t.he above 

problem, Melachrinoudis and Cullinane [631 developed a 1i1o.:.k~~· 

based on t.he physical laws. o:f t-ransfer of t.he unpleasant. 

effect.s ,;,,s;sociat.ed wit.h t-he inst.allat.ion of an undesirable 

:facilit.y using t-he minimax cri t.erion which, in t.his case .• 

minimises t.he maximum or worst. e:ffect. of t.he pollut.ing 

facilit-y. This model assumes t-hat. t.he effect- o:f' a new 

undesirable :facilit.y upon an exist.ing one ::follows t.he law o:f' 

inverse square o::f t.he distance bet.ween t-he ::facilit.ies. 
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1.2 Solut.ion procedures for some rectilinear distance plan~ 

sir~€;le facility problem 

AmoJ~,g t.he various solut-ion procedures available in t.he 

lit.erat.ure :for t.he rect-ilinear one-cent.re problem,. we shall 

have t.he occasion now t.o dwell upon a :few amongst. t.hese, 

which are geomet-ric in nat.ure and moreover~ have a direct. 

bearing on t.he pr·esent. work. From a purely t.heoret.ical 

st-andpoint. t.he complexit-y o:f geomet.ric algorithm is or· 

int-erest. since it. sheds new light. on t.he int-rinsic 

difficult-y in comput.at.ion. The solut-ion procedures described 

here include Elzinga and Hear-n algorithm [31] dealing wit.h 

t.he equal weight-ed case using an innovat-ive concept. o:f a 

covering diamond (sec 1.1.7), Francis algori t.hm [34, 36] 

concerning bot.h t.he unwei1;ht.ed and t.he symmet-ric weight.ed 

cases and Drezner and \v'esolowsky algorit-hm [25] having 

subst.ant.ial cont.ribut.ion t.o t.he asymmet.r·ic weight-ed problem. 

Let. Ca., b.), i E I = {1, 2_,..... n} be the locat-ion of 
l. l. 

t.he exist.-ing :facili t.ies or demand points and <x, y) be t.he 

proposed locat-ion of t.he new facilit-y or t.he convenience 

cent-re: 

1.2.1 Elzinga and Hearn Algorithm 

Elzinga . and Hearn [31] have :s:t.udied lour variant.:s: of t.he 

minimax J.ocat.ion problem using geomet-ric argument-s, st.at.ed 

lSSS 
NORTH BBN<JQ 
Univorsity Library 
Raja .&i.mmehllllpur 



as tallows: 

where p 1 or 2 
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min max [L c'P, P.) + k. l 
. p \. p L L 

and k = 
i. 

nonnegat.ive const.ant.. We d~scuss 

t.he Elzin~;a-Hearn alg·orit.hm lor t.he case lor which all t.he 

k = 0 and p = 1. All t.h.e _locat.ion point.s .are at. f"irst. 

covered by a rect.angle by moving a line having slope -1 so 

as t.o t.ouch at. least. one point.. sit.uat.ed f"art.hest. lef"t. and at. 

least. anot.her po.int. f"art.hest. right. and doing t.he same t.hing 

wit.h anot.her line wit.h slope +1. They next. consider at. most. 

lour point.s, one on each side · of" t.he rect.angle. Four equ"'-.:. 

diamonds cent.red at. each of" t.hese are t.hen const.ruct.ed · in 

such a way t.hat. t.he radius of" a diamond is less t.han t.he 

required minimax dist.ance .. The diamo.nds are now allowed t.o 

expand uniformly about. t.heir cent.res. Any point. . t.hat. belongs 

t.o all f"our diamonds is an opt.imal solut.ion. If" t.he 

rect.angle has unequal adjacent. sides Elzinga and Hearn have 

shown geomet.rically t.hat. t.he perpendicular bisect.or· of" t.he 

longer sides t.runcat.ed by vert.ical and horizont.al lines: 

const.ruct.Hd t.hrough t.he ext.remi t.ies of" one of" t.he short.er . 

sides of" i~he rect.angle cons:t.i t.ut.es: t.he solut.ion se"t.. 

1.2.2 Fr-ancis Algor-i t.hm 

Francis [341 has considered t.he generalised unweight.ed 

one-cent.rf.:! problem in t.he lollowing form: 

minimise f"(x, y) 

2 
<x .y> E E 
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where l(x, y) = max ( 1x - a. I 
L 

;_ E I 

+ly - b. I 
L 

+ ...... ) 
oi. 

The inclusion ol t.he t.erm g is just.if"ied by t.he !act. i...h.c,t.. 
L 

il (x., y) i:Je t.he location ol an ambulance, t.hen g. may be 
L 

int.erpret.e :! as t.he t.ravel dist.ance f"rom <a.. b.) t.o t.he 
L L 

nearest. hc.spi t.al. 

This problem may be rewrit.t.en as: 

minimise z 

subject. t.o I x - a. I +I y - b. I +g. S z·, i e I 
L L L 

By manipuJat.ing t.hese absolut.e value inequalit.ies t.hey have, 

aft.er some reduct.ions, obt.ained t.he f"ollowing · 

programming problem: 

minimise z 

subject. t.o X + y - z s a + b g, 
i. i. L 

X + y + z ;:::: a + b + g, 
i. i. L 

-x + y z s -a + b g, 
i. L 

-x + y + z ;:::: -a + b + ...... 
i. Q. 

L 

i E I 

Assumin~ ~:: = min (a_ + b. - ~~ ) c = max Ca + 
1 t. oi. t z i. b ·+ g", ), 

i. '-
LEI i.EI 

c = min (-'a + b 
3 ;_ 

i.EI 

{;. ), c: = max (-a 
L 4 

i.EI 

t.he above~ LPP lurt.her reduces t.o 

minimise z 

+ b + g,) 
L L 

linear 
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subject. t.o X + y - z ~ c 
:1 

X + y + z ~ c 
2 

(1) 

-x + y - z ::5 c 
3 

-x + y + z ;::: c 
4 

These con::;:t.raint.s. deline a rect.ang-le, t.wo of" whose parallel 

sides: are inclined at. an angle of" 45° wit.h t.he x-axis: while 

t.he ot.her t.wo make an ang-le of 135° wit.h it.. Let. 

= max (c - c , c - c ) . 
2 :1. 4 3 

i. EI 

Then any point. belong-ing- t.o t.he line seg-ment. joining- t.he 

point.s )l_(c: -
L 

and /._(c -
2 

c 
2 

+ c 
4 

c ) 
5 

is: a minirnax locat.ion wi t.h A.c as t.he opt.imal object.ive 
5 

value, whePe /._ = 1/2. 

The weig-ht.ed version of" t.he above problem considered by 

Francis [3bl may he st.at.ed as: 

minimise 
2 

{X,yl E E 

f(x,y) 

wh.;:,re f(x, y) =.max [w.Cix- a.l + IY- h.l) + g-_l 
L L l. t. 

i. E I 

where w 
i. 

(2: 0) is t.he· weig-ht. associated wit.h Ca .. • h ) and {!;. 
L i L 

may be int.erpret.ed as t.he t.ime required by user i t.o prepare 

t.o g-o t.o ~he cent.re. 

Wit.h M = i E w.>O}, M--
L 

above problem may be rewrit.t.en as 

minimise 
2 

<x,y> E E 

f(x,y) 

{i i E 

where f(x,y) = -max { max [w. (I x-a. I+ I y-h. I )+g-.], 
. L L L L 
LEM 

Let. g = maxCg. ). If g ::5 k t.hen t.he inequality 
- L 

iEM 

I, w =0}. 
i. 

t.he 
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max [w.<lx-a.j+ly-b.\)+g-_1:::; k 
l l l l 

i.EM 

is clearly equivalen~ ~o 

x + y :::; . a. + b + Ck - g-_ )/w. · 
i. L L 

+ b - Ck - g_ )/w. 
i. l. \. 

-x + y :::; -a + b + (k .g-_ )/w. 

-x + y 2::: -a. 
l 

+ b" 
i. 

L l 

- Ck - g_ );'w. 
L l 

which are t..he same as (1) having g_ removed, z replaced uy 
l 

Ck g_ )/w. and the condition fEl subst..it..ut.ed by i E M. We 
"l l 

now delinE: c (k) t..hrough c (k) as !allows: 
1 4 

c (k) = min (a. +b. +<k-g_ )/w.), c Ck) = max (a. +b. -<k-g_ )/w.) 
1 Ll l l 2 ll L l 

i.E:M i.EM 

c3(k) = mi.n (-ai.+bi.+(k-gi.)/wJ, c4(k)=max c-~\+bi.-(k-g-i.)/_wJ 
i. ~!.M i. EM 

The set. oC all <x, y) such t..hat.. l<x, ·y) ~ k is _given by 

SCk) = {<x, y): c
2
(k) ~ x + y ~ c (k), 

1 

c
4

Ck) ~ -x ~ y ~ c
3
Ck)} 

which is a rectangle wit..h a pair ol parallel sides at.. 46° 

and anot..her pair ol parallel sides ·at, 13~~0 wi.t.h ~he x-axis. 

For not.a1:_.ional convenience, t.he linear t..r-anslormat.ion T and · 

· it.s 
-1 

inver•se T , have been delined as f:ollows: 

TCx, y) = Cx + y, -x + y) = Cx' , y' ) (say) and 

T-:t<x ) "( ) h " . • y = "- x-y, x+y , w er-e "- = 1/2 . 

The numhHrs c: and (?. . lor all 1 ~ i < j < n ;aro d•.?.f"::.11'<~·':~ 
i.j LJ 

t..hus: 

a = rna::..: ( [w w I a~ -=-, + w g_ + w g_J/Cw. + w_), 
i.j i. j l i. J j L L J 

g_. g_ ) 
L J 
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l) 

( [w w. 
.1 

,.,. ,.,.. ) 
oi.' oj 
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b'. 
J 

+ w + w. 
J 

g ]/(w. 
l l 

+ w ), 
J 

Geomet.ricall y, ex represents 
i.j 

t.he value of k when both t.he 

coordinates of eit.her user ar·e respectively great.er t.han 

t.hose of t.he ot.her and (?.. represents t.he value of k in all 
LJ 

ot.her cases. Let. pi, p
2 

be t.he indices for which 

z = 
i 

ma..x 
i::S i. < j :::;,, 

and q , q t.he indices lor which 
i 2 

z = max 
2 

i ::S i. <. j ::Sn 

Also let. * a' a' I' + w 

(ex ) = ex 
i.j p p 

i 2 

C(? .. ) = (? 
lJ qiq2 

+ £ (g =(w 
pi pi p2 p2 pi 

g ))/Cw 
p2 p:l 

where £ = -1 when a' ::s a' and £ = 1 when a' > a' 

+ 

; 
pi p2 pi ·P2· 

let. * b' b' s == (w + w + 
'-l qi q2 q2 :1 

£ = -1 or +1 according as b' 
pi 

(g g ))/Cw ) c + w 
qi q2 . qi q2 

Then 

w ) 

p2 

and 

where 

z = max (z , z )· gives t.he minimum objective value and 
0 :1 2 

T-
1
cr*.. s*) a minimax location. To decide whet.her a unique 

location · c'Jr alt.ernat.ive locat.i,ons exist. t.he !allowing -t.hree 

cases have been considered. 

Case 1. 'Z == z = z implies 
0 i 2 

-:1 • * T (r , is t.he unique. 

location. 

Case 2. z = z > z implies t.hat. any point. belonging t.o t.he 
I) :1 2 

s; ) 
2 

can claim 

t.o be .a minimax location where s and s are given by 
i 2 

si = max 
i.EI 

min 
i.EI 

Case 3. 2: . = z > z implies t.hat. any point. wit.hin t.he line 
0 2 :1 
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segment. defined by * s: ) and 

locat.ion~ r 
1 

r 
1 

= max 
i.EI 

and r being given by 
2 

(z -
0 

r 
2 

= min 
i. EI 

1.2.3 Drezner· and \rlesolowsky Algori t.hm 

is: can 

(z -
0 

opt.imalc 

We now discuss Drezner and Wesolowsky's met.hod [25] of 

solut.ion of t.he asymmet.ric rect.ilinear· minimax problem. Let. 

t.he dist.ance bet.ween t.he proposed locat.ion Cx, y) and t.he 

demand point. (a", b.) t.o be denot.ed by d" Cx, y), be defined 
l l l 

as follows: 

de (x, y) = de (x) + de (y) where 

d (x) 
= { Ei.l x-ai.l 

W.jx-a.l 

E., 
l 

Nc' 
l 

l l 

and S 
i. 

l 

if x~a 
i. 

and de (y)" 

if x<a 
i. 

being . t.he 

l 

four 

west. and sout.h respect..ively. 

{ 

Nc I y-bc I 
L L = 

sc jy-bc I 
L L 

t.o 

if y~b. 
L 

if v<b 
- i. 

east. c. 

The problem considered by Drezner and Wesolowsky is as 

follows: 

minimise 
2 

<x,y> E E 

{ f(x,y) = max 
i. EX 

{di. Cx, y)}} 

This problem can be rest.at.ed as a linear programming problem 

involving 3 variables and 4n const.raint.s as shown below: 

minimise z 

E (x 
i. 

W <a 
i. i. 

a)+N.<y-b_)~z 
\. L \. 

x) + N. < y - b ) ~ z 
L i. 

E <x - a) + s (b 
i. 'l 

y) 
i. 

W <ai. - x) + S i. {b i. - y) ~ z 
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The met. hod Ol solut-ion proposed by Drezner and 

Wesolows-ky consist-s in linding a set. ol t.hree demand . point.s 

in such a way t.hat.. t.he solut..ion t.o t.his 3-point.. ·problem 

coincide:..:;: wi t.h t.hat. of" t.he original problem. By a lemma it. 

has been shown t.hat. t.he opt.imal point. must. lie in . t.he 

smallest. rect.angle obt.ained by drawing sides parallel t.o t..he 

coordinat.e axes cont.aining all t.he demand point..s. Consequent.ly, 

t.he solut-ion point. lor t.he. 2-point. problem will lie in t.he 

rect..angle const.ruct.ed wit.h t.hese t.wo point.s as opposit.·e 

vert.ices. As a result., t.he solut.ion point. in t.his case is 

t..he point.. ol int.ersect.ion of" one of" t..he sides of" t.he 

rect.angle and t.he line of" equal dist.ances !rom t.he t.wo given 

point-s i and j, whose equat.ion is g-iven by 

+ Y. I y - b. I 
L L 

=X.Ix-a 
J j 

+Yiy-b. 
j J 

where X = ,. 
r r 

{ 

E ,it x ~ a 
and Y = 

r 

r r 

{ 

N ,il y ~ b 
, r = i,· j. 

W ,ot-herwise 
r· 

S ,ot..herwi,se ,. 

Not. all t.he lour point..s are .f'easible. From t.he set. ol 

leasible point.s t.he one wit.h t.he minimum object.ive is t.o be 

chosen. 

ThE! 3-point.. problem has been next. decomposed int.o t.hree 

2-poin.t. pr·oblems. A solut.ion poiY1t.. 

problen1 involvfng i. j (say) • is 

3-point. problem charact..er•ised by i, 

d (x * * Ot-herwise_; t.he solut.ion 
k ' 

y ). 

problem must. sat.isfy 

. * tx , 

also 

j, k 

Cx 
o' 

a 

iii 

yo ) 

t.u a ~-point. 

solut.ion t..o 

d 
L 

t..o t.he 3-point.. 

d. Cx , y ) = d (x , v ) = d (x , y ). 
t o ·o J o ·o k o ·o 
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In such a si t.uat.ioh <x ,y ) will be t.he point. of" int.ersect.ion 
0 0 

bet.ween any t.wo lines or equal dist-ances wit.h respect. t.o i, 

j and i, k <say), which will lie in one of" t.he sub-recf.iang-les 

enclosing- t-he t.hree point-s. The algorit-hm given by Drezner 

and Wesolo;.,.sky solves t.he above problem using an it.erat.fve 

t-echnique and may be descr·ibed as under: 

Step 1. Chc.ose any t.h.ree point.s !'"r-om t.he set. or given demand 

point.s and solv~ t.he 3-point. pz·oblem. Obt.ain r<x
1

, y
1

) t~he 

object.ive value COJ.'responding t.o t.he solut-ion point. (x:t, y
1

) 

and go t.o st.:ep 2. 

Step 2. Calculat-e dr 

t.he · r-t.h i t.erat.ion 

r· 
= -d.<x , 

J 

f"r-om 

r r 
cor-r-esponding f"(x .•Y ) and go t.o st.ep 3. 

t.o 

maximunt dist.ance 

<a., 
J 

b.) 
J 

and t.he 

S £ 3 I&- dr &-( r ~..ep . .L = .L x , t.hen ( r yr) 
X '. is t.he opt.imal 

solut-ion.> st.op. Else go ·t;o st.ep 4. 

Step 4. Int-roduce (aj,b j) by dropping one of t.he t.hree point.s 

in such a way t.hat. t.he t.hree ret-ained point-s correspond t.o 

.. h i b · .L • value &-(xr+i,yr+i), v e max mum o Jec vl. ve .L incr-ement. r by one 

and go t.o :s:t.ep 2. 

1.3 The pr•es:ent methodology 

The complexi t.y of t.he rect-ilinear one-cent.re problem 

increases as t.he number of" demand point-s incr-eases. But. t.he· 

algori t.hm we are about; t.o describe easily yieldS exact. 

solut.ion even for- large size problems and as: far as we know 

no exis·t.inl~ algorit-hm uses geomet-ric concept-s f"or· t.he const.r-
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ained cas;?.. Belore we proceed t.o describe our mei..hod oi: s:olu-. 

t.ion let. us say a lew words about, t.he . usef"ulness: ol devel<J\J' 

in~ a specialised al~orit.hm. Alt.hou~h simplex met. hod is 

quit.e ef":f icient. in solving minimax locat.ion problems and 

t.here art~ readily available LP solvers capable ol solving 

medium t.o lar·~e-scale problems. we give below t.he reasons: 

lor working out. yet. anot.her algori t.hm. The current. solut.ion 

procedure requires: st.oring of" t.hree vect.ors wit.h. n 

cornpo'nent.s each in t.he symmet.ric weight.ed case whereas 

standard LP packages need . t.hree 4n-vect.ors occupying t.hat. 

many memt.:>ry locat.ions. As a result.. t.he f"ormer can handle a 

problem having 3500 dat.a point.s: even on a PC. In cont.rast.. 

solving a problem having 1000 poin-t.s wit.h one ol t.he above 

mentioned packages makes memory management. more cumbersome. 

The result.s: obt.ained by running t.he Pascal progra~ ol t.he 

algorithm on a 486 PC AT alt.er randomly generating various 

s:et.s of" dat.a points in t.he range of" 1500 · t.o 3500 ar 1 

summa1'isHd below. The number ol it.erat.ions never exceeded 

lour. 

of dat.a Average running Maximum no. of· 

r··.::>int.s t.ime in sees. i t.era t.ions 

1500 0.36 2 

2000 0,48 2 

2.500 0.65 2 

3000 0.83 3 

3500 0.92 4 
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W'it..h t..he above preliminaries let. us now give a brie:f 

account. of t..he solut..ion procedure :for t..he rect-ilinear minimax 

problem. The locus o:f a point. <x, y), whose weight-ed ··rect..'ili-

near dist.ances :from t..wo given point..s P and P. are equal, is 
J 

given by 

1 (x - a ) + m (y - b ) = 1 (x - a) + m.<y - b ) 
i. i. i. . i. j J j 

where 

u + i:f x 2'::: .a + 
v 

r 
i:f y ;;::: b 

r 

(2) 

1 = 
r 

{ -: ot..herw i :e 
and n1 = { , r = i or j ,. 

-v ot-herwise 
r r 

in t..he asymmet-ric weight..ed case. By asymmet-ric weight. we mean 

t.hat.. . wi t..h every locat..ion point. is associat.ed :foul.' dif":ferent.. 

weight,s corresponding t.o t.he :four principal direct.ions viz.,: 

le:ft., right.. up and down, wit.h respect. t.o a pair o:f mut.ually 

pel.'pendicular lines. The weight.s 
+ 

u, ,.· u, 
r 

ed posit..ive. In t..he symJnet..ric case u + = 
. r 

u 

+ 
v , 

r 

= 
r 

v 
r 

+ 
v 

ar·e 

= v 

consider·'-

= w 
r r 

and if., addit.ionally, t.he weight.s are equal; w = 1. This 
r 

locus has been shown t..o be a closed polygon in t.he wei.ght.ed 

case wi t..h at. most. six sides 

having g:reat..er 

asymmet..r ic case 

weight.. Here 

we 
± mean u 
i. 

> 

enclosing t..he demand point. 

by 

± 
u 

j 

great.er 

and ± 
v > 

i. 

weight. in· t.he: 

+ 
v .· 'The 

J 
locus 

reduces t.o an open polygon in · t..he absence of weight.s. T:l.l;;,.: 

locUS: wiil be. subsequent.ly called an eq~ipolygon EP<i- j). 

The opt..imal solut.ion with respect. t.o a pair o:f demand points 

P., P. has been :found to lie wit..hin o.r• on t..he rect..angle 
\. J 

drawn wh,h t..hese t..wo point..s as opposit-e vertices, to be 

called R<P., P ) hence:fort.h. Ou.r· met..hod clearly obt..ains t..he. 
l 
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direct. ion of descent. i.e., t.he direct.ed edge of t.he 

equipolygon along which t.he object.ive does not. increase, 

leading t.o t.he boundary of t.he rect.angle. 

1.3.1 The :solution pr-ocedur-e for- t.he unconstr-ained case 

Alt.hough any point. may be chosen as t.he st.art.ing point., 

we t.ake, for convenience, one of· t.he vert.ices of t.he 

smallest. rect.angle SR 
I 

whose sides are papallel t.he axes: 

of coordinat.es: enclosing all t.he demand point~s: as: t.he 

ini t.ial s:olut.ion point.. In part.~cular, we have t.aken t.he 

vert.ex at. t.he right.most. bot. t.om corner P (xmax, ymin) as: t.he 
0 

:s:t.art.ing solut.ion point.. We next. det.ermine t.he weight.ed 

f"art.hest. demand point., say P., f"rom P . By t.raversing an 
\. 0 

L-shaped pat.h joining p 
0 

by LCP , 
0 

p'..), we reach a 

t.o (a 
i., 

point. 

ymit;> t.o 

TCp, q) 

P.' 
\. 

t.o be 

equidist.ant. 

denot.ed 

from p 
i. 

and at. leas:t. anot.her demand point., s:ay P .· T represent.s L, M 
J 

or N in ca:~~e a. < a. as: shown in :f"igure 1a). ·In case a. > a., 
~ J v J 

T denot.es L or N .Csee :f"igure 1b). In t.he :f"igures: from 1a t.o 

3d and 6a, 6b any t.wo opposi t.e corners: o:f" t.he · rect..angle ABCD 

denot.e P. , P . From T we cont.inue moving in t.he direct.ion of 
~ j 

descent. of t.he equipolygon EP<i- j) unt.il a point. E is: obt.ain-

ed s:o t.hat. any one o:f" t.he following pos:s:ibili t.ies: is: t.rue: 

(i) E is: on t.he boundary o:f" RCP., P ) 
~ j 

and no P k' k -=: 1'-u,j}, 

is: as: far .away from E as: P. or P .. 
~ J 

(ii) E is: equidist.ant. from t.hree point.s: P.' P. and Pk. 
\. J 

In case CD E is: opt.imaL In case (ii) if' E f"alls wit.hin or 
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(.) CD 

0 <( z 
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Q) .... 
::J 
0) 

u. 

' . 

...J 

(.) 

z 

0 <( 



on t..he boundary of R<P., 
l 
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Pk) or R<P., 
J 

p ) 
k 

t..hen E is opt..imal. 

Ot..herwisH, t..he t..wo point..s needed tor t..he next. -it..eraLion can 

be obt..ain.ed by means or a well defined s:elect.ion rui.e .st..at..ed 

below. 11 more t..han t..hree point..s are equidis:t..ant.. from E t..heri 

by a rep•il'at.ed applicat..ion ··of" t..he pro'cedure for case Cii) t..he 

pair of point..s required for t..he next. it.erat.ion .may be easily 

obt.ained. 

Det..erminat..ion or t..he point. E is carried out. in . ·•·J 

st..eps: first., finding the direction of descent at T and 

second, obtaining the point of intersection of the edge oF 

EP(i- j) containing T and EP(i-k), k E I '-.. {i, j}. 

Finding it.he direction of descent. at. T : 

Let. us: denot..e t..he dirference of t..he weight..ed rect..ilinear 

dist..ances· of P and P from a point. X by diffCX, P, P ). 
L j L j 

Refer t..o fi~ures 2a and 2b for t..he case tor which abscissa 

of T is: great..er t..han bot..h a and a.. 11 diffCA, P., P ) and 
J I. j 

difrCB, P., P _) be of t..he same sign t..hen t..he descent. direc-
' J 

t..ion TV will be given as in rigure 2a; ot..herwise, TV will be · 

given as in figure 2b, where V is: t..he vert.ex of EP<.i- j) · 

!yin~ on t.h.e edge cont..ainin~ T. 

Let. t.he abscissa of T lie bet.ween a and a.. Ii t..he 
l J 

product. of t..he above clirferences for A and· B be negat..ive · 

t..hen t..he descent. dir.ect.ion TV is given as shown in figu..Pes 

3a, 3b; ot.herwise, t.he abscissa of t..he demand point. with t..he 

smaller weight. is assigned t..o t.hat. of t..he point. V and t..he . 

ordinat.e calcu..lat..ed !rom t.he equat..ion (2) of t..he equipolygon 
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(see figuPes 3c, 3d). If t-he ordinat-e of T lies bet-ween b. 
L 

and b t-h1~n t-he posit-ion of V ~ay be 
j 

obt.ained in a similar . . 

manner. It. should be clearly borne in mind t.hat. t.o reach t.he 

boundary of RCP .• 
L. 

P.> we have t.o t.raverse at. most. t.hree 

edges of EPCi- j); see figures 3c, 3d. 

Obtainin~ t.he point of intersection of the edge of EPCi-j> 

containing T and EPCi-k> : 

If diff<V, p . p ) 
i.' k 

0, for some k 

EPCi- j) n EP<i-k) exist.s_; and 

else 

E I 

TE = 

{i~ 

min 

j}, 

<TV} 
k 

t-hen 

if V is on t.he boundary of t.he rect.angle t.hen E - V 

el.s:e T - V and repeat. t.he above procedure t.o get. E. 

The line segment. TV of EP<i-.P may int.ersect. either (I) x=a 
k' 

and y=b 
k 

or (II) x=a 
k 

or (III) Y=b 
k 

or <IV> none of t.he 

above. For case (I) see figures 4a, 4b; for cases (II),(III) 

and <IV) refer t.o figures 4c, 4d and 4e respect.ively. Let. TG 
., . 

= s and TH = s . Figure 4a corresponds t.o t.he case for which 
.1 2 

s < s ; figure 4b represent-s the case where s > s Let- us 
.1 2" .1 2 

consider s < s . We t.ry t.o obtJain t.he point. Vk first. by 
1 2 

ascert.aining if it. belongs t.o t.he line segment. TG. If it. 

does t.ht:!n no more search is necessary. Ot.herwise, we replace 

TG by GH and repeat. t.he same procedure. II V 
k 

is st.ill not. 

found we have t.o do t.he same t.hing wi t.h GH replaced by HV. 

In any· case at. most. t.hreE.• searches are required t..o get. V. 
k 

For s > s all t.he above st..eps are needed t.o be perlormed 
.1 2 
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t,aking t..he segment..s TH. HG, GV in t..hat.. order. All t..he ot..her 

cases are disposed of in a similar manner. It. should be 

observed t..hat. cases CII) and CIII) require at. most.· t.wo 

searches and case CIV) one. Alt..hough in all t..he , f"igures 4a 

t.hrough 4•;;! t..he point, T has been shown t..o lie in t.he t.hird 

quadrant. wit.h respect. t.o P k' t..he above argument.s apply 

equally wen had we chosen t.he point. T in any one of" t.he 

remaining t.hree quadrant.s. We now describe t.he search 

t.echnique. For an illust..rat.ion let. us again r·efer t..o case 

CD. If" dirfCG, p 
. ' p ) < 0 t..hen t..he .point.· of int..ersect.ion 
l. k: 

v of EPCi- j) and EP<i-k) exist..s wit.hin t.he line segment. TG 
k 

and v is given by t.he 
k 

convex combinat.ion. of" t.he point.~ ~r 

and G sat.isf"ying equat.ion (2) .. Ot.herwise, . if" t.here is st..ill 

some s:eg.ment. left. t.o be searched we apply t..he above 

crit..erion to t..he next. segment.. 

We now go on· t.o describe the criterion for selecting the 

pair of p:.>ints needed for the next iteration when three or 

more equit?olygons meet at E(u, v) and E is non-optimal. 

Select.ian Rule 

Let. S 
1 

= <P k I t.he weight.ed rect.ilinear dist.ance from E 

of" P = t..he weight..ed rect.ilinear dist.ance of P or P from 
k i. j 

E_; k ~ i,j}. 

All t.he point.s belonging t..o s must. be on one side of" X = u 
1 

Cy = v). Take t.he point.s: P.' ·P and anot.her point. p E s. 
I. j k 1 

If t.hese t..hree point.s lie on one side of " = u Cy = v) t.hen 

if t.wc- of" t.hem be on t..hE- same side of" y = v (x = u) t.hen 
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t.he point. correspondint; La t.he smaller at t.he t..wo 

wei~:ht.s associat.ed wi t.h t.hese lat.t,er point.s is t.o be 

ret.ained tO I.' t.he next. i t.erat.ion att.er relabelling . t.hem 

as P .• P. 
L. J 

else perform t.he next. i t.erat.ion aft.er excluding t.he point.. 

wit.h t.he maximum weight.. 

Jus:t.i:f'icat.ion of t.he selection Rule: 

To g;,.ve a copcret.e example let. us t.ake P j' P k on one 

side at x •= u. We want. t.o pl'ove t.hat. P k has a smaller weight 

compared to P .. It possible, 
J 

let. us suppose t.hat. weight. of 

P k is great.er. Since· T is t.hen out.side EPCj-k) t.he weight.ed 

rect.ilineaJ' dist.anae of" P. is less t.han· t.hat. of P cont.rad-
J k. 

ict.ing primal teasibili t.y. 

We n.~xt propose to show that the direction of descent 

at E of EP(i-"P.J is pointed outside EP(i- j) when the weight 

of P. is greater· than that of P. and inside, otherwise. From 
1. .. ' J ' ' 

what. has just. now been proved, weight. of P > 
j 

weight. Ol P 
k 

implies weight. 

teasibili t.y and 

of p 
i. 

also 

> weight. 

by virt.ue 

Ol P. 
k 

of t.he 

Hence, 

tact. 

by primal 

t.hat. an 

equipolygon encloses t.he great.er weight., it. is evident. t.hat. 

T is out.side EPCi-k). As E is t.he point. at int.ersect.ion of 

EPCi-j) EPCi-k) it immediat.ely f'ollows t.hat. t.he 

direct.ion of descent. at. E at EPCi-k) is point.ed out.side 

EP(i- j). Se•e figure 5. 

In c~3 se at t.he lat. t.ei' let. us t.ake a point. T 
1 

E EPCi-k) 

in t.he HE! ighbourhood at: E and opposi t.e t.o t.he direct.ion of 
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descent. of" EPCi- j) at. E. There:f"ore, T must. be out.side 
1. 

EPCi""'" j) in order t.o maint..ain primal f"easibilit..y t..hereby 

provin~ out· assert.ion. 

From t.he above we conclude t.hat. i:f" we :f"ollow t.he 

direct..ion o:f" descent. o:f" EPCi-k) at. E t.he wei~ht..ed dist..ances. 

o:f" Pi., P k while remainin~ equal in relat.ion t.o each ot.her, 

cont.inually diminish but. t.his dist.ance remains ~reat.er t..han 

t.hat. o:f" P . 
j 

When Pi., Pj and Pk belong t.o t.he same quadrant. wit.h 

respect. t..o E t.he t..hree equipoly~ons coincide. Alt.hou~h we 

may select. any equipolygon, wit.hout. loss o:f" generalit.y we 

can exclude t.he point. having t.he maximum weight. :f"rom t.he 

purview o:f" t.he :f"ollowing i t.erat.ion. 

Finding t.he st.r-et.ch cont.aining t.he set. o£ opt.irnal s:olut.ions:: 

Two cases are to be considered here depending on the 

position of the optimal point E. When E is wit.hin RCP., P ) 
l j 

and a t..hh·d point. P , 
k 

as: :f"ar away :f"rom E as P or P 
i. j 

in t,he 

wei~ht..ed r·ect..ilinear dist..ance sense, is available. First. t.he 

symmet.ric case. Following t.he edge o:f" EPCi- j) t..hrough E t.he 

object..ive will remain unalt.eJ'ed. But. . :f"or P . it. 
k 

will decrease 

in one direct.ion only which, t.here:f"ore_. has t..o be chosen as 

t..he direct..ion o:f" descent.. T +-- E and proceeding exact..ly as 

t..he met..hotl described above f"or get.t.ing E we shall get. TE as 

t.he requii~ed st.ret..ch. I:f" E is on t.he boundary ot RCP., P _) 
1. J 

t..hen we obt.ain a unique direct.ion o:f" descent. which will give 

t.he st.ret..ch by applying t.he same argument..s as has been put. 
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!or ward in t.his sect.ion. In t.he asymmet.ric case, t.he same 

ar~ument.s once a~ain hold. But. we must. bear in mind t.hat. t.he 

values of" t.he !='bject.ive f"unct.ion at. variou;:;: point.s on t.~·~·-'' 

edge of" EPCi- j) lying wi t.hin R<P. , P ) not., in general, 
L 

t.he same. 

1.3.2 The solution procedtire Cor the cons:tr:ained case 

If" t.he smallest. rect.angle SR cont.aining all t.he demand 

point.s belongs t.o t.he convex polyhedral region CP t.hen t.he 

unconst.rained case we have already discussed is obt.ained. It 

t.he right. hand bot.t.om" corner of" SR E CP" t.hen as usual we 

t.ak.e p as 
0 

t.he st.art.ing point._; · ot.herwise, p 
0 

is chosen 

arbit.raril~' wit.hin CP. In any case we obt.ain t.he weight .. ed 

f"art.hest. point. P from P and t.hen move 
L" 0 

along L<P , P ) 
. o· . ·i. 

unt.il a point. T is obt.ained from which P and anot.her 
i. 

point. 

P. are at. t.he same weight.ed rect.~gular dist.ance. We denot.e 
J 

by Y t.he point. where t.he direct.ion of movem~~nt. mt~et .. s: t .. :h;:;:-

boundary. 

If T ¢ CP t.hen Y +---- aCP ('). L<P o·' Pi.) and t.he boundary 

cri t.erion given below is applied. 

Else we· follow t.he direction of descent. of EP<i- j) so as 

t.o ·encounter a . point, E equidist.ant. !rom P. , P. and at. 
L J 

least. one more point. P k. Now ei t..her E e CP or E ~ CP. 

If E e CP t.hen 

if E sat.isf"ies t.he crit.erion discussed in sec 1.3.1 
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t.hen E is optimal 

else apply the selection rule discussed in sec 1.3.1, 

drop a point. from P., P. ·and repeat. this step: 
L J 

Else Y - oCP n EPCi- j) and we apply the boundary 

criterion. If" no such E is available then 

if" we can move upt..o t.he point. V on oRCP. ,P) then 
L J 

V is optimal 

else Y +-- OCP n EPCi- j) and the boundary crit..e-

rion is applied. 

Boundary criterion: We now present. the procedure that. 

det.ermines: the direction governing the movement. on reaching 

a point. Y on OCP. ·For this purpose let. us introduce the 

concept. of" t.he Cone of descent direction which will be found 

to be use:ful in our subsequent discussion. Let. H CY) denot..e 

t..he half"space at. Y defined by t.he isoline-

cont..aining P . Then H CY) n CP 
i. 

is the 

of" p 
~ 

t.hrough Y 

cone of" descent. 

direct.ion provided no EPCi-: _p, j E I~{i}_, passes through Y. 

Otherwise.. H CY) n H .CY) 
J 

n CP is the cone of" descent. 

direct..ion as shown in figures 6a, 6b. Let. ~ represent. t..his 

cone. If" ~ = {Y} t.hen Y is t.he unique opt.imal solut.ion. The 

port.ion of" OCP const.i t.ut.ing an extreme direct.ion of" ~ will 

give t..he direct. ion of" t.he next. movement.. If" P be any point. 

lying within EPCi-.P t.he weight.ed rect.ilinear dist.ance from 

P t.o t.he demand point. having great.er weight. is less: t.han t.he 

weight..ed l'ect.ilinear dist.ance :f"rom P t.o t.he ot.her point. 

whereas: i:f P is out.s:ide EPCi- j) t.his propert.y is reversed. 
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We, t.heref"ore, have t.he f"ollowin~ crit.erion. 

If' t.he direct-ion of' movement. along t.he bouhdary of" CP 

is t.owa:r·d:;;: t.he int..erior of' 'EP<i;_ j) t.hen drop t.he ·demand 

point. wit .. h t.he great.er weight.; else drop t.he point. 

corresponding t.o t.he smaller weight.. It. is wort..h ment.ioning 

in t.his connect..ion · t.hat.. t..he int-erior or exterior of' EP<i-·j) 

is det-ermined by comparing t..he gradient-s of' t.he concerned 

edge of' t.he equipolygon and· t..he ext..reme direct-ion of' 'e. 

Moving along an ext..reme direct.ion of' 'e any one ol t.he 

cases enumerat.ed below may become t.rue: 

<i) a point. P on acP equidi;s:t.ant. from at. least. t..wo demand 

point..s is found; 

(ii) an ext..reme point. v OI acP is at.t.ained,; 

<iii) a point. P sit.uat.ed at. t.he int.ersect.ion of' aCP and a 

line t..hroug-h P drawn parallel t.o ei t..her coordinat..e axis is 

obt-ained. 

In c;;.Se (i) if' t.he equipolygon wit..h respect.. tJo a suitJ-

ably chos<:~n pair of' demand point-s ·is direct..ed t..owards t.he 

int-erior of' CP t..hen move along t..his side of' t..he · equipolygon; 

else get.. ~~ afresh and decide on t..he proper course of' act..ion. 

In case (ii) if V sat.is:Cies t..he condit..ion of' opt..imalit..y 

t..hen SLOP.~ else drop t.he curr•ont..ly a.ct..ive edge of" acP, select 

t..he next.. r~!dge, oh~a:in 'e de novo and repeat. t..he abovt~ st.eps. 

In case <iii) det.ermine 'e at.. P wit..h respect.. t..o t..he iso-

line of P. ,. different.. from t.he earlier one.. and perform t.he 
1. 

above act.:io~. 


